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Abstract

This project mainly describe the introduction to chiral perturbation theory for strong
interaction at low energy level and deals with quantum chromodynamics and its global

symmetry in the concept of chiral limit.

This project also describe the commutator and anti commutator of charge operators of
quarks in hadron spectrum. Then we will construct effective Lagrangian for both global
and local symmetry and it show effective Lagrangian is invariant under Su(3), x Su(3)g

symmetry transformation.Then we calculate currents from effective Lagrangian.

Finally, by discussing effective Lagrangian and weingers power counting scheme we

will see application of quantum chromodynamics,especially pion decay.

v
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INTRODUCTION

Quantum Chromodynamics has been a very successful theory and is today widely

accepted as the fundamental gauge theory underlying the so called strong interactions.
These interactions govern the behavior of quarks, generally believed to be fundamental
particles building up the composite particles called hadrons. Among these hadrons are
the familiar proton and neutron which build up the nuclei of all the atoms that make up

the matter we see around us in everyday life.

Historically however, Quantum Chromodynamics(QCD) has had its problems in gain-
ing general acceptance as the theory of the strong interactions. Mainly this is due to the
fact that it seemed impossible to isolate and detect the quarks themselves. This was later
solved with the idea of confinement, but for a long time the existence of the quarks was
hotly debated. Until the early 1970s it was common to talk about fictitious constituents,
allowing for a simplified classification of the hadron spectrum, which could, however, not
be interpreted as dynamical degrees of freedom in the context of quantum field theory.
There still exists no analytical method for the description of QCD at low energies. How
the hadrons are created from QCD dynamics is still insufficiently understood, and is
one of the reasons why many phenomenological, more or less QCD-inspired models of

hadrons are used.However, even though we still do not know how to make low-energy

predictions from QCD itself, techniques have been developed to systematically explore
the low-energy dynamics, based on certain symmetry properties of QCD. One method is
called Chiral Perturbation Theory(chpt) and describes the dynamics of Gold-stone bosons

in the framework of an effective field theory.



Chapter 1

CHIRAL PERTURBATION
THEORY

Chiral perturbation theory(CHPT) is the effective field theory of quantum chromody-
namics(QCD) at low energies. So it provide for discussing QCD at low energy by means
of effective field theory. The basis of CHPT is the global Su(3), x Su(3)r symmetry
of the QCD Lagrangian. This symmetry of the QCD Lagrangian can be broken down

spontaneously to Su(3)y symmetry with giving rise to eight massless Gladstone boson.

We will first consider the indication for a spontaneous break down of chiral symmetry
in QCD and then discuss the transformation property of Gold-stone under the symme-
try group of the Lagrangian and the ground state respectively. After introducing the
lowest order effective Lagrangian that is important to the spontaneous break down from
Su(3)r X Su(3)r to Su(3)y. So effective Lagrangian is expressed interms of hadronic
degree of freedom at low energy. At low energy level there are number of pseudo scalar

octet(m, k,n) which are called Gladstone bosons.



1.1 Remarks on SU(3)

Chiral perturbation theory provides a systematic framework for investigating strong
interaction process at low energies. So, the group SU(3) plays an important roles in the
context of strong interaction,

because SU(3) is

e a gauge group of QCD

e flavor Su(3) is approximately realized as a global symmetry of hadron spectrum and

e direct product of Su(3)r, x Su(3)g is the chiral symmetry group of QCD for non vanishing

u,d and s quark masses,So, it is better to see some properties of SU(3) and its lie group.

Therefore,the basic properties of SU(3) and it’s lie algebra should be given as follows.
The group Su(3) is defined as a set of unitary matrices U, that is UTU=1 and det(U)=1.
In mathematical terms, SU(3) is an eight parameter simply connected,compacted lie
group. This implice that any group element can be parametrized by a set of eight
independent real parameters as,

O= (01,09............ Os), so elements of Su(3) is conveniently written interms of exponen-

tial representation as,

8
Aa
— —q =2, 1.1.1
U(6) = exp( ij@ >) (1.1.1)
Where O, is a real numbers and A, eight linearly independent matrices that we called

Gell-mann matrices that satisfy the following relation,
Ao = AT (1.1.2)

t?“()\a)\b) = 2(5(11,. (113)

So, we can represent the Gell mann matrices as follows,



010 0 — 0 1 0 0 0 01
A=(100|,X2=1]¢ 0 0], A3=|0 -1 0|, =100 0f,

000 0 0 0 0 0 0 1 00

0 0 2 000 00 O ) 10 0
As=10 0 0|,%=]00 1], Ax=1]0 0 A8 = —= 1 0
5 6 7 { 8 /2

t 0 0 010 0 2 O 00 -2

The structure of the lie group is enclosed in the commutator relation of this gell-mann

matrices,which is given as follows,

Aa M| Add o M A XS
{7’ 5] %2 22 Heem (1.1.4)
And from equation(1.14), we get
1
fabc = Et?“([/\a, >\b]>\c> (115)

So, the anti- commutator relation also given as follows,

4
{)\aa )‘b} = géab + 2dabc)\c (116)
1
dabc == Z_ltr({)\a’ )\b}>\c) (117)

From here, we conclude the anti-commutator of two Gell-mann matrices is not necessary

a Gell-mann matrix.

