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Abstract

This paper gives a review for optimal control problems with state inequal-
ity constraints. To solve the problem with pure state inequality constraint,
we use different approaches with complementary slackness(first order con-
straints), the indirect adjoining approach for higher order constraints and
the indirect adjoining approach with continuous adjoint functions. Further-
more, the application of optimal control problems conditions is demonstrated
by solving illustrative examples.
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Notation

F [t] Objective function

Ẋ State equation
U,U(t) Control vector
X,X(t) State vector
λ(t) Co-state vector(adjoint vector)
H[t] Hamiltonian
L[t] Lagrangian
u∗, u∗(t) Optimal control vector
u(x(t), t) Optimal region
(x∗, u∗) Feasible or admissible pair
x∗, x∗(t) Optimal state vector
h[t] Mixed constarint
k[t] Pure state constarint
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Chapter 1

Basic Concepts And Definitions

1.1 Introduction

Optimal control is one of the important branches of optimization. Optimal
control deals with the problem of finding a constraint law for a given sys-
tem such that a certain optimality criteria is achieved. A control problem
includes a cost functional that is a function of state and control variables.An
optimal control is set of differential equations describing the paths of the
control variables that minimize the cost functional. the optimal control can
be derived using pontryagin’s maximum principle (a necessary condition also
known as pontryagin’s minimal principle or simply pontrygin’s principle),or
by solving the Hamiltonian Jacobin Bellman equation (a sufficient condi-
tions). Suppose that the state of a certain system is described by a number
of parameters y = (y1, y2, ..., yn) which evolve according to the state equa-
tion ẏ(t) = g(t, y, u) where u(t) = (u1(t), u2(t), ..., um(t)), represents the
control (input or decision) vector exercised on the system. We Assume that
u(t) ∈ Uad is from some suitable vector space.
The initial and /or final conditions of the state of system be given by y(0) =
y0, y(T ) = yT where T is the final time of consideration. The cost functional
is given by:

F (y, u) =

∫ T

0

(f(t, y(t), u(t))dt, (1.1)

where f measures how good a choice of the control u. Then a pair (y, u) is
said to be feasible or admissible if the following are satisfied
i). Control constraints u(t) ∈ Uad, t ∈ [0, T ].
ii). State law: ẏ(t) = g(t, y, u).
iii). The end-point conditions: y(0) = y0, y(T ) = yT are satisfied
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optimal control problem is:

max F (y, u) =

∫ T

0

(f(t, y(t), u(t))dt

Subject to : u(t) ∈ Uad (1.2)

ẏ(t) = g(t, y, u)

y(0) = Y0, y(T ) = YT

1.2 Lagrange multipliers and the Hamiltonian

First assume that Uad the entire vector space. Thus the only constraint of
the problem will be the differential equation together with the appropriate
boundary or initial conditions ẏ(t) = g(t, y(t)), u(t)), y(0) = y0, y(T ) = yT
⇒ g(t, y, u)− ẏ(t) = 0
Corresponding to this equality constraint (pointwise) we define a multiplier
function λ : [0, T ]→ <n
Then the Lagrangian of the problem will be

L(y, u, λ, ẏ) =

∫ T

0

[f(t, y, u) + λ(t)(g(t, y, u)− ẏ(t))]dt (1.3)

Theorem 1.1
If (y∗, u∗, λ∗, ẏ∗) is a minimizer of L, then (y∗, u∗) is also a minimizer of F.
Proof

Define p(y, u, λ) =

∫ T

0

λ(g(t, y, u)− ẏ(t))dt

Let λ∗ corresponds to the pair (y∗, u∗) such that (y∗, u∗, λ∗, ẏ∗) is a minimum
for L.

Then L(y∗, u∗, λ∗, y∗) = F (y, u)+P (y, u, λ)andL(y∗, u∗, λ∗, ẏ∗) ≤ L(y, u, λ, ẏ), for all (y, u).

if the pair (y∗, u∗) is feasible,the state condition must be satisfied.That is:

ẏ∗(t) = g(t, y∗, u∗)implies P (y∗, u∗, λ) = 0

F (y∗, u∗) + P (y∗, u∗, λ∗) ≤ F (y, u) + P (y, u, λ∗)for all (y, u) feasible.

Implies F (y∗, u∗) ≤ F (y, u) for all feasible pair (y,u). i.e. F (y∗, u∗) is
minimum.�

Let G(y, u, λ, ẏ, u̇, λ̇, t) = f(t, y, u) + λ(g(t, y, u)− ẏ) then L(y, u, λ̇, ẏ).
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becomes a variational problem.Hence (y∗, u∗, λ∗) is an extremal.
This implies that the Euler Lagrangian Differential Equation (ELDE):

i).
d

dt
[
∂G

∂ẏ
] =

∂G

∂y
⇒ −λ̇ = fy + λgy

ii).
d

dt
[
∂G

∂u̇
] =

∂G

∂u
⇒ 0 = fu + λgu

iii).
d

dt
[
∂G

∂λ̇
] =

∂G

∂λ
⇒ 0 = g(t, y, u)− ẏ

Now define the Hamiltonian of the problem by:

H = f + λg

Hy = fy + λgy

0 = fu + λgu

In terms of the Hamiltonian, the necessary conditions for optimality can be
written as:
i). The Adjoint Condition:λ̇(t) = −∂H

∂y
, λ(0) = λ(T ) = 0, (TR)

ii). The Optimality Condition:0 = ∂H
∂u

iii). The State Condition:ẏ(t) = g(t, y, u), y(0) = y0, y(T ) = yT (End point
condition)
Example-1
If F (y, u) =

∫ T
0
u2(t)dt and ẏ = u + αy, for some α ∈ <, determine the

optimal control , under the initial condition y(0)=1.
Solution
The Hamiltonian of the problem is: H = f + λg = u2 + λ(u+ λy)
1. Adjoint Condition

λ̇(t) = −∂H
∂y

λ̇ = −∂H
∂y

= −αλ

Transversality condition (TR condition) λ(0) = 0

λ̇+ αλ = 0

λ(t) = Ke−αt

With λ(0) = 0⇒ K = 0 ⇒ λ(t) = 0
2. Optimality Condition

∂H

∂u
= 0
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2u+ λ = 0

u = −1

2
λ = 0

u = 0

3.State Condition
ẏ = u+ αy = αy

y(t) = Ceαt, with y(0) = 1

⇒ C = 1

∴ y∗(t) = eαt;

u∗(t) = 0,∀t ∈ [0, 1].

with,
λ∗(t) = 0,∀t ∈ [0, 1].

i.e. The optimal control (if it exists) must be u∗(t) = 0.
Example 1.2

min F (x, u) =

∫ 1

0

u2(t)dt

Subject to : ÿ(t) = u(t)

End point conditions: y(0) = ẏ = 1, y(1) = 0
Solution:
To solve the problem first reduce the second order equations to first order
system with components
y1 = y
y2 = ẏ
So that ẏ1 = ẏ = y2, ẏ2 = ÿ = u and
end point conditions:y1(0) = 0 = y1(1) and y2(0) = 1
The Hamiltonian is :

H(t, y(t), u(t), λ(t)) = u2(t) + λ1(t)y2(t) + λ2(t)u(t)

1. The Optimality Condition

∂

∂u
H(t, y(t), u(t)) = 0

2u+ λ2 = 0

u = −1

2
λ2
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2. The Adjoint Conditions

− ∂

∂y1
H(t, y(t), u(t)) = −λ̇1 = 0

− ∂

∂y2
H(t, y(t), u(t)) = λ̇2 = 0

λ̇2 = −λ̇1
Therefore the optimality equations together with end points are:

u = −1

2
λ2

λ̇1 = 0

λ̇2 = −λ̇1
ẏ1 = y2, ẏ2 = u, y1(0) = 1, y1(1) = 0, y2(0) = 1, and λ2(1) = 0

Now from the above conditions:

λ̇1(t) = λ1 = C1andλ1(t) = C1, butλ̇2 = −λ̇1
λ̇2(t) = −C1

λ2(t) = −C1(t) + C2

Therefore, u(t) = −1

2
(−c1(t) + c2) = −1

2
c1t−

1

2
c2

But ẏ2(t) = u(t)

