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Abstract

In this paper, we will observe how to find the spanning trees of a graph and the methods
that we use to calculate. The methods that we use for calculating the spanning tree of
the graph are deletion and contraction, matrix tree theorem and combinatorial
interpretation of matrix tree theorem. In the matrix tree theorem we will explore an
interesting relationship between linear algebra and graphs. In combinatorial
interpretation we develop a new approach by constructing the polynomial that
enumerates the spanning trees of the graph according to degrees of all vertices. The
matrix tree theorem does not give the final answer to all problems concerning
enumeration of trees because finding the determinant of a matrix is a complicated
task for complicated graphs. So, this paper is useful to find the number of spanning
trees of the complicated graph simply.
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Introduction

In a connected graph G, it is easy to find a tree that contains all the vertices and some edges
of G; such a subgraph is called a spanning tree. How many spanning trees does that graph
contain? That is what Gustav Robert Kirchhoff was wondering. Kirchhoff was a German
physicist, who contributed to the fundamental understanding of electrical circuits,
spectroscopy and radiation. Kirchhoff found an answer to this question, which is
formulated in the Matrix Tree Theorem. By means of this theorem we find the number of

spanning trees of a graph.

A spanning tree T in a graph G is a connected subgraph in G that contains all vertices of G

and has no cycle.

In the real world knowing the spanning trees of a graph is very essential. For example, a
telecommunications company has n ground stations, to be linked with its two orbiting
satellites. In how many ways can we link the ground stations to the satellites so that all parts of
the resulting system can communicate with one another efficiently? These types of problems

are solved by using spanning trees of a graph
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Preliminaries

Some Definitions

¢ Agraph Gis an ordered triple (V(G), E(G), ¥(;) consisting of a nonempty set V(G) of
vertices, a set E(G), disjoint from V(G), of edges, and an incidence function ¥;; that
associates with each edge of G an unordered pair of (not necessarily distinct) vertices of
G.

+ Each edge e has either one or two vertices as endpoints; an edge with only one
endpoint is called a loop.

+» Two vertices are adjacent if they are connected by an edge and the edge is incident to

the vertices.

Two edges e, e’ are said to be parallel edges if they have the same pair of vertices.

A graph with no edges is called an empty graph.

X/ X/ R/
L X X I X4

A graph is called a simple graph if it has no parallel edges and loops.

X/
X4

L)

The number of edges incidence to the vertex v in the graph G is called the degree of the
vertex v, denoted by d;(v).

K/
L X4

A vertex of degree 0 in G is called isolated vertex and a vertex of degree 1in G is called a
pendant vertex.

X/
X4

L)

A graph is connected if there is a path connecting every pair of vertices.
A graph H is said to be a subgraph of a graph G if V(H)< V(G) and E(H)< E(G).
A cycle is a closed path

X/
°

e

%

e

%

Tree is a connected graph with no cycle.

e

%

A spanning tree of a graph G is a connected subgraph of G that contains all the vertices
of G and has no cycle.
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Part Il

Methods of Counting of Spanning Trees
of a Graph
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Chapter One

1. Deletion and Contraction

Let G = (V,E) be a connected graph and e = vw € E. The deletion of a graph G, denoted by
G — eis just the graph (V, E — {e}). The contraction of the graph G, denoted by G - e is
obtained from G — e by identifying v and w (or “fusing” the two vertices together). For

contraction to make sense, we usually require that e not be a loop.
For example, if G = K, and e = 23, then the deletion and contraction are as follows:

1 2 1 2 1
4

Graph G G—e G-e

Definition: A graph is connected if there is a connecting every pair of vertices. A graph that is
not connected can be divided into connected components. The component of a graph G is

denoted by w(G) is a collection of disjoint connected subgraphs.
Remark: If e is an edge of the connected graph G, then

1. [V(G—-2e)|=|V(G)|IEG —e)| =|E(G)|—1and w(G —e) = w(G)
2. [V(G-e)|=V(G)|—-1I|E(G-e)|=|E(G)|—1and w(G - e) =w(G)
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Theorem: If e is an edge of the connected graph G, then t(G) = t(G —e) + t(G - e)

where t(G) denotes the number of spanning trees of a connected graph G.

Proof: Every spanning trees of G that does not contain an edge e is also a spanning trees

of G — e, and conversely, t(G — e) is the number of spanning trees of G that do not contain e.

Now to each spanning T of G that contain e, there corresponds a spanning trees T.e of G - e.
This correspondence is clearly a bijection. Therefore, t(G - e) is exactly the number of spanning

trees of G that contain e. It follows that t(G) = t(G —e) + t(G - e)

Example: Find the number of spanning trees of the following graph using deletion and

contraction method.

1 2

t(G) = t(G—e) + t(G-e)
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12

1 2
I—[+
3 4 3 Ll
2 12
_ ‘ ‘ + f + 124
3 4 | 3

= —+ + 1724 gp—3 4 12345

3 3

Therefore, the number of spanning trees of the above graph is 4. The spanning tree of the above

graph is listed below:
1 2 1 1 :2 1 2 1 2
3l—14 3 4 3[ L 3 :14

Remark: The limitation of deletion and contraction method is not suitable for large graphs.
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Chapter Two

2. Matrix Tree Theorem

Before we can consider how to use linear algebra to find the number of spanning trees of a
graph, we need to discuss some of the matrices that can be associated to a graph. And also we
introduce the relationship between graphs and matrices and some properties of the graphs.

Behind this we will prove matrix tree theorem algebraically.

2.1 Graphs and Matrices
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Definition: - let G = (V,E) be a graph with vertex set V = [n]. Then the adjacency matrix of G,
denoted by A(G) = (aif)nxn’ where

I {1, if iisadjacenttojinG
Y 0, otherwise

Example: Let G is a graph shown below

1 2
€1 €2 €3
3 4
€4
Figure 1

The adjacency matrix A(G) of this graph is

A(G) =

(NN e =
RO oo
_, OO R
O R R R

The adjacency matrix of a graph gives everything that we need to know about the graph, since

it completely specifies which pairs of vertices are adjacent and which are not.