1.2 The QCD Lagrangian

The gauge principle has proven to be a extremely successful in elementary particle physics
to generate interaction between matter fields through the exchange of massless bosons.
The best known example is quantum electrodynamics(QED). In QED the interaction

between charged particle is mediated by the exchange of neutral gauge bosons called



photon. Because of the neutrality of the photon,there don’t exist vertices where a photon
interacts directly with another photon.

Therefore,in QED only single vertex is required,the coupling of the photon to a fermion.
The coupling constant is e in QED that is related to the fine structure constant through
a = % = % and because of the smallness of a,the theory can be successfully treated
perturbatively.

So as we know Lagrangian in QED is given by,

Loep=(in* Dy — m)i - {Fu F*.

where, F,, = 0,A, — 0,A,, and the covariant derivative of 1 is given by,

D, = (0, —ieAu)Y.

Therefore, the remarkable success of QED leads quite naturally to anon abelian general-
ization involving a triplet of color-charges interacting through the exchange of color gauge
bosons called gluon. This is the theory of QCD,which is the so called quarks which are
spin % fermions with six different flavors in addition to their three possible colors.

Let us now concentrate on the flavor sector,there are six quark flavors in the spectrum,
which are often divided into two parts.
These are light quarks(u,d and s) and heavy quarks(c,b and t).
For quarks masses,
My, Mg, My << 1Gev < m., my, my, where the scale 1Gev called hadron scale, is the
natural value which associated with masses of hadrons containing the lightest quarks.
Therefore, in low energy region only light quarks can be taken into account,
So the QCD Lagrangian can be given as,

Loop = ) 4s(iv" Dy —my)as — iGWG/W. (1.2.1)
r=u,d,s
Where, gf,m¢ and G, are quark field, quark mass and the gluon field tensor,respectively.

For each quark flavor f,the quark field ¢; consists a color triplet (7, g,b) ,which transform



under gauge transformation g(x) described by a set of parameters,

O(z)=[01(z) + ......08(x),s0 the quark field can be given as,

qfr
45 = | drg
qf.b

The quark field can be transformed as,
4y — qy = exp —ZE Oul AC qr = Ulg(x)).
f )5

The covariant derivatives of gs is given by,

D,qr = (O —igsAv)ay

qfr qfr 8 o qfr

Dy | az4 =0 [ arg —ig Z EaAma df.9
=1

are ar ' ar

And the field tensor strength transform as,

Aa
G = Ga,w = OpA, — OvA, +igs[A,, Al

We can express G, as follows,

A
Gam/ 7

o _ 8”14,, — (91/AM -+ 293 |:A;u AI/:|

— VA, =2 +igs [Abu); A

|

Ae
2
Ao . A Ao
_ al/Aa#7 + lggAbﬂAcy |: b ?:|
A
2

Aa
= (a/},AaV — 8VAW) 9 + Zg?,Abu cquabc

A

|:8#’Aau 8VAGM + ig3AbuAcuifabc:| ?a

Ga,ul/ - |:a/~’LA(ZV - aVAau - g3fabcAbuAa/:| .

(1.2.2)

(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)



So we can put the field strength tensors as follows,

Aa

G = |OpAa, — VAL — 93 fabcAbpAcy 5 (1.2.7)

where fq. is the su(3) structure constants and A, is the gluon field.
we will approximate the full QCD Lagrangian in equation (1.2.1), by considering the

the concept of chiral limit, so the Lagrangian LOQC p 1s given by,

- " 1 14 v
L(()QCD = Z q7l171 D/qu - ZGH GH. (128)

l=u,d,s

because under chiral limit m,,,mq4 and my; — 0, this implice that m; = 0.

1.3 Left and right handed quark fields

In order to fully exhibit the global symmetry of the above QCD Lagrangian, we should

consider the chirality matrix,
Y5 =YY =y (1.3.1)

We should introduce projection operators as follows,

PL=-(1-) =P (1.3.3)

N — DN =

Pr==(1+7)=P}. (1.3.4)

The properties of the projection operators can be given as,

+-=1 (1.3.5)

| 1 |

Lt Pr=g(1 =)+ 5(1+%) =3
1 1 1
PL=[5(1 =) = (1= 295 +93) = 5 (1= 15) = Pr. (1.3.6)



Similarly,
P2 = Py

And
1 1

1
PLPR:PRPL:_(1_75)_(1_75):_<1_7§):0'

2 2 4

So, the left and right-handed quark fields can be expressed as,

qr. = Prq.

qr = Prq.

And its g and q7, will be

Gr = 57" = (Prq)™°’ = ¢" Py’ = ¢" Pry° = ¢"°Pp = P

qr =qi7" = (Prg)™’ = ¢ Py = ¢" Py’ = ¢t Pr = qPx.

Therefore, the QCD Lagrangian in the chiral limit,

. o 1
L%CD = Z (qLyiv" Duqry + qriiy* Duqry) — ZG” G,

l=u,d,s

(1.3.7)

(1.3.8)

(1.3.9)

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

QCD Lagrangian in chiral limit is invariant under(covariant derivatives of flavor indepen-

dent),
. L>‘£ —iel
dr, — UL | dp :exp(—zZ@ai)e dy,
SI, SL o=t SL
UR UR UR
. d R>‘£ —i0F
dr — Ur | dg = exp(—zZ@a 7)6 dr
SR SR N SR

(1.3.14)

(1.3.15)

where Uy, and Ug are independent unitary 3 x 3 matrices and the superscript f denotes

Gell-mann matrices acting in the flavor space.



