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ABSTRACT

Let (Q, B, 1) be a measure space, and ¢:Q — Q suchthat ¢~1(A) € B for
all Ae B. Then p is said to be invariant with respect to ¢ if u(4) =
u(e~1(A)), A€ B.If uis invariant with respect to ¢ and is also a probability
measure, then the quadruple (Q, B, u, @) is called a measurable dynamical system.
One of the aims of this project is to present a variety of examples of measurable

dynamical systems showing their importance and relevance.

Let (Q,B, 1, @) be a measurable dynamical system and let ¢™ denotes the
nth iterate of . We also define @ be the identity function on Q. For x € Q, the
sequence x, @(x), @(@(x)),..., ™ (x),... called the orbit of x, describes the
path of the point x as it moves in Q under iteration of the mapping @. The second

most important part of this project, called ergodic theory, studies the properties of

this sequence.

In addition, isomorphism of two measurable dynamical systems is introduced,
and the most powerful tool for deciding when two measurable dynamical systems

are isomorphic, namely entropy, is presented.
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Measurable Dynamical System

Introduction

Dynamical system consists of a set Q, a ¢ - algebra f on (1, a measure y and a measurable

function ¢ defined on Q, the iteration of the map is defined by induction
@° = idenitity, " = @ o @™ ! foralln € N.
The theory of measurable dynamical system splits in to subfields which differ by the structure

which are imposed on Q and ¢.

i.  Differential dynamical system:- deals with action by differentiable maps
on smooth manifolds.
ii. Topological dynamical system: -deal with actions of continuous maps on
topological space usually compact metric space.
iii.  Ergodic theory:- deal with measure preserving actions of measurable
maps on a measure space.

In this project we discuss the Ergodic theory of dynamical system. The aim of this theory is to
describe the behavior of @™ asn — oo. The Kolmogrove —Sinai Theorem identify the necessary
condition for two measurable dynamical systems to be isomorphic, that is, they have the same
entropy.

This project has two parts. Part one: Ergodic theory. In this part we discuss the invariant
measure, Ergodicity and prove the point wise Ergodic theorem and presenting several examples.

Part two: Entropy. This part mainly focuses the conditions when two measureable dynamical system to
be isomorphic, the property and calculation of entropy and entropy of a Bernoulli shift.
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Measurable Dynamical System

PART ONE: ERGODIC THEORY

1.1. Invariant Measure

Suppose that a particle p moves around inside £} according to the following rule; If p is at
x at time n,it moves to @(x) at time n + 1, where @: Q — Qs a function that is independent
of n. Although, according to this rule, the particle is always moving in (, the law governing its
movement remains constant for all time. For 4 c (), let

1 if peAattimen,
A) =
Ha (4) { 0 otherwise

Then the expression
n—1
1
pA) = lim = 1, (4)
n—-on e

represents an average over time of the number of visits of the particle to the set A, that is the

number of visits to A per unit time by the particle.

Let [ denote the collection of subset of Q such that the previous limit exist. and () belongs

to [ and u satisfies the following condition

i. u(A)=0forallAep
i. w@=0
i, w(@) =1
iv. IfA,B € B aredisjoint then u(AU B) = u(A) + u(B)

Definition 1: LetQ be aset. Anonempty collection f of subset of Q is called a o-algebra

if the following two conditions are satisfied;

i. IfA€ PthenA® € B
i. |If{A,}€ Bthen U, A, € B

Al
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Measurable Dynamical System

Definition 2: Let Q be a set and 8 a - algebra of subset of Q. A measure p on f is an

extended real- valued function satisfying the following condition;

i. wu(A)=0forallAe p
i. wu@=0
iii. IfEy,Ey Ez..,arein Bwith E; NE; =@ fori # j then

.u(Un En) = Y u(Ey)
The triple (Q, B, p) is called measure space.

If u(Q) = 1 in the measure space then we says that L is a probability measure and (Q, 5, ) is
probability space.

Definition 3:-Let (Q, 5, 1) be a measure space. Suppose @: ) — Q and that
@ 1(A) € B for all A € B.Then p is said to be invariant with respect to ¢ if

u(A) = p(p~(a)),A€p.

If u is invariant with respect to ¢ and is also a probability measure, then the quadruple
(Q, B, u, ) is called a measurable dynamical system.

Example 1:- Addition modulo one
Let the operations + be defined on [0,1) by

x+y ifx+y<1

x+y=(x+y)mod1={x_}_y_1 ifx+y >1

For fixed b € [0,1), let ¢, (x) = x + b then ([0,1),M[0,1),A[0,1), ¢} ) is a measurable dynamical
system.( Mo 1) be a o — algebraof Lebegue measureable set, A 1) be Lebegue measure )

Proof:

B x4+ b if x€[0,1—-b)
fpb(x)—{x+b_1 if x€ [1—-b,1)

Claim 1; ¢, is measurable

Al
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Let @ € R, then

{x:x €[0,1): @, (x) = a}

)
[a—b,1—b)
[0,1)
[01—-b)U[1—(b—0a)l)

Therefore, ¢, is measurable.

Measurable Dynamical System

ifa =1
ifba<l1
ifa<O0
if0<a<b

Claim 2: Ag 1) is invariant with respect to ¢, (i, e Ajg1)(E) = Ajo.1y(¢(E)))

Let E c [0,1) be measurable. Since ¢, is measurable, go_lb(E) is measurable

_(x+b if x€[0,1—b)
(Pb(x)_{x+b_1 if x€ [1-b,1)

1L ¢y([0,1=b)) =[b,1) := By 3. ¢, ' ([b,1) =[0,1 - b)

2. 9p([1=b,1)) = [0,b) := B, 4. ¢, '([0,b) =[1 - b, 1)

Considerthat E = (ENB;) U (E N By)
op(E) = @, '(ENB;) U 9, '(E N By), But
@, "(ENBy) ={x €[0,1): ¢9,(x) € E N By}
={x€[01):x+b€EENB;}
={x €:x € (ENBy) — b}
Hence, ¢, “1(E N B;) = (E N B;) — b. Similarly
@, '(E N By) = {x: 9, (x) € E N By}
={x:x+b—1€ENB,}
={x:x€(ENBy)—(b—1)}

Hence, ¢, Y(ENB,) = (ENB,)— (b—1)
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Measurable Dynamical System
Thus, ¢, "1 (E) = ¢, "(E N By) U @, ' (E N By),
=((EnB)—b)U((ENBy)—(b—1))
Ao,y (@05 (E)) = A1y (@5 1(E N By) + 0.1y (95 1(E N By))

= Ao,y (((B 0 BY) = b)) + 4101 ((E 0 By) — (b = 1)

= Ajo,1y(E N By) + A;0.1y(E N By) (Since, Lebesgue measure is translation

invariant)
= Ao,y (E)
Therefore, /1[0,1)((1’19 -1 (E)) = Ajo,1)(E) .Hence, Ao 1y is invariant with respect to ¢.
Claim 3:- Ao 1) is probability measure
Ao,1) is a lebesgue measure, so M[a,b) = [[I] so, M[0,1) =1

Hence A ) is a probability measure. Therefore, ([0,1),]\/[[0,1) Alo,1), @p) is @ measurable

dynamical system.
1.2. Pointwise Ergodic Theorem

Let (Q, B, 1, @) be a measurable dynamical system and let 9™ denotes the n'" iterate of ¢.

