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Abstract 

In t his pa per w e s ketch t he c onnection of  B oolean a lgebra a nd B oolean r ings a nd 

concept of Boolean near rings with identity to construct a class of Boolean near rings 

called sp ecial Boolean near r ing f or w hich i t f ails t o be  Boolean r ings. F inally, w e 

shall see that the concept of distributively generated Boolean near ring and at last we 

proof that every distributively generated Boolean near ring is a Boolean ring.   
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Introduction 

In this paper we will see that the concept of Boolean near ring from the wide concepts 

of r ing t heory. In p articular, this paper contains t hree ch apters. The f irst chapter i s 

meant a pr eliminary. I t di scusses t he de finitions of ne ar ring and s ome i mportant 

definitions of u seful te rms o f n ear r ings. It also g ive a  b rief d iscussion o f th e 

elementary f acts re lating to  rin gs in  w hich every el ement i s i dempotent ca lled 

Boolean ring and introduce the algebraic properties of Boolean ring.   

 
In chapter two, we present the connection of  Boolean ring with Boolean a lgebra by 

considering a r ecent set of  pos tulates f or B oolean a lgebras due  to Huntington. 

Huntington s hall be  de note " ∨ " which c orresponds t o l ogical a ddition a nd t o t he 

formation of the union for c lasses and a  unary operation denoted by t he pr ime " ′ "  

corresponds to logical negation and to the formation of the complement for classes.   

Finally, in chapter three, we introduce the concept of Boolean near ring with identity 

to c onstruct a  c lass of  B oolean ne ar r ings, c alled s pecial B oolean ne ar r ing, a nd 

determine left ideals, factor near rings of special Boolean near rings. Also we verifies 

that the proof of every distributively generated Boolean near r ing is a  Boolean ring. 

At the end a  Boolean near r ing i s isomorphic to a  pa rticular collection of  functions 

which f orm a  B oolean ne ar r ing w ith re spect to  th e operations of  addition and 

composition of mappings.   
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CHAPTER ONE 
PRELIMINARIES RESULTS 

1.1. The Elementary Concepts of Near Rings  
Definition1.1.1. A ring (𝑅𝑅, +,∙) is a set 𝑅𝑅 together with two binary operation " + " and 

" ∙ ", which we call addition and multiplication, defined on R  such that the following 

axioms are satisfied:  

1. (𝑅𝑅, +) is abelian group. 

2. Multiplication is associative. That is, (𝑅𝑅,∙) is a semi group.  

3. For all 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝑅𝑅, the left distributive law, 𝑎𝑎 ∙ (𝑏𝑏 + 𝑐𝑐) = 𝑎𝑎 ∙ 𝑏𝑏 + 𝑎𝑎 ∙ 𝑐𝑐 and the 

right distributive law, (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 = 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 hold. 

Remark1.1.2. We are well aware that axioms (1), (2) and (3) for a ring hold in  any 

subset of the complex number that is a group under the operation of addition and that 

is closed under the operation of multiplication. For instance, (ℤ, +,∙), (ℚ, +,∙), (ℝ, +,∙) 

and (ℂ, +,∙) are rings. 

Definition1.1.3. Let 𝑅𝑅 and 𝑆𝑆 be any rings, a map 𝑓𝑓:𝑅𝑅 → 𝑆𝑆 is a ring homomorphism if 

the following two conditions are satisfied for all 𝑎𝑎, 𝑏𝑏 ∈ 𝑅𝑅.      

1. 𝑓𝑓(𝑎𝑎 + 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) + 𝑓𝑓(𝑏𝑏), and 

2. 𝑓𝑓(𝑎𝑎𝑎𝑎) = 𝑓𝑓(𝑎𝑎)𝑓𝑓(𝑏𝑏).           

Now we introduce the concept of near ring in the following manners:   

Definition1.1.4. A near ring (N, +,∙) is an algebraic structure together with two binary 

operations addition " + " and multiplication " ∙ " such that 

1. (N, +) is a group not necessarily abelian,  

2. (N,∙) is a semi group, that is multiplication is associative and  

3.  𝑛𝑛1 ∙ (𝑛𝑛2 + 𝑛𝑛3) = 𝑛𝑛1 ∙ 𝑛𝑛2 + 𝑛𝑛1 ∙ 𝑛𝑛3, f or e very 𝑛𝑛1,𝑛𝑛2,𝑛𝑛3 ∈ N (left d istributive 

law). Hence, this type of near ring will be termed as left near ring. 

Remarks1.1.5:   

1. Similarly one  c an de fine right near r ing by  r edefining c ondition (3) i n 

definition 1.1.4 by (𝑛𝑛1 + 𝑛𝑛2) ∙ 𝑛𝑛3 = 𝑛𝑛1 ∙ 𝑛𝑛3 + 𝑛𝑛2 ∙ 𝑛𝑛3. 
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2. In this paper a near ring mean that only a left near ring unless otherwise stated.   

3. It is customary to denote multiplication in a (near) ring by juxtaposition, using 

𝑎𝑎𝑎𝑎 in place of 𝑎𝑎 ∙ 𝑏𝑏. 

Example1.1.6. Every ring is a near ring. 

Example1.1.7. Let ℤ be the set of  integers. Now define multiplication " ∙ " on ℤ by 

𝑎𝑎 ∙ 𝑏𝑏 = 𝑏𝑏 for all 𝑎𝑎, 𝑏𝑏 ∈ ℤ.   

a. Clearly (ℤ, +) is an abelian group. 

b. (ℤ,∙) is a semi group. That is multiplication is associative.  

c. 𝑎𝑎(𝑏𝑏 + 𝑐𝑐) = 𝑏𝑏 + 𝑐𝑐                                                                  (by definition) 

                       = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎, for all 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ ℤ. 

Therefore, (ℤ, +,∙) is a (left) near ring.    

Definition1.1.8. Let 𝑁𝑁 and 𝑁𝑁′ be ne ar rings. A  m apping 𝑓𝑓:𝑁𝑁 → 𝑁𝑁′ is a near r ing 

homomorphism if the following two conditions are satisfied:  

a. 𝑓𝑓(𝑛𝑛1 + 𝑛𝑛2) = 𝑓𝑓(𝑛𝑛1) + 𝑓𝑓(𝑛𝑛2) 

b. 𝑓𝑓(𝑛𝑛1𝑛𝑛2) = 𝑓𝑓(𝑛𝑛1)𝑓𝑓(𝑛𝑛2). 

Remarks1.1.9. Let 𝑁𝑁 be a near ring. Then,  

1. If (𝑁𝑁, +) is abelian, then we call 𝑁𝑁 an abelian near ring. 

2. If (𝑁𝑁,∙) is commutative, then we call 𝑁𝑁 a commutative near ring.  

Definition1.1.10. A non empty subset 𝐼𝐼 of a near ring N is said to be an ideal if    

a. (𝐼𝐼, +) is a Normal subgroup of (N, +) 

b. N𝐼𝐼 ⊆ 𝐼𝐼 (i.e. 𝑛𝑛𝑛𝑛 ∈ 𝐼𝐼 for all 𝑖𝑖 ∈ 𝐼𝐼 and 𝑛𝑛 ∈ 𝑁𝑁, that is, 𝐼𝐼 is a left ideal), and 

c. (𝑛𝑛 + 𝑖𝑖)𝑚𝑚− 𝑛𝑛𝑛𝑛 ∈ 𝐼𝐼 if 𝑛𝑛,𝑚𝑚 ∈ N and 𝑖𝑖 ∈ 𝐼𝐼.  

Proposition1.1.11. The two sided ideals of a near ring 𝑁𝑁 are defined to be the kernels 

of homomorphisms of 𝑁𝑁. 

Proof:- Let 𝐾𝐾 be the kernel of a ring homomorphism 𝑓𝑓 ∶ 𝑁𝑁 → 𝑁𝑁. Then,   

a) Let 𝑘𝑘 ∈ 𝐾𝐾 and 𝑛𝑛 ∈ 𝑁𝑁, then 𝑓𝑓(𝑛𝑛𝑛𝑛𝑛𝑛−1) = 𝑓𝑓(𝑛𝑛)𝑓𝑓(𝑘𝑘)𝑓𝑓(𝑛𝑛−1) = 𝑒𝑒. Thus, 

  𝑛𝑛𝑛𝑛𝑛𝑛−1 ∈ 𝐾𝐾 implies 𝑛𝑛𝑛𝑛𝑛𝑛−1 ⊆ 𝐾𝐾.  

Hence, (𝐾𝐾, +) is a normal subgroup of (𝑁𝑁, +). 
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b) Since near rings satisfy the left distributive law, namely, 𝑛𝑛0 = 0.Thus,   

𝑛𝑛(0 + 0) = 𝑛𝑛0 + 𝑛𝑛0 

                = 0, for any 𝑛𝑛 ∈ 𝑁𝑁 and 0 is the additive identity of 𝑁𝑁.  

            Therefore, 𝑁𝑁𝑁𝑁 ⊆ 𝐾𝐾. 

c)  𝑓𝑓[(𝑛𝑛1 + 𝑘𝑘)𝑛𝑛2 − 𝑛𝑛1𝑛𝑛2] = 𝑓𝑓[(𝑛𝑛1 + 𝑘𝑘)𝑛𝑛2] − (𝑛𝑛1𝑛𝑛2) 

                                               = 𝑓𝑓(𝑛𝑛1 + 𝑘𝑘)𝑓𝑓(𝑛𝑛2) − 𝑓𝑓(𝑛𝑛1𝑛𝑛2) 

                                                = [𝑓𝑓(𝑛𝑛1) + 𝑓𝑓(𝑘𝑘)]𝑓𝑓(𝑛𝑛2) − 𝑓𝑓(𝑛𝑛1𝑛𝑛2), 

                                                = 𝑓𝑓(𝑛𝑛1)𝑓𝑓(𝑛𝑛2) − 𝑓𝑓(𝑛𝑛1)𝑓𝑓(𝑛𝑛2) 

                                                = 0.        

           Thus, (𝑛𝑛1 + 𝑘𝑘)𝑛𝑛2 − 𝑛𝑛1𝑛𝑛2 ∈ 𝐾𝐾 for every 𝑛𝑛1,𝑛𝑛2 ∈ 𝑁𝑁  and 𝑘𝑘 ∈ 𝐾𝐾. 

Therefore, 𝐾𝐾 is an ideal of a near ring 𝑁𝑁.                                                                    ∎  

Definition1.1.12. Let 𝑁𝑁 be a left near ring. If 𝑥𝑥𝑥𝑥 = 0 implies that 𝑦𝑦𝑦𝑦 = 0, then 𝑁𝑁 is 

said to be zero commutative and if for all 𝑥𝑥 ∈ 𝑁𝑁, 0𝑥𝑥 = 0, 𝑁𝑁 is called zero symmetric.  

Definitio1.1.13. An i deal 𝑃𝑃 of a  ne ar r ing 𝑁𝑁 is called c ompletely p rime i f 𝑎𝑎𝑎𝑎 ∈ 𝑃𝑃 

implies 𝑎𝑎 ∈ 𝑃𝑃 or 𝑏𝑏 ∈ 𝑃𝑃. 

Definition1.1.14. An element 𝑎𝑎 of the near r ing 𝑁𝑁 will be called central if 𝑥𝑥𝑥𝑥 = 𝑎𝑎𝑎𝑎 

for all 𝑥𝑥 in 𝑁𝑁. 

Defintion1.1.15. An element 𝑎𝑎 of a near ring 𝑁𝑁 is called 

1. Left zero divisor if 𝑎𝑎𝑎𝑎 = 0, then 𝑎𝑎 = 0 for some non zero element 𝑏𝑏 ∈ 𝑁𝑁.  

2. Right zero divisor if 𝑏𝑏𝑏𝑏 = 0, then 𝑎𝑎 = 0 for some non zero element 𝑏𝑏 ∈ 𝑁𝑁. 

       In particular, 𝑎𝑎 is zero divisor if it is a left or right zero divisor. 

3. Nilpotent if 𝑎𝑎𝑛𝑛 = 0 for some positive integer 𝑛𝑛.  

Definition1.1.16. Let 𝑁𝑁 be a near ring. Then 𝑁𝑁 is said to be a direct sum of left(right) 

ideals 𝐴𝐴,𝐵𝐵 ∈ 𝑁𝑁 such that 𝑁𝑁 = 𝐴𝐴 + 𝐵𝐵 and 𝐴𝐴⋂𝐵𝐵 = 0. Thus, 𝐴𝐴 and 𝐵𝐵 are called direct 

summands of 𝑁𝑁.   

Remark1.1.17. we denote 𝑁𝑁 = 𝐴𝐴⨁𝐵𝐵 and for every 𝑛𝑛 in 𝑁𝑁 can be uniquely written as 

𝑛𝑛 = 𝑎𝑎 + 𝑏𝑏 where 𝑎𝑎 ∈ 𝐴𝐴 and 𝑏𝑏 ∈ 𝐵𝐵.  
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1.2. Algebraic Properties of Boolean Rings  

In this section we shall consider the elementary facts relating to rings in which every 

element is idempotent called Boolean ring. Now we lay down some of the algebraic 

properties of Boolean rings: 

Definition1.2.1. A ring 𝑅𝑅 in which every element is an idempotent, that is, satisfying 

𝑎𝑎2 = 𝑎𝑎 for all 𝑎𝑎 ∈ 𝑅𝑅 is called a Boolean ring.  

Proposition1.2.2. A s ub r ing of  a  B oolean ring i s B oolean. F urthermore, e very 

homomorphic image of a Boolean ring is also Boolean. 

Proof:-  

a. Let 𝐴𝐴 be a sub ring of the Boolean ring 𝐵𝐵. Thus,  

For every 𝑎𝑎 ∈ 𝐴𝐴, then 𝑎𝑎 is an element of 𝐵𝐵. Since 𝐵𝐵 is Boolean ring, hence 

𝑎𝑎 is idempotent, that is 𝑎𝑎2 = 𝑎𝑎 for all 𝑎𝑎 ∈ 𝐴𝐴. 