Definition: - For any graph G with vertex setV = [n], the diagonal matrix of the graph G,
denoted by D(G) = (dij)nxn' where

4 = {deg(i). i=j
Y 0, otherwise

Definition: - Laplacian matrix is given by

L(G) =D(G) — A(G)
Page | 9



Example: For the graph in figure 1

2 0 -1 -1
0 1 0 -1
-1 0 2 -1
-1 -1 -1 3

L(G) =

We use the Laplacian matrix for computing the number of spanning trees of a graph G.

Definition: - A directed graph is a graph in which each edge (i, j) has an orientation, that is the

edge (i,j) goes from vertex i to vertex j.

Definition: An orientation of graph is simply a directed graph in which only one of the edges

(i,j) or (j,i) can occur.

Definition: - let G be a connected graph with vertex set [n] and edge set {e; e, ...,en}. We
orient each edge randomly. The incidence matrix of G is the n X m matrix, with rows indexed by
the vertices and columns indexed by the edges, denoted by Q(G) = (q;;), where
1 if ej goes to vertex i; ej = (j,i)
qij = —1 if ej goes from vertex i;e; = (i,j)
0 otherwise.

Definition: - The reduced incidence matrix Q(G)of the graph G is a matrix constructed by

deleting any of the rows from the incidence matrix Q(G).

Example: In figure 2 we show an arbitrary orientation of the graph of figure 1.

1 2

€1 €3

3 e, 4
Figure 2
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The incidence matrix Q (G) corresponding to this orientation is

1 -1 0 0 1 0 -1 0
o o 1 o r _[-1 0 0 1
Q(6) = -1 0 0 1 Q)" = 0 1 0 -1
0o 1 -1 -1 0 0 1 -1

2 0 -1 -1
0 1 0 -1
-1 0 2 -1
-1 -1 -1 3

QAR =L(G) =

We obtain the reduced incidence matrix Q(G) of G by deleting the 37 row of Q(G)
1 -1 0 0
Q(G) = <O 0 1 0
o 1 -1 -1
Lemma 2.1: For any orientation of a graph G = (V, E)
L(G) = (G
where Q(G)T is the transpose of Q(G).

Proof: we consider the entries g;; of Q(&)Q(G)T in to two cases.

Casel: For the entries q;;; we note that this is the dot product of row i of Q(G) and
columni of Q(G)T, by definition of transpose; row i of Q(G) is equal to column i of Q(G)T.
Thus, when computing the dot product, all the terms are either of the form1-1,(—1) -
(—=1),0r 0-0. Thus, for every edge incident with vertex i that is the degree of the vertex i,

we get a contribution of 1 to the sum in each dot product. Therefore, q;; = deg(i) for all i

Case 2: The entriesq;; fori # j. Here we take the dot product of row iof Q(G) with
column j of Q(G)T, which is the same as row j of Q(G). These rows are different, and the
product of the kt" entry of these two rows is zero if edge e, does not have i and j, as its ends.
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On the other hand, if e, does have i and j, as its ends, then the product of the kt" entry is —1.

Thus

= {—1 if and only if ij € E(G)and i # j
@i 0 otherwise

From here

q;; = deg(i) for all i form a diagonal matrix in which each diagonal element has a value of the

degree of vertex i.
i.e. D(G) = (q;;) foralli e V(G)
A(G) = (qi;) where

L {—1 if andonly if ij € E(G)andi # j
4y 0 otherwise

Therefore

Q(MQR(E)" = L(G) = D(6) — A(6)

2.2  Some properties of graphs

Before we prove matrix tree theorem, we prove some properties of Q(G) and Q(G).

2.2.1 Rank

Definition: - This number of linearly independent rows or columns is called the rank of A.
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The procedure for computing the rank of the matrix A is as follows

Step 1 use elementary row operations, transform matrix A in to matrix B in reduced row
echelon form.
Step 2 Rank of A is equal to the number of nonzero rows of B.
Example: Find rank of Q(G) from example 3
1 -1 0 0

1 0 0 1 0
W=l o 0o 1
0 1 -1 -1
1 -1 0 0 1 -1 0 0 1 -1 0 0
0 0 1 0 _ -1 0 0 1 _ 0 1 -1 -1 _
-1 0 0 1 M 0 0 1 0 M 0 0 1 0 u;l_
0 1 -1 -1 0 1 -1 -1 -1 0 0 1
1 -1 0 0 1 -1 0 0 1 -1 0 0
0 1 -1 1 _ 0 1 -1 1 _ 0o 1 -1 -1
R 0 0 1 0 M‘* 0 0 1 0 Rﬂ 0 0 1 0
0 -1 0 1 0O 0 -1 0 0 0 0 0
Therefore, Rank of Q(G)= 3.
If the j* edge goes from vertex i; to i,, then qgi,j = —1and q;,; = 1 and the other column

elements are zero. So every column of Q(G) contains exactly one +1 and —1. Hence the sum of
the rows is the zero-row, so a row of Q(G)is —1 times the sum of all the other rows. So this row

is dependent of all the rows of Q(G).

Lemma 2.2: Let G be a graph with n vertices. Then G is connected if and only if the rank of its

incidence matrix Q(G) isn — 1.
Proof:
(=)Suppose G is connected.
The incidence matrix Q(G) of the graph G has n rows.

Page | 13



Let r < n. The sum of any r rows must contain at least one non-zero entry. This is
because otherwise there would be no edge connecting any of these r vertices to any

vertices outside the set of r vertices, which would contradict the connectedness of G.

Because of this, r rows are linearly independent if r < n. The sum of n rows is a zero-
row, because each column contains one +1, one —1 and the other is zero.

Therefore, rank(Q(G)) =n-—1.
(<)Suppose rank(Q(G)) =n—landr <mn,

when you add all r rows we get a nonzero row. So there are r vertices which are

connected to the remaining n — r vertices. Hence G is connected.

2.2.2 Determinants

Definition: A unimodular matrix M is a matrix with integer entries having a determinant
+1lor —1.

Definition:- An n X m matrix Q(G) is said to be totally unimodular (TU) if every k X k submatrix

has determinant equal to —1,1 or 0 (1 < k < min{n, m}).

