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Abstract 

Perhap the most theory developed about eigenvalue, eigenve t rand exi ten f 

oluti on of a certain operator equati on i for matri x operator , but th fir t part t b 

con idered apart from matri ces are integral operators, since the cia ical form ul atio n from 

phy ics, chemistry, engineerin.g, stati sti cs are of thi nature and the tudy of an integra l 

operators gives birth to the modern functional analys i . And the mo t common problem 

in appli ed mathematic are diffe rential operators which are fruitful source of integral 

equat ions. Due to various advantages of having integral equation rather than differe nti al 

equation usuall y we would like to convert and formulate differential equati on in to 

integral equation. Many of integral operators encountered in applicati on are bounded 

operators and many of them are, in fac t, in special classes of bounded operator called 

compact operators and again the most important classes of compact are the Hilbert­

Schmidt operators. 

Goal of the project: In applied mathematics we usually encounter with a linear 

operators T: H ~ H on a Hilbert space H. Such an operators gives to the rise of an 

equ ation I ---.: AT where I is identity operator from H into H and A is any constant 

complex number. Under such condition when T is an integral operator the resulting 

equation I - AT is called an integral equation and integral operators (equation) invo lve a 

function space H which is often infinite dimensional. 

Due to this fac t the main goa l of thi s project is: 

1. To explore and deal with eigenvalue, eigenfunction properti e of self adj oint and 

compact linear operator T: H ~ H emphas izing on an in finite dimen ional Hilbert 

space H. 

2. To determine the olvability of an equati on (I - AT)u = f with pecial 

emphas is given to I - AT i Fredholm integral equation. 
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Notation 

En umeration of Theorem , Lemma , orollarie, Propo ition and Definition: 
T heorem , Lemma , r lI arie , Pr p it i n and D finiti on are n t enumerated together, 

rather they are enumerated eparately. The reference to the Theorem or L emma r r Ilary 

or Prop iti n r Definiti n i analogue t what i aid above. For in tance Theorem 1.2.6 i 

cited a Theorem 6 in ecti on 1.2 of chapter I . 

ymbol or abbrevia tion 

7L 

K 

T 

TCV) 

DCT) 

NCT) 

T * 

8CV, W) 

8CV) 

Span{". } 

k*Cs, t) 

Description 

Complex number 

Integer numbers 

Natural numbers 

Real number 

Complex numbers or ~ numbers 

Operator 

The image of V under an operator T 

Domain of an operator T 

The null space or kernel of T 

The adjoint operator of the operator T 

The set of bounded linear operators from V in to W 

The et of bounded linear operators from V in to V 

Kronecker symbol , oij = 1 i f i = j , Oij = 0 if i *' j 
Space spanned by { . .. } 

The complex conjugate of fCt) 

Conjugate kernel (= kCs, t) 
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I n trod uction 

In thi pr ject wi \I u th the ry de el ped far t i ntr du c th r 

eigen alu and eigen t r f r a lin ar perat r in a Hilbert pace. Fr m linear algebra 

we kn w how elf adj int matri x can b di ag nalized ' thi mean there i an rthon rmal 

ba i ted the (finite dimen ional) vect r pace uch th at the linear mapping T: [TI -) [TI 

rre ponding to the matri x can be ex pre ed a , 

Tx = I7=1 Aj (x , ej )ej 

Here we recognize that (x, ej) = aj ,j = 1, .. . , n as the coordinate of x , and Aj' j = 

1, ... , n are eigenvalues with corresponding eigenvector ej ,j = 1, ... , n and there are a 

non tri vial solution to the equati on 

Tx = AX 

In order to study eigenvalue, eigenfunction properties of integral operator T: H -) H we 

will ex tend the finite dimensional results to the self adjoint and compact linear 

operators T: H -) H in an infinite dimensional Hilbert space H for which we have a 

celebrated pectral theorem whi ch is shared by large class of interesting integral 

equati on and di ffe renti al equation. 

Differenti al equations are fruitful ource of integral equations and usually differential 

equations are preferred to be changed in to integral equations in application . One obv ious 

rea on for u ing the integral equation rather than differenti al equation i that all of the 

condition pecifying the initi al va lue problem or boundary value problem fo r 

differenti al equati on can be condensed in to single integral equati on. And some of the 

advantage of replac ing differenti ati on with integrati on is, integration i mooth , a 

feature which ha a ignifi cant implicati on when approximate solution are ought. 

Let H be an infinite dimen ional pace and let T: H -) H be an integral operator given 

by Tu = f , uch an equati on i either linea r or non linea r integral equ ati on. In thi 

pr ject the main empha i and di cu i n i ab ut linear integral operator and equati on ; 
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th at i an eq uati on in v ling un kn wn fun ti n und r n 

ati fie T(au1 + j3uz) = aTu1 + j3Tuz f r arbitrary 

r m r integr nd \ hi h 

n tant a ncl j3. int gral 

peraLor play an imporLanL role in applica Li n , Lhi proje L aim cI pi re f r n 

an wer to the following two que Li on ; whaL are eigenva lu , eigenfun Li n pr pertie f 

compact linea r and elf adjoint operator T: H ~ H in a Hilb rL pace H? When clo e Lhe 

Fredholm integral equati on (I - ..:tT)u = f olvab le. ince many f integral 

operator encountered in application are bounded opera Lor and many of Lhem are, in fac t 

in spec ial classes of bounded operators called compact operator, hence in thi project in 

order to study eigenvalue, eigenfunction propertie of integral operator or equati on we 

consider a more general compact operator which are moti vated by matrix operators and 

everal pectral theory properties are di cus ed and in ve ti gated for elf adj oint and 

compact linear operators T: H ~ H in a Hilbert pace H. Moreover, we will make heavy 

use of the application of Fredholm Alternative Theorem to determjne and tudy the 

olvability of Fredholm integral equation (I - ..:tT)u = f where T: H ~ H is compact 

linear operator (integral operator) . 

This project contains four Chapters, each being di vided in to everal ecti on . The topics 

included have been selected, not only for th eir cientific importance, but al 0 because 

they allow a logical flow for the development of idea to deal with property of eigenvalue, 

eigenfunction of compact linear operator in a Hilbert space as we ll as fo r the 

development of Fredholm Alternative Theorem for an integral equati on (I - ..:tT)u = f ' 

where T: H ~ H is compact linear operator. 

Chapter 1 of thi s project provide the necessary background that are u eful fo r the 

desired di scussion. In this chapter the bas ic equaliti e and inequaliti es in Hilbert pace, 

the most common integral equati ons the 0 ca lled Fredholm integral equation and 

connecti on of differenti al equation with integral equat ion are di cu ed. 

Chapter 2 i devoted for bounded operator in Hilbert pace and ex i tence of an operator 

T * satisfying (Tx, y) = (x, T *y ) for all x, y E H .Thi two prop rti e f an op raLor 
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th at i b und dn ran p rat r nd ran p r t r T * ali f ing (Tx, y) = 

(x, T *y ) frail x, y E H ar the m t imp rtant n ept wh n dealing 

th ry f c mpa t lin ar p rat r and Fredh 1m Ite rn ati ve The r m. 

Chap t r d al wi th I ecial la of b uncle I opera tor call ed comp ct operat r . H.ere 

thi chapt r ver me of the uffi ci nt C ndition at i fied by an integral operat r T to 

be a c mpa t perator. In add ition the mo t comm n compact integral operator called 

Hilbert Schmidt operator are c1i cus ed. 

The la t chapter (chapter 4) i devoted to de ired ex plorat ion and di cu ion for 

eigenva lue and eigenfunctions properti e of compact linear operator T: H ~ H in a 

Hilbert space H when T i e lf adj oint operator and we will ee Fredholm Alternative 

Theorem. 

For the purpo e of thi proj ect an integrati on theory th at integrates a continuou 

functi on in the case of !R{ , over the bounded intervals, in the ca e of !R{2, over the 

bounded rectangles will normally suffice, 

a. If f is integrable on [a, b] , then If I is integrabl e and 

If: f(t)dtl ~ f:lf(t) I dt . 

b. Fundamental Theorem of Calculu: If f : [a, b] ~ K 

differenti able, then f: f' (t)dt = feb) - f(a) . 

c. Fubini's Theorem: If f: [a, b] x [c, d] ~ K is continuou 

continuously 

d b b d 
fe fa f(s, t)dsdt , fa fe f(s, t)dtds exi t and are equal. 

d. Leibniz integral rule: If a: !R{ ~ !R{ , {3 : !R{ ~ !R{ continuously differenti able and 

if f: !R{2 ~ !R{ and at are continuou , then as 
d (f{3 (S) . ) f{3 (s) at . d{3 da - ( ) f(s, t) dt = () -a (s, t)dt + f({3(s), s) - - f(a(s), s)-
ds a s ass ds ds 
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Chapter 1 

Preliminary Concepts 

1.1 Normed Vector Space 

Definitionl.1.1:- Let V be a vect r pace. A norm on V a function 11.11: V ~ [0, ) 

ati fyin g f r ail x,y E V and a E K: 

I. Ilx + yll ~ Ilxll + Ilyll 

11. Ilaxll = lalllxli 
111. Ilxll 2: 0 and Ilxll = 0 iff x = 0 

If V i a vector space and II. II is a norm on V th en, ( V, 11.11 ) i called normed vector 

pace. Any normed vector space is a metri c space when we u e the norm induced 

metric d(x,y) = Ilx - YII. 

Definition 1.1.2:- A normed vector space that i complete in a metric induced by the 

norm is called Banach pace. 

1.2 Inner Product Space 

Definition 1.1.3:- Let V be a vector space. An inner product i a mapping 

(.,.) : V X V ~ K sati fying, 

I. (x,y) = (y,x) 

11. (ax + f3y,z) = a(x,z) + f3(y,z) jorall x,y E Vand a.f3 E K 

111. (x,x) 2: 0 and (x ,x) = 0 iff x = 0 

Notice that the conditi on impl y that(z, ax + f3y) = a(z, x) + f3( z, y ). the inner 

product i linear in the fir t argument and conjugate linear in the end. The e tor V 

with an inner product (.,.) i call ed inner pr duct pace. 
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Detinition 1.1.4:- LtV b an inn r pr du t pa . 

W ax and y in V ar rth g nal if (x, y) = 0 and d n t X 1- y. 

b. The et f ve t r {xil in V i aid t be rthon rmal et if (xnlxm ) = 

o ,for n "* m and (xn , xm ) = 1 ,for n = m. 

c. The induced n rm on V i defined by Ilxll = (X, X)I/2 . 

Remark 1.1.1:- Let V be an inner product pace with an inner product (. ") on V. Then, 

I . Cauchy Schwarz inequality 

l(x,y )1 ~ Ilxllllyll ,for all x,y E V 

fl. Parallelogram law 

Ilx + yll 2 + Ilx - yl1 2 = 2(llx11 2 + IIYI1 2) ,for all x,y E V 
iii. If x .1 Y I then 

Ilx + Yl1 2 = IIxI1 2 + IIyl1 2 

1.3 Infinite Dimensional Spaces 

Let V be a vector space. If V contain a finite et of n linearly independent vectors 

Xl ," "Xn and moreover the set n + 1 vector is linearl y dependent we say that V is 

finite dimensional vector pace and the dimen ion of V is n. It follows that any vector x 

i a linear combination X = al Xl + .. , + an xn of at mo t n linearl y independent 

vector . If there is no uch, we say V is infinite dimen iona!. 

Examples of infinite dimensional spaces:-

I. The sequence pace LV (1 ~ P < 00) th at i the et of equence f number 

{Xn}n=l with L~=l l xn l v < 00 . 

LV (1 ~ P < (0) , i normed ector pa e with th norm indu ed n LV 
1 

Il xll = ( L~=l l xn I V)p , f r X = {xn}~= l E LV. 
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I I. un ti n pa 

a. Th ntinu u fun ti n d fin d n ed inter I [a, b] 

den ted by C[a, b] i r pa e. 

b. LP pace. 

Con id r the rea l or c mplex valued fun ti on f( x ) of rea l ari able x 

defined in an interva l [a , b]. 

• Thu , for 1::; p < 00 , LP[a, b] denote the et of all mea ur bl 

functi on defined on [a, b] uch that 

b fa If(x) IP dx < 00 

where, the integral i taken in the en e of Lebe gue. 

1 

• LV Space norm i defined by Ilfll = U:lf(x ) IP dx )p . 

• If f , 9 E LV [a, b] , we define an inner product (f, g) on LP [a , b] by 

b --
the equati on (f,g) = fa f(x) g(x)dx where the bar denote the 

complex conjugate. 

1.4 Hilbert Space 

Definition 1.4.1:- A vector pace with an inner product that i a Banach pace with 

respect to the induced norm i called a Hilbert pace. 

i .e. a complete inner product pace is ca lled a Hilbert space (where the norm i the natural 

norm). 

Throughout the res t of our di cus ion we will make heavy u e of Hilbert pace L2[a, b] , 

and we will u e l2 pace to illu trate ome concept . 

Example 1 : - L2[a, b] and l2 are an in finite dim n ional Hilbert pace . 

Remark 1.4.1:- Let H be a Hilbert pace. 

i. Bessel ' s inequality :- If {en } i an orthonormal equ nce in H, then 

Ln=ll(x , en )1 2 ::; II xll 2 , for all x E H. 
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II. Par aveJ equation :- {en} i an rth n rm, I ba i if an nl 

L n=l l(x, en )1 2 = II x l1 2 , fr ail x E H. 

1.5 Metric space and Continlloll Mapping 

Definition 1.5.1: metr ic pace i a pair (X, d) , wh re X i a et and d i a metric 

(di tancefuncti n nX, thati , d(.,.) :XxX-+ [0,00) u h that for all x,y,z EXwe 

have: 

I. d i real va lued finite and nonnegati ve. 

II. d(x,y) =0 i fand onlyifx=y. 

III. d(x,y) = d(y,x) 

I V. d(x ,y) :::; d(x,z) + d(z,y) 

( ymmetry) 

(tri angle inequality) 

otice that any normed vector space i a metri c pace when we use the norm induced 

metric d(x,y) = Il x - Y ll . And ince Ill x ll-lIylll:::; Il x - yll any norm IS 

continuous. 

Definition1.5.2: Let X = (X, d1 ) and Y = ( Y, d2 ) be metric paces. A mapping 

T: X 4 Y is said to be continous at a point Xo E X if for every E > 0 there is 0 > 0 

such that 

Theorem 1.5.1: A mapping T: X 4 Y of a metri c pace (X, d1 ) into a metric space 

( Y, d2 ) is continuous at a point X o E X i f and onl y if 

xn 4 Xo implie TXn 4 Tx o' 

Proof: Assume T to be continuous at Xo E X. Thu by the definition given E > 0 there i 

o > 0 such that 

Let xn 4 xo' Then there i an N uch that for all n > N we have 

d1 (xn , xo ) < O. 

