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Preface

Even though different methods of approximating the solutions of non-linear equations are
highly considered. We are not attempted to present an exhaustive study of the

approximations.

We are concerned only to consider Broydens method of approximation for the solutions

of nonlinear equations.

This seminar report has five chapters which deal with Newton method, secant method

(specially Broydens method), local convergence and other related facts.

Before all I am deeply most grateful to my beloved advisor and instructor Prof. Dr.
rer.nat.habil. R. Deumlich for his constrictive comments, suggestions, hints and valuable

advices. I am realy lucky to have him as my advisor.

I am also grateful to W/o Tobiaw Tefer for her patience and care in typing the

manuscript.
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1. Introduction

This s eminar p aper presents s ecant m ethod o f approximation for the solution of
non linear equations. How ever this method is based on Newton’s method. Therefore
first we will consider some basic facts of Newton’s method. The main idea of secant
method is to approximate the Jacobian matrix of Newton’s method using functional

values that we have already calculated.

1.1 Newton’s Method for solving non linear equation of one variable.

Let f: R — N be non-linear function. To approximate the zero of f., let x. be the
initial estimate solution, then better estimate x. is obtained by considering a tangent line
to the graph of f at the point (x., f(x.)). The x-coordinate of the intersection point of the

line and the x-axis is X+.

Sx)-f(x,)

X, =X,

f'(xe) =

(Xc — x4+) f'(xc) = f(x:) = 0, since f{x+)=0

Xc— X+ = PACA)
S(x,)
X = X - ;f&?fg (1.1.1)
x(‘

This method of approximation is called Newton’s method. At each iteration we
develop a local model of our function f. In this case,

M(x) = fixc) + £'(xc) (X — X¢)

Example 1.1.1: Approximate the square root of 5
Solution:
Let x be the square root of 5 then
=5
x*-5=0

we will approximate the zeros of the function f(x) =x* -5



of 5.

fG) _ % = 23333334

Fix)
ko= - L) = 9333395, 04444447
f(x) 4.6666668

= 2.2380953

Xore = e - %) _ 5 936069
f (x++)

Continue in this process in order to get a better estimate of the square root

1.2 Newton’s Method of approximation for the solutions of systems

of non-linear equations.

Algorithm 1.2.1

Let F: R" — R" be continuously differentiable, J(x) is the Jacobian matrix

of F and xoeR".

At each iteration k solve,
J(xx)sk = -F(xx) fork=0,1, 2.

Xi+1 = Xk t+ Sk

For each k we develop an affine model of F. In particular at x. the affine

model of F is;

Example 1.2.1: Let F(x) = [ . 3 9} which has roots at (3, 0)" and (0, 3)".

Let xo =(1, S)T, find the first two iterations of Newton’s method.

M, =F(x:) + J(x) (X'Xc)

X+ % —3

;X

1 1 -3
I(xo) = [2 10], -F(xo) = (_ 7]

J(x0) so = -F(xo)

2 1)=(2)



-13

_| 8
27 -h

8
X| = Xo + 8o = (-0.625, 3.625)"
J(x1) 81 =-F(x))

1 1 0
=5 295|145
4 4 i

145

_| 212
2 145

S

Then x; =x; +S; = (0.092, 3.092)"

1.3 Vector and matrix norms

Definition 1.3.1: A function |.|: ®" — R is said to be a norm on R" if and only

if the following properties hold:

1. [Vl = 0 VVeR" and ||v|| = 0 if and only if
V=0eR",

2. lleev]| = Jed || Vv eR" and a.e R,

3. Ivtwl<Ivi+Iwl Vv, weR™

Let v=_y, V2, ... V) €R", then

[[Vll = max |vi|

1<i<n

vl = >l
o= (6.7 |

are examples of vector norms.

- T
Let A be a matrix, A = (a1, az1, ... anl, @12, ..., 8an)




Definition 1.3.2: The Frobenius norm of F denoted by
[|Allr is defined as

1Al = {zz|a,,] ]

j=t i=l

Theorem 1.3.1: Let A, B eR"*" and Let for any norm ||.|, ||A.B|| < ||A]| |BJ], let
= 1.
If A is non-singular and ||[A™(B-A)|| < 1. then B is non-singular and
|7
1-|a™(B-4)

1B =

Proof:
Since |A"(B-A) || < 1, we know that A”'(B — A) is invertible. A" (B-A)
and A are invertible implies B is veritable.
IA"B-A)|=IA"B-T| = [I- A'B| <1

I-(-A"B))|| < :
b ey
AB'| < 1
i PR
5| =] 4 il :
IALABY| < A7) |AB] < 1-Jr-(47B)
4

B < ” Hn
1-[r-(4"B)

Bl < “A L
1[4 (B~ 4)

Definition: 1.3.3: A function g is Lipschitz continuous with constant y in a set
X, written g eLip,(X) if for every x, y €X,
l80) — g <y x - yl.



Lemma 1.3.2: Tet F: ®" — R™ be continuously differentiable in the open
convex set D < R", let x €D and J be Lipschitz continuous at x in the

neighborhood D. Then for x +p €D,
G+ p) ~ F(x) ~IGOP | < Z ol

Proof

By definition Jacobian matrix of F.

1

F(x +p)~F() = J)p = | J(x+p)p dt] - J(x)p.

