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ABSTRACT 
 

In this project we study the existence of some positive, periodic solutions of systems of 

functional differential equations. In the first topic we introduce the delay differential equations 

from the simple ordinary differential equation. In the second topic we apply a cone theoretic 

fixed point theorem and determining values for    obtains conditions for the existence of 

positive periodic solutions of the system of functional differential equations.  

In the third topic we see the existence of periodic solutions for a single species model. 

Exponential and logistic growth models are the most common. But in this topic we would like to 

study a class of differential equation models for single species that involve a time delay. In 

particular, we are interested to determining the existence of periodic solutions in periodic 

equations and in delayed lotka-volterra type equations for single species. 

Lastly we mainly concern on the global existence of periodic solutions in delayed multi-species 

models due to delays and/or periodicity. We will present the global existence result of periodic 

solutions in a class of delayed autonomous Gause-type predator-prey systems. Secondly, we 

present an existence and uniqueness result on periodic solutions in a class of delayed periodic 

systems. 
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1. INTRIDUTION 
The simplest model for the growth, or decay, of a population says that the growth rate, or decay 

rate, is proportional to the size of the population itself. Increasing or decreasing the size of the 

population results a proportional increase or decrease in the number of births and deaths. 

Mathematically, this is described by the initial value problem of ordinary differential equation. 

1)0(,  yky
dt
dy

 

from this IVP we get the exponential solution 

ktety )(  

From this solution the knowledge of the present (here: y(0)=1) allows us to predict the future at 

any time t. The past is not involved in this solution. We illustrate a delay differential equation 

(DDE) from an ordinary differential equation (ODE) by considering the above linear first order 

ordinary differential equation. But when we use a DDE, the past time exerts its influence on the 

present and, hence, on the future. The following DDE 

01)(,)(  twhentytky
dt
dy   

exhibits a right hand side that depends on y at time  .t is called the delay or time lag. For an 

ordinary differential system, a unique solution is determined by an initial point in Euclidean 

space at an initial time ot . For a delay differential system, one requires information on the entire 

interval ],[ oo tt  .  Moreover, the initial condition is now replaced by an initial function defined 

on a finite interval of time. The delay differential equations (DDEs) are a type of differential 

equation in which the derivative of the unknown function at a certain time is given interms of the 

values of the function at previous times. 

A general form of the time-delay differential equation for nRtx )(  is 

)),(,()()( txtxtf
dt

tdxtx 

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where }:)({ txxt    represents the trajectory of the solution in the past. In this equation, f is a 

functional operator from nnn RtoRCRR )],0,([1  . 

We can see same examples of DDEs 

1) Continuous distributed delay 

))()(),(,()(
0






  dtxtxtftx  

2) Discrete constant delay 

0...))(.,.),.(),(),(,()( 121 


nn fortxtxtxtxtftx  . 

The most fundamental Functional Differential Equation (FDE) is the linear first order Delay 

Differential Equation, 

0,)()()()()( 21 


tfortxtatxtatx  . 

DDEs and FDEs are often used as modeling tools in several areas of applied mathematics, 

including the study of epidemics, age-structured population growth, automation, traffic flow and 

problems related to engineering of high-rise buildings for earth quake protection. 

We consider the initial value problem  

                                                         
)()(

,),()(
 




ot

ot

txx
ttxtftx

o

                                                      (1.1)   

where )],0,([)( nRC    represents the initial point or initial data and ]0,[,)(   txxt

, is a function belongs to the Banach space )],0,([0 nRCC   of  continuous functions mapping 

the interval nRoint]0,[  . 

Equation (1.1), also called the volterra functional differential equation includes both distributed 

delay differential equations, where f depends on x computed on a continuum, possibly 

unbounded (  ), set of past values, and discrete delay differential equations, where only a 

finite number of past values of the state variable x are involved. 
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The initial value problem (1.1) will be expressed in a more friendly manner by 

                                    o

on

ttttx
ttfortxtxtxtxtftx






,)()(
))(.,.),.(),(),(,()( 21


                       (1.2) 

Here, according to the complexity of the phenomenon, the delay (or lags) i , which always are 

nonnegative, may just be constants (the constant delay case), or functions of t, )(tii    (the 

variable or time dependent delay case), or even functions of t and x itself, ))(,( txtii    (the 

state dependent delay case). In order to simplify the notation, the function )(t   is understood to 

be defined in ],[ ot , where )}(min{min
1 ittni

t
o

 


. 

In particular, for state dependent delays, the bound  cannot be determined a priori. An 

interesting and quite common case is given by 02 1  andn   for which (1.2) takes the 

standard form 

                                                       o

o

ttttx
ttfortxtxtftx






,)()(
))(),(,()(




                                     (1.3) 
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2. POSITIVE PERIODIC SOLUTION OF SYSTEMS OF FUNCTIONAL 
DIFFERENTIAL EQUATIONS 

In this section we apply a cone theoretic fixed point theorem and obtains conditions for the 

existence of positive periodic solutions of the system of functional differential equations 

                                                      )))((,()()()( ttxtftxtAtx  


                                        (2.1) 

We are concerned with determining values for   so that the system of functional differential 

equations (2.1) has a positive periodic solution.  

The matrix 

)](,...),(),([)( 21 tatatadiagtA n , RRRRCa j  :,),(  ,                                                        

are continuous and  -periodic, j = 1, 2, . . ., n with  >0.  

The function nn RRRf  :  is continuous, where 

n
n

n xxxR ),...,,( 21  and }.,..,2,1,0:).,..,,{( 21 njxRxxxR j
nn

n
n  . 

We denote BC the normed vector space of bounded functions nRR :  with the norm 


 


n

i
j

Rt
t

1

|)(|sup||||   where T
n ),..,,( 21   . For each nT

n Rxxxx  ).,..,,( 21 , the norm of x is 

defined as 



n

j
jo xx

1
|||| ; where we say that x is “positive” whenever nRx  . 

Definition2.1: Let X be a Banach space and K be a closed, non-empty subset of X. K is a cone if  

i)  0 andKuif , then Ku  

ii) 0 uthenKuandKuif . 

Definition2.2: A vector function nRRx :  is called periodic  solution of the system (2.1) 

if it is absolutely continuous, periodic with the period , i.e. 