I-Jence for all n > N, 
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B d f initi n thi mean TXn ~ Txo . 
th t 

xn ~ Xo impli TXn ~ Txo 
and pr e that then T i ntinu u at xo' upp thi i fa l . Th nth re i an E > 0 
uch that f r eery 0 > 0 there i an x =1= Xo ati f ing 

d1 (x, xo) < 0 but d2 (Tx, Txo) ~ E. 

In parti ular, r r 0 = 2. there i an xn ati fyi ng 
n 

1 
d1 (xn, Xo) < - but d2 (Txn' Txo) ~ E. 

n 

learly xn ~ Xo but {Txn} doe not converge to Txo .Th i contrad i t TXn ~ Txo and 

prove the theorem._ 

Thi Theorem i very u eful , and we hall need it in prov ing other fact. 

1.6 Integral Equations 

Definition 1.6.1:- An equati on in which an unknown functi on appear under one or 

more ign of integrati on is ca lled an integra l equati on. 

The equati on 

b 
res) = fa k(s, t)u(t)dt ,(a S; s S; b) 

b 
u(s) = res) + fa k(s, t)u(t)dt , (a S; s S; b) 

b 
u(s) = fa k(s, t)(U(t))2 dt ,(a S; s S; b) 

b b 
u(s) = fa fa k(s, t, z)u(t)u(z)dtdz 

in each of which u(s) is the unknown function , and all other functi on are regard a 

given, are integral equati on . 

The equation (1) and (2) can be written in the form (Tu)(s) = res) wher the 

expression Tu containing the unknown functi on u(s) i lin ar in the n e that 

T(au1(s) + [3U2(S)) = a(Tu1)(s) + [3 (TU2)(S) , f r any on tant a and,B . 
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Thu , f r equati n I , 
b 

(Tu)(s) = fa k(s, t)u(t)dt 

and for equati n 2 
b 

(Tu )( ) = u(s) - fa k (s, t )u(t )d t 

Definition 1.6.2:- The equ ati n of th typ (Tu)() = res) "h r (Tu)(s) i a 

linear ex press ion in which u(s) appear under ne r m r ign f integra ti n re ail ed 

linear integral equation . 

For instance, the equati on of the form (1) and (2) are linear int gra l equati on but 3) and 

(4) are not. 

b 
Linear integral equations of the form res ) = fa k(s, t )u ( t )dt , (a ~ s ~ b) ,where 

the unknown functi on appear under a sign of integrati on and nowhere el e in the 

equation are ca lled integral equati on of first kind . And linear integra l equati on of the 

f b . 
fo rm u(s) = res) + a k(s, t)u(t)dt , (a ~ s ~ b) , where the un know n functI on 

appears under a sign of integrati on and nowhere el e in the equati on are ca lled integral equation 

of second kind. 

In both first and second kind equati on the functi on k(s , t) which i defined on [a, b] x 

[a, b] of the (5, t) plane is called kernel of the equati on. 

If we take [(5) = 0 in equati on (2) we obtain homogenous equati on of econd kind 

b 
u(s) = fa k(s, t)u(t)dt ,(a~s~b) 

It is often convent to introduce a parameter Ie in to the equati on of econd ki nd whi ch 

then assumes a fo rm U(5 ) = [(5) + A f: k (5, t )u(t )dt , (a s:: 5 s:: b) .We can then 

obtain useful info rmati on by tudying what happen when Ie i allowed to va r in IR. 

The most commonl y occurring integral equati ons in many of appli cati n are Fredh 1m 

integral equati ons and Voltera integral equ ation . ex t we will ee th di ffe rence 

between these two integral equati on and note that in ur di cu i n we will mpha ize 

on Fredh olm integral equati on that are frequentl y curring th an Itera integral 

equation. 
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Definition 1.6.3:- n integr I qu ti n f th I'm 

I. 
b [( ) = Ia /( (s, t )u (t )d t ,(a::; s ::; b) v h r LI i the un n v n 

fun ti n and all th r fun ti n ar reg rd gi n i II d Fredholm 

integral equation r fir t kind . 

II. u(s) = r es) + J: k(s, t)u ( t )dc ,(a::; s ::; b) \ h I' u ) i th 

unknown functi n and all th I' fun ti n are regard a gi n I 

Fredholm integral equation of e nd kind. 

Example 2: - The integral equati on [(s ) = I
1

3 
in 1 ~ lu(t)dt 

equation of f irst kind with kernel in volving logarithmi functi on. 

Fredh 1m integral 

A nd the integral equati on [(s) = u(s) - A Io2rr s in es + t)u (t )dt i Fr dholm 

integral equation of second kind with kernel in v Iving tri g nomelri functi n. 

Definition 1.6.4:- An integral equati on of the form 

I. [(s) = I: /((s, t)u(t)dt ,where u i unkown functi on and all ther 

function are regard a given and f and k are functi on defined on 

[a, b] and on the tri angle a ::; t ::; s ::; b r p cti el y i ca lled Voltera 

integral equation of fir t kind. 

11. u(s) = res) + J: k(s, t )u (t ) dt , " here u i unkown fun tion and all 

other functi on are regard a gi en and [ and k are function d fined n 

[a, b] and on the tri angle a ::; t ::; s ::; b I' pecti I y i ca II d Voltera 

integral equation of econd kind. 

Example 3: The integral equati on [ (s) = u (s) + a J;(s - t) e{3 (s -C) dt 

Voltera integral equati on of e nd kind . 
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, I ra = ± or b = ± , ri f J: J: lk ( ,t) 12 dtd = qu ti n 

f the f rm u (s) = [(s ) + J: k( ,t)u(t)dt i ' all d ingul r in t gr, I qu ti n. 

Definition 1.6.5:- The integral equati n f th f rm 

res) = fS~dt 
a (S- t)a 

O<a< l , 

where res) i given functi on and u(t) i un kn wn fun ti n i 
equation. 

1.7 Connection of Integral Equations with Differential Equation 

The theories of ordinary and parti al di ffe renti al equati on are fruitful ource f 

integral equations. That is integral equati on can ari e fro m rdinary di fferenti al 

equations. We shall sketch here ome of the way in whi ch integral equati on can ari e 

from ordinary differenti al equati on. 

Example 4: Consider the boundary value problem 

d 2f 
- 2 = u(s) .[(0) = 0, [(1) = o. 
ds 

d
2 
f d (df ) d , --- - -- S -u S ds 2 - ds ds - ds ([ ( )) - () 

Then integrating both side of the equati on from 0 to we have 

((s) = J; u(t)dt + c1 where c1 is constant. 

Then integrating both sides of the equ ati on ((s ) = f; u(t)dt + c1 from 0 to s, we 

have, res) = f;U; u(t)dt + c1 ) dr + C2 ,where C2 i con tant. 

Now Appling integrati on by parts for an integral f;U; u (t)dt) dr , 

Let 9 = f; u(t)dt and 

dg = u(r)dr and 

dh= dr 

h = r 

Thus, J;U; u(t)dt) dr = gh - J; hdg 
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= J; u(t) dt - J; tu(t)dt 

= J;( - t) u(t)dt 

H nee, res) = J;(s - t)u(t)dt + C1 + C2 

Then u ing the boundary conditi n [(0) = 0 and [(1) = 0 ha , 

C2 = 0 and c1 = - { I (1 - t)u(t)dt 

Thus, res) = J;(s - t)u(t)dt - s J
0

1
(1 - t)u(t)dt 

Hence, res) = J;(s - t)u(t)dt - s J;(1- t)u(t)dt - s J
s
\ l - t)u(t)dt 

J; ((s - t) - s(l - t)) u(t)dt - s J
s
\l - t) u(t)dt 

J; t(s - l)u(t) dt + Js
1 

set - 1) u(t)dt 

(1 {t (S - 1), 0 ~ t < s ~ 1 
Hence, res) = )'0 k(s, t) u(t)dt where, k(s, t) = set _ 1), 

O~ s<t~ l 

is an equi valent integral repre entation of the boundary alue problem. 

Let see another method that convert initi al va lue pI' blem t an integral quati n. 

Before outlining the method needed we wi h t r II a u efu l tran f rmati n f rmul a 

fox foxl .. . f;n-l fCxn) dXn ... dX1 = (n~l)! f; Cx - t)n-l fCt) dt 

that convert a multiple integra l in t ingl inte t ,!" I hi h appear in al ulu . Thi n 

essential and u eful formul a that wi II b empl din the m th d that ill u ed in 

eonver ion technique. 
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r pra li al n id rali n th r rrnu l 

g f; f(t)dtdt = f; ( - t)f(t)dt (5) 

g g f; f(t)dtdtdt = ~ f; (s - t) 2 f(t)dt (6) 

ar the two f th f rmul a gi en and m tl u d f rmul a th t ill 

tran form d uble and tripl integral re p ti ely t ingl int gr I. 

For implicity rea on , we pr ve 5 that nv rt d uble int gral in t ingl int gral. 

Since the ri ght ide of th (5) i a functi n f s all w u t t th quati n 

G(s) = g(s - t) f(t)dt 7) 

Differenti ating both ide of (5) and u ing Leibnitz rule w obtain 

G' (s) = g f(t)dt ( ) 

Integrating both ide of (8) fr m 0 to s noting that C(O) = 0 from (7), w find 

G(s) = f; g f(t)dtdt 

Hence, J; J; f(t)dtdt = J;(s - t)f(t)dt 

Example 5: Converting the initi al alue probl my'" - 3y" - 6y' + Sy = 0 

subjected to the initial conditi n yeO) = y' (0) = y" (0) = 1 to it equi al nt 

integral equation. 

Now et y"'(s) = u(s) 

then integrating both id from 0 t sand u ing initi al nditi n y" (0) = 1 

y" (s) = 1 + f; u(t)dt 1 ) 

Then integrating (10) from 0 t and u ing initi al nditi n y'(O) = 1 \ C l , 
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y' (s) = 1 + + f; f; u(t)dtdt II ) 

Th n int grating II fr m t s an I LI ing inili < I nditi n yeO) = 1 \ g t, 

yes) = 1 + s + ~ S2 + f; J; f; u(t)dtdtdt I ) 

Tran formin g the d uble and tripl inl gral II nd 12 in t ingl inl gral LI ing th 

formula we will obtain, 

y'(s) = 1 + s + f;(s - t)u(t)dt 

y es) = 1 + s + ~S2 + ~ f; (s - t) 2 u(t)dt 

I ) 

14) 

Sub tituting (9), (13) and (14) in t the given differenti al cquati n, w \ ill bt in 

u(s) = 4 + S _ ~S2 + f; (3 + 6(s - t) -~(s - t) 2)u(t)dt 

that is the equivalent Voltera integral equati on form. 
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hapter 2 

Bounded Linear Operator in Hilbert pace and Fredholm Iternative 

2.1 Bounded Linear Operator in Hilbert pace 

Definition 2.1.1:- A mapping fr m a n rm d pa c V in t an th r n 

called an operator. 

w 

Definition 2.1.2:- Let H be a Hilbert pace and ItT: H ---+ H b mapping. Th n 

I. T i linear if TCaf + (Jg) = aTf + {JTg r r ail f , 9 E H, and a, {J E K. 

II. T i bounded if there ex i t M>O u h that IITfll::; Mllfll frai l f E H. 

An operator T which ati fie both i and ii i ailed b unded linear p rat r. I. . an 

operator which is both bounded and linear i called bounded linear p rat r. The n rm f 

abounded operator T is IITII = SUPt~o III~~III. That IITII i the mall e t on tant Much 

that IITfl1 ::; Mllfll for all f E H. 

Example 6: Let T: L2[O,l] ---+ L2[O,l] i an operator gi en by Tf = f. 

For f,gEL2[O,l]and a,{J E lRI. , wehave, 

TCaf + (Jg) = af + {Jg = aTf + {JTg hen , T i linear. 

1 

And, IITfl1 = fo11Tfl2 dt = (fo
1
IfCt)1 2dtY = Ilfll· 

That is, IITfl1 ::; Mllfll for all f E L2[O,l] and M = 1 h n , T i b und d. 

Therefore, the identity operator T: L2[O,l] ---+ L2[O,l] i b und d lin ar perat r. 

Example 7: Let T: L2[O,l] ---+ L2[O,l] i a m pping gi n b Tf = f01 fCt) dt. 

need to how that T i bounded linear perat r. 
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L l I, g E L [0,1] an I a, fJ E lffi., Th n 

T Cal + fJ g) = Io\ a I + fJ 9 ) C t) d t = g ( a I C t ) fJ t ) ) d t 

Iol(a/Ct) + fJgCt)) dt = I; al t ) dt g fJg Ct )dt 

= a IOI ICt ) dt + fJ IOI gCt)dt 

= aTI + fJT 9 , h n e T iii n ar. 

And IITfll2 = IOI II; ICt) dtl2 ds ~ IOI (gI/Ct) I dt) 2 ds 

rl r l 
But, Jo I/Ct)1 dt = Jo I/Ct).l l dt ~ 11/1111111 by Holders inequality 

Thus, IIT/I12 ~ Iolll/l1 2ds = 11/11 2 

Hence, for M = 1/ liT III ~ MII/II lor all I E L 2 [0,1] 
Hence, T is bounded linear operator. 

Example 8: Let T: L2 [O /2 IT] -? L 2 [O,2IT] be an operator gi en by T I = d f 
de 

2 d (af+{Jg) d eaf) d ({Jg ) 
Let f, gEL [O/2IT] and a/ fJ E lffi., then TCal + fJg) = = --+--

de de de 

Hence, T is linear. If we take ICt) = sinnt ,for t E [O,2IT] I art y I E L2 [O,2IT]. 

Thu , 

2 

IITfl12 = I02Tf lT/12 dt = I02Tf I :~ I dt = I02Tf Incosnt l2dt 

= n 2 I0
2

Tf Ccos 2nt)dt = n 2n 

However 

11/112 = f02 Tf Isinntl2 dt = f02rr in2nt dt = IT 

Thu , IIT/I12 = n211/11 2 for a ll IE L2 rO,2IT] 

That i liT III = nlll II for a ll I E L 2l O,2ITJ. 
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H n , th r d n' t n tunt M > hi hi · un r than v r I 

II Tf l1 ~ Mllfll f r II f E L2[ ,2rr]. II n 

n t b und d. 

