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ABSTRACT 

Multilevel programming is characterized as mathematical programming to solve 

decentra lized planning problems with multiple decision ma ke rs in a h ie rarchica l 

organization. They become morc important fo r contemporary decentra lized organizatio n 

where each unit or department seeks its own interests. In this report we have considered a 

multi leve l progra mming problem and app lied fu zzy mathematical programming (FMP) 

a pproach to obtain the solution of the sys tem. We have suggested FMP method for the 

minimization of the objectives using li near membership functions. FMP is a supervised 

sea rch procedure (supervised by the highe r level decision make r (OM)). The h igher leve l 

OM provides the prefe r red values of decision va ri a bles under h is contro l (to enab le the 

lower leve l OM to sea rch for his o ptimum in a wider feas ible space) a nd the bounds of hi s 

o bjective function (to direct the lower level OM to search for hi s solutio ns in the right 

directio n) . 
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INTRODUCTION 

The use of the fuzzy set theory for decision problems with several connicting 

objectives was fi rst introduced by Zimmermann. Thereafter, va rious versions of fuzzy 

programm ing ( FP) have been investigated and wide ly circulated in literature. The use of 

the concep t of tolerance membership function of fuzzy set theory to MLP problems fo r 

sat isfactory decis ions was first int rod uced by La i in 1996 [3]. Sh ih and Lee furthe r 

extended Lai's concept by introducing the compensatory fuzzy operator for solving MLPPs 

[5]. Si nha studied a lternat ive MLP techniq ues based on fuzzy mathematic~11 programming 

(FMP). The bas ic concept of these fu zzy mathemat ica l programm ing (FM P) a pproaches is 

the sa me as fu zzy goal progra mm ing( FGP) approach w hich implies that the lower leve l 

OMs optim izes his/her object ive function, tak ing a goa l or preference of the higher level 

OMs in to considera tion. In the decision process, considering the membership fu nctions of 

the fuzzy goa ls for the decis ion va ri ables of the highe r leve l OM, the lower leve l OMs solves 

a FMP problem with a constraint on an overall satisfactory degree of the higher level DMs. 

If the proposed solut ion is not satis facto ry to the higher level OMs, the solution search is 

conti nued by redefin ing the e licited membership funct ions until a satisfactory so lution is 

reached [5). The main difficulty that arises with the FMP approach of Sinha is that the re is 

poss ibili ty of rejecting the sol ution again and aga in by the higher level OMs and 

reevalua tion of the problem is repeatedly needed to reach the satis factory decision, where 

the objectives of the DM s are over confli cting (5). In th is FMP techn iques, last( lower) level 

is mos t importa nt and decision of lowest leve l remains ei the r unchanged or closest to 

individ ua l best decision, which leads to paradox, that the decisio n power of the lowest level 

DM do minates the higher level OM. To overcome, these difficul t ies Tapan Kumer Roy 

propose "FGP a pproach to MLPPs" is presented for proper distri but ion of decision powers 

to the OMs to arrive at satisfaction decis ion for overall benefi t of the organ ization[7J. The 

resu lt ing mult i· level program ming techniques approach is a powerful one and can be used 

to so lve practi cal problems encou nte red in large hie ra rchica l organizations w ith 

dece nt ralized operations [4]. 

Multi level programming is characterized as mathematical programming to solve 

dece nt ralized plan ning problems. We have considered a multi level linear programm ing 
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problem and applied fuzzy mathematical programming (FMP) approach to obtain the 

solution of the system. Over the last th ree decades, many methodologies have been 

proposed to solve Multilevel programming problems (MLPPs) potentially for agricu lture, 

bio-fuel production, economic systems, governmental policy, network flow design, 

transportation design and etc. Although many approaches have been proposed during the 

last th ree decades, none of the app roaches are computationally efficient. Some important 

existing solut ion approaches such as, the vertex enumerc1tiofJ approach and tmfJsformation 

approaches [5]. The former is to seek a comprise vertex by simplex algorithm based on 

adjusting higher level control va riables. The computational effort increases exponentia lly 

and thus is very inefficient for large problems. The latter involves tra nsform ing the lower­

level programm ing problem to be the constrai nts of the higher level by its KKT conditions 

or penalty fu nction. Because of the non-linearity or the appearance of the Lagrangian 

mu ltiplie rs, the resulti ng problem becomes complex and sometimes unmanageable. 

In this project, we discuss a procedure fo r solving MLPPs in large hierarchal 

decentra li zed organ ization th rough linear fuzzy mathematica l programming (FMP) 

approach. In order to reach the optimal solution of MLPPs using fuzzy programming 

approach, the report contains three chapters. In chapte r I, we discuss the basic concept of 

fuzzy set, membership fu nction and bi nary operation on fuzzy numbers, in chapter II , the 

bas ic concept of Mul t i-leve l programmi ng, cha racterist ics and mathematica l formu lation of 

MLLP's will be presented, in chapter III the procedure for solving ML PPs by FMP 

approaches (Le. the formulate of FMP models of the problems and FMP solution approach) 

are discussed; moreover, the selection of comprom ise sol ution to FMP models and 

comparison of optimal solut ion with other FP approach, is also included. 
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Chapter 1: Fuzzy Set 

1. Fuzzy Set Theory 

Fuzzy set theory has been developed to solve problems where the descriptions of activities 

and observations are imprecise, vague, or uncertain. The term "fuzzy" refers to a si tuation 

in where there are no well-defined boundaries of the set of activities or observations to 

which the descriptions apply. For example, one can easily ass ign a person 180cm ta ll to the 

"class of ta ll men", But it wou ld be difficult to justi fy the inclusion or exclusion of a 173cI11 

tall person to that class, because the term "tall " does not cons titute a we ll -defined 

boundary. Thi s notion of fuzziness ex ists almost everywhere in our da il y life, such as a 

"class of red flowers," a "class of good shooters," a "class of comfortable speeds fo r 

travel ing. a "numbers close to 10," etc. These classes of objects can not be we ll rep resented 

by class ical set theo ry. In class ical set theory, an object is either in a set or not in a set. An 

object cannot pa rtially belong to a set. 

1.1. Definition of a fuzzy set 

Definition 1.1: Let X be a space of pointes (objects) ca lled universa l or referential set. An 

ordinary (crisp) subset A is characterized by a characteristics function XA as mappi ng from 

the element of X to the element of the set (0, I ), defin ed by 

( ) _ {1 if x E A 
XA X - ~ 

Oifx!/.A 
(1) 

where (0, 1) is ca lled a valuation set.. 

If the va luation set is allowed to be the real interval [0, 1], A is ca lled a fuzzy set. 

Definition 1.2: Let X be any referential set and A is a subset of X. A fuzzy set of A in X is a 

pairs 

A = ((X'~A(X)):XEX) (2) 

where ~A:X --+ [O,l J is called the membership funct ion at x representing « the grade of 

membership "o f x in A. 
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Remark: 

1. The va lue zero is used to represent a complete non-membershi p, the value one is 

used to represent complete membership, and val ues in between are used to 

represent intermediate degrees of membership. 

2. A fuzzy set is an extension or the generalization of a cri sp set. Crisp sets a llow 

only full Membership or no membership at all, whereas fuzzy sets a llow also partial 

degree of membership. 

1.2. Basic Concepts of Fuzzy Sets 

The bas ic concepts presented here include complement, in tersection, un ion, algebraic 

prod uct, algebraic sum, difference. su pport, a -cut. convexi ty, normality, ca rdinali ty, and the 

mthpower of a fuzzy set A. 