1.4 Global symmetry of currents of light quark sector

consider infinitesimal, local transformation as follows,from equation 1.3.14,
L )‘a L
qr — |1 — exp( ZZ@ — 10,

and similarly,

8

qr — [1 — exp(—iz S

a=1

Then by using the above two equation,we obtain

Aa

Aa
5LQCD—qL[Za @L—+0 © }7 C]L—l—qR{Za @R—+0 © }'y”qR.

From this equation we can calculate the currents as follows,

(3(5[/0 ) A
U_ Z\77QCD) s plla
La 8(6#65) qr7y 2 qr
v O(0Lgep)
ke = "5en ~"
and
. 00Ljep)
LY = W = q"qr
v O0Lgep)

By using analogous expression for R and R",we obtain,

A\
RY = QRW?(]R-

R" = qr"'qr.

(1.4.1)

(1.4.2)

(1.4.3)

(1.4.4)

(1.4.5)

(1.4.6)

(1.4.7)

(1.4.8)

(1.4.9)

So the linear combination of LY and RY, lead us the vector and axial vector currents

(from transformation of all left-handed and right-handed quark fields by the same phase)

is given by
Aa
V= R+ L=

(1.4.10)
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Axial-vector current (from transformation of all left-handed quark fields with one phase

and all right-handed with the opposite phase) is given by

Aa
Ay =R = Ly = "5 (1.4.11)

since
7.

(1.4.12)
5.

Piy"Pr 4 Ppy' Py = y*(Pp 4+ P}) = y*(Pr £ P) = {

In the limit of massless quarks, the currents L and R? or, alternatively, V" and A} are

conserved.



Chapter 2

The Hadron Spectrum

QCD Lagrangian posses a Su(3); X Su(3)g symmetry group under chiral limit. Chiral
limit is nothing, but the light quark mass should be vanishing. We have argued that
strong interaction exhibit a global chiral symmetry Su(Ny) x Su(Ny)g. However, this
symmetry cannot be realized in the usual manner, for then the spectrum should also
exhibit this symmetry. Consider the Hamiltonian H, symmetric under the chiral group.

This Hamiltonian in particular commutes with the generators of the axial transformation,
[Ho, ] = 0. (2.0.1)

The linear combination of left and right handed charges can be related as follows,
dv =dp+4; (2.0.2)

qa =qp — 41 (2.0.3)

Where charge operators define as space integral of charge density which is given by,

qr(t) = /d%qi(t, x)%qL(t,x). (2.0.4)
anlt) = / df”xqg(t,x)%q}z(t,x). (2.0.5)
qv(t) = /d%[qi(t,x}%qﬂt,x} +q§(t,x)%q3(t,x)]. (2.0.6)

11
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What are the commutation relations among the charges?

The commutation relation of charges can be expressed as,

4% az) = i favedi (2.0.7)
[q(}l%’ qg{] = ifach?{~ (208)
47, qrl = a7, av] = [q&. av] = 0. (2.0.9)

Let us verify these commutation relations as follows by using the anti-commutation of

fermion fields

{q(t,x),qd" (t,y)} = 8*(z — y). (2.0.10)
{q(t.z),d(t.y)} = 0. (2.0.11)
{¢"(t,2)}, 4" (t,y)} = 0. (2.0.12)

By using this expression ,we can show the above commutation relation as follows,

(4%, b)) = /d‘ga:dgy{ H(t,z) P >\2 Prq(t,z), q" (t,y) P/ /\;PLq(t,y)}. (2.0.13)

We can simplify the above commutation by using the following relation,

[ab, cd] =a{b, c}d-ac{b, d}+ {a,c}db - c{a,d}b .

Therefore,
[q (t, )P} —PLq(t ), q" (t,y) P ;PLQ(t y)]
/d rd*y83 (z — y)q* (¢, x)PEFPLP;PL%%q(t, y)—
/ Prd®ys®(x — y)q*(t, y)P+PLP+PL%%q(t T) =
/ d%qﬂt,:z:)Pﬂ%% _ %%) (b)) = i fune / d3q+(t,x)PL%q(t, 7)
finally we get,
00 b] = ifue / Bt x)PL%q(t, ) = i fandl. (2.0.14)

When we show equation (2.0.14), we use the following relation,

gt (t,x)gt (t, y){a(t, z), q(t,y)}=0
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{g*(t,2),q" (t,y) }a(t,y)q(t, )=0
Py P.PP, = P;

a A — a)‘ A a — g AC
[)\2 ; zb} =33 - 3% =ifacy

Similarly we can show the commutation relation of equation [¢%, ¢%] = i facq% as follows,

[q%, 4] =/d%dgy[CJ*(tw)PE%PRq(t,I) (t,y) P 1+ =" Pra(t, y)]

2

We can simplify the above commutation by using the following relation,

lab, cd] =a{b, c}d-ac{b,d}+ {a,c}db - c{a,d}b .

