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Abstract

The intracavity quadrature fluctuations and photon statistics for the signal mode
produced by a degenerate parametric oscillator coupled to a squeezed vacuum reser-
voir are calculated employing the Q-function. The Q-function is obtained by solving
the Fokker-Planck equation applying the propagator method developed by Fesseha
[1]. We also calculate the squeezing spectra of the output quadrature operators

using the quantum Langevin equations.
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1 Introduction

Some properties of light which cannot be explained by classical theories have generated
a considerable interest in the past few years. One of these properties involves squeezing in
which the fluctuations in one of quadratures is reduced below the quantum limit (vacunm
level) at the expense of increased fluctuations in the other quadrature without violation
of the uncertainty relation. Other nonclassical properties of light are sub-Poissonian
statistics in which the photon number distribution is narrower than the Poissonian one
and photon antibunching in which the second-order correlation function g2(7) is greater
than g%(0) .

Because of the quantum noise reduction achievable below the vacuum level in a
squeezed light, it has potential applications in high-performance of optical communication
[2], highly sensitive interferometer [3-8] and in gravitational-wave detection (9-11}. Differ-
ent authors have predicted theoretically that a squeezed light can be generated in various
physical processes. It has been shown that squeezing should be realizable in parametric
oscillator [12-15], four-wave mixing [16-19] and resonance fluorescence {20-22].

A degenerate parametric oscillator is a prototype source of squeezed light. In a degen-
erate parametric oscillator a strong pump mode of frequency 2w interacts with a nonlinear
medium inside a cavity and gives rise to a signal mode of frequency w. A theoretical anal-
ysis of the quantum fluctuations and photon statistics of the signal mode have been made
by a number of authors [11,23-34]. Mulburn and Walls [23] have shown that the best
squeezing attainable in the signal mode of the degenerate parametric oscillator is a reduec-
tion of intracavity quadrature fluctuations by a factor of 2 at steady state and threshold.
This has been also confirmed by Lugiato and Strini {24].

A limit of 50% squeezing of the intracavity signal mode in the degenerate parametric
oscillator arises from the leakage through the partially transmitting mirror, so that the
vacuum fluctuations amplify the fluctuations in the cavity. However, Javed Anwar and

M. Suhail Zubairy [25] have shown that the squeezing of the intracavity signal mode can




be increased beyond a 50% limit by coupling the degenerate parametric oscillator to a
squeezed vacuum reservoir,

The squeezing spectrum of the output signal mode of a parametric oscillator operating
below and above threshold have been calculated by several authors [11,26,27,33] applying
different methods. It has been found that a complete suppression of the noise at resonance
(w = 0) in one quadrature of the output signal mode produced in a degenerate parametric
oscillator is possible {27,33]. Experimentally, a squeezing amounting to a noise reduction of
60% below the vacuum level has been achieved in a near degenerate parametric oscillator
operating below threshold [14,15].

In quantum optics, one can analyze the dynamics of a physical system applying the
schrodinger formalism which leads to Fokker-Planck equation or the Heisenberg formalism
which leads to the Langevin equations. In the schrédinger formalism a distribution func-
tion such as the Glauber-Sudarshan P-function or Q-function can be used in the analysis
of the statistical or squeezing properties of a quantum optical system.

The main objective of this thesis is to calculate the intracavity quadrature fluctuations
and photon statistics for the signal mode produced by a degenerate parametric oscillator
coupled to a squeezed vacuum applying the Q-function. We also calculate the squeezing
spectra for the output signal mode applying the quantum Langevin equations. The Q-
function is obtained by solving the Fokker-Planck equation employing the propagator
method developed by Fesseha [1].

We would like to point out that in the parametric oscillator considered in this thesis
the pump mode is treated classically and its amplitude is assumed to be constant. In
addition, we would like to stress that our analysis holds for a single-port mirror through
which the parametric oscillator is coupled to a squeezed vacuum.

The organization of this thesis is as follows: In chapter two we first study the prop-
erties of a squeezed vacuum and then derive the Master equation as well as the quantum
Langevin equations for a degenerate parametric oscillator coupled to a squeezed vacuum
reservoir. In chapter three we derive the Fokker-Planck equation for the Q-function and
obtain the solution of the resulting equation applying the propagator method. In chap-
ter four the variances of the intracavity quadrature operators are calculated using the

Q-function. In addition, we calculate the squeezing spectra of the output quadrature op-




erators employing the quantum Langevin equations. In chapter five we obtain the photon
number distribution, the mean and variance of the photon number, and the second-order
correlation function applying the Q-function. Finally, in chapter six we present a brief

discussion of our results.




2 Quantum Dynamics with a Squeezed Vacuum

The dynamics of a quantum system can be studied using the master equation or
Langevin equations. In this chapter we first study the properties of a squeezing vacuum
and then derive the master equation as well as the guantum Langevin equations for a
degenerate parametric oscillator coupled to a squeezed vacuum reservoir. We also establish

the relation between input and output operators.

2.1 A squeezed vacuum

Here we wish to determine the Q-function, the variances of the quadrature operators
and the photon statistics for a squeezed vacuum. A single-mode squeezed vacuum is
defined by

ry = S(r)]|0), : (2.1a)
where

S(r) = 7731 (2.10)

is the unitary squeeze operator with the squeeze parameter r taken for convenience to be
real and positive and & (a') is the annihilation (creation) operator. The Q-function for
this state can be expressed in terms of the antinormally ordered characteristic function

as

, .
Qa*,o,r) = ﬂ/%éA(z z,r)e’ famzat (2.2)

s

in which
pa(z",z,7) =Tr (|r)(r|eﬂz*ae"‘ai) : (2.3a)

On account of (2.1a) and S’(r)fﬁ(y) = I, we see that
$a(z™, 2,7} = (0151 (r)e~=" 2 3(r) 81 (r)e*® $1(r)|0). (2.3b)

Upon expanding the first exponential function in power series, we have

A XA A =0 I ~
ST(rye 25 (r Z Z)sf )a'S(r). (2.4a)

I=0




Inserting the identity S(r)3t(r) between any pair of annihilation operators in (2.4¢), one
finds
Str)e 28 Z 22U e, (2.4b)

=0

where
(r). (2.4¢)
Similarly one can easily verify that
Str)e ! S(r) = '), (2.5a)
in which
al(r) = $1()at5(r). (2.56)

In view of these results, Eq. (2.3b) can be written in the form
palz*, 2,7) = (0|e"z*a(r)ezm(r)[0). (2.6)

We note that the first derivative of (2.4¢c) with respect to r is

d 52

() = §1(r)516,8° — a13(0) = ') (27)

and hence
i&T(I') = —afr). (2.7b)

In order to decouple these equations, we differentiate (2.7a) once again with respect to r.

Thus we have

The solution of this equation can be put in the form
a(r) = Ae" + Be™. (2.8)
A and B can be obtained applying the condition r = (. Hence we see that

a(r) o= A+ B =4,

da(r)

dr =A-B=-

r=0

It then follows that

1
A= 5(& - &T)J




B = (ata),

so that substitution of these into (2.8), we get
a(r} = dcosh(r) — alsinh(r). (2.9¢)
From this we easily see that
at(r) = afcosh(r) — asink(r). (2.95)
On account of (2.9) and the relation [11]
edeB — eA-i—Be%[A,B]) (2.10)
Eq. (2.7) can be put in the form

QSA(Z*, z, 1‘) —_— %-z“z (0‘6&' (2 cosh(r)+z* sinh(r))—a(z* cosh(r}+z sink(r}) ]0) )

Employing once more (2.10) we can put the operators in normally ordered form. Hence

the characteristic function turns out to be
Q{)A(Z*, z, 1,) - e-—-z’z cosh? (r)—%sinh(r)cosh(r)(z*?-l-f) ' (211)

Using (2.11) in (2.2) and carrying out the integration with the help of the relation