Therefore, 𝐴𝐴 is Boolean ring. 

b. Let 𝑓𝑓(𝐴𝐴) be a ho momorphic i mage of 𝐵𝐵 where 𝑓𝑓 ∶ 𝐴𝐴 → 𝐵𝐵 is a r ing 

epimorphism. Let 𝑎𝑎 ∈ 𝑓𝑓(𝐴𝐴) ⊆ 𝐵𝐵, then 𝑎𝑎 = 𝑓𝑓(𝑏𝑏) for some 𝑏𝑏 ∈ 𝐵𝐵 since 𝑓𝑓 is 

Surjective map.  

                 Hence, 𝑎𝑎2 = 𝑎𝑎 ∙ 𝑎𝑎 = 𝑓𝑓(𝑏𝑏)𝑓𝑓(𝑏𝑏) 

                                   = 𝑓𝑓(𝑏𝑏2), since 𝑓𝑓 is a homomorphism.  

                                   = 𝑓𝑓(𝑏𝑏), since 𝑏𝑏2 = 𝑏𝑏.  

                                   = 𝑎𝑎. 

                 Which implies that 𝑎𝑎2 = 𝑎𝑎, for all 𝑎𝑎 ∈ 𝑓𝑓(𝐴𝐴). 

                 Thus, every element of 𝑓𝑓(𝐴𝐴) is idempotent.  

                 Therefore, 𝑓𝑓(𝐴𝐴) is Boolean ring.                                                                ∎ 

Lemma1.2.3. Let B be a Boolean ring. Then, characteristic of  𝐵𝐵 is 2.  

Proof: - Let 𝑏𝑏 ∈ B. Then, 𝑏𝑏2 = 𝑏𝑏 since B is Boolean ring,  

     Thus, we have that (𝑏𝑏 + 𝑏𝑏)2 = 𝑏𝑏 + 𝑏𝑏, 

      which implies that  𝑏𝑏2 + 𝑏𝑏2 + 𝑏𝑏2 + 𝑏𝑏2 = 𝑏𝑏 + 𝑏𝑏  and by the fact that 𝑏𝑏2 = 𝑏𝑏 

      we have,  𝑏𝑏 + 𝑏𝑏 + 𝑏𝑏 + 𝑏𝑏 = 𝑏𝑏 + 𝑏𝑏. 

      Hence, 𝑏𝑏 + 𝑏𝑏 = 0. 

      Therefore, characteristic of  𝐵𝐵 is 2.                                                                     ∎ 
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      In particular, it follows then that 𝑏𝑏 = −𝑏𝑏 for all  𝑏𝑏 ∈ B.                                                  

Lemma1.2.4. If  B is Boolean ring, then B  is commutative. 

Proof: - Let 𝑎𝑎, 𝑏𝑏 ∈ B. we want to show that 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏. 

 Since B is Boolean ring, then  we have 𝑎𝑎2 = 𝑎𝑎 and 𝑏𝑏2 = 𝑏𝑏, for all 𝑎𝑎, 𝑏𝑏 ∈ 𝐵𝐵. 

 Now, 𝑎𝑎 + 𝑏𝑏 = (𝑎𝑎 + 𝑏𝑏)2 

 = 𝑎𝑎2 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏2, since 𝑎𝑎2 = 𝑎𝑎 and 𝑏𝑏2 = 𝑏𝑏, we get  

                     = 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏 , By adding –𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑏𝑏 both sides, we obtain 

                  0 = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏.      

Hence, 𝑎𝑎𝑎𝑎 = −𝑏𝑏𝑏𝑏. Using lemma1.2.3, we have 𝑏𝑏 = −𝑏𝑏 for every 𝑏𝑏 ∈ B. 

Therefore, 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏.                                                                                                     ∎ 

Proposition1.2.5. Let  𝐵𝐵 be a field. If B is Boolean ring, then B ≅ 𝑍𝑍2. 

Proof:- Let 𝑏𝑏 ∈ B and 𝑏𝑏 ≠ 0. Then,  

                     𝑏𝑏2 = 𝑏𝑏, for every 𝑏𝑏 ∈ 𝐵𝐵. 

      Implies that, 𝑏𝑏2 − 𝑏𝑏 = 0.  

     Also implies that,  𝑏𝑏(𝑏𝑏 − 1) = 0, thus 𝑏𝑏 = 0 or 𝑏𝑏 − 1 = 0. 

     However, since B is a field, 𝑏𝑏−1 exists. Thus, 𝑏𝑏 = 1. 

     Therefore, B = {0,1} ≅ Z2.                                                                                     ∎ 

Theorem1.2.6. If 𝐵𝐵 is a finite Boolean ring, then 𝐵𝐵 has 2𝑛𝑛  elements for some positive 

integer 𝑛𝑛. 

Example1.2.7. Let ℘(𝑋𝑋) is the power set of a set 𝑋𝑋 define addition and multiplication 

by 𝐴𝐴 + 𝐵𝐵 = (𝐴𝐴\𝐵𝐵)⋃(𝐵𝐵\𝐴𝐴) = 𝐴𝐴 △ 𝐵𝐵 and 𝐴𝐴 ∙ 𝐵𝐵 = 𝐴𝐴⋂𝐵𝐵 respectively. Hence,  ℘(𝑋𝑋) is 

a Boolean ring for any set 𝐴𝐴,𝐵𝐵 ∈ ℘(𝑋𝑋) and |℘(𝑋𝑋)| = 2𝑛𝑛 .                                                                                    

Theorem1.2.8. If I is an ideal of a Boolean ring B then B/I is also Boolean ring. 

Proof: - Define a map 𝑓𝑓 ∶ B → B/I by 𝑓𝑓(𝑏𝑏) = 𝑏𝑏 + 𝐼𝐼, for all 𝑏𝑏 ∈ 𝐵𝐵. 

1. Let 𝑎𝑎, 𝑏𝑏 ∈ 𝐵𝐵, then 

a) 𝑓𝑓(𝑎𝑎 + 𝑏𝑏) = (𝑎𝑎 + 𝑏𝑏) + 𝐼𝐼 

 = (𝑎𝑎 + 𝐼𝐼) + (𝑏𝑏 + 𝐼𝐼) 

  = 𝑓𝑓(𝑎𝑎) + 𝑓𝑓(𝑏𝑏)        

b) 𝑓𝑓(𝑎𝑎𝑎𝑎) = 𝑎𝑎𝑎𝑎 + 𝐼𝐼 
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           = (𝑎𝑎 + 𝐼𝐼)(𝑏𝑏 + 𝐼𝐼) 

            = 𝑓𝑓(𝑎𝑎)𝑓𝑓(𝑏𝑏) 

           Hence, 𝑓𝑓 is a homomorphism.   

2. Clearly 𝑓𝑓 is an epimorphism.  

3. Since t he h omomorphic i mage of  a Boolean r ing B is B oolean r ing (by 

proposition 1.2.1), that is 

                     B/𝐼𝐼 = 𝑓𝑓(𝐵𝐵) ={𝑓𝑓(𝑏𝑏) ∶ 𝑏𝑏 ∈ 𝐵𝐵}= {𝑏𝑏 + 𝐼𝐼 ∶ 𝑏𝑏 ∈ 𝐵𝐵} is Boolean ring. 

4. Also we have (𝑏𝑏 + 𝐼𝐼) + (𝑏𝑏 + 𝐼𝐼) = (𝑏𝑏 + 𝑏𝑏) + 𝐼𝐼 = 0 + 𝐼𝐼 and 

                     (𝑏𝑏 + 𝐼𝐼) ∙ (𝑏𝑏 + 𝐼𝐼) = (𝑏𝑏 ∙ 𝑏𝑏) + 𝐼𝐼 = 𝑏𝑏 + 𝐼𝐼. 

Therefore,  𝐵𝐵/𝐼𝐼 is a Boolean ring.                                                                                 ∎                              

Definition1.2.9. If B is a B oolean r ing, t he set 𝐵𝐵/𝐼𝐼 = {𝑏𝑏 + 𝐼𝐼 ∶ 𝑏𝑏 ∈ B} is called a  

quotient Boolean ring of B.  

Definition1.2.10. If B and B′ are Boolean rings and 𝑓𝑓 ∶ B → B′ is a homomorphism of 

B into B′, the set {  𝑏𝑏 ∈ B ∶ 𝑓𝑓(𝑏𝑏) = 0′𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 0 ∈ B is the additive identity} is called 

kernel of the homomorphism 𝑓𝑓 denoted by 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓. 

Theorem1.2.11. If B and B′ are Boolean rings and 𝑓𝑓 ∶ B → B’ is a homomorphism of 

B into B′ then 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 is an ideal of 𝐵𝐵. 

Proof: - Since 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 = {𝑏𝑏 ∈ B|𝑓𝑓(𝑏𝑏) = 0′} where 0′ ∈ B′ is the additive identity, is a 

non empty and subset of  B is clear. Now we want to show that  

a. Let 𝑎𝑎, 𝑏𝑏 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓, that is 𝑓𝑓(𝑎𝑎) = 0′ = 𝑓𝑓(𝑦𝑦). Then, 

            𝑓𝑓(𝑎𝑎 + 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) + 𝑓𝑓(𝑏𝑏) = 0′ + 0′ = 0′ 

Thus, 𝑎𝑎 + 𝑏𝑏 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓. 

b. Let 𝑎𝑎 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 and 𝑐𝑐 ∈ 𝐵𝐵. Then, 

     𝑓𝑓(𝑐𝑐𝑐𝑐) = 𝑓𝑓(𝑐𝑐)𝑓𝑓(𝑎𝑎) = 𝑓𝑓(𝑐𝑐) ∙ 0′ = 0′ and 

    𝑓𝑓(𝑎𝑎𝑎𝑎) = 𝑓𝑓(𝑎𝑎)𝑓𝑓(𝑐𝑐) = 0′ ∙ 𝑓𝑓(𝑐𝑐) = 0′. 

           Hence, 𝑐𝑐𝑐𝑐 ∈ 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘, whenever 𝑎𝑎, 𝑏𝑏 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 and 𝑐𝑐 ∈ B.   

Therefore, 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 is an ideal of 𝐵𝐵.                                                                                  ∎ 

Remark1.2.12. A r ing 𝑅𝑅 is sa id t o be a 𝑝𝑝-ring if 𝑝𝑝 is a  f ixed pr ime a nd 𝑥𝑥𝑝𝑝 = 𝑥𝑥, 

𝑝𝑝𝑝𝑝 = 0 for each 𝑥𝑥 in 𝑅𝑅. Thus a Boolean ring is a 2-ring. 
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CHAPTER TWO 
BOOLEAN RINGS AND BOOLEAN ALGEBRAS 

Now we see that the concept of Boolean algebra by defining the formal definition of a 

lattice to see the connection of Boolean rings and Boolean algebra.  

Definition2.1. Let 𝑋𝑋 be a p artial o rder s et (poset), th en 𝑋𝑋 is s aid t o be  bounde d 

provided that there are elements 0,1 of 𝑋𝑋 such that 0 ≤ 𝑥𝑥 ≤ 1 for all 𝑥𝑥 ∈ 𝑋𝑋. 

Defintion2.2. A poset 𝑋𝑋 is called a lattice provided 𝑠𝑠𝑠𝑠𝑠𝑠{𝑥𝑥,𝑦𝑦} and 𝑖𝑖𝑖𝑖𝑖𝑖{𝑥𝑥, 𝑦𝑦} exists and 

are unique for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 and denote 𝑥𝑥 ∨ 𝑦𝑦 for 𝑠𝑠𝑠𝑠𝑠𝑠{𝑥𝑥, 𝑦𝑦} and 𝑥𝑥 ∧ 𝑦𝑦 for 𝑖𝑖𝑖𝑖𝑖𝑖{𝑥𝑥,𝑦𝑦}.  

Definition2.3. A la ttice 𝑋𝑋 is s aid to b e d istributive p rovided f or a ll 𝑥𝑥,𝑦𝑦 and 𝑧𝑧 be 

elements of 𝑋𝑋, we have  𝑥𝑥 ∧ (𝑦𝑦 ∨ 𝑧𝑧) = (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧). 

Definition2.4. A B oolean al gebra 𝐵𝐵 is a  b ounded d istributive la ttice w ith u niary 

operation ′: 𝐵𝐵 → 𝐵𝐵 such that 𝑎𝑎 ∨ 𝑎𝑎′ = 1 and 𝑎𝑎 ∧ 𝑎𝑎′ = 0. 

Proposition2.5. Two bi nary ope rations ∧ and ∨ on a set  𝑆𝑆 are the i nfimum and 

supremum operations of a lattice if and only if the identities 

i. Idempotence: 𝑥𝑥 ∧ 𝑥𝑥 = 𝑥𝑥, 𝑥𝑥 ∨ 𝑥𝑥 = 𝑥𝑥; 

ii. Commutativity: 𝑥𝑥 ∧ 𝑦𝑦 = 𝑦𝑦 ∧ 𝑥𝑥 and 𝑥𝑥 ∨ 𝑦𝑦 = 𝑦𝑦 ∨ 𝑥𝑥; 

iii. Associativity: (𝑥𝑥 ∧ 𝑦𝑦) ∧ 𝑧𝑧 = 𝑥𝑥 ∧ (𝑦𝑦 ∧ 𝑧𝑧) and (𝑥𝑥 ∨ 𝑦𝑦) ∨ 𝑧𝑧 = 𝑥𝑥 ∨ (𝑦𝑦 ∨ 𝑧𝑧); 

iv. Absorption laws: 𝑥𝑥 ∧ (𝑥𝑥 ∨ 𝑦𝑦) = 𝑥𝑥 and 𝑥𝑥 ∨ (𝑥𝑥 ∧ 𝑦𝑦) = 𝑥𝑥 hold for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆.   

Theorem2.6. Let 𝐵𝐵 be a Boolean ring. Let define 𝑥𝑥 ∨ 𝑦𝑦 = 𝑥𝑥 + 𝑦𝑦 + 𝑥𝑥 ∙ 𝑦𝑦,  𝑥𝑥′ = 1 + 𝑥𝑥 

and  𝑥𝑥 ∧ 𝑦𝑦 = 𝑥𝑥 ∙ 𝑦𝑦. Then 𝐵𝐵 is a Boolean algebra.  

