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Abstract

Perhaps the most theory developed about eigenvalue, eigenvector and existence of a
solution of a certain operator equation is for matrix operators, but the first parts to be
considered apart from matrices are integral operators, since the classical formulation from
physics, chemistry, engineering, statistics are of this nature and the study of an integral
operators gives birth to the modern functional analysis. And the most common problems
in applied mathematics are differential operators which are fruitful sources of integral
equations. Due to various advantages of having integral equation rather than differential
equation usually we would like to convert and formulate differential equation in to
integral equation. Many of integral operators encountered in application are bounded
operators and many of them are, in fact, in special classes of bounded operators called
compact operators and again the most important classes of compact are the Hilbert-

Schmidt operators.

Goal of the project: In applied mathematics we usually encounter with a linear
operators T: H — H on a Hilbert space H. Such an operators gives to the rise of an
equation | — AT where [ is identity operator from H into H and A is any constant
complex number. Under such condition when T is an integral operator the resulting
equation | — AT is called an integral equation and integral operators (equation) involve a

function space H which is often infinite dimensional.
Due to this fact the main goal of this project is:

1. To explore and deal with eigenvalue, eigenfunction properties of self adjoint and
compact linear operator T: H — H emphasizing on an infinite dimensional Hilbert

space H.

o

. To determine the solvability of an equation (I —AT)u = f ; with special

emphasis given to I — AT is Fredholm integral equation.
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Notations

Enumeration of Theorems, Lemmas, Corollaries, Propositions and Definitions:
Theorems, Lemmas, Corollaries, Propositions and Definitions are not enumerated together,
rather they are enumerated separately. The reference to the Theorem or Lemma or Corollary
or Proposition or Definition is analogues to what is said above. For instance Theorem 1.2.6 is
cited as Theorem 6 in section 1.2 of chapter 1.

Symbol or abbreviation Description

C Complex numbers

A Integer numbers

N Natural numbers

R Real numbers

K Complex numbers or @v numbers

T Operator

TV) The image of V under an operator T

D(T) Domain of an operator T'

N(T) The null space or kernel of T

T = The adjoint operator of the operator T

BV, W) The set of bounded linear operators from V in to W
B(V) The set of bounded linear operators from V into V
8ij Kronecker symbol, §;; = 1if i = j, 6;; = 0if i #
Span{...} Space spanned by {...}

f@® The complex conjugate of f(t)

k*(s,t) Conjugate kernel (= k(s, t))

Vi



Introduction

In this project we will use the theory developed so far to introduce the concept of
eigenvalue and eigenvector for a linear operators in a Hilbert space. From linear algebra
we know how self adjoint matrix can be diagonalized; this means there is an orthonormal
basis {e;} the (finite dimensional) vector space such that the linear mapping T: C" — C"
corresponding to the matrix can be expressed as,

Tx = Y14 (x, ¢j)e;
Here we recognize that (X, ej) =a;,j =1,..,n as the coordinate of X, and Aj, j=
1, ..., n are eigenvalues with corresponding eigenvectors e; ,j = 1, ...,n and there are a
non trivial solution to the equation
Tx = Ax
In order to study eigenvalue, eigenfunction properties of integral operator T: H — H we
will extend the finite dimensional results to the self adjoint and compact linear
operators T: H — H in an infinite dimensional Hilbert space H for which we have a

celebrated spectral theorem which is shared by large class of interesting integral

equations and differential equation.

Differential equations are fruitful sources of integral equations and usually differential
equations are preferred to be changed in to integral equations in application. One obvious
reason for using the integral equation rather than differential equation is that all of the
conditions specifying the initial value problems or boundary value problems for
differential equation can be condensed in to single integral equation. And some of the
advantages of replacing differentiation with integration is, integration is smooth, a

features which has a significant implications when approximate solution are sought.

Let H be an infinite dimensional space and let T: H — H be an integral operator given
by Tu = f , such an equation is either linear or non linear integral equation. In this

project the main emphasis and discussion is about linear integral operators and equations;
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that is an equation involving unknown function under one or more integrals and which
satisfies T'(@uy + fu,) = aTuy + BTu, for arbitrary constants @ and 8. As integral
operators play an important role in applications, this project aimed to explore for an
answer to the following two questions; what are eigenvalue, eigenfunctions properties of
compact linear and self adjoint operator T: H — H in a Hilbert space H? When dose the
Fredholm integral equation (I —AT)u = f s solvable? Since many of integral
operators encountered in application are bounded operators and many of them are, in fact,
in special classes of bounded operators called compact operators, hence in this project in
order to study eigenvalue, eigenfunction properties of integral operators or equation we
consider a more general compact operator which are motivated by matrix operators and
several spectral theory properties are discussed and investigated for self adjoint and
compact linear operators T: H — H in a Hilbert space H. Moreover, we will make heavy
use of the application of Fredholm Alternative Theorem to determine and study the
solvability of Fredholm integral equation (I — AT)u = f where T: H — H is compact

linear operator (integral operator) .

This project contains four Chapters, each being divided in to several sections. The topics
included have been selected, not only for their scientific importance, but also because
they allow a logical flow for the development of idea to deal with property of eigenvalue,
eigenfunction of compact linear operator in a Hilbert space as well as for the

development of Fredholm Alternative Theorem for an integral equation (I — AT)u = f,

where T: H — H is compact linear operator.

Chapter 1 of this project provides the necessary backgrounds that are useful for the
desired discussion. In this chapter the basic equalities and inequalities in Hilbert space,
the most common integral equations the so called Fredholm integral equation and

connection of differential equations with integral equations are discussed.

Chapter 2 is devoted for bounded operators in Hilbert space and existence of an operator
T * satisfying (Tx,y) = (x,T *y) for all x,y € H.This two properties of an operator

viii



that is boundedness of an operator and existence of an operator T * satisfying (T'x, y) =
(x,T"y) forall x,y € H are the most important concepts when dealing with spectral

theory of compact linear operator and Fredholm Alternative Theorem.

Chapter 3 deals with special class of bounded operators called compact operators. Here
this chapter covers some of the sufficient conditions satisfied by an integral operator T to
be a compact operator. In addition the most common compact integral operators called

Hilbert Schmidt operators are discussed.

The last chapter (chapter 4) is devoted to desired exploration and discussion for
eigenvalue and eigenfunctions properties of compact linear operators T: H — H in a

Hilbert space H when T is self adjoint operator and we will see Fredholm Alternative

Theorem.

For the purpose of this project an integration theory that integrates a continuous
function in the case of R , over the bounded intervals, in the case of R?, over the

bounded rectangles will normally suffice,
a. If f isintegrable on [a, b], then |f] is integrable and
b b
|1} Forae| < [ir@i .
b. Fundamental Theorem of Calculus: If  f:[a,b] > K is continuously
, . b 3 P
differentiable, then fa f'(®)dt = f(b) — f(a).

c. Fubini’s Theorem: If f: [a,b] X [c,d] = K is continuous

d rb b rd :

fc fa f(s,t)dsdt , fa fc f(s,t)dtds exists and are equal.

d. Leibniz integral rule: If a: R = R, £: R = R continuously differentiable and

s a .
if f: R? > R and é are continuous, then

L ([0 fsyde) = [ (s, 00dt + F(B(), ) % — flals),s)

a a(s) ds



Chapter 1
Preliminary Concepts

1.1  Normed Vector Space

Definition 1.1.1:- Let V be a vector space. A norm on V is a function || ||: V = [0, )

satisfying forall x,y € V and a € K:

i. Ix + Il < llx]| + [yl
ii. lax]| = |alllx]|

iii. ||x||=0and||x|]| =0 iff x=20

If V is a vector space and ||.|| is a norm on V then, (V,||.]| ) is called normed vector
space. Any normed vector space is a metric space when we use the norm induced

metric d(x,y) = [lx = y|.

Definition 1.1.2:- A normed vector space that is complete in a metric induced by the

norm is called Banach space.
1.2 Inner Product Space

Definition 1.1.3:- Let V be a vector space. An inner product is a mapping

(.,.): VXV - K satisfying,

i (@)=
ii. (ax+ By, z)=alx,z)+ B(y,z) forallx,y € Vand a.f € K
iii. (x,x)20and (x,x)=0iff x=0

Notice that the conditions imply that(z, ax + By) = @(z, x) + B(z,¥). So the inner
product is linear in the first argument and conjugate linear in the second. The vector V

with an inner product (.,.) is called inner product space.




Definition 1.1.4:- Let V be an inner product space.

a. We say x and y in V are orthogonal if (x,y) = 0 and we denote x L y.
b. The set of vectors {x;}in V is said to be orthonormal set if (x,,, X,,,) =

0,forn#m and(x, X,)=1,forn=m.

1
¢. The induced norm on V is defined by ||x|| = (x, x) /a,
Remark 1.1.1:- Let V be an inner product space with an inner product {.,.) on V. Then,

e Cauchy Schwarz inequality

[ < lixlHHIyll , forall x,y €V

il. Parallelogram law

llx +yII* + llx = ylI? = 2(Ix|1* + llylI*>) , forall x,y €V
iii. Ifx L y,then

lx + ylII2 = llxII* + llyll?

1.3 Infinite Dimensional Spaces

Let V be a vector space. If V contains a finite set of n linearly independent vectors
Xq...,Xn and moreover the set n + 1 vectors is linearly dependent we say that V is
finite dimensional vector space and the dimension of V is n. It follows that any vector x
is a linear combination X = a;x; + -+ a, X, of at most n linearly independent

vectors. If there is no such, we say V is infinite dimensional.
Examples of infinite dimensional spaces:-

i The sequence space [P (1 < p < ), that is the set of sequence of numbers
{xnln=1 with  Xp’|x,|P < oo,

[P (1 < p < ), is normed vector space with the norm induced on [P

1
lxll = C Zr=alxal? )P for x = {x )5y € 1P



ii. Function spaces such as,
a. The set of all continuous functions defined on a closed interval [a, b]
denoted by C|[a, b] is an infinite dimensional vector space.
b. LP Space.
Consider the real or complex valued function f(x) of real variable x
defined in an interval [a, b].
e Thus, for 1 < p < oo, LP[a, b] denotes the set of all measurable

function defined on [a, b] such that
b
p
JfEIPdx < o0
where, the integral is taken in the sense of Lebesgue.
1

e LP Space norm is defined by ||f]| = (f;lf(x)lp dx)r .
e Iff,g € LP[a, b], we define an inner product (f, g) on LP[a, b] by

the equation (f, g) = f: f(x) g(x)dx where the bar denotes the
complex conjugate.

1.4 Hilbert Space

Definition 1.4.1:- A vector space with an inner product that is a Banach space with

respect to the induced norm is called a Hilbert space.

i.e. a complete inner product space is called a Hilbert space (where the norm is the natural

norm).

Throughout the rest of our discussion we will make heavy use of Hilbert spaces L?[a, b],

and we will use [? space to illustrate some concepts.

Example 1: — L?*[a, b] and [? are an infinite dimensional Hilbert spaces.

Remark 1.4.1:- Let H be a Hilbert space.

Bessel’s inequality:- If {e,, } is an orthonormal sequence in H, then

Yo_xen)? < |lx||? L forall x € H.



ii. Parsavel equation:- {e,} is an orthonormal basis if an only if

S 1x, eI = [IxII? |, forall x € H.
1.5 Metric space and Continuous Mapping

Definition 1.5.1: A metric space is a pair (X, d), where X is a set and d is a metric
(distance function) on X, that is, d(.,.): X X X — [0,00) such that for all x,y,z € X we

have:

- d is real valued, finite and nonnegative.

ii. d(x,y) =0 ifand onlyif x = y.

iii.  d(x,y) =d(y,x) (symmetry)

iv. d(x,y) <d(x,z)+d(zy) (triangle inequality)

Notice that any normed vector space is a metric space when we use the norm induced
metric d(x,y) = ||x —y|l. And since |||x|]|—=|I¥lll £ |lx =yl any norm is

continuous.

Definition1.5.2: Let X = (X,d;) and Y = (Y, d,) be metric spaces. A mapping
T:X — Y is said to be continous at a point X, € X if for every € > 0 there is § > 0
such that

d,(Tx,Tx,) < € forall x satisfying d;(x,x,) <.

Theorem 1.5.1: A mapping T: X = Y of a metric space (X, d,) into a metric space
(Y,d;) is continuous at a point X, € X if and only if
X = X, implies . Tx, +.Tx,.

Proof: Assume T to be continuous at x, € X. Thus by the definition given € > 0 there is
& > 0 such that
d,(x,x,) <6 implies d,(Tx,Tx,) <E¢.
Let x,, = x,. Then there is an N such that for all n > N we have
dq (xn, x,) < 8.
Hence forallm > N,
d,(Tx,, Tx,) < €.



By definition this means Tx,, = Tx,.
Conversely, we assume that
Xp = X, implies Tx, = Tx,
and prove that then T is continuous at X,,. Suppose this is false. Then there is an € > 0
such that for every & > 0 there is an x # x,, satisfying
di(x,x,) <6 but d,(Tx,Tx,) = ¢.
In particular, for § = -:;therc is an x,, satisfying
dy(xsi X5) <% but d,(Tx, Tx,) = e.