Complement 

The complement of a fuzzy set A. denoted by A' , is defi ned as: 

" .. '(x ) = 1 - " .(x) :vx E X 

Intersection 

(3) 

The intersection of A and 8 denoted by A () 8 which is the largest fuzzy subset conta ined 

in both fuzzy subse ts A and 8 . When the min opera tor is used to express the logic "and". 

its corresponding membership is then characterized by: 

(4) 

l!nil!D 
The union of Ii and fj which denoted by A U 8 is dual to the notation of in te rsect ion. Thus, 

the un ion of ri and 8 is defined as the smallest fuzzy set contain ing both A and 8. The 

membership function of ri u B is given by: 

" "us (x) = max (" " (x ), ,, s (x )). 'Ix E X 

Algebraic product 

The algebraic product riB of A and fj is characterized by the fo llowing membership 

function: 

" "s (x) = " .. (x ). " s(x ), 'Ix E X 

This algebraic product is considered as a soft "a nd". 
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Alt:ebrajc sum 

The algebraic sum .4Ef)B of .4 and B is defined by the following membership function: 

I'A <I> .(x ) = I'A(X) +" .(x ) - " .. (x ). " .(x ), 'Ix E X (7) 

This algebraic sum is considered as a soft "or" 

Difference 

The difference.4- Bof.4 and jj is defined by: 

" AO'«X) = min {" A (x), " .« x» , 'Ix E X 

where Be is the complement of B. 
Example 1. Coocider X= (Abutu, Add is, Dave, Bake) Suppose A is the 

Fuzzy subset of "good looking studentS' and B is the fuzzy subset of "inteJ/igent 

studentS'. Then 

X Abutu Addis Dave Bake 

" A 0.2 0.3 0.6 0.8 

". 0.7 0.4 0.1 0.5 

I'~< 0.8 0.7 0.4 0.2 

ll AnO 0.2 0.3 0.1 0.8 

Il AUO 0.7 0.4 0.6 0.8 

" AS 0.14 0.12 0.06 0.4 

J' ii.$ i1 0.76 0.58 0.64 0.9 

" 8< 0.3 0.6 0.9 0.5 

if - B - llAnO" 0.2 0.3 0.6 0.5 

Support and a-cut 

(8) 

Sometimes, we might only need objects of a fuzzy set instead of its cha racteri stic function, 
I 

that is, to transfer a fuzzy set into a crisp set. In order to do so, we need two concepts, 

su ppo.rt, and a-cut. 

It is often necessary to consider those elements in a fuzzy set which have non-zero 

membership grades. These elements are called the support of that fuzzy set. 
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Definitionl .2.1 Given a fuzzy set A, its su pport SeA) is an ordinary cri sp subset on X 

defined as 

SeA) = [x: ~A(X) > 0 and x E X) 

Oefinition1.2.2 Given a fuzzy set A, its a-cut Aa defined as 

Aa = [x: ~A(X) > a and x E X) 

Where a is the confidence level. 

f.l. A ~X) 

- - - -.... • 

o 

! 
J\. = fx I f.l. A( X) >a and XE X) 

Fig 1.1 An a-set 

(10) 

(11) 

x 

Exampiel.2.2:Let X = [l0.20.30,40.50.60.70.BO.90.100).be the se t of possi ble speeds(mph) 

at which people feel comfortable in traveling a long dista nce. Then the fuzzy set 

"comfortable speed for long distance travel" may be defined by an individual as: 

A = [(0.7.30). (0.75. 40). (O.B. 50). (O.B. 60). (1. 70). (O.B. BO). (0.3. 90)). 

Then 5 (A) = [30. 40. 50. 60. 70. BO. 90) and 

Ao.s = [30.40.50.60.70. BO) 

Normality 

A fuzzy se t A is normal if and only if SUPI'A (x )=l ,x E X , that is, the supremum is unity. 

6 
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Note: A fu zzy set is subnormal i f it is not normal. A non-empty subnormal fuzzy set ca n be 

no rma lized by divid ing each ~A(X) by the factor SUP~A(X) , (A fuzzy setis empty ifand only 

ifIlA(X)=O, I'x E X) 

Convexity 

A fuzzy set A in X is convex if and only if for every pair of pOints Xl, x 2 E X the membership 

function of A satisfies the inequality: 

( 12) 

where A E [0, 1] . 

JI ( ,l.x' . II ).)~!) - - - - - - - - , 

JI ( , ' ) 

},t .! 1------,----
I 

o ,. 

fig 1.2. A convex fuzzy set 

l.3. Fuzzy Number 

1.3.1. Definition of fuzzy numbers 

The term fuzzy number is used to handle im precise numerical qua nt it ies, such as 

"Close to 10," "about 60," "several," etc. A general definition of a fuzzy number is given by 

Dubois and Prade[ l ): any fuzzy subset M :;;:: ((x, ~(x))} where x takes its number from the 

real li ne Rand, Il,, (x ) E [0.1]. 

Definjtionl .3.1 Let A be a fuzzy set, its membership function is JlA: R --+ [0,1], if 

i. A is upper semi-continuous, Le. a-cut Aa is close set, fo r 0< a :s: 1. 

iL A is normal, i.e., Al * 0. 

ii i. Aa is a convex subset of R, for 0 < a:S: 1. 

then A is a fuzzy number. 
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A fuzzy number may be represented in discrete or continuous form. For exam ple. 

Let M be the fuzzy nu mber "about 60 H which may be given as either one of the 

Following 

(1) Discrete membership function: Given the universal 

X= [10, 20, 30, 40, 50, 60, 70, 80, 90). 

the fuzzy number M may be represented as shown in Figure1.3 

JII.\ ) 

1 

0 9 
0 .8 
n 1 

0 0 n, 
0 ,4 
03 
n 7 
o 1 
o ~~~~~-~.~~~~- . o 10 20 30 ~o 50 60 70 00 90 100 

Fig 1.3 A discrete fuzzy number M 

(2) Continuous membership function: Given the universe X= (the set of allreal 

numbers}. the conti nuous membership function for M may be represented as (see 

Figure): 

(x - 60)' - 1 

~M(X) = (1 + 10' ) 

8 

(13) 



( 

pix) 

1 -

\ 0.9 
0.8 
0.7 
0.6 about 60 \ 0.5 

/ 0.4 

0. 3 
0.2 
0.1 

0 
o 10 20 30 40 50 60 70 80 90 100 

Fig 1.4. A continuous fuzzy number M 

Note: A fu zzy number is a special type of fuzzy set. 

x 

Defi ni tion1.3.2. A fuzzy quantity is a fuzzy subset of the set of rea l numbers. The family of 

a ll fuzzy quanti t ies usually denoted by F( R). 

Remark: 

1. S(A) = (x E R: ~A(X) > O} is the support of A 

2. Aa = (x: ~A(X) > a and x E R} is the a-cut of A 

3. SUPt-lA (x)=l ,X E R ifand only if A fuzzy set A is normal 

4. If A is not a fuzzy number then there exists a E [0, 1] such that Au is not a convex 

subset of R. 

1.3.2. Types of Fuzzy Numbers 

1. Triangu lar fuzzy number(TRFN): A fuzzy nu mber A is called triangular fuzzy 

number if its membership fu nction J-lA is given by 

0 if x < Ul'X > a2 
x - a l 

ifal~xsa 
~A(X) = a - at (14) 

U2 - x 
Uz - a 

if a < x S Uz 

9 
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Notation: The TRFN A is denoted by the triple A= (a l ,a,a2) and has a shape of 

tria ngle. 