Lemma 2.3: Let Q(G) be a matrix with entries —1,1 or 0, such that each column contains at

most one —1 and at most one +1. Then Q(G) is totally unimodular (TU).

Proof: We prove by induction on k that every k X k submatrix of Q(G) has the determinant.
When k = 1, we have a 1 X 1 submatrix of Q(G) with entries—1, 1 or 0. So the determinant is

either —1,1 or 0.

When k = 2, Assume that det(Qk_l(G)) =—1,10r 0, where Q;_1(G)isa (k—1) x (k—1)
submatrix of Q(G). Let Q. (G) be a k X k submatrix of Q(G).
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% If Q,(G) has a column with exactly one non-zero entry, we can develop det(Qy(G))
with respect to that column. This gives that
det(Q(6)) = £ det(Qx_1(G)) =—1,10r0
% If Q,(G) has no column with exactly one non-zero entry, then the rows of Q,(G) add up

to all-zero row. Then det(Q,(G)) = 0

Therefore, det(Qk(G)) =—-1,10r0

Lemma 2.4: If B is a non-singular square submatrix of Q(G), then the determinant of B is +1.

Proof: Suppose Bis a non-singular square submatrix of Q(G). In the matrix Q(G), every
column contains exactly one —1, exactly one +1 and the other entries are all 0. By lemma 2.3
Q(G) is totally unimodular. By definition of TU, det(B) = —1,10r 0. Since B isnon —
singular det(B) # 0. Therefore,det(B) = +1

2.2.3 Matrices and Trees

Lemma 3.3.1: If B is a square submatrix of order n — 1 of Q(G), then:
B is non-singular if and only if the edges corresponding to the columns of B determine a

spanning tree of G.

Proof: Suppose H is a subgraph of ¢ determined by B and B is of ordern — 1. We need to

show that H is a spanning tree of G.

Here H contains n — 1 edges because our matrix B is (n — 1) X (n — 1) square matrix. Hence
H is a tree if and only if H is connected. But by lemma 3.1.1, we have that H is connected if
and only if rank(B) = n — 1. But rank(B) = n — 1 if and only if B is non-singular,

because B is (n — 1) X (n — 1) matrix. Therefore B is non-singular if and only if H is a spanning

tree of G.
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2.3 Cauchy-Binet

Let R be ap X g matrix and S be a g X p matrix, where p < q. Then
det(RS) = Y. det(B) - det(C)

where the sum is over all p X p submatrices B of Rand C of S. The numbers of columns

deleted from R to get B are the same as the numbers of the rows deleted from S to get C.

-1 3
Example: R = (; i g), S = ( 2 0)
4 5

=2 (2 0)-(5 1),

det(RS) = 15 X 6 = 90

¢ Deleting the first column from R and the first row from S. we get

B = (i (5;) C= (i (5’) det(B) = —3 and det(C) = 10 then

det(B)det(C) = —30

++ Deleting the second column from R and the second row from S. we get

B = (1 (3)) C= (i g),det(B) — —6 and det(C) = —17 then

det(B)det(C) = 102
++ Deleting the third column from R and the third row from S. we get
(1 2 _ (-1 3 _ - _
B= (2 1),C = ( 5 O),det(B) = —3 and det(C) = —6 then
det(B)det(C) = 18
Therefore,det(RS) = Y. det(B).det(C) = (—30) + 102 + 18 = 90

Theorem :( Leibniz formula)
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Det(B) = z sgn(o) ﬁ bis(i)

g

Proof:

Det(B) = det(Bl, Bz, ey Bn)

b\ /b bin \
= det| [ P2 |, P22 |, | P ) |
bnl bn2 bnn/
/bll O O b12 0 0
=det0+b21++:,0+b22++ o
0 O bn1 0 0 bnz
0 0 \
+ b?” ot | O
0 bun

= det(b116’1 + b2162 + + bnlen, b1281 + b2262 + + bnzen, ey b1n81 + bZnez + °

n n n
= det Z bkllekl , z bkzzekz ) aery Z bknnekn
k1=1 k2=1 kn=1
n n n
= z bk11 det ekl, z bkzzekz . Z bknnekn
k=1 k,=1 kn=1
n n n
= z bk11 Z bk22 det ekl,ekz, . Z bknnekn
k1=1 k2=1 kn=1
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n
- Z b, z b,z - z by n det(ex., ex,r 0 )

k=1 ky=1 kn=1
n n n
= Z Z Z bk11 bkzz"'bknndet(ekl’ekZ""’ekn)
k1=1 k2=1 kn=1

= Z b1ob20(2) *** Prnom) det(es1), €52+ €a(n))
g

z sgn(o)bi5(1)b26(2) *** brom)

g

n
= z sgn(o) 1_[ bisi)
i=1

g

Note: We write the k" column of matrix R as Ry, in the following theorem

Theorem: (Cauchy-Binet) Let R be a p X ¢ matrixand S be a ¢ X p matrix, were p < q. Then

det(RS) = z det(Ry,, Ry ) Ri)) - det(ST,, ST, ., ST.)

15k1<k2<---<kp5q

Proof: The element in row i and column j of RS is X1 _, 7y * Sk, so the j** column is

(RS); = X7 _; Rysy;-
So:

det(RS) = det(RS;, RS,,...,RS,)

q q q
= det Z Rklsklli Z szskzz, ey Z Rkpskpp

k=1 ko=1 kp=1
q q q
= Z Sk11 det Rk1’ Z szskzz, ey Z Rkpskpp
k=1 ko=1 kp=1
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q q q
= z Z z 5k115k22 '"Skpp det(Rkl,sz, ""Rkp)

k1=1 k2=2 kp=1

It is clear that det(Rkl,sz,...,Rkp) = O when k; = kjfor some i # j that means if two

columns are the same. Hence, we only have to sum over all different k;’'s. We get all choices
by choosing p numbers ky,...,k, from1,..,qwith k; <k, <-- <k, and then permute
these numbers by a permutation o € S,,. The sign of the permutation is sgn(o). In general, we

have

det(Ba(l), Bs2) s Ba(n)) = sgn(o)det(By, By, ..., By)

Exchange the columns of the matrix changes the sign of determinant and

In our case, we get:

det(RS) = Z Z Sko'(l)lska'(z)z Ska(p)p det (Rka'(l)’ Rko‘(z)' . Rka(p))

1<k <kz<:<kp=q 0€Sp

= Z Z Sko(1)1Sko(2)2 *** Sko(pyP sgn(o)det(Ry,, Ry, ...,Rkp)

1skq<kz<:-<kp=q 0€Sp

= Z det(Rkl,sz, ""Rkp) Z Sgn(o_)sko_(l)lsko_(z)z '"Sk(f(p)p

1<k1<k;<:-<kp=q O€Sy

- Z det(Rey, Riys s Ri)) * det (ST, ST, .., ST.)