Therefore,
+ 1+ Aa Aa
q" (t,2) P 5 Pra(t, 2), 4" (t,y) P 7 Pra(t,y) | =
3,13, 3 + + Aa Ab
d’zd’yd°(x — y)q* (¢, ©) Pg PrPg PR22 q(t,y)—
3,.73, 53 + 15 M A
dxd’yd’(x — y)q* (t,y) Pp Pp Py PRE?q(t x) =
AN Ao A : A
/d3$q+(t7$)PR(73b - ?b?)q(t,x) = Zfabc/dqur(t,ﬁ)PR?(J(t,x)
finally we get,
: A e e
() = i [ P4 (0 PrFalton) = ifoi (2015)

In the above equation we used,
q* (t,x)q* (t,y){a(t, v), q(t,y) }=0
{a"(t.2),q"(t, ) }a(t, y)a(t, )=0
P PP P, =Py
da M| A Xoda g AC
[? 7”} =3% 2% = acy
Now let us consider the vector charges ¢{,=q¥ + ¢, that satisfy the commutation relation

of Su(3) lie algebra,

[, %) = lq% + qf, qh + &) = [a%, qb) + (a2, 2] =

ifabc(ﬁz + Z'fabcqz = ifabc(‘]}:z + QE) = Z.ftzl)cq\c/
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therefore,
4, av] = i favedi- (2.0.16)

Similarly ,we can do for the axial vector given by ¢%4=¢% — ¢7,that satisfy commutation

relation as follow,

0% %) = laf — o ab — &b] = [af. ab) + (a0, 4] =
ifabc%c;: + ifabcq([:, = Z'fabc(q% + (IJC;) = ifabc‘]\c/

because ¢% + ¢f=qj,, in short we can put

[qztilv QZX] - ifach\C/- (2017)

And we can evaluate the commutation of the axial vector charge and the vector charge

as follows,

g, %) = lak + a. % — @b = [a%, ah) — a0, @) =
Z.fabcqiz - Z.fabcqz = ifabc(cﬁ% - qz) = Z.fal)cq,cél

because ¢ — ¢f=q%, in short we can put

4%, 4] = i faned (2.0.18)

From the above we conclude that the charge operators do not form the closed algebra,that
is the commutator of two axial charge operator is not again an axial charge operator as

we have seen in equation(2.0.17).



Chapter 3

Lowest-order Effective Lagrangian

3.1 Equation of Lowest-order Effective Lagrangian

When we construct an effective low energy theory with a global symmetry of QCD the
following condition be satisfied,

eThe effective Lagrangian should be invariant under global Su(3); x Su(3)g.

e Assume spontaneous chiral symmetry braking such that the diagonal sub-group Su(3)y
is unbroken, so the broken generators ¢4 imply the existence of eight Gold stone boson.

If the matrix U contains the Gold-stone boson field, so it is matrix representation will be

U(x)=e To (3.1.1)
where
3 70 + \/Lg V21t V2T
o(@) =) Aadale) = | Vor~ -7+ Ln V2K (3.1.2)
a=1 \/§/£_ \/§/£0 —\/lgn

and f, is pion decay constant.

So, effective Lagrangian Lsy is given by,

F2
Lejs = ZO(aMUaMUﬂ. (3.1.3)

So we can show the the effective Lagrangian is invariant under the global Su(3) x Su(3)g

transformation as follows,

15
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U — RUL" (3.1.4)
8,U — 0,(RUL") = 8,RUL* + RUO,L" + RO,UL"

but, 0,R and 0,L" = 0.finally we get

0,U — RO,UL* (3.1.5)

Ut — (RULN)* = LUTR* (3.1.6)

0,U" =0,(LUTRY)=09,LU"R" + LO,UTR" + LU'9,R* = LO,U*R*

but, 0,L and 9,R" = 0,finally we get

9,U* = LO,U*R*U — RUL* (3.1.7)

so, we can show L.y is invariant under the global Su(3), x Su(3)g transformation,

2 2 2

Lepr — %tr(RBMULJrL@uUJrRJF) = %tr(RRJr@MU@MUJF) = %tr(@MUGMUJF) = Leyy.
(3.1.8)

Since trace property Tr(AB) = Tr(BA). So, the Lagrangian is invariant under the global

Su(3)r, x Su(3)g transformation.

We can discuss the vector and axial vector currents associated with the global Su(3); x

Su(3)r symmetry of the effective Lagrangian as follows,we can parametrize infinitesimal

transformation as,

Aa
L=1- z-@g? (3.1.9)
RAa
R=1-iOF = (3.1.10)
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To construct the left current (JV), set ©F = 0 and choose OL(x),

A A A

U— U =RUL" = (1- @(—)57")(/(1 — z‘@Cf?“) =U(1+ z@g?") (3.1.11)
Ut — U =(1- i@f%)UJr (3.1.12)
! . L)‘a . L)\a
00U — U = QU1 +i6, ) + Uid,0, = (3.1.13)
a . )\CL
U — 9,U" =(1— z‘(—)g%)auw - zau@Cf?W (3.1.14)

from the above we obtain for d L.y ;

F? a Aa F3 Aa
0Less = Zotr Uz'@,ﬂf%6MU++8NU(—1'8“@£7U+)] = I%aueftr {7(8MU+U—U+8NU)