2 2
(~sa*a+Ba+Ca*?tba™toa) 7. _ w ) abc+ Bb* + Cec 919
/e da -\/a2~4Bce"’p[ i _apc |r 4”0 (@12
we find
. R(r , .
Qla*, a,r) = set (I)e:r;p {—af"‘a - %tanh(r) (e« + az)} . (2.13)

This represents the Q-function for a squeezed vacuum state.
Next we seek to calculate the variances of the quadrature operators applying the Q-

function (2.13). The quadrature operators for a single-mode light are defined by
= al + &, (2.14q)
iy = i(al — a). (2.14b)
The variances of these Harmitian operators can be put in the form
(Aa)? =14 2(a%) + (@' + (®) - 2(a(a) — (@h* — (3)*, (2.154)
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(Ade)® = 1+ 2ata) — (&1 — (8 — 2(@"V(a) + (@) + (@)*. (2.15b)
The expectation value of the annihilation operator @ can be expressed as

o oo 2
(@) = / CaQ(a”, o, r)a = sech(-r)] El_ugen;p [ua*a — %tanh(r) (™ + az)] .

o0 -0 ™

This can be written as

)
b=0

oo g2
(@) = 360}10‘)% / %rgﬁﬂfp [—a"‘a — %tanh(r)(a*? +a®) + ba}

—0

so that on carrying out the integration using the relation (2.12), we obtain

(@) = sech(r) gcosh(-r) =0. (2.16¢)
T
It can be shown in a similar manner that
(@l =0 (2.163)

Furthermore, we see that
)
(6% = .sech(’r')/ EI—Ole:np [—a*a - %tazn}'z(:r')(a"’2 + o’ o?
o T
or
w0
(&%) = sech(r’)if d—aea:p [-ofa+ba® + ca™],
0bJ_ o «
in which b = ¢ = —2tanh(r). It then follows that
(@%) = —sinh(r)cosh(r) = —M. (2.16¢)
One can easily establish in a similar fashion that

(6! = —M. (2.16d)

The mean photon number can be written as

0 g2
(&T&) = sech(r) (M% — 1) /;w %_Eemp l—ba’:‘a — %ianh(r‘) (0*2 + az)} .
It then follows that
(atd) = sinh®(r) = N. (2.16¢)
Therefore, combination of (2.15) and (2.16) yields
(Ad ) = (2N —2M + 1) = 7, (2.17a)
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(Aag)? = (2N +2M +1) = €™, (2.170)

We note that the squeezing occurs in the first quadrature.
We next proceed to obtain the photon number distribution. The photon number

distribution for a single-mode light defined by

P(n) = (n|p(a', &)ln)

is expressed in terms of the Q-function as [33]

Py == O a,r)ee 2.18
(n) = ol 505*"—8@"@(& , o, 7)e o (2.18)
Employing the Q-function (2.13), we have
sech(r) O*" 1 2
P(n) = p | —=tanh(; '
(n) T B P 2tan (r) (a +a ) )
so that upon expanding the exponential function in power series
—ltcmh(r))k
(-1/2tanh(r}e*?) __ ( 2 =2k
€ = Z A R
%
1 !
(~1/2tanh(r)a?) _ (”Etanh("“)) 2
e mel Z B
!
the above expression can be put in the form
) k41 n
P(n) . Sech(?') Z (—%tanh(r)) 8 o2k a o
n! kU do*n da»
& a=a*=0
Using the relation
a . m! mon
—2" = —— g™,
dar (m — n)!
we have
o0 bl
P(n) = sech(r) E (—2tanh(r)) (2k)! (20! pken 2
n! = kN (2k — n)! (20 — n)! .
We note that
a*‘zk—-naﬂ—n S j— 52;-‘,1152(,7!,
and hence applying the properties of Kronecker delta function, we obtain
1 tanh™(r) ,
P = N 2.19
() 2nn! cosh(r) +(0) (2.19)

8




where H,(0) = (—1)%{;;—!2)! is a Hermite polynomial and n is even. This is the photon
number distribution for a squeezed vacuum.
Finally, we calculate the variance of the photon number for a squeezed vacuum. The

variance of the photon number
(AN)? = ((ata)?) — (a'a)’ (2.20)
can be written in the form
(AN)? = (aa™) — (ata)? — 3(ala) — 2. (2.21)
Using the Q-function (2.13), we have

g 8 [* Lo

aZ2et2y h i = ern [—a* 62 *2
(@*a'") = sech(r de ) x exp [—a*a + ba? + ca™?)

b=c=—1/2tanh(r}
and carrying out the integration applying (2.12), we get

990 1
b dec /1 — dbe

(6261} = sech(r)

b=c=—1/2tanh{(r) .
Therefore
(a*at®) = 3cosh®(r)sinh2(r) + 2cosh*(r). (2.22)

Thus combination of (2.16¢), (2.21) and (2.22) leads to
(ANY® = 2sinh®(r)cosh®(r). (2.23a)
This can be rewritten in terms of the mean photon number as

(ANY = 2N(N +1). (2.23b)

2.2 The Master Equation

We consider a system coupled to a squeezed vacuum reservoir described in the inter-

action picture by the Hamiltonian
H = IT?S + ﬁSR,

where 1{[5 describes the interaction Hamiltonian for the system and ETSR describes the

weak interaction between the system and reservoir. Let ¥(t) be the total density operator

9




of the system plus the reservoir in the interaction picture. Then the equation of evolution

of the density operator is

g{“(i) - % | A1s(t) + Hsn(t), %(1)] - (2.24)

The reduced density operator of the system is defined by
p(t) = Tra(x(t)), (2.25)

in which T'rg indicates the trace over the reservoir variables only. We assume that initially

the system and reservoir are uncorrelated, so that
X(0) = A(0)R, (2.26)

where R is the density operator of the reservoir. A formal solution of (2.24) can be written
as
1 [fra- .
20 = 20)+ 5 [ [Hs0) + Fsn(e), 2(0)] o
0

On substituting x(¢) back into (2.24), we have

50 = = [15,%0)] + = [Hsn0,500)] - o5 [ [Hsn), [B5(), 5] ] a
dt’ ik th I ’ ”

0

"El‘f fot [‘%R(t)a [ﬁsn(t’), :%(t’)H dt',

In view of (2.25) along with the above expression, we see that

(t) [Hs(t), p(t)]+ —Try [HSR() (D)R]—h— / Tra [Hgg(t) [ﬁg(t’), ,%(t’)” dt

hlz Trn [Fsa(t), [Hsn(t), 2(t)]] o, (2.27)
where

[As(),5(0)] = Tra [f1s(2), 28] -
Since the reservoir which is so large compared to the system, is not substantially affected

by the interaction, one can apply the Born approximation
X)) =p(t")R (2.28)

and using the Markoff approximation, replacing 5(t') by j(t), we have

10




—}tﬁ(t) = | As(0), ()]+ZhTrR[HSR() (o)R]m;% fo Trn [i1sa(t), [ s(), 1) B] e
hlg Trr [HSR( ),[ﬁsa(t’),ﬁ(t)RHdt. (2.29)

We note that p(¢) is not a functlon of the reservoir mode operators, so that one can write
Tra | Hsn(t), pO)R) = [(Hsr(6))n, 5(0)] (2.30a)
Trx [Hsn(t), [Hs(), 50)] B] = [(Hsa(®)n, [Ast),50)] ] (2:300)

We now consider a cavity mode coupled to a squeezed vacuum reservoir described by

Hsr(t) zhzf\k( Fyeilwo—wn)t _ abt o= “”‘)t) (2.31)

where & and by, are the annihilation operators for the cavity mode and the reservoir mode,

respectively. Hence we see that
(HSR(t r=1h Z Ak ( bL)ﬁBi(wo_wk}t _ &(BDRG—:'(wQ—wk)i) )

Since for a squeezed vacuum reservoir

-

(byr = (bl)r = 0,

we have

Tra | Hlsn(t), (0)R] =0, (2.324)
Trr [ Asr(t), [E’S(t’),ﬁ(t)] R] 0. (2.326)
Therefore, on account of these results, expression (2.29) reduces to

d, 1

5) = = [As(0,50)] — 25 f Tri ( REsw(t) Hon(t) ) de'p(2)

