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Abstract

The notion of weak idempotent rings is a new concept and has recently been intro-
duced. It is a ring R of characteristic two, and a* = a? for each a in R. Very few
studies have been done on its structural development and the structure of submax-
imal ideals of weak idempotent rings. So, there are a lot of gaps in its structural

development. One of these gaps is the introduction of ordering in it.

In this dissertation, we introduce the concept of partial ordering in a commutative
weak idempotent ring R with unity and prove that the introduced partial ordering
coincides with the one in Boolean rings whenever it is restricted to the idempotent
parts of R. Besides, we introduce the concept of an atom in R and obtain certain
results concerning an atom. Further, we study the structure of primary submaximal

ideals.

To achieve this, we define partial ordering and an atom in a commutative weak

idempotent ring with unity and use the concepts to obtain various results.

Here we introduced the notion of partial ordering in a commutative weak idempotent
ring R with unity, studied the role of an atom in the direct product decomposition

of R and further on the structure of primary submaximal ideals of R.

We recommend that researchers further study these in detail, shortly prove theorem
4.2.11, and extend the concepts to non-commutative weak idempotent rings with or

without unity, and study its potential application in the real world.



List of Notations and Conventions

N Set of nilpotent elements A Index set
Rp  Set of idempotent elements BLR  Boolean-like ring
xy  Nilpotent element Ny set of nilpotent elements annihilated

by elements of 1
xg  Idempotent element

Ann(N) Annihilator of set N
I Ideal

Spec(Rp)  Set of prime ideals of Rp
N4y Set of all atoms of N

cWIR  Commutative weak idempotent ring
R/T  Quotient ring

(nq) An ideal generated by an element n;

\V  Join

X(I)  Set of primary ideals containing I
WIR  Weak idempotent ring

H;  Four-element Boolean-like ring
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Chapter 1

Introduction

The concept of Boolean rings has been generalized in several ways by various au-
thors (see [8, 21, 30, 31]). For example, p-rings of D. Montgomery and N.H. McCoy
[21], p*-rings presented by Foster A.L. [4], p; and py rings established by N.V. Sub-
rahmanyam [26] and A.L.Foster’s [1]Boolean-like rings (see [30, 31]) are a few of the
ring theoretic broad views. Among these, the Boolean-like rings of A.L. Foster arise
naturally from general ring theoretic duality considerations and reserve many of the
formal properties of the Boolean rings. A Boolean like ring is a commutative ring
with unity and is of characteristic two in which ab(1 4+ a)(1 + b) = 0 hold for each
elements a, b in the ring. Foster provided a technique of creation of Boolean-like
rings by combination of Boolean rings and zero rings (a ring of characteristic 2 in
which ab = 0 for each elements a, b in the ring), utilizing prime ideals of the Boolean
rings. Harary [7] generalized Foster’s technique of construction of Boolean like rings
by considering atomic-based nil radical. Later, Swaminathan [30] provided a general
system of creation of every Boolean-like ring.

V.Kolluru etal. [29] introduced the notion of Weak idempotent rings as a general-
ization to the concept of Boolean like rings. They made an attempt to construct the
synthesis of weak idempotent rings by imitating the procedure of Swaminathan. But
their synthesis was partial and could obtain the combination of a subclass 2-weak
idempotent ring and a weak idempotent ring. They also studied the organization

of a 4- and 8-element weak idempotent ring with unity. Further, they proved that



every maximal ideal of a weak idempotent ring with unity is nil whenever 0 and 1
are the only idempotent elements of the ring and also obtained some characteristics
of submaximal and semiprime ideals of a commutative weak idempotent ring with
unity.

Venkateswarlu Kolluru and Dereje Wasihun [27] studied the construction of submax-
imal ideals in a commutative weak idempotent ring with unity. They established
some association among radical,semiprime, primary, and submaximal ideals and also
proved that a submaximal ideal of a commutative weak idempotent ring with unity
is either primary or semiprime. Furthermore, they proved that there are only two
maximal ideas of a commutative weak idempotent ring with unity that covers a

submaximal ideal of the ring.

With this backdrop of Boolean like rings and weak idempotent rings we further in-
vestigated the study of weak idempotent rings by introducing an ordering. Many of

the results were obtained for commutative weak idempotent rings with unity.

Objective

The main objective of this dissertation is to introduce partial ordering in commuta-

tive weak idempotent rings with unity.

We addressed the following objectives in this dissertation:
1. To define partial order in commutative weak idempotent rings with unity.

2. To investigate the role of the atom in the decomposition of commutative weak

idempotent rings with unity.

3. To study the properties of primary submaximal ideals in commutative weak

idempotent rings with unity.



Significance

This dissertation is important for the reason that it has contributed to developing
theory of partial ordering, the role of the atom, and investigating further properties

of a primary submaximal ideal in a commutative weak idempotent ring with unity.

Scope of the study

The study is limited to commutative weak idempotent rings with unity.

Methodology

We use the following methodologies in order to realize our desired objectives:
1. We define partial ordering in commutative weak idempotent rings with unity.

2. We define an atom in a partially ordered commutative weak idempotent ring

studied its role in the decomposition of a cWIR R with unity.

3. We examine further properties of the primary submaximal ideal of a commu-

tative weak idempotent ring with unity.

In our research work, we first define concepts, state theorems, and give their

proofs using the definitions and different results given in the preliminary parts.

Organization

The remaining part of this dissertation is organized as follows:

In chapter 2, we collect definitions, examples, and results concerning the existing

literature on Boolean like rings and weak idempotent rings. In the third chapter,



we study further continuation on commutative weak idempotent rings with unity.
We introduce the definition of partial ordering in commutative weak idempotent
ring with unity and obtain that the introduced partial ordering coincides with the
ordering in Boolean ring when restricted to the idempotent parts of the ring (see
Lemma 3.1.1). We prove that any cyclic Rp submodule of a commutative weak
idempotent ring R with unity is a Boolean lattice under the partial ordering defined
in Lemma 3.1.1. Further, we obtain that the map b — bz of Rg — Rpx is an isotone
module epimorphism (see Theorem 3.1.7). Moreover, we establish some properties
of commutative weak idempotent rings with unity concerning the partial ordering
(see Theorem 3.1.12). We prove that Ann(N) is a prime ideal of commutative weak
idempotent ring with unity if and only if every nonzero nilpotent element is an atom
(see Theorem 3.2.1). Further, we prove that every nonzero nilpotent element is an
atom whenever Ann(N) is a prime ideal of a commutative weak idempotent ring
with unity (see Theorem 3.2.1). Also, we prove N; is an Rp submodule of R and
every nonzero element of N; is an atom. We obtain a relation between a submodule
Ny of R and atoms of N. We also establish that every finite nonzero commutative
weak idempotent rings with unity admit an atomic basis (see Theorem 3.2.2).

In the fourth chapter, we prove that bR = {0, b} or {0, b,n, b+n} for idempotent and
nilpotent atoms b and n of the ring R respectively, whenever any two nilpotent atoms
have an upper bound in R (see Lemma 4.1.7). Further, we show that the subgroup
generated by {n;}ica in R is a lattice (see Corollary 4.1.11), where {n;};ca is the
collection of nilpotent atoms of R corresponding to the idempotent atoms {b;}ica
of R. We also prove that R is atomic if and only if Rp is so (see Lemma 4.2.3),
provided that N is nil-free, and any two nilpotent atoms have an upper bound in
R. Finally, we obtain the direct product decomposition theorem of a commutative
WIR R with unity (see Theorem 4.2.11).

In chapter 5, we study further properties of primary submaximal ideals. We prove
that for a commutative weak idempotent ring R with unity and 0 # n € N, there is
a primary ideal P of R so that n ¢ P and for nonzeron; € N, ny € Porn+n; € P,
provided that n € P 4+ Rpny (see Theorem 5.1.6). We also prove that if R is a
commutative weak idempotent ring with unity and n; and nsy are distinct nonzero

nilpotent elements of R, then every primary submaximal ideal of R contains nins



(see Theorem 5.2.2). We further prove that if P is a primary submaximal ideal of a
commutative weak idempotent ring R with unity and 0 # ny ¢ P for some n; € N,
then P 4+ Rpn; is a maximal ideal of R and P 4 (n;) = P + Rpgn; (see Theorem
5.2.3). In the last part, we summarize the general aim of the dissertation with a

conclusion and suggestions for further work on Weak idempotent rings.



Chapter 2

Literature Review and

Preliminaries

Different researchers defined the term atom in various ways in relation to some
basic concepts of commutative rings with unity and found several results using its
properties. For instance, D.D. Anderson [2] defined it as an irreducible principal
ideal, Sangmin Chun and D.D. Anderson [25] as a nonunit element @ in the ring
such that a = be for b,c in the ring implies (a) = (b) or (a) = (¢) and Moshe
Roitman [18] as a nonzero nonunit irreducible element in the ring. Besides, an
atomic ring was also studied (see [2, 18, 25]). Atomic ring is defined as a ring in
which each nonunit element is a finite product of atoms (see Sangmin Chun and
D.D. Anderson [25]), each principal ideal is a finite product of atoms (see D.D.
Anderson[2]), each reducible element is a finite product of atoms (see [18]). We also
defined it in a commutative weak idempotent ring with unity in relation to partial
ordering, and made further study of commutative weak idempotent rings with unity
which was introduced by Venkateswarlu et.al [29]. Idempotent, unit and nilpotent
elements of a ring plays important role in the theory of rings (see [19, 26]). An
element b in a ring is idempotent and nilpotent if »* = b and »" = 0 for some
n € N respectively. An atom of a ring may be an idempotent or nilpotent element
of the ring (see Definition 2.1.7). Investigators used the concepts of an atom in their

study (see [2, 18, 25]) for further investigation of the properties of the ring under



consideration. A lattice is a partially ordered set in which a subset {a, b} of the set
has both a supremum and an infimum (see [24]). Nilradical of a ring is the set of all
nilpotent elements of the ring (see [15, 19, 20]) and the ring is nil-free (or simple) if
it has no nonzero nil element. A ring R in which all elements are idempotent is a
Boolean ring. Various investigators studied intensively to generalize the concepts of
Boolean rings at different times (see [1, 8, 11, 16, 30]). For instance, the study made
by A. L. Foster [[1]]: the concept of Boolean-like rings, Montgomery D. and N. H.
McCoy [[21] ]: a characterization of Boolean rings in broad views, I. Sussman [[8]]: A
generalization of Boolean rings are some of the studies done in order to take a broad
view of the Boolean rings. Of all these scholars, Foster is the one who introduced
the theory of Boolean-like rings as a generalization of Boolean rings with unity. And
also, Venkateswarlu et.al [[29]] introduced the structure of weak idempotent rings
as a broad view of Boolean-like rings. So, some of the results from [1, 29] are used
for further study about the properties of commutative weak idempotent rings with

unity.

2.1 Lattice

In this subsection, we collected the definitions of different concepts such as partially
ordered sets, upper and lower bounds, maximal element, lattice, atom, and some
examples from various literature that are important in our study.

Definition 2.1.1. [9] Let L be a non-empty set and ‘<’ be a binary relation. We

say, L is a partially ordered set (Poset, in short) if, for each a,b and ¢ in L, we have
1. a < a (reflexive)
2. a<bandb < a implies a = b (anti-symmetry)

3. a<bandb < cimplies a < ¢ (transitivity)
Example 2.1.2. [28] Let P(A) denotes the set of all subsets of a set A. Then
(P(A), Q) is a partially ordered set.
Definition 2.1.3. [9] Let S be a subset of a Poset (L,<).



1. An element xy in L is called an upper bound for S if v < xy for each x in S.

2. An element xq in (L,<) is a mazimal element of L if, for each b € L, xy < b

mmplies xog = D.

3. The least upper bound of a and b, for a,b € L, denoted by a V b, is defined as

a <aVb, b<aVb and, for each element x; in L, a < x; and b < x;, aVb < x;.

4. The greatest lower bound of a and b, for a,b € L, denoted by a Ab, is defined
asaANb < a, aNb < b and, for each element x; in L, x; < a and x; < b,
x; <aAb.
Definition 2.1.4. [9, 10, 24] Let (L, <) be a partially ordered set. L is called a
lattice if, for each pair of elements a,b in L, there exist a greatest lower and a least
upper bounds which are denoted by a Ab and a \V b respectively.
Definition 2.1.5. [5, 23] A Boolean lattice is a complemented distributive lattice.
That is, A structure (L,V, A\, ', 0, 1) which satisfies the following axioms: for each

pg;r e L
1. (pvqg)Vr=pV(gVr)and (pANqg) ANr=pA(qAr) (Associative Laws)
2. pVqg=qVpand pAq=qAp (Commutative Laws)

3. (pVo Ar=p@Ar)V(gAr)and (pAq)Vr=(pVr)A(qVr) (Distributive
Laws)

4. pV(pANq)=pandpA(pVq) =p (Absorption Laws)
5. pvp =1,pAp =0 and (p') =p (Complement Laws)

6. (pNqg) =p' V¢ and (pVq) =p Nq (De’Morgan’s Laws)
Example 2.1.6. [5, 23] Let S = {a,b,c} and L be the set of all subsets of S. Then
(L,U,n, ',0,S) is a Boolean lattice, where for A€ L, A" =S\ A.
Definition 2.1.7. [24] An element xo in a Boolean lattice (L, <) is

1. an atom if xo # 0 and b < xy implies either b =0 or b = xg.

