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PREFACE 

It is a reality that nature is full of constraints. This seminar describes various 

methods of function minimization with constraints on the variables. This we can do by 

following or developing certain algorithms. 

Algorithms are inventions which very often appear to have little or nothing in 

common with one another. As a result it was held for a long time that a coherent theory 

of algorithms could not be constructed . The last few years have shown that this belief 

was incorrect and that most convergent algorithms share certain basic properties and 

hence that a unified approach to algorithms is impossible. 

This paper presents a few number of optimizations which deals with algorithm 

convergence and implementation. The algorithms set forth below are iterative in 

character. This means we can construct finite or an infinite sequence of points Xb k = 0, 1 

- - - which is said to converge to the solving of minimization problem. 

The sequence of points are related by the equation Xk + I = Xk + UkPb where Pk is 

the direction vector and Uk is a step along the direction Pk' There fore the description of 

any of the algorithm given below consists in estabileshing the method of choosing the 

vector pk and the length of the step Uk' It should be noted that the method of choosing the 

vector Pk determines the general rate of convergence of the process and the method of 

choosing Uk has an important influence on the amount of calculations at each iteration. 

This seminar is a compilation of two seminars I have delivered for a qualification 

for M.Sc in mathematics. It is divided in to five chapters. 

Chapter I. Preliminaries: A review of definitions of related terms and concepts. 

Chapter II. Develops methods of solving problems of quadratic programming which is 

a subsidiary problems in many algorithms. 

Chapter III, IV and V . Describes the algorithms (and their convergence) for solving 

problems of convex and non-convex programming. 

3 



CHAPTER ONE 

PRELIMINARIES (REVIEW) 

1.1. Convex Sets and Functions 

Definitions 1. A set K c Ri1 is said to be convex if and only if AX + (1- A)y E K for 
each x,y Ek and A E [0,1] . 

2. A function f:Ri1 ~, R u { oo } not identically oo is said to be convex if and only if for 
eachx, Y E Rn and AE [0, 1] thereholdsf(Ax + (l-A)Y) ~ f(x)+(l-A)f(y). 

3. An (n,n) matrix is said to be positive definite if and only if <Ax, x> ~ 0 \/x E R
n 

Corollary 1. The quadratic function f (x) = Yz < Ax, x> + < b, x> + C is convex iff the 
matrix A is positive definite. 

1.2. Necessary and Sufficient Condition for a Minim' .. m 
The problem of quadratic programming is formulated as: 

f(x) = 12 < Ax, x > + < b, x > ~ min, XES 
S = { x· < a· x > - b· < 0 iEY- <a· x > - b· = Oi E yO} where XE En a· EEn iEY- UyO . I' 1-' ' I' t ' I" 

bEEn, bi are constants, A is an n x n symmetric and positive definite matrix and land i 
are finite set of indices. 

Theorem 1 . x* is a minimum point off(x) or a solution of(1) iff there are numbers Ui*, 

i E l Ui 
Ax* + b + I ui* ai = 0 if < ai , x * > - bi < 0 i Ei U liE i , U i* 0, i Ei 

i E iul 

1.3. Conjugate Gradient Method 

Definition: A finite set of vectors PI> P2---, Pr are said to be conjugate with respect to H 
iffpTHP.= O V i =l:-J. i J· = l --- r I J ' , , , , . 

Theorem 2. Let f(x) ,x EEn be a quadratic form with positive definite matrix H as its 

hessian , and let P"P2 , - - - , Pn be a set of non zero vectors conjugate with sespect to H. 

Then starting from any point x, and with successive steps in the direction PI ,P 2 - - -, Pn 
each appropriate length given by the algorithm Xk + 1 = Xk + AkPk ,Ak = Pk T fl k 

T 
Pk HPk 

* * the minimum point x is reached in atmost n steps, that is Xr+ 1 = X , r ~ n 
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The conjugate gradient algorithm is as follows: 

Choose XI ; PI = -f'(x l) = : f ' 

Xk + I = Xk + akPk 
Pk + , = -f'k + , + llf'k+, fpk 

Ilf'k:t 11 

- < f 'k+" Pk+l> 
< ApK + I , Pk + I > 

l. 4. Taylor's Formula 
Taylor's exansion of second order: Let f(x) be a twice continuously differentiable 
function and let X = Xk+ ap. Then the expansion of the function in Taylor's series about Xk 
gives: 

f(x) = f(Xk) + a < f' (Xk), P > + Sl.:2 < f" (Xkc) P, P > 
2 

Where Xkc = Xk + 8 (x-xJ and 8£ [ 0, 1 ] 

1.5. Pates of Convergence 

Definitions 1) We say that a sequence (Xk) converges to a point x* at a linear rate orat a 

rate of geometric progression (with ratio q) if from a certain k the inequality III Xk + I - X* 

II ~ q II Xk- X* II where 0< q < 1 

2) If the inequality Ilxk + 1- x* II ~ qk Ilxk - x* II is satisfed where qk ~ 0 as k ~ 00 , then 

we say that rate of convergence of the sequence (xJ is super linear, or faster than the rate 

of convergence of any geometric progression. 

3) Ifqk ~ C Ilxk -x*11 ~O, then Ilxk+,-x* 11 ~ Cllxk-x*f This estimate is characterstic 

of quadratic rate of convergence. 

1.6. Characterizing Theorem of Convex Optimization 

Theorem 3. Let f(x) be a continuously differentiable convex function in a convex set K. 

Then x* E K is a minimum point off(x) in K iff the inequality < f' (x*), x-x*> ~ 0, XE K 

is satisfied. 

l.7. Weierstrass Theorem 

Theormem 4 In a compact set, a continuous function attains its minimum 

l.8. Sub gradient Inequality 
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Lemma 1 . Let f(x) be a continuously di fferentiable function whose continuous 

gradient is fl(x).Then f(x) is convex ifff(xl) - f(X2) ~ < f' (XI), X2-XI > for all XI> X2 EEn. 

1.9. Strong&r Convex Function 

Definition: A function f(x) is said to be strongly convex iff for any XI, X2 EEn
, 

f(xi + X2) ~ h [ f(xl) + f(X2) ] - y II X2 _ x 11 2 where y > 0 is an arbitrary small constant. 
2 

Lemma 2 . If f(X) is a twice continuously differentiable function, then the condition of 

strong convexiry is equivalent to the condition mil pI/ 2 ~ < f (X) p,p > ~ M "PI/ 2, m >0 

for any X and PEEn. 

1.10. Lagranges Formula for Operators 

IfF(x) is a non linear differentiable operator then for x, YEEn the following formula is 

valid: 

< F(x + h) - F(x), y > + <F' (x + 8h) h, y > , 0 ~ 8~ 1 

6 



CHAPTER TWO 

CONSTRAINED QUADRATIC PROGRAMMING PROBLEM 

2. 1 INTRODUCTION 

Some times the problem of variables with in a region are not entirely free, but 

must satisfy certain bounds or functional relation ships. This auxilairy conditions are 

known as constraints. 

Usually constraints represent either system limitations or the physical and economic laws 

that the variables must satisfy. 

This chapter is aimed at finding a solution to a non linear (Quadratic programming 

problem) with constraints on the variables as linear inequalities and equations. 

The different methods of finding a solution to optimization problems such as the 

steepest decent, Newtons, dual directions and conjugate gradients are all applied to 

optimization problems with out constraints. In order to apply these methods we must 

reduce the given quadratic programming problem with constraints to a quadratic 

programming problem with out constraints. 

To do so we first consider a quadratic programming problem with constraints 

satisfied as equalities and reduce it to a quadratic programming problem with out 

constraints and then apply one of the methods to find a solution of a quadratic 

programming problem with out constraints. Now since these equality constraints 

determine a certain face of a polyhedral set defined by linear inequalities we find the 

minimum point of f(x) on this face by the method of conjugate gradient (we have 

choosen here this method because it has much faster convergence and is convenient 

computationally). 

If the point obtained is the minimum point of f(x) , then we are done. If not, we 

again apply the method on the other face and the process is repeated. 

The process will converge in a finite number of steps since by the method of 

conjugate gradient the minimum point is obtained in a finite number of steps and the 

number of faces of a polyhedral face is limited. 
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2.2. Problem of Quadratic Programming 

A quadratic programming problem is a non linear programming problem with a 

quadratic objective function and linear constraints. 

Thus the problem of quadratic programming is the minimization of a quadratic function 

f(x) = 1/7. < x, Cx> + < d, x > - - - (2.1) 

with the following constraints 

l Ey 

i E l ---(2. 2) 

where xEEIl aj EEIl , i E i u l , d EEIl, bj are numbers C is an nxn symmetric, positive 

definite matrix and i and l are finite set of indices. 

2.2. 1. Operators of Projection 

Definition A linear mapping P : X~ X, X a vector space is said to be a projection in x 

iffp2 = P . 

Let y = lUi and Y be a subset of the set of indices Y. We form a matrix Ay whose 

rows are aj , iEY, so that the matrix is mxn dimensional where m is the number of 

elements in set Y. 

Lemma 1 . If the vectors aj , i E Yare linearly independent then the matrix Ay AT y is 

non sigular. 

Proof: Let y E Eill be non zero and AyAy y= 0 
T T T TT T T T 2 

Then y AyA y Y = (A y y) A y Y = < A yy, A yy > = IIAy yll o 
This implies A/ y = 0 or I aj / = 0 

l Ey 

But this is impossible as the vectors aj are linearly independent and y is non zero vector 

Thus the matrix AyAy T can be made zero only by a zero vector. 

There fore AyAy T is non singular / / 

Define an operator p by P: = Ay T (A yAy Ty' Ay - - - (2.3) 

Then P has the following properties 

i) P is a projection, ie p2 = P - - - ( 2.4) 

Proof: p 2 = P.P = Ay T (Ay Ay Ty' Ay Ay T(AyAy Ty' Ay 
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= A/ A/ -I A/ Ay A/ (Ay Ay Tr l Ay 

= A/ (Ay / r l Ay = P 

ii) P i a ymmetric matr ix. i pT = p- - - ( 2. 5) 

Proof; pT = (A/ (AyA/ r' Ay)T 

= A/ [ (Ay A/r l Ay 

= A/ ((Ay Ay Tr l)T (Ay Tr l ]T (A/)T 

T 1 Ay (Ay Ay r Aj 

= p 

iii) P(I - P) = ( I - P)P = 0 (2.6) 

Proof: P(I - P) = PI - PP = P - P (= 0 

iv) Px and ( I - P) x are orthogonal resolution of vector x. 

Proof: For any vector XE 11 , we have x = Px + ( I - P) x 

and < Px, (I - P) x > = < x, P T ( I - P)x > . 

= < x, P(I - P)x > ( By ii) 

= < x, 0 > ( By iii ) 

= 0 

Hence Px and ( I - P) x are orthogonal resolutions of a vector x. 

V) Px lies in the subspace panned by the vectors aj , iEY 

T T - I T T - I X Proof : Px = Ay (AyAy) Ayx = Ay V where V = ( AyAy) Ay 

= Iaj Vi 

iEY 
This means Px is a linear combination of the vectors ai . 

Hence Px lies in the subspace spanned by the vectors aj , i Ey. 

Vi) A (I - P) = 0 - - - ( 2.7) 

Proof: A ( I - P) = Ay - AyP = Ay - Ay (Ay T (Ay Ay T) -I Ay) 

= Ay - (AyAy) (Ay A/r l Ay ( But AyAy) (AyA/ )-l = I) 
= Ay - lAy 

= Ay - Ay = 0 

There for for any x EEIl 'the vector y = (I - P)x satisfies the system of equations Ay y = 0 
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2.2. 2. Minimization of Quadratic Function in a Subspace 

The basis of numerical method of solving a quadratic programming problem ( 2. 1) and 

(2.2) is the method of conjugate gradients. The main idea of the application of this 

method is as follows: 

Let Xo be a point which satisfies ( 2. 2). We pick out among the constraints which 

are satisfied as equalities. These constraints determine a certain face of a polyhedral set 

defined by linear inequalitie (2. 2). We find the minimum of f(x) on this face using the 

method of conjugate gradients. The point obtained is a solution of our problem or 

indicates a transition to a new face and then the procedure is repeated. Since the method 

of conjugate gradients minimizes function f(x) after a finite number of steps, and the 

number of faces of a polyhedral set i limi ted an algorithm of this kind converges after a 

finite number steps. 

