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Preface 

This seminar report is devoted to "Hyperbolic equations and flow in pipelines." 

The aim ofthis seminar report is to show that equations describing fluid flow in pipelines 
sUbjected to certain conditions is hyperbolic. 

The material is arranged in the following way: 

Chapter I : presents the elements of quantities that describe the flow of fluids 
and the Transport theorem. 

Chapter II : discuss about conservational laws and some thermodynamics results. 

Chapter III: deals about the hyperbolicity of the equations governing the fluid flow 
in pipelines. 
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1 Preliminaries 

1.1 Some Mathematical Concepts and Notations: 

1.1.1 Basic Notation: 

91 n (n ~ 1) = Euclidean space with axes XI , X2, "' , Xn. 

e; (; ~ 1,2, ... ,,,) = the unit vectors in the direction s of the coordinate axes. 

X, y Em n will be denoted as x= (XI ,X2, .. ,Xn) and y=( y' , Y2 .. " Yn). 

If P and Q are two sets and f is the mapping ( function) defined on P with its values lying 

in Q, we write f: P ~ Q ' For such a mapping and a subset M £;;; P the symbol 

f 1M ,then g: M ~Q and g(x)=f(x) 'ilx EM. 

For M £;;; 91 n , C(M) = The space of all continuous on M, 

If D £;;; 91 n is an open set and k ~ 0 is an integer, then 

e (D)= The space of all functions which have continuous partial derivatives up to the 

order kinD , 

aD = The boundary of the set D, 

D = The closure of the set D, 

C'( D)= The space of all functions from Ck (D) whose all derivatives up to the order k 

can be continuously extended onto D , 

f E[ Ck (D)]", iff: D ~mn. that is, f=(f,,f2 , ,,.,fn), f; D ~ 91' fori= 1,2,,,.n. andf; E 

Ck (D) 'iii = l,n . Similarly we define the space [C,(TI )]n. 

IfP is a set, then pn = PxPxPx" .xP ( n times), That is P n = { ( ai, a2, ". ,an! a; E P, 

i= l,n.} 

Quantities describing fluid flow are functions of space and time. It means we write such a 

quantity as a function f= f( x,t), where t is the time and x=( X"X2,X3) denotes points of a 

set D t occupied by the fluid at time t. 

Let (T, ,T2) with TI < T2 be a time interval during which we follow the fluid motion. Then 

the domain of definition of the function f is the set 

f1 = {(x,t) I X E D t ,tE (T, ,Tz)} £;;; 91 4 
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Let us assume that the set J1 is open. IftE (TI ,T2) is fixed , then f( . ,t) denotes the 

function x H f(x,t) whose value at x E D.t equals f(x ,t). 

1.1.2 Differential Operators: Let us consider a function f= f(x,t) defined on the J1 and 

having continuous partial derivatives with respect to XI,X2,X3 in J1, then 

(1.1.3) 
of of of 

grad f= ( - , - , - ) 
Ox, Ox , Ox 3 

If f =(fl,f2,f3) : J1 ---+ 91 3 is a vector function with components which have continuous 

first order partial derivatives with respect to 

X J,X2,X3 in J1 , then we set 

(1.1.4) 
J of 

divf=L-' , 
i=1 ax; 

we define the scalar product in 91 n as 

n 
a,b= Laibi where a =( al ,a2, ... , an) and b=(bJ,b2, ... ,b,,) E91 n. 

i=l 

JaJ = {a.a),v, ( Euclidean norm) 

For a,b E 91 3 

Now, using the differential operator nabla, V' = (~,~,~) we can express the 
Ox, Ox, Ox 3 

operators grad, div and rot in the form 

(1.1.7) 

Gradf= V' f 

Divf= V' .f 

Rotf=V'xf 
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Let f: fl ~ 9"l 3 be a mapping whose components have continuous first order partial 

derivatives with respect to XJ,X2,X3 . We define the Jacobi matrix of the mapping f(. , t) 

( t E(TI ,T2) is fixed) as the matrix 

afl afl af l 

ax1 ax 2 ax 3 

(1.1.8) Df(x,t) = det af2 af2 af2 (x, t) 
Dx ax 1 ax 2 ax 3 

af3 af3 af3 
ax l ax 2 ax 3 

Let f, f; : fl ~ 9"l1 , f =(fl,[2,[3) and let f, f; 

have continuous second order partial derivatives with respect to XJ,X2,X3 . then we set 

(1.1.9) b. f= (b. fl , b. f2 , b. f3) where b. is called 

Lap lace operator. 

Let the mapping u: (TI , T2) ~9"l n : ifU =(U I,U2, ... ,Un), then 

1.1.1 0) U ' ( " , = U I,U 2, · .· ,U n). 

1.1.11 Transformations of Cartesian coordinates: Let us consider two Cartesian 

coordinate systems x= (X I ,X2, ... ,xn) and x*=( X*I ,X*2, ... ,x*n) E ~H n. Then the transition 

from Xi to X*i is realized by the relation 

(1.1.12) 

orthonormal matrix . 

That is, ( 1.1.13) 

" 
X* i =Laij X j+ Ci 

JEI 

,i= l,n where A= (aij)"ij=1 IS an 

AA T = I, where I denotes the unit matrix and 

AT =(aji)"; j=1 is the transpose of A. Relation (1.1 .12) can be written in the vector form 

(1.1.14) x*=Ax + C, C =( CI , C2, .. . , cn) 
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The transformation inverse to (1.1.12) is 

(1.1.15) 
n 

Xk= Laik xi * + C*k 
j = ! 

" 
k= 1, n where C*k~ - L a" c; 

i=l 

The vector form of (1.1.15) IS 

(1.1.16) X=AT x* +C* , C*-( * * * ) - C 1, C 2, ... , C n 

1.1.17 Tensors: The quantity represented by an element b=( b},b2,,,.,bn) E 9'1 nis called a 

tensor of order one or a vector, if the transformation (1.2.12) changes its components bi in 

to 

(1.1.18) 

(1.1.19) 

" 
b* - '" b \- L,.aij j 

j=i 

i= In which can be written as , 

b*=Ab. The quantity represented in the coordinate 

system XI ,X2, ... ,Xn by a matrix T =( Tij)\~ 1 is called a tensor of order 2. 

Ifthe transformation (1.1.12) changes the entries ofT in to 

(1.1.20) Tij*= Ia" aj",Tkm we see that we get 
k,IIZ=! 

the matrix 

(1.1.21) 

1.1.22 A curve in 9'1 n: is defined as a continuous mapping rp of compact interval,;;; 9'1 1 

in to 9'1 n. It means that rp : [a,b] ---+ 9'1 n, a,b E 9'1 1, a<b, rp =( rp I , rp 2 ,,, . , rp n) and the 

functions rp i, [a,b] ~ 9'1 1 are continuous for i= 1, n . The set 

(1.1.23) (rp)= {rp(r) E9'1 n/ r E[a,b]} is called the geometric image of the curve rp. 

We say that a curve rp:[a,b] ~9'1n is smooth ,if rp E[ C\ [a,b])]n and 

rp (r ) if:. 0 for each r E[a,b]. 

Then at every point rp (r) E (rp) it is possible to define a unit tangent vector t (r) = I rp( r) I 
rp'( r) 

, oriented in the direction of the course along the curve rp. 
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A curve q1 :[a,b] --+9i" is of the class Ck (k ~ 1) if it is smooth and 

q1 E [ Ck
( [a,b])] n . 

The symbol f fds denotes the curvilinear integral of the function 
rp 

f: (q1) --+9i I along the curve q1 . If q1 :[a,b] ---+ 9i n is piecewise curve and fEC( (q1), 

then the integral f fds exist, is finite and f fds = ff(q1(r» Iq1'(r)ldr 
rp rp a 

-An open set n ~ 9i n is connected, if its arbitrary two points can be connected with a 

line which is a geometric image of a piecewise linear curve q1 with (q1) ~ n. An open 

and connected set is called a domain. 

Definition: a function f: M ---+ 9i" is Lipschitz- continuous, if there exists a constant L 

such that If(x)- f(y) I::; L Ix-yl, \i X,yE M. 

1.1.24 Domains with Lipschitz- continuous boundaries: Let n ~ 9i" be a bounded 

domain. Its boundary an is called Lipschitz- continuous, if there exist numbers 

a »- 0, f3 »- 0, and a finite number of local Cartesian coordinate systems xr, x; ,.'" x;, 
d L · h' . fu' m I h {M (( r r) m " ·1 an Ipse Itz- contmuous nchons ar: J1. r ---+ '" were Ilr = X = x2 '''., x" E '" ; 

I.X' I::; a} , r= 1, R such that 

R 

an= UA, where A = { (X;, x' )Ix; = ar(X' ),1i' I<a} 
r=1 

A ' " "f3' "I M I } m " \ " 1 R O r = I( x, , X )lar I X )_ < x, <ar I X ), X < a c " >t , r=, . 
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If ar E C\L1) for all t= 1, R then we write an E Ck
. The boundary an is called 

smooth if an EC
I
. , 

1.1.25 Green'5 Theorem: Let n ~ 91 n be a bounded domain with a Lipschitz­

continuous boundary and let U,VE Cl (n). Then 

(1.1.26) 

Proof: it is suffice to show that f au vdx + fu~x = fuvni ds 
(lOx ; n Ox ; an 

f au au au av av av 
Now, ((vY'u)+(uY'v))dx = f((v - ,v-,v-)+(u-,u-,u - ))dx 

n n Ox , Ox2 Ox3 Ox , Ox2 Ox3 

au av au av au av 
= f((v-+ u-),(v-+u-),(v- +u-))dx 

(I Ox , Ox , Ox2 Ox2 Ox3 Ox3 

= fY'(uv)dx 
n 

= f(uv)njds (using Gradient theorem) 
an 

Hence, the proof of the theorem. 