)()( txtx  , 

 and satisfy the system (2.1) almost everywhere on R. 
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Theorem2.1[] (krasnosel’skii) Let B be a Banach space, and let P be a cone in B. Suppose 

21  and  are bounded open subsets of B such that 2110   and suppose that  

PPT  )\(: 12  

is completely continuous operator such that 

i) 21 ,||||||||,,||||||||  PuuTuandPuuTu  ; or 

ii) 21 ,||||||||,,||||||||  PuuTuandPuuTu , 

Then T has a fixed point in )\( 12 P . 

Definition2.3: An operator EE: A , for a Banach space E, is said to be completely 

continuous if it maps an arbitrary bounded set into a compact set. 

Definition2.4: Let X be a metric space. XM  is said to be precompact if for every 0 , there 

is a finite subset J of M such that ),( 


B
J

M .  

We denote T
nfffff ).,..,,,( 321  and assume  

(H1)       


0

,...,2,10)( njfordssa j . 

Define the set C  by 

}),()(:),({ RttxtxRRCxC n   . 

Then it is clear that C BC when it is endowed with supremum norm 





n

j
ojxx

1
|||||||| , where |)(|sup||||

],0[
txx j

t
oj


 . 

Next, we consider the scalar differential equation 

                                          )))((,()()()(  ttxtftxtatx 


,                                                 (2.2)          

where  is constant, RRRRCa  :,),(   are continuous and ω-periodic with 0 . The 

function RRRf :  is continuous and ω-periodic in t.  
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Lemma2.1: Ctx )(  is a solution of (2.2) iff 

                                           












 
t

t

t

s dsssxsf
duua

duua
tx )))((,(

1))(exp(

))(exp(
)(

0

                           (2.3) 

Now, we define the cone K and the Green’s function G(t,s) for equation (2.1). 

For 2),( Rst  , nj ,...,2,1 , we define 

                                               },...,2,1),|)(|2min{exp(:
0

njdssa j  


 ,                                (2.4) 

                                                
1))(exp(

))(exp(
),(

0









dvva

dvva
stG

j

t

s
j

j                                                     (2.5) 

We also define 

)],(,...),,(),,([),( 21 stGstGstGdiagstG n . 

From (2.5), we have 

1))(exp(

))(exp(

1))(exp(

))(exp(
),(

0

0
































dvva

dvva

dvva

dvva
stG

j

t

s
j

j

t

s
j

j

 

                                       

),(
1))(exp(

))(exp(

0

stG
dvva

dvva

j

j

t

s
j









  
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It is clear that ),(),(   stGstG  for all 2),( Rst   and, by (H1) and the assumption on f  

we have,  

0)))((,(,0),(  uuufstG jj   

for 2),( Rst   and ),(),( nRRBCRu  . Let K be the set defined by 

}),...,,(],,0[||,||)(:{ 21
T

njj xxxxtxtxCxK   . 

To verify that K is a cone, firstly we assume that 0 andKx  we have ||||)( jj xtx  , then 

||||||||)( jjj xxtx     or ||||)( jj xtx    

Secondly we assume that KxandKx  , then ||||)( jj xtx   and ||||)( jj xtx 

respectively. But these two inequality are true when 0jx . This implies 0x . Thus K is a 

cone.   

Now, we are in a position to define an operator KK :  as  

                                        







t

t

dsssxsfstGtx )))((,(),())((                                          (2.6)  

 for ),(,, stGwhereRtKx   is defined following (2.5). We denote T
n xxxx ),...,,()( 21   . 

Before we proceed any further we state the followings: 

                                                               10

0

|)(|

|)(|















duua

duua

j
j

j

e

eA                                                        (2.7) 

                                                             10

0

|)(|

|)(|












duua

duua

j
j

j

e

eB                                                          (2.8)  

 for nj ,...,2,1 . It is easy to see that for j = 1, 2, . . ., n, 

jjj BstGA  ),(  
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for all ],[  tts  . 

If we set jnjjnj
BBandAA




11
maxmin , then njforBstGA j ,...,2,1),(  . 

Lemma2.2: If ))(( tx  is given by (2.6), then KK :  is completely continuous. 

Proof: For each Kx , since )))((,( ttxtf   is a continuous function of t, we have ))(( tx  is 

continuous in t and  












2

)))((,(),())((
t

t

dsssxsfstGtx  

                                                             







t

t

dsssxsfstG )))((,(),(  

                                                              
))(()))((,(),( txdsssxsfstG

t

t




 


. 

Thus,  Cx )(  . Next we show that )( x  is continuous. For  C, ,   ||||  imply  





 j

jj
s nB

sssfsssf 


|)))((,()))((,(|sup
0

. 

If  ||||, yxwithKyx , then 

n

tttftttfB

dsssysfssxsfstGtytx

jj
t

j

t

t
jjjjj






















|)))((,()))((,(|sup

|)))((,()))((,(||),(||))(())((|

0
 

for all ],0[ t . These yields  

n
tytx ojj

  ||))(())((||  

Thus,   ||))(())((|| tytx . 

Hence,   is continuous. For Kx , let  
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dsssxsfstGtx jjj  



0

)))((,(),(|))(( . 

Then, 

dsssxsfBtx jjj  



0

|)))((,(|))((  and 

          
njxx

B
A

dsssxsfAtx

ojoj
j

j

jjj

.,..,2,1,||||||||

|)))((,(|))((
0



 






 

Therefore, Kx )( . 

Next, we see that f  maps bounded sets into bounded sets. Indeed, let 1 . For any 0 , there 

exist 0  such that yx, BC,   ||||,||||,|||| yxyx  imply 

1|)))((,()))((,(|  ssysfssxsf   

for ],0[ s  . This leads   

0,|)))((,(|  MforMssxsf  . 

It follows from dsssxsfBtx jjj  



0

|)))((,(|))(( that for ],0[ t ,       





n

j
j

t
txx

10
|))((|sup|||| 


dsssxsfB jj

n

j
 






01

|)))((,(| MB  

Finally, for Rt  we have 

)))((,(),()))((,(),())(( ttxtfttGttxtfttGtx
dt
d    

                                )))((,()],(),([ ttxtfttGttG    

                                )))((,( ttxtf  . 

Then we obtain  
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Mtx
dt
d

|))((|   

Hence, }||||,:){(   xKxx is a family of uniformly bounded and equicontinuous function on

],0[  . Thus, the function  is completely continuous. 

