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PREFACE

It is a reality that nature is full of constraints. This seminar describes various
methods of function minimization with constraints on the variables. This we can do by
following or developing certain algorithms.

Algorithms are inventions which very often appear to have little or nothing in
common with one another. As a result it was held for a long time that a coherent theory
of algorithms could not be constructed . The last few years have shown that this belief
was incorrect and that most convergent algorithms share certain basic properties and
hence that a unified approach to algorithms is impossible.

This paper presents a few number of optimizations which deals with algorithm
convergence and implementation. The algorithms set forth below are iterative in
character. This means we can construct finite or an infinite sequence of points x;, k =0, 1
- - - which is said to converge to the solving of minimization problem.

The sequence of points are related by the equation x , | = X, + aypy, where py is
the direction vector and oy is a step along the direction p,. There fore the description of
any of the algorithm given below consists in estabileshing the method of choosing the
vector pk and the length of the step oy. It should be noted that the method of choosing the
vector p, determines the general rate of convergence of the process and the method of
choosing oy has an important influence on the amount of calculations at each iteration.

This seminar is a compilation of two seminars I have delivered for a qualification
for M.Sc in mathematics. It is divided in to five chapters.

Chapter I . Preliminaries: A review of definitions of related terms and concepts.
Chapter I1. Develops methods of solving problems of quadratic programming which is
a subsidiary problems in many algorithms.

Chapter III, IV and V . Describes the algorithms (and their convergence) for solving

problems of convex and non-convex programming.
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CHAPTER ONE

PRELIMINARIES (REVIEW)

1.1. Convex Sets and Functions

Definitions 1. A set K = R"is said to be convex if and only if Ax + (1- L)y € K for
each x,y ek and A €[0,1] .
2. A function f:R" —, R u{ =} not identically «is said to be convex if and only if for

eachx,y € R" and Ae [ o,1] there holds f(A x+ (1 -A)y) < f(x)+(1-2) f(y).
3. An (n,n) matrix is said to be positive definite if and only if <Ax, x> > 0 Vx € R"

Corollary 1. The quadratic function f (x) =2 < Ax, x> + <b, x>+ c is convex iff the
matrix A is positive definite.

1.2. Necessary and Sufficient Condition for a Minim.m

The problem of quadratic programming is formulated as:

fi(x)="%2<Ax, x>+ <b,x> — minX€s

S ={x:<a,x>-b<0,iey,<a,x>-b=0ey" wherexe E", a; eE", iey Uy’
beE", b, are constants, A is an n x n symmetric and positive definite matrix and y° and y°
are finite set of indices.

Theorem 1. x* is a minimum point of f(x) or a solution of (1) iff there are numbers U'*,
1€ yo g :
Ax*+b+Y u*a=0if<a,x*>-b;<0iey Uy’ iey ,u*0,iey
iey Uy’

1.3. Conjugate Gradient Method

Definition: A finite set of vectors p;, p»..., p, are said to be conjugate with respect to H
iffp H%=0, Yi#jij=1,---1

Theorem 2. Let f(x) ,x €E"be a quadratic form with positive definite matrix H as its

hessian , and let P,,P, , - - -, P, be a set of non zero vectors conjugate with sespect to H.
Then starting from any point X, and with successive steps in the direction P,P, - - -, P,
each appropriate length given by the algorithm x ;| =X, + AP A = kafl K

px HPy

o o . L . . *
the minimum point x is reached in atmost n steps, thatis x,, ;=X ,r<n
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The conjugate gradient algorithm is as follows:

Choose x; ; Py =-f'(x;)=: {'
X+ 1= X T OyPy

i At | ] 2
1 =-Fes 1+ 1% 7px
s )
£y
Og+1 = - <f'ys1, P>
<APK+ 1Pk +1°

1. 4. Taylor's Formula
Taylor's exansion of second order: Let f(x) be a twice continuously differentiable

function and let x = x,+ ap. Then the expansion of the function in Taylor's series about x;
gives:

f(x) = f(x) + o <f' (%), P>+’ <f" (%) P, P>
2
Where x,.= X, +0 (x-x,) and 0g [ 0,1 ]

1.5. Pates of Convergence

Definitions 1) We say that a sequence (x;) converges to a point x* at a linear rate orat a
rate of geometric progression (with ratio q) if from a certain k the inequality ||| Xg 41 - X*
< allx- x* || where 0< g <1

2) If the inequality || X, 4 - x*|| < qi [|x - x*| is satisfed where q, — 0 as k — «, then
we say that rate of convergence of the sequence (xy) is super linear, or faster than the rate
of convergence of any geometric progression.

3) If q < C ||x¢ - x*|| = 0, then || x.;- x*|| < C||x - x*||* This estimate is characterstic
of quadratic rate of convergence.

1.6. Characterizing Theorem of Convex Optimization

Theorem 3. Let f(x) be a continuously differentiable convex function in a convex set K.
Then x* € K is a minimum point of f(x) in K iff the inequality < f"' (x*), x-x*> 2 0, xe K
is satisfied.

1.7. Weierstrass Theorem

Theormem 4 In a compact set, a continuous function attains its minimum

1.8. Sub gradient Inequality




Lemma 1 . Let f(x) be a continuously differentiable function whose continuous
gradient is f'(x).Then f(x) is convex iff f(x;) - f(x,) = < f'(x,), X,-X; > for all X, X, €E"
1.9. Strongh Convex Function
Definition: A function f(x) is said to be strongly convex iff for any x,, x, €E",

f(x; + %) < V2 [ f(x)) + (%) ] - 7| %2-x ||2 where y > 0 is an arbitrary small constant.
-

Lemma 2 . If f{(X) is a twice continuously differentiable function, then the condition of
strong convexiry is equivalent to the condition m|p[|* < <f(x)p.p><M |P|* m >0
for any x and PeE™

1.10. Lagranges Formula for Operators

If F(x) is a non linear differentiable operator then for x, yeE" the following formula is

valid:

<F(x+ h)-F(x),y >+<F (x+6h)hy>,0< 021



CHAPTER TW0

CONSTRAINED QUADRATIC PROGRAMMING PROBLEM
2.1 INTRODUCTION

Some times the problem of variables with in a region are not entirely free, but
must satisfy certain bounds or functional relation ships. This auxilairy conditions are
known as constraints.

Usually constraints represent either system limitations or the physical and economic laws
that the variables must satisfy.

This chapter is aimed at finding a solution to a non linear (Quadratic programming
problem) with constraints on the variables as linear inequalities and equations.

The different methods of finding a solution to optimization problems such as the
steepest decent, Newtons, dual directions and conjugate gradients are all applied to
optimization problems with out constraints. In order to apply these methods we must
reduce the given quadratic programming problem with constraints to a quadratic
programming problem with out constraints.

To do so we first consider a quadratic programming problem with constraints
satisfied as equalities and reduce it to a quadratic programming problem with out
constraints and then apply one of the methods to find a solution of a quadratic
programming problem with out constraints. Now since these equality constraints
determine a certain face of a polyhedral set defined by linear inequalities we find the
minimum point of f(x) on this face by the method of conjugate gradient (we have
choosen here this method because it has much faster convergence and is convenient
computationally).

If the point obtained is the minimum point of f(x), then we are done. If not, we
again apply the method on the other face and the process is repeated.

The process will converge in a finite number of steps since by the method of
conjugate gradient the minimum point is obtained in a finite number of steps and the

number of faces of a polyhedral face is limited.



2.2. Problem of Quadratic Programming

A quadratic programming problem is a non linear programming problem with a
quadratic objective function and linear constraints.
Thus the problem of quadratic programming is the minimization of a quadratic function
f(x)="<x,Cx>+<d,x>--- (2.1)
with the following constraints
<a,x>-b;< 0 iey
caixeRiB=0 - -iduti--(2.2)
where xeE" a, €E",ie y Uy’ d eE", b; are numbers C is an nxn symmetric, positive
definite matrix and y™ and y* are finite set of indices.
2.2. 1. Operators of Projection
Definition A linear mapping P : X— X, X a vector space is said to be a projection in x
iff p>="P.
Let y =y’ Uy and Y be a subset of the set of indices Y. We form a matrix Ay whose
rows are a; , i€Y, so that the matrix is mxn dimensional where m is the number of
elements in set Y .
Lemma 1 . If the vectors a; , 1 € Y are linearly independent then the matrix Ay A'y is
non sigular.
Proof: Lety € E" be non zero and AyAy y= 0
Theny' AvA'yy= (ATyy)"Alyy= <Ay, ATy > = A "yI? = 0
This implies Ay'y=0or Yay=0
iey
But this is impossible as the vectors a; are linearly independent and y is non zero vector
Thus the matrix AYAYT can be made zero only by a zero vector.
There fore AYAYT is non singular / /
Define an operator p by P:=Ay' (AyAy')' Ay --- (2.3)
Then P has the following properties
i) P isa projection, ie p2 =P---(24)
Proof: P’ =PP=Ay' (Ay Ay')" Ay Ay'(AvAy)" Ay



= Ay Ay AV AV AYT (Ay AV Ay
= Ay (AYAY)'Ay = P
i1) P is a symmetric matrix. ie P! = p---(2.5)
Proof, P' = (Ay (AvyAy)' Ay)'
= AY'[ (AyAy)' Ay
= Ay (AyAY)D (Ay)' T (AY)'
= Ay (Ay AYT)-I Ay
= wilP
i) S (TP =0 <=~ {216)
Proof: P(I-P)=PI-PP =P-P (= 0

iv)  Pxand (I- P) x are orthogonal resolution of vector Xx.
Proof: For any vector xeE" , we have x=Px+ (1-P)x
and <Px, (I-P)x>= <x,P' (I-P)x>.
= <x, PI-P)x> (Byii)
=<x0> ( By iii)
=0
Hence Px and ( I - P) x are orthogonal resolutions of a vector x.
V)  Pxlies in the subspace spanned by the vectors a; , iey
Proof : Px = Ay' (AyAy) ' Ayx = Ay' U where U= (AyAy))" Ay"
= Ya U i

ey
This means Px is a linear combination of the vectors a; .

Hence Px lies in the subspace spanned by the vectors a; , i€y.
Vi) A(I-P)=0---(2.7)
Prool: A{T-F) = Ay-AvP = Au~Acl Ay [ Ay Ayv) " Ay)
= Av-(AvAy) (Ay Ay)" Ay (BUt AVAY) (AvAY)! = 1)
= Ay -1Ay
= Ay - Ay =0

There for for any xeE" 'the vector y = (I - P)x satisfies the system of equations Ay y =0



2.2.2. Minimization of Quadratic Function in a Subspace

The basis of numerical method of solving a quadratic programming problem ( 2. 1) and
(2.2) is the method of conjugate gradients. The main idea of the application of this
method is as follows:

Let x, be a point which satisfies ( 2. 2). We pick out among the constraints which
are satisfied as equalities. These constraints determine a certain face of a polyhedral set
defined by linear inequalities ( 2. 2). We find the minimum of f(x) on this face using the
method of conjugate gradients. The point obtained is a solution of our problem or
indicates a transition to a new face and then the procedure is repeated. Since the method
of conjugate gradients minimizes function f(x) after a finite number of steps, and the
number of faces of a polyhedral set is limited an algorithm of this kind converges after a
finite number steps.