0

[ [ Jx+1p) - JG0lp at

[E(x +p) = F(x) = I(x)p || < j 70+ tp) = J(x) || [|plldt

1

< | yltpll Ipldt
=ylpl | tat
_ L

LR

Lemma 1.3.3: Let F: R" — R" be continuously differentiable in the open
convex set D ¢ R", let xeD and let J be lipschitz continuous with constant y in
the neighborhood D. Then for v, ueD

e )

IF() = F) =160 (v =) | Sy +—1

v —ull.

By Lemma 1.3.2, ||[F(v)—F(u) — J(x) (v-u)|| £ % | v—uf

[l v-ulf fIv =l

(SR

By triangles inequality, < %(H v-x|| + [[u-x|]) [[v-ul|



V—X|+ | —X
b,

Lemma 1.3.4: Let F, J satisfy the condition of Lemma 1.3.3 and let J(x)™ exists.

Then there exists € > 0, 0 < o < B such that,
ol u—v]| <[|F(v) - F(u) | <P [|v—ul.
for all u, veD for which max {|[v—x ||, Ju—x ||} <e.
Proof:
[F(v) = FQ) [ = [[ J) (v = w) || + [[F(v) = F(w) = J(x) (v — u) || by triangles

in equality

by Lemma 1.3.3, <[J(x)+ }2:(“ v—x|[+]u=x|]P]|[v-u]

<[IFC T ye] v -l
for B = [T + ve.
[E(v) = Fwl| < Bllv — ul| (1.3.4.1)
Similarly
[F(v) = FQ)|[ = [1(x) (v = w)]| - [|F(v) = F(u) = I(x) (v-u)].

1
e

By Lemma 1.33 [ [ } Z (v =1+ oexl) ) v =u |

. 1 _ 1 i
ife< W and lat o = [—”J(x)*‘”] ve >0

o [[v—u|| < |[F(v) —FQ)|| (1.3.4.2)
from 1.3.4.1 and 1.3.4.2
of[v—ul| < [[F(v) = F(u)[| <P [[v —ul.



2: Secant method

2.1 Secant method for solving non-linear equation in one variable

Let f: R — R and x. be initial estimate of the zero’s of f. There are cases
in which f '(x) is not available. For example f(x) may be the result of some
computational or experimental procedures. The Newton’s method that uses f '(x)
to solve f(x) = 0 must be modified to apply only values of f(x). In this case the
model of f is a secant line that passes through the point (x., f(x.)) and some othr
near point (x; + he, f(x. + he)).

Let the slope of the secant line be a,

S +h) = f(x)
h

c

then a. =

Definition 2.1.1: foe a very small h, a. is called finite difference
approximation to f'(x).

Let us modify a. as follows:

o L)1)

x—_x(:
Where x. is the previous iterate, x; is approximated by the finite difference.

Substituting a. in place of f'(x.) in formula (1.1.1) we will get:

f®)

a

c

X+ = X¢

S(x)

c

is said to be

Definition 2.1.2: The Newton’s like (quasi-Newton) x: = X, -

secant method

Example 2.1.1: Let f(x)=x2g1,h= 10° and xo = 2. Find the first three
secant iterations.

Solution:

f(x, +h) - f(x,) _ 3.0000004-3
h 10 —

xi=x0- L) _ 5 _075=125
a()




= S )~ £(x) _ 3.0000004-0.5625
= _

=325
Xy +h—x, 0.7500001
X7 =X - @ =1.25-0.1730769 =1.0769231
a,
4= flx)— f(x,) _ 0.5625-0.1597633 13269234
X =X, 0.1730769
X3 =X - M =1.076923 - M = 1.0082646
a, 2.3269234

2.2 Broyden’s method (secant method for systems of non-linear
equations)
Broyden’s method is the most applicable and successful secant
approximation of the Jacobian matrix in Newton’s method.
Let F: R" - R", A,eR" ™ and the Jacobian matrix of F is not available,
the affine model of F is:
M.(x) = F(x4) + As(x — x4).
And this model should satisfy M.(x.) = F(x.), then
F(x.) = F(x+) + A+(Xc — X4).
Ai(xc —x4) =F(xc) —F(x4) (2.2.1)

Definition 2.2.1: The equation A«(x. — x+) = F(x;) — F(x4) is called scant
equation.

Let s. = X+ - X and y. = F(x+) — F(x.), then

Aysc = ye. (2.2.2)

A is not unique, for n > 1 there is an n (n-1) dimensional affine subspace
of matrices satisfying equation (2.2.1). Out of these, A is selected by minimizing
the change in the offine model subject to Ays; =y.. The change between the new
and old affine models at any xeR" is:-

Mi(x) — Mc(x) = F(x+) + Ar(x-x+) — F(Xc) — Ac(x-Xc)

=F(x4) — F(xc) - Ar(X+-Xc) + (Ar-AL)(X-Xc)



= (As-Ao) (X — X0) (2.2.3)
because F(x+) — F(x¢) = A+(x+ - X¢) from equation (2.2.1)
For x eR", let x — x, = as. + t, where ae®R, t eR" such that t's; = 0. Then
equation (2.2.3) will be
Mi(X) — Mc(X) = (As - Ag) (x —X¢) = a(A+ - Ac) Sc + (As - Aot

It is possible to make (A+ - A;) t = 0, by choosing suitable A, for all t
orthogonal s.. That is A; - A, must be a matrix of rank one, in the form us!,
ueR".

we know that

Aisc =Y.

Ayse — AcSc = Y - AcSc
(A+ - Ac)se = Yo — AcSe.
us!s, =y, — Asse.