For UE[CI(n ))n, we get from Green's theorem the identity 

(1.1.27) f V.udx = fu.nds 
n on 

1.1.28 Lemma: Let n ~ 91 n be an open set, fEccn). Then 

f=O inn if and only if f fdx =0 for any open bounded set (J' C (J' e n. 

" 
Proof: (~) suppose f=0 in n. 

We shall show that f fdx =0 for every open set (J' c (J' en . 

" 
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Since [=0 in Q then so does on any open subset u of u cue Q . 

~ f fdx =0 (trivially) 
(J' 

(<=) Suppose f fdx =0 for all open subset u of u c u e Q . 

We shall show [=0 in Q. 

Suppose not! That is, f '" 0 in some open subset (J' * in Q such that 

~ I~>O in u* 

Now since fE C(Q) , so does I~ E C(Q) and f I f I dx >0 in u *, which 

is a contradiction . 

~ f=Oin Q. 
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CHAPTER- 1 

Quantities and Concepts Describing the Flow 

1.1 INTRODUCTION 
If one casually glances around, most things seem to be solid, but when one thinks of the 

oceans, the atmosphere and on out into space it becomes rather obvious that a good 

portion of the earth's surface and of the entire universe is in the fluid state. Indeed, it is 

difficult to think of any machine, device or tool which does not have some fluid hidden in 

it somewhere and some fluid mechanics behind its design. 

Fluid Dynamics forms one of the foundations of aeronautics and astronautics, mechanical 
engineering, marine engineering, civil engineering ,bio- engineering and in fact,just 
about every scientific and engineering field. 

1.2 Fundamental Conceptions about Fluids 

1.2.1 Fluid as a continuous Medium: It is clear that the mass consists of discrete 

particles - molecules and atoms. In the study of fluid motion it is usually not necessary to 

consider the real discrete structure of the mass, but on the contrary, it is suitable to start 

from the idea that the fluid particles have no size and are continuously distributed. This 

means that we assume that each point of the domain occupied by the fluid represents 

exactly one fluid particle. Hence, we say that the fluid is continuously medium or simply 

a continuum. 

Therefore, we assume that functions describing the behavior and motion of fluid are 

continuous or sufficiently smooth. 

1.2.2 Viscosity: Fluids differ from solids by their microstructure. A significant role is 

played by intermolecular forces and molecular mean free path, characterizing heat 

phenomena. In the fluids the molecular mean free path is essentially larger and the 

intermolecular forces are smaller than in solids. These properties causes that fluid volume 

does not have its own definite shape and is easily divisible. The fluid puts up a relatively 

small resistance against forces causing the change of their form. The property of putting 

up a resistance against the change of shape is called Viscosity. 

8 



All fl uids have viscosity, which causes friction. The importance of this friction in 

physical situations depends on the type of the fluid and the physical configuration 

or the flow pattern. 

If we consider a small element of the fluid as shown below in Fig 1.1 the shear 

stress T on the top (which is numerically the same as on the bottom in this case) may 

be written: 

au 
T = I-I ­

Oy 
Where fl = viscosity 

au = Velocity gradient. 
Oy 

/ 
7 T 

7 -. 
7 

7 
7 -7 r ox 

V 
Fig 1.1 Flow bin parallel plates to illustrate viscosity. 

--u 

by 

x --
1.2.3 Laminar and Turbulent flow: In laminar flow the trajectories of fluid particles 

are well organized (ordered) and the particles moves in layers, which slides on each 

other. That is, no random vortex structure in the flow pattern. (Occurs when in wide pipes 

and slow velocities). On, the contrary, in turbulent flow the motion of the fluid particles 

is unorganized, chaotic. The trajectories of particular particles intersect each other and 

their velocity has a character of random fluctuations around their mean value. That is, 

there is random vortex structure of the flow pattern.( occurs when high velocities and in 

narrow pipes.) 
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Laminar flow 

Fig 1.2 Laminar and turbulent flow 

The factors that decide whether the flow will be laminar or turbulent, are 

The fluid velocity 

The shape and size of the regions occupied by the fluid 

The viscosity coefficient. 

Turbulent flow 

1.2.4 Compressibility: It is customary to divide fluids into two groups as gases and 

liquids. Gases are more compressible and their density changes readily with temperature 

and pressure. Liquids, on the other hand, are rather difficult to compress and for most 

problems are might consider then incompressible. 

In a gas the density is related to temperature and pressure by the law p= p RB (for 

perfect gas) .For liquids, the density is related to temperature by a coefficient of 

expansion just as for a so lid, and the pressure dependence as dp= f3 dp where f3 is bulk 
P 

compression modulus. 

In compressible flow there is a great distinction bin flow involving velocities less than 

that of sound (subsonic) and flow involving velocities greater than that of sound 

(supersonic flow). 

It is important to remember that shock waves can only occur in flows, which are 

supersonic. 

1.2.S Character and types of a flow: According to the region occupied by a fluid , we 

can also classify the flow as inner and outer flow. By inner flow we mean pipe or channel 

flow and the like, where fluid flows in a confining structure. 

On the other hand, outer flow is the flow of a fluid over an object, such as in 

aerodynamics. Now on wards, we shall focus on the internal (inner) flow. 
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1.3 Kinematics of Fluids: Let (T] ,T2) ~ m] be the time interval , during which we 

follow the fluid motion, and let 0t ~ m 3 denote the domain occupied by the fluid at a 

time t E(T],T2). 

The set 0t need not represent the whole region occupied by the fluid at a time t. It can 

be, a section of a pipeline, a part of a turbine or a small part of the ocean surrounding a 

ship. In many cases the domain 0t does not change its form with time and then 0t =0 

'd tE(T],T2). Sometimes, however, we must take in to account the time dependant 

geometry of the domain filled by the fluid. It is suitable to suppose that its shape changes 

continuously with time. This requirement represents the assumption that there exist time 

toE(T],T2) and a continuous mapping ¢ = ¢(x,t), ¢: OtoX (T],T2) --> m3 such that ¢(.,t) 

is a one to one transformation of ° to on to 0t for each t E(T],T 2). 

Now on we will always use the fundamental hypothesis that 

(1.3.1) Exactly olle fluid particle passes through each poillt x E 0t at allY time t. 

There are two possibilities of describing the fluid motion: 

1.3.2 Lagraugian description of the flow: Considers the motion of each particular fluid 

particle. The trajectories of the particles can be described by the equation 

(1.3.3) x= rp ( X, t) (i.e Xi = rp i (X,t), i= 1,2,3) where X represents the 

reference determining the particle under consideration. 

Equation (1.3.3) determines the position of the particle given by the reference X at a time 

t. Sometimes we use a more detailed description of the motion of fluid particles in the 

form 

(1.3.4) x= rp ( X, to; t) which determines, at time t , the position x of 

the particle passing through the point ( given by the reference) 

X at time to. 

Then of course,X= rp ( X, to; to) provided the references are identical with the coordinates 

of particles at time to. 

The velocity and the acceleration of the fluid particle given by the reference X are 

defined as 

11 



(1.3.5) 

b) 

a) V ( X,t) 
arp(X,t) 

at 

' (X ) = a' rp(X,t) a , t 2 
at 

provided the above derivatives exist. 

arp(X, t o,t) 
( = ) 

at 

a' rp(X t o,t) 
(= at ' ) respectively 

1.3.6 Eulearian description: In the investigation of fluid flow we are rarely interested 

in the motion of each particular fluid particle , but we want to know the state of 

the flow and its change in dependence on time. Therefore, we usually use the so 

called Eulearian description based on the determination of the velocity V( x, t) of 

the fluid particle passing through the point x at time t. 

Now, using (1.3.3) and (1.3.5) we can write 

( 1.3.7) V( x, t) = v( X,t) arp~~, t) where x= rp( X, t) 

Since it is not important that the fluid paliicle considered is given by the reference X, we 

can use the notation ip (t) = rp( X, t) and (1.3.7) can be rewritten as 

(1.3.7*) V( ) 
_ dip(t) 

x t ---, dt ' x=r; (t)=( r; I (t), rp 2(t), rp 3(t)). 

By Vi, i= 1,2,3 we will denote the components of the velocity vector V in the Cartesian 

coordinate system (x!, X2, X3). Time t together with coordinates XI, X2, X3 are the so- called 

Eulearian coordinates. 

The domain of the mapping V =V( x, t) is the set f.1. , I.e. 

Since the set Qt depends continuously on time, the set f.1. is open. Then, it follows that 

we can assume V has continuous first order derivatives on fl : that is 

(1.3 .9) V E[CI( f.1. )]3 . 

For (x,t) E f.1. we denote by a(x,t) the acceleration of the particle passing through the 

point x at time t. Then using relations (1.3.5b) and (1.3.7*) and the chain rule , we find 

that 
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d'-( ) d 
a(x,t) = :' t = dt (v(q5(t) , t )) 

= 8v(q5(t),t) + 
8t 

± 8v(qi(t), t) dqii 

i=1 ax; dt 

Hence, (1.3.10) a(x ,t) 8v(x,t) ~ 8v(x, t) ( ) -'--'--'- + L.. v; x, t 
8t ;=1 ax; 

, which can be written in 

the form : 

(1.3.11) 
8v 8v 

a= - +( V.grad) V =- + (V. V) V 
8t 8t 

Let us introduce the symbol 

(1.3.12) !!..- = ~+ (V. grad) =~+ (V. V) is called the material 
dt 8t 8t 

(total)derivative with respect to the time. The partial derivative ~ is called the local 
8t 

derivative and the term (V. V) is referred to the convective derivative. We see that the 

acceleration of a fluid particle is expressed in the Eulearian coordinates as the material 

derivative of the velocity: 

(1.3.13) 
dv 

a =-
dt 

8v 
= - + (V. V)V 

8t 

1.3 .14 Relations between the Lagrangian and Eulearian description of flow: if we 

want to pass from the Lagrangian description of the flow to the Eulearian one, we must 

express the velocity V( x, t) in the Eulearian coordinates on the basis of ( 1.3.7) . Since in 

virtue of(I.3 .1) , the mapping rp( ., t) (for fixed t) is one to one, its inverse ex ists-let 

us denote it by ¢ (. ,t). Then 

(1.3.15) x= rp( X, t) ¢::> X=¢ (x,t) and we have 

(1.3.16) V(x,t) = v (¢ (x,t) ,t) . 