Suppose now that we have to minimize a quadratic function f(x) = "2 <x,Cx> + < d, x>
with constraints <a; , x> -b;=01ey--- (2. 8)
Assume the vectors a;, iey are linearly independent and xo satisfies ( 2. 8 )
Then Ayx, - by = 0 Where by is a vector whose components are b .
We now introduce a new variable y defined as follows:x=x,+ (I-P)y--- (2.9)
and consider the quadratic function ¢(y) =f(xo+ (I -P)y)
Thene ¢' (y) =f'(xot+(I-P)y) (I-P) = (I-P)f'(x)--- (2.10)
Lemma 2 Ify is a point of absolute minimum of ¢'(y) then the corresponding poi
X=Xyt (I1-P)y is the minimum point of f(x) with constraints( 2. 8).
Proof: Since Y is the minimum point of ¢(y) we have ¢( y )=0
=(I1-P){'(x)=0
= f'(x)-Pf'(x)=0
= Fx)- Al Ay ANV Ay F (x)=0
LettingU: = - (Ay A’y Ay f'(x) we have f' (x) + A'y U=0---(2.11)
More over AY; = Ay (Xt (1-P)y) = Ayx,+Ay (I-P)y = 0by (2.7)
= Ay Xy
= by
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= X satisfies ( 2. 8).
Hence x is a feasible point and at this point condition ( 2.11) is satisfied which is the
necessary and sufficient condition for x to be the minimum point of f(x) with condition
(28 )11

This shows that the problem under consideration can be reduced to the
minimization of a quadratic function ¢(y) with out constraints.

Now we apply the method of conjugate gradients for the minimization of a
quadratic function y(y) with out constraints.
Start with y, =0, p; = ¢'y

Yk+1 = Ykt og+1 Pe+y

Pk =- 0%t oI’ ZPK

Pk

Xk+1= <@y P>
<Pg4+1,I-P)C(I-P)Pg, >

Where (I - P) C(I-P) is a matrix which determine the quadratic term of the function ¢(y).
These formulas determine the process involving the additional variable y . But we can go
back to the original variable x. To this end we first show that( I - P) Py = Pk for all k
This we can do by induction on k
Ifk=1,then(I-P)P,=-(-P)¢'(o) =-(1-P)I-P)f'(x,)
S E-P)1(x)
= - (¢'(0))
= Py
We assume it is true for k and prove that it is true for k + 1.
(I-P) Py =-(I-P) @'(y) +]o'(vi) |* (1-P) Py

"‘P' (Y k-1) "2

= (1-P)(1-P) ' (x) + o' 3 |I?
o' (yk.1) RS
= -(-P) )+ o) [
|| oY (1) ||
= 0 (v) + [9'(vy) ”2 Py
o' (i) |I°
= Pk

Hence by induction principle we have (I - P)p,= py for all k.

Then Xy, = X, +(I-P)yi+,

11



=Xt (1 -P) yx - I-p)yx + (I - P) Yx+1
=X+t T-p) (Y k+17¥1)

Xg T 041 P+ 1(1-p)

= X T Ok 41 Pi 1

Pr1 = A-P)F'(x)+ [ A-P)£'(x) |
[ (@-P)f'(xpp) |7
and oy, | =< {I-P)1'(x), Px+1 >
< =PJPcs L, - P+ 1 =
= (1=P)<f (%), Pra1>
(1-F) <Ppxs+1, Cpg+1 =
e i LA TS
< Pk+1 CPrs >

Then we proved the following theorem
Theorem 1. The problem of minimization of a quadratic function f(x) with constraints
( 2. 2) given the initial point x, which satisfies ( 2.2), is solved after a finite number of
steps by the following process:

pi = (I-P)f'(x)

X+ 1= Xk T Ol g Pics

pk+1=-(-P)f'(xk)+ [ A-P) f'x) |° Py

| A-P)E'Ge) |

Opsy = = <T'(X%)spk+1 = k=0,1,-<~

<Pk+1> Clhis1 >
2.2. 3. Algorithim of General Problem of Quadratic Programming

Consider the general quadratic programming problem ( 2.1) and (2.2.).
For each point x satisfying ( 2.2), set Y(x)={i:<a;,x>-b;=0,iey U yo}
Assume again that the vectors a; , i € y(x) are linearly independent. Let X, be an arbitrary
point satisfying ( 2.2) and is the first approximation.
Take a set of indices Y, = Y(x,) and construct the operator Py,:

PYo: = AYTO(AYn Av'ro)-l Ay
Ifweput Ug:=-(AygAy o) Ayo £'(X,), then (I - Pyo) f(%0) = £'(Xo) - Pyo f'(Xo)

= f'(xp)+ A’y Uy

Now there are two possible cases

Case 1. (1-Pyo)f'(xg)=0

12



= f'(x0)+A'yyUy=0 ---(2.12)

= X is the minimum point of f(x) on the face defined by the system of equations
<a;,x>-b;=0,1 eyo ( by theorm 1.3.1).
If 1) UOi >0 Ve yony'
Then x, is a solution of ( 2.1) and 2.2) by theorem 1.3.1

ii) There is an index j € y“ny' such that Uy < 0

In this case we construct a new set of indices Y', by delting index j and apply the method
of conjugate gradients to solving the problem of minimization of f(x) with constraints
<ai,x>-b;=0, i€ Yy--- (2.13)
How ever in applying this method, the process must not go beyond the limits of ( 2. 2).
There fore a every step of the algorith the following check should be made compute the
quantity

T =min by -<a;.x, >---(2.14)

<, Py 7

where the minimum is taken over all i for which < a;, p  + ; > 0, X, - point just
constructed by the algorithm and py , | is the conjugate direction. Let now o , | be the
corresponding step length in the method of conjugate gradients.

Then there are to cases

casei. Oy < Ok
O+ < Ty =min bj-<a, x> < b;-<a, x, >
S8, Pk+1 > Ay P+ 1
= O+ < 8,Pk+1 > Sb-< a;, x> (since <a;, py+1 > >0)
= <@,0+1 Pk+1 > T<ap, X >-b; £ 0

= <a, Xt Oy P+ > -by <0
= X+ = Xkt oy i+ satisfies condition ( 2.2) and the process goes on.

caseii. o | = Ty
In this case X 4 | = Xk + o, | pxs satisfies condition(2.2) . This is because

<a;, XK+ 04y 1 Prs1 > bj=<ag, X> tminb;- <ag, x> Pyl

is Pk+1 =

Sai,xk>+£bi-<ai,xk> pk+]>-bi
= <a;, X > -b;+ bi-<a, x> <a,py+1 >
<ili. l)k*l>

13



= <a;, X -b;+b;-a;, x>
=0

And the process stops in this case.

Thus either we find the minimum point of f(x) under conditions ( 2. 13) or will be
truncated which oy , | 2 @, ;. In both cases we take the point obtained to be the initial
point and proceed using the new point as we did with intial one , X, .

Case2. (I-pyg)f'(x0)#0

In this case we apply the method of conjugate gradients to solving the problem of
minimization of f(x) with constraints <a;, x>-b;=0 i€ y,---(2.15)

Starting with point x, and checking at every step whether the points obtained are
feasible or not, ie we calculate oy, by formula ( 2.14) and apply the method of conjugate
gradients until either we find the minimum point of f(x) with constraints ( 2.15) or the
condition ( 2. 15) or the condition Xy 4} = X, + 04 + | Pk + 1 1S obtained. In both cases we
take the point obtained as the initial one and repeat at it the operations performed with x,.

Convergen he meth

Since new points are obtained by the method of conjugate gradients and in this
case the function decreases at cach step it suffice to check only that oy , ; > 0 always. ie
constraint ( 2. 2) permit to take a non zero step in the direction choosen Py, |

This is becauseo;,.; >0 = min b;-<a;, x> >0
& Pk+1
= bi'< ai,xk>>0
= bi-<ai~ Xk>>0(5ince<ai,pk+l><0)

= <a;,x,>-b;<0

More over in case(1) point X, is not the minimum point of f(x) with constraints ( 2. 13)
for if it were so the method of conjugate gradients would not have moved the process
from point x,,.
Lemma 3. Vector p; = - (I - Py) f'(X,) is the solution of minimizing the function

o(p) = <f'(x,).p> +'h |P|* with constraints

Ayop =0 - - - (2. 16) and the minimum value is - % || (I - Py,) f'(x0) ||?
Proof: Since by ( 2. 7) Ay(I - P) =0, we have AyoP; = - Ayy(I - Pyo)f'(x,) =0

14



= p; satisfies ( 2. 16)
More over ¢'(p) = f'(x,) +p
= ¢'(p) = p1 +1'(X)
== (I -Pyo) £'(x,) £'(%,)
= - '(x) + pyo £'(Xo) + 1'(%,)
Pyof '(X,)
Avo f'(X,)
== A Uy
where U g = - (Ayo A'yvo ) ™ Ayo £'(X,)
—- ¢'(py) + ATY() Ug=0

Il

Hence P, is the minimum point of ¢(p) with constraint ( 2.16)
To find the minimum value of ¢(p) we formulate a problem which is the dual of the
problem of minimizing ¢(p) with constraint( 2.16).
This is equivalent to finding the minimum of the function ¢(p) + U
Differentiating with respect to p and equating the derivative to zero we have

o)+ ATy U= 0 2 P+f'(x,)+A'y U= 0

=p=-f'(x,)+A'yvU

Substituting this expression for p we have ¢(p) +U Ay, p = < f '(%,, p>+ ' ||p||2 +
UTAY()p
= < £, F(x)AYO U > < £1(%0) + AgUF105) + Alyy U (£1(050)-ATyg U Alyg U

= )P - < (x)ATv0 U > % [[£1(x) |I° + < £'(xo), A'yo U>

£ 1 <ATy, U, ATyU> - < f'(x;), Ay, U> - <A™y, U, ATy, U>

= (%) 13- < F'(xo) ATy U >-h <Ay, U, Ay, U>

= - |f'(x) + Ay, U |2
Thus the dual problem consists in finding over all possible vectors U the maximum of the
function

o* (U) =% || f'(x0) + Ay U ||
Now differentiating ¢*( U) and equating the derivative to zero we have ¢*' (U) = 0

= (-h<f'(x) Al U, f'(x) + Alyo U>)' =0
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=-(f'(%)+A'ygU) ATy =0 = f'(x,) + A"y, U=0

