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Abstract 

The intracavity quadrature fluctuations and photon statistics for the signal mode 

produced by a degenerate parametric oscillator coupled to a squeezed vacuum reser­

voir are calculated employing the Q-function. The Q-function is obtained by solving 

the Fokker-Planck equation applying the propagator method developed by Fesseha 

[lJ. We also calculate the squeezing spectra of the output quadrature operators 

using the quantum Langevin equations. 
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1 Introduction 

Some properties of light which cannot be explained by classical theories have generated 

a considerable interest in the past few years. One of these properties involves squeezing in 

which the fluctuations in one of quadratures is reduced below the quantum limit (vacuum 

level) at the expense of increased fluctuations in the other quadrature without violation 

of the uncertainty relation. Other nonclassical properties of light are sub-Poissonian 

statistics in which the photon number distribution is narrower than the Poissonian one 

and photon antibunching in which the second-order correlation function g2(.,-) is greater 

than g2(0) . 

Because of the quantum nOIse reduction achievable below the vacuum level in a 

squeezed light, it has potential applications in high-performance of optical communication 

[2], highly sensitive interferometer [3-8] and in gravitational-wave detection [9-11]. Differ­

ent authors have predicted theoretically that a squeezed light can be generated in various 

physical processes. It has been shown that squeezing should be realizable in parametric . 

oscillator [12-15], four-wave mixing [16-19] and resonance fluorescence [20-22]. 

A degenerate parametric oscillator is a prototype source of squeezed light. In a degen­

erate parametric oscillator a strong pump mode of frequency 2w interacts with a nonlinear 

medium inside a cavity and gives rise to a signal mode of frequency w. A theoretical anal­

ysis of the quantum fluctuations and photon statistics of the signal mode have been made 

by a number of authors [11,23-34]. Mulburn and Walls [23] have shown that the best 

squeezing attainable in the signal mode of the degenerate parametric oscillator is a reduc­

tion of intracavity quadrature fluctuations by a factor of 2 at steady state and threshold. 

This has been also confirmed by Lugiato and Strini [24]. 

A limit of 50% squeezing of the intracavity signal mode in the degenerate parametric 

oscillator arises from the leakage through the partially transmitting mirror, so that the 

vacuum fluctuations amplify the fluctuations in the cavity. However, Javed Anwar and 

M. Suhail Zubairy [25] have shown that the squeezing of the intracavity signal mode can 
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be increased beyond a 50% limit by coupling the degenerate parametric oscillator to a 

squeezed vacunm reservoir. 

The squeezing spectrum of the output signal mode of a parametric oscillator operating 

below and above threshold have been calculated by several authors [11,26,27,33] applying 

different methods. It has been found that a complete suppression of the noise at resonance 

(w = 0) in one quadrature of the output signal mode produced in a degenerate parametric 

oscillator is possible [27,33]. Experimentally, a squeezing amounting to a noise reduction of 

60% below the vacuum level has been achieved in a near degenerate parametric oscillator 

operating below threshold [14,15]. 

In quantum optics, one can analyze the dynamics of a physical system applying the 

schriidinger formalism which leads to Fokker-Planck equation or the Heisenberg formalism 

which leads to the Langevin equations. In the schriidinger formalism a distribution func­

tion such as the Glauber-Sudarshan P-function or Q-function can be used in the analysis 

of the statistical or squeezing properties of a quantum optical system. 

The main objective of this thesis is to calculate the intracavity quadrature fluctuations 

and photon statistics for the signal mode prodnced by a degenerate parametric oscillator 

coupled to a squeezed vacuum applying the Q-function. We also calculate the squeezing 

spectra for the output signal mode applying the quantum Langevin equations. The Q­

function is obtained by solving the Fokker-Planck equation employing the propagator 

method developed by Fesseha [1]. 

We would like to point out that in the parametric oscillator considered in this thesis 

the pump mode is treated classically and its amplitude is assumed to be constant. In 

addition, we would like to stress that our analysis holds for a single-port mirror through 

which the parametric oscillator is coupled to a squeezed vacuum. 