2. simple if xo # 0 and there is an idempotent element b such that bxg = xg.



3. nil if, for all idempotent element b, bxg = 0.
Further, L is called atomic if, for each nonzero element x in L, there is an
atom m € L with m < x and nil-free if its only nil element is zero.
Example 2.1.8. [2/] From Example 2.1.6, {a},{b},{c} are atoms of L and (L,C)
is an atomic lattice.
Definition 2.1.9. [24] A Boolean group is a group B in which every element has
order two. That s, b+ b =0 for each b in B.
Example 2.1.10. Let (R,+,-) be a ¢cWIR with unity. Then (R,+) is a Boolean

group.

2.2 Boolean-Like Rings

In this subsection, we collected the definition of different concepts like: Boolean
ring[1], symmetric Boolean ring [10], nilpotent element[10], nil-free ring[10], Boolean-
like rings[1] and some examples[l, 24] from different literature that are applicable
in our study.

Definition 2.2.1. [10] Let R be a ring and x € R. x is nilpotent if x™ = 0 for some
n € N. R is nil-free (simple) if it has no nonzero nilpotent element.

Definition 2.2.2. [1] A ring R in which all elements are idempotent is a Boolean
Ting.

Definition 2.2.3. [10] A symmetric Boolean ring is the one that is isomorphic with
the ring of all subsets of some set.

Example 2.2.4. [1, 2/] Integer modulo 2 is a symmetric Boolean ring with unity.
Definition 2.2.5. [15, 19, 20] The set of all nilpotent elements of a ring is the
Nilradical, N of the ring.

A Boolean-like ring is introduced as a broad view of Boolean rings with unity.
Definition 2.2.6. [1] A Boolean-like ring (BLR for short) is a commutative ring
with unity R such that ab(1 —a)(1 —b) =0 and a+a =0 for all a,b € R.
Remark 2.2.7. [1] A Boolean ring is a BLR. But the converse is not.

Example 2.2.8. [1] Consider Hy = {0,1,p,q} and the binary operations '+ and
"7 are defined by the following tables.



Table 2.1: BLR H,4

+10[1|p|q 0O/1|plqg
0(0|1|p|q 0[0/0 0
11110 |ql|p 110(1|plq
plplq|0]|1 plO|lp|O]|p
aljaq|p|1]0 q|0|qip|l

The ring (Hy,+,-) is a BLR, but not a Boolean ring as p-p =0 # p.

2.3 Weak Idempotent Rings

This section is concentrated on some definitions, basic results, and examples regard-
ing the concept of a weak idempotent ring.
Definition 2.3.1. [29] A Weak idempotent ring (WIR, for short) is a ring (R, +, )

i which
1. b* =% and

2.b+b=0 for each b € R.
Remark 2.3.2. [29] For a WIR R,

1. The only nilpotent and idempotent element in R is 0.

2. Each element in R can be expressed as the sum of idempotent and nilpotent

elements of R. That is, b =b*+ (b+ b*) for each b € R.

3. If R is commutative, then the representation in number 2 above is unique. So,
we denote by for the idempotent b* and by for the nilpotent b+b* in the unique
representation. That is, b = bg + by.

Remark 2.3.3. [29] A Weak idempotent Ring need not be commutative.

10



meampe s o ={ (1), (). (D)

with the usual addition and multiplication of matrices over Zs is a non-commutative
WIR with unity.

Example 2.3.5. [29] Let R = {0,1,2,3,4,5,6,7} and the binary operations’+' and
" are defined as follows. Then (R,+,-) is a non-commutative WIR.

Table 2.2: Non-Commutative WIR

+10]12]3]4|5]6|7 0(1]2(3[4]5|6]|7
0[0(1]2]3|4|5/6]|7 0/0[{0]00]0OJ0]0O]O
1111014, 7]2[6]5|3 110111234567
21241015 |1]3|7]6 210121210]05]31]5
313715061241 310(310/013]0(31]3
414121160735 4101410104044
5151632 7]01/4 5101512133 |5]0]2
6116|5743 [1|0]2 6/0(6/0/0]6|]0|6]6
7T17T13]6[1]5]4]2]0 710]712]3]6|5]4]|1

11



Lemma 2.3.6. [29] For a WIR R, 0 #b € R and n € N we have the following.
1. b = b, b or b3.

2. If b is nilpotent, then b* = 0.
Definition 2.3.7. [29] A nonzero element x in a WIR R with unity is said to be a
unit element of R if x* = 1.
Remark 2.3.8. [29] Let R be a WIR and ny, and ny be nilpotent elements in R.
The product niny need not be equal to zero.
Example 2.3.9. [29] Let R = {r : r = qo + q1i + q2 + qzk, where q; € Zy for
0<i<3}suchthati*=j*=k*=1,ij=ji=k,ik=ki=7j and jk=kj =1.

(R, @9, ®2) is a commutative weak idempotent ring with unity.
Here the elements ny =141 and ng = 1+ 7 in R are distinct nilpotent elements of

Rbut ning=14+i+j5+k #0.

2.3.1 Ideals of Weak Idempotent Rings

The concept of ideals of rings has been studied by different investigators, as it is
very important to solve several problems in various fields of study. Ideals such as
semiprime, prime, maximal, primary, completely prime, submaximal, and so on (see
2, 3, 19, 20, 27]). Of those researchers, Venkateswarlu Kolluru et al. [29] introduced
the properties of maximal, semiprime, and submaximal ideals in weak idempotent
rings with unity. Venkateswarlu Kolluru and Dereje Wasihun [27] introduced and
studied the organization of submaximal ideals in WIR with unity. So, we use some
of the results from [27, 29] as follows, which can help us to continue a further study
on submaximal ideals of commutative weak idempotent rings (¢cWIR) with unity.
We begin with the following theorem.

Theorem 2.3.10. [29] Let R be a WIR and I be an ideal of R. Then the quotient
ring, R/I, is a WIR.

Definition 2.3.11. [29] A proper ideal M of a« WIR R is maximal if there exists an
ideal J of R such that M C J C R implies either M = J or J = R.

12



Theorem 2.3.12. [29] Let I and N respectively be an ideal and the collection of

nilpotent elements of a ¢WIR R with unity. Then, we have the following.
1. Iis mazimal if and only if it is prime.
2. N forms an ideal of R.
3. If M is a maximal ideal of R, then N C M.

4. N is the intersection of all mazimal ideals of R.
Definition 2.3.13. [29] An ideal I of a ¢cWIR R is called prime if and only if, for
a,b e R, ab € I implies eithera € I orb e I.
Definition 2.3.14. [12] Let R be a ring and S C R. Annihilator of S, denoted by
Ann(S), is defined as Ann(S) ={r € R:rs =20 for all s € S}.
Definition 2.3.15. [29] In a commutative weak idempotent ring R with unity, a
proper ideal P of R is primary if for a,b € R, ab € P implies a € P or b" € P for
some n € N.
Theorem 2.3.16. [29] Let x = xp + xn and I be an ideal of a cWIR R with unity
such that x ¢ 1.

1. If xp ¢ I, then there is a mazimal ideal J of R such that I C J and x ¢ J.

2. If xy ¢ I, then there is a primary ideal P of R such that I C P and x ¢ P.
Definition 2.3.17. [29] Let I be an ideal of a WIR R. I is submaximal if there is
exactly one mazimal ideal of R which covers I.

Example 2.3.18. [29] From Ezxample 2.5.9, Qs = {0,j + k, 1+ 4,1+ i+ j + k},
Qs ={0,i+k,1+j1+i+7+k}, Qi =40,i+j,1+k1+i+j+k} are all
submaximal ideals of R.

Theorem 2.3.19. [29] Let I be an ideal of a cWIR R with unity. For an idempotent
element b € R, either b€ I or1+0b € I if and only if I is primary.

Theorem 2.3.20. [29] The intersection of primary ideals of a ¢cWIR with unity is
{0}.

Definition 2.3.21. [27] Let I be a proper ideal of a ¢cWIR R with unity. I is

semiprime if, for a € R, a® € I implies a € I.

13



Theorem 2.3.22. [27] Let I be a submazimal ideal of a ¢WIR R with unity. I is
covered by exactly two maximal ideals of R if and only if it is semiprime.
Theorem 2.3.23. [27] Let I be a submazimal ideal of a ¢WIR R with unity. There
are at most two mazimal ideals of R which covers I.

Theorem 2.3.24. [27] A primary submazimal ideal of a ¢WIR R with unity is
covered by exactly one mazximal ideal of R.

Theorem 2.3.25. [29] A submazimal ideal of a ¢WIR with unity is either primary
or semiprime.

Theorem 2.3.26. [29] Let M, and M be two different mazimal ideals of a ¢WIR
with unity. Then I = My N My is submaximal. Furthermore, My and My are the
only maximal ideals of R containing 1.

Theorem 2.3.27. [29] Let R be a ¢cWIR with unity and I # R be an ideal of R.
Then I is the intersection of each primary ideals of R which contains I.

Example 2.3.28. [29] From Ezxample 2.3.9, the ideal of R such as Q = {0}, Q1=
{0, 14+i4+7+k}, Qa={0,j+k,14+i,1+i+j+k}, Qs =1{0,i+k, 1+j, 1+i+j+k},
Qs={0,i+7,1+k 1+i+j+k} are all primary.

2.4 Module

This section deals with the definition of a module and its examples, and about the
basis of a vector space.

Definition 2.4.1. [10] An R-module of a commutative ring R with unity is an
abelian group (M,+) in which, for each elements my,ms and m in M, and rq,79
and 1 in R, a scalar multiplication R x M — M, denoted by (r,m )— rm satisfies

the following axioms:
1. r(my +mso) = rmy + rmy
2. (ry +mro)m = rym+ rom
3. (rirg)m = r1(ram)

4. Im=m
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Definition 2.4.2. [10] A module map is called an isotone if it preserves order.

Example 2.4.3. [10]
1. An abelian group is a Z-module.

2. A commutative ring R with unity is an R-module.
Definition 2.4.4. [10] Let M be an R-module and S C M be an additive subgroup
of M. We say S is a submodule of M if, fors € S andr € R, sr € S.
Example 2.4.5. An ideal of a ring is a submodule of the ring.
Definition 2.4.6. [10] Let R be a ring and M be an R-module. We say that M is a
cyclic module if there exists an element x € M such that M = Rx = {rx : r € R}.
Definition 2.4.7. [10] Let V be a vector space over a field F and X = {x1, 29, ..., Tm}
be a collection of elements of V. If, for some nonzero scalars oy, s, ..., € F,
a1y + asxy + ... + pxy, = 0, X is called linearly dependent and independent if
=g = ... =y, = 0. Further, if v = 121 + asxs + ... + .y, for each element
vin V, we say X is a basis of V.
Example 2.4.8. [10] R? is a vector space over R and {(1,0),(0,1)} is its standard

basis.
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Chapter 3

Ordered Weak Idempotent Rings

3.1 Partial Ordering

This section is a further continuation of the work on commutative WIRs (¢cWIR, for
short) with unity. We introduce the partial ordering in ¢cWIRs with unity and prove
that it coincides with the partial ordering in a Boolean ring when restricted to the
idempotent parts of the ring and find certain results on a Poset (R, <). We prove
that any cyclic module over the collection of Boolean elements of a cWIR with unity
is a Boolean lattice. We also prove that Ann(N) is a prime ideal of a c(WIR R with
unity if and only if every nonzero nilpotent element of R is an atom. Further, we
prove Ny is an R submodule of R, and every nonzero element of N; is an atom. We
obtain a relation between a submodule N; of R and atoms of N. We also establish

that every finite nonzero cWIR admits an atomic basis.

We now begin with the following.

Lemma 3.1.1. Let R be a ¢cWIR with unity and Rp be the set of all idempotent
elements of R. For x, y € R, define y < x if and only if there exists b € Rp such
that bx = y. Then, (R, <) is a poset. If the relation is restricted to Rg, the partial
ordering” <7 coincides with the definition of the partial ordering over the Boolean

Ting.
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Proof. Assume that R is a ¢WIR with unity and Rp is the set of all idempotent

elements of R.

