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Abstract

This paper is concerned with harmonic function and partial differential equation.
Harmonic functions are regarded as solutions of Laplace equation which have a num-
ber of properties that are essential in solving partial differential equation.Poisson

integral is applied to obtain useful inequalities for positive harmonic functions.
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0.1 Notation

R™ -real Euclidean space in n dimension

() - non-empty open subsets of R”

L) -the boundary of (2

C(£2) -the space of continuous function on {2

C(2) -the space of continuously differentiable function on €
C?(92) -the space of twice continuously differentiable function on
C(Q) -the space of continuous function on

B(z,r) -ball of radius r about x in R”

O(B(z,1)) -the boundary of ball of radius r about x in R”
B(z,7) -A closed ball with radius r centered at z

w,, -volume of unit ball in R"”

nw,, -surface area of unit ball in R”
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0.2 Introduction

Harmonic functions which are solution of Laplace’s equation are very special and
important class of functions not only in PDE but also in complex analysis, electro-
magnetic fluids and e.t.c.

The word ”harmonic” is commonly used to describe a quality of sound. Har-
monic functions derive their name from a roundabout connection.Physisists label the
movement of a point on a vibrating string ”harmonic motion”. such motion may be
described using sine and cosine functions are some times called harmonics. In clas-
sical Fourier analysis, functions on the unit circle are expand in terms of sines and
cosines.

Analogous expansions exist on the sphere in R” n>2 in terms of homogeneous har-
monic polynomials.Because these polynomials play the same role on the sphere as the
harmonics sine and cosine play on the circle. The term ”spherical harmonics” was ap-
parently first used in this context by William Thomson(Lord Kelvin) and Peter Tait.
By the early 1900’s the word ”harmonic” was applied not only to homogeneous poly-
nomials with zero Laplacian but also to any solution of Laplace’s equation. Harmonic
function plays a crucial role in many areas of mathematics,physics and engineering.
For different applications it is necessary to extend harmonic function to R", where n
denotes a fixed positive integer greater than 1.

Harmonic functions, solutions of Laplace equation

% + % + gixg... + g%j = 0 or Au=0 have mean value, converse of mean value, max-
imum principle properties that are useful to the study of PDEs.

This thesis is organized in to three chapters. The first chapter consists of terminolo-
gies, definitions and basic ideas of harmonic functions. The second chapter consists
of basic properties of harmonic function,such as : mean value property, converse of
mean value property and maximum principle.The third chapter consists of harmonic
function and Poisson integral, positive harmonic function and some applications of

harmonic functions.



Chapter 1

Preliminaries

1.1 Definition and Terminologies

In this section we will see basic definitions, terminologies and ideas that are important

for our study in this paper.

Definition 1. A partial differential equation (PDE) is an equation involving deriva-
tives of an unknown function u:Q) — R where Q is an open subset of R" n>2 (or,
more generally , of differentiable manifold of dimension n>2)

A partial derivative of u with respect to x; is denoted by

uxizg—; fori=1,23,...n

In casen = 2

we write x,y in place of x1,xs.

Other wise x is the vector (r1,xs, T3, ..., Ty).

Definition 2. Let u(x) = u(xy, xa, ..., x,) be a twice continuously differentiable func-
tion on Q) the with Laplace oprator A is defined as
_ o2 52 52 02

A= @—i-a—zg—i-a—x%—k...—l—@.

The partial differential equation
% + % + %... + 22—5‘ = 0 is called the Laplace equation.

7 5 x5 T2

The Laplace equation is also written as Au=0 or </?u = 0.
If the equation Au=0,where Au=Yy_; 327;‘ fori=1,2,3,...,n is satisfied for each point

of the domain §2, we say that u is a Harmonic function on ().



Example 1. 7). Let Q = (z,y) e R2,0<z < 1,y € R and consider n € N then,
d%u

. . . . 2
u(z,y) = ne " sinny is a harmonic function. We want to show that % + 52 =

ou 9

— = —nfe "sinny
ox

ou 9

— = n‘e " cosny
dy
0%u )
=5 = n’e” "™ sin ny
ox
0%u .
75 = —nde " sinny
dy

621,6 82?,6 3_,—nx L 3 —nx L
=—+— = ne “sinny+ (—n’e " sinny)

= 0
=242 =0

sz, y) s harmonic function.
11). u(z) = In(|z]?) is harmonic on Q =C\{0}.
Indeed,In(z) = In/2% + y% and ug,(2) + uyy(2) =0 if 2 # 0

Definition 3. For two independent variables x and vy, the inhomogeneous problem
where F is a function of the independent variables x and y only, is called the Poisson

equation.