The organization of this thesis is as follows: In chapter two we first study the prop­

erties of a squeezed vacuum and then derive the Master equation as well as the quantum 

Langevin equations for a degenerate parametric oscillator coupled to a squeezed vacuum 

reservoir. In chapter three we derive the Fokker-Planck equation for the Q-function and 

obtain the solntion of the resulting equation applying the propagator method. In chap­

ter four the variances of the intracavity quadrature operators are calculated nsing the 

Q-function. In addition, we calculate the squeezing spectra of the output quadrature op-
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erators employing the quantum Langevin equations. In chapter five we obtain the photon 

number distribution, the mean and variance of the photon number, and the second-order 

correlation function applying the Q-function. Finally, in chapter six we present a brief 

discussion of our results. 
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2 Quantum Dynamics with a Squeezed Vacuum 

The dynamics of a quantum system can he studied using the master equation or 

Langevin equations. In this chapter we first study the properties of a squeezing vacuum 

and then derive the master equation as well as the quantum Langevin equations for a 

degenerate parametric oscillator coupled to a squeezed vacuum reservoir. We also establish 

the relation between input and output operators. 

2.1 A squeezed vacuum 

Here we wish to determine the Q-function, the variances of the quadrature operators 

and the photon statistics for a squeezed vacuum. A single-mode squeezed vacuum is 

defined by 

11') "" 5(1')10), (2.1a) 

where 

(2.1 b) 

is the unitary squeeze operator with the squeeze parameter I' taken for convenience to be 

real and positive and a (at) is the annihilation (creation) operator. The Q-function for 

this state can he expressed in terms of the antinormally ordered characteristic function 

as 

Q( ' ) 1 J d2
z A. (. ) z',,-z,,' a ,CY,r = - -'f'A Z ,z,r e ) 

1<" 1<" 
(2.2) 

in which 

rPA(z*,z,r) "" Tr (Ir)(rle-z'aezal). (2.3a) 

On account of (2.1a) and 5(r)5t(r) "" I, we see that 

(2.3b) 

Upon expanding the first exponential function in power series, we have 

(2.4a) 
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Inserting the identity 5(")51(1') between any pair of annihilation operators in (Via), one 

finds 

,~I(r)e-z'a 5(1') = f (-z*/~(r))1 = e-z'a(r), 
I~O 

where 

(1(1') = 51(r)a5'(r). 

Similarly one can easily verify that 

in which 

In view of these results, Eq. (2.3b) can be written in the form 

We note that the first derivative of (2.4c) with respect to " is 

and hence 

~al(r) = -a(r). 
dr 

(2.4b) 

(2.4c) 

(2,5a) 

(2.5b) 

(2.6) 

(2,7a) 

(2.7b) 

In order to decouple these equations, we differentiate (2.7a) once again with respect to ". 

Thus we have 

;2 a(r) = h(r), 

The solution of this equation can be put in the form 

A and B can be obtained applying the condition " = O. Hence we see that 

It then follows that 

a(r)lr~o = A + B = h, 

da(r) I = A - B = -aI, 
dr r~O 

A = ~(A _ AI) 2 a a, 

5 
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so that substitution of these into (2.8), we get 

&.(r) = hcosh(r) - htsinh(r). (2.9a) 

From this we easily see that 

ht(r) = &.tcosh(r) - &.sinh(r). (2.9b) 

On account of (2.9) and the relation [11] 

oA B _ eA+BeHA,BJ ';;' e - , (2.l0) 

Eq. (2.7) can be put in the form 

fA (z*, z, r) = e-tz ' Z (Olea! (zcosh(r)+z' sinh(r))-a(z'cosh(r)+z sinh(r» 10). 

