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ABSTRACT

Multilevel programming is characterized as mathematical programming to solve
decentralized planning problems with multiple decision makers in a hierarchical
organization. They become more important for contemporary decentralized organization
where each unit or department seeks its own interests. In this report we have considered a
multilevel programming problem and applied fuzzy mathematical programming (FMP)
approach to obtain the solution of the system. We have suggested FMP method for the
minimization of the objectives using linear membership functions. FMP is a supervised
search procedure (supervised by the higher level decision maker (DM)). The higher level
DM provides the preferred values of decision variables under his control (to enable the
lower level DM to search for his optimum in a wider feasible space) and the bounds of his
objective function (to direct the lower level DM to search for his solutions in the right

direction).
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INTRODUCTION

The use of the fuzzy set theory for decision problems with several conflicting
objectives was first introduced by Zimmermann. Thereafter, various versions of fuzzy
programming (FP) have been investigated and widely circulated in literature. The use of
the concept of tolerance membership function of fuzzy set theory to MLP problems for
satisfactory decisions was first introduced by Lai in 1996 [3]. Shih and Lee further
extended Lai’s concept by introducing the compensatory fuzzy operator for solving MLPPs
[5]. Sinha studied alternative MLP techniques based on fuzzy mathematical programming
(FMP). The basic concept of these fuzzy mathematical programming (FMP) approaches is
the same as fuzzy goal programming(FGP) approach which implies that the lower level
DMs optimizes his/her objective function, taking a goal or preference of the higher level
DMs into consideration. In the decision process, considering the membership functions of
the fuzzy goals for the decision variables of the higher level DM, the lower level DMs solves
a FMP problem with a constraint on an overall satisfactory degree of the higher level DMs.
If the proposed solution is not satisfactory to the higher level DMs, the solution search is
continued by redefining the elicited membership functions until a satisfactory solution is
reached [5]. The main difficulty that arises with the FMP approach of Sinha is that there is
possibility of rejecting the solution again and again by the higher level DMs and
reevaluation of the problem is repeatedly needed to reach the satisfactory decision, where
the objectives of the DMs are over conflicting [5]. In this FMP techniques, last(lower) level
is most important and decision of lowest level remains either unchanged or closest to
individual best decision, which leads to paradox, that the decision power of the lowest level
DM dominates the higher level DM. To overcome, these difficulties Tapan Kumer Roy
propose “FGP approach to MLPPs” is presented for proper distribution of decision powers
to the DMs to arrive at satisfaction decision for overall benefit of the organization[7]. The
resulting multi-level programming techniques approach is a powerful one and can be used
to solve practical problems encountered in large hierarchical organizations with
decentralized operations [4].

Multilevel programming is characterized as mathematical programming to solve

decentralized planning problems. We have considered a multilevel linear programming



problem and applied fuzzy mathematical programming (FMP) approach to obtain the
solution of the system. Over the last three decades, many methodologies have been
proposed to solve Multilevel programming problems (MLPPs) potentially for agriculture,
bio-fuel production, economic systems, governmental policy, network flow design,
transportation design and etc. Although many approaches have been proposed during the
last three decades, none of the approaches are computationally efficient. Some important
existing solution approaches such as, the vertex enumeration approach and transformation
approaches [5]. The former is to seek a comprise vertex by simplex algorithm based on
adjusting higher level control variables. The computational effort increases exponentially
and thus is very inefficient for large problems. The latter involves transforming the lower-
level programming problem to be the constraints of the higher level by its KKT conditions
or penalty function. Because of the non-linearity or the appearance of the Lagrangian
multipliers, the resulting problem becomes complex and sometimes unmanageable.

In this project, we discuss a procedure for solving MLPPs in large hierarchal
decentralized organization through linear fuzzy mathematical programming (FMP)
approach. In order to reach the optimal solution of MLPPs using fuzzy programming
approach, the report contains three chapters. In chapter I, we discuss the basic concept of
fuzzy set, membership function and binary operation on fuzzy numbers, in chapter II, the
basic concept of Multi-level programming, characteristics and mathematical formulation of
MLLP’s will be presented, in chapter Il the procedure for solving MLPPs by FMP
approaches (i.e. the formulate of FMP models of the problems and FMP solution approach)
are discussed; moreover, the selection of compromise solution to FMP models and

comparison of optimal solution with other FP approach, is also included.



Chapter 1: Fuzzy Set

1. Fuzzy Set Theory

Fuzzy set theory has been developed to solve problems where the descriptions of activities
and observations are imprecise, vague, or uncertain. The term “fuzzy” refers to a situation
in where there are no well-defined boundaries of the set of activities or observations to
which the descriptions apply. For example, one can easily assign a person 180cm tall to the
“class of tall men”. But it would be difficult to justify the inclusion or exclusion of a 173cm
tall person to that class, because the term “tall” does not constitute a well-defined
boundary. This notion of fuzziness exists almost everywhere in our daily life, such as a
“class of red flowers,” a “class of good shooters,” a “class of comfortable speeds for
traveling, a “numbers close to 10,” etc. These classes of objects cannot be well represented
by classical set theory. In classical set theory, an object is either in a set or not in a set. An

object cannot partially belong to a set.

1.1. Definition of a fuzzy set

Definition 1.1: Let X be a space of pointes (objects) called universal or referential set. An
ordinary (crisp) subset A is characterized by a characteristics function X; as mapping from

the element of X to the element of the set {0, 1}, defined by

1ifx€A
Oifx¢A

where {0, 1} is called a valuation set..

Xa(x) = { (1)

If the valuation set is allowed to be the real interval [0, 1], A is called a fuzzy set.
Definition 1.2: Let X be any referential set and A is a subset of X. A fuzzy set of A inXisa
pairs
A = {(x, ua(x)): xex} (2)
where uz: X — [0,1] is called the membership function at x representing “ the grade of

membership”of x in A.



Remark:
1. The value zero is used to represent a complete non-membership, the value one is
used to represent complete membership, and values in between are used to
represent intermediate degrees of membership.
2. A fuzzy set is an extension or the generalization of a crisp set. Crisp sets allow
only full Membership or no membership at all, whereas fuzzy sets allow also partial

degree of membership.

1.2. Basic Concepts of Fuzzy Sets

The basic concepts presented here include complement, intersection, union, algebraic
product, algebraic sum, difference, support, a-cut, convexity, normality, cardinality, and the

m'™Ppower of a fuzzy set A.

Complement
The complement of a fuzzy set 4, denoted by A°, is defined as:

Bac(x) =1—pz(x) Vx€X 3)
Intersection

The intersection of 4 and B denoted by 4 n B which is the largest fuzzy subset contained
in both fuzzy subsets A and B . When the min operator is used to express the logic “and”,
its corresponding membership is then characterized by:

Hing(x) = min {p;(x), uz(x)}, Vx € X 4
Union
The union of 4 and B which denoted by A4 U B is dual to the notation of intersection. Thus,
the union of 4 and B is defined as the smallest fuzzy set containing both A and B. The
membership function of A U B is given by:

pivs(x) =max {u; (x),up (x)}, VXEX (5)

raic product

The algebraic product AB of A and B is characterized by the following membership
function:

pag(x) =pz(x) . pp(x), VX EX (6)

This algebraic product is considered as a soft “and”.