Moreover, the a -cut of a TRFN A= (ai' a, a2) is the closed interval given by 

A. = [(a - a,)a + a" (a - a,)a + a,]. 

2. Trapezoid fuzzy number (TRDFN): A fuzzy number A is ca lled trapezoid fuzzy 

number if its membership fu nction is given by 

~A(X) = 

o ifx <a l ,x>u2 

ifa l S x S a' 

ifa'SxSa" 

ifa"<xSa2 

Notation: The TRDFN is denoted by the quadruplet 

A = (a"a',a",a,) 

and has the shape of trapezoid. The a-cut of a TRDFN 

A = (a"a ' ,a",a,) 

is a closed interval given by 

A. = [a , (a), a,(a)][(a' - a, )a + a" (a" - a,)a + a,l 

(15) 

3. L-R fuzzy number: A fuzzy number A is called L-R fuzzy number if its membersh ip 

funct ion is given by 

L e:a
); if(a - a) :5 x < a, a > a 

~A(X) = 
1 ifa:sx:Sb 

R C;b); ifb < x :s (b + P),{l > 0 
(16) 

o otherwise 

where L(.)and R(.) a re picewise continues function such that L(.)= R(.)=1; L(.) is 

inc reasing and R(.) decreasing. L is ca lled the left reference function and R is called the 

right referential function. a and p a re the left and the ri ght spreads respectively 

10 



1.3.3. Binary operation. 

Definitionl .3.3.1. Let 0 be a binary operation on R, then 0 induces a binary operation on 

F(R). i.e. 0: F(R) x F(R) --> F(R) is given by 

IlAoB(X) = x "'A~~{mi n (IlA(a),IlB(b))} or simply we write as 

~A"8(X) = x = ""~(f\(~A(a)'~8\b))}. 
Arithmetic Operation on Fuzzy Numbers 

In thi s section we will see how ord inary arithmetic operation, addition, subtraction , 

multiplication, and division on R can be extended to F( R) and performed. Let A and B be 

fuzzy numbers a E [0,1], and, Aa, Ba be a-cut of A and B respective ly. 

Let Aa = [af,a~] and Ba = [bf, bf ] 

Definition 1.3.3.1(Addition (+) and subtraction (-)). If x E[a~,a~J, yE [b~, bn then x + y E 

[a ~ + b~, a~ +b~] and x - y E [a~ - bf, a~ - b~). 

Therefore the addition of A and B, denoted by A (+) B, is defi ned as 

A (+) B = [a~, a ~l (+ )[b~, b~l = [a~ + b~, a~ +b~J 

Simila rly, the su btraction of A and B, denoted by A (-) B is defi ned as 

A(-)B=[a~,a~](-)[b~,b~J = [a~-b~ , a~- bn 

Definition1.3.3.2. (Multiplication ()). The multiplication of two closed inte rvals 

A = [a~, .~ l and B = [b~, b~ lof R, denoted by A (-) B, is defin ed as 

A (.) B = [a~ , a ~J (.) [b~ , b~ l 

= [min(afbf,a f b~, a~ bf, a~ b~), max (afb~,a~b~, a~bf, a~bn] 

In case these intervals are in R+, the non-negative rea l line, the mult iplication form ula gets 

simplified to 

A (.) B = [a ~ bf ,a~b~]. 

Definitionl.3.3.3. (Scalar multiplication and inverse). Let A = [af.a~] be a closed interva l in 

R+ and k E IR+ identifying the scala r k as the closed interval [k 1• k2 ]. the sca lar 

multiplication k· A is defin ed as 

k. A = [k" k, ](. )[a~ , a~l= [k,a~, k , a~J 

For A= [af.a~] inR+ if x E [a1, a2] and DE [a f,a~] then 

11 
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- E [-a. a:] Therefore, the inverse of A, denoted by A- 1, is defined to be x az a 1 

provide De [a~,a~]. 

Definitionl.3.3.4. (Division (:) ) . The division of two closed intervals A;:: [a~.a~] and B ;:: 

[bf, b~]of R, denoted by A(:) B. is defined as the multiplication of[af,a~] and [~.~] 
bz bl 

A(:) B = [a~, a~l (:) [bf, b~l 

=[af, a~] (.) [b~ ' b;l 

Definition1.3.3.5. (Max (v) and min (A) operations). Let A = [a~, a~l and B = [bf, b~] be two 

closed interva ls in R. Then the max (v) and min (1\) operations on A and B are defined as 

A(v)B = [a~,a~l (V)[bf, b~l = [a~Vbf, a~V b~l 
A(/I)B = [af, a~l (A)[bf, b~ l = [af A bf, a~ A bn 

12 
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Chapter 2: Multileveled programming 

2. Definition of Multileveled programming 

Multileve l progra mming has been stud ied extensively since the 19805, especia lly for the bi­

level casco The p- Ievel,(p ~ 3), programmi ng problems were investigated by Bard, Benson, 

Ruan and others [8]. Mult itevel programm ing (MLP) techniques are developed to solve 

decentra li zed planni ng problems with multiple deci sion make rs (OMs) arranged in a 

hierarchica l structure. Multi level program ming has been app lied wide ly to many decisio n 

situations, for example, water quality problems, traffic planning, tax cred its dete rmination, 

pollution contro l poticy and etc [2]. The model proposes to so lve problems where the 

decision is executed in a top-to-down level seque ntia l manner, and where the lower 

deci s ion makers do have freedom to make the decision within the broad range set by the 

top ma nagers or decis ion make rs. The basic concept of the approach is that an upper 

(higher) level DM sets the goal and then asks each lower level of the organization for their 

own optimum one which are ca lcu lated in isolation. The lower-level managers' deci sions 

are then subm itted and modified by the highe r leve l with consideration of the overall 

benefit fo r the organ izat ion. This process is continued until a satisfaction is reached. 

Multileve l programm ing is particularly approp riate for problems with the fol lowing 

characteristics: 

.:. Interact ion: Inte ractive decision-making units within a predom inantly hie ra rchica l 

.:. Hie rarchy: Execut ion of dec ision is sequential, from up per to lower level. 

.:. Fu ll info rmat ion: Each OM is fu lly informed about all prio r choices when it is his 

turn to move . 

• :. Nonzero sum: The loss fo r the cost of one level is unequal to the gain for the cost . 
of the other level. Exte rnal effect on a OM's problem can be reflected in both the 

objective fu nction and the set of fea sible decision space . 

• :. Each OM controls only a subset of the decision variables in an organization. 

13 
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2.1. Mathematical formulation of MLP Models 

We consider a P-level programming problem of maximization type objective function a t 

each level. Mathematically, the problem can be represented as follows. 

p 

m~fl(Xl.X2""'Xp) = I C1jXj 

j z I 

" m~~f2(Xl'XZ, ... • xp ) = L CZjXj 

j :: I 

where X3,X". "', x" solve 

p 

m~:fp(Xl,X2""'Xp) = L CpjXp 

j = l 

s. t A"x1 + A"X2 + ... + A,pxp (~) b
" 

i = l :m 

where Xi, i = 1,2, .. . , p , is an n i-di mensional decision variab le column vecto r; eli where 

i = j = 1,2, ... ,p is an nrdimensional coefficient row vector; Aj j = 1,2, .. . ,p is an m x n j 

coefficient matrix; Xi and Ii (XI' xz • ... , xp) i == 1,2, ... , p are the decis ion va ri able vector and 

th e objective functio n of the decision maker at the ith leve l, respectively. 

2.2. MLP Problem Description. 

Let the vecto r of decision va ri able x = (xl,xz, ... , xn) E Rn be pa rtitioned among p decis ion 

makers a nd let Xk = (x:, x:, ... , X~k) E Rnk for k = 1,2, ... , p where L~ nk = n. Let 

Max (f(x) :(xk IX',X 2, ... ,Xk- I
)) 

denote the maximization of a funct ion ({x) over a compact region S ~ R by varying only 

xk E Rnk given fixed (x1,X Z, ... ,Xk- I ) ERn, x Rn
2 x ... x Rnk- J. Note that Xk+i is a 

function of (x1,XZ, ... ,Xk+f - I ) for i = 1,2, ... , p - k. 

14 
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Definition 2.2.1. The set of W,(S) given by 

W,(S) = (x E 5: [(x) = max ([(x): (xk I x'. x', ... ,xk-')}} 

is known as the set of rational reactions of f over S. 

The Problem Description for MLP problems generally follows the following procedure. 