Definition 4. (Analytic function) Let f(z) = u(z) + iv(z) = u(z,y) + iv(z,y)
where u and v are real valued functions,An analytic function is a complex function
that is expressible as a power series in z. This means that f is analytic at z ,it has a
series of the form > apz™.

Thus

fz) =) anz"
n=0

(an, is complex constant) Formal differentiation of this series shows that u,=v, and
uy=—v,.These are Cauchy-Riemann equation. If we differentiate them,assuming
twice differentiability we find that



Upg = Vyz = Ugy =Uy, S0 that Au=0, similarly Av=0 thus real and imaginary parts of

an analytic functions are harmonic.

Remark. i) Due to the linearity of A, sum of any finite number of harmonic function
1s harmonic and scalar multiple of a harmonic function is harmonic.

i) In two dimensions,one can associate with a harmonic function u(x,y), a conjugate
harmonic function v(x,y) which satisfy the first order system of PDE called Cauchy-

Riemann equation .u,=v, and u,=—v,

Definition 5. A complex valued function f is said to be holomorphic on a domain
Q, if it is differentiable in a nbhd of any point in Q and satisfy Cauchy-Riemann

equation.

Theorem 1. Let u(x,y) be harmonic in some nbhd of the point (x,,y,),then there exist
a conjugate harmonic function v(z,y) defined in the nbhd and f(z) = u(z,y)+iv(x,y)

s analytic function.

Proof. The harmonic function u(x,y) and its conjugate harmonic function v(x,y) will
satisfy Cauchy-Riemann equation u,=v, and u,=—v,.
From vy (z,y) =u.(z,y)

Integrating both sides with respect to y

/vy(x,y)dyz /ux(as,y)dy (1.1)

where p(z) is a function of x only

v(r,y) = /ux(fﬂ,y)dy + ¢(z)
differentiating with respect to x and replace v, by —u, to obtain

d
~ty(a,y) = ([l y)dy) + ¢ @) (12
since u is harmonic, all terms except those involving x(only)in (1.2) cancel out and
a formula for ¢/(x) will purely be a function of x.Now the integration of ¢'(z) gives
©(x) and obtain v(z,y).

Thus f(z) = u + v is an analytic function. O



1.2 Boundary value problems associated to Laplace
equation

A boundary value problem is a problem of finding a function which satisfies a given
partial differential equation and particular boundary condition. There are at least
three common boundary value problems associated with Laplace and Poisson equa-
tions.For simplicity, we describe them only for Laplace equation and the corresponding

notations can be easily extended to Poisson equation.

1.2.1 Dirichlet Problem

Let € be bounded domain in R? with piecewise smooth boundary and f be a contin-
uous function on the closure of 2. Finding a solution u,, +u,, = 0 in the domain €2
such that

i) u is continuous on closure of € and

ii) u|0Q2 = {, is Dirichlet Problem If € is the unit disk,then the corresponding Dirichlet
Problem is called interior Dirichlet Problem. If €0 is a complement of the closed unit

disk, then the corresponding Dirichlet Problem is called exterior Dirichlet Problem.

1.2.2 Neumann problem (second BVP)

To find a solution ug, +u,, = 0 in the domain €2 such that

i) u, uy, u, are continuous on closure of 2 and

ii) at every point of J€2, the directional derivative of u in the direction of the nor-
mal(denoted by 2% = Vu. 7 = d,u) satisfies Gu — f

where 7 denotes the outward unit normal vector to the boundary 9.

1.2.3 Robin problem (Third BVP)

To find a solution wu,, +u,, = 0 in the domain 2 such that
i) u, u,, u, are continuous on closure of Q2 and

ii) at every point of 09, u + ag—z = f where « is a given constant.

Remark. There are other kinds of boundary problems for example on a part of the



boundary OS2 one of the three BVP discribed above is imposed and on the remaining

part, another one of the above three. we do not consider such BVP in this paper.

Definition 6. Suppose ) is an open subset. A function u € C*(2) is sub-harmonic

if Au >0 in Q and super harmonic if Au <0 in §2.

Example 2. The function u(z) =|x|* is sub-harmonic in R"
since Au =4(n + 2)|z|> >0



Chapter 2

Properties of harmonic function

2.1 Mean value property

In this section we prove mean value property which all harmonic functions satisfy.
First we give some definitions: for a function u defined B(z,r),the average of u on

B(x,r) is given by

1
u(y)dy = / u(y)dy 2.1
]i L= [y (2.1)

For a function u defined on 0B(x,r),the average of u on dB(x,r) is given by

1
u(y)ds(y) = ———— uly)ds _
]ig(w) W)dsly) = /8 s (y)ds(y) (2.2)

n

2(n 3 s . n
where w,, :F((%il)) :n(F(?%)) (volume of a ball B(0,1) in R")

2.1.1 Surface area and volume of disk on R"

To find the surface area and volume of a disk first let us define Gamma function and

Properties of gamma function.