Suppose now that we have to minimize a quadratic function f(x) = 1/1 <x,Cx> + < d, x> 

with constraints <ai , x > -bi = 0 i Ey - - - (2 . 8) 

Assume the vectors ai , i Ey are I inearly independent and xo satisfies ( 2. 8 ) 

Then Ayxo - by = 0 Where by is a vector whose components are bi . 

We now introduce a new variable y defined as follows : x = Xo + (I - P) y - - - (2.9) 

and consider the quadratic function <p(y) = f(xo + (I - P) y) 

Thene<p'(y) = f'(xo+(I-P)y) (I - P) = (I-P)f'(x)--- (2.10) 

Lemma 2 Ify is a point of absolute minimum of <pIG) then the corresponding poi 

x = Xo + (I - P) Y is the minimum point off(x) with constraints( 2.8). 

Proof: Since Y is the minimum point of cp(y) we have <pC y) = 0 

=> (I - P) f' (x) = 0 

=> f I ( X ) - P f I (x) = 0 

=> f' (x) - A\ (Ay A\rl Ay f' (x) = 0 

LettingU: = - (Ay A\-I Ay f'(x) we have f' (x) + A\ U = 0 - - - (2.11) 

More over Ay x = Ay (xo + (I - P) y) = Ay Xo + Ay (I - P)y = 0 by (2. 7) 

Ay Xo 

= by 
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~ X satisfies (2. 8). 

Hence x is a feasib le point and at thi point condition ( 2.11) is satisfied which is the 

necessary and suffic ient condition for x to be the minimum point of f(x) with condition 

( 2.8 ). II 

This shows that the prob lem under consideration can be reduced to the 

minimization of a quadratic functi on <p(y) with out constraints. 

Now we apply the method of conjugate gradients for the minimization of a 

quadratic function y(y) with out constraints. 

Start with Yo = 0 , PI = <p'o 

YK +I = YK + aK +I PK+1 

PK + 1= - <P'k + 11<p 'Kil 2 
PK 

II <p'k-, 11 2 
XK + I = < <P'k P K +1 > 

1 

< P K + I , (I - P) C ( I - P) P K + I > 

Where ( I - P) C(I-P) is a matrix which determine the quadratic term of the funct ion <p(y). 
These formu las determine the process involving the additional variable Y . But we can go 
back to the original variab le x. To this end we first show that( I - P) PK = PK for all k 
This we can do by induction on k 
Ifk = 1, then (I - P) P I = - (I - P) <p'(O) = - (I - P) (I - P) fl(xo) 

= - (I - P) f l(x) 
= - «p'(O)) 
= P I 

We assume it is true for k and prove that it is true for k + 1. 
(I - P) PK+ 1= - (I - P) <P'(Yk) + 11 <p'(yJ f (I - P) Pk 

II <p' (y k _ I) 11 2 

= -( I - P) (I - P) f I (Xk) + II <p' (yJ 11 2 
II <p' (Yk-I) r Pk 

= - (I - P) f l(Xk) + II <P(Yk) f 
II <p(y k-I} 11 2 

= <p' (Yk) + II cp' (Yk) 11 2 Pk 

II <p' (Yk-I) r 
= - P k+ I 

Hence by induction principle we have ( I - P)Pk = Pk for all k. 

Then Xk + I = Xo + (I - P) Yk + I 
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= Xo + (J - P) Yk - (I-P)Yk + (I - p) Yk + I 

= Xk + (I - p)(y k+ l-yJ 

= Xk + ak + I Pk + I(I -p) 

Pk+ 1 = (I - P)f '(Xk) + I (I - P)f'(xk) 2 

(I - P) f'(Xk_ l) 
and ak I = -< (I - P) f '(Xk), P k + I > 

< (l-PJPk+I , C(l-PJPk+ l > 
= - (I - P ) < f ' (Xk), P k + I > 

(l-P/<Pk +I, CPk+1 > 
= - < f '(Xk) , Pk+ I > 

< P k + I, CP k + I > 

Then we proved the fo ll owing theorem 
Theorem 1. The problem of minimization of a quadratic fu nction f(x) with constraints 
( 2. 2) given the init i.al po in t Xo which satisfies ( 2.2), is solved after a fi nite number of 

steps by the fo llowing proce 
PI = (I - P) f '(xo) 
Xk + I = Xk + ak + I Pk + I 
pk + 1 = - (I - P) f '(xk) 

ak + I - - < f '(Xk) , Pk + I > 
< P k + " CP k+ I > 

k = 0, 1, - - -

2.2.3. Algorithim of Gen eral Problem of Quadratic Programming 

Consider the general quadratic programming problem (2 .1 ) and (2.2.). 

For each point x satisfy ing ( 2.2), set Y(x) = { i : < aj , x> - bj = 0, i E i u l } 
Assume again that the vectors aj , i E y(x) are linearly independent. Let Xo be an arbitrary 

point satisfying ( 2.2) and is the first approximation. 

Take a set of indices Yo = Y(xo) and construct the operator Pyo: 

PYo: = A/o(Ayo A/or
l 

Ayo 
T I Ifwe put U 0 : = - (Ayo Ay or Ayo f '(xo), then (I - Pyo) f(xo) = f'(xo) - pyO f '(xo) 

T 
= f '( xo) + A YO U 0 

Now there are two possible ca es 

Case 1. (I - Pyo)f'(xo) = ° 
12 



=> f'(xo) + A\oUo = O --- (2. 12) 

=> Xo is th minimum point of f(x) on the face defined by the system of equations 

< ai , x > - bj = 0 , i E/ ( by theorm 1.3 .1). 

If i) Uo
j 
~ 0 '1/ E / ni 

Then Xo is a solution of( 2.1) and 2.2) by theorem 1.3.1 

ii) There is an indexj E / ni such that Uo
j 

< 0 

In this case we con truct a new set of indices Y'o by delting index j and apply the method 

of conjugate gradients to solving the problem of minimization off(x) with constraints 

<ai, x> - bj = 0, i E Y'o - - - (2. 13) 

However in app lyin g this m thod, the process must not go beyond the limits of ( 2. 2). 

There fore a every step of the algorith the following check should be made compute the 

quantity 

Uk +1 = min bj-< aj ,xk > ---(2. 14) 
< ai,Pk +l > 

where the minimum is taken over all i for which < aj , p k + I > 0, Xk - point just 

constructed by the algorithm and Pk I is the conjugate direction. Let now Uk + I be the 

corresponding step length in the method of conjugate gradients. 

Then there are to ca es 

Uk + I < Uk + I = min bj - < aj, Xk > ~ bj - < ai, xk > 
< aj , P k + I > < aj, P k + I > 

=> Uk + I < aj , Pk+ I > ~ bj - < aj, Xk > (since <ai, Pk+ I > >0) 
=> < ai, Uk + I P k + I > + <aj, Xk > - bi ~ 0 

=> X k+ 1= Xk + Uk+1 Pk + I satisfies condition (2.2) and the process goes on. 

case ii. U k + I ~ TIk + I 

In this case x k + I = xk: + Uk + I Pk+ I satisfies condition(2.2) . This is because 

<ai, xk: + Uk + I Pk + I > bi = < aj , Xk> + min bi - < ai, Xk > P k + I -bi 
< ai, Pk+ I > 

~ aj, Xk > + ~ bj - <aj, Xk > P k + I > - bj 
< aj , Pk+ I > 

- b + b· - < a Xk > <a· Pk + I > ! ! D 1) 

<aj, Pk+ I > 
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= < a1· Xk> - b· + b· - a· Xk> , I 11' 

= 0 

And the process stop in thi s ca e. 

Thus either we find the minimum point of f(x) under conditions ( 2. 13) or will be 

truncated which a k + I ~ CXk+ I . In both cases we take the point obtained to be the initial 

point and proceed u ing the new point as we did with intial one , Xo . 

Case 2. (I - Pyo) f'(xo) :f. 0 

In this case we apply the method of conjugate gradients to solving the problem of 

minimization of f(x) with con ·traints < ai , X> - bi = 0 i E Yo - - - (2. 15) 

Starting with point Xo and checking at every step whether the points obtained are 

feasible or not, ie we calculate a k+1 by formula (2 .14) and apply the method of conjugate 

gradients until either we find the minimum point of f(x) with constraints (2.15) or the 

condition (2. 15) or the condition Xk +1 = Xk + ak + I Pk + I is obtained. In both cases we 

take the point obtained as the initi al one and repeat at it the operations performed with Xo' 

Convergence of the method 

Since new points are obtained by the method of conjugate gradients and in this 

case the function decreases at each step it suffice to check only that ak + I > 0 always. ie 

constraint ( 2. 2) permit to take a non zero step in the direction choosen Pk + I. 

This is because""CXj( + I > 0 ~ min bi -<ai, Xk> > 0 
<ai, Pk+ I > 

~ bi - < ai , Xk> > 0 
< ai, Pk+ I> 

~ bi - < ai, Xk> > 0 ( since < ai, Pk + I > < 0 ) 

More over in case(l) point Xo is not the minimum point of f(x) with constraints ( 2. 13) 

for if it were so the method of conjugate gradients would not have moved the process 

from point Xo' 

Lemma 3. Vector PI = - (I - Pyo) f '(xo) is the solution of minimizing the function 

<p(P) = < f '(xo), p > + 1/1 II P 112 with constraints 

Ayop = 0 - - - (2. 16) and the minimum value is - 1/1 II (I - Pyo) f'(xo) 112 

Proof: Since by ( 2. 7) Ay(I - P) = 0, we have AyoP I = - Ayo(I - Pyo)f '(xo) = 0 
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=> PI ati fi e (2 . 16) 

More over <p'CP) = f '(xo) + P 

=> <P'CPI) = PI + f'(x ) 

= - (I -Pyo) f '(xo) f'(x ) 

= - f '(xo) + PYO f '(xo) + f '(xo) 

= pyof '(xo) 

= Ayo f'(xo) 
T 

= - A YO U 0 

where U 0 = - (Ayo AT YO ) -I Ayo f '(xo) 
T => <p '(PI) + AyoUo = O 

Hence PI is the minimum point of <p(P) with constraint (2 .16) 

To find the minimum value of <pep) we formu late a problem which is the dual of the 

problem of minimizin g <pep) with constraint( 2.16). 

This is equivalent to fi nding the minimum of the function <pCP) + UTAyop· 

Differentiating with respect to p and equating the derivative to zero we have 
T T 

<p'CP) + A YO U = 0 => P + f '(xo) + A YO U = 0 

=> p = - f' (xo) + AT YO U 

Substituting this expression for p we have <PCP) +UTAyo p = < f '(xo' p>+ 1/1 lip 11 2 + 

T U Ayop 

= < f '(xo), -f'(xo)-A\o U > 1/7. < f '(xo) + AyoU,f '(xo) + A\o U > (-f'(xo)-A\o U ATyO U 

= -llf'(xo) 11 2 - < f '(xo),A\o U > 1/11I f '(xo) 11 2+ < f'(xo), ATyOU > 
I TT ,T T T + /1 <A Yo U, A yU> - < f (xo), A Yo U > - <A Yo U, A Yo U> 

= _ 1/7. Il f'(xo) 11 2 - < f '(xo), A\o U > - 1/7. < A\o U, ATyO U > 

= - 1/7. Il f'(xo) + A\o U 11 2 

Thus the dual problem consists in finding over all possible vectors U the maximum of the 

function 

<p* (U) = _1/7. II f'(xo) + A/ U f 
Now differentiating <p*( U) and equating the derivative to zero we have <p*' (U) = 0 

=> ( _1/7. < f'(xo) ATyO U, f'(xo) + ATyO U » 1 = 0 
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, T T T 
~ - (f (xo) + A YO ) A YO = 0 ~ f '(xo) + A Yo U = 0 

-I 
But f'(xo) + Ay\ = f '(xo) + 1\\ (-(Ayo A\)- Ayo f '(xo) 

T T -I I 
= f'(xo) + -A Yo A Yo Ay- Ayo f'(xo) 

= f '(xo) - f '(xo) = 0 

~ U 0 = - (Ayo ATy yl Ayo f '(x) i the solution of the dual problem. That means Uo 

max imize <p* ( 

Sinee UO
i
, i E Yo are components f Uo, veetor U 0 is a vector of lagrange multipliers in 

the problem of minimizati n f <pep) with constraints (2.16) . 