1. Let z € R. Claim < is reflexive. z < z as x = 1z and 1 in R. Hence < is

reflexive.

2. Let + <y and y < z for x,y € R. Claim that x = y. Then, there exist
elements b,b, € Rp such that bjy = x and byx = y by Lemma 3.1.1 and
our assumption. So, as R is commutative and by, € Rp, z = by = bibix =

bob1box = bobyy = box = y. Hence, < is anti-symmetric.

3. For x,y,z € R, let x <y and y < z. We claim that x < z. Then, there exist
elements b; and by in Rg by our assumption and Lemma 3.1.1 so that x = by
and y = byz. So, x = byy = bybyz. Thus, x < z by Lemma 3.1.1 which implies

< 1s transitive.
Therefore, (R, <) is a Poset by (1), (2) and (3) above.

Let a,b € Rp such that a < b. Claim that ab = a. Then there exists x € Rg such
that bz = a by our assumption and definition of <. So, ab = b?*x = bx = a as b*> = b.
If ab = a, then a < b as a € Rp. Therefore, the partial ordering ” < ” restricted to

Rp coincides with the definition of partial ordering over Boolean rings. O]

Note: From now on wards (R, <) represents a partially ordered cWIR R with unity
as defined in Lemma 3.1.1.

Example 3.1.2. Let R be a cWIR with unity. Then, the direct product R X R is also
a ¢cWIR with unity (1,1). At least (1,0),(0,1) and (1,1) are idempotent elements
of R x R. Consider (1,0)(a,b) = (a,0) and (0,1)(a,b) = (0,b) for a,b € R. Thus,
(a,0) < (a,b) and (0,b) < (a,b).

Remark 3.1.3. Let R be a ¢WIR with unity and Rp be the set of all idempotent

elements of R. Then R is an Rg-module.

Proof. Let R be a cWIR with unity and Rp be the set of all idempotent elements
of R. For each ry,r5,7 € R and b, by, by € Rp the following hold.
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L. b(ry 4+ 1) = bry 4+ brg and (by + be)r = byr + byr by distributive property of R.
2. (byiby)r = by(byr) by associative property of R.
3. 1r = r by property of unity in R.

Therefore R is an Rp- module. O

Remark 3.1.4. Every ¢WIR with unity is a vector space over the field {0, 1}.

Proof. Let R be a cWIR with unity and F' = {0,1}. Claim that R is a vector space
over F. As FF = {0,1} C R, R is an F-module by Remark 3.1.3. So, as F is a field,

R is a vector space over F. O

Remark 3.1.5. If (R,+,-) is a ¢WIR with unity, then
1. (R,+) is a Boolean group.

2. (R,+) is a vector space over {0,1} and hence has a basis.

Proof. Let (R,+,-) be a cWIR with unity.

1. Claim that (R,+) is a Boolean group. As R is a ring (R,+) is an abelian group.
As R is a ¢WIR with unity » + r = 0 for each r € R. Thus (R,+) is a group

of order two and hence a Boolean group.
2. (R,+) is a vector space over {0, 1} by Remark 3.1.4 and hence has a basis {1}.

]

Definition 3.1.6. Let S be an additive subgroup of a cWIR R with unity. If there
1s a € R such that S = Rpa, then we say that S is a cyclic Rg-submodule of R.

Theorem 3.1.7. Any cyclic Rg-submodule of a ¢ WIR with unity is a Boolean lattice
under the ordering defined in Lemma 3.1.1. Further, the map b — bx of Rgp — Rpx

1s an order-preserving module epimorphism.

Proof. Let Rgx = {bx : b € Rp} be a cyclic Rg-submodule of a ¢WIR with unity
and partially ordered as in Lemma 3.1.1. Claim that (Rpx, <) is a lattice. For bz

and bz&? n RBLU, bl(bl + b2 +blb2)l’ = b%x—l-blng +b%b2$ = bll’—Fblel’—F bleZII = blx
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as by,by € Rp and R is of characteristic two. Similarly, by(b; + bs + bibo)x = box.
Hence byx < (b1 + by + bibe)x and box < (by + bg + biby)z. Suppose that bzx in
Rpz is an upper bound of bix and byx. Then bix < bxr and byx < bx. It follows
that there exist ¢,d € Rp such that cbx = byz and dbx = byxr by Lemma 3.1.1. As
(c+d+ cbo)bx = (by + by + biby)x and ¢+ d + cby € Rp, (by + by + bibe)x < br and
hence (by + by + biby)x is the least upper bound of byz and box. bibsxr < byz and
bibsx < box as bobyx = bibox, by and by € Rp and by Lemma 3.1.1. Suppose that
br in Rpx is a lower bound of byz and byx. That is, bxr < bix and bxr < byx. So,
there exist elements ¢ and d € Rp such that cbyx = br and dbyx = bxr by Lemma
3.1.1. Thus, cbyx = dbsx and cbibyx = dbsx = bx. Hence bx < bibyx and bibox is
the greatest lower bound of byx and box. Therefore, (Rpz, <) is a lattice.

Define a map ¢ : Rg — Rpz by ¢(b) = bz for each b € Rp.

Claim ¢ is well defined module epimorphism. Assume that b; = by for by, by € Rp.
Then byx = bex and hence ¢(by) = ¢(bs) for each by = by in Rp. Therefore, ¢ is well
defined. For by,bs € Rp and r € R, we have ¢(by + by) = (b1 + bo)x = byz + b =
d(b1) + ¢(b2), ¢(rby) = (rby)x = r(bix) = r¢(by) and ¢(1) = 1o = x. Thus, ¢ is a

module homomorphism. Thus ¢ is a module epimorphism by its definition.

Again we claim that ¢ is an order preserving map. Assume that by, by € Rg and
by < by. Then, bjby = by by Lemma 3.1.1 and our assumption. So, ¢(b1) = byx =
bibax = by¢p(by). Therefore, ¢(by) < ¢(by) by Lemma 3.1.1 and hence ¢ is an order

preserving (an isotone) map. O

Remark 3.1.8. Let R be a cWIR with unity, b € Rg and x € R be an atom of R.
Let (R, <) be as defined in Lemma 3.1.1. Then bx = x or bx = 0.

Proof. Assume that the hypotheses hold. Then bx = bx implies bx < x as b € Rp

and by Lemma 3.1.1. Hence bx = 0 or bx = x as x is an atom of R. O]

Lemma 3.1.9. Let a ¢WIR (R, <) with unity have idempotent atoms. Then, the
following hold.

1. Every simple element of R is an atom of R.
2. Every atom of R is either nil or simple.
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Proof. Let a cWIR R with unity have idempotent atoms.

1. Let r € R be a simple element of R. Then, there exists an atom b € Rp such

that br = r by hypothesis. Assume that = < r, for = € R.

Claim that = r or x = 0. We get byr = x for some by € Rp by our
assumption and Lemma 3.1.1. Hence bx = bbyr = bibr = byr = x as br = r
and R is commutative. Thus, x = bjbr =br=rorxz =rbjb=0as b)b=">0 or

0 for the idempotent atom b. Therefore, r is an atom of R.

2. Let 7 in R be an atom. Claim that r is either nil or simple. We have that
br < r for each b € R by Remark 3.1.8. As r is an atom of R, br = r or
br =0 for each b € Rg. If br =0 for all b € Rp, then r is a nil element of R.
Otherwise, there exists some b € Rp such that br = r. Hence r is either a nil

or simple element of R.

O

Lemma 3.1.10. Every nonzero nil element in a partially ordered cWIR (R, <)(as

defined in Lemma 3.1.1) with unity is an atom.

Proof. Let x # 0 be a nil element of a partially ordered cWIR R with unity such
that y < x for y € R. Claim that = is an atom of R. It follows that there exists
b € Rp such that bx = y by Lemma 3.1.1. Hence y = bx =0 for all b € Rp as x is

a nil element of R. Therefore, x is an atom of R. n

Lemma 3.1.11. Let R be a ¢WIR with unity and b be an idempotent element of R.
If 14+b € Ann(N), then N is nil-free.

Proof. Suppose that b is an element of Rp in a ¢WIR R with unity such that
14+b € Ann(N). Claim that bn # 0 for each n € N. As 14+ b € Ann(N) bn = n for
all nonzero n in N. This implies every nonzero element of N is not nil and hence N

is nil-free. O]

Theorem 3.1.12. In a partially ordered ¢WIR (R, <) with unity, we have the

following properties.
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1. 0<a foralla € R.
2. b < a implies that bc < ac for each a,b,c € R.
3. For eacha € R, a® < a and ay(1 + ag) < a.
4. Fora,be R,b< a implies
(a) ab="bp = apbg.
(b) agby = anbp = bpby.
(c) abg = agb = bbg.
(d) ra =zb=10> for some x € Rp.
(e) bp < ap and by < ay.
5. a <1 if and only if a € Rp.
6. Fora€ R and b € Rg,b < a if and only if ab = 0.
7. Let a be a unit element in R and b € R. b < a if and only if ab = bp.
8. Forae Rg andbe R, b < a impliesb € Rg.

9. Forbe Randa € N , b < a impliesb € N (set of all nilpotent elements of
R).

10. Units in R are maximal elements in (R, <).

Proof. 1. Asa0=0foralla € R, 0 < a for all a € R.
2. Suppose that b < a for a,b € R.

Claim that be < ac for each ¢ € R. It follows that ax = b for some © € Rg by
Lemma 3.1.1 and acx = bc for all ¢ € R. Hence bc < ac for each a,b,c € R as

T € Rp.

3. For any a € R, aa® = a* and a? idempotent. Hence a® < a by Lemma 3.1.1.
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Consider that a(1 + a?) = a(1 + @?) and (1 + a?) idempotent. This gives us
a(l +a*) < a by Lemma 3.1.1. It follows that a + a®> + a® + a* < a. But
a+a*+ad+at =a+a*+a*(a+a?) = (a+a®)(1+a®) = an(1+ap). Hence

an(l+ap) < a.
4. For a,b € R,b < a implies

(a) ax = b for some x € Rg by Lemma 3.1.1. This gives us ab = a’z = agx
as a? is idempotent and by = b?> = a’x = apxr = ab as x € R. Hence

bg = b* = (ab)? = a*b® = apbp as a* V* € Rp.

(b) As ab = bg = b* by (4a) above and R is commutative, we have a?b =
aba = ab® = b*b. As R is of characteristic two, b = b*+ (b+ %) = bg + by
hence agby = a?(b+b%) = a*b+a?b* But a*b = a(ab) = ab? by (4a) above.
So, agby = ab® + a*b* = (a + a*)b* = aybp and anbg = (a + a?)b* =
ab® + a?b* = b*b + b* = b (b + b*) = bpby as ab = b* from (4a) above and
b*> = b for each b € R.

(c) abp = ab* = (ab)b = b*b = bbp and agb = a*b = ab® = bga.

2

(d) za = b implies that xa = z?a = b = b for some = € Rp.

(e) b < a implies ax = b for some x € Rp. As a’xr = ab = V*, bg < ap. The

result az = b implies ax + a?x = b+ b%. Hence by < ay.

5. Let a < 1 for a € R. Then 1x = a for some x € Rp and hence a € Rp. For

a € Rp, 1.a = a which implies a < 1.

6. Let a € Rand b € Rp. If b < a, then ax = b for some x € Rg. Thus, a?x = b
and hence ab=10b. If ab="5, then b < a as b € Rp.

7. Let a be a unit element in R and ab = bg for b € R. It follows that b = a?b =

abp as a is a unit element of R. Hence b < a. The converse follows from 4(a).

8. Let a € Rp such that b < a for b € R. Then ax = b for some x € Rp and

b = (az)? = ax = b which implies b € Rp.
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9. Let a € N and b € R such that b < a. Then az = b for some x € Rp and

b?> = (ax)? = a?z? = 0 which implies b € N.

10. For a unit element a in R, let a < b for b € R. So, bx = a for some x € R and
b%z = 1 which implies z is a unit element. Thus = 1 as it is both a unit and

an idempotent element. Hence a = b. i.e. a is a maximal element in (R, <).

]

From properties number 8 and 9 above, we observe that nonzero idempotent and
nilpotent elements of R are incomparable.

Remark 3.1.13. A unit element of R is maximal in the poset (R,<). However,
the converse fails. Consider the following.

Example 3.1.14. Let Hy = {0, 1, p, 14p} from example 2.2.8 and B = {0, a, b, a+b}
be a Boolean group of 4 elements. Define a unitary Hy-module system on B where
the multiplication is generated from the following: pa = a and pb = 0. Consider
the ring R = (Hy X B, +,.) where the operations are defined as: (ay,by) + (ag,by) =
(a1 + ag, by + be) and (a1,b1)(az,be) = (a1az, asby + a1bs). Then R is a ¢WIR with
unity. The element (p,a+0b) is a mazimal element with the above order relation but
it 48 not a unit element.