Employing once more (2.10) we can put the operators in normally ordered form. Hence 

the characteristic function turns out to be 

(2.11 ) 

Using (2.11) in (2.2) and carrying out the integration with the help of the relation 

J (-aa·,,+Ba2 +Ca·2 +ba ·+w )d· - 1r • [abc+ Bb' + Ge
2

] 0 
e Q - exp, BG ' a > va' -4BG a -4 

(2.12) 

we find 

Q( * ) seeh(r) [ * 1 ( ) (*2 2)] a , a, r = 1r exp -a' a - 'itanh)' a + a . (2.13) 

This represents the Q-function for a squeezed vacuum state. 

Next we seek to calculate the variances of the quadrature operators applying the Q-

function (2.13). The quadrature operators for a single-mode light are defined by 

&.,=&.t+&., (2.14a) 

(2.14b) 

The variances of these Harmitian operators can be put in the form 

(2.l5a) 
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(2.15b) 

The expectation value of the annihilation operator a can be expressed as 

(a) = 100 

d2aQ(a*, a, )')a = sech(r) 100 

d
2

0. e:tp [-a*o. - ~tanh(r) (a*2 + 0.2)] a. 
-co -00 'if 2 

This can be written as 

(a) = sech()') %b 100 

d:o. exp [-a*o. - ~tanh(r)(a*2 + a2) + bo.] I ' 
-00 2 b=O 

so that on carrying out the integration using the relation (2.12), we obtain 

(a) = sech(r) fJfJ cosh(r) I = O. 
b b=O 

(2.16a) 

It can be shown in a similar manner that 

(2.16b) 

Furthermore, we see that 

(
A 2) 1 ( ) 100 

d
2 

a [ • 1 h() (.2 2)] 2 a = sec ~ r -00 ---;-exp -a 0.- 2tan r a + a a 

or 

in which b = c = -~tanh(r). It then follows that 

(0,2) = -sinh(r)cosh(r) '=' -ill. (2.16c) 

One can easily establish in a similar fashion that 

(2.16d) 

The mean photon number can be written as 

(ata) = sech(r) (- %b - 1) 1: d:a exp [-ba*o. - ~tanh(r) (0.*2 + 0.
2
)] Ib=l . 

It then follows that 

(2.16e) 

Therefore, combination of (2.15) and (2.16) yields 

(2.17a) 
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(2.17b) 

We note that the squeezing occurs in the first quadrature. 

We next proceed to obtain the photon number distribution. The photon number 

distribution for a single-mode light defined by 

P(n) = (nip(at,a)in) 

is expressed in terms of the Q-function as [33] 

(2.18) 

Employing the Q-function (2.13), we have 

sech(r) a
2n [1 ] I P(n) = I a -na nexp --tanh(r) ((,,2 + a*2) , 

n. a a 2 a*=a=D 

so that upon expanding the exponential function in power series 

( 
1 )k 

e(-1/2tanh(r),,") = "\' -ztanh(1') a*2k 
~ k! ' 

k 

e(-1/2tanh(r)a') = "\' (-~tanh(r))l a21 
~ II ' I • 

the above expression can be put in the form 

Using the relation 

~ m_ m! .m-n 
x - ( x, axn . m-n)! 

we have 

P(n) = sech(r) ~ (_~tanh(r))k+l (2k)! (21)! a*2k-na21-n 
n! ~ k!l! (2k - n)! (21- n)! 

k,t 0*=0:=0 

We note that 

*2k-n a21- n I - 8 8 a 0*=0::::0 - 2k,n 2/,n 

and hence applying the properties of Kronecker delta function, we obtain 

1 tanhn(r) 
P(n) = - H2(O), 

2nn! cosh(r) n 
(2.19) 
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where Hn(O) = (-1) ~ (n/~)l is a Hermite polynomial and n is even. This is the photon 

number distribution for a squeezed vacuum. 