Then we obtain the value of the minimum of <pcp) with constraints ( 2. 16) to be equal to 

the maximum of<p*( U) over U i - 1/1 Ilf'(xo) + A\o U 0 f or -1/111(1- pYo) f'(xo) 11 2 

Lemma 4 . Let Ay'o be the matrix fo rmed from AyO by deleting the row with index i for 

which Ui
o < 0 and more over let ( J - PYo) f '(xo) = 0 . 

Then i) PI = - (I-I 'Yo ) f'(xo) :f. 0 

ii) < ai, PI > < 0 

Proof i) We can express the vector PI as ~ = -(f '(xo) + AT YO V) 
T I 

where V =- (Ay' 0 A Y'o Y A/o f '(xo) 

Assume PI = 0 Then f '(xo) + Ay' V = 0 - - - ( *) 

But by assumption we have ( [- pYo) f '(xo) = 0 Which implies f'(xo) + AyTo U 0 

= O--- e'*) 

Subtracting ( *) from ( * *) we obtain AT YO U 0 - A\o V = U oi aj+ L: (Uo
i - Vi ) ai = 0 

i :f.j 
But this is a contradiction to Ui

o :f. 0 ( since UJo < 0) and the veetors ai , i E Yo are linearly 

independent. 
T Hence PI = - (f '(xo) + A Yo V) :f. O. 

ii) To prove the second part of the lemma ( **) can be written in component form as 

f'(xo) + L: U 0 ' ai + (-U.lo) (-aj) = - - - (2 .17) 
i :f. j 

Since U io < 0 , we have - Ui
o > 0 ow consider the problem of minimizing 

<p(p) + < p, f '(xo) > + 1/1 II P 11 2 with constraints < ai, P > = 0 , i E ':f'o , 

- <aj, P >~ 0--- (2 .1 8) 

Since <p'(P) = f'(xo) + p we have <p'(o) = f'(xo) 
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There fore(2 . 17) i the n car and ufficient condition for the point p = 0 to be the 

olution of the pr bl m of minimi za tion of<p(P) with constraints (2.18). 

On the other hand by lemma 2 p, i the solution of the problem of minimization of <PCP) 

with constraints Ayo p = 0 r in component form < ai, p, > = 0 - - - (2.19). 

suppose that < aj ' J , > ~ 0 ,nc P, ati fies constraints (2. 19) 

(as Ay'o (I - py' ) f '(xo) = 0) it atisfie con traint (2. 18) too. 

But < f'(xo)' p, > = - < f'( xo) , (I - py'o) f '(xo) > 

= - < py'O f'(xo) + (I-py'of'(xo),(I-py'o) f'(xo) > 

= - < (I - py'o) f'(xo)' (I-pyo) f '(xo) > 

= _1~II 2 
- 2 

Therefore y(pl) = <['(xo), p, > + l/llipl II 

- 'll" J5I f < 0 

But this i a contradiction to the fact that the minimum value of <pcp) with constraints 

(2.17) is attained with p = 0 and is eq ual to zero. 

Hence < aj ' PI > < 0 . / / 

We now retu rn to the algorithm constructed. Consider case(l) in the algorithm 

constructed and let point Xo bc not tbe solution of the problem of quadratic programming. 

According to the al gorithm, we h uld apply the method of conjugate gradients in order to 

minimize function [(x) wi th constraints(2.13) . In accordance with the formulas of the 

method, the first step is made in th e direction of the vector. PI = - (I - PY'o) f'(xo) 

By the above lemma PI * 0 . Then Xo is not the solution of the subsidiary problem 

minimization problem under cons ideration. 

we now show that a , > 0 

since < ai, p, > = 0 i E Y'o and < aj ' PI > < O. we have < ai, PI > ~ 0 i E Yo - - - (2.20) 

i II Y => < a· x > - b· < 0 \<= 0 - 'I ' 0 1 

There fore a, = mi n bi - < ai, xo> > 0 (since the minimum is taken only over all i for 

which <ai , p, > > 0 and consequently over a certain subset of indices i that does not 

interesect Yo according to ( 2.20) and bi - < ai , Xo > > 0 with such i. 

To show . if~ > 0, then Xo + a p, atisfies condition (2.2) for 0 ~ a ~ ClJ 
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If i E Yo th n < ai, x + p, > -bi = < ai x > - bi + a < ai p, > 

= a < ai , lJ, > 

= 0 if i E , 

< 0 if i = j 

Hence Xo + ap t ati sfi e c ndili n ( 2.2). 

Ifi (2: Yo, then we on id r lw ca e 

Case 1. <ai, p, > s; 0 

Then <ai, Xo + ap t > -bi = <ai xo> - bi + a < ai,p, > < 0 

Case 2. <ai , ~> > 0 

Then < ai, Xo + apt > bi = <ai, Xo > - bi + a < ai, p, > 

< < a· x > - b· + a, < a· ""1'\.', > - I> 0 I 1>1" 1 

= <a· x > - b· + min b· - <a· x > < a· PI > I> 0 I I I ' 0 I , 

<ai, p, > 
~ <ai , Xo > - bi + bi - <ail Xo > <ai, p, > = 0 

<ai, p, > 

In both ca e Xo + a pt sati fi c condition (2.2) 

According to the algo rithm, two ca cs are possible: a, < a, or a, 2 a, 

Case 1. a , < a, 

Then we obtain a new poin t x, = Xo + a lP, that satisfies the relations < ai , XI > - bi = 0 , 

i E ylo' < ai, X, > - bi < 0 i (l Y'o - - - ( 2.21) 

Case 2. a, 2lIj 

Then we obtain the poin t x , = Xo -a; p, and it is taken as a new initial point from which 

the algorithm begins to operate in checking case(l) or (2). 

<a· X > - b· + a, < a· PI > ., 0 I I , 

= 0 

And more over <ai, X,> - bi = <ai ,xo + a, p, > -bi = <ai, Xo> - bi + ax, < ai , p, > 

= 0 ifa, = b· - <a· x i (lY'o 
I 12 0 

<ai, PI > 

Which means <ai , X,> - bi can b zero even for an index not in Y' 0 
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J 
~ Y(XI~Y'O the inclu ion b in trict. 

Now we return to ca e 1. (a l < al ) 

Here the app lication of the 111 th d of conjugate gradients goes on and so long as ak + I 

holds, all the points a k+1 c ntinue to ati fy ( 2.21) like XI) , since 

AY'oPk = Ay'o (I - J Y'o) Pk = ° by 2.7 and (I - py' pI Pk = Pk) 
o 

That means <ai, Pk> = 0, I E Y'o 

~ <ai, Xk > - bi = <ai Xo > bi + a I < ai , PI > a2 <ai,P2 > + - - - + ak <ai, Pk > ( since ak = 

Xo + a I PI + a2 P2 + - - - +ak pJ, i E Y'o 

~ <ai, Xk > - bi = Oi E Y'o . More over <ai, Xk > - bi < 0 i ~Y'o holds true. 

Suppose not. Th n < ai, Xk > - bi ~ 0 

~ ak + l ~ bi - ai, xk +l> « - ai, Pk+I » Osince <ai, Pk+ 1 > < 0) 
<-ai,Pk + I > 

< - ai , Pk+ I > 
~ ak + I ~ ak + I whi ch is a contradiction to our assumption ak + I < ak + I . 

Thus we have hown that in case ( 1) the iterative process constructs successively points 

Xo, XI , - - -, Xk , k ~ 1 and the value of f(x) strictly decreases along this sequence because 

it is constructed by the method of conjugate directions. The last point Xk is either the 

minimum point of f(x) with constraints ( 2. 13) or Y(xJ contains strictly the set Y'o . 

In case(2) the direction of motion from point Xo coincides with the vector PI = -
(I-pYo)f '(xo) * O, < ai, PI >= O,iEYoand < ai, xo > -bi < Ofori~Yo then 

al = min b· - < a· X > > ° , " 0 

<ai, PI 
since the minimum is taken over those i for which < aj:-PI > > 0 Then by the method of 

conjugate gradien ts it is poss ible to make at least one non-zero step to the new points at 

which the value of f(x) is strictly smaller. 

In a similar way as shown above we obtain the sequence of points xo, XI> - - - , Xb k ~ 1, 

and Xk is either the mi nimum point off(x) with constraints (2. 15) orY (xJ ::::::lYo 
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Remark ( 1) In b th ca if Xk i a minimum point of f(x) with constraint (2. l3) then 

Xk is the minimum po int f D x) n the face of a polyhedral set which i d termined by the 

expression < aj, x > - bj = 0 i E Y (Xk). 

Since by con tru cti on, Y Xk) ::::> Y'o in ca e (1) and Y(Xk) ::::> Yo in ca e(2) and the 

minimum point on th br ad r et i the minimum point on the narrower one. 

(2) From the forego in g w hav th at if the method of conjugate gradients does not result 

in finding the mini mu m p in t the et of i indices is extended and for them the next point 

attained sat isfie the relati on <aj Xk > - bj = 0 . But by assumption the vectors aj, i E Y(xJ 

are linearly independent. Then lhi extension must be truncated after a finite number 

steps not exceedin g n where n is the dimension of x. Hence starting with a point Xo we 

shall inevitab ly come rolhe pint Xk after a finite number of steps which is iself a 

minimum point of f(x) with con traints(2 . 27) . 

Example olve the optimi za ti on problem 

(P) : f(x) = x l
2 + x/ + 2X l + 2xr~ min, X E S 

S = { x ER2 12x l + X2 ~ 2 , Xl - X2 = 1 } 

by the algorithm de eribed ab ve 

Solution: [(x) = 1/1 < Ax x > + < b, x > where A =" 2 ° land b = (2, 2)1' 
~( 2 2 

Let X E S, put YV) = { i : <aj, x > - bj = 0, i E i u l } . 
2 > 0 and I AI = 4 > 0 => A i a positive definite matrix. 

Then f(x) is a strictly convex function. 
l' Let Xo = (0,0) be the first approximation. Then Yo = Y(xo) = {1, 2} 

AYo = 2 I f '(xo) = A X, + b =( 20 °2)(t m = (~)+ (:)= m 
PYo = A1'vo (Avo ATyoyl Avo =(2 1) (2 1\ (2 1\1 (2 1) 

1 - 1 1 - 1) 1 -1} 1 - 1 

_-.1 
9 

-
(
2 1 \ (2 - 1\ (2 1) 
1 - 1) \-1 5) \1 - 1 

(~ n 
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~ Xo = (l 0) i a minimum pin t on th face define by the sy tem of equation <ai , x>- bi 

= 0 i E Yo 

= -1 (2 -1\ f2 
9 -1 5J\1 

= -1 (3 3\ (3) = 1. (12) = (-4/3 ) 
9 3 3 } I 9 3 \- 11 3 

~ U i 
0 < 0 for i E YO ny-

Now we delete thi s index f,' III Yo and consider an index set Y'o = {2} and then solve 

(p) : f(x) I mIn, x E , S = {x E R2 I x, - X2 = 1 }by the method of conjugate 

gradients, 
, M Accordtng to the III thod the] ' tep i made in the direction p, = - (I - py'o) f '(xo) 

T A YO = ( 1 -1 ) 
TO, T - , 

PY' 0 = A y (Ay 0 A Y'o) Ay'o 

= (2r ' ( 1-1) 

= 

=> -(1 - Pyo) f '(x, ) = - (~ 

~ Xo is not a olu ti ol1 of ( p), 

f(x,) = -1 , P2 = -(1 - Pyo) f '(x ,) + II (I-py,o) f'(x ,) 112 p, 

II (I - py'o) f '(xo) 112 
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=> -(I - P yo') f' (x,) ~ -'Ie i)C 3) ~ ~J ,, 0 => x, i not a oiution of(P). 