_ ¥ —dys A —4

u — + 4]
S¢S Se

-4

A+' - (.yr - (‘Sr) S:‘
e
-4

A=A+ Qe ASe) or (2.2.2.4)
S(' S('

B . ; _ (p.=ds.) . ;
Definition: 2.2.2: The equation Ay = A, + —————== is called Broyden’s up
SC S{.‘

date or secant update.
Broydon’s update is the minimum change to A. in consistent with Ass. = y.

measured in frobenius norm.

Lemma 2.2.1: LetQ(y,s)={B eR"™/Bs=y}, A eR"™ y,s,veR"and
s #0, V # 0, then for any matrix norm ||.||, [||.||| such that

IABJ < [[A]l fIBil, (2.255)



.
?v —1 (2.2.6)

The solution to
min ||B — A, (2:2.7)

BeQ(y,s)
T
mA+:A+£Zt§9i< (2.2.8)
S 8

when ||.|| is frobenius norm, then (2.2.8) solves( 2.2.7) uniquely.

Proof: Let BeQ(y,s) then
ry—AﬂH'

'
55

1A+ - All

(B — As)ss"

= , since y=DBs
5§

T
S8

5T
s 8

<[B-A]

T

= “ B-A “3 since

,min | B—Al=[lA-All.
Since the frobeninus norm is strictly convex (2.2.8) is a unique solution of (2.2.7).
Now we have completed our affine model by selecting A+ as indicated
above. The next iterate is the root of the model.
Algorithm 2.2.2: Boydon’s method
(Secant method)

Given F: R" —> R", xgeR", AgeR" ™.
Solve
Axsi = -F(xx)
Xkl = Xkt Sk

Yk = F(Xit1) — F(xx)

10



)T
Apsy = A + (,Vfc fk*sk)sk
Si Sk
fork=0,1,2,...
X, ik, —2 ) T T
Example 2.2.1: LetF(x)=| | 7 a which has roots (0, 2) and (2, 0) let
xS =

xo = (1, 3) Find the first two secant iterations.

Solution

1 1
For simplicity let Ag = J(xo) = (2 ]

R
Xo) = 6

ApSo = -F(x0)
-3 1 -3
— — i
_ 4l _| 2 4 —| 2
So AU F(XU) —1— __1 (6J __1
2 4
- -1
i (]2 |- 7
1 0 0 3 -1 5
2 2
Ar=Ag+ (J’o Aoso)so
S()Tso

11



10 5
-1 1
Y P 0
— | 2 21
X3=X|+8 = + =
exien=| 7 [+ 2 )= (])
2 2
X, + %, =3 ) T T
Example 2.2.2: LetF(x)=| , | 9 which has roots (0, 3)" and (3, 0), let
X, +x, =

x0=(1, S)T. Find the first two secant iteration.

Solution

] P
Let Ag=J(x0) =
0= J(x0) (2 IO)

3
F (x0) = [17]

Agso = -F(xo)

~1.625
So= — 45 F(xo) =
=~ T} (—1.375}

—0.625J

X1=Xpt8 =
R (3.625

0
P = {4.53125)

e Qo) (11 )

ST, 0375 8.625
0.549
Si=-4"F(x)) =
sy SR (-0.549]
~0.076
X=X +§ =
3.076

12



Local Convergence analysis of

Broydens method

3.1 Local g- linearly convergence of the Broyden’s itrates (x) to x,

Let x«, x,eR and }imxk= x«fork=0,1,2,...,

Def. 3.1.1: The sequence of iterates (xx) is said to be convergent locally q —
linearly to xs, if there exists ¢ €[0, 1) and k,eN such that

[Xi+1 - X= | < € [Xk - X#], VK 2 k.

Lemma 3.1.1: Let xg, X, x+€R" Age R™™, F: R" — R" be continuously
differentiable. Further more let Iy = xx — X+, Xo and Ay are sufficiently close to x«
and J(xo) respectively and J(x+) be nonsingular. If ex converges locally g-linearly

to zero, then (xx) converges locally g-linearly to x=.

Proof: Suppose e, converges locally g-linearly to zero
From Broyden’s algorithm,
Axsi = -F(xx)
sk= A, F(xy)
Xl — Xk = Ay F(xi)

Xk+1 = Xk - A;l F(Xk)

Subtract x+ from both sides, it follows,
Xie1 — Xo = X — Xx = A (F(xi) = F(x+))
Multiply both sides by Ay we have
Ar(Xier1 — X#) = A(Xk — X+) — F(xi)) = F(x+)
i.e. Ay e+ = Aex — F(xy) + F(x4) 3.1.1.1

13



Add and subtract J(x«) ey to the right side of (3.1.1.1)
Agern = Axex — F(xx) + F(x+) + J(x#)ex - J(x#)e.
= [-F(xx) + F(x«) + J(x+)ex] + [Ax - J(x+)] ex 3.1.1.2
From the hypothesis.
exk— 0
Xpk—X+— 0
Xk —> X+
F(xx) = F(xs)
-F(x¢) + F(x+) = 0andJ (x+)ex —> 0
From (3.1.1.2)
Axex = [-F(xx) + F(x+) + J(x+)ex ] + (A - J(x+)) ex.
et = Ap [ -F(xi) + F(x+) + J(xw)ex] + 4, (Ax - J(x#)]ex.
el < 14" I CIFFG) + £ Gr)+ el + 1| A, = JG=) el
llewrt | < cllex]-

“Xk+1 = X-k” <c ”Xk = Xn-”.

