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Abstract 

 In this thesis, we address about the concept of maximum flow problem and the 

solution methods to solve the problem. In this work the Generic Augmenting 

Path Algorithm and Ford-Fulkerson Labeling method are presented to find the 

maximum flow in a network flow problem. 

Keywords: Network flows, Maximum Flow Problems, Max-Flow Min-Cut 

Theorem, Generic Augmenting Path Algorithm, and Ford-Fulkerson Labeling 

Method. 
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CHAPTER-1 

1. Introduction 

Network flow problems are central problems in operation research, computer 

science, and engineering and they arise in many real world applications. 

Everywhere we look in our daily lives, networks are apparent. Highways, 

telephone lines, electric power systems, computer chips, water delivery 

systems, and rail lines; these physical networks, and many others are familiar to 

all of us. In each of these problem settings, we often wish to send some good(s) 

(a vehicle or a person, a message, electricity, or water), which we generally call 

flow, from one point to another typically as efficiently as possible, subject to 

certain constraint.. 

Networks consist of special points called nodes and links connecting pairs of 

nodes called arcs. The maximum flow problem is one of the most fundamental 

problems in network flow theory and has been investigated extensively. In this 

thesis we are going to deal with the maximum flow problem and the solution 

methods to solve it. 

Maximum flow problem: Mathematical Formulation 

Definition 1.1 ( )()( iNBandiNA ) 

Let us define )(iNA the set of all nodes just after node 𝒊. 

                     )(iNB the set of all nodes just before node 𝒊. 

Given a directed capacitated network  𝐺 = (𝑁 , 𝐴)  with a single source node (𝑠) 

and a single sink node(𝑡). We want to formulate the max-flow problem. 

 Let 𝑓 represent the amount of flow in the network from the source node 

)(s  to the sink node )(t . 

 For each arc  𝑒 = (𝑖 , 𝑗 ) ∈ 𝐴, let  𝑓  ≥ 0 denote the flow sent on arc (𝑖 , 𝑗)  

 For each arc 𝑒 = (𝑖 , 𝑗) ∈ 𝐴, the flow is bounded from above by the 

capacity 𝑐   of the arc: 0 ≤ 𝑓  ≤ 𝑐  . 
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 We have to specify the balance equations. 

All the nodes in the network except for the source and the sink node are 

just “transit” nodes (flow in=flow out) 

 

∑ 𝑓  

 ∈  ( )

− ∑ 𝑓  
 ∈  ( )

= 0    ;  ∀ 𝑖 ∈ 𝑁\*𝑠, 𝑡+ 

 

 

 

 

 The objective is to maximize the out flow(𝑓) from the source node 𝑠. 

𝑓 = ∑ 𝑓  
 ∈  ( )

 

 Alternatively; to maximize the inflow to the sink node 𝑡 

               𝑓 = ∑ 𝑓  
 ∈  ( )

 

Max-Flow Formulation 

                          𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑓 = ∑ 𝑓  
 ∈  ( )

 

                          𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∑ 𝑓  − ∑ 𝑓  = 0  

 ∈  ( )

;  ∀ 𝑖 ∈ 𝑁\*𝑠, 𝑡+

   ∈  ( )

 

                                           0 ≤ 𝑓  ≤ 𝑐    ;  ∀𝑒 = (𝑖, 𝑗) ∈ 𝐴 

In all parts of this thesis we assume that the data (flows and arc capacities) are 

integral.  

 

k i j 

𝒇𝒊𝒋 𝒇𝒌𝒊 

Figure1.1 
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CHAPTER-2 

2. Preliminary Concepts 

In this section, we introduce some basic notations and definitions from the 

graph theory as well as mathematical programing formulations of the maximum 

flow problem. 

2.1. Graphs and Network Flows 

Definition 2.1 (Graph) 

Graph: A Graph G= (N, A) consists of a non-empty finite set 𝑁 of nodes (also 

called vertices) and a finite set A of arcs (also called edges), where each edges 

links a vertex to a vertex. 

Definition 2.2 (Directed Graph) 

Directed Graph:  A directed graph G= (N, A) is a graph, where all the arcs are 

directed from one vertex to another. A directed graph sometimes called digraph. 

When drawing a directed graph, the edges are typically drawn as arrows 

indicating the directions, as illustrated in figure 2.1 below. 

Definition 2.3 (Flow Network)  

Flow Network: A network is a directed weighted graph G= (N, A), where N is 

the set of 𝑚 nodes and A is the set 𝑛 of directed arcs over these nodes, with the 

following features. 

 Each arc (𝑖 , 𝑗) ∈ 𝐴 has a nonnegative numerical value, called arc 

capacity, 𝑐    denoting the maximum flow that can be send on that arc. 

 There is one vertex with no incoming edges, called the source nods(𝑠). 