Definition 7. The Gamma functionT : (0,00) — R is defined asT'(t) = [} 2" e "dx
V€ (0,00)



2.1.2 Properties of gamma function
i) T(t+ 1) = tI'(t)
ii) I(n)=(n—1)!
i) T()=vA
Proof. i)  From the right hand side
t0(t) =t( [, o' e "dx)

let w=e*dv=at"

let t>0

() = t(e“%t/go—/ooox—(—l)emd:c

ii) To proof by induction

From T(t+1)= [~ a'e"dx

ra = / e dx
0

Hence T'(0+1)

I
—_
I
=
—
Q
3
S
M
=



Let u = t2,
we have; T'(3) =2 [ e dt

but

/0 Tetar - /0 T
CGr = 2 etane [T et

— / / —(+0%) gt dy

Bivariate transformation

t = rcosf

v = rsinf

The region r which define first quadrant of the region of the integral disk of

]_ e & 2 2
)= 4/ / e~ dtdy.
o Jo

t =rcosf and v = rsinf will transform in the integral problem from cartesian coordi-

nate in polar coordinate. The new variable (r,6) will range 0 <7 < co and 0 < 0 < 5



= —m(0—1)
= T
Since e >0,Vr> 0,
1
(= >
G =0
Hence (I'(2))? = T
1
r(G)=va (2.4)

by induction I'( 4+ 1) = I'(2) using equation (2.3)

T(t) =T(t+1), (t>0)

VT (2.5)

In similar way I'(2) = 2,/m and so on...

In general for any positive integer n,I'(1+ 5 +n) = égﬁﬂz‘,ﬁ for all n=0,1,2,...

Formulation of area and volume of a ball will be convenient to calculate in polar
coordinates
Thus

ROCE / / Sty (2.6)

10



for each x, € R"

In particular for each r > 0

Where do represents surface measure on the n — 1 dimensional sphere S(z,,r) of
radius r centered at x,.

The total surface measure of sphere /ball is proportional to r and the constant will
be taken

so that it is by definition, nw,r™ 1

Thus for example nw,,,in dimensional n=1,2,3 has the values 2,27 and 47.In dimen-
sional n=1,2,3 these numbers represent the count of two points of the length of a unit
circle, and the surface area of a unit sphere.

By Euler’s integral definition of the gamma function (definition 7 ) convergence of
the integral requires that t —1 > —1 or x > 0

As an example we can take f(z) = e and x,=0
Then [g, e~ dx = nw, I e " rn=ldy
Here the total surface measure of the ball is defined to be nw, "'

we can also write this as

1 o
/ e Tdy = nwn—/ u? e "du
R 2 /o

1 [ .
:nwn—/ uzu (e ") du (2.7)
2 Jo
1..n
— nw,=T
nWa 3 (2)

When n= 2 this says that the value of the integral is .
The differential of Volume of a hypersphere of radius r = R is

V,, = v,r™ = dV,, = v,.nr™tdr (2.8)

where, v,, is equal to w,.
By Gausian integral we have ffooo e dy = 73 multiplying this integral by it self n

times subscripting each dummy variable x by a different index i

/ / / =TI dai = 72 (2.9)

11



however the summation is simply equal to 72 in n-dimension and the product of dif-
ferentials is just the n-dimensional volume element. Writing the volume element in
spherical coordinates and performing all of the angular integrals, that element be-
comes (2.8)

so that equation (2.9) reduces to

/ e wunr"\dr = w3 (2.10)
0
pull the constants w,, and n out of the integral and change the variables to u = r? to
get
1 o0 n n
—wnn/ e tuz tdu=m? (2.11)
2 0

but from definition of gamma function [;° e "uz 'du =TI'(%)

Thus, w2 = nw,30(2)

This proves the fact that area of the unit n — 1 sphere is nw, ZQIS?Z)) = A(R)
2

The volume of the unit ball is

) _ _(m%) (2.12)

2.1.3 Green’s Identity

Consider Divergence theorem,
Let 2 be a C'! domain and w € C*(2) be vector field then

/a wands = /Q div.w(x)dz (2.13)

where ds is (n-1)dimensional Lebesgue measure of 02, dx = dxy,dzs, dxg, ...., dx,

put w = vVu and assume that u,v € C*(2) (N C* ()

12



Then w.n = (UVu).n:v(Vu.n)—v% and

on
div(w(z)) = div(vVu)
= V(vVu)
= VoVu+oViu
= VoVu+vAu, where V?=A

Thus using equation (2.13)
/ v—ds = / VoVu + vAudz(G1)

This is Green’s first identity.

u@ds = /(VU.VU + ul\v)dx
on QO

Subtracting (2.14) from (2.15) we have

/ (u% - vg—Z)ds - /Q (uAv — vAu)dz(G2)

27 jdentity .