Proof:- Let 𝑥𝑥 ∈ 𝐵𝐵,  

 𝑥𝑥 ∧ 𝑥𝑥′ = 𝑥𝑥 ∧ (1 + 𝑥𝑥) = 𝑥𝑥(1 + 𝑥𝑥) 

                       = 𝑥𝑥 + 𝑥𝑥2, since 𝑥𝑥2 = 𝑥𝑥 we have 

                       = 0; and  

 𝑥𝑥 ∨ 𝑥𝑥′ = 𝑥𝑥 + (1 + 𝑥𝑥) + 𝑥𝑥(1 + 𝑥𝑥) 

                       = 𝑥𝑥 + 1 + 𝑥𝑥, since 𝑥𝑥 + 𝑥𝑥 = 0. Then, we have  

                       = 1.          

Therefore, 𝐵𝐵 is a Boolean algebra.                                                                              ∎                                                                                                    
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Theorem2.7. Let B  be  a B oolean a lgebra. F or any 𝑥𝑥 and 𝑦𝑦 be elements o f 𝐵𝐵, no w 

define  𝑥𝑥 + 𝑦𝑦 = (𝑥𝑥 ∧ 𝑦𝑦′) ∨ (𝑥𝑥′ ∧ 𝑦𝑦) and 𝑥𝑥 ∙ 𝑦𝑦 = 𝑥𝑥 ∧ 𝑦𝑦. Then 𝐵𝐵 is a Boolean ring. 

Proof:-  

i. 𝑥𝑥 + 0 = (𝑥𝑥′ ∧ 0) ∨ (𝑥𝑥 ∧ 0′) = 0 ∨ 𝑥𝑥 = 𝑥𝑥; 

ii. 𝑥𝑥 + 𝑥𝑥 = (𝑥𝑥 ∧ 𝑥𝑥′) ∨ (𝑥𝑥′ ∧ 𝑥𝑥) = 0 ∨ 0 = 0; 

iii. Associability of + follows from that of ∨ and  ∧. So 𝐵𝐵 is a group. 

iv. 𝐵𝐵 is commutative 𝑥𝑥 + 𝑦𝑦 = (𝑥𝑥 ∧ 𝑦𝑦′) ∨ (𝑥𝑥′ ∧ 𝑦𝑦) = (𝑦𝑦 ∧ 𝑥𝑥′) ∨ (𝑦𝑦′ ∧ 𝑥𝑥) = 𝑦𝑦 + 𝑥𝑥. 

v. Also,  ′ ∙ ′ will distribute as 𝐵𝐵 is a distributive lattice. 

vi. Also 𝑥𝑥 ∙ 1 = 𝑥𝑥 ∧ 1 = 𝑥𝑥, thus 𝐵𝐵 is a ring with identity. 

vii. For any 𝑥𝑥 ∈ 𝐵𝐵, we have 𝑥𝑥 ∙ 𝑥𝑥 = 𝑥𝑥 ∧ 𝑥𝑥 = 𝑥𝑥. 

Therefore,  𝐵𝐵 is a Boolean ring.                                                                                    ∎ 

Theorem2.8. If A is a Boolean ring with unit 𝑒𝑒, the introduction of a binary operation 

" ∨ " and a  una ry ope ration " ′ " defined by 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 and 𝑎𝑎′ = 𝑎𝑎 + 𝑒𝑒 

converts 𝐴𝐴 into an algebraic system 𝐵𝐵 in which 

1) 𝑎𝑎 ∨ 𝑏𝑏 = 𝑏𝑏 ∨ 𝑎𝑎; 

2) 𝑎𝑎 ∨ (𝑏𝑏 ∨ 𝑐𝑐) = (𝑎𝑎 ∨ 𝑏𝑏) ∨ 𝑐𝑐; 

3) (𝑎𝑎′ ∨ 𝑏𝑏′)′ ∨ (𝑎𝑎′ ∨ 𝑏𝑏)′ = 𝑎𝑎; and 

the old operations being expressed in terms of the new through the equations 

4) 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏 = (𝑎𝑎′ ∨ 𝑏𝑏′′ )′ ∨ (𝑎𝑎′′ ∨ 𝑏𝑏′)′; 

5) 𝑎𝑎𝑎𝑎 = (𝑎𝑎′ ∨ 𝑏𝑏′)′ . 

On the other hand, if 𝐵𝐵 is an algebraic system obeying the equations 1, 2 a nd 3, then 

𝐵𝐵 is a Boolean algebra; and the introduction of new operations through the equations 

4 a nd 5 converts 𝐵𝐵 into a  Boolean r ing 𝐴𝐴 with z ero 0 = 𝑒𝑒′ = (𝑎𝑎 ∨ 𝑎𝑎′)′ and a  unit 

𝑒𝑒 = 𝑎𝑎 ∨ 𝑎𝑎′.   

Proof:- Let 𝐴𝐴 is any Boolean ring, either with or without unit, then for any 𝑎𝑎, 𝑏𝑏 ∈ 𝐴𝐴. 

we have 

1. 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎                                       (by definition of ∨) 

                       = 𝑎𝑎 + 𝑏𝑏 + 𝑏𝑏𝑏𝑏,                                                Since 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏.  

                       = 𝑏𝑏 ∨ 𝑎𝑎.  

2. 𝑎𝑎 ∨ (𝑏𝑏 ∨ 𝑐𝑐) = 𝑎𝑎 ∨ (𝑏𝑏 + 𝑐𝑐 + 𝑏𝑏𝑏𝑏)                            (by definition of 𝑎𝑎 ∨ 𝑏𝑏) 

                                = 𝑎𝑎 + (𝑏𝑏 + 𝑐𝑐 + 𝑏𝑏𝑏𝑏) + 𝑎𝑎(𝑏𝑏 + 𝑐𝑐 + 𝑏𝑏𝑏𝑏)            
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                                = 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎  

                                = [𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎] + 𝑐𝑐 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎 

                                = [𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎] + 𝑐𝑐 + [𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎𝑎𝑎] 

                                = [𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎] + 𝑐𝑐 + 𝑐𝑐[𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎] 

                                = (𝑎𝑎 ∨ 𝑏𝑏) ∨ 𝑐𝑐.  

Now if a Boolean ring 𝐵𝐵 has a unit 𝑒𝑒, then using 𝑎𝑎′ = 𝑎𝑎 + 𝑒𝑒, we obtain 

 𝑎𝑎′′ = (𝑎𝑎 + 𝑒𝑒) + 𝑒𝑒 = 𝑎𝑎 + (𝑒𝑒 + 𝑒𝑒) = 𝑎𝑎 + 0 = 𝑎𝑎; since 𝑒𝑒 + 𝑒𝑒 = 0.  

 (𝑎𝑎 ∨ 𝑏𝑏)′ = (𝑎𝑎 ∨ 𝑏𝑏) + 𝑒𝑒                                        (by 𝑎𝑎′ = 𝑎𝑎 + 𝑒𝑒) 

                                = (𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎) + 𝑒𝑒                               (by 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎) 

                                = (𝑎𝑎 + 𝑒𝑒)(𝑏𝑏 + 𝑒𝑒) 

                                = 𝑎𝑎′𝑏𝑏′ . 

Thus, we prove the following 

3. (𝑎𝑎′ ∨ 𝑏𝑏′)′ ∨ (𝑎𝑎′ ∨ 𝑏𝑏)′ = 𝑎𝑎′′ 𝑏𝑏′′ ∨ 𝑎𝑎′′ 𝑏𝑏′                        (by (𝑎𝑎 ∨ 𝑏𝑏)′ = 𝑎𝑎′𝑏𝑏′) 

                                   = 𝑎𝑎𝑎𝑎 ∨ 𝑎𝑎𝑎𝑎′                               (𝑎𝑎′′ = 𝑎𝑎 and 𝑏𝑏′′ = 𝑏𝑏) 

                                                = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑏𝑏′ + (𝑎𝑎𝑎𝑎)(𝑎𝑎𝑏𝑏′)         (by 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎) 

                                                = 𝑎𝑎𝑎𝑎 + 𝑎𝑎(𝑏𝑏 + 𝑒𝑒) + 𝑎𝑎𝑎𝑎(𝑏𝑏 + 𝑒𝑒)    (by 𝑏𝑏′ = 𝑏𝑏 + 𝑒𝑒) 

                                                = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎        (since 2(𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎) = 0) 

                                                = 𝑎𝑎, 

4. (𝑎𝑎′ ∨ 𝑏𝑏′′ )′ ∨ (𝑎𝑎′′ ∨ 𝑏𝑏′)′ = (𝑎𝑎′ ∨ 𝑏𝑏)′ ∨ (𝑎𝑎 ∨ 𝑏𝑏′)′ ,   since 𝑏𝑏′′ = 𝑏𝑏 and 𝑎𝑎′′ = 𝑎𝑎 

                                            = 𝑎𝑎′′ 𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏′′                          (by (𝑎𝑎 ∨ 𝑏𝑏)′ = 𝑎𝑎′𝑏𝑏′ ) 

                                            = 𝑎𝑎𝑎𝑎′ ∨ 𝑎𝑎′𝑏𝑏                                (by 𝑎𝑎′′ = 𝑎𝑎 and 𝑏𝑏′′ = 𝑏𝑏) 

                                            = 𝑎𝑎𝑏𝑏′ + 𝑎𝑎′𝑏𝑏 + (𝑎𝑎𝑏𝑏′)(𝑎𝑎′𝑏𝑏)       (by 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎) 

                                            = 𝑎𝑎(𝑏𝑏 + 𝑒𝑒) + (𝑎𝑎 + 𝑒𝑒)𝑏𝑏 + 𝑎𝑎𝑎𝑎(𝑎𝑎 + 𝑒𝑒)(𝑏𝑏 + 𝑒𝑒)   

                                            = 𝑎𝑎𝑎𝑎 + 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏 + (𝑎𝑎 + 𝑎𝑎)(𝑏𝑏 + 𝑏𝑏) 

                                            = 𝑎𝑎 + 𝑏𝑏.   

5. (𝑎𝑎′ ∨ 𝑏𝑏′)′ = 𝑎𝑎′′ 𝑏𝑏′′ = 𝑎𝑎𝑎𝑎. 

Therefore, the introduction of the new operations ∨ and ′ converts a Boolean ring 𝐴𝐴 

into a Boolean algebra 𝐵𝐵.    

Moreover, 𝑎𝑎𝑎𝑎′ = (𝑎𝑎′ ∨ 𝑎𝑎′′ )′ = 𝑒𝑒′ = 0, then we shall see that the following important 

properties:   

1) 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏 
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       = 𝑏𝑏𝑎𝑎′ ∨ 𝑏𝑏′𝑎𝑎 

       = 𝑏𝑏 + 𝑎𝑎.  

2) 𝑎𝑎 + (𝑏𝑏 + 𝑐𝑐) = 𝑎𝑎 + [𝑏𝑏𝑏𝑏′ ∨ 𝑏𝑏′𝑐𝑐]     

                       = 𝑎𝑎(𝑏𝑏𝑐𝑐′ ∨ 𝑏𝑏′𝑐𝑐)′ ∨ 𝑎𝑎′(𝑏𝑏𝑐𝑐′ ∨ 𝑏𝑏′𝑐𝑐)  

                       = 𝑎𝑎(𝑏𝑏𝑐𝑐′)′(𝑏𝑏′𝑐𝑐)′ ∨ 𝑎𝑎′𝑏𝑏𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏′𝑐𝑐  

                       = 𝑎𝑎(𝑏𝑏′ ∨ 𝑐𝑐)(𝑏𝑏 ∨ 𝑐𝑐′) ∨ 𝑎𝑎′𝑏𝑏𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏′𝑐𝑐 

                       = 𝑎𝑎𝑎𝑎′𝑐𝑐′ ∨ 𝑎𝑎𝑎𝑎𝑎𝑎 ∨ 𝑎𝑎′𝑏𝑏𝑏𝑏′ ∨ 𝑎𝑎′𝑏𝑏′𝑐𝑐  

                       = 𝑐𝑐𝑎𝑎′𝑏𝑏′ ∨ 𝑐𝑐𝑐𝑐𝑐𝑐 ∨ 𝑐𝑐′𝑎𝑎𝑏𝑏′ ∨ 𝑐𝑐′𝑎𝑎′𝑏𝑏 = 𝑐𝑐 + (𝑎𝑎 + 𝑏𝑏)  

                       = (𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐.  

3) 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎(𝑎𝑎𝑎𝑎)′ ∨ (𝑎𝑎𝑎𝑎)′(𝑎𝑎𝑎𝑎)  

               = 𝑎𝑎𝑎𝑎(𝑎𝑎′ ∨ 𝑐𝑐′) ∨ (𝑎𝑎′ ∨ 𝑏𝑏′)(𝑎𝑎𝑎𝑎) 

           = 𝑎𝑎𝑎𝑎𝑎𝑎′ ∨ 𝑎𝑎𝑎𝑎′𝑐𝑐 

           = 𝑎𝑎(𝑏𝑏′𝑐𝑐 ∨ 𝑏𝑏𝑏𝑏′) 

           = 𝑎𝑎(𝑏𝑏 + 𝑐𝑐).  

4)  𝑎𝑎 + 𝑎𝑎 = 𝑎𝑎𝑎𝑎′ ∨ 𝑎𝑎′𝑎𝑎 = 0; and 

5) 𝑎𝑎 + 0 = 𝑎𝑎0′ ∨ 𝑎𝑎′0                                   ( by theorem2.8(4)) 

                   = 𝑎𝑎0′ ,                                          since 0′ = 0 + 𝑒𝑒. Then we have,  

 = 𝑎𝑎.  

6) 𝑎𝑎𝑎𝑎 = (𝑎𝑎′ ∨ 𝑎𝑎′)′ = 𝑎𝑎′′ = 𝑎𝑎.  