But f'(x,) + Ay o U0 =f'(x,) + A"y, (- (Aye A""Y(,)—‘ Ay, £'(x,)
=f'(x)+-A"y, ATy,! Ay, Ayo £'(x)
= f'(x,)-f'(x,)=0
= Uy=-(Ay, /\'[Y‘,)'I Ay, 1'(x,) 1s the solution of the dual problem. That means U,
maximizes @*(U) .
Since Uy, i € Y, are components of Uy, vector U ; is a vector of lagrange multipliers in
the problem of minimization of ¢(p) with constraints ( 2. 16) .
Then we obtain the value of the minimum of ¢(p) with constraints ( 2. 16) to be equal to
the maximum of ¢*( U) over U is - 2 || £'(x,) + Al 1y ||2 or “2||(I-pY,) £'(Xg) ||2
Lemma 4 . Let Ay', be the matrix formed from Ay, by deleting the row with index i for
which Ui(, < (0 and more over let (I - py,) f'(x9)=0.
Then i) Py =-(I-p'y, ) f'(x,)# 0
i) <a,p;><0
Proof i) We can express the vector p; as p; = -(f'(x,) + ATY(, V)
where V=-(Ay', A'yy, )" Ay, £'(x,)
Assume p—[ = 0 Then f'(x0) + Ay', V=0---(%)
But by assumption we have (1 - pY) f'(x,) =0 Which implies f'(x,) + AYTO Uy
=) i ()
Subtracting ( *) from ( **) we obtain A'Ivyo Uy- ATYO V=U Oi at Y ( U(,i & )a;=0
But this is a contradiction to Ui(, # 0 ( since U'o < 0) and the vectorls ia? , 1€y, are linearly
independent.
Hence P, =- (f'(x,) + ATY(, V)& D,
ii) To prove the second part of the lemma ( **) can be written in component form as
fi(x) + T Uy a+ (U) (-a)=---(2.17)
Ci#] ‘

Since U', <0, we have - U', > 0 Now consider the problem of minimizing
o(p) + <p. £'(x,) > + ' || p||” with constraints <a,p> = 0,ieY,,
-<a P >< 0---(2.18)
Since ¢'(p) = f'(x,) + p, we have ¢'(0) = f'(x,)
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There fore(2. 17) is the necessary and sufficient condition for the point p = 0 to be the
solution of the problem of minimization of ¢(p) with constraints ( 2. 18).
On the other hand by lemma 2 p; is the solution of the problem of minimization of ¢(p)
with constraints Ay, p = 0 or in component form < a;, p; > =0 - - - (2.19).
suppose that < a;, p;>20 Since P, satisfies constraints ( 2. 19)
(as Ay'g (I-py'y) F'(x,) = 0) it satisfies constraint ( 2. 18) too.
But < f'(x,), p1 > =-<f'(x,), (I - py'o) f'(X,) >
= = <py'o ['(X) + (I-pynof '(x0),(I-py’o) £'(x,) >

- <(I- py'o) £'(%0), (I-pyo ) £'(%,) >

= - [P
There fore y(pl) = <f'(x0), p; > +"%|pi |

= hlElt <o

Il

But this is a contradiction to the fact that the minimum value of ¢(p) with constraints
(2.17) is attained with p = 0 and is equal to zero.
Hence < a_i,E> <Qn/.

We now return to the algorithm constructed. Consider case(1) in the algorithm
constructed and let point x,, be not the solution of the problem of quadratic programming.
According to the algorithm, we should apply the method of conjugate gradients inorder to
minimize function f(x) with constraints(2.13). In accordance with the formulas of the
method, the first step is made in the direction of the vector. _p, =-(I-pyo) £'(x)

By the above lemma 7 # 0 . Then x, is not the solution of the subsidiary problem
minimization problem under consideration.

we now show that o, > 0

since <a;, p; >=0ie Y'yand < aj,ﬁ ><0. wehave<a, p;><0i € y,---(2.20)
igy,><a,x,>-b<0

There fore o; = min b, - < a,, X, > > 0 (since the minimum is taken only over all i for

T . 3.

which <a;, p; > > 0 and consequently over a certain subset of indices i that does not
interesect Y, according to ( 2.20) and b; - < a;, X, > > 0 with such i.

To show . if a; > 0. then x, + ap, satisfies condition ( 2.2) for0 € o < @y
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Ifi € Yy, then<a, x,+ap,>-b; = <a, x,>-b;+a<a,p,>

=0<3 P
=0ifie,
<0ifi=j
Hence x,, + ap; satisfies condition ( 2.2).
[fi¢ Y, then we consider two cases
Casel. <a,p,> <0
Then <a;, x, + ap, > -b; = <a;, X,> - b; + a<a;,p;> <0
Case2. <a,p;>>0
Then < a;, X, + etpy > b;=<a, x,>-b; + o < a, p; >

<<a,X,>-b+a;<a,Pp;>

<aj, X,> - b; + min b; - <a;, x,> <a; P>

<a;, p; >

<a;, X, >- bit+bi-<a,x,><a,p;> =0

0 T D - =4, X
<a;, p1 >

In both cases x,, + ap, satisfies condition (2.2)
According to the algorithm, two cases are possible: o, < o, or Q,

Case 1. o, <?|

Then we obtain a new point x; = X, + o, p, that satisfies the relations <a;, x; > - b; = o,

iey,,<a,x; >-b5;<0i¢ Yy---(2.21)
Case2. o, 2T,

Then we obtain the point x; = X, + o, p; and it is taken as a new initial point from which

the algorithm begins to operate in checking case(1) or (2).

Letie Y'),then<a, x;>-b;=<a;, X, +0; p; >-b;

= <a;, X~ -bjto;<a p >

=(
=1ie¥Yx) OrY, c Y(x)

And more over <a;, X;> - b;=<a;.x, + o, p; >-b; =<a;, x,>-b;+ 00X, <a;,p;>

~ 0if oy =_b-<a. x,
<ai’ p|>

Which means <a;, x,> - b; can be zero even for an index not iny
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p
- = Y(xl)AY’(, the inclusion being strict.

Now we return to case 1. (o, < o )

Here the application of the method of conjugate gradients goes on and so long as oy , |

holds, all the points, o, continue to satisfy ( 2. 21) like x,) , since

AyoPx= Ay, (I-pY',) p=0by 2.7 and (I - p\g’ ) Pk = Px)

That means <a;, p.> =0, i ey,

= <a;, X > -b;=<a, x, >b;+a, < a,p; >a,<a,p,>+---+ o <a;, p, > ( since oy =
Xo T oy pytoppyt---+aygpy), ieY,

= <a;, X, > - bi=0; €y, More over <a;, X, >-b;<01i ¢Y', holds true.

Suppose not . Then < a;, x, > -b;, >0

= <aj, O+ 1= Oy P > b= 0

= <@, Xk > Ok <8, Py >-b; 20

== Oy < A, Prr1 > 2by-<ay, Xe4q >

= 12 bi-<a, Xy > (<-ai, pr g > > 0 since <ai, pg4q > <0)

<-8;,Px+1~>

= Ok4+12 min by -<a, x>
= & P+ 1 7
= O+ = Oy Which is a contradiction to our assumption oy ;| < Oy 41

Thus we have shown that in case ( 1) the iterative process constructs successively points

Xo» X1 5= = = Xi » K = 1 and the value of f(x) strictly decreases along this sequence because

it is constructed by the method of conjugate directions. The last point x, is either the
minimum point of {{x) with constraints ( 2. 13) or Y(x,) contains strictly the set Y, .

In case(2) the direction of motion from point X, coincides with the vector p, = -
(I-pY,)f'(x,) # 0.,<a.,p,>=0,i€eY,and <a;, x,>-b; < 0fori¢ Y, then
o;=min b;-< a.x, >>0

<a;, Pi
since the minimum is taken over those i for which < a;, p; > > 0 Then by the method of

conjugate gradients it is possible to make at least one non-zero step to the new points at
which the value of {(x) is strictly smaller.
In a similar way as shown above we obtain the sequence of points x,, X;, - - - , X, k> 1,

and x, is either the minimum point of f(x) with constraints ( 2. 15) orY (x;) ©Y
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Remark ( 1) In both cases if x, is a minimum point of f(x) with constraints (2. 13), then
X 1s the minimum point of {{x) on the face of a polyhedral set which is determined by the
expressions <a, X >-b;=0.,i € Y (xp).
Since by construction, Y(x,) > Y', in case (1) and Y(x,) Y, in case(2) and the
minimum point on the broader set is the minimum point on the narrower one.
(2) From the foregoing we have that if the method of conjugate gradients does not result
in finding the minimum point the set of i indices is extended and for them the next point
attained satisfies the relation <a;, x, > - b; = 0 . But by assumption the vectors a;, i€ Y(x)
are linearly independent. Then this extension must be truncated after a finite number
steps not exceeding n where n is the dimension of x. Hence starting with a point x, we
shall inevitably come rothe point x, after a finite number of steps which is iself a
minimum point of {(x) with constraints(2. 27) .
Example solve the optimization problem
p): fix)=x;" F\,ﬁ t2X; +2X,—> min, X € S
= { xeR*|2x1 +X, £2,%X-%X=1}
by the algorithm described above

Solution : f(x)= 2 <Ax,x>+<b,x> where A= 2 0 Jandb=(2, ik
(22
Letxe S,put Y(x)={i:<a,x>-b=0,iey Uy°}.

2>0and | A|=4 >0 = A is a positive definite matrix .
Then f(x) is a strictly convex function.

Letx, =10, 0)" be the first approximation . Then Y, = Y(x,) = {1, 2}

Aye=2 1f'x)=Ax,+ 1»:(20 02)( ) ( ) ( ( ) ( )

PY,= ATY() (Ayyg /\l\'())-l Ay = 2 1 2 N
) 3 3

. 2 . 1
9 \1- 1 |

it
> e
o.—-
—_— O
v



Then (I-py,) f'(x)) = 0
= x, = (1,0) is a minimum point on the face define by the system of equations <a;, x>- b;

=01eY,

Up=- (AyoA'y) Ay f'(%,) = -1 (2 -13(2 1} 3)
9 \v1 5/7\1 -1\l

= Y9 3 3) -,1_(12): L4/ 3

9 %3 31 A\l 9 A3 -1/3

= U', < 0for i € yony-
Now we delete this index from Y, and consider an index set Y'y= {2} and then solve
(p) ;8 ., miBxeS 5={x € R>| x,- X, =1 }by the method of conjugate
gradients.
According to the method the 1" step is made in the direction p; = - (I - py'y) T'06)

Ayp = (1-1)

pro=ATY (AveAlyo) Ayp = (1) (1-1)(1\‘(1-1>
-1 -1

= ( 1) @) (1-1)
«1

= 'fo 1\( 1 -1)
()

= 1-1)

£
= (] - Pog) £10) ==~ 0)- Yy Vo 3) -2> b
(() | o (l - 2 (0)

= X, is not a solution of ( p).
< fxip > = hx=%+alp= <1>+ Y2 (—2)= (O)
< p.. Apy > 0 -2 -1

fix)=-1, py=-(I-pyo) f'x)+ || (I-pyro) £'(x1) ||2 P
0= pyo) £'(Xo) 11 *
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But {'(x;) = Ax; =/3
1
= ~(I1-Pvo"f'(x)) ) ) ( )¢0:>\| is not a solution of (P).
<(3,

Then p, = (—_ ll)% (i) C}) y _(_ (2 0) >(-3> l/()
3

= 0'\ + 1/6(-3) Yy
", 3 -3/2

f(x)= -3/2 = f(x) < f(x))

P;=-(I-pyo) £'(x2) + [[(T-py'y) '(x2) || P2
I L= Pyo) TTXy) “

f'(x)) = Ax, + b G 2) ( //) (1)= (._13)+(11) = <_1])
- (1= pyo) ['(xy) Q/}' "//',) (-lh : ((()))3 Ps. =0

and thus a solution of (p).