Finally, we calculate the variance of the photon number for a squeezed vacuum. The 

variance of the photon number 

(2.20) 

can be written in the form 

(2.21 ) 

Using the Q-function (2.13), we have 

(i?&t2) =sech(r) :bOOc roo J2a exp [-a*a+ba2+ ca*2lj 
J-oo IT b=c=-1/2tanh(r) 

and carrying out the integration applying (2.12), we get 

(&2&t2) = sech(r) ~~ 1 j . 
ob OC "II - 4bc b=c=-1/2tanh((r) 

Therefore 

(a2at2 ) = 3cosh2 (r)sinh2(r) + 2cosh2(r). (2.22) 

Thus combination of (2.16e), (2.21) and (2.22) leads to 

(2.23a) 

This can be rewritten in terms of the mean photon number as 

(t:,N)2 = 2N(N + 1). (2.23b) 

2.2 The Master Equation 

'vVe consider a system coupled to a squeezed vacuum reservoir described in the inter­

action picture by the Hamiltonian 

where Hs describes the interaction Hamiltonian for the system and HSR describes the 

weak interaction between the system and reservoir. Let X(t) be the total density operator 
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of the system plus the reservoir in the interaction picture. Then the equation of evolution 

of the density operator is 

d 1 [, , 1 dtX(t) = iii Hs(t) + HSR(t),X(t) . (2.24) 

The reduced density operator of the system is defined by 

pit) = T"R(X(t)), (2.25) 

in which TrR indicates the trace over the reservoir variables only. We assume that initially 

the system and reservoir are uncorrelated, so that 

x(O) = p(O)R, (2.26) 

where R is the density operator of the reservoir. A formal solution of (2.24) can be written 

as 

x(t) = X(O) + i~ [ [Hs(t') + HSR(t'),X(t')l dt'. 

On substituting X(t) back into (2.24), we have 

d, 1 [' 'l 1 [' 'l 1 t[' [", 'll ' dtX(t) = iii Hs(t),X(t) + iii HSR(t),X(O) -liz Jo HSR(t), Hs(t ),X(t) dt 

-;z[ [HSR(t), [HSR(t'),x(t')]] dt'. 

In view of (2.25) along with the above expression, we see that 

:i(t) = i~ [Hs(t),p(t)] + i~T"R [HSR(t),P(O)Rl- ;z[ TrR [HSR(t), [Hs(t'),X(t')]] dt' 

-;z[ TrR [HsR(t), [HSR(t'),x(t')]] dt', (2.27) 

where 

Since the reservoir which is so large compared to the system, is not substantially affected 

by the interaction, one can apply the Born approximation 

x(t') = p(t')R (2.28) 

and using the Markoff approximation, replacing p( t') by p( t), we have 
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~~p(t) = i~~ [HS(t)'P(t)]+i~T)'R [HSR(t)'P(0)Rl-i~21'T),R [HSR(t), [HS(t'),P(t)] R] dt' 

-;21' TrR [HSR(t), [HSR(t'),p(t)R]] dt. (2.29) 

We note that p( t) is not a function of the reservoir mode operators, so that one can write 

TrR [HSR( t), p(O)R] = [(HSR( t))R, p(O)] , (2.30a) 

TTR [HSR(t), [Hs(t'),P(t)] R] = [(HSR(t))R, [Hs(t'),P(t)]]. (2.30b) 

We now consider a cavity mode coupled to a squeezed vacuum reservoir described by 

HSR(t) = iii I)k (iitbkei(wo-Wk)t - iibte-i(wo-Wk)') , 
k 

(2.31) 

where ii and hk are the annihilation operators for the cavity mode and the reservoir mode, 

respectively. Hence we see that 

(HSR(t))R = iii L Ak (iit(hk)Rei(Wo-Wk)t - ii(ht)Re-i(Wo-Wk)') . 
k 

Since for a squeezed vacuum reservoir 

we have 

T"R [HSR(t),p(O)R] = 0, 

TrR [HSR(t), [Hs(t'),p(t)] R] = O. 