Then (xx) converges locally g-linearly to x+ . So the main idea of locally g-
linearly convergence of the Broyden'’s iterates (xi) will be an analysis of
(Ax — J(x+)) ex. There for we will prove that (ex) converges locally g- linearly to

zero by showing that {||Ax - J(x+)||} remains bounded.

Lemma 3.1.2: Let D cR" be an open convex set,
F: R" — R" be a function, J(x) € Lip,(D), X, x+€D
with x. # x+, AceR" " and A, is defined by

then we get

14



3
a) 1A — J(x) || € [|Ae = J(xo) || + —21 %2 — Xe [l 3.1.2.1

where we use either the frobenius norm or the #; norm.
b) If J(x) obeys the weaker Lipschitz condition,
7(x) = J(x) | <y [| X =« ||, Vx€D, then,

A= 30) 1< e - 0co) 1+ £ (s - + e =]l 3122

Proof:
a) Let . = J(x4), J. = J(Xc), ¥ = F(x4+) — F(x¢)

(y,—A4.s,)s"

= {4 c C c

e N R ™
SCSI‘

be given

subtract J; from both sides then

T
A+—J+=AC—J+ + (yr _‘fc‘sc’)’sc
scsr

T
Mild and ebifeat T2 —5¢% . on fhie vight side of the-equafion, then

r

SE SC

J —A)s sT —As )s”
(+ C)r C +(yc C C‘)C

T
5.5, 8,

T T
i.e. A+-J+:(AC_J+) []_S Se ] + (yt‘ Acsc)sc

c
T T
c Sc Sc

A+-J+=AC—J+'+’

c

using the frobenius norm or /, norm we have

7
S.Se ¥ _J+Sc
A - L < JAe— ) = 2e5e] + e Zusd
Sc c SC
s 7§
Since /—-—-+ is an Euclidean matrix orthogonal projection, we have
SC SC
¥
88
I_. cC 1
H Se S
And hence
- Ve = J.s |
||A+'J+“ ﬁ”Ac—J-f—”"' W 3123

15



b)

by Lemma 1.3.3 we have,

Iye — Tisell < g (s = xel] + [Ixe = x4 [sc]

= |lye — Jasd] < %ch — x| [lsell- 3.1.2.4
Substitute (3.1.2.4) in (3.1.2.3) we get,

A+ - 3l < e =Tl + Z e =
= 1A —Je+ Te Tl + L e = x|
by triangle inequality, < [|Ae — Jo|| + |[J. — I+ + %”xc — X+

since J(x)eLip,(D), £ [|Ac—Je|| + ¥ [xc — x| + %ch — X4|.

Let  J+=J(x+)and
Ar=Ac+ (Yo - Acs) be given

(yc - A{.'SC )S:

T
s, 5

(4 c

subtract J« from both solution Ay — J« = A; — J« + +

T
J"‘Sc Sc

T
Sc: Sc

Add and subtract,

on the right side we get,

Sc - Acsc )SZ- + (yr: — J*Sc )SZ

Ar-Tx=A. -]« + (J*

8,8, S:Sc
r 7
—-J,s.
A+-J*=(AC—J*){]_S';SCJ+(})C - L)Sc
5.8, S, Sc
Using the frobenius norm or #; norm,
T
5,8, 3, ~Jo,
A+ - T || = A = T [T === + ”
Se S Is. |

Vil
] Ty
Since 7 - 4%

c
T
ScSc

1s an Euclidean matrix orthogonal projection

16



.
5.5
- =1
Co
And hence
yc - J"Sc
IA+ - J<|| = ||Ac — Jo|| + —”S—”— 3.1.2:5
By Lemma 1.3.3
e - Josel < ?21( e - x| + [ — ) [Isell 3.1.2.6

Substitute (3.1.2.6) in (3.1.2.5) we get,

HA+-J*HSHAc-LH+"§(Wh-XM*WBc—XM)m-

Theorem 3.1.3: Let D < R" an open convex set,

F:R" — R" be continuously differentiable function, x«eR" such that F(x+) = 0.
Moreover Let 1, B &R such that N(x+, r) = {x e R": |x — x+|| <1}

c D, J(x)e Lip, (N(x=, 1)) and T (x+) exists with [|[I”(x+)|| < B. If there exists €,

8 > 0 such that ||x¢o — x|| < &, ||A¢ — J(x+)|| < & and (Ay) satisfies (3.1.1.2), then (xy)

converges locally g-linearly to x«.

Proof: Let ||.|| be the £, matrix norm, ex = xx — x» and

J+ = J(x+), we choose € and & such that,

6B <1 3.1.3.1
3ye <28

3

5?,5 <8 2132

To prove the local g-linearly convergence, it suffices to show that the following

two inequalities are true.

A - T+l <(2-25 8 5134
llex]| < @ 3.1.3.4
fork=0, 1.2, ..

17



Now we prove (3.1.3.3) by induction.

For k = 0 the proof is trivial.

Assume (3.1.3.3) and (3.1.3.4) hold for k=0, 1,2, ...,i—1
for k=1,

From (3.1.2.2) we have,
Ak Jo || < [k - T+ + g(uekn + fle-1)

by induction hypothesis,

L G-
A= T <@ -20) 5+ g(‘—z"ﬂlesqll]

(- 3
1A - T | < 2 -2 5+ T”nei-lu 3135

From (3.1.3.4) we have,

sl < @ < "873" <. <20 )le

Since ||eo|| < € we have,
lleill < 20 Vleg| < 270Vg 3.1.3.6
Substituting (3.1.2.6) in (3.1.2.5) we get,

Iy 3o @-2) 8+ 2L o2 ®

Since %ye <§,<(2-2Dy+27)8

= (2-21)8.
ie. A~ £@-29%5
lAg - T £ 2 -2%) 5.