This is Green’s

If we set u = v in GG1,we obtain

ou 9
ua—nds /Q((Vu) + ulAu)dx

This is Green’s 3" identlty.

Lemma 1. (Consequence of Green’s identity )
Let F € CQ) If u solves Au =F on the domain Q then

/ F(z,y)dxdy = Onuds
Q o0

Proof. Integrating both sides of the equation Au =F on €

/ F(x,y)dxdy = Au(z,y)dzdy
Q o9

13

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



Applying Green’s first identity, the integral on the right hand side of equation(2.19)
becomes [, Au(z, y)dzdy = [, Onuds O

Theorem 2. Let Q C R™.If u € C*(Q) is harmonic, then
W) =fypm wW)ds(y)= fp,, uy)dy, VB(z,r) C Q

Proof. Assume that u € C?() is harmonic for r > 0
define

o(r) = u(y)ds 2.20
(r) ]é o) (y)ds(y) ( )
For r = 0 define ¢(0) = u(x).

If we can show that ¢'(r) = 0, we can conclude that ¢ is constant

And therefore u(z) :faB(ac,r) u(y)ds(y)

To prove ¢'(r) =0

First making a change of variables y = x +rz,= 2z = =

or) = ]gB(mu@)ds(y)
= ][ u(z + rz)ds(z)
8B(0,1)

= ¢'(r) = ]([93(0 ! Vu(x +rz).zds(z)

— X
=7[ Valy). L= L ds(y)
oB(z,r)

= ][ @(y)dS(y)
15)

B(z,r) on
1 ou
= —/ —(y)ds(y)(the average of wuw on 0B(x,r))

nwar™ 1 Jop(zn ON

14



1
= —/ V.(Vu)dy(by divergence theorem)
B(z,r)

nw,,r"1

1
- Au(y)d
nw,r"1 /B(x,r) uly)dy
=0

since v is harmonic Au =0
= ¢'(r) =0
¢ is constant.

claim Tlir(r)gr o(r) =u(x)

since ¢ is constant

Let r=t
= [ t
o(r) Jim o(t)
= lim u(y)ds(y)
t=0 JaB(x,t)
= u(z)
Therefore

ju(z) - ]([93( t)U(y)dS(y)l = | (u(z) = uly))ds(y)|

OB(z,r)

< /8 o ) —uw)lds(y)

< aax {u(@) —u()l}

Next to prove that u(x) :fB(m " u(y)dy

15



using the first result and taking sphere with radius s centered at x inside sphere

with radius r centered at x (s <)

/ u(y)dy = / / y)ds(y
B(z,r) aB(xT)
= /nwns ][ u(y)ds(y)ds
0 0B(z,r)
= /nwnsn_lu(x)ds
0

= nwnu(x)/ s"ds
0

8n—1+1

n—1+1
= wau(z)s" /2

n

/=0

= nw,u(r)
= wyu(z)r

Therefore, [, ) u(y)dy = wyru(z) which imlies

w() = 55 [ w(y)dy (dividing both sides by w,r™ )

= ][ u(y)dy
B(z,r)

from equation (2.20)

u(z) = ][( )

Hence u(x me y)dy = faB“ (y)ds(y)

2.2 Converse of mean value property

Theorem 3. Ifu € C*(Q) satisfies u(x) = fB(m’T) u(y)dy = faB(:c,'r) u(y)ds(y) ,VB(z,r) C

Q) then u harmonic.

16



Proof. suppose not, then Au(x) # 0 somewhere
Au(x) >0at 0

so Au(x) > 0 on B(z,r) for some r > 0

Let o(r) = fop(.) uy)ds(y) = u()
¢'(r) = 0 from theorem (2)

But 0 = ¢/(r) = Au(y)dy > 0, since Au(y) >0

1
nw,r? 1 fB(:c,r)

0 > 0 contradiction
" Aufy) =0

Hence w is harmonic. O

2.3 Maximum principle

The maximum principle states that a non-constant harmonic function can not attain
a maximum or a minimum at an interior point of its domain.This result implies that
the value of harmonic function in a bounded domain are bounded by its maximum

or minimum values on the boundary.