13 
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The transition from the Eulearian to the Lagragian one is equivalent to the determination 

of the paths of the fluid particles on the basis ofa given velocity field V(x,t). The 

traj ectory of the fluid particles passing through a point X E n
tO 

at time to E(TJ,T2) is 

given as the solution of the initial value problem 

(1.3.17) 
dx dt = V(x,t) , x(to)= X 

1.3.18 Theorem: Under assmption (1.3.9) the following statements hold: 

1) For each (X, to) E f.l problem (1 .3.17) has exactly one maximal 

solution rp ( X, to; t). 

2) The mapping rp has continuous first oreder partial derivatives 

with respect to Xl,X2,~, to. t and continuous derivatives 

2 2 
8 <P , 8 <P ,i= 1,2,3 in its domain of the definition {( X, to, t)1 

8t8Xi. 8to8X~ 

(X, to) E f.l} 

1.3.19 Stationary Flow: The flow is called stationary, if the quantities 

characterizing in the E ulearian description depend on space variables only and 

8 
are independant of time. i.e. - =0 and V =V(x) , a=a(x) , etc where x E 0. t = n 

8t 

for any time instant t. 

1.3.20 Tensor charactor of the velocity: Let us show that under the 

transformation 

(1.3.21) 
n 

X*i =2:a ij Xj 
j = ! 

, i= 1,2,3. of the cartesian coordinates 

the components Vi of the velocity are transformed as a tensor of order one. 

Actually, if Vi and V*i are the velocity components in the coordinate systems Xi 

and X*i ,respectively, then 
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V i( x, t) 
d{j5j{t) 

dt 
Xi = tP i(t) and V*i (x,t)= d{j5~: (t) , X*i = <P ' i(t) where tP i 

and tP'i (i= 1,2,3)represents the components of particle trajectories in the coordinates Xi 

and X*i respectively. 

Then using ( 1.3 .21) we get 

3 
tP'i(t)= Laij{j5/t) +C i 

j=i 

3 

, i= 1,2,3. 

(1.3.22) V*i (t) = I aij v/t ) 
j=l 

1.4 Transport Theorem: 

Let a function F= F (x,t) : f.1 ~ in I be the Eulearian representation of some physical 

quantity transported by the fluid particles. And let us consider a system of fluid particles 

filling a bounded domain cr(t) c Qt at time t. The total amount ofthe quantity given by 

the function F that is contained in the volume 0" (t) at time t equals the integral 

(l.4.1) f(t) = fF(x,t)dx 
<7(/) 

Now, we shall be interested on the rate of change of the quantity F bound on the system 

of particles considered. 

df(t) = !!...- fF(x,t)dx 
dt dt <7(1} 

I.e. 

It would be very nice, if the differentiation of the integral is with respect to a parameter 

under the assumption that the integration domain is fixed. But this is not the case here, as 

both the integrand F and the integration domain O"(t) depends on time t. Now, to tackle 

this problem let us proceed as follows: 

In our further consideration let us suppose that the velocity satisfies assumption (1.3.9) . 

i.e. V E[C I( f.1 )]3 . Then Theorem (1.3.18) can be applied showing that the mapping 

qJ= qJ( X, to; t) has continuous first order derivatives with respect to all its variables and 

15 



2 
continuous second order derivatives ~, i= 1,2,3. The mapping cp defines the atax i 

change of the domain (T(t) with time: let toE (T\ ,T2) be an arbitrary fixed time instant 

(1.4.3) (T (t) = { cp( X, to; t)1 X E cr( t)} (provided cp( X, to; t) is defined 

for all X E cr(to). 

By J(X,t) we will denote the jacobian of the mapping XE cr(t) ~ cp( X, to; t) Ecr(t) 

such that 

iXpl iXpl iXpl 

ax l ax 2 ax 3 

(1.4.4) J(X,t) =det D<p(X, to; t) = det a<P2 a<P2 a<P2 (X, to ,t) 
DX ax l ax 2 ax 3 

a<P3 a<P3 iXp3 

ax l ax 2 ax 3 

1.4.5 Lemma: Let toE (T1,T2), cr(to) be a bounded domain and let cr(to) SO
lO

' 

Then there exists an interval to E (h ,t2) such that the following conditions are 

satisfied: 

a) The mapping "t E (tt ,t2), XE cr(to) ~x= cp( X, to; t) E o(t)" has continuous first 

order derivatives with respect to t, X"X2,~ and continuos second order derivatives 

a2<p . 
--, F1,2,3. atax i 

b)The mapping "XE cr(to) ~x= CP( X, to; t) E o(t)" is continuously differentioable 

one-to one mapping of cr(tO) on to (T(t) with the jacobian (1.4.4) which is continuous 

and bounded and satisfies the condition: 

J(X,t) >0 VX E cr(tO)' Vt E (t\ ,t2)' 

C) The inclusion {(x,t)/tE [t\ ,t2],X E (T(t)} C J.l holds and thus the mapping V has 

continuous and bounded first order derivatives on {(x,t)/tE [t\ ,t2],XE (T(t)} . 

d)V(CP(X, to; t),t)= a<P(X~to , t) '<:IX E cr(to), Vt E (t\ ,t2). 
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Proof: Since x E cr(tO)X{ to} is cornpacct subset of the open set ll, then there exists an 

openboundedsetMsuchthat cr(tO)X{to} c M eM e ll. 

In virtue of (1.3.9) , the vector function V is bounded and Lipshcitz-continuous with 

respect to x on M. By the proof of the local solvability of the problem (1.3 .17) , there 

exists I': >0 such that foe each XE cr( to) the solution rp ( X, to; t)of (1.3 .17) is defined 

for Vt E [t \-I': ,t2-1':]. 

Now, due to Theorem (l.3.18) , the mappingq1(., to; .) has continuous bounded 

d
. . o<p 

envatlves -, 
at 

o 82 
------'t and - <P- (i= 1,2,3.) on cr(tO)X 1. 
ax; at8Xj 

Hence, the proof of a). 

The uniqueness of the solution of problem (1.3.17) , implies that the mapping 

"X E cr(to) --7X= q1( X, to; t) E a(t)" is one-to-one. Its continuous differentiability 

follows from assertion 2) of the theorem (1.3.18). 

And moreover, since q1( X, to; to) = X, we have J(X,t) =det(1)= l. By the continuity of J , 

there exists ( t \ ,tz) c I such that J is positive and bounded on the set cr(to)X (t\ ,t2) ' 

lIenee, the proof of assertion b). 

Assertion c) is a consequence of assumption (1.3.9) and the fact that (rp ( X, to; t),t) E Il 

for X E cr(tO) and t E [ t\ ,t2]. 

Finally, assertion d) means that rp (X, to; .) is the solution of problem (1.3.17), and is 

defined on the interval (t\ ,t2) provided X E cr(t o)' 

l.4.6 Theorem: Let conditions a)-d) from 1.4.5 be satisfied. Then the function J=J (X,t) 

oj 
has a continuous and a bounded partial derivative for X E cr(to),t E (t\ ,t2) , and 

at 

oj 
- (X,t) = J(X,t) divV(x,t) , where x= q1( X, to t). 
at ' 
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ocp , ocp , ocp , 
Ox , Ox2 Ox3 

Dcp(X, to; t) 
det oCP2 oCP2 oCP2 

(X, to , t) . Proof: Now J (X t) = det 
" DX Ox, Ox2 Ox3 

oCP3 Ocp3 oCP3 
Ox, Ox2 Ox3 

Now the Jacobian J (X,t) can be expanded with respect to the i!h row as 

J(X,t)= t ( Ocp i (X, to; t)D i,a (X, t)J where D i,a denotes the cofactor of the element 
0.=1 Ox a. 

ocp oj 
For a , ~ =1,2,3, cofactors D i,p are independent of Ox' . Hence ( . J 

a 0 Ocp, 
Ox a 

In order to calculate the derivative oJ, we consider the determinant J(X,t) as a function 
at 

ocp ocp 
dependant on the elements -' which depend on t( i.e. J ---+ -' -H and 

Ox a Ox a 

oj = t o( ~ J o( ~ J + O(DiJ o(:J Ocpi 

~ at i,a=' o( :~ J' at .Di ,a o( :~ rat' Ox a 

(Using the 

derivative of product functions and chain rule. But, D i,a is independent of _OCP_i , 
Ox. 

a =1 ,2,3. Then its derivative becomes zero. 