 There is one vertex with no outgoing edges, called the sink node(𝑡) . 

Nodes other than s and t are called intermediate nodes. 
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Definition 2.4 (s-t flow) 

Let 𝐺 = (𝑁 , 𝐴) is a flow network with source node (𝑠) and sink node(𝑡). 

An s-t flow is a function 𝑓: 𝐴 → 𝑅 ∪ *0+  that satisfies  

i. 0 ≤ 𝑓  ≤ 𝑐   ;  ∀𝑒 = (𝑖, 𝑗) ∈ 𝐴      (capacity constraint) 

Meaning no arc gets a flow that exceeds its capacity. 

ii. )(},{\;0
)()(

onconservatiflowtsNiff
iNAj

ij

iNBk

ki  


 

The flow going into node 𝑖 equals the flow coming out of node 𝑖. 

    A flow that satisfies (𝑖) and (𝑖𝑖) is said to be a feasible flow. 

Definition 2.5 (Flow Value) 

The value of the flow, denoted by 𝑣𝑎𝑙(𝑓) is the total value of the flow leaving 

the source node( 𝑠); 𝑣𝑎𝑙(𝑓) = 
 )(sNAj

sjf  

 

 

 

 

 

 

Figure 2.1 Sample flow network graph 

As depicted in figure 2.1 the graph has 5 nodes and 7 arcs. That is 

 N={1 , 2 ,3 ,4 ,5} and A={(1, 2) ,(1, 3),(1, 4),(2 ,5),(3, 2),(3 ,4),(4, 5) } 

Each arc (𝑖, 𝑗) ∈ 𝐴 has a flow 𝑓   that defines the number of units of the 

commodity that flows from node 𝑖 to node 𝑗. Each arc also has a capacity 𝑐   

that constrains the maximum number of units that can flow over that arc.  

1 

2 

4 

3 

5 

3/3 
Source (s) 

Sink (t) 

2
/

5
 

i j 

𝑓𝑖𝑗/𝑐𝑖𝑗 

e= (i, j) 
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In figure 2.1, each vertex is numbered and each arc is labeled as 𝑓  /𝑐  , 

showing the flow over that arc and the maximum possible flow. The edge 

between node(1) and node(2), for example, is labeled 2/8 meaning that 2 units 

flow over that edge, which can sustain a capacity of up to  8.  

The flow conservation constrains in the network  

 Flows into node (2) 𝑖𝑠 2 + 2 = 4 𝑎𝑛𝑑 flows out of this node 𝑖𝑠  4 

 Flows into node(3) 𝑖𝑠 6 and flows out of this node is 2 + 4 = 6 

 Flows into node(4) 𝑖𝑠 3 + 4 = 7and flows out of this node is 7 

 the value of the flow is;  𝑣𝑎𝑙(𝑓) = 
 )(sNAj

sjf = 2 + 6 + 3 = 11 

                                                               = 
 )(tNBi

itf  

          = 4 + 7 

                                                             = 11 

Moreover the problem can be expressed as linear programming problem (LPP) 

as 

𝐦𝐚𝐱𝐢𝐦𝐢𝐳𝐞  𝒇 = 𝒇  + 𝒇  + 𝒇   

𝒔𝒖𝒃𝒋𝒆𝒄𝒕𝒆𝒅 𝒕𝒐  𝒇  + 𝒇  − 𝒇  = 𝟎 

                                                             𝒇  − 𝒇  − 𝒇  = 𝟎 

                                                            𝒇  + 𝒇  − 𝒇  = 𝟎 

                                                           𝟎 ≤ 𝒇𝒊𝒋 ≤ 𝒄𝒊𝒋;  ∀(𝒊, 𝒋) ∈ 𝑨 
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CHAPTER-3 

3. Flows and Cuts 

In this chapter we discuss some properties of flows and cuts. We use these 

properties to prove the max-flow min-cut theorem to establish the correctness 

of the Ford-Fulkerson labeling algorithm. 

Definition 3.1(𝒔 − 𝒕 𝒇𝒍𝒐𝒘) 

An 𝑠 − 𝑡 flow is a function that satisfies; 

i. 0 ≤ 𝑓(𝑒) ≤ 𝑐(𝑒);   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑒 = (𝑖 , 𝑗) ∈ 𝐴      (capacity constraint) 

ii. int)(},{\;)()(
int

constraonconservatitsNvallforefef
vofoutevoe

 

 

Definition3.2 (Flow Value) 

The value of the flow is defined as; 
sofoute

effVal )()(  

Since 𝑠 and 𝑡 are the only nodes that do not conserve flow, the value of 𝑓 can 

be equivalently stated as the amount of flow entering into the sink node(𝑡). 