22
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METHODS OF FEASIBLE DIRECTIONS

Suppose it is required to solve the following opimization problem
®): f,(X) — " min,x eD
D= {x|fi(x) <0, i=1,---,m,Ax-b=0}---(3.1)
Where x e " fi(x) are convex continuously differentiable functions, A is an 1 x m matrix
and b is an | dimensional vector.
Moreover, suppose that the gradients of the functions fi(x) i = 0, 1, ---, m i) satisfies the

lipschitz condition : ie [|{'(x)) - £'i(xy) [| € C |IX;- %, ||| - - - (3.2)

ii) are bounded : ic [|f'(x) || <k Vx e D.
In what follows we assume that the set D is compact. The basic idea of the method of
feasible direction is to choose a starting point satisfying all the constraints and to move a
better point according to the iterative scheme.

X+ 1= Xt 0Py
where x, is the initial point for the k™ iteration, pyx 1s the direction of movement, o is the
step length and x; . | is the final point obtained at the end of each iteration. The new point
Xy + 1 18 taken as an initial point and the whole procedure is repeated.
Def: Let x, € D. A direction p € E" with the property that with small o, x, + ap € D
and f(x, + ap) < f,(x,)is called a feasible direction.
Now the problem consists of working an effective method of finding a feasible direction
and choosing a step length @ so as to provide for convergence to a minimum point.
Below we assume that always the condition of non- degeneracy is fulfilled. That is there
is a point x such that Ax-b =0, fi(x) < 0,i=1,2,---.,m.

3.1. Method of Choosing a Feasible Direction

Consider the optimization problem (p) and assume that we have located a feasible
point x, where the constraints are binding or nearly so . We wish to take a step in that
direction which will maximize. decrease B, in our objective function f (x) , and yet will

not violate any of the constraints. If we assume that over sufficiently small interval we
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can linearize our constraints and our objective function, then the problem can be
approximated as a linear programming problem.
Now for each X € D, define y;(x) := {i|f(x)=2-8, i=1,---,m }.Let§ >0 be
arbitrary numbers.
Then we consider the following optimization problems

(p):minn
subjectto <f'i(x),p> <Em; ieys (x)U {0}

1Pl <1 (3.3)

Ap =0

Where n = -3
The restriction < ') (x), p > < £,n requires that f be not greater than the change in f (x).
Hence by minimizing 1. we maximize the decrease in f (x). In the second case < fi(x), p
>< &M, 1€y s(y). we add the term - €n, to force movement away from the constraint
boundaries and into the feasible region. In the second case < f'(x), p> <&m, i €y o and
& is given the value of zero if f's are linear and the value 1 other wise. After the
determination of p; we normalize this vector so that it has a unit length.

Theorem 3. 1 . ¢t p(;(x) and ng(x) be a solution of (p). Then Pg(x) is a feasible

direction if n; (x) < 0.
Proof: Let x e D and o >0 . To show ps(x) is a feasible direction requires
i) fi(x + aps(x)) < (%)
i) fi(x + aps(x)) € 0,i=1,---,m
i) A(x + apsg(x) )-b=0
We consider three cases
case 1. i=0. By Taylor's formula, we have
£ (x+ aps(x)) = ,(x)+ a<f'\(x), ps(x) > (where 6, =x+ &, aps(x),0 <& < 1)
=f(x)+ a< f'Ox,ps (x)>+ a<(f'(6,) - f's(X)), ps(x) >
< £,(x) + o < (f',(x), ps(x) >+ af[f'4(0,) - £'5(x) || || ps(x) || (cauchy schwartz
inequality)

<)+ o <F',(x), pa(x) > + oC [18 - X [I[ ps(x) |
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( Lipschitz' condition. Since 0o = x + & aps(x) & 0 < £, <1

We have that |8, - x|| = 1€, aps(x) || = & o [Ipsx) || < ellps(x) ||
Then (*) < £,(x) + x < ('(x). ps(x) >+ o C [|ps(x) |P
< (%) + X Eny(x) + o’C [|ps(x ) |I” (constraint condition )

= (X)) + X EMd(X) [ 1+ aCllps(x) ] - - 3. 4)

ols(X
Case2. i€ y;(x). Inasimilar way as in case 1, we get f(x + aps(x)) < fi(x)+

aking(x) + o’ C

-

Ips(x) [I*- - - (3. 5)
Case 3. i ¢yy(x). A gain using Taylor's formula, we have
fi(x + aps(x)) = fi(x) + o <f"; (8i), pd(x) )
< Bi(x) + a |60, || [[pd(x) || ( cauchy schwart'z inequality)
But since the gradients are bounded, we have that ||f;(0i) || < k and thus fi(x + aps(x) )
< B+ ak Ips) | <5+ okllps (%) |- - - (3. 6) (Since f(x) < -5, & vy
We now choose o ~ 0 satisfying the inequalities
fo(x + aps(x) ) < [,(x) + 2 o & ns(x) (Since from this inequality follows f(x+ops(x) < 0
ieys(x)as ol nsx)<0)

fi(x+ aps(x)<0i € ys(x)

f(x+ aps(x))<01i ¢ ys-(x)--- (3.7)
These inequalities are satisfied provided that o satisfies the inequalities:
L+ oC flps(0) I° < Y. &ns(x) + X C [Ips(®) [I” <01 € y5(x) and
;O]](‘ (‘\j
-0+ okl|lps(x) || =01 ¢ ys(x)---(3.8)

orx<-2 Eomg(x) o< -Eing(x)  ieys(x)and a <_8 _  igys (x)---(3.9)
T IPs(X) TP Kllps (x) |l

Since ng(x) < 0,&, > 0,C> 0 and k > Othis inequalites will not violate the choice that o> 0
More over since p;(x) is a solution of ( p) we have that Aps(x) =

There fore A(x + aps(x) )-b=Ax-b+ aAps(x)=0

Thus choosing « in the above way, we have that ps(x) is a feasible direction. ||

Lemma 3.1.1.ct x = D be not a solution of (p). Then ns(x)< 0 for any sufficiently small .
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Proof: From the condition of non-degeneracy, we have that there is a point x such that
Ax-b=0,f(X) < 0,i=1,---,m,0<0-- (3.10)
Letx. be as solution of (p).

Putyo(x):= {i[f(x)=0i=1---,m}and - 8°(x):=max fi(x)

1 € Yo(X)
We now show that. if’ § < &, then y(x) = y'o(x)

Leti ¢ yy(x). Then fi(x) <- 8" <-8 This implies that i ¢ ys(x)

Hence ys(x) c y o (x)---(1)
To show the other inclusion, let i € y'(x). Then fi(x) = 0

which implies that fi(x) > - & (5 >0). That means i €ys(x)
There fore y o(x) < y5(X) - - - (2)
From ( 1) and (2) we obtain y; (x) = yo(x). //
Now suppose & < 6" so that y™ 5(x) =y, (X)
Setx,:=px+(1-p)x,0 < p <1
Since fi(x), i = 0,1.2, - - -, m are convex and fi(xs) <0i=1, - - -, m , we have
fix,) =1 |;_.\' F(1-p) x4)

< p fi(X) + (1-p) fi(xs)

< po
Further, for i € y;(x). fi(x) =0 ( Since y 5(x) =y o(x) and fi(x) = 0 for i eyy(x) ) and
there fore for 0 <A <1 we have
Apo 2k fi(xp) = Af(x,) + (1))

= fi(Ax, + (1-L)x (convexity of f; )

= fi(x + A%, - X)) - fi(x)

> <[(x), MX, - X) > (Sub gradient inequality )

A<f!(x), X, = X>

Thus po 2 < f!(x), X, - x> ,i €yg(x)---(3.11)
More over since x is not a minimum point of f;(x) in D we have 0 >y = f(x.) - f(x) >
< f'(X), x+-x > ( sub gradient inequality )
Hence < f'y(x) , X, - x> =<{f'(x), px + (1-p)xs - x>

£ '(,(,\), pX-px + pX + ( l-p)x"X>
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= X P (XX) + (1 - p) ( Xe-x) >
= <) p(x- %) >+ <f'(x), (1- p) (xe-X) >
P<f'y(x), X-X>+(1-p) < f',(x), Xs - X >
S P <f'y(X),R-x>+ (1-p) y - - - (3. 12)
(Since x € D is not a solution of (p) by the converse of the characterizing theorm of
convex optimization we have that < ' (x), <- x> < 0. Moreover (1-p) py <0.
From (2.11) and (2.12) with sufficiently small p = 0, the following inequalities holds:
<f'\(x),P,><0, < fi(x); Pp= <0 i€ ysx)---(3.13) where Po=X,-X

Takep, :-p,if | p,) <1 and Pp:=p, if [pp]l21

[1ps |l
andso || psl| <1. Nowifweput n;:=max < fi'gx!, Ps~

ieys(x)U{O } &

then by (3. 13), n, < 0 and the inequality < f',(x), P,> <& msieys(x)U{0} holds
true - - - ( 3. 14).
More over Ax,, - b /\(p,—x +(l-p)xs)-b

PAX + (1 - p) Ax« - b

P (AX-b)+(1-p)(Ax«-b)(Since AX-b=0& Ax. -b=0)

- ()
From the definition of p,,. we have p, = @p, = a(xs-x) where 0 < o < 1.
Then Aps = Ap, + (Ax-b) =a [ Axs-b] +(1-a)[Ax-b]= 0---(3.15)
Hence p, and n, satisfies condition ( 3. 3).
Since 1, < 0, so much the more ng(x)< 0, for ng(x) < n, by definition. ||
3.2. Algorith of Method of Feasible Direction
Let x ; €D be an arbitrary first approximation and 8, > 0 .
The general step of the algorithm is described as follows:
Let the point x, € D be obtained at the K™ step and &, > 0. Point x; and the number &, > 0
have been computed .
1) Solve the problem of linear programming
min 1