We also define ¢© be the identity function on Q.
For x € (), the sequence

x,0(x), p(9(x)), ... ™ (x), ... Called the orbit of x, describes the path of the point x as it

moves in Q under iteration of mapping ¢.
Theorem1: point wise Ergodic Theorem.

For each f € L'() the limit

Al
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Measurable Dynamical System

1= 1imy e~ SATE f o @® (1.1)
exist i ae .Further more, f* € L (1) and satisfies [ f*du = [ f du (1.2)
Proof:- Let f = xp

Let S, (x) be the number of visits to the first nt" terms of orbit of x,

n—1
5.0 = ) x00® (@)
k=0
Let A, (x) be the average number of visit,
S, (x
4 () = n ( ).

Suppose A = lim,,_,.,sup A, (x) and A = lim,,_,.,inf A, (x)
Claim 1:- [ Adu < u(B) and [ Adu > u(B)

To verify the claim, will make use of the following properties of the functionsA and A:

0<A<A<1 (1.3)
And
Aop=Aand Ao =4. (1.4)
This means,

A o) = A(p(0) = lim,_einf A, (p(x))
. . Sn
= lim,,_,, mfw
= liminf - 3323 x5 0 0 (%)

= lim inf%(xB o+ x500@+xg500® +x500® + - +x5 0 9™)(x)
n—->0o

Al
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Measurable Dynamical System

S
- rll_r)gomfZ(Zﬁzé xp o @k — x5 + x5 0 ™) (x)
= lim inf%(Zﬁ;é xpopK)(x) =4 (since, asn — oo, the term
n—oo
(—xp +xp09™) > 0)

Therefore, 4 o = A.

Similarly,

A o p(x) = A(p(x)) = lim sup A, (9(x))

= lim,, o SUp Sn(@) (fl(x))

= limsup > 333 x5 0 0® (p(x)
= r}ijgosupi(xt; o+ x50 9@ +xp 0 + x50 W + - tx5 0 0M)(x)
= gi_l)‘gsup%(ZZ;é xp o @* —xp + xp o <p(n))(x) (Since, asn — oo, the term
(—xp + x50 9™) > 0)

= limsup - (5= g o ") () = 4
Therefore, Ao = A. Itisalsotruethat Ao ®) =Aand A o p® =4

Let £ > 0 and 7,(x) denote the 1* time that average number of visits exceeds Z(x) —€.

T.(x) = min{n e N: A, (x) > A(x) — ¢ }

We observe that by (1.3), 7. (x) is always a positive integer. From

{x:t.(x) >c} = ﬂ{x: A, (x) < A(x) — e}
n<c
It follows that 7, is f-measurable.

Al
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Measurable Dynamical System

Casel. 7, € L (u). Then we can choose an integer M such that

u(z. 1 (M, 0)) = 0 (L1.5)

For each x € {) we consider the sequence of integers
71(6) = 7. (), 72() = 7. (9710 (X)), 13(x) = (91 W (), ..
It follows from (1.5) and the invariant of u with respect to ¢ that, for u almost all x, we have
Ti(x) <M,jeN (1.6)
Suppose that x satisfy (1.6).Let n be a positive integer than M and g be such that

0, <n<o (2.7)

q+1

Where we are using the notation o, = 7; + 7, + 73 + - 7, then s, (x) = So, (%)

q
gq—1
S0, = ) %500
k=0
o1—1 oy—1 o3—1 gq—1
= z x5 0™ + z x5 0™ + z xg o) + o + z xg o™
k=0 k=0'1 k=0'2 k=0'q_1

= 55, (0) + 50, (0D (0) + 50, (D)) + -+ 52, (9T V()
It follows from (1.4) and the definition of 7, that
52, (%) = 71 (A(x) = )
5., (971 (1)) = T2 (A(9°1 () — &)=1,(A(x) — €)

52, (972 (1) = 3 A9 (1)) = £)= 15 (ACx) — ¢)
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Measurable Dynamical System

Se, (@7171(x)) = 7 (A9 () — €)= 74 (A(x) — ¢)
S, (0) = 50, () + 5, (00 + 5, (D)) + -+ + 57, (90D ()
> 11(AG) — &) + T (A(x) — &) + - + 7,(A(x) — €)
=M+ +13+ -+ 1) (AX) —¢)
= 0q (A() —¢)
From the definition of g, wehaven < g,,1 @>n<17+ 7, + -+ 7, + 744
=>Nn=<04+ T4
SN —Te41 =0y
Hence,s, (x) = g, (Ax)—&) = (n— Tq+1)(Z(x) —¢)
Applying (1.6) we conclude that, for u-almost all x, we have
sn(x) = (n— M)(A(x) — €) (1.8)
holds for all x € 2. And,

_(lifex)€EB
Xp o(p(x) - {Olf(p(X) $ B

B {1 if x € Y(B)
loifx ¢ o '(B)

= x(p—l(B) (X)

Integrating both sides of (1.8) and using the invariant of u with respect to ¢, we obtain
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Measurable Dynamical System

[ s = | nz_lxg 0 o) dp(x)
k=0

= $32h x5 0 0 d
= Zz;(l)fxwk(g)dli
=Xisou (97 (B) = ZiZo u (B) = nu(B) (*)
Since p is invariant with respect to ¢.
nu(B) = n(u(p~1(B))) and using the fact that u is also invariant with respect to ¢*.
nu(B) = LiZo 1 (9~ (B))
Applying (1.8) and (*),we get
[ sn()dp(x) = [(n = M)(A(x) — &) du(x)
nu(B) = [(n — M)(A(x) — £)du(x)
w(B) = - [(n = M)(ACX) ~ £)du(x)
Dividing by n and letting n — oo, we get
u(B) = [(A(x) — €)du(x)
> [A(x)du(x) — ¢
Since € was arbitrary, u(B) = [ A(x)du(x)
Similarly, we define,
T.(x) = min{n eEN:A,(x) < A(x) + e} ,fore >0
From (1.7) and the definition of t.,we have,

sp(x) < saqﬂ(x) Butoyy1 = T4+ + T3+ -+ T4 + T4

Al
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Measurable Dynamical System