Proposition 3.1 

For any feasible flow;  
toesofoute

efeffVal
int

)()()(

 

 

Proof: 

This follows directly from conservation of flows. 
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

 
























toe

tsNv vofoutevoesofoute

sofoute

ef

efefef

effVal

int

},{\ int

)(

)1.........(..........)()()(

)()(

 

Where the last line is due to the fact that each arc 𝑒 appears in (1)-once as a 

leaving arc (with positive sign) and once as entering arc (with negative sign)-

except the sink node (𝑡) those arcs entering node 𝑡 which appear exactly once 

and with positive sign. 

Example 3.1 

 

 

 

 

 

 

 

 

Flow value;  
toesofoute

efeffVal
int

)(719261556)()(

 

Definition3.3(𝒑  𝒂𝒏𝒅 𝒑 ) 

For any s-t path(𝑝); let   𝑝 = 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑓𝑜𝑟𝑤𝑎𝑟𝑑 𝑎𝑟𝑐𝑠 𝑜𝑛 𝑝. 

                                       𝑝 = 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑 𝑎𝑟𝑐𝑠 𝑜𝑛 𝑝. 

Flow augmenting path (FAP): - intuitively we can think of simply as a path (s-

t path) from the source s to the sink t along which we can send more flow than 

is currently in the network. A path is flow augmenting if it’s all arcs have 

1 5 

4 

2 

6 

3 

7 
5/8 1

/4
 

8/11 

Source (s) Sink (t) 

Figure 3.1 
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additional (spare) capacity. The augmented flow is the minimum of the spare 

capacities of the arcs. 

Definition 3.4(Flow Augmenting Path (FAP)) 

A path (𝑝) from s to t is a flow augmenting path (FAP) if and only if 

i. 𝑓  < 𝑐    ;  ∀𝑒 = (𝑖, 𝑗) ∈ 𝑝  ∶   (𝑛𝑜𝑛 − 𝑓𝑢𝑙𝑙  𝑓𝑜𝑟𝑤𝑎𝑟𝑑  𝑎𝑟𝑐𝑠 𝑜𝑛  𝑝. 

ii. 𝑓  > 0 ;  ∀𝑒 = (𝑖, 𝑗) ∈ 𝑝    ∶ (𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦  𝑏𝑎𝑐𝑘𝑤𝑎𝑟𝑑 𝑎𝑟𝑐𝑠 𝑜𝑛 𝑝. 

Definition 3.5(𝒔 − 𝒕  𝒄𝒖𝒕) 

Let the node set N be partitioned into two non-empty disjoint subsets A 

and B = N\A; where 𝑠 ∈ 𝐴 and t ∈ B. 

An 𝒔 − 𝒕 𝒄𝒖𝒕, denoted by ]\[ BA , is the set of arcs whose endpoints belong to 

the different subsets 𝐴 and 𝐵. 

Definition3.6 

Let (𝐴, 𝐵) = *(𝑖, 𝑗) ; 𝑖 ∈ 𝐴 , 𝑗 ∈ 𝐵+ denote the set of forward arcs in the cut

]\[ BA , and (𝐵, 𝐴) = *(𝑖, 𝑗); 𝑖 ∈ 𝐵 , 𝑗 ∈ 𝐴+ denote the set of backward arcs in the 

cut ]\[ BA . 

We refer to an arc (𝑖 , 𝑗) with 𝑖 ∈ 𝐴 𝑎𝑛𝑑 𝑗 ∈ 𝐵 as a forward arc of the cut ]\[ BA  

and an arc (𝑖 , 𝑗) 𝑤𝑖𝑡ℎ 𝑖 ∈ 𝐵 𝑎𝑛𝑑 𝑗 ∈ 𝐴 as a back ward arc of the cut ]\[ BA   

For example, in figure 3.2 the dashed arcs constitute an cutts  . For this cut  

𝐴 = *1 , 3, 5+,𝐵 = *2, 4, 6+ , then (𝐴, 𝐵) = *(1,2), (3,4), (5,6)+ and 

 (𝐵, 𝐴) = *(2,3), (4,5)+ 
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Definition 3.7(Capacity of an 𝒔 − 𝒕 cut ],\[ BA ) 

We define the capacity 𝑐𝑎𝑝 ]\[ BA  of an 𝑠 − 𝑡 𝑐𝑢𝑡 ]\[ BA  as the sum of the 

capacities of forward arcs in the cut. That is, 

 
 AofouteBAji

ij eccBAcap )(]\[
),(),(  

 

Example 3.3 

 

 

 

 

 

 

}7,6,5,3,2{\}4,1{,}7,6,5,4,3,2,1{  ANBandAN , then 

𝑐𝑎𝑝 36117810]\[ BA  

 

 

 

A B=N\A 

1 5 

4 

2 

6 

3 

7 
5/8 1

/4
 

8/11 

Source (s) Sink (t) 

Figure 3.3 

1 

3 5 

4 2 

6 

Source 

(s) 

Sink 

(t) 

Figure 3.2    Example of s-t cut 

Cut
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Example 3.4 

 

 

 

 

 

 

 

 

 

  

𝑐𝑎𝑝 311120]\[ BA  

Definition 3.8(Minimum Cut) 

Among all 𝑠 − 𝑡 cuts in a network, a cut with the minimum capacity is called 

minimum cut. That is, an 𝑠 − 𝑡 cut having a minimum capacity. 