Clearly x,, = x, but {T'x,,} does not converge to T'x,.This contradicts Tx,, = Tx, and
proves the theorem.m
This Theorem is very useful, and we shall need it in proving other facts.

1.6 Integral Equations

Definition 1.6.1:- An equation in which an unknown function appears under one or

more signs of integration is called an integral equation.

The equations

fGs) = [Jk(s,u(®)dt ,(a<s<b) (1)
u(s) = f(s) + [ k(s,Ou(®)dt  ,(a<s<b) (2)
u(s) = [ k(s,)(t))?dt ,(a<s<b) (3)
u(s) = [) [V k(s,t, Du®u(z)dedz (@ <s < b) (4)

in each of which u(ss) is the unknown function, and all other functions are regard as
given, are integral equations.
The equations (1) and (2) can be written in the form (Tw)(s) = f(s) , where the

expression T'u containing the unknown function u(s) is linear in the sense that

T(aul (s) + Pu, (s)) = a(Tuy)(s) + B(Tu,)(s) , for any constants « and f3.



Thus, for equation (1), (Tu)(s) = fab k(s, t)u(t)dt

and for equation (2) , (Tw)(s) = u(s) = [, k(s,u(t)dt

Definition 1.6.2:- The equation of the type (Tw)(s) = f(s), where (Tu)(s)isa
linear expression in which u(s) appears under one or more signs of integration are called
linear integral equations.

For instance, the equation of the form (1) and (2) are linear integral equations, but (3) and
(4) are not.

Linear integral equations of the form f(s) = fab k(s,t)u(t)dt ,(a <s <b), where

the unknown function appears under a sign of integration and nowhere else in the

equation are called integral equation of first kind. And linear integral equations of the
b
form u(s) = f(s) + fa k(s, t)u(t)dt , (a <s < b) , where the unknown function

appears under a sign of integration and nowhere else in the equation are called integral equation
of second kind.

In both first and second kind equations the function k(s,t) which is defined on [a, b] X

[a, b] of the (s,t) plane is called kernel of the equation.

If we take f(s) = 0 in equation (2) we obtain homogenous equation of second kind

u(s) = [ k(s,u(®)dt  ,(a<s<b)
It is often convent to introduce a parameter A in to the equation of second kind which
then assumes a form u(s) = f(s) + Af:k(s, tu(t)dt , (a <s <b) .We can then
obtain useful information by studying what happens when A is allowed to vary in R.
The most commonly occurring integral equations in many of applications are Fredholm
integral equations and Voltera integral equations. Next we will see the difference
between these two integral equations and note that in our discussion we will emphasize
on Fredholm integral equations that are frequently occurring than Voltera integral

equation.



Definition 1.6.3:- An integral equation of the form

f(s) = f: k(s,t)u(t)dt ,(a <s < b) where u(s) is the unknown
function and all other functions are regard as given is called Fredholm
integral equation of first kind.

u(s) = f(s) + f:k(s,t)u(t)dt ,(a<s<b) where u(s) is the
unknown function and all other functions are regard as given is called

Fredholm integral equation of second kind.

Example 2: — The integral equation f(s) = f13 In |&| u(t)dt is Fredholm integral

equation of first kind with kernel involving logarithmic function.

And the integral equation f(s) = u(s) — A J-Oan sin(s + t)u(t)dt is Fredholm

integral equation of second kind with kernel involving trigonometric function.

Definition 1.6.4:- An integral equation of the form

ii.

f(s) = f: k(s,t)u(t)dt , where u is unkown function and all other
functions are regard as given and f and k are functions defined on
[@, b] and on the triangle @ < t < s < b respectively is called Voltera
integral equation of first kind.

u(s) = f(s) + f:k(s, t)u(t)dt , where u is unkown function and all
other functions are regard as given and f and k are functions defined on

[a,b] and on the triangle a < t < s < b respectively is called Voltera

integral equation of second kind.

Example 3: The integral equation f(s) = u(s) + « ff(s - 1)ePG=Ydt s called

Voltera integral equation of second kind.



. o (b b A 4
» Ifa=ztworb = tw,orif fa fa lk(s, t)|? dtds = = then the integral equation

of the form u(s) = f(s) + ’ k(s, t)u(t)dt is called singular integral equation.
a g

Definition 1.6.5:- The integral equation of the form

f(s):fas(su_(t;adt o+ L o

where f(s) is given function and u(t) is unknown function is called Abel’s integral
equation.

1.7  Connection of Integral Equations with Differential Equations
The theories of ordinary and partial differential equations are fruitful sources of
integral equations. That is integral equations can arise from ordinary differential

equations. We shall sketch here some of the ways in which integral equations can arise

from ordinary differential equation.

Example 4 : Consider the boundary value problem

=u(s) ,f(0)=0, f(1) =0.

de
ds?

-2 =20 0

Then integrating both side of the equation from 0 to s we have
fis)= fosu(t)dt + ¢; where ¢; is constant.
Then integrating both sides of the equation f (s) = fos u(t)dt + ¢, from0to s, we

have, f(s) = fos(for u(t)dt + Cl) dr + ¢, , where ¢, is constant.

Now Appling integration by parts for an integral fos(for u(t)dt)dr,
Let g=fyu(®)dt and dh =dr
dg = u(r)dr and h=r

Thus, [, (f; u(t)dt)dr = gh - J, hdg



= sfo5 u(t)dt — f(; tu(t)dt
= [ (s — ) u(t)dt
Hence, f(s) = fos(s —u(t)dt + ;s + ¢,

Then using the boundary conditions f(0) = 0 and f(1) = 0 we have,
c;=0 and ¢; = —fol(l — tu(t)dt
Thus, f(s) = fy (s = u(®)dt — s [ (1 = hu(t)dt
But, (1= ut)dt = [F1 - Ou(®)de + (1= tu(t)at
Hence, f(s)= [;(s — u(®)dt —s [ (1 — hu(t)dt — s [ (1 — u(t)de

= [;(s=t) = s =) u(®)dt — s [(1 - O u(t)dt

Jy t(s = Du) de + [ s(t = Du(e)de

ts—1),0<t<s=<1

Hence, f(s) = folk(s, t)u(t)dt where, k(s,t) = {s(t -1),0<s<t<1

1s an equivalent integral representation of the boundary value problem.

Let see another method that converts initial value problem to an integral equation.

Before outlining the method needed we wish to recall a useful transformation formula
X X Xn—
fo fo 1 J‘O n lf(xn) dxn dx 1)'.’. (X - t)n lf(t) dt

that converts a multiple integral in to single integral which appears in calculus. This is an
essential and useful formula that will be employed in the method that will be used in

conversion technique.



For practical consideration the formulas
s
Iy J, f®dtdt = [7(s = O)f (t)dt ©

S S rS 1 ps
Iy Is I, f(Hdtdtdt = S (s —? f(H)dt (6)
are the two special cases of the formula given above, and mostly used formulas that will

transform double and triple integrals respectively to single integral.

For simplicity reasons, we prove (5) that convert double integral in to single integral.

Since the right side of the (5) is a function of s allows us to set the equation

G(s) = [(s — ) f(D)dt 7

Differentiating both side of (5) and using Leibnitz rule we obtain

G'(s) = [, f(D)dt ®)
Integrating both side of (8) from 0 to s noting that G(0) = 0 from (7), we find

G(s) = [y J, f(D)dtat
Hence, J; Is f(©)dtdt = [ (s — t)f(t)dt

Example 5: Converting the initial value problem y"' —3y”" —6y'+5y =0
subjected to the initial conditions y(0) =y'(0) =y"(0) =1 to its equivalent

integral equation.

Now set y'"'(s) = u(s) 9)

then integrating both side from 0 to s and using initial condition y"* (0) = 1 we get,

y'(s) =1+ [Ju(t)dt (10)

Then integrating (10) from 0 to s and using initial condition y"(0) = 1 we get,

10



Y'(s)=1+s+ [ [ u(t)dedt (11)

Then integrating (11) from 0 to s and using initial condition y(0) = 1 we get,

1 S rS S
y(s) =1+s+ss*+ [ [ [ u(t)dtdedt (12)
Transforming the double and triple integrals (11) and (12) in to single integral using the
formula we will obtain,

Y'(s) =1+s+ [(s — thu(t)dt (13)
y(s) = 1+s+%32+%f§(s—t)2u(t)dt (14)
Substituting (9), (13) and (14) in to the given differential equation, we will obtain

- oo ko P gl Jf ORI

u(s) =4+s =S +f0 (3+6(s t) 2(s t) )u(t)dt

that is the equivalent Voltera integral equation form.

11



Chapter 2
Bounded Linear Operators in Hilbert Space and Fredholm Alternative
2.1 Bounded Linear Operators in Hilbert Space

Definition 2.1.1:- A mapping from a normed space V in to anther normed space W is

called an operator.
Definition 2.1.2:- Let H be a Hilbert space and let T: H — H be a mapping. Then

i. T is linear if T(af + fg) = aTf + fTg forall f,g € H,and a, € K.
ii. T is bounded if there exist M>0 such that ||[Tf|| < M||f]|| forall f € H.

An operator T which satisfies both i and ii is called bounded linear operator. l.e. an
operator which is both bounded and linear is called bounded linear operator. The norm of

abounded operator T is [|T']| = supyo ””Tf—f”” That ||T']| is the smallest constant M such

that ||Tf]| < M||f|| forall f € H.
Example 6: Let T:L?[0,1] - L?[0,1] is an operator given by Tf = f.
For f,g € L*[0,1] and a, € R, we have,
T(af +Bg) =af + g =aTf+pTg hence, T is linear.
1
And, ITfIl = [yITf 12 dt = ([} 1F@Fde)* = Il

Thatis, ||Tf]| < M||f]| for all f € L*[0,1] and M =1 hence, T is bounded.

Therefore, the identity operator T: L?[0,1] = L?[0,1] is bounded linear operator.

Example 7:Let T: L?[0,1] - L?[0,1] is a mapping given by Tf = fol f(t)dt. We

need to show that T' is bounded linear operator.
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Let f,g € L*[0,1] and a,f € R. Then
T(af +Bg) = J, (af + Bg)(t) dt = [ (af () + Bg(t)) dt

f(af(t)+/3g(t))dt = af(t)dt+f Bg(t)dt
= af, f(t)dt+B f g(®)dt
= aTf + BTg , hence T is linear.
And ITFI = o[ F@yae| as < f (17 ae) ds
But, [JIf(®)dt = [JIf (). 11de < [IfII1]| by Holders inequality
Thus, ITf1I2 < [JIIfII2ds = |I£II?

Hence, for M = 1, ||Tf|| < M||f]| for all f € L?[0,1]

Hence, T is bounded linear operator.

Example 8: Let T: L?[0,21] - L?[0,27] be an operator given by Tf = %.

d(af+pg) g d(af) + d(Bg)
dt dt dt

Let f,g € L?[0,2m] and a,p € R, then T(af + Bg) =

L1 =arf + Ty
Hence, T is linear. If we take f(t) = sinnt ,fort € [0,27] Clearly f € L*[0,27].
Thus,
s e =1 |"f| dt = [*"|ncosnt|*dt
=nt fo “" (cos*nt)dt = nn
However
Wi = OZ"ISL'nntI2 dt= f;"sinznt dt=m
Thus, ITFII% = n?|If||? forall f € L*[0,2n]
Thatis ||Tf]| = n||f|| forall f € L*[0,27].
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Hence, there doesn’t exist a constant M > 0 which is bounded yet bigger than every
integer such that ||Tf|| < M||f|| forall f € L?[0,27]. Hence, T is linear operator but
not bounded.
Proposition 2.1.1: The integral operator T: L*[a, b] — L*[a, b] given by
b
(Tu)(s) = fa k(s, OHu(t)dt

is linear and bounded in L?[a, b] if fab fablk(s, t)|?dtds < .
: b b
Proof:- Let fa fa |k(s, t)|*°dtds = M < o , thus for any u € L?[a, b] we have

ITullz = 21w s) 2 ds = 2|2 ks, ucode| ds

T f: (f:lk(s, tu(t)] dt)2 ds

1
But by Holders inequality , fablk(s, Hu(t)| dt < (fablk(s, t)Izdlt)2 [[elf

2

Thus, [ITull? < [lull? [ ((fflk(s. O)dt)’ nuu> ds = |lull? [} [ lk(s, t)|?dt
= M||ul|? forall f € L*|a, b]

Thatis, ||Tull € VM|ul| forall f € L*[a, b]

Hence, T' is bounded linear operator. m

Linear operators in Hilbert space H are the natural generalization of matrices. We define
domain, range and null space (kernel) of an operator T: H — H as,

D(T) = domainof T = {f € H: Tf is defind}

T(H) =rangeof T = {f € H: Tg=f, for some g € H}

N(T) = null space of T ={f € H:Tf = 0}

Notation:- Let H be a Hilbert space, B(H) denotes the set of all bounded linear

operators from Hinto H.
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l.e. B(H) = {T:T is bounded linear operator from H in to H}.
T € B(H) © T:H — H is bounded linear operator.