=03+ Tg41 SN+ Tg4q

From (1.5) and the definition of 7, , that

G'q+1—1
S"q+1(x) = Z xp 0™ (x)
k=0
og1—1 oy—1 o3—1 g+1—1
= > x500® @+ D xpop® )+ ) x500@0) et D x50 k)
k=0 k=01 k=0, k=04

= 50, (1) + 55, (V@) + 55, (9D (@)) + +++ + 5, (@1 7V ()
<A + &)+ (A + &) + -+ Ta+1(AX) + €)
=M +0+13+ -+ 700)AK) + &)
= 0g+1(A(X) + )
Hence, s, (x) < 0441 (é(x) + 8) S(m+71441)AX) + &)
Applying (1.6) we conclude that for u-almost all x, we have the inequality
s (x) = (n+ M)(A(x) + ¢) (1.9)
Integrating both sides of (1.9) and using the invariant of u with respect to ¢ we obtain,
nu(B) = Xizou (B) = Xizou (97" (B)
[$:()dp (x) < [(n+ M)(A(x) + &)
Dividing by n and letting n — oo, we get
u(B) < [Adu(x) +e

As € > 0 was arbitrary, we obtain the claim, thus the proof of the theorem is complete.

Al
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Measurable Dynamical System

Case2: 7, & L™ (u).thatis, T, is not essentially bounded. Because T, is a finite —valued,

we can choose a positive integer M such that u(771(M, »)) < €

SetB* =B U (t71,(M,)),s,5(x) = XRZ§ xpe o p* and A4,,° = st

n
Let 78 = min{n EN:A,°>Ax) — e} hence ¢ is A-measurable and 7¢ < 1,
Claim: 7¢(x) < M,x € N
For,if t8(x) > M then t, = ¢ > M.Hence,
A" (X) = xpe = Xp -1y ) 21> Alx) — ¢
It implies, T¢(x) = 1 < M it contradict our assumption. So, it must be the case 7¢(x) < M.

Now let n be a positive integer than M and let g be such that g, <n < 7,44

0'1—1 0'2—1 Uq_l
s E(x) = Saqg(x) — Z Xpe o (p(k) + Z Xpge © (P(k) 4+ et Z Xpge © (p(k)
k=0 k=0’1 k=0'q_1

=50, () + 55,5 (0000 +  + 5, (@D ()
> 78 (AGx) — &) + 15 (A(x) — &) + - + 15,(A(x) — €)
=0,(A(x) — &) = (n— M)(A(x) — €)
5,5 (x) = (n — M)(A(x) — €)
Integrate both sides, [ s,° (x)du(x) = [(n — M)(A(x) — &) du(x)
Asn — o, we have,u(B?) = [ A(x) du(x) — ¢
Therefore u(B®) = [A(x) du(x) — ¢

u(B) + &> pu(B) + u(r71(M, )), since u(t71(M,»)) < &

Al
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= u(B%) = [A(x)du — ¢

Thus,u(B) + & > [A(x)du — ¢
Since € was arbitrary, then

u(B) = [A(x)du ™)
By similar argument, take ¢ = min{n EN:A,° <AXx)+ e}.
Define g such that g, < n < g,,;now by definition of 7° and A,°,
Saq (xX) S sp(x) <n(Ax)+¢€) and 0411 =05 +Tg41 SN+ Ty
sn(x) < (n+ M)(Ax) + €)
u(BS) < [AM) +e
p(B) — e < u(B) — u(t71(M, ®)), since — e < —p(r71(M, ))

< u(B) + u(r™'(M, ))

= u(B) < [AC) +¢
uB)— &) < JA() +e
Since € was arbitrary then
u(B) < [Ax) *)

From (*) and (**) we get

M@SJA@MM@mMJZ@MM@SM@)

Hence our claim holds. ]

Al
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Measurable Dynamical System

Definition 4 :.(Ergodicity)
A measurable dynamical system (£, 5, i, ¢) is called ergodic if
Ee€epB&E=¢ Y E)=>u(E)=00ru(E)=1
Remark:
Ergodicity is equivalent to,
Ee€eBREco W(E)>u(E)=00ru(E)=1
Theorem 2:
Let (Q, 8, u, @) be a measurable dynamical system. Then the following are equivalent:

a) (B, u @) isergodic
b) For each f € L'(u), the average

£ =1lim,_e %Zﬁ;& f o ¢@Fisconstantp a.e
C) Iffe LY(u)and f o = f pua.ethenfis constant y a.e
Proof: (a = c) suppose (Q, B, u, @) is ergodic. If f € L*(w)andfop =fpua.e
Claim: fis constant

Let fis real valued. Let D = {x € Q:f(x) # f o ¢(x)}.then

u(D) = 0.letting 9% = ¢* " and using the fact that y is invariant with respect to ¢®.
u(D) = 0 = u(e* (D)) forall k.

Hence u(Ufo @ (D)) < Eou(¢* ' (0)) = 0

Leth € Rand E = f~1((—o0, b))\ Ui ¢* (D) .then we have

wE)=u (f_l((—OO, b))) equals 0 or 1

[t show that fis constant u a. e

Al
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Measurable Dynamical System
(c = a) suppose f € L'(u) and f o ¢ = f pa.e then fis constant
Let E € B suchthat E = ¢~ ' (E) then xg o ¢ = x,,-1(5) = X
By (¢), xg is constant u a. e. it follows u(E) = 0 or u(E) = 1.
(b = ¢): Suppose f* = limn_)m}l n-1 £ o @* for each f € L'(u), f*,is constant.
Letfogp = fua.ethen f o p®) = f we went to show that f is constant.
By(b), f* = limy oo - 2425 f © 0"
= lim,, ., %22;3 f = f.But f*isconstantu a.e, so fis constant u a.e.

(c = b): suppose (c) is hold,
f*=1im,_ %Zﬁ;&f o @* = f,soby(c) f is constant, hence f* is constant u a. e.
Corollary 2.1: If (Q, 8, u, ) is ergodic. For each f € L' (1)

lim,, 00 %Zﬁ;é o @) (x) = [ f du for almost all x € 0.

1.3. Examples of measurable dynamical system and ergodic

Example2: Rotation through an angle

Let E be the map from [0,1) on to the unit circle T in the complex plane define by

E(x) =e?™™andlet f = {A c T:E~1(A) € M}is o- algebra..Define the measure u on 8 by

u(d) = /1(E_1 (A)), so that u is normalize arc length measure on T. also, for fixed b € [0,1),
define @,: T = Thy ¢, (z) = e?™P z.then (T, 5, 4, ¢;) is a measurable dynamical system and

is ergodic if and only if b is irrational.