Therefore, on account of these results, expression (2.29) reduces to 

:tP(t) = i~ [Hs(t), p(t)]- ;21' Tl'R (RHSR(t)HSR(t')) dt' p(t) 

(2.32a) 

(2.32b) 

- t~2P(t) 1'TTR (RHSR(t')HSR(t)) dt' + ;21' T"R (HSR(t)P(t)RHsR(t')) dt' 

1 l' ( . .) + 1i2 0 Tl'R HSR(t')p(t)RHsR(t) elt'. (2.33) 

Now using the Hamiltonian (2.31), we can write 

- t~21' T"R (RHsR(t)HsR(t')) dt' = 1Jiiiit + 12iitii + 13ii2 + 14iit2, (2.34) 
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where 

I - _ '""' \. \ 1t(bAt bA ) -i(wo-wj)t+i(wo-Wk)t'dt' 
I - L-. "J"k j k Re , 

j,k 0 

I - _ '""' \ . \ 1t(b
A ·bAt ) i(wo-wj)t-i(wo-wklt'dt' 

2 - ~ AJAk J k Re , 

i,k 0 

I - '""' \ . \ It(bAt bAt ) -i(wo-wj)t-i(wo-w.jt'dt' 
3 - u A]Ak j k Re ) 

j,k 0 

Using the relations [34] 
AtA 

(bjbk) = N OJ,k, 

A At 
(bA) = (N + l)Oj,k' 

we have 

II = -N f'\~ l' e-i(WO-Wk)(,-t')dt'. 

k 0 

Now changing the summation into integration, we have 

where g(w) is the density o(states. Setting t - t' = T, we see that 

(2.35a) 

(2.35b) 

(2.35c) 

(2.35d) 

(2.36a) 

(2.36b) 

(2.36c) 

(2.37) 

Since exp [±i( Wo - W)T] is a rapidly oscillating function of T, we have extended the upper 

limit of time integration to infinity. In addition, recalling that 

we find 

L'\~ 1t e-i(wo-w.)(t-t')dt' = 1'" dwg(W).\2(W)O(wo - w) = ~, 
k 0 0 

(2.38) 

where 

(2.39) 
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is defined to be the cavity damping rate. In view of (2.38), expression (2.37) takes the 

form 
'( 

II = --N. 
2 

Proceeding in a similar way, one can readily establish that 

I 12 = --(N + 1), 
2 

I 13 = 14 = --lvI. 
2 

Now combination of (2.40) and (2.34) leads to 

(2.40a) 

(2.40 b) 

(2.40e) 

-;2[ TrR (RHSR(t)HsR(tl)) dt' = -~ ((N + l)a ta + Naa t + jl;Ia2 + Ma t2). 

(2.4Ia) 

We also note that 

1 t (A A) 1 t (A A ') 1 - n? Jo TrR RHSR(t')HSR(t) dt' = -/i2 Jo TrR RHsR(t) HSR(t ) dt. (2.41b) 

Moreover, employing (2.31) one can write 

so that applying the results described by (2.40), we obtain 

~ t TrR (HSR(t')p(t)RHsR(t)) dt' = 2 ((N + l)apat + NatpiH Mapil+Matpilt). n Jo .2 
(2.4 I c) 

It is easy to see that 

On account (2.41), the master equation (2.33) becomes 

(2.42a) 

or, this can be rewritten in the form 

+21'/' ([A A A] + [A AA] + [At AAt] + [At A At]) 2'" ap, a a, pa a , pa a p, a . (2.42b) 
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This is the equation of evolution of the reduced density operator for a cavity mode 

coupled to a squeezed vacuum reservoir. The effects of the reservoir are incorporated by 

the parameters Nand M. 