2.2 Closed Linear Manifold

Definition 2.2.1:-(i). A linear manifold (subspace) M is a non empty subset of a Hilbert
space H which is closed under vector addition and scalar multiplication.
(if). A subspace M of a Hilbert space H is closed if every sequence in M which is

convergent in H is also convergent in M. That is M itself is a Hilbert space.

Lemma 2.2.1:- Let H be a Hilbert space then the null space of a bounded linear

operator on H is closed.

Proof: Let N(T) = {f € H:Tf = 0} and let {f,} be a sequence of elements in the
null space of T (in N(T')) which converges to g € H. Then,
limp o |IT fo = Tll = limp, T (f — 9)II
but, T is bounded, thus there is M > 0 such that ||Tf]|| < M||f]|| forall f € H.
Thus, IT(f — DI < M — DI
hence,  limu . ITf, — Tgll < limp MII(fy = DI = M lim,_||(fu — 9.

But, {f;,} is a sequence of elements in N(T) € H which converges to g implies
lfi, = gll = 0. Thus, lim||Tf,, — Tgll < Mlim||f,, — gll = 0 this implies the
n-—aoo n-—ao
sequence {T f,,} converges to Tg.
Le. limTf, = Tg but, since f,s are from N(T) we have Tf, = 0 thus,
n—-w
limTf, =0 =Tg thisimplies g € N(T). Hence, the sequence {f,} of elements in
n-—-w
N(T) which converges to H also converges in H.

Therefore, the null space of a bounded linear operator is closed subspace of H. m
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Definition 2.2.2:- Let M be a subset of a Hilbert space H. Then, we define the
orthogonal complement of, denoted by M* | by

M* ={f €eH:(g,f)=0forall g € M} .

Lemma 2.2.2: Let M be a subset of a Hilbert space H. Then, M™ is a closed subspace
of H.

Proof: Let {f,} be a sequence in M+ which converges to g € H.

Thus, for every h € M, we have,
(g, h)={limy 0 frn , ) = lim,,_,o{fin, ) = lim,, 0 0 = 0 here the
interchanging of the limit is valid since (f, h) is continuous for a fixed h in M.

Thus (g,h) =0 forall heM
That s (g, h)=(h, g) = 0 forallh € M, (h,g) = 0 forall h € M. Implies g € M*. m

Proposition 2.2.1: Let M be a closed convex subset of a Hilbert space H .For any
Xy € H , there is a unique Yy € M such that

lxo =y,ll S llxo=yll, forallye M.

Proof-- Let § = inf {||xo — y||: ¥ € M}, then there is a sequence {y;} in M such

that ||xo — y;|| = 0. Now by parallelogram law we have that
lyn — ymllz = | — x0) + (%o = ym)llz
= 2{llyn — xol? = llxg = ymll?) = N = %0) = (%0 = ym)lI?
" 2
= 2(llyn = Xoll? = llxo = Ymll2) = 4 [|5 G + ym) = %0

1 .
But, since & = inf {||x, — yll:y € M} and E(y" + ¥m) € M (due to the convexity

2
1
assumption), we have 8% < ”5(}/,, % Vi)~ g ” .

Thus,  |Iyn — ymll? < 201y — XolI? = llxo = YmlI?) — 46°

But, 2(||y, — xolI% = llxo — YmlI?) — 487 converges to 0 for m,n — co. Hence, {vi}
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is a Cauchy sequence. Thus, since we are in a Hilbert space H, the sequence {y;}
converges to Yo in H, and since M is closed y, € M ( the limit point Yo belongs to M)

and § = ||xo — yoll.

Now, to show the uniqueness of y, assume that also § = ||xy — 2z,|| for some z, € M.
Then, [y — 2llI* = ||(yo — Xo) + (xg — zp)||* again using parallelogram law we
have,

| (o — x0) + (xo — 20)|I?
= 2(llyo = xol1* + llxo — 2ol1*) = Iy — %) — (xq — 2o)II?
= 2(”}’0 o xo”2 + llxo — Zo||2) = lyo + 2z — 2"0”2

= 2(llyo = oll? + llzo = zolI?) = # || (v + 20) = xo |

" 2

Thus, lyo = ZolI = 2(llyo = o2 + llxo — 20l1?) — 4 [|3 (o + 20) — x|
<2(0+6)—46=0

So Yo = zy . Hence, for each x, € M there is a unique y, € H such that

llxo = yoll < llxo = yll . forally € H. m

Definition 2.2.3:- Let M and N be closed subspaces of a Hilbert space H, with N L M .
We define the orthogonal sum of N and M , denoted N®M, by
NOM={heH:h=x+y,x€N, y € M}.

It is obvious that the representation h = x + y is unique and N®M is a subspace of H.
Now showing N@®M is a closed subspace: let {h,,} be a sequence in N®M that
convergestohy. Let ho,=X,+¥, ., X, €N, Yy, € M. Le. {xp}isa
sequence in N and {y,} isasequencein M.But,since N L M,

2y, — Xmll2 + 1Y = Yimll? = 1y = A |I? By Remark 1.1.1 (iii)
Thus, we see that both {x,,} and {y,,} are both Cauchy sequences in N and M

respectively. Hence, both {x,} and {yy} both are convergent say to X, and y,
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respectively. But, since both N and M are closed subspaces x, € N and y, € M.
So, ho = xo+y0 € N@M .
Hence, N®M is closed subspace.

Theorem 2.2.1:- If M is a closed subspace of a Hilbert space H, then H = M@®M* .

Proof: Let h € H . Then, by proposition 2.2.1, there is a unique x € H such that
||lh —x|| < ||lh=yl|,forally € M. Now, let z=h — x, thus we need only to show

z €Mt Fora € K andy € M we have,
Izll* = lh = xI? < [lh = (x + ap)|I* < |h = x — ay|l?

lh=x—ayll* =llz—ayl|?
=(z—ay,z—ay)
= |IzII* = @(z,y) — a(y,z) + |al?|ly|I?
Taking, @ = (z,y) and ||y||> = 1 wehave ||z]|* < ||z||* = |a|?.
Thus, ||z]|? < ||z]|? — |a|? shows that necessarily 0 = a@ = (z,y) forall y € M.
Hence, z € M*. Hence, h € H is uniquely writtenas h=2z+4+x ,Z € Mt , x € M.
i.e. any h € H has a unique decomposition as h = z + x where, z € M+ ,x € M.

Hence, H = M®M*. m
Definition 2.2.4:- Let H be a Hilbert space. Then,

L A linear operator T on H whose range is real or complex number is called a
linear functional. i.e. a linear functional T: H — K is a linear mapping H in to
real or complex number satisfying

T(af +Bg) =aTf+pTg , f,g€H anda,f € K.

ii. A linear functional T: H = K is bounded if there is a M > 0 such that

|Tu| < M||u|| ,forallu € H.
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2.3 Adjoint Operator

The Hilbert spaces are Banach spaces and all the results we have on bounded
operators for normed as well as Banach space works in the Hilbert space also, but due to
the simple nature of the dual of the Hilbert space that the Riesz representation theorem
has revealed, we establish a reach operator theory.

Theorem 2.3.1 (Riesz representation theorem)

If ¢ is a continuous linear functional on a Hilbert space H.Then there is a unique g € H

such that @(f) =(f,g) ,forall f € H.

Proof: Let N = {f € H: o(f) = 0}.
Since ¢ is continuous N is closed subspace of H by Lemma 2.2.1.
If N=H,wetake g =0, other wise that is if N € H using the Proposition 2.2.1 to
the fact that N is closed subspace of H we have N®N* by Theorem 2.2.1.
Then, take go € N+ such that ||g,ll = 1.

Consider the vector h = (¢(f))go — (¢(go))f ,forany f € H.

o(h) = ¢ ((2(N)g0 — (#(90))f ) = #(H9(g0) = 9(g0)p(f) = 0

This implies, @(h) = (h,g) =0 forall f € H,thus h € N.

Then,

0 = (h, go) = {((9(£))go — (#(g0))f. 9o ) = {(# (1)) g0, g0} — {(¢(90))f. go)
= o(f)g, 9, — 2(9,)(f. 9,
= o(f) — ¢(go){f, o)

Hence, () = ¢(go)(f. 9o} take g = @(go) go -

Therefore, ¢ (f) = (f, g)-

To show uniqueness assume gy, g, € H and we have two representations
o(f) = (f,g1) and @(f) = (f,g.) forall f€H.
Thus, (f, g;) = (f,gz). Implies, (f,g1)—{f,g2)=0 ,forall f €H.
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(f,g1—92)=0 ,forall fe€H.
Taking f = g1 — g we have,
(f,91 = 92) = (91— 92,91 = 92) = lg1 — g.lI> = 0
Thus, g1 — g2 =0 i.e g1 =g,
Hence there is a unique g € H such that @ (f) = (f,g) ,forall f E H. m
As first application of Riesz representation Theorem, we will define adjoint of a
bounded operator on Hilbert space. In finite dimension, where the bounded linear

operators are represented by matrices, this is just the conjugate transpose. But, in infinite

dimension, the situation is again much more delicate.

Definition 2.3.1:-Let H be a Hilbert space and let T: H = H be an operator. Then, the

adjoint operator of T is the operator T*: H — H (if exists) such that

(Tf,g)=(f,T*g) forallf,g € H.

Theorem 2.3.2:- Let H be a Hilbert space and let T € B(H). Then, there is a unique
adjoint operator T* of T such that T* € B(H) and ||T]| = [|T"]I.

Proof: Take a g € H and define @g: H = K by @4(f) =(Tf,g) forall f € H.
Thus, |@q(F)| = KT, g) < ITfIlllgll by Cauchy Schwarz inequality.
But since T is bounded we have ||[Tf|| < [IT||If]| forall f € H.
Thus, I(pg(f)l < |\ITIINf Mgl forall f € H.Hence, ¢4 is bounded.
Let fi,f, € Hand a,p € K, then
pg(afy + Bfy) = (T(afy + Bf2), ) = (T(af) +T(Bf2).9)

= (aTf, + BTf2,g9) SinceT is linear.

= (aTfy, g9) + (BT f29) = a«(Tf1,9) + B{Tf2 9)
ap,(f,)+Be,(f;)
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Hence, @ is linear functional. Hence, ®g 1s bounded linear functional.
Now by Riesz representation theorem there is a unique g, € H such that
®g(f) =(f,go) forall f € H.
Since go depends on g , we have in this way an operator T* g = g, satisfying
(Tf,9)=(f.T"g) forall f,g €H.
To show T™ is linear let g1, g, € H and @, € K then for all f € H,
(f,T"(ag1 +Bg2)) = (Tf,ag, + Bg;) = (Tf,agy) +(Tf, B gz)

= &(Tf, 1) + B(Tf, g2)
= (f,T*g,) + B{f. T*g2)
= (f,aT"gy) +{f,.BT"g,)

= (f,aT"g, + BT"g2)

For which we conclude that T*(ag; + g2) = aT*g, + BT*g, hence, T" is linear.

To show T is bounded,

| T*gll>=(T*g, T*g)| forallg € H

=|TT*g,9)] < IIT T*gllllgll by Cauchy Schwarz inequality

<|ITIINT*gllllgll since T is bounded.
Thus, || T*gll < |ITllligll forall g € H.
Hence T* is bounded linear operator(T* € B(H ).
Now from (15) we have, || T*|| < [IT]l.
And, ||Tg|l* = |{Tg,Tg)| forallg € H

=g, T*Tg)| < IT*Tgllllgll by Cauchy Schwarz inequality

< IT*Tgllllgll forallg € H
Implies, ||Tg|l < IT*|lllgll . forallg € H and gives ||T]| < || T*]|.
Hence ||T|| = ||T*||. =
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Example 9: Let k € C([0,1],[0,1]) and let T: L?[0,1] = L2[0,1] is given by

(TH)(s) = fol k(s,t) f(t)dt .
Forall f € L?[0,1], we have

ITFI2 = (TF.TF) = [T THE) ds = [1(Tf)(s)1 ds

= Jy [l ks, 0 f@yde | ds < 2 (kG 0F @)1 de) ds
But, since k € C([0,1],[0,1]) wehave |k(s,t)| < maxges <y |k(s,t)| = |kl
Thus, ITFI2 < Ilkll2 f; (1f@lde)” ds

But, [i1f(©1de = [If(©).1de < [IfIILl = If by Hélders inequality
Thus, — ITFI? < lIkIl.* IFNI? forall f € L2[0,1].

Thatis ||Tf|l < [kl Ilf]] forall f € L?[0,1] , hence T is bounded operator.
Let f,g € L?[0,1] and @, € K , then

T(af +Bg) = J, k(s,t)(af + Bg)(t)dt

= [, (k(s,)af (©) + k(s,)Bg(t)) dt

= [ ak(s,O)f(t)dt + [, B k(s,0)g(¢) dt

=a(Tf)(s) + B(Tg)(s) hence, T is linear.
Hence, T € B(L?[0,1]). Therefore, by Theorem 2.3.2, T* exists and is unique.
Now determining the adjoint operator ™ of T’

Consider f,g € L?[0,1],
(Tf.9) = [} THEE) ds = f, (f, k(s,0) f©)dt ) g(s) ds
= [ [Lk(s,0)f (g(s) deds

— fol fol k(s, t)f(t)g(s) dsdt By Fubini’'s Theorem.
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= Jy FO (5 ks, 090 ds)de = [ f(2) (J, kG, 0g(s) ds)dt = (£, 7*g)

* 57—
Where, (T*g)(t) = fo k(s,t)g(s)ds is the adjoint operator of T

Thus, T"of T is the integral operator with conjugate transpose kernel k* (s, t) = k(t,s).
Proposition 2.3.1:- Let H be a Hilbert space and T € B(H). Then,

i NI = (Te)

ii. (T(H))J~ is a closed subspace of H.