Proof: (1)
Let £:[0,1) > T by E(x) = e?™*

Al
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Measurable Dynamical System

@p:T = T by ¢, (2) = e*™ z and u(A) = A(E~"(4))
B ={A cT:E"\(4) € M}
Claim1: ¢, is measurable
©,:T—>T, ¢,(2) =e*™z,z€T
Foreach w € T thereisz € T suchthat, ¢,(z) =w
Lletw = e € T.Put z = e'@=2m™) then
o) (Z) — lerin — lerib ei(H—Zn'b) — ei@ = w.

Hence ¢, is surjective.

Letw; € T and w, € T,suppose @, (w;) = @, (w,) then e?™P w, = 2™, it implies

Wy =W,
Hence ¢, is injective. Therefore ¢, is bijective. Foreachz € T, (p‘lb(z) ET
Hence ¢, is measurable.
Claim2: u is invariant with respect to ¢,,.
o1 (E) ={z €T: 9, (2) € E}
={z€T: ez € E}
={z€T:iz€E.e™}={zeTNE.e?"0}={z =E.e2mb}

(P_lb(E) — E'e—Zm'b

(o7, (B)) = p(E.e72) = |2 |u(E) = u(E)
Therefore, u is invariant with respect to ¢.
i) (T, B, u, @p) is ergodic if and only if b is irrational.

Suppose f € L' (i) in such that f o ¢, = f. Then the Fourier coefficient of the function

g(x) = f(e™) must satisfy §(n) = 2™ g(n).If b is irrational, then §(n) = 0 for all non
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zero integer n, since g € L'(u) and g(n) = 0 then g = 0 a. e,for all non zero integer

n.Thus,f is constant. Therefore (T, [, u, ¢,) is ergodic.

On the other hand, if b is rational, say,b = %where p and q are integers, then the function

f(z) = z% is non constant and satisfies f o @, = f . Hence (T, 8, 1, ¢},) is not ergodic.
Example 3: Multiplication by 2mod one
Let the mapping ¢; in example 1 be replaced by
@(x) =2xmod1=x+x
Then, ([0,1), Mg .1y, A{0,1), ) is measurable dynamical system.
Proof: i) ([0,1), Mg 1), A{0,1), ) is measurable dynamical system
Claim 1: ¢ is measurable

The map ¢:[0,1) - [0,1) is define by

2x  ifx€[0,)

p(x)=x+x= 1
2x—1ifx€[5,1)

Let ¢ € R. Then

1) ifa>1
{x €e[0,1):0(x) = a} = [%%)U[%Hl) if0<a<l1

It show that ¢ is measurable.

Claim2. Ay 1y is invariant with respect to ¢.

2 if x €0,
O
2x—1ifx€[;,1)
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Measurable Dynamical System
let € =[03)and G, = [2,1)

for a measurable set A c [0,1)
e (A = (' (A NC) U (eI (A NCy)
But 9 1 (A)NC, ={x:x € (A NC}
={x:x€p 1(A)and x € C;}

={x:p(x)€Adand x € (C;}
={x:2x € A and x ECl}:{x:xE%Aandx ECl}
={xxesanc}=34a
' 2 =2
Similarly ¢ 1(A) N C, = {x:x € o~ 1(4) N C,}

={x:x € o '(4) and x € C,}

={x:p(x) €Aand x € (,}
={x:2x—1€A andx € Gy} = {x:x E%A+%andx € Cz}
1 1 1 1
= {x.x € (EA +E) nCz} _EA+E
Since Lebesgue measure is translate in variant, so we get

Aoy (@A) = A1) (@71 (A) N C)) +Ap0.1y (@71 (A) N Cy)
1 1 1 1 1
= /1[0‘1) (EA N Cl) + A[O,l) ((EA + 5) N CZ) = A[O,l) (EA) + /1[0‘1) (EA)

1 1
= 5/1[0,1)(14) + 5400 (4) = Ap,1y(4)
Hence, A1) is invariant with respect to ¢.

Therefore, ([0,1), Mjo 1), A[0,1), ¢) is measurable dynamical system.
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Example 4: Bernoulli schemes

LetS = {1,2,.., N} where N > 2 and let p = (py,p2, ..., Pn), Wwhere p; = 0 for each

j €Sand Z}Ll p; = 1 then vector p defines a probability measure 1 on S via uy({j}) = p;

Let (1 be the Cartesian product ({2 = S#) consists of all functions on the integers having values

in S or alternatively all doubly infinite sequence of elements of S.

From p, we will construct a probability measure y on Q. That is, let (Qy, By, tx), 1 < k < n be

o-finite measure space and
Let X7'—1 Q. ={(x1, x5, ..., X, ): x;. € Q. } be the Cartesian product of Qy, Q,, ..., Q,,.
Let X;'_1f) be the o-algebra generated by the n-dimensional measure.

Then there exist a measure X;'—; 1, on X;'—1 ) such that

Kot B = | [ @
k=1

Let F be a finite set of integers and a be a function from F in to S. Then we define
Cra ={f €Q:f() = a(j) forj € F}
Define by € . the collection of subset of () consisting of @, () and sets of the form Cg .

Claim: ¢ is a semi algebra of subset of ().

Given that ¢ be the collection of sub set of Q consisting of @, (), and all sets of the form

Cr q, itimplies that ¢ satisfy the first condition of a semi algebra.
Let A,B € € by definition of € ,A and B of the form Cp,,

For aset A, we have, Cr, = {f € Q: f(j) = a(j)for j € F} similarly for a set B we
have Cr, = {g € Q:g(j) = a(j) for j € F}since,f ,g € Q(the cartisian product), now

f andg can be written as
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f=(x1,%9, .., %), x; €EQ, for each i
9 =1 Y2 Y)Y €Q, foreachi
Thenf N g = (x1,%9, ..., %) O (Y1, V2, e, Y ), X1, Vi € Q, for each i
=1 Ny, XNy, w0, X, NY,), X NY; €EQ, for each i
= (ITi=1 f) n 11 90)
= [li= (i 0 g0)
Puth=f ng,thenh(j) = (f ng)() =fU) NngQ)
= a(j) na(j) = a(j)
Hence,{h € Q: h(j) = a(j)}. Therefore h € €.
A €E ,then,Crq ={f € Q:f(j) = a(j) forj € F}
=>A={feQ:f(G)#a() forjeF}=0
Hence ¢ is semi algebra.

Next we define a set function § on @by letting
@ =0, §(Q)=1

I(Cra) = Mjer to(a(D
Claim: ¢ satisfy

i. If{C,}r=; is afinite sequence of pair wise disjoint member of ¢, whose union is in &

n

then d(UI_, C) = 2. $(Co)

k=1

Proof:
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If {C;}%=1 is a finite sequence of pair wise disjoint member of €, whose union is in
€, by definition of €, Cp, = {Uj_; fi: U1 fi()) = a(j)}
3 (Uk=1 C) = Tjer oa(}) = Ijer o U fi(DD
= HjEF Uit to (fi() = Uiy HjEF to({fi(DH
= iz [jer o ({fi(DYH = Lik=1 (G
i. i)ifc,c, .. €Cand C C Uyc, thend(c) < D $(C)

proof:c,cq,cy,...€ Cand C c U, ¢,

§(c) <4Unc) = d(C)andd(c) <o

Consequently, the above conditions are hold then § extended to be a probably

measure y on a o algebra B generated by C.