1Sk1<k2<"'<kp5q
Theorem: (Matrix Tree Theorem) If Q(G) is a reduced incidnce matrix of
the connected graph G, then the number of spanning tree of G equals the

determinant of Q(G) - Q(G)T.
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—

Proof: (Algebraic Proof) To make the proof simple Q(G) = Q and Q(G)T = Q7.
det(Q- Q") = ) det(B)- det(B")
=) (@et(B)’

_ Z (det(B))? + Z (det(B))?

B non-singular B singular

- Z det(B)?

B non-singular

= Z 1 sincedet(B) = +1

B non-singular
= # non-singular (n — 1) X (n — 1) submatrices B of Q

= # spanning trees of G

Example:
1 2
e es
3 e, 4
Figure 2

The incidence matrix Q (G)corresponds to this orientation is

1 -1 0 0
o o 1 o0
WO=1_3 o o 1
0 1 -1 -1
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We obtain the reduced incidence matrix Q(G) of G is obtaind by deleting the 3" row of Q(G)

- 1 -1 0 0
Q(G)=<o 0 1 0)
0 1 -1 -1

det(Q-QT) = Z(det((B))z

Where the sum is overall 3 X 3 submatrices B of Q(G) obtained by deleting the i*® column of

Q(®).

det(§- Q) = z(det(B))z

2

1 -1 0 1 -1 0 1 0 0 -1 0 0
=10 O 1|1 +]10 O O +10 1 O +10 1 0
0 1 -1 0 1 -1 0 -1 -1 1 -1 -1

=(-1D2+ 0%+ (—1)2+ (1)?
=14+1+1=3
Therefore the number of spanning tree of the graph G is 3.

Some Examples

Examplel. (Cayley’s Formula). The number of spanning trees of the complete graph K,

is n*72,

Proof: deg(v) =n—1 forallv e V(K,)

Laplacian matrix L(K,) of the complete graph K,, .It is the n X n matrix

n-1 -1 = -1
Ly = ~Horob A
-1 -1 - n-1
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We can find the number of spanning trees by computing det(L,) where L,, is a matrix obtained
from L(K,) by deleting the nt" row and n‘" column. Since adding rows together does not

change the determinant, we first add all the rows together and make the new first row, which

gives that
n-1 -1 - -1 1 1 1
det(L,) = _1: 7:1_1 _:1 Ri =R+ +Rn, —1:n:—1 _:1
-1 -1 - n—1 -1 -1 - n-1
1 1 cee 1
Ri = R1 + Ri(Vl € {2, e, L — 1}) .. .
oo - on

Now we get upper triangular matrix, so the determinant is the product of the diagonal entries.

There aren — 2 n’s and a single 1 on the diagonal.

1 1 cee 1
det(L,) = det O no O =1n-n---n=n""?
00 « n

Example2. The number of spanning trees of the complete bipartite graph K, , with m +n

n-1,.,,m-1

vertices and m - n edges ism n

Proof: (Algebraic proof) Let K, , be a complete bipartite graph with bipartition (X,Y) in which

each vertex of X is joined to each vertex of Y.

nifveX
mifvey

deg(v) = {

From this we get a Laplacian matrix L(Km,n) of the complete
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0 n 0 0 -1 -1 - -1
0 0 n 0 -1 -1 1
L(Km.n) =1 0 o 0 0 n -1 -1 - -1
1 -1 1 -1 m 0 - 0
-1 -1 1 -1 0 m 0
1 -1 1 -1 0 0 m

_ (nlm —1)
“\-1 ml,
By deleting any one of the row and column of the Laplacian matrix L(Km,n) we get a matrix

L (Km,n—l)

nl -1
L(Km,n—l) = (—‘rln mIn—l)

Since adding rows together does not change the determinant, we first add all the rows together

and make the new first row similarly we add the it row with the first row and make the new

ith

i*" row which gives that

11 1 1 0 0 0
0 n 0 0 -1 -1 -1
0 0 n 0 -1 -1 -1
L(Kpn-1)=|0 0 0 0 n -1 -1 -1
0 0 0 0 m O 0
0 0 0 0 0 m 0
0 0 00 0 0 m
1 1 1 1 0 0 0 0
0 n O 0 -1 -1 -1 -1
LetA=|0 0 n 0|landB=|-1 -1 -1 -1
000 0 n -1 -1 -1 —1/
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det (L(Km,n—l)) = det (?) mI]i_l) = det(A) - det(ml,_;) = n™1-m"1

Chapter Three

3. Combinatorial Interpretation of Matrix
Tree Theorem

3.1 Polynomials Enumerating Spanning Trees

We define and study polynomials that enumerate spanning trees in terms of the degrees of

all vertices.

Definition: In the context of polynomials, the word monomial is the product of variables or

any value obtained by finitely many multiplications of variables.

Definition: - A homogeneous polynomial is a multiplicative polynomial (i.e. a polynomial in

more than one variable) in which each term or monomial has the same degree.

Let G = (V,E) be a graph with vertex set V and edge set E. In this section we construct a
polynomial f; for a graph G. We associate a variable x,, to the vertex v an element of the
vertex set V. For each spanning tree T of G = (V,E),|V| = 2, labeled on [n] we define a

monomial of variables x,,:

m(T) = 1_[ xir)-1 3.1
vev(T)

where dr(v) is the degree of vertex vin T.

For the graph G, we construct a polynomial ¢; of variables x,:
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te :=Zm(T) 3.2

where the sum is overall spanning trees T of the graph G.

Example: - Graph G

1

2 3
The above graph contains three vertices and three edges. Then find m(T) and t;

Solution: - As showen below Ty, T, and Tyare spanning trees of the graph G.