Then p, ~ (t (:;T \-0 ' a , ~ -:t;' :;~, ((~ ' ~r(j ;/6 

= (0 \ + 116 (-3) = (-liz \ 
-1) 3 -3/2) 

f(x2) = -3 /2 => r(x2) < r(x ,) 

P3 = - (1- Pv'o) f '(X2) + II ( I - py'o) f '(X2) 112 P2 
II ( I - 1\ "0) f ex I) II 2 

-(I-pv'0)f '(X2) = -(l/z I;Z) (1\= (O) => P3 = 0 
'\Iz Iz \ -J) 0 

Hence X2 = (-liz, 3/2) j a mi nimum point of f(x) with constraint XI - X2= . 1)2xl + X2 ~ 2 

and thus a solution f (p). 
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CHAPTER 3 

METHOD 

Suppose it i r qui rcd t s I the follO\. in pimization probl m 

(P) : fo (x) ---. min , x ED 

D = {X I ~(x ) S; i = I ) - - - m Ax - b = 0 } - - - (3. 1) 

Where x E 11 ~(x) arc c n x continuou Iy differentiable functions , A i an I x m matrix 

and b is an I dimen i nal ect r. 

Moreover, SUp po c that th radients of the fu nctions ~(x) i = 0 1 ---, m i) atisfies the 

lipschitz condition: ic Ilf'j(x ,) - f' i(x2) II S; C Ilx, - x2 111- - - (3.2) 

ii) are bounded: i II G'(x) II S; k '\I x E D. 

In what follow w a um th at the set D i compact. The ba ic idea of the method of 

feasible direction i ch a tarting point atisfying all the constraints and to move a 

better point acc rding to th iterative scheme. 

Xk + I = Xi( + <Xk Pk 

where Xk i the in itia l I oint G r the klh iteration, Pk i the direction of movement, Uk is the 

step length and Xk + I i the fina l point obtained at the end of each iteration. The new point 

Xk + I is taken as an ini ti al pint and the who I procedure i repeated . 

Def: Let Xo E D. A. direction p E 11 with the property that with small u , Xo + up E D 

and fo(xo + up) < fo(xo) is ca lled a feasible direction. 

Now the problem consi ts f working an effective method of finding a feasible direction 

and choosing a st p length <X s as to provide for convergence to a minimum point. 

Below we assume tha t alway the condition of non- degeneracy is fulfilled. That is there 

is a point x such th at Ax - b = 0, ~(x) < 0 i = 1,2,- - - ,m. 

3.1. Method of Choos in g a Feasible Direction 

Con ider th e optimi za ti on problem (P) and assume that we have located a feasible 

point Xo where the con traints are binding or nearly so . We wish to take a step in that 

direction wh ich wi II maxi 111 ize, decrease ~ , in our objective function fo(x) and yet will 

not violate any or the con traints. If we as ume that over sufficiently small interval we 
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can linearize our c n traint and our bjecti e functi n th n the pr bl m can be 

approximated a a lin ar pr ramming problem. 

Now for each X E D, d fin B- ): = i I ~( ,) ~ -8 i = 1 - - - m . L t ~i > 0 be 

arbitrary numb r . 

Then we con id r th foil w in ptimizati n problem 

(p) : min 11 

subject to < f 'i (x), p > ~ ~ i l1 i i E YB- (x) U {O} 

II pill ~ 1 

Ap = 0 

Where 11 = -B 

( 3. 3) 

The restricti on < ['0 (x) p > ~ ~ol1 requires that B be not greater than the change in fo(x). 

Hence by minimi zing 'l 'vve maximize the decrease in fo(x). In the second ease < ~(x), p 

> ~ ~i 11 , i EY o(J, \\le add th term - ~i11 to force movement away from the constraint 

boundaries and in to the rca ibl region. Tn the econd ca e < ~'(x) , p> ~ ~i11 , i Eia and 

~i is given the valLi [ zcr i f~' ar linear and the value ] other wi e. After the 

determination of PI we n rJ11a li ze thi.s vector 0 that it ha a unit length. 

Theorem 3.1 . Let PCi(X) and 11 o(X) be a olution of (p). Then Po(x) is a feasible 

direction if11 0 (x) < 0. 

Proof: Let xED and a > ° . T how PB(x) i a feasible direction requires 

i) fo(x + apo(x)) < fo(x) 

ji) ~(x + apB(x)) ~ 0, i = 1 - - -, m 

ii) A(x + apo(x))- b = ° 
We consider three casc 

case 1. i = 0. By Taylor's fo rmula, we have 

fo(x + apo(x)) = j~(x) + a < f'o(x), PB(x) > (where 80 = x + ~o apB(x),O ~ ~o ~ 1) 

= fo(x) + a < ['o)x, Po (x) > + a < (f'(80 ) - f'o(x)), PB(X) > 

~ fo(x) + a < (f 'o(x), PB(x) > + allf'o(80 ) - f'o(x) II II Po(x) II (cauchy schwartz 

inequality) 

~ fo(x) + a < f 'o(x), P8(x) > + aC 1180 - x 1111 PB(x) II 
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(Lip chi tz' c ndi li n. In = , + o:.p 

We have lhe t // 8 - xl/ = 1/ 0 1/ = 0 1/ 

Then (*) ~ fo(x) + x < (f'o(x , Po ,) > + 2 

~ fo(X) + x So11& x + 2 I/ po() 1/
2 (c n train t c ndi ti n ) 

= fo(x) + x Sol1 (x II 0:. I/ Po(X) 1/2 ] - - (3.4) 
~ol1 o(X) 

Case 2. iE Yo(x) . In a il11il ar \ ay a in ca e I we get ~(x + o:.Po(x» ~ ~ x + 

o:.Si11 o(X) + 0:.
2 

I/ po(X) 1/
2 

- - - . 5) 

Case 3. i ~Yo(x) . !\ gain usin g Taylor' G rmula we hav 

~(x + o:.P8(X» = fiCx ) + < r' i (8i) p8(x» 

~ ~ (x) t- 0:. I/ fi(Oi 1/ I/p8(x) 1/ (cauchy chwart'z in quali ty) 

But since lhe gracii enl are b unci d we have that I/~(8 i ) 1/ ~ k and thus ~(x + o:.Po(x» 

~ ~(x) + o:.k I/Po(x) 1/ ~ - + kl/p (x) 1/ - - - ( 3. 6) ( ince ~(x) < -8 i ~ y'o 

We now cho se > 0 alisfying the ineq uali ti 

fo(x + o:.po(x» ~ r;/x) + liz 0:. So11o(X) ( ine from thi inequality fo llow fo(x+o:.p (x) ~ 0 

i E Yo (x) as liz So11 1i(x) < 0 ) 

~(x + o:.Po(x) ~ 0 i E Y8(x) 

~ (x + o:.po(x» _ 0 i ~ y(, -(x) - - - (3.7) 

These ineq uali ties arc ali sfi cci provided tbat 0:. satisfies the inequalities: 

1 + exC I/P8(X) 1/
2 

_ liz, Si11 1i (X) + x C I/Po(X) 1/
2 ~ 0 i E Yo-ex) and 

~011 0 (x) 
- 8 + exkl/po(x) 1/ - 0 i ~ Yli-(x) - - -(3. 8) 

or x ~ -liz S0110(X) ,ex ~ - Si11 8(X) 
C lip (x) II il C/ip/i(x)11

2 
i EYo-(X) and ex ~ 8 i ~ Yo-(x) - - - ( 3,9) 

KI/po (x) 1/ 

Since 11 0(X) < 0 ,Si > O,C> 0 and k > Othis inequalites will not violate the choice that ex> 0 

More over since PIi(X) is a so l L1lion of (p) we have that Ap (x) = 0 

There fore A(x + exP8(x» - b = Ax - b + exApo(x) = 0 

Thus choosin g ex in lhc abo e way we have that Po(x) is a feas ible direction. 1/ 

Lemma 3. 1. et x E D b not a lution of (p).Then 11 x)< 0 fo r any ufficiently mall 8. 
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Proof: Fr m th and i ti n f n n-d \I ha e that th r ap in t 

Ax - b = 0, fi( x) ~ cr, i = I, - - - m, cr < 0 - - 3.10 

Letx. be a oluti n f 1 ). 

Put y-O (x) : = { i I fi(x = 0 i = 1 - - - m and - (x) : = max .~(x 

i !l o(x) 
We now show that. if < 0, then Ii( = -o(x) 

1 hi implie that i !l YIi(X) 

Hence YIi(X) c i o (x) - - - I 
To show th other inclu i n i t i E i (x). Then ~(x) = 0 

which impli e that G(x) ~ - (>0). That means i Ei (x) 

There fore io(x) c Yci (x) - - - (2) 

From ( 1) and (2) wc obtain YIi-(x) = i o(x). / / 

Now suppa e 8 < () so tll 'lt i Ii x) = Yo (x) 

Setxp: = px + (1 -p)x. , O < p ~ l 

Since ~(x) , i = 0,1,2, - - -, m arc convex and ~(x . ) ~ Oi = 1 - - - m , we have 
-

~(xp) = fiC px I ( I- p) x.) 

~ p ~(x ) -I ( 1- ) ~(x. ) 

~ pcr 

Further, for i E Y8(X), ~(x) = 0 ( ince ili(x) = io(x) and ~(x) = 0 for i Eio(x) ) and 

there fore for 0 'A < 1 we have 

'A pcr ~'A ~(xp) = 'Afi(xp) + ( I -'A) ~(x) 

~ ~ ('Axr + e I- 'A)x (convexity of ~ ) 

= fiex + 'A(xr - x) ) - ~(x) 

~ <liC x), 'A(xp - x) (Sub gradient inequality ) 

= 'A < c' ex), Xp - x> 

Thus pcr ~ < ~'(x) , xp - x> , i Eili(X) - - - (3. 11 ) 

More over since x i not a minimum point offo(x) in D we have 0 > Y = fo(x.) - f(x) ~ 

< f 'o(x), x. -x > e sub gradient inequali ty ) 

Hence < f' o(x) , xr - x > = < f 'oex) , px + (l -p)x. - x> 

= < f 'oex), px-px + px + ( 1-p)x. -x> 
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= <f' r I - X. - > 

1- r.-X > 

( inc x E not a s luti n f p b th hara t ri zin th rm 

convex optimizati on \ have that < f 'o 1(_ > ~ y 

From ( 2.11 ) and (2. 12) \ i th su ffi ientl mall > , th in qualiti h Id : 

<f ' (x) P (l '> < 0, < fi , , Pp > < I E . 1 

Take pp : - pp i (' lI pp ll ~ I andpf) : = p-p if 1I 1'f; 1I ~ I 

lip· II 
and 0 II Poll ~ 1. \\ i (' v e put 11 : = ma < fi' ( ), pa> 

I E ~ i 

th n by (3. 13) 11 (1 < ° '1 11 I th e in qual it < f' i 

true - - - ( 3. 14). 
-

More over Axp - b A(px I - ) x. - b 

pAx I- ( I - p) Ax. - b 

P (Ax - b + J - (A" - b 

= ° 
From the definiti on 01' Pp' w have Po = -Po = 

in e A - b -

her" ° 
A '. -b -

ThenApo= Apo+(Ax-b) = I Axo-b] (1- IA ' - b] = .1 

Hence Po and 11 0 satisfies condit i n ( . ). 

ince 11 p < 0, so mu ch the m rc 11 0(X)< 0, fI r 11 r ~ 11 0 b d finition. II 

Let x 0 ED be an arbitrary first appr jmati nand 0> ° . 
The general step fthc algori th m i de cribed a £ Ilo\! : 

h Id 

Let the point Xk E I b obtained at til k lh tep and k > . Pint ' k and th numb r k > 

have been compu ted. 

1) olve the prob l '111 of' linear I r ral11mlllg 

mll111 

< f' i(XJ P >~C)l.i e: -o x). } 
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= <f 'o(x) p x- + I - P .- > 

= < f 'o(x) p ,,- x > 1- ,- > 

= p<f 'o(x) x- > + I-p < f" > 

~ p < r 'o(x) X- > + I-p Y - - - . 12 

(S ince x E D is not a s lu ti n of (p b the n er f th hara t ri zin th rm r 
convex optimizati on we have th at < [' (x A- > ~ O. M re er I-p py < . 