4



Algebraic sum

The algebraic sum A®B of A and B is defined by the following membership function:

HigsX)=pi(x) +pp(x) — pz(x). pp(x), VX €X (7)
This algebraic sum is considered as a soft “or”
Difference
The difference A— Bof A and B is defined by:

Hinge(x) = min {u;(x), pge(x)}, Vx € X (8)

where B¢ is the complement of B.

Example 1. Concider X= {Abutu, Addis, Dave, Bake} Suppose A is the

Fuzzy subset of “good looking students" and B is the fuzzy subset of “intelligent

students’. Then

X Abutu Addis Dave Bake
i 0.2 0.3 0.6 0.8
s 0.7 0.4 0.1 0.5
e 0.8 0.7 0.4 0.2
Ring 0.2 0.3 0.1 0.8
 Mivg 0.7 0.4 0.6 0.8
Wi 0.14 0.12 0.06 0.4
Hios 0.76 0.58 0.64 0.9
e 0.3 0.6 0.9 0.5
A- B=pige |02 0.3 0.6 0.5

Support and a-cut

Sometimes, we might only need objects of a fuzzy set instead of its characteristic function,
that is, to transfer a fuzzy set into a crisp set. In order to do so, we need two concepts,
support, and a-cut.

It is often necessary to consider those elements in a fuzzy set which have non-zero

membership grades. These elements are called the support of that fuzzy set.



Definition1.2.1 Given a fuzzy set A, its support S(A) is an ordinary crisp subset on X

defined as
S(A) = {x:pus(x) > 0and x € X} (10)
Definition1.2.2 Given a fuzzy set A, its a-cut A, defined as
Ay = {x: pu(x) > a and x € X} (11)
Where « is the confidence level.
K A(X)
| LE
a -
0 X

{xlp,(x)=20 and xe X}

A,

Fig 1.1 An a-set

Examplel.2.21.et X = {10,20,30,40,50,60,70,80,90,100},be the set of possible speeds(mph)
at which people feel comfortable in traveling a long distance. Then the fuzzy set
“comfortable speed for long distance travel” may be defined by an individual as:
A = {(0.7, 30), (0.75, 40), (0.8, 50), (0.8, 60), (1, 70), (0.8, 80), (0.3, 90)}.
Then S (A) = {30, 40, 50, 60, 70, 80, 90} and
Ay s = {30, 40, 50, 60, 70, 80}
Normality

A fuzzy set A is normal if and only if supps(x)=1,x € X, that is, the supremum is unity.
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Note: A fuzzy set is subnormal if it is not normal. A non-empty subnormal fuzzy set can be
normalized by dividing each p,(x) by the factor supu,(x). (A fuzzy set is empty if and only
ifus(x)=0,Vx€X)

Convexity

A fuzzy set A in X is convex if and only if for every pair of points x*,x* € X the membership

function of A satisfies the inequality:

pa(Ax* + (1 — )x?) = min{p,(x?), pa(x?)} (12)

where A € [0, 1].

£e,0x)
1

HAAFQ =) F === ,/.__ .

iy t_u'} = =y

PR g e ey e - | oy

fig 1.2. A convex fuzzy set
1.3. Fuzzy Number

1.3.1. Definition of fuzzy numbers

The term fuzzy number is used to handle imprecise numerical quantities, such as
“Close to 10,” “about 60,” “several,” etc. A general definition of a fuzzy number is given by
Dubois and Prade[1]: any fuzzy subset M = {(x, u(x))} where x takes its number from the
real line R and, puy(x) € [0,1].
Definition1.3.1 Let A be a fuzzy set, its membership function is u,: R = [0,1], if

i.  Aisupper semi-continuous, i.e. a-cut A is close set, for 0 <a < 1.

ii. Aisnormal,ie,A; # 0.

iii. AgisaconvexsubsetofR, for0<a<l

then A is a fuzzy number.



A fuzzy number may be represented in discrete or continuous form. For example,
Let M be the fuzzy number “about 60" which may be given as either one of the
Following
(1) Discrete membership function: Given the universal
X= {10, 20, 30, 40, 50, 60, 70, 80, 90}.

the fuzzy number M may be represented as shown in Figure1l.3

HX)

09
o8
07
ne6
ns
0.4
0.3
02

01
0 B ——— - ) x

0O 10 20 30 40 S0 60 70 80 $O 100

Fig 1.3 A discrete fuzzy number M
(2) Continuous membership function: Given the universe X= {the set of allreal

numbers}, the continuous membership function for M may be represented as (see

Figure):

- 60)?
uy(x) = (1 +(x—1072')'1 (13)



H(X)

1
- /’ -y
0.7

0.6 / about 80 \
0.5

04 /

0.3

0.2
0.1

0 10 20 30 40 50 &0 70 80 90 100

Fig 1.4. A continuous fuzzy number M

Note: A fuzzy number is a special type of fuzzy set.

Definition1.3.2. A fuzzy quantity is a fuzzy subset of the set of real numbers. The family of
all fuzzy quantities usually denoted by F(R).
Remark:

1. S(A) = {x € R: s(x) > 0} is the support of A

2. A = {x: us(x) > a and x € R} is the a-cut of A

3. supuy(x)=1,x € Rifand only if A fuzzy set A is normal

4

. If A is not a fuzzy number then there exists « € [0, 1] such that A, is not a convex

subset of R.

1.3.2. Types of Fuzzy Numbers
1. Triangular fuzzy number(TRFN): A fuzzy number A is called triangular fuzzy

number if its membership function p, is given by

0 ifx<a1,x>a2
x_al i
ifa, sx<a
pa(x) ={ a—a, (14)
a, — X
2 ifa<x<a,
a, —a

9



Notation: The TRFN A is denoted by the triple A= (a,,a,a;) and has a shape of
triangle.
Moreover, the a-cut of a TRFN A= (a,, a, a,) is the closed interval given by
Ag = [(@a=ay)a+ ay, (a—ay)a + ay).
2. Trapezoid fuzzy number (TRDFN): A fuzzy number A is called trapezoid fuzzy

number if its membership function is given by

(0 ifx <ayx > a;
I'—al s
: ifa, €£x<a’
ke 15)
Ha 1 ifaosxsau (
a; — X 1 X
= ifa"* <x<a,

Notation: The TRDFN is denoted by the quadruplet

A= (al,a.,a“,az)

and has the shape of trapezoid. The a-cut of a TRDFN
A= (ay,a",a", ay)
is a closed interval gi;len by
Aq = [ay(@), ay(@)][(a" — ay)a + ay, (@™ = ax)a + a;]-
3. L-R fuzzy number: A fuzzy number A is called L-R fuzzy number if its membership

function is given by

L(x—:f); ifla-—a)sx<aa>0
g ifa<x <b
R("—}); ifb<x<(b+p)B>0

0

otherwise

(16)

.
’

where L(.)and R(.) are picewise continues function such that L(.) = R(.)=1; L(.) is
increasing and R(.) decreasing. L is called the left reference function and R is called the

right referential function. @ and f8 are the left and the right spreads respectively

10



1.3.3. Binary operation.
Definition1.3.3.1. Let o be a binary operation on R, then o induces a binary operation on
F(R). i.e.0: F(R) X F(R) = F(R) is given by

Haos(X) = xThos{min (us(a), ug(h))} or simply we write as

#a08(X) = x=aob{A(Ha(@), ps(b))).