Now we are ready to state and proof our results. Before we proceed we state the following:  

                   (L1)    lim  0jx j
j

j l
x

ssxsf


 )))((,( 
, uniformly in s with  jl0 , and 

                   (L2)    lim jx j
j

j L
x

ssxsf


 )))((,( 
, uniformly in s with  jL0  

for nRx . For notational convenience, we let 

jnjM LL



1
max ,  jnjm LL




1
min ,  jnjM ll




1
max ,   jnjm ll




1
min  and |),(|max|),(|

1
stGstG jnj

 . 

Theorem2.2[3]: Assume that (H1), (L1), and (L2) hold. Then, for each   satisfying  

                                                   Mm BlAL 



11

                                                                (2.9) 

 (2.1) has at least one positive periodic solution. 

Proof: We construct the sets 21  and  in order to apply Theorem2.1. Let   be defined by 

(2.9), and choose 0  such that 

)(
1

)(
1




 


 Mm lBLA
. 

By condition (L1), there exists 01 H  such that jMjjj ylylytf )()(),(   , for 

10 Hy j  . 

Define }.,..,2,1,||:||{ 11 njHxKx oj   and assume 1Kx . Then  

dsssxsfBtx jj  



0

)))((,())((  
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                                                         dsssxsxlB jj  



0

)))((,()(    

                                                         ojj xlB ||||)(    

                                                         ojojM xxlB ||||||||)(    

In particular, ojoj xx ||||||||  ,  and 

                                  
||||||||||||||||

11
xxxx

n

j
oj

n

j
oj  




 
for all 1Kx .                      (2.10) 

Next we construct the set 2 . Considering (L2) there exists 2H  such that  

      jmjjj yLyLytf )()(),(   , for all 2Hy j  .  

Let },2max{ 2
12 

HHH   and set }.,..,2,1,||:||{ 22 njHxKx oj  . 

If Kx  with 2|||| Hx  , then 2|||| Hxx jj   . 

Thus 

dsssxsfAtx jj  



0

)))((,())((  

                                                         ojm xLA ||||)(   . 

Hence,   

ojoj xx ||||||||  , and 

                         
||||||||||||||||

11
xxxx

n

j
oj

n

j
oj  




 
for all 2Kx                                (2.11) 

Applying (i) of Theorem2.1 to (2.10) and (2.11) yields that   has a fixed point )\( 12 Kx

. This completes the proof. 

Theorem2.3[3]: Assume (H1), (L1), and (L2) hold. Then, for each   satisfying  
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                                                        Mm BLAl 



11

                                                         (2.12) 

  (2.1) has at least one positive periodic solution. 

Proof: We construct the sets 21  and  in order to apply Theorem2.1. Let   be given as in 

(2.12), and choose 0  such that 

)(
1

)(
1




 


 Mm LBlA
. 

By condition (L1), there exists 01 H  such that jmjjj ylylytf )()(),(   , for 10 Hy j  . 

Define }.,..,2,1,||:||{ 11 njHxKx oj   and assume 1Kx . Then  

dsssxsfAtx jj  



0

)))((,())((  

                                                         ))(()( stxlA jm      

                                                         ojm xlA ||||)(    

                                                         ojx |||| . 

In particular, ojoj xx ||||||||  ,  and 

                                 
||||||||||||||||

11
xxxx

n

j
oj

n

j
oj  




 
for all 1Kx .                      (2.13) 

Next we construct the set 2 . Considering (L2) there exists 2H  such that  

jMjjj yLyLytf )()(),(   , for all 2Hy j  . 

We consider two cases; ),( ytf j  is bounded and ),( ytf j  is unbounded. The case where ),( ytf j  

is bounded is straight forward. If ),( ytf j  is bounded by 0 , set  

},2max{ 12 BHH  . 

Then if 2|||| HxandKx o  , we have 
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dsssxsfBtx jj  



0

)))((,())((  

                                                                ojxB ||||  . 

Consequently, ojoj xx ||||||||  , and hence |||||||| xx  . 

So, if we set }.,..,2,1,||:||{ 22 njHyKy oj  , then 

                                    |||||||| xx  , for 2Kx                                                               (2.14) 

When f  is unbounded, we let },2max{ 212 HHH   be such that ),(),( 2Htfytf jj  , for 

20 Hy j   . For  2|||| HxwithKx oj  , 

dsssxsfBtx jj  



0

)))((,())((  

                                                         
dsHsfB j




0

2 ),(  

                                                         
dsHLB j 




0

2)(  

                                                         ojojM xxLB ||||||||)(   . 

Consequently, ojoj xx ||||||||  ,  which implies that  

||||||||||||||||
11

xxxx
n

j
oj

n

j
oj  




    
 

So, if we set  }.,..,2,1,||:||{ 22 njHxKx oj  , 

then, 

                                             |||||||| xx  , for 2Kx                                                      (2.15) 

Applying (ii) of Theorem2.1 to (2.14) and (2.15) yields that   has a fixed point 

)\( 12 Kx . Also, applying (ii) of Theorem2.1 to (2.13) and (2.15) yields that   has a 

fixed point )\( 12 Kx . This completes the proof.                                                     
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3. PERIODIC SOLUTIONS IN SINGLE SPECIES MODELS 
A single-species population growth model is considered, where the growth rate response to 

changes in its density has a periodic delay. It is shown that if the self-inhibition rate is 

sufficiently large compared to the reproduction rate, then the model equation has a globally 

asymptotically stable positive periodic solution. In this topic, we discuss about the global 

existence of periodic solutions in periodic equations and in delayed lotka-volterra type equations 

for single species. 

3.1. GLOBAL EXISTANCE OF PERIODIC SOLUTIONS IN  

))(())1(()( txgtxftX 


 

In this section, we establish the global existence of periodic solutions of  

                                                     ))(())(()( txgtxftx 


                                                 (3.1) 

which is a special case of the general non-linear delay equations 

))(()()(()( txgsdstxftx
r

 




 
 . 

Our approach can be easily modified to cover the equation 

                                                 ))](())1(()[()( txgtxftxtx 


.                                              (3.2) 

H1a) )(xf is strictly decreasing, ,0)0( f lim௫→∞ (ݔ)݂ = 0  

H1b)  ;0)0( f  there is an 0Mx , such that (.)f  is strictly increasing in ],0[ Mx  and strictly  

decreasing in ],[ Mx ; lim௫→∞ (ݔ)݂ ≥ 0. 

A1) )(xf  satisfies (H1a) or (H1b) with 1 xxM . 