We have a probability space (Q, 5, ).
Next we define the function
9: Q- Qby (f)() =fG+1)

If we consider the elements of Q doubly infinite sequences then the effect of ¢ is to move each
term of a sequence f one place to the left. For this reason, the mapping ¢ is often called a

Bernoulli shift.
now, for F* = {j + 1:j € F} and a*(j + 1) = a()),
¢ (Cra) ={f €Q: 0(N() € Cra}
={feQ:f(+1) €Cry}
={feQ:fG+1D=a(),j €F}
={feEQ:f(+1D=a(+1),j+1 €F}=Cpy

Therefore, ¢! (CF,a) = Cpr ¢ . It follows that the o-algebra
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{A c Q:¢71(A) € B} contains C and hence ¢~ 1(A) € Bfor each A €
Claim: u is invariant with respect to ¢

Let the measure v be defined onf by v(4) = u(p~1(4))
v(Cra) = 1(07(Cra)) = u(Crra)
= [jer 1o (@ (D)

= .u(CF,a)

Thus,v and u agree on c.Hence v = . This means that u is invariant with respect to ¢. there

for (Q, B, 1, ) is a measurable dynamical system.

This system is known in the literature as a Bernoulli scheme and is often

denoted by B(p1,D3, -, Pn)-
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PART TWO: ENTROPY
2.1. Isomorphism of Measurable Dynamical System

Definition 5: Two measurable dynamical systems (Q, 8, 1, @) and (A, S, v, ) are said to be

isomorphic if there are mapping J: Q = Aand K: A = Q such that:

i. JY(B)€pforeachBE€S,
i. K '(A) €S foreachAE€Sp,
i. —u(J7X(B))=v(B)foreachB €S,
iv. v(K71(4)) = u(A)for each A € B,
v. Jegp=1o]pae,
vii Koy=¢@oKvae,
vii.  KoJ(x)=xuae,
vii. JoK(y) =y vae,

each of the mapping ] and K is called an isomorphism.
Example 5: example (1) and (2) ,in the above, are isomorphic.

Given two measurable dynamical systems, determine whether they are isomorphic. An
invariant of a measurable dynamical system(Q, 8, 1, ¢) is a number or property,
1(Q, B, 1, @),such that if (Q, 8, u, @) and(A, S, v,) are isomorphic ,then
1(Q, B, 1, p)and I(A, S, v, ) are identical.

2.2. Entropy

Let (Q, [, 1) be probability space. Suppose that the distribution of the location of a
partition p, in Q is given by the probability measure p. that is, for each A € 3, the probability
that pisin A equals (A). The object of the experiment is to locate the position of p as closely

as possible.

Definition 6: Let (Q, B, 1) be a probability space. A measurable partition B of Q is a finite

collection of sets {41, 45, ..., A, } such that
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i)A, € B forallk.
Ay NA =0 fori+k
i) Ulzy Ay = Q.

Let B be a measurable partition of (£, ). Some partitions tell us more than others about

the location of p. for example, for the probability space ([0,1),]\/[[0,1),/1[0,1)), we expect more
. . 1\ 1 1 1 .
information from B = {[0, 5) , [5, 1)} than D = {[0, ﬁ), [m, 1)}. This is because we are

guaranteed that 8 will reduce by 50% the measure of the set where we have to look for p,
whereas D will reduce it by only 1% . The number of information gained from a

measurable partition is called the entropy of the measurable partition.
Definition 7: let (Q, 8, 1) be a probability space and B a measurable partition of (Q, )

a) A numerical value I(4), the information contained in the event pisin A'is

I1(A) = —logu(4)

b) The information function of a measurable partition is
[(B) = Yues (A)xg = — Xaeslog u(A)xy
c) the entropy of B is the average of the information contents

of element, denoted by H(B),

H(®) =~ ) u(4)logu(4)
AEB

where we use the convention that Olog0 = 0

The entropy of a two element partition in the probability space ([0,1), M{g 1), A{0,1))
H({A,A}) = —A(A) log A(4) — (1 — A(A)) log(1 — A(A))

is maximized when A(A) = A(A)%) = %
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Definition 8: Let B and D be two measurable partitions of (£, 8) in the probability space

(Q, B, 1) then the conditional entropy H(B\D) of B is given by

ANB A
H(B\D) = — Lpep u(B) Tnes " log"

(
u(

NB) __ u(AnB)
5 where u(A\B) = TR

We say that a measurable partition D is a refinement of the measurable partition B and
write BK D if every element of B is a union of elements of D. For any two measurable

partition B and Jt, there is a smallest common refinement given by
BVvN={ANB:Ae€BBeN.
Proposition1:

Let (Q, B8, 1) be a probability space and B, D and Jt be measurable partitions of
(Q, B).then the following hold:

a) IfB«K D then H(B) < H(D)
b) HBVR) < H(B) + H)

Proof: a) Suppose B« D, by definition of refinement each A € B is a disjoint union of

members of D. Thus for u(A) > 0, we have

—p(A)logu(4) = - Zgg;; 1(B) log u(A4)

= —Xpcapu(B)logu(A) + Xpcau(B)logu(B) — Xpca p(B) log u(B)
BeD BeD BeD

w(®)

= —Xcat(B) log u(B) + Xpca u(B) log
BED BED 1(A)

< —Ypcau(B)log u(B) + Xpca u(B) log L2
BeD BED 1 (4)

< —2Bcau(B)logu(B)
BED
Summing over A € B we obtain

H(B) = = Yaep n(A) logu(4) < = Yyes Zggjl u(B)logu(B) = H(D)
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b) Define the function g(t) = —tlogt and is concave on [0,1]; that is, g satisfies

2i-169() <gQi-168) ¢y

for all convex combinations of elements of [0,1]. Without loss of generality we can assume

that u(C) > O0for all C € 9. Thus, we can write
p(AnC)
u(4) = Scen (B752) H(O) ©)

For each A € B. it follows from (1) and (2) that

9(Z-16t) = 9Ceen m(OEED)
=~ Zeenn(O)E 5 108 Seen (O 5D

- _ p(ANC) (AnC) 1 (ANC)
= —k(A)10g k(A) = Bcenn(O)g (BT52) = = Zeenu(0) X 10g M
)

p(ANC)