First define level one problem and solve it the with given feasible set (S) 

(P') I max [, (X) 
x, 

St. XE S=S' 

The feasible region, 5=51, is defined as the level-one feas ible region. The solution to (Pi) in 

R:1 and for fixed parameter xz. x) . .... xp ' from a set, 

52::; {X E Si;fl(X) = Mtft(X):X2,X) .... ,xp }. 

called the level-two feasible region over which fzeX) is then maximized by va rying Xl for 

Thus the problem at level two is given by 

l
max(f,(x): (x' I x')} 

(P') x, 

St. XE s' 

In general, the level kth feasible region is defined as 

maxI t.-, (X): Xk,XH', ... , Xv}) 
X~ _ I 

The problem at each level is 

I
max(fk(X):(Xk Ix',x', ... ,Xk-')} 

(pk) x, 
St. XE Sk 

Which is a function OfXkU, ... ,x", and 

I
max(fk(X) :(XP IX',x', ... ,xP- ')} 

(PP) x, 
St. XE SV 

15 
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Thi s establishes a collectio n of nested mathe matica l programming problems {PI, pz, ... , PP}. 

Note that: The optimal so lution of problem ( Pk) depends on the optimal solu tion of 

t! h level (t::;k+ l , k+2, .... p) and for given values of Xl • .... ,Xk _ l afte r the decisions 

of level! to level k·l are made. That means: xic(xjt+ 1. Xk +Z ' " . • Xp,X l' ... , Xk _ t). 

The objective at level k, [k(X) is defined over the decision space o f a ll levels. Thus, 

t he leve l kplan ner may have his objective fun ction dete rmined in part by va ri ables 

controlled at other levels. However; by contro lling Xk a fter dec is ions from leve ls 

k+l to p have been made, level k may influence the policies at k· 1 and hence all 

lower levels improve h is own objective functions. 

In order to make the above approaches is clea r consider the three level programming 

problems. 

Three level linear programming problems 

It is part of M LPPs havi ng three level DM s such as: top level. middle level and lower leve l. 

Let X = (x t .Xl .X3) 

max It (X) = CllXt + C1lXl + COX3 
x, 

where Xl. X3 so lve. 

maxll(X) = CltX1 + C,l2Xl + CZ3 X3 
x, 

where X3 solves. 

max/J (X) = CJ 1XI + CJ2X2 + CJ3Xl x, 
Subject to : 

S = (X E R3: A, X, + A,x, + A3X3 " b,X 2 OJ 

The nested optimization problem of three levels can be written as: [3] 

max I t (X) = C11 XI + CI 2X2 + CIl Xl 

wherexl,xl solve 

(P') 

max heX) = C2t X1 + C22X2 + C23X3 
whe re Xl solves 

f max fleX) = C3t X t + CJ2 X 2 + C33 X 3 

(p3) tS = (X E R3: A,x, + A,x, + A3X3 S b.X 2 OJ 
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We show the basic concepts of the three·levellinear programming problem as follows: 

A three-level linear programming problem for obtaining the Stackelberg solution is 

formulated as: 

where Xz. Xl solve, 

max[z(X) = CZ1Xt + C22Xz + Cn X3 
x, 

where Xl so lves, 

maxf3(X) = C31Xt + C32 Xz + C33 X3 x, 

Subject to 5 = (X E R' , A,x, + A, x, + A, x, " b,X 2! 0) 

l. The feasib le set of the middle level for a fixed x I EX I 

S(x t ) = {(XZIXl ): Azxz + A3X] :$ b - A,x t ; XI ,x;?: ~ OJ 
ii. The feasible set for lower level for fixed (X1 , Xz)EXt x Xz 

S(x l • Xz) = {xl : A3X] :5 b - AtX t - AZX2; Xl,Xz 2': O} 

iii . The rational reaction set for middle level for given X I E X I 

5' = ((x" X,)fX, X X" (x" x, )wrgmax(f, (x" ~" x,), (~" X,)fS(X,) 

and x,wrgmax(f, (x" ~" ~,) , ~, fS(X" x, )))) 

iv. The rational reaction set for lower level for given (Xl. Xz) E Xl X Xz 

5' = (X,EX" x, Eargmax([,(x" x" ~,): ~,ES(X" x,))) 

v. Inducible region ( IR) 

JR = ((x"x"x, ), (x"X" X, )ES and (X"X,)fS ' ) 

vi. Stackelberg solution 

((Xl' Xz, X3): (Xl' xz , X3)wrgmax[f1 (X I, xz, X3): (X I' xz, X3)fl R} 

~ 

Determini ng optimal solution to above problem is equivalent to solving 

(x" x" x,)fJR 
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Chapter 3: Fuzzy programming approach to multilevel programming problems 

3. Fuzzy linear programming 

A cri sp linear programming problem is a problem of maximizing or minimizing a cri sp 

object ive functio n subject to crisp constraints (crisp·linear inequalities and/or equations). 

However, in many practical situations. it may not be possible for the decision maker to 

specify the object ive and/or the constraint in crisp manner rather he/she may have put 

them in "fuzzy sense", In this case, the type of the problem he/she put the fuzziness. That 

means there is no general or unique definition of fuzzy linear program ming problems. The 

fuzziness may appear in a liner programming problem in several way such as the inequality 

may be fuzzy(P I-FLP), the objective function may be fuzzy(P2- FLP), or the pa rameters C, 

A, b may be fuzzy (P3-FLP)and so on. 

We consider the general model of a linear programming 

MaxCTx 

subject to Aix :$ bf , (i = 1.2, ... , m), 

x~O 

where Ai is an n-vecto r, C is an n-colu mn vector and x E R" . 

(3.1) 

To a standard li near programmi ng problem (3.1), taking into account the 

imprecis ion, or fuzziness of a decision maker's judgment. Zimmermann consider the 

following linear programming problem with a fuzzy goa l (objective function) and fuzzy 

constrai nts. 

cTx $ Zo 

A,x" b,,(; ~ 1,2, ... ,m) 

x ~ 0, 

(3.la) 

(3.lb) 

where the symbol :5 denotes a relaxed or fuzzy version of the ord inary inequality~. From 

the decision maker's preference, the fuzzy goal (3. 1a) and the fuzzy constraints (3.1b) 

mean that the objective function CT x should be essentially smaller than or equal to a 

certain level zo, and that the va lues of the constraints Axshould be essentially smalle r than 

or equal to b, respectively. Assuming that the fuzzy goal and the fuzzy constraints are 

equally important, he employed the foll owing unified formu lation. 
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= 

Bx:$ b' 

x<!O 

c Zo 
where B = [AJ and b' = [b.J , , 

3.1. Solution techniques of solving fuzzy linear programming problems 

The solution techniques for LP problems fol low the following procedure. First fu zzify the 

objective fu nct ions by calculating the upper and the lower bounds of the optimal va lue. 

Th is is done by so lving the following cr isp LPP. 

(ll' (b)) 

And 

( l P (b+p)) 

ZI = Max CTx 

subject to A/x :s bit (i = 1,2, ... . m) 

x~O 

2z= MaxCTx 

subject to A/x :s bi + Pi, (i = 1,2, ... . m) 

x 2! a 
where Pi is the max imum tole rance of the ith constraint i.e. A/x E (b i• hi + Pi) ' 

(3.1.1) 

(3.1.2) 

Assume that 21 a nd 22 are finite. We can now construct a continuous non dec reasi ng 

linear membership function I1c for the objective function by using 2\ and 2 2 as fol lows. 

~G (X) = { 

1 if CT x> Z2 

1 _ zz-cT x ilzl ::;; CTx::;; Z2 ' 
Z2-Z I 

0 i{CTx <zl 

(3.2.3) 
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The membership functions of the constraints a re 

(3.2.4) 

Now usi ng the above membership function, I1c j(X) and I1C<X) and following Bellman 

and Zadech approach we have 

(3.2.5) 

WhereI-lD(.) is the membership function of the fuzzy decision set. 

Then the optimal decision x· is the solu tion of 

Consequently, the problem (p l-FLP) becomes the following optimization problem. 

max a 

subject to ~G(X) " a 

~c, (X) " a. (i = 1.2 •.... m) (3.2.6) 

x ~ 0 

a E [O.lJ 

Substituting llCi (x) and JIG (x) in the above problem, the above problem is equivalent t 
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max a 

S.t CTx;;,z,-(l-a)(z,-z,) (3.2.7) 

A,x "b, + (1- alp,. (i = 1: m) 

x;;'O.aE [0.1] 

Here solving the above linear programming problem gives us an optimuma' E [O,ll Then 

the sol ution of the problem (PI-FLP) is any x ~ 0 satisfyi ng the problem constraint with 

a = a'. 