Theorem 3.1.15. Let (R, <) be a partially ordered ¢ WIR with unity as defined in

Lemma 3.1.1 and a,b, x be elements in R. If b < a and b+x < a+ x, then ax = bx.

Proof. Suppose that b < a and b+ < a+ z for a, b,z in R. It follows that ab = bp
and (a +z)(b+ ) = (b+ z)g = bp + xp by Theorem 3.1.12(4a). Simplifying the

equation we have ab + xg + ax + bxr = bg + xp which gives us ax = bx. O

But b + x < a + x is not in general true even though b < a and ax = bx.

In Example 3.1.14, (0,0) < (p,0) and (0,0)(p,0) = (p,0)(p,0) but (p,0) £ (0,0).
Remark 3.1.16. In a partially ordered cWIR (R, <) with unity as defined in Lemma
3.1.1, if for any a,b € R,b < a implies b+ x < a+ x for all x € R, then R = {0}.

Proof. Suppose that for a,b € R, b < a implies b+ x < a + x for all x € R.
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We claim that a = b = z.

Then b+a < a+a = a+b < 0 as R is of characteristic two. But 0 < a + b
by Theorem 3.1.12(1). As < is anti-symmetric, a + b = 0. Thus a = b as R is of
characteristic two. Asb+xz <a+zx forallz € R, b+2 =y(a+z) for some y € Rp
by Lemma 3.1.1. This implies bg + 5 = y(ap + zp) by squaring both sides. So,
bp + xp = ybp + yxp as ag = bg. Again we have bp(1 +y) = (1 +y). So,
bp(l4+y) < xzp as1+y € R by Lemma 3.1.1. From this and our hypothesis we
have bp(1 4+ y) + x5 < 0. From Theorem 3.1.12(1) and as < is anti-symmetric, we
have bp(1 +y) + xp = 0. As R is of characteristic two we have bp(1+y) = xp and
hence xp < bp by Lemma 3.1.1 as 1 + y € Rp. Using our hypothesis and this we
have zg + bp < 0. So, by Theorem 3.1.12(1) and this gives us bp = zp for each
r € R. Thus a = b=z for all z in R. Therefore R = {0}. O

3.2 Atoms and Atomic Basis

This section deals with different results in relation to an idempotent and (or nilpo-
tent) atoms of a cWIR R with unity and the properties of a partially ordered non
zero cWIR R (as defined in Lemma 3.1.1) in relation to its atomic basis (see Theo-
rem 3.2.2).

We begin with the following.

Theorem 3.2.1. Let N be the nilradical of a ¢WIR R with unity. Ann(N) is a

prime ideal if and only if each nonzero element of N is an atom.

Proof. (=-:) Suppose that Ann(N) is a prime ideal of R and 0 # n € N.
Claim that n is an atom of N.

Then, for each b € R, b € Ann(N) or 1 +b € Ann(N) as b(1 +b) € Ann(N) and
our hypothesis. That is, bn = 0 or (14+b)n = 0 for all n € N. These gives us bn = n
or 0 for all n € N.But bn < n and either bn = n or 0 for each 0 # n € N. Thus,
every nonzero nilpotent element is an atom of R by Remark 3.1.8.

(«<=:)Conversely, suppose that every nonzero nilpotent element of R is an atom and
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assume that Ann(N) is not prime. It follows that there is an element b € Rp with
b¢ Ann(N) and 1+ b ¢ Ann(N). That is, there exist nonzero nilpotent elements
ny and ny such that bny # 0 and (1 + b)ny # 0. As ny and ny are atoms, bny = ny
and (1 4 b)ny = ny = bny = 0. So, b(ny + ny) = bny + bny = ny. So, ny + ney is
not an atom by definition which is a contradiction to our hypothesis. Therefore, the

ideal, Ann(N) is prime. O

Theorem 3.2.2. Let (R, <) be a partially ordered non zero ¢ WIR with unity. If R

18 finite, then it has an atomic basis.

Proof. Let R be a nonzero finite partially ordered cWIR with unity. Considering
the partial ordering over R, (Rpr, <) is Boolean lattice for 0 # r € R. Assume
that br is an atom of Rgr and = < br for x € R. Claim that x = br or 0. There
exists by € Rp such that bjbr = x by Lemma 3.1.1 and hence x € Rgr. As br is
an atom of Rgr, x = br or x = 0. Thus, br is an atom of R. As Rgr is a finite
Boolean lattice, it is atomic. Hence r is the join of all atoms of Rgr. Let b;r and
bar be two distinct atoms of Rgr. We know that bibyr < byr and biber < ber and
hence biber = 0 because byr # bor. Thus byr V bor = (by V by)r = (by + boy)r as
Rpr is a Boolean lattice. Let byr, bar, bsr, ..., bir be distinct atoms of Rgr. Then
bir V bor V bsr V ...V bpr = (by + by + b3 + ... + by)r. Therefore, r = i b;r, where
{bir}1<i<n are all atoms of Rgr. That is, r is the sum of atoms of le%l Let A be
the set of all atoms of R. A is nonempty as R is finite. As we proved above, every
nonzero element of R is the sum of elements of A. Thus, A generates R as a vector
space over {0,1}. That is, R has a basis contained in A. Hence R has an atomic

basis. 0

Corollary 3.2.3. If a partially ordered cWIR (R,<) with unity has a finite nilradical

N, then N has an atomic basis.

Proof. Let N be a nonzero finite nilradical if a ¢cWIR R with unity. Consider the
partial ordering given by Lemma 3.1.1 over N and the Boolean lattice (Rgn, <) for
0 #n € N. Assume that bn is an atom of Rgn and = < bn for x € N. There exists
b1 € Rp such that bybn = x and hence © € Rgn. As bn is an atom of Rgn, x = bn

or x = 0. Thus, bn is an atom of N. As Rgn is a finite Boolean lattice, it is atomic.
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Hence n is the join of all atoms of Rgn. Let byn and byn be two distinct atoms of

Rpn. We know that bjbon < bin and bjbon < byn and hence bibon = 0 because

bin # bon. Thus bynV byn = (by Vby)n = (by +by)n as Rgn is a Boolean lattice. Let
k

bin, ban, bsn, ..., bpn be distinct atoms of Rgn. Then \/ bjn = (by+by+bs+...+bg)n.
i=1

Therefore, n = zn: bin, where {bn}i<;<x are all atoms of Rgn. That is, n is the sum
of atoms of N. felt A be the set of all atoms of N. A is nonempty as N is finite. As
we proved above, every nonzero element of N is the sum of elements of A. Thus, A
generates N as a vector space over {0,1}. That is, N has a basis contained in A.

Hence N has an atomic basis. O

Theorem 3.2.4. Let n be a nonzero nilpotent element of a ¢WIR (R, <) with
unity. n is an atom of R if and only if Ann(n) N Rp is a prime ideal of Rp, where

Ann(n) = {x € R: 2n = 0}.

Proof. Let n be a nonzero nilpotent element of a c(WIR (R, <) with unity.

(=:) Assume that n is an atom. Claim that Ann(n) N Rp is a prime ideal of Rp.
It follows that bn = 0 or bn = n for every b € Rg. Thus b € Ann(n) N Rp
or 1 +b € Ann(n) N Rp. Let a and b be in Rp such that ab € Ann(n) N Rp.
Assume that a ¢ Ann(n) N Rp. Then 14+ a € Ann(n) N Rp as n is an atom of
R. As Ann(n) N Rp is an ideal of Rp, b+ ab = b(1 + a) € Ann(n) N Rg. Hence
b € Ann(n) N Rg.Therefore, Ann(n) N Rp is a prime ideal of Rp.

(«:) Conversely, suppose that Ann(n) N Rp is a prime ideal of Rp and = < n for
x € R. Claim that x = n or 0. Then bn = x for some b € Rg by Lemma 3.1.1. If
bn =x # 0, then b ¢ Ann(n) N Rp. So, 1 +b € Ann(n) N Rp by Theorem 2.3.19 as
Rp N Ann(n) is prime. Thus (1 4 b)n = 0 which implies x = bn = n. Hence n is an

atom of R. N

Theorem 3.2.5. Let n be a nonzero nilpotent element of a cWIR (R, <) with unity.

Ann(n) is a prime ideal of R if and only if n is an atom of R.

Proof. Let n be a nonzero nilpotent element of a cWIR (R, <) with unity.

(=) Suppose that n is an atom of R. For every b € Rg, b(1 +b) € Ann(n). Claim

that either b or 1+ b belongs to Ann(n). As n is an atom we have bn = 0 or bn = n
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for each b € Rp. That is, b € Ann(n) or 1 +b € Ann(n). Therefore, Ann(n) is a

prime ideal of R.

(«<:) Conversely, suppose that Ann(n) is a prime ideal of R and z < n for x € R.
Then bn = z for some b € Rg. If bn = o # 0, then b ¢ Ann(n) and hence
1+be Ann(n). Thus, (14 b)n = 0 and hence n is an atom of R. O

Theorem 3.2.6. For every nilpotent atom n of a ¢WIR (R, <) with unity, if n < x

for some x € R, then xn = 0.

Proof. Let n be anilpotent atom of R and n < x for some x € R. Then, xn =ng =0

by Theorem 3.1.12 4(a) which is the result. O
Theorem 3.2.7. For a prime ideal I of Rg in a cWIR R with unity, define Ny =
{neN:bn=0 forallbe I}. Then:

1. Ny is an Rg-submodule of R.

2. Fvery nonzero element of Ny is an atom.

3. For every 0 #n € Ny, Ann(n) N Rp = 1.

Proof. Suppose that I is a prime ideal of Rg in a c(WIR R with unity.

1. As R is of characteristic two, N; is an additive subgroup of R. Suppose that
n € Ny for a prime ideal I of Rg and b € Rg. Claim that bn € N;. b;bn =
bb;n = b0 = 0 for each b; € I as b;n = 0 by Definition of N;. Thus bn € Nj.

Therefore, Ny is an Rg-submodule of R.

2. As [ is prime, for each b € Rp, either 1 +b € I or b € I. Thus, for every
0 # n € Ny and for each b € Rp, either bn = n or bn = 0. Hence, every

nonzero element of Ny is an atom.

3. For every 0 # n € Ny, x € I implies that xn = 0. Thus 2 € Ann(n) and hence
z € Ann(n)NRp as Lis prime. So, I C Ann(n)N Rp. But every prime ideal is
maximal in a Boolean ring and hence for every 0 #n € Ny, Ann(n)NRp =1

by hypothesis.
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]

Theorem 3.2.8. Let I C Rpg be a prime ideal of a cWIR R with unity. There is

no nilpotent atom if and only if Ny = {0} for every prime ideal I of Rp.

Proof. (=) Suppose N; # {0} for some prime ideal I of Rp. It follows that N has
a nonzero atom by Theorem 3.2.7(2). Hence N has no atom if N; = {0} for each
prime ideal 1.

(«<:) Conversely, suppose that Ny = {0} for every prime ideal I of Rg. Assume that
0# n € N is an atom. Then Ann(n) N Rp is a prime ideal of Rg by Theorem 3.2.4
and 0 # n € Ny for I = Ann(n) N Rp which is a contradiction to our hypothesis.

Hence N has no atom. O

Corollary 3.2.9. Let I C Rp be a prime ideal of a ¢WIR R with unity and 0 #
ny,ny € Ny, where ny # no. Then ny,ny and ny + ny are all atoms of R and

Ann(ny) N Rp=Ann(ny) N Rg=Ann(n, + ny) N Rp = I.

Proof. Suppose that ni,ns are distinct nonzero nilpotent elements in Ny for a prime
ideal of Rp. Then b(ny +ny) = 0 for all b € I as ny,ny € Ny and ny +ng # 0
as ny # ny. Hence ny,ng,ny + ng are nilpotent atoms of R by Theorem 3.2.7(2).
Therefore, Ann(n;) N Rg=Ann(ny) N Rg=Ann(n; + ny) N Rp = I by Theorem
3.2.7(3). O

Corollary 3.2.10. If I and J are two distinct prime ideals of Rg in a cWIR R
with unity, then Ny N Ny = {0}.

Proof. Suppose that I and J are two distinct prime ideals of Rp in a cWIR R with
unity and 0 #n € Ny N N;y. Then I = Ann(n) N Rg = J by Corollary 3.2.9 which
is a contradiction. Therefore, Ny N N; = {0}. O

Lemma 3.2.11. Let b be an idempotent atom of a ¢cWIR (R, <) with unity and
n € N. Ifbn # 0, then bn is a nilpotent atom of R.