To prove (3.1.3.4) we have to show that A; is invertible, so that the iterations well

defined.

We have that |J.'|| <P and ||A; - J+|| < (2—2") &, then

[ A =T <] I3 A=l <B (2278,

18




Since 22" <2, |I'(Ai - 14)|| < 2B

From (3.1.2.1) we know 66 <1 = Bd < %, then

B 1
7 (A =T < 5

By Theorem 1.3.1 A; is non singular and

-1

47| < . =% 5137

1—|J:'(:4,.—J.)|1 - 1_%

Thus x;+; 1s well defined and we have,

Axerry = [-F(xy) + F(x+) + Jeex ] + (Ax — J(x+))ex,
i.e e = A, [[-F(x_ + F(xs) + Jrex] + (Ax — J(x+))ex]
lle +1ll < Il 4" | [ IFFGax) + Fxe) + Jeex || + Ak — J(xo) || lledl ] 3.138
By Lemma 1.3.2,

[| -F(x¢) + F(x+) + Joey || < % llexl? 3.139
Substituting (3.1.3.3), (3.1.3.7) and (3.1.3.9) in (3.1.3.8) we get,

lleir || < %[ %Ileil[ +(2-2" 8] [leil 3.1.3.10

From (3.1.3.2), (3.1.3.4) and from ||eg|| < & we have,

g &9
3
Substituting (3.1.3.11) in (3.1.3.10) we get,

%uein <27y 3.1.3.11

3 1. . i
Jowall < 22 [32° 422738 e

2“1' 2-f
=3B [1-2—+ 2[5 |l
B[ 5 6] el

—eB [ 1+ G%} 2] 8lei|
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=
=3B [1- —=2715 e
3
. 2 .
Since 1 - 52 <1, <3Bd|eill

Since 66 <1, < @.

- Je.]
ie. [leq] < T’

Since [[e;«1]| < 277 |leq|| < 27V or in general

llex]| < 2%[eg]| < 2™ for & > 0 arbitrary implies that (ey) converges to zero
and ||Ay — J«|| is bounded above i.e A, — J+| < (2 —27%)8.
Therefore (ex) converges locally g-linearly to zero and hence (xi) converge locally

q-linearly to x=.
3.2  Local g-super linearly convergence of the Broyden’s itrate (x;) to x»

Let x+, xxeM fork=0,1, 2, ..., and Pm Xk = X#*

Def. 3.2.1: The sequence (xy) is said to converge locally g-super linearly to xs, if
for some sequence (ci) that converges to zero such that,

[Xkﬂ = X*I - Ck }Xk — X*l.

The main idea of this section is to show that the Broyden’s iterates (xy)
converges locally g-super linearly to x+ under certain assumptions, i.e. if xo and
Ay are sufficiently and J(xo) respectively and J(x+) is non-singular, then (x)
converges locally g-super linearly to X But if we can prove

o = IGe|

I ” ” =0, then (xx) converges locally g-super linearly to x«.
—® ek

First lat us consider the following lemmas.
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Lemma 3.2.1: Let x+, xkeR fork=0,1, 2, ...,

If (xi) converges locally g-super linearly to x«, then for any norm || . || we
-x
have lim 01 =1.
-

Proof: Suppose (xi) converges locally g-super linearly to x«.

Let sy = X341 — X and e = Xy — Xx.

clearly, if hm “ Cist ” =0, then lim u =

" e = e
0< | lim bl 1| = lim s~ le]
eale] T ke e
< tim b el
oo e
Since ||sx + exl| = X1 — Xic + X — X= || = |lexs1|| we have,
|71 [ R
i e 52 Je,

definition of q-super linearly convergence, =0

Then

—r =1lor lim et =
= He H oo - x|

=1

Lemma 3.2.1 help us to replace e by sk in the sufficient condition for the g-super

linearly convergence of the Broyobn’s iterates (xy), i.e.

] _

ke Hek ”

Lemma 3.2.2: Let se.R" be non zero, E e R"*" and

Let || . || denote the £; norm, then

oo )

A 2

El [ —— = | |[E][. —| === 3.2.2.1
( J [' I [M”
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o — [”ES“} 3222

2],

T T

858 58
Proof:  We know that /——— is an Euclidean projector and ——is again a
S 8 5 S

projector.

