
College of Natural and Computational
Sciences

Department of Mathematics

Harmonic Function and Partial Differential Equations

By:

Wubshet Debebe

Advisor:

Dr.Tesfa Biset

A Thesis Submitted to Addis Ababa Univeristy, College of Natural

and Computational Sciences, Department of Mathematics in the

Partial Fulfillment of the Requirement for the Degree of Master of

Science in Mathematics

July 2, 2019



ADDIS ABABA UNIVERSITY

College of Natural and Computational Sciences

Department of Mathematics

Harmonic function and partial differential equations

Approved by the Board Eximiners:

Tesfa Biset(Dr)Advisor Signiture :

Examiner Signiture.

Examiner Signiture.

Examiner Signiture.

i



Permission

”This is to certify that this thesis is written by Wubshet Debebe in the Department

of Mathematics ,Addis Ababa University ,under my supervision I here by confirm that

the thesis can be submitted for evaluation by examiners and eventual defence.

Tesfa Biset(Dr)

Signiture :

Date : ”

ii



Acknowledgment

First of all my great appreciation and sincere thanks goes to my advisor Dr.Tesfa

Biset who gave me a valuable advise throughout the course of my thesis work with

out limiting his valuable and golden time. I also wish to thank my closest friends for

unending spiritual support through out all the hard times. Lastly my thanks goes to

my family for their support during this studies.

iii



Abstract

This paper is concerned with harmonic function and partial differential equation.

Harmonic functions are regarded as solutions of Laplace equation which have a num-

ber of properties that are essential in solving partial differential equation.Poisson

integral is applied to obtain useful inequalities for positive harmonic functions.
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0.1 Notation

Rn -real Euclidean space in n dimension

Ω - non-empty open subsets of Rn

∂Ω -the boundary of Ω

C(Ω) -the space of continuous function on Ω

C1(Ω) -the space of continuously differentiable function on Ω

C2(Ω) -the space of twice continuously differentiable function on Ω

C(Ω̄) -the space of continuous function on Ω̄

B(x, r) -ball of radius r about x in Rn

∂(B(x, r)) -the boundary of ball of radius r about x in Rn

B(x, r) -A closed ball with radius r centered at x

wn -volume of unit ball in Rn

nwn -surface area of unit ball in Rn
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0.2 Introduction

Harmonic functions which are solution of Laplace’s equation are very special and

important class of functions not only in PDE but also in complex analysis, electro-

magnetic fluids and e.t.c.

The word ”harmonic” is commonly used to describe a quality of sound. Har-

monic functions derive their name from a roundabout connection.Physisists label the

movement of a point on a vibrating string ”harmonic motion”. such motion may be

described using sine and cosine functions are some times called harmonics. In clas-

sical Fourier analysis, functions on the unit circle are expand in terms of sines and

cosines.

Analogous expansions exist on the sphere in Rn,n>2 in terms of homogeneous har-

monic polynomials.Because these polynomials play the same role on the sphere as the

harmonics sine and cosine play on the circle. The term ”spherical harmonics” was ap-

parently first used in this context by William Thomson(Lord Kelvin) and Peter Tait.

By the early 1900’s the word ”harmonic” was applied not only to homogeneous poly-

nomials with zero Laplacian but also to any solution of Laplace’s equation. Harmonic

function plays a crucial role in many areas of mathematics,physics and engineering.

For different applications it is necessary to extend harmonic function to Rn, where n

denotes a fixed positive integer greater than 1.

Harmonic functions, solutions of Laplace equation
∂2u
∂x21

+ ∂2u
∂x22

+ ∂2u
∂x23
...+ ∂2u

∂x2n
= 0 or ∆u=0 have mean value, converse of mean value, max-

imum principle properties that are useful to the study of PDEs.

This thesis is organized in to three chapters. The first chapter consists of terminolo-

gies, definitions and basic ideas of harmonic functions. The second chapter consists

of basic properties of harmonic function,such as : mean value property, converse of

mean value property and maximum principle.The third chapter consists of harmonic

function and Poisson integral, positive harmonic function and some applications of

harmonic functions.
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Chapter 1

Preliminaries

1.1 Definition and Terminologies

In this section we will see basic definitions, terminologies and ideas that are important

for our study in this paper.

Definition 1. A partial differential equation (PDE) is an equation involving deriva-

tives of an unknown function u:Ω → R,where Ω is an open subset of Rn,n≥2 (or,

more generally , of differentiable manifold of dimension n>2)

A partial derivative of u with respect to xi is denoted by

uxi=
∂u
∂xi

for i = 1, 2, 3, ..., n

In case n = 2

we write x, y in place of x1, x2.

Other wise x is the vector (x1, x2, x3, ..., xn).

Definition 2. Let u(x) = u(x1, x2, ..., xn) be a twice continuously differentiable func-

tion on Ω the with Laplace oprator ∆ is defined as

∆= ∂2

∂x21
+ ∂2

∂x22
+ ∂2

∂x23
+ ...+ ∂2

∂x2n
.

The partial differential equation
∂2u
∂x21

+ ∂2u
∂x22

+ ∂2u
∂x23
...+ ∂2u

∂x2n
= 0 is called the Laplace equation.

The Laplace equation is also written as ∆u=0 or 52u = 0.

If the equation ∆u=0,where ∆u=
∑n

i=1
∂2u
∂x2i

for i=1,2,3,...,n is satisfied for each point

of the domain Ω, we say that u is a Harmonic function on Ω.
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Example 1. i). Let Ω = (x, y) ∈ R2, 0 < x < 1, y ∈ R and consider n ∈ N then,

u(x, y) = ne−nx sinny is a harmonic function. We want to show that ∂2u
∂x2

+ ∂2u
∂y2

= 0

∂u

∂x
= −n2e−nx sinny

∂u

∂y
= n2e−nx cosny

∂2u

∂x2
= n3e−nx sinny

∂2u

∂y2
= −n3e−nx sinny

⇒∂2u

∂x2
+
∂2u

∂y2
= n3e−nx sinny + (−n3e−nx sinny)

= 0

⇒∂2u

∂x2
+
∂2u

∂y2
= 0

∴ u(x, y) is harmonic function.

ii). u(z) = ln(|z|2) is harmonic on Ω =C\{0}.
Indeed,ln(z) = ln

√
x2 + y2 and uxx(z) + uyy(z) = 0 if z 6= 0

Definition 3. For two independent variables x and y, the inhomogeneous problem

where F is a function of the independent variables x and y only, is called the Poisson

equation.