Proof. Assume that b is an idempotent atom of R and n € N, where bn # 0. bn is

a nilpotent element of R. Let © < bn for x € R. Then cbn = x for some ¢ € Rg by
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Lemma 3.1.1. As b is an idempotent atom of R, ¢cb = 0 or ¢b = b. If z # 0, then

x = cbn = bn. Hence bn is a nilpotent atom of R. O

Lemma 3.2.12. If by and by are two distinct idempotent atoms of a cWIR R with

unity, then bibs = 0.

Proof. Suppose that b, and by are two distinct idempotent atoms of a cWIR R with
unity such that bibs # 0. Then bibs = by and biby = by as by and by are atoms of R.

Thus b; = by which is a contradiction to our hypothesis. Therefore, byby = 0. ]

Theorem 3.2.13. Let N; be as defined in Theorem 3.2.7 and has only one nonzero
element for each prime ideal I of Rg. Then Ann(N)NRp = {0}. Additionally, N is
finite if and only if R is finite.

Proof. Let b be an element in Ann(N) N Rg. Then bn = 0 for every n € N and
hence b € Ann(n) N R for every n € N. Let n; be the only nonzero element of Nj.
Then b € Ann(n;) N Rp = I for each prime ideal I of Rg. Therefore, b = 0 as the
intersection of all prime ideals of a Boolean ring is {0}. Hence Ann(N)NRp = {0}.
(=:) Suppose that Rp is infinite. Then the number of distinct prime ideals of
Rp is infinite. Define a map ¢ : Spec(Rp) — Na by ¢(I) = n;, where ny is the
nonzero element in N; and N4 is the collection of each atoms of N. Assume that
ny = ny and [ 5,7; J. There exists b; € I such that b;n; = n; as ny is an atom.
0 = byn; = byny; = ny which is a contradiction as n; is an atom. Therefore I C J.
Similarly, J C I and hence ¢ is well defined. And also, ¢ is a one-to-one mapping
by Corollary 3.2.10. Thus, N4 is infinite and hence N is infinite.

(«<:) Conversely, let Rp be finite and n; and ny be two distinct nilpotent atoms.
Let Ann(ny) N R = I and Ann(ny) N Rg = J. Then I and J are prime ideals of
Rp by Theorem 3.2.5. As N; has only one nonzero element, I # J. Define a map
0 : Ny — Spec(Rp) by 0(n;) = Ann(n;) N Rp for every n; € N4, where Spec(Rp) is
the set of all prime ideals of Rg. So, # is a one-to-one mapping. Thus, N, is finite
as Spec(Rp) is so. As Rp is finite, there exist distinct atoms by, by, ..., b in Rp such
that \k/ b; = 1. Consider the set {bn}n,en,bin # 0,1 < i < k. It is a collection of
diStiI;:tl atoms and hence it is finite. For any n € N, n = (by + by + ... + bg)n. Hence,

{bin}nen,bin # 0,1 < i < k generates N as a vector space over {0,1}. That is, N
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has a finite atomic basis {bin}nen,bin # 0,1 < i < k as b}s are finite. Therefore, N

is finite. [

Theorem 3.2.14. Let N be the nilradical of a partially ordered cWIR (R, <) with
unity. For any two distinct nonzero elements ny and ny of N, ny < ny implies

ni + ng < ny, but ny and ny + ny are incomparable.

Proof. 1If ny < nq, then bny = ny for some b € R by Lemma 3.1.1 which gives us
(b4 1)ny = bny +ny = ny +ny. Hence, ny +ny < ny by Lemma 3.1.1 as 1+ b € Rp.
Assume that ny and n; + ny are comparable. If ny < ny + ngy, then b(ny + ny) = no
for some b € Rp. It gives us (b+ 1)(ny + na) = ny and hence ny < ny + ny. Thus,
n1+ny = ny which is a contradiction as ny # 0, n1+ny < ny and (R, <) is symmetric.
If ny + ng < ng, then bny = ny + ny for some b € Rp. It gives us (b+ 1)ny = ny and
hence n; < ny. Thus, n; = ny which is a contradiction. Therefore, ny, and n; + no

are incomparable. O

Theorem 3.2.15. Let ny and ny be two distinct atoms of N in a ¢cWIR R with

unity. ny + ng is an atom if and only if [bny = 0 < bng = 0] for all b € Rp.

Proof. (=) Suppose that n; and ny are two distinct atoms of N in a cWIR R
with unity such that n; + no is an atom. Assume that bn; = 0. It follows that
b(ny 4+ ng) = bny + bng = bng. As ny and ny + ny are atoms, we have either bng = 0
or bny = ny and b(ny +ng) = 0 or b(ng + ny) = ny + ny respectively. If bny # 0, then
ny1 + no = ng which is a contradiction. Hence bny = 0. Similarly, we can show that
bno =0=bny =0 for all b € Rp.

(«<=:) Conversely, suppose that bny = 0 < bny =0 for all b € Rp. Let b € Rg. Then
b(ny + ng) = bny + bny = ny +ny or 0 as bn; = 0 < bny = 0 and ny, ny are atoms.

Hence ny + n9 is an atom. [

Corollary 3.2.16. Let ny and ny be two distinct atoms of N in a cWIR R with unity.
ni+ng is an atom if and only if Ann(n;)NRp = Ann(ny)NRp = Ann(ni+ng)NRp.

Proof. (=-:) Suppose that n; 4+ ny is an atom. Let b € Ann(n;) N Rp. Claim that
b € Ann(ny). As b € Ann(ny), bny = 0. This implies bny = 0 by Theorem 3.2.15.
So, b € Ann(ny) N Rp and hence b € Ann(ny + ny) N Rg. Thus Ann(n;) N Rg C
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Ann(ny) N Rp and Ann(ny) N R C Ann(ny +n2) N Rp. Similarly, Ann(ny) N Rp

N

Ann(ny) N Rp and Ann(ny +n2) N R C Ann(ng) N Rp. Therefore, Ann(n;)NRp =
Ann(ng) N Rp = Ann(ny + no) N Rp.

(«<:) Conversely suppose that Ann(n;) N Rg = Ann(ns) N R = Ann(ni+ns2) N Rp
and assume that n; + ny is not an atom. Then b(ny + ng) is neither equal to zero
or ny + ny for each b € Rg. This implies bny # 0 # bny and bny # ny, bng # no.
Hence n; and ny are not atoms which contradict our hypothesis. Thus, the result

holds. [l

Theorem 3.2.17. Let N be the nilradical of a partially ordered cWIR (R, <) with
unity. Any two distinct atoms ny and ny of N have an upper bound in R if and only

if n1 + no is not an atom of N.

Proof. (=:) Let ny and ny be two distinct atoms of N in a ¢WIR R with unity
that have an upper bound in R. Assume that n; + ns is an atom of N. Let
x € R be an upper bound of n; and ny. Then ny < x and ny < x and x € N by
Theorem 3.1.12(9). This implies byx = n; and byx = ny for some by, by € Rp. Thus,
biz = biny = ng and by = bong = ny. bayng = ny # 0 implies that bany = ny # 0
by Theorem 3.2.15. Now, we get that bybix = bony = ny and bybyx = byne = ny and
hence n; = ny which is a contradiction as n; and n, are distinct. Therefore, nq + no
is not an atom.

(«<:) Conversely, suppose that ny + no is not an atom of N. Then bn; = 0 but
bny # 0 for some b € Rp by Theorem 3.2.15. So, b(ny + ng) = ny which implies
ny < ng + ng and (1 + b)(ny + ng) = ny which implies ny < ny 4+ ny. Therefore, ny

and ny have an upper bound in R. O]

Theorem 3.2.18. Let N be the nilradical of a partially ordered cWIR (R, <) with
unity and ny and ng be two distinct atoms of N. If nq + no is not an atom, then it

15 the least upper bound of ny and ns.

Proof. Suppose that n; and ny are two distinct atoms of N such that ny + ng is
not an atom. Then n; 4+ ny is an upper bound of n; and ny by Theorem 3.2.17.
Let n1 < x <ni+ngand ny < x < ny +no. If ny = x, then ny < ny which is a

contradiction. Thus, n; # x and similarly ny # z. We have ny = byz and ny = by
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for some by,b, € Rp by Lemma 3.1.1. Then bix + byx = ny; + ny which implies
(b1 + bo)x = ny + ng and hence ny + ny < z. Thus, x = ny + ny. Therefore, ny + ny

is the least upper bound of n; and ns. O

Theorem 3.2.19. Let N be the set of all nilpotent elements of a c¢WIR (R, <) with
unity and ny,n9, N3, ...,Nk be a finite number of distinct atoms of N. If any two
elements of {ni,ng,n3,...,n;} have an upper bound, then ny + ny + ng + ... + ny, is

the least upper bound of {ni,na,n3, ..., ny}.

Proof. Suppose that any two elements of {nj,ns,ns, ..., nx} have an upper bound.
Then Ann(n;) N Rp # Ann(n;) N Rp for each i # j and i,5 € {1,2,...,k}. Thus,
there exists b; € Rp such that b, € Ann(n;) but b; ¢ Ann(n;) for i # j and i,j €
{1,2,...,k}. Consider bobs...by, € Ann(n;) N Rp for all j € {2, ..., k} but bybs...b, ¢
Ann(ni) N Rp as Ann(ny) N Rp is a prime ideal of Rg. Hence, bybs...byny = ny as ng
is an atom of N. We obtained that bebs...bg(n1 + ng + ns + ... + ng) = ny and hence
ny < ni+ns+ng+...+n,. Similarly, we can show that ny+ns+mns+...4+n; is an upper
bound of n; for all i € {2,...,k}. Let n, be an upper bound of {ny,ns, ns,...,ng}.

Then for each ¢ = 1,2,3, ..., k, there exists ¢; € Rp such that ¢;n, = n;. Thus,
k k

(> ¢i)ne = > n; and hence ny+ng+ns+...4+ng < n,. Therefore, ni+ng+nz+...4+ng
i=1 i=1
is the least upper bound of {n;, ns, ng,...,ng}. ]

32



Chapter 4

Role of Atoms in Weak
Idempotent Rings

The notions of idempotent and nilpotent elements and atoms of a ring play an
important role in the theory of rings. An atom of a ring may be an idempotent
or nilpotent element of the ring. Using these concepts in a ¢cWIR with unity, we

investigate further results.

4.1 Lattice on the Nil-radical

This section mainly aims at dealing with a lattice of the collection of nilpotent
atoms ({n; }ies, <) corresponding to the idempotent atoms {b; };c; , where the partial
ordering < is defined as in Lemma 3.1.1(see Corollary 4.1.11).

We begin with the following Lemma.

Lemma 4.1.1. Let b be a nonzero element of Rg in a cWIR (R, <) with unity.

The following are equivalent.
1. b is an atom of R.
2. b is an atom of Rp.
3. For every x € Rp, either b < x or bx = 0.
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Proof. [1 = 2] : is obvious.
[2 = 3] : Suppose that b is an atom of Rp such that bx # 0 for x € Rg. Then
bx = y for some y € Rp and hence y < b. As b is an atom of Rg, y = 0 or y = b.

Hence bx = b. Therefore, b < x.

[3 = 1] : Suppose for every x € Rp, either b < z or bx = 0. Let r < b for r € R.
Then bz = r for some z € Rg. But b < zor bz =0 as z € Rp by (3). So, bz =b or
bz = 0 from (3) and by definition. Thus, 7 = 0 or = b and hence b is an atom of

R. O

Lemma 4.1.2. If x is an atom of a cWIR R with unity, then xg and xy are atoms

of R provided that xg # 0, xn # 0.

Proof. Let x be an atom of a cWIR R with unity. If xp # 0 and 2y = 0, then
x = xp is an atom of R as x is so. Again, if zp = 0 and xy # 0, then z = x5 and

it is an atom of R as zx is so. L]

The following example justifies that the converse of the above Lemma is not true.
Example 4.1.3. Consider the ring Hy = {0,1,p,1 + p} and let B={0,a,b,a+b} be
a Boolean group of 4 elements. Define a unitary (Hy)*-module system on B? where
the multiplication is based on the following: pa = a and pb = 0. Consider the ring
((H4)? x B% +,.) where the operations are defined as:

((a1,a2), (b1,b2)) + ((c1,c2), (d1,ds)) = ((a1 + c1,a2 + ¢2), (b1 + di, by + d2)) and
((a1,a2), (b1,b2))-((c1,¢2), (di,d2)) = ((arc1,a2¢2), (a1, a2)(d1, da) + (c1,c2)(b1,b2)),
where the operation between (Hy)?> = Hy x Hy and B*> = B x B is component

wise. Then ((Hy)? x B% +,.) is a ¢cWIR with unity.