3.2. Fuzzy Bi-Ievel Linear Programming. 

As shown in chap ter 2, a two-level linear programming problem is formu lated as: 

where Xz solves 

max f2eX) = Cnx t + Czzxz 
x, 

s. t AtXt + Azxz ~ b, 

XI,Xl ~ 0 

Where Xi ,i = 1,2; is an ni dimensional decision variable col umn vector, eil ,i = 1,2; is an n, 

dimens ional constant column vector, ei2 i = 1.2. is an nz dimensional constant column 

vector, b is a n m-dimensional constant co lumn vector and Ai. i = 1,2; is an m x nj 

coefficient matri x. 

We obtain optimal so lution of each DMI and DM Z calculated in iso lation. If the 

individual optimal so lution x?, i = 1,2; a re the same then a sa tisfacto ry solution of the 

system has been attained. But this rarely happens due to confl icting objective functions of 

two OMs. The decision-making process then begins at the firs t level. Thus, the first -level 
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OM provides his preferred ranges for [1 and decis ion vector XI to the second level DM. Th is 

information can be modeled by fuzzy set theory using membership functions [3J. 

To build membership fun ctions, goa ls and tolerance should be determined firs t. 

However, they could hardly be determined without meaningful supporting data . Using the 

individua l best solutions, we find the values of all the objective function s at each best 

so lution and construct a payoff matrix as[4] : 

The maximum value of each column (f1(X?)) gives upper tolerance limit or aspi red 

level of achievement for the ith objective function where ft = hex? ) ::; maxXES {I (x?) . j = 

1.2. 

The minimum value of each column gives lower tolerance limit or lowest acceptable 

level of achievement for the i tlt objective function where f/ = mln/i(xp) , t = 1,2. 

For the maxim ization- type objective function, the upper tolerance limit flu. t = 1,2. a re 

kept constant at their respective optimal va lues calculated in iso lation but the lower 

tole rance lim it {/ a re changed. The idea being thatfi(X) -+ f lu, then the fuzzy objective 

goals ta ke the form fi(X) 2:: fl(Xn,t = 1,2. and the fuzzy goal for the control vector Xi is 

obtained as Xi := Xr. Now, in the decision situation, it is assumed that the all OM s that a re 

up to i th a motivation to cooperate each other to make a balance of decision powers, and 

they agree to give a possible relaxation of their individual op tima l decision. The jt lt leve l 

DM must adjust his/her goa l by assuming the lowest acceptable level of achievement fl' 
based on indefiniteness of the decentralized organization. Thus, all va lues of 

ftCX ) with fi(X) ~ Zr are absolute ly acceptable to objective function Z/(X) satisfactory to 

the i th level OM. All values of fleX) with /i( X) $ {/ are absol utely unacceptable to the 

object ive function f l(X) for i = 1,2. Based on this interval of tolerance, we can establi sh the 

following linear membership fun ctions for the defined fuzzy goa ls as fig 3.2.1. 
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1 .... __ .. _ .. _----- ._-----­---_. __ ._-/, 

o !i(X)objective fun ction 

if f,(X ) ;0, ft, 

if f,' :s f,(X) :s r,", i = 1,2 

if [,(X) :s r,' 
(3.2.2) 

By identifying the membershi p fu ncti o ns~, (f, (X)) and ~2 (f2(X)) fo r the objective 

functionsf, (X)) andt, (X)), the original two-level li nea r programmi ng problem (3.2) can be 

interpreted as the membership function maximization problem defined by: 

m!~ 111 (/\ eX)) 

m!~ !J z(fz(X)) 

S. t A1x j + Azxz ~ b, 

XI,X2 ~ 0 

Then the linea r membership functions for decision vector Xl can be formulated as: 

Xl - (x~ - eJ) ; if x~ - e1 :s XI :s xr 
e, 

(,x--,1,--+_e-;,::...) _-_x-,-' 'f 0 < 0 + - + ; I Xl _ Xl :s (XI + e1 ) 
e, 
o ; otherwise 

where x? is the optimal solution of first level OM 

e1 the negative tolerance va lue on Xl 

ej the negative tolerance va lue on Xl 
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To de ri ve an overall satisfactory solution to the membership function maximization 

proble m (3.2.3), we first fin d the maximizing decision of the fuzzy decision proposed by 

Bellman a nd Zadeh (1970). Namely, the following problem is solved for obtaining a solution 

which maxim izes the smalle r degree of satis faction between those of the two decis ion 

ma kers: 

Max min{1'1 ([, (X) ),1'2([2 (X)), ~x, (x,)} 

s. t A1x1 + Azxz :5 b, (3.2.5) 

By introd ucing a n auxiliary variable A, thi s problem ca n be transformed into the follow ing 

equivalent problem: 

max A 

s.t 1' , (r,(X))2:' 

1'2(fzCX)) 2: A 

I1x , (Xl) ~ A 

Atx I + Azxz :5 b, 

XI,XZ ~ 0 

(3.2.6) 

If OMl is satisfied with the optimal solution x ' , it follows that the optima l 

so lu t ion x ", becomes a satisfactory so lu t ion; however, OMl is not always satisfied with the 

so lu tio n x", it is qu ite natural to assume that OM1 spec ifies the minimal satis factory level 

o E [0,1] for the membership function J-tt(r,(X») subjectively. Consequently, if OM I is not 

satis fi ed with the solution x· to problem (3.2.5), the followi ng problem is formulated : 

max 1'2([2(X)) 

s.t 1',(r,eX)) 2: 6 

~X.cXI) 2: 5 

AtxI + A zxz :s b, 

XI, Xz ~ 0 

(3.2.7) 

If a n optimal solution to problem (3.2.7) ex ists, it follows tha t OM1 obtai ns a 

sa tisfac tory solution having a satisfacto ry degree large r than or equal to the minimal 

satisfactory level specified by OMl 's own self. However, the larger the minimal satisfactory 
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level is assessed, the smaller DM 2's satisfactory degree becomes. Consequently, a relative 

difference between the satisfactory degrees of OM! and DMZ becomes larger and it is 

feared tha t overall satisfactory ba lance between both levels cannot be maintained. 

To take into account the overall sa ti sfa ctory ba lance between both levels, OM1 needs to 

compromise with DM2 on OM! 's own minimal sa ti sfactory level. To do so, a ratio of 

satisfactory degree between both OMs is defin ed as: 

A= Il,(['(x ' )) 
III ([, (x')) 

which is defi ned by Lai [12], is useful 

(3.2.8) 

Let ilLand tJ. u denote the lower bound and the upper bound of fj specified by OM1 . 

If 6 > /1u, Le. 112(t2(XO)) > tJ.U III ([1 (x')) then OM l updates the minimal sa ti sfac to ry level 8 

by increasi ng O. Then OM ! obta ins a larger sat isfactory degree and DM2 accepts a smal ler 

satisfactory degree. Conversely, if A< AL, i.e. ~,({,(x ' )) < ilL ~ I ([I (x ' )), then DM 1 updates 

the min imal sa ti sfactory level 0 by decreasi ng 0, and DM1 accepts a smaller satis factory 

degree and DMZ obtains a larger satisfactory degree. 

.. ( , ) ( , ) I . ,({'(x l
)) , , 

At an Itera tIOn I , let III II (x ) ,11, f,(x ) , A and A= , •• (r.(xlJ) denote OM 1 sand OM 2 s 

satisfactory degrees, a satisfactory degree of both levels and the ratio of sa t isfactory 

degrees between both DMs, respectively, and le t a corresponding sol ution be Xl . The 

iterated interactive process terminates if the following two conditions are sa ti sfied and 

OMl concl udes the solu t ion as a sa ti sfactory so lution. 