:. (1.4.8) oj [ j 8q>i J 1 3 ( o'cP J -=~ a(J) .Vl Ox• = L Di,.-' 

at .L... {"'" J '" i,a' ! Ox.at 1.«=1 _"",_ , u , 

Ox. 
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Now, let us deal with the derivative :cp~ (X, to; t). Under conditions 1.4.5 a)-b) we 
a 

get the relation 

o'cp; o'cp 0 
iJx ill (X, to; t)= ilIiJx' (X, to; t)= iJx V;(cp(X,to;t),t) = 

a a a 

±(tiJj(X,t) o(cpj)(X,to;t)] 
j= l 0 X J iJx a 

Substituting into (1.4.8), we have 

oj = ~(D. ~ Ocpj Ov; J = ~r~ oCPj D. J Ov; L. L. L. L. But, from the theory 
at i ,a=1 I,a j=] 8x a &x j i ,j= l \u:; ! Oxa. l,a Ox j 

3 ocp 
of determinant we know that L --JD ;,a= J O;j where O;j= 

0.=1 ax a 
{

I, 

0, 
1 = J 

i ;t j 

Now we can proof the so-called transport theorem on the derivative of integral 

(1.4.1) 

(1.4.9) Theorem: Let conditions 1.4.5 a) - d) be satisfied and let the function F = F(x, t) 

have continuous and bounded first order derivatives on the set {(x, t)lt E (t" t2), 

XEcr(t)}. Then for each tE(t\, t2) there exists a finite derivative 

df d f (1.4.1O) - (t)=- F(x,t)dx= 
dt dt a(/) 

f [OF (x,t)+ V(x , t).gradF(X,t) + F(X,t)diVV(X,t)]dX 
G(t) ill 

Proof: By using the substitution theorem the integral F(t) can be written in the fonn 

f(t) = fF(cp(X, to; t)J(X, t)dX 
O' { to ) 

(Because from f(t) = fF(x,t)dx and x=cp(X, to; t) 
a-(r) 

But cp(X, to; to) = X 
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dX 
dX = 1 = J(X,I{)) 

=> dx= J(X, to )dX 

Now fixing our domain at to, we get 

f aF 
f(t) = F(<p(X,to;t))J(X,t)dX at- \cpt20o;t 

o (to) 

Since to is fixed and the integration domain aCto) does not depend on time t, we can apply 

the well known theorem on differentiation of an integral with respect to a parameter: 

df 
- (t)= 
dt 

f [(aF (<p(X, to;t)+ f aF (<p(X , to ; t) ,t)a<pj (X,to , t))J(X,t))+F(<P(X,to ;t) , t)aJ (X, t)]dX 
cr(tol at j = l ax j at at 
Now using 1.4.6 and condition 1.4.5 d) we get 

- (t) = - (<p(X,to; t) + L-(<p(X,to;t),t)V j(<p(X, to,t),t) df f [aF aF 
dt 0 ( 1, ) at ax j 

+ F( <p(X,to. ; t), t)div v( <p(X, to, t)l) ~(X, t)dx 

because aJ = Jdiv v & v(<p(X t . t) = a<p(x,t o; t) 
, at ' 0, at 

Now using the inverse substitution and transforming the integral over a(l{)) on to 

the integral over aCt) , we have 

df(t) = f [aF (x,t) + v(x,t) .grad F(x,t) + F(x,t)divv(x,t) llv 
dt 0(1) at J 

Hence the proof of the theorem. 

1.4.11 Flux formulation of Transport theorem: provided the assumptions of theorem 

(1.4.9) are satisfied, identity (1.4.10) can be written in the form 

(1.4.12) df(t) = f [aF (x, t) + div(FV)(x, t)] dx 
dt 0 (1) at 

Proof: df(t) - f aF (x,t)dx + f div(FV)(x,t)dx 
dt 0(1) at 0(1) 
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But using the divergence theorem 

J div(FV)(x,t)dx = J (FY)(x, t).n(x)ds = J F(x, t)v(x, t).n(x)ds 
a (t) acr(l} 00 (1) 

Where n(x) denotes the unit outer nonnal to oa(t) at the point x. 

(1.4.13) df(t) J of J :. -- = - (x, t)dx + F(x, t)Y(x, t).n(x)ds. 
dt 0 (') 8t 00 (') 

The first integral on the right hand side of (IA.13) detennines the rate of change of the 

quantity f is virtue of the dependence of the Function F on time t. The second integral 

that appears here as a consequence of the dependence of the domain aCt) on t, represents 

the flux of the quantity F through the boundary oa(t). 

Note: If we fix the time instant t and write a = aCt), the transport theorem can be 

fonnulated in the following way: The rate of change of the quantity F contained in the 

domain a is equal to the sum of the total amount of the derivative of the quantity F 

. d' foF 
d contame m a: - x 

a ot 

J F( x , t) V (x, t).n(x )ds 
iJo 

and of the flux of the quantity F through the boundary oa: 

1.4.14 Remark: Sincea(t) c n, for all tE(tl, t2),the conditions for F from theorem(1.4.9) 

are guaranteed. Example by the condition that F ECI(~) 

Proof: WTS F is continuous and bounded. 

Since FECI(~) it is clear that F is continuous and its first order partial derivative 

exist on {(x, t) I t E(tl, t2)' x En,). 

and since a(/) is closed and bounded subset of n, ~ 9'l4, then it is compact. 

Hence, F is bounded on a(t). 
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CHAPTER 2 

Conservation Laws 

We Shall discuss first the law of conservation of mass, momentum and energy 

and from which we will derive the fundamental differential equations of fluid dynamics: 

The continuity equation, the equation of motion and the energy equation. 

2.1 The continuity Equation 

2.1.1 The Density of Fluid: is a function p: fl = {x, t)/t E(TJ, T2), x EQd ---+ (0, + 00) 

which allows to the determine the mass (cr; t) of the fluid contained in any sub 

domain cr c Qt: 

(2.1.2) m(cr; t) = fp( x,t )dx . 

The density p(x, t) can not measured directly. The measurement allows to determine the 

mass m(cr ; t) and the volume fl(cr) = meas. (cr) of the domain cr c Qt. If the density of 

fl 'd . h m(cr;t) 
Ul IS constant, t en p = -----''-'---'-

fl(cr) 
In a general case the density can be defined in the 

dm 
precise mathematical way as the Radon-Nikodym derivative of the mass measure 

dfl 

m(cr; t) with respect to the lebesgue measure fl(cr). 

2.1.3 Assumptions: Let p ECI(fl) and v E [Cl(fl)f Let us considered an arbitrary 

time instant to E (TI, T2) and a moving piece of the fluid formed by the same 

particles at each instant and filling at time to a bounded domain cr c cr c Q, with , 

lipschitz continuous boundary ocr. Such a domain will be called the control 

volume in the domain Q, . By cr(t) we denote the domain occupied by this , 

piece of fluid at time t E(tl' t2), where (t l, t2) is sufficiently small time interval 

containing to with properties from Lemma 1.4.5. Hence, cr(to) = cr and 

conditions 1.4.5, a) - d) are satisfied. 
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2.1.4 The law of conservation of Mass 

Since the domain a(t) is fom1ed by the same particles at each time instant, the 

conservation of mass can be fom1Ulated as follows: 

"The mass of the piece of fluid represented by the domain a(t) does not depend 

on time t". The means that 

(2.1.5) 

Using (2.1.2) 

(2.1.6) 

dm(a(t)) = 0 t E(t\ , t2). 
dt 

m(a(t)) = f p(x,t)dx 
00(1) 

Now, using the transport them (1.4.9), where assumptions are satisfied for the function 

F = p(using Remark 1.4.14), from (2.1.5) and (2.1.6) we get 

dm(a(t)) _ d f ( )d --'-'-'-'- - - p x, t x 
dt dt <7(t) 

= ![: (x, t) + vex, t).gradp(x, t) + p(x, t)divv(x, t)}x = 0, t E (t\ , t2) 

Now, if substitute t: = to and taking into account that aCto) = a and 

di(pv) = pdiv v + \7p.v we conclude that 

(2.1.7) ![: (x, to) + div(pv)(x, to)}x = 0 for an arbitrary toE(T\, T2) and an 

arbitrary control volume a in 0 t . 
" 

Now, using the continuity of the integrad in (2 .1.7) and assertion 1) of Lemma 1.1.28 and 

writing t instead of to, we conclude that 

(2.1.8) ~ (x, t) + div(p(x, t) v (x, t) = 0, t E (h T 2)' x E 0, 

This equation is the differential form of the law of conservation of mass and is called the 

continuity equation. 

On the basis of the flux form (1.4.11) of the transport theorem, the law of conservation of 

mass can be written in the form 
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(2.l.9) f3p 
(x,t)dx+ fp(x,t)v(x,t).n(x)ds= 0 for an arbitrary 

u ot "U 

t E(T I , T2) and an arbitrary control volume cr is r.l t• 

2.1.10 Remark. Ifthe flow is stationary in the domain r.l, then p, Vi: r.l ~ \R l. 

P = p(x), Vi = Vi (x) and the continuity equation has the form 

(2.l.8*) div(pv) = 0 in r.l 

or (2.1 .9*) f pv.nds = 0 for an arbitrary control volume cr in r.l. 
au 

If the fluid is incompressible, (i.e. its density is constant: p = po = constant, po > 0) then 

the continuity equation becomes 

(2.1.11) div v = 0 

2.2. The Equations of Motion 

Basic dynamical equation describing fluid motion will be derived from the law of 

conservation of momentum which can be formulated as follows: 

The rate of change of the total momentum of a piece of fluid formed by the same 

particles ate ach time and 0 ccupying the domain cr (t) at instant tis equal tot he force 

acting on cr(t). 

Let assumption 2.1.3 be satisfied. The total momentum of particles contained in 

cr is given by 

(2.2.1) H(cr(t)) = fp(x ,t)v(x,t)dx 
aCt ) 

Moreover, denoting by F( cr(t) the force acting on the volume cr(t), the law of conservation 

of momentum reads 

dH(u(t)) 
(2.2.2) - dt = E(cr(t)), t E(tl, t2) 

It is clear that the assumption of transport theorem (1.4.9) are satisfied for functions 

F equal to the components of the vector pv. Using l.4.14-, we get the equation 

d H(u(t)) 

dt 
f [~(p(x, t)vJx,t)) + div(p(x,t) Vi(X,t) v(x,t))]dx = ~(cr(t) 

u(l) ot 
i = 1,2,3, tEet], t2) 
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Now, taking into account that to e(T" T2) is an arbitrary time instant and O"(to) = 0" C cr c 

Q ,o' where 0" is an arbitrary control volume, we get the law of conservation of 

momentum in the form where we write t instead ofto. 

(2.2.3) f [~(P(X,t)Vi(X,t))+diV(P(X,t)Vi(X, t) V(X,t)]dX =£;(0"; t) 
cr(t) 8t 

i = 1,2,3, for an arbitrary t e(T" T2) and an arbitrary control volunne 0" in Qt. 

The vector £:(0"; t) with components Fi( 0"; t) denotes the force acting on the volume 0" at 

time t. 