F2
§Less = Zoiau@ftr()\aﬁuU+U). (3.1.15)

Since,UtU =1 — 0,(UTU) =0,(1) =0 — 0,UTU = -U"0,U
Then we can calculate the left, right,vector and axial vector currents as follows,
The left is current given by,

8(5Leff FO

2
U _ _ Lo -
Jp = (0,00) i tr(X0,UTU). (3.1.16)

To construct the right current (J%), set ©F = 0 and choose O (z),

A A
U— U =RUL" = (1- i@f%)U(l + z'@f?“) =(1— 2'657“)0' (3.1.17)

Aa
Ut — Ut =U"(1+ i@f?) (3.1.18)

0,U — 9,U = (1— i@f%)@uU —iU9,08= (3.1.19)



Aoy A
0,U" — 9, Ut =0,UT (1 + z’@f?) + ZU+8M@f?.

From the above we obtain for dL.¢y;

2 2

18

(3.1.20)

F, F A A
O0Lesp = Zotr[auUapU+] = Iotr l — Ui@uef§8MU+ + 8NU(2'U+8#857“)]

F? A Aa
= Zoi(?u@ftr { — Uga,ﬁU+ + 8MUU+5]

F o ory [ Aa i +
= —2i0,07tr| S(-Ua,U* +9,UU™)

2 A
= Zoiauéftr {27(@UU+)}

F? Iy
OLepp = Zoiauef”(/\aauUJrU) = —izoﬁuejtr(/\aUauUﬂ.

Since,UU* =1 — 9,(UU*) = 8,(1) =0 — 9,UU*+ = U9, U~

U eff -0 +
Jp = —( OF) = —1—4 tr(AUOUT).

Then we calculate the vector and the axial vector currents as follows,

The vector current is given by,

2

F,
JI =T + I = —ZTO [tr()\aUaﬂUﬂ — tr(A0,UTU)|.

U I + + I +
Jyy =iy tr(A (U0, UT —0,UTU)) :—zItr(Aa[U,auU D).

since, U0, U —0,UU = [U,0,U"]

similarly, the axial vector current can be calculated,

FQ
JU=JY —JV = —ZTO {tr()\aUﬁuUJr) +tr(A0,U"U)

2

J{ = —i%tr(Aa({U, 9,U"})).

since, U0, Ut +0,UTU = {U,0,U"}.

(3.1.21)

(3.1.22)

(3.1.23)

(3.1.24)
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Less is invariant under Su(3), x SU(3)g transformation. This implice that both left
and right currents are conserved. This also implice that the vector and the axial vector

currents are also conserved.

The quark mass components of the QCD Lagrangian can be written as,

m, 0 0
where M =1 0 my 0
0 0 ms,

is a constant matrix that does not transform along with quark fields.

Ly of equation (3.1.25) would be invariant if M transform as,
M — RML* (3.1.26)

let us construct the most general Lagrangian L(U, M) that is invariant under

U— RUL" and M — RML* and expand in powers of M,at lowest order in M,

BB,

Ly tr(MUT +UM™). (3.1.27)

In order to interprate the new parameter By,let us consider energy density of the ground
state (U = Uy = 1),

(Hefg)min = —F Bo(my +mg +m) (3.1.28)

we can verify the above equation by constructing the Hamiltonian density corresponding

to equation F32B° tr(MU*T +UM™) and FT‘?tr(é)uU 0,U™), by defining dynamical field ¢,,

so, the Hamiltonian density will be given by,

H =740, — L (3.1.29)

) - i
T = 8_L = &tr(a—[.]UJr + UaU.
0da 4 00, 9¢a

)
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Therefore,
Tata = F2 tr(¢a (%Jaw + U%%ia ) (3.1.30)
but as we mentioned,
1 2 ig? 4
V=14 = ot = g
rr—1-2_ ¢ & + ...

Fo 2F} G6F3 24F]
From U,we can evaluate the following,

io G+ g9
F 2F2

U:

OU  ide A+ dN

b,  Fo 2F?

oU i9p  ¢p+ o .
%6@5@ ) 25 +.=U

QU+ :
Gg—— ==UT
O
So,equation (3.1.30) can be write as,
F2
Tata = —2tr(UU+ + UU). (3.1.31)
Then the Hamiltonian density will be,
. F2 .. L.
H=rm,0,— L= Z%r(UU+ +UUt) — L (3.1.32)
ES iy, Fo +_ KB +
H= I1t7~(UU+) + Ztr(VU.VU ) — Ttr(MU +UM). (3.1.33)

Hamiltonian density is minimized by constant and uniform fields, determine the minimum

of the last term as follows,

o D {_ 2B,

- 9

ey tr(MU* + UM)] (3.1.34)

¢* P
But. tr(MU™ M) =2tr|M(1 — = 1.
ut, tr(MU™ +UM) r[ ( 2F2+24F51+ (3.1.35)
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0 ¢? ¢! _
8%157’ M(1_2_17§+24F51+"') =tr|M(0—

Aad + B
DR

Aa 3 )\a 2 2 a 3 a
(20 TN H O XOF A | g 35
SAF]