Theorem 4. (Weak mazrimum principle)

Suppose Q is a bounded domain and u € C*(Q) (N C(Q) is harmonic,then the mazi-
mum of u on Q is attained on the 05).

r.e

max u(z) = max u(z)

Proof. Introduce M= max u(z), m= max u(x)
e €0

17



Obviously m < M
Assume that m < M

put u(z,) = M as u is continuous on

M—m

2
v(r) =u(z) + ¥ ||z — z,||
where d is the diameter of {2
d = supl||z — yl|

Then ,v is a C? function on 2 and v(z,) = u(z,)
we have v(x) > u(x)

Hence , maxv(z) > M on the boundary 0f2
€

we have

v(z) <m+ 57 d*=m+ 5 5

= v(x) < M,Vz € 00
Therefore, there must be a point y €

such that

maxv(z) = v(y)

18



At this point y since v takes a maximum at y, we all first derivatives dz;v vanish
(y) <0

at y and the second derivatives Ox;x;v are at y non-positive that is 6229
x;

0

Thus
Av(y) <0 (2.21)

But

M —
NAv = Au%—szAHx—xOW
M —
= Tan,asAHx—a:OW:Qn
n(M —m)
=~ >0

= Av(z) >0 (2.22)

we obtained Av(y) < 0 and Av > 0 which is a contradiction.
Som=M

= max u(x) = max u(z)
x€f) €O

0
Corollary 1. (Weak minimum principle) Suppose that Q) is a bounded domain,

u 38 harmonic in ) and u is continuous on €

Then min u(x) = min u(x)
zeQ €N

Proof. minu = max —u
zeQ) €O

min ¥ = max —u
z€dQ 2€dQ
By replacing u by -u in theorem (4)

we have

min u(z) = min u(z)

19



Theorem 5. (Uniqueness theorem) suppose <) is bounded domain and uy and us

are harmonic in 0 continuous in 0 and uy |02 =us|0Q, Then uy = ug in )

Proof. Define u= u; — us in €,

Then u is harmonic and u|0Q2 = 0
by weak minimum principle

maxu =0 as u[02 =0
z€QN

by weak minimum principle

minu = 0
€N

= u(z) =0 on Q and
Hence uy () = ug(z) Vo € Q

CL U = U
[

Corollary 2. Let Q) be a bounded domain, f € C(Q) and ¢ C (9Q) then the Dirich-
let problem

{Au:f(x,y) (z,y) € Q (2.23)

u(z,y) =g(z,y) (v,y) € 09
has no more than one solution

Proof. Suppose u; and ugy are solutions of (2.23) in Q , and u = u; — us

then u € C(Q) is harmonic and u € C(Q2)
u = 0 on 0f) by uniqueness theorem.

By weak maximum principle u = 0 in §2.
Sou=0

= U] = Us. ]

20



Chapter 3

Harmonic function and Poisson

Integral

3.1 Poisson integral

Since the boundary values of harmonic functions determine these functions uniquely(
under the assumption of continuity on the boundary), it is natural to ask a question
about reconstructing the harmonic function from its boundary values. A slightly

more general problem is known as the Dirichlet problem.

Definition 8. Let Q be a domain in C and let ¢ : Q20— R be a continuous func-
tion. The Dirichlet problem is to find a function f harmonic on € and

such that lim,_,¢ f(2) = ¢(£),VE € Q

One important case on a circular domain (disk) is when the positive answer comes
via an explicit construction. It uses the so-called Poisson kernel. Now we shall set

about finding the harmonic function on a disk from its values on the disk boundary.

Definition 9. The following real valued function of two complex variables z and &,
Z 1—|z|?

Pi(z, €) =Re(2% )= 1B (12 < 1, )¢ = 1)

18 known as poisson kernel.

where (Py) denotes poisson kernel.

Definition 10. Let ¢ : D(w,a)— R be continuous function. Then its Poisson inte-
gral Py is defined by

21



pr(x) = £ (fo" pr(332, e®)p(w + ae'®))do

In polar coordinates the disk about w is in the form of

2 a2—r2

pl(w + Teit):%r(fo a?—2arcos(0—t)+r?2 h(w + Tew)de

since the boundary of the region 0S) is a circle, using polar coordinates r,6 defined

by
xr = rcost
y = rsinf
% = cosb, % = sinf
g—g = —rsinb, % = rcost
00 __ —sinf 00 __ cosf
oxr ~  r 720y  r
Since  p=p(r,0)
o0 _ opor 000y
or  Ordx 0z 06
B eap _ sinf dp
- or r 00
o0 _ opor 000y
dy  ordy 0Oyl
. 0p costlOp
= S T T o
Pp ﬁ( 9@_Si"9@)
0:2 ~ oz or v 08
0?p  sinf Op op ap . dp sind
= (cos@w - 87”80)0059 + (00863087“ — Esm@ ~ 3,
_ @0080)(—sin0)
o0 r r
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&*p (sinfcosf) O?p  sin?0 *p  2sinbcost O

_ COS%w_ cosh) O, 5?60y | 2sindiosd 0
- <Szn9§%+gafge gzcije)smeﬂsmeagar gﬁ
" %60:29 2532:9)(00:9)2 N |
2 2,
Apr = %—l—%

Pp 10p 1%
o Trar T Rog

Using Laplacian in polar coordinates (r,0) in the plane

1 1
Ap(r,8) = ppr + Pt Spep = 0

Which s a Laplace equation in polar coordinates.