—u(A)logu(A) = — Ycen (A N C)log( 1(0)

= —Dcen (AN O)logu(ANC) + Yeen (AN C)logu(C)
Summing over A € B we get
H(B) 2 = Yaes Leen (AN C)log u(AN C) + Yeen Xaep (A N C) log u(C)
= = Ses Zcen (A N O) log (A N €) + ey u(C) log u(C)
= H(BVRN) — HN)
Thus, HBVN) < H(B) + HMN).
2.3. Entropy and measurable dynamical systems

Suppose the particle p to move according to the following rule: if p is at x at time 0, then its

position at time 1 is ¢ (x), its position at time 2 is ¢ (¢ (x)),etc

If we use a measurable partition B to obtain information about the location of p at time 0O, then

the measurable partition
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P "B = {((p("))_l(A):A € SB}

yields corresponding information about the particle’s location at time n, and the measurable

partition
B =BV 1lBV..ve DR

yields corresponding information about the path of successive positions of p at times 0 through

n-1 as it moves in (Q under the action of ¢.
Proposition 2:

Let (), B, 1, ¢) be a measurable dynamical system and B a measurable partition of

(Q,B). Then the following hold:

a) H(p7*B) = H(B)
b) H((p7*B)™) = H(BM)
) H(BE™) < H(B®) + HEB™)

Proof: a) Using the definition of entropy of a measurable partition and the invariance ofu with

respect to ¢.
H(B) = —Xsesu(A)logu(A)
= —Yacs (9 7A) log u(p™A)
=H(p™*B)
Therefore, H(B) = H(p *B)
b)H(B™) = — ¥ 1cqm t(A) log u(A) but B = Bv ¢ 1BV ...v ¢~ DB
= —Yaest(A No A, 0N~ DA logu(d; ng A, NN~ TDA)
= = Yaes (NS5 @7 Aip1) log u(NFy @ " Ajsr)

= —Yaes (@ (N2 @7 A1) log u(p ™ (N1) 9" Ai41))  (bya)
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= — e (NS5 @7 (@7  Arsa)) log u(NPZg @~ (9™ A1)
= — Npicp-ks H(NIZ) @7 Biy1) log n(Niy ¢ ' Biyr)
= — Yp,e(p-ksym H(P ' Biy1) log u(9 " Biyq)
= — Xpep-*m)m K(Bir1) log u(Bit)
= H((¢p™*B)™)

Therefore, H(%(n)) = H((p7*8)™)

c) HB®™) =BV e 1BV..ve DBV BV ..ve imDgy
=BMW vV (pBV e DBV v im-Dy)
=8MV (pT"BV 9T (9B V..V o "D (pT"B))
= gM v (q)—ngg)(m)

Thus, H(B8®t™)) = 8™ v (o B)™)

It follows from proposition 1 that

H(BMm) < HEB™) + H((p"B)™) = H(B™M) + H(B)™)

Lemma 1: Suppose that {a, };—; is a sequences of real numbers satisfying the sub additivity

.y - a . .
condition a,, ., < a, + a,, .Then the lim, 7” exists as a real number, or, possibly, —oo.

Proof: Let m € N be fixed, but arbitrary. Eachn € N can be writtenasn = Im +r,
wherel > 0and 0 < r < m.thus a, <la,, + a,.

Dividing by n we get that

an lay, ar mla , ar, (n—-r) ar am T, ar
e R R L Qp + L= Tm g O
n n n nm n nm n m nm n
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Whence lim,, _,, supc;—” < %” for allm.and lim,, supc;—” < lim, e infaT"
Hence,lim,, ., sup aT" = lim,,_,., inf an—” Therefore, lim,, 4, a;" exists
Note: Using proposition 2(c) and lemmal, the limit
H(B, ) = lim,,_, @ exists.

H(8B, @) be the time average for the entropies associated with the measurable partitions

B the quantity

h(p) = sup{H(B, ¢): B a partition of (O, L)}

which can be viewed as the maximum amount of information that can be extracted from the

dynamical system per time, is called the entropy of the measurable dynamical

system(Q, B, 1. p).

2.4.The Kolmogrove- Sinai Theorem
Proposition 3

Let (Q, B, 1, @) be a measurable dynamical system and let B, D and 9 be measurable
partition of (), #). Then the following hold:

a) H(B\D) < H(B)

b) H(BVD) = H(D) + H(B\D)

c) HBVD\N) < H(B\N) + H(D\N)
d) If B KD then H(B\N) < H(D\N)
e) If DKL Nthen H(B\N) < H(B\D)
f) H(p™'B\¢™'D) = H(B\D)

g) HD,9) < H(D\B) + H(B, ¢)

Proof:
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d)

= —YpepH(BNC)log
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H(B\ D) = — Ypep Xaes U(B)u(A\B) log u(A\B)

ZZM(ADB)log (( ))

BED AeB
- _Z Zu(A N B)log (AN B) +Z ZM(A N B) log u(B)
BED AEB BED AeB
— 2 z u(AnB)logu(AnB) + Z u(B)log u(B)
BED AEeB BED
— H(BV D) — H(D) )

<H(®B)+H(D)—-H(D) = H(B)
Therefore, H(B\ D) < H(B)
From (*) in the proof of (a), we have
H(B\D)=H(®BVD)—-H(D)
Therefore, HBVD) = H®B\ D) + H(D)
By definition of common refinement, we get
BVDO\N={(ANB)\C:A€B,BED,CEMN}
={(A\C)N(B\C):A€eB,BED,CEN}
= (B\I) v (D\N)
Then, HB VD)\N = H(B\N) vV (D\N) )
By proposition (1), we have,
H((BVD)\N) <H(B\N) + HD\N) |
Suppose BKLD, that is, each A € B is a disjoint union of members of D, for u(C) > 0,

we have
ANC ANC
—1(4 N O)log =22 = — Fpen u(B N €) log =75
n BnC
Zu(BnC)lg ua +Z u(B ) logH BN Zy(zanc)logu
BEeD (C) B€ED ,LL(C)

u(BNC)
p(0)

(BNnC)
+ Zpep (B N O) logh 7o
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u(Anc)
w(ANC)

— Yo W(B N C) log“ D 4 Ypepu(B N C)logt¥ld

u(BnC)

= —YpepH(BNC)log O

Summingover A € Band C € N

U(ANC)
H(B\R) = ;;M(A nC)logti >’ O
ZZZH(BHC)Iog G G ) )
CEN AeB BED
~Ycen Znen w(B N €) log =2 = H(D\M)
Therefore, H(B\N) < H(D\N) |

e) Suppose D K MR, by definition, each element B € D is a disjoint union of elements of