To complete the proof of the theorem we must show finally the define equations are 

valid. Since we have  

𝑎𝑎 + 𝑒𝑒 = 𝑎𝑎𝑒𝑒′ ∨ 𝑎𝑎′𝑒𝑒 

           = 𝑎𝑎0 ∨ 𝑎𝑎′                              since 𝑒𝑒′ = 0 

           = 𝑎𝑎′; and   

𝑎𝑎 ∨ 𝑏𝑏 = (𝑎𝑎 ∨ 𝑏𝑏)′′  

          = (𝑎𝑎′𝑏𝑏′)′  

          = (𝑎𝑎 + 𝑒𝑒)(𝑏𝑏 + 𝑒𝑒) + 𝑒𝑒 

          = 𝑎𝑎𝑎𝑎 + 𝑎𝑎 + 𝑏𝑏 + 𝑒𝑒 + 𝑒𝑒   

          = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎. 

Hence, the desired results are established.                                                                    ∎ 
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Theorem2.9. If 𝐴𝐴 is a Boolean ring with unit 𝑒𝑒, then the replacement of the operation 

+ by a new operation ∨ defined by  𝑎𝑎𝑎𝑎 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 converts a Boolean ring 𝐴𝐴 in to 

an algebraic system 𝐵𝐵 with the properties 

1. 𝑎𝑎 ∨ 𝑏𝑏 = 𝑏𝑏 ∨ 𝑎𝑎; 

2. 𝑎𝑎(𝑏𝑏 ∨ 𝑐𝑐) = 𝑎𝑎𝑎𝑎 ∨ 𝑎𝑎𝑎𝑎; 

3. (𝑎𝑎 ∨ 𝑏𝑏)𝑐𝑐 = 𝑎𝑎𝑎𝑎 ∨ 𝑏𝑏𝑏𝑏; 

4. There exist an element 0 such that 𝑎𝑎 ∨ 0 = 𝑎𝑎 for every 𝑎𝑎; 

5. If there exist an element 0 with the property (4), then there exist at least one such 

element 0 to w hich c orresponds a  f ixed e lement 𝑒𝑒 such t hat t he equations 

𝑥𝑥 ∨ 𝑎𝑎 = 𝑒𝑒, 𝑥𝑥𝑥𝑥 = 0 have a solution for every element 𝑎𝑎; 

6. 𝑎𝑎 ∨ 𝑎𝑎 = 𝑎𝑎; 

7. 𝑎𝑎𝑎𝑎 = 𝑎𝑎; 

8. Where t he ol d ope ration " + " is de fined i n t erms of t he ne w by t he r elation, 

𝑎𝑎 + 𝑏𝑏 is a un ique s olution o f t he s imultaneous e quations 𝑥𝑥 ∨ 𝑎𝑎𝑎𝑎 = 𝑎𝑎 ∨ 𝑏𝑏 and 

𝑥𝑥(𝑎𝑎𝑎𝑎) = 0.  

Proof:- Let  𝐴𝐴 is a Boolean ring with unit 𝑒𝑒, then 

1. 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎                          (by definition) 

         = 𝑎𝑎 + 𝑏𝑏 + 𝑏𝑏𝑏𝑏,                         Since 𝑎𝑎𝑎𝑎 = 𝑏𝑏𝑏𝑏. 

         = 𝑏𝑏 ∨ 𝑎𝑎.  

2.  𝑎𝑎(𝑏𝑏 ∨ 𝑐𝑐) = 𝑎𝑎(𝑏𝑏 + 𝑐𝑐 + 𝑏𝑏𝑏𝑏) 

                      = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎 

                     = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎2𝑏𝑏𝑏𝑏,                Since 𝑎𝑎 = 𝑎𝑎2,  

                     = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + (𝑎𝑎𝑎𝑎)(𝑎𝑎𝑎𝑎) 

                     = 𝑎𝑎𝑎𝑎 ∨ 𝑎𝑎𝑎𝑎;  

3. (𝑎𝑎 ∨ 𝑏𝑏)𝑐𝑐 = (𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎)𝑐𝑐 

              = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎𝑎𝑎 

              = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑎𝑎𝑎𝑎𝑐𝑐2,                   since 𝑐𝑐2 = 𝑐𝑐 

                          = 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + (𝑎𝑎𝑎𝑎)(𝑏𝑏𝑏𝑏) 

                           = 𝑎𝑎𝑎𝑎 ∨ 𝑏𝑏𝑏𝑏. 

4. 𝑎𝑎 ∨ 0 = 𝑎𝑎 + 0 + 𝑎𝑎0 = 𝑎𝑎; 

5. Let take 𝑥𝑥 = 𝑎𝑎 + 𝑒𝑒, where 𝑒𝑒 is the unit in 𝐵𝐵,  
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         Thus, (𝑎𝑎 + 𝑒𝑒) ∨ 𝑎𝑎 = (𝑎𝑎 + 𝑒𝑒) + 𝑎𝑎 + (𝑎𝑎 + 𝑒𝑒)𝑎𝑎 

                                       = 𝑎𝑎 + 𝑒𝑒 + 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑒𝑒𝑒𝑒 

                                       = 𝑎𝑎 + 𝑒𝑒 + 𝑎𝑎 + 𝑎𝑎 + 𝑎𝑎, since 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 2𝑎𝑎 = 0. 

                                       = 𝑒𝑒. 

      Hence, 𝑥𝑥 ∨ 𝑎𝑎 = 𝑒𝑒.                                                                                                                   

      And, (𝑎𝑎 + 𝑒𝑒)𝑎𝑎 = 𝑎𝑎𝑎𝑎 + 𝑒𝑒𝑒𝑒 = 𝑎𝑎 + 𝑎𝑎 = 0                        

       Hence, 𝑥𝑥𝑥𝑥 = 0.                                                                                                                              

6. 𝑎𝑎 ∨ 𝑎𝑎 = 𝑎𝑎 + 𝑎𝑎 + 𝑎𝑎𝑎𝑎 

                    = 𝑎𝑎 + 𝑎𝑎 + 𝑎𝑎;                              since 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 2𝑎𝑎 = 0, 

                    = 𝑎𝑎.                                                                                                                               

7. 𝑎𝑎𝑎𝑎 = 𝑎𝑎 is obvious.  

8. Let 𝑥𝑥 = 𝑎𝑎 + 𝑏𝑏, then we want to show that 

 𝑥𝑥(𝑎𝑎𝑎𝑎) = (𝑎𝑎 + 𝑏𝑏)𝑎𝑎𝑎𝑎 

           = 𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏𝑏𝑏, since 𝑎𝑎𝑎𝑎 = 𝑎𝑎, 𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑎𝑎 and 𝑏𝑏𝑏𝑏 = 𝑏𝑏. 

           = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎, since 𝑐𝑐ℎ𝑎𝑎𝑎𝑎(𝐴𝐴) = 2,  

             = 0. 

 𝑥𝑥 ∨ 𝑎𝑎𝑎𝑎 = (𝑎𝑎 + 𝑏𝑏) ∨ 𝑎𝑎𝑎𝑎 

            = (𝑎𝑎 + 𝑏𝑏) + 𝑎𝑎𝑎𝑎 + (𝑎𝑎 + 𝑏𝑏)𝑎𝑎𝑎𝑎 

            = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎, since (𝑎𝑎 + 𝑏𝑏)𝑎𝑎𝑎𝑎 = 0, 

            = 𝑎𝑎 ∨ 𝑏𝑏.                                                                                         ∎ 

Remarks2.10. By introducing the above properties, we obtain:  

i. (𝑎𝑎 + 𝑏𝑏)𝑎𝑎𝑎𝑎 = 0; 

ii. (𝑎𝑎 + 𝑏𝑏) ∨ 𝑎𝑎𝑎𝑎 = 𝑎𝑎 ∨ 𝑏𝑏; and    

iii. (𝑎𝑎 ∨ 𝑏𝑏)(𝑎𝑎 ∨ 𝑐𝑐) = 𝑎𝑎 ∨ 𝑏𝑏𝑏𝑏.  

Definition2.11. Let 𝐵𝐵 be a Boolean ring with unity 𝑒𝑒. Then the element 𝑎𝑎 is said to be 

less than or to be contained in the element 𝑏𝑏 or , in symbols 𝑎𝑎 < 𝑏𝑏, whenever any of 

the following equivalent relations are satisfied for every 𝑎𝑎, 𝑏𝑏 ∈ 𝐵𝐵.    

1. 𝑎𝑎𝑎𝑎 = 𝑎𝑎  

2. 𝑎𝑎 ∨ 𝑏𝑏 = 𝑏𝑏  

3. 𝑎𝑎𝑏𝑏′ = 𝑎𝑎 
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4. 𝑎𝑎′ ∨ 𝑏𝑏 = 𝑒𝑒. 

Now we show that the above equivalent relations whether holds true or not.    

(1 ⇒ 2): Suppose 𝑎𝑎𝑎𝑎 = 𝑎𝑎, then 

 𝑎𝑎 ∨ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 

           = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎, since 𝑎𝑎𝑎𝑎 = 𝑎𝑎. 

           = 𝑏𝑏, since 𝑎𝑎 + 𝑎𝑎 = 0. 

 

(2 ⇒ 3): Suppose 𝑎𝑎 ∨ 𝑏𝑏 = 𝑏𝑏, then  

 𝑎𝑎𝑏𝑏′ = 𝑎𝑎(𝑏𝑏 + 𝑒𝑒) 

                    = 𝑎𝑎(𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 + 𝑒𝑒), since 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 = 𝑎𝑎 ∨ 𝑏𝑏.  

                    = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 

                     = 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎, since 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 𝑎𝑎𝑎𝑎 = 𝑎𝑎.  

                    = 0, since 𝑎𝑎 + 𝑎𝑎 = 0 and 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0.  

(3 ⇒ 4): Suppose 𝑎𝑎𝑏𝑏′ = 0, then  

𝑎𝑎′ ∨ 𝑏𝑏 = (𝑎𝑎 + 𝑒𝑒) ∨ 𝑏𝑏 

           = (𝑎𝑎 + 𝑒𝑒) + 𝑏𝑏 + (𝑎𝑎 + 𝑒𝑒)𝑏𝑏 

                       = 𝑎𝑎 + 𝑒𝑒 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏 

           = 𝑎𝑎 + 𝑒𝑒 + 𝑎𝑎, since 𝑏𝑏 + 𝑏𝑏 = 0 and 𝑎𝑎𝑎𝑎 = 0. 

           = 𝑒𝑒, since 𝑎𝑎 + 𝑎𝑎 = 0.  

(4 ⇒ 1): Suppose 𝑎𝑎′ ∨ 𝑏𝑏 = 𝑒𝑒, then  

   𝑎𝑎𝑎𝑎 = 𝑎𝑎(𝑎𝑎 ∨ 𝑏𝑏) 

         = 𝑎𝑎 ∨ 𝑎𝑎𝑎𝑎 

                     = 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎𝑎𝑎 

         = 𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎, since 𝑎𝑎𝑎𝑎 = 𝑏𝑏. 

         = 𝑎𝑎, since 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 0.                                                                       ∎ 

Theorem2.12. Let 𝐵𝐵 be a Boolean ring. Then for 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 ∈ 𝐵𝐵, the following holds:  

a.  𝑎𝑎 < 𝑏𝑏 and 𝑏𝑏 < 𝑐𝑐 imply 𝑎𝑎 < 𝑐𝑐; 

b. 0 < 𝑎𝑎  and 𝑎𝑎 < 𝑒𝑒 for every 𝑎𝑎 when the Boolean ring 𝐵𝐵 has a unit 𝑒𝑒; 

c. If  𝑎𝑎 < 𝑐𝑐 and 𝑏𝑏 < 𝑑𝑑 imply 𝑎𝑎𝑎𝑎 < 𝑐𝑐𝑐𝑐 and  𝑎𝑎 ∨  𝑏𝑏 < 𝑐𝑐 ∨  𝑑𝑑; 

d.  𝑏𝑏𝑏𝑏 = 0 implies that 𝑎𝑎𝑎𝑎 = 0 if and only if 𝑎𝑎 < 𝑏𝑏. 

Proof:- 
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a. We know that, 𝑎𝑎 < 𝑏𝑏 imples that 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 𝑏𝑏 < 𝑐𝑐 implies that 𝑏𝑏𝑏𝑏 =  𝑏𝑏, thus 

together implies that  

      𝑎𝑎𝑎𝑎 = (𝑎𝑎𝑎𝑎)𝑐𝑐 = 𝑎𝑎(𝑏𝑏𝑏𝑏) = 𝑎𝑎𝑎𝑎 = 𝑎𝑎.  

          Hence, 𝑎𝑎 < 𝑐𝑐. 

b. This is trivial, since 0 < 𝑎𝑎 implies 0𝑎𝑎 = 0 and 𝑎𝑎 < 𝑒𝑒 implies that  𝑎𝑎𝑎𝑎 = 𝑎𝑎. 

c. Let u s u se t hese r elations 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 𝑏𝑏𝑏𝑏 = 𝑑𝑑, f or 𝑎𝑎 < 𝑐𝑐 and 𝑏𝑏 < 𝑑𝑑 

respectively, then we obtain   

                  (𝑎𝑎𝑎𝑎)(𝑐𝑐𝑐𝑐) = (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎) 

                                  = (𝑎𝑎𝑎𝑎)(𝑏𝑏𝑏𝑏), since 𝑏𝑏𝑏𝑏 = 𝑐𝑐𝑐𝑐.  