ẏ2(t) = −1

2
(C1(t) + C2)∫

(ẏ2(t)) = −
∫

(
1

2
(−C1(t) + C2))dt

y2(t) =
1

4
(C1t

2 − 1

2
C2t+ C3

y1(t) =

∫
ẏ2(t) =

1

12
C1t

3 − 1

4
C2t

2 + C3t+ C4

where C1, C2, C3 and C4 are constant that will be determined. Now let solve
all constant using given conditions
y1(0) = 1 and y1(1) = 0

y1(0) =
1

12
C1(0)3 − 1

4
C2(0)2 + C3(0) + C4 = 1, C4 = 1
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y1(1) =
1

12
C1(1)3 − 1

4
C2(1)2 + C3(1) + 1 = 0

1

12
C1 −

1

4
C2 + C3 + 1 = 0, where y2(0) = 1

y2(0) =
1

4
C1(1)2 − 1

4
C2(0) + C3 = 1, C3 = 1

Therefore

1

12
C1 −

1

4
C2 + 2 = 0

(TR),but λ2(1) = 0, λ2(1) = −C1 + C2 = 0
We can solve C1 and C2 simultaneously

1

12
C1 −

1

4
C2 = −2

C1 − 3C2 = −24

−C1 + C2 = 0

⇒ C1 = 12 = C2

The optimal solutions are:

u(t) = 6(t+ 1)

y1(t) = t3 − 3t2 + t+ 1

y2(t) = 3t2 − 6t+ 1

The optimality conditions are necessary for all optimal solution.
Theorem 1.2
let f and g be convex functionals with respect to (y, u) for each fixed t ∈
[0, T ], then every solution of the optimal control problem (1.1) that satisfy
the necessary conditions will be an optimal solution of the optimal control.
Proof
Assume that the pair (y∗, u∗) satisfy all the necessary conditions and let (y, u)
be any other admissible pair.

F (y, u)− F (y∗, u∗) =

∫
[f(t, y, u)− f(t, y∗, u∗)]dt, F is convex implies

f(t, y, u)− f(t, y∗, u∗) ≥ fẏ(y − y∗)− fu̇(u− u∗)

≥
∫ T

0

[
∂

∂y
f(t, y, u)(y − y∗) +

∂

∂u
f(t, y, u)(u− u∗)dt
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=

∫ T

0

[−λ̇− λ∂g
∂y

(t, y∗, u∗)](y − y∗)− λ∂g
∂u

(t, y∗, u∗)(u− u∗)]dt

= −
∫ T

0

λgy(t, y
∗, u∗)(y−y∗)dt−

∫ T

0

λ̇(y−y∗)dt−
∫ T

0

λgu(t, y
∗, u∗)(u−u∗)dt

= −
∫ T

0

λgy(y−y∗)dt−[λy]T0 +

∫ T

0

λy′dt+[λy∗]T0−
∫ T

0

λ̇y∗dt−
∫ T

0

λgu(u−u∗)dt

= −
∫ T

0

λ[g∗ − g + gy(y − y∗) + gu(u− u∗)]dt

= −
∫ T

0

λ[g(t, y, u)−g(t, y∗, u∗)]dt−
∫ T

0

λ[gy(t, y∗, u∗)(y−y∗)+gu(t, y∗, u∗)(u−u∗)]dt

≤ g(t, y, u)− g(t, y∗, u∗), by convexity of g.

≥ −
∫ T

0

λ[g(t, y∗, u∗)− g(t, y, u)]dt−
∫ T

0

λ[g(t, y, u)− g(t, y∗, u∗)]dt

We have that
F (y, u) − F (y∗, u∗) ≥ 0,∀(y, u). Hence (y∗, u∗) is minimizer of the Optimal
Control problem.�

1.3 The Bang- Bang principle

Consider the optimal control problem

max
u
{F (u) =

∫ T

0

[f1(t, x) + f2(t, x)u(t)]}dt

S.t : ẋ = g1(t, x) + g2(t, x)u(t), x(0) = xo (1.4)

a ≤ u(t) ≤ b,∀t ∈ [0, T ]

Definition
A control u ∈ Uad is called bang- bang if for each time t ≥ 0 and each index
i = 1, 2, ...,m, we have |ui(t)| = 1 where u(t) = (u1(t), u2(t), ..., um(t)) if the
control problem (1.3) is given, then the Hamiltonian will have the form:
H = (f1(t, x) + λg1(t, x)) + f2(t, x) + λg2(t, x)u, and also linear with respect
to u.

Then, the optimality condition in Pontroyagins max principle becomes:

∂H

∂u
= f2(t, x

∗) + λg2(t, x
∗), which does not explicitly depend on u. (1.5)

7



In particular, when ∂H
∂u

= 0 (a < u(t) < b).
- There is no characterization of u,that means, we can not find a solu-
tion u∗ from this procedure
Hence u∗(t) is either a or b. There is a function ψ(t) = f2(t, x) + λg2(t, x)
is the Switching function. Therefore ,u(t) takes values of the boundaries of
Uad, but the times ti, that u(t) switches its values from one boundary to
the other is given by the switching function ψ(t). The switching times ti, is
found by setting
ψ(ti) = 0 ⇒ f2(ti, x(ti)) + λ(ti)g2(ti, x(ti)) = 0

1.4 Pontryagins Maximum (or Minimum) Prin-

ciple

Pontryagins maximum (or minimum) principle is used in optimal control
problem to find the best possible control for taking a system from one state
to another especially in the presence of constraints for the state or input
controls. The principle states informally that the Hamiltonian must be min-
imized (or maximized) over U , the set of all permissible controls. If u∗ ∈ U
is the optimal control for the problem then the principle states that:

H(t, x∗(t), u∗(t), λ∗(t)) ≤ H(t, x(t), u(t), λ(t)),∀u ∈ U,∀t ∈ [0, T ] (1.6)

where x∗ ∈ C1[0, T ] is the corresponding optimal state trajectory and λ∗ ∈
[0, T ] is the optimal costate trajectory.
Consider the optimal control problem in maximum form :

max F (x, u) =

∫ T

0

f(t, x(t), u(t))dt+ S(x(T ), T )

Subject to : ẋ(t) = g(t, x(t), u(t)), x(0) = xo (1.7)

where S(x(T ), T ) is known as the salvage functions. Suppose x(t) and u(t)
represent the state trajectory and optimal control respectively. Then there
exists an adjoint λ(t) such that together x(t), u(t) and λ(t) satisfies the
following conditions.
1. Adjoint condition:

λ̇∗(t) = − ∂

∂x
H(t, x∗(t), u∗(t), λ∗(t))

8



2. State equation: ẋ∗(t) = g(t, x∗, u∗), with x(0) = xo
3. The transversalis condition:

λ̇(T ) = Sx(x(T ), T )

4. The maximum conditions: H(t, x∗(t), u∗(t), λ∗(t)) ≤ H(t, x(t), u(t), λ(t))

Bounded controls

Consider the optimal control problem

max F (x, u) =

∫ T

0

f(t, x(t), u(t))dt+ S(x(T ), T )

Subject to : ẏ(t) = g(t, y(t), u(t)), y(t) = yo (1.8)

a ≤ u(t) ≤ b,∀t ∈ [0, T ], a < b.

Hence the conditions for optimality for bounded controls are given
1. State equation: ẏ(t) = g(t, y(t), u(t)), with y(0) = y0
2. Adjoint condition:

λ̇(t) = − ∂

∂y
H(t, y(t), u(t), λ(t))

3. The transversality condition:

λ(T ) = Sy(y(T ), T )

4. The Optimality conditions:

i. u∗(t) = a, if fu + λgu ≤ 0 at t

ii. a < u∗(t) < b, if fu + λgu = 0 at t

iii. u∗(t) = b, if fu + λgu ≥ 0 at t

Hence the last conditions (the maximizing the Hamiltonian) in the Pontrya-
gins maximum principle is replaced by

u∗ = a, if
∂H

∂u
< 0

a < u∗ < b, if
∂H

∂u
= 0

u∗ = b, if
∂H

∂u
> 0

9



Example 1.3

max

∫ 2

0

[2x(t)− 3u(t)− u2(t)]dt

Subject to : ẋ(t) = x(t) + u(t), x(0) = 5

0 ≤ u(t) ≤ 2

Solution

The Hamiltonian is : H = f + λg = (2x− 3u− u2) + λ(x+ u)

i. The Adjoint Condition

λ̇ = −∂H
∂x

= 0, λ(2) = 0 (TR)

λ′ = −2− λ

λλ(t) = Ket, λp(t) = A.where A = −2.