< fix),p><Emieys(x)U{0}
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= <F(X), p (x-X) + (1 - p) (Xe=x) >
= <F'(X) p(x-x)>+ <f1(x), (1- p) (Xe-X) >
= P<t'y(X), X=X >+ (1-p) < f',(X), Xo - X >
<SP <f'y(X),X-x>+(1-p)y---(3.12)
(Since x € D is not a solution of (p) by the converse of the characterizing theorm of
convex optimization we have that < ' (x), =x- x> < 0. Moreover (1-p) py <0.
From (2.11) and (2.12) with sufficiently small p = 0, the following inequalities holds:
<f (%) ,T", > <0, <fi(x),p,> <0 i€ ysx)---(3.13) where Pp=X,-X

Take py :-pyifpyll< Tandp,:=p, if ||p; || 1

llps |l
andso || ps|| <1. Nowifweput ng:=max < t'i'gx!, Ps~

ieys(x)U{0 } &i

then by (3. 13), n, < 0 and the inequality < f '(x), P,> <& msieys(x)U{0} holds
true - - - (3. 14).
More over Ax, - b = /\(p._\' +(1-p)xs)-b

PAX +(1-p)Axs-b

p (AX-b) +(1-p)(Ax« - b)( Since AX - b=0 & Ax. -b = 0)

)

From the definition of p,,. we have Pp = ap, = a(Xs-X) where 0 < o < 1.
Then Aps = Ap, + (Ax-b) =a. [ AXs-b] + (1 -a) [Ax-b]= 0---(3.15)
Hence p,, and n, satisfies condition ( 3. 3).
Since n, < 0, so much the more ng(x)< 0, for ns(x) <n, by definition. ||
3.2. Algorith of Method of Feasible Direction
Let x , €D be an arbitrary first approximation and 8, > 0 .
The general step of the algorithm is described as follows:

Let the point x, € D be obtained at the k™ step and & > 0. Point x; and the number &, > 0

have been computed .
1) Solve the problem of linear programming
min m

< i) p><Em.ieys(x) U{0]

27



Ap=0, xbsPicif=14,5ce . m
by one of the standard methods

Let the solution be 1, p,

2) If ng <8ythen x| = X+ oy, , & k+ 1= O, where oy, =] ,and q, is the first integer of g
2q0
=0, 1 ---for which of the following inequality hods:
fo(xF Lpe) < fi(x) + "adm,
y, o
fl( Xk f I_l!]\) S().lz 1,"',m‘-'(3.l6)
4

3) Ifny 2- 8y, then Xy | =Xy, 841 =",
4) Return to (1)
Condition of halt (stop) of the algorithm

[f'at a certain step. 6, < 6"(x), where 8"(x;) = - max fi(x,) and 1, = 0, then x, is a solution

i # y.n(xk)
of(p). That is x is the minimum point of £,(x) on D.

3.3. Subtantiation of the convergence of the method

Theorem 3.2. Let (x,) be a sequence of points constructed. Then (x,) is finite and its last
element, say x, is a solution of (p) or else(x;) is infinite and every accumulation point x*
of(xy) 1s minimum point of f(x).

Proof: Let (xy) be a sequence constructed by the method of feasible directions.

Case 1. The sequence (x,) is truncated at a certain step k because the conditions of halt
of the algorithm has been fulfilled.

That means ny = 11,(x,) = 0 and & < 8°(x) =-max fi(x,) - - - (3.17)
i # yo(xk)

In the proof of lemma 3.1. we have that if condition (3.17) has been fulfilled, then n;3(x;)
< 0 provided that x, is not the solution of (p) . But by assumption we have that n, = 0 and
hence x, is a solution of (p).

Case2. Let the iterative process be now continued with out limit so that we have an

infinite sequence(x;) k=0, 1,2 ---.

More over let x, be a point for which 1, < -8, . Since [|pf| < 1, then by (3.9) we have
ifa <% Eonk
o
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X <- éj(';lk ieycanda <§,i¢ Yi-=-- (3.18), then f(x, + ap) < £,(x) + % akon,,
k

fi(xx +op) <0i=1,--- mholds.

According to the algorithm, ¢, coincides with the first of the quatities ] ,i=1,---,m
. ~ . 2'
satisfying ( 3.16). Since such an « exists . these inequalities will be satisfied after a finite

number of trials.

Let i, be the 1™ indices satistying the inequalities ( 3. 16) and so o = |

2i()
Then -1 | did not satisfy ( 3.16) and hence (3.18) .
2!()-
That means _| ?'/7 min { -2 &ony, &, min- E&m, }
2 B ST AR L TR

oroy =1>"min { -2 Emy, 8, min  -En}---(3.19)
) T i

Now from - n > 6, it follows that ak > "2 min {€8x, 8, min & & }
2 K C

Hence oy > & ¢ ,where eo=min { &o, &i,---E&m,/k} (3.20)
e b i AR

By (3.6), (3.20) and 1< - §, < 0, we have that f(x,,;) < f,(x) + Ve E Ny
s fo(xk) 3 l/2ak“:-.m8k
or fixer) < fi(x)- & e -- (321)
-

We now show that from ( 3.21) it follows that 6, —> 0 as k — .

Assume the contrary. That is 6, —> 0. As the sequence (6y), k = 0, 1, - - -, m decreases
monotonically and if 6, , | < §,. then 8, , | = 28y, and the fact that 5, — 0 can mean only
&, = &> 0 for sufficiently large k. But if &, remains constant, then the condition 1, < - &,
is fulfilled and thus the inequality ( 3.21) holds.

Thus for sufficientlv large k (k 2 ko) , 6, = & and the inequality .

£.(Xe s 1) < Fo(xk,) - &, €, 8 is fulfilled.

2
There fore f(xy) < [,( (Xgo)-(N-K) - £, €, 8
T
This is because fy(xy) < f,(Xn.1) - & € &’
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< fixna) -2 &, €, 8°

—_—
< f(Xko) - (N-k,) 0 €0 &°
E—
Then fo(xy) _Noo, - o ( since f(x,,) is a constant, & e, 8° > 0 because
4

€0 2 0, €, is positive since both C & k are positive and N - ko N—>owo , o
There fore f(x,) N o o o . But this is a contradiction to the fact that a
continuous function {,(x) in a compact region D is bounded. Hence % k> 0,
which means that the initial f, is successively halved an infinite numbms. Or
case ( 3) takes placc an infinite number of times: 1, > - 8,
Lety:={k:ny=-8;} Thenn, k—>wo 0,k ey(Because for k € y, we have - §,
—_—
<Ny <0and g, 0)
Consider the sequence of points(xy), X, € y. Since D is a compact we can assume w.1.0.g
that x, — x*. We now show that x* is a minimum point of £,(x) in D.
Assume the contrary. That is let x* be not the minimum point of f,(x) in D. Then by
Lemma 3.1 with all 6 < 8" (x*) where §"(x*) = - max f; (x*), we have that ys(x*) =y,
(x*) i € y(x*) and ng(x*) < 0.
More over, from v ,(x*) =y’ (x*) it follows that ng(x*) = n,(x*) . Further, ys(x,) < ¥
(x*) with sufficiently large k €y. To show this suppose that i  y’5(x*).  We show that
1 E Y sk(xk) .
Now i gy-,(x*) implics fi(x*) < 0 (By definition of y ,+, and £i(x*) < 0).
Since &, k—o 0 we have f; (x*) < - § and since x, k - = o x* we have by
ey —
continuity of f; that [(x,) < -0, This implies that i & y 5(x,). there fore y 5 (x,) < v o(x*).
Since by assumption x* is not the minimum point of f(x) on D there is a vector p(x*)
such that Ap(x*) = 0, || px* || <1, <f'{(x*) P(x*)>< Eny(x*)i ey, (x*) U {0} This
is because by lemma 3.1. n,(x) < 0 and hence by theoreml p(x*) is feasible direction) .
Then by the continuity of f'; and the scalar product we have from x,—>x* follows fi(x,) —
fi(x*) and < £, (x,). p(x*) > =< f(x*), p(x*) >.
That means < f',(x,). p(x*)> < &n (x*),iey, U{0}
Ap(x*)=0 , [l p(x*) || = 1
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How ever, the last relations means that 1, = n(x,) < 1,(x*) < 0 with sufficiently great k

and this contradicts the fact thatn, k-—>w ., |
A 3

Hence x* is a minimum point of fo(x) in D. ||

Theorem 3.3. Let (x,) be a sequence of points constructed by the method of feasible

directions. Then f(x;) with out increasing monotonically converges to f,(x*) where x* is

the minimum point of f,(x) in a region D.

Proof: Let (x;) be sequence constructed by the method of feasible directions. Then f(x, |

1) < f(x). That means this sequence of numbers does not increase monotonically Since it

has a lower bound ( A continuous function on a compact set has a lower bound) it

converges to a certain limit f,, However it was shown above that there is a

subsequence(Xy;), j € y such that x,; — x* .

There fore by the continuity of f, we have f;(x,;) = f,(x*)

As the whole sequence and its subsequence converges to the same limit it follows that

fo(xi) = L(x*). ||
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CHAPTER 4

MTHOD OF CONDITIONAL GRADIENT

This method is used for solving the problem of minimization of non lincar
function in a region in which the problem of minimization of a linear function can be
solved with out great difficulties. That means in this method the function being
minimized is approximated at each iteration by a linear form.
Now consider solving the following optimization problem: (p) : f(x) —, min, x €Q
Where f'(x), x € E" is continuously differentiable function, 2 is a compact convex
region and the gradient {'(x) of the function f'(x) in € satisfies the lipschitz' condition: ie
If'(x)) - £'(Xp) || < LJx; = X,|| forall x;, x, € Q---(4.1)

The method of conditional gradient is described as follows
Let x,, the approximation at the kth step of the iterative process be already constructed.

Calculate f'(x,) and solve the following optimization problem

(p):<f'(xy), z> —— min,z € Q
Let z(x,) be solution of (p). Now take py : = z(xy) - X, and X, | = X + o p, where
ak > 0 is the step length in the direction py. Then x; .  is taken as an initial one and the
process is repeated.

We now show that with definite rule of choosing o the process converges and the

bounds on the rate of convergence will be estabilished.