                                  =  𝑎𝑎𝑎𝑎 

            Hence, 𝑎𝑎𝑎𝑎 < 𝑐𝑐𝑐𝑐; And 

      ( 𝑎𝑎 ∨  𝑏𝑏)( 𝑐𝑐 ∨  𝑑𝑑)  =  (𝑎𝑎 +  𝑏𝑏 +  𝑎𝑎𝑎𝑎) (𝑐𝑐 +  𝑑𝑑 +  𝑐𝑐𝑐𝑐)  

                            =  𝑎𝑎𝑎𝑎 +  𝑎𝑎𝑎𝑎 +  𝑎𝑎𝑎𝑎𝑎𝑎 +  𝑏𝑏𝑏𝑏 +  𝑏𝑏𝑏𝑏 +  𝑏𝑏𝑏𝑏𝑏𝑏 +  𝑎𝑎𝑎𝑎𝑎𝑎 +  𝑎𝑎𝑎𝑎𝑎𝑎 +  𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 

                            =  𝑎𝑎 +  𝑎𝑎 𝑑𝑑 +  𝑎𝑎 𝑑𝑑 +  𝑏𝑏 𝑐𝑐 +  𝑏𝑏 +  𝑏𝑏 𝑐𝑐 +  𝑎𝑎 𝑏𝑏 +  𝑎𝑎 𝑏𝑏 +  𝑎𝑎 𝑏𝑏 

                            =  𝑎𝑎 +  𝑏𝑏 +  𝑎𝑎𝑎𝑎 

                            =  𝑎𝑎 ∨  𝑏𝑏 

             Hence, ( 𝑎𝑎 ∨  𝑏𝑏) < ( 𝑐𝑐 ∨  𝑑𝑑).                                                                                    

d. Suppose that 𝑎𝑎 < 𝑏𝑏, implies that  𝑎𝑎𝑎𝑎 = 𝑎𝑎. Then together 𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 𝑏𝑏𝑏𝑏 = 0 

gives                𝑎𝑎𝑎𝑎 = (𝑎𝑎𝑎𝑎)𝑐𝑐 

                               = 𝑎𝑎(𝑏𝑏𝑏𝑏), since 𝑏𝑏𝑏𝑏 = 0, then 

                               = 0 

Conversely, suppose if 𝑎𝑎𝑎𝑎 = 0 where 𝑏𝑏𝑏𝑏 = 0. 

         Claim:  𝑎𝑎𝑎𝑎 = 𝑎𝑎 implies that 𝑎𝑎 < 𝑏𝑏. 

          Let 𝑐𝑐 = 𝑎𝑎 + 𝑎𝑎𝑎𝑎. Thus, 𝑏𝑏𝑏𝑏 = 𝑏𝑏(𝑎𝑎 + 𝑎𝑎𝑎𝑎) 

                                                     = 𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏𝑏𝑏, since 𝑏𝑏𝑏𝑏 = 𝑎𝑎𝑎𝑎 and 𝑏𝑏𝑏𝑏 = 𝑏𝑏, then  

                                                     = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎  

                                                     = 0. 

         Hence, this enables us to conclude that 

             𝑎𝑎 + 𝑎𝑎𝑎𝑎 = 𝑎𝑎(𝑎𝑎 + 𝑎𝑎𝑎𝑎) = 𝑎𝑎𝑎𝑎 = 0 

         Thus, 𝑎𝑎𝑎𝑎 = −𝑎𝑎. But, 𝑎𝑎 = −𝑎𝑎. 

         Hence, 𝑎𝑎𝑎𝑎 = 𝑎𝑎. Therefore, 𝑎𝑎 < 𝑏𝑏.                                                                    ∎ 
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CHAPTER THREE 
BOOLEAN NEAR RINGS 

3.1. Special Boolean Near Rings 
In t his t opics we i ntroduce t he c oncept of  B oolean ne ar r ing with i dentity a nd  we 

construct a class of Boolean near rings, called special, and determine left ideals, factor 

near rings which are Boolean rings for these special Boolean near rings.  

Definition3.1.1. A near ring (N, +,∙) is Boolean if there exist a Boolean ring (B, +,∧)  

with identity such that ′ ∙ ′ is defined in terms of +, ∧ and, for every 𝑏𝑏 ∈ B such that 

𝑏𝑏 ∙ 𝑏𝑏 = 𝑏𝑏. 

Remark3.1.2. Recall that a near ring (N, +,∙)  is said to be Boolean if  𝑥𝑥2 = 𝑥𝑥  for all 

𝑥𝑥 ∈ N. I f (R, +,∙) is a n Boolean ring, t hen f or a ll 𝑎𝑎, 𝑏𝑏 ∈ R, w e h ave 𝑎𝑎 + 𝑎𝑎 = 0 and 

𝑎𝑎 ∙ 𝑏𝑏 = 𝑏𝑏 ∙ 𝑎𝑎. The following examples show that this is not the case  for al l Boolean 

near rings.   

Example3.1.3. Given a  non t rivial group(N, +), de fine m ultiplication by 𝑎𝑎 ∙ 𝑏𝑏 = 𝑏𝑏, 

for all 𝑎𝑎, 𝑏𝑏 ∈ 𝑁𝑁. Then,   

1. It is clear that (𝑁𝑁, +) is  a group (given); 

2. 𝑎𝑎(𝑏𝑏𝑏𝑏) = 𝑏𝑏𝑏𝑏 = 𝑐𝑐 and (𝑎𝑎𝑎𝑎)𝑐𝑐 = 𝑐𝑐.  

Thus, 𝑎𝑎(𝑏𝑏𝑏𝑏) = (𝑎𝑎𝑎𝑎)𝑐𝑐. Hence, (𝑁𝑁,∙) is a semigroup.  

3. 𝑎𝑎(𝑏𝑏 + 𝑐𝑐) = 𝑏𝑏 + 𝑐𝑐 

                = 𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎.  

Hence, (𝑁𝑁, +,∙) is a near ring. 

4. let 𝑎𝑎 ∈ 𝑁𝑁, thus 𝑎𝑎2 = 𝑎𝑎 ∙ 𝑎𝑎 = 𝑎𝑎.  

Therefore, (𝑁𝑁, +,∙) is a Boolean near ring. 

However, 𝑎𝑎 ∙ 𝑏𝑏 = 𝑏𝑏 ≠ 𝑎𝑎 = 𝑏𝑏 ∙ 𝑎𝑎, thus (N, +,∙) is a Boolean near ring for which ′ ∙ ′ is 

not c ommutative a nd 𝑎𝑎 + 𝑎𝑎 = 2𝑎𝑎 ≠ 0, t hus which (N, +,∙) need not  be  of 

characteristic two.  

Defintion3.1.4. In a  Boolean r ing (B, +,∧) with id entity 1 one can  d efine 

complementation by 𝑎𝑎′ = 𝑎𝑎 + 1 and 𝑎𝑎 ∨ 𝑏𝑏 = (𝑎𝑎′ ∧ 𝑏𝑏′)′.   
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Now let us consider the following theorem which clarifies Boolean near rings that are 

not Boolean near rings.  

Theorem3.1.5. let (B, +,∧) be a Boolean ring with the identity. Fix 𝑥𝑥 ∈ B and define a 

multiplication o n B  by 𝑎𝑎 ∙ 𝑏𝑏 = (𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑏𝑏. T hen (B, +,∙) is a  B oolean n ear ring 

which is a Boolean ring if and only if 𝑥𝑥 = 0. 

Proof: - Clearly (𝐵𝐵, +) is a group and let 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ B, then   

i. 𝑎𝑎 ∙ (𝑏𝑏 ∙ 𝑐𝑐) = 𝑎𝑎 ∙ [(𝑏𝑏 ∨ 𝑥𝑥) ∧ 𝑐𝑐] 

                 = (𝑎𝑎 ∨ 𝑥𝑥) ∧ [(𝑏𝑏 ∨ 𝑥𝑥) ∧ 𝑐𝑐]; and  

(𝑎𝑎 ∙ 𝑏𝑏) ∙ 𝑐𝑐 = [(𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑏𝑏] ∙ 𝑐𝑐 

                 = �[(𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑏𝑏] ∨ 𝑥𝑥� ∧ 𝑐𝑐 

                 = [(𝑎𝑎 ∨ 𝑥𝑥) ∧ (𝑏𝑏 ∨ 𝑥𝑥)] ∧ 𝑐𝑐.  

Thus,  𝑎𝑎 ∙ (𝑏𝑏 ∙ 𝑐𝑐) = (𝑎𝑎 ⋅ 𝑏𝑏) ∙ 𝑐𝑐. 

Hence, (𝐵𝐵,∙) is a semi group (multiplication is associative).   

ii. 𝑎𝑎 ∙ (𝑏𝑏 + 𝑐𝑐) = (𝑎𝑎 ∨ 𝑥𝑥) ∧ (𝑏𝑏 + 𝑐𝑐) 

                  = (𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑏𝑏 + (𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑐𝑐 

                  = (𝑎𝑎 ∙ 𝑏𝑏) + (𝑎𝑎 ∙ 𝑐𝑐).   

        Hence, multiplication is left distributive over addition. 

Therefore, (𝐵𝐵, +,∙) is a (left) near ring.  

iii. Now 𝑏𝑏 ∙ 𝑏𝑏 = (𝑏𝑏 ∨ 𝑥𝑥) ∧ 𝑏𝑏 

                       = 𝑏𝑏 ∨ 𝑏𝑏𝑏𝑏 

                       = 𝑏𝑏          since by theorem 2.5 𝑏𝑏 ∨ 𝑏𝑏𝑏𝑏 = 𝑏𝑏 + 𝑏𝑏𝑏𝑏 + 𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑏𝑏.                         

              Therefore, (B, +,∙) is a Boolean near ring.    

iv. If  𝑥𝑥 = 0, then 𝑎𝑎 ∙ 𝑏𝑏 = (𝑎𝑎 ∨ 0) ∧ 𝑏𝑏 = 𝑎𝑎 ∧ 𝑏𝑏. Thus, (B, +,∙) = (B, +,∧).  

Hence, (𝐵𝐵, +,∙) is a Boolean ring.  

Conversely, suppose (𝐵𝐵, +,∙) is a Boolean ring.  

Now (𝑥𝑥 + 𝑥𝑥) ∙ 𝑥𝑥 = 0 ∙ 𝑥𝑥 

                             = (0 ∨ 𝑥𝑥) ∧ 𝑥𝑥             since 0 ∨ 𝑥𝑥 = 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 ∧ 𝑥𝑥 = 𝑥𝑥,  

                             = 𝑥𝑥                     ………………………………….. (1) 

            But, the left side of the equation (1) will give  

               (𝑥𝑥 ∙ 𝑥𝑥) + (𝑥𝑥 ∙ 𝑥𝑥) = 𝑥𝑥2 + 𝑥𝑥2 = 𝑥𝑥 + 𝑥𝑥 = 0.  

             Hence, (B, +,∙) is not a ring if 𝑥𝑥 ≠ 0.                                                             ∎ 
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Remarks3.1.6:   

1. Boolean near rings of type defined in the theorem3.1.5 will be called Special 

Boolean near ring. 

2. Now onwards the remainder of this topics will be devoted in discussing topics 

for Special Boolean near rings (𝐵𝐵, +,∙). 

Definition3.1.7. Let (𝐵𝐵, +,∙) be a special Boolean near rings and let 𝑡𝑡 ∈ B, now define 

𝑃𝑃(𝑡𝑡) = {𝑎𝑎 ∈ B ∶ 𝑎𝑎 ∧ 𝑡𝑡 = 𝑎𝑎}. If S ⊆ B and 𝑡𝑡 ∈ B, also define 𝑆𝑆(𝑡𝑡) = {𝑠𝑠 ∧ 𝑡𝑡 ∶ 𝑠𝑠 ∈ 𝑆𝑆}. 

Definition3.1.8. Let (B, +,∙)  be a special Boolean near ring. Then, the maximal sub 

Z-ring of B is defined by 𝐵𝐵𝑍𝑍 = {𝑏𝑏 ∶ 𝑏𝑏 ∧ 𝑥𝑥 = 𝑏𝑏} = 𝑃𝑃(𝑥𝑥) and the maximal sub C-ring 

of 𝐵𝐵 is defined by 𝐵𝐵𝐶𝐶 = {𝑏𝑏 ∶ 𝑏𝑏 ∧ 𝑥𝑥 = 0} = 𝑃𝑃(𝑥𝑥′). 

Proposition3.1.9. Let (B, +,∙)  be a special Boolean near ring and let 𝐿𝐿 be a left ideal 

of B. Then 𝐿𝐿 = 𝐿𝐿(𝑥𝑥)⨁𝐿𝐿(𝑥𝑥′), be a d irect sum of left ideals, and if 𝑎𝑎1, 𝑏𝑏1 ∈ 𝐿𝐿(𝑥𝑥)  and 

𝑎𝑎2, 𝑏𝑏2 ∈ 𝐿𝐿(𝑥𝑥′),  then (𝑎𝑎1 + 𝑏𝑏1) ∙ (𝑎𝑎2 + 𝑏𝑏2) = (𝑎𝑎1 ∙ 𝑎𝑎2) + (𝑏𝑏1 ∙ 𝑏𝑏2). 

Proof:- Since 𝐿𝐿 ⊆ 𝐵𝐵, then for every 𝑥𝑥 ∈ 𝐵𝐵, first we want to show that 𝐿𝐿(𝑥𝑥) ⊆ 𝐿𝐿 and 

𝐿𝐿(𝑥𝑥′) ⊆ 𝐿𝐿. Thus,   

i. 𝐿𝐿(𝑥𝑥) = 𝑥𝑥 ∧ 𝑎𝑎 

    = 𝑥𝑥 ∙ 𝑎𝑎 ∈ 𝐿𝐿. Hence, 𝐿𝐿(𝑥𝑥) ⊆ 𝐿𝐿.   

ii. 𝐿𝐿(𝑥𝑥′) = 𝑥𝑥′ ∧ 𝑎𝑎 

     = (1 + 𝑥𝑥) ∧ 𝑎𝑎 

                = 𝑎𝑎 + 𝑥𝑥 ∧ 𝑎𝑎 ∈ 𝐿𝐿, since 𝑥𝑥 ∧ 𝑎𝑎 ∈ 𝐿𝐿. 

           Thus, 𝐿𝐿(𝑥𝑥′) ⊆ 𝐿𝐿 for  every 𝑎𝑎 ∈ 𝐿𝐿.   

Next we want to show that 𝐿𝐿(𝑥𝑥) and 𝐿𝐿(𝑥𝑥′) are left ideals of B.  

iii. 𝐿𝐿(𝑥𝑥) ⊆ 𝑃𝑃(𝑥𝑥) = {𝑏𝑏 ∈ B ∶ 𝑥𝑥 ∙ 𝑏𝑏 = 𝑏𝑏, for all 𝑥𝑥 ∈ B}. Thus, B𝐿𝐿(𝑥𝑥) ⊆ 𝐿𝐿(𝑥𝑥). 