1 1 1
— -
5 3 2 3 2 3
Tl TZ T3

We associate the variables x;, x, and x5 to the vertices 1,2 and 3 respectively. Now let us
find the monomial of each tree T3, T, and Ts.
m(T,) = xldTl(1)_1x2dT1(2)_1x3dT1(3)_1 = 2,27 T, g 1 = 1,000 = xy
m(T,) = xldTZ(1)_1x2dT2(2)_1x3dT2(3)_1 — xll_lx 2—1x31—1 = x,

2
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m(T3) — xldT3(1)_1x2dT3(2)_1X3dT3(3)_1 — x11—1x21—1x32—1 — x3

te(x1,%x2,x3) = m(Ty) + m(T,) + m(T3) = x; + x; + x3

Let0 € Vand V = V U {0}. For a graph G on the set V the extended graph G on the set V

is obtained from G by adding edges {0, v} for all vertices v € V. Let the variable x be

associated with the added vertex zero. For a non-null graph, we construct a polynomial f;

of variables x and x,,, forallv € V.
3.3

fe (6 x4, %0, i, X ) i=tg (X, %1, X2, o, X )

From the above example, the extended graph is shown below:

-__.,..___-__N*D

Fd

3

The extended graph G from the above example
We associate the variables x,x;, x, and x3 to the vertices 0, 1,2 and 3 respectively. The

spanning trees of the extended graph G are listed below:
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T4

T3

m(T,) = x12 m(T3) = xzz m(T,) = x32

m(T,) = x?

m(T;) = x,x3 m(Tg) = xx,

m(Ts) = x1x3

m(Ts) = xx;

|
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T9 Tl 0 Tl 1 Tl 2

m(Ty) = xx3 m(Ty) = xx3 m(Ty1) = x1%; m(Tiz) = x1x;

0 0 0

2 . ' N

A 1 2 1+ 2 N

— 1 8 —~ . —L—@&
1 ; 2 .' : 1 : 2

i :' : .'

! ! . .

&

3 3 3 3

T3 T4 Tis Ti6
m(Ty3) = xx; m(Tyy) = X1X3 m(Tys) = x2x3 m(Tie) = xx;

16
te (2, %1, vy X)) = Z m(T;)
i=1
=x% 4+ x2 + 232 + x32 + xx1 + x1x3 + XX3 + XX + XX3 + XX3 + XX,
+ X1, + xx; + X1X3 + XpX5 + XX,
= (x% + xx; + xx, + xx3) + (xx7 + 2,2 + x1%, + x1%3)
+ (xxy + x1%5 + %32 + x5x3) + (xx3 + X735 + X,%3 + x32)

=x(x+x;+x, +x3)+x.(x+x;+x, +x3) + 2,0+ x; + x5 + x3)

+ x5 (x+x; + x5 + x3)
= (x+ x1+x2+X3)2
Therefore, fg(x; x1,%5,%3) = (x + x1 + x5 + x3)?

The number of spanning tree of the extended graph is 16. The monomials of the polynomial
fe which do not include x, correspond to the spanning trees of the graph G such that the

degree of the vertex 0 is equal to one that means the vertex zero is pendent. Hence the
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vertex 0 is connected by an edge with certain vertex iof the graphG,i=1,2,...,n.

Therefore,
fc(0; %1, %5, e, X ) =tg (X1, X, o, X )2 + 25 + -+ X)) 3.4
The spanning trees of the graph G The monomials of the polynomial f; which

do not include x
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te(x1, %9, x3) = m(T'y) + m(T',) + m(T'3) = x1 + x, + x3

f6(0; x1,x2,x3 )
= m(Ty) + m(T3) + m(T3) + m(T,) + m(Ts) + m(Te) + m(T,) + m(Tg)
+ m(Ty)

=212+ 2% + x3% + x1X3 + X3 + XX + XXy + X X5 + XpX3

= (22 + x1%, + x1x3) + (1%, + %52 + x3x3) + (X703 + x,%3 + x32)
= x;(x1 + x5 +x3) + x50 + x5 +x3) + 23001 + x5 + x3)

= (1 + x5 + x3)° = t5(xq, X, %3) (1 + x5 + x3)

Page | 30



Therefore, f;(0; xq,%5,x3) = te(x1, X0, x3) (X1 + x5 + Xx3)

Formulas (3.3) and (3.4) show that the polynomials f; and t; define each other. But
formulas for f; are usually simpler than the corresponding formulas for t;. We will use

the polynomial f;; further on. We rewrite the above equation as follows:

fG(X;xlleI'"rxn)

=t (X, %5, 0, X 3.5
X1+Xa++Xn G( 1,42, ) n)

Remark: - It is easy to see that the spanning trees in G correspond to the spanning rooted
forests in G (G is a complete graph)i.e. subgraphs in G without cycles containing all vertices
of G, with a root chosen in each component. Hence f;; is the sum over all spanning rooted

forestsin G.
Example: - Find the spanning rooted forests in G from the above example.

Solution:-We list below the spanning rooted forests in G as follows:

Labeled Labeled trees of G with 1 edge | Labeled trees of G with 2 | Labeled trees of G with 2
trees of G and each rooted vertices are | edge and each rooted |edge and each rooted
with no edge. | degree one. vertices are degree one. vertices are degree 2.
1
o 1 2
1 1 2 2 3 3 1 o1 o2 02 > €3 o A
20 ®3 |2 63 o1 3 €1 ¢ 2 2 9301 603 929029 /\

3 €2 €3 01 &) o 1 €3 62 €3 0] 2 61 ¢ A

1 2

In the above example the number of spanning trees of the extended graph G is 16 and

spanning rooted forests G are 16. This shows the above remark is correct.
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3.2 Reciprocity Theorem for Polynomials f;

Definition: - Let G; and G, be two graphs on the disjoint sets of vertices. Let G; + G, denote
the disjoint union of the graphs. We associate variables y;, y,, ..., y, to the vertices of G; and

variables z;, z,, ..., z; to the variables of G,. Then the following formula holds:

fc;1+62 (X5 Y1, Y20 wvs Vs 210 Z2y wee 5 Zs)