Termination conditions of the interactive processes fo r two-level linear programming 

problems. 

i. OMl 's satisfactory degree is la rger than or equal to the minimal satisfactory level 

o specified by OM1, i.e·,111 (fl (x')) $ 0. 

ii. The ratio f:J I of satisfactory degrees is in the closed interval, the lower and the upper 

bou nds of which are specified by OM!. 
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Condi tion (i) is DMl ts required condi tion for sol ut ions and d't ' ( .. ) . 'd d ' • con I Jon II IS pravi e In 

order to keep overall satisfactory ba lance between both levels. Unless the conditions are 

satisfied simultaneously, OM! needs to update the minimal satisfactory levelS. 

Procedure fo r updating the minimal satisfactory level Ii 

1. If cond it ion ( i) is not sati sfied, then OM 1 decreases the minimal satisfactory level by 

O. 

2. If the ra tio ,1lexceeds its upper bound. then OM1 increases the mini mal satisfactory 

level O. Conversely, jfthe ratio tJ,1 is below its lower boun d, then DM 1 decreases the 

minimal satisfactory level 8, 

3.2.1. Algorithm of interactive fuzzy programming 
Step1 : find the solution of the firs t level and second level independently with the salllc 

feasible set g ive n. 

Step2: Do these solut ions coi ncide? 

. Jfyes, a n optimal solut ion is reached . 

. If No, go to step 3 

Step3: construct a payoff mat r ix, and then fi nd upper tolerance limit hU a nd lower 

tolerance lim it rr 
Step4: Bu ild me mbe rs hip function s fo r maxi mi za t ion objecti ve functions IlflUi(X)) a nd 

decis ion vecto r X l using equat ion (3 .2.2) and (3.2.4) respectively. 

StepS: l = 1 solve the auxili ary proble ms (3.2.6). If OM1 is satis fi ed with the opt imal 

solution, the so lution becomes a sa ti sfactory so lution x ' . Othe rwise, ask OM1 to specify the 

minimal satis factory leve l 8 together with the lower and the up per bou nds [.6 m1n • .6max 1 of 

the rat io of sa t isfactory degrees .61 with the sati sfactory degree ,r of bo th decision makc rs 

and the related in fo rmation a bout the so lution in mind. 

Step6: Solve problem (3.2.7), in which the satisfactory degree of OM2 is maxi mized under 

the condition that the sati sfactory degree of OM1 is large r tha n o r equal to the minima l 

satisfactory level 8, a nd then an opt ima l solution Xl to problem (3.2.7) is proposed to OM 1 

together wi th A',~, (r, (x') ) , ~2(r2 (x') ) and II' . 
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Step7: If the so lution Xl satisfies the termination conditions and DM 1 accepts it, then the 

procedure stops, and the solution Xl is determined to be a satisfactory solution. 

Step8: Ask OM1 to revise the minimal satisfactory leve l 8 in acco rdance with the procedure 

of updating minimal satisfactory level. Return to Step 7. 

3.3. Fuzzy programming approach for multilevel linear problem 

In thi s subsection, we extend fu zzy programming app roach stated fo r two-level 

linear program ming problems to that of multilevel linear programming problems. 

A multi -level linear programming problem is forma lly represented as: 

, 
m~~fl (X) :;; L CtjXj 

j - I 

where XZ,X3' .... ,x4 solve 
, 

m~~fz(X) :;:: L CZ j Xj 

/ : 1 

where Xl ' X4• , ••• , X 4 solve 

..................................... 
, 

moxr (X) = '\ c ,x 
xplP ~ PJ P 

j : l 

s. t A" x, + A"x, + ... + Aipx, (~) bi . i :; 1: m 

(3.3.1) 

h . d",mensional decision variable colu mn vector, Cif ,i :; j :; w ere xj ,i:; 1,2 . ...• p. IS an nj 

1.2, .. . . p. is an nj dimensional constant col umn vector. b is an 

column vector and Ai. i = 1.2 •... p, is an m x n i coeffici ent matrix. 

m-dimensionaJ constant 

I I d · . olation If the individual We obtai n optimal solu tion of each DM ca cu ate In IS . 

O t " I I" 0 " P - 1 2 P are the same then a satisfactory solution of the system pima so utlO n x p • - • , ...• 

n'cti ng obl'ective fun ctions of two or has been attained. But this rare ly happens due to con I 
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more OM s. The decis ion-making process then begins at the fi rst level. Thus, the fi rst-level 

DM provides his preferred ranges for It and decis ion vector Xt to the second level DM . This 

information can be modeled by fuzzy set theory using membership fun ctions [31. The 

membership functions that can be used to represent any objective function Ip; P = 1,2, ... , p 

may be linear, piecewise linear, exponential, logarithmic, hyperbolic, inverse hyperbolic, 

quadratiC, etc. The tole rance interval that may be assigned to any decision vector 

x~ ; P = 1,2, ... ,p - 1 can be represented by linear membershi p function only. 

Considering the top two levels (p = 2), the fi rst-level OM must speci fy his/ her 

objective function within the sti pulated bou nds to the second-level DM in order to direct 

supervise him to sea rch for his/her solution in the correct direction. The upper bound 

(flU) and lower bou nd CltL) on objective fu nction II can be obtained from the (2x2) 

payoff- matrix fo rmed at xf and x~ where N :s It :s It We use linear membership 

function to model this information. Diagrammatically we illustrate the membership 

function of [p; p= l , as (see Fig. 3.3.1) 

1 

fJ ~----+----

OL------4------~--------------f~lU~---
If 

It 
Fig 3.3.1 Representation of membership fu nction of minimiza tion objective function. 

Where P is the minimum acceptable degree of satisfaction for objective function It 

hence I-4fl Cli (X)) ~ p. Therefore, the linear membership function is 
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1 

if fI(X) 2: f,u, 

if'" "f, (X) " f,u 

if f, (X) " fi 

" ! Q '-----------~--~-.-----, 

o 
-0 
xl 

Xl 

Fig 3.3.2.Representation of t ria ngular membership fu nctions of decis ion vector. 

(3.3.2) 

The fi rst level OM gives some tolerance to xf so that the second level OM can search 

for his optimal solu tion in wider feasib le domain. Diagrammatically we can illustra te it as 

(see Fig. 3.3.2), where a 

is the minim um acceptable degree of sa ti sfaction fo r x? and hence J.lX I (xd ~ a. Thus. lhe 

first- level OM formulates the foll owing linear membership function fo r XI: 

Xl - (X? - en . 0 _ 0 
::..c_~_2!...; tf Xl - el :5 Xl :::;: XI 

e, 

J-lXl (Xl) = exr + ei) - Xl, if XO < x < (xo + e+) 
+ • 1_ 1- 1 1 

e, 
o ; otherwise 

(3.3.3) 

Where x? is the optimal solu tion of fi rst level OM, ei the negative to lerance value on x?and 

e: the posi t ive tolerance va lue on x? This is a triangular fuzzy number [5]. eland ei are 

not necessarily the same va lues. x~ generally lies between (x~ - el ) and (x~ + en· But the 

DM may des ire to shift the range of x~ altogether which need not be a roundx~. The desired 

range can be shi fted to the right or left of x~ depe nd ing on the di sc retion of the OM . 
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Let y be the minimum accepta ble degree of satisfaction of second level OM. So I'l l ([I (X)) ~ 

y. The bounds IF and Ii' on objective function fz are also found from the same payoff 

matri x. To rate the sa tis faction of his/her solution the second I I DM I , . eve a so rep resents 
his/her object ive fu nct ion 12 by linear membership function as 

h{X) flL . L 

{ 

1 ; if f ,(X) ~ f ,u, 

~h([2(X)) = r,"-t f ; If f , :5 fz(X ) :5 f ,u (3.3.4) 

0; if f,(X):5 fz' 
To resolve the confli ct between the two DMs and to avoid rej ection of sati sfa ctory 

solution by the first- level OM, the second-level OM must maximize a,p, y simultaneously. 