By Pythagoras theorem,

2

F

E_

Since 7

2

(J -5
{r-52) -]

2
Sine for o. > [B| = 0, (0:2 —p? 2 <o - f we have
o

o m - (i)

Theorem 3.2.3: (Dennis — More 1974)

And hence,

Let D < R" be an open convex set, F:R" — R" be a function J(x)
eLip,(D), x+€D and J(x«) be nonsingular.
Furthermore, let (Ay) be a sequence of nonsingular matrices Axe R" ™, xoeD and

(xx) be sequence of points generated by

X1 = X - A" F(xx), KeN, 3.2.3.1

If 1 xxeD for all keN,

2. X, # X« for all keN,
3. lim Xk = Xx,

22



Then (xy) converges locally g-super linearly to x+ with respect to some norm and

A, —Jx.
F(x+) =0 if and only if :l;im ”( 5 (x ))Sk H =0 where sy = Xg+1 — Xk.  3.2.3.2

s

Proof:

a) Let J« = J(X+), €x = Xk — X+

i “(Ak —J(x“ )} sy
suppose klIl’l

> sl

We have to show that F(x+) = 0 and that (xx) converges locally g-super
linearly to x«.
We have Xir1 = X - Ay F(Xg)
X = Xk == Ay F(xi).
sk =- A F(xy).
Agsk = - F(xx)
Ask + F(xi) =0
Add and subtract J«s, on the left side, then
(Ag — J+) sg + F(xg) + Jesg =0
Add — F(xx+1) on both side we have,
-F(xk+1) = (Ax — J+) s + [-F(xks1) + F(xi) + Jesy ] 3233
[FGae)ll < [I(AK = Jo)sill + [FF(eiern) + Fxi)) + Josi|-
|F G| y (4, =72 )s, ] ) - FGrp) + FCx) + Jus, |

s sl .|

By Lemma 1.3.3 we have,

[Xict1 — Xl

[ B A N Ea )
2

sl s |

4 ”(Ak —J. )SR H

s
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A~y )

. uﬂ + L (Jlexdl + llexsll) 3234
s 2
, N )
using our assumption }LIE —W =0, %Ln; llex|| = 0 and (3.2.3.4) we get,

k

jim G _ g 3235
el

Since lim |Isk|| = 0, this implies
F(xx) = }im F(xyx) = 0.

For Xy+1, X+€D, max { |[xx+1 — X||, |[x+ - x ||} < &, there exist a > 0, kg = 0, by
Lemma 1.3.4 and F(x«) = 0 we have,

[IFxice )| = IF(xice1) — F(xo)l| 2 @ [[xice1 — x|, Yk = ko.

[F(Xie1) — F(x%) || = o [lexs1]], Yk = ko 3.2.3.6
From (3.2.3.5) and (3.2.3.6) we have,
0= ” (xk+l)| S ”em] H > lim a”ekﬂ”
o s Isel == flee +llewanl
= lim -Z%_ where 1, = leca]
k> 147, le]|
i.e lim —2% =0 and hence lim =0
koo |4 7 k—on
limr, = im ”ek” | ={.
k—o k—o “ek”

(xx) converges locally g-super linearly to x«.

b) Suppose the sequence (xi) converges locally g-super linearly to xs, i.e.

el

lim

=0 and F(x+) = 0.
=2 e

We have to show }im "(A" —”J (|J[C' S ” =0
e s,

By Lemma 1.3.4 there exist B > 0, koeN such that,
Bllews1ll = [[F(xics1)lls Vi = ko
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Divide both sides by B ||ex||, then
lecal " |7 G

lecl — Ale.]
o i e ” = T ) e 2 Poe ACA)
o e~ Al ﬁ on e
_ L PG| ] 3237
g ful el
By Lemma 3.2.1 ” ” =1, then we have
€k
- —1 AT
B s
= lim 17 e >0,for>0
e s
And hence 0 = lim ———— | Cee)] 201
=N
pim IG0l 3338

s,
From Lemma 1.3.3 and (3.2.3.3),
”(Ak_‘]*)'sk“ ” I ||_F(xk+})+F(xk)+J*sk”
s s | s |
e
s

From (3.2.3.8) and ;l(im llex]| =0

i % (llexdl + llewnl])

o< i I =I5l G L 7o e b ey =0
L A b s 2k

le lim ———— ”(A -l )Sk“

e ]
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Since J(x)eLip, (D), it is easy to show that Theorem 3.2.3 remains true if

(4, = (x))s, ] _
s |

Since sy = 4, F(xy), (3.2.3.9) is equivalent to

3238

(3.2.3.2) is replaced by lim |

e s |
o s

where 57 =-J(x,)" F(x*) which is the Newton step.

Therefore the necessary and sufficient condition for the locally g-linearly
convergence of the secant method is that the secant steps converge in magnitude

and direction to the Newton steps from the same point.

In Theorem 3.2.3 the sufficient condition for (xi) converge locally g-super

linearly to x« is

lim ||(A-’f —J. )Sff“

k>0 |

=)

Proof: Let B =Ay—J, Thenlrn” 5 =0(3.2.3.10)

o s
By (3.1.1.3),
5,87 H(yc J*Sk)sk H
[Eic1] = [|Ex (1— A J |+
el 8 5 o”
3.2.3.11 Y
From the proof of Lemma 3.1.1 we have,
~J.s,)sh
o e | < Z G+ ol 323.12
” Sk Sk ’ 2

From (3.2.3.12) and |Jes 1| < @

26
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;
(Ve —Js8,)8,
Ssz

y 3 3y
<=, = el = — e
5t 7 llexll 1 [lexl

By lemma 3.2.2,

E 2
m 2 B AN

Bl < x| -
AL 4

Es | 3
M < 2||Exl| [ I[Ex]| - Exr1 + Ty” ex || ] 3.2.3.13

2
s
In the proof of theorem 3.1.2 we hade, ||Ex || || Ex| < 28<, Vk =0 and Z llexl|<2e.
k=0

Thus (3.2.3.13)

“Hska” < A3 [|[Ex[ - || B ||+ﬂ\ek I 3.2.3.14
k

Take the summation of the left and right side of (3.2.3.14) fork=0, 1, 2, ...1,

: Ekk '
3 Bl gy B+ 2 el

=2 §
3ye
=48 [ 1B+ =5~ 1

(3

<45[5+ 3?2’ 32.3.15

Since (3.2.3.15) is true for any i > 0,

3 [Eesd _

ke Hsk”