Proposition 2.1.1: The int gral p r t r T: L2[a, b] L2[ ,bJ gi n 

b (Tu)(s) = fa k (s, t)u (t)dt 

linear and b und cI in L2 [a, b] if I: I: lk( ,t)12dtd < . 

f b f b 2 Proof - Let a a Ik(s,t)1 dtds = M < , lhu r r an U E L2[a, b] h 

II Tu l1 2 = I: I(Tu)(s) 12 ds = I: II: k (s , t )u (t )dt I
2 

ds 

= I: U : lk(s, t)u (t )1 dt / ds 

1 

But by Ho lders inequality , I: lk(s, t)u(t)1 dt ~ U : lk (s, t ) 12dtY Ilull 

Thus, IITu ll ' :0; lIull ' J: (U: lk(S, t) I' dt i lIulI ) ' ds = lIull ' J: J: lk(s , t)I' dt 

= Mllul1 2 fo r aLlf E L2 [a , b] 

That is, IITul1 ~ -iMllull fo r all f E L 2 [a, b] 

Hence, T is boundecl li near operator. _ 

Linear operators in Hi lbert pace H are th natu ral g neralizati n f matri . W cI fin 

domain, range and nu ll pace (kernel) f an p rat r T: H ~ H , 

D(T) = domain of T = {f E H: Tf i defind } 

T(H) = range of T = {f E H: T =J, Jar 111 E H} 

N(T) = null space of T = {f E H: Tf = O} 

Notation:- Let H be a Hilbert space, B(H ) denotes th e se t of all bound ed linear 

operators from H in to H. 
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I.e. BCH) = {T: T is bounded linear operator from H in to H}. 

T E BCH) ¢:> T: H --+ H is bounded linear operator. 

2.2 Closed Linear Manifold 

Definition 2.2.1:-(i). A linear manifold (sub pace) Mia non empty ub et fa Hilb rt 

space H which is closed under vector addition and alar multiplication. 

(U) . A subspace M of a Hilbert space H is clo ed if every equence in M which i 

convergent in H is also convergent in M. That is M it elf i a Hilbert pace. 

Lemma 2.2.1:- Let H be a Hilbert space then the null space of a bounded linear 

operator on H is closed. 

Proof: Let N CT) = {f E H: T f = O} and let {fn} be a sequence of elements in the 

null space of T (in NCT)) which converges to g E H. Then, 

liffin-->oo liT fn - T gil = limn--> IITCfn - g) II 
but, T is bounded, thus there is M > 0 such that IITfl1 ::; Mllfll for all f E H. 

Thus, IITCfn - g)1I ::; MllChl - g)11 

hence , limn-->oo llTfn - TglI::; limn-->oo MllCfn - g)11 = M limn--> IIChl - g)ll · 
But, {fn} is a sequence of elements in NCT) c H which converge to g implie 

IIfn - gil --+ O. Thus, limllTfn - Tgil ::; M lim IIfn - gil = 0 thi s implies the n-->oo n-->oo 
sequence {T fn} converges to T g. 

I.e. limTfn = Tg but, since f~s are from NCT) we have Tfn = 0 thu , n-->oo 
limTfn = 0 = Tg this implies g E NCT) . Hence, the equence Un} of element In 

n-->oo 
N CT) which converges to H also converge in H. 

Therefore, the null space of a bounded linear operator i clo ed ub pace of H . • 

15 



Definition 2.2.2:- Let M be a ub t f a Hilb rt pa H . Th n, \ d fin th 

orthogonal complement of, denoted by M.1. , by 

M.1. = {f E H: (g, f) = 0 for all g E M} . 

Lemma 2.2.2: Let M be a sub et of a Hilbert pace H. Then, Ml i a I ed ub pa e 

of H . 

Proof Let {fn} be a sequence in M.1. which converge to 9 E H. 

Thus, for every hEM, we have, 

(g, h) = (limn->oo fn ,h) = limn-> 00 (fn' h) = limn-> oo 0 = 0 here the 

interchanging of the limit is valid since (f, h) is continuou for a fixed h in M. 

Thus (g, h) = 0 for all hEM 

That is (g, h)=(h,g) = 0 for all hEM, (h,g) = 0 for all h E M. lmplies 9 E M.1. . • 

Proposition 2.2.1: Let M be a closed convex subset of a Hilbert space H .For any 

Xo E H , there is a unique Yo E M such that 

Ilxo - Yoll ~ Ilxo - yll, for all Y E M. 

Proof: - Let 6 = inf {lixo - yll: Y EM}, then there is a sequence {Yi} in Much 

that Ilxo - Yi II ~ O. Now by parallelogram law we have th at 

llYn - Yml1 2 = II(Yn - xo) + (xo - Ym)1I 2 

= 2(IIYn - xoll 2 
- Ilxo - Ym1l 2

) - II(Yn - xo) - (xo - Ym)11 2 

= 2(IIYn - xol1 2 -llxo - Ym11 2
) - 411~ (yn + Ym) - Xo 11 2. 

But, since 6 = in! {llxo - YII: Y E M} and ~ (Yn + Ym ) E M (due to the con ex ity 

assumption) , we have 62 ~ II~ (Yn + Ym) - Xo I( 
Thus, llYn - Ymll 2 ~ 2(IIYn - xoll 2 -llxo - Ym 11 2

) - 46
2 

But, 2(IIYn - Xo 112 - IIxo - Ym11 2) - 46 2 converge t 0 fo r m , n ~ co. Hence, {yil 
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i a Cauchy equence. Thu , inc we are in a Hilb rt pc H, th equ n cya 
converges to Yo in H, and ince Milo ed Yo E M th limit p int Yo bing t M 

and 8 = Ilxo - Yo II· 

Now, to how the uniquene of Yo a ume th at al 8 = ll xo-zol l fr m Zo EM. 

Then, Ilyo - zol12 = II (Yo - xo) + (xo - zo)11 2 aga in u ing paral lel gram la " e 

have, 

II(yo - xo) + (xo - zo)112 

= 2(llyo - xol12 + Ilxo - zoll2) - II(yo - xo) - (xo - zo)11 2 

= 2(llyo - xoll2 + IIxo - zoll2) - Ilyo + Zo - 2xol1 2 

= 2(llyo - Xo 11 2 + Ilxo - zo11 2) - 411~ (Yo + Zo) - Xo 11 2 

Thus I Ilyo - Zo 112 = 2(llyo - xol12 + Ilxo - zoll2) - 411~ (Yo + Zo) - Xo 11 2 

~ 2(8 + 8) - 48 = 0 

So Yo = Zo . Hence, for each Xo E M there is a unique Yo E H such that 

Ilxo - Yo II ~ Ilxo - yll, for all y E H .• 

Definition 2.2.3:- Let M and N be closed subspace of a Hilbert pace H, with N 1. M . 

We define the orthogonal sum of N and M , denoted N(f)M , by 

N(f)M = {h E H: h = x + Y I X E N ,yE M} . 

It is obvious that the representation h = x + y i unique and N(f)M i a sub pace of H . 

Now showing N(f)M is a closed subspace: let {hn } be a equence in N(f)M that 

converges to ho. Let hn = xn + Yn ' xn E N I Yn E M. I. e. {xn} i a 

sequence in Nand {Yn} is a equence in M. But, ince N 1. M , 

By Remark 1.1.1 (iii ) 

Thus, we see that both {xn } and {Yn} are both Cauchy equence in N and M 

respectively. Hence, both {xn} and {Yn} both are convergent ay t Xo and Yo 
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re pecti vely. But, ince b th N and M ar 

So, ho = xo+Yo E N(£)M . 

Hence, N(£)M is closed ub pace. 

d ub pa c Xo E N and Yo E M . 

Theorem 2.2.1:- If M is a clo ed ub pace f a Hilb rt P e H, then H = M(£)M .1 . 

Proof: Let h E H . Then, by propo ition 2.2 .1 there i a unique x E Huh th at 

Ilh-xll::;llh-yll,for allyEM.Now, let z=h-x , thu w need nlyt 

z E M.1. For a E IK and y E M we have, 

IIzl12 = IIh - xll 2 ::; IIh - Cx + ay)1I 2 ::; IIh - x - aYl12 

Ilh - x - aYll2 = liz - aYll2 

= (z - ay, z - ay) 

= IIzl12 - a(z,y) - a(y,z) + lal 211yll 2 

Taking, a = (z,y) and IIyl1 2 = 1 we have IIzl1 2 ::; II z l1 2 -lal Z, 

Thus, IIzl12 ::; IIzll2 -lal 2 shows that necessaril y 0 = a = (z,y) for all y E M. 

Hence, z E M.1. Hence, h E H is uniquely written as h = z + x ,z E M.1 ,x E M. 

i.e. any h E H has a unique decomposition as h = z + x where, z E M.1 ,x E M. 

Hence, H = M(£)M.1 .• 

Definition 2.2.4:- Let H be a Hilbert space. Then , 

1. A linear operator T on H whose range i real or complex number i call ed a 

linear functional. i.e. a linear functional T: H ~ Ki a linear mapping H in to 

. real or complex number sati sfying 

TCaf + (Jg) = aTf + {JTg , f,g E Hand a,{J E K. 

11 . A linear functional T: H -1 K i bounded if ther i a M> 0 u h that 

ITul ::; Mllull ,for all u E H. 
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2.3 Adjoint Operator 

The Hilbert space are Banac h pa nd II th rc ult v h n und d 
operators fo r normed a well a Banach pace w rk in th Hil b It pa 

the simple nature of the du al of the Hilbert pace that th Rie z r pr ent ti n th r m 
has revealed, we establi h a reach operator theory. 

Theorem 2.3.1 (Riesz representation theorem) 

If q; is a continuous linear functional on a Hil bert pa e f-I .Th n there i a unique 9 E H 

such that q; (t) = (f,9) , for aH f E H. 

Proof Let N = {f E H: q;(f) = a}. 

Since q; is continuous N is closed subspace of H by Lemma 2.2. 1. 

If N = H ,we take 9 = 0 , other wise that is if N ~ H u ing the Propo it ion 2.2 .1 t 

the fac t that N is closed subspace of H we have N(f)N .i by Theorem 2.2 .1. 

Then, take 90 E N.i such that 11 90 II = 1. 

Consider the vector h = (q;(t) )90 - (q;(90)) f ,for any f E H. 

q; (h) = q; (( q;(f) )90 - (q;(90))f) = q;(f) q; (90) - q;(90)q;(f ) = 0 

This implies, q;(h) = (h,9) = 0 fo r all f E H, thu hEN. 

Then, 

0 = (h,90) = ((q;(f))90 - (q;(90))f,90 ) = ((q;(f) )9 0, 90) - ((q;(90))f,90) 

= q;(f) (9 0,90) - q;(9o)(f,90) 

= q;(f) - q;(90)(f, 90) 

Hence, q;(f) = q;(90)(f,90) take 9 = q;(90 ) 90 . 

Therefore, q;(f) = (f,9) · 

To show uniqueness assume 91,92 E H and we have tw repre ntati n 

q;(t)=(f,91) and q; (f)= (f,9 2) fo r all fE H. 

Thus, (f , 91) = (f ,92). implies, (f , 91 ) - (f, 92) = 0 , for a ll f E H. 
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(f,g1 - g2) = 0 ,for all f E H. 

Taking f = g l - g2 we have, 

(f, gl - g2) = (gl - g21g1 - g2) = IIgl - g2 11 2 = 0 

Thus, gl - g2 = 0 i. e gl = g2 

Hence there is a unique 9 E H such that cP (f) = (f, g ) ,f r ail f E H . • 

As first application of Riesz repre entati on Theorem, we wi ll d fi n adj inl f a 

bounded operator on Hilbert space. In finite dimen ion, where the b unded lin r 

operators are represented by matrices, this is ju t the conjugate tran po e. But in infinit 

dimension, the situation is again much more delicate. 

Definition 2.3.1:-Let H be a Hilbert space and let T: H ~ H be an perator. Then, the 

adjoint operator of T is the operator T*: H ~ H (if ex ist ) uch that 

(Tf,g) = (f,T*g) for all fig E H. 

Theorem 2.3.2:- Let H be a Hilbert space and let T E BCH). Then, there i a uni que 

adjoint operator T* ofT such that T* E BCH) and IITII = IIT*II · 

Proof Take agE H and define CPg: H ~ K by CPg(f) = (Tf , g) fo r all f E H. 

Thus, l({Jg (f) I = I(Tf, 9)1 ~ IITfllllgll by Cauchy Schwarz inequality. 

But since T is bounded we have IITfl1 ~ IITllllfl1 for all f E H. 

Thus, l({JgCf)I ~ IITlillfllllgll for all f E H. Hence, ({Jg i bounded. 

Let fv f2 E Hand a , f3 E K, then 

({J9Ca f1 + f3f2) = (TCaf1 + f3f2),g) = (TCafl) + TCf3f2),g) 

= (aTf1 + fiT f 21 g) Since Tiline r. 

= (aTft,g) + (f3Tf2Ig ) = a (T fllg) + f3 (Tf2Ig) 

= acp/ f 1) + f3CP g(2) 

20 



Hence, <{Jg i linear functi onal. Hence, <{Jg i b uncl cllin r fun li n I. 

Now by Riesz repre entation theorem there i a unique 90 E Huh lh l 

Since 90 depends on 9 ' we have in thi wayan pcrat r T* 9 = 90 ali ring 

(T i, 9) = (i, T * 9 ) f r G II [, 9 E H. 

To show T* is linear let 91,92 E H and a, {J E K then fra il [ E H, 

(i, T* (a91 + (J 92)} = (Ti, a91 + {J 92} = (T [, a91 ) + (T [, {J 92} 

= a(T[, 91) + P(T[,92} 

= a ([, T* 91 } + P(f, T*92 } 

= ([, aT* 91) + (i, {JT* 92} 

= ([, aT* 91 + {JT* 92} 

For which we conclude that T* (a91 + (J 92) = aT* 91 + (JT* 92 hence, T* i I in ar. 

To show T* is bounded, 

II T*9112 = I( T*9, T*9}1 for all 9 E H 

= I(T T* 9,9}1 ~ liT T* 91111911 by Cauchy Schwarz ineq uality 

~ IITIlIl T*9 1111911 since T is bounded. 

Thus, II T*911 ~ IITII1I911 for all 9 E H . 

Hence T* is bounded linear operator( T* E B (H)). 

Now from (15) we have, II T* II ~ IITII· 

And, IIT9112 = I(T9, T9}1 for all 9 E H 

= 1(9, T*T9)1 ~ IIT*T9 1111911 by Cauchy S hwarz ineq u lil 

~ IIT* IIII T91111911 for all 9 E H 

Implies, II T911 ~ IIT* 111I911 ,for all 9 E H and give II TII ~ II T*II. 

Hence IITII = IIT* II .• 
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Example 9 : Let k E C([O,l], [0,1]) and It T: L2 l ,1J L2 ,1] I gi n 

(T f) ( ) = g k ( ,t) f (t) d t . 

For all f E L 2 [0,1] , we have 

IITfll2 = (Tf, T f) = geT f)(s)(T f)(s) d = fal l (T f)( ) 12 d 

= fol lg k(s, t) f(t)dt 12 ds $ fol (fo1 Ik (s, t)f(t) I dt) 2 d 

But, since k E C([O,l], [0,1]) we have Ik(s, t)1 $ maxoss,tSl Ik(s, t)1 = Ilk ll " 

Thu, IITfl12 $ IIkll CX)2 fol (Jollf(t) I dt) 2 ds 

But, follf(t) 1 dt = fo1If(t).11 dt $ Ilflllllll = IIfll by Hold er inequality 

Thus, IITfll2 $ Ilkll <XJ2l1fll2 forall f E L2 [0,1]. 