For convenience, we denote 0Mx  when f satisfies (H1a). In the following, we also assume  

A2)  There is an ]1,[*
Mxx   such that )()( *

* xgxf  , where ))(( *
1* xfgx  . 
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                                                            )( *xf                                )(xg      

                                                                                )( *xf          

                                                                           

                                                            )( *xg                                        )(xf   

                                                     Mx *x          ))((1* xfgx              

                                        Fig3.1. )))((( *
1 xfgf   implies that is ],[ *

* xx  invariant. 

Lemma3.1:  Assume that )(xf in (3.1) satisfies (A1) and (A2), and ],[)( *
* xxsx   for 

],[ otts  . Then ],[)( *
* xxtx   for ott  . 

Proof: Let *0 xxo   such that, for ],[ *xxx o , )()))((( 1 xgxfgf  . If the lemma is false, 

then there are two cases we consider: 

i) There is 0*)('*),,()(*)(,*)(,* *
*  txandtttforxtxtxxtxxtt ooo  ; 

ii) There is 0*)('*),,(*)()(,*)(,* *
*  txandtttfortxtxxxtxtt oo  . 

We consider the first case (i). Since **)( xtx  , 0*)(' tx , we have  

                                                                *))(())*(( txgtxf                                                 (3.3)     

Since ]1,0[)()(  xforxgxf , and 0)(' xg , (3.3) implies that 1)*( tx . If *)*(1 xtx  

, the monotonicity of )(xf  for  Mxx   together with (A2) imply 

                                                      )()())*(( *
* xgxftxf                                         

And the monotonicity of  )(xg  gives as  

                                                   *))(()())*(( * txgxgtxf                                                    
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a contradiction to (3.3). 

Assume now the second case (ii) holds. We have 0*)(' tx  implies that 

*))(())*(( txgtxf   

The monotonicity of )(xg implies that 

        )()))((()())*(( **
1* xfxfggxgtxf                 

Now the monotonicity of  )(xf  for Mxx  clearly indicates that 

*)*( xtx  , 

Which contradicts our assumption  *)()(* txtxx   for *ttto  . This completes the proof 

of lemma3.1. 

In the rest of this section we assume that the initial condition for (3.1) satisfies                                                      

*
* )(],0,[),()( xsxsssx    

and )],0,([)( RCs    . Lemma3.1 thus implies that *
* )( xtxx   for 0t . Clearly, in 

],[ *
* xx , both )()( xgandxf  are strictly increasing. Without loss of generality, may assume in 

the following that  )(xf  satisfies (H1a). Also, for convenience, we assume that 1 . Equation 

(3.1) thus reduces to  

                                                       ))(())1(()( txgtxftx 


                                                  (3.4) 

We denote )1(',)1(' gf   .we first linearized the functions ))(())1(( txgandtxf   by 

Taylor series expansion at 1x  we get  

)1()1(')1(')1()1(')1()1)1()(1(')1())1((  txfftxfftxfftxf  

                    )()1(')1(')()1(')1()1)()(1(')1())(( txggtxggtxggtxg   
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Then, the linearized equation of (3.4) at 1x , takes the form 

                                                       

.

)()1()( txtxtx  


                                                        (3.5) 

It has the characteristic equation  

                                                      0  e                                                                    

(3.6) 

We note that 0,0   . 

Lemma3.2: Let   , where  is the smallest positive solution of   

                                                   0cos 22                                                             (3.7) 

Then (3.6) has a solution   Im
2

,0Rewith  .  

In order to present our main results, we need the following notations 

 ]},[:)('max{ *
* xxxxgV                                                                                                       (3.8) 

  0)1)((,)(,1)1(,:)({ *
*  vses

ds
dxsxCsK 

 
 for ]0,1[s }                                  (3.9)                                                                                                

}1{\1 KK  ,                                                                                                                             (3.10)   

where 1 is the function 1)( s , ]0,1[s . It is easy to see K is a closed, bounded, and convex 

subset of the Banach space  RC ],0,1[  with the standard supremum norm || . ||. This set is 

crucial importance in the proof of the following theorem, which is the main result of this section. 

Theorem3.1[1]: Assume (A1) and (A2) hold, and },1max{   . Then equation (3.4) has a 

non constant periodic solution )(tx  with period greater than 2, and that satisfies *
* )( xtxx  . 

Roughly, our approach involves showing that the initial conditions near 1 in K are taken away 

from it, and those away from it tend in some sense to approach it(with the help of lemma3.1). 

This leads to the existence of non constant fixed points of an operator A of the form
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),(.  xA  , where )(   is a non negative number (to be defined), andK,  

]0,1[),,(),(  ssxsx  . 

The primary tool available for proving the existence of periodic solutions is the theorem below 

from nonlinear functional analysis. Before stating the theorem, we need to define what it means 

for a fixed point of a map to be ejective.  

Definition3.1[4]: Suppose B is a Banach space, U   B, and x is a given point in U. Given a map 

}{\: xUA  B, the point Ux  is said to be an ejective point of A if there is an open 

neighborhood G  B of x such that for every xyUGy  , , there is an integer 0)(  ymm  

such that UGyAm  .  

Intuitively, a point is ejective if it is surrounded by a neighborhood of points, which the map will 

sent outside the neighborhood eventually. We now state the theorem we apply in this topic and 

the next topic. 

Theorem3.2[4]: If K is a closed, bounded, convex, and infinite dimensional set in a Banach 

space X, and KxKA o }{\:  is completely continuous, and Kxo   is ejective, then there is a 

fixed point of A in }{\ oxK . 

Theorem3.3[1]: suppose the following conditions are satisfied: 

i) There is a characteristic root   of Eq(3.6) satisfying 0Re   

ii) There is a completely continuous function 0),,[}{\:   oxK ,such that the 

map A defined by 

}{\,)()( oxKxA    , 

Takes }{\ oxk  into K and is completely continuous.  

Then ox  is an ejective point of A.  

Lemma3.3: Assume that all conditions of Theorem3.1 are satisfied and 1),,()( Ktxtx   , is a 

solution of (3.4). Then the following hold: 
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1) There is a sequence 
1}{ iiz  , ...0 21  zz  such that iii zzzx  1,1)( , i=1,2,….. 

2) .....,3,2,1,0)(,0)( 2

.

12 



Kforzxzx kk  

3) The function )1)(( txevt  is non-increasing on each of the intervals )1,( 1212  kk zz  and 

non-decreasing on each the intervals )1,( 22 kk zz , for k = 1, 2, 3,…. 