Relationship between Flows and Cuts 

Definition 3.9 (Net flow across a cut) 

Let ]\[ BA  be any 𝑠 − 𝑡 cut. The net flow across a cut ]\[ BA is the sum of the 

flows on its edges from 𝐴 to 𝐵 minus the sum of the flows on its edges from 𝐵 

to 𝐴. That is, 𝑁  
AoeAofoute

efefBA
int

)()(]\[

 

Theorem 3.1 (Flow Value Lemma) 

Let 𝑓 be any flow and ]\[ BA  be any cut. The value of the flow 𝑓 equals the net 

flow across the 𝑐𝑢𝑡 ]\[ BA . That is, 

𝑉𝑎𝑙(𝑓) = 𝑁,𝐴\𝐵- 

A 

B=N\A 

 

1 5 

4 

2 

6 

3 

7 
5/8 1

/4
 

8/11 

Source (s) 
Sink (t) 

Figure 3.4 
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Proof: 

]\[

)()(

)()(

)()()()(

)()(

int

int

}/{ intint

BAN

efef

efef

efefefef

effval

AoeAofoute

Av voevofoute

sAv voevofouteAoesofoute

sofoute







































 

 







 

Example 3.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

Flow value; 2031538111710)( fval  

Net flow across a cut;𝑁  
AoeAofoute

efefBA
int

)()(]\[  

                                             = (15 + 10 + 21) − (5 + 3) 

 = 46 − 8  

= 38         

1 

5 

8 

7 
4 

6 3 

2 

Source (s) 
Sink (t) 

0
/5

 

10/12 

21/25 

17/17 

15/17 

3/5 

A 
B=N\A 

Figure 3.5 
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Theorem 3.2 (Weak Duality) 

The value of any flow is less than or equal to the capacity of any cut in the 

network. That is, if 𝑓 is any flow and ]\[ BA  is any 𝑠 − 𝑡 cut, then  

𝑣𝑎𝑙(𝑓) ≤ 𝑐𝑎𝑝 ]\[ BA . 

Proof: 

int)(..............]\[)(

)(

).....(..........)()()(
int

constracapacityBAcapec

ef

lemmavalueflowefeffval

Aofoute

Aofoute

AoeAofoute













 

Theorem 3.3 (Optimality Certificate) 

Let 𝑓 be any flow and ]\[ BA  be any cut. If ]\[)( BAcapfval  , then the flow is 

maximum and ]\[ BA is the minimum cut. 

Proof: 

Suppose ]\[)( BAcapfval  , then we need to show )( fval  is maximum and 

]\[ BA  is minimum cut.   

 For any flow 𝑓 ; 𝑣𝑎𝑙(𝑓 ) ≤ 𝑐𝑎𝑝 )(]\[ fvalBA   

 For any cut ]\[)(]\[;]\[ '''' BAcapfvalBAcapBA   

Theorem3.4 (Augmenting Path Theorem) 

A flow is maximum flow if and only if there is no augmenting path. 

Theorem 3.5 (Max-Flow Min-Cut Theorem) 

Let 𝑓 be any flow and ]\[ BA  be any ts  cut in 𝐺.The maximum flow value is 

equal to the capacity of the minimum cut. 

We prove both theorems simultaneously by showing the following are 

equivalent. 

i. 𝑣𝑎𝑙(𝑓) is maximum flow in 𝐺. 



13 
  

ii. There is no augmenting path with respect to 𝑣𝑎𝑙(𝑓). 

iii. There exists an ts  cut ]\[ BA  such that ]\[)( BAcapfval  . 

Proof: 

We prove the implications cyclically. 

(i)⇒ (ii) equivalent to not (ii) ⇒ not (i) 

We prove the contrapositive. i.e., if there is augmenting path then 𝑓 is not a 

maximal flow. If 𝑓  is the flow achievable in an augmenting path, then 𝑓 + 𝑓 is 

a flow in 𝐺, which means 𝑓 is not a maximum. 

(ii)⇒ (iii) Suppose there is no flow augmenting path with respect to 𝑣𝑎𝑙(𝑓). 