λ∗(t) = λλ(t) + λp(t)

λ(t) = Ke−t − 2

λ(2) = 0⇒ Ke−2 − 2 = 0

K =
2

e−2
= 2e2

λ∗(t) = 2e2−t − 2 = 2(e2−t − 1)

ii. State Condition

ẋ = x+ u, x(0) = 5, x∗(t) = Ket + xp(t), x(0) = 5

iii.Optimality condition (maximum condition)

∂H

∂u
= −3− 2u+ λ = −2u− 3 + 2(e2−t − 1)

• If 0 < u∗ < 2, then

∂H

∂u
= 0⇒ 2u = 2e2−t − 5

⇒ u∗(t) = e2−t − 5

2

10



• If u∗ = 0, then

∂H

∂u
< 0⇒ 2e2−t − 5 < 0

⇒ e2−t < ln
5

2
⇒ 2− t = ln

5

2

2− ln
5

2
< y ≤ 2

i.e.t ∈ (2− ln
5

2
, 2], u∗ = 0

• If u∗ = 2, then

∂H

∂u
> 0⇒ −2× 2 + 2e2−t − 5 > 0

⇒ e2−t > ln
9

2
⇒ 2− t ≥ ln

9

2

2− ln
9

2
> t ≥ 0

i.e; t ∈ [0, 2− ln
9

2
), then u∗ = 2

Therefore,

u∗(t) =


2, when 0 ≤ t < 2− ln 9

2

e2−t − 5
2
, when 2− ln 9

2
< t ≤ 2− ln 5

2

0, when 2− ln 5
2
< t ≤ 2

The corresponding state solution is

x∗(t) =


K1e

t − 2, t ∈ [0, 2− ln 9
2
)

K2e
t − 1

2
e2−t + 5

2
, t ∈ [2− ln 9

2
, 2− ln 5

2
]

K3e
t, t ∈ (2− ln 5

2
, 2]

x∗(0) = 5⇒ K1 − 2 = 5⇒ K1 = 7

x∗(t) is continuous.
a)

7et1 − 2 = K2e
t1 − 1

2
e2−t1 − 5

2

7et1 +
1

2
e2−t1 − 2 +

5

2
= K2e

t1

11



7et1 +
1

2
e2−t1 +

1

2
= K2e

t1

K2 = 7 +
1

2
e2−2t1 +

1

2
e−t1

b)

K2e
t2 − 1

2
e2−t2 +

5

2
= K3e

t2

(7 +
1

2
e2−2t2 +

1

2
e−t2)et2 − 1

2
e2−t2 − 5

2
= K3e

t2

K3 = 7 +
1

2
e−t2

The solution is:

x∗(t) =


7et − 2, t ∈ [0, 2− ln 9

2
]

7et + 3, t ∈ [2− ln 9
2
, 2− ln 5

2
]

7et + 1
2
, t ∈ (2− ln 5

2
, 2]
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Chapter 2

Analysis of Constrained
Optimal control problems

2.1 Introduction

Optimal control problems with state variable inequality constraints are an
important in different areas, especially in Mechanics, aerospace, management
science and economics. These problems are not easy to solve and even the
theory is not unambiguous, since there exist various forms of the necessary
and sufficient optimality condition .more specifically, we deal with problems
with pure and mixed state variable constraints. Pure constraints are inequal-
ity constraints expressed only in terms of the state variables and possibly
time. Mixed constraints are constraints on control variable that may depend
on the state variables and time [6]

2.2 Optimal control problem with control state

constraints

state x(t) ∈ <,control u(t) ∈ <. all functions are assumed to be sufficiently
smooth boundary reconditions

˙x(t) = f(x(t), u(t)),a.e.t ∈ [0, tf ],

x(0) = x0 ∈ <n, ψ(x(tf ) = 0 ∈ <k,

(0 = ϕ(x(o), x(tf ) mixed boundary conditions

mixed control state constraints

13



α ≤ c(x(t), u(t)) ≤ β, t ∈ [0, tf ], c : <n ×<m → < control bounds
α ≤ u(t) ≤ βareincludedbyc(x, u) = u Hamiltonian
H(x, λ, u) = λof(x,u) + λf(x, u)λ ∈ <n(rowvector)

2.3 Problem with mixed inequality constraints

Optimal control problems in which the state and control are subject to mixed
constraints. optimal control problems with state inequality constraint arise
frequently in practical application. optimal control with the state x and
control u are subject to joint ,or mixed constraints through the condition(
x(t), u(t) an element of S(t) Consider the problem to find a piecewise con-
tinuous control u∗ ∈ C[0, T ] with associated response x∗ ∈ C1[0, T ] and a
terminal time T ∗ ∈ [0, T ] such that the following constraints are satisfied and
the cost function takes on its maximum value:

max F =

∫ T

0

f(t, x, u)dt

Subject to : ẋ(t) = g(t, x(t), u(t)), x(0) = xo and x(T ) = xT (2.1)

h(t, x(t), u(t)) ≤ 0

Assume that the components of h(t, x(t), u(t) depend explicitly on the control
u and the following constraint qualification condition holds.The matrix

(
∂h

∂u
diag(h)) (2.2)

is full rank. In other words, the gradients with respect to u of all the ac-
tive constraint h(t, x(t), u(t)) ≤ 0 must be linearly independent. A possible
way of attempting to solve optimal control problems with mixed inequality
constraints are to form a Lagrangian function L by adjoining h(t, x(t), u(t))
to the Hamiltonian function H with a Lagrange multiplier vector function µ
[2].
L(t, x, u, λ, µ) = H(t, x, u, λ) + µh(t, x, u)
where, H(t, x, u, λ) = f(t, x(t), u(t)) + λg(t, x(t), u(t))

2.3.1 Necessary conditions for optimality

Consider the optimal control problem [4 ]
Necessary conditions of optimality are derived for optimal control problems
with pathwise state constraints.

max F =

∫ T

0

f(t, x, u)dt (2.3)
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Subject to : ẋ(t) = g(t, x(t), u(t)), x(0) = x0, x(T ) = xT

h(t, x(t), u(t)) ≤ 0

With fixed initial time and free terminal time and where f , g and h are con-
tinuously differentiable with respect to (t, x, u) on [0, T ]×<m×<n .Suppose
that u∗ ∈ C[0, T ] is a maximizer for the problem and let x∗ denote the op-
timal response. If the constraint qualification conditions are holds for every
t ∈ [0, T ] :

1. The function

H(t, x∗(t), u(t), λ∗(t)) attains its maximum on U(x∗(t), t) at u = u∗(t)
for every t ∈ [0, T ]

H(t, x∗(t), u∗(t), λ(t)) ≥ H(t, x∗(t), u(t), λ(t)) ∀u ∈ U(x∗(t), t)

where, U(x(t), t) := {u(t) ∈ Rn : h(t, x(t), u(t)) ≤ 0}

2. The quadruple (t, x∗, u∗, λ∗, µ∗) satisfies the equations

ẋ∗(t) = Lλ(t, x, u, λ, µ)

λ̇(t) = −Lx(t, x, u, λ, µ), and

0 = Lu(t, x, u, λ, µ)

at each instant t of continuity of u∗.

3. The vector function µ∗ is continuous at each instant of continuity of u∗

and satisfies: µ(t)h(t, x(t), u(t)) = 0, µ(t) ≥ 0

2.3.2 Extension to General state Terminal constraints

The maximum principle given in above conditions can be extended to the
case where general terminal constraints are specified on the state variables
as:

a(x(T ), T ) ≥ 0
b(x(T ), T ) = 0
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and a terminal term is added to the cost functional as

max F =

∫ T

0

f(t, x, u)dt+ S(x(T ), T ) (2.4)

where a,b and S are continuously differentiable with respect to (t, x) for all
(t, x) ∈ [0, T ] × <m. Suppose that the terminal constraints satisfy the con-
straint qualification conditions [7].(

∂
∂x
a diag(a)

∂
∂x
b 0

)
(2.5)

is full rank . Then in addition to the necessary condition of optimality there
exists Lagrangian multiplier vectors α ∈ <l and β ∈ <ĺ such that:

λ(T ) = Sx(x(T ), T ) + αax(x(T ), T ) + βbx(x(T ), T ) (2.6)

Where α ≥ 0, αa(x(T ), T ) = 0
Example 2.1 Consider the problem [7]

max F =

∫ 1

0

udt (2.7)

subject to:
ẋ = u, x(0) = 1

u ≥ 0 and x− u ≥ 0

Note that the constraints u ≥ 0 and x− u ≥ 0, are mixed type and they can
be rewritten as 0 ≤ u ≤ x.
Solution: The Hamiltonian H = u+ λu,H = (1 + λ)u
So that the optimal control has the form u∗ = bang[0, x; 1 + λ].
To get adjoint equation and the multiplier associated with constraint
u ≥ 0, x− u ≥ 0 we form the Lagrangian
L = H + µ1u+ µ2(xu) = µ2x+ (1 + λ+ µ1 − µ2)u.
From this we get the adjoint equation

λ̇ = −Lx(t, x, u, λ, µ) = −µ2, λ(1) = 0

and also note that the optimal control must satisfy:

∂L
∂u

= 1 + λ+ µ1 − µ2 = 0
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Where µ1 and µ2 must satisfy the complimentary slackness conditions

µ1 ≥ 0, µ1u = 0

µ2 ≥ 0, µ2(x− u) = 0.