That is IITfl1 $ Ilkll IIfll for all f E L2 [0,1] , hence T i 

Letf,g E L2[O,l] and a,{J E K , then 

T(af + {Jg) = fol k(s, t)(af + {Jg)(t)dt 

= fol(k(s, t)af(t) + k(s, t){Jg(t)) dt 

= fol a k(s, t)f(t)dt + g {J k(s , t)g (t) dt 

= a(Tf)(s) + {J(Tg)(s) hen , T i lin r. 

Hence, T E B(L2[O,l]). Therefore, by Theorem 2 . . 2, T* xi t and i unique. 

ow determining the adjoint operator T* of T . 

Consider f, gEL 2 [0,1] , 

(T f, g) = fol (Tf)(s )g(s) ds = fol (JOl k(s, t) f(t)dt ) g(s) d 

= fol fol k(s, t)f(t)g(s) dtds 

B Fubini ' Th r m. 
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= g fCt) (f01 kCs, t)gCs) dS) dt = f01 f Ct) (f01 k C ,t)g 

Where, CT*g)Ct) = g kCs, t)gCs) d T. 

Thu , T *of Tithe integral p rat r wi th njugatc tran 'p k rn I k · ( , t ) = k ( t , s) . 

Proposition 2.3.1:- Let H be a Hilbert pa e and T E 8CH). Th n 

I. NCT*) = (TCH) ) .1. 

II. (TCH)).1 is a closed subspace of H. 

Proof 

I. Let y E (TCH)).1 then, (Tx, y) = 0 for all x E H. 

Thus, (Tx, y) = (x, T*y ) = 0 for all x E H. 

This implies T* y = 0 hence, yEN CT*) . 

Let y E NCT *) , then 0 = (x, T*y ) frail x E H. 

Thus, 0 = (x, T*y ) = (Tx, y) for all x E H. l. e. (Tx, y) = 0 fr ail 

x E H. This implies , (z, y) = 0 for all Z ETCH) hen e, y E (TCH)) 1. . 

Hence, NCT*) = (TCH))1. .• 

11. Since, T E 8CH)there ex ists a unique T* E 8CH) by The r m _. . . nd b 

Lemma 2.2.1. NCT*) is a clo ed ub pa e f H. B 

NCT *) = (TCH))1. hence, (TCH))1. i a I 

Definition 2.3.2:Let H bea Hilbert pace T E 8(H) . lfT = r 

f H .• 

T i If adj int. 

Example 10: -Let T: L2 [O,l] ~ L2[O,l] be an perat r i n Tf = fC )' 

Now finding the adjoint operator T*, letf,g E L2 [O,l] and a,{J E K. 

TCaf + fig) = sCaf + fig)Cs) = asfCs) + fisgC ) = aTf + fiTg 

Hence T is linear. 

23 



(Tf,g) = f01 tfCt)g(t) dt = g f(t) tg(t)dt = (f, tg )} = ( ,T · ) 

here T*g = sg(s) i . . T = T' h n T i . Ifadj int p rat r. 

Lemma 2.3.1:- Let T be b unded e rt . h n, 

(Tf,f) i real fo r all f E H. 

Proof: (Tf,f) = (f,Tf) = (Tf,f) f rallf EH . 1. . (Tf , f) = (Tf , f) r 

all f E H. Hence, (T f, f) i real fo r a ll f E H .• 

Proposition 2.3.2: Let T be bounded elf adj int perat rn a Hil b rt pa H . Th n 

IITII = sUPll xll=11(Tx,x }1 

Proof Let fl = sUPll xll =l l(Tx, x )1 thu , f r Il xll = 1 , b hwa rz 

inequality we have that I(Tx, x)1 ~ IITxllllxl1 ~ IITllllxlll lxl1 = IITII th at t king 

the supermom over norm 1 of x we have {J ~ IITII . 
On the other hand 

(T(x + y), x + y) - (T(x - y), x - y } = 2((Tx, y} + (Ty, x} ) 

But since T is bounded self adjoint (T(x + y), x + y } - (T(x - y), x - y } i rea l b 

Lemma 2.3.l. So from definition of f3 we have that 

(T(x + y), x + y) ~ fllix + Yl12 and 

-(T(x - y),x - y) ~ {Jllx - yl1 2 

Using parallelogram law IIx + Yl1 2 + II x - Yll2 = 2(llx11 2 + Ily11 2) ha, 

2((Tx,y) + (Ty,x)) ~ fl(lIx + Yl12 + Ilx - Y11 2) ~ 2fl(llxl12 + IIYI1 2) 

Thu , (Tx, y) + (Ty, x) ~ {J(lIxI1 2 + IIYI1 2) (16) 

Now , if Tx = 0 it is clear that IITxl1 ~ flllxll that ill I ad u t IITII ~ fl " a um 

. II xll 
th at Tx 1: 0 and deftne y = IITxl1 Tx . 

Then Ilyll = 1I1~;IIIIITxll =lIxll and 2 1I1~;III "Tx I 2 = 1I1~;11I (11Tx11 2 liT 11 2) 
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~ (11Tx11 2 + IITxI1 2) = ~ ( (Tx Tx) + (1' T )) IITxll IITxll" 

= 1I1~;11I ((Tx, Tx) + (T1'x, x)) 

= (1'x ~Tx) + (1' (~TX) x) 
' IITxll II Tx II ' 

= (Tx, y) + (Ty, x ) 

~ 11(lIx1l2 + IIYI1 2) B u ing I 

But above we have that Ilxll = Ilyll , Thu , 2 ~ IITxl1 2 < 21111xll2 IITxll - ' 

Hence this will lead us to IITxll ~ I1l1xll for all x E H then takin the up rm m r 

norm 1 of X we have 111'11 ~ 11 , 

Therefore, 111'11 = sUPllxll=11(Tx, x )1 ' • 

In the proof of existence of an adj oint operator for a b unded p rat r the Ri z­

representation Theorem was essential ingred ien t for all X, y E H, When l' i unb und d 

we can of course defj ne a functional ({Jy (x) = (Tx, y) for xED (T) ~ H, but it i n t 

bounded on H and it is not clear if we can find z E H uch th at (Tx, y) = (x, z) f r II 

x E D(T). 

Example 11: - Let 1': L2[O,l] ~ L2[0,l] be an operator gi en b Tf = df , 
de 

This differential operator is unbounded ( ee Example and it ha n 

If we try, (Tf) = J,1 dfCt) -(t) dt = J,1 d(t Ct)9(t)} dt - J,1 f(t) d (g (t )) dt 
, 9 0 dt 9 0 dt 0 dt 

= fCt)g(t) I~ - f01 f(t) d(~;t)) dt = f(t)g(t) I ~ - f 01 f(t) d(~;t)) dt 

= f(l)g(l) - f(O)g(O) + (f, _ d(~;t)) ) 

If we attempted to conclude that T*g = - :~ but th d finiti n fadj intd n't 

hold for all choice of f and 9 unl e f(l)g(l) - [(O)g(O) = 0 

Hence the differential operator l' f = df d e n t ha an adj i nt p rat r. 
de 
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2.4 Fredholm Alternative Theorem 

Theorem 2.4.1 :- ( Fredholm Alternative Theorem L t /I < lI il rt pa < nd 

T E B(H) wi th clo ed range then the quati n Tf = 9 h a luti n if n nl 

(9, h) = 0 for every h E N(T*) . 

Proof Suppo e Tf = 9 ha a olution fo . Sin c T E B(H) v c ha a uniqu cdj int 

operator T* E B (H) of T. Thus, (Tu, v ) = (u, T' v) frail u, v E H. 

Hence fo r hEN (T*) we have (9, h) = (T fo, h) = ( foJ' h) 

But T* h = 0 since h E N(T ;). Thus (9, h) = (fo, 0) = 0 

Hence, (9, h) = 0 for all hE N(T*). 

Suppose (9, h) = 0 for every hE N(T*). 

Assume Tf = 9 has no soluti on. Thi implie 9 f/:. T(H) . 

Since T(H) is closed we can have H = T(H)C£J(T (H) t b Th r m 2.2. 1. 

Now 9 can be written uniquely 9 = 91 + 92 where 91 E T(I-I) and 9 2 E (T(H)) .1 

.1 
uch th at (91,92) = O. But we have for each y E (T(H)) , (x, y ) = 0 f r II 

.1 
X E T(H) that is (Tf,y) = 0 fo r all f E H. Hen e ince 92 E (T(H)) ha 

(Tf,92 ) = 0 for all f E H. 

Thus, (Tf, 9 2) = (f, T* 9 2) = 0 for all f E H now in e T* 92 E H t kino f = T"9 2 

we wi ll have (T* 92' T* 92) = 0 and thi implie TO" 92 = 0 h n e 92 E N(T*). 

Thu by the assumption 0 = (9,92) = (91 + 92,92) = (91,92) + (92,92) 

But since (91,92) = 0 hence (92,92 ) = 0 impl ying th ai 92 = O. 

Thus,9 = 91 + 9 2 = 91 E T(H) hence thi nlr di t I Ih a umpli n Ih I 

9 tf:. T(H). Hence it must be the case that Tf = 9 ha a Iul i n .• 

Example 12: -Let T: L2[O,l] ~ L2[0,l] i gi n (Tu)() = f tu(t) dt . 

We need to find the cases in which the integral qu Ii n (! + AT)u = f h a lut i n. 
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ow fir t let u find th adj int p rat r f th illt ral IU ti n I AT . 

F r u, vE L 2 [0,1] 

((I + AT)U, v) = IOl [u (s) + AIOl tu(t) dt] v ( ) d 

= fo1 u(s) v(s)ds + fa1 fa1 
AtU(t)VC-dtds 

= g u(s) v(s)ds + fo1 fa1 
AtU(t)V( )d dt B u in ' 

= fa
1 
u(s) v(s)ds + g u(t) (At fa

l 
v( ) d ) dt 

1 - 1 ( 1 ) = fa u(s) v(s)ds + fa u(t) fa AtV(S) ds dt 

1 - 1 ( l ) = fa u(s) v(s)ds + fa u(t) At fa v(s) ds dt 

= (u, v) + (u,AT*v) where (T'v)(s) = s fa1 
vet) dt . 

= (u, (I + T*)v ) = (u, (I + Ar)*v) 

Hence the adj oint operator of I + AT is 

1 
(I + AT)*v = v(s) + AS fa ve t) dt 

ow we need to find the null space of the adj oint operat r (I + AT)" . Thu 

v(s) + AS fa
1 

vet) dt = 0 

1 
~ v(s) = -AS fa vet) dt 

~ v(s) = -Asa where a = fol vet) dt 

~ v(s) = -Asa rnultipl inc b th id b 

1 1 ( 1 
~ fa v(s)ds = fa - Asads = -A a Ja d 

-Aa 
~ a=-

2 
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Hence , 

I. If il = -2 then, null pa f (I + ilT)" i panned ) = lh all 

NC(I + ilT)*) = pan(s}. 

Hence, if il = -2 ,then (I + ilT)u = f ha a n IUli n i an 

onl y if g fCt) tdt = O. 

That is (I + ilT)u = f ha a (non uni qu ) h f E L 2 [ ,1] 

ll . If il * -2 then, null space of (I + ilT)" i (O} th t i N((I + ilD' ) = CO} . 

That is (I + ilT)u = f ha a unique oluti h f E L2 [0,1]' 

Notice that we cannot be sure that the Fredholm Alternati Th r m pp li h r In 

we have not yet shown that the range of the integral operat r I + ilT i 

the operator (equation) I + ilT has a clo ed range and in ur hapter 4 ill 

an operator T is in a special class of bounded operator the 

the operator equation I + ilT will have a closed range. 
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Chapter 3 

Compact Operators- Hilbert Schmidt Kernel 

We will now introduce a pecial la f b und d 
applications, in particular equation or a inver 

property of an integral equati on is that they are 
boundednes . The compact operator are 

operators fo r the reason that wi ll become clear in uJ'di 

ur in man 

imp rlunt 
' tr ng r tat m nt th n 

mpl t I ntinu u 

3.1 Compact and Relatively Compact Sets 

Now let us recall the definition of compact et. 

Definition 3.1.1: A subset S of a normed space H i 

{xn} in S has convergent subsequence. 

mpa t if n equ n 

Definition 3.1.2: A subset of a normed pace i relati v ly c mpa l if it ' r I 

compact. 

Note that in finite dimensional spaces, the compact et are pre i el the I d nd 

bounded ones. But this is not true for an infinite dimen ion. 

Example 13: - Take a closed unit ball S = {x E H: Il xll ::; 1} in an in fi nite 

dimensional Hilbert spaceH. Then any orthonormal equence {en} ill bel ng t it. Thu , 

for n *' m , 

Sin e f r n *' m, (ell ' em) = 0 

= 2 Implie no ub eq uen an 

In particu lar the sequence {sinnt}n=l whi ch c nit a mutu all 

L2 [O, IT] which is an infinite dimensional pace cann t ha e a 

since the di tance between any two element i {2. 

Proposition 3.1.1:· A compact et i cl ed and b lind d. 
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Proof: A ume Si c mpa t t nd (xn} i a qu n in 

ume S i not bounded . Thu , w wI... n Eu h that 

Il xn II > n . Th u , for every ub equen (Yn} r (xn} 

Hence II Yn l1 -) CfJ (diverges) as n -7 

contradicts with the fact that S i compa l. Hen , it mu t 

ume S is not closed. This implie there ex i t xES-

h th at ll Yn II > n . 

thi 

in S that converge to x.B ut then every ub eq uen (Yn} r (xn} ill 

un 

x fl S. Thus it contradicts with the fact that S i ompa t. H n it mu t th th l 

S is closed. _ 

Note that form our topology point of view every finite dimen i n r 
normed space is closed subset of the pace and a b unded equ n in a Inite 

dimensional normed space has a convergent ub equence. 

3.2 Compact Operators 

Let T : H -) H (H is Hilbert) is bounded operator. Then, let A b an b und d ub t 

of H, i.e there is Ml > 0 such that II xll :s: Ml for all x EA . in T i b und d 

operator there exist M2 > 0 such that IITxl1 :s: M2 11xll f I' all x E A. 

That is, IITxl1 ~ M for all x E A where M = Ml M2 h n e T(A) i al und d t. 

Therefore if T: H -) H (H is Hilbert) i bounded operator th n it map unded t in 

to bounded set. Compact operators have even a tronger ntinuit pI' p rt 

Definition 3.2.1:- Let X and Y be two nonned pa n p rat r T: X Y i id t 

be compact if for each bounded sequence (xn } in X the qu n {Tx IJ in Y h 

convergent subsequence. 

Equ ivalently, let X and Y be normed space. An perat r T: X Y i mp t 

if fo r bounded set A in X , TCA) i relati vely c mpa tin Y TCA) i mp< tin Y 

That is a compact operator is an operator which m, p b und d 
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compact et . 