2



|Eesi |

= lim = 0.
s
Example:
x+x2-2
LetF(x)=| ;
e X —2

F(x) has a oot x« = (1, 1)"

The sequence of points generated by Broyden’s method and Newton’s

method from xp = (1.5, Z)T with Ag = J(xo) are given below

Broyodens method Newton’s method
1.5 2.0 X0 13 2.0

0.8060692 1.457948 X] 0.8060692 1.457948
0.7410741 1.277067 X3 0.8901193 1.145571
0.8022786 1.159900 X3 0.9915891 1.021054
0.9294701 1.070406 X4 0.9997085 1.000535

1.00403 1.009609 X5 0.999999829 1.000000357

1.003084 0.9992213 X¢ 0.9999999999992 1.0000000000002

1.000543 0.9996855 X7 1.0 1.0

0.9999818 1.0000000000389  xg
0.9999999885 0.99999999544 %o
0.99999999999474  0.9999999999998  xo
1.0 1.0 X11

The final approximation to this Jacobian generated by Broyden’s method is

28



1.999137 2.021829 2 2
A= where J(X*)
0.9995643 3.11004 1 3

In the above example Ajyp has a maximum relative error of 1.1% as

approximate to J(xx).

In general when Broyden’s method converges g-super linearly to x«. One
can not assume that the final Jacobian approximation Ay will approximately equal

to J (Xt)

X +.%, =4

Example 2 Let F(x) = [ ] has roots (0, 4)" and (4, 0)" let xo = (2, 6)

x +x2-16

and Ay = J(Xo)

The sequences of points generated by Broyden’s method are given below.

Broyden’s method

Xo 2 6
X1 -1 3
X2 0 4

AL T 11
Yl Y le2 10

In general the final Jacobian approximation may not be approximately
[Ees:
s

more about the order of convergence of Broyden’s method.

equal to J(x+). But if we could say how fast { } goes to 0, we could say

4. Implementation of Quasi-Newton algorithm using Broyden’s update

First let us consider some important ideas of matrix factorizations.

29



For a matrix A the two important factorizations are PLR and the QR. The
PLR decomposition yields A = P.L.R or p'A = L.R for a matrix p which has the
same rows and columns as the identity matrix and not in the same order
(permutation matrix p) a unit lower triangular L, upper triangular R. The
decomposition is obtained by Gaussian elimination with partial pivoting. The QR
decomposition yields A = Q.R, for orthogonal matrix Q, upper triangular matrix
R. The decomposition is obtained by transforming A to R by multiplying A with
a series of n-1 orthogonal matrices Q;. Each Qi is zeros out of the elements of the
i column of Qi.1,..., Qi, A below the main diagonal, while leaving the first i-1
columns unchanged. Q; is calied Householder transformation and is often of the

form Q; =1 - ujy where (u)j =0 fori=1,...,i—1 and the remaining elements of

u; are selected so that Q; is orthogonal induces the desired zeros in column i.

Now the main idea of this section is to consider two issues in using a
secant approximation instead of analytic or finite difference Jacobian, these are:
L The details involved in implementing the approximation.

2 The changes to be made if they are needed to the rest of the algorithm.

One of the most known problems of secant updates is how to get the first
(initial) approximation Ag. But in most cases the finite difference approximation

method is used to approximate Ay.

If Broyden’s up date is implemented directly, then we want to say
something about its implementation,

Let t=y-As and 5 =s's,

T
Ajj=Ay+ % i=1,..n,j=1,...,n

Recall that the first thing our quasi = Newton algorithm will do with A, is
determined its QR factorization in order to calculate the step - 4. F(x;). Since

the Broyden’s update exactly fits the algebraic structure of equation
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A= A, +uv', A, is nonsingular matrix, the more efficient updating strategy is to
update the factorization Q.R. of A in to the factorization Q:R+ of A, at every
iteration after the first.

We will refer to these two possible implementations of Broyden’s update
as factored and unfactored forms. The factored form leads to more efficient
algorithm and should be used in any production implementation. The un factored

form is simpler to code and may be preferred for preliminary implementations.

The diagonal scaling of the independent variables causes Broyolens

update to become,

Av=Ac+ 0 = s YDis. ) (4.1.1)

T 2
Se D.\' S,

And this is the update actually implemented. The update is independent of
diagonal scaling of the dependent variables. Under some circumstances we
decide not to change a row of A.. Notice that if (y. — Acse)i = 0 the (4.1.1)
automatically causes row i of A, equal to row i of A.. This makes sense because
Broyden’s update makes the smallest change to row i of A, consistent with

(A+)i Sc = (ye)i and if (y. — Acse)i = 0, no change is necessary. Our algorithm also
leave row i of A; unchanged if |(y. — Acsc)i | is smaller than the computational
uncertainty in (yc);, measured by n(| fi(xc) | + |(fi (x+)| ) where 7 is the relative
error in function values.