Let z = ((1,0),(0,a)). Then zg = ((1,0),(0,0)) is an atom of R and xy =
((0,0),(0,a)) is an atom of R. But « is not an atom of R.
Lemma 4.1.4. Let a be an atom of a cWIR (R, <) with unity and r € R. Then

ra is an atom of R provided ra # 0.

Proof. Let a be an atom of R such that ra # 0 for r € R. Then, forallb € Rg,ba < a

which implies either ba = a or ba = 0. So, bra = ra or bra = 0. Hence ra is an
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atom of R. N

Lemma 4.1.5. Let b be an atom of Rg and any two nilpotent atoms have an upper
bound in a ¢cWIR (R, <) with unity. Then either bN = {0} or bN = {0,n}, where
n is an atom of N. Further bN = {0,n}, bny = 0 for all atoms ny # n.

Proof. Let bny and bny be nonzero elements of bN. Then, bn; and bnsy are atoms of
R by Lemma 4.1.4 and hence atoms of N by Lemma 4.1.1. Thus, there exists x € R
such that bny < x and bny < x as both bn; and bny are nonzero by Lemma 4.1.1(3).
bny < bx and bny < bz by Theorem 3.1.12 (2) so that bx # 0 and it is an atom of N
by Lemma 4.1.4. Hence bn; = bny = bx as both bn, and bny are nonzero. Therefore,
either bN = {0} or bN = {0,n}. Suppose that bN # {0}. There exists ny € N such
that bny # 0. Let bny = n. It follows that bny = bn = n and hence bDN = {0,n}.
bn = n is an atom of N by Lemma 4.1.4. Let ny be an atom of N and n # ns such
that bny # 0. So, bny = n. But bny = ny as ny is an atom of N. Thus n = ny, which

is a contradiction. Therefore, bny, = 0 for all atoms ny # n. O

Lemma 4.1.6. Let any two nilpotent atoms have an upper bound in a cWIR R with

unity. Then, for every two distinct idempotent atoms by and by, by N NbyN = {0}.

Proof. Suppose that b; and by are two distinct idempotent atoms with by N = {0, 1}
and byN = {0,n2}. Assume that by N N by N # {0}. It follows that beny = bony =
ny = ng by Lemma 4.1.5. So, bibon; = ny = ny. But b1by = 0 by Lemma 3.2.12 as by
and by are distinct idempotent atoms. Hence ny; = ny, = 0 which is a contradiction.

Therefore, by N N by N = {0}. O

Lemma 4.1.7. Let any two nilpotent atoms have an upper bound in a cWIR R with
unity. For idempotent atom b, bR = {0,b} or bR = {0,b,n,b + n}, where n is a

nilpotent atom.

Proof. In a cWIR R with unity, R={r € R:r =rg+rx}. Thus, bR = {brg+bry :
r € R}. But bry =0 or bry = n for all ry. As b is an idempotent atom, brg = b

or brg = 0. Hence, bR = {0,b} or bR = {0,b,n,b+ n}. ]

Definition 4.1.8. Let any two nilpotent atoms have an upper bound in a cWIR R
with unity and {b;};e; be the set of all idempotent atoms such that b;N # {0}. If
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b;N = {0,n;}, then {n;}icr is called the set of nilpotent atoms corresponding to the
idempotent atom b; of {b;}icr.
Lemma 4.1.9. If nilpotent atoms ny and ns have an upper bound in a ¢cWIR with

unity, then ning = 0.

Proof. Suppose that n; and n, have an upper bound in a ¢WIR R with unity. It
follows that nq + ns is the least upper bound of n; and ny by Theorem 3.2.18. So,
ny < ny +ny. But ny(ng +ny) = 0 by Theorem 3.2.2(4(a)). Thus, n? + niny = 0

and hence ning = 0. O

Note.

1. Now and then we use {n; };cs to denote the set of nilpotent atoms correspond-
ing to each idempotent atom b; for all ¢ € I, {b;};c; denotes the set of all

idempotent atoms.

2. For ry and ro € R, if there exists an upper and a lower bound of r; and 7y,
then the least upper and greatest lower bounds of r; and 7y are denoted by
r1 V ro and 71 A ro respectively.

Lemma 4.1.10. In a ¢WIR (R, <) with unity, for ny,ns € {n;}icr, n1 V ny and

n1 A ng exist and are equal to ny + ng and O respectively.

Proof. Let ny and ny be in {n;};,c;. It follows that byny = n; and byjny = 0 by
Lemma 4.1.5. Consider by(ny + ns) = byny + byny = ny which implies n; 4+ ny is not
an atom. Hence n; + ns is the least upper bound of n; and ny by Theorem 3.2.18.
Let x < n; and z < ny for z in R. If z # 0, then © = ny = ny as both n; and n,
are in {n; };e; which is a contradiction and hence = 0. Therefore, 0 is the greatest

lower bound of n; and na,. O

Corollary 4.1.11. The subgroup generated by {n;}ic; in N is a lattice.

Proof. Let A be a subgroup generated by {n;},c; and a,b € A. Then a = ) n;
jEF,
and b = > ng, where F, and F} are finite subsets of I. We point out that a + b =
keFy
> ng. Let F, = {a1,09,...,a,.} and F, = {p1,Pe,...,Bs}, where F, N F, =

tEFLUF}
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{71,72,, %} and p < r and p < s. Then (by, + bay + ... +ba,)(a+b) = a
and (bg, + bg, + ... + bg,)(a +b) = b. Hence a < a+ b and b < a + b, that
is, a + b is an upper bound of @ and b. Let x be an upper bound of a and b.
Then there exist elements ¢ and d € Rp such that cx = a and dxr = b. Thus,
(¢ 4+ d)x = a+ b and hence a + b < x. Therefore, a + b is the least upper bound
of @ and b. Let e = ny, +n,, + ... +n,,. Then (b, +by, +...4+ b, )a = e and
(by, + by, + ...+ by, )b = e.Thus, e is the lower bound of a and b. Let x be the lower
bound of a and b. Then there exist ¢,d € Rp such that ca = x and db = x. If
xr # 0, then ¢(ng, + nay + ... +na,) = x and d(ng, + ng, + ... + ng,) = x implies
g, # 0 for some a; € F, and dng, # 0 for some ) € Fy. Let c(n%1 + N, + .+
najq) =z and cl(ngk1 +ng,, + ...+ ng, ) = x. Thus, na, +ne, + ...+ Na;, = T
and ng, +ng, + ..+ ng, = x since by;na; = Mo, and bgng, = ng. If by, ¢
{680, b8, > by,  for some i = 1,2,....q, then by, © = ba, (ng, + 1, + ... +
ng,,) = 0. Thus, Na,; = 0 which is a contradiction. Hence, bajl,b%,...,bajq -
{664,081y s -+ bgy, }- Similarly, {bg, ,bs, ,....,bg, } C {bajl,b%,...,bajq}. This gives
us {bg, , b, b, } = {0ay, s bagys oo baj, b C {bys by by b Thus, (bg,, + bg,, +

... + bg, )e = x. Therefore, e is the greatest lower bound of a and b. O

4.2 Nil-free Radical

The main concentration of this section on the role of idempotent and nilpotent atoms
in the decomposition of a cWIR R with unity ( See Theorem 4.2.11). We proved
different results regarding the nil-free nilradical N of R, and this concept is used in
relation to the symmetric properties of the Boolean parts Rp of R, assuming that
the set of all nilpotent atoms of R is complete.

We begin with the following Lemma.

Lemma 4.2.1. Let (R, <) be a partially ordered ¢cWIR with unity, the collection,
Rp has atoms and any two nilpotent atoms have an upper bound in R. Then the

following are equivalent.

1. N is nil-free.
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2. For any 0 #n € N, there exists an atom b of Rg such that bn # 0.

3. N is atomic and the set of all atoms of N is precisely {n;}icr.

Proof. i) (1 = 2) Assume that N is nil-free and 0 # n € N. Then bn # 0 for
each b € Rp. Thus there exists an atom b of Rg such that bn # 0.

ii) (2 = 3) Assume that (2) holds. So, there exists a nilpotent atom n; € {n;}ics
corresponding to an atom b of Rg by Lemma 4.1.5. Hence, {n;};c; is non-
empty. If n is an atom of N such that n ¢ {n;};cr, then bn = 0 for all atoms b
of Rg by Lemma 4.1.5 and Definition 4.1.8 which contradicts our hypothesis
(2). So, the set of all atoms of N is {n;}ic;. For 0 # x € N there exists an
atom b € Rp such that bz # 0. Therefore, bz is an atom of N and hence N is

atomic as bxr < x.

iii) (3 = 2) Suppose that (3) holds and 0 # n € N. There exists ny € {n;}icr
such that n, < n for some k € I. So, byng < byn by Theorem 3.1.12(2) which
implies byn # 0 and hence (2) holds.

iv) (2 = 1) Assume that N is not nil-free. Then, there exists 0 # n € N such
that bn = 0 for all b € Rp which contradicts (2). So, our assumption is false

and (1) holds.

Remark 4.2.2. In a ¢WIR R with unity

If every nonzero element of N is simple, then N is nil-free.

Proof. Let R be a cWIR with unity.

Assume that every nonzero element of N is simple and b € Rg. Then bn = n for

each 0 # n € N. So, zero is the only nil element of N. Therefore, N is nil-free. [

Lemma 4.2.3. Let N be nil-free and any two nilpotent atoms have an upper bound

in a partially ordered cWIR (R, <) with unity. R is atomic if and only if Rg is so.

Proof. Assume that N is nil-free and any two nilpotent atoms have an upper bound
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in a partially ordered cWIR (R, <) with unity.

(=) Suppose that R is atomic and b is a nonzero element of Rg. Then b € R
and there exists an atom say a of R with a < b. This implies a € Rg by Theorem
3.1.12(8) and is an atom of Rp. Thus, Rp is atomic.

(«=:) Conversely, suppose that Rp is atomic. N is atomic by the hypothesis and
Lemma 4.2.1. Let z be a nonzero element of R. Then, x = xp 4+ x5 and either
xg # 0or zy # 0. If xtp # 0 and xy = 0, then there is an atom y of Rp with
y<x. If zg=0and zy # 0, then there exists an atom n of N such that n < z. If
both g # 0 and x # 0, then there exists an atom b of Rg such that b < xzp. So,
br =brp + bry = b+ bry # 0 by Lemma 3.1.1 and Theorem 3.1.12(4a). Hence bz

is an atom of R by Lemma 4.1.4 and bx < = . Therefore, R is atomic. [

Lemma 4.2.4. Let Rp be atomic and any two nilpotent atoms have an upper bound

in a cWIR (R, <) with unity. If N is nil-free and 0 # n € N, then
1. Every atom of Rgn is of the form byn for some atom b; € {b;}icr.

2. Rpgn s atomic.

Proof. Suppose that N is nil-free and 0 #n € N.

1. There is an atom b of Rp so that bn # 0 by definition. Thus, bn is an atom
of Rpn and hence an atom of N by Lemma 4.1.4. But bn = n; for some
n; € {n;}icr by the hypothesis and Lemma 4.2.1(3). Therefore, bn = n; =
bjn; and bb; # 0. If bb; = 0, then 0 = bbjn = bjbn = bjn; = n; which
contradicts that n; is an atom of N. Thus, bb; # 0 and bb; = b;. Hence,
bjn = bbjn = bjn; = n; = bn. That is, any atom of Rgn has the form of b;n

for some atom b; of {b;}er.

2. Let 0 # bn € Rgn. Then n; < bn for some n; € {n;};c; by the hypothesis and
Lemma 4.2.1(3) and bjn; < b;bn by Theorem 3.1.12(2). So, b;b # 0 and hence
bjb = bj. n; = bjn € Rgn by Lemma 4.1.5 and hence b;n < bn. Therefore,

Rpn is atomic by definition.
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]

Lemma 4.2.5. Let (Rp, <) be atomic and any two nilpotent atoms have an upper

bound in a cWIR R with unity. If N is nil-free, then for alln € N, n = \/je] n;,

where J is some subset of I.

Proof. Let {b;};c; be a set of atoms of Rg and K = {k € [ : byny # 0 and
bini # ni, VE}. If n =0, then 0 = \/, ;- ng. Let 0 # n € N. From the hypothesis
and Lemma 4.2.4, Rpn is atomic and every atom of Rgn is of the form b;n for some
atom b; of {b;};e;. Therefore, n =/
Lemma 4.1.5 and hence n =/

e bin. If bin is an atom, then bn = n; by

nj, where J = {j € I : bjn # 0}. O

jeJcI

Lemma 4.2.6. Let Rp be atomic and {bg}ren be the set of all atoms of Rp in a
cWIR (R, <) with unity. If {b}rea is join-complete, then, for any b € Rp,
bA (\/jEJCA bj) = \/jej(b N bj)

Proof. Suppose that {by.}rea is join-complete and b € Rp. Then there exists = € Rp

such that x =/ b; and b; < z for every j € J. Thus, bb; < bx for all j € J

jerca Vi
by Theorem 3.1.12(2). So, bx is an upper bound of {bb;};csca. Let u be an upper
bound of {bb;};ejca. Then bb; < u for all j € J. Claim that bxr < w. But
bbju = bb; by Lemma 3.1.1 and so b; = bbju + bb; + b; = bbju + bb;x + bjx. Thus,
bj(bu+bx +x) = b; which gives us b; < bu+bxr+x for all j € J. So, x < bu+br+=x
as xis lub{b;};esca. This gives us bru = br and hence bx < u by Lemma 3.1.1.