Let ]\[ BA be any ts  cut where 𝐴 is the set of nodes reachable from 𝑠 in the 

network 𝐺. 

 by definition of A∶ s∈A    

 by definition of f;𝑡 A  

])\[)()((]\[

])\[0)((0)(

)()()()(
int

BAcuttheinarcsforwardforecefimpliestyreachabiliBAcap

BAcuttheinarcsbackwardforefimpliestyreachabiliec

lemmavalueflowefeffval

Aofoute

AoeAofoute











 

(iii)⇒ (i) this is a consequence of weak duality.  

Suppose that ]\[ BA  is any cut with ]\[)( BAcapfval  . Then, the value of any 

flow𝑓 ≤ )(]\[ fvalBAcap  . 

Thus, 𝑣𝑎𝑙(𝑓) is a maximum flow. 

Calculating a min-cut from a max-flow   

The max-flow min-cut theorem establishes an important correspondence 

between flows and cuts in networks. By solving a maximum flow problem, we 

also solve a complementary minimum cut problem. The minimum cut is 

actually simple to find after the Ford-Fulkerson algorithm has been completed. 
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To compute min-cut ]\[ BA  from a max-flow 

We can divide the network into two sets of nodes 𝐴 𝑎𝑛𝑑 𝐵 = 𝑁\𝐴 based on the 

flows. Let A=the set of reachable node(s) from the source node s in the graph, 

so that all arcs (e) leaving A in the network have f (e) =c (e) (full forward arcs) 

and all arcs (e) entering A in the network have f (e) =0 (empty backward arcs).  

The arcs between A and B constitute an (s-t) cut in the graph: the source is on 

one side of the cut and the sink is on the other. All flows from s to t has to flow 

across this cut, and so that there is no way to increase the flow further, because 

all the arcs in the cut pointing from A to B are saturated and all arcs pointing in 

the reverse direction are empty. The capacity of the cut is the sum of the 

capacities of the arcs in the cut pointing from A to B. Then ]\[ BA is the 

minimum cut. It is a fundamental result that 𝑀𝑎𝑥 𝐹𝑙𝑜𝑤 = 𝑀𝑖𝑛 𝐶𝑢𝑡. 

 

 

 

 

 

 

 

 

Consider an ts  cut ]\[ BA  with 𝐴 = *1 , 3+ 𝑎𝑛𝑑   }5,4,2{\  ANB . 

Then, an ts  cut ]\[ BA  is the minimum cut with capacity=26=𝑣𝑎𝑙(𝑓) . 
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CHAPTER-4 

4. Methods for Solving Maximum Flow Problem 

The maximum flow problem is one of the most fundamental problems in 

network flow theory and has been investigated extensively. This problem 

involves a direct network with arcs carrying flow. The only relevant parameter 

is the upper bound on arc flow, called arc capacity. The problem is to find the 

maximum flow that can be sent through the arcs of the network from some 

specified node (𝑠) called the source, to a second specified node (𝑡) called the 

sink. 

There are several methods available for the solution of maximum flow network 

problems. In this chapter we are going to deal with the generic augmenting path 

algorithm (method) and Ford-Fulkerson labeling algorithm (method) for 

solving the maximum flow problem.  

4.1. Generic Augmenting Path Algorithm (Method)  

To find the maximum flow value of the flow that can be send from the source s 

to the sink t in the network using generic augmenting path algorithm (method), 

do the following until no flow augmenting path may be found. 

Step (1).  Find a flow augmenting path.  

Step (2).  Determine the maximum flow increase (𝛿) in the path(𝑝). 

      
 
 














pjif

pjifc

ij

ijij

),(:min

),(:min
min

2

1




   is the minimum residual capacity of any 

arc in  path 𝑝, (also called bottleneck capacity of an augmenting path), is the 

maximum flow that can be send through p. 

Step (3). Update the flow in each arc on the path(𝑝).  
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Let *

jif  be the new value of the flow in the arc (𝑖 , 𝑗), then for every arc(𝑖 , 𝑗) ∈

𝑝 ;















pjiforf

pjiforf
f

ji

ji

ji
),(

),(
*




 and this called flow augmentation. 

Example 4.1 Consider the following flow network and find the optimal flow. 

 

  

 

 

 

Solution: 

One flow augmenting path is: 543211 p  

 )5,4(),4,3(),2,1(p  ;  )3,2(p  

      36,3,4min39,14,48min,,min 4545343412121  fcfcfc  

    22minmin 232  f  

    22,3min,min 21    

Here the minimum residual capacity along the path 𝑝  is 2. Then the flow 

augmentation, along the path 𝑝  gives 

523321,022,624 *

45

*

34

*

23

*

12  fandfff  
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After this flow augmentation, the flow in the network is 

 

 

 

 

 

 

There is now a flow augmenting path in the graph that result in the direction of 

flow on arc(1 ,4). So consider a flow augmenting path 5412 p  

    pp ;)5,4(,)4,1(  (There is no backward arc along this path) 

      14,1min59,23min,min 454514141  fcfc  

Then the flow augmentation along this path (𝑝 ) gives 

615312 *

45

*

14  fandf  

After this flow augmentation, the flow in the network is 

 

 

 

 

 

                                                                                        

 

Now we cannot find any more FAP in the network. If we try to augment flow 

further, we cannot push flow along the arcs (1,3) 𝑎𝑛𝑑 (1,4). We can push flow 
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along arc (1,2) but no further (2,5) is saturated, and the arc (2,3) entering node 

2 is empty. So the current flow is optimal with flow value 𝑣𝑎𝑙(𝑓) = 12 = 6 + 6 

Example 4.2 

Consider the following capacitated network and then find maximum flow. 