Now, first we shall specify the character of the vector £:(0"; t) 

2.2.4 Forces Acting in Fluids: There are two types of forces acting in Fluids, the so 

called volume (or body) forces and surfaces forces . 

a) Volume forces: are forces acting on volume elements of fluid, we express 

them usually with the use of the density of volunle force f: f.l ~ 9~ 3 , related to 

usmg mass. 

Now, for f e [c(f.l)]3, the volume force £:v(O"; t) acting at time on the particles 

contained in a control volume 0" c cr C Qt is given by the relation 

(2.2.5) £:v(O"; t)= fp(x, t)f(x, t)dx. 

b) Surface forces: represent the action of the fluid contained outside the 

considered volume 0" onto the fluid occupying the domain 0" through its 

boundary 00". As surface forces result from the inner interaction bin fluid 

volumes, it is commonly called inner forces. Now let us consider the simplest 

example of surface force, which is the pressure force. Assume the boundary 

00" is lipschitz continuous, S C 00" is a measurable subset (wrt the measure 

defined on 00") and denoted by n(x) the unit outer normal to 00" at a point 

x eocr. Then the pressure force acting at time on the set S from the exterior 

of the domain cr is expressed in the form 

(2.2.6) Fp,s = - fp(x,t)n(x)ds . 
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The quantity p(which is assumed p EC(fL» is called pressure. The vector - p(x, t) n(x), 

representing the density of the pressure force, is orthogonal to the surface acr at each 

point x Eacr and its tangential component to acr is zero. 

2.2.7 The Euler Equations of Motion ofldeal fluid 

In ideal (i.e. inviscid fluid) we don ' t consider inner friction. It means that the mutual 

interaction between fluid volumes is given by the pressure force only. If the volume 

force with the density f = (fl, f2, 6) is also taken into account, then the total force acting 

on a control volume cr at time t achieves the fOI111 

(2.2.8) .E(cr; t) = fp(x,t)f( x,t )dx - fp(x ,t)n(x)ds . 
au 

Let assumptions 2.1.3 be satisfied and let P ECJ(fL). Substituting (2.2.8) into 

(2.2.3) and transfol111ing the surface integral in (2.2.8) into a volume integral by 

Green's identity, we get 

rr a l" f fap(x, t) !L at (p(x, t )v,(x, t) + div(p(x,t)v; (x,t)v(x, t» J'X = u p(x,t)J, (x , t)dx - u ax; dx. 

(2 .2.9) i= 1,2,3 , for an arbitrary t E(TJ, T2 ) and an arhitrary control volume cr. 

(because f p(x, t)n(x)ds = fV'(p(x , t»dx = f:: (x, t)dXJ l fu cr cr I 

Now , using Lemma 1.1.28, this implies that 

(2.2.10) ~(PVj)(X,t) +diV(PVjV)(X , t)=(PfiCx , t) - 8p (X , t») 
& &j 

i = 1,2,3, x EO, t E(TJ, T2) 

The above equations are called the Euler equations of motion of ideal fluid. Using the 

continuity equation (2.1.8), we easily derive the convective fOI111 of the Euler equations : 

(2.2 .11 ) Bv, I' Bv; _ " 1 ap . _ - + v - - 1; - - - 1 - 1 2 3 j 1 " , 
at )"' ax) pax; 
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The expression i V j 8v; , which is the convective derivative of the function v; , called the 
j:1 ox} 

convective tern1 of the equation of motion. The left hand side of (2.2.11) represents the 

I d · . dv, 
tota envatlve -. 

dt 

We can also rewrite (2.2.11) in vector from as 

()y 3 8v 1 dv I 
(2.2 .1 2) - + LVj - = f- - V'p => -= f- - V'p 

at j:1 ox) p dt P 

dv 1 
<=:> - = f --V'p 

dt P 

Using the operator "nabla" 

8v 1 
(2 .2.13) - + (v.V')V = f- - V'p ot P 

Now, Applying the Green's theorem to the integral of the expression dive p v; v) is (2.2.3) 

and using (2.2.8), we get the flux formulation of the equations of motion: 

(2.2.14) f O(pv;) (x,t)dx + f(p<)(x , t)v(x, t).n(x)ds = f(m; )(x,t)dx - J p(x, t)nids, 
a ot 8a a 8a ~ 

i =1,2, 3 for an arbitrary control volume cr contained in f.!, and an arbitrary 

t E(TI, T2)' 

2.3 Stress Tensor 

In this section we wi ll investigate the character of general internal forces acting on the 

boundary ocr ofa control volume cr c f.!, at time t E (T1, T2)' 

Let S C ocr be a subset measurable with respect to the measure defined on ocr. The force 

Fs, by which the fluid contained outside the domain cr acts on the set S, will be expressed 

with the use of the stress vector T(x, t, n) characterizing the density ofthe surface for cr: 

(2.3.1) Fs = fT( x, t,n(x )ds 

The vector T is supposed to depend on the point x, time t and the unit outer nonnal n(x) 

to ocr at the point x. (i .e. T depends on the orientation of the surface ocr .) 

In the following we will assume that T E [C(~)X s] where s is the surface of the unit 

sphere with center at the origin. 
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Now, using Newton's third Law, the fluid acts on the surface S from the opposite side 

(i.e. from the interior of O') by the force - F , (S; t). This implies that 

(2.3.2) T(x, t, n) = -T(x, t, -n) 

by (2.3.1), the total force acting at time t on the control volume O' from outside has the 

form 

(2.3.3) Es (O'; t) = fT(x ,t,n(x)ds 
iJa 

2.3.4 Components of the stress Tensor: we show that the stress vector T(x, t, n) is 

determined by some of its values for certain normals. 

Let us choose the noramls parallel to the coordinate axes and set 

(2.3.5) 'tji = Ti(x, t, ej). i, j = 1, 2, 3 

el = (1 , 0, 0), e2 = (0, 1, 0), e] = (0, 0, 1) 

The quantities 'tji = 'tji(X, t), i, j = 1,2,3, are called the components of the stress tensor 

(2 .3.6) 't = [::: ::: :::: 

1 31 't32 't33 

The component 'tii, i = 1,2,3 , and the components 'tij, i if' j , i,j= 1, 2, 3, are called normal 

stresses and shear (tangential) stresses, respectively. 

Let us study the connection bin the components 'tji(X,t) and the vector T(x, t, n). For 

this purpose we consider an arbitrary point 0 EO, and choose, in particular, O' = Vh 

where Vh cO, is a tetrahedron OABC as shown below, three edges of which are parallel to 

the coordinate axes. 

A 

X1 

, 
'0 

-~~ ..... - ..... -

Fie. 1.3 

B 

X2 
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Let n be the normal to the surface ABC and denote by (ocr )0, (ocr) I, (ocr)2 and 

(ocr)3 the surfaces ABC, OBC, OAC and OAB respectively. 

Further denote by l(ocr);1 the area of (ocr); and by h the distance of the origin from 

I 
the plane ABC. Then l(ocr) ;I = I(ocr)o ln; and the vo lume ~!vh l = "3 h I(ocr)ol · 

Now we consider equation (2.2.3) where we substitute the sum of the volume force 

(2 .2.5) and the surface force (2.3.3) for F;(cr; t): 

(2.3.7) F;(cr, t) = fp( x,t )!,(x,t )dx + fI;( x,t,n(x»dx 
a aa 

Let us put F; = ~(pv; ) + div(pv;v) - pfi and assume that p, v; EC1(fl) and fiEC(fl). Then 
01 

F; E C(fl) and 

(2 .3 .8) fI;(x ,t ,n(x»ds + fF,( x, t)dx = 0, i = I , 2, 3 

". 
But fI; (x,t , n(x»ds = fI;(x,t,n)ds - f :Z;,Cx,t)dx, x, - fT,,Cx, t)dx,x, 

a", (aa), (aa), (aa), 

- f:r; i(X,t)dx,xi 
(aa ), 

By (2.3.2)and (2.3.5), the negative signs appear, since the outer normal to ocr i equal 

to - e; on the surface (ocr); = I , 2, 3. Substituting into 2.3.8 and dividing by I(ocr)ol, we 

get 

I f - n, f n, f (2.3 .9) -I -I I;(x,t,n)ds --I - I ' Ii (x,t)dx2dx, + -I - I ' 2i (x, t)dx,dx, 
(ocr)o (aa), (ocr), (aa), (ocr), (aa), 

nJ f . 1 f + -I -I , ,, (x,t)dx,dx2 +-1 -I fi(X , t)dx. 
(ocr), (aa), (ocr)o '. 
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Let us Prove that for h -+ 0, we get 

lim -I n, 1 fT,(x,t,n)ds = T;(O, t, n) 
,,~O (8cr) ( ) , Ocr, 

(2.3.10) lim -I 11, 1 f,, ·(x,t)dx,dx3 = nl'I;(O, t) 
iHO (8cr) , 

, (Ocr), 

lim -I n, 1 f, , (x ,t)dx,dx3 = n",;(O, t) 
iHO (8cr) , , (Ocr), 

lim -I n3 1 f' 3(X,f)dx,dx, = nJ'J;(O, t). 
h~O (8cr)3 (Ocr), , 

The function T;(., t, n) is continuous (t is a fixed time instead and n is a constant vector). 

Hence, for each 8 > 0 there exist Ii > 0 such that 

T;(O, t, n) - 8 < T;(x, t, n) < T;(O, t, n) + 8, provided x E v" and 0 < h < Ii. 

Integrating these quantities over (8cr)o and dividing the result by (8cr)o, we find 

that 

-I _1_1 f,,<x,t,n)ds - T,(O,t,n) <8 forO < h <li. 
(8cr)o (Ocr), 

Hence, the first equality is (2.3.10) holds. The reaming relations can be proved in the 

same way. 