With the pump mode treated classically, a degenerate parametric oscillator is describ­

able in the interaction picture by the Hamiltonian 

(2.43) 

in which K is the coupling constant and (3 is the amplitude of the pump mode. Hence 

the master equation (2.42) for the degenerate parametric oscillator coupled to a squeezed 

vacuum can be written in the form 

2.3 The Quantum Langevin Equations 

The dynamics of a system coupled to a reservoir can also be described using Langevin 

equations. We seek here to derive the quantum Langevin equation for the operator a. To 

this end, we note that this operator evolves in time according to 

d 1[, , ] 
dta(t) = iii a, Hs(t) + HSR(t) , (2.45) 

where Hs(t) describes the interaction in the cavity and HSR(t) represents the interaction 

between the cavity mode and the reservoir. 

Upon substituting the Hamiltonian (2.31) into (2.45) and using the commutation 

relation [a, at] = 1, one finds 

:ta(t) = i~ [a,fIs(t)] + I>kbk(t)ei(wo-Wk)t. (2.46) 
k 

On account of the Hamiltonian (2.31) the time evolution of the annihilation operator for 

the reservoir mode is 

(~ bk(t) = L Aj (at[bk , bM(wo-w,)t - a[bk, b}]e-i(wo-Wj)t) . 
j 
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Using the commutation relations 

one can easily show that 

The solution of this equation can be written in the form 

bk(t) = bk(O) - Ak l' a(t')e-i(wo-w.)t'dt', 

so that upon substituting this into (2.46), there follows 

! a(t) = i~ [a, Hs(t)]- a(t) L At [' ei(wo-w.)(t-t')dt' + F(t), 
k io 

in which we have replaced a(t') by a(t) (Markoff approximation) and 

F(t) = L Akbk(O)ei(wo-w.j. 
k 

(2.47a) 

(2.47b) 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

is the noise operator. In view of (2.38), the Langevin equation (2.50) takes the form 

:ta(t) = i~ [a,Hs(t)]- ~a(t) + F(t). (2.52) 

Now employing the Hamiltonian given by (2.43), we have 

so that (2.52) turns out to be 

d 7 . 
-d a(t) = --a(t) - K,f3at(t) + F(t). 

t 2 
(2.53) 

This represents the Langevin equation for a(t) for the signal mode produced by the de­

generate parametric oscillator coupled to a squeezed vacuum reservoir. 

Next we seek to study the properties of the noise operator F(t). Employing (2.51) 

and the commutation relation (2.47), it can be easili verified that 

[F(t),Ft(t')] = LAte-i(wo-w.)(t-t'). (2.54) 
k 
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Changing the summation into integration, we have 

We now replace g(W).2(W) by g(WO).2(WO) and setting w - Wo 0= Wi, we see that 

I: ).~e-i(wO-Wk)(t-") 0= g(WO).2(WO) 100 

eiw'(t-t')dw' . 

k -~ 

Since exp [±iW'( t - t/)] is a rapidly oscillating function of Wi, we extended the lower limit 

of integration to infinity. In addition, using the relation 

we find 

I: ).he-i(wo-Wk)(t-,,) 0= 10(t - t/). 
k 

Hence the commutation relation for the noise operator turns out to be 

where 

Using once more the relation (2.47), one can readily establish that 

In view of (2.16a and b), we find that 

(~(t)) 0= (~t(t)) 0= o. 

In addition, we have 

(~t(t)~(t/)) 0= I: ).j).dbj(O)bk(O))e-i(wo-wj)t+i(wo-w.j". 

j,k 

Applying (2.36a), we see that 

(~t(t)~(t/)) 0= Ni.:>%e-i(WO-Wk)(t-t'), 

k 

16 
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(2.56a) 

(2.56b) 

(2.57) 

(2.58) 

(2.59) 



so that on account of (2.55), Eq. (2.59) becomes 

(Ft(t)F(I')) = ,N8(1 - t'). 

One can also verify in a similar manner that 

(F(I)Ft(I')) = ,(N + 1)8(t - t'), 

(F(t)F(t')) = (Ft(t)Ft(t')) = -,JVI8(t - I'). 