3.1.1 Dirichlet Problem for a circle

Dirichlet Problem for a circle is defined as

PDE :V?p =0, 0<r<a, 0<60<2r
BC :p(r,0) = h(F), 0<6<2r

Where h(0) is a continuous function on OS).

+ —cos

sin?6 Op

7

r or

00820@

r Or
(3.1)
(3.2)

From polar coordinate of Laplace equation V*p = 0 in equation (3.1) Ap(r,0) =

Drr + %pr + %2]706 = 0.
If p(r,0) = R(r)H(0) the above equation reduces to
R'H + %R’H + T%RH” = 0. This equation can be witten as

TQR// + ’I"R/ H//

S —
R H

23
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which means that a function of r is equal to a function of 6 and, therefore each must

be equal to a constant k (separation of constant).
Casel
Let k = )\? then

r’R" +rR — N>R = 0 which is Euler type of equation and can be solved by setting

r = e*.Its solution 1is,
R = 1™ + o6 = 17 + cor
Also, H' + N°H =0
Whose solution is H = c3cosA8 + cysinAb
Therefore,
p(r,0) = (c1r™ + cor™)(e3c0s A0 + c45in\0)

Case?2
Let k = —\? then
r?R'+rR + ) NR=0H"—-)NH=0
Theuwr respective solutions are
R = cicos(Nnr) + epsin(Nnr), H = cze? + c;e™?
Thus,
p(r,0) = (cicos(Mnr) + casin(Nnr))(cze™ + cpe™?)

Case3
Let k=0 then we have rR" + R’ = 0 setting R'(r) = v(r)
we obtain r%%—v:(), that is %%—% =0

dr

Integrating we get In(vr) = Incy,therefore v = % = 9

On integration R = cilnr + co

Also H" =0
After integrating twice , we get H = c30 + ¢4
Thus

p(r,0) = (crlnr + c2)(cs6 + c4)

(3.4)

(3.6)

Now for the interior problem ,r=0 is a point in the domain ) and since Inr is not
defined at r=0, the solution (3.5) and (3.6) are not acceptable, Thus the required so-

lution is obtained from (3.4)

The periodicity condition in 0 implies,
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c3c0SA0 + cysinAd = c3cos(A(0 + 27)) + casin(A(0 + 27))

That is c3(cosA — cos(A0 + 2A7)) + c4(sinAd — sin(A0 + 2A7)) =0

or 2sinAm|cssin(N0 + 2w) — cqcos(A0 + Am)] = 0 = At = 0, A7 = nm, A = n(n =
0,1,2,3,...), using the principle of supper position and renaming the acceptable gen-

eral solution can be written as

oo

p(r,0) = Z(cnr” + cor™")(ancosnt + b, sinnd) (3.7)
0

Thus,the appropriate solution assumes the form
p(r,0) = Z r"(Ancosnb + B, sinnd) (3.8)
0

For n=0 let the constant A, be %.Then the solution is:

1

==-A "(A B, si .
P=5 o—l—;r (A, cosnb + B, sinnd) (3.9)

Formally differentiating this series term by term, we verify that (3.8) is indeed har-

monic.
1 2m
A= /0 R(6)do (3.10)
1 2m
A, = Wa”/o h(®)cosnopdp (3.11)
27
B,=—— [ n(@)sinngdo (3.12)

Writing (3.9) using (3.10),(53.11)and(3.12)

p(r,0) =1+ 027r h(p)de + =500 (£)" OQW h(¢)(cosnpcosn + singsinn)de

consider r < a < a.since the series converges uniformly here,we can interchange the
order of summation and integration

we obtain

p(r,0) = &= 027r h(¢)de + = fo% h(¢) Y1 (E) (cosnpcosn + singsinnd)de

By cosine property

cosngcosnb + sinngsinnd = cosn(f — ¢)

and cosn(0 — ¢) = 6""<"*¢)+267m<0—¢)
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p(r.0) = 5= ;" h(9)dg + £ [T h ne1(5)"(cos(0 — ¢)do

2T
=>p(?",9):—/ 1+22 "(cos(0 — ¢)|d¢p
0
Now

n m(07¢>) + 67in(97¢>)

{1+22 "(cos(f) — ¢)}_{1+22 5 1}

o i(0—9) o (0~
re " re .