Throughout our di cus ion we will e H \ h rc H I 11 11 rt 

pace (infinite dimensional). Let u ee the f II \ in g ampl t mpa tn 

of an operator. 

Example 14: - Let T: [ 2 ~ [2 be a mapping gi en b 

Tx = (!!:l /1 2 /13 lim 0 0 0 ) 
2 ' 4 ' 8'" " 2"" "'''. 

where x = (111 ,112 ,113, .. .) E [2 and m E ru 

ow let x = (111 ,112 ,113, . . .) E [2 then, 

IITx l1 2 = L~11~;12 ~ Lb11~;1 2 ~ Li=1 1 ~f = ~ Li=1 1I1 i I 2 
=~ l lx I1 2f r ail x E [2. 

Hence, T is a bounded operator. 

L t { } b b d d . [2 d I · - ( n 11 n n ) e Xn e a oun e sequence III ,an et Xn - 111, 112 ' 113 ' 114 , . . . . . 

Now, {xn} be a bounded sequence in [2, i.e there is M > 0 uch that Ilxl1 ll ~ M. 

Thus, from (17) we have 

IITxnl1 2 = L~11~~( ~ Lb11~~ 1 2 ~ L i=1I
Jl;n I2 = ~ L i=1111? 12 = ~ II xnl12 ~ :2 

17 

for all n. That is IITxnl1 ~ ~ hence the sequence {Txn } i ab und d qu n in a lIlit 

dimensional range (dimT(H) = m < (0). But u ing the fac t that a b li nd d qu n III 

a finite dimensional normed space has a convergent ub eq u n : th u {Txn } in T(H) 

pos es es a convergent subsequence. Hence T i compa t perat r. 

Proposition 3.2.1:-Let H be a Hilbert space and T: H ~ H b mapping. Th n if T i 

compact then it is bounded. 

Proof Let A = {x E H: II xll = 1}. Clearl y A i a b unded t. 

But ince T is compact operator, T(H) is compact et in H. Impl In that T(H 

and bounded subset of H ; T(H) is bounded et in H. 
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Th t i there i M > 0 u h that II Tx II ::; M fr ail x E H \ i th II II = 1 . 

sUPllxll=ll lTx ll < co . 

Hence T i bou nded operator._ 

Definition 3.2.2:- Let T be an integral p rat r in L 2 [a, b] . Th n, th kern I /( th 

fo rm k(s, t) = I i=l Pi(S)qi (t) ,wh re {Pl' P2 , ... , Pn} and {ql' q2 , ... , qn} 

are ubsets of L 2 [a, b] , i called degenerate r ep rable k rn I, n I th int gral p rat f 

T involving degenerate kernel i called degenerate int gral p r t r. 

Now the following two theorems are L1 fficient c nditi n f r n p rat r T: H f-l 

is aid to be compact in an infinite dimensional Hil bert pace H. 

Theorem 3.2.1:- Let H be a Hilbert pace and T: H -+ H be a lin ar per t f . I f T i 

bounded and finite dimensional operator, then T i compa t. 

Proof Let A be a bounded set in H. Since T i bounded p rat r it map b LInd d u 

A ~ H in to a bounded subset T(A) ~ T(H) ~ H.AI 0 the I LI re T(A) i 

in T (H) , since T(H) is finite dimensional and hence T(H) i a I ed linear In 

H . Consequently, T(A) is bounded and clo ed in a finite dim n i T (H) 

and therefore T is compact._ 

Example 15: Let T: L 2 [a, b] -+ L 2 [a, b] is an in tegral 

(Tf) (s) = f: k(s, t)f(t) dt 

where k(s, t) = I~~l Pi (S)qi(t) with Pi. qi E L2[a, b] 

Now, (Tf)(s) = f: k(s, t)f(t) dt = f: I i=l Pi (S)q i(t) f(t)dt 

= ~n_lfb p . (s )q .(t)f (t)dt 
L..l - al l 

Hence T is finite dimensional. 
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bib 12 ( 2 IITfll2 = Ia Ia k(s, t)f(t) dt ds $ I: I: lk(, t)f t Idt de 

b 
But, Ia Iq i(t)f(t) 1 dt $ Ilqdlllfll by Holders inequality. 

Thus, 

I: (I~llpi(S)1 I:lqi(t)f(t)1 dt)2 ds = I:(I~l lpi( ) ll lqi ll ll fll)2 ds 

= I:lIf11 2 (I~1Ipi(s)lllqdI) 2 d 
b 

= Ia (I i=1 IP i(s) lllqil l) 2ds IIfl1 2 

Hence, IITfll ~ Mllfll for all f E L2[a, b] where 

1 

M = (I:(I~1Ipi(s)lllqdI)2ds Y Hence, T i bounded and dimT(H) = n < 

Therefore, by Theorem 3.2.1 T is compact. 

Theorem 3.2.2:-Let H be a Hilbert space and let {Tn} i equen e of c mpa tl in ar 

operators converging to an operator T. Then, T i compa t. 

Proof let {Tn} is sequence of compact linear operat r con rging t 

need to show that T is compact. Let {Yn} be a bounded quen in T(H). 

Then there exist possibly unique bounded sequence {xn} in H v ilh TXn = Yn ' 

We are now going to Show that it is po ible to ex tra t ub qu n {x n k } U h th e t 

{Txnk} that is a subsequence of {Yn} is convergent. 

Since Tl is compact, {Xn} has a sub equence {xA} u h th t {Tl x,;} i 

Since T2 is compact, {xA} has a ub equence {X~} and {T2X~} i 
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Continuing thi way, for every k , {X~- l} hG a ub cqucn 

Con ider now the di agonal eq uence {x~}. It i 

every k , and we will now show that {Tx~} i a qu n in 1-1 . 

Since {xn } is bounded there is a > 0 uch that Il x~1 1 ::; a r r ndln 

Tn ~ T , let E > 0 be given we can find a fix d numb r k u h that 

Since {TkX~} is a cauch sequence for every k there i N u h th at 

IITkX~ - Tk X;';i 1l ::; ~ r r ail n, m > N 

Now for all n, m > N we have 

E E E E 
::; IIT-Tkllllx~II+-+IITk -Tllll x;';i 1l ::; - a+ - + -

3 
a=E 

3 3a 3 a 

Hence, {TxiD is a Cauchy sequence in H , thu it converge in H. 

Hence, since the diagonal sequence {xi;} is a sub equence of {xn } u h that {Txn } h 

convergent subsequence {Tx~} that converge. 

Therefore, T is compact._ 

Example 16: - Let T: [2 ~ [2 defined by 

Tx = (~1 , :2 , ~3 , ... ) where, x = (/11 ' {L2 , /13, . . .) E [2 . 

. 2 [ 2 T - (11 ] 112 11/1 0 0 0 ) Forn EN defme Tn: [ ~ by nX- 2'4'" "p' , , , ... . 

Let x = (/11 , /12 , /13 , ... ) , y = C81 ,82 ,83, ... ) and x, y E L2 and a, {3 

(
a111 + fJo] aI12+{Jo2 a~L n+{JO/l 0 0 

Then, Tn Cax+{3y) = 2 ' 4 , ... , 211 I I I 
I' •• ) 
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= ( a 1l1 all2 alln ) ( PO I P02 2 ' 4 , ... , 211 ,0,0,0, ..... + -2-' 4 POll 
., 2" ' 

Hence, Tn is linear operator for all n E ru. 

And liT xl1 2 = "n_ 111112 < ,, 00 111/12 <"~ 111/12 - .: ,, 00 I 12 - 2. " , n .L.l-1 2( - .L. l == l 21 - L.. l == l 2 - 4 .L. i == 1 Il i - 4 

2 . liT II Ilx ll 2 x E l . That IS, nX $; - 2- fo r all x E [ . Hen , Tn i 

Since Tn is bounded linear operator and dimTn (l 2) = n < 00 

Hence, Tn is compact operator by Theorem 3.2.1. 

That is {Tn} is a sequence of compact linear operator on [2. 

und d p rat r. 

IICT - T )x11 2 = IITx - T xl1 2 = ,,~ 111112 ~ ,,~ 1~1 2 n n L..l-n+1 2( .L.l -n+1 2 11+1 

< 1 ,, 00 I 12 - 22(11+1) L.. i == l Il i 

1 
Thus, IITx - Tnxll $; 2n +l Ilxll for all x E [2 now taking th up I'm m 

norm 1 we have, 

Hence, Tn ~ T , hence T is compact by Theorem 3.2.2. 

Definition 3.2.3:-A sequence {xn } in a Hilbert pace H i weakl 

limit x if, for all y E H, the sequence (xn, y) converge I (x, y ) in th Ll ual 

we write xn --" x in this case. 

Proposition 3.2.2: A weakly convergent equence {xn } in Hil rt P H h 

unique weak limit. 

Proof: Let {xn} a sequence in a Hilbert pace Huh that xn --" Zl c nd It Z2' hm i 

(xn'Y)~(zvY) forallyEH and ( xn , y ) ~ ( Z2 'Y) fr cll yE H. 
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BuL (xnl y ) i a equence of numb r i t li mit i Ulli U . impl ing lhat 

(Z11 y ) = (Z21 y) for all y E H. 

Thu, 

o = (Z1IY ) - (Z2IY) = (Z1 - 221Y) frail y E H i. (21 - Z2,Y) = 

Hence, Z1 - 22 = 0 which implie 21 = 22 and weak limit i uniqu . • 

r ail y E H 

Example 17: - Let {en} be an orthonormal equen e in Lh lI ilb n pa H. 

For x E H , we have from Bes el 's inequaliLY Lh aL 

l:~= 1 1(x, en )12 ::; IIx II 2 . 

The terms of the left hand side goes to 0 for n ~ 00 . 

So (en, x) ~ (0, x) = 0 for all x E H, showing that en n erge akl L 

Proposition 3.2.3: Let {xn} be a equence in H, and a um th aL xn ~ x. Th n 

Proof: Assume xn ~ x , that is IIxn - x ii ~ O. 

Thus, I(xn,y) - (x,y)1 = I(xn - x,y)1 

::; IIxn - x lillyll By Cauch 

Implying that l( xn1y ) - (x,y)1 ~ 0 for all y E H for n ~ 00 . 

Hence (xnl y) -7 (x, y) for all y E H. Therefore, xn --" x .• 

arz in qualiL 

Let us recall one of the central theorems of functional anal 

verify that a weakly convergent sequence is bounded. 

hi h v ill h Ip u L 

Uniform Boundedness Theorem: Let {Ta}aEI be Lh 

from a B anach space X in to a normed linear pace Yuh LhaL 

II Ta(x)11 ::; Mx for all a E I, ({Ta} aEI i a fami l p inL i und d lin r 

then there is a constant M independent of x u h Lh L II Ta II ::; M r r all a E I . 
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Proposition 3.2.4: A weakly c nvergent qu n in a Hil np< ' H I un • . 

Proof Let {xn} be a weakly convergent eq u n e in H \ ith \ t k limit \\ f I 

each xn define a mapping Tn: H --4 ([ by Tn(Y) = (y, Xn ) ryE H. Tn I 

linear. By Cauchy Schwarz inequality II Tn (y) II = I(y, xn )1 ~ M Ilyll r ail y E /I 

where Ilxn II = M. Hence, {Tn} i the et of bounded lin ar 

space I-! in to a normed linear space ([. 

But for each y E I-!, (xn, y) --4 (x, y) , impl ying that f r a h y E H th 

{(xn,y )} bounded , this implies ITn(Y) I = l( xn,y) 1 ~ My fra il n E 

qu n 

th t i , My 

is constant depending on y E I-! but not on n. Hence, the rami I y {Tn} i pint" i 

bounded linear operators. 

Therefore, by uniform boundedness Theorem it i uniforml y b unded i. m 

constant M > 0 independent of y such that II Tn II ~ M for all n E ru. 

Thus, fro m IIxnll2 = Tn(xn) ~ IITn111lxn11 ~ Mllxn ll 
we have Ilxnll ~ M for all n E ru. Hence, a weekly convergent equ n in a Hilb rt 

space H is bounded. _ 

The difference between strong and weak convergence i a genuin in finit dim n I nal 

phenomenon ; if the Hilbert space is finite dimensional weak and tr ng 

the same. But we have strong convergence implie weak con erg n 

convergent sequence is bounded. One importance of compa t lin ar 

for Hilbert space H is that it maps weak convergence in t lr ng 

see the following Theorem to verify thi s. 

Theorem 3.2.5:-Let I-! be a Hilbert space and let {xn} b a\: kl 

equence, with weak limit x .If T E B(I-!) is compact, then {Tx,J 

norm to Tx. 

Proof: Since xn -->. X we have for all y E H that 
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(Txn,y) = (xn, T*y ) ~ (x , T*y) = (Tx,y) i . . (Tx
l1
,y) (T ,y) I all y E 1/ 

Hence TXn --->. Tx , ince by pr pili n .2. impl l w a 

convergence, we see that Tx i the onl y p lh ' l {T n} n I 

converge to Tx . Then it pos ible to extract a ub quen e {TYn} {T n} ' U h thaI 

IITYn - Tx II > 8 for all n E ~ and f I' m 8 > 0 . 

But , since by proposition 3.2.4 {xn } i bounded nd T i 

subsequence {TYnJ of {TYn} that i trongly con 

mpa I nd \ e n ha a 

proposition 3.2.3 TYnk --->. y. But since TYnk --->. Tx we mu t ha that b pr p iti n 

3.2.2 Y = Tx , which is not possible according to the ineq uality 

Hence TXn ~ Tx. 

Corollary 3.2.1:-Let H be a Hilbert space and T E 8(H) i 

orthonormal sequence in the Hilbert space H then , Ten ~ O. 

Proof:- Since en --->. 0 , hence Ten ~ 0 by Theorem 3.2.3 .• 

mpa t .Th n if {en} i an 

Proposition 3.2.5:- Let H be an infinite dimen ional Hilbert pa e. If T E 8(H) i 

compact and T- 1 exists, then T- 1 is unbounded. 

Proof Let {en} be an orthonormal sequence in H. Then, Ten ~ 0 fr m r li ar ._. 1, 

but since T- 1 exists, IIT-1(Ten)1I = lIenll = 1 for all, 0 T- 1 i n I ntinu u . • 

Theorem 3.2.4: Let H be a Hilbert space and let Tl and T2 E 8(H) . Th n th PI' du I 

T2 T1 : H ~ H is compact if one of the two operator Tl rT2 i mpa l. 

Proof Let {xn} be a bounded sequence in H. 

If Tl is compact there exist a subsequence {xnk} uch that Tl xnk ~ x E 1-1.< k 00 

Since T2 is bounded therefore continuou , we ha e 

T2(T1 xnJ = (T2T1)xnk ~ T2x in H ,a k ~ 00. 

Hence, T2 Tl is compact. 