(2.60a) 

(2.60b) 

(2.60c) 

We note that the properties of the noise operator described by (2.57-2.60) hold for a 

squeezed vacuum reservoir. For a thermal and ordinary vacuum reservoirs one can obtain 

the properties of the noise operator, from (2.57-2.60) by proper choice of the parameters 

Nand M. 

2.4 The Input-Output Relation 

The quantum Langevin equations provide a description of the internal dynamics of 

a system driven by the input field (ain). Here we seek to establish the relation between 

input and output mode operators. The solution of (2.48) can be put in two different forms 

depending on the boundary conditions. For t = 1', we have 

(2.61 ) 

so that upon substituting this into (2.46), we see that 

! a(t) = i~ [a, Hs(t)] + I>% IT a(tl)ei(WO-Wk)(t-t')dt' + 2:= '>'kbk(1')ei(wo-Wk)t. (2.62) 
k t k 

Applying the Markoff approximation, replacing a( t') by a( t), and setting t' - t = 1", one 

can write that 

!a(l) = i~ [a, Hs(t)] + a(t) 2:=.>.% [-' e-i(WO-Wk)T'd1" - Vlaout(t), (2.63) 
k 

where 

A (t) _ 1 '\', Ab ( ) i(wo-w.)t aout - - - L...; /\k k r e . 
Vlk 

is defined to be the output mode. In view of (2.38), one can see that 

(2.64) 
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Furthermore, applying the definition 

(2.65) 

Eq. (2.53), which holds for t = 0, can be rewritten as 

(2.66) 

Therefore, the relation between the input and output operators can be obtained by sub­

tracting (2.66) from (2.64): 

(2.67) 

The properties of the input operator can be obtained from the properties of the noise 

operator. Thus in view of the definition of the input operator (2.65) and (2.56), we have 

[Uin(tPln(t')] = 8(t - t'), 

[Uin(t),Uin(t')] = [arn(t),uin(t')] = 0. 

In addition, replacing F(t) by "f'iain(t) in (2.57) and (2.60), one gets 

(uln(t)Uin(t')) = N8(t - t'), 

(Uin(t)Uin(t')) = (N + 1)8(t - t'), 

(Uin(t)Uin(t')) = (uln(t)u1,.(t')) = -lvJ8(t - t'). 
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(2.68b) 

(2.69a) 

(2.69b) 

(2.69c) 

(2.69d) 



3 The Q-function 

In section (2.2) we have derived the equation of evolution of the density operator for 

the signal mode produced by the degenerate parametric oscillator coupled to a squeezed 

vacuum reservoir. Here we wish to derive the Fokker-Planck equation for the Q-function 

and then obtain the solution of the resulting Fokker-Planck equation applying the prop­

agator method developed by Fesseha [1 J. 

3.1 The Fokker-Planck Equation 

The Fokker-Planck equation for the Q-function corresponding to (2.44) can be ob­

tained by putting all terms in normal order. Using the relation 

" I "I '''f(AI ') _ '\' n. U (f('1 ,),"-1) 
a a,a -~/!(n-I)18all a,aa , 

1=0 

" I 81 

1'('1 ')Aln == '\' n. ('In-If('1 ')) a , a a ~ I!(n _ 1)180,1 a a , a , 
1=0 

one finds 

It then follows that 

Applying (3.1), one can also show that 

'1(' ') _ "'I 8 (' ') _ "'I 8 (") 8
2

, a ap - apa - 80, ap - apa - 80, pa - 8at8aP, 

( "I) A _ ' "t 8 (" t) _ ", t 8 (' t ') 8
2 

A pa a - apa - 8al pa - apa - 8al a p - 8a18a P. 

It then turns out that 
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(3.la) 

(3.lb) 

(3.2a) 

(3.2b) 

(3.3) 

(3.4) 



Employing once more (3.1), one easily finds 

so that 

2 't" "t, '''t (0 (") a ('t')) a pa - aa p - paa = - 00, pa + oat a p . 