4) There is a constant 0q  such that, for ,K  qz 2 .     

We are now ready to define the operator KKA :  as  

                                 1)1(,],0,1[,),,1)(())(( 12  AKsszxsA                     (3.11) 

 Lemma3.4: The mappings )(2  z  of  1K  into ),1(   and KKA :  are completely 

continuous. 

Proof:- The continuous dependence on the initial data together with the fact that ,0)),(( 1

.
zx  

0)),(( 2

.
zx  clearly indicates that if ||||    is very small, then the function ),( tx  has two 

zeros 
_

2

_

1 , zz  very close to )(),( 21  zz , and 0),(,0),(
_

2

.

1

_.
  zxzx , and cannot have any other 

zeros for 
_

2zt  . The complete continuity follows from the fact that 12 )( Kforqz   .The 

continuity of A follows from the continuity of )(2 z  and again the continuous dependence on 

the initial data. 

Since ),1(: 12 Kz  is completely continuous, we see that, for any bounded )(,1 BAKB   is 

bounded and equicontinuous (since 12 z ) and, thus, compact. Therefore, A is completely 

continuous. 

Lemma3.5: Let }1,1min{},,1max{ *
*

_
xx    , and J be a compact set of  ),(

_
 . Then                                                                    

0},||1||,:inf{ )(  JK                                     (3.12) 

Finally, we are ready to state the proof of Theorem3.1. 
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Proof (of Theorem3.1). From the definition of K, we see that it is a closed, bounded and convex 

set of infinite dimension in the Banach space C. A as defined in (3.11) is completely continuous 

by lemma3.4 and 1 is an ejective fixed point of A by Theorem3.3  and lemma3.5.Therefore, by 

Theorem3.2, we conclude that A has a fixed point    in 1K , which clearly corresponds to a non 

constant periodic solution ),( tx  of period greater than 2. This completes the proof. 

3.2.  PERIODIC SOLUTIONS IN DELAYED PERIODIC LOTKA-VOLTERRA 
TYPE EQUATIONS 

Frequently, we observe that populations in the real world tend to fluctuate. There are three 

typical approaches for modeling such behavior: 

i) Introduce more species into the model, and consider the higher dimensional systems 

(like predator-prey interaction); 

ii) Assume that the per capita growth rate is time dependent; 

iii) Take into account the time delay effect in the population dynamics. 

Generally speaking, approach (i) is rather artificial, while (ii) and (iii) emphasize only one aspect 

of reality. Naturally, more realistic model of single species growth should take into account both 

the changing environment and the effects of time delays. Therefore, it is important to study the 

following general nonlinear non autonomous delayed Lotka-Volterra type equation for single 

species: 

                                        
0)0(,)],())(,()()[()(

1 )(

  
 



xstdsxtftbtxtx i

n

i

t

trt
i                       (3.13) 

When (3.13) has a positive steady state, it reduces to the following general delayed nonlinear 

nonautonomous logistic equation: 

),())(,())(1()(
1 )(

stdsxtftxtx i

n

i

t

trt
i  

 



  , 

where nisttrtf ii ....,3,2,1,),(,0)(,0)0,(    are non-decreasing .  

We show that, under reasonable conditions, Eq(3.1) has only  one asymptotic state, in the sense 

that if )()( 21 txandtx  are two solutions of Eq(3.1), then we have   

lim௧→ା∞( )()( 21 txtx  ) = 0. 
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In equation (3.13), we always assume that  )(),( trandxtf i  are continuous with respect to their 

arguments, and ),( sti  continuous with respect to t, non-decreasing with respect to s, and are 

defined for all 2),( Rst  . In addition, we always assume the following: 

H1) For ),(,0),(,0 xtfxtxfx ii   is non-decreasing with respect to x, and 


n

i
i xtf

1

),(  is 

strictly increasing with respect to x; 

H2) )(,0)( trttr   is non-decreasing, and  lim௧→ା∞ ))(( trt  = +∞ ; 

H3) ))(,(),( trtttt ii   ; 

H4) for any 0c , there exist 0|)(|,0|)(|,0)(  cbcbta iii if and only if 0,0 '  ibandc  

are such that  

     |)(|)(|),(),(| 2121 ccbtactfctf iiii    and      lim௧→∞    










 

t n

i r
ii dsda

0 0 )(

),()( 




= +∞; 

H5) There exist 00 21  KandK  with 21 KK   such that  

 
 


n

i

t

trt
ii stdKtftb

1 )(
1 0),(),()(    and 

                                               
 
 


n

i

t

trt
ii stdKtftb

1 )(
2 0),(),()(   

Let )0(rr  ; the initial value problem for (3.13) is assumed to take the form        

Crx   ,]0,[,0)()( . 

Theorem3.4: In (3.13), assume that there exists 0M  such that  

                                                                  





t

trt

Mdb
)(

)(  .                                             (3.14) 

Then ))(( tx   exists for all 0t . Also, for large t, 

                                                                       
MeKtx 2))((  .                                                 (3.15) 
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If, in addition, there is N > 0 and 0
_

M  such that, for 
_

2 ),(,0 MxtfeKx i
M   for all 

nit ,...,3,2,1,0  ,  and 

                                                
Ndr

t

trt

n

i
ii  

 


)( 1

)))](,(),([( ,                               (3.16) 

then, for large t, 

                                                                       
NMeKtx  1))((                                                (3.17) 

Proof: Let ))(( tx   be the solution of (3.13) with the maximal interval of existence ),0[ max . 

Then, we claim that 0))(( tx   for ),0[ maxt . If not, there is 0ot  such that 0))(( otx  . 

Without loss of generality, taking }0))((:),0[min{ max  txtto  , we have 

  
 


t n

i r
ii

t

dsdsxfdbtx
0 1 )(0

)),())(,(()()0(ln)(ln 




. 

Letting ott  , we get the contradiction: The left side goes to -∞, and the right side is bounded. 

From Eq(3.15) that is for large 0t , 
MeKtx 2))((  . Thus ))(( tx   exists for all 0t . 

Now we prove that (3.15) is true. If there is some 0ot  such that, for all ott  , 

2))(( Ktx  , 

then, 

0

),(),()()[(

)],())(,()()[()(

1 )(
2

1 )(







 

 

 

 



n

i

t

trt
ii

i

n

i

t

trt
i

stdKtftbtx

stdsxtftbtxtx





 

Hence, lim௧→∞ (ݐ)ݔ = ܿ ≥ 2K . 