—-}5 t)f T?R RHSR(t)HSR(t)) dt’ + —] TTR HSR(t)p(t)RHSR(t)) dt’

5 /0 Trr ﬁSR(t')ﬁ(t)RﬁSR(t)) dt'. (2.33)

Now using the Hamiltonian (2.31), we can write
1 [ ; - \
“*%;2“/ Trr (RHSR(t)HSR(t’)) dt' = Laa! + Lata + Ia® + 1,aP, (2.34)
0

I1




where -

Z,\ Ak / blby) e w0l gy, (2.35a)
ZA " f (bt peioent=itonun' gy, (2.350)
I = Z )‘j/\k/ (BlB) g un et —ilwo—wn)t' gy (2.35¢)
: 4]
I = ZA A f (byby) geomun)tHiluomun)t' gyt (2.35d)
Using the relations [34]
(blBy) = N6, (2.364)
(b;ly = (N +1)6; 1, (2.36b)
(bibe) = (BIBLY = — M 82601, (2.36¢)
we have
o £
Li=—NY "X f g~ Hwomwr)(t=t) gy (2.37)
k 0

Now changing the summation into integration, we have

[4 [ee] 4
SN [ ety [ doguinite) [ ey,
k o 0 i}

where g(w) is the density of states. Setting ¢ — #' = 7, we see that

4 fore) o . .
S [ et = [Paugopie) [ e rar
Z 0 0

]

Since exp [ti{wy — w)7] is a rapidly oscillating function of 7, we have extended the upper

limit of time integration to infinity. In addition, recalling that

] =T dr s 28w — w),
0

we find
t o0
Z Ai%/ o ~ilwo—w) (1) gyr f dwg(w) A} (w)6(wo — w) = %, (2.38)
k 0 0
where
v = 2mg{wy) A* (wo) (2.39)

12




is defined to be the cavity damping rate. In view of (2.38), expression (2.37) takes the

form

I = —%N. (2.40a)

Proceeding in a similar way, one can readily establish that

Iy = —%(N +1), (2.406)

L=1I= —%M. (2.40¢)
Now combination of (2.40) and (2.34) leads to
L f ; 3 ; ; 2 ta n ot ~2 ~ 12
= | Trr (RAsn(H)Asn(t)) dt' = ~L (v + Dyata+ Naa + Ma® 4 MaP).

-5 /.
(2.41a)

We also note that
1 ‘ o N T ! 1 ' | 2 ! ’
— | Trr (RHSR(t Vilsr(t)) dt' = —— | Trn (RAsa(t) Hsalt ) di'. (2410)
h* Jo A Jo
Moreover, employing (2.31) one can write

=3 Tre (Hsg(t’)p(t)RHSR(t)) dt' = — (Ila*pa + Lapa! + Lapa+ L;afpa*) ,
0

so that applying the results described by (2.40), we obtain

1 3 : A A an st an
Tz—2/ Trr (Hgn(t’)ﬁ(t)RHgR(t)) dt’ = % (N + )apat + Na'pa + Mapa + Ma'pal) .
0 :
(2.41¢)

It is easy to see that

~h1—2 /0 tTrR (ﬁSR(i)ﬁ(t)RI;’SR(t’)) dt' = %15 f(, tTrR (ﬁSR(t')ﬁ(t)RﬁSR(t)) di'. (2.41d)

On account {2.41), the master equation {2.33) becomes

%‘(t) = % s, p(0)] + 2V +1) (231 — 15 — jata) -+ TN (2atpa — aatj — paa)
+%M (20pe — 62 — pa® + 2a' pat — al?p — pat?) (2.42a)
or, this can be rewritten in the form
o) = = [, p0] + 2% + 1) (@, ) + (6,1) + TN (1 ) + (615, )
+%M (lap, 8} + (&, pa] + [af, pal] + (a5, &) (2.426)

13




This is the equation of evolution of the reduced density operator for a cavity mode
coupled to a squeezed vacuum reservoir. The effects of the reservoir are incorporated by
the parameters N and M.

With the pump mode $reated classically, a degenerate parametric oscillator is describ-

able in the interaction picture by the Hamiltonian
- B
Hg = % (a — a'?), (2.43)

in which & is the coupling constant and 8 is the amplitude of the pump mode. Hence
the master equation (2.42) for the degenerate parametric oscillator coupled to a squeezed

vacuum can be written in the form

(t) - (a p— pat - i+ pa') + %(N +1) (2apat — atap — pata)
-|—%N (281 — aa'p — paat) + %M (2apa — a5 — pa® + 24T pat — &125 — pat?).

2.3 The Quantum Langevin Equations

The dynamics of a system coupled to a reservoir can also be described using Langevin
equations. We seek here to derive the quantum Langevin equation for the operator &. To

this end, we note that this operator evolves in time according to

%&(t) - ;% &, Bs(6) + Asn(t)], (2.45)

where Hs(t) describes the interaction in the cavity and Hsp(t) represents the interaction
between the cavity mode and the reservoir.
Upon substituting the Hamiltonian (2.31) into (2.45) and using the commutation

relation [@,&!] = 1, one finds

d 1
_A — Hwo—w )t
dta(t) = [a fIg ] + E )\Lbk(t k (2.46)

On account of the Hamiltonian (2.31) the time evolution of the annihilation operator for

the reservolir mode is

;Eb,z_ t) = Z/\ ( bk b ]et(wo wilt [Ek,g}]ﬂ_i(w_wi)t) ‘

14




Using the commutation relations

[Bj, Z)I] = 5_.,.",;;, (247(!)
[&,—,Bk] - [B},?)L] =0, (2.47b)

one can easily show that
%Ek(i) = —\pd(t)e et (2.48)

The solution of this equation can be written in the form
t
be(t) = bi(0) — Ae / a(t)e= o) gy (2.49)
0
so that upon substituting this into (é.46), there follows
ia(t) L [a ﬁs(t)] —at) Y A " iln-en)=) gy 1) (2.50)
dt ih L7 ~ "% Ja ’
in which we have replaced a(¢') by @(t) (Markoff approximation) and

P(t) = Apby(0)eiost (2.51)
k

is the noise operator. In view of (2.38), the Langevin equation (2.50) takes the form

d

() = % [a, f‘fs(t)] — sa(t) + (). (2.52)

oo -2

Now employing the Hamiltonian given by (2.43), we have

%[&, Hs(t)] = —rBal(t),

so that (2.52) turns out to be

d

Zilt) = ~Taty — wBal(t) + B). (2.53)

2
This represents the Langevin equation for &(t) for the signal mode produced by the de-
generate parametric oscillator coupled to a squeezed vacuum reservoir.

Next we seek to study the properties of the noise operator ﬁ’(t) Employing (2.51)
and the commutation relation (2.47), it can be easily verified that

[F(@), ()] = 3 Apemlenmmte=sy, (2.54)
k

15




Changing the summation into integration, we have
> e ierment=6) = f durg(w)N? (w)e™ o=,
k 0
We now replace g(w)A?{w) by g{we)A*(wp) and setting w — wo = w', we see that

o)
Z A2 gmilomun)(t=t) . g(wo)/\2(wo)/ e =gy,
2 ~wo

Since exp [Hiw'(t — t)] is a rapidly oscillating function of w', we extended the lower limit

of integration to infinity. In addition, using the relation

&0 Soal ]
/ eX v (1) g’ 2wt — ),

oo

we find
D e o) = 55t - 1), (2.55)
k

Hence the commutation relation for the noise operator turns out to be
B, 1] =800 - ), (2.564)

where
5 = 2mg{wo)A*(we).
Using once more the relation (2.47), one can readily establish that

~

[F(t),ﬁ(t')] . [ﬁf(t),ﬁf(f)] = 0. (2.56b)

In view of (2.16¢ and b), we find that

(B = (F1(1) = 0. (2.57)
In addition, we have
(FHEED) = D X (b(0)by(0)) e~ (nmwithilwomet! (2.58)
Bk
Applying (2.36a), we see that
(FH P = N Y Afeitwouale=t), (2.59)
k
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so that on account of (2.55), Eq. (2.59) becomes
(FHR) (")) = YN8t - t). (2.60a)
One can also verify in a similar manner that
(F@)FN) = (N +1)8(t — £, (2.600)

(B@YEEY) = (PP () = —y MG — t). (2.60¢)
We note that the properties of the noise operator described by (2.57-2.60) hold for a
squeezed vacuum reservoir. For a thermal and ordinary vacuum reservoirs one can obtain

the properties of the noise operator, from (2.57-2.60) by proper choice of the parameters
N and M.