Definition 4. (Analytic function) Let f(z) = u(z) + iv(z) = u(x, y) + iv(x, y)

where u and v are real valued functions,An analytic function is a complex function

that is expressible as a power series in z. This means that f is analytic at z ,it has a

series of the form
∑
anz

n.

Thus

f(z) =
∞∑
n=0

anz
n

(an is complex constant) Formal differentiation of this series shows that ux=vy and

uy=−vx.These are Cauchy-Riemann equation. If we differentiate them,assuming

twice differentiability we find that

3



uxx= vyx= vxy=uyy so that ∆u=0, similarly ∆v=0 thus real and imaginary parts of

an analytic functions are harmonic.

Remark. i) Due to the linearity of ∆, sum of any finite number of harmonic function

is harmonic and scalar multiple of a harmonic function is harmonic.

ii) In two dimensions,one can associate with a harmonic function u(x,y), a conjugate

harmonic function v(x,y) which satisfy the first order system of PDE called Cauchy-

Riemann equation .ux=vy and uy=−vx

Definition 5. A complex valued function f is said to be holomorphic on a domain

Ω, if it is differentiable in a nbhd of any point in Ω and satisfy Cauchy-Riemann

equation.

Theorem 1. Let u(x,y) be harmonic in some nbhd of the point (xo, yo),then there exist

a conjugate harmonic function v(x,y) defined in the nbhd and f(z) = u(x, y)+ iv(x, y)

is analytic function.

Proof. The harmonic function u(x,y) and its conjugate harmonic function v(x,y) will

satisfy Cauchy-Riemann equation ux=vy and uy=−vx.
From vy(x, y) =ux(x, y)

Integrating both sides with respect to y

ˆ
vy(x, y)dy =

ˆ
ux(x, y)dy (1.1)

where ϕ(x) is a function of x only

v(x, y) =

ˆ
ux(x, y)dy + ϕ(x)

differentiating with respect to x and replace vx by −uy to obtain

−uy(x, y) =
d

dx
(

ˆ
ux(x, y)dy) + ϕ′(x) (1.2)

since u is harmonic, all terms except those involving x(only)in (1.2) cancel out and

a formula for ϕ′(x) will purely be a function of x.Now the integration of ϕ′(x) gives

ϕ(x) and obtain v(x, y).

Thus f(z) = u+ iv is an analytic function.
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1.2 Boundary value problems associated to Laplace

equation

A boundary value problem is a problem of finding a function which satisfies a given

partial differential equation and particular boundary condition. There are at least

three common boundary value problems associated with Laplace and Poisson equa-

tions.For simplicity, we describe them only for Laplace equation and the corresponding

notations can be easily extended to Poisson equation.

1.2.1 Dirichlet Problem

Let Ω be bounded domain in R2 with piecewise smooth boundary and f be a contin-

uous function on the closure of Ω. Finding a solution uxx +uyy = 0 in the domain Ω

such that

i) u is continuous on closure of Ω and

ii) u|∂Ω = f, is Dirichlet Problem If Ω is the unit disk,then the corresponding Dirichlet

Problem is called interior Dirichlet Problem. If Ω is a complement of the closed unit

disk, then the corresponding Dirichlet Problem is called exterior Dirichlet Problem.

1.2.2 Neumann problem (second BVP)

To find a solution uxx +uyy = 0 in the domain Ω such that

i) u, ux, uy are continuous on closure of Ω and

ii) at every point of ∂Ω, the directional derivative of u in the direction of the nor-

mal(denoted by ∂u
∂n

= ∇u.−→n = ∂nu) satisfies ∂u
∂n

= f

where −→n denotes the outward unit normal vector to the boundary ∂Ω.

1.2.3 Robin problem (Third BVP)

To find a solution uxx +uyy = 0 in the domain Ω such that

i) u, ux, uy are continuous on closure of Ω and

ii) at every point of ∂Ω, u+ α ∂u
∂n

= f where α is a given constant.

Remark. There are other kinds of boundary problems for example on a part of the
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boundary ∂Ω one of the three BVP discribed above is imposed and on the remaining

part, another one of the above three. we do not consider such BVP in this paper.

Definition 6. Suppose Ω is an open subset. A function u ∈ C2(Ω) is sub-harmonic

if 4u ≥ 0 in Ω and super harmonic if 4u ≤ 0 in Ω.

Example 2. The function u(x) =|x|4 is sub-harmonic in Rn

since 4u =4(n+ 2)|x|2 ≥ 0
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Chapter 2

Properties of harmonic function

2.1 Mean value property

In this section we prove mean value property which all harmonic functions satisfy.

First we give some definitions: for a function u defined B(x, r),the average of u on

B(x, r) is given by

 
B(x,r)

u(y)dy =
1

wnrn

ˆ
B(x,r)

u(y)dy (2.1)

For a function u defined on ∂B(x, r),the average of u on ∂B(x, r) is given by

 
∂B(x,r)

u(y)ds(y) =
1

nwnrn−1

ˆ
∂B(x,r)

u(y)ds(y) (2.2)

where wn = 2(π
n
2 )

Γ(n
2

+1)
= (π

n
2 )

nΓ(n
2

)
(volume of a ball B(0, 1) in Rn)

2.1.1 Surface area and volume of disk on Rn

To find the surface area and volume of a disk first let us define Gamma function and

Properties of gamma function.