Therefore, bx =\/ bb; which is required. O

jeJca
Lemma 4.2.7. Let Rg be atomic, N be nil-free and any two nilpotent atoms have
an upper bound in a ¢cWIR (R, <) with unity. Let {n;};c; be join-complete. If b is

an idempotent atom of R and J C I, then
1. b(VjeJ n;) =0 if b & {bi}icr

2. bi(\V e n5) = ni if and only if n; € {n;}je.

Proof. Suppose that {n;};c; is join-complete, b is an idempotent atom of R and

J C 1. Then n =\/,_;n; exists in N by the hypothesis and Lemma 4.2.5.
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1. If b & {b;}icr, then bN = {0} by Definition 4.1.8. Therefore, bn = 0 and hence
b (Vyesny) =0.

2. Let n; € {n;}jes. Then n; < n for each ¢ € I. This implies n # 0 and bjn # 0
for some idempotent atom b;. Also, there exists an idempotent element b € R
such that bn = n; by Lemma 3.1.1 as n; < n. From this, we have bb;n = b;n; =
n; so that n; < byn # 0. But b;N = {0,n;}. Therefore, n; = bin; = bin. i.e.
bz‘(\/jej n;) = n;. Also, if bjn = n;, then n; < n and hence n covers the atom

n;. Suppose n; ¢ {n;};e;. Then n; = bn = (bin) A (\/..,b;n) as n; = b;n and

jeJ
Rpn is a Boolean lattice. Therefore, n; = \/[(bin) A (bjn)] by Lemma 4.2.6.
That is, n;, = \/(b; Abj)n = 0 as b; # b; for any j € J which is a contradiction

and hence n; € {n;};es.

O

Remark 4.2.8. Let b be the non-trivial idempotent element of a ¢WIR R with unity.
Then R = bRE@(1 + b)R. For instance, in example 4.1.3, by = ((1,0),(0,0)) and
bs = ((0,1),(0,0)) = ((1,1),(0,0)) + by are non-trivial idempotent elements of R.
Here, R=biR@ bR =b1REP(1 + b1) R, where @ represents the direct product.
Theorem 4.2.9. Let R be a partially ordered ¢ WIR with unity and by and by be two
distinct idempotent atoms of R. Then by V by and by N\ by exist in R and are equal to
by + bs and 0 respectively.

Proof. Suppose that b; and by are two distinct idempotent atoms of R. Then b; <
b1+ by, by < by + by as by(by +by) = by and by(by + bg) = by by Lemma 3.2.12. Let x
be an upper bound of b; and by;. Then there are elements say y and z € Rp so that
by = yx and b, = zx by Lemma 3.2.12 from which we get b; + by < x. Thus, by + by
is supremum of {by,bs} and by V by = by + bs. Let z be the lower bound of b; and bs.
Assume, if possible that z # 0. Then there exist elements say y and x € Rp such
that byy = z and box = 2. So, we get byz = byy = z and byz = bex = z.These give
us z = bz = bybyz = 0 by Lemma 3.2.12 which is a contradiction. Therefore, z = 0

and b; A by = 0. O

Remark 4.2.10. Let R be a ¢WIR with unity and {b,bs,...,b,,} be a finite set of
distinct idempotent atoms of R. Then sup {by,ba, ..., by} = b1 +bs+ ... + by, and inf
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{b1, b, ... by} = 0.

Proof. Suppose that {by,bs,...,b,,} is a finite set of distinct idempotent atoms of
R. Then b; < f:bl- as bl(i b;) = b; for each i. Let z in R be an upper bound
of each b; for ezgéh 1 <3 zlm. This implies b; < z for each 1 < 7 < m. There
exist y; € Rp such that b; = y;x for each 1 < ¢ < m by Lemma 3.1.1. Thus
f: b; = f) y;x. Thus i b; < x by Lemma 3.1.1. Therefore, i b; is the least upper
bound of {by, ba, ... b}, -

Let z be the lower bound of {b;}7,. Assume, if possible that z # 0. Then there exist
elements say y; € Rp such that b;y; = z for each 1 < i < m. So, we get b;z = b;y; = 2
and bjz = bjy; = z for each 1 < 4,57 < m.These give us z = bjz = bjb;z = 0 by

Lemma 3.2.12 which is a contradiction. Therefore, z =0 and A b; = 0.
i=1

]

Theorem 4.2.11. Let N and Rp be a nilradical and a Boolean sub-ring of a ¢cWIR
R with unity respectively. Rp is a symmetric Boolean ring, N is nil-free and the set
of all nilpotent atoms is complete if and only if R is isomorphic to the direct product
of WIRs each of which is a copy of a 2-elements field or a four-element BLR H,

(i.e. Rp is isomorphic to the Boolean ring of all subsets of some set).

Proof. (=) Let R be a symmetric Boolean ring, N nil-free and the set of all nilpo-
tent atoms of R be complete. Assume that {bg}rea is the set of all idempotent
atoms, {b; }icrca is the set of all idempotent atoms for which b; N # {0} and {n; }ics
is the set of all nilpotent atoms corresponding to {b;}ic;. Then Rb, is either {0, b, }
or {0,b.,n,,b. +n,} and Rb, N Rb,, = {0} for all ri,ry € A, 71 # ro by Lemma
4.1.7 and Lemma 4.1.6. Hence, Rb, is either a copy of the 2 element field or a
copy of the four-element BLR Hy. Consider the direct product @, ., Rb.. Define
Ui R = @,cp Rbe by $(x) = (b )rea.

Then t(z +y) = ((x + y)br)rea = (@b )rea + (Ybr)rea = ¥(z) +(y).

U(zy) = (xyby)rea = (b)) ren - (Ybr)rea = V(x)Y(y) as b, € Rp and R is commuta-
tive.

(1) = (br)rea = V,ea br = 1 as Rp is a symmetric Boolean ring. Therefore, v is a

homomorphism. Let 1(x) = ¥(y). So, we get (xb,)ren = (yb,)ren. Then xb, = yb,
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for all » € A. i.e. xgb, = ypb, and xnb, = ynb, for all r € A.

Now, zp = 25(V,ea br)= Vyoca 8 = V,ea ¥8br = y5(V,cn br) = yB-

ty = V,e; bixy by Lemma 4.2.5 and hence

ry = Vyeabrzn = Vyeabryn = (Vyeabr)yn = ynv as 1 = \/, oo b There-
fore, x = y and so ¢ is one-to-one. Let (2,b,)rca be any element of @, . Rb,.
Then z,.b. = s,b. + t,n, where s,,t. € {0,1} as Rb, is either a copy of the 2
elements field or a copy of the four-element BLR Hy and n, = 0 if r € A — 1.
Consider \/, catrnye + V ca s:0r in R (V cn tontr + V,en 5000) = ([Vyen 5rbr +
Voeatrtelbdrea = (Vyenlsibe + tmlb)eea = Voeal(@bo)eeal = (m:b)rea by

Lemma 4.2.6 and Lemma 4.2.7. Hence, v is onto and so that R is isomorphic

to @, Bb;.

(«:) Conversely let R be isomorphic to @, ; R;, where R; is a copy of either

i€l
two element field or the four-elements Boolean-like ring Hy. Let us denote the
multiplicative identity of R; by b; and if a nonzero nilpotent element exists in
R;, it can be denoted by n;. That is, R; = {0,b;} or {0,b;,n;,b; + n;}. Let
v € @,y Ri- Then v = (;);c; where x; € R;. x is an idempotent if and only
if (22)icr = (23)ier & 22 = 23,Vi € [ & 2; = 0 or b;. x is nilpotent if and only if
2?2 =0 < 2; = 0 or n;. Hence, the collection of each idempotent elements of @ie ;R
is Rp = {(%i)ier : i = 0 or b;} and the collection of nilpotent elements of &, ; R;
is N ={(x;)ier : ¥ = 0orn;}. Let 0 # = = (2);er € Rp. x is an atom if and only if
x; = b; for some i € [ and x; = 0 for all j # ¢ and j € [. For: if x is an atom, then
x; # 0 for at least one ¢ € I. If ; # 0 and x; # 0 with ¢ # j and 7,5 € I, then we
have z; = b; and z; = b; from the hypothesis. So, x = (2;)ier +x; = (b;)jier + b;.
Let y = (yi)ier with y; = b;,y; = 0 for all j # i and ¢, j € I. Then y is neither equal
to zero nor x.

Considering xy = (7;)ic1 (bi)icr +;(bi) jzier = (Tibi)ier + (2) jicr = (bi)ier = y by
Lemma 3.2.12. This contradicts the hypothesis, x is an atom. Hence, x; # 0 holds
for at most one ¢ € I. Therefore, if x is an atom and x € Rpg, then x; = b; for some
i €I and xz; = 0 for all j # ¢ with 4,7 € I. Conversely, let 0 # x € Rp be of this
form. That is, z; = b; for some ¢ € [ and x; = 0 for all j # i with ¢,j € I. Let y < x.
Then y € Rp by Theorem 3.1.12(8) and y; = b; for some ¢ € I and y; = 0 for all
j # i with 4, j € I by the hypothesis. Thus zy = (;)icr(vi)icr = (b;)ier = x. Hence,
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x is an atom. Let 0 # = € Rp and = = (x;);c;. Then there exists at least one i € [
such that z; # 0. Let y = (v;)ier with y; =b; and y; =0 for all j #¢,5 € I. Theny
is an atom and xy = y. ie. y < x and hence Rp is atomic. Let {y}rea be any set
of atoms of Rp such that y; = b; if yx, = b; for some k € A and y; = 0 if y;, = 0 for
all k € A. Then, considering y = (yr)rea We have y = (yr)rea = Yk, )icr = (Yi)ier-
Hence y is the upper bound of {yx}rea. Let x be an upper bound of {yx}rea. Then
there exists an element 2, € Rp such that y, = zpx by Lemma 3.1.1. So, we have
Yy = (Yr)kea = (#6%)sery = T(2k)zerp by Lemma 4.2.6 which gives us y < x by
Lemma3.1.1. Thus y is the supremum of {yi}rea. Therefore, Rp is complete. Let
0+# 2z € N and = (2;);e7.- Then, there exists an ¢ € I such that x; # 0. Therefore,
z; = n;. Consider y = (y;)ier with y; = b; and y; = 0 for all j # ¢,j € I. Then
y is an atom of Rp and yx # 0. Hence, N is nil-free. Also, atoms of n are of the
form (x;);e; with ; = n; for some ¢ € I and z; = 0 for all j # i and 4,5 € I. If
{2k }rea be any set of atoms of N, then z = (z;);es such that z; = n; if 2z, = n;
for some k € A and z; = 0if z;, = 0 for all £ € A is the supremum of {zj}ren.
And 0 is the infimum of {z;}rea. Hence the set of all nilpotent atoms of @,.; R; is
complete. O
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Chapter 5

Primary Ideals in Commutative

Weak Idempotent Rings

In this chapter, we discuss further results on primary submaximal ideals in commu-

tative weak idempotent rings with unity.

5.1 Primary Ideals

In this section, we give examples in relation to primary ideals of a ¢WIR R with
unity not containing a nilpotent element n of R and discuss results on primary ideals
of R in relation to nonzero nilpotent elements of R.

We begin with the following.

Remark 5.1.1. Let R be a ¢cWIR with unity, P be a primary ideal of R and 0 #
n € N such that n ¢ P. Then

1. P+ (n) is an ideal of R which is neither maximal nor submazimal.
2. P+ Rpn may not be an ideal of R, where Rgn = {bn : b € Rp}.

We give the following example to clarify the above remark.
Example 5.1.2. From Ezample 2.3.28, Q = {0} is a primary ideal of a ¢WIR R
with unity and 0 # n = 14+i+j+k is a nilpotent element of R which does not belong
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to Q. Here the ideal Q+ (n) = Q1 ={0,1+1i,5+k, 1+i+j+k} is neither mazimal
nor submazimal. Again ny = i+ j is a nonzero nilpotent element of R which does
not belong to @ and Q + Rgny = {0,i+ j} is not an ideal of R, where Rg = {0, 1}.
Theorem 5.1.3. Let P be a nonzero primary ideal of a cWIR R with unity and n
be a nonzero nilpotent element of R which does not belong to P. Then, P+ (n) is a

primary ideal of R.