= fol (X; Y1, Y2 "')yr) ’ sz (X; 21,22, ""Zs) 3.6
Example:
[e—o0) | e——02
Graph Gy Graph G,

From here the two graphs have disjoint sets of vertices and their extended graphs are given

below

Extended graph G, Extended graph G,

The spanning trees of the extended graph G; andG, are three in number and listed below:
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0 0 0 0 0 0
H » .
/ *ﬁh .fﬁ* / \\ 'f’\\
VSN L
/ \ \ "y
d —=a i A
e o NT 2 5 4 %13
1 2 1 2
T, T, T5 T, Ts T

m(Ty) =y, m(T2) = y,,m(T3) = x,m(Ty) = z3, m(Ts) = 2z, m(Tg) = x
te, (6, y1,y2) =m(Ty) + m(T,) + m(T3) =y, + y, +x and
te,(x,23,24) = m(Ty) + m(Ts) + m(Tg) = z3 + 2z, + x

fGl(X;%')’z) =x+y;+ y, and fGZ(X; Z3,Z4) = Z3+ Zy + X
fGl(X; 3’1')’2)f62 (x;23,24) = (x+y1+ ¥2)(x + 25+ 24)

Next to this we find the polynomial f; ¢, (X; Y1, Y2, Z3, Z4).

1 23 4
Extended graph G, + G,

The spanning trees of the extended graph G; + G, are listed below:

1 23 4 1 23 41 2 3 4

T'; T', T';

(

*)



|
—s3 2 1 23 4¢3y T 23 1%
TIS T,6 T,7 T,8
D
- »
T 2% %

m(T'y) =x3, m(T')=x% 23, m(T'3)=x%2z, m(T'y)=xyz;, m(T's) =x%y,

m(T'e) = xzh' m( T';7) = xy124, m( T'g) = xy,2z3, m( T'g) = xy,2,,
tege, 6V Y223,24) = m(T') + m( T') + m( T'3) + m(T'y) + m( T's) + m(T's) +
m( T'7) + m( T'g) + m( T'g)

=x3+x%- 23 +x%2, + xy,23 + X%y, + X%y, + Xy124 + XY,25 +

XY2Z4
= x(x% + x23 + X2y + Y123 + xy1 + XY, + V124 + V2Z3 + Vo2Z4)
=x(xX(x+ 23+ 2,) +y1(x + 23+ 24) + y(x + 23 + 24))
=x(x+y; +y)(x + 23+ 24)
Therefore, f oz, (X, ¥1,Y2,23,23) = x(x + y1 + y2) (x + 23 + 74)

=X f6,(6 Y1, ¥2) " f6,(x; 23,23)  from (¥)
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Definition: - A graph G = (V,E) is said to be a complement of a graph G = (V,E) ife is an
edge of G if and only if e is not an edge of G.

Theorem 1: Let G be a graph on the set of vertices V = {1, 2, ..., n}. Then Definition: - A graph
G = (V,E) is said to be a complement of a graph G = (V,E) if e is an edge of G if and only if e

is not an edge of G.
Theorem 1: Let G be an oriented net (graph) on the set of vertices V = {1, 2, ..., n}. Then
feOx x, %0, e, X ) = (FD) e fo(=x —x1 — X3 — = Xy} X1, Xy ey Xy )

3.3 Generalization to oriented nets

Definition: - An oriented net (or simply net) on the set of vertices IV is defined by the set of
conductivities g, € R assigned to every ordered pair of vertices v,w € V. We associate a net
with each graph as follows:

1 if {v,w}isanedge of the graph;

Gow = Gwv = {o otherwise.

Do not confuse, we denote the graph and the corresponding net by the same latter G. When
displaying a net graphically, we draw an oriented graph with assigned edge conductivities.
Net G = (gy) forv,weV and g,, = 0,Yv € V. Let T be a tree on the set of vertices VV =
V' U {0}. Let us orient the tree T from the root in vertex 0. The multiplicity of T in the net G is

the number:

ke = | | oo 37

(ww)

where the product is over all ordered pairs (v,w) € V X V such that (v,w) is an edge of T in
the orientation. If T consists only of edges (0, v) and doesn’t contain any edge (v,w) € V XV,

we assume that k;(T) = 1.
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Note that: If G is the net associated with a graph then

ko (T) = {1 if T is the spanning tree of the graph G
¢ 0 otherwise

Now we define a polynomial f; for the net G
foT) = > kg(T) -m(T)
T

where the sum is over all spanning trees on the set of vertices I/; and the monomial m(T).
Definition: - A net G = (g,,,,) on the set V is called a complementary to the net G = (g,,,) on

1—-gyw forallv+w

thesamesetVif  g,, = { 0 forall v=w

Example: - Let V = {1, 2}

<

oriented net G

The extended net G of the net G is given below:
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The spanning tree of the above graph is listed as follows:

T; T, T5
Associate the variables x, x; and x, with respect to the vertices 0,1 and 2.
m(T,) = x;, m(T,) = x, and m(T3) = x
ka(Ty) = ke(T2) = ke(T3) =1
Therefore, fo(x; x1,%3) = kg(Ty)m(Ty) + kg (To)m(Ty) + ke (T3)m(T3) = x; +x, + x
Before proving this theorem first we must see some lemmas.

Definition: - Let G be a net on the setV ,veV and let G\v be a restriction of G onto the

set V\{v} is defined by the net on the set VV\{v} with the same conductivities as the net G.

Lemmal:

fGlxv=0 = (x + Z xwng> fG\U

wevV

Proof: The polynomials fG|x,,=o consist of monomials corresponding to trees T such that the
vertex I/ is an end point of T, that is v is pendent. This vertex connected by the edge in T with
some vertex w eV\{v}. Let T' be a tree on the set V\{v} obtained by deleting the vertex v

(T' = T\{v}). Then

xk e\, (T)M(T") ifw=0

ko (T)m(T) = {xwngkc\v (TYm(T") if weV

Page | 37



% kg (T)m(T) is useful for only one spanning tree T of the graph G.