Let 𝑠𝑠 ∧ 𝑥𝑥, 𝑡𝑡 ∧ 𝑥𝑥 ∈ 𝐿𝐿(𝑥𝑥). Then (𝑠𝑠 ∧ 𝑥𝑥) + (𝑡𝑡 ∧ 𝑥𝑥) = (𝑠𝑠 + 𝑡𝑡) ∧ 𝑥𝑥 ∈ 𝐿𝐿(𝑥𝑥).  

         Hence, 𝐿𝐿(𝑥𝑥) is a left ideal of B.   

iv. Also let 𝑠𝑠 ∧ 𝑥𝑥′ ∈ 𝐿𝐿(𝑥𝑥′) and 𝑏𝑏 ∈ B, then 

         𝑏𝑏 ⋅ (𝑠𝑠 ∧ 𝑥𝑥′) = (𝑏𝑏 ∨ 𝑥𝑥) ∧ (𝑠𝑠 ∧ 𝑥𝑥′) 

                           = [𝑏𝑏 ∧ (𝑠𝑠 ∧ 𝑥𝑥′)] ∨ [𝑥𝑥 ∧ (𝑠𝑠 ∧ 𝑥𝑥′)] 

                          = [(𝑏𝑏 ∧ 𝑠𝑠) ∧ 𝑥𝑥′ ] ∨ [𝑠𝑠 ∧ 𝑥𝑥 ∧ 𝑥𝑥′], since 𝑥𝑥 ∧ 𝑥𝑥′ = 0, then 𝑠𝑠 ∧ 𝑥𝑥 ∧ 𝑥𝑥′ = 0.  

                           = (𝑏𝑏 ∧ 𝑠𝑠) ∧ 𝑥𝑥′ ∈ 𝐿𝐿(𝑥𝑥′). 
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        Thus, 𝐿𝐿(𝑥𝑥′) is a left ideal of B. 

v. Certainly 𝐿𝐿 = 𝐿𝐿(𝑥𝑥) + 𝐿𝐿(𝑥𝑥′) and 𝐿𝐿(𝑥𝑥)⋂𝐿𝐿(𝑥𝑥′) = {0}.  

Finally, let 𝑎𝑎1, 𝑏𝑏1 ∈ 𝐿𝐿(𝑥𝑥), 𝑎𝑎2, 𝑏𝑏2 ∈ 𝐿𝐿(𝑥𝑥′) and assume that 𝑎𝑎1 ∧ 𝑎𝑎2
′ = 𝑎𝑎1, 𝑎𝑎1

′ ∧ 𝑎𝑎2 = 𝑎𝑎2, 

𝑏𝑏1 ∧ 𝑏𝑏2
′ = 𝑏𝑏1 and  𝑏𝑏1

′ ∧ 𝑏𝑏2 = 𝑏𝑏2 

Hence we have that 

 (𝑎𝑎1 + 𝑎𝑎2) ∙ (𝑏𝑏1 + 𝑏𝑏2) = [(𝑎𝑎1 ∧ 𝑎𝑎′2) ∨ (𝑎𝑎′1 ∧ 𝑎𝑎2)] ∙ [(𝑏𝑏1 ∧ 𝑏𝑏′2) ∨ (𝑏𝑏′1 ∧ 𝑏𝑏2)] 

                                     = [𝑎𝑎1 ∨ 𝑎𝑎2 ∨ 𝑥𝑥] ∧ [𝑏𝑏1 ∨ 𝑏𝑏2] 

                                     = (𝑎𝑎1 ∧ 𝑏𝑏1) ∨ (𝑥𝑥 ∧ 𝑏𝑏1) ∨ (𝑎𝑎2 ∧ 𝑏𝑏2) 

                                     = (𝑎𝑎1 ∧ 𝑏𝑏1) ∨ 𝑏𝑏1 ∨ (𝑎𝑎2 ∧ 𝑏𝑏2) 

   = 𝑏𝑏1 ∧ (𝑎𝑎2 ∧ 𝑏𝑏2) 

                                     = 𝑏𝑏1 ∧ (𝑎𝑎2 ∧ 𝑏𝑏2) ∨ (𝑥𝑥 ∧ 𝑏𝑏2) 

  = 𝑏𝑏1 ∨ (𝑎𝑎2 ∨ 𝑥𝑥) ∧ 𝑏𝑏2] 

                                     = {𝑏𝑏1 ∧ [(𝑎𝑎′2 ∧ 𝑥𝑥′) ∨ 𝑏𝑏′2]} ∨ {𝑏𝑏′1 ∧ [(𝑎𝑎2 ∨ 𝑥𝑥) ∧ 𝑏𝑏2]} 

                                     = 𝑏𝑏1 + [(𝑎𝑎2 ∨ 𝑥𝑥) ∧ 𝑏𝑏2] 

                                     = [(𝑎𝑎1 ∨ 𝑥𝑥) ∧ 𝑏𝑏1] + [(𝑎𝑎2 ∨ 𝑥𝑥) ∧ 𝑏𝑏2] 

                                     = (𝑎𝑎1 ∙ 𝑏𝑏1) + (𝑎𝑎2 ∙ 𝑏𝑏2).        

This completes the proof.                                                                                             ∎                                                                 

Lemma3.1.10. If 𝐿𝐿 is a left ideal of (B, +,∙) with 𝐿𝐿 ⊆ 𝑃𝑃(𝑥𝑥′), then  𝑃𝑃(𝑎𝑎) ⊆ 𝐿𝐿 for any 

𝑎𝑎 ∈ 𝐿𝐿. 

Proof:- Let 𝐿𝐿 be the left ideal of 𝐵𝐵 and 𝑎𝑎 ∈ 𝐿𝐿. Then,  

Thus, 𝑏𝑏 ∙ 𝑎𝑎 ∈ 𝐿𝐿 for every 𝑏𝑏 ∈  B.                                                                                 

But, 𝑏𝑏 ∙ 𝑎𝑎 = (𝑏𝑏 ∨ 𝑥𝑥) ∧ 𝑎𝑎 

                = (𝑏𝑏 ∧ 𝑎𝑎) ∨ (𝑥𝑥 ∧ 𝑎𝑎) 

                  = 𝑏𝑏 ∧ 𝑎𝑎, since 𝑎𝑎 ∈ 𝐿𝐿 ⊆ 𝑃𝑃(𝑥𝑥′), that is 𝑥𝑥 ∧ 𝑎𝑎 = 0 by definition 3.1.8 

 Hence, 𝑏𝑏 ∧ 𝑎𝑎 ∈ 𝐿𝐿 for all 𝑏𝑏 ∈  B.  

Therefore, 𝑃𝑃(𝑎𝑎) ⊆ 𝐿𝐿. 

Corollary3.1.11. If  𝑎𝑎 ∈ 𝑃𝑃(𝑥𝑥′), then 𝑃𝑃(𝑎𝑎) is a left ideal of 𝐵𝐵.  

Proof:- If 𝑡𝑡 ∈ 𝑃𝑃(𝑎𝑎), then 𝑏𝑏 ∙ 𝑡𝑡 = 𝑏𝑏 ∧ 𝑡𝑡 ∈ 𝑃𝑃(𝑎𝑎), for all 𝑏𝑏 ∈  B. 

            Hence, 𝑃𝑃(𝑎𝑎) is a left ideal of 𝐵𝐵.  
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Lemma3.1.12. If 𝑘𝑘 ∈ 𝑃𝑃(𝑥𝑥) and 𝑎𝑎, 𝑏𝑏 ∈ 𝐵𝐵, then (𝑎𝑎 + 𝑘𝑘) ∙ 𝑏𝑏 + 𝑎𝑎 ⋅ 𝑏𝑏 = 0. 

Proof:- Suppose 𝑘𝑘 ∈ 𝑃𝑃(𝑥𝑥). Then 𝑥𝑥′ ∈ 𝑃𝑃(𝑘𝑘′) so that 𝑘𝑘′ ∨ 𝑥𝑥 = 1.  

Now (𝑎𝑎 + 𝑘𝑘) = (𝑎𝑎 ∧ 𝑘𝑘′) ∨ (𝑎𝑎′ ∧ 𝑘𝑘)  

So that,  (𝑎𝑎 + 𝑘𝑘) ∨ 𝑥𝑥 = [(𝑎𝑎 ∧ 𝑘𝑘′) ∨ (𝑎𝑎′ ∧ 𝑘𝑘)] ∨ 𝑥𝑥 

                                = [(𝑎𝑎 ∨ 𝑥𝑥) ∧ (𝑘𝑘′ ∨ 𝑥𝑥)] ∨ [(𝑎𝑎′ ∨ 𝑥𝑥) ∧ (𝑘𝑘 ∨ 𝑥𝑥)] 

                                = (𝑎𝑎 ∨ 𝑥𝑥) ∨ [(𝑎𝑎′ ∧ 𝑥𝑥) ∨ 𝑥𝑥] 

                                = (𝑎𝑎 ∨ 𝑥𝑥). 

Thus, (𝑎𝑎 + 𝑘𝑘) ∙ 𝑏𝑏 + 𝑎𝑎 ∙ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏 + 𝑎𝑎 ⋅ 𝑏𝑏 = 0.                                                    ∎                                                           

Lemma3.1.13. If 𝑘𝑘 ∈ 𝑃𝑃(𝑥𝑥′) and 𝑎𝑎, 𝑏𝑏 ∈ B, then (𝑎𝑎 + 𝑘𝑘) ∙ 𝑏𝑏 + 𝑎𝑎 ∙ 𝑏𝑏 = 𝑘𝑘 ∧ 𝑏𝑏. 

Proof:- using 𝑘𝑘 ∧ 𝑥𝑥′ = 𝑘𝑘, 𝑘𝑘′ ∧ 𝑥𝑥 = 𝑥𝑥 and 𝑘𝑘 ∧ 𝑥𝑥 = 0, we have : 

(𝑎𝑎 + 𝑘𝑘) ∙ 𝑏𝑏 + 𝑎𝑎 ∙ 𝑏𝑏 = [(𝑎𝑎 + 𝑘𝑘) + 𝑎𝑎] ∙ 𝑏𝑏 

                               = {[(𝑎𝑎 ∧ 𝑘𝑘′) ∨ (𝑎𝑎′ ∧ 𝑘𝑘)] ∨ 𝑥𝑥 + (𝑎𝑎 ∨ 𝑥𝑥)} ∧ 𝑏𝑏 

                                  = [{[𝑥𝑥 ∨ (𝑎𝑎 ∧ 𝑘𝑘′) ∨ (𝑘𝑘 ∧ 𝑎𝑎′)] ∧ (𝑎𝑎′ ∧ 𝑥𝑥′)} ∨ {𝑥𝑥′ ∧ (𝑎𝑎 ∧ 𝑘𝑘′)′ ∧

                                            (𝑘𝑘 ∧ 𝑎𝑎′)′ ∧ (𝑎𝑎 ∨ 𝑥𝑥)}] ∧ 𝑏𝑏  

                              = [{[(𝑘𝑘 ∧ 𝑎𝑎′ ∧ 𝑥𝑥′) ∨ {[(𝑥𝑥′ ∧ 𝑎𝑎′) ∨ (𝑥𝑥′ ∧ 𝑘𝑘)] ∧ [(𝑘𝑘′ ∧ 𝑥𝑥) ∨ 𝑎𝑎]}] ∧ 𝑏𝑏 

                              = [(𝑘𝑘 ∧ 𝑎𝑎′) ∨ {[(𝑥𝑥 ∨ 𝑎𝑎)′ ∨ 𝑘𝑘] ∧ (𝑥𝑥 ∨ 𝑎𝑎)}] ∧ 𝑏𝑏 

                              = [(𝑘𝑘 ∧ 𝑎𝑎′) ∨ (𝑘𝑘 ∧ 𝑎𝑎)] ∧ 𝑏𝑏 

                              = 𝑘𝑘 ∧ 𝑏𝑏.                                                                                          ∎ 

Lemma3.1.14. If 𝑎𝑎, 𝑏𝑏 ∈ B, then (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 = 𝑥𝑥 ∧ 𝑐𝑐.  

Proof:- Since (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 = [(𝑎𝑎 + 𝑏𝑏) + 𝑎𝑎 + 𝑏𝑏] ∙ 𝑐𝑐  

                                                                = {[(𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥] + (𝑎𝑎 ∨ 𝑥𝑥) + (𝑏𝑏 ∨ 𝑥𝑥)} ∧ 𝑐𝑐 

Then, we have that 
(𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥 + (𝑎𝑎 ∨ 𝑥𝑥) + (𝑏𝑏 ∨ 𝑥𝑥) = (𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥 + {[(𝑎𝑎 ∨ 𝑥𝑥) ∧ 𝑏𝑏′ ∧ 𝑥𝑥′ ]  ∨ [𝑎𝑎′ ∧ 𝑥𝑥′ ∧ (𝑏𝑏 ∨ 𝑥𝑥)]} 

                   = (𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥 + {[(𝑎𝑎 ∧ 𝑏𝑏′) ∨ (𝑎𝑎′ ∧ 𝑏𝑏)] ∧ 𝑥𝑥′} 

                   = (𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥 + (𝑎𝑎 + 𝑏𝑏) ∧ 𝑥𝑥′ 

                   = {[(𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥] ∧ [(𝑎𝑎 + 𝑏𝑏) ∧ 𝑥𝑥′ ]′} ∨ {[(𝑎𝑎 + 𝑏𝑏) ∨ 𝑥𝑥]′ ∧ [(𝑎𝑎 + 𝑏𝑏) ∧ 𝑥𝑥′]} 

                   = {[(𝑎𝑎 + 𝑏𝑏) ∧ (𝑎𝑎 + 𝑏𝑏)′ ] ∨ 𝑥𝑥} ∨ {(𝑎𝑎 + 𝑏𝑏)′ ∧ 𝑥𝑥′ ∧ (𝑎𝑎 + 𝑏𝑏)} 

                   = (0 ∨ 𝑥𝑥) ∨ (0 ∧ 𝑥𝑥′)             

                   = 𝑥𝑥. 