Arithmetic Operation on Fuzzy Numbers
In this section we will see how ordinary arithmetic operation, addition, subtraction,
multiplication, and division on R can be extended to F(R) and performed. Let A and B be
fuzzy numbers a € [0,1],and, A,, B, be a-cut of A and B respectively.

Let A, = [a% a%]and B, = [b% b¥]

Definition 1.3.3.1(Addition (4) and subtraction (=)). If x €[a{,aj], y€ [b{,b7] thenx + y €
[af + bY, a§ +bJ] and x — y € [af — b}, a — bJ].
Therefore the addition of A and B, denoted by A (+) B, is defined as
A (+) B = [ag,a§] (+)[b%, bg] = [af + b, a§ +bg]
Similarly, the subtraction of A and B, denoted by A (=) B is defined as
A () B = [af,a3] (-)[b3,b7] = [af — b, a3 — bz].

Definition1.3.3.2. (Multiplication (+)). The multiplication of two closed intervals
A = [a¥,a%] and B = [b{, b§]of R, denoted by A (+) B, is defined as
A () B = [a%,a%] ()[bS, bS]
= [min(afb{,agb§, agb{, a§b§), max (aibf,aib3, azby, azbz)]

In case these intervals are in R*, the non-negative real line, the multiplication formula gets
simplified to

A () B=[a7b1 ,azb3].
Definition1.3.3.3. (Scalar multiplication and inverse). Let A = [af,a%] be a closed interval in
R*and k € IR* identifying the scalar k as the closed interval [k, k,], the scalar
multiplication k - A is defined as

k.A = [ky, ko ](.)[af, ag]= [kiaf, kpaz]

For A= [a%,a%] inR* if x € [a1, a2] and O [a$,a$] then

11



i o [é,%] Therefore, the inverse of A, denoted by A™%, is defined to be

A7l = [af,a3]'=

Sl

provide 0¢ [af,a].

Definition1.3.3.4. (Division (:)). The division of two closed intervals A = [a{,a}] and B =

[b{, b%]of R, denoted by A(:)B, is defined as the multiplication of [af, a%] and Ibu ) h‘,,]
A(:)B = [af,a3] (:)[bf, b3]
1
=af, a§1O)liz5a]

" a O. ﬂ GI'.
= [min (5525, 2,50, max (&

Definition1.3.3.5. (Max (V) and min (A) operations). Let A = [a{,a%] and B = [b{, bj] be two
closed intervals in R. Then the max (V) and min (A) operations on A and B are defined as
A(V)B = [a%,ag] (V)[b%, bg] = [agVbS, agV bS]
A(A)B = [af,a%] (A)[bf, bS] = [af AbY,a% A bF].

a, ﬂl az ‘12
ba! bﬂ ’ bﬂ ’ ba).l

12



Chapter 2: Multileveled programming

2. Definition of Multileveled programming

Multilevel programming has been studied extensively since the 1980s, especially for the bi-
level case. The p-level,(p = 3), programming problems were investigated by Bard, Benson,
Ruan and others [8]. Multilevel programming (MLP) techniques are developed to solve
decentralized planning problems with multiple decision makers (DMs) arranged in a
hierarchical structure. Multilevel programming has been applied widely to many decision
situations, for example, water quality problems, traffic planning, tax credits determination,
pollution control policy and etc [2]. The model proposes to solve problems where the
decision is executed in a top-to-down level sequential manner, and where the lower
decision makers do have freedom to make the decision within the broad range set by the
top managers or decision makers. The basic concept of the approach is that an upper
(higher) level DM sets the goal and then asks each lower level of the organization for their
own optimum one which are calculated in isolation. The lower-level managers” decisions
are then submitted and modified by the higher level with consideration of the overall
benefit for the organization. This process is continued until a satisfaction is reached.
Multilevel programming is particularly appropriate for problems with the following
characteristics:
% Interaction: Interactive decision-making units within a predominantly hierarchical
% Hierarchy: Execution of decision is sequential, from upper to lower level.
% Full information: Each DM is fully informed about all prior choices when it is his
turnto move.
% Nonzero sum: The loss for the cost of one level is unequal to the gain for the cost
of the other level. External effect on a DM’s problem can be reflected in both the
objective function and the set of feasible decision space.

% Each DM controls only a subset of the decision variables in an organization.

13



2.1. Mathematical formulation of MLP Models

We consider a P-level programming problem of maximization type objective function at

each level. Mathematically, the problem can be represented as follows.
p

(X, Xy, ., xp) = Z C1j%j

J=1
where x;, X3, ..., X4 Solve
P

e R T M S Zcz,-x,-

j=1
where x3, X4, ..., X4 Solve

.....................................

—
"
—

<
s.t Anx1+A,-2x2+---+A;pxp (=)b;; “ i=1'm

Xy, X34 vy Xp 2 0
where x;,i=1,2,..,p, is an n;-dimensional decision variable column vector; ¢;; where
i =) =12,..,p is an nj-dimensional coefficient row vector; A; j = 1,2,..,p is an m xn;
coefficient matrix; x; and f;(x1,Xy, ..., X) i = 1,2, ..., p are the decision variable vector and
the objective function of the decision maker at the i*" level, respectively.

2.2. MLP Problem Description.

Let the vector of decision variable x = (x,, X3, ..., X,) € R™ be partitioned among p decision
makers and let x* = (x¥x§,..,xk)€R™ for k=12,.,p where Xn,=n. Let
Max {f(x): (x* 1x%,x2%, ..., x*" 1))
denote the maximization of a function f(x) over a compact region S € R by varying only

x* € R given fixed (x%x?..,x¥7) € R™ X R™ X ..X R"™-1. Note that x**l jg a

function of (x*,x?, ..., x**=1)for i =12,..,p — k.

14



Definition 2.2.1. The set of W, (S) given by
Wr(S) = {Z € S: f(R) = max {f (x): (x* 1x},x2, ..., x*" )]}
is known as the set of rational reactions of f over S.
The Problem Description for MLP problems generally follows the following procedure.

First define level one problem and solve it the with given feasible set (S)

max f, (X)

St. XeS=$§!

(PY)

The feasible region, S=S!, is defined as the level-one feasible region. The solution to (P') in
RY" and for fixed parameter Xx;,x3,...,X,, from a set,

s*={xe skilx)= M}’:fI(X):xz,x;,,...,xp},
called the level-two feasible region over which f,(X) is then maximized by varying x, for
fixed X5, X4, eenkiye :

Thus the problem at level two is given by
max{ f;(X) : (x* 1 x)}
(PZ) X3z
St. Xe$?