If Tl is bounded and T2 is compact, since b und 'd · t ' ll1t 
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bounded sets, the sequence {T1 Xn} i b unded in H. 1'h r 

ubsequence {xnk } such thM 

T2 (T1xnJ = (T2T1 )xnk ~ X in H , a k ~ co. 

Hence agai n T2 Tl is compact. _ 

Theorem 3.2.5: Let H be a Hilbert space and T E B(H) . l fT i mpa t then 7" i 

also compac t. 

Proof: Let {xn} be a bounded sequence in H. I.e II xn ll :::; M f r M > O. 

By Theorem 3.2.4 above TT*: H ~ H is compac t. Hence th re e it a ub qu n 

{Xnk ) of {xn} such that {TT* Xnk } converge in H. But then fr m 

= (TT* (Xnk - Xnj ) , xnk - Xn) :::; 2M IITT' (Xnk - Xn/) II 
We observe that {T*Xnk} is a Cauchy sequence, and therefor it nv rge in th Hil rt 

space H .• 

3.3 Hilbert-Schmidt Operator 

Definition 3.3.1:-lf the kernel k(s , t) sati fies f: f:lk(s, t) 12dsdt < co , th nth 

kernel k(s, t) is called Hilbert Schmidt ke rnel and the 

called Hilbert Schmidt operator. 

That is, an integral operator on L2 [a, b] i ca ll ed Hilbert Schmidt p rd r if th k rn I k 

is in L2([a, b], [a, b]) , that is if IIkl1 2 = f: f: lk(s , t)1 2dsdt < co. 

Proposition 3.3.1:- Hilbert Schmidt operator on L2[a,b] i und d nd IITII ~ IIkll . 

Proof Suppose T is Hilbert Schmidt operator with kern Ik E L 2 ([a, b) , [a, b]) th t i 

J: J:lk(s, t)1 2dsdt < co then, using L2 norm 
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liT fl1 2 = I: jI: k(s, t)f(t) dtj 2 ds ::; I: U: lk(s, t)f (t Ide) 
2 

d 

b 
But, Ia Ik(s, t)f(t)1 dt ::; Ilk(s,. )lIllfll By Holder in quality 

Hence, liT fl12 = I: jI: k(s, t)f(t) dtj 2 ds ::; Ia
b 

U: lk ( ,t)f(t) I de) 2 d 

~ I: (lIk(s, t) 1111fll)2 ds = IIfll 2 I: II« s, e) 12 d = IIfl1 211 k ll 2 

Thu , IITfl1 ~ 1II<IIIIfil forallf E L2[a,b] hen e, Ti b und d. 

supermom over all f of norm 1 we have, IITII ::; 111<11 • 

Definition 3.3.2: An orthonormal set {en }: =l in Hilbert pa e H i aid t mpl I 

if (en'!) = 0 , for all n E N ~ f = O. 

Equivalently, an orthonormal set {en }: =l in Hilbert pace H i aid I b mp l Ie i 

9 = :L:=1 (9, en) en , for all 9 E H. 

That is to mean that there is no function <p *- 0 in H fo r whi ch th I {en} :=1 U {<p} 

forms an orthonormal set in H. 

o .. AaX" 
Intto prove Hilbert Schmjdt operator is compact, we mu t mpl I 

ortholnormal set for L 2 ([ a, b], [a, b]) from complete orthonormal et f L 2 [a, b]. Th i 

is done by the so-called tensor product, which i defin ed in the f II v in .:;, m nil r; I t 

f ,9 E L 2 [a, b] then we define the function f (8) 9 by 

f (8) 9(S, t) = f(s)g(t) ,(s, t) E [a, b] x [a, b] . 

It is obvious that f ® 9 E L2([a,b], [a ,b]) since 

I: I:lf ® 9(S, t)12 dsdt = I: I:lf(s)g(e)1 2 dsde 

= f b
lf(s)1 2 ds f b

lg(t)1 2 de < co a a 

Theorem 3.3.1: - If the set {e dl= l i a compl ete orth n rmal t in L 2 [a, b]. Lh 11 Ih 

set of all products {e · e .}oo . is complete orthon rmal tin L 2 
([ a, b) , [ , b]) . 

1 J 1,j=1 
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Proof To prove {eiej'}" i 011hon rmal t 
l .j=1 . 

b b 
(enel1V eiej) = fa fa en(s)em(t) ei(s)e;Ct)dsdt 

= fab em (t)ej(t) dt fab en(s) el(s) ds ( )( ) 1: = In' ej Il' I = Inju nl 

Sothat{eiej}~j=1 is an orthonormal etin L2( [a,b],[a,b]) . 

To see {eie;}~j=1 is also complete, assume f E L 2 ([a, b], [a, b]) and 

(eiej, f) = 0 for all n, mEN. 

f b fb (eiCfJj,[) = a a ei(s)ej(t)f(s, t) dtds = 0 fr ail iii E . 

= I: ei(S) U: ej (t)f(s, t) dt) ds = 0 f r ail i,i E 

since {edi=1 is a complete set in L2[a, b] we have I: ej (t)f(s, t) dt = 0 r II 

i E N in L 2 [a, b]. And again since {e;}7=1 is complete et in L 2 [a, b] 

I: ej (t)f(s, t) dt = 0 for all} E N implies that f = 0 in L2 ([a, b], [a, b]) . 

Hence, { e i ej r. is complete set. 
l .j=1 

Hence, {e i ej' }~ . is complete orthonormal set in L 2 
([ a, b], [a, b]) .• 

l ,j=1 

Corollary 3.3.1:- Hilbert Schmidt operator is compact. 

Proof Let {en}:= 1 is a complete orthonormal set in L 2 [a, b] , then b The r m . . I 

{ eiej' } ~' is a complete orthonormal set in L2([a, b], [a , b]). 
I.J=1 

Then since k is in L2([a, b], [a, b]) we can repre ent the k rn I k(s, t) a 

k(s, t) = I~l IJ=1 Pijei(S) ej(t) where, Pi} = (k , eiej) ar F lIri r 

b 
for the kernel k(s, t) and the operator is of the form (Tu)(s) = Ia k( It lL ( de. 

By Parseval's equality we have 

," 00 ," 00 Ip .. 12 = IIkll 2 = fb f b1k ( I t) 12d de < co . 
.wl=1.wj=1 lj a a 
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Let u define the degenerate kernel k'l (s t) by k ( t) = ,, 11 n {J . () ) 
" n, L.. 1= l J = l IJ I J 

whi ch converges to k(s, t) in L2( [a, b], [a, b]). 

b 
The operator (Tnu)(s) = Ia kn(s, t)u(t) dt i mpa t b Th r m . . 1. 

ow it suffice to show that Tn converges to T in the p rat r n rm. T c th i . 

IITnu - Tull 2 

= I: II: I~1 If=1 PijeJs) ej(t)u(t)dt - J: I~1 I j:1 Pijei( ) j (t)u (t ) 12 d 

= I: II: (If=1 If=1 -(If=1 I j=1 + I~n+1 I j:1) )Pijei(s)ej(t)u(t) dt I

2 

ds 

=f: I f: O=r= 1 Lj=l -CLblLj=l + LblLJ=n+l + L~ n+1 LJ=1)).Bij e i (s)eJ (t)u ( t) dtI 2 ds 

= I: II: (If=1 Ij=n+1 + I~n+ 1 I j=1)/fijeJs)ej(t)u(t)dt I
2 

d 

~ I: ((I~1 I j=n+1 + I~n+1 I j:1) Ipij 1
2

lei (s) 12 J:lej(t) 12 dt J: lu(t) 12dt) d 

= (I f=1 I}:n+1 + I~n+1Ij=1)lpij I2 I:lei(S)1
2 

ds J: lej(t) 1
2 

dt J: lu(t)1 2dt 

= (Il~1 Ij=n+1 + I~n+1 Ij=1)lpij 12 lIedl211ej 11
2

11 ull 2 

= (I f=1 I j=n+1 + I~n+1 I j=1 ) IPij 1
2

11 ull 2 

Since I~1 I j= 1lpij 12 < 00 , fo r all £ > 0 there ex i t a po iti e int g r no u h lh . I 

IIf=1 I f=1lpij 12 - I~1Ij=1IpijI 2 1 =(Il~1Ij:n+1 + L~n+ 1 Ij= 1 ) 1pij l2 < £2 , 

for all n 2: no Then , we have 

2 
IITnu - TuI1 2 ~ (If=1 Ij=n+1 + I~n+1 I j=1) IPij 1 lIull 2 < £2 I1 uIl 2, r r II 11 ~ 110 

That is, IITnu - Tull ~ EIIuli for all n 2: no and fr ail u E L2[a, b] . 

But, II (T - Tn)ulI = IITnu - Tull ~ EIIuli and laki ng up rm m 

we have liT - Tnll ~ £ for all n 2: no implie Tn n ert:> I Tin lh 

Hence T is compact by Theorem 3.2.2 . 
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Chapter 4 

Spectral Theory for Compact Linear Operators and Fredholm 

Alternative Theorem 

4.1 Equivalence between Degenerate Operators and Matrix Operators 

Degenerate operators are equi valent to matrix p rat r . T thi ' upp 

olve, U(s) = f(s) + A.Tnu 

where, Tn is the degenerate operator given by (Tnu)(s) = f: 2:1=1 CP i( )({Ji c) U cdc. 

Thus, 

Hence, the equation (18) can be written as, 

f(s) = u(s) - A.2:?=l (i CPi(S) 

b 
where, (i = fa CfJi(t) u(t)dt are unknown con tant . 

Then taking the inner product of u with ({Ji(t) , we obtain , 

(j = (u, ({Jj) = (f + A. 2:1= 1 (i CP i' ({Jj) 

= (f, ({Jj) + (A. 2:l=l {i CP i' ({Jj) 

= (f,({Jj) + A.2:l:1(i (CP i,({Jj } 

Now let 7]j = ([, ({Jj) i = 1,2, ... , n 

aij = (¢j' <Pi) i ,i = 1,2, ... , n 

f1 ,if i = j 
I - (8 ··) , where 8ij = to ,if i '* j 

- lJ i.j=1.2 ..... n 

7] = (7]1 ,7]2 , ... , 7]n? 
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Then the equation u(s) = res) + ATnu ha an qui al III malri r PI' ntal! n I rrn, 

[(7 ~) _ A (a~l 
o 1 n x n anl 

It can be written compactly a , 

(J - AA)( = 1'J 

Examp le18:LettheFredholmintegraIOperatorT: L2 [0,1] L2 lO,11 gi n I 

1 t S 

(Tu)(s) = fa in S C u(t)dt , u(t) E L2[0,1] . 

We wish to find the equivalent matrix operator of the int gr< I quati n 

s = u(s) - A(Tu)(s) . 

Here, is a degenerate operator gi ven a , 

(T2u)(s) = (Tu)(s) = g If=l ¢i(S)<fJi (t)u(t)dt 

where, ¢l(S)=S, ¢2(s)=-ins 1 <fJl(t)=int and <fJ2(t) = t 

Thus, res) = u(s) - f01 If=1 ¢i(S)<fJi (t)u(t)dt wher 1 [( ) = s 

1 1 
a22 = (¢2' <fJ2) = - fa tint dt = - 4: 

1 1 
And, 1'J1 = ([, <fJ1) = fa t intdt = 4: 

(1 2 _ 1 
1'J2 = ([, <fJ2) = Jo t dt - 3" 

Hence A - (a .) I = (0 ')') and 1'J = (~J . Thu th int 'g ral , - i) ij=1,2 ' l i,J= l,2 

equ ation s = u(s) - A(Tu)(s) ha an eq ui va len t matri r pr Illati n rm. 
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The main goal of this ecti on i t det rmin h 

properties (Eigen pair propertie ) of matrice t 

operator. The reason this can be done fo r compa t 

of operator tends to minimize the effect of "m t' 

pc ' lr< I lh r 

ibl 

in the vector space. As a result the di ffe rence betw en thc a ti n f finit dim n i nal 

operator and the action of operator is "small". 

4.2 Spectral Properties of Compact Linear Operators on Hilbert Space 

Definition 4.2.1: Let H be a Hilbert space and let T: H ~ H be a 

An eigenvalue, eigenfuncton pair of T i a pair (it, u) ali f ing Tu = itu \ h r , it i 

calar, u E H , u *" O. 

For Hilbert space H let T: H ~ H be a compact linear m 

properties of eigenvalues and eigenfunctions for the compact linear p rat r T . 

1. The multiplicity of any eigenvalues it *" 0 i fin ite. That i th num r f lin arl 

independent eigenfuncton fo r any eigenvalue it *" 0 i finitc. 

Proof Suppose not! That i there i an in finite et 

{¢d~ l ' Thus, {¢d~l can be made orthonormal 

Schmidt for which T¢i = it¢ i' So that fo r n *" m 

u in f < m 

IIT¢n - T¢mll = lIit¢n - it¢mll = lit lll ¢n - ¢m ll = 2 lit l > 0 

{T¢n}: =l has no convergent ub equence and th i 

is compact. Hence, it must be the ca e that the nu m 

eigenfuncti ons fo r any eigenvalue it *" 0 i fin it . • 

4S 
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2. The adj int perat r T' e it · nd i ' und d. 

Proof A mpa t lin ar p rat r i ' d lin ar p rul r 

3.2. 1. Thu , T * exi t and i b und d Th r m . • 

3. If T i elf adjoint operat r, lhen T ha igen lu . 

Proof Without 10 f gen rality we ma c um T *- O. 

Let u con ider the limil f the operat r 

m = inf (Tx , x ) 
IIxll=l 

M = up (Tx,x) 
IIxll=l 

From IITII = sUPllxll=l l(Tx,x) l , we kn w th al IITII = max{lmLM} . 

We shall prove that A = {m ,if IITII = Iml rT 
1 M, if IITII = M . 

Consider the ca e IITII = M . There ex i t a equen e 

Ilxn II = 1 such that 

(Txn ,xn) ~ M = Ai a n ~ 00. 

I m nl {xn } ilh 

(20) 

Since T is compact and {xn} i bounded, we a ume thalth equ n {Txn} h 

a convergent ub equence {TYn}, ay con erge t Yo th t i TYn Yo· 

Let u regard, 

IITYn - A1Ynl1 2 = (TYn - A1Yn, TYn - A1Yn ) 

= IITYnll 2 - 2,11 (Yn' Yn ) + A12 ::; IITI12 - 2A1 (Yn ,Yn ) + ,11
2 

From the relation (20) and Ll ing the fact that A12 = IITII2 \; blain 

TYn - AiYn ~ 0 a n --+ 00 

whi h implie in turn , th at Yn = A1] (TYn - (TYn - A1Yn) ) 

1 
am Iy Yn ~ Y = A1 Yo 

indeed, Yo = Ty = A1Y b au TYn -+ Ty = Yo· 

Y * 0, (Il yll = 1) , th n ,11 i 
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4. If T i elf adj int pcrm r, th n II it ig n < lu 

Proof Let A bc an eig n alu r T and =1= Ih 

eigenfuncti on of it. That i Tx = AX. Th n 

Allxl12 = A(x, x ) = (Ax, x) = (Tx, x) = (x, Tx) ' in 

= (x, Ax) = X(x, x) = Xllxl1 2 

Since, x =1= 0 , Ilxll > 0, hen e A = X. H n Air < I.. 