Definition 7. The Gamma function Γ : (0,∞)→ R is defined as Γ(t) =
´∞

0
xt−1e−xdx

,∀x ∈ (0,∞)
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2.1.2 Properties of gamma function

i) Γ(t+ 1) = tΓ(t)

ii) Γ(n) = (n− 1)!

iii) Γ(1
2
) =
√
π

Proof. i) From the right hand side

tΓ(t) = t(
´∞

0
xt−1e−xdx)

let u = e−xdv = xt−1

let t > 0

tΓ(t) = t(e−x
xt

t
/∞0 −

ˆ ∞
0

xt

t
(−1)e−xdx

= t

ˆ ∞
0

xt

t
e−xdx

=

ˆ ∞
0

xte−xdx

⇒ Γ(t+ 1) = tΓ(t) (2.3)

ii) To proof by induction

From Γ(t+ 1) =
´∞

0
xte−xdx

Γ(1) =

ˆ ∞
0

x0e−xdx

=

ˆ ∞
0

e−xdx

= −e−x/∞0
= 1

Hence Γ(0 + 1) = 1 = 0! for n ∈ N

8



iii) Γ(1
2
) =

´∞
0
u
−1
2 e−udu

Let u = t2,

we have; Γ(1
2
) = 2

´∞
0
e−t

2
dt

but
ˆ ∞

0

e−t
2

dt =

ˆ ∞
0

e−v
2

dv

(Γ(
1

2
))2 = 2(

ˆ ∞
0

e−t
2

dt)(2

ˆ ∞
0

e−v
2

dv)

= 4

ˆ ∞
0

ˆ ∞
0

e−(t2+v2)dtdv

Bivariate transformation

t = r cos θ

v = rsinθ

The region r which define first quadrant of the region of the integral disk of

(Γ(
1

2
))2 = 4

ˆ ∞
0

ˆ ∞
0

e−(t2+v2)dtdv.

t = r cos θ and v = rsinθ will transform in the integral problem from cartesian coordi-

nate in polar coordinate. The new variable (r, θ) will range 0 ≤ r ≤ ∞ and 0 ≤ θ ≤ π
2

9



(Γ(
1

2
))2 = 4(

ˆ π
2

0

dθ)(

ˆ ∞
0

e−r
2

rdr

= 4(
π

2
)(
−1

2

ˆ ∞
0

etdt)

= 4(
−π
4

)(

ˆ ∞
0

etdt)

= −π(0− 1)

= π

Since e−r
2

> 0,∀r ≥ 0,

Γ(
1

2
) ≥ 0

Hence (Γ(
1

2
))2 = π

∴ Γ(
1

2
) =
√
π (2.4)

by induction Γ(1
2

+ 1) = Γ(3
2
) using equation (2.3)

tΓ(t) = Γ(t+ 1), (t > 0)

Let t = 1
2

using equation (2.4),Γ(1
2
) =
√
π

1

2
Γ(

1

2
) =

1

2

√
π = Γ(

1

2
+ 1) = Γ(

3

2
)

⇒ Γ(
3

2
) =

1

2

√
π (2.5)

In similar way Γ(5
2
) = 3

4

√
π and so on...

In general for any positive integer n,Γ(1 + 1
2

+ n) = (2n+1)!
22n+1n!

√
π for all n=0,1,2,...

Formulation of area and volume of a ball will be convenient to calculate in polar

coordinates

Thus ˆ
Rn
f(x)dx =

ˆ ∞
0

ˆ
S(xo,r)

f(y)dσ(y) (2.6)

10



for each xo ∈ Rn

In particular for each r > 0

Where dσ represents surface measure on the n − 1 dimensional sphere S(xo, r) of

radius r centered at xo.

The total surface measure of sphere /ball is proportional to r and the constant will

be taken

so that it is by definition, nwnr
n−1

Thus for example nwn,in dimensional n=1,2,3 has the values 2,2π and 4π.In dimen-

sional n=1,2,3 these numbers represent the count of two points of the length of a unit

circle, and the surface area of a unit sphere.

By Euler’s integral definition of the gamma function (definition 7 ) convergence of

the integral requires that t− 1 > −1 or x > 0

As an example we can take f(x) = e−x
2

and xo=0

Then
´
Rn e

−x2dx = nwn
´∞

0
e−r

2
rn−1dr

Here the total surface measure of the ball is defined to be nwnr
n−1

we can also write this as

ˆ
Rn
e−x

2

dx = nwn
1

2

ˆ ∞
0

u
n
2
−1e−udu

= nwn
1

2

ˆ ∞
0

u
n
2 u−1(e−u)du (2.7)

= nwn
1

2
Γ(
n

2
)

When n= 2 this says that the value of the integral is π.

The differential of Volume of a hypersphere of radius r = R is

Vn = υnr
n ⇒ dVn = υn.nr

n−1dr (2.8)

where, υn is equal to wn.

By Gausian integral we have
´∞
−∞ e

−x2dx = π
1
2 multiplying this integral by it self n

times subscripting each dummy variable x by a different index iˆ ∞
−∞

ˆ ∞
−∞

...

ˆ ∞
−∞

e(−
∑n
i=1 x

2
i )Πn

i=1dxi = π
n
2 (2.9)
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however the summation is simply equal to r2 in n-dimension and the product of dif-

ferentials is just the n-dimensional volume element. Writing the volume element in

spherical coordinates and performing all of the angular integrals, that element be-

comes (2.8)

so that equation (2.9) reduces to

ˆ ∞
0

e−r
2

wnnr
n−1dr = π

n
2 (2.10)

pull the constants wn and n out of the integral and change the variables to u = r2 to

get
1

2
wnn

ˆ ∞
0

e−uu
n
2
−1du = π

n
2 (2.11)

but from definition of gamma function
´∞

0
e−uu

n
2
−1du = Γ(n

2
)

Thus, π
n
2 = nwn

1
2
Γ(n

2
)

This proves the fact that area of the unit n− 1 sphere is nwn =2(π
n
2 )

Γ(n
2

)
= A(R)

The volume of the unit ball is

wn =
2(π

n
2 )

nΓ(n
2
)

=
(π

n
2 )

Γ(n
2

+ 1)
(2.12)

2.1.3 Green’s Identity

Consider Divergence theorem,

Let Ω be a C1 domain and w ∈ C1(Ω) be vector field then

ˆ
∂Ω

w.nds =

ˆ
Ω

div.w(x)dx (2.13)

where ds is (n-1)dimensional Lebesgue measure of ∂Ω, dx = dx1, dx2, dx3, ...., dxn

put w = v∇u and assume that u, v ∈ C2(Ω)
⋂
C1(Ω)

12



Then w.n = (v∇u).n = v(∇u.n) = v
∂u

∂n
and

div(w(x)) = div(v∇u)

= ∇(v∇u)

= ∇v∇u+ v∇2u

= ∇v∇u+ v4u, where ∇2 = 4

Thus using equation (2.13)

ˆ
∂Ω

v
∂u

∂n
ds =

ˆ
Ω

∇v∇u+ v4udx(G1) (2.14)

This is Green’s first identity.