In general, the level k" feasible region is defined as
5k = L X € 5471 ey (0 = max{foes (X0: K i, o %))
-1

The problem at each level is

: [max[fk(x):(x" k28 0]
(P*) g
st . XeSF

Which is a function of x 41, .-, Xp, and

max{ fi, (X): (xP 1 x%,x%,...,xP71)}
[ i) [ ¥
St. Xe S?

15



This establishes a collection of nested mathematical programming problems {P?, PZ,..., PP}.

Note that: The optimal solution of problem (P¥) depends on the optimal solution of
t" level (t=k+1, k+2,..., p) and for given values of x,, ...., X,_; after the decisions
of level 1 to level k-1 are made. That means: xj (Xg 41, Xg420 - » Xpy X1, oo s Xje1)-

The objective at level £ f,(X) is defined over the decision space of all levels. Thus,
the level kplanner may have his objective function determined in part by variables
controlled at other levels. However; by controlling x; after decisions from levels
k+1 to p have been made, level k may influence the policies at k-1 and hence all

lower levels improve his own objective functions.

In order to make the above approaches is clear consider the three level programming

problems.
Three level linear programming problems

It is part of MLPPs having three level DMs such as: top level, middle level and lower level.
Let X = (xl,xz,x3)
max fi(X) = Cy1x; + Cioxz + Cizxs
1

where x;, x5 solve,

max f2(X) = Ca1xq + CpXz + (33
2

where x5 solves,

max f3(X) = C31%; + C32x3 + C33%3
3

Subject to:
S= {X = R3: A1x1 +A2x2 +A3X3 S b,X 2 0]
The nested optimization problem of three levels can be written as: [3]
( max fl(X) = C11x1 -+ Clzxz + C13x3
where x;, x3 solve
max f,(X) = Cayx; + Cz2Xz + C23X3
(P14 where x; solves
(PZ) max f3(X) = C31X1 + C3zx2 + C33X3
(P3)1s = (X € R®: Ayx, + Ayx, + Asx; < b, X > 0}

16



We show the basic concepts of the three-level linear programming problem as follows:
A three-level linear programming problem for obtaining the Stackelberg solution is

formulated as:

"}axfl(x) = C11x; + Cypx; + Cy3x3

where x;, x5 solve,

“l":‘xfz(x) = (1% + Copxy + Cp3x3

where x; solves,

max f3(X) = C312; + C32%; + C33x3
3

Subjectto S = {X € R*: A;x, + Ayx; + A3x3 < b, X = 0}

i.  The feasible set of the middle level for a fixed x,€X,
S(x;) = {(x3,x3): Agx; + A3xs < b — Ay xy; X1, X2 2 0}
ii.  The feasible set for lower level for fixed (x;, x;)eX, X X;
S(x;,x2) = {X3: A3x3 S b — Ayxy — AzX3; Xy, %, 2 0}
iii.  The rational reaction set for middle level for given x; € X,
S% = {(x2,x3)€X X X3: (x2, x3)€argmax{f,(x,, £, £3): (X2, £3)€S(x)
and %yeargmax{f,(x,, £, 23): 23€S(x1, £2)}}}
iv.  The rational reaction set for lower level for given (x, x;) € X; X X;
S3 = {xz€X;3: xzeargmax{f;(xy,, X;, £3): £3€S(xy, x2)}}
v.  Inducible region (IR)
IR = {(x1, X2, X3): (X1, X, X3)€S and (x,,x3)€S?}
vi.  Stackelberg solution

{(x1, %2, x3): (xl,xz,x;,)eargmax{f, (%1, X2, X3): (x4, %3, x3)€lR}

Note:
Determining optimal solution to above problem is equivalent to solving

I'llaXﬁ(X) = Cy1X; + Ciax; + Cy3X3
1

(x4, X3, x3)€IR

17



Chapter 3: Fuzzy programming approach to multilevel programming problems

3. Fuzzy linear programming

A crisp linear programming problem is a problem of maximizing or minimizing a crisp
objective function subject to crisp constraints (crisp-linear inequalities and/or equations).
However, in many practical situations, it may not be possible for the decision maker to
specify the objective and/or the constraint in crisp manner rather he/she may have put
them in “fuzzy sense”. In this case, the type of the problem he/she put the fuzziness. That
means there is no general or unique definition of fuzzy linear programming problems. The
fuzziness may appear in a liner programming problem in several way such as the inequality
may be fuzzy(P1-FLP), the objective function may be fuzzy(P2-FLP), or the parameters C,
A, b may be fuzzy (P3-FLP)and so on.

We consider the general model of a linear programming

Max CTx
subject to Aix < b, (i=12,..,m), (3.1)
x20

where A, is an n-vector, C is an n-column vector and x € R".

To a standard linear programming problem (3.1), taking into account the
imprecision, or fuzziness of a decision maker’s judgment, Zimmermann consider the
following linear programming problem with a fuzzy goal (objective function) and fuzzy

constraints.

CTx =% (3.1a)
Aix S b, (i=12,..,m) (3.1b)
x=20,

where the symbol < denotes a relaxed or fuzzy version of the ordinary inequality =. From
the decision maker’s preference, the fuzzy goal (3.1a) and the fuzzy constraints (3.1b)
mean that the objective function C"x should be essentially smaller than or equal to a
certain level z,, and that the values of the constraints Ax should be essentially smaller than
or equal to b, respectively. Assuming that the fuzzy goal and the fuzzy constraints are

equally important, he employed the following unified formulation.
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where B = [E_] and b’ =[]
1 l

3.1. Solution techniques of solving fuzzy linear programming problems

The solution techniques for LP problems follow the following procedure. First fuzzify the
objective functions by calculating the upper and the lower bounds of the optimal value.

This is done by solving the following crisp LPP.

(LP (b))
z, = Max C"x
subject to Aix < b, (i =1,2,...,m) (3.1.1)
x=20
And
(LP (b+p))
z, = MaxCTx
subject to Aix < by +py, (i = 1,2, ..., m) (3.1.2)
x20

where p; is the maximum tolerance of the ith constrainti.e. A;x € (b;, b; + py).

Assume that z, and z, are finite. We can now construct a continuous non decreasing

linear membership function pg for the objective function by using z, and z; as follows.