The continuity of the function F;(.,t) on f.l t and the compactness of the set cr = v" c f.l t 

imply the existence of a number M > 0 (independent of h) such that IF;(x,t)1 :s; M for an x 

E V;, and hence 

(2.3.11) -I _1_
1 

fF,(x,t)dx :s; 1 11M ~1(8cr)olh -+ 0 for h -+ 0 
(8cr)o '. (8cr)o 3 

then from (2.3.9) - (2.3.11), the identity 

(2.3 .12) 
3 

T;( 0, t, n) = 1:> j T j ,( 0 , t) immediately follows. 
)=1 
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Now, writing x E Q t instead of 0, we set the following expression for the components of 

the stress vector: 

3 

(2.3.13) Tj(x, t, n) = :L:njTji(X,t). 
j = ] 

2.3 .14 Tensor character of stress: we will show that under an orthonormal 

transforl1lation of coordinates 

3 

x; = L ai jxj + Cj, i = 1,2, 3, the components of the stress tensor"t 
j=J 

are transforl1led as the components of a tensor of order two: 

(2.3.15) 

(2.3.16) The equations of motion of General fluids: Let us aSSUl1le that p, Vj, "tjj EC1(fl) 

and f;EC(fl) (i = 1, 2, 3,). Expressing the total force acting on the fluid contained in a 

control volume (J according to (2.3.7) and (2.3.12,) we get 

3 

(2.3.17) f;«J;t) = Jp(x,t)!(x,t)dx + J 2:>ji(x,t)n/x)ds 
i3a j= l 

substituting this ir\(2 .2.3) gives us 

(2 .3.18) f[!!.. (P(X, t)Vj (x, t) + div(j(x, t)Vj (x, t)v(x, t))] dx = Jp(x,t)!(x,t)dx 
cr ~ a 

3 

+ J. L "tp(x,t)n/x)ds 
aa I=d 

where i = 1,2,3, for each t E(TJ, T2) and an arbitrary control vo lume (J in Qt . 

Moreover, applying Green's theorem and Lemma 1.1.28, we get the equations of motion 

of general fluid in differential conservative form: 
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(2.3.19) a ( ) d'( ) _ C' ~m), '-123 - pVj + IV pVj V - Plj + L...J--' 1 - , , " 
at )"\ ax) 

Using the continuity equation, the convective from of the equations of motion: 

av 3 av 3 aT. 
P-' + p'\'v -' = pi + '\'_), i = 1 2 3 

a L... i a I L...a' '" t )"\ 'X) )"\ 'X) 

(2.3.20) 

which can be written in the vector form as: 

(2.3.21) 
av 3 av 

p - + P LVi - = pf + div 1: where divergence of the 
at )"\ ax) 

[~m\ ~m 2 ~m3J understand the vector div 1: = L... - J
_ , L...-J_, L... - J

-

)"\ ax) )"\ ax) )"\ ax) 

Moreover, the flux formulation of(2.3.18) is 

a 
(2.3.22) f - (p(x, t)v i (x, t)dx 

(Jat 

3 

+ f p(x, t)v, (x , t)v(x, t). n(x)dx 
au 

= f p(x, t)fi (x, t)dx + f 1:: 1: ji (x, t)n j (x)ds 
(J O(J j=i 

where i = 1, 2, 3, for each t E (T I, T 2) and an arbitrary control vo lume IT in Q\. 
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2.4 The Energy Equation 

First let us introduce some important concepts. 

2.4.1 Work and power: It is clear that a constant force acting on a mass particle moving 

along a straight line performs work equal to the product " force x length of the part". 

In general, If a paliicle moves along a path <p(xJ, X2) connecting points Xl and X2 due to 

the action of a (generally non constant) force F, work is defined as the integral 

(2.4.2) 

X2). 

IF. t ds, where t is the unit tangent vector to the course <P(XI, 
<p(x"x,) 

It means a force field F =. F(x, t) acting on a moving fluid particle with the traj ectory 

given by the equation X = (j5 (t) performs, during a time interVal [to, tj , the work 

(2.4.3) 

Power: is defined as the time derivative of work, i.e. wet) = dA(t) =F(j5(t), t). v(j5(t), t). 
dt 

i.e. The power of the force F acting on the particle pass ing through the point x at time t 

equals 

(2.4.4) W(x, t) = F(x, t) . Vex, t) 

2.4.5 The Law of conservation of Energy 

Let us consider a piece of fluid represented by a control value aCt) satisfying assumptions 

from (2.1.3). The Law of conservation of energy stated as follows: 

"The rate of change of the total energy of the fluid particles, occupying the domain aCt) at 

time t, is equal to the sum of powers of the volume force acting on the volume aCt) and 

the surface force acting on the surface aa(t), and of the amount of heat transmitted to 

a(t)". 

Notation: 

E (a(t» = The total energy of the fluid particles contained in the domain aCt) 

Q(a(t» = amount of heat transmitted to aCt) at time t. 

T = stress tensor 

and F = density of the volume force. 
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Now the law of conservation of energy: 

(2.4.6) ~ (E( cr(t))) = J p(x , t)f(x , t ).v(x , t) dx+ fT(x, t , n(x)).v(x, t)ds +Q( cr(l)) 
dt 

a ( I ) acr{l) 

Further, we can write 

( 2.4.7) 

a) E(cr(t)) = J p(x, t)E(x, t)dx 
a( l) 

b) E = U+J{ 
2 

c) Q(cr(t)) = J p(x, t)q(x, t)dx - fq(x,t).n(x)ds 

Where E is the density of energy (related to unit of mass) which consists of internal 

energy U associated with molecular and atomic behavior and the density of kinetic 

energy J{ , q presents the density of 
2 

heat sources (related to unit mass) and of q is the 

heat flux. 

Now, using Fournier's Law, 

(2 .4.8) q = -k grade, we have 

(2.4.9) f f a8(x,t) 
q(x,t).n(x)ds = - k (x,t) ds, an 

00 (1) OO {lJ 

where k 2: 0 IS the 

coefficient of heat conductivity and e is the absolute temperature. 

Substituting 2.3.12 and 2.4.7, a - c) into (2.4.6,) we get 

d 3 

(2.4.10) - fp(x,t)E(x, t)dx = Jp(x , t)f(x ,t).v(x,t)dx+ f L' j,(x,t)nj (x)v,(x,t)ds 
dt cr ( I) cr ( I ) oo(t) ;,j 

+ fp(x, t)q(x , t)dx - fq(x,t ).n(x)ds 
ro(!) 
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Like in the preceding considerations we wi ll assume some smoothness of functions 

describing the flow. i.e. let p , u, Vi, 'ij, qi EC)(/l), and f;, qEc(f.l)(i,j = 1,2,3,). 

Now, using the transport theorem (1.4.9) 

(2.4.11 ) ~ fp(x,t)E(x , t)dx = f [~(PE)(X, t) + diV(PEV)(X,t)1.x. 
dt Ot J 

<:ret) <:r(t) 

Substituting thi s into( 2.4.10) we have 

(2.4.12) f [! (PE)(X,t)+diV(PEV)(X , t)fX = fp(x, t)f(x, t) v(x, t)dx 

<:ret) <:ret) 

3 

+ f I>F(x,t)n j (x)vi(x,t)ds 
00(/) i,j=1 

+ fp(x , t)q(x, t)dx - fq(x ,t).n(x)ds 

Now let t E(T), T2) be a fixed time instant and cr(t) = cr, where crc cr cOt is arbitrary fi xed 

control volume. 

Then, using Green's theorem and Lemma (1.1.28), then equation (2.4 .1 2 )can be written 

as: 

(2.4. 13) ~(pE) + div(pEv) = pf.v+ I ~('jiVi) + pq - divq. 
Ot i,j=l Ox. j 

This is called the law of conservation of energy. 

Now, using the continuity equation (2 .1 .8), we find that 

~~). (~ ) ~ --+ dlV(pEv) = p -+v.gradE = p -
Ot & & 

then the energy equation can be rewritten as (in convective form) 

(2.4.14) p dE = p 8E +pIvj 8E = p f.v + div(w) + pq - divq 
dt Ot j=lOx.j 
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The fl ux formulation of the law of conservation of energy has the form 

f O(~E)dX + fpEv.nds = fpf.vdx + fpqdx + f(w).nds - fq .nds 
(J Ocr (J (J aa aa 

for each t E(TJ, T2) and an arbitrary control volume cr in 0,. 

Remark! The number of conservation Law equations including the continuity, the 

equations of motion and the energy equation (1 + 3 + I = 5) does not amount the number 

of unknowns: VI, V2, v), p, u, e, p. Now to make the system is closed let us see some 

results ofthermodynamics.~ : 

2.5 Basic Thermodynamics Quantities 

The absolute temperature e, the density p and the pressure P are called the state 

Variables. All the quantities are positive functions. We now consider the so-called 

perfect gas whose state variables satisfy the state equation 

(2.5.1) P = Re p , R > 0 is the gas constant, which can be expressed in the 

form 

(2.5.2:j!.= cp-cy , where Cp and Cy denote the specific heat at constant pressure and 

the specific heat at constant volume, respectively. 

It means that cp or Cy can be expressed as the ratio of the increment of the amount of heat 

,related to unit mass, to the increment of the temperature, at constant pressure or at 

constant volume, respectively. 

The internal energy, is given by 

(2.5.3) u = cye ,hence 

(2.5.4) u = cpe - Re = h - 1:. , where h = cpe is called enthalpy. 
p 
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CHAPTER-3 
HYPERBOLICITY OF THE SYSTEM OF EQUA nONS 

3. 1 Using eigenvalues of the matrix for the system of the equation: 
It is necessary to consider the complete system of differential equation of conservation laws 

consisting of the continuity equation, Euler equation of motion and energy equation. This 

system is nonlinear, first order and it is hyperbolic in case of unsteady flow. 

3.2 Properties of non linear hyperbolic systems. 

Let us consider unsteady flow of ideal perfect gas in domain Q ~ 9'jN (1 S; N S; 3) and time 

interval (0, T) (0 < T S; + co) . As we showed in Chapter 2, it is governed by the continuity 

equation (2.1.8), the Euler equation of motion (2.2.10) and the energy equation (2.4.13) to 

which we add expression (2 .5.3) for internal energy and the state equation (2.5.1). Since the 

gas is inviscid, we put ~ij = -poij and introduce the assumptions of adiabatic flow, so that 

q = ° and q = ° in (2.4.13). Moreover, because the gas is light, we neglect the volume force. 