Proof:

i. Let y€(T(H)) then, (Tx,y)=0 forallx € H.
Thus, (Tx,y) = (x,T*y) = 0 forall x € H.
This implies T*y = 0 hence,y € N(T*).
Let y € N(T*),then 0 = (x,T*y) forall x € H.
Thus, 0 = (x, T*y) = (Tx,y) forallx € H.Le. (Tx,y) =0 forall
x € H. This implies, (z,y) = 0 for all z € T(H) hence, y € (T(H))l.
Hence, N(T*) = (T(H))l .m
ii. Since, T € B(H)there exists a unique T* € B(H) by Theorem 2.3.2. And by
Lemma 2.2.1. N(T*) is a closed subspace of H. By (i) we have

NET™ )= (T(H))J' hence, (T(H))l is a closed subspace of H.m
Definition 2.3.2:Let H be a Hilbert space T € B(H). If T = T" we say T is self adjoint.

Example 10: —Let T: L?[0,1] - L*[0,1] be an operator given by Tf = sf (s).
Now finding the adjoint operator T*, let f, g € L?[0,1] and a, 8 € K.
T(af +Bg) = s(af +Bg)(s) = asf(s) + psg(s) = aTf + BTy

Hence T is linear.
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(Tf.g) = [, tf (g dt = [} f(O) tg(D)dt = (f,tg(6)) = (£, T*g)

where T*g = sg(s) i.e. T =T" hence T is self adjoint operator.

Lemma 2.3.1:- Let T be bounded self adjoint operator on Hilbert space H.Then,
(Tf,f)isreal forall f € H.

Proof: (Tf,f) =(f.Tf)=(Tf,f) forall f € H.Le. (Tf,f) =(Tf,f) for
all f € H. Hence, (Tf, f)isreal forall f € H.m

Proposition 2.3.2: Let T be bounded self adjoint operator on a Hilbert space H. Then,
Tl = supjyy=1{Tx, x)|

Proof: Let B = supj =1 /{Tx, x)| thus, for ||x|| = 1, by Cauchy Schwarz
inequality we have that |(Tx,x)| < ||Tx|||lx|| < [IT|[/|x[[||x]| = [IT]| so that taking
the supermom over norm 1 of x we have < ||T]|.

On the other hand
(TCx+y),x+y)—(T(x —y),x —y) = 2((Tx,y) + (Ty,x))
But since T is bounded self adjoint (T'(x + y),x + y) — (T(x — y),x — y) is real by
Lemma 2.3.1. So from definition of § we have that
(T(x+y)x+y) < Bllx +yll? and
—(T(x=y),x—y) < Bllx - ylI*

Using parallelogram law [|x + y||? + llx — yII> = 2(l|x|I* + [IylI*) we have,
2((Tx,y) + Ty, x) < B(llx + ylI* + llx = ylI*) < 28(IxII* + lIylI*)
Thus, (Tx,y) + (Ty,x) < B(lIx|I* + IylI*) (16)
Now . if Tx = 0 it s clear that ||Tx|| < Bllx|| that will lead us to |7l € B, so assume

_ il Ml oy

that Tx # 0 and define ”T i

Il [E] 2 _ lxl .
hen ||yl = o | Txl =llxll and 2 Tl = i (T + I7x11*)

x|l
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e (T + 1Tx112) = L (12, 70) + (7, 7))

_ xl
i)l

= [l 1l Axll
= (Tx, il Tx)+ (T (“TX” Tx) 2X)

=(Tx,y) +(Ty,x)
< B(lIx|I* + |lylI*) By using (16)

But above we have that ||x|| = [|y||. Thus, 2-XL “”T"”" ITx|1? < 2Blx]I?.

Hence this will lead us to ||Tx|| < B||x]|| for all x € H then taking the supermom over

norm 1 of x we have ||T|| < B.

—((Tx,Tx) + (TTx, x))

Therefore, ”T” = sup”x||=1|(Tx,x)| .

In the proof of existence of an adjoint operator for a bounded operator, the Riesz -
representation Theorem was essential ingredient for all x, y € H. When T is unbounded
we can of course define a functional ¢, (x) = (Tx, y) forx € D(T) S H, but it is not
bounded on H and it is not clear if we can find z € H such that (T'x, y) = (x, z) for all
x € D(T).

Example 11: — Let T: L?[0,1] - L*[0,1] be an operator given by Tf = % .
This differential operator is unbounded (see Example 8) and it has no adjoint operator.

g(t)

= f(g® I3 - ff(t)d(mdt = FO9® 13- [ f(©

= f(1)g(1) — £(0)g(0) + (f,— g(t))

If we attempted to conclude that T*g = —E‘% but, the definition of adjoint doesn’t

hold for all choice of f and g unless f(1)g(1) = f(0)g(0) =0

df ’ P acliont e
Hence the differential operator Tf v doesn’t have an adjoint operator.
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2.4 Fredholm Alternative Theorem

Theorem 2.4.1 :- ( Fredholm Alternative Theorem) Let H be a Hilbert space and
T € B(H) with closed range then the equation T'f = g has a solution if and only if
(g, h) =0 forevery h € N(T").

Proof: Suppose Tf = g has a solution f. Since T € B(H) we have a unique adjoint
operator T* € B(H) of T. Thus, (Tw,v) = (u,T*v) forallu,v € H.

Hence for h € N(T™*) wehave (g,h) =(T fo,h) = ( fo,T*h)

But T*h = 0 since h € N(T*). Thus (g, h) = ( f,,0) = 0

Hence, (g, h) = 0 forall h € N(T").

Suppose (g, h) = 0 for every h € N(T™*).

Assume Tf = g has no solution. This implies g & T(H) .

Since T(H) is closed we can have H = T(H)®(T(H))" by Theorem 2.2.1.

Now g can be written uniquely g = g, + g, where g, € T(H) and g, € (T(H))l
such that (g4, g») = 0. But we have for each y € (T(H))l (x,y) =0 forall

x € T(H) thatis (Tf,y) = 0 forall f € H. Hence since g, € (T(H))l we have
(Tf,g,) =0forall f €H.

Thus, (Tf, g,) = {f,T*g,) = 0 forall f € H now since T*g, € H taking f =T"g,
we will have (T*g,, T*g,) = 0 and this implies T* g, = 0 hence g, € N(T™).

Thus by the assumption 0 = (g, g;) = (91 + 92, 92) = (91, 92) + (92, 92)

But since (g;, g,) = 0 hence (g, g2) = 0 implying that g, = 0.

Thus, g = g, + g, = g1 € T(H) hence this contradicts to the assumption that

g & T(H). Hence it must be the case that Tf = g has a solution.m

1 1
Example 12: —Let T: L2[0,1] - L?[0,1] is given by (Tw)(s) = J, tu(t)dt.

We need to find the cases in which the integral equation (I + AT)u = f has a solution.
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Now first let us find the adjoint operator of the integral equation | + AT .
For u,v € L*[0,1]

(I +AT)w,v) = [ [u(s) +2 f, tu(t) de| v(s) ds
= [, u(s)v(s)ds + [} [} 2eu(t)v(s)dtds
= [, u(s)v(s)ds + [} [, Atu(t)v(s)dsdt By Fubine’s
= [, u(s) v(s)ds + [ u(t) (Atfolv—(ﬁds) dt

= fol u(s) v(s)ds + fol u(t) (fol Atv(s) ds) dt

= fol u(s) v(s)ds + fol u(t) (At fol v(s) ds) dt
= Wv)+@AT'Y)  where (T*v)(s) =s [, v(t)dt .
=(u,{ +T") = (U + AT)*v)
Hence the adjoint operator of [ + AT is
(I+AT)'v =v(s) + As fol v(t) dt
Now we need to find the null space of the adjoint operator (I + AT)* . Thus,
v(s) +As [ v(t)dt = 0
= v(s) = —As [ v(t) dt
= v(s) = —Asa where a = fol v(t) dt
= v(s) = —Asa multiplying both side by s

= fol v(s)ds = fol —Asads = —Aa fol sds

—-Aa
=5 g=—
2

= (1+%)a=0
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Hence ,

i If A =—2 then, null space of (I + AT)" is spanned by v(s) = s that is
N((I + AT)*) =span{s}.
Hence, if A = —2 then (I + AT)u = f has a (non unique) solution if and
only if folf(t) tdt =0.
Thatis (I + AT)u = f has a (non unique) solution for each f € L?[0,1]
ii. If A # —2 then, null space of (I + AT)" is {0} that is N((I + AT)*) = {0} .
Thatis (I + AT)u = f has a unique solution for each f € L*[0,1].

Notice that we cannot be sure that the Fredholm Alternative Theorem applies here since
we have not yet shown that the range of the integral operator I + AT is closed. In fact
the operator (equation) I + AT has a closed range and in our chapter 4 we will see when
an operator T is in a special class of bounded operators the so called compact operators

the operator equation I + AT will have a closed range.
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Chapter 3

Compact Operators- Hilbert Schmidt Kernel

We will now introduce a special class of bounded operators that occur in many
applications, in particular equations or as inverse of unbounded operator. The important
property of an integral equation is that they are compact, which is stronger statement than
boundedness. The compact operators are sometimes called completely continuous
operators for the reason that will become clear in our discussion.

3.1 Compact and Relatively Compact Sets

Now let us recall the definition of compact set.
Definition 3.1.1: A subset S of a normed space H is relatively compact if any sequence
{x,,} in S has convergent subsequence.
Definition 3.1.2: A subset of a normed space is relatively compact if it’s closer is
compact.
Note that in finite dimensional spaces, the compact sets are precisely the closed and
bounded ones. But this is not true for an infinite dimension.
Example 13: — Take a closed unit ball § = {x € H: ||x|| < 1} in an infinite
dimensional Hilbert spaceH. Then any orthonormal sequence {e,,} will belong to it. Thus,

for n # m,

”en =5 em”2 = (en —€m,en — em) = (em en) i <ewen1) i (em: en) i (em: em)

= |le, |l + llewll Since for n # m, (e, e,) =0

= 2 Implies no subsequence can converge.

In particular the sequence {sinnt}y -, which consists a mutually orthogonal element in
L2]0, 7] which is an infinite dimensional space cannot have a convergent subsequence

since the distance between any two elements isV2.

Proposition 3.1.1:- A compact set is closed and bounded.
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Proof: Assume S is compact set and {x,,} is a sequence in S.
Assume S is not bounded. Thus, we can have for every n € N take x,, € S such that
x|l > n. Thus, for every subsequence {y,} of {x,} we have that ||y,|| > n.
Hence ||y, |l = » (diverges) asn — . So {y,} is not convergent and this
contradicts with the fact that S is compact. Hence, it must be the case that S is bounded.
Assume S is not closed. This implies there exists x € S — § and there is a sequence {x,, }
in S that converges to x.But then every subsequence {y, } of {x,} will converge to

x & S. Thus it contradicts with the fact that S is compact. Hence it must be the case that

Sisclosed. m

Note that form our topology point of view every finite dimensional subspace of a
normed space is closed subset of the space and a bounded sequence in a finite

dimensional normed space has a convergent subsequence.

3.2 Compact Operators

Let T: H - H (H is Hilbert) is bounded operator. Then, let A be any bounded subset
of H, i.e there is M; > 0 such that ||x]| < M, forall x € A . Since T is bounded
operator there exist M, > 0 such that ||Tx|| < M,|[x]| forall x € A.

Thatis, ||Tx|| < M forall x € A where M = M; M, hence T (A) is also bounded set.
Therefore if T: H = H (H is Hilbert) is bounded operator then it maps bounded sets in

to bounded set. Compact operators have even a stronger continuity property.

Definition 3.2.1:- Let X and Y be two normed spaces. An operator T: X = ¥ is said to
be compact if for each bounded sequence {x,} in X the sequence {Tx,}inY has a
convergent subsequence.

Equivalently, let X and Y be normed spaces. An operator T:X — Y is said to be compact
if for bounded set A4 in X , T(A) is relatively compact in Y ( T(A)iscompactinY).

That is a compact operator is an operator which maps bounded sets in to relatively
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compact sets.
Throughout our discussion we will see compact operators T: H = H where H is Hilbert
space (infinite dimensional). Let us see the following example to illustrate compactness
of an operator.
Example 14: — Let T:1? - [ be a mapping given by

Ky My Hy b

Tx:(?‘ ITZIESI' o 'I%IOIOIOI"‘)

where x = (,ul NPT ) €l>and meN

Now let x = (1, 4y, 43, .. ) € [% then,
2 2 2
2 Hi o |Hi o |Hi 1 o
ITx||* = ZiZ4 I;:'I S Li=1 |2_: 5 i1 I;ll o ;Zi=1|#i|2
= Zllx||*for all x € 12, (17)
Hence, T is a bounded operator.
Let {x,} beabounded sequence in (%, andletx, = (uf uf, u%, ut,. .. )

Now, {x;,} be a bounded sequence in [?, i.e there is M > 0 such that ||x,|| < M.