Proof. Let Q = P + (n) and z + @ be a nonzero idempotent element of R/Q.
Then, 22 + Q = z + @Q from which we obtained that 2(1 + 2) € Q = P + (n). So,
2(14 z) = w+rn for some w € P and r € R as (n) = {rn : r € R}. This implies
2?(1 4 2?) € P and hence 1 + 22 € P. For if 22 € P, then 2? € @ which implies
24+ @ = @ and hence z € () which is a contradiction. Then, z € Rg. For if z € N,
then 1 € P and this is a contradiction as P is a primary ideal. So, 14+ z € P and
hence 1 + z = y for some y € P. Now, considering z +Q =1+y+Q =1+ Q as
y € Q. Thus, Q and 1 + @ are the only idempotent elements of R/Q. Therefore,
R/Q is local and hence Q is a primary ideal of R. O]

Remark 5.1.4. Let n be a nonzero nilpotent element in a ¢cWIR R with unity which
does not belong to a primary ideal P of R. If ny is a nonzero nilpotent element of R

with ny # n, then both ny and ny +n may not belong to P.

For justification of the above remark see the following example.

Example 5.1.5. From Ezample 2.3.28, Q1 is a primary ideal of a ¢cWIR R with
unity withn =141 ¢ Q. Take ny =1+ j ¢ Q1 which givesn; +n=1i+j ¢ Q.
Theorem 5.1.6. Let R be a cWIR with unity and n be a nonzero element in N.
Then

1. There is a primary ideal P of R with n ¢ P.

2. For 0 #ny, € N, either ny € P or n+ny € P, provided that P is the primary
ideal of R in (1) and n € P + Rpn;.

Proof. Suppose that R is a cWIR with unity and 0 # n € N.

1. Let ¥, = {I : I is a proper ideal of R such that n ¢ I}. Then %, is a non-
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empty set as {0} belongs to it. Considering ¥,, ordered by inclusion, it is a
Poset. Let C be a chain of ideals in ¥,, and J = Ujecl. Then I C J for all
I€C,Jisanideal of Rand n ¢ J. Hence J C P and n ¢ P for some primary
ideal P of R.

2. For a nonzero element n € N, there is a primary ideal P of R with n ¢ P
and n belongs to all ideals of R that properly contain P by (1). Let ny € N
such that ny ¢ P. Then P C P + Rn;. We claim that n +n; € P. If
ny = n, clearly n +n; € P. Suppose that ny # n. Then n € P 4+ Rn; as
ny ¢ Pand P+ Rny; ¢ ¥,. Let n € P+ Rpn; and hence n = = + bn, for
some z € P and b € Rg. This implies n 4+ bn; = x € P. Then b ¢ P. For:
b € P, bny € P and hence n € P which is a contradiction. So, b ¢ P. As
P is a primary ideal of R and b ¢ P, 1 +b € P since b(1 +b) =0 € P and
(1+b)™ = 1+b for all positive integer m. Thus, ny +bn; = (1+b)n; € P and
hence n +ny =n+bny +n; +bn; € P asn+ bn; € P. Hence the theorem

follows.

5.2 Primary Submaximal Ideals

The structure of primary submaximal ideals of a WIR is introduced by V.Kolluru
et.al.[29] and studied more by Venkateswarlu Kolluru and Dereje Wasihun [27] in
WIR. In this section, we further studied about primary submaximal ideals in com-
mutative weak idempotent rings with unity.

We begin with the following examples of primary submaximal ideals of a c(WIR R
with unity.

Example 5.2.1. From Ezample 2.3.9, Q1 ={0,1+i+j+k}, Q2={0,7+k 1+
i, 1+i+j+k}, Q3 ={0,i+k 14+j,1+i+7+k}, Qu={0,i+7,1+k,1+i+j+k}
are all primary submazimal ideals. Here n = 141+ 5+ k € N belongs to every
primary submaximal ideal of R andn =1+i+ j+k = (1414)(1 + j) where both
1417 and 1+ j are nilpotent elements of R.
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Theorem 5.2.2. Let R be a cWIR with unity and ny,ns are distinct nonzero nilpo-

tent elements of R. Then every primary submaximal ideal of R contains nins.

Proof. Let ny and ns be two distinct nonzero nilpotent elements of a cWIR R with
unity. If nyny, = 0, it is obvious. Let nins be a nonzero nilpotent element of R.
Suppose that there is a primary submaximal ideal P of R so that nyny ¢ P. It
follows that P C P + (nyny). Moreover, P C P + (niny) C P+ (n;). Now we show
that P + (ny) is a proper ideal of R. Assume that P + (n;) is not a proper ideal of
R. Then 1 € P+ (n;) and 1 = x + bn, for some x € P and some b € R. Thus, 1 +x
is nilpotent So, (1 + z)? = 0 which implies z2 = 1 and hence z is a unit element in
P which contradicts P is a proper ideal of R. Therefore, P + (n;) is a proper ideal
of R. Now, we claim that P + (niny) # P + (n1). For if P 4 (nyny) = P + (n1),
then ny = x + bnyny for some z € P and b € R as n; € P + (ny). This implies
(1 4 bng)ny = x € P from which we get that (1 +bny)? € P asn; ¢ P and P is
primary. Thus, 1 € P which is a contradiction as P is a proper ideal of R. Therefore,
P+ (ning) # P+ (n1). As both of them are proper ideals of R containing P, it is a
contradiction to the definition primary submaximal ideal. Therefore, our assumption

ning ¢ P is false and hence the theorem follows. O

Theorem 5.2.3. If P is a primary submazimal ideal of a cWIR R with unity which
does not contain a nonzero nilpotent element n of R, then P + Rgn is the mazimal

ideal of R.

Proof. Let n be a nonzero nilpotent element of R which does not belong to a primary
submaximal ideal P of R. Then P C P + Rgn as nN C P by Theorem 5.2.2. Let
x,y € P+ Rgn. Then x = my; + byn and y = my + bon for some my,my € P
and by,bo € Rg. So, x +y = (my +msy) + (by + bo)n € P+ Rgn. For r € R,
re = rmy +rbn. If r € N, then ro € P C P+ Rgn by Theorem 5.2.2 as P is
an ideal. If r € Rp, then rb; € Rp and hence rx € P + Rgn. Thus in any case
rz € P+ Rgn and hence P + Rpgn is an ideal of R. And also P + Rpgn is a proper
ideal of R. Assume, if possible that, it is not a proper ideal. Then 1 € P+ Rgn. This
implies 1 = m+ bn for some m € P and b € Rp which also gives us 1+m? =0 € P.

Thus, 1 € P asm € P which is a contradiction as P is a proper ideal of R. Therefore,

48



our assumption is false and hence P + Rgn is a proper ideal of R. This and remark

7?7 implies that P + Rpn is a maximal ideal of R. m

Theorem 5.2.4. Let P be a primary submaximal ideal of a cWIR R with unity and
0#mny ¢ P for someny € N. Then P+ (n1) = P+ Rpn,.

Proof. Let 0 # ny € N and ng # ny. Then (14 ny)ny € P+ (ny) by Theorem 5.2.2
as P is a primary submaximal ideal of R. Then nq 4+ nyn; = x + yn; for some z € P
and y € R. This implies ny + yn; = x + nony € P by Theorem 5.2.2 and hence
(1+y)n; € P. As P is primary and ny ¢ P, (1+y)* € P which implies 1+ y* € P.
Then y € Rp. For: if y € N, then y? = 0 and hence 1 € P which is a contradiction
as P is a proper ideal of R. Therefore, y € Rp and hence P+ (ny) = P+ Rgn;. O

Theorem 5.2.5. Let P be a primary submaximal ideal of a ¢WIR R with unity and
ny and ny are distinct nonzero nilpotent elements of R such that both do not belong

to P. Then P+ Rgny = P 4+ Rgns.

Proof. Let P be a primary submaximal ideal of R and n; # ns are nonzero nilpotent
elements of R with ny,ny ¢ P.Assume that P+ Rgny; # P + Rgns. Then P+ (n;)
and P + (ny) are distinct proper ideals of R containing P which contradicts the fact
that there is exactly one maximal ideal that covers P. Thus, our assumption is false

and P+ Rgn; = P+ Rgns. O

Theorem 5.2.6. Let P be a primary submaximal ideal of a ¢WIR R with unity and
ny be a nonzero nilpotent element of R with the property that ny ¢ P. If there exists

a nonzero nilpotent element ny of R such that ny & P, then ny +ny € P.

Proof. Suppose that P is a primary submaximal ideal of R and n; and ns are nonzero
nilpotent elements of R that do not belong to P. If n; = ny, then clearly ny+ny € P.
Suppose that ny # ny. Then P4+ Rgny, = P+ Rgns and so that ny = z+bny for some
r € Pand b € Rg. If b € P, then n; € P which is a contradiction. Thus, b ¢ P
and hence 1 +b € P as P is a primary ideal of R. As ny € P+ Rgny = P + Rgny,
no = y + beny for some y € P and by € Rg. So, ny +ng = x + bng + y + bony =
r+ (1+0)(y+byny) € Pasx,1+be P. Therefore, ny + ny € P. O
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Remark 5.2.7. The notion of primary submaximal and mazimal ideals of a cWIR

with unity is different.

We clarify this by the following example.

Example 5.2.8. 2, Q3 and Q4 are primary submazximal ideals of R in Example
2.8.28 which are not maximal. N is a mazximal ideal of R which is primary but not
submaximal. Here 0 #n =14+i+j+k ¢ Q and Q is the only mazimal primary
ideal that is not submazimal.

Theorem 5.2.9. For a submazimal ideal I of a ¢WIR R with unity, define X (I) =
{P : P is a primary ideal of R so that I C P}. Then X(I) has exactly two elements.

Proof. Suppose that I is a submaximal ideal of R. Then I is either semiprime or
primary. If I is a semiprime, then it is contained in exactly two maximal ideals of

R both of which cover 1.

Both of them are also prime and hence primary. So, these are the only elements of
X(I). If I is a primary ideal, then it is contained in a unique maximal ideal say M
of R and both I and the unique maximal ideal M belong to X (7). Hence, in either

case, X (I) has exactly two elements. O

Remark 5.2.10. Let R be a ¢cWIR with unity, N and X be the nilradical and the
collection of all primary submazimal ideals of R respectively. For n € N, define
X,={P:Pe€ X andn ¢& P}. Then, (N,+) is not isomorphic to ({X,}nen,A),

where A denotes the symmetric difference.

For this, look at the following example.
Example 5.2.11. From ezxample 2.3.28 { X, }neny = {0, Q2, Q3, Q4} whereas N has
eight elements. Here, X, is an empty set forn=1+i+j+k & N.

20



Conclusions and

Recommendations

We introduce the partial ordering in a cWIR R with unity (see Lemma 3.1.1) and
prove that it coincides with the natural properties of the ordering in Boolean rings
whenever R is restricted to its idempotent elements. Also, we introduce the notion
of an atom and found certain results on the poset (R, <) (see Theorem 3.1.12). We
prove that any cyclic module over the collection of Boolean elements of a cWIR with
unity is a Boolean lattice (see Theorem 3.1.7). We also establish that every finite
nonzero cWIR with unity admits an atomic basis (see Theorem 3.2.2). Using the
concepts of an atom, we prove the direct product decomposition theorem: Rp is a
symmetric Boolean ring, N is nil-free, and the set of all nilpotent atoms is complete
if and only if R is isomorphic to the direct product of WIRs each of which is a copy
of a two-element field or a four-element BLR H, (see Theorem 4.2.11). Finally, we
studied the properties of primary submaximal ideals in a cWIR R with unity about
nonzero nilpotent elements of R. The product of two distinct nonzero nilpotent
elements of a commutative weak idempotent ring R with unity is contained in every

primary submaximal ideal of R ( see Theorem 5.2.2).

In general, the partial ordering in commutative weak idempotent rings with unity
holds as it works in Boolean rings with unity. The concepts of an atom in a com-
mutative weak idempotent ring R with unity have been used to prove the direct
product decomposition of R under special conditions mentioned in the Theorem
4.2.11. And also, we have verified the existence of a primary submaximal ideal con-

taining a nonzero nilpotent element of a commutative weak idempotent ring R with
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unity and studied some structure of it.

Here we introduced the notion of partial ordering in commutative weak idempotent
rings with unity, studied the role of atoms in the direct product decomposition of a
commutative weak idempotent ring R with unity, and studied the structure of the
primary submaximal ideal of R to some extent. We recommend that researchers
further study these in detail, shortly prove Theorem 4.2.11 and extend the concepts

to non-commutative weak idempotent rings with or without unity.
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