ˆ
∂Ω

u
∂v

∂n
ds =

ˆ
Ω

(∇u.∇v + u4v)dx (2.15)

Subtracting (2.14) from (2.15) we have

ˆ
∂Ω

(u
∂v

∂n
− v ∂u

∂n
)ds =

ˆ
Ω

(u4v − v4u)dx(G2) (2.16)

This is Green’s 2nd identity .

If we set u = v in G1,we obtain

ˆ
∂Ω

u
∂u

∂n
ds =

ˆ
Ω

((∇u)2 + u4u)dx (2.17)

This is Green’s 3rd identity.

Lemma 1. (Consequence of Green’s identity )

Let F ∈ C(Ω̄) If u solves 4u =F on the domain Ω then

ˆ
Ω

F (x, y)dxdy =

ˆ
∂Ω

∂nuds (2.18)

Proof. Integrating both sides of the equation 4u =F on Ω

ˆ
Ω

F (x, y)dxdy =

ˆ
∂Ω

4u(x, y)dxdy (2.19)

13



Applying Green’s first identity, the integral on the right hand side of equation(2.19)

becomes
´

Ω
4u(x, y)dxdy =

´
∂Ω
∂nuds

Theorem 2. Let Ω ⊂ Rn.If u ∈ C2(Ω) is harmonic, then

u(x) =
ffl
∂B(x,r)

u(y)ds(y)=
ffl
B(x,r)

u(y)dy, ∀B(x, r) ⊂ Ω

Proof. Assume that u ∈ C2(Ω) is harmonic for r > 0

define

φ(r) =

 
∂B(x,r)

u(y)ds(y) (2.20)

For r = 0 define φ(0) = u(x).

If we can show that φ′(r) = 0, we can conclude that φ is constant

And therefore u(x) =
ffl
∂B(x,r)

u(y)ds(y)

To prove φ′(r) = 0

First making a change of variables y = x+ rz,⇒ z = y−x
r

φ(r) =

 
∂B(x,r)

u(y)ds(y)

=

 
∂B(0,1)

u(x+ rz)ds(z)

⇒ φ′(r) =

 
∂B(0,1)

∇u(x+ rz).zds(z)

=

 
∂B(x,r)

∇u(y).
y − x
r

ds(y)

=

 
∂B(x,r)

∂u

∂n
(y)ds(y)

=
1

nwnrn−1

ˆ
∂B(x,r)

∂u

∂n
(y)ds(y)(the average of u on ∂B(x, r))

14



=
1

nwnrn−1

ˆ
B(x,r)

∇.(∇u)dy(by divergence theorem)

=
1

nwnrn−1

ˆ
B(x,r)

4u(y)dy

= 0

since u is harmonic 4u = 0

⇒ φ′(r) = 0

φ is constant.

claim lim
r→0+

φ(r) =u(x)

since φ is constant

Let r=t

φ(r) = lim
t→0+

φ(t)

= lim
t→0

 
∂B(x,t)

u(y)ds(y)

= u(x)

Therefore

|u(x)−
 
∂B(x,t)

u(y)ds(y)| = |
 
∂B(x,r)

(u(x)− u(y))ds(y)|

≤
ˆ
∂B(x,r)

|u(x)− u(y)|ds(y)

≤ max
y∈∂B(x,t)

{|u(x)− u(y)|}

Next to prove that u(x) =
ffl
B(x,r)

u(y)dy

15



using the first result and taking sphere with radius s centered at x inside sphere

with radius r centered at x (s < r)

ˆ
B(x,r)

u(y)dy =

ˆ r

0

ˆ
∂B(x,r)

u(y)ds(y

=

ˆ r

0

nwns
n−1

 
∂B(x,r)

u(y)ds(y)ds

=

ˆ r

0

nwns
n−1u(x)ds

= nwnu(x)

ˆ r

0

sn−1ds

= nwnu(x)
sn−1+1

n− 1 + 1
/s=rs=0

= wnu(x)sn/s=rs=0

= wnu(x)rn

Therefore,
´
B(x,r)

u(y)dy = wnr
nu(x) which imlies

u(x) = 1
wnrn

´
B(x,r)

u(y)dy (dividing both sides by wnr
n )

=

 
B(x,r)

u(y)dy

from equation (2.20)

u(x) =

 
∂B(x,r)

u(y)ds(y)

Hence u(x) =
ffl
B(x,r)

u(y)dy =
´
∂B(x,r)

u(y)ds(y)

2.2 Converse of mean value property

Theorem 3. If u ∈ C2(Ω) satisfies u(x) =
ffl
B(x,r)

u(y)dy =
ffl
∂B(x,r)

u(y)ds(y) ,∀B(x, r) ⊂
Ω then u harmonic.

16



Proof. suppose not, then 4u(x) 6= 0 somewhere

4u(x) > 0 at 0

so 4u(x) > 0 on B(x, r) for some r > 0

Let ϕ(r) =
ffl
∂B(x,r)

u(y)ds(y) = u(x)

ϕ′(r) = 0 from theorem (2)

But 0 = ϕ′(r) = 1
nwnrn−1

´
B(x,r)

4u(y)dy > 0, since 4u(y) > 0

0 > 0 contradiction

∴ 4u(y) = 0

Hence u is harmonic.