Thus, from (17) we have

2 n,2 2
2 _vm |4 Hi M

M
=1 2

2
0 1 1
S Ltw - ;Z;ﬂl#:’llz = ;”Xn”2 <

: M . Yl i
for all n.That is ||Tx, || < - hence the sequence {Tx,} is abounded sequence in a finite
dimensional range (dimT'(H) = m < ). But using the fact that a bounded sequence in
a finite dimensional normed space has a convergent subsequence: thus {Tx,}inT(H)

possesses a convergent subsequence. Hence T is compact operator.

Proposition 3.2.1:-Let H be a Hilbert space and T: H = H be a mapping. Then if T"is
compact then it is bounded.

Proof: Let A = {x € H:||x]| = 1}. Clearly A is a bounded set.

But since T is compact operator, _ﬁH—) is compact set in H. Implying that T(H) closed

and bounded subset of H ; T(H) is bounded set in H.
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That is there is M > 0 such that ||Tx|| < M forall x € H with ||x|| = 1.

Supjx=1ITx|| < o0 .

Hence T is bounded operator.m

Definition 3.2.2:- Let T be an integral operator in L?[a, b]. Then, the kernel k of the
form k(s, t) = Xiz1pi(s)q; (t) ,where {py, p2, ..., pp}and{q;,qz, .. ..qn)
are subsets of L?[a, b], is called degenerate or separable kernel, and the integral operator

T involving degenerate kernel is called degenerate integral operator.

Now the following two theorems are sufficient conditions for an operator T: H — H
is said to be compact in an infinite dimensional Hilbert space H.
Theorem 3.2.1:- Let H be a Hilbert space and T: H — H be a linear operator. If T is

bounded and finite dimensional operator, then T is compact.

Proof: Let A be a bounded set in H. Since T is bounded operator it maps bounded subset
A C H in to a bounded subset T(A) € T(H) S H.Also the closure T(A) is contained
in T(H) , since T(H) is finite dimensional and hence T'(H) is a closed linear subspace in
H. Consequently, T_(A_)— is bounded and closed in a finite dimensional vector space T'(H)
and therefore T is compact.m
Example 15: Let T:L?[a,b] - L?[a, b] is an integral operator given by
(TF)(s) = J; k(s,O0f (©) dt
where k(s,t) = X, p; (s)q;(t) with p;, q; € L?[a, b] (k is degenerate kernel) .
Now, (TA)(s) = [ k(s,)f (©)dt = [} Ty pi ()ai(8) f (D)t

Y‘=1f p; (9)q,(Of (Ddt

s pi(s) [ qu(®Of (Ode = T (f. ) i

Hence T is finite dimensional.

32



eIz = f7

[ k(s,0f (©) dt|2 ds < [ (fa”|/<(s,z:)f(c)|dt)2 dt

o (L1 e Da©f 0)lde) de

Jo (i LI ©af@lar) ds
= [, (ZLalp )l [laof @l de) ds

b
But, fa lq: () f ()] dt < llg;lllif|l by Holders inequality.
Thus,

J2 (Bl [la0r©lde)” ds = [EL IOl ladif)? ds
= [PNFI (B lpe(s)] llgulD?ds

b
= [, Galpi )] lgilD?ds |If1I1?
Hence , ||Tf|| < M||f|| forall f € L?[a,b] where

1

M = (f:(Z?zllpi(s)l ||qi||)2ds)E Hence, T' is bounded and dimT'(H) = n < .

Therefore, by Theorem 3.2.1 T is compact.

Theorem 3.2.2:-Let H be a Hilbert space and let {T},} is sequence of compact linear

operators converging to an operator T. Then, T is compact.

Proof: let {T,,} is sequence of compact linear operators converging to an operator T'. We
need to show that T is compact. Let {y,,} be a bounded sequence in T'(H).

Then there exist possibly unique bounded sequence {x,,} in H with Tx, = y,.

We are now going to Show that it is possible to extract a subsequence {xnk} such that
{Txnk} that is a subsequence of {y,} is convergent.

Since Tj is compact, {x,,} has a subsequence {xp} such that {T} x 1} is convergent.

. . F £) is sONVETOS
Since T, is compact, {x1} has a subsequence {x;} and {Tx5} is convergent.
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Continuing this way, for every k , {xX~'} has a subsequence {xX} such that {T},xX}.
Consider now the diagonal sequence {x'}. It is obvious that {T x]'} is convergent for
every k , and we will now show that {Tx]!} is a Cauchy sequence in H.
Since {x,,} is bounded there is @ > 0 such that ||x}*|| < « for every n. And since
T, = T ,let € > 0 be given we can find a fixed number k such that

IT =Tl < i -
Since {T}x7} is a cauch sequence for every k there is N such that

ITexn — Thex | < forallm,m > N
Now for all n, m > N we have
ITxz — Txpll < [ITxp — Texpll + [ITexh = Tiexim|l + || Texm — Tx2|

ST = Telllxll + =+ 1T = Tl S sa+ s+ -a=¢
Hence, {Tx}7} is a Cauchy sequence in H , thus it converges in H.
Hence, since the diagonal sequence {x}}} is a subsequence of {x,,} such that {T'x,,} has a
convergent subsequence {Tx,} that converges.

Therefore, T is compact.m

Example 16: — Let T: [? - [? defined by

i (l;_l ‘:2 '%"") where,x = (1,2 , 3, .. ) €12,

Hn
Forn € N define Ty:[? - [* by Tnx=(gzi,“—4z-,.. om0, 0,0,. )

Lét x = (N1 Uy Uz, ) ,y=(6,,6,,03..)andx,y € [? and a, B be constants.

) +46 Apn+ Py
Then, Ty(ax + By) = (25 (atbl 0,00, e
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=S (Gt 000, )

2 z" ;
= alL X+ pl,y .
Hence, T}, is linear operator for all n € N.
2 3 :
and, Tl = S, 4 < 22, [ < 2, 2 = 2mmtid? = 2l o an
x € [%. Thatis, ||Tx|| < ”—" for all x € [%. Hence, T}, is bounded operator.

Since T), is bounded linear operator and dimT,, (1) = n < o
Hence, T}, is compact operator by Theorem 3.2.1.

That is {T},} is a sequence of compact linear operator on [2.

T =Tyl = 7% = Tyl = B2 [ < 52,00

2n+1
1 2
= 22(n+1) Z?Zn*']l#(l

1 2
- mxﬁllﬂﬁ

i 22(n+1) ”xllzfor all x € [2.

Thus, ||Tx — T,x|| <

e llx|| forall x € [* now taking the supermom over all x of

norm 1 we have, ||T —T,|| < 2n+1

Definition 3.2.3:-A sequence {x,,} in a Hilbert space H is weakly convergent with weak
limit x if, for all y € H, the sequence (X, y) converges to {x, ¥) in the usual sense, and

we write X, — X in this case.

Proposition 3.2.2: A weakly convergent sequence {X,,} in a Hilbert space H has a
unique weak limit.
Proof: Let {x,} a sequence in a Hilbert space H such that x,, = 2; and x,;, = Z,. That is

(Xp, ) = (z,,y) forally €H and (xn,y) = (23,y) forally € H.
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But (x,,,y) is a sequence of numbers its limit is unique, implying that

(z1,y) = (23, y) forall y € H.

Thus,

0 =(21,¥) =(22,y) = (21 = z,,y) forally € H i.e(z — 2,,y) = O forall y € H

Hence, z; — z; = 0 which implies z; = z, and weak limit is unique. m

Example 17: — Let {e,,} be an orthonormal sequence in the Hilbert space H.
For x € H, we have from Bessel’s inequality that

n=1l(x, en)|* < |lx||? .
The terms of the left hand side goes to 0 for n — oo,

So (e, x) = (0,x) = 0 for all x € H, showing that e,, converges weakly to 0.

Proposition 3.2.3: Let {x,} be a sequence in H, and assume that x,, = x. Then

Xp = X.

Proof: Assume X, = x , that s ||x,, — x|| — 0.
Thus, |, ¥ = (6, 9 = [0 — %, 9)|
< |lx, = x|lllyll By Cauchy Schwarz inequality
Implying that [(x,,y) —(x,y)| = 0 forally € H for n = oo.

Hence (x,,y) = (x,y) for all y € H. Therefore, x,, = x.m

Let us recall one of the central theorems of functional analysis which will help us to

verify that a weakly convergent sequence is bounded.

Uniform Boundedness Theorem: Let {T, },¢; be the set of bounded linear operators
from a Banach space X in to a normed linear space Y such that
1T, ()| < M, foralla € I, ({Ty}qe; is a family pointwise bounded linear operators)

then there is a constant M independent of x such that [|T, || < M forall a € I.
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Proposition 3.2.4: A weakly convergent sequence in a Hilbert space H is bounded.

Proof: Let {x,} be a weakly convergent sequence in H with weak limit x. Now for
each X, define a mapping Tp: H = C by T,,(y) = (y,x,,) for y € H. Clearly T, is
linear. By Cauchy Schwarz inequality ||T,(y)|| = |(y, x,)| < Mlly|l forall y € H
where |[x, || = M. Hence, {T,} is the set of bounded linear operators from a Hilbert
space H in to a normed linear space C.

But foreach y € H, (x,,,y) = (x,y) , implying that for each y € H the sequence
{(x, ¥)} bounded, this implies |T,,(y)| = [{x,,, ¥)| < M, foralln € N thatis, M,
is constant depending on y € H but not on n. Hence, the family {T',} is pointwise
bounded linear operators.

Therefore, by uniform boundedness Theorem it is uniformly bounded, i.e there is some
constant M > 0 independent of y such that ||T,,|| < M forall n € N.

Thus, from l12all? = T () < ITulll1xnll < Myl

we have |[x,|| < M for all n € N. Hence, a weekly convergent sequence in a Hilbert

space H is bounded. m

The difference between strong and weak convergence is a genuine infinite dimensional
phenomenon; if the Hilbert space is finite dimensional weak and strong convergence are
the same. But we have strong convergence implies weak convergence and any weakly
convergent sequence is bounded. One importance of compact linear operator T: H — H
for Hilbert space H is that it maps weak convergence in to strong convergence. Now let’s

see the following Theorem to verify this.

Theorem 3.2.5:-Let H be a Hilbert space and let {x,,} be a weakly convergent
sequence, with weak limit x .If T € B(H) is compact, then {T'x,,} converges in the
normto T'x.

Proof: Since x,, = x we have for all y € H that
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(Txn, ¥) = (X0, T*y) = {6, T*y) = (Tx,y) ie.(Tx,,y) = (Tx,y) forally € H.
Hence Tx, — Tx ,since by proposition 3.2.3 strong convergence implies weak
convergence, we see that T'x is the only possible limit. So assume that {T'x,, } does not
converge to Tx . Then it possible to extract a subsequence {T'y, } of {Tx,,} such that
1Ty, = Tx || > & foralln € N and for some § > 0 .
But , since by proposition 3.2.4 {x,,} is bounded and T is compact and we can have a
subsequence {Tynk} of {Ty,} that is strongly convergence to ¥ in H hence, by
proposition 3.2.3 Ty, — y. Butsince Ty,, = Tx we must have that by proposition

3.2.2 y = Tx , which is not possible according to the inequality above.

Hence FX, =% TX B

Corollary 3.2.1:-Let H be a Hilbert space and T' € B(H) is compact .Then if {e, } is an
orthonormal sequence in the Hilbert space H then, Te, — 0.

Proof:- Since e, — 0 , hence Te, = 0 by Theorem 3.2.3 .m

Proposition 3.2.5:- Let H be an infinite dimensional Hilbert space. If T € B(H) is
compact and T 1 exists, then T~ is unbounded.

Proof: Let {e,,} be an orthonormal sequence in H. Then, T'e,, = 0 from Corollary 3.2.1,
but since T~ exists, ||T~2(Te,)|| = lle,]l = 1 forall, so T~ is not continuous. m

Theorem 3.2.4: Let H be a Hilbert space and let Ty and T, € B(H). Then the product

T,Ty: H = H is compact if one of the two operators Ty or T is compact.

Proof: Let {x,,} be a bounded sequence in H.
If T, is compact there exist a subsequence {xnk} such that Tyx, — x € H ask = o.
Since T, is bounded therefore continuous, we have
TZ(Tlxnk) = (T,Ty)xy, = Tox in H a8 k= .
Hence, T,T; is compact.

If T} is bounded and T, is compact, since bounded operators map bounded sets in 1o
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bounded sets, the sequence {T;x,,} is bounded in H. Therefore, there exists a
subsequence {xnk} such that
TZ(Tlxnk) = (T2T1)xnk = xinH , as k - oo,

Hence again T,T; is compact. m

Theorem 3.2.5: Let H be a Hilbert space and T € B(H). If T is compact then 7" is

also compact.
Proof: Let {x,,} be a bounded sequence in H. Le ||x,|| < M for some M > 0.
By Theorem 3.2.4 above TT*: H = H is compact. Hence there exists a subsequence

{xnk} of {x,} such that {TT*xnk} converges in H. But then from
2
I T (xnk - xn},)” L (xnk - xnj),T* (xnk - xn].))