Let A= min ( a,p, y ). Thus min ( ~t, ([, (X)) , ~,, (r,(X)) , ~x , (x,) ) = A. Thus the second-level 

auxilia ry proble m is 

Max A 

s. t A i1X1 + AiZXz + ... + A/pxp ( ~) bi , i;;; 1: m 

~t,(r, (X)):5 A,~,, (fz(x)):5 A' ~x,(x l):5 A (3.3.5) 

A E [0,1] 

If the ce nter is satisfied with this solu tio n then the third level is also included. If not, 

the n the center modifi es the tolerance valu es or may even change the membership 

functions a nd the second-leve l OM solves a new auxili ary problem again. The process 

continues un til the satisfacto ry solu tion is attained fo r top two levels after wh ich the th ird 

level is induded. Aga in both the higher level OMs pass thei r preferred values of their 

decision va ri a bles a nd objective functions separately to the th ird- level OM . For p=3 a nd 

above, we fo llow the procedure outlined in the fo llowi ng pa ragraphs. 

For the mini mization-type object ive function, the lowe r bounds{pL . p = 1,2, ... , Pare 

kept consta nt at their respecti ve opti mal values ca lculated in isolation but the upper 

bounds fpu are cha nged. The idea bei ng that {p(x ) --t [pL fo r min imizing the objective 

fu nctions The values of f, u are fou nd at the sa ti sfactory so lu t ion obtai ned at the (p - l )th . p 

level. Let A denote the min imum of all the mi nimum accepta ble levels of satisfact ion. Then 

for P objective functions, min ( ~" ({, (X)), ~" (fz(X )), ... , ~tp ({.(x )) ) =A. Thus each 
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membersh ip function should individually be ~ A. The aux iliary problem is solved by the 

P th- Ievel OM. Thus the auxiliary problem for the Pth-Ievel OM is 

Max A 

~r.(r,(x))" AI'~r, (r,(x))" AI, ""~r. (fp(x))" AI 

J./X I (x t ) ::;; AI, J.lX2 (X2) :s AI, ... , J1rp _l (xp_1) :s )./ 

A E [O,IJ 

( 3.3.6) 

Solving problem (3.3.6), a satis fa ctory solution for P-Ievels is found . This 

sa ti sfactory solution is finalized on approva l by all the higher level DMs, after which the 

succeeding lower level is included into the sys tem (i.e. P is incremented by 1) and the 

process repeated. The process continues unti l the last level is included into the system. 

Example! solve (Linear BLPP) 

Solution 

x~,~~fl (X) ;;; SX1 + 6X2 + 4X3 + 2X4 

where Xl ,X .. solves 

::,~~f2(X) ;;; 8xt + 9xz + 2xJ + 4 X4 

3x1 + 2xz + X3 + 3x. :s 40 

3x1 + 2xz + X3 + 2X4 ::; 30 

2Xl + 4 X2 + Xl + 2X4 ::; 35 

Step1: Fined the solution of the top-level and lower level independently with the sa me 

feaSible set. Le. 

Max f. (X) ~ 5x, + 6x, + 4X3 + 2x, 

s. t 3x1 + 2X2 + Xl + 3x4 :5 40 

3x) + 2X2 + Xl + 2X4 :5 30 

2x) + 4X2 + Xl + 2X4 :5 35 
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and 

Max f,(X) ; 8x, + 9x, + 2x, + 4x, 

S.t 3xI + 2xz + x) + 3X4 ::; 40 

3xI + 2xz + xJ + 2X4 :S 30 

2Xl + 4Xl + Xl + 2X4 :5. 35 

Then we find the optimal solution 

f, ; 125 at x1 ; (5,0,25,0) 

f,; 118.125atx1 ; (11.25,3.125,0,0) 

But this is not a satisfactory solution (since x? :;:. x~ ) 

Step2 : construct the pay·off matrix and we need to fi nd the upper and lower tolerance limit 

f, ( x1) 
xf 125 
x~ 75 

f,( x1) 
90 

118.125 

Then f ,u ; 125 ,f,u; 118.125,g; 75 and tl; 90 

Step3. Build membership functions for maximization objective functions 

{

I if ft(X) 'i! 125, 

~r,(ft(X)); f,(X) -77
5
5 if75" ft(X)" 125, 

125 -
o if f, (X) " 75 

{

I if f,(X) 'i! 118.125, 

~r ([,( X)); f,(X)-90 if90 "f,(X)" 11 9.125, 
, 118.125 - 90 

o if f,(X) " 90 

Let the upper level OM specify x, to be around 5 with 2.5 (negative) and 2.5 (positive) 

tolerance and xzto be around a with 0 (negative) and 3 (posi ti ve) tolerance. 
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x, - (S - 2.S) 
2.S if2.SSx,sS 

~x, (x,) ~ (S + 2.S) - x, 
2.5 ifSSx,S7.S 

o otherwise 

~x, (x,) ~ 3 - x, if 0 < x < 3 
{

X, if x, S 3 

3 -,-
o otherwise 

Step4: solve the aux il iary problems 

Max A 

s . t~r,(Mx)) SA 

~" Ct,(x) ) S A 

Jix,(X1)5A 

~x, (x, ) S A 

3x1 + 2X2 + Xl + 3x .. ,:5; 40 

3xt + 2xz + Xl + 2x .. :s 30 

2x) + 4xz + Xl + 2x .. :s 35 

x"x" x" x, ~ 0,,1 E [0,1] . 

The result of the first iteration includ ing an optimal solution to problem is 

x, ~6.41, x, ~ 1 .9S, x3~10.52, x,~ 1.42 and A~0.316 

Suppose that OM1 is not sa ti sfied with the sol ution obtained in Ite ration 1, and then he 

specifies the minimal satisfactory leve l at 0;:;:: 0.4 and the bounds of the ratio at the interva l 

[6mirl"ll max] ::;; [0.3, 0.4], taking account of the result of the first iteration. Then, the 

problem with the minimal satisfactory level is wr itten as 

Max ~" Ct,(x) ) 

s. t ~r, Ct, (x)) S 0.4 

xES 

Appling simplex algorithm, solution is XI =6.71, xz=2.0S, x3= 10.S2 , x .. ==1.4 2 and 

),=O.3 16.The refo re, th is solution satisfies the te rmination conditions, and it becomes a 

sa ti sfactory so lutio n for both decis ion makers if OM 1 accepts the solution. 
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j)xample2. Solve 

Solution 

M~~fl eX) ;;: Xl + Xz + 2XJ + X4 

where Xl, X3,X. solves 

M~f2(X) = -Xl + 3xz - 2X3 - 4X4 

where Xl ,X. solves 

M~f3(X) = -Xl - Xz + 3X3 - x. 

where X4 solves 

M~!f4(X) = -Xl - Xl - Xl + 3x4 

3Xl + 3xz :s 30 

2Xl + X2 :s 20 

Xl :s 10 

Xl + 2xz + 2xJ + x. :s 40 

(1 ) 

STEPl. Find the solution from top to bottom-levels Independently with same feasible set 

given. 

f , = 35 at xr = (10,0,10,5) 

r, = 30 at xg = (0,10,0,0) 

fJ = 30 at x~ = (0,0,10,0), 

f. = 30 at x~ = (0,0,0,10) 

STEP2. Define the fuzzy goal, construct payoff matrix and find upper and lower tolerance 

limit. 

• Objective fu nction as f, ;;; 35,f, ;;; 30,f, ;;; 30,f. ;;; 30 

• decision variable as Xl == 5, 
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35 -5 
payoff matrix ~ 10 30 

20 - 10 
10 -10 

15 
-10 
30 
- 10 

Upper tolerance lim it are: f,u ~ 35, fz" ~ 30,[," ~ 30 fF ~ 30 

- 5 1 - 10 
-10 

30 

Lower tolerance li mit are: fl = 10, Ii = -lO,n- = - 10 Ii = - 10 

It may be noted here that fl = -10 N::; - 10, fl = - 10 which are quite 

unacceptable to the second level DM s since negative objecti ve va lues are not preferred in 

the decision making situation. Hence fl;;: 0 fl = 0, Ii = 0 are taken into account. 