The system of governing equations has the form: 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 

8p + f 8(pv) =0, 

at j=' ax j 

8(pv) +~8(PViVj+POij) 
L. =0, i= I,2, ... ,N 

at j=' ax j 

8e + f 8((e+P)vj) =0, 

at j=1 ax j 

P= (k-l) (e- p I; 12 ), where Vj are the components of the 

velocity vector V in the directions Xj (j= I ,2, .... ,N), p is density, P is pressure. 

(3.2 .5) e=pE = p(C ,8 +~) is the density of energy al1(fdenotes the 
2 

absolute ttiWlp&<i~Equation (3.2.4) for the pressure easily follows from (3.2.5) and the 
state equation (2.5.1). 

System (3.2.1) -(3.2.3) can be written in the vector form 
8W N 8F (W) 

(3.2.6) - + L J =0 , where 
at j=' ax j 

(3.2.7) W= (p, pV, ,pV" ... , pVN,e)T Elil"',m= N+2 

and 

(3.2.8) Fj(W) =(Fj, (W),Fj2 (W), ... ,Fj",(W))T 

=( P Vj , P V, Vj + o,l , ... , p VN Vj + oNl, (e+P) Vj) T , i= 1,2, ... ,N, 

Fjk E C'(D) 
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The domain ofthe definition Dc 9'lm of the functions Fjk is an open set. In particular, for 

system (3.2.1) -(3.2.4) we have 
N+ l w. 2 p 

D={WE9'l m/ w, =p>O,w j =pVj_1 E9j ' forj= ,2, ... ,N+I, w m- L-J-=-->O} 
j=,2w, k - I 

In general, an equation of the type (3.2.6) is referred to as a conservation law written in a 
differential fonn . The vector function Fj is called the flux of the quantity W in the direction 

Xj (j=I,2, .... ,N). 

Differentiating (3.2 .6) with respect to the primitive variables and applying the chain rule to 
the composite functions Fj(W)(x,t) =(FjoW) (x ,t), we obtain a first order quasi linear system 

of partial differential equations: 

aw + f[aFj(W). aw J =0 
at j=1 aw 8x j 

(3.2.10) => aw + f [A /W) aw J =0, where A j (W) are m x m matrices defined for 
at j=1 8x j 

each WED: 

(3.2.11) 
DF(W) (aF (W)]m 

Aj(W) = J = J' =The Jacobian matrix of the 
DW 8w k i,k;] 

mapping Fj ,j=I,2, ..... N. 

Definition: system (3.2.10) is called hyperbolic, if for arbitrary vectors WED and 

~=( u , ' u , ' u " ... , UN)E9'l N thematrix 
N 

(3.2.12) peW, u) = LUjAj(W) hasrealeigenvalues "j="j(W, u), 
j= l 

j=I,2, ... ,m and is diagonalizable. 
This means that there exists a non singular matrix T= T (W, u) such that 

", 0 0 0 

o '" 0 0 

o 0 '" 0 

y-' PT= D=D(W, ~) = diag ("I , '" , '" , ... , I.,n) = 

o 0 o "m 
Now, let us show the system in (3.2.1) -(3.2.4) is hyperbolic. 
3.3 Hyperbolicity ofthe invisid flow system: 
Consider the system (3.2.1) -(3.2.4) . For simplicity consider two dimensional flow. (i .e 
N=2, m=4) 
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Now, using the notation (3 .2.7)and (3.2.8) and making use of the notation V, =U, V2 =V we 
have 

T T T W= (w " w " w" w4) =(p , pV, ,pV" e) = (p , pu , pv, e) 
(3.3 .1) and 

F, (W) =F(W)=( Fll (W),F12 (W), F13 (W), F'4 (W» T 

=( pu , pu 2 + 0ll P, pvu + 021 P , (e + P)u) T 

But, w , = p 

W2= PU 
~w/ P { 1,fori = j 

and w 4 - L.-- =-- moreover, 0ii = .. 
i" 2w, k - 1 O,fon ;t J 

w,= pv 

w 4 =e 

Then using these relations, we have the following: 

* pu = w, 
, '2 

, W W (w + w ) * pu - + OllP = (pu)u +P= ( w, )(-' )+P =_2_+ (k - l)(w 4 -' ' ) 

w, w, 2w, 

W 2 W 2W 3 * pVU +0 21 P = puv=( w, )( - ) 
W I WI 

* (e+P)u = [W4 +(k- l)(W4 
, 2) (w, +w, » w, = 

2w , w , 

W, [ kw
4 

_ (k - l)(W,'+ W,'») 
2w, 

w , 

Hence, F(W)= (w" 

2 " ~+(k - l)(W4 _ (w , + w, », w, w, 
( k 

_ (k-l)(w ,' +w ,' ») 
w 2 w 4 2w, 
_--'---_______ -'-) T 

w , 2w, w, 
And similarly , we can get 

F, (W) =G(W) = (w" 

[ 
(k - l)(w ,' + w,' ») w , kW 4 - ~--~~----~ 

2w, 
, ) T 

W, 

w , 

, 
w w w 

, 3,_' + (k - l)(W4 
W I W I 
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DF DG 
Now,settingA=- and B=-,weobtain 

DW DW 

of,,(W) of,,(W) of, ,(W) of,,(W) 

Bw, Bw2 Bw3 Bw4 
oF12 (W) of'2(W) of, 2 (W) of'2(W) 

DF Bw , Bw2 Bw3 Bw4 A=-= 
oFI3(W) of, 3 (W) oF13 (W) oFI3(W) DW 

= 

and similarly, 

Bwl Bw2 
of'4(W) of, 4 (W) 

Bw, Bw2 

o 
(k - 3)u 2 (k -1)v2 

+ 
2 2 

- uv 
- keu 2 2 
--+(k- 1)u(u +v ) 

p 

Bw3 Bw4 
OF'4(W) of, 4 (W) 

Bw3 Bw4 

(3 - k)u 

v 
ke (k - 1)(3u 2 + v 2

) 

P 2 

of,, (W) of ,, (W) of,, (W) of,, (W) 

aw, Bw, Bw, Bw4 
of ,, (W) of ,, (W) of ,, (W) of ,, (W) 

B= DG = Bw, Bw, Bw, Bw4 
DW of ,, (W) of,, (W) of ,, (W) of ,, (W) 

Bw, Bw, Bw, Bw4 
of '4 (W) of '4 (W) of,, (W) of'4 (W) 

Bw , Bw, 

o 
-uv 

(k - 3)v ' (k - l)u ' 
+ 

2 2 

o 
v 

(1- k)u 

o 
(1- k)v 

u 

(1- k)uv 

1 

u 

(3 - k)v 

-key 
--+ (k - l)v(u ' + v') (1 - k)uv 

ke (k -1)(3v ' + u ' ) 

P P 2 

Now, let a,~E ffi' and P= aA+ ~B. We now show that the matrices 
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1 0 
1 1 

2a ' 2a ' 

~ 
u+aa u-au 

u 
2a ' 2a ' T = 
v+a~ v-ap 

v - u 
2a ' 2a ' 

u' + v ' 
~u - av H + a(au + ~v) H-a(au+~v) 

2 2a' 2a' 
(3.3.2) And 

1-
(k-1)(u ' +v' ) (k - 1)u (k -1)v 

2a ' a ' a ' 
av - ~u p - u 

T-'= _ (k - 1)(u ' +v') 
a~ - (k -1)v -a(au+pv)+ aa - (k - l)u 

2 
C ~) (k-1)(u ' +v' ) - aa - (k - 1)u - ap - (k - 1)v a uu + v + 

2 

u 
Where a = r==== 

~u'+ P ' 
is the speed of sound) 

, a=J¥ 

These matrices realizes the diagonalization of P. 

I.e. r' PT =D= diag (A, , A, , A3 , A,). 

e+P a ' u ' +v ' 
andH=--=--+---

2 k-1 2 

- (k -1) 

a ' 
0 

k -1 

k -1 

(Here, a 

The columns of the matrix T are eigenvectors of the matrix associated with its eigenvalues 

(3.3.3) A,= A,= uu + pv, 

A3 = A,+a(u' +P') ,Yj , 

A., = A, - a (u' + P' ),Yj . ( which are real numbers.) 
To prove these results, let us proceed in the following way: 

First let us show that the matrix A= DF has the eigenvalues 
DW 

(3.3.4) ~, = ~, =u, ~3 =u+a, ~,= u-a associated with the vectors 
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(3.3.5) 

u 2 + y 2 
fl= (1 , u, v, ) T , 

2 
f2 ~ (0 ,0, -I , _V) T, 

f3 ~_I_ (1 , u+a,v, H +au)T, 
2a ' 

f4 = _ 1_ (I , u-a, v, H - au) T 
2a ' 

The matrix 'I , whose columns are vectors (3.2.5), and 'I- l diagonalize A: 'I- l AT = diag 
..... ,..., "" """" 

( A, ,A" AJ ,A4)' 
Furthermore, we use the rotational invariance of the equations of inviscid flow: 

(3.3.6) Q (aF(W) + 13 G(W» = (a ' + p, )7f F(QW), where 

(3.3.7) 

1 0 0 0 

o a ~ 0 
Q= 

o - ~ a 0 

o 0 0 1 

Differentiating relation ( 3.3 .6) , we obtain 

(3.3.8) P(W) = (a ' +p,)7f Q-I A(QW) Q 

And hence, 

(3.3.9) P(W) = Q-I 'I (QW) (a ' + j3 , )7f i5 (QW)'I-' (QW)Q 

=T(W)D(W) r- ' (W), 

where, T(W)= Q-' 'I( QW), 

(3.3. 10) r-' (W)= 'I-I (QW)Q, 

D(W) = (a ' + p, )7f i5 (QW) which are the matrices (3.3.2). 
The eigenvalues of the matrix P(W) are the diagonal entries of the matrix D(W) from 
(3.3.10) [ Theory of diagonalization] 

Therefore, the eigenvalues are real numbers as in (3.3 .3), which implies the system 
(3 .2.1) -(3 .2.4) for the considered case is hyperbolic. 
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3.4 NON-DIAMENSIONALlZA nON 

In the viscous, compressible flow the Navier-Stokes equations read as 

op + div(p V) =0 (continuity equation) 
8t 
OV 1 
-+(V.grad)V + -gradP =kLl. V, (equation of motion) 
8t p 

where p =density of fluid ,t= time 

V= velocity of the fluid , div= divergence operator 
P= pressure , grad= gradient operator 
K= kinematic viscosity, Ll. = Laplacian operator 

Additionally, we have an equation of the state P= P (p ) relating pressure and density ( SInce 

the case is isothermal) 
In case of ideal gas, state equation is 

P= p R , T, where R , =~ = specific gas constant such that 
M 

R=8.3l4J/kmol is the universal gas constant , M is molar mass. 
T= temperature 

And in the case of a liquid, the equation of the state is P= -k Ll. V 
V 

Where K=compression modulus. 
V= volume and 
/I. V =change of volume. 