Hence,  (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 = 𝑥𝑥 ∧ 𝑐𝑐.                                                                  ∎ 
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Theorem3.1.15. Let I be an ideal of (B, +,∙). Then B/𝐼𝐼 ia a Boolean ring if and only if 

𝑃𝑃(𝑥𝑥) ⊆ 𝐼𝐼. 

Proof:- Suppose B/𝐼𝐼 is a Boolean ring. Let 𝑎𝑎 + 𝐼𝐼, 𝑏𝑏 + 𝐼𝐼 and 𝑐𝑐 + 𝐼𝐼 be elements of B/𝐼𝐼 . 

Then the right distributive law holds so that 

  [(𝑎𝑎 + 𝐼𝐼) + (𝑏𝑏 + 𝐼𝐼)](𝑐𝑐 + 𝐼𝐼) = (𝑎𝑎 + 𝐼𝐼)(𝑐𝑐 + 𝐼𝐼) + (𝑏𝑏 + 𝐼𝐼)(𝑐𝑐 + 𝐼𝐼)      ……………… (2)  

Thus, (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝐼𝐼 = 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 + 𝐼𝐼. 

Implies that (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 ∈ 𝐼𝐼. 

Hence, (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 = 𝑥𝑥 ∧ 𝑐𝑐 ∈ 𝐼𝐼, by lemma 3.1.14.   

Since 𝑐𝑐 is arbitrary, we have 𝑃𝑃(𝑥𝑥) ⊆ 𝐼𝐼. 

Conversely, if 𝑃𝑃(𝑥𝑥) ⊆ 𝐼𝐼, then equation (2) is valid if and only if 

 (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 ∈ 𝐼𝐼. But, (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 + 𝑎𝑎 ∙ 𝑐𝑐 + 𝑏𝑏 ∙ 𝑐𝑐 ∈ 𝐼𝐼, by lemma 3.1.14. 

This completes the proof.                                                                                              ∎    

Remark3.1.16. The Boolean ring B/𝐼𝐼 in theorem 3.1.15 is called Quotient ring.                                               

Lemma3.1.17. Let (B, +,∧) be a Boolean ring with identity 1, and let 𝐴𝐴 be an ideal of 

B. Then 𝐴𝐴 is a direct summand if and only if 𝐴𝐴 = 𝑃𝑃(𝑥𝑥) for some 𝑥𝑥 ∈ B. 

Proof:- For 𝑥𝑥 ∈ B, we have B = 𝑃𝑃(𝑥𝑥)⨁𝑃𝑃(𝑥𝑥′). 

Conversely, suppose that B = 𝐴𝐴⨁𝐶𝐶 where 𝐴𝐴 and 𝐶𝐶 are ideals. 

Now 1 = 𝑥𝑥 + 𝑥𝑥′ for 𝑥𝑥 ∈ 𝐴𝐴 and 𝑥𝑥′ ∈ 𝐶𝐶. 

Let 𝑎𝑎 ∈ 𝐴𝐴, then 𝑎𝑎 = 𝑎𝑎 ∧ 1 

                             = 𝑎𝑎 ∧ (𝑥𝑥 + 𝑥𝑥′) 

                             = (𝑎𝑎 ∧ 𝑥𝑥) + (𝑎𝑎 ∧ 𝑥𝑥′)  

But, 𝑎𝑎 ∧ 𝑥𝑥′ = 0, since 𝑥𝑥′ ∈ 𝐶𝐶.  

Hence, 𝑎𝑎 = 𝑎𝑎 ∧ 𝑥𝑥 which implies that 𝑎𝑎 ∈ 𝑃𝑃(𝑥𝑥). 

Consequently,  𝐴𝐴 ⊆ 𝑃𝑃(𝑥𝑥). 

But  𝑃𝑃(𝑥𝑥) ⊆ 𝐴𝐴, since 𝑥𝑥 ∈ 𝐴𝐴.  

Therefore,  𝐴𝐴 = 𝑃𝑃(𝑥𝑥).                                                                                                ∎ 
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3.2. Distributively Generated Boolean Near Rings  
Definition3.2.1. le t 𝑁𝑁 be a right near ring a nd if  𝑁𝑁 contains a  m ultiplicative 

semigroup 𝑆𝑆 whose elements generate (𝑁𝑁, +) and if it satisfy (𝑥𝑥 + 𝑦𝑦)𝑠𝑠 = 𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦, for 

all 𝑥𝑥, 𝑦𝑦 ∈ 𝑁𝑁 and 𝑠𝑠 ∈ 𝑆𝑆. We say that 𝑁𝑁 is a distributively generated near ring. 

Definition3.2.2. A near ring 𝑁𝑁 is called an 𝑁𝑁-system if 

1.  𝑥𝑥𝑥𝑥 = 𝑦𝑦𝑦𝑦 and 𝑧𝑧 ≠ 0 implies 𝑥𝑥 = 𝑦𝑦; 

2. There exists 𝑒𝑒 ≠ 0 in 𝑁𝑁 such that 𝑒𝑒2 = 𝑒𝑒, and 

3. There exists 𝑛𝑛 in 𝑁𝑁 such that 𝑛𝑛 + 𝑛𝑛 = 𝑒𝑒.   

Theorem3.2.3. (Neumann):- The additive group of an N-system is abelian. 

Lemma3.2.4. If 𝑁𝑁 is a Boolean near ring, then 𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥 for each 𝑥𝑥,𝑦𝑦 ∈ 𝑁𝑁. 

Theorem3.2.5. If 𝑁𝑁 is a Boolean near ring, then 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥 for each 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑁𝑁. 

Proof:- Let 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑁𝑁. Then  𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑧𝑧 = 𝑦𝑦(𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑦𝑦0 multipling both sides 

by 𝑥𝑥 − 𝑥𝑥𝑥𝑥 we obtain  

  [(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥)]𝑧𝑧 = (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦0                                                     ….…..  (3)  

implies (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦 = (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦0, by Lemma 3.2.4                                ……..  (4) 

Since 𝑧𝑧𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧, equation (4) becomes  

      𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0.                                                                     …….. (5) 

Next, 𝑧𝑧(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑧𝑧 = 𝑧𝑧(𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑧𝑧0 and thus, by Lemma 3.2.4, we obtain 

     𝑧𝑧(𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑧𝑧0 and this gives   𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑦𝑦𝑦𝑦0.                               …..… (6) 

Again, by Lemma 3.2.4, 𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦 and thus,  

      𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦 = 𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥) = 𝑦𝑦𝑦𝑦0.  (by equations(6),)               ….………  (7) 

Now pre-multiplying both sides of by equations (7) by 𝑥𝑥 − 𝑥𝑥𝑥𝑥, we obtain 

  [(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦(𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦] = (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦0 and this gives, by idempotency, that is 

   (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦 = (𝑥𝑥 − 𝑥𝑥𝑥𝑥)𝑦𝑦𝑦𝑦0.                                                  …………………. (8) 

Again, using 𝑧𝑧𝑧𝑧𝑧𝑧 = 𝑧𝑧𝑧𝑧, we obtain from the preceding equation that 

  𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥0 which implies that 

  𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0  

But equation (5) shows  𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0.                        ………….    (9) 

Then post multiplying by 0 we obtain 𝑥𝑥𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0 = 𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0 and  
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This gives that 𝑥𝑥𝑥𝑥𝑥𝑥0 = 𝑥𝑥𝑥𝑥0 for each 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑁𝑁.   

Hence, by using the result just obtained, we have that  

  𝑥𝑥𝑥𝑥0 = 𝑥𝑥𝑥𝑥𝑥𝑥0 = 𝑥𝑥𝑥𝑥0 = 𝑥𝑥0 for each 𝑥𝑥,𝑦𝑦 ∈ 𝑁𝑁.  

Returning to the equation (9) 𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0.  

we conclude that 𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥0 − 𝑥𝑥𝑥𝑥𝑥𝑥0 = 𝑥𝑥0 − 𝑥𝑥0 = 0.  

Therefore, 𝑥𝑥𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥 for each 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑁𝑁.                                                                  ∎                                                                                                                        

Theorem3.2.6. Let 𝑁𝑁 be a B oolean r ight ne ar r ing. F or each 𝑥𝑥,𝑦𝑦 ∈ 𝑁𝑁, then t here 

exists an 𝑒𝑒 ∈ 𝑁𝑁 such that 𝑒𝑒𝑒𝑒 = 𝑥𝑥 and 𝑒𝑒𝑒𝑒 = 𝑦𝑦. Then, 𝑁𝑁 is a Boolean ring. 

Proof:- Since 𝑁𝑁 is a Boolean near ring, we want to show that (𝑁𝑁, +) is abelian group 

and 𝑁𝑁 is commutative under the operation of multiplication. 

i. Let 𝑥𝑥 ∈ 𝑁𝑁. Consider 𝑥𝑥 and 𝑥𝑥 + 𝑥𝑥. By assumption, there exists an idempotent 

𝑒𝑒 ∈ 𝑁𝑁 such that 𝑒𝑒𝑒𝑒 = 𝑥𝑥 and 𝑒𝑒(𝑥𝑥 + 𝑥𝑥) = (𝑥𝑥 + 𝑥𝑥). 

            Thus, 𝑥𝑥 + 𝑥𝑥 = 𝑒𝑒𝑒𝑒 + 𝑒𝑒𝑒𝑒 

                                = (𝑒𝑒 + 𝑒𝑒)𝑥𝑥 

                                = (𝑒𝑒 + 𝑒𝑒)2𝑥𝑥 

                                = [𝑒𝑒(𝑒𝑒 + 𝑒𝑒) + 𝑒𝑒(𝑒𝑒 + 𝑒𝑒)]𝑥𝑥  

                                = 𝑒𝑒(𝑒𝑒 + 𝑒𝑒)𝑥𝑥 + 𝑒𝑒(𝑒𝑒 + 𝑒𝑒)𝑥𝑥 

                                = 𝑒𝑒(𝑒𝑒𝑒𝑒 + 𝑒𝑒𝑒𝑒) + 𝑒𝑒(𝑒𝑒𝑒𝑒 + 𝑒𝑒𝑒𝑒) 

                                = 𝑒𝑒(𝑥𝑥 + 𝑥𝑥) + 𝑒𝑒(𝑥𝑥 + 𝑥𝑥) 

                                = (𝑥𝑥 + 𝑥𝑥) + (𝑥𝑥 + 𝑥𝑥).  

             Hence, 𝑥𝑥 + 𝑥𝑥 = 0. Thus, each non-zero elements of (𝑁𝑁, +) is of order 2. 

            Therefore, (𝑁𝑁, +) is an abelian group. 

ii. Now, let 𝑥𝑥, 𝑦𝑦 ∈ 𝑁𝑁. Then by assumption, there exists an idempotent 𝑒𝑒 ∈ 𝑁𝑁 such 

that 𝑒𝑒𝑒𝑒 = 𝑥𝑥 and 𝑒𝑒𝑒𝑒 = 𝑦𝑦. Thus  

             𝑥𝑥𝑥𝑥 = 𝑒𝑒𝑒𝑒𝑒𝑒 

                   = 𝑒𝑒𝑒𝑒𝑒𝑒, by lemma3.2.5  

                   = 𝑦𝑦𝑦𝑦, since 𝑒𝑒𝑒𝑒 = 𝑦𝑦. 

         Hence, multiplication is commutative. 

Therefore, 𝑁𝑁 is a Boolean ring.                                                                                   ∎ 
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Theorem3.2.7:- [1] If 𝑁𝑁 is a distributively generated near ring and (𝑁𝑁, +) is abelian, 

then 𝑁𝑁 commutative ring.   

Theorem3.2.8. Every distributively generated Boolean right near ring 𝑁𝑁 is a Boolean 

ring.  

Proof:- Let 𝑁𝑁 denote a distributively generated Boolean right near ring and suppose 𝑆𝑆 

is a  m ultiplicative s emigroup, th at i s 𝑥𝑥(𝑦𝑦𝑦𝑦) = (𝑥𝑥𝑥𝑥)𝑧𝑧 for a ll 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆 whose 

elements 𝑠𝑠 generate (𝑁𝑁, +) and which satisfy 𝑠𝑠(𝑥𝑥 + 𝑦𝑦) = 𝑠𝑠𝑠𝑠 + 𝑠𝑠𝑠𝑠 for each 𝑥𝑥, 𝑦𝑦 ∈ 𝑁𝑁. 

Let 𝑥𝑥 ∈ 𝑁𝑁 and 𝑠𝑠𝑖𝑖 ∈ 𝑆𝑆 for 𝑖𝑖 ∈ ℕ. S uppose t hat 𝑠𝑠𝑖𝑖 + 𝑠𝑠𝑖𝑖 = 0 with 𝑠𝑠𝑖𝑖0 = 0, 𝑥𝑥0 = 0.  

Hence, 𝑠𝑠(𝑥𝑥 + 𝑥𝑥) = 𝑠𝑠𝑠𝑠 + 𝑠𝑠𝑠𝑠 

                            = (𝑠𝑠 + 𝑠𝑠)𝑥𝑥 

                            = 0𝑥𝑥, by zero symmetric we have 

                            = 0 

Next, let 𝑥𝑥, 𝑦𝑦 ∈ 𝑁𝑁 and 𝑦𝑦 = 𝑠𝑠1 + 𝑠𝑠2 + ∙ ∙ ∙  +𝑠𝑠𝑛𝑛 , where each 𝑠𝑠𝑖𝑖 ∈ 𝑆𝑆. 

Assume that 𝑦𝑦 ≠ 0. Then, 

    𝑦𝑦(𝑥𝑥 + 𝑥𝑥) = (𝑠𝑠1 + 𝑠𝑠2 + ∙ ∙ ∙  +𝑠𝑠𝑛𝑛)(𝑥𝑥 + 𝑥𝑥) 

                    = 𝑠𝑠1(𝑥𝑥 + 𝑥𝑥) + 𝑠𝑠2(𝑥𝑥 + 𝑥𝑥) + ∙ ∙ ∙  +𝑠𝑠𝑛𝑛(𝑥𝑥 + 𝑥𝑥) 

                    = (𝑠𝑠1 + 𝑠𝑠1)𝑥𝑥 + (𝑠𝑠2 + 𝑠𝑠2)𝑥𝑥 + ⋯+ (𝑠𝑠𝑛𝑛 + 𝑠𝑠𝑛𝑛)𝑥𝑥 

                     = 0𝑥𝑥 + 0𝑥𝑥 + ⋯+ 0𝑥𝑥 

                     = 0.  