1 I if CTx >z,
=0T ;
pe(x) =4 1- i::f : ifzy SCTx S 25, (3.2.3)

0 ; if CTx <z
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The membership functions of the constraints are

ORTRE
A;x—b,v ;
#CE(X) =4 1= = \'.f b" L A,-x < bt' + Pi (3.2.4)
Z =24
0 :ifA,—x)b,-+pi

Now using the above membership function, ¢ (x) and pg(x) and following Bellman

and Zadech approach we have
up (%) = ™M (ug (x), e, (%)) (3.2.5)
Whereu,(.) is the membership function of the fuzzy decision set.
Then the optimal decision x* is the solution of
up(x*) = "Zomp (x)
Consequently, the problem (p1-FLP) becomes the following optimization problem.
max «a
subject to pe(x) £ a
pe,(x) < a,(i=12, f i) (3.2.6)
x=0
a € [0,1]

Substituting pc, (x) and g (x) in the above problem, the above problem is equivalent t
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max a
sit C'x22z,— (1-a)(z, - z) (3.2.7)
Ax < bi+(1-a)p,(i=1:m)
x20,a€(0,1]

Here solving the above linear programming problem gives us an optimuma" € [0,1]. Then

the solution of the problem (P1-FLP) is any x > 0 satisfying the problem constraint with

a=a .
3.2. Fuzzy Bi-level Linear Programming.
As shown in chapter 2, a two-level linear programming problem is formulated as:

"}?Xﬁ(xuxz) = (11X + Crax;,

where x, solves

“l?x fo(X) = Cayxy + C22xz
s.t  Axy +Ax; < b,

X1, X2 >0

Where x; i = 1,2; is an n; dimensional decision variable column vector, Gy, { = 1,2 is anny
dimensional constant column vector, Ci; i = 1,2. is an n; dimensional constant column
vector, b is an m-dimensional constant column vector and A;i=12; is an mXxn,

coefficient matrix.

We obtain optimal solution of each DM1 and DM2 calculated in isolation. If the
individual optimal solution x{,i = 1,2; are the same then a satisfactory solution of the
system has been attained. But this rarely happens due to conflicting objective functions of

two DMs. The decision-making process then begins at the first level. Thus, the first -level

21



DM provides his preferred ranges for f, and decision vector x, to the second level DM. This
information can be modeled by fuzzy set theory using membership functions [3].

To build membership functions, goals and tolerance should be determined first.
However, they could hardly be determined without meaningful supporting data. Using the
individual best solutions, we find the values of all the objective functions at each best

solution and construct a payoff matrix as[4]:

L) fo(x)
X fi(x]) fo(x))
x; L(x)) fo(xD)

=

The maximum value of each column (f;(x/)) gives upper tolerance limit or aspired
level of achievement for the i*" objective function where f* = fi(x{) = max,es fi(x]) ,i =
12

The minimum value of each column gives lower tolerance limit or lowest acceptable
level of achievement for the i*" objective function where f* = minfi(x{),t = 1,2.

For the maximization- type objective function, the upper tolerance limit f*, t = 1,2.are
kept constant at their respective optimal values calculated in isolation but the lower
tolerance limit f;* are changed. The idea being that fi(X) - f*, then the fuzzy objective
goals take the form f;(X) S f;(X}),t = 1,2. and the fuzzy goal for the control vector x; is
obtained as X; = X. Now, in the decision situation, it is assumed that the all DMs that are
up to i" a motivation to cooperate each other to make a balance of decision powers, and
they agree to give a possible relaxation of their individual optimal decision. The i*" level
DM must adjust his/her goal by assuming the lowest acceptable level of achievement fi
based on indefiniteness of the decentralized organization. Thus, all values of
fi(X) with f;(X) = Z}' are absolutely acceptable to objective function Z;(X) satisfactory to
the it" level DM. All values of f;(X) with fi(X) < f* are absolutely unacceptable to the
objective function f;(X) fori = 1,2. Based on this interval of tolerance, we can establish the

following linear membership functions for the defined fuzzy goals as fig 3.2.1.
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A
Hr.
1
0
f- i
1i A0 fE,
wr(R00) = { LB if fE < fi0 S fRi=12

0 ; RS

-+ filX)objective function

(3.2.2)

By identifying the membership functions g, (f; (X)) and u,(f,(X)) for the objective
functionsf; (X)) andf, (X)), the original two-level linear programming problem (3.2) can be

interpreted as the membership function maximization problem defined by:

mjc? e (f1 (X))

mi? 2 (f2(X))

(3.2.3)

s.t  Ayxy+A;x, <),

X, 20

Then the linear membership functions for decision vector x, can be formulated as:

%, — (7 —e1)
e
e, () = (2 + &) —x
+
€

0 ; otherwise

where x© isthe optimal solution of first level DM

e] the negative tolerance value on x;

el the negative tolerance value on x;

23
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(3.2.4)

Liifx0 < % < (x) +ef)



To derive an overall satisfactory solution to the membership function maximization
problem (3.2.3), we first find the maximizing decision of the fuzzy decision proposed by
Bellman and Zadeh (1970). Namely, the following problem is solved for obtaining a solution
which maximizes the smaller degree of satisfaction between those of the two decision
makers:

Max mi“{#x (fl(x))uuz(fz (X)), Iixl(xl)]
s.t  Ayxy +A;x; < b, (3.2.5)
X1, %X =20
By introducing an auxiliary variable A, this problem can be transformed into the following

equivalent problem:

max A4
st m(AX)) 22
tz(f2(X)) = A
iz Gp) "= A (3.2.6)

Aixy +Ax; < b,
X1,%2 20
If DM1 is satisfied with the optimal solutionx®, it follows that the optimal
solution x*, becomes a satisfactory solution; however, DM1 is not always satisfied with the
solution x*, it is quite natural to assume that DM1 specifies the minimal satisfactory level
§ € [0,1] for the membership function p, (f (X)) subjectively. Consequently, if DM1 is not

satisfied with the solution x* to problem (3.2.5), the following problem is formulated:

max  py(f,(X))

s.t (X)) 28
by () 2 8 (3.27)

Ayxy +Ax; < b,
Xy,X2 20
If an optimal solution to problem (3.2.7) exists, it follows that DM1 obtains a
satisfactory solution having a satisfactory degree larger than or equal to the minimal

satisfactory level specified by DM1's own self. However, the larger the minimal satisfactory
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level is assessed, the smaller DM2's satisfactory degree becomes. Consequently, a relative
difference between the satisfactory degrees of DM1 and DM2 becomes larger and it is
feared that overall satisfactory balance between both levels cannot be maintained.
To take into account the overall satisfactory balance between both levels, DM1 needs to
compromise with DM2 on DM1's own minimal satisfactory level. To do so, a ratio of
satisfactory degree between both DMs is defined as:

He H2 tfz (x‘))

1 (f1(x?)

which is defined by Lai [12], is useful

(3.2.8)

Let Akand AV denote the lower bound and the upper bound of A specified by DM1.
If A> AY, ice. py(f2(x*)) > AYuy (f,(x*)) then DM1 updates the minimal satisfactory level §
by increasing 8. Then DM1 obtains a larger satisfactory degree and DM2 accepts a smaller
satisfactory degree. Conversely, if A< A%, i.e. uy(f2(x*)) < Abuy(fi(x*)), then DM1 updates
the minimal satisfactory level § by decreasingd, and DM1 accepts a smaller satisfactory

degree and DM2 obtains a larger satisfactory degree.