There is another implementation of Broyden’s method that also results in
arithmetic work per iteration. It uses the Sherman-Morrison Woodbury formula

given below:

Lemma 4.1.1: (Sherman-Morrison Woodbury) Let u, ve R" and assume that
AeR™" is nonsingular. Then A + uv' is nonsingular if and only if
1+vIATuAS =0,

Further more

(A+uv)'=A"T- éA']uvTA'l.
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Proof: 1 Let A + uv' be nonsingular, i.e (A +uv')" exists, let B = A+uv'
(A+uv)B=1I
AB+uv'B=1
AB=1-uv'B
BA+uv') =1
BA +Buv' =1
BA=1-Buv"
From AB=1-uv'B
B=A"-A'u'B.
Multiple both sides by v' from the left,
viB=v'A'—vAuw'B
Multiply both sides by u from the right,
vBu=v'AMu— (v'A"u) (v'Bu)
vIATu=vBu+ (v'A"u) (v'Bu).
vIATu=vBu+ (1+ v A w)
obviously 1 + vVIA u=0,ie. 8#0. If1 +vIA'u=0,
ie.viAlu=-1=0.
And from * we get 0 = -1 contradiction

Therefore 1 + v'Au Ad#0

2 Suppose & # 0, A is nonsingular,

so, A’ - éA'luvTA‘I exists

(A+uvT) . (A'- %A'luvTA'])

=AA" - %AA'luVTA'I - éuVTA'luVTA'| +uv'A”
=1+[ -é(l + uVTA']) +1]uv'A’

Since1+uvTA"é6,:I+[% S+1]=1
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And hence, (A +UV')' =A™ - éA'lUVTA-l

If A 'is known, then by applying lemma 4.1.1 the Broyden’s update can

expressed as:

-1 T 4-1
If A7 = 47 + . A y;)’f 4. (4.1.1.1)
S Ay,
The secant direction —A+F(x+), then can be calculated by a matrix vector
multiplication requiring an additional operations. The notion of sequencing QR
factorization algorithms using Broyden’s update were implemented by initially

calculating 4,' and using (4.1.1.1). This implementation usually works fine in

practice but its disadvantage is it makes it hard to detect ill-conditioning A,

The other question we answer in this section is “what changes need to be
made to the rest of our quasi-Newton algorithm for non linear equations when we
use secant up dates?”. From the way we have resented the general quasi-Newton
frame work we would like the answer to be “None” but there are two exceptions.
When the factored form of the update is used, the QR factorization is ommitted

and several implementation details are adjusted.

The other change is more significant, it is no longer guaranteed that the

quasi-Newton direction s = — A_"' F(x,) is a decent direction for

)= 2 IFG[3 And Vi) = < 3" (6x = 3 VhGe). £

i= i=]
= J(xo) 'F(xo).
so that, s"Vf(x.) = -F(xc)" 4" J(xc) F(xo).
Which is non positive if A; = J(x.) but not necessarily other wise. There is
no way that we can check whether s; is descent direction for f(x) in a secant
algorithm. Since we can not calculate Vf(x.) with out J(x;). This means that s,

may be an uphill direction for f(x), and our global step may fail to produce any

satisfactory point. Luckily this does not happen in practice since A is an
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approximation to J(x.). If it does, there is an easy fix we reset A, using a finite

difference approximation to J(x.) and continue the algorithm.

5. Other Secant updates for non-liner equations

So far we have considered one secant update, i.e. Broyden’sup datein
approximating the Jacobian matrix. In this section we mention some other secant

updates.

One of the most known alternative was suggested by Broyden.

Calculating A;" rather than Ay is the suggestion of Broyden.

=] T
Al = A7+ oo = A b 4 . (5.1.1)
YeVe
is the solution of Bgl}il} ) IB' — A”|p (3.12)

From Lemma 4.1.1, (5.1.1) is equivalent to

A=A+ W—C%M (5.1.3)
Ve AeS,

which is clearly a different update from Broyden’s up date.

Update (5.1.1) has attractive property that it produces values of A_' directly, with

out problems of a zero denominator. More over it shares all the important

theoretical properties of Broyden’s updates i.e. this method of approximating

I''(x) is of bounded deterioration as an approximation to J™(x).

The sequence of iterates (xix) converges g-super linearly to X« assuming
that xg is sufficiently close to x«, J(x+) is nonsingular and A is sufficiently close
to J(x,). However this method is less successful than the same method using

Broyden’s up dates in practice.
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Def. 4.1.1: The update (4.1.1) is called Broyden’s bad update.

It is an interesting that Broyden’s good update comes from minimizing the
change in the affine model subject to satisfying the secant equation while the
Broyden’s bad update is related to minimizing the change in the solution to the
model perhaps the fact that we use information about the function and not about
its solution in forming the secant model is the reason why the former approach is

more desirable.

There are other secant updates for nonlinear equations. For example
vieR" and vis # 0
(v, -4, s, W/
A=Ay X “kkTk 51.4
ket = A Vs, (5.1.4)
is well defined and satisfies the secant equation. Broyden’s good and bund

updates are just the choices Vi = sy and Vi = 4, yi respectively.

Branes (1965) and Gay and Schnabel (1978) have proposed an update of
the form (5.1.4) where Vy is the Euclidean projection of sy orthogonal to
Sk-15 ---Sk-ms 0 <m <n. This enables A to satisfy m + 1 secant equations
Ay+18i=yi1 =k —m, ..., k meaning that the affine model interpolates F(x;),

i=k-m..., k-1, as well as F(xi) and F(xy+).

In implementations where m < n is choosen so that sy, ..., Sx are very
linearly independent. This update has slightly out performed Broyden’s update,
but e xperience w th it is still limited. There for we still recommend Broyden’s

update as the secant approximation for solving systems of nonlinear equations.
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