S (e

n=1 n=1
7"67:(97(]5) rei(‘g*(ﬁ)

P ) BT )
a2 — 2

a? — 2arcos(0 — ¢) + r?

=1+

Therefore,

2 a? —r? dg
p(r.0) = /0 h(¢) a? — 2arcos( — ¢) + 12 21

this single formula is known as Poisson formula.
The Poisson formula can be written in a geometric way as follows;
write X = (z,y)with polar coordinate (r,0)
X' = (2, y)with polar coordinate (a, @)

(3.13)

(3.14)

The origin of points X and X' forms triangle with sidesr = | X|,a = | X’| and | X —X"|.

By the law of cosine

| X — X')? = a® +r? — 2arcos(0 — ¢)

The arc length element on the circumference is

ds' = ad¢. Therefore, Poz’sson formula takes the alternative form
p(X) = “22_75{'2 fX, = |X X'|2d3 for X € Q and

where p(X') = h(¢),this a line integral with respect to arc length ds' = ad¢.

since s' = a@ for a circle.

Thus the Poisson kernel (py) for the exterior of the disk is
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{)o-¢

(X, X') = 51 2L (X < 0, | X = a)
In the disk about w

D(w,r)={z: |z —w| <r},

The boundary 0D of D(w,r) is the set

OD(w,r)={z: 2z =w+re? 0§ € [0,2n]}

where z = w + re? is parametrization for the integration 6 runs from 0 to 2w of
equation(3.13) with dz = ire®df

This takes

h(w + reit) = —( /0 ' o - h((w + re'®))do. (3.15)

T or a? — 2arcos(6 —t) + r?

Lemma 2. Let ¢ : D(w,a)— R be continuous function.Py is harmonic on D

Proof. 1t follows from the definition of the Poisson kernel that PI is the real part of
a harmonic function is harmonic(real and imaginary part of analytic functions are

harmonic function).since z is real part of holomorphic function it is harmonic.

]

Theorem 6. (Poisson Integral Formula) If h is harmonic in a nbhd of the disk

D(w,a) then for r < a that is inside the disk D(w,1)

h(w + ret)y =L (7 @2 ____p((w+ re?))dd

0 a?—2arcos(60—t)+r?

27



Proof. Its proof is already in definition (11) of equation (3.14) above

Writing the Poisson integral of the disk, that is for » = 0 one recovers the mean value
property of harmonic function.

Thus the Poisson integral formula can be viewed as a generalization of mean value

property. 0

3.2 Positive harmonic functions

The Poisson integral formula allows to obtain useful inequalities for positive harmonic

function.

Remark. If a non negative harmonic function attains a minimum value zero on
a domain,It is zero throughout the domain. so the class of non-negative harmonic
function on a domain consists of all positive and zero functions.As an application of
Poisson integral we prove Harnak inequality. The Harnak inequality refers to a control

of the mazimum of a non-negative solution of an equation by its minimum.

Theorem 7. (Harnak’s Inequality) Let h be a positive harmonic function on the
disk(w,a) of the radius a about w, then for |z —w|=r < a and Vt

a—r a+r

awh(w) < h(z) < EXh(w).

That is the values of h in disk D(w,a) are bounded below and above by multiples of

the values of h at the center w of the disk,with both bounds only depending on the

distance to the center.

Proof. Take any s with 7 < s < a. since h is continuous on D(w, s) we know that it

is the Poisson integral of its restriction to the boundary circle D(w, s)

1, [ &2—|z—w| 4
h(z) = — : h Ddt 3.16
O =52 el ) (3.16)
for z € D(w, s)
using the positivity of h(z) and the inequality ::Ii:ﬂ < ‘Si—_‘(zz__ﬂjp < zt:z:ZI

If |z —w| =r < s then

s—r 52—|z—w|2 s+r

str — [sett—(z—w)[2 — s—r"

Using equation (3.16),the assumption h > 0,and the mean value property of h we
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conclude that when |z —w| =r,

h(z) < L (27 h(w + se™)dt=5 h(w)

s—r 2w \JO

s—r 2m ) s—r
and h(z) > =L ([ h(w + se™)dt="Lh(w)

The result now follows by letting s — a

"t h(w) < h(z) < Eh(w). =

a-+r

Corollary 3. (Liouville theorem)
Every harmonic function h : C — R™ which is bounded from above or below must be

constant.