The mixed state constraint x(t) − u(t) ≥ 0 being active for each 0 ≤ t ≤ 1,
then we have u∗(t) = x∗(t). Since x(0) = 1 the control u∗ = x gives x(t) = et

as the solutions x(t) = et it follows that u∗ = x > 0 thus µ1 = 0.

Since ∂
∂u
L = 1 + λ+ µ1 − µ2 = 0. Then 1 + λ− µ2 = 0 since µ1 = 0

µ2 = 1 + λ, λ̇ = −µ2 and λ(1) = 0, then λ̇ = −1− λ

⇒ λ̇+ λ = −1, λ(t) = c1e
−t − 1 = 0,

c1e
−1 − 1 = 0⇒ c1 = e
λ(t) = e1−t − 1

µ2(t) = e1−t ≥ 0 and x− u∗ = 0

2.4 Problems with pure state inequality con-

straints

Consider the function:
k(t, x) where k : [0, T ] × <n.Then the pure state constraints k(t, x) ≥ 0 are
generally, more difficult to deal with since k(t, x) does not explicitly depend
on u, and x can be controlled only indirectly. It is therefore, convenient to
differentiate k(t, x) with respect to time t as many times as required until
it contains a control variable. Let us for the moment define ki(t, x),i =
1, 2, ..., p; recursively as follows
begin (center) k0(t, x, u) = k(t, x)
end( center)

k1(t, x, u) = d
dt
k = kx(t, x)g(t, x, u) + kt(t, x)

k2(t, x, u) = d
dt
k1 = k1x(t, x)g(t, x, u) + k1t (t, x)

...
kp(t, x, u) = d

dt
kp−1 = kp−1x (t, x, u)g(t, x, u) + kp−1t (t, x)

where subscripts denote partial derivatives. Depending on the context we
also use a subscript such as i to denote the ith component of a vector.
If

kiu(t, x, u) = 0, for 0 ≤ i ≤ p− 1, kpu(t, x, u) 6= 0 (2.8)
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Then the state constraint k(t, x) ≥ 0 is of order p . In more general case
of k(t, x), the corresponding order pi for each component ki(t, x) of k(t, x) is
obtained from equation of 2.8 and 2.9. If the state constraints will be order
of p = 1, then it is easier to treat than the higher order cases [6]. With
respect to the ith constraint ki(t, x) ≥ 0, a subinterval (τ1, τ2) ∈ C[0, T ] with
τ1 < τ2 is called an interior interval of a trajectory if ki(x(t), t) > 0 for all
t ∈ (τ1, τ2) an interval [τ1, τ2] with τ1 < τ2 is called a boundary interval if
ki(x(t), t) = 0 for t ∈ [τ1, τ2]. An instant τ1 is called an entry time.
If there is an interval ending at t = τ1 and a boundary interval starting at
τ1; correspondingly , τ2 is called an exist time if a boundary interval ends at
τ2 and an interior interval starts at τ2. If the trajectory x just touches the
boundary at time τ ,i.e; k(τ, x(τc)) = 0 and if the trajectory x is in the interior
just before and after τ , then τ is called a contact time. Taken together entry
exit and contact times are called junction times .Assume that the following
full rank conditions on any boundary interval [τ1, τ2];

∂
∂u
kp1

1 .
.
.

∂
∂u
Kps

′

s′


is full rank for all t ∈ (τ1, τ2), where k∗i (t) = 0, for i = 1, 2, ..., s

′ ≤ s
and k∗i (t, x) > 0, for i = s

′
+ 1...s for t ∈ (τ1, τ2) and pi is the order of

constraint ki(t, x) ≥ 0 i.e the gradients of k
p
′
s
i (t, x) with respect to u of the

active constraints ki(t, x) = 0, i = 1, 2, ..., s
′

must be linearly independent
along an optimal trajectory [2 ].

2.5 Direct adjoint approach

In this approach, the Hamiltonian H and Lagrangian L are defined as fol-
lows:
H(t, x, u, λ) = f(t, x, u) + λg(t, x, u)

L(t, x, u, λ, µ, ν) = H(t, x, u, λ) + µh(t, x, u) + νk(t, x),

Where the vector λ ∈ <n[t] is the adjoint function and µ ∈s <[t] and ν ∈ <q[t]
are multipliers. This method derives its name from the fact that the mixed
constraints h(t, x, u) ≥ 0 as well as the pure state constraints k(t, x) ≥ 0 are
directly adjoined to the Hamiltonian in order to form the Lagrangian.
Theorem 2.1:
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Let (x∗. , u
∗
. ) be an optimal pair for optimal control problem over a fixed in-

terval [0, T], such that u∗(.) is right continuous with left hand limits and
the constraint qualification condition of equation 2.1 holds for every triple
(t, x∗, u∗), t ∈ [0, T ] with u ∈ U(t, x∗(t)). Assume that x∗(t) has only finitely
many junction times where λ(.) are discontinuous at junction time. Then
there exist a constant λ0(t) > 0, a piecewise absolutely continuous costate
trajectory λ(.) mapping [0,T] in to <n, piecewise continuous multiplier func-
tion µ(.) and ν(.).Mapping [0,T] in to <s and <q respectively, a vector
η(τi) ∈ <q for each point τi of discontinuity of λ() and α ∈ <l, β ∈ <l′

and γ ∈ <q such that (λ0, λ(t), µ, ν, α, β, η(τ1), ..., η(τi) 6= 0 for every t and
the following conditions hold almost everywhere[6]:

u∗(t) = argmaxu∈U(t,x(t))H(t, x∗, u, λ0, λ(.)

maxu∈U(t,x(t))H(t, x∗, u, λ0, λ()̇

L∗u[t] = H∗u[t] + µhu[t] = 0

λ̇ = −L∗x[t]

µ(t) ≥ 0, µh∗(t, x, u) = 0

ν ≥ 0, νk∗(t, x) = 0

At the terminal time T , the following transversality conditions hold:

λ(T−) = λ0S
∗
x[T ] + αax[T ] + βbx[T ] + γk∗x[T ]

α ≥ 0, γ ≥ 0, αa[T ] = γk∗[T ] = 0

For any time τ in a boundary interval and for any contact time τ ,the co -state
trajectory λ may have a discontinuity given by the following jump conditions:

λ(τ−) = λ(τ+) + η(τ)k∗x[τ ]

H∗(τ−) = H∗(τ+)− η(τ)k∗t [τ ]

η(τ) ≥ 0, η(τ)k∗[τ ] = 0

Where τ+ and τ− denotes the left hand and the right hand side limits re-
spectively.
Proof
1. Now to formulate the maximum principle for the problem defined by the
state equation, objective function, mixed inequality constraint and pure state
variable inequality constraints, we form the Lagrangian as follows :

L(t, x, u, λ, µ, ν) = H(t, x, u, λ) + λg(t, x, u) + µh(t, x, u) + νk(t, x),
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Where the Hamiltonian is:

H(t, x, u, λ) = f(t, x, u) + λg(t, x, u)

Now we can show that the maximum principle from Hamiltonian equation
the only difference is that the expression of
F (x∗, u∗)− F (x, u) ≥ 0∫ T