We know that

foT) = ) ke(Tym(T)
T

foley=o(T) = (Z ke (T)m(m)
T

- z(ka\U(T’)m(T’) + Xy Guokan, (THM(TT)

Xp=0

= z(x + xwng)kG\v(T,)m(T,)
T’

= (x + Z xwng> Z kv (T)m(T")

wev

- (x +) xwng) foroT)  since foy (1) = ) koo (TIm(T")
wev T!

Therefore, f; |xv=0 =+ Xwer xwng)fG\v

Lemma 2:

Let G be a graph (or a net) with n — vertices . Then f; is a homogeneous polynomial of

degree n — 1. (We assume that degx = degx,, = 1, for all veV.)

Proof: Let T be a tree on the set of vertices V = V U {0}, |I7| =n+ 1. We have a monomial

of variables x,,:
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m(T) = 1_[ ng(v)_l
vev(T)

deg(m()) = ) (dr(v) = 1)

veV

=ZdT<v)—Zl

veV veV

=2n — (n+ 1) since the tree T has n — edges and n + 1 vertices

=n-—1

Therefore, f;is a homognous polynomial of degree n — 1because f;is a sum of

monomials.
Lemma 3:

Let h be a polynomial of variables x;, x,,...,x, with degree strictly less thann, and

hly,=o =0 foralli=1,2,..,n.Then h = 0.

Proof: suppose that h# 0 and hly-o=0foralli=1,2,..,n. Then we can find a

monomial in hwith nonzero coefficient. Since deg(h) <n, we can find an integer

{ € {1,2,...,n} such that the variable x; does not appear in the monomial. Hence h|y,—o #

0, that contradicts to the assumption.
Proof of theorem1:

We prove by inductiononn = |V|

hG(x; X1, X2, "'!xn) ::fG_(x; X1, X2y ey X ) - (_1)11—1 'fG(_x — Xy T Xy —

Xp3 X1) X9, ey Xy ) is equal to zero.
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Letn = 1. There is a unique graph (net) with one vertex G = K,for which fi (x; x;) = 1=
f&,(x; x1). A complete graph with one vertex has no edge so its complementary graph is also

the same.
Hence, hg(x; x1) = fa(x; 1) — (D)1 fe(—x—x1; x,) =1—-1=0
This shows that fz(x; x;) = (=) - fo(—x — x1; x4)

Assume thatn > 2 and hG\i(x; X1, X2, ey Xy ey X)) = 0. We want to

show hg (x; x4, x5, ..., X, ) = 0. We obtain by lemma 1:

he (x; %1, e, X )lxi=0 = fe(x X1, 0, X )Ixi=0 -

(_1)11_1' fG(_x — X1 Tt T Xy X1, X2, "'ﬂxn) |xi=0

= (x + Z (1= gj)x) oy (6 x1, Xz, o) Xy oev, X))

IBE
— (CDPI((x = Xy — e By e £g)
+ Z Gjixi)foni(—xX =X — = &y — = Xy X0, X, e, Ky oen, Xy )
jij#i
=[x+ Z 1-g)x |feu— D —x = Z xj + Z gjixj | foni
Jij#l Jij#i Jij#i

= (X + z (1—-gjw)x) |fau— D" 2| x + z (1=9gji)% |fou

VHE JBE

= (x + Z A —g;)% | (fau— D" 2 fev)

IDE!
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Z (1 g]ll)x] h’G\l(x X1, X2, "-rfi' ---rxn)

(1 ~ 9ji1)7%;
] ]il

[~
(3

Here the symbol ” denotes that the corresponding element is omitted. Therefore,
he (%6 x4, ooy Xp, )lxi=0 =0 foralli=1,2,..,n. Bylemma 2: We know G be a graph (or a
net) with n — vertices . Then h; is a homogeneous polynomial of degree n — 1.
degh; = n —1 < n. And by lemma 3: h; be a polynomial of variables x;, x,, ..., x, with

degree strictly less thann,and h|,,—o = 0 for alli = 1,2, ..., n.
Therefore, hg(x; xq,%5, ..., %, ) = 0.

he(x; X1, Xp, e, X ) = f (25 X4, X5, 0, Xy )- (=)

fo(=x —xp — X3 — = Xpg X1, Xz, e, Xy )
0= fG_(X; X1, X2, ey X ) - (_1)71—1 'fG(_x — X1 T Xy T T Xy Xq, X, "'ﬂxn)
Therefore, fa(x; x1,%p, w0, Xp ) = (1) e fo(=x —x; — X5 — = Xy} X1, X3 o) X )

Example: Graph G

b2
L

From this graph we know  f;(x; x4, %5, %3 ) = (x + x; + x5 + x3)?
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The complement graph of G is an empty graph showed below:

le

2® ®3

The extended graph of the complement graph G is a tree indicated below:

0
)
1
m(T) = x?
te(x, %1, %2, x3) = x*
fe(x; xq, %0, Xy ) = X2
But we know this formula
fe(x; x1, %0, 0, %) = (D)™ fo(=x = X3 — X — = — X} X1, X, 00, Xy )

fa(; x1,%2,x3) = (=1)%7 fo(=x — %1 — X5 — X35 X1, %3, X3)
fa(x; x1,%0,%3) = (—x —x; — x5, — X3 + X1 + X5 + x3)% = x?

3.4 Expressing a Polynomial as a Determinant of Matrix

We can express the polynomial f; as a determinant of a matrix. With any tree T on the set of
vertices V¥ = V U {0} we can associate a monomial M(T) of variables z,,. z,, is a collection
of commutative variables, we assume that z,, = 0 for v € V. Let us orient the tree T from

the root in the vertex 0 and assume that
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MO =[] 2w
(v,w)€E(T)

where the product is overall pairs (v, w) € ¥V x V which are oriented edges of T. We denote

F, = Z M(T)
T

where the sum is over all trees on the set of vertices V. Without loss of generality we can

assume that V = {1, 2, ..., n}. In this case F, := Fy 5 _» is a polynomial of z;;,1 <i,j <n.