2.4 The Input-Output Relation

The quantum Langevin equations provide a description of the internal dynamics of
a system driven by the input field (a;,). Here we seek to establish the relation between
input and output mode operators. The solution of (2.48) can be put in two different forms

depending on the boundary conditions. For ¢t = 7, we have

b(®) = bi(r) + e [ ey, (2.61)
14

so that upon substituting this into (2.46), we sce that
d - 1 2 ~ gilwo—wi)(t- t! Hwo—w t
Za(e) = = (o fs(0)] + Z 22 / (o ) (t=t) gyt | Z Nebi(r)eo=urlt . (2.62)

Applying the Markoft approximation, replacing a(¢') by &(t), and setting ¢’ — ¢ = 7/, one

can write that

d p; — i 2 —i{wo—wi )’ 7.4 "
—(Ea(t) == {a Hg ] Z/\ / e dr’ — \Ylou(t), (2.63)

where

(1) = —— Zm gilen-sn)t,

is defined to be the output mode. In view of (2.38), one can see that

%&(t) = % [&,ﬁs(t)] + %&(t) — VTou(t). (2.64)
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Furthermore, applying the definition
binlt) = — (1), (2.65)

Eq. (2.53), which holds for ¢ = 0, can be rewritten as

d. .

Z0(t) = = [a, #15(0)]  Ta(®) + Atm(t) (2.66)

{2

Therefore, the relation between the input and output operators can be obtained by sub-

tracting (2.66) from (2.64):

&out(t) = ﬁ&(t) - &in(t)‘ (267)

The properties of the input operator can be obtained from the properties of the noise

operator. Thus in view of the definition of the input operator (2.65) and (2.56), we have
[aanlt), 85, (1)] = 60~ 1), (2.680)

(aan(t), ain(t)] = [aL, (1), a1,()] = 0. (2.686)

In addition, replacing F(t) by /vain(t) in (2.57) and {2.60), one gets

(@ (1)) = (@l (1)) =0, (2.694)

(a5 (Dam(t)) = NSt — 1), (2.690)
(@n(8)al,(8)) = (N + 15t~ ¢), (2.69¢)

(G (D) (t)) = (&1 (Dal () = —M8(t — ). (2.69d)

18




3 The Q-function

In section (2.2) we have derived the equation of evolution of the density operator for

the signal mode produced by the degenerate parametric oscillator coupled to a squeezed

vacuum reservoir. Here we wish to derive the Fokker-Planck equation for the Q-function

and then obtain the solution of the resulting Fokker-Planck equation applying the prop-

agator method developed by Fesseha [1].

3.1 The Fokker-Planck Equation

The Fokker-Planck equation for the Q-function corresponding to (2.44) can be ob-

tained by putting all terms in normal order. Using the relation

Zi' ’Ba’rl - (e,

(@™f@t @),

41- A A'hg _ 2 n! a
i =3 O
e~ ll(n — ) 04!

one finds
19, %
&%p = % —(pa) + 2ar P
d 9%
sl = 4?5 + 2——(ath) + —- .
pal® pt25(05) + 5p
It then follows thab
a2 17, J &%

Applying (3.1), one can also show that

pa 8T2p+23 T( )+2§I( )+aa’2p‘

(3.1a)

(3.1b)

(3.4)




Employing once more (3.1), one easily finds

(ath) = atpa + o (@),
(pa)at = alpa + - (5d)
da
so that
2atpa — aa'p - paat = — (3(;}&) + i(&fﬁ)) : (3.5)
da dat

we get
ix a2 as o 0
20p8 — &°p — pa +2atpat — at?p - pat? = (3 A+ 5 ,ﬂp) (3.6}

On account of the results (3.3-3.6), Eq. (2.44) takes the form

d, &p a,.. d 0? 1(9 ., .1,
=2 (Gt + 2o+ 250t + 5779 + L (500 + 5@

¥ 5% ;L

+§ (Q(IV + 1)mp — l\/f(w,ﬂ + %p) s (3.7)

where j = p(al, &,t) is assumed to be in normal order. Hence the Fokker-Planck equation
for the Q-function for the degenerate parametric oscillator coupled to a squeezed vacuum

18

i@(a a,t) ( a-{—Q;—a +——> %('82 )Q
y a* gt - 9
+3 ( (N + 1) = M{5— + 8&2)) Q. (3.8)

3.2 The Q-function

We now proceed to obtain the solution of (3.8) employing the propagator method.

Introducing Cartesian coordinates defined by

o=z + 1y, (3.9a)
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we see that

9 1/a .0
Lo (L 2 3.9b
da 2 (Gm ’ay) (3:90)

Using (3.9}, one can easily show that

F__1(9 &
dorda 4 \ Oz  Oy?/’
g _1e __52_)
da? = 4 \ Jz? 133:33,1 )’

0 1(6 .0 ) 6)
o=l —rti—y—r1—c+ 5y,
dx

Ja 2 P dy dy
o 10 0 0 0
g "2 \3z" "'oY layr dy” )’

Upon substituting these relations and their complex conjugates into (3.8}, the Fokker-

Planck equation becomes

d K3+ (N =-M+1) 9° k3—{N+M+1 0
_Q(Ig’y,t): 4.____‘1(_,.____.__)__5____:1(________1___5
dt 4 dz 4 Dy
263+ 0 23—~
a0 s il R 1), 3.1
In order to solve this differential equation using the propagator method, we need to trans-
form it into a schrodinger-type equation. This can be achieved replacing (z. y, 56;, a%' Qlr.y.1))
by (#.7.1p-. 1p,. | Q(1))). One then finds
. d I . . -
Q) = (< g+ gl - b+ g ) Q). @)
where
m =8+ 5(N —-M+1), (3.12a)
m=rd—-yN+M+1), (3.12b)
M=r34 L (3.12¢)
) 7 -
A formal solution of (3.11) can be put in the form
| Q1) = 7] Q(0)), (3.13)
in which
. O N . . oa
H = = mp; + 7mby = Mpsd + Daby, (3.14)
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is the “quantum Hamiltonian”. On multiplying (3.13) by (z.y | and inserting the com-

pleteness relation
I= /d:r'dy' | =,y ="y |,
we see that
Qlz,y,t) = fd:c'dy’Q(I,Q-.tl-r'- y'.0)Q(+",y',0), (3.13)
where
Q" y',0) = (', y" 1 QLO))
is the initial Q-function and

Qla.y.tla'y' 0) = {ey | ey

is the Q-function propagator.

According to Fesseha [1) the propagator associated with a quadratic Hamiltonian
[ = ap? + @'p2 + b(t)padt + b()p, 3 + c(t)i* + ¢ (1)F° (3.16)

is expressible in the form

i a?sfr[f 8.

K(z.y,tla’ ¢\ 0) = | — I
(z.y, 8"y, 0) ['27? Hr'dx 21 dy'dy

i
]2 €xrp [—{ ]t[b(t') + 6'(¥))dt’ + iSC} .

’ (3.17)
where S, is the “classical action”. £ is a constant parameterizing operator ordering, a and
a’ are constants different from zero.