Then, 𝑥𝑥 + 𝑥𝑥 = 0.  

Thus, each non-zero element in (𝑁𝑁, +) is of order 2. 

Hence, (𝑁𝑁, +) is an abelian group and by theorem 3.2.7,     

Therefore, 𝑁𝑁 is a Boolean ring.                                                                                   ∎                                                                                          

Remark3.2.9. Let 𝑅𝑅 denote a Boolean ring. Let 𝐴𝐴 and 𝐵𝐵 denote a subrings of 𝑅𝑅 such 

that 𝐴𝐴 ∩ 𝐵𝐵 = {0} and suppose 𝑎𝑎𝑎𝑎 = 0 for each 𝑎𝑎 ∈ 𝐴𝐴 and 𝑏𝑏 ∈ 𝐵𝐵. 

Let t ake 𝑁𝑁 to be  t he s et of  a ll mappings: 𝑓𝑓 ∶ 𝑅𝑅 → 𝑅𝑅 such t hat, 𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏, fo r 

each 𝑥𝑥 ∈ 𝑅𝑅, and where 𝑎𝑎 ∈ 𝐴𝐴 and 𝑏𝑏 ∈ 𝐵𝐵. 

Now we want to show that (𝑁𝑁, +,∘) is a Boolean near ring where ′ + ′ and ′ ∘ ′ denote 

the ordinary addition and composition of mappings respectively. Let 𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏  

𝑔𝑔(𝑥𝑥) = 𝑐𝑐𝑐𝑐 + 𝑑𝑑 and ℎ(𝑥𝑥) = 𝑚𝑚𝑚𝑚 + 𝑛𝑛 for e very 𝑎𝑎, 𝑐𝑐,𝑚𝑚 ∈ 𝐴𝐴, 𝑏𝑏,𝑑𝑑,𝑛𝑛 ∈ 𝐵𝐵 and 𝑥𝑥 ∈ 𝑅𝑅. 

Then,    



 

 25 

1. 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥) = (𝑎𝑎 + 𝑐𝑐)𝑥𝑥 + (𝑏𝑏 + 𝑑𝑑) ∈ 𝑁𝑁 and (𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥) = (𝑎𝑎𝑎𝑎)𝑥𝑥 + (𝑎𝑎𝑎𝑎 +

𝑏𝑏). Thus, 𝑁𝑁 is closed under these operations.  

2. Clearly (𝑁𝑁, +) is an abelian group.  

3. Also (𝑁𝑁,∘) is semi group as composition is associative.  

4. 𝑓𝑓 ∘ (𝑔𝑔 + ℎ) = 𝑓𝑓 ∘ 𝑔𝑔 + 𝑓𝑓 ∘ ℎ. 

Hence (𝑁𝑁, +,∘) is a Boolean left near ring. 

5. (𝑓𝑓 ∘ 𝑓𝑓)(𝑥𝑥) = 𝑓𝑓�𝑓𝑓(𝑥𝑥)� 

                              = 𝑓𝑓(𝑎𝑎𝑎𝑎 + 𝑏𝑏) 

                              = 𝑎𝑎(𝑎𝑎𝑎𝑎 + 𝑏𝑏) + 𝑏𝑏 

                              = 𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏, since a sub ring of Boolean ring is Boolean, then 

                                             𝑎𝑎𝑎𝑎 = 𝑎𝑎 and 𝑎𝑎𝑎𝑎 = 0, we have  

                             = 𝑎𝑎𝑎𝑎 + 𝑏𝑏  

                             = 𝑓𝑓(𝑥𝑥). 

Therefore, (𝑁𝑁, +,∘) is Boolean ring. 

Now, let 𝐴𝐴 denote a Boolean ring and 𝐵𝐵 denote an additive abelian group. Consider 

the g roup direct s um 𝐴𝐴⨁𝐵𝐵 of 𝐴𝐴 and 𝐵𝐵. Define a m ultiplication in  𝐴𝐴⨁𝐵𝐵 by 

(𝑎𝑎1, 𝑏𝑏1)(𝑎𝑎2, 𝑏𝑏1) = (𝑎𝑎1𝑎𝑎2, 𝑏𝑏1). T hus, i t c an be  ve rified di rectly that 𝐴𝐴⨁𝐵𝐵 forms a 

Boolean right near ring with commutative addition and satisfies the identity 

  (𝑥𝑥 − 𝑦𝑦)0 = 𝑥𝑥𝑥𝑥 − 𝑦𝑦𝑦𝑦 and denote by 𝑁𝑁(𝐴𝐴,𝐵𝐵). 

Theorem3.2.10. Let 𝑁𝑁 denote a  B oolean right near r ing i n w hich t he a ddition i s 

commutative and suppose, for each 𝑥𝑥, 𝑦𝑦 ∈ 𝑁𝑁, that 

               (𝑥𝑥 − 𝑦𝑦)0 = 𝑥𝑥𝑥𝑥 − 𝑦𝑦𝑦𝑦.                   ……………………………….  (10) 

Then there exist a Boolean ring 𝐴𝐴 and an abelian group 𝐵𝐵 such that 𝑁𝑁 ≅ 𝑁𝑁(𝐴𝐴,𝐵𝐵).  

Proof:- Let 𝐴𝐴 = {𝑎𝑎 ∈ 𝑁𝑁 ∶ 𝑎𝑎0 = 0} and let 𝐵𝐵 = {𝑏𝑏 ∈ 𝑁𝑁 ∶ 𝑏𝑏0 = 𝑏𝑏}. 

i. Clearly, 𝐴𝐴 and 𝐵𝐵 are additive subgroups of 𝑁𝑁. 

ii. For each 𝑎𝑎1, 𝑎𝑎2 ∈ 𝐴𝐴, by equation (10), we have  

             𝑎𝑎1𝑎𝑎2 − 𝑎𝑎2𝑎𝑎1 = (𝑎𝑎1 − 𝑎𝑎2)0 

                                   = 𝑎𝑎10 − 𝑎𝑎20 

                                   = 0.  

           Thus, 𝑎𝑎1𝑎𝑎2 = 𝑎𝑎2𝑎𝑎1. 
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           Also, 𝐴𝐴 is closed with respect to multiplication since  

                 (𝑎𝑎1𝑎𝑎2)0 = 𝑎𝑎1(𝑎𝑎20) 

                               = 𝑎𝑎10 

                                = 0; for each 𝑎𝑎1,𝑎𝑎2 ∈ 𝐴𝐴. 

         Hence 𝐴𝐴 is a Boolean ring. 

iii. Furthermore, 𝐴𝐴 ∩ 𝐵𝐵 = {0}, from t he de finitions of  𝐴𝐴 and 𝐵𝐵 along w ith 

Theorem 3.2.5, we obtain  

              𝑎𝑎𝑎𝑎 = 𝑎𝑎𝑎𝑎0 

                   = 𝑎𝑎0𝑏𝑏 

                   = 𝑎𝑎0 

                   = 0, for each 𝑎𝑎 ∈ 𝐴𝐴 and 𝑏𝑏 ∈ 𝐵𝐵.  

iv. Let 𝜙𝜙 ∶ 𝑁𝑁 → 𝑁𝑁(𝐴𝐴,𝐵𝐵) denote a  mapping defined by 𝜙𝜙(𝑥𝑥) = (𝑥𝑥 − 𝑥𝑥0, 𝑥𝑥0) for 

each 𝑥𝑥 ∈ 𝑁𝑁. It is easy to see that 𝜙𝜙 is additive. 

a) Let 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑁𝑁. Assume that 𝑥𝑥1 = 𝑥𝑥2 then  

       𝑥𝑥10 = 𝑥𝑥20 and 𝑥𝑥1 − 𝑥𝑥10 = 𝑥𝑥2 − 𝑥𝑥20. Thus  

        (𝑥𝑥1 − 𝑥𝑥10, 𝑥𝑥10) = (𝑥𝑥2 − 𝑥𝑥20, 𝑥𝑥20) implies that 

        𝜙𝜙(𝑥𝑥1) = 𝜙𝜙(𝑥𝑥2). 

                 Hence, 𝜙𝜙 is well defined.  

b) 𝜙𝜙(𝑥𝑥1+𝑥𝑥2) = ((𝑥𝑥1+𝑥𝑥2) − (𝑥𝑥1+𝑥𝑥2)0, (𝑥𝑥1+𝑥𝑥2)0) 

                  = ((𝑥𝑥1 − 𝑥𝑥10) + (𝑥𝑥2 − 𝑥𝑥20), 𝑥𝑥10 + 𝑥𝑥20) 

                  = (𝑥𝑥1 − 𝑥𝑥10, 𝑥𝑥10) + (𝑥𝑥2 − 𝑥𝑥20, 𝑥𝑥20) 

                   = 𝜙𝜙(𝑥𝑥1) + 𝜙𝜙(𝑥𝑥2).      

c) To see t hat 𝜙𝜙 is a lso multiplicative, f irst le t 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑁𝑁. Using the identity 

equation (3), we obtain  

                 𝑥𝑥1(𝑥𝑥2 − 𝑥𝑥20) − (𝑥𝑥2 − 𝑥𝑥20)𝑥𝑥1 = [𝑥𝑥1 − (𝑥𝑥2 − 𝑥𝑥20)]0 

                                                                   = 𝑥𝑥10 − (𝑥𝑥2 − 𝑥𝑥20)0 

                                                                   = 𝑥𝑥10 − 𝑥𝑥20 + 𝑥𝑥20 

                                                                   = 𝑥𝑥10.  

               But, 𝑥𝑥1(𝑥𝑥2 − 𝑥𝑥20) − (𝑥𝑥2 − 𝑥𝑥20)𝑥𝑥1 = 𝑥𝑥1(𝑥𝑥2 − 𝑥𝑥20) − 𝑥𝑥2𝑥𝑥1 − 𝑥𝑥20𝑥𝑥1 = 𝑥𝑥10.  

              and by rearranging we obtain  

                           𝑥𝑥1(𝑥𝑥2 − 𝑥𝑥20) = 𝑥𝑥10 + 𝑥𝑥2𝑥𝑥1 + 𝑥𝑥20 



 

 27 

                                                  = (𝑥𝑥1 − 𝑥𝑥2)0 + 𝑥𝑥2𝑥𝑥1 

                        = 𝑥𝑥1𝑥𝑥2 − 𝑥𝑥2𝑥𝑥1 + 𝑥𝑥2𝑥𝑥1 

                                                  = 𝑥𝑥1𝑥𝑥2.  

                 Also, by Theorem 3.2.5, 𝑥𝑥1𝑥𝑥20 = 𝑥𝑥10𝑥𝑥2 = 𝑥𝑥10. 

                 Thus, 𝜙𝜙(𝑥𝑥1)𝜙𝜙(𝑥𝑥2) = (𝑥𝑥1 − 𝑥𝑥10, 𝑥𝑥10)(𝑥𝑥2 − 𝑥𝑥20, 𝑥𝑥20) 

                                                = �(𝑥𝑥1 − 𝑥𝑥10)(𝑥𝑥2 − 𝑥𝑥20), 𝑥𝑥10� 

                                                = (𝑥𝑥1(𝑥𝑥2 − 𝑥𝑥20) − 𝑥𝑥10(𝑥𝑥2 − 𝑥𝑥20), 𝑥𝑥10) 

                                                 = (𝑥𝑥1𝑥𝑥2 − 𝑥𝑥10𝑥𝑥2, 𝑥𝑥10) 

                                                = (𝑥𝑥1𝑥𝑥2 − 𝑥𝑥10, 𝑥𝑥10) Since,  𝑥𝑥10𝑥𝑥2 = 𝑥𝑥10.  

                                                = (𝑥𝑥1𝑥𝑥2 − 𝑥𝑥1𝑥𝑥20, 𝑥𝑥1𝑥𝑥20) Since, 𝑥𝑥1𝑥𝑥20 = 𝑥𝑥10.  

                                                = 𝜙𝜙(𝑥𝑥1𝑥𝑥2). 

            Hence, by (b) and (c), we say that  𝜙𝜙 is a ring homomorphism. 

v. Suppose 𝜙𝜙(𝑥𝑥) = 𝜙𝜙(𝑦𝑦). Let 𝑥𝑥,𝑦𝑦 ∈ 𝑁𝑁, we obtain  

                         (𝑥𝑥 − 𝑥𝑥0, 𝑥𝑥0) = (𝑦𝑦 − 𝑦𝑦0,𝑦𝑦0) 

             Which implies 𝑥𝑥 − 𝑥𝑥0 = 𝑦𝑦 − 𝑦𝑦0 and 𝑥𝑥0 = 𝑦𝑦0, we get 𝑥𝑥 = 𝑦𝑦. 

            Thus, 𝜙𝜙 is a monomorphism.    

vi. Now, for each (𝑎𝑎, 𝑏𝑏) ∈ 𝑁𝑁(𝐴𝐴,𝐵𝐵), let 𝑐𝑐 = 𝑎𝑎 + 𝑏𝑏. Then 𝑐𝑐0 = (𝑎𝑎 + 𝑏𝑏)0 = 𝑎𝑎0 +

𝑏𝑏0 = 0 + 𝑏𝑏 = 𝑏𝑏 and 𝑐𝑐 − 𝑐𝑐0 = 𝑎𝑎 + 𝑏𝑏 − 𝑏𝑏 = 𝑎𝑎. 

Thus, 𝜙𝜙(𝑐𝑐) = (𝑐𝑐 − 𝑐𝑐0, 𝑐𝑐0) = (𝑎𝑎, 𝑏𝑏). 

Hence, 𝜙𝜙 is an epimorphism.  

Therefore, 𝜙𝜙 is an isomorphism and consequently, 𝑁𝑁 ≅ 𝑁𝑁(𝐴𝐴,𝐵𝐵).                               ∎ 
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