We can parametrize ,

M = mo)\o + mg)\g + mg)\g,

where
My, + Mg + My
moy = )
V6
o My, — Mg
Ty
and
My+m
( 2 d) U
mg =

for final solution, let us use, ¢ = ¢g + ﬁ—; + ?;—2 + ...,organize in powers of FLOZ write

Do = Ap®op,s0 terms proportional to % will be
0

tr[M(Xado + dora)] = tr[M(XaXy + MpAa)] s = tr[(M{ g, Ao} dos

but,{Aa, Ao} = ‘gléab + 2dgp3Ae. Therefore tr[M(A,¢0 + PoAa)| can be given as follows,

4
tr[M()\agbO + ¢0>\a)] = [g(sab(mu + mq + ms) + 4m3dab3 + 4m8dab8]¢0b (3137)

This equation gives eight equation (a = 1.....8) with eight unknown ¢y,

for example if a = 1 the above equation give us the following result,

4 4
[56ab(mu+md+ms)+4m3dab3+4m8dab8]¢Ob = [g5ab(mu+md+ms)+4m3d1b3+4m8d1bs]¢0b =0

but, dipz = 0 and dyps = \/ig, so the above equation can be written us,

A 4 (Megmd) —my 1
[=0ab(My+ma+ms)+4msdips+4msdips| o = [ (My+ma+ms)+4 —

3 3 VERRVE
Therefore

o1 =0

tr[M(Xago + doXa)] = 2(Mmu + ma)dor = 0 = g1 =0 (3.1.38)
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Proceed analogously for remaining cases.= For non-vanishing quark masses

oop, = 0,b = 1...8, Now consider FLSI terms,

1
tr{M[(Aadz + d22a}) = 75 (a0} + P0Xadt + G3Aat0 + 3A)]} = 0

since ¢g =0 ,

tr[M(Aatha + daAa)] = 0 (3.1.39)

Calculation for ¢, as for ¢y above, ¢o= 0. And so on. In total we obtain
¢ = 0 as the configuration minimizing H and thus Eq. (3.1.28). ¢ = 0 is indeed minimum.

Verified by taking second derivative of V as follows,

0*V
m|¢:0¢a¢b >0 (3.1.40)
for all ¢,where V = 2850 (MU + U M)
Compare derivative of Eq. (3.1.28) with respect to m, with corresponding quantity in
QCD
9(0[Hqcn|0)
om,

this implice that 3FZ By = —(qq)

1(0]gq|0)
Imu=ma=m. = =3 (3.1.41)

In order to determine the masses of the Gold stone bosons, we identify the terms of second

order in the fields in L,; as follows,

Ls.b - -

tr(¢°M) + oo (3.1.42)

we can express tr(¢>M) as follows,

tr(¢* M) = 2(my +mg )77 + (my + mg)k Tk + 2(mg + my) x50+
00, 2 0
(My + mg)T 1" + —=(my, — mg)mn +

V3

For the sake of simplicity we consider the isospin-symmetric limit m, = mg = m so that

My, +mg +4ms
Ui

; (3.1.43)

the 7% term vanishes and there is no 7° — n mixing. We then obtain for the masses of

the Gold stone bosons, to lowest order in the quark masses,we obtain

M? = 2Bym (3.1.44)
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M? = By(h + my) (3.1.45)
2
M? = gBo(m + 2m). (3.1.46)

n

Gell-Mann-Okubo mass formula can be expressed as,
AM? = 4Bo(m + my) = 2By (1 + 2m) + 2By = 3M; + M

AM? = 3M} + M. (3.1.47)

this equation is independent of B,.

Finally Gell-Mann-Okubo mass formula is independent of Bj.



Chapter 4

Effective Lagrangian and Weinberg’s
power counting scheme

Perturbative calculation in effective field theory require two main ingredients;
e knowledge of the most general effective Lagrangian and
e consistent expansion scheme for observables

The effective Lagrangian can be written as,
Legg= Lo+ Ly+ Lg + ... (4.0.1)

where, the subscripts refers to order in momentum and quark-mass expansion, for exam-

ple index 2 refers two derivatives or one quark-mass term.

4.1 Construction of effective Lagrangian

We have derived the lowest order effective Lagrangian for global Su(3), X Su(3)z symme-
try. Now we can construct the effective Lagrangian for local Su(3);, x Su(3)g symmetry
by taking the Goldstone boson in special unitary matrix,

ig(x)

U(x)e Fo . (4.1.1)

If U transform as U — U'=VRyUV,, where Vi and V; are independent space-time

Dependant Su(3)r x Su(3g)matrix.

24
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The transformation behavior under G = Su(3); x Su(3g) will be,
U— VRUV. (4.1.2)
Let an object A transform as VpAV;" this implice
A S VAV, (4.1.3)
And its covariant derivative transform as,
D,A = 0pA —ir,A+iAl,

= Ou(VRAV") — i(Vrr, Vi + iVROuVE ) (VRAVT) + iVR AV (VLI VT L + iV, ouV;h)
= OUVRAV +VROpAV + VR AOuV," —iVrr AVE —OuVR AV + IVR AluV,m — Ve AouV;
D,A = Vg(OuA —ir, A+iAl,)V;" = Vr(D, AV, (4.1.4)

So,we can say from here, covariant derivatives should transform as object it acts on. Since
the effective Lagrangian contain high powers of derivatives, we should also need the field

tensor F lfy and F),, corresponding to the gauge fields,which is given by
FR = 0ury — Oyry — ilry, 1] (4.1.5)
and its transformation can be given as,
FE S vy [aﬂry — Oyry — ilr,, ’r’l,]] Vi = VaFR VY (4.1.6)

similarly,

Fr S {auly — Ol — il ly]} ViE=VRELV! (4.1.7)

The trace of the gauge field tensor can be given by,

tr(Fr)=Fn)=0. (4.1.8)
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because,the trace of any commutator is zero and tr(l,) = tr(r,)=0.