We wish to obtain the Q-function propagator employing (3.17). We see from (3.14)
that b(t') = —A,, ¥'(¥) = A, and € = 1 for the antistandard form of ordering. Thus the
Q-function propagator associated with the “Hamiltonian™ {3.14) can be written as

Vo i @S 28 (s
Q(m,y,tlx!y,o):[;ﬂax%] {gayfa;;] (TS (3.18)

We now proceed to determine the classical action. The "Hamiltonian function™ asso-

ciated with the “quantum Hamiltonian™ (3.14) is

i ?
H = _EUIPE, + ZWQP?, - /\1PII + z\'zpyy-
Using Hamilton’s equations
. OH
= ,
dp:




j= -
Ipy
one easily finds
Py = gl—(l? + Arx), (3.19a)
m
2t
py = ——{¥ — Aoy), (3.196)
2

so that the Lagrangian
L = 2p; +ypy — H(x.y,pz, Py, 1),

. takes the form

L= (&t Mz) - —(F — day)?. (3.20)
M 2

Now applving the Euler-Lagrange equations
d {OL oL 0
dt a:l'._ 31?,- o

i—/\f.r.:(].

we get

y—Ay=0

The solution of these equations can be written as
r{t) = et 4 e, (3.21a)

y(t) = dye + dye ™, (3.21h)
Substitution of (3.21) and their derivatives with respect to ¢ into (3.20) gives

47 \? A
[ - 4—”\—]6%62’\“ _ ﬁdggﬂ'\?‘, (3.22)
m T2

so that the classical action takes the form

’ 2\ 2%
SC:/ Ldt = 2202 (297 1) ¢+ .
0

TR e 1), 3.23
- e ) (3.23)

Upon setting £(0) = &, #(r) = 2", y(0) = y' and y(r) = y”, one easily obtains from

(3.21)

.’1:' _ ;E”EAIT
€1 = 4‘—;2?\—1:—:7—, (324&)
yf _ yﬂe—,\gr .
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Hence combination of (3.23) and (3.24) leads to

SC _ 21/\1 23:.;"'\6\” + rleht N 2.&/\2 — 2yy ezt -+ y?- —=2Aat ’ (325)
m eht — ] 2 7t -1

where (2", y", 7) has been replaced by (z,y,t). It then follows that

825c 4'1./\18’\1! .
811:’633 - J’h (82:\11' . 1)’ (326(1)
i 1 —Aat

d Sc . 41/\26 (3265)

Iy'dy — mp(ePat—1)
Therefore, on account of {3.25) and (3.26), the Q-function propagator takes the form

1 2/\1 2/\2 1z
t ,0)
% 2A1 2 QAZ 2
er T T o oY T T T o i
P m (1 — e"2ht) ma (1 — 8‘2,\2t)y
y 2)\16_2"“ 2 ‘“HCE‘E_'\1t '
X _—— P — &
Plrm =" T e

2/\262,\2i n 4,\2y€/\2‘ r] {\32?)

T (l—enan)? T (1 e
Although we are interested in the case for which the signal mode is initiallv in a
vacuum state. we also need the Q-function sauisfying the initial condition

Q(a',y".0) = lffl‘iﬁ [—(2" — 2ol = (¥ — wo)?] .- {3

e

Iy
o8]

Thus substituting (3.27) and {3.28) into (3.13), we have

1 22 2 1/2
Q(‘E‘.\y?t) - _2 l_gAt 22'\
72 L (1= et gy (1 — ePt)
20 2 2 29 2 2
Xerp [ﬁfh (1= e-'z,\,t)‘r' Ty — na (1 - 62‘\2,)9 — Yo

2A e~ 2Nt n 2h e Mt /
jdl?ﬁlp[ (7]](1—6—2\1t)+1)i +2(m1‘+$0)l‘]

2/\262'\21‘ 2/\26'\?t '
x d ’; el e 1 y'? 2 — ! .
f‘“”‘”[ (32(1—62’\2t)+ o (ng(l—ew)“y” “”]

On carrying out the integration using the relation
o0 T Pl
/ et gy = \/:6%5, a>0 (3.29)
o a .
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there follows the result

Oep) 2 2 1
r,yt)=—
YO T2t m (1 - e 2M0) 20 + g (1 — ePat)

2\
2/\1 4+ m (1 — 6_2’\“)

27,
Iy + g2 (1 — e224)

Xerp [-— (- :cge”\“)z

(v - yoe“?‘)z] . (3.30)

In view of (3.9a), we note that

1
T = 5(0 + Q"),

Hence Eq. (3.30) can be rewritten as

1 .
Qa", a,t) = Aexp [——Da"a + 50 (a‘z + a®) + Ba" + B"a] , (3.31)
where
D? ‘ 1 5 _
At) = ——;—_exp {—Dagao + ;C (052 + aa)] . (3.32a)
1

B(1) = 5 [(D = C)(a5 +ao)e™" + (D + C)(ag — a0)e™], (3.32b)

1 1

() = —= - _ (3.32

C'(t) 5 L_z,\u n 511\1_; (1 — e-2ht)  e2vel 1 2% (1- 62.\21)1 (3.32¢)

1 1 1
B . 3.32d
D(t) 2 L-z,\lt + _217\_1] (1 — e-2h) + ety “2% (1- 62)\2:)] (3.32d)

This represents the Q-function for the signal mode produced by the degenerate para-
metric oscillator coupled to a squeezed vacuum. We are interested in the case for which

the signal mode is initially in a vacuum state. Hence setting ag = ag = 0 results in

D —(C? 1
Qla,a,t) = ————ezp ~Da*a+zC{a™+ az)] : (3.33)

| S
[aby




4 Quadrature Fluctuations

In order to study the squeezing properties of a light mode, we need to calculate the
variances of the quadrature operators. In this chapter we seek to calculate for the sig-
nal mode the variances of the quadrature operators employing the Q-function and the

squeezing spectrum applying the quantum Langevin equations.
4.1 The Variances of Quadrature Operators

The variances of quadrature operators a; defined by (2.14) can be written as
(A&;)? = (a;.4), (4.1)

where

(A, B) = (AB) — (A)(B) (4.2)

and j = 1,2. Applying {3.33), one can write that

d‘za‘(a‘ + alexp [—Da'a + 1;(" (a® + 0'2)]

w

(1) = m/

or, this can be rewritten as

a [d& 1
(&) = VD2 = (? 50 —T:ierp {—Da"a + §C' (@ +a™?) + bl + a’)]
b=0
On carrving out the integration applving (2.12}. we get
g &
{ay) = +7eP-C =( (4.3a)
b o
Similarly, it is easy to show
(@) =0 - (4.3b)
and hence expressions (4.1) reduce to
(Ai)? = ((a' + &)"). (4.4a)
(Ady)? = —{(&' — a)?). (4.4b)




Using the commutation relation [d,d'] = 1, Eq. (4.4) can be put in the form
(Aay)? = (248" +al? + &* - 1). {4.3a)
(Ad,)? = (2aa" - a* - a® - 1). (4.3b)
Furthermore, employing the Q-function (3.33), one can write that

J J ~ d?a 1 .
Ad;)? = 2 {9 _9 7 _ ol —Da*er 4+ —C{ a2 Ny
(Aap)* =vVD2-C (23C 23 1)/0 - e.rp[ Da a+26'(a +a’)

On carrying out the integration with the help of (2.12) and then performing the differen-

tiation. we obtain

2
1
D-Cc 7
so that taking into account (3.32) along with (3.12), Eq. (4.6) can be put in the form

(Ady)? = (4.6)

42N = 2M + 1)

(Ady)? = Ot v U emlraendity (1.7a)

Following a similar procedure. one easily finds

y 2N 42M 41 .
(A&gf — e—(w--?nﬁ)t + AY( ‘)t 2"3‘{' ) (1 . 8—(7—2.\6)1‘) ) (47&1)
In view of {2.17), we have

(A& )2 . e—(-»+‘2.-;,3}t + ‘)Ie_gr (1 B __(»,-+2.»;B)i) (4.8q1
1 - S F ‘2’{3 € . aldl
Ad 2 _~{~v—2xP)t .Ye'Zr 1 — —{v—2rB)t 1.8b
( CLQ) =€ +——_‘)’~21‘C‘3( € ) (4.86)

It is easy to see that the squeezing occurs in the first quadrature. We also note that the
signal mode will be in steady state for x3 < /2 (below threshold). Hence at steady

state, the variances take the form

Adg)? = 15 1.8¢)

(Ad) 5t 263" {4.8¢
— 2y

Ady)? = —1° 1.8d

and at threshold (y = 2x3), we see from (4.8¢ and d) that
- N2 1 —-2r
(Aay)* = 5¢ {1.8¢)
(Ady)* — . (1.81)
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Moreover, expression (4.8¢) shows that the variance of the first quadrature operator
at steady and threshold is the product of the variance when the degenerate parametric
oscillator is coupled to ordinary vacuum and the variance associated with the squeezed
vacuum. We note that one effect of the squeezed vacuum reservoir is to increase the
degree of squeezing of the signal mode. This result is the same as the one obtained by
Anwar and Zubairy [25]. In the absence of parametric interaction (k = 0), Eq. {4.8a and
b) reduce to

(A =e e (1 —e™™), (4.9a)
(Ad) = e e (1 -, (4.9)

At steady state these expression reduce to (2.17) which are the variances of the quadrature
operators for a squeezed vacuumn.