 

 

 

 

 

Solution: 

There is no initial flow. 

One augmenting path is 𝑝 = 54321   

 𝛿 = 10 𝑢𝑛𝑖𝑡𝑠 can be send along this path, at which point arc (3 , 4) is 

saturated.  

Then after doing the flow augmentation, the flow network is 

 

 

 

 

                                                                                         

 

Again consider a FAP: 52312 p  
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The maximum possible flow value that can be send in this path is 𝛿 = 10, gives 

the overall flow below. 

 

 

 

 

 

 

 

There is another flow augmenting path;  𝑝 = 1 → 2 → 5 with both arcs used in 

the forward direction. The maximum possible flow value that can be sent along 

this path is 𝛿 = 5, giving the overall flow below. 

 

 

 

 

 

 

 

Since we cannot find any more FAP in the network, now the current flow is 

optimal with flow value;  𝑣𝑎𝑙(𝑓) = 25 = 10 + 15 

 Here getting a flow augmenting path from a given network (especially for 

large networks) is not easy. For large networks and for computer 

implementation, a formal procedure is required. The Ford-Fulkerson labeling 
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algorithm which is described below is very important to determine the flow 

augmenting path (FAP) of the network. 

4.2. Ford-Fulkerson Labeling Method (Algorithm) 

 Let 𝐺 = (𝑁 , 𝐴) be a capacitated network with 𝑁 = *𝑠 = 1 , 2 ,3 , . . . , 𝑚 = 𝑡+ 

where 1 is the source node and 𝑚 is the sink node. And for each arc 𝑒 = (𝑖 , 𝑗) ∈

𝐴, let  𝑐   be the capacity and 𝑓   be the flow (initially 𝑓  = 0 ; ∀(𝑖, 𝑗) ∈ 𝐴 ), 

then we want to find the maximum flow from the source node(1) to the sink 

node(𝑚). 

The Ford-Fulkerson method (named for L.R. Ford, Jr and D.R. Fulkerson) is an 

algorithm which computes the maximum flow in a flow network based on the 

idea of FAP. 

The Ford-Fulkerson method is iterative. We start with 𝑓  = 0 for all ∀(𝑖, 𝑗) ∈ 𝐴, 

giving an initial flow of value 0. At each iteration, we increase the flow value 

by finding an “augmenting path,” which we can think of simply as a path from 

the source s to the sink t along which we can send more flow, and then 

augmenting the flow along this path. We repeat this process until no 

augmenting path can be found. The max-flow min-cut theorem will show that 

upon termination, this process yields a maximum flow. 

The idea behind this algorithm is simple. As long as there is an s-t path, with 

available FAP on all edges in the path, we send flow along one of this path. 

Then we need to find another path, and so on. 

The Ford-Fulkerson Labeling algorithm has two main steps. The first is a 

labeling process that searches for a flow augmenting path i.e., a path from node 

1 to node m for which ijij cf  along forward arcs and 0ijf along backward 

arcs. If this step finds a flow augmenting path, the second step changes the flow 

accordingly otherwise, no augmenting path exists, and then we get the 

maximum flow. The detail step is as follows; 

The algorithm begins with a feasible flow (say 0ijf  for all arcs), identifies a 

flow augmenting path and does augmentation iteratively until no more 
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augmenting path can be constructed. To identify a flow augmenting path, this 

algorithm puts label on each node 𝑗 which indicates the node prior to node 𝑗 on 

the current flow augmenting path. If 𝑗 is labeled by(+, 𝑖), then it is to mean 

that(𝑖, 𝑗) ∈ 𝑝 . If 𝑗 is labeled by (− , 𝑖), then it is to mean that(𝑖 , 𝑗) ∈ 𝑝 . 

This algorithm starts from the source node and puts stepwise such labels on 

nodes. If the algorithm terminates with the sink node is labeled, the flow 

augmenting path is found by tracing the path backward from m and 

constructing an s-t path (p) from the labels encountered. If the algorithm 

terminates with 𝑡 unlabeled, no flow augmenting path exists. 