Suppose that 2Kc  ; then, for all large t, ctx )( . By (H5) and (H4), we have 
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.),()()()(

),())(()()(

),()),())(,(()()(

1 )(
2

1 )(
2

1 )(
2

 

 

 

 

 

 









n

i

t

trt
iii

n

i

t

trt
iii

i

n

i

t

trt
ii

stdKcbtatx

stdKsxbtatx

stdKtfsxtftxtx







 

By (H4), this inequality yields a contradiction. Thus,  

                                                                 lim௧→ା∞ (ݐ)ݔ = 2K                                                  (3.18) 

Now, suppose that 2)( Ktx   has infinitely many zeros }{ nt  with  lim௡→∞ nt . 

If )(tx  assumes a local maximum at 2
** )( Ktxwitht  , then 0)( *

.
tx , and (H1) implies that 

there is a ]),([ *** ttrtto   such that 2)( Ktx o  .  

Thus,  

Mdb
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
 

Hence, for large t, 

MKtx  2ln)(ln  

The above inequality gives us  

MeKtx 2)(  . 

Equation (3.18) and the preceding inequality complete the proof for (3.15). The proof of (3.17) is 

similar. 

In order to establish the global asymptotic behavior of the solutions of (3.13), we need the 

following lemma. 

Lemma3.6: In (3.13), suppose that the assumptions made in Theorem3.4 (conditions (3.14) and 

(3.16)) are true. Then, for any two solutions )()( tyandtx , if )()( tytx  for all large t, then 
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lim
௧→ା∞

൫(ݐ)ݔ− ൯(ݐ)ݕ = 0 

 Proof:- From (3.13), we have  

0),())](,())(,([
)(
)(

))((
)()()()(

)(
)(

1 )(
2 











 
 


n

i

t

trt
iii stdsytfsxtf

ty
tx

ty
tytxtytx

ty
tx

dt
d  . 

Hence, 

lim
௧→ା∞

1
)(
)(

 c
ty
tx  

Suppose c > 1; then, 

lim௧→ା∞ 1
)(

)()(


 c
ty

tytx . 

Theorem3.4 implies that  

MeKctytx 22
1)()( 

  

for all large t. Now, (H4) yields 

 
 







 








 n

i

t

trt
ii

M
i stdtaeKcb

ty
tx

ty
tx

dt
d

1 )(
2 ),()(

2
1

)(
)(

)(
)(  . 

Also, by (H4), we get a contradiction. Thus, 

lim௧→ା∞ 1
)(
)(


ty
tx , 

which, together with the fact that y(t) is bounded between two positive constants for large t,        

lim௧→ା∞൫(ݐ)ݔ − ൯(ݐ)ݕ = 0. 

Theorem3.5: In (3.13), in addition to the assumptions made in Theorem3.4, assume further that 

there are continuous functions )(ti  such that  

nicctctfctf iii .,..,3,2,1,||)(|),(),(| 2121   , 

and for large t, 
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  
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                                     (3.19) 

Then, for any two solutions x(t) and y(t) to (3.13), lim௧→ା∞൫(ݐ)ݔ − ൯(ݐ)ݕ = 0. 

Proof: Let x(t) and y(t) be two solutions of (3.13). Lemma3.6 implies that x(t) – y(t) has 

infinitely many zeros }{ nt  with lim௡→ା∞ nt ; otherwise, the proof is finished. 

Let 
)(
)()(

ty
txtz  ; then from (3.13), it follows that 

                                         
 
 


n

i

t

trt
iii stdsytfsxtftz

dt
tdz

1 )(

),())](,())(,([)()(                          (3.20) 

In a similar argument to that in Theorem3.4, we have 

                                                          NMNM etze  )( ,                                                          (3.21)             

for all large t. 

Let u = lim௧→ା∞ sup((ݐ)ݖ − 1) ݒ  ݀݊ܽ   = lim௧→ା∞ sup (1−   ,Then .((ݐ)ݖ

NMNM evandeu
__

1010  . 

Choose 01 t  such that (2.7) and (2.9) are true for all )( 11 trtt  . Also, for )( 11 trtt  ,  

).()()()()()(,.
;1)(

tyutytxtyvei
utzv







 

Hence, 

).()()())(,())(,()()()( sytusytfsxtfsytv iiii    

Assume )( *tz  is a maximum or a minimum such that 1
** )( ttrt  . Then, by (H1) and (H3), 

there is a ]),([ ***
2 ttrtt   such that 1)( 2 tz . Thus, 

  
 


*

)),())(,(()(ln
1 )(

*
t

t

n

i r
ii

o

dsdsxftz 


  
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                                                    
  


*

** )( 1 )(

),()()()(
t

trt

n

i r
ii dsdsyv
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M dsdeKv
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  

                                                  vu  , 

And so  

11)( *  vetz . 

Similarly, we have 11)( )(*   uetz . The definitions of u and v and the preceding inequalities 

lead to 1,1 )(     vu euev . 

Since, we have 

||)(|),(),(| 2121 cctctfctf iii    

and from (2.7), then, ))(()( txtx  is oscillatory, 

lim௧→ା∞ ൫ݔ ൯(ݐ) = 0. 

Thus, lim௧→ା∞൫(ݐ)ݔ − ൯(ݕ)ݕ = 0. 

Theorem3.6: For (3.13), in addition to the assumptions (H1)-(H4), assume further that there 

exists a solution )(txo  to (3.13) with 12 )(0 ltxl o   for large t, where 21 landl  are constants. 

Also, suppose that there are continuous functions )(ti  such that 

nicctctfctf iii .,..,3,2,1,||)(|),(),(| 2121    

and for a large t, 
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                                   (3.22) 

Then, for any two solutions x(t) and y(t) to (3.13), lim௧→ା∞൫(ݐ)ݔ − ൯(ݐ)ݕ = 0. 
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Theorem3.7:Suppose ),,(),(,)()(,)()( xtfxTtftrTtrtbTtb ii  and ),(),( stsTt ii    

for some T > 0, and the assumptions made in Theorems 3.5 or 3.6 are true. Then Eq(3.13) has a 

unique, globally asymptotically stable periodic solution. 

Proof: Let )(tx  be an arbitrary positive solution of Eq(3.13). Then CxnT  , n = 1, 2, 3, . . . . 