4.1._Rule of choosing the step length

Let x € Q be arbitrary and let z(x) be the minimum point of < f'(x), z > in Q.
Thatis < f'(x),z(x) > << f'(x),z>,Vz € Q---(4.2)
Take p(x) : = z(x) - xand n(x) : =min < f'(x) , z- x> .2 € Q

Property 1. 1) n(x) =< f'(x), p(x) >

i)nx)<0
Proof: i) n(x) = min < f'(x), z- x> ( By definition).
ze Q
= min[ <f'(x),z~> - < fi{x),x>]
ze Q
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= min < f'(x),2> -<f'(x), x> = <f(x), 2(x) > - <f'(x), x > ( Since z(x) is a solution of (p)
ze Q)
= <f'(x), z(x)-x> = <f'(x), p(x) >

ii) By( 4. 2) we have that < f'(x), z (x) > << f'(x), z> Vze Q.
That means < f'(x), z (x) - x> < 0 V € Q. Now since xe Q. we have that < f'(x),
z(x) -x><0.
There fore n(x) <0 .
Using Taylor's formula and ( 4.1) we have
f(x + aps(x) = f(x) + a < £'(0), p(x) > where 0 = x+ Eap(x),0<E< ]
=1(x) + a< £'(x), p(x) > + <f'(0)-f (x), p(x) >
< 1)+ om(x) + alf|f'(0) - £'(x) || [[p(x) ||
< f(x) + an(x) ol [|0-x]| [Ip(x) ||
<1(x) + an(x) oL lfp(x) |
Thus f(x+ap(x)) < f(x) + a [n(x) + oL [jp(x) [’} - - (4.3)

If we choose a0 < - "2 n(x) ;e (4. 4), then n(x) +al ||p(x) ||2 < an(x) and hence
Liip ()
f(x +opx)< f(xX)+anx)---(4.5).
2

4.2. Discription of the Algorithm
Let x, € Q be an arbitrary point. Then the general step of the algorithm is described as
follows:
Let the point x, be already constructed , k = 0.
1. Solve the optimization problem < f'(xy), z> —— min, z €€ and then calculate
204) 3 () and M(xy).

2. Construct Xy 4 | = X; + oy p(Xy) where oy = 27 and io is the first indices satisfying the

inequality f(x, + 2" p(x) ) < f(xy) 2" n(x) - - - (4. 6)
2

3. The condition of halt : The process stops if 1 (x,) = 0.

4.3. Substantiation of convergence of the method and Estimation of the rate of

onv n

From the rule of choosing the step length (4.5)we have fixy . ) < fix)tayn(xy) - - - (4. 7)
2

-
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In order to substantiate the convergence of the algorithm it is necessary to show that

inequalities (4. 6) and ( 4.7) are always satisfied.

By (4.4) and (4. 5) inequality ( 4.6) will be satisfied if the inequality 2" < - n(x,)
PRI
is satisfied and since i, is the first index satisfying ( 4. 6), we have

2 ':2-i0-l >_|/ . . 5
o 2 1(Xy) v;/hlch means oy, > | I]SXI'Z‘ ---(4.8)
Lipxo 117, 4L [lp(xy) ||

Hence if n(x,) < 0, then inequality ( 4.6) will be satisfied after a finite number of trials
and then x;. choosen will satisfy inequality( 4.8) .
Lemma 4.1. If (x), k=0,1, - - - is a sequence of points obtained in implementing the
algorithm of the method of conditional gradient, then

a) x, €Q

b) f(x,) decreases monotonically

C) M) ol R e
Proof: Let x,€Q for k <m .we now show that x, , ; €Q. That is we prove it by induction
onk.
Since0<oy <1 (o= e ) and z(x,) €€2, we have by convexity of €2, that
X1 = Xn + P (i) = Xy + Xen(ZXer) = Xe)

= (1-04y) X + X Z(Xp)€Q

Hence x, e Q Vk =0, 1, - - - (a) is proved .
Since p(x) = z(xy) - X Z(Xy) €Q, X€ Q and Q is a compact set, [[p(x,)|| has a limit say
Cin Q.

Now f(xc ;1) - f(x) <amx) < 1L - nx).  nx) (by4.8)
2 4L [pGxi) T 2

=-1 1)
8L.C°

Hence f(x, . ;) - f(x) < 1 nz(Xk) --- (4.9).
8LC*

Adding (4.9) Vk=0,1, - - -, m- 1, we have f(x,) - fixo)< -1~ m-1
8LC™  Xn'(x)
k=0
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Since € is compact and f(x) is continuous we have that f attains its minimum and then

f(x,,) = £* where f* is the minimum value of f(x) in Q.

m-1
There fore ¥ n*(x) < 8LC? [fix,)-f(x,)]< 8LC2 [fx,)- * ]
k=0
o0
Hence Y. m’(x,) converges or o
k=0 2 n(x) converges

k=0
Thus (%) —» Oask___, . We proved(C ).
From this it follows that f(x,) - f(x,) < 0(By4.9)
That means f(xyy) < f(x,) and hence we proved ( b) .||
Now there are two possibilities
Case 1. The algorithm stops after a finite number steps and the condition n(x,) = 0 is
fulfilled
In this case n(x,) =0 implies that <f'(x,), p(x,) >=0or < f'(x,), z(x,) - X, > = 0
or < f'(x) z(x) > -<f'(x) , x>=0
That means < f'(x), z(xy) > = < f'(xy), 2(x) > £ < '(xy), z > z € Q which is a necessary
condition for f(x) to attain its minimum point X;.
Case 2. Montonically decreasing sequence of values of the function f(x) (ie (f{x,) ) is
obtained. This case is subject to the following lemma.
Lemma 4.2. At any limit point of the sequence(xy) k = 0,1 - - - the necessary condition
for a minimum of f(x) in the set Q is fulfilled.
Proof: Let x* be the limit point of the sequence (x;). Then there is a subsequence (xk;)
such that x,;  j— o x*. Since xk; €€, we have that n(xkj) = < '(xk;) - xk; > and
———
<f'(xk;), z(xk) > < < f'(xk),z> z€Q (*).

W.Lo g. assume that z(xk;)._, . z*. Sincen(x) k=% 0, wehave that

n(xk;)) j—oo 0.

Then by the continuity of f and the scalar product we get < f'(x*), z* - x* = =0

Which means < f'(X*), ¥ >=< f’(X*),X*> But from(*) we get < f'(x*),z*> < <f'(x*),

z >z eQ. Then<f'(x*),x*><f'(x*)z>,2e Q.
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Or < f'(x*) zx* > 20 VzeQ. Which is the necessary condition for x* to be the
minimum point of f(x) in Q.
Therem 4. 1 Let the function f(x) be convex. Then

a) lim f(xy) = £* where £* = min f(x)
k— o0 x €Q
b) the estimate f(x,) - f* < C/k (C is positive constant) holds.

Proof : a) Since f(x) is convex, the subgradient inequality will hold true. That means
pr-fix) = f(x*) - f(x) > <f'(x),x*-x > 2min < f'(x), z- X >=n(x)
VA9

Thus 0 < f(x) - £* <-n(x) . There fore for allk, 0 < f{x;) - * <-n(xy) - - - (4.10)
But by lemma 4.1 , we have that n(x,) k—o , 0.

Hence f(x,) ) _k—o,  * .

b. From ( 4.9) and ( 4.10) follows f(x1) - f(xi) = (f(x41) - ) - [ f(xy) - ]

< -1 nx)* (by4d9)
8LC’

1 [fx)-fT

gL

Setting ¢ : = f(x)-f*, we have

Oe1-P S -1 () or yeq <O [1- ] .

IA

by TLC
or g1 <@ [ 1-Myg ] putting p:= i 2
8LC
Taking := | wehave Y+1 S % [1-1%]
Tk k+ 1 by iz
OF Yier S f21. 4 o BYE -~ {4.11)

Yk k k

or  yer S 1AL -p ) Y
e k k

Now there are two cases

l) Y+ 1 < l.ThatiSYk+] —<—Yk

Yk A R T 1
{ 2 . Since it is a non
That means the sequence () is a monotone decreasing sequence. Since

negative sequence there exists ko such that 7 <1 Vk = ko. This implies that @, = ik
vV k 2ko
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Hence f(x;) - ¥ <1 Vk > ko
k

i) Yee1 > 1
Yk

Then 1 <1+1-%+1 pPcorl -y v > 0
k k k k
<

Or ples )W = VE 080 =] TS
g nok+l 1
Moreoverfrom(4.11)wehave&,S K+1-ppiy Y <k+1-1 <k+1<2fork>1

Yk b i T E ek

Now only two situations are possible
I. There is only a finite number of indices k for which y, < 1 Since v, |, 1 < 2y, for all
great k, the sequence (yy) doesnot increase monotonically. ¥ '3

That means it remains bounded.

Hence y, < C for some constant C. Or ¢, < C
| G 3
There fore f(x,)-f*< C .
k
2. There is an infinite number of indices for which y, < _1

We shall denote the set of such indices k by y sothaty, < 1 for ke y
Let j ¢ y. Then there will be indices k;.k,, €y such thatk; <j<k, andk ¢y Vk, <k <Kk,

Then6k+| < 2, 6k1 Sland'yiﬂ =N Vizki+|---k2-l
48
There forey; <2 ,jey .

Y
That means, in this case as well , the sequence has a limit, a certain constant b

Hence ¢, =y, <C orf(x)-*<C
k k k

There fore in all cases we have that f(x,) - f* <.C I
k

4. 4._Estimation of the convergence for strongly convex Region

Let the region Q be strongly convex , ie there is a numbe: & > 0 such that for any
X,y € Q points x+y+w e Q forall w such that/jw|| <8 [jx-y [[". Then
2

Nx) = min<f'(x)z-x> < min<2f'(X)Z(L)il+w‘X>(Taki"g-":z(‘\')
zeQ Iw || 8 Jlz(x) - x| 2
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Il

min < f'(x), z(x) -x + w >
P

Wil < 8]l z(x) - x ||
h<f'(x), z(X) - x>+ min < f'x), w>
Wl <8 [lz(x)- x| *

Il

But min < £'(x),w>=min <f'(x), -w> ( Since the minimum is taken over [|w|[and |jw]| =

w

Iwll<8 [26)-x " (1wl <8ll 209 - x|

= min [ -<f'(X), w>] = -max <f'(x), w> =-max < £1%), A0 > = -] £ | ? max

A )
Iwll< 8 flzGo - XI* W <8 120)™ P A<8llaxi-x P A<datx)- x|

1£'(x) || (F'(x) ||
=-[I' ) [z 8llzx) - {1 = - 8|If'(x) || | z(x) - x |[* Then from (*) we have that

IF(x) ||
Nx) < Y <E'(X), 2(x) - x>- 8 [|f'(X) || [l2(x) - x|

or N(x) < mx) - 8 [If'®) || flzx) - x |

or 'fm(x) < 3 If'X) || [2(x) - x |’

Or -hnx) 2 JIf'®| --- (4.12)
PO
Theorem 4.2. If f(x) is a convex function and the region € is strongly convex and if

If'(x) || = €,>0 for all xe Q, then the method of conditional gradient converges at the

. : Aot k
rate of geometric progression. ie [[x-x*|| < ¢q, , q, < 1.

proof: By (4.7) and ( 4.8), we get
Pr- @t =00 - fxe )2 1 1'%

8L TP |I°
( Since @y - P4 = f(xy) - f(X k1) 2 - oun(x)  (by4.7)
2
>1 nl(x) _ (By4.8)
8L Iip(xo) II