0

[f(t, x∗(t), u∗(t))− f(t, x(t), u(t)]dt ≥ 0

This equations are proved in theorem (1.1) then it follows that a necessary
conditions for u∗ = u to be maximizing control is that F (x∗, u∗) ≥ 0 for all
admissible.This implies that H(t, x∗(t), u∗(t), λ∗(t)) ≥ H(t, x∗(t), u(t), λ∗(t))
for all admissible u and all t ∈ [0, T ]. This state that u∗ maximize the
Hamiltonian.
Therefore, u∗(t) = argmaxu∈U(t,x(t))H(t, x∗, u, λ0, λ(.)
2. From equation of Euler Lagrangian equation derivative in chapter one we
can get:

L∗u[t] = H∗u[t] + µhu[t] = 0

λ̇ = −L∗x[t]

Since the vector function µ(t) and ν(t) is piecewise continuous at each time
t of continuity of u ,then it is satisfies the following condition :

µ(t) ≥ 0, µh∗(t, x, u) = 0

ν ≥ 0, νk∗(t, x) = 0

3. Suppose that the point τi at which the control switches between the max-
imum and minimum time. Therefore, at this time the jump conditions form
for the adjoint variable and the Hamiltonian function. Then we would have
that λ(.) and H(.) are discontinuous at this time. Therefore, at any entry/
contact time τi, the adjoint function and Hamiltonian function may have
discontinuities of the form:

λ(τ−) = λ(τ+) + η(τ)k∗x[τ ]

H∗(τ−) = H∗(τ+)− η(τ)k∗t [τ ]

Where the Lagrange multiplier vector η(τ) satisfies the condition:
η(τ)k∗x[τ ] = 0, η(τ)λ ≥ 0.
Proposition 2.1. The adjoint function λ is continuous at a junction time
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τ , i.e η(τ) = 0 if either (1) or (2) below holds:
1.The control u∗ is continuous at τ and the matrix.(

∂
∂u
h∗[τ ] diag(h∗[τ ] 0

∂
∂u
k1∗[τ ] 0 diag(k∗[τ ]

)
(2.9)

is full rank where k1(t, x, u) is defined in equation 2.9.

2. The entry or exist is nontangential i.e k1∗(T−) < 0 or k1∗(T+) > 0,then
λ(t) is continuous at time t = τ [6].
Definition 2.1.
The Hamiltonian is said to be regular if along a given, x(t), λ(t), η(t) and
H(x(t), u(t), λ(t), η(t)) has a unique maximum in u for all t ∈ [0, T ].
Proposition 2.2.
If the Hamiltonian is regular, which in this context means that the maxi-
mization of H with respect to u is unique, then u∗ is continuous everywhere
including the points on the boundary .
Proof.
Suppose Hamiltonian is regular then we want to show that u(t−) = u(t+).
Let(x, u) be an admissible pair for optimal control problem; therefore, Hamil-
tonian look as follows:

H(t, x(t), u(t)) = f(t, x(t), u(t)) + λ(t)g(t, x(t), u(t))

Then on the subinterval [0, t−] the control functions are :

Hu(t, x(t), u(t)) = 0⇒ fu(t, x(t), u(t))+λ(t)gu(t, x(t), u(t)) = 0, where t ∈ [0, t−]

and also on the subinterval [t+, T ] the control functions are:

Hu(t, x(t), u(t)) = 0⇒ fu(t, x(t), u(t))+λ(t)gu(t, x(t), u(t)) = 0 where t ∈ [t+, T ].

Hence the control functions are if the lim
u(t)

t→t− = lim
u(t)

t→t+ .

Hu(t
−, x(t−), u(t−)) = fu(t

−, x(t−), u(t−)) + λ(t−)gu(t
−, x(t−), u(t−))

= Hu(t
+, x(t+), u(t+)) = fu(t

+, x(t+), u(t+)) + λ(t+)gu(t
+, x(t+), u(t+)) = 0

Therefore,

fu(t
−, x(t−), u(t−)) + λ(t−)gu(t

−, x(t−), u(t−)) = 0

fu(t
+, x(t+), u(t+)) + λ(t+)gu(t

+, x(t+), u(t+)) = 0
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make both sides limit

limt→t−(fu(t
−, x(t−), u(t−)) + λ(t−)gu(t

−, x(t−), u(t−)) = 0

limt→t+(fu(t
+, x(t+), u(t+)) + λ(t+)gu(t

+, x(t+), u(t+)) = 0

Therefore, u(t) is continuous everywhere including the points on the bound-
ary.

2.6 The indirect adjoining approach with com-

plementary slackness:(first order constraints)

The idea behind this approach is the following. if the trajectory hits the
boundary at time τ1 i.e k(x(τ1), τ1) = 0,then for it to remain on the bound-
ary up to time τ2 requires.

k1(t, x∗(t), u∗(t)) = 0, for t ∈ (τ1, τ2)

Where k1(t, x, u) may or may not depend explicitly on the control variables.
This asserts that the phase velocity of a point moving along the trajectory
is tangential to the boundary at time t. At the exit point τ2 we must have
k1∗(τ+2 ) ≥ 0. Thus, one could formally impose the constraint k1(t, x, u) ≥ 0
whenever k(t, x) =0 in order to prevent the trajectory from violating the
constraint k(t, x) ≥ 0. Then the Hamiltonian and Lagrangian can be defined
as follows:

H1(t, x, u, λ0, λ
1) = λ0f(t, x, u) + λ1g(t, x, u)

L1(t, x, u, λ0, λ
1, µ, ν1) = H1(t, x, u, λ0, λ

1) + µh(t, x, u) + ν1k1(t, x, u)

Because the derivative k1(t, x, u) of k(t, x) rather than k(t, x) itself is adjoined
to H in forming the Lagrangian , this approach is known as the indirect
adjoining approach.
The control region:

U1(t, x) = {u ∈ < | h(t, x, u) ≥ 0, k1(t, x, u) ≥ 0, if k(t, x) = 0}

The necessary conditions of optimality that are used as a procedure while
applying the indirect adjoining approach are now stated as follows.
Theorem 2.2.
Let(x∗(.), u∗(.)) be an optimal pair for optimal control problem such that
x∗(.) has only finitely many junction times and the strong constraint qualifi-
cation condition of equation 2.10 holds. then there exists a constant λ0 ≥ 0
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a piecewise absolutely continuous costate trajectory λ1(.) mapping [0,T] in
to <n, piecewise continuous multiplier function µ(.) and ν1(.) mapping[0, T ]
in to <s and <q respectively ,a vector η1(τi) ∈ <q for each point τi of dis-
continuity of λ1(.) ,α ∈ <l and β ∈ <l′ ,not all zero, such that the following
conditions hold almost everywhere[6]:

u∗(t) = argmaxu∈U(t,x(t))H
1(t, x∗, u, λ0, λ

1(.))

λ̇1 = −L1∗
x [t]

L1∗
u [t] = 0

µ(t) ≥ 0, µh∗(t, x, u) = 0

ν1i is non increasing on boundary intervals of ki(t, x), i=1,2,...,q.
with ν1(t) ≥ 0, ν̇1 ≤ 0, ν1k1∗(t, x, u) = 0
and d

dt
H∗1[t] = d

dt
L∗1[t] = L∗t1 [t]

Whenever these derivatives exist. at the terminal time T the transversality
conditions

λ1(T−) = λ0S
∗
x[T ] + αax[T ] + βbx[T ] + γk∗x[T ]

α ≥ 0, γ ≥ 0, then αa[T ] = γk∗[T ] = 0

holds. At each entry or contact time, the costate trajectory λ1 may have a
discontinuity of the form

λ1(τ−) = λ1(τ+) + η1(τ)k∗x[τ ]

H∗1(τ−) = H∗1(τ+)− η1(τ)k∗x[τ ]

η1(τ) ≥ 0, η1(τ)k∗[τ ] = 0

Proof
Suppose that the constraint k(t, x) ≥ 0 is called a constraint of first order
since first derivative of k(t, x) the first time at a term in control u appears
in the expression by putting g(t, x, u) for ẋ. Then in the case of first order
constraints, we need to define k1(t, x, u) as follows:

k1(t, x, u) =
d

dt
k(t, x) =

∂

∂x
kg(t, x, u) +

d

dt
k(t, x)

Then using first order conditions we can form Lagrangian function as follows:

L1(t, x, u, λ0, λ
1, µ, ν1) = H1(t, x, u, λ0, λ

1) + µh(t, x, u) + ν1k1(t, x, u)
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where the Hamiltonian is

H1(t, x, u, λ0, λ
1) = λ0f(t, x, u) + λ1g(t, x, u)

Then from above Lagrangian equation we can derivative the maximum prin-
ciple states that the necessary conditions for u∗ with the state trajectory x∗

to be an optimal control for the problems. Then there exist adjoint variable
λ and Langrangian multipliers µ, ν, α, β and the jump parameter η which sat-
isfies the conditions, then to find adjoint equation and optimality condition
using partial derivative interims of x and u and the proof of the Hamiltonian
maximizing condition is similar to Theorem (2.1) as follows:

H1(t, x∗(t), u∗(t), λ1(t)) ≥ H1(t, x∗(t), u, λ1(t))

at each t ∈ [0, T ] for all u satisfying the following conditions
g(x∗(t), u, t) ≥ 0,and k1(x∗(t), u, t) ≥ 0,whenever k(x∗(t), t) = 0.
Therefore,

u∗(t) = argmaxu∈U(t,x(t))H
1(t, x∗, u, λ0, λ

1(.))