2.3 Maximum principle

The maximum principle states that a non-constant harmonic function can not attain

a maximum or a minimum at an interior point of its domain.This result implies that

the value of harmonic function in a bounded domain are bounded by its maximum

or minimum values on the boundary.

Theorem 4. (Weak maximum principle)

Suppose Ω is a bounded domain and u ∈ C2(Ω)
⋂
C(Ω̄) is harmonic,then the maxi-

mum of u on Ω̄ is attained on the ∂Ω.

i.e

max
x∈Ω̄

u(x) = max
x∈∂Ω

u(x)

Proof. Introduce M= max
x∈Ω̄

u(x), m= max
x∈∂Ω

u(x)

17



Obviously m ≤M

Assume that m < M

put u(xo) = M as u is continuous on Ω̄

v(x) = u(x) +
M −m

2d2
||x− xo||2

where d is the diameter of Ω

d = sup||x− y||

Then ,v is a C2 function on Ω and v(xo) = u(xo)

we have v(x) ≥ u(x)

Hence , max
x∈Ω̄

v(x) ≥M on the boundary ∂Ω

we have

v(x) ≤ m+
M −m

2d2
d2 = m+

M −m
2

=
M +m

2
≤M

⇒ v(x) ≤M,∀x ∈ ∂Ω

Therefore, there must be a point y ∈ Ω

such that

max
x∈Ω̄

v(x) = v(y)

18



At this point y since v takes a maximum at y, we all first derivatives ∂xiv vanish

at y and the second derivatives ∂xixiv are at y non-positive that is ∂2v
∂2xi

(y) ≤ 0

Thus

4v(y) ≤ 0 (2.21)

But

4v = 4u+
M −m

2d2
4||x− xo||2

=
M −m

2d2
2n, as4||x− xo||2 = 2n

=
n(M −m)

d2
> 0

⇒4v(x) > 0 (2.22)

we obtained 4v(y) ≤ 0 and 4v > 0 which is a contradiction.

∴ m = M

⇒ max
x∈Ω̄

u(x) = max
x∈∂Ω

u(x)

Corollary 1. (Weak minimum principle) Suppose that Ω is a bounded domain,

u is harmonic in Ω and u is continuous on Ω̄

Then min
x∈Ω̄

u(x) = min
x∈∂Ω

u(x)

Proof. min
x∈Ω̄

u = max
x∈∂Ω
−u

min
x∈∂Ω

u = max
x∈∂Ω
−u

By replacing u by -u in theorem (4)

we have

min
x∈Ω̄

u(x) = min
x∈∂Ω

u(x)
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Theorem 5. (Uniqueness theorem) suppose Ω is bounded domain and u1 and u2

are harmonic in Ω continuous in Ω̄ and u1|∂Ω =u2|∂Ω, Then u1 = u2 in Ω

Proof. Define u= u1 − u2 in Ω,

Then u is harmonic and u|∂Ω = 0

by weak minimum principle

max
x∈Ω̄

u = 0 as u|∂Ω = 0

by weak minimum principle

min
x∈Ω̄

u = 0

⇒ u(x) = 0 on Ω and

Hence u1(x) = u2(x) ,∀x ∈ Ω

∴ u1 = u2

Corollary 2. Let Ω be a bounded domain, f ∈ C(Ω̄) and ϕ ⊂ (∂Ω) then the Dirich-

let problem {
4u = f(x, y) (x, y) ∈ Ω

u(x, y) = g(x, y) (x, y) ∈ ∂Ω
(2.23)

has no more than one solution

Proof. Suppose u1 and u2 are solutions of (2.23) in Ω , and u = u1 − u2

then u ∈ C(Ω) is harmonic and u ∈ C(Ω̄)

u = 0 on ∂Ω by uniqueness theorem.

By weak maximum principle u = 0 in Ω.

∴ u = 0

⇒ u1 = u2.
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Chapter 3

Harmonic function and Poisson

Integral

3.1 Poisson integral

Since the boundary values of harmonic functions determine these functions uniquely(

under the assumption of continuity on the boundary), it is natural to ask a question

about reconstructing the harmonic function from its boundary values. A slightly

more general problem is known as the Dirichlet problem.

Definition 8. Let Ω be a domain in C and let φ : ∂Ω→ R be a continuous func-

tion.The Dirichlet problem is to find a function f harmonic on Ω and

such that limz→ξ f(z) = φ(ξ),∀ξ ∈ Ω

One important case on a circular domain (disk) is when the positive answer comes

via an explicit construction. It uses the so-called Poisson kernel. Now we shall set

about finding the harmonic function on a disk from its values on the disk boundary.

Definition 9. The following real valued function of two complex variables z and ξ,

pk(z, ξ)=Re( z+ξ
ξ−z )= 1−|z|2

|ξ−z|2 (|z| < 1, |ξ| = 1)

is known as poisson kernel.

where (Pk) denotes poisson kernel.

Definition 10. Let φ : D(w, a)→ R be continuous function. Then its Poisson inte-

gral PI is defined by
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pI(x) = 1
2π

(
´ 2π

0
pk(

z−w
a
, eiθ)φ(w + aeiθ))dθ

In polar coordinates the disk about w is in the form of

pI(w + reit)= 1
2π

(
´ 2π

0
a2−r2

a2−2arcos(θ−t)+r2h(w + reiθ)dθ

since the boundary of the region ∂Ω is a circle, using polar coordinates r, θ defined

by

x = rcosθ

y = rsinθ

∂x
∂r

= cosθ, ∂y
∂r

= sinθ

∂x
∂θ

= −rsinθ, ∂y
∂θ

= rcosθ

∂θ
∂x

= −sinθ
r

, ∂θ
∂y

= cosθ
r

Since p = p(r, θ)

∂p

∂x
=

∂p

∂r

∂r

∂x
+
∂θ

∂x

∂p

∂θ

= cosθ
∂p

∂r
− sinθ

r

∂p

∂θ
∂p

∂y
=

∂p

∂r

∂r

∂y
+
∂θ

∂y

∂p

∂θ

= sinθ
∂p

∂r
+
cosθ

r

∂p

∂θ
∂2p

∂x2
=

∂

∂x
(cosθ

∂p

∂r
− sinθ

r

∂p

∂θ
)