. Define a concave function g(t) = —tlogt and satisfy

9=y citi) = Xizq g (t;), where YXi_y ¢; = 1

(Zcem 16! u(AﬂC)) IG) (m)

u(@B) u(c) H(B) u(C)
p(ANC) ©(C) p(AnC) n(AnC)
(ZCE”‘ 1 (B) ) ~ e o) 98 L0

©(ANnC) pn(An0)
u(B) u(€)

9(—= (B)ZCESRM(A NC)) = — Yeen

_ 1(AnB) #(ANB) > _
©(B) u@B) #(B)

(AnC)

Ycen (AN C)log———

multiplying by u(B)and summing over A € B,B € D

u(AnB) u(Ano)
—u(ANB)log—————=>— (AnC)log—
u(B) ; u(C)
B
DY NUITIRCLEE 3)3) e
BeD 4A€B CEN AEB BED

HEB\D) = ) (= ) > u(AnC)log" (( 5 wanc),

BED  CENAEB
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H(B\D) = Ypep H(B\N)

> H(B\N)
Hence,H(B\D) = H(B\N), therefore, H(B\I) < H(B\D) ]
-1 -1
f) H(p™'B\¢™'D) = —XpepYacsulp 'AN¢~'B) log%
ANB
= —z Zu(AnB)logH(—B)
BED AeB w(B)
= H(B\D)
Therefore,H(p 'B\¢ D) = H(B\D) ]
By proposition (1.1) and (b) and(c), we have
H(‘D(")) = — Ypepm U(B)logu(B),but ANB c B
< - ZBED(") ZAESB(n) .U(B N A) 108 #(B N A)
= H(B®™ vD™)
Then, we have H(D™) < H(8™ v D™M) (1)

And, DIN\BM™ =DV o 1DV ..V " DD\BM
={41ne A, ne 243N ..Nne " DA\B: A; € D and B € B™}
={A1ne 4N 243n..n o~ VA YN B: 4, € D,B € B}
={(A1nBYN(p74;nB)Nn..n (=™ VA, nB°): A, € D,B € B}
= {(41\B) N (97T 4,\B) N ...n ((p~ ™D A, \BY)}
= (D/B™) Vv (p71D/B™) Vv ..V (¢~ ""VD/BM)
H(D®™/8™) = H(D/B™) Vv (p71D/B™) Vv ...v (p~"~DD/BM))

<H(D/B™)+ H(p 'D/BM™) + -+ H(p~""VD/BM)
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=X/= H(¢™/ D/B™) (2)
From (1) and (2), we get
H(D™) < H(B™ v D®) = H(8™) + H(D™ /BM)

< H(8™) + X2 H(¢™7 D/B™)

< H(8™) + X720 H(™7 D/B™)
< H(B™)+ X H(p” D/9~ B)
= H(B™) + X7=4 H(D\B)
= H(B8™) + nH(D\B)

H(D™)

But H(D, 9) = lim,_, < limy, o = (H(B™) + 1 H(D\B))

)
= lim,_,, ") ¢ HD\®B)

n

=H(B,¢) + H(D\B)
Therefore, H(D, ) < H(B, ¢) + H(D\B). [ ]
Lemma 2:

Let (Q, B, 1) be a probability space, F 8 an algebra, and ¢ the smallest o-algebra

containing F, then given E € e and § > 0,there exsts an F € F such that u(E A F) < 6.

Proof: Let ¢denote the collection of all G € S having the property that there is a sequence

{E,};>—1 ©F such thatlim,,_,, u(G A E,) = 0.
Claim 1:

1) G is an algebra of a set.
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Let G € & hence B is a o- algebra and FcB. Then G € B and F, € F for each n such that

lim, ., u(G AE,)) = 0.
Let G, = E,° then {G, }>_; = {E,“}’~; c F.Since F is an algebra.
Now, u(G¢ A G,) = u((G¢/G,) U (G,/G°))
= u((G° NG,V (G, N G))
=u((G°NEH)VUFENG) =u(GAaF)
lim,, o, u(G¢ A G,) =lim,,, u(G AFE,)=0
Hence, for G¢ € B,there is a sequence {G,} © F such that

lim,, o (G A G,) = 0, Thus G° € &

1) LetA,B € &. Thatis, forall A,B € B there is a sequence {F,}n—1, {E }p=1 © F

such thatlim,, ., u(A A E,) = 0 and lim,,_,, u(B A E,)) = 0. Since f is algebra.

So,A U B € B.

Now, ((AUB)A(F, UE,)) = (AU B) N (E,°NE,)) U ((A° N B°) n (F, UE,)
=((AnENES) U (BN (ESNES))U

((A°NBYNE)VU((A“NB°)NE,)

CANEYUBNE, YU NE)U(B°NE,)
= (A\F,) U (F,\A) U (B\E,) U (E;\B)
=(AAF)U(BAE,)

=>u((AUB) A (F,UE,)) S u(AAF) + u(BAE,)

Thereforelim, ., u((AUB) A (F, UE,)) =0

Therefore, for AU B € B there is a sequence {E,} U {E,,} € F such that

lim,, e, #((AUB) A (F, UE,)) = 0.Hence, AUB € 4.

Therefore, & is an algebra.
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Let {G, };,—1 be a sequence of sets in & We must prove that Uy, G, € & First we
disjointize the G,,'s. Let E; = G, and, for n = 2,let E, = G,\ U}Z1 G,.. Because g isan

algebra, {E, }5 -1 © & moreover, we have Uy-1 E, = Uy-1 G,.Let E = Uy—1 E,.
Because ¢ is an algebra, U;‘zl E} € ¢ It follows that for eachn € N, thereisan F, € F
such that u((Uj-; E))AR,) < % Now, we have
EAF, € (ULw B) U (U BAR)
Hence, u(EAE,) < u(U}x’an Ej) + ,u((U}lzl E])A E)
< B (B +
Since Y71 u(E;) < 1, we conclude that lim,, ., u(EA F,) = 0. Consequently, E € ¢

Remark:

For A, B € f3, the expiration u(A\B) log u(A\B) will be close to zero u(A\B) is either
close to zero or close to one. In other words, u(A\B) log u(A\B) will be close to zero if

A and B are either nearly disjoint or nearly equal.

Lemma 3: Let Fcp be an algebra of sets ¢ the smallest o-algebra containitg F,and B c ¢ a

measurable partition. Then for each € > 0, there is a measurable partition D c F such that

H(B\D) < e.

Proof: Let B={A4, A4,, ..., A, } and & be a smallest positive number. By lemma 2, we can find, for
each j, aset ; € F such that ,u(Aj A C}) < 6. we will use the Cj’s to construct a measurable
partition of (. first, we disjointize the (; s by defining B; = (;\ Uy~ C.. Then we obtain a
measurable partition D = {By, B, .. B,, B, 11} by letting B, ;1 = Q\ Uj_; B; Because F is an

algebra, it follows that B; € F for all j.