We now proceed to consider some special cases. We note that for thermal reservoir
N =7 and M = 0, where 7 is the mean photon number for the thermal reservoir. Then

for this case (4.7} takes the form

Af. Y2 o o (vh2RdN y(2m + 1) _ v E2sB) :
(Aay)* =¢ + 23 (1—e ), {4.10a)
. 20+ 1 , .
(A&2)2 — —(-2x30 n y(2n + 1} (1 _ e—(qunﬁ)t) _ (4.100)
4 — 283

At steady state. these expressions reduce to

2 ¥(Rm+ 1)

(Ady)* = ey (4.10¢)
\ (27 + 1
(Adg)? = % (4.10d)
and at threshold. we see that
1
(Ad;)? = §(‘2ﬁ+ 1), (4.10¢€)
(Ady)? — . (4.10f)

Expressions (4.10) represent the variances of the quadrature operators for the signal mode
produced by the degenerate parametric oscillator coupled to a thermal reservoir. It can
be easily seen that (Aé;)? < 1 form < x83/y. Hence the signal mode would be in squeezed

state if the mean photon number of the thermal reservoir is less than x.3/y.

o]
oo




In the case of an ordinary vacuum reservoir (N = 0 and M = 0), Eq. (4.7} turns out

to be
(860" = TN Sy (1), (411a)
(A&2)2 S 0 —72.‘\:*3 (l - e—h_zxmt) : (4.116)

These represent the variances of the quadrature operators for the signal mode produced
by the degenerate parametric oscillator. One can see from (4.11) that the signal mode
is in a squeezed state and the squeezing occurs in the first guadrature. At steady state
and threshold the fluctuations in the first intracavity quadrature turns out to be one-half.
This results in a 50% reduction of the noise [23,33].
Moreover. in the absence of damping (7 = 0), Eq. (4.7) reduce to
(Aén)? = e, (4.12a)
(Aég)? = 20t (1.12b)
These are the variances of the quadrature operators for the signal mode produced by a

degenerate parametric amplifier. We thus observe that the signal mode produced by this

system is in a squeezed state.

4.2 Squeezing Spectrum

We next wish to determine the squeezing spectrum for the signal mode applying the

quantumn Langevin equations. The squeezing spectrum for a signal mode is defined by
57 w) = / a’rci”f(&jut(t + T).&j‘”(t))ss, (4.13)

where a?"!(t) represent the output quadrature operators. To calculate the squeezing spec-
trum (4.13), we first evaluate the two-time correlation function for the output quadrature

operators, We see that the sum of (2.67) and its adjoint gives

i &t (1) = Aalt) — & (1), (4.14a)

where @;(t) and @*(t) are the first intracavity and input quadrature operators. respec-
tively. The relation for the second quadrature operators can be obtained by subtracting

(2.67) from its adjoint and multiplying by i:

63" {t) = Aaa(t) — a (1), (4.14b)
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In view of (2.69a) and (4.3). we have
(a3“'(t)) =0, (4.15)
so that using this result, one can write
(@t + 1), & (1)) = wda(t + i) - Al (t + r)ar ()

=~V + 1)@ () + (@ (E+ 1)) (4.16)
We now proceed to obtain the explicit form of the two time correlation functions involved

in {4.16). On account of (2.63), the Langevin equation (2.53) can be rewritten as

d ,
alt) = _-;— a(t) — r31(E) + /Faum(2). (4.17)

In order to decouple this equation, we add (4.17) with its adjoint and get

d - '\ln ")
Zan(l) = (2 n m3’) ai(t) + Aan(L), (4.18)
where
: 1 /. .
(1) = VG (F(t) + F*(f)) . (4.19)

A formal solution of (4.18) can be put in the form
i) = a(0)e GHMN 4 /5 / n (e (F TNt gyf (4.20)
and hence. one can write that
a1(t 4 7) = @ (0)e " F NN f/ Je =z TrONtHT=t) gyt (4.21)
It then {ollows

{a(t + 7)ar(t)) = (a1(0)a1(0))e {l+"3’(2‘+”+\/‘f (@i ()i (0)) e~z HaN =gy

t4T ) S . s
+/7 f (@1(0)ay" (1")e (T =Ogy

+7/ dt' / dt" Am t”)) +m‘3’)(2t+r t— t”} (422)

On account of (4.19). we have

(ay"(#)a1(0)) = ((ﬁ(t')al(o)) + (Ff(t')al(t)))) . (4.23)

S
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From (2.51) we note that

(F(#)a:(0)) = Y A{bi(0)as(0))e' 0"

k

Since bx(0) and @;(0) are not correlated, one can write

(b(0)&1(0)) = Tra(be(0)T7s(a1(0)).

We recall that the expectation value of the annihilation (or the creation) operator for a

squeezed vacuum mode is zero, so that
(F(t")é(0)) = 0.

We also see that

ENE)a(0)) =
Hence

(a () (0)) = 0, (4.24a)
similarly, one can easily show that

(@ {0)a" (1) = 0. (4.24b)

We note that
(@ (a7 () = (@l (k) + (@ (O)am() + (@ ()al () + {an()an(t).
On account of (2.69), we see that
(@ (e (1) = (2N — 2M + )& - 1), (4.25)

Substitution of {(4.24) and (4.25) into (4.22) and then applying the property of the Dirac

delta function

0 otherwise

x) f < b
/f (2 — o) I:{f(r) ora<z < & (4.261

we get

t
(@t + 7)in(t)) = { SRR L (2N - 2M +1) / ‘““‘m“"’}dt’] ezt
1}
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where we have used the fact that {(a,{0)a;{(0)) = 1 for the signal mode initially in vacuum

state. Then carrying out the integration, we obtain

e—('T'i'?K.B)f + ’T(gl\r - 21"’1 + 1)
v+ 2x8

(1 (t + 7)ar (1)) = (1- e-("f“*ﬁ)*)] e~ GH8T - (4.27)

On multiplying (4.21) by &{*(t) on the right and in view of {4.24b) and (4.25), we have
{a(t + 1)l (1)) = V(2N —2M + 1) [0 t e~ FH AT g0y "\ dy!
Then applying (4.26), we get
(ay(t + 7)a"(1)) = VAEN - 2M 4 1)e ()7, (4.28)

Furthermore. multiplying (4.20) by @*(¢ + 7) on the left along with (4.24a) and (1.25).

we see that

t
(@t + T)ar(t)) = V(2N — 2M + 1) / e"GHRA-Chg(4r L o g,
0

so that using the relation (4.26), we obtain
(@’ (t+n)a(t) =0 (4.29)
From (4.25). we see that
(@Rt + 7)ar() = (2N = 2M 4+ 1)5(7). (4.30)
Now using (4.27-4.30) in {4.15), one finds the two-time correlation function to be

(@'t + m)al(t)) = (2N — 2M + 1)§(r)