ﬂz(h(xf))
Jil(fl[xf})

satisfactory degrees, a satisfactory degree of both levels and the ratio of satisfactory

At an iteration [ ,let pl(fl(x‘)),#z(fz(x‘)), A'and A= denote DM1's and DM2's

degrees between both DMs, respectively, and let a corresponding solution be x!. The

iterated interactive process terminates if the following two conditions are satisfied and

DM1 concludes the solution as a satisfactory solution.
Termination conditions of the interactive processes for two-level linear programming

problems.
i.  DM1's satisfactory degree is larger than or equal to the minimal satisfactory level

& specified by DM1, i.e.,,ul( fi(xh) < 8.
ii. The ratio A! of satisfactory degrees is in the closed interval, the lower and the upper

bounds of which are specified by DM1.



Condition (i) is DM1's required condition for solutions, and condition (ii) is provided in
order to keep overall satisfactory balance between both levels. Unless the conditions are
satisfied simultaneously, DM1 needs to update the minimal satisfactory level 6.
Procedure for updating the minimal satisfactory level &
1. If condition (i) is not satisfied, then DM1 decreases the minimal satisfactory level by
.
2. If the ratio Alexceeds its upper bound, then DM1 increases the minimal satisfactory
level §. Conversely, if the ratio A' is below its lower bound, then DM1 decreases the

minimal satisfactory level §.

3.2.1. Algorithm of interactive fuzzy programming
Step1: find the solution of the first level and second level independently with the same

feasible set given.
Step2: Do these solutions coincide?

. If yes, an optimal solution is reached.

. If No, go to step 3
Step3: construct a payoff matrix, and then find upper tolerance limit f! and lower
tolerance limit f£.
Step4: Build membership functions for maximization objective functions p (f;(X)) and
decision vector x, using equation (3.2.2) and (3.2.4) respectively.
Step5: [ = 1 solve the auxiliary problems (3.2.6). If DM1 is satisfied with the optimal
solution, the solution becomes a satisfactory solution x* . Otherwise, ask DM1 to specify the
minimal satisfactory level & together with the lower and the upper bounds [Amin, Amax ] Of
the ratio of satisfactory degrees A' with the satisfactory degree A" of both decision makers
and the related information about the solution in mind.
Step6: Solve problem (3.2.7), in which the satisfactory degree of DM2 is maximized under

the condition that the satisfactory degree of DM1 is larger than or equal to the minimal
satisfactory level 8, and then an optimal solution x' to problem (3.2.7) is proposed to DM1

together with 2", i, (fl(x‘)). ua(f2 (x))and A’
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Step7: If the solution x° satisfies the termination conditions and DM1 accepts it, then the

procedure stops, and the solution x'is determined to be a satisfactory solution.
Step8: Ask DM1 to revise the minimal satisfactory level § in accordance with the procedure

of updating minimal satisfactory level. Return to Step 7.

3.3. Fuzzy programming approach for multilevel linear problem

In this subsection, we extend fuzzy programming approach stated for two-level
linear programming problems to that of multilevel linear programming problems.

A multi-level linear programming problem is formally represented as:

P

"ah(X) = Z C1j%j

j=1

where X3, X3, ...., X4 Solve (3.3.1)

p
maTh (K) = )y

J=1

where x3, Xy, ..., X4 SOlve

p

mELE) =) Gty

j=L

LA

s.t Anxi + Ai2x2 + "-+A;pxp (—) bf ) {:=clom
>

prz; "'pr 2 0

where x; i = 1,2, ...,p. is an n; dimensional decision variable column vector,Cj; i =) =

12,...,p. is an n; dimensional constant column vector, b is an m-dimensional constant

column vector and A;, i = 1,2,..,p, is anm X n; coefficient matrix.
We obtain optimal solution of each DM calculated in isolation. If the individual

: i ion of the system
optimal solution x8; P = 1,2,...,p are the same then a satisfactory solutio y

y happens due to conflicting objective functions of two or
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more DMs. The decision-making process then begins at the first level. Thus, the first-level
DM provides his preferred ranges for f; and decision vector x, to the second level DM. This
information can be modeled by fuzzy set theory using membership functions [3]. The
membership functions that can be used to represent any objective function fp; P = 1,2, ...,p
may be linear, piecewise linear, exponential, logarithmic, hyperbolic, inverse hyperbolic,
quadratic, etc. The tolerance interval that may be assigned to any decision vector
xp; P = 1,2,...,p — 1 can be represented by linear membership function only.

Considering the top two levels (p = 2), the first-level DM must specify his/her
objective function within the stipulated bounds to the second-level DM in order to direct
supervise him to search for his/her solution in the correct direction. The upper bound
(fY ) and lower bound (f{) on objective function f; can be obtained from the (2x2)
payoff- matrix formed at x{ andx) where f < f; < f. We use linear membership
function to model this information. Diagrammatically we illustrate the membership
function of f,; p=1, as (see Fig. 3.3.1)

4

Hf

’ fE s

1
f
Fig 3.3.1 Representation of membership function of minimization objective function.

Where f8 is the minimum acceptable degree of satisfaction for objective function f; and

hence iy, (fi (X)) = B. Therefore, the linear membership function is
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LA 2 A

e 0) = {5528 if < ) < Y (332)
0L if )< £
1
§a
U * >
J-((l) —€1- 3-(? i? + €14
X1

Fig 3.3.2.Representation of triangular membership functions of decision vector.

The first level DM gives some tolerance to x{ so that the second level DM can search
for his optimal solution in wider feasible domain. Diagrammatically we can illustrate it as
(see Fig. 3.3.2), where a
is the minimum acceptable degree of satisfaction for x{ and hence My, (x1) 2 a. Thus, the
first-level DM formulates the following linear membership function for x;:

X1 — (xf —e7)
ey

. 0 - 0
;f.f X1 — € lesx1

o ey Tl (3.3.3)
My, (%1) = 4 (x¢ +;) M ifx0 < < (0 +ef)

1

0 ; otherwise

. . 0
Where x? is the optimal solution of first level DM, e; the negative tolerance value on xjand

e;’ the positive tolerance value on x{. This is a triangular fuzzy number [5]. e;and e/ are

. +
not necessarily the same values. x{ generally lies between (x{ —ey) and (x] + ;). But the

DM may desire to shift the range of x{ altogether which need not be aroundx?. The desired

range can be shifted to the right or left of x? depending on the discretion of the DM.
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Let y be the minimum acceptable degree of satisfaction of second level DM. So ur (X)) 2
y. The bounds f;’ and fF on objective function f2 are also found from the same payoff
matrix. To rate the satisfaction of his/her solution, the second-level DM also represents
his/her objective function f, by linear membershi p function as

1 ifRMX)2f,
ua O = 4B if f < () < g (334)

0 frX=<f

To resolve the conflict between the two DMs and to avoid rejection of satisfactory
solution by the first-level DM, the second-level DM must maximize @, 8,y simultaneously.
Let A=min { &, B,y }. Thus min {u., (f,(X)), uy, (£(X)), Hy, (x1)} =A. Thus the second-level
auxiliary problem is
Max 2

St Ai1x1+Ai2x2+---+Aipxp (E)bl, i=1m

wr, (i) < 4, up, (f2(0) € Ay, (xy) €4 (3.3.5)
X4 %32) 005 % 20
A €[0,1]

If the center is satisfied with this solution then the third level is also included. If not,
then the center modifies the tolerance values or may even change the membership
functions and the second-level DM solves a new auxiliary problem again. The process
continues until the satisfactory solution is attained for top two levels after which the third
level is included. Again both the higher level DMs pass their preferred values of their
decision variables and objective functions separately to the third-level DM. For p=3 and
above, we follow the procedure outlined in the following paragraphs.