= (cosθ
∂2p

∂r2
− sinθ

r

∂p

∂r∂θ
)cosθ + (cosθ

∂p

∂θ∂r
− ∂p

∂r
sinθ − ∂p

∂θ2

sinθ

r

− ∂p

∂θ

cosθ

r
)(
−sinθ
r

)
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= cos2θ
∂2p

∂r2
− 2

(sinθcosθ)

r

∂2p

∂r∂θ
+
sin2θ

r2

∂2p

∂θ2
+

2sinθcosθ

r2

∂

∂θ
+
sin2θ

r

∂p

∂r
∂2p

∂y2
=

∂

∂y
(sinθ

∂p

∂r
+
cosθ

r

∂p

∂θ
)

= (sinθ
∂p

∂r2
+
cosθ

r

∂p

∂r∂θ
− ∂p

∂θ

cosθ

r2
)sinθ + (sinθ

∂p

∂θ∂r
+
∂p

∂r
cosθ

+
∂p

∂θ2

cosθ

r
− ∂p

∂θ

sinθ

r
)(
cosθ

r
)

= sin2θ
∂2p

∂r2
+ 2

(sinθcosθ)

r

∂2p

∂r∂θ
+
cos2θ

r2

∂2p

∂θ2
+

2sinθcosθ

r2

∂p

∂θ
+
cos2θ

r

∂p

∂r

4pI =
∂2p

∂x2
+
∂2p

∂y2

=
∂2p

∂r2
+

1

r

∂p

∂r
+

1

r2

∂2p

∂θ2

Using Laplacian in polar coordinates (r, θ) in the plane

4p(r, θ) = prr +
1

r
pr +

1

r2
pθθ = 0 (3.1)

Which is a Laplace equation in polar coordinates.

3.1.1 Dirichlet Problem for a circle

Dirichlet Problem for a circle is defined as

{
PDE : ∇2p = 0, 0 ≤ r ≤ a, 0 ≤ θ ≤ 2π

BC : p(r, θ) = h(θ), 0 ≤ θ ≤ 2π
(3.2)

Where h(θ) is a continuous function on ∂Ω.

From polar coordinate of Laplace equation ∇2p = 0 in equation (3.1) 4p(r, θ) =

prr + 1
r
pr + 1

r2
pθθ = 0.

If p(r, θ) = R(r)H(θ) the above equation reduces to

R′′H + 1
r
R′H + 1

r2
RH ′′ = 0. This equation can be witten as

r2R′′ + rR′

R
= −H

′′

H
= k (3.3)
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which means that a function of r is equal to a function of θ and, therefore each must

be equal to a constant k (separation of constant).

Case1

Let k = λ2 then

r2R′′ + rR′ − λ2R = 0 which is Euler type of equation and can be solved by setting

r = ez.Its solution is,

R = c1e
λz + c2e

−λz = c1r
λ + c2r

−λ

Also, H ′′ + λ2H = 0

Whose solution is H = c3cosλθ + c4sinλθ

Therefore,

p(r, θ) = (c1r
λ + c2r

−λ)(c3cosλθ + c4sinλθ) (3.4)

Case2

Let k = −λ2 then

r2R′′ + rR′ + λ2R = 0,H ′′ − λ2H = 0

Their respective solutions are

R = c1cos(λlnr) + c2sin(λlnr), H = c3e
λθ + c4e

−λθ

Thus,

p(r, θ) = (c1cos(λlnr) + c2sin(λlnr))(c3e
λθ + c4e

−λθ) (3.5)

Case3

Let k=0 then we have rR′′ +R′ = 0 setting R′(r) = v(r)

we obtain r dv
dr

+ v = 0, that is dv
dr

+ dr
r

= 0

Integrating we get ln(vr) = lnc1,therefore v = c1
R

= dr
dr

On integration R = c1lnr + c2

Also H ′′ = 0

After integrating twice , we get H = c3θ + c4

Thus

p(r, θ) = (c1lnr + c2)(c3θ + c4) (3.6)

Now for the interior problem ,r=0 is a point in the domain Ω and since lnr is not

defined at r=0, the solution (3.5) and (3.6) are not acceptable, Thus the required so-

lution is obtained from (3.4)

The periodicity condition in θ implies,
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c3cosλθ + c4sinλθ = c3cos(λ(θ + 2π)) + c4sin(λ(θ + 2π))

That is c3(cosλθ − cos(λθ + 2λπ)) + c4(sinλθ − sin(λθ + 2λπ)) = 0

or 2sinλπ[c3sin(λθ + 2π) − c4cos(λθ + λπ)] = 0 ⇒ λπ = 0, λπ = nπ, λ = n(n =

0, 1, 2, 3, ...), using the principle of supper position and renaming the acceptable gen-

eral solution can be written as

p(r, θ) =
∞∑
0

(cnr
n + c2r

−n)(ancosnθ + bnsinnθ) (3.7)

Thus,the appropriate solution assumes the form

p(r, θ) =
∞∑
0

rn(Ancosnθ +Bnsinnθ) (3.8)

For n=0 let the constant Ao be Ao
2

.Then the solution is:

p =
1

2
Ao +

∞∑
n=1

rn(Ancosnθ +Bnsinnθ) (3.9)

Formally differentiating this series term by term, we verify that (3.8) is indeed har-

monic.