Let Kirchhoff’s matrix be n X n matrix A = (aij), i,j €{1,2,..,n}, where

n
al-j = ZZ” lfl —J 4.2.1
=1

Theorem: (Matrix Tree Theorem)
F, = detA

Let now G be a net on the set of vertices V with conductivities g,,,,. Assume that

Zyw = XpGuw, VW EV and z,, = x,forv eV 4.2.2
Therefore, xkg(T)m(T) = M(T)
Corollary:

xfe(xq, X, o, Xp) = det B

where B = (bij), 1<i,j<n,isnXnmatrix
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n
b — x"‘zngzt' i=j
=1

ij
—Xi9ij L#]

Example:

b2
L

Solution: We need to express the Laplacian matrix as a determinant.
2 -1 -1
LK;))=[-1 2 -1
-1 -1 2

by = x + x1911 + X2921 + X3931

=X+ x; +x3 bys = —X3023 = — X,
bi; = —X1912 = —X1; b1 = —x3g31 = — x3;
bis = —X1913 = — Xy b3, = —X393, = — X3;

by1 = —x2921 = — X3 bz = x + x1913 + X223 + X3933
=x+x1+x;

bys = x + Xx1912 + %2922 + X3932
=X+ xq1 + x3;
We express the Laplacian matrix in terms of variables if you assume x =0, x; =x, =x3 =1

we get the matrix L(K3)
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X + xz + x3 —x1 _xl
L(K;) = ( —X, X+ x; + x3 —Xy )
_X3 _X3 X + xl + x2

det(L(K3)) = xfc(x; x1, x2,%3)
Delete 1% row and column and take the determinant

X+x+x —X
det( 1 3 2

“x, X+ + Xz) = (0% +xxq + xx + 2% + %12 + 27005 + xx3 + x13)

= x(x + %1 + x5 + 21+ x23)+ (1 + x1%, + X1%3)

Some examples

Example: (Cayley’s Formula). The number of spanning trees of the complete graph K,, is n" 2.

Solution: - we know that for any an oriented net (graph) G on the set of verticesV =

{1,2,...,n}. Then

fG(X; X1,X2, "'rxn) = (_1)11—1 'fG(_x X1 T Xy T T Xy Xq, X, '"'xn)

Definition: An empty graph O, on the set of n vertices is a graph which has no vertices is

adjacent (there is no edge between any of two vertices).
fo, (X X1, %2, , %) = x™71
fiea (6 X1, X2, %0) = [, (%1, %2, -+, %)
= (—1)n_1f0n(_x — Xy = Xp = = X3 Xy, Xg, v, Xp)
= (D" —x—xg = xp — e — )Y

=DM IED Mo+ + g+ x)™
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=(x+x,+ x++x,)" !
Therefore, fie, (6 %1, %2, , %) = (X + 21 + 2 + -+ )" !
fkn(oix1;x2;”';xn) = (1 + 2+ )"t

te(xq, x5, , %) = Xy m(T) where the sum is overall spanning tree T in the graph G.  And

we know that

f(;(o, xl,xz, ...,xn)
X1+ Xy + Xy

tG(xl,xz, ...,xn) =

fi, (0; X1, X2, oo, X)
tKn(xll X2, ---an) =
x1 +x2 +"‘+xn

_ (x1 + x2 + b + xn)n_l
- x1+x2+"'+xn

= (xl + x2 + -+ Xn)n_z
Assume x; = x, = =x, = 1. We get
te,(L,1,..., ) =1 +1+-+1D"2=n""72

Therefore, the number of spanning trees of the complete graphK, is ty = n" 2,

Example:-The number of spanning trees of the complete bipartite graph K, , with m +n

vertices and m - n edges ism™~1 - n™"1,

Solution:- Let K;,, , be a complete bipartite graph with bipartition (X,Y) in which each vertex of
X is joined to each vertex of Y. We associate variables y;, vy, ..., ¥, to the vertices of X and

variables z,, z,, ..., z, to the variables of Y. Then the following formula holds:
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me+Kn(xi V1r Y2s wver Yms Z15 225 s Zn)
= Xme(x; Y1 Y2 -+ Ym) 'fKn(xF Z1,Z2, oy Zp)

=x(x+ y1+ Yy, +Fy)" g+ zp + o+ z)

me,n(x; Y1, V2 o) Ymr 21, Z2, "')Z‘n) = me+Kn(X; V1, Y2 = Ymr 21, Z2, ""Zn)

= (—1)m+n_1me+Kn(—x — V1= Y2 == Ym —Z1 — Zy — = Zn; Y1, Y2r eer Yis 215 Z2s v Zp)
=DM X =y =Y T Ym — 21— 2y~ — Zn)
((x=y1=Ya— = Vm—Z1—Z— = Z)+ Y1+ Yo+t y)"
((X=y1=Yo— = Vm— T Z— o —Zy) tz t Zp e+ 2) !
= (D)™ X = =Y Ym — 2 — Za— Zp)
(—x=—z1—23— = —z)" (X =z —zp — = z)V !

= (D™ED™ ety Yt Yt i 2 o+ 2)
Xtz +zp o+ zy)™m?
Yty ) T @ Yty e Y)Y

=@X+y1+y,t oty tzy+ 2+ +2,)
(xtzi+zp 4+ +2)" (Y + Y+t y) T

me,n(X; Y1, Y25 0 Ymr 21, 22, "'th)
=+ +yot ot vmtat bt zy) (x+z 2+ z)m?
Yty )"

me'n(O; Y1, Y25 - Ymr 21, 22, "-on)
=ty + ot ymtzitzttz) (2 + 2+ +2z,)™ !

1ty ety
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We know ty, . (¥1,Y2, ) Yms 21, Z2, ) Zn)

_ Simn (05 Y1, Y2 s Y 21, Z2, +v0) Z1)
O1tyat+ -t ymtzi+z++2y)

EK V1, Y2r voor Yoo 215 Z2, w0 s Z)

_ D1 +Yot ot ymtzit 2+ +2) (Zi+ 2z + o+ 2)" (Yt y)t T
ity +tymtzitz+ 4 2,)

th,n(YL)’z; s YmiZ1: 22 s Zn) = (21 H Zp + o+ 2)T (Y oY)
Assumethatz; =z, ==z, =y, =y, ==y, =1
thma (L1 1,1, D) = A+ 14+ D™ 1+ 14+ D!

m-1,,,n—1

Therefore, tg,., =N m
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