Proof. Suppose h is bounded above by M

Then v = M — h is a non-negative harmonic function in the plane

By Harnak’s Inequality for Z;tlw(O) <Y(z) < aflj@b(()) if |z2|] <a

Letting a — oo we obtain ¢(z) < ¥(0)

This shows that ¢(z) = ¢(0) , hence h is constant. The case where h is bounded

below follows from this by considering —h

O

3.3 Application of harmonic function

Harmonic function plays a crucial role in many real applications of mathematics,physics
and engineering. In this section we consider some examples as an application of har-

monic functions.

Example 3. (An application of the maximum principle for subharmonic functions)
Suppose that @ C R? is a bounded domain, suppose that V : Q — R is continuous
and suppose that for some constant C' € R

Ve + Viyy = C on 2

show that the function U = |AV|? is subharmonic on
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Solution 1. We compute

Up=(V2+V2), =2V, Vo + 2V, Ve,V € C(Q)

Upe =(2VeViw + 2V, Via)o = 2V + 2V, Viga + 2V + 2V, Vs

Uy :(Vf + Vf)yzz%‘/;/y + 2‘/%“/323/

Uyy :(2‘/:”6ny + 2‘/;/‘/3111)1/ = 2V:c2y + 2V Vayy + 2‘/;/21/ + 2V Viyy

AU =Usy +Uyy = 203, + 2Va(Vawa + Vayy) + 2Vi3 + 2V (Vo + + Vi) + 2V5, + 2V,
Since Vyp + Vyy = C we can differentiate both sides with respect to x and with respect
to y respectively, we deduce that Vyge 4+ Viyy= Vyza + Viyy = 0

In particular,it follows that:

AU=VZ +4V2 +2V72 >0

=U2>0

..U is a subharmonic function.

Example 4. (Mean value property) If U is a harmonic in a disk, and continuous
in a closed disk, the value at the center equals the average of the boundary values.
This follows directly from the fact that the value of Poisson kernel at the origin equals
(2ma)~t. If U is harmonic in the exterior of a disk, continuous up to the boundary
and bounded, then it is given by integration of the boundary values with respect to the

Poisson kernel,and then we have
limz)—oou(2) = average of u over 09,

This follows directly from the from the fact that for the exterior Poisson kernel
Pi(,y)

limz) oo Pr(2, y) :ﬁ,
Uniformly over y € 0S), as the expression

2_a2
P(z,y) = 2_;\‘);_”2, for |X|>a,[Y]=a

Remark. The mean value property can be used to define "harmonic functions in a
way that makes sense of continuous functions. u is harmonic if its average value over

any circle equals the values at the center.

Example 5. (Liouville’s theorem ) Suppose that u is harmonic in R™ and that there

18 a constant ¢ such that
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Jpon lu@)ldy < ¢, Yo € R

show that u is constant

Solution 2. Consider Green’s first identity formula
Jo Vu.Vude = [, v3%ds — [, vAudz
for v=1 we have

Joq 2ids = [, Audx
Let B(x,,r) be a ball in R™ we have

8B(0,1)
0 1 0
= r"lwn——/ —u(xo +rxz)ds
or wy, Jop,) Or

9y, +rx)ds is independent of r

1
Thus - faB(0,1) or
Hence it is constant
By continuity as r — 0 ,we obtain mean value property
u(z,) = w% faB(0,1) %(xo +rz)ds
If fB(o,l) lu(y)|dy < ¢, Vo € R™
we have |u(x)| < ¢ in R"
since u 1s harmonic and bounded in R™

By Liouuville’s theorem, u is constant.
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Chapter 4
Conclusion and summary

In this thesis we discussed some basic properties of harmonic functions and solution
of Laplace equation Au =0
e. Consider Laplacian differential operator
Au =" T u e C(Q).
i) e C?*Q) is a harmonic in Qiff Au =0 in Q.
ii) uw e C?*Q) is a sub harmonic in Q,iff Au <0 in Q.
iii) we C*Q) is a supper harmonic in Q,iff Au > 0 in Q.
e For u € C*(Q) N u € CHQ) with Q bounded in R™
= If Au>0in  then, v < maxu(< maxu = maxu)

o0 Q o0
= If Au <0 in Q then, v > minu(< min v min )

o0 Q o0
= If Au=0in Q then, minu < u < maxu

[2]9] oN
e Dirichlet problem ,separation of variable and Laplace solution in polar coordi-

nates for a circle results the Poisson integral formula;
2 2

2w — do
p(T, 0) —Jo h((b) a2—2arios(z—¢)+7“2 Prs
& The Poisson integral formula allows to obtain Harnak’s inequalities for positive

harmonic function to a control of the maximum of a non-negative solution of an
equation by its minimum.
>Generally it is important to understand the power of properties of harmonic function

and harmonic functions are solutions of laplace equation in the study of PDEs.
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