Using ( 4.12) and ( 4. 10) , we obtain
Ok-@r2 L nix) =1 (nG) Cn0xd
8L Tip(x) |I* 4L 2lpxo 1)
> 1 §If'(x) I (mx))  (by412)
41,
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e —

> 8,0 ( By assumption and 4.10)
4L
This implies that ¢+, < (1- Sen ) Oy
4L

There fore @, <q" ¢, where q=1-8g, < |
i
Because of the necessary and sufficient condition for a minimum,we have < f'(x*
>2>0
Then for all w with [lw || < || x-x* I1%, we get <f'(X*), X+ Xx*+w-x*>>0(
2

), X-x*

or h<f'x*), xx* >+<f'x"),w> 20
or Y < £(x*), X-X* > -8 [[x - x* | [I£'(x*) || 20
or Y < £1(x*), X-x* > 2 § [lx-* | If'(x¥) |

But || f(x*) |z €, and since f(X) is convex, we have

f{x) - f(x*) <f'(x*), x - x* > ('subgradient inequality)

=
> 28 |x-x* P [If'(x*) || = 28¢, [x - x* | --- (4.13)

Hence [[x-x* || < ’ 1 < ’gm \]_q-"'
2680(pk 2680

Putting C : =
0, Qo = (1-0g,) weobtain [[x,-x*| < qu“. 1
20¢ 4L
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CHAPTER

NEWTON'S METHOD

5.1. Newton’s Method with Step Adjustment

Consider the following optimization problem
(p): f(x )———min, X €Q. where f(x) is a convex smooth function and Qs a convex
compact set.
For solving this problem the iterative process
Xk+1 =Xt P, o > 0---(5.1)
can be used in which the direction of motion p, = X, - x, where x, is the solution of the
problem of minimization in a set Q of a quadratic function
W) = <E'(5) L X% >+ < (%) (x5, %, >
and as oy we take the maximum value of the parameter o, obtained by reducing the
initialx = 1 until the parameter satisfies the inequality.
f(x + apy) - f(x) < eap(X)o<e<1--- (5.2)
Theorem 5.1. If for them inimization of a convex twice continuously differentiable
function f(x) in a convex compact set Q, we used method ( 5.1) in which oy and p, are
determined as described above, then (what ever the initial approximation X, is choosen):
1. f(x) decreases monotonically

2. lim f(x,) = f(x*) = min {(x)
k—o0 xeQ
Proof: Since w,(x) is continuous on a compact set Q by weiers trass theorem \/(x) has a

minimum point x;.
More over, by convexity of Q, from x,€Q it follows that X + | € Q.
This is because x, ,; = X T 4P = X + (X - X
= o, X + (1 -oy) X €Q (Since X€ [0,1])
) < obd(Xi) + (1-04)

By convexity of y(x) , we have yi(X+1) = WiFow + (1-00)X

W) (-1 (x,0))
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But sy ) = 0« Hence Vi (Xier) < 0Ui(Fc) - == 33

Now by Taylor's
(x)» P~ a’ < ' (O)pPi >
1

- G 5
This implies that (X +1 - fix) = oy < f' (X)) » Pk > +%L <" (0)px- Px
<! (%), Xir1 - X = V2 <F'(Xi) (it - X)Xk +1 = Xk 7

But WX + ) =

Il

(%), Bt B>+ o < £'(X) X+ 1 = Xk OPx ~

Il

oy < £'(xg), Pk > oy < f'(XPro P>

Hence f(x; +1) - f(x) = WK(Xi+ 1) _o;j < £'\P Pk >

Where Fk = £'(Xe) - £'(%1s Xie = Xic + 0 (X1 - %), 0 € [0.1]
.
Using 5.3) we have f(xy 1) - f(x¢ < O pi(x) + o < Fupi. P~
7
2
< oyp(xi) [1+ oy [Ec(llIpk 7] --- (54)
Wi(Xk)
Since x, is a minimum point of y(X), if yi(x) # 0,_ then y (x) < yp(xp) = 0
Then with a certain x,(choosing oy <2 (1 -¢€) y(Xg )
g
[Fx (1 {lpxc I

the inequality 1+ oy ||IFy |l llpc |I© = € holds - - - (5. 5)
-2 \Vk(xk)

formula and (5.3), we get f(xk+1 )= f(x + opy) = f(x,) + oX

I‘I

Hence inequality ( 5. 2) holds true and there fore the described method of choosing o

can be applied. It follows from (5.2) that f(x,;) < f(xx). Hence 1 is true-
To prove the second part we first show that y(x,)_k — 9 0 .

In a closed bounded set Q continuous function f'(x) has an upper bound. That means

I () | <M. Then [[Fyfl = [If'(xo) - ' G 1< 1" 1+ [If'(x0) < 2M

Moreover the vector pk has an upper bound too . Then  |[jp, || < max Ix-y| = :d

X,y €Q
Now assume the contrary. Suppose yi(x,) < -B <0

Then I+ oy I |lllpe | > 1-ox [Fellllpk|> > 1- o 2Md?

2 yi(x) 2B 2B
= 1-gMd
p

Hence inequality (5.5) and hence (5.2) is always satisfied even with o = (1-g)B

=:C>0.But from (5.2) follows G 1 1) - f(x) < ¢ Wi(Xy) <-efa=- ecP
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This means f(x) is not bounded below. But this is a contradiction to the fact that
al a

continous function on a compact set Q has a lower bound.
Hence yi(X) < P <0is not true. There fore iy (x,) k— o0 0

. . . \’
That means at any limit point of the sequence (5.1) the necessary and sufficient condition

for a minimum of the function f(x) in a set Q is fulfilled.
Taking this in to account, the last assumption of the theorem can be proved as in theorem

4.1.1
5.2. Rates of Convergence for Strongly Convex Functions

Theorem 5.2. If in addition to conditions of theorem 5.1, function f(x) is strongly
convex, iem |y | <<f"(X)y,y><M |y |’ m>0,x¢Q, y € E", then sequnce ( 5.1)

converges to the ( 5.6) solution at a super linear rate.

Proof: Since f(x) is strongly convex the solution exists and in unique. More over since

X, 1s @ minimum point of . (Xx) and y(x) is convex, by the characterizing theorem of
convex optimization <y (Xp), Xk - X, > 20 Or <y'\(x), X -x> <0
As ' (x) = £'(x) + £'(xy) (x-%y), we have
<" (%> X% - X >+ < £'(X) R, X - % > <0
Or <f'(x), p><-<f'(X) P P> --(5.7)

By (5.6) and (5.7) , we obtain
W) = <F' (%), T~ %> +'h < (% Xic X, R X >

= <f'(x),px> T <f'(X) P P>

<-<f'(%) Po P> + 2 < ' (%) Pro P>

= - <f" (%) P Px>

<-m’ g’ ---(58)
2

From ( 5.4) we have

2
X 1) - 0300 < oppidx) + o [IFic [ [ |
2
< -may [[pi [I* +-24” IIF I i
2 2

2
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= -m ot [Ipx [ [ 1 - o [IFy | [lpy 2]
2

, . mlp T
= -moyl | pdI [ 1- o [y |1 ---(5.9)
2 T

since Yi(X) k =00 0 (By theorem 5. 1),we have by 5.8 that Ipe || %= ¢
—_—

More over since £ " is uniformly continuous | Fe |l Sl
el L)

But from ( 5. 9) it follows that Vk > N; (¢), the inequality ( 5.2) will be satisfi
= | . That is method ( 5.1) is changed in to the usual Newton' s method with a
For o > N;(¢), we have that oy = 1 and hence

WXk ) = Yilsx+ 1) =S8R, By >+'/2<f'(Xk)(Xk+1)'Xk), Xg4q =X >

2 <f{'(X), Xpsr)-%.>

ed with q,
unity,

=<f' Xi-1) > Xir 1) = X >+ <F'(X) - £'(Xet) > Xew 1 - X% >

By lagranges formula for operators <F(x+h) - F(x),y>
=<F'(x+6h)hy>,0<6<1)we have that

<) - 'K )s X1 =X > = <" (X)) + 00y Pr 1) -F ' i)y X g = % >

= <fU( X1+ O “Xpe. 1 X~ Ko 15 K1) - X >

Hence yi(xi) 2 <f' (X 1) 5 X 1= X >+ <E" (Xep 00X = Xic. 1) (X X)X+ 1 = X >
=<f'(Xe. ) H i) K- Xia)s Xier - Xe >+ <LE (e + 005Xier) ) 16X, X -
X, > ---(5.10)

Denoting @, = : < f'(X.; + 0(X=Xk.1) Ki-Xie1)s Xir1 = Xk =

From yi1(x) = £' (i) X - Xiep > 2 < " (Ko 1) irXet)s Xie = Xt =

Wehave g/ (x) = ' (X)) + " (Xeet) K = K1)

Then <f'(xq) + " (Xe-1) Kic = Xeel)s X+ 1= Xk > = <Wrt(Xs Xicr 1-Xe>
There fore yi(x) =< W't (X Xic+ 17Xk > + < PelXiKice1)s X1 Xk~
Since yi; (%) = <f' (Xer)s XX g >+ < " Kier) (= Xie)s X = Xt 2
= <f'(Xe1), Pt > HA<E" X)) Pi-bs Pk-1 >
= <f' (Xet)s X1 X1 >+ 2 < " (R 1) K1 Xk 1) X1 Xk 1~
Vi1 Kicr)
min .y (x)
xeg Q) gl
We have for any x £ Q that < y';(%), XX > = 0 ( characterizing theorem of convex
Optimization ) consequently < ' (%), Xir1-Xk > 2 0 holds .
There fore Vi) 2 < O(X ¢ - Xgee1)s Xir 1%k~
Or - y(x) £ < O (X - Xr1) » Xk =X+ 17 |
< 1D ] X ] XX+ 1
:H(DkH Hpk_lH H pk|| "'(5-11)
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But from ( 5.8) we have P 12 -2 wi(x) < 2 | Il llpk - 1| [ pk ||
m m

orllpdl € 2 1@l Pt Il Or I%icet = i I S 21l - X I---(5.12)
m
Since £ "(x) is uniformly continuous on the compact set Q@ We have that [|®k ||

k —©
B » 0 Hence there is anumber N (g) such that with k > N(e) we find

m
Then |[Xi- Xn+1 1l = (XN 1 -X N1 T XN+ 142 = XNt 1+ +-- -+ x|
< e ren - X v+t I N42 = XNe 141 |+ - - -+ %X |
i-1
= 2 |Xe+1 - Xk I
k=N+]
But [[Xn+1+1-Xn+1 S 2 |On 1 X +1- XN+1-1 [
m
< 2||On+r ]l 2 (1PN +1-1 I Xt = Xn+1-2 |l
T T
< 2| Dy+y I|.2[|Pn+1-1 |.---.2 |Dn | ”XN'XN-]”
m m m
Denoting =:Axs = :2[[Pn+1 I
Sl AL
m
Ay ) 15 2H(DN+1—1”
T
IN=1 2 @yl
el e
C=: [[Xn-Xna I