From (2. 11 ) and (2.12) with ufficientl mall p > 0 the fI II W ill in qua liti h Id : 

<f 'o (x) ' P(J >< O , < r i (x)~p >< O i E yl)(x)- -- (3. 13) wher Pp= p-x 

Take pp :- p(J i[ lIpp ll ~ I andpp: = p- if IIP;;II ~ I 

IIPBlI 
and so" p II ~ l. Now iEw put 11 : = max < ((x) Pli> 

iEy (x) {O s, i 

then by (3. 13), 11 (J < 0 and the ineq uali ty < n(x) Pp > ~ S,i '1 1) i E i l)(x 

true --- (3. 14). 
-

More over AX(J - b = !\(px + ( I - p) x.) - b 

= pAx + (l - p) Ax. - b 

o h Id 

= P (Ax - b) r ( ] - p)(Ax. - b)( ince Ax - b = 0 & Ax. -b = 0) 

= 0 

From the definition of P(J' we have Pp = a pp = a(xl)-x) where 0 < a ~ 1. 

Then ApI) = App + (Ax-b) = a [Axl) - b] + ( 1 - a) [Ax - b] = 0 - - - (3.15) 

Hence Pp and 'l p sati sfi es condition ( 3.3). 

Since II p < 0, so much the more 11 (x)< 0, for l1 o(X) ~ 11 p by d finit ion. II 
3.2. Algori th of Mcthod of Fc~sible Direction 

Let x 0 ED be an arbitrary first approximation and 8 > 0 . 

The general step o[ the algorithm is described as fo llows: 

Let the poin t Xk E 0 be obtained at the klh tep and 8k > 0. Point Xk aJ1d the number 8k > 0 

have been computed. 

1) Solve the problem of li near programmin g 

m 111 '1 

27 



Ap = 0 - I < pi ~ I. j = I , - - - , m 

f the tan cieml l11elh d: 

L t th olution be 11k' Pk 

2) If 11 k < 8k th n ,' k J ' k + kl k ..1 and ° J th fir t inl r r q 
2q 

G II in qualit h d : 
~ r k Ih..111 k 

2q 

~( X " I- 1-11" ~ 0 , i = I - - - , m - - - . I 
2tJ 

3) If11k ~ - 8b th en x" t J = Xk, 

4) Return to (1) 

ondition of halt (stop) flh al rithm 

th n 'k i a I uti n 

of(P). That i Xk is the mi nimum p inl 

Theorem 3.2. L t (x,,) be a n Xk i rinit and its la t 

lement, ay Xk i a so illti n r p) r I e( k) i infinite and e r ac umulati n I inl * 

of(xJ is minimu m po int of fo(x . 

Proof: Let (Xk) b a seqll cnc con tructed by the meth d f fea i I dir ti ns. 

Case 1. The seq uence (Xk) is truncat d at a certa in t p k b au the nditi ns f halt 

of the algorithm has been fuLfill d. 

k < O(xJ = - ma ' ~( ' k) - - - ( . 17) 

In the proof of lemma 3. l. wc have that if c nditi on .17 ha b en fulfilled th n 11 

< 0 provided that Xk is not th s luti on f (P) . But b a umpti n \ e ha that 11 k = and 

hence Xk is a solu tion of (p . 

Case2. Let the iterative procc be n w c ntinu d v ith ut limit that \. e ha an 

infinite equence(xJJ k = 0, I , 2 - - - . 

More over let Xk be a poi nt D r \ hi h 11 k < - k ' 111 Ilpkll ~ 1 th n b ha 
if a ~ 1/1 S011k 
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~ - ~ i 11 k i E k and < k i 
k 

I.. - - - fJ· 

f I ap ~ 1. ---, 111 11 lei . 

Ac rding t th aluoriti1lll, k ' with th fir t th qll atili 1 i = I , - - - n 

ati fy in (3 . 1 Since Sli h an , th In lI aliti wi ll b ati fi 

number f tri al 

L t io b th l SI. indices sati r in th in qua liti . I and ' 

Then ~ did not sat i r 
2io- 1 

That mean J. > 1/1 
2io- 1 

r ak = 1> 1/1 min 
2io 

. 1 .1 

min - ~ i11 k 
iE -k --c 

mIn -~i11 k 
I E k ~ 

N w fr m -11 k> ( k it ro ll ov s that k > 1/1. min 

. 1 

~ min 
k 

II nce a k > k 

-r 
(I where G O = min ~, ~ i - - - ~ 1l1 , Ik 

---c-

I() 

By (3 .6) (3.20) and '1 ,, < - k 0, \. C ha that [0 Xk I 1/1. k 11 k 

~ f (Xk) - I/1.ak~o k 

or f(Xk+l) ~ fo(x,,) - ~() Eo k - - .21 

We now show that [l'om .2 1 ilIi lI ov that k 0 a k 

Assume the contrary. Th8 l is k o. the k = 1 

monotonically and i r <\ t I < k, th n k I = 1/2 k and th [a t that k 

r ~ finit 

an m an nl 

Ok = 0 > 0 for unic ien tl larg k. But if k r main n tant, th nth nditi n 11 k < - k 

is fulfilled and th us the incqu ali l 1) h ld . 

Thus for uffic ien tl y lar c k k _ ko , k = and th in qualit . 

fo(Xk+ I) ~ fo(xko) - ~(1 E o 2 i flIlfil1 d. 

'+ 
Th r D re f (x ~ r;,( (.'\"0)-( 

2 
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< f' , - () X -2 -

2 

Th n f. x ) _"'-'-~ In f. ko i a 

~o ~ 0 Eo i po it ive since b til 

Ther fore f (x n 

ntinu u functi ol1 l;,(x) in <l C 

whi ch mean that the initia l f;, i 

ca (3) take pl ace ;\ 11 infin il e nLlI11 

Let y : = { k : 11k ~ - ('" } Th Il 11 k 

:s; 11k :s; 0 and bk -) 0 ) 

k 'l r p 

k 

i ti and - k 

u t th i I a ntrad i 

b un I d. II n 

hal d an infinit 

: 11 k ~ - k 

, k E au 

> 

th 

r 

r k ha - k 

n ider the sequence or I illt s Xk mpa l v an a LlI11 \ .1. . 

that Xk x*. W 110\ 5110\, tha t , >t< i a minimum pint 1'1'0' in I 

A ume the c ntrary. Tha t is I t x* b n t th mlllllllL1I11 lint r r ' In . 'I h n b 

Lemm a 3. 1 with all 8 o - l11a rj , . v \ het . that 

(x*) i E io(x*) ,lI1d 11 .1 (x* 

M re ver from i/lx* - -0' * it Ii II 

(x*) with Ll fficiently large 1 

i ~ i k(xk) . 

x· 

thi upp that i 

Now i ~y-o(x*) impl ies fi (x*) 0 B definition [ 0(' and ~ ,>I< ~ 

k if' 0 \ C ha e ~ >I< < - k and 111 'k 
----+ 

continuity of~ that fi(x ,,) < - k. Thi imJli that i ~ - til r 

ince by assumption x* i 11 t tbe minimum pint n D th r 

uch that Ap(x*) O. II px* II ::; 1, < [I j x* P( '* 

i becau e by lem ma 3. 1. 11 0 x < and henc til 

• v ha 

Then by the conti l1uity or ["I j and th alar pr du l v ha fr 111 , k x* ~ II \ 

fj(x*) and < ~, (Xk)' p(x*) > - < I" , x* P x* > . 

* . 1110 x , I E 

Ap :-- * ) = 0 . II (, * II::; I 
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.I wever th la t relati n m an th t,., == ,., 

and thi contradict th fa t that 11 k 

ence x* i a minimum pint f ~ 

Theorem 3.3. L t (Xk) be a 

dir cti n . Then fo(xk) with ut in r a in 

the minimum point of f (x) in a r gi n 

, , 

Proof: Let (Xk) be equence c n tru t d b th m th d f 

I) ~ f(xk)' That means thi equence f numb r d 

ha a lower bound ( A c ntinu u fun ti n n a 

• 

t d b th m Ih d 

t ha a I w r b lind it 

converge to a certain limit fo' II w er it \' a h \I n ab that th r a 

ub quence(xk), .i E y such that Xkj 

Th r fore by the continuity of fo we hrl c fo Xkj r. ... 
A the whole sequence and it ub qu nc th that 

fo(xJ fo(x*). II 
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CHAPTER 4 

MTHOD OF CONDITIONAL GRADIENT 

This method is u ed ti r III th PI' bl m minin iZCl li n n n lin 'ar 

fu ncti on in a region in which the PI' bl m f minimi zat i n f a lin ar fun ti n .n 

olved with out great di fficul tie . That m an in thi m th d th un ti n 

minimized is approximated at each itera ti n b a lin ar I'm. 

Now con ider solving the fo llowing ptimizati n pI' blcm : P mIn , 

Where f '(x), x E 11 
i continuou Iy di m rcnti ab l I a mpa t 

r gion and the gradient f '(x) of the functi n f '( 111 ati fi Ih lip hil l' nditi n: i ' 

The method of conditional gradient is described .. s follows 

L t Xb the approximation at the kth step of th iterali c pI' b all' ad 

alculate f '(xJ and solve the ~ II win plimizati n pI" bl J11 

(p) : < f '(xJ, z > ----+1 min Z E 

Let z(xJ besolutionof(p). N wtak Pk : = ZXk -xkand k'; I - Xk I kPk \, h'r' 

uk > 0 is the step length in the directi n Pk' Th n 'k .; I i t3k 'n 3 an in iti al 11 ' and th \ 

proce is repeated . 

We now show that with definite rule [ch Jl1 k th pr 

bounds on the rate of convergence will be estab iJi hed . 

4.1 . Rule of choosing the step length 

Let x E D be arbitrary and let z(x) be the minimum pint [ [' " z > in 

That is < f '(x) , z (x) > ~ < f '(x), z > 'tiz E D - - - 4.2 

Take p(x) : = z(x) - x and l1(X) : = min < f'() z - > Z E 

Property 1. i) 11 (x) = < f '(x) p(x) > 

ii) 11 (x) ~ 0 

}IQQf: i) l1 (X) = min < f'(x) , z - x > (B definiti n . 

ZE D 
min [ < f '(x), z > - < f' , > ] 
ZE D 
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= min < f'(x) 'Z> -<f'(x x> = <f' , 
ZE n 

= < f'(x) z(x)-x > = < f'(x p , > 

11 y( 4.2) we have that < f' x Z > ~ f' 

hat mean < f '(x), Z (x) - x > ~ 0 V E 

z(x) - x> ~ O. 

h r fore T)(x) ~ 0 . 

U ing Taylor' formula and ( 4.1) we have 

f(x + ap (x) = f(x) + a < f '(8) p(x) > 

> In i' . I a 

> VZE . 

"V 111 E . \\f h v that 

= 
= f(x) a < f'(x) p(x) > <f' 0 -f' x p , 

~ f(x) + aT)(x) allf' 8) - f' II li p II 

~ [(x) + aT)(x) a 118-x llllp , II 

~ f(x) + a T) (x) aLl/p x) 11 2 

Thu f(x+a p(x)) ~ f(x) + a [T) (x) + aL lip x) 1/
2]_ - - 4. 

I X "t 

lfw choo e a ~ - '/1 uW - - - (4. 4) then T) 
Lllp (x) 11 2 

L lip , II ~ '11 Tl x and 11 ' 11 . • 

f(x + apex) ~ f(x) + auW - - - ( 4. 5). 
2 

4.2. Discription of the Algorithm 

Let Xo E n be an arbitrary point. Then the general step f the algorithm i d ~ rib ~ d a 

follows: 

Let the point Xk be already constructed k ~ O. 

1. olve the optimization problem < f '(Xk) Z > -~ mm Z E and th ~ n al uJat 

z(.x0 p(xJ and T)(xJ. 