B (TT* (xnk 00 xni)‘xnk b1 xni> <M ||TT' (xn" i x”’)”

We observe that {T*xnk} is a Cauchy sequence, and therefore it converges in the Hilbert

space H .m

3.3 Hilbert-Schmidt Operator

b b
Definition 3.3.1:- If the kernel k(s, t) satisfies fa fa |k(s, t)|*dsdt < o, then the

kernel k (s, t) is called Hilbert Schmidt kernel and the corresponding integral operator is
called Hilbert Schmidt operator.

That is, an integral operator on L?[a, b] is called Hilbert Schmidt operator if the kernel k

is in L2 ([a, b], [a, b]) . that s if [[kl|> = [ [} lk(s, t)]*dsdt < oo

Proposition 3.3.1:- Hilbert Schmidt operator on L?[a, b] is bounded and ||T|| < ||k]|.
Proof: Suppose T is Hilbert Schmidt operator with kernel k € L*([a, b], [a, b]) that is

fab ff”((S, t)|2dsdt < oo then, using L* norm
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ITAIE = f7 |2 ks, 00 @ el ds < (11kes, of 01 de)’ ds
But, f:lk(S, Of ©Oldt < Ik(s, IIfIl By Hélders inequality

b
Hence, ||Tf||? = fa

[ k(s Of@de| ds < [ ([ ks, 0f Ol dt) ds

b : . ,
< [, UlkGs. ONFDZ ds = IFI1? [ k(s, )12 ds = [If 111k
Thus, [ITfIl < [Ik|[IIf]] forall f € L?[a, b] hence, T is bounded. Now taking

supermom over all f of norm 1 we have, ||T|| < ||k|| m

Definition 3.3.2: An orthonormal set {e,,};~; in Hilbert space H is said to be complete
if (en,f)=0 ,foralneEN=f=0.
Equivalently, an orthonormal set {e,, };;—; in Hilbert space H is said to be complete if
g =Yn-1(9,€,)e, ,foral g € H.
That is to mean that there is no function ¢ # 0 in H for which the set {e,,}y=; U {¢}

forms an orthonormal set in H.

or‘éafr
Intto prove Hilbert Schmidt operator is compact, we must construct a complete

ortho@normal set for L?([a, b], [a, b]) from complete orthonormal sets of L*[a, b]. This
is done by the so-called tensor product, which is defined in the following manner; let

f,g € L?*[a, b] then we define the function f ® g by

f®g(s,t)=f()gt) , (st)€lab]x[ab].
It is obvious that f ® g € L*([a, b], [a, b]) since

12101 © (s, 012 dsde = J) [1f ($)g(OI dsd
=f:|f(5)|2ds f:lg(t)lzdt < ®

Theorem 3.3.1:- If the set {e;}=; is a complete orthonormal set in L?[a, b], then the

set of all products {eiej}%. | is complete orthonormal set in L*([a, b], [a, b]).
L,]=
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Proof: To prove {eiej}?jﬂ is orthonormal set,
b (b e e—
(enem.€i€)) = [, [, en(s)e, (t) ei(s)e;(t)dsdt

b Y b S———
e fa €m (t)e](t) dt fa en(s) e(s)ds = (em:ej)(en; e) = 6771/5111
So that {eiej}:'jzl is an orthonormal setin L*([a, b}, [a, b]) .
i

To see {eiej} 54 is also complete, assume f € L%([a,b),[a,b]) and

(ejej, f) =0 foralln,m € N,

(eip), f) = f: fab ei(s)ej(t)f (s, t)dtds =0 foralli,j € N.

a

= [ e(s) ( 2 e (O)f(s,0) dt)ds = 0 forall i,j € N
since {e;}7—, is a complete set in L?[a, b] we have f: ej (t)f(s,t) dt = 0 forall

j € N in L?[a, b]. And again since {ej}ll is complete set in L[a, b] ,

fb ej (t)f(s,t) dt =0 forall j € N implies that f = 0'in L*([a,b), [a, b)).

a

Hence, {eiej} is complete set.

0
i,j=1

Hence, {eiej} is complete orthonormal set in L*([a, b], [a, b]).m

i,j=1
Corollary 3.3.1:- Hilbert Schmidt operator is compact.
Proof: Let {e,,}%_; is a complete orthonormal set in L*[a, b] , then by Theorem 3.3.1

{eie'}:‘—l is a complete orthonormal set in L*([a, b], [, b]).

Then since k is in L2([a, b], [a, b]) we can represent the kernel k(s, t) as

k(s,t) = X2, X721 Bijei(s) ej(t) where, B = (k, e;e;) are Fourier coefficients

b
for the kernel k(s, t) and the operator is of the form (Tw)(s) = J, k(s,0ult) de .

By Parseval’s equality we have

b ¢b .
Fe T lByl’ = Nkl2 = f.J; VeCs, D)|dsdt < oo
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Let us define the degenerate kernel ky, (s, t) by k, (s, t) = ¥, "1 Bijei(s) e (t)

which converges to k(s, t) in L*([a, b], [a, b]) .

b
The operator (T,u)(s) = fa k,(s, u(t) dt is compact by Theorem 3.2.1.
Now it suffice to show that T, converges to T' in the operator norm. To see this ,

I Tu — Tull?
=’
=[°
=L | (e Zs = s D + 2 Znas + 201 2By ei(S)ey Ouedde| ds
=’
= f: ((Z:Ll Z;.;n+1 S Zjo=1)|:3ij|2|ei(5)|2 fablej(t)lz dt fab|u(f)|2df) ds

f: Z?=1 Z;'l=1 ﬁijei(s) ej(t)u(t)dt - fab Zf?—-l 27;1 ﬂi}ei (s) e/-(t)u(t) |2 as

f;(z?=1 RS X T Z?:l))ﬁijei(S)ej(t)u(t)dt|2 ds

f;(z?ﬂ Z?o=n+1 s BN 2i=DBije (S)e}-(t)u(t)dtr ds

1o9) ) 2 b B b 2 b
= Q1 Ziner + E2naa L0 [By | [ le()] ds [ |e; (0] dt [ u(e)|*de

s 2 2
= (1 Znen + ZiZner Zi=0 8o Nleall?{|e; | tull?

co oo (o0} 2
= (i Zj=n+1+2i=n+1 Zj:l )|5i1| [Jull?
Since )24 Zj=1|ﬁij| < o0, for all € > 0 there exists a positive integer ng such that
n n 2 o T 2| _vm © ® ® | __|2 < it
2Byl — YR TalBi | =B Ziener + Zna1 221 ) [Byj £,
for all n > ngy Then , we have

2 5
1Tt = T2 < (B0 B %mes + Zi2nss Zizn) |8 ull? < e2llull?, for all n > ng

Thatis, ||Tu — Tul| < ellull foralln > n, and forallu € L*[a, b] .

But, ||(T — T,)ul| = ||T,,u — Tull < €llull and taking supermom over all u of norm 1
we have ||T = T, || < & for all n > n, implies T}, converges to T in the operator norm .

Hence T is compact by Theorem 3.2.2m
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Chapter 4

Spectral Theory for Compact Linear Operators and Fredholm
Alternative Theorem

4.1 Equivalence between Degenerate Operators and Matrix Operators’
Degenerate operators are equivalent to matrix operators. To see this suppose we wish to

solve, u(s) = f(s) + ATu (18)
where, Ty, is the degenerate operator given by (T,u)(s) = [, Xit, ¢;()g; () u(t)dt.
Thus, f(8) = u(s) = A f, Tiy i(s)pi (D) u(t)dt

= u(s) = AT, [; ¢i(S)pi(D u(t)dt

= u(s) = 2T, ¢i(s) J) @it u(t)dt
Hence, the equation (18) can be written as,

f(s) =u(s) = AXi: 8 di(s)

where, & = [ () u(t)dt are unknown constants.

Then taking the inner product of u with @;(t), we obtain,
& =W e)) = {f + 1L 60 @)
=(f,¢;) + (ATi1 & Du @)
=(f, @) + ALz §i (i 9))

Now let n; = (f,¢;) J=2 et
a;; =(j, ) 1.J= Y2 %

A= (aif)i,j=1,z,...,n
g _{1 ifi=)
o (5"i)i,j=1,2,...,n , Where 0y =1 if i )

n= (01,102,
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§= (51 $2, ---'fn)r

Then the equation u(s) = f(s) + AT, u has an equivalent matrix representation form,

L s @ ;. Ay - An $ T
By Mel —,{(f : )]()=(>
S | nxn Apy  Apy Ann {n n

It can be written compactly as,

(I=24)¢ =n (19)
Example 18: Let the Fredholm integral operator T: L*[0,1] — L?[0,1] is given by

(Tw)(s) = [} % u(®de , u(t) € 12[0,1].
We wish to find the equivalent matrix operator of the integral equation of
s =u(s) — A(Tu)(s).
Here, is a degenerate operator given as,
(T21)(s) = (Tw)(s) = [} X2, ¢i(s); (DDu(t)dt
where, ¢1(s) =s , ¢,(s) = -Ins , @1(t) = Int and ,(t) =t
Thus, f(s) = u(s) = [) T2, ¢u()g; (u(t)dt where, f(s) = s
1

Then, @3y =(¢1, ¢1) = [} tInt dt = [t Intdt =

1 - 1
Uz = (¢, 1) == [ Int T dt ==

4
a1 = (1, @3) = fol t2dt -—-g
Azz = (3, 5) = —fol tintdt = —i
And, 0y =(f, @) =f01tlntdt=i
N2 =(f, ;) = foltzdt =§
Hence, A = (aif)ij=1,2 , 1= (6‘7)1',1':1,2 and n = (Zz’) . Thus the integral

equation s = u(s) — A(Tu)(s) has an equivalent matrix representation form,
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1/4 _1/4 1/4

((1) ?)_'1 1/3 1/

4

The main goal of this section is to determine how to generalize the spectral theory
properties (Eigen pair properties) of matrices to an infinite dimensional compact linear
operator. The reason this can be done for compact operator is that the compacting action
of operator tends to minimize the effect of “most™ of the possible independent directions
in the vector space. As a result the difference between the action of finite dimensional

operator and the action of operator is “small”.
4.2 Spectral Properties of Compact Linear Operators on Hilbert Space

Definition 4.2.1: Let H be a Hilbert space and let T: H = H be a compact operator.
An eigenvalue, eigenfuncton pair of T is a pair (4,u) satisfying Tu = Au where, A is

scalar, U € H ,u # 0.

For Hilbert space H let T: H = H be a compact linear operator. The following are some

properties of eigenvalues and eigenfunctions for the compact linear operator T

1. The multiplicity of any eigenvalues A # 0 is finite. That is the number of lincarly
independent eigenfuncton for any eigenvalue 4 # 0 is finite.

Proof: Suppose not! That is there is an infinite set of functions (vectors),
{¢:}72,. Thus, {¢;}i2 can be made orthonormal set of vectors using Gram
Schmidt for which T¢; = A¢;. So that forn # m
”T¢’n =y T¢m“ = |[App — Mpm” = Ml”d’n o (pm” = \/é- [A] >0 ,so
{T ¢}, has no convergent subsequence and this contradicts with the fact that T
is compact. Hence, it must be the case that the number of linearly independent

eigenfunctions for any eigenvalue A # 0is finite. ®
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2. The adjoint operator T * exists and is bounded.
Proof: A compact linear operator is bounded linear operator by Proposition
3.2.1. Thus, T ™ exists and is bounded by Theorem 2.3.2. m
3. If T is self adjoint operator, then T has at least one eigenvalue.
Proof: Without loss of gener:dlily we may assume T # 0.
Let us consider the limits of the operator

m = inf (Tx,x) , M= sup (Tx,x)
[lxll=1 [lxll=1

From ||T|| = supyx=1/{Tx, x)| . we know that ||T'|| = max{|m|, M} .

m ., if ITIl=|m]|
M, if ITII=M

We shall prove that A, = { is an eigenvalue of T

Consider the case ||T|| = M. There exists a sequence of elements {x,,} with
|, |l = 1 such that

(Txp ,x,) > M =1, asn— oo, (20)
Since T is compact and {x,,} is bounded, we assume that the sequence {T'x,,} has

a convergent subsequence {T'y, }, say converges to y, that is Ty, = Y.

Let us regard,
Ty = Aayull? = (Tyn = 1Y, TYn = 2 Yn )
= ITyall® = 2216y ) + 22" S NTI = 22000 30 ) + A4
From the relation (20) and using the fact that 112 = ||T||?* we obtain
Tyn —A1yn = 0 asn -

which implies in turn, that y, = %(Tyn — (Tyn — A1Yn)) converges.
1

Namely, Yo =Y = 3 ¥o

1
Indeed, y, =Ty = A,y because Ty, = Ty = y,.
As y #0,(|lyll = 1) , then 4, is an eigenvalue .m
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4. If T is self adjoint operator, then all its eigenvalues are real.
Proof: Let A be an eigenvalue of T and x # 0 be the corresponding
eigenfunctions of A. Thatis Tx = Ax. Then,
Alx|I? = 2x, x) = (Ax, x) = (Tx,x) = (x,Tx) sinceT is self adjoint.
= (x,Ax) = A(x,x) = A||x||?
Since, x # 0, ||x|| > 0, hence A = A. Hence A is real.m
5. 1f T is self adjoint operator, then eigenfunctons corresponding to different
eigenvalues are orthogonal.