Since )(tx  is bounded from above and the right hand side of (3.13) is completely continuous, the 

sequence 
1}{ nnTx   is pre-compact. Assume that this subsequence niTx  converges to Cx * , that 

is,  

                                                 lim௜→∞ )ݔ ]0,[,)() * rxniT   )                               (3.23) 

Since Eq(3.13) is periodic, )()( Ttxty   is also a solution of (3.13). lim௧→ା∞൫(ݐ)ݔ − ൯(ݐ)ݕ = 0 

implies that 

                                                     lim௜→∞ )ݔ )() *  xTniT                                             (3.24) 

Let )(* tx  be the solution of (3.13) with initial condition as )(* Cx  ; then, (3.23) and (3.24) 

imply that ** xxT   , or equivalently,  

)()( ** txtTx  , for all Rt . 

Now, from Theorem 3.5 or 3.6 we can conclude that Eq(3.13) has a unique, globally 

asymptotically stable periodic solution. 
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4. PERIODIC SOLUTIONS IN MULTI-SPECIES MODELS 
We mainly concern in this topic is the global existence of periodic solutions in delayed multi-

species models due to delays and/or periodicity of environments. We present on the first section 

of this topic is a global existence result of periodic solutions in a class of delayed autonomous 

Gause-type predator-prey systems. Secondly, we present an existence and uniqueness result on 

periodic solutions in a class of delayed periodic systems. 

4.1. PERIODIC SOLUTIONS IN DELAYED GAUSE-TYPE PREDATOR-PREY 
SYSTEM 

One of the most universally recognized models in mathematics is the classic model for 

interaction of a single predator species and a single prey species. Our objective in this section is 

to establish sufficient conditions for the global existence of non constant periodic solutions in the 

following Gause-type predator-prey system: 

                                                         
))](()[()(

)],())(())(()[()(








txhvtyty

tytxptxgtxtx
                               (4.1) 

where )(),( tytx  stated for the population density of prey and predator at time t, respectively. We 

always assume that 

                              0)0(),],0,([],0,[),()(,0)0(   xRCxy                   (4.1)’ 

Moreover, we assume the following hold: 

   (A1) );),,0([)( 2 RCxg  there exists 0ox  such that 0)( xg  for 0)(),,0[  oo xgxx , 

and 00)(''  xforxg . 

  (A2) )),,0([)( 1 RCxp  , and )(;00)( xpxforxp  is monotone non-increasing 0xfor . 

  (A3) 0)0(;00)(),),,0([)( '1  hxforxhandRCxh . 

Theorem4.1: Let ))(),(( tytx  be the solution of (4.1) and (4.1)’. Then there is a constant M > 0, 

independent of initial data, such that  

max {lim௧→ା∞ ,(ݐ)ݔ ݌ݑݏ lim௧→ା∞ {(ݐ)ݕ ݌ݑݏ ≤  .ܯ

Theorem4.2[1]: suppose system (4.1) has no positive steady state, that is, )( oxhv  . Then  
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lim௧→ା∞((ݐ)ݕ,(ݐ)ݔ) = ቀݔ o , 0ቁ. 

Since we want to establish the existence of periodic solutions in (4.1), it is thus necessary to 

assume that it has a positive steady state. Without loss of generality, we assume in the following 

 (H1)  )1(),1()1( hvpg  . 

Also without loss of generality, we can assume (by time scaling) that  

 (H2)  1  

For convenience, we make the change of variables 

                                                         1)()(,1)()(  tytvtxtu                                        (4.2) 

This result in (4.1) 

                                          
)])1(())[(1()(

))](1)(1)(()1)(())[(1()(








tuhvtvtv

tvtuptugtutu
                            (4.3) 

The initial condition (4.1)’ becomes 

                                       1)0(,1)(,,1)0(  uuv o  .                                       (4.3)’ 

The variational system of (4.3) at )0,0( takes the form 

                                                         
).1()(

),()()(








tutv

tvtutu




                                                        (4.4)     

where )1(',)1(,)1(')1(' hpgp   . In what follows, we always assume that 

(A4) )1(')1(' gp  . 

The characteristic equation of (4.4) is 

                                                                02   e                                                   (4.5) 

Denote ),(,
)1(
)1()( 




 u
up
uguq . 

We assume further that 
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 (A5) q(.) is concave, i.e. 0(.)" q . 

Theorem4.3: In system (4.3), assume that (A1)-(A5) and (H1), (H2) hold, and                          

(B) )
2

,0()(,
)(sin

)(
)(,)( 









 




 o
o

o
oo KwhereK . 

Then the system has at least one non-constant positive periodic solution, with period T > 2. 

Let 

                                   ))(),(()(,1)()( 112 22
   VUcolU                            (4.6) 

Define an operator F on K as follows: 

                                          00},0{\)(  FandKforUF                                        (4.7) 

Lemma4.1: F maps K into K, and KKF }0{\: is completely continuous with respect to the C 

topology. If }0{\KF  , then )),(),,((  tVtU  is a non-constant periodic solution of period 

2)(  . 

Lemma4.2: There exists 0 (sufficiently small) such that ),0(}0{\:2 KB  is 

completely continuous, where B  denotes the closed ball in C with radius  . 

Lemma4.3: Let  i  be the simple root of (4.5) with 0 , 





 


2

,0 .Then

0)(}0||||,||:inf{||   vK . 

Now we are ready to state the proof of Theorem4.3. 

Proof of Theorem4.3: By the definition of K, we know that it is a closed, bounded, convex set 

of infinite dimension in the Banach space )],0,1([ 2RC  . F as defined in (4.7) is completely 

continuous by lemma4.1. By lemma4.2, Theorem(3.3), and lemma4.3, we see that 0 is an 

ejective fixed point of F. We conclude by Theorem(3.2) that F has a fixed point }0{\Kin , 

which by lemma4.1 corresponds to a non constant periodic solution of system (4.3) with period 

2)(  . This completes the proof. 
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4.2. PERIODIC SOLTION IN PERIODIC SYSTEMS 
 

We consider first the following non autonomous delay system 

                                  )))((,...)),((),(,...),(,()()( 11 ttxttxtxtxtGtxtx nniii  


                      (4.8) 

where )(txi  is the population of the thi  species and ,.,..,2,1 ni   

}0:{),...,,( 21   i
nn

n xRxRxxxx  

Denote }0:{   i
nn xRxIntR . We assume that iG  is continuously differentiable and 

(H1)       
....,2,1,,,0).,..,,.,..,,(

,0
).,..,,.,..,,(

11

11

nkji
y

yyxxtG

andijfor
x

yyxxtG

k

nni

j

nni











  

)(t  is continuously differentiable, non negative, and bounded above by * . For yxRyx n  ,,  

means yxandniyx ii  ,.,..,2,1, means niyx ii ,..,.2,1,  . 