2. Construct Xk+ I = Xk + akP(xJ where ak = 2-
io and i i th flr l indi 

inequality f(Xk + 2- i p(xJ ) ~ f(xJ Z-i 11(XJ - - - 4. 
2 

3. The condition of halt : The proce top if T) , = 0 . 

4.3. Substantiation of conver enc 

convergence 

From the rule of choosing the tep length 4. v ha 
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In rder to ubstantiate the convergenc f th al rithm it i n ar ' t 

inequalities (4. 6) and ( 4.7) are alway ati fi d. 

y ( 4.4) and ( 4.5) inequality ( 4.6) will b ati fi d ifth in qualit 

atisfied and since io is the first index atisfyin 4. 6 , \i ha 

2Uk = 2-io-1 > - 1/1 U(Xk) which mean Uk > I _ ~ 
Lllp(xJ 112 , 4L II p(xk) II 

Hence if 11 (Xk) < 0, then inequality ( 4.6) will be ati fi ed aft. r a finit num r r tri 'll ' 

and then Xk choosen will satisfy inequality( 4.8) . 

Lemma 4.1. If (Xk) , k = 0,1 , - - - is a sequence of points btain d in impl m ' nti n 1 th 

algorithm of the method of conditional gradient then 

a) Xk e O 

b) f(Xk) decreases monotonically 

c) 11 (Xk) -----+ 0 as k -----+ 00 

£.rQQf: Let Xk e O for k ::; m .we now show that Xk , En. That is w PI' it b iudu li 11 

on k . 

ince ° ::; Uk ::; 1 ( Uk = Tk) and Z(Xk) EO, we have by convexit f that 

Hence XkE 0 Vk = 0, 1, - - - (a) is proved. 

Since P(Xk) = z(xJ - Xb Z(Xk) en, XkE nand n is a compact et,llp(x II ha a limit a 

C in O. 

Now f(Xk+ ,) - f(Xk) ::; uk11(XJ::; 1 
--r 4L 

Hence f(Xk + I) - f(Xk) ::; ~ 11 2(XJ - - - (4.9). 
8LC2 

T] (xJ (b 4. 
2 

Adding (4.9) Vk = 0,1, - - -, m - 1, we have f(xrn) - f(xo) ::; -.1 2 

L 
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ince 0 is compact and f(x) is continuou \ e ha th f at ttain it mini mum < 11 lh I 

f(xm) ~ f!' where f!' is the minimum value of fI x in O. 

m-1 

There fo re I 11
2
(xk) ~ 8LC

2 
[f(x ) -f(xJ11) ] ~ L 2 (fI ' - f* J 

k= O 
00 

Hence I 11
2
(Xk) converges 

k=O 
or ex) 

L l1(xJ converge 
k=O 

Thus 11 (Xk) __ 0 as k_ 00 . We proved( ). 

From this it follows that f(Xk+') - f(Xk) ~ 0 ( By 4. 9) 

That means f(Xk+') ~ f(Xk) and hence we proved ( b) . 11 

Now there are two possibilities 

Case 1. The algorithm stops after a finite number tcp and th 

fulfilled 

nditi n 11 Xk 

In th is case l1(Xk) = 0 implies that < f '(Xk) P(Xk) > = 0 - Xk 

or < f'(Xk) Z(Xk) > - < f '(Xk), Xk> = 0 

That means < f '(Xk), Z(Xk) > = < f'(xJ, z(xJ > ~ < f'(Xk) z > Z E \i hi h ian" ' ''a l 

condition for f(x) to attain its minimum point Xk' 

ase 2. Montonically decreasing sequence of value of the functi 

obtained. This case is subject to the following lemma. 

Lemma 4.2. At any limit point of the sequence(xJ k = 0 1 - - - the n 

for a minimum of f(x) in the set 0 is fulfilled. 

Proof: Let X* be the limit point of the sequence (xJ. Then there i a ub equ n > 

such that Xkj j~ 00 x*. Since xkj EO, we have that 11 (xkj ) = < f' xkj - , J> and 
~ 

< f '(xIs), z(xk) > ~ < f'(xkj), z > Z E 0 (*) . 

W.l.o g. assume that z(xk)-O-,_---+~ z*. Since l1(XJ --,k~-+ 

11 (xkj ) j ~~ O. 

Then by the continuity off and the scalar product v e get < f' * 

Which means < f'(x*) , z* > = < f'(x*),x*> But from(*) \i e 

Z > Z EO . Then < f,(x*), x* > ~ f'(x *) z > ,Z E O . 
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Or < f '(x*) z-x* > ~ 0 \jZEO. Which i the n c 

minimum point of f(x) in 0 . 

Therem 4. 1 Let the function f(x) be convex. Then 

a) lim f(Xk) = f* where f* = min f(x) 
k---+ CIJ x EO 

ar nditi n 

b) the estimate f(Xk) - f* ::; C/k (C i positive con tant h Id . 

r X I 

Proof: a) Since f(x) is convex, the subgradient inequality will h lei tru . That J11 an 
f*-f(x) = f(x*) - f(x) ~ < f'(x) ,x*-x > ~ min < f'(x) z- x >= 11 x 

ZEO 

Thus 0 ::; f(x) - f* ::; - 11(X) . There fore for all k, 0 ::; f(Xk) - P' ~ -11 .1 

But by lemma 4.1 , we have that 11 (Xk) k ---+ CIJ ~ O. 

Hence f(Xk)) k ---+ CIJ~ f~. 

b. From ( 4.9) and ( 4.l0) follows f(Xk +l) - f(Xk) = (f(Xk I) - P' - (fl k - f* 1 

::; -] 11 (xJ2 (by 4.9) 
8LC

2 

::;-=-.1 
8LC

2 

Setting <Pk : = f(Xk)-f* , we have 
<Pk + 1 - <Pk::; -~ (<rk)2 or <Pk + 1 ::; <Pk [ 1- <rk ] 

8LC2 8LC
2 

or <Pk + 1 ::; <Pk [ 1 -fi<rk ] putting !.l: = ~ 
8LC

2 

Taking k : = k we have Yk + I 
k k+1 

or Yk+1 ::; 
Yk 

or Yk + 1 

Yk 

k+1 - k 

N ow there are two cases 

1- !.l yk - k 

i) Yk + I ::; 1. That is Yk + 1 ::; Yk 

---(4.11) 

1h 

Yk . qu n e. in it i an n-
That means the sequence (Yk) is a monotone decrea 1Ilg 

1 \jk > k . Thi impli that ~ 
negative sequence there exists ko such that Yk ::; - . k 

\j k ~ ko 
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Hence f(xk) - f!'::;;~ Vk ~ ko 
k 

ii) Yk + I > 1 -Yk 
Then 1 < 1 + 1 - Yk + I Pk or ~ - Yk + IYk > 0 

k ---,c k IT" 
Or I-l (k + I) Yk < 11k or Yk < .L L < 1 

2 k k + 1 

Moreoverfrom(4.lI)wehavel-lk +l:S: k+1-1-l k+1 Yk :S: k + I-1 :S: k 1 ~ 2 f1rk ~ 1 
y;- k T kk T 

Now only two situations are possible 
1. There is only a finite number of indices k for which Yk < I I·nce <" 2 I' II Yk f I .;:::, Yk II r a 
great k, the sequence (Yk) doesnot increase monotonically. 1l 

That means it remains bounded. 

Hence Yk ::;; C for some constant c. Or <j)k :S: C 
T T 

There fore f(xk) - f!'::;; c. 
k 

2. There is an infinite number of indices for which Yk < -.l 

We shall denote the set of such indices k by Y so that Yk < 1 for k E Y 

Letj ~ y. Then there will be indices kl ,k2' Ey such that kl < j< k2 and k r;: y Vk, k < k 

Then Ok + I ::;; 2, Okl ::;;~and Yi + I :s: Yi Vi = ki + I - - - k2 - 1 

I-l 
There fore Yj ::;; 2 , j ~ y . 

Y 
That means, in this case as well , the sequence has a limit, a certain con tant 

Hence <Pk = Yk::;;J:. or f(xk) - f!' :s: C 
k k k 

There fore in all cases we have that f(xJ - f!':s:..-C II 
k 

4. 4. Estimation of the convergence for strongly convex Region 

Let the region 0 be strongly convex , ie there is a number 0 > 0 
x,y E 0 points Xb + w E 0 for all w such thatllwll :s: 0 Il x-y II . Then 

u h that D r an 

2 
11 (x) = min < f'(x) z - x > :s: min < f'(x) z(x) + x + w - x > (Takin 

z EO Ilw II 0 Ilz(x) - x 112 2 

= z 

37 



= min < f'(x),~x+w > 
2 

Ilwlll ~ 0111 z(x) - X 112 
= liz < f '(X) , z(x) - x > + min < f '(x) , w > 

Ilw II ~ 0 Ilz(x) - x 112 * 

But min < f'(x),w > = min < f'(x), -w> (Since the minimum i 
II-w II 
Ilw II ~ 0 112(x) - x 112 Ilw II ~ 0111 z(x) - x II 
= min [ -<f'(x) , w >] = -max <f'(x) , w > = - max < f'(x) 
'A 

Ilw II ~ 0 Ilz(x) - xl12 Ilwll ~ ollz(xf 112 'A ~ ollz(x) _ x 112 

Ilf'(x) II 

tak n r II II nd 11 \ II 

'Af' x > = -II f ' ; II 

A ~ _llzex) -xll2 

Il f' x II 

= -llf'(x) II z oil z(x) - x112 = - ollf'(x) IIII z(x) - x 112 Then from (*) v c ha v thal 
Ilf(x) II 

Y](x) ~ liz < f'(x) ,z(x) - x > - ollf'(x) 1IIIz(x) _ xl12 

or Y](x) ~ 11zY](x) - ollf'(x) 1IIIz(x) - x 112 

or IlzY](x) ~ ollf'(x) 1IIIz(x) - x 112 

Or - liz Y](x) :2: ollf'(x) II - - - (4. 12) 
//p(x) 1/

2 

Theorem 4.2. If f(x) is a convex function and the region n is strongly c nve ' and j [ 

max 

Il f '(x) II :2: Eo > 0 for all x E n, then the method of conditional gradient c n er e at th . 

rate of geometric progression. ie Ilxk-x*11 ~ cqo\ qo < 1. 

proof: By ( 4.7) and ( 4.S), we get 

CPk - <Pk+ 1 = f(xk) - f(xk + 1):2: 1 Y]2(XJ 
SL IIp(xJ 112 

( Since CPk - <Pk + 1 = f(Xk) - f(x k + I) :2: - Uky](XJ ( by 4.7) 

Using ( 4.12) and ( 4. 10) , we obtain 
cpk - <Pk+ 1:2: L y]\xJ = 1 

SL IIp(Xk) 112 4L 
:2: 1 ollf'(xJ II ( -y](xJ) 

4L 

2 
~ 1 ~ (By4. 8) 

SL IIp(xJ 112 

(- Y](xJ (-y](xJ 
211p(xJ 112) 

(by4.12) 
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~ 8 Eo<Pk ( By assumption and 4.10) 
4r 

This implies that <Pk + I ~ (l-~ <Pk 
4L 

There fore (PI11 ~ ql11<p, where q = 1 - 8Eo < 1 
4L 

Because of the necessary and sufficient condition for a minimum, e ha < r' x 
> ~ O 

Then for all w with Ilw II ~ III x-x* 11
2
, we get < f'(x*), x..±..x* + w - x* > ~ 

2 
or 1/1 < f'(x*), x-x* > + < f'(x*), w > ~ 0 
or Ih < f'(x*), x-x* > - 811x - x* 112 Ilf'(x*) II ~ 0 
or 1/1 < f '(x*), x-x* > ~ 8 Ilx-* 11 2 11f '(x*) II 

But II r(x*) II ~ Eo and since f(x) is convex, we have 

f(x) - f(x*) ~ <f'(x*), x - x* > ( sub gradient inequality) 
~ 281Ix-x* 112 Ilf'(x*) II ~ 28Eo Ilx - x* 112 - - - (4.13) 

Hence Ilxk - x* II ~ 

Putting C : = 
,rzp::­

{2&0 qo = J (1 - 8EQ) we obtain Ilxk - x* II ~ 
4L 
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CHAPTERS 

NEWTON'S METHOD 

5.1. Newton's Method with Step Adjustment 

Consider the following optimization problem 

(p): f(x )----+~ min, x En. where f(x) is a convex smooth function and n i a 

compact set. 