Now we consider the conditional entropy
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H(B\D) = — X}y X131 u(Bi)u(4;\By) log u(A;\By).

On the right- hand side of the previous equation, the sum of the terms for whichk =n + 1is
dominated by nu(B,, ;1) log 2/2.this expression can be made by choosing & appropriately,
because |,u(Aj) — ,u(Bj)| issmallfor1 <j<nand X/, ,u(Aj) = 1. We use

—u(Bi)u(A\By) log u(A;\By) < —u(A;\By) log u(4;\By).

And the observation that /J(A]- \Bk) is close to 0, when j # k, and close to 1, when j = k, to
assert that the sum of the remaining terms of H(B\D) is small when § is sufficiently small.

m
Lemma 4:
Let B be a measurable partition. Then H(8®), ) = H(B, ¢) for all k > 1.

Proof: (B = k+n-1) Hence,

. H((%(k))(n)) . H(%(k+n+1))
(m)
= lim, o, H@; ) = H(B, ¢). n

If @ is a 1-1 correspondance and (Q, 8, i, ¢ 1) is a measurable dynamical system, then we say

that ¢ is invertible. In such cases, the notation
BN = pMBV ™ IBYV ... 9 "B
is meaningful for each pair of integers n,m with m < n.
Lemma 5:
If @ is invertible and B is a measurable partition, then
H(B"™, ¢) = H(B, )
For each pair of integers n,m withm < n.
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BMn) = pmBVe mIBY ... 0 "B
=@ (BVeTIBV.. Ve TMB) = (p B H

Hence by lemma 4, we have H( Bmn), (p) = H((¢ ™B)" ™%, p).Since u is invariant

with respect to both ¢ and ¢ 1, it follows that
H(p™™B,¢) = H(B, ¢)
Therefore, H(%(m'"), (p) = H(B, p). ]
If ¢ is invertible and B is a measurable partition, then for each n € N, the collection

B.(B) = {B € B: B is a union of elements of B} is an algebra of subset of Q.
Because 3, (B) € L,4+1(B) the collection B, (B) = Uy~ B, (B) is also an algebra of subsets

of Q.
THEOREM 3: Kolmogorove- Sinai Theorem

Let (Q, B, 1, ) be a measurable dynamical system and assume that ¢ is invertable. Suppose
that B is a measurable partition of (Q, #) such that § is the smallest - algebra
containing S, (B). Then h(p) = H(B, p).

Proof: By the definition of h(¢), to prove that
H(D,9) < H(B,¢)
for each measurable partition D. It follows from proposition 3(g),
H(D, ) < H(D\B",¢) + HB, )

foralln € N. Hence, by lemma 5, we have
H(D,¢) < H(D\B ™) + H(B,¢) (*)
Given € > 0, we can apply lemma 3, to find a measurable partition 9 such that

N C B (B) and H(D\N) < &. Since N is a finite collection, it implies that
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N c B, (B) for some n. in particular, we have it « B,

Apply proposition 3(e), we get H(D\EB(_"'")) < H(D\M) < e.hence by (*), we have

H(D, ) < &+ H(B, p).Since ¢ is an arbitrary positive number,
so, H(D, ) < H(B, ). |

The Kolmogrove- Sinai Theorem is valid when ¢ is not necessary invertible. For a

measurable partition B, Let

B, (B) = {B € B: B is a union of members of B™ }
And let B, (B) = Us-1 B (B).
Theorem 4:

Let (Q, B, 1, ¢) be a measurable dynamical system. Suppose that B is a measurable

partition of (€, 8) such that g is the smallest o- algebra containing B, (8). then

h(e) = H(B, ¢).

Proof: In the proof of Kolmogrove-Sinai theorem, we replace

B, (B) and B.,(B) by B, (B) and B, (B), respectively. [
Example 5: Entropy of a Bernoulli Scheme

In this example, we apply the Kolmogrove- Sinai theorem to obtain the entropy of the

Bernoulli B(p1, p2, ---,Pn)- In example 4, consider the measurable
Partition (£, ) given by Q3={C{0}‘k: k=1.2,..., N}.the entropy of B is
H(B) = — Xi—1 u(Ciopx) log Cropre = — =1 pic log pye.
We will show that B satisfies the hypothesis of the Kolmogrove -Sinai Theorem.

i) @ is invertible.
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Define
@:Q->0by o(f)(j) =f(G+1)

letf,g € Qand (f)() = (@) =>f(+1) = g(+1)
The effect of ¢ is to move each term of a sequence f one place to the left.
Hence, f = g for each j. therefore, ¢ is one to one.
Foreach f € O, thereis g € Q,such that p(f)(j) =g
Chooseg = f(j + 1),

e =fG+D =g
Hence, @ is onto. Therefore, ¢ is 1-1 correspondence.

i) u is invariant with respet to ¢~
Let v(B) = u(@(B)). Then v(CF,*,a*) =u ((p(CF,*,a*)) = [1jer ko (a(i))
=[ljer .Uo(a*(i + 1)) = U(Cryr )
Hence, u is invariant with respet to ¢!
By (i) and (ii), ¢ is invertible. We have <p‘1{C{0}_k} = Cy13x and more generally

(p‘l{C{O},k} = Cyyx for every integer Ltherefore, a typical element of BEmM) s of the

form N/L_,, Coyk = Ci—m —m+1,.m)» Where b(l) = kfor-m <1 <m.

p is the o- algebra generated by sets of the form Cy , where Fis a set of integersand ais a

function from Fin to {1,2, ..., N}. By choosing m large enough, we can assume that
F c {—m,...m}. Hence, we can write

Crq = Up C_pp,..m}p» Where the union is over all function
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b:{—-m,..,m} - {1,2,..,N} such that b(l) = a(l)for all l € F.

It follows that Cr , belongs to A,, (B) and this in turn implies that the algebra A, (B),

containsall sets of the form Cr 4. Thus, f is the smallest o- algebra containing A, (B).

Next we calculate H(B, ). The entropy of B(™) is

m—1

N N m-—1
H(@B™) = — Z Z Z #(Cay,) log 1_[ H(Cuy )
I=0

ko=1 k1=1  kyp—_1=1 =0

N N N m-—1 m—1
=—ZZ-- Z pr log | | Pk
koo k1=1  kpy_1-1 1=0 1=0
Using Xi,=px = 1, we get
N N N m—1 m—1 N
Z Z Z pklogﬂpk=m2pklogr)k
ko1 k1=1 mo1=1 1=0 1=0 k=1

Apply the Kolmogrove- Sinai theorem, we conclude that

Qg(m))
h(p) = H®,¢) = lim —— Z i log .

Thus we see that the entropy of the Bernoulli scheme B(py, Py, ..., py) equals — X N_, p, log py.
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