λ̇1 = −L1∗
x [t]

L1∗
u [t] = 0

µ(t) ≥ 0, µh∗(t, x, u) = 0

Since the derivative of ν less than zero then ν is non increasing on the bounder
interval of ki(t, x). At any entry or contact τ the control is switches between
maximum and minimum. Therefore, at this time the adjoint function and
Hamiltonian function have discontinuities,then it is the form of:

λ1(τ−) = λ1(τ+) + η1(τ)k∗x[τ ]

H∗1(τ−) = H∗1(τ+)− η1(τ)k∗t [τ ]

η1(τ) ≥ 0, η1(τ)k∗[τ ] = 0

2.7 The indirect adjoining approach for higher

order constraints

In this section, we shall consider constraints of higher order ,i.e p ≥ 2. This
means if p = 1 and k1(t, x, u) does not depend on the control variable u, then
we differentiate k(t, x) with respect to time t as many time as required until
it contains a control variable u. Then such type of condition are said to be
indirect adjoint approach for higher order constraints. The Hamiltonian and
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Lagragian of the indirect adjoining approach for the state constraint of order
are now:

Hp(t, x, u, λ0, λ
p) = λ0f(t, x, u) + λpg(t, x, u)

Lp(t, x, u, λ0, λ
p, µ, νp) = Hp(t, x, u, λ0, λ

p) + µh(t, x, u) + νpkp(t, x, u)

With kp defined in equation of 2.5. Then the control region Up(t, x) is defined
as follows:

Up(t, x) = {u ∈ <n|h(t, x, u) ≥ 0}, kp(t, x, u) ≥ 0, if k(t, x) = 0}

Theorem 2.3
Let (x∗(.), u∗(.)) be an optimal pair for optimal control problem with x∗(.)
having only finitely many junctions times, and where constraint k(t, x) is
of order p, let the constraint qualification condition, of equation 2.7, holds.
Then there exist a constant λ0 ≥ 0, a piecewise absolutely continuous costate
trajectory λp(.) mapping [0, T ] in to <, piecewise continuous multiplier func-
tion µ(.) and ν(.) mapping [0, T ] in to <s and <q, respectively, vectors
η1(τi).η

p(τi) ∈ <q for each point τi of discontinuity of λp(.), α ∈ <l and
β ∈ <l′not all zero, such that the following conditions hold almost every-
where [6].

u∗(t) = argmaxu∈U(t,x(t))H
p(t, x∗, u, λ0, λ

p(.))

λ̇p = −L∗px [t]

L∗pu [t] = 0

µ(t) ≥ 0, µh∗(t, x, u) = 0

The multiplier function νp is p1 times differentiable and (νp)p−1is of bounded
variation

(−1r)(νp)r(t) ≥ 0, r = 0, 1, ..., p. νpkp∗(t, x, u) = 0

d

dt
H∗p[t] =

d

dt
L∗p[t] = L∗pt [t]

At the terminal time T , the transversality conditions with λ1(.) replaced by
λp(.). At entry times, the costate trajectory λp may have a discontinuity of
the form:

λp(τ−) = λp(τ+) +

p∑
r=1

ηr(τ)(kr−1)∗x[τ ]
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Hp(τ−) = Hp(τ+) +

p∑
r=1

ηr(τ)(kr−1)∗t [τ ] (2.10)

ηr(τ) ≥ 0, ηr(τ)k∗t [τ ] = 0, r = 1, 2, ..., p

Proof
The condition of the maximum principle states that the necessary conditions
for u∗ with the state trajectory x∗ to be an optimal control for the prob-
lem is the same approach as first order state constraints (indirect adjoining
approach). Suppose that the constraint k(t, x) is derivative p times until
it contains a control variable u.In the case of p order constraints, we need
to define kp(t, x, u) as defined in the equations of (2.6) .Then using p order
conditions we can form Lagrangian functions as follows.

Lp(t, x, u, λ0, λ
p, µ, νp) = Hp(t, x, u, λ0, λ

p) + µh(t, x, u) + νpkp(t, x, u)

Where Hamiltonian is

Hp(t, x, u, λ0, λ
p) = λ0f(t, x, u) + λpg(t, x, u)

Note: P is indicate order.
Assume that the function g and k are continuously differentiable with respect
to all their argument up to order p− 1 and p respectively, the necessary con-
dition of optimality as follows:

u∗(t) = argmaxu∈U(t,x(t))H
p(t, x∗, u, λ0, λp(.))

λ̇p = −L∗px [t]

L∗pu [t] = 0

µ(t) ≥ 0, µh∗(t, x, u) = 0.

If the switching function of order p the jump condition at entry times, the
costate trajectory λp and Hamiltonian function may have a discontinuity of
the form:

λp(τ−) = λp(+) +

p∑
r=1

ηr(τ)(kr−1)∗x[τ ]

Hp[τ−] = Hp[τ+] +

p∑
r=1

ηr(τ)(kr−1)∗t [τ ]

ηr(τ) ≥ 0, ηr(τ)k∗t [τ ] = 0, r = 1, 2..., p.
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2.8 The indirect adjoining approach with con-

tinuous adjoint functions

In this section, the adjoint function λ̌ is continuous. The Hamiltonian H and
the control region U respectively:

H̃(t, x, u, λ0, λ̌, µ, ν̌) = λ0f(t, x, u) + λ̌g(t, x, u) + µh(t, x, u) + ν̌k1(t, x, u)

Ũ(t, x) = u ∈ <n|h(t, x, u) ≥ 0, k1(t, x, u) ≥ 0, ifk(t, x) = 0⋃
(u ∈ <n : h(t, x, u) ≥ 0, k1(t, x, u) ≤ 0, if k(t, x) = 0)

Theorem 2.4.
Let (x∗(.), u∗(.)) be an optimal pair for optimal control problem such that
the strong constraint qualification condition, of equation 2.4, holds. Then
there exist a constant λ0 ≥ 0, a continuous and a piecewise continuously
differentiable adjoint function λ̌(.) : [0, T ] → <n, and multiplier function
µ(.) : [0, T ]→ <s, and ν̌ : [0, T ]→ <q,such that the following conditions are
satisfied whenever u is continuous.

u∗(t) = argmaxu∈U(t,x(t))H̃(t, x∗, u, λ0, λ̌(t), µ(t), ν̌(t))

˜̇λ = −H̃x[t]

H̃u[t] = 0

d

dt
H̃[t] = H̃t[t]

the multipliers µ(.) and ν̃(.) are continuous on intervals of continuity of u∗(.).
Furthermore,ν̃(.) is non increasing on [0, T ], continuous when ever K∗i (.) is
discontinuous ( i.e when entry to or exist from the corresponding state con-
straint is nontangential), and constant on intervals up on which K∗i [.] ≥ 0.
At the terminal time T , the following transversalty conditions hold [6]:

λ̃(T ) = λ0S
∗
x[T ] + αax[T ] + βbx[T ]

α ≥ 0, αa[T ] = 0

Proof.
Suppose u∗ is continuous the Hamiltonian is regular along a given x(t),
λ(t), η(t) and H(t, x(t), u, λ(t), η(t)) has a unique maximum in u for all
t ∈ [0, T ] including the points on the boundary by proposition (2.2). There-
fore, the necessary conditions are holds since maximum principle is unique
and using partial derivative we can obtained optimality conditions and the
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adjoint equation as follows.

u∗(t) = argmaxu∈U(t,x(t))H̃(t, x∗, u, λ0, λ̃(t), µ(t), ν̃(t))

˙̃λ = −H̃x[t]

H̃u[t] = 0

d

dt
H̃[t] = H̃t[t]

Since adjoint function is continuous then at the terminal time T , the follow-
ing transversality conditions holds as follows:

λ̃(T ) = λ0S
∗
x[T ] + αax[T ] + βbx[T ]

α ≥ 0, αa[T ] = 0

2.9 Existence result

we can review several different sets of optimality conditions for optimal con-
trol problems since optimality conditions do not mean much in the absence
of an optimal solution then we briefly provide some existence results for the
problems our purpose here is not to make a review of existence result we
choose to mention two characteristic:

• The first result uses strong assumptions such as boundedness of all
admissible state and control paths.