For solving this problem the iterative process 

x k + I = Xk + UkPb Uk > 0 - - - ( 5.1) 

can be used in which the direction of motion Pk = Xk - Xk where Xk i th luti n r til 
problem of minimization in a set n of a quadratic function 

\J1k(X) = <f'(xJ, X-Xk > + 1/1 < f'(Xk) ( X-Xk), X-Xk > 

and as Uk we take the maximum value of the parameter a , obtained by rcdu in th· 

initialx = 1 until the parameter satisfies the inequality. 

f(Xk + apk) - f(Xk) ~ £a\J1k(~) 0 < E < 1 - - - (5.2) 

Theorem 5.1. If for them inimization of a convex twice continuoll Iy differentiable 

function f(x) in a convex compact set n, we used method ( 5.1) in which ak and Pk a r ~ 

determined as described above, then (what ever the initial approximation Xo is eh en : 

1. f(x) decreases monotonically 

2. lim f(Xk) = f(x*) = min f(x) 
k~CX) XEn 

Proof: Since \Jlk(X) is continuous on a compact set 0 by weiers trass theorem ~Jk(X ha a 

minimum point Xk' 

More over, by convexity ofn, from XkEO it follows that Xk + l E O. 

This is because Xk + 1 = Xk + UkPk = Xk + akrx-k - xJ 

= akxk + (1 -ak) Xk EO (Since Xk E [ O,l] ) 

By convexity of \Jlk(X) , we have \Jlk(X k + I) = \!1k(Xka k + (1-aJxJ ~ ak~ 1-
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s 

But \jJk(Xk) = O. Hence \jJk (Xk+l) ~ CXk\jJk(Xk) - - - ~3 + Xk < ' 
Now by Taylor's formula and (5.3), we get f(xk+ I ) - f(Xk + CXkPk) = f( 'k 

(Xk), Pk > U/ < f' (8)PbPk > 

This-;Plies that f(Xk + 1 - f(xJ = CXk < f' (xJ , Pk > + cx/ < f' (8)Pb Pk > 
2 

But \jJk(Xk + I) = < f' (Xk), Xk+ 1 - Xk = 1/2 < f'(xJ (Xk+1 - Xk)Xk+ 1 - Xk > 

= < f'(Xk), Xk+ 1- Xk > + Ih < f'(Xk) (Xk + 1 - Xb CXkPk > 

= CXk < f '(Xk), Pk > CX/ < f '(XkPb Pk > 

Hencef(xk+ I)-f(Xk) =\jJk(Xk +I)CX/ < f'kPbPk > 
""T 

Where Fk = f '(Xkc) - f '(Xk), Xkc = Xk + 8 (Xk + 1 - Xk), 8 E [ 0, I] 

Using 5.3) we have f(Xk + I) - f(Xk ~ 8k\jJk(Xk) + cx/ < FkPb Pk > 
L 

~ CXk\jJk(Xk) [1 + CXk IIFk II II pk 112] - - - (5.4) 
2' \jJk(Xk) 

Since Xk is a minimum point of \jJk(X) , if \jJk(xk) "* 0, then \jJk(XJ ~ \Vk(XJ = 0 
Then with a certain xk(choosing CXk:S; 2 ( 1 - £) \jJk(Xk ) 

I/Fk 1/ I/Pk 1/
2 

the ineqlJality 1 + Uk /lFk Il/lPk /1
2 2 £ holds - - - (5. 5) 

"2 \Vk(Xk) 
Hence inequality ( 5. 2) holds true and there fore the described method of choo ing CXk 
can be applied. It follows from (5.2) that f(Xk+l) :s; f(Xk)' Hence 1 is true o 
To prove the second part we first show that \jJk(Xk) k ~ ~ 0 . 
In a closed bounded set Q continuous function f '(x) has an upper bound. That m an 

/If' (x) /I :s; M . Then /lFk/i = I/f'(Xkc) - f'(Xk) I/:s; /If'(Xkc /I + /If'(Xk) :s; 2M 

Moreover the vector pk has an upper bound too. Then /lPk /I :s; max I/ x - y /I = : d 

Now assume the contrary. Suppose \Vk(Xk) :s; -~ < ° 
Then 1 + ~ /lFk 1/ /lPk 1/

2 
2 1 - Uk I/Fk 1/ /lpk /1 2 2 

2 \jJk(XJ 2~ 

= 2 1 - ukMd 
~ 

x,y £0 

Henc inequality (5.5) and hence (5.2) is always satisfied even with Uk = (1 _ £ )~ 
~ 

> . But from (5.2) follows f(Xk + I) - f(Xk) :s; £ \jJk(XJ :s; _ £~cx = _ £c~~d 
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... 

This means f(x) is not bounded below. But this is a contradiction t th 

continous function on a compact set Q has a lower bound. 

Hence \jJk(Xk) ::;: ~ < 0 is not true. There fore \jJk(xk) k---+ 00 0 
• 

a t th t • 

That means at any limit point of the sequence (5.1) the necessary and uffi ient nditi n 

for a minimum of the function f(x) in a set Q is fulfilled. 

Taking this in to account, the last assumption of the theorem can be proved a in th r m 

4.1.11 
5.2. Rates of Convergence for Strongly Convex Functions 

Theorem 5.2. If in addition to conditions of theorem 5.1 , function rex) i 

convex, ie mil y 112 ::;: < f" (x)y, y > S; M Ily 112, m> 0, x£: n, y £: En then equn e .1 

converges to the ( 5.6) solution at a super linear rate. 

Proof: Since f(x) is strongly convex the solution exists and in unique. More er In 

Xk is a minimum point of \jJk(X) and \jJk(X) is convex, by the characterizing the rem f 

convex optimization <\jJ'k (Xk), Xk - Xk > 20 Or < \jJ'k(XJ , Xk - Xk > ~ 0 

As \ji'k(X) = f '(Xk) + f '(XJ (X-Xk), we have 

< f' (Xk), ~ - xk > + < fl(Xk) ~k-Xk)'~k - Xk > S; 0 

Or < f' (Xk), Pk > ::;: - < f' (Xk) Pic> Pk > - - (5.7) 

By ( 5.6) and (5.7) , we obtain 

\jJk(Xk) = < f' (Xk), X'k - Xk > + '/z < f'(Xk;Xk-Xk, ~k-Xk > 

= < f' (Xk) ,Pk > + liz < fl(Xk) Pic> Pk > 

::;: - < fl(XJ Pic> Pk > + liz < f' (xJ Pic> Pk > 

= - '/z < f" (Xk) Pic> Pk > 

::;: -m2 Ilpk 112 - - - ( 5.8) 
2 

From ( 5.4) we have 

f(x k+ I ) - f(Xk) S; Uk\jJk(Xk) + ~ IIFk 1IIIpk 112 
2 

::;: -l1lUk Ilpk 112 + Sbk2 IIFk 1IIIpk 112 
2 2 
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m 
since \jfk(Xk).~~ .0 ( B.y theorem 5: l),we have by 5.8 that I/Pk 1/ k 0 
More over SInce f IS umformly contmuous 1/ Fk II k~oo -­

---++0 

But from ( 5. 9) it follows that 'v'k ~ NI ( E) the inequality (52) wl·II b . Ii . . ' . e sall led \ Ilh 
= 1 . That is method ( 5.1) IS changed in to the usual Newton's method with a unit . 
For a > NI(E), we have that ak = 1 and hence 

\jfk(Xk) = \jfk(xk+ I) = < f' (Xk), x k+ I > + 1/2 < f'(Xk)(Xk+ I) - Xk), Xk + 1- Xk > 

~ < f '(Xk), x k + I) - Xk > 

= < f' (Xk_I), Xk+ I) - Xk > + < f'(Xk) - f'(Xk_l), Xk+ 1- Xk > 

By lagranges formula for operators < F(x + h) - F(x) , Y > 

= < F '(x + 8h) h,y > , 0 ~ 8 ~ 1 ) we have that 

< f'(Xk) - f'(x k-l), x k+ 1- Xk > = < f' (Xk_l) + a k-I Pk-I) -f'(Xk_I), x k+ 1 - Xk > 

= < f'(Xk_l + 8(Xk-Xk_1 Xk-Xk_"Xk+I)-Xk> 

Hence \jfk(Xk) ~ < f' (Xk_I) , Xk+ 1 - Xk> + < fIt (Xk-l + 8(Xk - Xk_l) (Xk -Xk),Xk 1 - Xk / 

= < f '(Xk _ I) + f' (Xk _ I) (Xk - Xk -I), Xk + I - Xk> + < [ f (Xk_1 + 8(Xk-Xk_l) ) ](Xk-Xk.1 Xk 1-

Xk > - - - (5. 1 0 ) 

Denoting <1\= : < f'(Xk_1 + 8(Xk-Xk_d (Xk-Xk_I), Xk+1 - xk> 

From \jfk-I(Xk) = f' (Xk_I), Xk - Xk_1 > 1/2 < fIt (Xk_I)(Xk-Xk-I), Xk - Xk_1 > 

We have \jf'k-I(Xk) = f' (Xk_l) + f" (Xk_l) (Xk - Xk_l) 

Then < f' (Xk_l) + fIt (Xk_ I) (Xk - Xk_I), Xk+ 1- Xk > = < \jf'k_I(XJ, Xk + I-Xk > 
There fore \j1k(Xk) ~ < \j1'k-1 (Xk), Xk+ I-Xk > + < <l>k(Xk-Xk-I), Xk+I-Xk > 
Since \Vk-I (Xk) = < f' (Xk_I), Xk-X k-I > + 1/2 < fIt (Xk_l) (Xk - Xk_I), Xk - Xk·1 > 

= < f' (Xk_I), P k _ I > + 1/2 < f" (x k-I) P k - I> P k -1 > 
)- > < f' (Xk_I),Xk_I-Xk_1 > + 1/2 < f'(Xk_I)(Xk-I-Xk-1 ,Xk_I_Xk_1 

= \j1k-1 (Xk_l) 
= min \jfk_ 1 (x) 

XED 
h . ' theorem of con e 

We have for any xED that < \jf'k_I(Xk), X-Xk > ~ 0 ( c aractenzmg 
optimization) consequently < \If'k-I (Xk), Xk+I-Xk > ~ 0 holds. 
There fore \j1k~ ~ < <1\(x k - xk-d, Xk+ 1 -Xk > 

Or - \j1k(Xk) ~ < <l>k(Xk - Xk-I) , Xk - Xk + I > 
~ I/ <I>k 1/ I/Xk-Xk-I /I /I Xk-Xk +1 /I 
= II <l>kll II Pk _ III II Pkll - - - (5.11) 

43 



p 

But from ( 5.8) we have Ilpk 11 2 :::; - 2 \jJk(XJ :::; 2 Il<I>k 1I IIpk - 1 II II pk II 
m m 

Or II Pkll :::; 2 11 <1>k II lip k- 1 II Or Ilxk + 1 - Xk II :::; 211<1>k 1IIIxk - Xk_1 11- - - (5.12) 

m 
Since f "(x) is uniformly continuous on the compact set n We have that Il<I>k II 

k~(jJ 
~ 0 . Hence there is anumber N (E) such that with k ~ N(E) we find 

Ak = 2.11<1> II < 1. Ifwe take IlxwxN-1 II = : C and 1 - AN = : y > 0 

m 
Then Ilxj- XN + 1 II = Ilx N +1 + 1 -x N+I + XN+ 1+ 2 - XN+ 1+ 1 + - - - + xj-xj-l II 

:::; IlxN+ I+I - X N+I 11+ Ilx N+I+2 - x N+ I+I II + - - - + IIxj-Xj_1 II 

i-I 
= L Ilxk + 1 - Xk II 

k=N + 1 
But IlxN + 1 + 1 - XN + 1 II :::; 2 II <I>N + 1 1I IIx + 1 - XN + 1- 1 II 

m 

:::; 2 II<I>N + 1 II· 2 II<I>N + 1- 1 1II IxN+I-l - XN + 1- 2 II 
Iii IIi 

m 
Denoting 

m 
= : AN+I = : 2 II <PN + 1 II 

m 
AN+ I-I = : 211<PN+I-I II 

m 

III 

m 

= C ANAN+I - - - AN+I-IAN+ I 
and IlxN+I+ 2- XN + 1 + 1 II :::; CANAN+I - - - AN+1AN+I + 1 

i-I 
Hence L Ilx k + 1 - Xk II :::; CANAN + 1 - - - AN+I [ 1 + AN+l+ 1 +AN 2+1+1+ - - - + AN+I+I -(N+I+ I)] 

( this is because AN+I+k :::; AN+I+ 1 'ik = 2., - - - i) 
2 

:::; ~l AN - - -- AN+I ( since 1 + AN+I +1 + AN+I+I + - - - - AN+I+I 

I-AN 

:::; (jJ i 1 
L A I-AN 
i = 0 

= C A A + 1 - - - - AN + I by denoting C = : C 1 
I-AN 

Hence IIXj - x + I II i,l 00 ~ 0 . 
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That means, the sequence (Xk) is a cauchy sequence and since the space En is complet 

( finite dimensional) the sequence(xJ has a limit x* EO, and 

IlxN +l - x* II:::; C ANAN+l - - - AN+l (5.l3) 
By theorem ( 5.l), lim f(xk) = f(x*) = minf(x). 