Proof: Let A, i be distinct eigenvalues and x,y € H ,x,y # 0 be
eigenfunctions corresponding to eigenvalues A and g respectively. That is
Tx =Axand Ty = py.

Thus, A(x,y) = (Ax,y) = (Tx,y) = (x,Ty) since T is self adjoint
= (x,uy) = f@{x,y) = u(x,y) since p is real
But since A # p, we must have (x, y) = 0. Hence x and y are orthogonal. m
6. If T is self adjoint operator, then the number of distinct eigenfuncton is either
finite or lim,,_, o 4,

Proof: For each eigenvalue A, there are at most a finite number of
eigenfunctions by (1). Let u, with |[u,]| = 1 be one of possibly many
eigenfunctions of A,,.

The sequence {u,} is a orthonormal sequence since A, # A,,, for n # m. Since

T is compact if there are an infinite number 4,, |
2

. s . 2 ¢
0= llmn_.wIITunllz = llm,,_.oollzl,lu,,llz = ,lll—.nc}J" - llmn—'oo An
Hence, lim, o 4, = 0 .m
7. (Maximum principle) Every non trivial self adjoint compact operator has a non

trivial eigenpair (A1, ¢1) where |A;] = max, =1 [{Tw, u)| = ||IT|| and the

maximum is attained by ¢, (normalized).
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. E, [(Tuu)|
Proof: Let B = supjyjeo ==~ -

Now, [{Tw,u)| < ||Tull|lul| by Cauchy Schwarz inequality so that
I(Tw, w)| < ITullllwll < ITIHellllell = [ITl|lell® and this gives us
B <IITIl. (21)
Now we wish to show § = [|T|| , we observe that
(Tx+y),x+y)—(T(x—y),x—y) = 2({Tx,y) +(Ty,x))
But, since T' is compact self adjoint operator hence T is bounded self adjoint
operator thus (T (x + y),x + y) and (T'(x — y), x — y) are real by Lemma 2.3.1
So from the definition of  we have,
(Tx+y)x+y)<Pllx+yll* and
—(T(x = y),x —y) < Blix - yII?

Thus,

2((Tx, y) +(Ty,x) < Bllx + yII* + llx = yII*)
Now using parallelogram law, we have

2((Tx, y) +(Ty,x)) < 2 B(llx|I* + lIylI*)

Thatis (Tx,y) +(Ty,x) < B(llxlI* + lIylI*) (22)

Now if Tx = 0 itis clear that ||Tx|| < B]|x|| that will lead us to § = ||T]| . so

L S o Bhe s -

assume that Tx # 0 and define y = il Tx . Then, ||yl Tl ITx|| = [|x]|
[Ix]| 2 _ lIxll - [ [l ]| 2 Txll?
and 20 ypege = g = B gz 4 )

= II”;“II ((Tx,Tx) + (Tx, Tx))

= I—:ITX_XHII ((Tx,Tx) + (TTx,x)) Since T is self adjoint

o | Il
= (Tx, 20 Tx) +(T ("Tx” Tx) x)

=(Tx,y) +(Ty,x)
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< BAlxI1* + [Iyl1*) By using equation (21)

But from above we have that ||y|| = ||x||. Thus, ZIlI!erllull'l'xll2 < 2B|Ix|I* .

Hence this will lead us to ||Tx|| < B|lx|| forallx € H .

Thus, taking the supermom over x of norm 1, we have ||T|| < 8. (23)
From (21) and (23) we have ||T|| = S.
Then,

[{Tu,u)| u u
Tl = el L G PRL IO (L
ITIl = supjyj-0 iz = SUPugizo (T 5o T o)

thus, for any v, v, = ﬁ we have supy,z0{Tvo, Tvy) = |IT]| .

Hence, there is a sequence of normalized function {2, } , ||z,]| = 1 for which
limy, [Tz, zy)| = |IT|| which implies |lim(Tz,, z,)| = |IT|| .
n—co

Then therefore a subsequence {x,,} for which lim(T'x,,, x,,) = £||T|| thatis

n-—oo

(Txp, x,,) converges to either ||T'|| or —||T]| .

Let 4; = lim(Tx,, x,,) , then

n—-oco

”Txn P Alxnllz - ”Txn”2 i ZAI(Txn: xn) + Alzllxnllz
= ||T”2"xn”2 g 2’11<Txruxn) ;o ’112”xn”2
e ”THZ 3E ZAI(TX,,,Xn) + /112

But |T||? — 24,(Tx,, x,,) + A,% = o asn — 0. This means that

lim, e (Tx, — A1x,) =0

Since T is compact the sequence {Tx,,} possesses a convergent subsequence
{Ty,,} which converges to some function y, € H.
Since Tx, — A1x, = 0 we have also T'y,, — A, y,, = 0.

Thus, 1limy e (TYn = A1yn) = lim Ty, = lim 4,y = 0
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Since T is continuous lim Ty, =T llm Ny, and we have also
n—o

li =

nggllyn llrggn; Yn

Implies T'!imyn = A limy, (24)
el n—w

Again, since Ty, — Ay y, = 0, ¥, converges to some function ¢, that is
= =1k ¥
Yo = limTy, =2 limy, = limy, === ¢,

1

That is y,, converges to ¢, = Z—o and

ol = e = ] =
" lim A,y II lim Ayl A
e - Ut

Hence, from equation (24) we have T'¢p; = A;¢b;. This implies that A is an
eigenvalue. Hence, for non trivial self adjoint compact operator we have found a
non trivial eigenpair (Ay, ;) where |A;| = max, =1 [{Tw, u)| = ||T|| and the
maximum is attained by ¢,.m
. A compact self adjoint operator T is either degenerate or else it has an infinite
number of mutually orthogonal eigenfunctions and either ||T'|| or —||T’|| is the
largest among all the eigenvalues of T.

Proof: To see this we will use induction.
For n = 1 by property 6, we have a non trival eigenpair (4;, ¢,). Assume for
n — 1 the eigenpairs (A;,¢;) , i =1,..,n—=10f T, ¢; are mutually
orthogonal.
Now we define a new compact operator T, by

Tou=Tu— Y 2w, dp) i

If T is an integral operator the kernel corresponding to T, is

kn(s,t) = k(s,t) — iy A () (8).

Now T), have the following properties
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iii.

ii.

Let (u,¢0;) =0 for i=1,..,n—1,then
Tau = Tu = Fi5' 4(0) ¢; =
Hence, if (u, ;) = 0 for i = 1,..,n — 1, then Tyu = Tu.
Let u= Y7} a;; then
Tu =T(Z}2 aj¢;) — L1, (Zjo1 @)
=375 aTe; =TIt A 2, 1 (¢, i)
=Yt oTe; =Xl a; Tt A (D), i)
51 @ Te; — Eji a; 4,

=Yl aTe; — 721 @;Te; Since Te; = Ajpj for,j =1,..,

=0
Hence, if u = Y72 a;¢; , then T,u=0.
Letv € T,,(H) then there is u € H such that Tu = v.
Thusfor j=1,..n—1,
(v, ¢)) = (Tau, $;)
= (Tu = X5 4w, @) b1, )
= (T, ) = 1514w, $ )i, 6)
But since {¢p;}/'=}' are orthonormal we have
T A (w o) (i b)) = Ajw, b)) thus,
(v, ¢j) = (Tu, ¢;) — Ai{w, p;)

={(u,To;) — 4i{u, ¢;) Since T is self adjoint.

= (u, Tp;) — (u,A;¢p;) Since A; are real by property 2.

(v, ;) =, To;) —(u,Tp;) Since Tp; = Ajp; for, j=1,...,n—

=0

Hence, the range of T, is orthogonal to span {¢b; , ..., Pp—11}.
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iv.  Ford# 0,let T, = Ag , then T:‘p =@ this implies T), (%) =@,

Hence if T,,¢p = A then, ¢ € T, (H) . Moreover, by (iii) ¢ is orthogonal
to span{¢; , ..., pp_1} . And by (i) T, = T = A¢ so that if (4, @) is

an eigenpair of T, , then it is also an eigenpair of T'.

Now we can apply property (6) to the reduced operator T),to find another
eigenpair.

If T, is non trivial, it has a non trivial eigenpair (4,, , ¢,,) which is also an
eigenpair of T by (iv) above, where

[{Thu,u)l

IIuT:II T, || and the maximum is

[A,] = max, 1«0

attained by ¢,, , whichisin T'(H).
Furthermore by (iv) ¢,, is orthogonal to ¢; for i = 1, ...,n — 1 (the previous
eigenfunctions), and of course it can be normalized.

Now for (u,¢p;) =0,i=1,..,n—1, then T,u = Tu by ().

Hence |4,,] = max 0 Kl _ hax £0 LU
7 wog=o P awg=o Ml
Wi Pi
1=1,5n~1 i=1,.,n-1
Let' Uy =y, o b ={w: (0, ¢y =0 ,i=1,... m}.
Hence ....€CU,SUp-1SUpn2<S...€U, €U, EH
Thus,
Tu,
max uso Sl gmay e KT
wepp=o I’ wap=o Il
i=1,.n-1 i=1,..n—2
That is
Tuu) [(Tuu)l
|,'{n| = maxX wuz0 I(Iu"t l < max uzo0 E = Mn—ll
(wpp=0 I (wp)=0
i=1,.,n-1 i=1,.n-2

Hence, we have the following generalization.
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(The maximum principle for self adjoint compact operators) The n*" eigenpair of T
can be characterized by,

Tu,
|4n] = max =0 '(Ll:)l < [Ap-l
(u,)=0 [l
i=1,.,n-1
where the maximum is attained by ¢,, and (¢,,, ¢;) = Ofori = 1,...,n — 1.
Therefore, we have two possibilities to occur,
)If Ty =0, Tu= Y 4i(u, ;) ¢; for some n , then T is degenerate.
b)If T, =0 ,Tu=Tyu+ X 4;{u, ;) ¢; . then T has an infinite orthonormal set

of eigenfunctions {¢h,} with corresponding eigenvalues {4} € R,

S Al S Al £ .00 < )23] £145] € |1A4] such that A, = 0.

Let A, is an eigenvalue and ¢,, be the corresponding normalized eigenfunctions under

T. Then, |A,| = [ {n P ) = T hn, dn ) < T = |44]

Hence either ||T'|| or —||T]| is the largest among all the eigenvalues of T.m

Theorem 4.2.1: If T is compact self adjoint linear operator, then the set of {¢h;};=, of
its orthonormal eigenfunctions is complete over the range of 7.
That is every function in the range of T can be expressed in the Fourier series in terms

of the sets {¢p;}i=;.

Proof: Suppose u, = f — it a;p; forall f € H, where a; = (f,¢;) ,i=1,..,.n—1
But;der j = 1,..,n-=1 ,
(U, b ) = (f = Z1 @i, @) = (. 9)) — Z157 @i, d))
= (f:¢j) S (fn‘f)j) = (f'd)j) =0
Thatis (u,,¢; ) =0 ,for j=1,..,n—1.
Now, using (i) of property (7) we have [|Tu,ll = [ITyunll < I Tullllunll < 141l
Butas n — o, [1,] = 0, hence [|Tu,ll = 0asn = o ie lim, ,|[Tu,|l = 0.

Now let g € T(H) , hence there is f € H such that Tf = g. Thus,
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0 = limy o0 Tt |l = limpyoo || T(f = ZESHE, b))
= limyo||Tf = ZE5NF, 00T
= limyoo||Tf = ZE5NF, p)Aidy]| Since Tp = Aipy i =1,..,n — 1
= limysoo||Tf = BISHS, Aipidbi]| - Since A;'s are real by property(2)
= limyoo||Tf — ZENF, Th) || Since T = Ay i=1,..,n—1
= iMoo |Tf — ZESNTS, didbi||  Since T is self adjoint
= limywllg — X5, ¢ il
= ||g - lim £254g, podpi|| By continuity of norm |L. |
= |lg — Xi21(g, #)¢ill  which implies g — ¥2,(g,p)p; = 0
Hence, g = 2i2.(g, ¢pi)¢p; forall g € T(H).

Hence, is g represented as Fourier series of the sets {¢;}i=, . =
Let T € B(L*[a, b]) is an integral operator given by (Tu)(s) = fab k(s, t)u(t)dt

with continuous kernel k (k € C([a, b], [a, b])). For u,v € L*[a, b]
(Tv,uy = [} ([} k(t,5)v(s)ds) ut)dt
= [ " k(t, $)v(s) u@dsdt
B f: f: k(t, s)v(s)u(t) dtds by Fubini’s

= [7v(s) (J) k(t,$)u(0) dt) ds

= [P v(s) ( [k s)u(t)dt)ds

= (T where (T*u)(s) = [} k(t,s) u(t)dt .