After a flow augmenting path (say 𝑝) is identified, then this algorithm 

determines the residual capacity  of 𝑝. And perform flow augmentation. If a 

node 𝑗 on 𝑝 has label (+, 𝑖) , then  ijij ff * and  if 𝑗 on 𝑝 has label (− , 𝑖) ,then 

 ijij ff * . In general, at each iteration of this algorithm every node is in one of 

the three states: labeled and scanned (listed in set 𝑠 ), labeled and un-scanned 

(listed in set 𝑠 ) or unlabeled (listed in set 𝑠 ). Upon entering step-0, all nodes 

are unlabeled. The first step renders the source node labeled and un-scanned. 

Ford-Fulkerson Labeling Algorithm 

Step(0). Initial:  

                Let 𝑠 = ∅   ;  𝑠 = *1+   ;   𝑠 = *2 , 3 ,4 , .  .  .  , 𝑚+ 

Step(1). Scanning: 

               Choose node 𝑖 ∈ 𝑠  and then update 𝑠  𝑎𝑛𝑑 𝑠  

                 𝑠 = 𝑠 ∪ *𝑖+  ;   𝑠 = 𝑠 \*𝑖+ 

Step(2). Labeling: 

 ∀𝑗 ∈ 𝑁𝐴(𝑖) ∩ 𝑠   do; 

       If 𝑓  < 𝑐  , then assign the label (+ , 𝑖) to node 𝑗 and then update 𝑠   𝑎𝑛𝑑 𝑠  

𝑠 = 𝑠 ∪ *𝑗+    ;    𝑠 = 𝑠 \*𝑗+ 
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 ∀𝑗 ∈ 𝑁𝐵(𝑖) ∩ 𝑠  do ; 

          If 𝑓  > 0, then assign the label (− , 𝑖) to node 𝑗 and update 𝑠  𝑎𝑛𝑑  𝑠  

𝑠 = 𝑠 ∪ *𝑗+        ; 𝑠 = 𝑠 \*𝑗+ 

If  𝑗 = 𝑚 , determine a flow augmenting path by tracing backward from the 

sink node 𝑚 to the source node 1.; find its 𝛿, do flow augmentation and remove 

all labels and go to step (0). 

Step(3).  If 𝑠 ≠ ∅, go to step (1); else i.e., if  𝑠 = ∅, then the current flow is 

optimal, STOP. 

Correctness of the Labeling Algorithm 

To study the correctness of the labeling algorithm, note that in each iteration, 

the algorithm either performs an augmentation or terminates because it cannot 

label the sink. In the latter case we must show that the current flow 𝑓 is a 

maximum flow. Suppose at this stage that 𝐴 is the set of labeled nodes and 

𝐵 = AN \  is the set of unlabeled nodes. Clearly, 𝑠 ∈ 𝐴 𝑎𝑛𝑑 𝑡 ∈ 𝐵.  Since the 

algorithm cannot label any node in 𝐵 from any node in 𝐴, the residual capacity 

𝛿 = 𝑐  − 𝑓  = 0 for each arc (𝑖, 𝑗) ∈ (𝐴, 𝐵).This implies that 𝑐  = 𝑓   for every 

arc (𝑖, 𝑗) ∈ (𝐴, 𝐵) and 𝑓  = 0 for every arc(𝑖, 𝑗) ∈ (𝐵, 𝐴). 

So, 𝑣𝑎𝑙(𝑓) = ]\[
),(),(),(),(),(),(

BAcapcff
BAji

ji

ABji

ji

BAji

ij  


 

This discussion shows that the value of the current flow 𝑓equals the capacity of 

the cut ]\[ BA . But then max-flow min-cut theorem implies that 𝑓  is maximum 

flow and [A\B] is a minimum cut. This conclusion establishes the correctness 

of the labeling algorithm. 

Example 4.3  

Consider the following flow networks and find the maximum flow using Ford –

Fulkerson labeling algorithm. 
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Solution 

Step (0). Initial:    Let  𝑠 ∈ ∅ ;  𝑠 = *1+ ;  𝑠 = *2 , 3 , 4 , 5 , 6+ 

Iteration-1 

Step (1). Scanning; Choose 𝑖 ∈ 𝑠 = *1+ ; 𝑖 = 1 

               Update  𝑠  𝑎𝑛𝑑 𝑠   

                𝑠 = 𝑠 ∪ *𝑖 = 1+ = ∅ ∪ *1+ = *1+  ; 𝑠 = 𝑠 \*1+ = *1+ − *1+ = ∅ 

Step (1). Labeling 

              𝑁𝐴(𝑖 = 1) = *2 , 3+ 

𝑁𝐴(𝑖 = 1) ∩ 𝑠 = *2 , 3+ ∩ *2 ,3 ,4 , 5 ,6+ = *2 , 3+ 

0 = 𝑓  < 𝑐  = 8 ;     0 = 𝑓  < 𝑐  = 11 

Label 𝑗 = 2 and 𝑗 = 3 by (+ , 1) and, then update 𝑠  𝑎𝑛𝑑 𝑠 . 