For the minimization-type objective function, the lower boundsf; ,p=12,..,Pare
kept constant at their respective optimal values calculated in isolation but the upper
bounds £V are changed. The idea being that f,(x) - fL for minimizing the objective
functions. The values off;,” are found at the satisfactory solution obtained at the (p = 1)th

level. Let A denote the minimum of all the minimum acceptable levels of satisfaction. Then

for P objective functions, min {uh(fl(X)),u;z(fz(X)),---,pr(fp(x))} =A. Thus each
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membership function should individually be > A. The auxiliary problem is solved by the

P th-level DM. Thus the auxiliary problem for the Pth-level DM is

Max A

S.t ApXy + Appxy + -+ Apx, (E) by, I=1m

u (i) < A g, (f(0)) S Ay, (£ 00) < 20 (3.3.6)
M, (x1) S ALy, (x3) < A ...,,Llfp_,(xp_z) <Al
X1, X2, ey Xp 2 0
A€([01]

Solving problem (3.3.6), a satisfactory solution for P-levels is found. This
satisfactory solution is finalized on approval by all the higher level DMs, after which the
succeeding lower level is included into the system (i.e. P is incremented by 1) and the
process repeated. The process continues until the last level is included into the system.
Examplel solve (Linear BLPP)

ATeXf(X) = 5%, + 6x, + 4x3 + 2x,
where x3 x4 solves
Saxf, (X) = 8xy + 9x, + 2x3 + 4%,
3x; + 2x; + x3 + 3x4, < 40
3x; + 2%y + X3+ 2x4 < 30
2%, + 4x; + X3 + 2x4 < 35
X1,X2,X3,%4 20
Solution
Stepl: Fined the solution of the top-level and lower level independently with the same
feasible set. i.e.
Max f,(X) = 5x; + 6x, + 4x3 + 2X4
S.t3x; + 2x, + x3 + 3x, < 40
3%, + 2x5 + x5 + 2x4 < 30
2x1 + 4x, + x5 + 2x4 < 35

W
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X1,X9,%X3,X4 2 0
and
Max f>(X) = 8x; + 9x; + 2x3 + 4x,
s.t3x; + 2x; + x3 +3x4 < 40
3x; + 2x; + x3 + 2x4 < 30
2%, + 4x; + x5+ 2x4 <35
X1,X2,X3,X4 20
Then we find the optimal solution
fi =125 atx; = (5,0,25,0)
f, = 118.125 at x; = (11.25,3.125,0,0)

But this is not a satisfactory solution (since x] # x3)
Step2: construct the pay-off matrix and we need to find the upper and lower tolerance limit

A f(x2)
¥ 1425, 40
¢ 75 118125

Then f = 125,f = 118.125, f{* = 75and f} = 90
Step3. Build membership functions for maximization objective functions
1 if f1(X) 2125,

(X)) = f—;%)__—;; if75 < fi(X) <125,
0 if L(X) <75

1 if fL(X)=118.125,

) =90 e90 < f00) 11925,

b (2(¥)) =\ 175125 = 90
0 if f,(X)<90

2.5 (negative) and 2.5 (positive)

Let the upper level DM specify x; to be around 5 with
d 3 (positive) tolerance.

tolerance and x,to be around 0 with 0 (negative) an
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X —=(5-25)

2.5
Mey (1) =1 (54 2.5)—x,
25 UBE x4 <7S

0  otherwise
X2 if X; <3
3 = xz X
"f 0< X; € 3

0 otherwise

if 25<x, <5

Hx, (x3) =

Step4: solve the auxiliary problems
Max A
S.t g, (fl (x)) <A
(i) < 2
#x,(l'l) <1
My, (x2) <2
3x; + 2%, + x5+ 3x, < 40
3x; + 2x; + x3 + 2x, < 30
2xy + 4x; + x3 + 2x4 < 35

X1, X2, X3, X4 = O,A E [0,1]

The result of the first iteration including an optimal solution to problem is

X1=6.41, x,=1.95, x3=10.52, x,=1.42 and A=0.316

Suppose that DM1 is not satisfied with the solution obtained in Iteration 1, and then he

specifies the minimal satisfactory level at § = 0.4 and the bounds of the ratio at the interval

[Amin, Binax] = [0.3, 0.4], taking account of the result of the first iteration. Then, the

problem with the minimal satisfactory level is written as
Max g, (f,(%))
s.tug(fi(x)) <04
X€S

Appling simplex algorithm, solution is x=6.71, x,=2.05,x3=10.52, x,=1.42 and

A=0.316.Therefore, this solution satisfies the termination conditions, and it becomes a

satisfactory solution for both decision makers if DM1 accepts the solution.
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Example2. Solve

Max

(X)) =2 +x, 4 2x;5 + x,
where x,, x3 x, solves

M?r': 2(X) = =x; + 3x, - 2x3 — 4x,

where x3 x, solves

MEf(X) ==X; =X +3x3 — x4 (1)

where x, solves

Mg::f;(x) Si=mXq = Xo —Xg T 3x.;

3x; + 3x; <30
2x; + x, < 20
x; <10
Xy + 2x; + 2x3 + x4 < 40
X1,X2,X3,X4 2 0
Solution
STEP1. Find the solution from top to bottom-levels independently with same feasible set
given.
fi=35 at x?=(10,0,10,5)
f. =30 at x3 = (0,10,0,0)
f3=30 at  x§=1(0,0,10,0),
fa=30 at xJ = (0,0,0,10)

STEP2. Define the fuzzy goal, construct payoff matrix and find upper and lower tolerance

limit,

e Objective function as f; = 35, f; = 30, f; 2 30, fs = 30

e decision variableas x; = 5,
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35 -5 15 -5
10°" 30 =10  -10
20 -10 30 -10
10 -10 -10 30

payoff matrix =

Upper tolerance limitare: £’ = 35, £V =30, £V = 3¢ f =30
Lower tolerance limitare: fi* = 10, fF = =10, ft = =10 ft = 10

It may be noted here that  ff=-10 ff=-10, ff=-10 which are quite
unacceptable to the second level DMs since negative objective values are not preferred in

the decision making situation. Hence ff =0 fF=0, £t =0 are taken into account.
STEP3. Built membership function for:

* Objective function as

1 if fi(x) 2 35,

(i) = {81 irn0 < pn <3,

0 if fi(x) €10

1 if f(X) =30,
mr(fe () = f‘B(g) if 0 < fi(x) <30, fort =234

0 if i(x)<0

* Decision variable function as:
The top-level DM formulates the linear membership function for decision

variable x, based on the tolerance limit of x, which decide by top-level. For

instance, the first level DM decides x; =5 with -0.5 (negative) and 0.5

(positive) tolerance values [8].
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xl = 45

-0.5
Hx,(X1) ={55—x,
05 f5<x <55

0 otherwise

if45<x, <5

Step4: First solve the auxiliary problems for p=2
Max 2
.t (fi(0)) <2
uy, (f(0) < 2.
My, (X)) < A
3x; +3x, <30
2%, + X, < 20
X, <10
Xy + 2%; + 2x3 + x4 < 40
X1,%X2,X3,%X4 20
that is
Max 2

prafile) 200

A
25
f2(x)
>
30 &r 4
55—-x
>
g5
3x, + 3x; <30
2%, + X, <20
‘. <10

x1+2x2+2x3+x4.<_40

X1 ,X2,%X3, X4 20
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The result of the first iteration including an optimal solution to problem (2)is

A=071; xj = 0.45,x; = 7.95,x} = 7.445,x} = 7.5, f = 3076, f} = 7.665;
uy, () = 0.8, up,(f2(x)) = 0.25 and A'=0.0321.

Suppose that DM1 is not satisfied with the solution obtained in Iteration 1, and then he
specifies the minimal satisfactory level at § = 0.8 and the bounds of the ratio at the interval

[Amins Bmax] = [0.8, 0.9], taking account of the result of the first iteration. Then, the
problem with the minimal satisfactory level is written as
Max  up,(f(x))
s-tug, (i(x)) <08 (3)
55 A xl
0.5
XES

=1

The result of the second iteration including an optimal solution to problem (3) is
A=0.079;x{ = 0.0,x3 = 7.857,x% = 7.445, x? = 9.286 :
ff =32.143, f? = 8.571;
ur, (f1(x)) = 0.886, up,(f,(x)) = 0.486 and A2=1.861344.
At the second iteration, the satisfactory degree uy, (f;(x)) = 0.886 of DM1 becomes less
than or equal to the minimal satisfactory level § = 0.800, but the ratio A = 1.861344 of
satisfactory degrees is not in the valid interval [0.8,0.9] of the ratio. Therefore, this solution
does not satisfy the second condition of termination of the interactive process. Suppose
that DM1 updates the minimal satisfactory level at § = 0.9.
Max s, (fo(x))
s.tup,(fi(x) <09 (4)
X.ES
Then, the problem with the revised minimal satisfactory level (4) is solved, and the result
of the third iteration is

2=0.079;x} = 0.0,x3 = 7.857,x3 = 7.445,x3 = 9.286; f;’ = 32.143,f; = 8514;
U (fi(0)) = 0.8, py, (£, (x)) = 0.286 and A2=1.861344.
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At the third iteration, the satisfactory degree u fi (f: (x)) = 0.800 of DM1 becomes equal to
the minimal satisfactory level 6= 0.85, and the ratio A = 0.8492 of satisfactory degrees is in
the valid interval [0.8, 0.9] of the ratio. Therefore, this solution satisfies the termination
conditions of the interactive process, and it becomes a satisfactory solution for both
decision makers if DM1 accepts the solution,

Next solve the auxiliary problems for p=3

Let the first-level DM decide x,=0 with 0 (negative) and 2 (positive) tolerances, x,=7.857

with 6 (negative) and 8 (positive) tolerances.

Max 2

s.tup,(fi(x)) <2
ur(fix) 2,6 =23 (5)
e, (X1) <4
My, (X2) < A

XES

The result of the last iteration including an optimal solution to problem (5) is

A =1.083,x, = 0.857,x, = 1.857,x; = 0,x, = 0.714

fl = 13af2 = 471,f3 = 4.28

13—5 471-1 4.28 -2
B S 071Liy =—7—*< 0.928,uf, = —

=0.762

Now, solve the auxiliary problems for p=4
Let the first-level DM decide x,=0.857 with 0 (negative) and 1 (positive) tolerances,

X;=1.857 with 1.00 (negative) and 2.02 (positive) tolerances and x;=0 with 0 (negative)

and 1.02 (positive) tolerances.
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Max 2

s-tun(filx)) <2

#,r,(f:(x)) SA,t=2.34 (6)
My, (%;) < 2
My, (x3) < 2
My, (x3) < A

X €5

The result of the first iteration including an optimal solution to problem (6) is

1=093; x} = 0.,x3 = 7.875,x3 =9.286,x3 = 5714 ;

fl = 32.143,f} = 8,571, f} = 14.284, ! = 0;

u, (fi(x) = 071, up(f,(x) =093 , up(f,(x)) =076, uy(f2(x)) =074  and Al=
1.3098,A}= 1.0271,A}= 0.9737.

Suppose that DM3 is not satisfied with the solution obtained in Iteration 1, and then he
specifies the minimal satisfactory level at § = 0.7 and the bounds of the ratio at the interval
[Ain: Dnax] = [0.7, 0.8], taking account of the result of the first iteration. Then, the

problem with the minimal satisfactory level is written as

max pp,(f(x))
5.ty (fi(0) <6
ui(fi(x)) s 6,6 =34 (7)
ey (1) < A
Hy, (x2) S A
Uy (x3) S A
XES
The result of the second iteration including an optimal solution to problem (7) is
4=0.7; x} =1.07,x} = 7.5,x} =7.5,x} = 7.5;
fil =31.07, £} = 6.43, f} = 6.43, f}} = 6.430;
U (1)) = 0.61, pg, (f,(x)) = 0.08, pp,(f(0) = 0.01, #y, (f(x)) = 0.7
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and Al= 0.135,43= 0.125,A3= 0.7.
At the third iteration, the satisfactory degree u7, (f,(x)) = 0.700 of DM4 becomes equal to
the minimal satisfactory level 6= 0.7, and the ratio A = 0.7 of satisfactory degrees is in the
valid interval [0.7, 0.8] of the ratio. Therefore, this solution satisfies the termination
conditions of the interactive process, and it becomes a satisfactory solution for both

decision makers if DM4 accepts the solution.
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Conclusion

The FMP approach is simple to implement, interactive and applicable to MLPP. The satisfactory
solution obtained is realistic. A satisfactory solution obtained at P=2 does not guarantee the same
for P=3. We can take any membership function other than linear. The results will hold good,
however, the problem will become a nonlinear programming problem. We observe that even
though the decision-making process is from higher to lower level, the last level becomes most
important. This is because the decision vector under the control of the lowest level DM is not given
any tolerance limits. Hence this decision vector either remains unchanged or closest to its value
obtained in isolation. But at higher level, the decision vectors are given some tolerance and hence
they are free to move within the tolerance limits. The tolerance levels can also be considered as
variables and if the DMs cooperate then the entire system as a whole can be optimized. We can

easily apply the same approach to nonlinear MLPPs.
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