Therefore, if T € B(L*[a, b]) is an integral operator given by

(Tw)(s) = [ k(s, Hu(t)dt
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with continuous kernel k (k € C([a, b], [a, b])), then T* of T existes and is given by
(T*u)(s) = f k(t,s)u(t)de.

Observe that T is self adjoint operator (thatis T = T*)if k(s,t) = k(t,s). A kernel
k of an integral operator satisfying k(s, t) = k(t, s) is called hermitian kernel.
Hence, if T € B(L*[a, b]) is an integral operator given by
(Tw)(s) = [ k(s, Ou(t)de
with continuous kernel k (k € C([a, b, [a, b])), then T is self adjoin operator if the

kernel k of T is hermitian kernel.

Example 19: Let T: L?[0,7t] —» L?[0, 7] givenby (Tu)(s) = fonk(s, t)u(t)dt

with continuous kernel

(n—:)—t PSS SIS T
). Lt edd S0 R L
n

This integral equation f(s) = fon k(s,t) u(t)dt with the given continuous kernel is
equivalent to the ordinary differential equation f"'(s) = —u(s) , 0<s <m with
the homogenous boundary condition f(0) = f(m) = 0.

To each function u € C[0, 7] there exist a unique solution f € C#[0, 7] of boundery

value problem which is given by

5= f:k(s, Hu()dt , 0<s<m
The compact integral operator T with this so called triangular kernel is self adjoint, since
its real valued kernel is symmetric k(s, t) = k(t,s) hence k(s,t) = k(t,s) Lekis
hermitian kernel.

Letu, v € L?[0, ], then
(Tu,v) = f (f k(s,t) u(t)dt) v(s)ds
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= [ [ k(s, t) u(t)v(s)dtds

= [ [T k(s, ) u(t)v(s)dsdt by Fubini's

= [y u(®)([; k(s,t)v(s)ds)dt

= Jy u@®)(f; k(s,t)v(s)ds)dt  since k(s,t) is real valued

= [y u®(fy k(t,s)v(s)ds)dt since k(s, t) = k(t,s)
= (u,T*'v) where (Tv)(s) = [, k(s, t)v(t) dt

Hence, T is self adjoint.

Now the eigenvalue and eigenfunction equation Tu = Au is equivalent to the

differential equation Au" +u =0, u(0) = u(mw) = 0. The non trivial solution to the

boundary value problem are given by

A = nl—z and ¢, (s) = \/% sinnt , foralln € N.

Here observe that {¢,, };r; is the set orthonormal eigenfunctions with corresponding
eigenvalues {1, }n=1 S R with
LSS ] S L S A S A S A

Hence, the set of eigenfunctions {¢, }n=, of T is complete over the range of T.

Implying,
(Tu)(s) = [y k(s, ) u(t)dt = T-(Tw, ¢n)pn

= Y=, Thn)Pn since T is self adjoint
= Yn=1{tt, Ann)Pn since T = Ann
= Y et Anll, §ndPn since A, is real
=3 \F S'::S (t)f sinnt dt

Hence,

(Tw)(s)= f k(s, t) u(t)dt = Yp=1(Tu, ¢pp)py = Z“’ S'::S f() u(t) sinnt dt .
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Example 20 : For any 27 - periodic function k(t) in L?(0,2n] ,

let 7: L*[0,21] — 17[0,2m] givenby Tu = [ k(s — ¢) u(t)dt .

Take ¢y, (s) = €™ thus, (T, )(s) = [ k(s - t) e™dt .

Letx=s—t ,thus dx=-dtand t=0 2 x =5 ,t=2n=>2x=5-2n1.
Hence, (T,)(s) = = [T k(x) e™~dx = [7 J(x) e~0)dx

-21

= k(x) ein(s=x) gy

s-2m
=elm [*_k(x)e"™dt = 2,0,
But, fss_m k(x) e~"tdt = fozn k(x)e~™dt Since k(x) is periodic function.
Hence, the eigenvectors are 4,, = foznk(x) e"™dt , n €Z and the corresponding
eigenfunctions are ¢, (s) = e™, n€7Z .
That is the eigenpairs are (fozn k(x)e~Mtdt ,eins ) , n€Z
Hence {e im}:;_(» are complete eigenfunctions in the range of T'.
Letu, v € L?[0,2m] , then
(T, vy = [;" (7 k(s = Hudt ) vs)ds = [7" [ k(s = ) u(t)v(s)deds

ns f027r fozn k(s — ) u(t)v(s)dsdt By Fubini’s

2 2 *
= fo "u(t) (fo k(s — )v(s) ds) dt = (u,T*v)
* 2n
where, (T*v)(s) = fo k(t —s)v(t)dt .
We already know that the eigenfunctions {eins }:=_°° are complete for functions in

L?[0,2m]. It is interesting to note, however, that T is self adjoint only if k(x) = k(—x)

for all x , although its eigenfunctions are complete even when T is not self adjoint.
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4.3 Fredholm Alternative Theorem for Compact Linear Operator

Let H be a Hilbert space and T: H = H is compact linear operator, with D(T) € H.
For A € K , we define an operator, /| — AT and D(I — AT) € D(T) where [l is
identity on H.

Now, let f € H and consider the equation (I — AT)u = f .

The aim of this section is to determine the solvability of equation (I — AT)u = f for a
compact operator T: H — H (H Hilbert space) with the help of Fredholm Alternative
Theorem. The following Fredholm Alternative Theorem tells us when the equation

(I = AT)u = f is solvable.

Theorem 4.3.1: If T is compact linear operator, then (I — AT)u = f has a solution if
and only if (f,g) = O forall g € N((I — AT)*).
That is T is if is compact linear operator, then (I — AT)u = f has a solution if and only

if f is orthogonal to the null space of (I — AT)".

Proof:- Recall that in a Fredholm Alternative Theorem if a bounded linear operator T
has a closed range then, H = N(T*)®T(H), or equivalently, the equation Tu = f has a
solution if and only if (f,g) = O forall g € N(T™).

Hence to prove the theorem we only need to show that I — AT has a closed range.
Suppose not! Let I — AT does not have a closed range. Let L = [ — AT
Then there is g € L(H) , g & L(H) and a sequence {f,,} in H such that

Yn=Lh=g (25)
Since L(H) is a vector space (a subspace of H), 0 € L(H).
But g € L(H), so that g # 0. This implies ¥,, # 0 and f,, € N(H) for all sufficiently
large n. Without loss of generality we may assume that this holds for all n.
Since L compact it is bounded linear operator thus N (L) is closed by Lemma 2.2.1. So

that the distance &,, from f, to N(L) is positive, that is
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Op = infrenyllfo = hIl > 0 (26)
By definition of infimum there is a sequence {h,,} in N(L) such that

an = ”fn g hn” < 2671 (27)

Now let us show that

an = lfy = hpll = © forn = o (28)
Suppose (28) does not hold. Then {f,, — h,} has a bounded subsequence. Since T is
compact, it follows that {T'(f,, — h,,)} has a convergent subsequence.

Now from L =1 — AT wehave I = L + AT.
Thus

fao = hn = (L + AT)(fo — hn) = L(fn — hy) + AT (f, = hy)
= Lfy, + AT(f, — h,) Since h, € N(L), Lh, = 0.
Now, since {T'(f, — h,,)} has a convergent subsequence and {Lf,,} converges by (25),
hence {f;, — hy} has a subsequence {fnk - hnk} converges to some v in H.
Thatis f,, — h,, — V.

Since T is compact, T is continuous so is L hence by Theorem 1.5.1 we have,

L(fnk - hnk) - Lv.
Here Lhy,, = 0 because h,, € N(L), so that by (25)
L(fnk ) hnk) = Lfnk =7 g
hence Lv = g implying that g € L(H) which contradicts g € L(H). So that it must be
the case that a,, = ||f;, — hy,|| = o forn — oo,

Now setting

— [n=hn (29)

n an

we have ||w,|| = 1.
Since a,, = o whereas Lh,, = 0 and {Lf,,} converges to g from (25), it follows that
Lw, =225 0. (30)

an
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Using again [ = L + AT, we obtain
Wp = Lw, + AT w, (31)
Since T is compact and {w,, } is bounded, {T'w,,} has a convergent subsequence.
Furthermore, {Lw,,} converges by (30). Hence (31) shows that {wy} has a convergent
subsequence { Wn‘.} , say
Wp, 2 W (32)
Comparison with (30) implies that Lw = 0 hence w € N(L). Since h,, € N(L), also
U, = h, +a,w € N(L)
Hence for the distance form f,, to u,, we must have
On < llxn = uyll
Writing u,, out and using (29) and (28), we thus obtain
8n < llxn = (b + W)l = llxn = hy — awll = llapw, — a,wl|
= ap|lwp — wll < 26, [Iw, — w|
Dividing by 28,, > 0, we have ||w,, — w|| > % and this contradicts (32).
Therefore, it must be the case that | — AT has a closed range.

Hence the Theorem is proved.m
Example 21: Let T: L2[0,1] - L2[0,1] is given by (Tu)(s) = [ tu(t) dt .

We need to find the cases in which the integral equation (I + AT)u = f has a solution.

Now — Tu=[ltu()dt=(u¢)ga(s) , $i()=t and hy(s) =1

Hence it is finite dimensional.

irul = 2| e de|ds < [ (el de) ds

1
2 3 - . . :
But folltu(t)l dt < (folltlzdt)2 (_follu(t)lzait)2 = ﬁllull by Hélders inequality

2 2 .
I 1 b 2
Thos, ITull? < J (5 llull)” ds = 5= hence [ITull < 7 lull for allu € L7[0,1]
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Thus, T is bounded finite dimensional hence T is compact by Theorem 3.2.1.
Therefore, I — AT has a closed range. Hence, we can use Fredholm Alternative Theorem
to study and determine the solvability of the equation (I + AT)u = f.

Thus what is done in example 12 is true (see example 12). That is
i. If A = =2 then, null space of (I + AT)" is spanned by v(s) = s that is
N((I + AT)*) =span{s}.
Hence, if A = —2 then (I + AT)u = f has a solution if and only if
J, f(®) tdt = 0.
ii. If A # —2 then, null space of (I + AT)" is {0} that is N((/ + AT)*) = {0} .
Hence, (I + AT)u = f has a unique solution for each f € L*[0,1].

Example 22: Let T: L2[0,1] - L2[0,1] is given by (Tw)(s) = [ stu(t) dt .

We need to find the cases in which the integral equation (I — AT )u = f has a solution.

Now Observe that since T is linear and

(Tw)(s) = s [ tu(t) dt = (u, by)b (s)

where ¢, (t) =t and ¢,(s) = s hence, T it is finite dimensional.

Tl = 2| stu(oy ae| ds < f (s fleuo)lde) ds

1 -
But [y ltu(t)] de < (f1612)* de (f;lu(@®)]?de)* by Holders inequality

1 1
1 2 1 2 i
(Jo1ei2)? e ([l ?de ) == llul
Thus,
2 2
ITul? < (% llull)” fy sds = 55 hence [ITull < 3 llull forallu € L*[0,1]

Thus, T is bounded linear and finite dimensional operator hence T is compact by
Theorem 3.2.1.
OR the kernel k of T is k(s,t) = st and
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101 2 g o A PR e B L0 TN |
Iy Jok(s, 1% dsdt = [ [[Ist|* dsdt = [ s*ds [[t?dt = <o
Hence , T is Hilbert Schmidt operator thus T is compact operator.

Now let us first find the adjoint operator of the integral equation [ — AT .

For u,v € 12[0,1]

(1 = ATYu,v) = [ [u(s) = [y stu(t) dt| v(s) ds
= [Jus)v(s) ds — [ [, Astu(t)v(s) dtds
= [ u(s)v(s) ds — [ [, Astu(t) v(s) dsdt By Fubini’s
= [ u(s)v(s) ds — [} Atu(t) f, s v(s) dsdt

= Jy u(s)v(s) ds — [, u(t) (At [, s v(s) ds) dt

= fol u(s)v(s)ds — fol u(t) (At fol s v(s) ds) dt
= (u,v) = (W, AT*v) where (T*v)(s) =s [ tv(t)dt
= (v —AT"v) where (v —AT"v)(s) = v(s) — As [ tv(t) dt
= (u, (I - AT")v) = (u, (I — AT)*v)
Thus, the adjoint operator of I — AT is (I — AT)*v = v(s) — As fol tv(t) dt
Hence [ — AT is self adjoint operator.
Now we need to find the null space of the adjoint operator (I — AT)* .
Thus, v(s)—As fol tv(t)dt =0
= v(s) = s J, tv(t)dt
= v(s) =Asa wherea = fol tv(t) dt
= sv(s) = As?a  multiplying both side by s
= fol sv(s)ds = fol As’ads = Aa fol sds
Aa

S X
3
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Hence,

i. If A = 3 then, null space of (I — AT)" is spanned by v(s) = s that is
N((I = AT)*) =span{s}.
Hence, if A =3 ,then (I — AT)u = f has a (non unique) solution if and
only if fol f(t) tdt = 0.

ii. If A # 3 then, null space of (I — AT)" is {0} thatis N((/ — AT)") = {0}.
Hence (I — AT)u = f has unique solution for each f € L*[0,1].
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