𝑠 = 𝑠 ∪ *𝑗+ = ∅ ∪ *2 , 3 + = *2 , 3+   ;  𝑠 = 𝑠 \*𝑗+=*2,3,4,5,6+ − *2,3+ = *4,5,6+ 

Since  𝑁𝐵(𝑖) ∩ 𝑠 = ∅, go to step (3). 

Step (3).    Since 𝑠 = *2,3+ ≠ ∅, go to step (1) 

Iteration-2 

Step (1).  Scanning; Choose 𝑖 ∈ 𝑠 = *2 , 3+ 
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Figure 4.3a 
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                Let us choose 𝑖 = 2 and update 𝑠   𝑎𝑛𝑑  𝑠  

                   𝑠 = 𝑠 ∪ *𝑖 = 2+ = *1+ ∪ *2+ = *1,2+ ; 𝑠 = 𝑠 \*𝑖+=*2,3+ − *2+ = *3+ 

Step (2). Labeling 

          𝑁𝐴(𝑖 = 2) = *3 , 4, 5+ 

           𝑁𝐴(𝑖 = 2) ∩ 𝑠 = *3 ,4 ,5+ ∩ *4,5,6+ = *4,5+ 

          0 = 𝑓  < 𝑐  = 8  ;   0 = 𝑓  < 𝑐  = 6 

          Label 𝑗 = 4  𝑎𝑛𝑑  𝑗 = 5 by (+ , 2) and update 𝑠  𝑎𝑛𝑑 𝑠  

           𝑠 = 𝑠 ∪ *𝑗+ = *3+ ∪ *4,5+ = *3,4,5+ ;𝑠 = 𝑠 \*𝑗+=*4,5,6+ − *4 ,5+ = *6+ 

          Since 𝑁𝐵(𝑖 = 2) ∩ 𝑠 = ∅, go to step (3). 

          Step (3). Since 𝑠 = *3 ,4 ,5+ ≠ ∅, go to step (1). 

Iteration-3 

Step(1). Scanning; Choose 𝑖 ∈ 𝑠 = *3 , 4 , 5+ 

             Let us choose 𝑖 = 4 , then update 𝑠  𝑎𝑛𝑑 𝑠  

𝑠 = 𝑠 ∪ *𝑖+ = *1 , 2+ ∪ *4+ = *1,2,4+ ; 

                                𝑠 = 𝑠 \*𝑖+=*3 , 4 ,5+ − *4+ = *3 , 5+ 

Step(2). Labeling;  

                  𝑁𝐴(𝑖 = 4) = *6+  

                𝑁𝐴(𝑖 = 4) ∩ 𝑠 = *6+ ∩ *6+ = *6+ 

                0 = 𝑓  < 𝑐  = 12 , so label 𝑗 = 6  𝑏𝑦 (+ ,4) 

Now put 𝑠 = *1 , 2 ,4 ,6+ and 𝑠 = ∅. Since 𝑗 = 𝑚 = 6, then by tracing 

backward we get a FAP; 𝑃 = 1 → 2 → 4 → 6 with minimum residual capacity 

of  𝛿 = 8. 

Then after doing flow augmentation to this flow augmenting path, we get  
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By applying similar procedure as given above we get a FAP;  

𝑝 = 1 → 3 → 4 → 6 with a residual capacity 𝛿 = 4. 

FAP; 𝑝 = 1 → 3 → 4 → 2 → 5 → 6 with a residual capacity 𝛿 = 6 and then the 

final network is given below. 

 

 

 

 

 

 

 

With optimal flow value; 𝑣𝑎𝑙(𝑓) = 10 + 8 = 6 + 12 = 18 
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Conclusion 

The maximum flow is one of the most fundamental problems in network flow 

theory. In this thesis, we give the generic augmenting algorithm and Ford-

Fulkerson labeling algorithm for finding the amount of maximum flow from the 

source to the sink in a flow network. A numerical example is solved to illustrate 

the algorithm. 

The Ford-Fulkerson method is iterative. We start with 𝑓  = 0 for all ∀ (i, j) ∈A, 

giving an initial flow of value 0. At each iteration, we increase the flow value 

by finding an “augmenting path,” which we can think of simply as a path from 

the source s to the sink t along which we can send more flow, and then 

augmenting the flow along this path. We repeat this process until no 

augmenting path can be found. The max-flow min-cut theorem will show that 

upon termination, this process yields a maximum flow. 

The labeling algorithm is possibly the simplest algorithm for solving flow 

problem. However, the worst case is the number of iteration it takes to find a 

flow of maximum value is high. The other drawback is that if the capacities are 

irrational, the algorithm might not terminate. 
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