XEO 
Therefore (5.1) converges to the solution and the rate of convergence is super linear. II 

Theorem 5.3. If the conditions of theorem 5.2 are fulfilled and besides, matrix f " 
satisfies the lipschitz, condition on the set 0 with constant R, then the sequence (5.1) (in 
which Uk and Pk are choosen by the method described above) converges to a solution at a 

quadratic rate. 
Proof: If the second derivative f" (x) satisfies Lipschitz' condition with constant R, then 
inequality (5.12) takes the form Ilxk+l- Xk II:::; 2R Ilxk - Xk-l 112 - - - (5.14) 

m 

(this is because Ilf "(Xk-I + 8(Xk-Xk-l) - f "(Xk-l ) II 

:::; R Ilxk-1 + 8(Xk - Xk-l) - Xk - I II 
= R 118(xk - Xk-l) II 

:::; Rllxk- xk _,11 (Since 0 :::; 8:::;1) 

put ~k : = 2R Ilxk + I - Xk II 
m 

Since Ilx k+ 1- Xk II k~ex) 0 V E> 0 ::lL(E) such that ~k < 1 Vk > L(E) 
From ( 5.14) with k > L(E) , we t:ave m ~k:::; ~k - 1 Ilxk - Xk - I II 

2R 
Or ~k :::; ~k-l 2R Ilxk - Xk _ I II. This implies that ~k :::; ~k2 - 1 

m 
Similarly we have ~k-l :::; ~/ -2 and soon 
In general we have ~k :::; ~/ - I :::; ~k22_2 :::; - - - ~2k-LL 
Consequently, for any i > L + I, 1 = 0,1, - - - we have 

1 i-I k- L 
Ilxi - xL +lll:::; I Ilxk + 1- Xk II :::; m I ~2 (Since IIXk + 1 - Xk II = 11L ~k 

k=L+I 2R k=L+I 2R 

i-I k-L 
= m I ~\ 

2R s = 1 

k-L 
2 

and ~k :::; ~ L 

Since Xk ~ x* , we have IlxL+ 1- X* 11= lim IlxL + I - Xi II 
ex) 

:::; ;R ~ r>.~ ~~, C < ex) ( since the series L ~2sL ( converges) 
L., I-' I-' s=l 
s=1 
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Lemma 5.1. If a strongly convex function f(x) is being min' . d . 
d·· "h( Imlze and a III ( 5 I) , 

choosen under con ItIon 11 Xk + akPk) = min f(Xk+ apk) ___ ( 5.15) k • 1 

o ~ a ~ 1 

then Xk ~ x* and a k ~ 1 as k ~oo 

Proof: By Taylor's formula 
f(x kt I) - f(Xk) = a x < f ' (xk), Pk > ak2 < fll (Xkc) Pb Pk > 

2 
with the value of a k satisfying ( 5.15), the right hand side of the last eq l't 'd . , . . ua I y conSl ered 
as a functIOn of vanable a mustattam Its minimum. 

That means ep( ak) = a k < f' (xJ , pk > a/ < f" (Xkc) Pb Pk > attains its minimum at a -:r k· 

Then ep'( a k ) = 0 
Or < f (Xk), Pk > ak < f" (Xkc) Pb Pk > = 0 
This implies that 1 ~ a k = - < f '(Xk), Pk > 

Thus a k ~ C > O. 

< f "(Xkc)Pb Pk > 
~ - < f '(xJ, Pk > 

Mil Pk 11
3 

(by 5.6) 
~ < f"(xk)Pbgk > (by5.7) 

M Ilpk " 
2 

~ m IIRk 1/ = m (by 5.6) 
M IIpk 112 M 

There fore in a similar way as in the proof theorem 5.1, we can show that \{'k(XJ 
k ~oo 0 " That means the sequence ( 5.1) in which ak is choosen under condition 
( 5. 15) t onverges to the solution. At the same time by theorem 5.2, " Pk" k ~ 0 0 
and IIF k II k ~oo ~ 0 

Now it remains to show that ak k~oo 1. 

We know that f(Xk t I) = \IJk(akt 1) + ak2 < FkPb Pk > 
2 

But \.jJk(xk t l)= < f '(Xk), Xkt l- Xk > 1/2< f"(Xk)(Xk t l-XJ,Xk t l-Xk > 
= < f' (Xk), Xk -Xk > + < f' (Xk),Xkt] -Xk> + 112 < f"[Xk)(Xktl-XJ + Xk -XJ,(Xk +II-Xk) + ~-x 
= < f' (Xk), Xk -Xk > + < f '(XJ,Xk t l - Xk > +112 < f"(Xk) (Xktl - Xk )Xkt 1 -Xk > + /2 < f 
(Xk)(X k t I - Xk), Xk - Xk > + 1/7. < f "(Xk)( Xk - Xk), Xk t 1 -Xk > + 1/2 < f "(xJ( Xk - XJ,Xk - Xk > 
= < f '(Xk), Pk > + f "(Xk), Xk t I - Xk > + < f "(Xk) (Xk-Xk),Xk t1 -Xk > + 112 < f "(xJ(x k+ 1-~)' 
x kt l-Xk) + 1/2 < f'(Xk)Pb Pk > I < " \ 
= < f' (Xk), Pk > + 1/2 < f "(Xk)PbPk > + < f'(Xk) + f "(Xk) Pk, Xk t I-Xk > + /2 f (XkJ 
(Xk t 1 - Xk) , Xk t 1 - Xk > 
= \.jJk(Xk) + < \ji'k(Xk), Xk t l- Xk > 1/2 < \V"(Xk) (Xk) (Xk t 1- xJ, Xk + I-xk) 
But Xk t ] - Xk = Xk + a kPk - Xk = Xk - Xk + UkPk 

= - Pk + UkPk 
= (Uk-l)Pk 
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Then f(Xk + I) == ~k(Xk) + < \Vk' (Xk), Xk+ 1 - Xk > +( Uk_I)2 < \-Ilk" (Xk)Pk >+ Uk2 < FkPb Pk > 
2 2 

Now since < \.IJk'(Xk), Xk + 1 - Xk > ~ 0 and < \-Il\(Xk)PbPk > 
2 2 

== < f "(Xk)Pb Pk > ~ m Ilpk II and < FkPb Pk > == 0 (1lpk II (Since IIFk II ~ 0 as 

Ilpk 11---+ 0) we have that the minimum of f(Xk + I) 

_ \-Ilk(Xk) can be attained only as Uk I l. 

Other wise with any K, we should have 1 - Uk ~ P > 0 and at the same time 

f(x k + I) - \-Ilk(Xk) == 0 ( II Pkl1
2 

) II > 0 Where as with U = 1, the difference f(Xk) - \-Ilk(Xk) = 
1/2 < FkPb Pk > = 0 ( II Pk 112 ), (Since Xk + 1 - Xk = 0 ( U = 1) and Uk_1 = 0 The terms < 

2 
\V'k(Xk), Xk+ 1 - Xk > 0 and (Uk - I) < \.IJ\(XJPb Pk > = 0) 

2 

That is with sufficiently gTeat K we should always have f(xJ < f(Xk + I) ; which is a 
contradiction to the choice of Uk( since f(Xk + I) = min f(Xk + upJ ) 

o ~ U ~1 

Theorem 5.4 If the fun ction f(x) satisfies the requirements of theorem 5.1 and in method 

( 5.1) parameter Uk is choosen under condition ( 5.15), then Xk ---* X* at a super linear 

rate. 

Proof: By estimates ( 5.3) and (5.8), we have 

( ) 2 2 2 
\VkXk-1 ~ Uk~k(Xk) ~Uk \Vk((Xk) ~ ~m Ilpkll 

2 
That is \-Ilk(Xk + I) ~ -m Ilxk+1 - Xk 11 2 - - - (5.16) 

2 
(Since IIUkPk 112 == IIXk + 1 - Xk 112) 

More over ~k(Xk + I) = < f'(Xk) , Xk + 1 - Xk > + 1/2 < f"( Xk) Xk + 1 - Xk Xk+ 1 - Xk> 

~ < f'(xk) ' Xk +l-xk> (Since < f"(Xk)Xk+I-XbXk+I-Xk > ~ 0 

= < f I (Xk) , Xk + 1 - Xk _ 1 > + < f I (Xk) , Xk _ 1 - Xk > 

Since at a point Xk the minimum of f(x) is attained in the direction Xk _ 1 - Xk _ 1 ,we have < 

f' (Xk), X k-I - Xk > ~ o. Hence \Vk(Xk + I) ~ < f'( xJ, Xk + 1 - Xk_1 > 

== < f'(xk_I), Xk+ 1 - Xk_ 1 > + < fl(Xk - f"(Xk_I),Xk + 1 - Xk-I > 

By using Lagranges formul a for operators, we have 

\Vk(Xk + I) ~ < f"(x k-I ) + f "(xk_l) (Xk - Xk_I) , Xk + 1 -Xk_1 > + < <Pk 

(Xk-X k_I), Xk +I-Xk_l > 

Where <Pk = f"(Xk_1 + 8(Xk - Xk_I)) - f"(Xk_I), 8 E [0,1] 
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~ 
We have \lfk(Xk+ I) ~ < (Uk-I -1 f "(Xk _I) + <1\) 

Uk-I 
Hence setting bk = : II a k-I -1 f" (x k- I) + <Dk) II 

- \jJk(X k + I) :S; bk IIxk-xk-1 IIlIxk + I - Xk - 1 II 
As ( 1 -Uk_ I) (Xk-Xk_ l) = ( L - 1) (Xk - Xk_l) 

a"_1 
= ( Xk_1 - Xk_1 - 1) (Xk - \ - I 

Xk - Xk - I 

= Xk_1 - Xk_1 - (Xk - Xk_l) = Xk_ I-Xk 
Now denoting [ 1 -ak_1 ] bk = : Cb we have - \jJk( 
IIxk-Xk-1 112 
Since Uk -+ 1, IIpk II - 0 ( Lemma 5. 1) e ha 

" , 
k - 1 

n 

h 

k+ 1 

o k 

Comparing this with ( 5.1 6), we e tabili h that II ' k + 1 - ' k II ~ k II 'k-X k-I II 
IIXk+ 1 - xk 11+ bk IIxk-Xk_, 112 
Where ~k=: ~ bk = :~ 

m m 
(thisisbecauseby( 5.1 6),we have -

'
4h( k+ I) ~ m... 11 k 1- kll 

-2 

=> m IIxk +I- Xk 112 ~ bk llxk-Xk_, IIlIxk+ ,-xkll+ kll k- k-, II 
2 

=> IIx k+ 1 - Xk 112 ~ 2bk II Xk - X k-I IIlIx k + 1 - Xk II + 2Ck IIxk- k- 1 112 
111 

. - I -

k 

Finally, having solved the quadratic in quality obtain d fi r II k + 1 - \ II, \' - fi nd that II x 
k + 1 - Xk 1I:s; ~ k IIxk-x k _ 1 II 

where ~ k = : ~k + >J ~k I + bk o 
2 4 

The remaining part of the proof i s performed just as in theorem 5.1 . II 
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