Ao =
1

π

ˆ 2π

0

h(φ)dφ (3.10)

An =
1

πan

ˆ 2π

0

h(φ)cosnφdφ (3.11)

Bn =
1

πan

ˆ 2π

0

h(φ)sinnφdφ (3.12)

Writing (3.9) using (3.10),(3.11)and(3.12)

p(r, θ) = 1
π

´ 2π

0
h(φ)dφ+ 1

π

∑∞
n=1( r

a
)n
´ 2π

0
h(φ)(cosnφcosnθ + sinφsinnθ)dφ

consider r < ã < a.since the series converges uniformly here,we can interchange the

order of summation and integration

we obtain

p(r, θ) = 1
2π

´ 2π

0
h(φ)dφ+ 1

π

´ 2π

0
h(φ)

∑∞
n=1( r

a
)n(cosnφcosnθ + sinφsinnθ)dφ

By cosine property

cosnφcosnθ + sinnφsinnθ = cosn(θ − φ)

and cosn(θ − φ) = ein(θ−φ)+e−in(θ−φ)

2
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p(r, θ) = 1
2π

´ 2π

0
h(φ)dφ+ 1

π

´ 2π

0
h(φ)

∑∞
n=1( r

a
)n(cos(θ − φ)dφ

⇒ p(r, θ) =
1

2π

ˆ 2π

0

h(φ)[1 + 2
∞∑
n=1

(
r

a
)n(cos(θ − φ)]dφ (3.13)

Now

{1 + 2
∞∑
n=1

(
r

a
)n(cos(θ − φ)} = {1 + 2

∞∑
n=1

rn

an
[
ein(θ−φ) + e−in(θ−φ)

2
]}

= 1 + {
∞∑
n=1

(
rei(θ−φ)

a
)n +

∞∑
n=1

(
re−i(θ−φ)

a
)n}

= 1 +
rei(θ−φ)

a− rei(θ−φ)
+

rei(θ−φ)

a− re−i(θ−φ)

=
a2 − r2

a2 − 2arcos(θ − φ) + r2

Therefore,

p(r, θ) =

ˆ 2π

0

h(φ)
a2 − r2

a2 − 2arcos(θ − φ) + r2

dφ

2π
(3.14)

this single formula is known as Poisson formula.

The Poisson formula can be written in a geometric way as follows;

write X = (x, y)with polar coordinate (r, θ)

X ′ = (x′, y′)with polar coordinate (a, φ)

The origin of points X and X ′ forms triangle with sides r = |X|,a = |X ′| and |X−X ′|.
By the law of cosine

|X −X ′|2 = a2 + r2 − 2arcos(θ − φ)

The arc length element on the circumference is

ds′ = adφ. Therefore,Poisson formula takes the alternative form

p(X) = a2−|X|2
2πa

´
|X′|=a

p(X′)
|X−X′|2ds

′ for X ∈ Ω and

where p(X ′) = h(φ),this a line integral with respect to arc length ds′ = adφ.

since s′ = aφ for a circle.

Thus the Poisson kernel (pk) for the exterior of the disk is
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pk(X,X
′) = 1

2πa
a2−|X′|2
|X−X′|2 (|X| < a, |X ′| = a)

In the disk about w

D(w, r)={z : |z − w| < r},
The boundary ∂D of D(w, r) is the set

∂D(w, r)={z : z = w + reiθ, θ ∈ [0, 2π]}
where z = w + reiθ is parametrization for the integration θ runs from 0 to 2π of

equation(3.13) with dz = ireiθdθ

This takes

h(w + reit) =
1

2π
(

ˆ 2π

0

a2 − r2

a2 − 2arcos(θ − t) + r2
h((w + reiθ))dθ. (3.15)

Lemma 2. Let φ : D(w, a)→ R be continuous function.PI is harmonic on D

Proof. It follows from the definition of the Poisson kernel that PI is the real part of

a harmonic function is harmonic(real and imaginary part of analytic functions are

harmonic function).since z is real part of holomorphic function it is harmonic.

Theorem 6. (Poisson Integral Formula) If h is harmonic in a nbhd of the disk

D̄(w, a) then for r < a that is inside the disk D(w, r)

h(w + reit)= 1
2π

(
´ 2π

0
a2−r2

a2−2arcos(θ−t)+r2h((w + reiθ))dθ
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Proof. Its proof is already in definition (11) of equation (3.14) above

Writing the Poisson integral of the disk, that is for r = 0 one recovers the mean value

property of harmonic function.

Thus the Poisson integral formula can be viewed as a generalization of mean value

property.

3.2 Positive harmonic functions

The Poisson integral formula allows to obtain useful inequalities for positive harmonic

function.

Remark. If a non negative harmonic function attains a minimum value zero on

a domain,It is zero throughout the domain. so the class of non-negative harmonic

function on a domain consists of all positive and zero functions.As an application of

Poisson integral we prove Harnak inequality.The Harnak inequality refers to a control

of the maximum of a non-negative solution of an equation by its minimum.

Theorem 7. (Harnak’s Inequality) Let h be a positive harmonic function on the

disk(w,a) of the radius a about w, then for |z − w|=r < a and ∀t
a−r
a+r

h(w) ≤ h(z) ≤ a+r
a−rh(w).

That is the values of h in disk D(w, a) are bounded below and above by multiples of

the values of h at the center w of the disk,with both bounds only depending on the

distance to the center.

Proof. Take any s with r < s < a. since h is continuous on D̄(w, s) we know that it

is the Poisson integral of its restriction to the boundary circle D(w, s)

h(z) =
1

2π
(

ˆ 2π

0

s2 − |z − w|2

|seit − (z − w)|2
h(w + seit)dt (3.16)

for z ∈ D(w, s)

using the positivity of h(z) and the inequality s−|z−w|
s+|z−w| ≤

s2−|z−w|2
|seit−(z−w)|2 ≤

s+|z−w|
s−|z−w|

If |z − w| = r < s then
s−r
s+r
≤ s2−|z−w|2
|seit−(z−w)|2 ≤

s+r
s−r .

Using equation (3.16),the assumption h ≥ 0,and the mean value property of h we
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conclude that when |z − w| = r,

h(z) ≤ s+r
s−r .

1
2π

(
´ 2π

0
h(w + seit)dt= s+r

s−rh(w)

and h(z) ≥ s−r
s+r

. 1
2π

(
´ 2π

0
h(w + seit)dt= s−r

s+r
h(w)

The result now follows by letting s→ a

a−r
a+r

h(w) ≤ h(z) ≤ a+r
a−rh(w).

Corollary 3. (Liouville theorem)

Every harmonic function h : C → Rn which is bounded from above or below must be

constant.