The construction of the effective Lagrangian interms of U, Ut, X, X, F /f,, F ,fu and covari-

ant derivatives of these objects proceed as follows.

Suppose we have matrices A,B.... all of which transform as,
A S VAV (4.1.9)

B 5 VpBV; (4.1.10)

we can form the above two equation invariant by multiplying in the following way,
tr(AB™) = tr[VRAV, (V + RBV;" ) "] = tr(VRV4 AV VL. BYV)
but VeVi= V" V=1, therefore,
tr(ABY) = tr(ABTY). (4.1.11)

So, the product of invariant trace is also invariant.

In the chiral counting scheme the element count as,

U=0(q")
DU = O(q)
ru, by = O(q)
i =0(d%)

Any additional covariant derivatives count as O(q),that means each covariant derivatives
produces a power of ¢,s0 the construction of chirally invariant expressions up to and
including order of ¢? proceeds as follows.

At ¢" the only invariant term is a constant,which is

tr(UUY) = tr(1) = constant. (4.1.12)



and because of
tr(DpUU™) =0,
Therefore, at O(¢?),we have the following,
tr(D,D,UU") = —tr[D,U(D,U)"]
tr[D,U(D,U)* = tr[U(D,D,U)* = —tr[D,U(D,U)*
tr( /ﬁ,) = tr( uv) = 0.
We can show tr(D,UU") = 0 as follows,

First we can write

D, UU" =-U(D,U™)
tr(D,UUY) =trl0,UU" +iULUY +iUlL, U]
since the covariant derivatives ofD, A
D,A=0,A—ir,A+1Al,,
similarly,the covariant derivatives of D, UU" is given by,
D,UU* =[9,UU* —ir,UU" +iULU"]

then

tr(DUU) = tr[0,UU* — iryUU* + iULU"]
= tr[0,UU"| — trlir,UU] + trliUl,U"]

as we have mentioned before, tr[0,UU"]| = 0 and tr(r,) = tr(l,) =0,
Therefore,

tr(D,UUY) = 0.
Now we can write the lowest order effective Lagrangian as,

2 2
Ly = JjTOtr[DMU(DMU)ﬂ + {Totr[xw +UXT).
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(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)
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4.2 Weinberg’s power counting scheme

How do different diagrams compare?

The behavior of a given diagram analyze under;

e linear rescaling of all external momenta,

e quadratic rescaling of light quark mass and Goldstone mass.

Linear rescaling of all external momenta can be expressed as,
i — tp; (4.2.1)
and quadratic rescaling of light quark-mass and goldstone mass given as follows,respectively,
m? — t*m? (4.2.2)
M? — * M. (4.2.3)
So, the chiral dimension D of a given diagram with amplitude M (p;, m,)is defined as
M (tp;, t*my) = tP M (p;, mq). (4.2.4)
The chiral dimension D can be given by

D = nN; — 2N, + Z 2k Noy.
1

D=2+ (n—2)N,+ i 2(k — 1) Ny (4.2.5)

Where, n, Ni, Ny and Ny are number of space-time dimension, independent loops,

internal goldstone boson line and vertices from Loy, respectively.

Perturbative scheme interms of external momenta and quark mass(meson mass), which
are small compared to some scale, for example consider the following figure, if n=4 what

will be the chiral dimension D?



Figure 4.1: Loop Diagram for n=4

D:nNL—2N1+ZZkN2k:4><2—2><3+2><2:6
1

or

D=2+ (n-2)Ny+ > 2(k—1)Ny=2+2x2+(2-2) x2=6.
1

similarly we can consider the following figure

Figure 4.2: Loop Diagram for n=4

D=4x2—-2x3+1x2+1x4=28.

29

(4.2.6)

(4.2.7)

(4.2.8)
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If we consider the following figure the chiral dimension D will be

Figure 4.3: Loop Diagram for n=4

D=4x4-2x5+2x2=10. (4.2.9)

Then the scaling behavior of the contribution to M of a given diagram ,its chiral dimension
will be

D=4+2N;+ )  Npn(2n—4). (4.2.10)

n=1

The relation between number of independent loops,number of internal lines and total

number of vertices are related by
Np = N; — (Ny — 1). (4.2.11)

because of each of the Ny vertices generate delta function , after extracting one over

all delta function,this yields Ny — 1 condition for the internal momenta, using

Ny = Ny, (4.2.12)
we can put D as follows by using equation number (4.2.10),(4.2.11) and 4.2.12),

D=4+2N;+ Y Npu(2n—4) =4+ 2N, + 2Ny —2+ Y Ny, (20— 4)

n=1

=2+42N,+ Y Nop(2n—4+2) =2+2N + > Noy(2n —2)

n=1 n=1

Therefore,

D=2+2Np+ Y Nou(2n—2). (4.2.13)

n=1
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4.3 Application at lowest order and pion decay

Let us consider two example at lowest order D=2 in equation

D = 242N, + > 77 2(n — 1)Ny,,we need only to consider a tree level diagram with
vertices L.