• The second result uses growth conditions on the state and control vari-
able [6].

The growth condition[2] if and g satisfy the following conditions for every
bounded subset X of <n ,then there exist a constant c and a summable func-
tion d such that, for almost every t, for every (x, y) ∈ domf(t, x, u) with
x ∈ X, we have:

||gx(t, x, u)|| ≤ c|g(t, x, u)|+ f(t, x, u) + d(t)

and for all ξ, ψ

|ξ|(1 + ||gu(t, x, u)||) ≤ c{|gu(t, x, u)|+ f(t, x, u)}+ d(t)
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We define the (state dependent) control region:

U(t, x) = {u ∈ <n|h(t, x, u) ≥ 0 ⊂ <n

and the set

N(t, x) = {(f(t, x, u) + γ, g(t, x, u))/γ ≤ 0, u ∈ U(t, x) ⊂ <n+1}

Lemma 2. 1.
Let U(y) be the upper semicontinuous set-valued mapping <m → <n with
compact values. Then, on any compact (and hence on any bounded) set of
y; the values U(y) are uniformly bounded, i.e., for any compact set K ∈ <m
there exist a constant δ such that the set U(y) is contained in the ball B(0, δ)
for any y ∈ K [2].
Proof.
Since U(y) is an upper semicontinuous mapping, for any y there exists a
neighborhood O(y) of y such that the inclusion U(y∗) ⊂ U(y) + B1(0, δ)
holds for any y∗ ∈ O(y). The union of these neighborhoods O(y) over all
y ∈ K covers the entire compactum K; and, by the definition of a compact
set, a finite subcovering can be chosen from this covering. Namely, there
exist finitely many points y1, y2, ..., ym ∈ k ; and their neighborhoods 0(yi);
such that the set U(y∗) is contained in U(yi) + B1(0, δ) for any y∗ ∈ 0(yi);
and these neighborhoods cover the entire compactum K. The union V of the
bounded sets U(yi) + B1(0, δ) over all i=1,2,...,m is also bounded, i.e., it is
entirely contained in the ball B(0, δ) for some δ. Since for any y ∈ K; there
exists a number i such that y ∈ O(yi); we have U(y) ⊂ U(yi) +B1(0, δ) ⊂ V
; and hence U(y) ⊂ B(0, δ).
Corollary 2.1.
Suppose that U(t, x) is an upper semicontinuous mapping <m+1 → <n with
compact values. Then, for any T > 0 and any bounded set Q ⊂ <m; there
is an R = R(T,Q) such that the inclusion U(t, x) ⊂ B(0, δ) holds for any
t ∈ [0, T ] and any x ∈ Q [2].
Proof.
One should apply Lemma above to the mapping U(y); where y = (t, x); and
to the compact set K = [0;T ]×Q.
Theorem 2.5.
Consider the optimal control problem where T is free to vary in the interval
[0, T ]. Assume that f, g, h, k, S, a and b are continuous in all their arguments
at all points (t, x, u) ∈ [0, T ]× <m × <n.Suppose that there exist an admis-
sible solution pair and that the following conditions holds:
1. N(t, x) is convex for all (t, x) ∈ <m × [0, T ].
Suppose further that

29



2. There exists δ > 0 such that ‖x(t)‖ < δ for all admissible pair (x(t), u(t))
and t.
3. There exists δ1 > 0 such that ‖u‖ < δ1 for all u ∈ U(t, x) with ‖x(t)‖ < δ.
Then there exists an optimal triple (T ∗, x∗, u∗) with u∗(.) measurable [6].
Proof.

let (f1(t, x, u) + γ1, g1(t, x, u))and(f2(t, x, u) + γ2, g2(t, x, u)))

be two value of N(t, x). Then for all any 0 ≤ a ≤ 1:

a((f1(t, x, u) + γ1, g1(t, x, u)) + (1− a)(f2(t, x, u) + γ2, g2, (t, x, u))

af1(t, x, u)+aγ1, ag1(t, x, u))+(f2(t, x, u)+γ2, g(t, x, u))−a(f2(t, x, u)+γ2, g2(t, x, u)),

collect like term together

(a((f1(t, x, u) + γ1) + (1− a)(f2(t, x, u) + γ2)), ag1(t, x, u) + (1− a)g2(t, x, u))

(a((f1(t, x, u)−f2(t, x, u)+f2(t, x, u)+(a(γ1−γ2)+γ2), ag1(t, x, u)+(1−a)g2(t, x, u)

Therefore, N(x, t) is convex.
By Lemma and Corollary 2.1 above there exists δ > 0 such that ‖x(t)‖ < δ
for all admissible pair (x(t), u(t)) and t and also there exists δ1 > 0 such that
‖u‖ < δ1 for all u ∈ U(t, x) with ‖x(t)‖ < δ. Therefore, the triple (T ∗, x∗, u∗)
always belongs to the compact set [0, T ]×B(0, δ)×B(0, δ1).
Thus, the set of solutions x(t) of optimal control problem is uniformly bounded
and continuous, and the set of controls u(t) is uniformly bounded.

2.10 Sufficient conditions and uniqueness

Theorem 2.6.
Let (x∗(.), u∗(.)) be a feasible pair for the optimal control problem with a fixed
horizon time T < ∞. If there exists a piecewise continuously differentiable
function λ : [0, T ] → <n such that for every other feasible pair (x(.), u(.))
the following conditions holds [6]:
1. The maximum Hamiltonian:

H(t, x∗(t), u∗(t), λ(t))−H(t, x(t), u(t), λ(t)) ≥ λ̇(t)(x(t)− x∗(t)),∀t ∈ [0, T ].

2. The jump conditions This argues for allowing a jump in the adjoint
variable λ(t), which satisfays the maximum principle and the precence of
state conistraints allows for a jump λ(t) at a point in time when the state
x(t) inters its conistraints boundery. Moreover,the jump must satisfy certain
conditiopns, which in the case of the state conistraints are:
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(λ(τ−)− λ(τ+))(x(τ)− x∗(τ)) ≥ 0 .

∀t ∈ [0, T ], where λ is discontinuous and the transversality condition.

3.λ(T )(x(T )− x∗(t)) ≥ S(x(T ), T )− S(x∗(T ), T ).

Then (x∗, u∗) is optimal [4].
Proof.
1. Let u ∈ U(t, x) and x be an admissible trajectory generated by u then by
definition of Hamiltonian we:

f(t, x∗(t), u∗(t)) + λ(t)g(t, x∗(t), u∗(t))− (f(t, x(t), u(t))+

λ(t)g(t, x(t), u(t)))− λ̇(t)(x(t)− x∗(t)) ≥ 0

Since ẋ = g(t, x(t), u(t)),

Then f(t, x∗(t), u∗(t))+λ(t)x∗(t)−f(t, x(t), u(t))−λ(t)ẋ(t)−λ̇(t)(x(t)−x∗(t)) ≥ 0

Hence, f(t, x∗(t), u∗(t))− f(t, x(t), u(t)) + λ(t)ẋ∗(t)− λ(t)ẋ(t))− λ̇(t)(x(t)−
x∗(t)) ≥ 0
Then we have by definition of derivative:

f(t, x∗(t), u∗(t))− f(t, x(t), u(t))− d

dt
[λ(t)(x∗(t)− x(t))] ≥ 0

f(t, x∗(t), u∗(t))− f(t, x(t), u(t)) ≥ d

dt
[λ(t)(x∗(t)− x(t))]

So that make integration both side then∫ T

0

f(t, x∗(t), u∗(t))− f(t, x(t), u(t))dt ≥
∫ T

0

(
d

dt
)[λ(t)(x∗(t)− x(t))]dt∫ T

0

f(t, x∗(t), u∗(t))dt−
∫ T

0

f(t, x(t), u(t))dt ≥ λ(t0)(x
∗(0)−x(0)−λ(T )(x∗(T )−x(T ))