Overall, There are 5 equations ( 1 mass conservation +3 momentum conservation + 1 
equation of state) for the 5 unknowns quantities P, p , 3 components of V; and therefore the 

system is closed. 

However, the above equations are absolutely impractical to model and simulate fluid flow in 
pipelines. This is because they are 

-very complex, due to non-linearity (V.\l)V 

- extremely difficult and expensive to solve( 4 time dependant PDE's in 91 ] 
-There is no cut and dried rule ( Mathematical theory) concerning their solvability. 

And, therefore , there is a need to simplify the equations and to adapt them to our flow 
problem in pipelines. 

First of all , we choose a coordinate system that resembles the geometry of our pipeline. Since 
we will consider straight pipes with circular cross-section, it seems to be advisable to use 
cylindrical coordinates(r, ~ ,x) instead of the Cartesian coordinates (x,y,z) . Here x is the 

longitudal coordinate , r is the radial and ~ the angular coordinate. 
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L 

V(r.x) 

z 

Secondly, we assume that the velocity has only a longitudal component. i.e. V= 
vex+uer+we~ and u=w=O. 
Furthermore, we assume rotational symmetry of the fluid flow ( i.e the velocity has no 
angular dependence) 

Vet, r, ~ ,x)= V(t,r,x) ex 

The pressure is assume to vary only along the longitudinal coordinate,( i.e. P=P(t,x) and 
using the equation of the state p = p(t,x» 
Using the above assumptions, the Navier-Stokes equations reduces to 

op +~(PV) =O 
at ax 

8v 8v 1 8p 02V 1 8v 02V 
-+ v-+--= k(-+--+-) 
at ax pax 8r' r 8r ax 2 

h 02V 1 8v 02V . I' d' I d' were /1=-+ - -+- Incy In flca co or mate. 
8r' r or ax' 

This system is still very complex because of 
- 2D-space ( r,x) 
- time dependant 
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I
. . 8v 

- non meanty v-
Ox 

In order to simplify the problem further, let us consider the simplest possible flow in an 
infinitely long circular pipe, the laminar flow, incompressible and viscous flow. Then the 
above equations reduced to 

8v =0 
Ox 

..!.. Op = k(8 'v + ~ 8v) with the boundary condition V( r=R=O) to 
p Ox Or' r Or 

V(r)=2(R ' - r ' ) Op , which describes the well- known parabolic velocity profile in a 
4pk Ox 

circular pipe. 

Th ' . b A 8'v 1 8v 8'v. I' d' I d' 
IS IS ecause f.j. = Or ' + ~ Or + Ox ' In cy In nca coor lI1ate 

and 8p + div(pV) =0 
8t 

~ 8p + ~(pV) =0, as the velocity has only a longitudal component 
8t Ox 

8v 1 1 8P 
and (V.V')V =v- and - (V'P) =-(-) 

Ox p pOx 
and for incompressible , p is constant 

~ 8p =0 and ~(pV)= p 8v =0 ~ 8v =0 
8t Ox Ox Ox 

8v 8v 1 Op 8'v 1 8v 8'v 
-+ v - +--=k(-+--+ - ) 
8t Ox p Ox Or ' r Or Ox' 

1 Op 8'v I 8v 
~--=k(-+--) 

p Ox Or ' r Or 

~..!.. ~ = k(V" + ~ V, ) =k( ~(rV, ),) 
p VA r r 

1 1 8P 
~ ~(rV, ) , = pk Ox 

r 8P 
~ (rV) =--

" pk Ox 

f f r 8P 
~ (rV'),dr = pk Ox dr 

r' 8P 
~rV = ---- +A 

, 2pk Ox 

~ V, 
r 8P -----

2pk Ox 

A 
+­

r 

45 



r ' BP 
~V(r)= -- +A lnr +B 

4pk Ox 
But A must be zero, for not to become the velocity infinite along the longitudal axis, and B 
can be evaluated from V(r=R)=O. 

. R ' BP 
I.e. V(R)= -- +B 

4pk Ox 

R ' BP 
~B=---

4pk Ox 

r ' BP 
: . V(r)= -- -

4pk Ox 
R ' BP =2(R ' _r , ) BP . (* ) 
4pk Ox 4pk Ox 

Now, introducing the average velocity V , 

R 

fp(2nr)V(r)dr 
V - ",,0 __ -::-__ 

(1tR ' )p 

2 R 

= ---;- fV(r)rdr 
1tR 0 

=2 Rfr(l" - R ' ) BP dr 
R ' 0 4pk Ox 

2 BPf(r3-rR ' )dr 
4pkR ' Ox 0 

~ V =2R ' BP . (**) 
. 8pk Ox 

We can write the cross-sectional velocity distribution as the average velocity multiplied by 
- r ' 

the shape of the function, using (*) and (**) , V(r) = V . 2( 1- - , ) 
R 

. - 1 " BP I.e. V(r)= - (R - r )-
4pk Ox 

= -2 R ' BP +_I_ r ' BP 
2 (4)Pk Ox 4pk Ox 

=2C R ' BP) + _ 1_ BP r ' 
8pk Ox 4pk Ox 

But V =2R ' BP 
8pk Ox 

- V 1 BP 
~ -= --

R ' 8pk Ox 

- 2V 1 BP 
~--=--

R 2 4pk Ox 

1 BP 

2(4)pk Ox 
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- ZV , - r ' - r ' 
:. V(r)=Z(V) --, r =ZV(I--, ) i.e V(r)= V. Z( I-

R
, )., as we want to show. 

R R 
In our case, we expect a similar decomposition of the velocity field V(t,r,x) =V (t,x) .Z( 1-

r' 
R ' ). 

Now ,let us try to use this decomposition of the velocity to solve the Navier-stokes equations. 

Plugging this decomposition for V into the Navier-Stokes equations we obtain the system 

8p r ' 8 -
- +Z(I - ..'.....l- (pV) =0 
at R"ax 

Z(l_~)(8V + V 8V~kV +Zk(l_~)( 8 ' V). 
R' at 8x R ' R' ax' 

Averaging over the cross-sectional area reduces the equations to 

8p +~(pV) =O 
at ax 

8V +V8V +..!..8P = -SkY + k 8' V. 
8t ax pax R' ax ' 

as a last step we would like perform a dimensional analysis and scaling of the above system. 
We use the length L of the pipeline as a reference scale for the spatial coordinate and the time 

L a sound wave needs to travel through the pipe as our time scale. Since we expect the fluid 
c 

velocity V to be small compared to our reference velocity c, we can write 

V = ECV where E« l. 

Accordingly, we scale the pressure by P= Po + E pc ' P, where Po is some outside pressure. 

Summarizing these scaling, we have 

x=Lx , t = L T , V =E C V, P= Po + E P C' P, where _ denotes the dimensionless 
c 

quantities. From this time on we will skip the _. 

Using the equation of state P=P( p) and the equation for the speed of sound c ' = dP , we 
dp 

obtain 
8p 8p 8V 
- + V-+ p-=O 
at ax ax 

8P 8P ,8V 
-+ V - +c p-=O 
at ax ax 

8v 8v 1 8p -SkY 8'V 
and -+ v-+--= + k--

at ax pax R ' ax' 
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sc ' Ov Ov 8p sc' - Sk L k L a'y 
~ - ( -+EV-+-)=-( --y+---) 

L at Ox Ox L R ' c L' cOx' 
Introducing the Reynolds number 

R,= Rc which is for the flows under consideration typically of the order of 107 

k 

and the aspect ratio of the pipe 8 = .!::.which is typically 105 We observe that the first term 
R 

on the right hand side scales like ~ and the second one scales like _ 1_. 
Re Re.8 

( Dropping O( E) terms) of our pipe flow equations 

Ov + Op +~Y=O 
at Ox Re 

Or rewritten in dimensional variables, 

ap , aY 
-+c p-=O 
at Ox 

Ov I 8p Y h Sk . h ".. f: -+--= - 11 , were 11 =-, IS t e Inchon actor. 
at pOx R 

The above equations are pipeline flow equations with linear friction and commonly called 
Waterharmmer equations. 

This system of firs t order PDE's can be rewritten as a second order PDE for Y ( or P 
respectively) 

. a'y ay ,a' y 0 h II d T I h . I.e. at' + 11 at - c Ox' = ,t e so-ca e e egrap equatlOn. 

In the invisid case k=O and thus 11 =O,the telegraph equation reduces to the well known wave 
equation 

a' y , a' y _ 
--- c --- 0 
at' Ox' 

-c ' Y" + Y" =0 here A= _c2 B= 0 C= 1 , , , , 

Then B2 -4AC =4c2 >0 

Hence this equation (which is obtained from system of equations describing fluid flow in 
pipelines) represents hyperbo lic equations for all x and for all t and it is solvable ( By either 
Fourier method or D'Alembert ' s Method) 
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