IN ~2M +1)

+4 {e [ (v+2r3)t ( -~ 573 (2!‘&'3 + ——(1-!-253]{)] +nJ)r

{4.31a)

Following a similar fashion, it can be readily verified that

(a5 (¢ + 1) (8) = (2N +2M +1)8(r)

IN 4 2M + 1)
7 =283

+y [e'(ﬁ—zﬁs)t + ( (2x3 — Te—h—zw):)] e
(1.31b)

At steady state expressions (4.31) reduce to

(Aoui(t_}_ )a out( )) 5 = (21\;)21\1{4“1) 5(1’) B 2&3'): eﬂ(%+63]r . (1.32a)
v+ 2«3
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2
(&gut(f -+ T)&;ut(t))ss = (2N +2M + 1) {5(7) + %e—(g—nﬁ]r . (4.32b)

On account of the result (4.32¢) along with (2.17), the squeezing spectrum (4.13) for the
first quadrature can be put in the form
ou —2r 2“'3‘7 —2r = —({T+x8)+Hiw)T E
Sl t(w):e o me 2 [WB ({2+ I+ ) dr. (433)
We note that

o0 o 00
/ 6_((g+“m+i°")rd7:/ e_((%+“ﬁ)+;‘”)fd7+/ e~ (FHaptiv)r 50

0
Then applying the stationarity property in the first integral, we have
o0 0 oo
/ e_((’?—"*'"ﬁ)'l'iw)qu— :/ 6((%+"‘-3)_"’-")7d7-+/ e"((%‘i’ﬁﬁ)‘l‘iw)fd?_’
— e 0

from which follows

* ~((F+s0)iv)7 g v+ 28 134
j_we dr (%+K;3)9+w2' (4.34)

Hence using this result in (4.33), we obtain

(4.35a)

23 :
S;:nui(w) — [1 _ RO ] E_ZT.

(3 +K3)% + w2
One can show in a similar way that the squeezing spectrum for the second quadrature
operator has the form

SO (w) = [1 + G_—i’”%};ﬁ} e, (4.35b)
Expressions (4.35) represent the squeezing spectra for the signal mode produced by the
degenerate parametric oscillator coupled to a squeezed vacuum. From (4.35a) we see
that the squeezing spectrum is a Lorentzian with a half width 7 + k3. At threshold the

expressions given by (4.35) reduce to

10U w —2r
5] i(u,') = me 2 N ('1:-36(1}
!
4wt o, .
Sgw) = e (4.36b)

We note that the effect of the squeezed vacuum reservoir is to increase the degree of
squeezing. We also notice that for w = 0 (the cavity resonance), there is a complete
suppression of the noise in the first quadrature while the noise in the second quadrature
tends to infinity. Finally, we observe that for r = 0, expression (4.36) reduce to the result

obtained by Collet and Gardiner [27], and Daniel and Fesseha [33].
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5 The Photon Statistics

The statistical properties of a light mode is described in terms of the mean and the
variance of the photon number. the photon number distribution and the second-order
correlation function. The relation between the mean and variance of the photon number
can be used to classify the photon statistics as Poissonian, super-Poissonian and sub-
Poissonian. In addition, the bunching and antibunching phenomena of the photons can
be described using the second-order correlation function.

Here we wish to calculate the photon number distribution. the mean and variance of
the photon number as well as the second-order correlation function for the signal mode

employing the Q-function.

5.1 The Photon Number Distribution

Applying (2.18) along with (3.33). the photon number distribution for the signal mode

can be expressed as

N

_ N 2 2 -
P(n) = - Sa~gan 1P [(1 — D(t))a"a + 2C--'(if)(cz +a )} o (5.1)
Now expanding the exponential function in a power series, we have
= (1-D)yF
exrp[{(1 — D)a"o] = Z (—T)_a'kak.
&
1. . 10y
exp <§Ca ) = Zyﬁa .
1 =2 - 1cm =2m
crp (ECQ ) = 5;';1"1*0 \
and hence (5.1) takes the form -
/D2 (2 o _ kedem gn . n
P(n) = ¢ Y I (I-D)C ,8 ot 0" kg (5.2)
n! Lo 2t E'm! dan da=r
dom at=a=0

On account of the relation

n |
at o m! m—n

g T (m —n)! '




Eq. (5.2) can be put in the form

P(TI-) — Y D? — Cg i 1 (1 - D)kCH—m (k + 2l)l (k + 2m)| a,k+‘2(—n.axk+2m—n
! 2t+m BElitm! (k420 -n)! (k+2m - n)!
a*=a=0
(5.3)
We note that
ak+2lﬁna*k+2m-n = 6k.n—2fék.n*‘2m
at=a=0
from which follows
l=m,
k=n-2L
Hence expression (5.3) reduces to
V 02 (n) 21 n—21 =
Since (n — 20)! is defined for nonnegative integers, we see that
n
~ >
5 2 {
In view of this result, we have
VD —(C? nl)? e .
P(n) = Z 21 ]'( n)_ 20 Cﬂ(i — Dy, (5.5)

where {n] = 2 for even n and [n] = 23

number distribution for the signal mode.

In the absence of the cavity damping (7 = 0). one can easily obtain from (3.32)
C(t) = —tanh(xpt),

D(t) = 1.

Then on substituting these values into (5.5), the photon number distribution turns out

0 for odd n
P(n) = { ( ) , (5.6)

nh™ (k3 )
2"n' ?osh{nﬁt) HQ(D) (for even n)

to be
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where H,(0) is the Hermite polynomial. This shows that the probability of finding odd
number of signal photons is zero due to the fact that the signal photons are always
generated in pairs., Furthermore, at steady state we get from (3.32)

2N+ 1)+ (M —s)

(N1 (M - )

N+ 1)+ 25(M - s5)

(N F1)P2 - (M - s)?

where s = k3/4. Hence on account of these results, the photon number distribution {5.5)

can be written as

Pla) = (1—gstyh N+ D = M 45T 5 () (M — s) + 2s(N + 1)]”
B (N +1)2— (M- 3)2]”"'% P 2UIMNYVn — 20 LN(N 4+ 1) — M? 4 52

(5.7)

For the case in which the coupling constant x is zero, we see that (5.7) reduces to the

form

[n]

— ! n! A2 T AT AT -2
P = (v 3 — e g =Y YYD TR

Y
v )

This represents the photon number distribution for the reservoir. We recall that for a
squeezed vacuum reservoir NV = sinh?(r) and M = sinh(r)cosh(r). Then in view of this.
Eq. (3.8) reduces to (2.19). For the case of thermal reservoir where N =7 and M = (.
expression (5.8) turns out to be

ﬁ‘n

Furthermore, for the case N = M =0, it is readily seen that

P(n)=é.p (5.10)

which is the photon number distribution for ordinary vacuum reservoir.

5.2 The Mean and Variance of the Photon Number

We now seek to calculate the mean and the variance of the photon number for the

signal mode. Using the Q-function (3.33), the mean photon number for the signal mode

can be expressed as

o5 2
R(t) = v D? — C? (__3_ - 1) / iﬁea:p [—Da‘a + lC'(r:r2 + o). (5.11)
oD A 2
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Upon carrying out the integration with the help of (2.12) and then the differentiation, we

obtain

D

Using the explicit form of C and D, the mean photon number of the signal mode can be
put in the form

i 2N —2M +1 (b 2n
ﬁ(t)::i[(’)’( —— )_1> (l—e (v+2 ﬁ)t)

4(2N +2M +1) P— .
+ —1) (1= b2y 126
( v — 2:f3 (1-e ) (5.126)

At steady state this expression reduces to

_ | [y(2N —2M +1) (2N +2M +1) )
sslt) = -1 — —-2|. 5.1
Ts(l) 4[ v+ 2x3 vy — 283 (5.13)
In the absence of the parametric interaction (s = 0), we see from (5.13) that
Tes(t) = N, (5.14)

which represents the mean photon number for the reservoir.
Next we seek to calculate the variance of the photon number for the signal mode. We

note that the variance of the photon number can be expressed as

(An(1)? = (&%a'?) — 72(t) — 3n(t) - 2. (5.1:

(W1}
—_
(w1}
~—

where 7(t) = (a'a) is the mean photon number for the signal mode. Applying the Q-

function (3.33), we have
] “ da 1
(&% = VD? - CZ_/ —wgaza"?e.rp [—Da‘a + §C(a2 + a"g)] .
0

This can be put in the form

(@’a') = vD* - C? 7 /% (F—OFJ:P ~Da™a + lC(or2 +a™?)
ap? j, © 2 ’

so that carrying out the integration applving (2.12), we get

J? 1
22212y 2 (2
(@*a'*)y =VvD Cag(_ﬁ#z_CQ),

from which follows

(5.16a)




This can be rewritten in terms of the mean photon number as
2412 c? 2
(a*a') = (2+ ﬁ) (m+1)% (5.16b)

Hence on using (5.16) in (5.15), the variance for the signal mode becomes

(An(t))? = R()(R(t) + 1) + (-g (7(t) + 1)) ) (5.17)

We note from this result that (An(t))? > (), which shows the signal mode has super-
Poissonian statistics. In the absence of parametric interaction and at steady state, one
can easily obtain from (3.32)

M
C =
(N 12— MY
N+1
(N +1)2— MY
Using this along with (5.14), one can put (5.17) in the form

D=

(An(t))2, = N(N + 1) + M? (5.18)

This represents the variance of the photon number for the reservoir. For the case of a
squeezed vacuum reservoir, we note that N(N + 1) = M?. Then (5.18) turns out to be -

the same as (2.23).

5.3 The Second-Order Correlation Function

Here we want to evaluate the second-order correlation function for the signal mode.

The second-order correlation function is defined by

{(at(t)at(t + r)a(t + r)a(t))
(at(t)a(t))? '

Now we proceed to obtain the explicit form of (a(¢)al(t + 7)a(t + 7)a(t)). We note that

gB(r)y = (5.19)

in the Schrodinger picture one can write that

@HOalt + r)alt + rya(t)) = Tr(p(tatat(r)a(r)a), (5.20)

in which @ = @(0). Upon expanding the density operator in the normal order and intro-

ducing the completeness relation

I :fﬁla)(a-l, (5.21)

T
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Eq. {5.20) can be written as

(al()al(t + r)a(t + 7)a /dQOZC;m H)Tr(la)(alaMamatal(r)a(r)a).  (5.21)

Using the relation

o ! a " aMla ‘
fafi" = (a+ 52) le)lal (5:22
and the cyclic property of the trace, one can put (5.21) in the form
(at)yal(t+r)at+7)alt)) = /dzaQ (a a -+ aa )a aT'r(l aX{a | &' (r)a(r)), (5.23)

where

Q(a a+——— t) Zc,mt)a ( )m. (5.24)

lom

Furthermore, one can write that
Tr(p(0)al(r)a(r)) = Tr(p(r)ad'(0)a(0)), (5.25)
in which 4(0) = |a){a}. We note that
Tr{p(r)a'(0)a(0)) = /d2A(A*A— D", A, 7), (5.26)
where

2

=1

)

(] |

QA" A1) = A'(7)exp [“-D'X‘,\ + %‘C’(/\‘Q + AN+ B+ B')\'] . (5.

A’. B'. (" and IV are given by (3.32) with (a3.ao.1) replaced by (o™, a,7). Hence em-

ploying (5.27} in (3.26), we have

32
Tr(p(r)ata) = (OB?‘@B’ — 1) /dz)\A'(T)e;rp [—D’A‘A + %C'(,\“2 + M4+ B+ B’x] :

On carrving out the integration with the help of (2.12), we obtain

» - 82 A’(T) D'B’*B' + %C(Ber + BIZ)
Tr(p(r)a'a) = JB0B ﬁefp Dr_cn

and performing the differentiation results in

o ot D (D'B' + C'B"” DB+ C'B
Tr(p(r )aTa) [Drz —Cn -1+ )_( 2 )] :

Using the explicit form of B', €’ and D'. one easily obtains

(Dr2 - C_r.rz)

Dn’BI+CIBh: 2

((Ot 4 a)e—z,\lr 4 (Cl" _ 0.)62/\91') .
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It then follows that

(DlBl + (‘UBI*)(DJ’BI# + CIBJ‘)

= Br)a%a+ GE/()a™ + o),

DQ -
in which
1
E(r) = (e +¢7), (5.29a)
E'(r) = % (€77 . gy (5.29b)

On account of this result , Eq. (5.28) takes the form

Tr{p(r)ala) = E(r)e"a + éE'(T)(a‘2 + a®) + 1(7). (5.30)
where o
N (7(21\; ié:gr ) _ 1) = e—hﬂzsﬂ)r)} . (75.31)

Upon substituting (5.30) into (5.23). we see that
styat . . 2 . d
(@ (1) (¢ + T)ate + 1)) = [ PaQ (o0t 51

X (E(,) “al 4 1E{ )(a’3a'+a'a3)+ﬁ(r)o’a). (5.32)

We note that

~

(A) = Tr (p(1)A(", &)) .

Hence expanding the density operator in normal order and inserting the completeness

relation for coherent states, we have
d’a )
4\ / ZCI'“ )T (Ja)(alata™ A(at, &) .
Using the relation (5.22), we see that

(A) = / Q (a Lo Oi i) An(a™, a), (5.33)

where An(a", @) is the c-number equivalent of A{d!, @) for the normal ordering. Therefore,

in view of (5.33) expression (3.32) can be written in the form
1
(at()al(t + nalt + ra(t)) = E(r)@a?) + §E’( Jata + ala®) + a(r)ata).  (5.34)
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From (5.40) we see that ¢®)(7) has no local extermum points, so that g(*)(r) is either an

increasing or a decreasing function of 7. Now upon setting 7 = (0, expression {3.40) takes

the form
d ¥ C? 6e3C _, . 1_
— 4 = 7i2 - (n Py IR (mE) + 1) — —a) (et v —2)] .
0| =t e+ G )+ 10+ L St (0 1) - Gk o2
(5.42)
At steady state we have from (3.32) and (5.13)
¥ 1 — ¥ v
C(t) = v e (5.43a)
(1 + ')--i-;nﬁ‘u) (1 + "]"';Kﬁ U)
Ut oagv+2
D(f) - ¥+2x8 ¥=2s3 " , (5435) ‘
(l + '>'+;r:,3 u) (I + 'T“;fiﬁ U) j
oy L Y g X !
({) = — —-21. A
n(t) 4('7+2!€Bu+’7*2530 ) (5.43¢) ‘

Upon substituting these into (5.42), we get

d 1 ~ 498\ 2 9kd\ 2
—gI(r)| =~ 677 2 (t’_7+ - ) +(v_} hd) :
dr =0 ('y+'2a-:ﬁu+ ')'—2::13”“2) 2l R

(3.44)

This shows that the slope (f—rgm(r)lrzg) is negative. so that ¢(®)(r) decreases as 7 in-

creases, ¢'7(1) < ¢g?(0). Hence at steady state the signal mode produced by a degenerate
parametric oscillator coupled to a squeezed vacuuin exhibits photon bunching.

In the absence of damping (v = 0), from (3.32) and {5.12) we get
C/D = —tanh(x3t),

nt) = Sfl!hz(ﬁ_gt),
so that (5.39)7t.a.kes the form

@) cosh(k3t) '
90 =1t ) - (54

]
sl
it

This is the second-order correlation function for the signal mode produced by a degen-

erate parametric amplifier. The squeezed light generated by this system exhibits photon

bunching.
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Moreover, one effect of the squeezed vacuum is to increase the mean photon number of
the intracavity signal mode. Finally, we have determined the second-order correlation
function and at steady state we have found g%(7) to be less than ¢*(0). This shows that
the signal mode exhibits photon bunching. It also turns out that g*(0) is greater than

unity at any time and hence the signal mode has a super-Possonian statistics.
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