Proof. Suppose h is bounded above by M

Then ψ = M − h is a non-negative harmonic function in the plane

By Harnak’s Inequality for a−|z|
a+|z|ψ(0) ≤ ψ(z) ≤ a+|z|

a−|z|ψ(0) if |z| ≤ a

Letting a→∞ we obtain ψ(z) ≤ ψ(0)

This shows that ψ(z) ≡ ψ(0) , hence h is constant. The case where h is bounded

below follows from this by considering −h

3.3 Application of harmonic function

Harmonic function plays a crucial role in many real applications of mathematics,physics

and engineering. In this section we consider some examples as an application of har-

monic functions.

Example 3. (An application of the maximum principle for subharmonic functions)

Suppose that Ω ⊆ R2 is a bounded domain, suppose that V : Ω → R is continuous

and suppose that for some constant C ∈ R
Vxx + Vyy = C on Ω

show that the function U = |4V |2 is subharmonic on Ω
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Solution 1. We compute

Ux=(V 2
x + V 2

y )
x
=2VxVxx + 2VyVyx ,V ∈ C(Ω̄)

Uxx =(2VxVxx + 2VyVyx)x = 2V 2
xx + 2VxVxxx + 2V 2

yx + 2VyVyxx

Uy=(V 2
x + V 2

y )
y
=2VyVyy + 2VxVxy

Uyy =(2VxVxy + 2VyVyy)y = 2V 2
xy + 2VxVxyy + 2V 2

yy + 2VyVyyy

4U=Uxx+Uyy= 2v2
xx + 2Vx(Vxxx + Vxyy) + 2V 2

yx + 2Vy(Vyxx + +Vyyy) + 2V 2
xy + 2V 2

yy

Since Vxx +VY Y = C we can differentiate both sides with respect to x and with respect

to y respectively, we deduce that Vxxx + Vxyy= Vyxx + Vyyy = 0

In particular,it follows that:

4U=V 2
xx + 4V 2

xy + 2V 2
yy ≥ 0

⇒ U ≥ 0

∴ U is a subharmonic function.

Example 4. (Mean value property) If U is a harmonic in a disk, and continuous

in a closed disk, the value at the center equals the average of the boundary values.

This follows directly from the fact that the value of Poisson kernel at the origin equals

(2πa)−1. If U is harmonic in the exterior of a disk, continuous up to the boundary

and bounded, then it is given by integration of the boundary values with respect to the

Poisson kernel,and then we have

lim|x|→∞u(x)= average of u over ∂Ωa

This follows directly from the from the fact that for the exterior Poisson kernel

Pk(x, y)

lim|x|→∞Pk(x, y)= 1
2πa

,

Uniformly over y ∈ ∂Ωa as the expression

P (x, y) = 1
2πa
|X|2−a2
|X−Y |2 , for |X| > a, |Y | = a

Remark. The mean value property can be used to define ”harmonic functions in a

way that makes sense of continuous functions. u is harmonic if its average value over

any circle equals the values at the center.

Example 5. (Liouville’s theorem ) Suppose that u is harmonic in Rn and that there

is a constant c such that
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´
B(0,1)

|u(y)|dy < c, ∀x ∈ Rn

show that u is constant

Solution 2. Consider Green’s first identity formula

´
Ω
∇u.∇vdx =

´
∂Ω
v ∂u
∂n
ds−

´
Ω
v4udx

for v=1 we have

´
∂Ω

∂u
∂n
ds =

´
Ω
4udx

Let B(xo, r) be a ball in Rn we have

0 =

ˆ
B(xo,r)

4udx

=

ˆ
∂B(xo,r)

∂u

∂n
ds

= rn−1

ˆ
∂B(0,1)

∂u

∂r
(xo + rx)ds

= rn−1wn
∂

∂r

1

wn

ˆ
∂B(0,1)

∂u

∂r
(xo + rx)ds

Thus 1
wn

´
∂B(0,1)

∂u
∂r

(xo + rx)ds is independent of r

Hence it is constant

By continuity as r → 0 ,we obtain mean value property

u(xo) = 1
wn

´
∂B(0,1)

∂u
∂r

(xo + rx)ds

If
´
B(0,1)

|u(y)|dy < c, ∀x ∈ Rn

we have |u(x)| < c in Rn

since u is harmonic and bounded in Rn

By Liouville’s theorem, u is constant.
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Chapter 4

Conclusion and summary

In this thesis we discussed some basic properties of harmonic functions and solution

of Laplace equation 4u = 0

•. Consider Laplacian differential operator

4u =
∑n

i=1
∂2u
∂xi2

,u ∈ C2(Ω).

i) u ∈ C2(Ω) is a harmonic in Ω,iff 4u = 0 in Ω.

ii) u ∈ C2(Ω) is a sub harmonic in Ω,iff 4u ≤ 0 in Ω.

iii) u ∈ C2(Ω) is a supper harmonic in Ω,iff 4u ≥ 0 in Ω.

• For u ∈ C2(Ω)
⋂
u ∈ C1(Ω̄) with Ω bounded in Rn

⇒ If 4u ≥ 0 in Ω then, u ≤ max
∂Ω

u(⇔ max
Ω̄

u = max
∂Ω

u)

⇒ If 4u ≤ 0 in Ω then, u ≥ min
∂Ω

u(⇔ min
Ω̄
umin

∂Ω
u)

⇒ If 4u = 0 in Ω then, min
∂Ω

u ≤ u ≤ max
∂Ω

u

• Dirichlet problem ,separation of variable and Laplace solution in polar coordi-

nates for a circle results the Poisson integral formula;

p(r, θ) =
´ 2π

0
h(φ) a2−r2

a2−2arcos(θ−φ)+r2
dφ
2π

♣ The Poisson integral formula allows to obtain Harnak’s inequalities for positive

harmonic function to a control of the maximum of a non-negative solution of an

equation by its minimum.

.Generally it is important to understand the power of properties of harmonic function

and harmonic functions are solutions of laplace equation in the study of PDEs.
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