But, by initial and transversality conditions x∗(t0) = x0, x(t0) = x0 and
λ(T ) = 0 such that:
λ(0)(x∗(0)− x(0))λ(T )(x∗(T )− x(T )) = 0

Hence
∫ T
0
f(t, x∗(t), u∗(t))dt−

∫ T
0
f(t, x(t), u(t))dt ≥ 0

2. The criterion for (x*,u*) to be optimal is the difference:∫ T

0

f(t, x∗(t), u∗(t))dt−
∫ T

0

f(t, x(t), u(t))dt ≥ 0
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For all admissible pairs (x, u). Let use of definition of Hamiltonian and the
fact that ẋ = g(t, x(t), u(t)) is satisfied for all admissible pairs, we easily
obtained from conditions one above:

H(t, x∗(t), u∗(t), λ(t))−H(t, x(t), u(t), λ(t)) ≥ λ̇(t)(x(t)− x∗(t)),∀t ∈ [0, T ].

it follows that:

≥
∫ T

0

λ̇(t)(x(t)−x∗(t))+λ(t)(ẋ(t)− ẋ∗(t)))dt =

∫ T

0

(
d

dt
)[λ(t)(x∗(t)−x(t))]dt

Now we can write this equations as follows:∫ T

0

(
d

dt
)[λ(t)(x∗(t)− x(t))]dt+

∫ T

τ

(
d

dt
)[λ(t)(x∗(t)− x(t))]dt

Then we obtain:

λ(τ−)(x(τ−)−x∗(τ−))−λ(0)(x(0)−x∗(0)+λ(T )(x(T )−x∗(T ))−λ(τ+)(x(τ+)−x∗(τ+)).

Using initial condition and transversalies condition x∗(0) = x0, x(0) = x0
and λ(T ) = 0 such that

λ(τ−)(x(τ−)− x∗(τ−))− λτ+(x(τ+)− x∗(τ+)) ≥ 0

Since x(τ−) = x(τ+) = x(τ) and x∗(τ−) = x∗(τ+) = x∗(τ), then we can
write as follows:

λ(τ−)(x(τ)− x∗(τ))− λ(τ+)(x(τ)− x∗(τ)) ≥ 0

Hence,(λ(τ−) − λ(τ+)(x(τ) − x∗(τ)) ≥ 0 Since λ(t)(x(t) − x∗(t)) ≥ 0,∀t,so
that (x∗, u∗) is optimal pair.
Remark: This theorem does not use any concavity or convexity assumption
[4],[6].
Example 2.2.
In this example we illustrate the approaches in theorem 2.1, 2.2 and 2.4 by
applying them to some illustrate examples. Consider the following exam-
ple:[6]

max

∫ 3

0

−xdt

subject to : ẋ = u, x(0) = 1
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u+ 1 ≥ 0

1− u ≥ 0

x ≥ 0

x(3) = 1

Solution
The Hamiltonian is H = −x + λu which implies the optimal control to be
u∗ = bang[−1, 1;λ] ,when x ≥ 0
and which optimal control on the state constraint bounder is U∗ = bang[−1, 1 :
λ], when x = 0.
The boundary conditionx(0) = x(3) = 1.Thus

u∗(t) =


−1, for t ∈ [0, 1];

0, for t ∈ [1, 2];

1, for t ∈ (2, 3].

and

x∗(t) =


1− t, for t ∈ [0, 1];

0, for t ∈ [1, 2];

t− 2, for t ∈ (2, 3].

Now let first ,we apply the direct adjoint approach and let form the La-
grangian L as

L = H + µ1(u+ 1) + µ2(1− u) + νx.

The necessary condition of theorem 2.1 are

Lu = λ+ µ1 − µ2 = 0

λ̇ = −Lx = 1− ν
but,µ1 ≥ 0, µ1(u+ 1) = 0
µ2 ≥ 0, µ2(1− u) = 0
ν ≥ 0, νx = 0, ν̇ ≤ 0
λ(3) = β, where β ∈ R

The enters of the boundary of x = 0 in a nontangential way at time τ1 = 1,
since k1(1)− ≤ 0 and also at time τ2 = 2. it leaves this bounder nontangential
since k1(2)+ ≥ 0.therefore,according to proposition (2.1),λ is continuous at
time t = 1 and t = 2,as well as in [0,1),and (2,3] where the state constraint is
not active.Now consider the boundary interval [1,2]. here u = 0 and implies
that µ1 = µ2 = 0.
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lu = λ+ µ1 + µ2 = 0, λ = 0

Thus, λ is also continuous in (1,2).Furthermore,since λ = 0 from equation:
λ̇ = −Lx = 1− ν,ν = 1.
Thus,all multipliers are uniquely determined in [1,2].In [0,1) we have x >
0,ν = 0, then λ = t− 1,because of λ̇ = 1 and λ(1) = 0. similarly, in (2,3] we
have x > 0 and ν = 0. then λ = t− 2 because of λ̇ = 1 and λ(2) = 0. Now
we can determined µ1andµ2 from equation:

Lu = λ+ µ1 − µ2 = 0 and
µ1 ≥ 0, µ1(u+ 1) = 0

, µ2 ≥ 0, µ2(1− u) = 0

In [0,1) we have λ = t − 1andu = −1 then µ2 = 0.in the indirect adjoining
approach the Hamiltonian H1and Lagrangian L1 are

H1 = −x+ λu
L1 = H1 + µ1(u+ 1) + µ2(1− u) + νu

the necessary conditions of theorem 2.2 are

L1
u = λ+ µ1 − µ2 + ν = 0

λ̇ = −Lx = 1

where µ1, µ2 and ν1 satisfy the complementary conditions:

µ1 ≥ 0, µ1(u+ 1) = 0
µ2 ≥ 0, µ2(1− u) = 0
ν1 ≥ 0, ν1x = 0, ν̇1 ≤ 0

λ(1−) = λ1
+

+ η1(1), η1(1) = 1 ≥ 0.

since x∗(t) enters the boundary zero at t = 1 there are no jumps in interval
(1,2] and the solutions for λ1(t) is

λ1(t) = t = 2, t ∈ (1, 2].

Hence λ1(t) ≤ 0 and x∗(t) = 0 on (1,2],we have u∗(t) = 0.Now let us see
what must happen at t=1. we now from equation:

λ1(t) = t = 2, t ∈ (1, 2], λ1(1+) = −1.then,
H1(1+) = −x∗(1+) + λ1(1

+)u∗(1+) = 0
H1(1−) = −x∗(1−) + λ1(1

−)u∗(1−) = −λ1(1−

By equation H(1−)toH(1+) we obtain λ(1−) = 0, then the value of jump
condition: η1(1) = λ(1−) − λ(1+) = 1 ≥ 0. in time interval [0,1),µ2 = 0.
since u∗ = −1 and ν1 = 0 because x > 0,for t ∈ [0, 1). Therefore,
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∂
∂u
L = λ+ µ1 − µ2 + ν = 0,then

λ1 + µ1 = 0 since µ2 and ν = 0,for t ∈ [0, 1). hence
µ1(t) = −λ1(t) = 2− tfort ∈ [0, 1)withu = −1.

At t = 1 we have x(1) so that the optimal control u∗ = 0. now assume that
we continue to use the control u∗(t) = 0 in the interval [1,2]then x(t) = 0
for t ∈ [1, 2]. since λ1(t) ≤ 0 for t ∈ [1, 2], u∗(1) = 0,on the same interval
then µ1 and µ2 = 0 for t ∈ [1, 2].but we can obtain ν1(t) = −λ1(t), t ∈ [1, 2].
therefore, the adjoint function λ is continuous every where,ν is constant in
[0,1) and (2,3] where the state constraint is not active and ν is continuous
at t = 1, 2 where k1(t, x, u) = ẋ = u is discontinuous. the adjoint function λ
is continuous,since the entry to and the exit from the state constraint is non
tangential.
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Summary

An optimal control is a set of differential equations describing the paths
of optimal control can be derived using bang-bang principle and pontrya-
gins maximum or minimum principle or solving the Hamiltonian Jacobin
equation. Optimal control problems with state inequality constraints . To
solve the problem with pure state inequality constraint . we use different
approaches with complementary slackness (first order and higher order con-
straints), the indirect adjoint approach with continuous adjoint functions.
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