5. If T is self adjoint operat r, then eigenfun t n rrc p neling t eli r nt 

eigenvalues are orthogonal. 

Proof Let A, 11 be di tinct eigenva lue nel x, y E H I X, Y =1= 0 

eigenfunction corre poneling t eigen alue A anell1 r p ti I . Th t i 

Tx = AX and Ty = I1Y. 

Thus, A(x, y) = (Ax, y) = (Tx, y) = (x , Ty) in e T i If adj int 

= (x,I1Y) = fl( x, y) = I1( X, y ) in e ll i rea l 

But since A =1= ~ , we mu t have (x, y) = O. H n ex anel y ar nal. . 

6. I f T is self adjoint operator, then the number f eli tin t eigenfun t n i ith r 

fi nite or limn-l CXl An' 

Proof For each eigenvalue An there r at m t a fini t numb r f 

eigenfunction by (1). Let ~1 with II ~ II = 1 b f P ibl man 

eigenfunction of An' 

The equence {un} i a orthonormal In An =1= Am' f r n =1= m. 111 

T impact i f th re are an infinit numb rAn' 

o = limn CXl IIT~11 2 = limn 00 1lAnunl12 = lim A,/ = limn 00 An 
2 

n 00 

Hen e limn 00 An = 0 .• 

7. (Maximum principle If aelj illt 

tri ial eig npair (Al,<Pl) \. h r IAl l = m lIull=l l(Tu,u) 1 = 111'11 anelth 

max imum i attain db ¢1 n rmaliz d . 
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n I(Tu,u)1 
Proof Let p = sUP llull*o--lIull 2 . 

Now, I(Tu, u)1 ~ IITu1111u11 by au hy h\ arz in qual it th l 

I(Tu, u)1 ~ IITulllluli ~ IITllllullll ul1 = IITlillul1 2 end thi gi u 

{3 :s; IITII . 

Now we wish to show {J ~ IITII , we b I've th t 

(T(x + y),x + y ) - (T(x - y),x - y) = 2((Tx,y) + (Ty,x)) 

But, since T i compact elf adjoint operator h n T i b und d I < dj int 

operator thus (T(x + y), x + y) and (T(x - y), x - y) ar rc I b L mmc 2 .. 1 

So from the definition of {J we have, 

(T(x + y),x + y ) ::s; {J ll x + Yl12 and 

-(T(x - y),x - y ) ~ {Jllx - Yl12 

Thus, 

2((Tx,y ) + (Ty, x )) ::s; {J(lIx + Y l1 2 + Il x - Y1l 2) 

Now using parallelogram law, we have 

2((Tx,y) + (Ty,x))::s; 2 {J(llxIl 2 + II Y 11 2) 

That is (Tx, y) + (Ty, x ) ~ {J(llxI1 2 + Ily112) (2 

Now if Tx = 0 it is clear that IITx ll ::s; {J ll xl ilhat ill Ie cI u t {J ~ IITII . 

. IIxll IIxll 
assume that Tx 1= 0 and define y = IITxl1 Tx . Then, Il y ll = IITxll llTx l1 = Ilxl l 

And 2 ~ IITx l1 2 = ~ 211Txl1 2 = ~ ( 11 Tx1 12 + II Tx112) 
I/Txll I/Txl/ I/ Txl/ 

= ~ ((Tx, Tx) + (Tx, Tx)) 
I/Txl/ 

= ~ ((Tx Tx) + (TTx x)) In T i If adj' int 
I/Txl/ ' , 

= (T ~ Tx) + (T (~T ) x, I/Txl/ I/Txll' 

= (Tx, y) + (Ty, x) 
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~ P(llxl1
2 + lI y lI ) B U Ing 

But from above we ha e th at lIylI = II x II . Th u 2 _II _II liT 11 2 ~ 2PII 11 2 . 
, IITxll 

Hence thi will lead u t IITx lI ~ Pli x il f r , II x E H . 

Thus, taking the upermom ver x f n rm I w ha 

From (2 1) and (23) we have 111'11 = p. 
Then, 

IITII ~ p . 

v 
thus, for any v I Vo = M we have sUPllvll*o (Tvoi Tvo) = IITII . 

Hence, there is a equence of normali zed fun ti n {zn } II zn II = 1 f r hi h 

limn->oo l(Tzn,zn)1 = 111'11 which implie Ilim(Tzn1zn) 1 = 111'11 . 
n->oo 

Then therefore a ub equence {xn} f r whi h lim(Txn1xn) = ±IITII lh 1 i 

(Txnl xn) converges to either IITII r -IITII . 

L et 11.1 = lim(Txnl xn) , then 
n->oo 

n 00 

IITxn - A1xnll 2 = IITxn ll 2 - 211.1 (T xnl Xn ) + A12 11 xn ll 2 

~ IITII 2 11 xn ll 2 - 2A1(Txn1 xn) + A/ ll xnll 2 

= IITII 2 - 211.1 (T Xl1 I Xn) + 11.12 

But 111'11 2 - 2A1(Txn1 xn) + 11.12 ~ 00 a n ~ 00. Th i m en th 1 

Iim n->co(Txn - A1X,J = 0 

Since l' i c mpacl the qu n {Txn} p a 

{TYn} hich n erg I m fun l i n Yo E }-f . 

Sin e TXn - A1Xn ~ 0 " ha alTYn - A1Yn ~ O. 

T hu , limn co (TYn - A1Yn) = lim TYn - lim AtYn = 0 
11 co n co 
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In T i nlinu u l im TYn = l' lim Yll an \\c ha\c al 
11 00 n . 00 

lim AI Yn = Al lim Yn 
11 00 11 00 

Impli T lim Y11 = A, lim Yn 
n oo n 00 

gain , In TYn - A1Yn 0 , Yn m un II n CPt that I 

Yo = lim TYn = A1 lim Yn ::) lim Yll = Yo = 
n oo noo noo 1 

T hat i Yn 

lI 'i~1AlY,,1 1 Ii~ II).IY"II . II II = " co = " GO = 11 m Y = 1 
l).tI l).tI /1 00 11 

Hence fr m equati n 24 c h c T¢1=A1 ¢1' hi impli · th tAli ' an 

mpa t p rat n ha r un 

ma imum i attain db ¢l ' . 

mpa t el f adj int perat r T i it h an in lI1it 

number f mutual I rth g nal ig nfun ti n and ith r IITII r - IITII i. th 

large t am ng all th lu f T . 

Proal T ill LI C indu ti n. 

, w ha a nn tri i np ir CA"CPt) . um r 

n - 1 the eigenpair CAi' ¢a , i = 1, ... , n - 1 T, ¢ £ I' mutuall 

orth g nal. 

ow we d fine a ne 

Tn u = Tu - I i;l' Ai(U, ¢i) ¢ £ 

1fT i an int bral p rat r th k rn I 

k/1 (s, t) = k( ,t) - i~ll A, ¢J )¢J ) . 

ing PI' P ni 

so 



I. Let (u, ¢ i ) = 0 f I' i = 1, ... ,11 - 1 , th n 

Tn U = Tu - I it;11 A{ (0) ¢ l = Tu . 

Hen e, if (u, ¢ i ) = 0 f I' i = 1, ... , n - 1 th n Tn U = Tu. 

II. Let u = Ii;;; aj ¢ j then 

Tu = T(Ijl;;; aj ¢j) - I~~l Ai ¢ iCii;;; aj ¢ j , ) 

= I i:; aj T¢j - I i:l Ai ¢ i I jl;;11 aj(¢ j , ¢ i ) 

= Ii;;; aj T¢j - Ii;;ll aj I i:11 Ai ¢ i (¢j J ¢ i ) 

- "n-1 TA. "n-1 1 A. - L...j=l aj 'Pj - L...j=l aj /lj 'P j 

= Ii;;; aj T¢j - Ii;;; aj T¢j In T¢j = Aj¢ j f r ,j = 1, .. . , n - 1 

=0 

Hence, if u = I i;;; aj¢j , th n Tnu = O. 

III. L etvE Tn(J-J) th nth re i uE/-I u hlhat Tnu = v . 

Thu for j = 1, .. . n - 1 

(v, ¢j) = (Tnu, ¢ j ) 

= (Tu - I i:l1 Ai (u, ¢ i) ¢ i ' ¢j ) 

= (Tu, ¢ j ) - I i=-ll Ai (u, ¢ i )(¢ i, ¢ j ) 

But ince (¢Ji:11 ar nh n rmal " ha 

I 1=-l Ai (u, ¢i)(¢i, ¢j) = Aj (u, ¢ j ) thu , 

(v, ¢j) = (Tu, ¢j) - Aj (u, ¢ j ) 

= (u, T¢j ) - Aj (u, ¢ j ) In T i If dj inl. 

= (u, T¢j ) - (u, A.j ¢ j ) In PI' p rl 

(v , ¢ j ) = (u, T¢j ) - (u, T¢j ) in T¢j = A.j ¢ j r r , j = 1, ... ,n - 1. 

= 0 

Hen e, the range f Tn i 11h g n, It pan (¢1 , .. . , ¢ n-l) ' 
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IV. F r A =1= 0, I t Tn({J = A({J then T~1p =<p thi impli' Tn - = <p 

Hence if Tn <p = A({J then, <p E 7'n (H) . r, iii <p I nh g nal 

to pan{<Pl,· .. ,<Pn-l} ' ndby Tn({J = T<p =A<p lhutlf A,<p I 

an eigenpair f Tn , th nit i n ig npair fT. 

Now we can apply pr perty (6 t the r du ed perat r Tn t find en th r 

elgenpalr. 

If Tn is non trivi al, it ha a nn tri vial cigcnpair (An , <Pn) hi hi al n 

eigenpair of T by (iv) above, where 

1;1 I(Tnu,u)1 II T II 
/'n = max llu ll:;t;o lIull 2 = I nand th 111 

attained by <Pn , which i in T(H ). 

Furthermore by (iv) <P11 i orth g nail <Pi r r i = I , ... , n - 1 

eigenfunction ), and f c ur it can be n rll1 ali zed. 

IIl1U Il1 I 

ow for (u,<pi)=O , i=l , ... ,n-l th n Tnu=Tu b I . 

Hence IAnI = max u :;t; O 
(u .cP/)=o 

i=l ..... n- l 

I(Tnu.u) 1 
2 = max u :;t; O 

lI ull (u .cP /)= O 
i = 1, ...• 11-1 

I(Tu.u )1 

lIull 2 

Let Urn = {<Pl, ···, <Prn}l. = {U: (U,<P i) = ° ,i = l , ... ,m} . 

Thu , 

max u:;t;O 
(U,cP i)=O 

i=l, .. .. n-l 

I(Tu.u) 1 < 
--2- max wtO 

lIull - (u.cP /)=o 
i = 1 •.... n-2 

That i 

IAnl = max u :;t;O 
(U.cP i)= O 

i=l ..... n-l 

I(Tu .u )1 < -- rna 
lIull 2 -

Hence, we ha e the f II v ing generali za ti n. 
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The maximum principle for elf adjoint compa ,t op rator ' h' nth Ig nair f T 

can be hara teri z db , 

1
1 I I(Tu.u)l 
An = m ax 11"'0 ~12 ~ IAn - 1 1 

(U. cf> I)=O 
i=l ..... n-l 

where the max imum i attained by ¢ n and (¢n' ¢ i) = 0 r r i = 1, ... , n - 1. 

Therefore, we hav two p ur, 

a) If Tn = 0 , Tu = Ir=-ll Ai(u, ¢i) ¢i f r me n , then Tid generat . 

b) If Tn=O , Tu=Tnu+Ir:]l Ai (U,¢J¢ i, th nTh anin fi nit rth n rmal ' t 

of eigenfuncti on {¢n} with CO lT p nding eigcn alue (An} ~ ~ , 

.. . ~ IAn l ~ IAn-II ~ ... ~ IA I ~ IA21 ~ 1,111 u h th t An O. 

Let An i an eigenvalue and ¢ n b th c IT p nding n rmali z d igcnfun ti n und r 

Hence either II T II or -liT II i the large t am ng all th igen alu fT .• 

Theorem 4.2.1: If T i compact elf adj int line r perc t r, th nth t f {¢J::l 

its orthonormal eigenfuncti on i mpl te r th rang r T. 

That i every functi on in the range f T an b e pr ed in the F uri r in t fm 

Proof Suppo e Un = I - Ir~l ai¢ i for all I E H wh r ai = (I, ¢ i) , i = 1, .. . , n - 1 

But, for j = I, ... , n - 1 , 

(un' <Pi) = (! - I~-! ai <P i, <Pj ) = ([, <Pj ) - I r:l ai(¢ i, ¢ j) 

= (!,¢ j ) - aj = ([ , ¢ j ) - ([,<pj ) = 0 

That is (U111 <Pi ) = 0 , fo r j = 1, ... , n - 1 . 

Now, using (i) ofproperty(7) we ha e IITun 11 = IITnu n 11 ~ IITn 111lun 11 ~ IAn l ll! 11 

But a n ~ 00 , IAnl ~ 0, hence IITun 11 ~ 0 a n ~ 00 i .. limn oo liTun l1 = 

ow let 9 E T(H) , h nce ther i ! E Huh that T! = g . Thu . 
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0 = limn co llTun l1 = limn oo lIT(t - I~t;11(/' ¢i)¢a ll 

= Iimn-ICXl IIT 1 - I i:l1(/, ¢ i )T¢i II 

= limn--.oo liTI - I~11 (/'¢ i )A i ¢ i ll in T¢ = A'¢i' i = 1, ... ,n- 1 

= limn 00 liT 1- I i:11(/, Ai¢i )¢ i II In 

= limn --. oo liT I - I~l(f, T¢i)¢i II in e T¢ = Ai¢ i I i = I , ... , n - I 

= Iimn --. oo liT I - I~ll (T I, ¢ i)¢i II in T i If adj int 

= Iimn--. oo IIg - I~ll (g , ¢ i )¢i II 

= Ilg - ~~~ I~~-ll (g, ¢ i )¢i II By nt inuit f n rm 11·11 

= Ilg - I :-:1 (g , ¢ i )¢i II w hich impli e 9 - I :-: l (g, ¢ l) ¢ / = 0 
Hence, 9 = I:-: 1 (g, ¢J¢i for all 9 E T(H) . 