= C Mvhnet - = - M I+

and |[Xyis - Xn+1+1 1| S ChnAnr == - AN+ +1
i-1
Hence 3 [X s 1 - X Il < CAanr === A [ 1F ANAHH 1A+t = = = + At =(vste 1]
(this is because Anisk < Anse1 Vk=2,---1)
2
So) M- At (since 1+ Anser T Aneter = = = = A
1-Ax

&irooe i 1k

> Ay = 1-AN

i=0
= CAxAn+1----An+1 by denoting C = G

1-AN

»L

Hence ||X; - Xn+1 || 1Ll 0.
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That means, the sequence (i) is a cauchy sequence and since the space E" is complet
(finite dimensional) the sequence(x;) has a limit x* €Q, and
X i - X 1< CANANe - - - Ana (5.13)
By theorem ( 5.1), lim f(x,) = f(x*) = minf(x).
x€Q
Therefore (5.1) converges to the solution and the rate of convergence is super linear. ||

Theorem 5.3. If the conditions of theorem 5.2 are fulfilled and besides, matrix "
satisfies the lipschitz, condition on the set O with constant R, then the sequence (5.1) (in
which ay and py are choosen by the method described above) converges to a solution at a

quadratic rate.
Proof: If the second derivative f" (x) satisfies Lipschitz' condition with constant R, then

inequality (5.12) takes the form 1% 1= X || < 2R [[%g - Xk -1 ||2 --- (5.14)
m
(this is because [|f "(Xy. + O(XXe1) - £" (X1 ) |l

< R ||Xer + 0(Xg - Xiet) = Xic-1 |
= R |0(x - Xk-1) I
< R|[Xc-X¢.1 ]| (Since 0 < 8<1)

put By : = 2R [[Xe+1 - X |

m
Since [[Xgs+1-X¢ || koo 0 VY e>0 3JL(e)such that B <1 Vk>L(g)
From ( 5.14) with k >L(g), we have m Bk <Py -1 [Ix- X |

2R
Or By < By 2R [IX-Xe.1 || This implies that Bk < Bk - 1
m
Similarly we have By, < Bl\.z -, and soon
In general we have B < [31\.2 -, < Bk22-2 <--- BZk'LL
Consequently, foranyi >L +1,1=0,1,--- we have
i i-1 k-L
K-xa 1€ 2 [er-xll sm X B* (Since [Xisq- X |l = m By
k=L1L+l1 2R k=L -+l 2R
i-1 k-L k-L
=m X p% and By, < B’y
2R 5=1
Since x, — x*, we have ||x; |- x* |[|=1lim ||x ;- X ||
e 0]
< m o < CL, C<ow/(since the series Y B*L
R Y B ?z? ( converges)

s=I
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Lemma 5.1 If a st.r (')ngl}‘f convex function f(x) is being minimized and o
choosen under condition f(x, + oyp,) =min X+ o) - - - (5.15) oy in (5.1

0<ac< 1
then x, — x* and o, = 1 ask -
Proof: By Taylor's formula
f(xp+1) - Tx) = ax<1'(x)pe> ak® < f" (Xke) Prs Py >

2
with the value of oy satisfying ( 5.15), the right hand side of the last i :
: : 3 equalit

as a function of variable o mustattain its minimum. TR c

That means @(o4) = o4 < £' (%) , pk> oy < £ (X0) pio py > attains it minimum at o

) is

Then @'(ay,  )=0
Or <f (Xg), x> o <1"(Xc) P P> =0
This implies that 1 > oy =- <{'(x), p >
<1"(Xkc)Pi> Px >
2 =~ <1{%),p>

Pk (by5.6)
2 <f"(xk)popy> (by5.7)
M Tlp, |
= mipell =" (by 5.6)
M ||py || M

Thus o, > C > 0.

There fore in a similar way as in the proof theorem 5.1, we can show that W} (x,)

k —o That means the sequence ( 5.1) in which ay is choosen under condition
('5.15) Converges to the solution. At the same time by theorem 5.2, || py l[_lgl 0
and [|F || k> 0

Now it remains to show that o, k—>o0 1.
—ny

We know that f(x, ;) =y (o) + 9(_1_5_2 eFi Pl 2

)
But yi(X 1 )= < £ (%) X 1 - X > 1< £ (%) G 1= Xids Xiew 17X
= <E'(%0s XX >+ < (30X X > < F X)X F XXl (X i x.'f-x
= <E' (%), X Xg >+ < X)X - X > P <E() Bor = X et K> T <X
(Xk)(x k+1 - Xk), X=X >+ 1 < f"(xk)( Xy - Xk)s Xp+1 "Xk~ +1h< f"(Xk)( Xy = X ) Xg = Xk
= <f'(X), P>+ £"(%), X 1 - XK >+ < ") KX)o Xi+1 X~ + Yo < £ " (X)X k 417Xk )s
X k+17%i) + Y2 < £'(X )P P >
=<f'(x), pe >+ < f"x)ppe > + < ') T 1" Pro Xi+ 1
(Xk+1 ~Xg) 5 Xg 4= Xp >
= W) + < W30 X 1= Xie > T < @) (%) Gk 10 X)s X + 1-XK)
BUth+1 "X =X T OPk - Xk = Xk - Xk_‘_a‘kpk

= - Px T Pk

= (O41)Px
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Then f(Xk+ 1) = Wk(xk) . \]Ik’ (Xk), Xk+1 - Xk = +( qg.-])z < Wk" (Xk)pk >+ qL2< kakb Pk >
2

Now since < Yi'(xi)s X+ 1 - X > 2 0 and < y"w(Xi)py.py >
_ <P P> =M [Ip [ and <Fip pe >=0 (Ipy [ ( Since ||Fy |——» 0 as

Ipx |— 0) we have that the minimum of f(xy . ;)

- (%) can be attained only as oy IL

Other wise with any K, we should have I - o, > B >0 and at the same time

f(x s 1) - W% = 0 ( | pd | f )|> 0 Where as with a. = 1, the difference f{x,) - y(x,) =
< FP pi > = 0 (Hpc[17). (Sinee Xy - x =0 (a=1) and ay; = 0 The terms <
Wi(Xi)s X+ 1 - X > 0 and (o )" <y'x(Xp Pk >=0)

oy

That is with sufficiently great K we should always have f(x,) < f(x, . ;) ; which is a

contradiction to the choice of oy ( since f(xy 1) = min f(x; + apy) )
0<a <I

Theorem 5.4 If the function f(x) satisfies the requirements of theorem 5.1 and in method

( 5.1) parameter oy is choosen under condition ( 5.15), then x, — x* at a super linear

rate.

Proof: By estimates ( 5.3) and (5.8), we have

WX 1) < o i) < o () < Oﬂ\im Ipx I

2
That is Wi(Xe+ 1) <-m |[xe - % P ---(5.16)
VA
(Since [loupy [I° =[x - x¢ [P)

More over Wi(Xi+1) =<f'(X), X1 - X >+ <F"(X) Xir 1 - X Xer 1~ X >
2 <f' (%), X4 1 - X > (Since <" (3) Xt 1 = Xie Xis1 =% > 2 0
= <P X =X > <) X - Xe>
Since at a point x, the minimum of f(x) is attained in the direction X, . - X, .1 ,we have <
f' (%), x k-1-X> 20. Hence yp(Xx+1) 2 <f'( %) s Xt 1= X-1-
=<' 1), X4 1= X >+ < - F"Xiea) X s 1= X1 >
By using Lagranges formula for operators, we have
Wi+ 1) > < "X o) F 0" (%) R = Xieen) » X+ 1 “Xko1 > H <D
(- X)), Xk+1- Xk >

Where @ = £(x,_; + 0(x,- 1) ) - £"(%¢.1), 0 € [ 0,1]
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USiﬂng'Xkl:O(k'(Xk—l'XI\-I) we find that y(xg+1) = < F'(X.) Fo(Xg-1) (Xo1 -

= Xy + =X .
xk—l) Ik(xk Xk- l)v k+ 178k -1
? we l]u\ z l".\ Il]"‘ ChllrllC[Cri/lI]g th.‘()l'L‘ln ()1‘&:()“\ cX

>

Since wk_l(xk_l) = miny.(X)
x€Q
optimization . W'k-l (i-l\-l ), Xp.1-X > OV XE Q . CU“.\'CL]UCHII_\
% w'k'l(;k'l)’ X1 Xk+17 = S £ (X ) £ (Kie1) (K1 =X 1)5 Xk 17Xk 1 7 3 0
Or <f'(x-1)* £ (X 1) (X k- 17Xk - ) Xg+1-Xk1 =~ 2 0
Since <((lk_1 = 1) fv'(xk_])(,\' el = ‘\l\-l) + (I)k(‘\k'-\}\_] ks Xeca 1= e
= < (a]\_l _ 1) f'u('\lx-i ) ( \}\ = \l\—l) T (I)]\(\k & ‘\k-l ). X K ']_xk—l

Olk-1
= <(Oyeg - 1 £" () + D) (KiXet)s Xic+ 1 = X1
O
We have W (Xis 1) = < (o -1 £ "(Xp) + P (KirXien)s Xir17Xee
Olk-1
Hence setting by = : || oy -1 £ (X ) + D) [l We have

XX || |1Xk+1 = Xk- 1 |

I

- WX g+ 1) < by
As (1 -04) (XeXe) = ( L-1) (X - Xi1)

T -1
= (X = Xie1 - 1) (X = Xic-1)
Xk - Xk- 1
= Xic- 17 Xl = (X - X)) = Xio =Xk
Now den(;tmg [1-04.]b,=:C,, wehave - (X +1) S b [[XeX k-1 || ] X ke1=Xk || + Gy
X=X 1 || | ”
Since oy _, 1, ||p || =0 ( Lemma 5.1) , we have by 0 ¢ 0
o —
Comparing this with ( 5.16). we estabilish that [|x .- X [|© € & |IXeX 1oy
e = X [+ 8y [y | =l
m m

(‘this is because by ( 5

v (5. s have - " ; 2

y(35.16), we have -y (X41) 2 mo X s - Xk ||

m
o)

=1 |[x ” 2 v v ,
% 1= X 1P < by fxeX er 11K e =% [ S XX [P

:> IX < - . - o)
o= 1P < 20 - X 11X 0 - X 1+ 204 [Pt 1P
Finally: h m
ally, having solved the o 4 -
quadratic inequality sinad far s . o
X S Rk fex,, ll‘ atic inequality obtained for ||x ., - X, ||, we find that | | x

— e —

w = 2

2 A —

The remaini
Nainin I ;
g part of the proof'is performed just as in theorem 5.1. ||
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