STEP3. Built membership function for: 

• Objective function as 

• Decision variable function as: 

if t.(fi) ~ 30, 

if 0 :$ t.(x) :$ 30,!or t ~ 2,3,4. 

if t.(x) :$ 0 

The top-level OM formulates the linear membership function for decision 

variable Xl based on the tolerance limit of Xl which decide by top-/evel. For 

instance, the fi rst level DM decides Xl;:;: 5 with -0.5 (negative) and O.S 

(posi tive) tolera nce values [8]. 
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Xl - 4.5 
-0.5 if 4.5 S x, S 5 

5.5 - x, 
0.5 if 5 S x, S 5.5 

o otherwise 

Step4: First solve the auxiliary problems for p=2 

that is 

Max A 

S. t~,,(r,(X») SA 

~r,({,(x») S A. 

~x, (x,) S A 

3x I + 3xz S 30 

2XI + Xz S 20 

Xz S 10 

Xl + 2X2 + 2X3 + x4 S 40 

X2 

Max A 

ft(X) - 10 
s. t 25 " A 

{,(X) > A 
30 -

5.5 - x, 
0.5 " A 

S 30 

S 20 

S 10 

Xl + 2X2 + 2X3 + X4 $ 40 

Xl ,X2,X3,X4 ?: 0 
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The result of the first iteration including an optimal solution to problem (2) is 

A = 0.71; xi = 0.45,x/ = 7.95, x1 = 7.445,x; = 7.5 ; fi = 30.76,[,' = 7.665; 

~f' (r.cx)) = 0.8, ~h (fz(X) ) = 0.25 and ~'=0.0321. 

Suppose that DMI is not satisfied with the solution obtained in Iteration 1, and then he 

specifies the minimal satisfactory level at 15 = 0.8 and the bounds of the ratio at the interval 

[£l min, ll max1 = [0.8, 0.9], taking account of the result of the first iteration. Then, the 

problem with the min imal satisfactory level is written as 

Max ~f,(fz{X)) 

s . t~f, (r, (X) ) '; 0.8 

5.5 - x, 
0.5 ~ A 

xES 

The resu lt of the second iteration including an optimal solution to problem (3) is 

A = 0.079 ; xf = O.O,x f = 7.857,xj = 7.445, x~ = 9.286; 

fi = 32.143,[,' = 8.571; 

~,.(r.cx)) = 0.886, ~h ([' (x)) = 0.486 and ~ ' =1.861344. 

(3) 

At the second iteration, the satisfactory degree I1f, (rt (x)) = 0.886 of OMl becomes less 

than or equal to the minimal satisfactory level 6 = 0.800, but the ratio II = 1.861344 of 

satisfactory degrees is not in the valid interval [0.8,0.91 of the ratio. Therefore. this solu tion 

does not satisfy the second condition of termination of the interactive process. Suppose 

that OMI updates the minimal satisfactory level at 6 = 0.9. 

Max ~h ([' (x)) 

S. t~f'(['(X))'; 0.9 

xES 

(4) 

Then, the problem with the revised minimal satisfactory level (4) is solved, and the resul t 

of the third iteration is 

A = 0.079 ;xi = O.O,xi = 7.857, x? = 7.445 ,x1 = 9.286 ; f,' = 32.143,[,' = 8.5 14; 

~r, ([, (x) ) = 0.8, ~h ([, (x)) = 0.286 and ~ '=1.861344. 
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At the third ite ra tion, the satisfactory degree J'It ([1 (x)) = O.BOO of DMl becomes equal to 

the minimal satisfactory level S= 0.85, and the ratio!:J. = 0.8492 of sa ti sfactory degrees is in 

the valid interval [0.8, 0.9] of the ratio. Therefore, thi s solution satisfies the termination 

conditions of the interactive process, and it becomes a satisfactory solution for both 

decision makers if DM 1 accepts the solution. 

Next solve the auxiliary problems for p=3 

Let the first· level DM decide Xl =0 with 0 (negative) and 2 (positive) tolerances, x2=7.8S7 

with 6 (negative) and 8 (positive) tolerances. 

Max A 

s. t ~f,(r,(x))" A 

~f, (r,(x))" A, t = 2,3 

J'XI (Xl) :s A 

~x, (x,) " A 

xES 

The result of the last itera tion including an optimal solution to problem (5) is 

A = I. 083,x, = O.857,x, = 1.857,x, = O,X. = 0.714 

it = 13.{, = 4.71.{, = 4.28 

(5) 

13 - 5 4.71- 1 4.28 - 2 --=-= = 0.711 H = = 0 .928'~f' = = 0.762 I'{, = 11.25 'rr, 4 3 

Now, solve the auxiliary problems for p=4 

Let the first· level DM decide Xl =0.857 with 0 (negative) and 1 (positive) tolerances, 

X2=1.857 with 1.00 (negative) and 2.02 (pos itive) to lerances and X3=0 with 0 (negative) 

and 1.02 (positive) tole rances. 
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Max A 

S.t ~f,(ft(X)):S A 

~f, (fi(x)) :SA,t = 2 ,3 ,4 

~x, (x,) :s A 

~x, (x, ) :s A 

~x, (x, ) :s A 

XES 

The result of the first iteration incl uding an optimal solution to problem (6) is 

A = 0.93; xl = O.,x) = 7.875,x] = 9.286,xl = 5.714; 

f,' = 32.143.{i = 8.571.{,' = 14.284.{.' = 0; 

(6) 

~f,(r,(x)) = 0.71 , ~" U,(x)) = 0.93 ,~,, (r,(x)) = 0.76, ~f.([, (x) ) = 0.74 and~: = 

1.3098, ~l = 1.0271, ~l= 0.9737. 

Suppose that OM3 is not satisfied with the solution obtained in Iteration 1, and then he 

specifies the minimal satisFactory level at 8 = 0.7 and the bounds of the ratio at the interval 

[llmin, ll max] = [0.7. 0.8], taking account of the result of the fi rst iteration. Then, the 

problem with the minimal satisFactory level is written as 

max ~,,({,(x)) 

S.t~f,(r,(x)):S Ii 

~fl (fi(x)) :s Ii, t = 3,4 

~x , (x,) :s A 

~x, (x,) :s A 

~x, (x,) :s A 

xES 

The result of the second iteration including an optimal solution to problem (7) is 

..t :;: 0.7; xl == l.07,xi == 7.5,x~ = 7.s,xl == 7.5; 

fi = 31.07, N = 6.43.{,' = 6.43.{,' = 6.430; 

~f, (r,(X)) = 0.61, ~f,([,(x)) = 0.08, ~,, (r,(x)) = 0.01, ~f. (r,(x) ) = 0.7 

39 

(7) 



r 

b 

ancttl:= 0.135.11l= 0.125.111= 0.7. 

At the thi rd iteration, the satisfacto ry degree J1f.(t4(X)) = 0.700 of DM4 becomes equal to 

the minimal satisfactory level S= 0.7, and the ratio {j = 0.7 of satisfa ctory degrees is in the 

valid inte rva l [0.7, 0.8] of the ratio. Therefore, thi s sol ution satisfies the termination 

conditions of the interactive process, and it becomes a sati sfactory solution for both 

decis ion makers if DM4 accepts the solution. 
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Conclusion 
The FMP approach is sim ple to implement, interactive and applicable to MLPP. The satisfactory 

solution obtai ned is realistic. A satisfacto ry solution obtai ned at P=2 does not guarantee the same 

for P=3. We can take any membership function other than linear. The results will hold good, 

however, the prob le m w ill become a non linear programming problem. We observe that even 

though the decision- making process is from higher to lower level, the last level becomes most 

important. This is because the decision vector under the control of the lowest level OM is not given 

any tolerance limits. Hence this decision vector either remains unchanged or closest to its value 

obtained in iso la tion. But at h igher level, the decision vectors are given some tolerance and hence 

they are free to move w ith in the tolerance limits. The toleran ce levels can also be considered as 

variables and if the DMs coope rate the n the entire system as a whole ca n be optimized. We can 

easily apply the sa me app roach to non linear MLPPs. 
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