Hence, i 9 repre ented a Fourier eri f th t (¢d:-:1 . • 

L et T E B (L 2 [a, b]) i an integral p rator gi en b (Tu)(s) = f: k (s, t)u(t)dt 

with continuou kern el k (k E C( [a,b], [a, b]) . F ru,v E L2[a, b] 

b( b )-(Tv, u) = fa fa k(t, )v(s)ds u(t)dt 

b b -= fa fa k(t, s)v(s) u(t)d dt 

b b -= fa fa k (t , s)v(s)u(t) dtds Fubini 

= f: v(s ) U: k (t, s)U(t) dt ) ds 

= f: v(s) (f: k( t, s) u(t)dt) ds 

= (v, T*u) wh re (T~u)() = f: k(t, ) u(t)dt . 

Ther f re, i f T E B(e[a, b]) i an integral 

(Tu)( ) = f: k( ,t)u(t)dt 
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with c ntinu u k rnel k k E C( [a, b), [a, b 1) , th n T' l' 

b-:---:-- 7 
(T*u)(s) = fa k (e, 5) u(t)de. 

Ob erve that T i el f adj int p rat r (that i T = T' ) i k(, e) = k(e, ). "rn I 

k of an integral operator ati fyi ng k(s, e) = k(e, ) i hcrmi ti n k mel. 

Hence, if T E 8 (L2 [a. b)) i 

b 
(Tu)(s) = fa k( . e)u(e)de 

with continuou kernel k (k E C( [a, b), [a. b)) th n T i If adj In p rat r I th 

kernel k of T is hermiti an kernel. 

Example 19: LetT : L2 [O . rr) ~ L2 [O, rr) gi enb 

with continuou kernel 

k(s, t) = { 

(IT-S)t 
IT 

(IT- t)s 
IT 

o ~e<s~ rr 

O ~s<e~rr 

(Tu)(s) = foIT k( • e) u(e)dt 

This integra l equati on f (s) = foIT k(s. e) u(e)de with th gi n ntinu u k rn Ii 

equi valent to the ordin ary differentia l equati n f" ( ) = -u(s) , 0 ~ ~ rr \ ith 

the homogenou boundar y conditi n f (O) = f(rr) = o. 

To each functi on u E C[O, rr] there ex i t a unique oluti n f E C2 [0, rr] fund r 

value problem which i given by 

f (s) = foIT k (s, e) u(e)de o < ~ rr . 

The compact integral operator T with thi all d tri angular rn I i If adj int, in 

its real va lued kernel i ymmetri c k(s, e) = k(e, ) h n k(, e) = k(e, ) I, k i ' 

hermiti an kernel. 

L et u, v E L2[O, rr] , then 

(Tu, v ) = foIT Uo
IT 

k(s, t) u(e)de) v( )d 
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= foIT foIT k ( ,t) u(t O dtd 

= foIT foIT k( ,t) u(t)v( )d dt y r-u Inl ' 

= foIT u ( t) (foIT k ( ,t) v ( ) d ) d 

In k( , t) I rea l va lu 

' in k( ,t) = k(e, ) 

= (u, T*v ) wh r (Tv)( ) = foIT k( ,t)v(t) dt 

H ence, T i self adj oint. 

Now the eigenva lue and eigenfuncti on quati n Tu = AU i ui al nt t th 

differenti al equati on AU" + u = 0 , u(O) = u(n) = O. Th luti n t lh 

boundary va lue problem are gi n by 

An = -;. and ¢ n(s) = fi innt , f r ail n E 
n -]; 

Here ob erve th at {¢n}~=l i th 

eigenva lue {An}:=l ~ ~ w ith 

ilh rr p nding 

... ~ IAnl ~ IAn-I I ~ ... ~ 1,131 ~ 1,121 ~ IAII 

Hence, the et of eigenfun ti n {¢n}~= l f T i 

impl y ing, 

Hence, 

= I ':= l(U, T¢n)¢n 

= I ':=l (u, An¢n)¢n 

= I ':=l An (u, ¢ n)¢n 

= ,, 00 JI2 s inns ( IT ()~2 L.n- l 2 )'0 u t - IT n IT 

cr lh r ng T . 

III T i If adj inl 

In T¢a = Aa¢n 

In An i ' r al 

innt dt 

IT 00 _ 2 " CO Sl l1llS r Tf () d 
(Tu) (s)= fo I<.(s, t) u(t)dt = In=l (Tu, ¢ n)¢n - ; L. n= t 7 )' u C inllC c . 
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Example 20 : ran un II n k(t) In L l , rrl. 

Tu = fo rr k - t ) t l t d 

L t X = S - t ,thus dx = -dt and t = 0 ~ ,L = 2rr ~ = S - IT 

Hence, (T1>n)(s) = - fs
s- 2rr k(x) ein(s-x)dx = f:-

2rr 
k( ) in(s-x) dx 

= I S k (x) e in(s- x) dx 
s-2rr 

= e ins 
( - 2rr k (x) e- int dt = An1>n 

But, f:- 2IT k(x) e-intdt = f02IT k(x) e -inCdt In k (x) i ' P ri di un li n. 

Hence, the eigen ect I' ar An = f02rr k(x) e-inc dc , n E 7L and th rT' p ndlng 

eigenfuncti on are 1>n(s) = e ins, n E 7L . 

That i the eigenpair are (f02rr k(x) e-int dt, e ins ) n E 7L . 

Hence {einS}: =_oo are complet igenfun ti n in th ran T. 

Let u, v E L2[O,2rr] then 

(Tu, v ) = f02rr (f02rr k(s - t) u(t)dt ) v(s) d = f02rr f02rr k ( - t) u(t) Odtd 

( 2IT ( 2rr -
= Jo Jo k(s - t) u(t)v(s)d dt 

= f02rr u(t) (f02rr k(s - t) v(s) d ) dt = (u , T' v ) 

where, (T*v)(s) = f02rr k(t - s) v(t)dt . 

We already know that the eig nfun ti n {einS}:=_oo arc 

B 

un ti n In 

L2[O,2rr].lti intere ting t n te, h w er, thatTi Ir a j int nl i k =k 

fo r all x , although it eigenful1 ti 11 ar n \: h ' 11 T i ' n t inl. 
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4.3 Fredholm Alternative Theorem for om pact Linear perator 

Let H be a Hilbert pa and T: H H i mpa llin ar p ral r, WIth O(T) ~ II . 

For A E K ,we define an p rat r, I - AT and O(J - AT) ~ O(T) \Vh r ' /l 

identity on H. 

oW, let f E H and con ider the equati n (1- AT)u = f . 
The aim of thi ecti on i to determine the I ab il it f quali n (J - AT)u = f r a 

compact operator T: H ~ H (H Hilb rt p Il rn all C 

Theorem. The fo llowing Fredh 1m Itern ali Th I' m t II u \ hen lh 

(I - AT)u = f is olvable. 

Theorem 4.3.1: If T i compa t linear per t r, then (J - AT)u = f ha a luti n I 

and only if (f,g) = 0 for all 9 E N((J - AT)") . 

That i T is if i compa t linear operat r th n (J - AT)u = f h IUli n if and nl 

if f i orthogonal to the null pa e f (J - ATr . 

Proof- Recall that in a Fr dh 1m It rn ali Th I' m i a 

ha a clo ed range then, H = N(T*) (f)T(H) , r qui al ntl , th quati n Tu = f ha 

olution if and onl y if (f, g) = 0 f I' all 9 E N(T*). 

Hence to prove the theorem we onl y n ed t thal I - AT ha a I d r ng . 

Suppose not! Let I - AT doe not have a I ed rang. l L = I - AT. 

Then there i 9 E L(H) , 9 t/: L(H) and a qu n {fn} in Huh lh l 

Yn = Lfn ~ 9 

Since L(H) i a vector pace (a ub pace f H) 0 E L(H) . 

But 9 t/: L(H) , 0 that 9 "* O. Thi impli Yn"* 0 and fn fi. N (H) f r , II u fi nll 

large n. Without 10 of genera lit we m lh t thi h II n . 

Since L compact it i N(L) i 

that the di tance On from fn t N(L) i p ili . thal i 
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8n = inlh E (L) 11f,1 - !til > 

B y definition of in f imum th re i a quen {h n } in L) u h lh ~ I 

an = II }';I - hn ll < 28n 
N w let u how th at 

an = 11}';1 - hnll 00 r n 00 

Suppo e (28) doe not hid. Then {fn - hn} ha a In T I 

compact, it fo llow that {TUn - hn )} ha a n rg nl ' ub qu n . 

ow from L = I - AT we ha e I = L + AT. 

Thu 

In - hn = (L + AT)(fn - hn) = L(fn - hn) + AT(fn - hn) 

= Lin + AT(fn - hn) In hn E N(L ), Lhn = 
Now, ince {TCfn - hn)} ha a con ergent ub equ n e nd (LIn} n er 

hence {fn - hn } ha a ub equence {}';lk - hnJ 

That i Ink - hnk ~ v. 

m V in H . 

Since T i compact, T i continu u i L h n b Th r m i . . I " e h 

L(tnk -hnk ) ~ Lv. 

Here Lhnk = 0 becau hn E N(L) 

L(Jnk - hnJ = Link ~ 9 

hence Lv = 9 imply ing th at 9 E L(H ) whi h ntrad i t 9 f/. L(H) . thcl it mu I 

the ca e that an = Il/n - hnll ~ 00 for n ~ 00. 

Now etting 

we have IIwnll = 1. 

Since an ~ 00 wherea Lhn = 0 and {Lin} n rg t 9 fr m 

LIn 0 LWn = - ~ . 
an 
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ing agai n I = L + AT, \ c btain 

Wn = L wn + itT wn . I 

ince T i mpa t and (wn) i b und d, (Twn) h a 11 crg ' 11l u qu 11 • 

Furtherm re, (Lwn ) nverg b 

ub eq uence (wnJ a 

th at {wn} ha a l1\ crg nl 

Compari on with (30 impli that Lw = 0 h n 

Un = hn + an wEN (L) 

Hence for the distance f rm In t Un W mu th e 

Writing U n out and u ing (29) nd (2 , " thu tain 

In hn E L), al 

8n ~ Ilxn - (hn + anw)11 = Ilxn - hn - anw ll = Il anwn - anwll 

= an ll wn - wll < 2 nllwn - wll 

Di viding by 28n > 0 we have Ilwn - wll > ~ and th i nlr di t 
2 

Theref re it mu t be the a that I - AT h a I d ran . 

Hence the T heorem i pr ed ._ 

Example 21: L t T: L2[0,1] ~ L2lO,l] i gi n b (Tu)() = fol tu (t dt . 

We need to find the ca e in whi h the int gr I quati n (! + itT)u = f ha: < iut i n. 

ow 

Hence it i finite dimen iona!. 

t I 

But gltu(t)1 dt ~ (gltl 2dtY (Iol lu (t) 12 dt)2 = ~ lIull in 

Thu , IITul1 2 ~ fol (~ Ilull)2 ds = 1I ~1I 2 h n IITu l1 ~ ~ lIuli r II u E Ll ,1) 
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Thu , T i b und d finite dim n i nal h n T i · mpa t y h r m .. 1. 

Thercf r I - AT ha a I . H n , \ t n u - r dh 1m Ail rnall e h rem 

to tudy and determine the quati n (I AT)u = f. 
Th u what i d ne in example 12 i tru ample I . That i . 

I . I f A = -2 then, null pa f (I + AT)' i P nn d 

N((I + AT)*) = panes} . 

Hence, i f A = -2 ,then (I + AT)U = f ha 

J0
1 
f(t) tdt = O. 

luti n i and nl 

th at I 

II. If A =I: -2 then, null pac f (I + AT)* i (a} th t! i N((I + AT)' ) = { } . 

Hence, (I + AT)u = f ha a unique luti n f r ea h f E L 2 [0,1]' 

Example 22: Let T: LZ[O,l] ~ LZ[O,l] i gi en by (Tu)(s) = J: tu(t) dt . 

We need to find the ca e in which th int gral equati n (I - AT)u = f ha a luti n. 

Now Ob erve that ince T i linear and 

(Tu)(s) = s J0
1 

tu(t) dt = (u, ¢l)¢Z (s) 

where ¢1 (t) = t and ¢z (s) = s hen Tit i finit dimen i nal. 

IITull z = g IJ0
1 

stu(t) dtl Z ds :::; J: ( s g ltu(t) 1 dt) z ds 

1 1 

But J01 Itu(t)1 dt :::; (Jo1ItI ZY dt (J01 Iu (t ) IZdtY b Holder inequali ty 

1 1 

(Jolltl 2Y dt (Jo1 Iu(t)I ZdtY = ~ lIuli 

Thu , 

( 
1 )Z 1 lIull 2 

1 Z [ ] IITull 2 < M lIuli 1: sZds = - hence IITul1 :::; - Ilull f r ail u E L 0,1 
- y3 0 9 3 

Th u , T i bounded linear and finite dimen i nal p rat I' hen T i 

Theorem 3.2. ] . 

OR the kernel k of T i k(s, t) = st and 
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H nc , T i Hilbert chmidt perat r thLl T impact perat r. 

w let u fir t find the adj int p rat I' r the integral equati n I - AT . 

I' U, v E L2 [O,l] 

((I - AT)u, v) = f01 [u(s ) - A f01 stuCt) dt] v(s) ds 

= J
0

1 
u(s)v(s) ds - g g AStU(t)v(s) dtds 

= J
0

1 
u(s)v(s) ds - g J

0

1 
AStU(t) v(s) dsdt By Fubini ' 

= J
0

1 
u(s)v(s) ds - g AtU(t) J

0

1 
s v(s) dsdt 

= J
0

1 
u(s)v(s) ds - J

0

1 
u(t) (At J

0

1 
s VCS5 dS) dt 

= J: u(s)v(s) ds - J
0

1 
u(t) (At J

0

1 
s v(s) dS) dt 

= (u, v) - (u, AT*v) where (T*v)(s) = s J
0

1 
t vet) dt 

= (u, v - AT*v) where (v - AT*v)(s) = v(s) - AS f01 tv(t) dt 

= (u, (! - AT*)v) = (u, (1- AT)*V ) 

Thu , the adjoint operator of /- AT i (J - AT)*V = v(s) - AS g tv(t) dt 

Hence I - AT i e lf adjoint operator. 

N w we need to find the null space of the adjoint operator (J - AT)* . 

Thus, v(s) - AS J
0

1 
tv(t) dt = 0 

1 
=> v(s) = AS fo tv(t) dt 

=> v(s) = Asa where a = J
0

1 
tv(t) dt 

=> sv(s) = As2a multiplying both side by s 

=> f01 sv(s)ds = f01 As2ads = Aa f01 s2ds 

Aa 
=> a =-

3 
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Hen 

I. Lf A = 3 th n null pa f I - AT) ' i pann d th at I 

N((I - AT)*) = p n( }. 

H n , if A = 3 ,th n (I - AT)U = ! ha luti n i an 

nl y if J: !Cc) tdt = O. 

II . I f A =1= 3 then, null pa e f (I - AT) ' i (O} that i ' N( I - AT) ' ) = ( }. 
Hence (I - AT)U = f ha uniqu luti n f r ea h f E L2 [0,1)' 
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