We also assume that 

(H2) there is a n
n IntRpppp  ).,..,,( 21  such that, for niRt .,..,2,1,  , and 

0).,.,.,.,.,.,( 11 nni pppptG ; 

(H3) ).,..,,.,..,,().,.,.,.,.,.,( 1111 nninni yyxxtGyyxxtG    for ]1,0(  where ni .,..,2,1 ; 

(H4) ).,..,,.,..,,( 11 nni yyxxtG  is uniformly continuous with respect to ),...,,,...,( 11 nn yyxx  and 

),...,,.,.,.,().,..,,.,..,,( 1111 nninni yyxxtGyyxxtG   for some niand .,..,2,10  . 

Lemma4.4: suppose that (4.8) satisfies (H1)-(H2). Then the following hold: 

i) For any nIntR , there exists nIntRM )(  such that, for any C  with  0  

on ]0,[ * , one has )(),(0  Mtx   for all 0t ; 
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ii) There exists a nIntR  such that for any nR , there is a constant 0)(  TT  

such that, for any C with  0  on ]0,[ * , one has  ),(0 tx  for all 

)(Tt  . 

If (H3) is replaced by the following assumption: 

(H3)* ).,.,.,,...,,()())(,...,)(,)(,...,)(,( 111111 nniinnnni yyxxtGgyfyfxfxftG    for ]1,0[  

and ni .,..,2,1 , where ]1,0[]1,0[:, ii gf  satisfy 1)1()1(,0)0(,0)0(  iiii gfgf , and 

ii gf ,  are non decreasing ni .,..,2,1 , then lemma4.4 is still true. 

Lemma4.5[1] (Horn’s fixed point theorem). Let 210 SSS   be convex subsets of the Banach 

space X, with 20 SandS  compact and 1S  open relative to 2S . Let XSP 2:  be continuous 

mapping such that, for some integer m>0,  

a) ,11,)( 21  mjSSP j and 

b) ,12,)( 01  mjmSSP j  

Then P has a fixed point in 0S . 

Consider now the periodic system 

                                  )))((,...)),((),(,...),(,()()( 11 ttxttxtxtxtFtxtx nniii  


                       (4.9) 

where n
n Rxxxx  ),...,,( 21 . We assume ).,..,,.,..,,( 11 nni yyxxtF  is continuously differentiable 

in its variables, and there is an 0  such that 

),...,,,...,,().,..,,.,..,,( 1111 nninni yyxxtFyyxxtF                                                                             

for ni .,..,2,1 ; )(t  is also a continuously  -periodic function, and 0)( t  for Rt . 

 We denote )(max*
0

t
t



 . Assume further that the following hold: 

(A1) For any nR21,  with 210   , there exists nIntR),( 21   such that, for any 

21 )(   withC  on ]0*,[  , one has ),(),( 21  tx  for all 0t . 



33 
 

(A2) There exists nIntR  such that, for any C)(  with   00,0)(   , 

lim௧→ା∞ ,ݐ)ݔ݂݊݅  )  ,                                                                                                                                       

where lim௧→ା∞ ,ݐ)ݔ݂݊݅  ) = (lim௧→ା∞ ݔ݂݊݅ ,...),,(1 t lim௧→ା∞ ),( txn ); 

(A3) For any K>0, there exists an 0)( KL  such that, for K|||| , 

)(|),(||),(|
1

KLtFtF
n

i
i 


 for Rt ; 

(A4) There are )))((,...)),((),(,...),(,( 11 ttxttxtxtxtG nni    such that  

)))((,...)),((),(,...),(,()))((.,..)),((),(.,..),(,( 1111 ttxttxtxtxtGttxttxtxtxtF nninni    for       

ni .,..,2,1 , where )))((,...)),((),(,...),(,( 11 ttxttxtxtxtG nni   ( ni .,..,2,1 ) satisfies the 

assumptions (H1)-(H4). 

Theorem4.4[1]: Suppose that the system (4.9) satisfies (A1)-(A4) and has no positive steady 

state. Then the system (4.9) has a non constant positive  periodic solution. 

The following assumption is less restrictive than (H2). 

(H2)* There exists positive  periodic function )(,...),(1 tBtB n  and n
n IntRpppp  ),...,,( 21  

such that, for Rt  and ni .,..,2,1 , 0
)(
|)(|)))((,...)),((),(,...),(,(

.

1111 
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tBttBpttBptBptBptG

i

i
nnnni   

Theorem4.5[1]: Suppose that system (4.9) satisfies (A1)-(A4), and  

)))((,...)),((),(,...),(,( 11 ttxttxtxtxtG nni   ( ni .,..,2,1 ) satisfies the assumptions (H1), (H2)*, 

(H3)*, and (H4). Then (4.9) has a non-constant positive  periodic solution provided that it has 

no positive steady states. 
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5. CONCLUSION 
The use of ordinary and partial differential equations to model in the real life has a long history. 

In the real life an initial value problem (IVP) for ordinary differential equations (ODEs) and 

partial differential equations (PDEs) can be modeled in physics, engineering, biology, medicine, 

etc. As these models are used in an attempt to better our understanding of more and more 

complicated phenomena, it is becoming clear that the simplest models cannot capture the rich 

variety of dynamics observed in natural systems. There are many possible approaches to dealing 

with these complexities. On one hand, one can construct larger systems of ordinary and partial 

differential equations, that is, systems with more differential equations. These systems can be 

quite good at approximating observed behavior, but they suffer from the downfall of containing 

many parameters, often signifying quantities which cannot be determined experimentally.  

Another approach which is the inclusion of time delay terms in the differential equations. The 

delay differential equation models have the advantage of combining a simple, intuitive derivation 

with a wide variety of possible behavior regimes for a single system. Now a day delay 

differential equation (DDE) models are becoming more common, appearing in many branches of 

real life modeling like in  physics, engineering, biology, medicine, etc. Modeling using DDEs the 

past time and the present is included, and then we predict the future. 

Moreover, the existence of positive periodic solutions of systems of functional differential 

equations would be an important subject for modeling in biology, ecology, medicine or other 

fields. 
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