Pion decay is deals with the weak decay 7t — p*v,, which allow us to relate the free
parameters Fy of Ly to the pion decay constant.

Pion decay is described by the annihilation of a u quark and a d anti-quark,forming the
7T,into a W boson,propagation of the intermediate W+ and creation of the leptons u*

and v, in the final state,considerfollowing figure the

I

Figure 4.4: pion decay

From the above we observe that the interaction of massive charged weak boson W can

coupling with leptons, then the coupling of W boson to the leptons given by,

g 7 .
L==37 [W:Vﬂ”(l —s)p + W (1~ %M} : (4.3.1)

Then the coupling of W boson to the Goldstone bosons is given by,

F_O2 + _ F_02 : + _ ot
LtrDU(DU)T = 2t |(0,U +iUL) QU — il U™)

F2
=t {GMU6HU+ — 0, UL U +iUL,0,U" + UluluU’L}

.F2
_ ZTOtr[luauUJ“U] Fo
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since,
Uto,Uu =-0,U"U
but,
0,U" = 0,(cH) T =, 7H) = T
2,U"U = —z'a%:)beFic>¢(3:“$0S = %9:@1)

Therefore,the above equation becomes,

F2 1% F
-QWWAQﬁﬁzifwmmUW}% ....... =3

1 tr(l,0,¢]. (4.3.2)

We can express the QCD lagrangian with coupling to external field by setting,

g _
ry =0 (4.3.4)
Where,
0 Vud Vus
T, =10 0 0 (4.3.5)
0 O 0
0 00
T =|Vy 00 (4.3.6)
Vs 0 0

Therefore,the above equation becomes,

g Fo _

but,

70+ \/% Vort V2Kt
d=1 V2~ -+ \/Lgn V2K
V2~ V2R~
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then to simplify the above equation,first we have to calculate,

0 Via Vs w42 Vot V2Rt
tr(T.0,0] = tr[ 0 0 0 |0, V2r— —n+ \/%7] V20
0O O 0 V2K~ V/2k0 —\%n
tr(Ty0,0) = VauaV20,m~ 4 Viee V20,57 (4.3.8)
Similarly,we can calculate,
0 00 w4+ g Vet V2Rt
tT[T_anb] = tT|: Vud 0 0 8;4 \/§7T_ —70 + \/Lgn \/§I<LO
_ 0 2
Vs 0 0 V2K V2K — 5N
tr[T_0,0] = VaaV20,1" + Vs V20,5 (4.3.9)

where V,4 and V,, is areal.

Therefore,the interaction Lagrangian can be given by,

F
Lwvs =9 [W: Vi ™ + Vis V20,571 + W, [VaaV/20,m% + Vusc‘mﬂ - (43.10)

The feynman rule for the invariant amplitude for the weak pion decay,

: 9 7 5\i/+ | ; 9o Fo -
M =i| — U, (1—~")V — 02V (—inP
Z{ 22 ( ) K }ZM%,Z{ 9 2 wi(=ip )}

= —GpVuaFot,p(1 — )V (4.3.11)

m

Where p denotes the four momentum of the pion and

2

g
Gp=—2 1.3.12
SWGIVE (4.3.12)

is the fermi constant.

The evaluation of the decay rate is given in this book[6],s0 here we only quote the final

result,
1 G4V M?
S 2R L P2AL ML (1 — —)2, 4.3.1
T A7 0 MM, Mg) (4.3.13)

The constant Fj is referred to as a pion decay constant in chiral limit.



Chapter 5

Conclusion

In this paper we have studied chiral perturbation theory is a cornerstone of our under-
standing of the strong interaction at low energies.
This implice that mesonic chiral perturbation theory has been extremely successful and

may be considered as a full grown and mature area of the lowest energy physics.

Chiral perturbation theory(CHPT) is the effective field theory of quantum chromodynam-
ics(QCD) at low energies. The basis of CHPT is the global Su(3), x Su(3)r symmetry
of the QCD Lagrangian. Chiral perturbation theory provides a systematic framework for
investigating strong interaction process at low energies. Quarks are spin % fermions with
six different flavors in addition to their three possible colors. Left and right handed quark

fields can be expressed interms of chiral matrices.

QCD Lagrangian posses a Su(3); x Su(3)g symmetry group under chiral limit. The
charge operators do not form the closed algebra,that is the commutator of two axial
charge operator is not again an axial charge operators.The effective Lagrangian should be
invariant under global Su(3)r x Su(3)g. This implice that both left and right currents
are conserved. This also implice that the vector and the axial vector currents are also

conserved.

The behavior of a given diagram of Weinberg’s power counting scheme analyze under,

34
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e linear rescaling of all external momenta,

e quadratic rescaling of light quark mass and Goldstone mass.

Pion decay is described by the annihilation of a u quark and a d anti quark,forming the
7t,into a W+ boson,propagation of the intermediate W+ and creation of the leptons u*

and v,,.
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