Moreover, in view of (3.2) and the relations 

we get 

'" ,,2 a (") apa = pa + oat pa , 

," '2' "2 '" " " " 
( 

02 02
) 

2apa - a p - pa + 2atpat - at2p - pa t2 = - oa2P + oat2P . 

On account of the results (3.3-3.6), Eq. (2.44) takes the form 

(3.5) 

(3.6) 

(3.7) 

where p = p(&t, a, t) is assumed to be in normal order. Hence the Fokker-Planck equation 

for the Q-function for the degenerate parametric oscillator conpled to a squeezed vacuum 

IS 

(3.8) 

3.2 The Q-function 

We now proceed to obtain the solution of (3.8) employing the propagator method. 

Introducing Cartesian coordinates defined by 

a = x +iy, (3.9a) 

20 



we see that 

:a=~(:x-l:y)' (3.9b) 

Using (3.9), one can easily show that 

fP 1 ( a2 
. [j2 a2 

) 

aa2 = 4' ax2 - 21 axay - ay2 ' 
a 1 (a .a .a a) oaa=2' axx+~axy-layX+ al ' 
a l(a .a .a a) aa' a = 2' ax x + 1 axY + I ay x - al . 

Upon substit.ut.ing t.hese relat.ions and t.heir complex conjugates int.o (3.8), the Fokker­

Planck equation becomes 

i. _ (;;;3 + I( N - ),1 + 1) fj2 _ 1>;3 - ,.( N + Iv! + 1) a2 

dt Q(.1,y,t) - 4 axz 4 ayZ 

2li8 + I a 21i;3 -, a ) 
+ 2 a;r x - 2 ay y Q(x,y,t). (:3.10) 

In order t.o solve t.his differential equation using t.he propaga t.or method, we need to trans­

form it into a schrodinger-type equat.ion. This can be achieved replacing (I. y, tx' t;. Q(x. y. i)) 
by (i. y. ip,. ipy.1 Q( I))). One then finds 

where 

ryJ = HB + ,(.V - M + 1), 

ryz = 1i/3 -,'(N +;'v! + I), 

)'1 = 1>;3 + i, 
I 

'\2 = ,,(3 - i' 

A formal solut.ion of (3.11) can be put in the form 

I Q(i)) = e~iflt I Q(O)), 

in which 
. . 

• 1.2 1.2 • • • • 
H = -4'rylPx + 4'ry2Py - '\JPII + '\2PyY, 

21 

(:3.11) 

(3.12a) 

(3.12b) 

(3.12c) 

(:3.1:3) 

(3.14) 



is the "quantum Hamiltonian". On multiplying (:3.1:3) by (x. y 1 and inserting the com­

pleteness relation 

1= J dx'dy' 1 x',y')(x'.y' I, 

we see that 

Q(x,y,t) = J dx'dy'Q(x,y,tlx'.y'.O)Q(x',y',O), (3.1.5) 

where 

Q(x',y',O) = (x',y' 1 Q(O)) 

is the initial Q-function and 

Q(x.y.tlx',y'.O) = (x,y 1 ,-;i{, 1 x'.y') 

is the Q-function propagator. 

According to Fesseha [1] the propagator associated with a quadratic Hamiltonian 

if = ap; + a'p; + b(t)p,x + b'(t)p,y + C(/)X2 + c'(t)ii (:3.16 ) 

is expressible in the form 

[ . a2C
:; ] t [ . a2C

; ] t [ l' ] J((x,y,tlx',y',O) = L" ,~' +-" ;~' up -~ [bit') + b'(t')Jdt' + iSc ' 
.. II U,r uX .. 1f uy uy 0 

(:3.1,\ 

where Sc is the "classical action". ~ is a constant parameterizing operator ordering. a and 

a' are constants different from zero. 

We wish to obtain the Q-function propagator employing (3.17). We see from (:3.14) 

that b(!') = -AI> b'(t') = '\2 and ~ = ~ for the antistandard form of ordering. Thus the 

Q-function propagator associated with the "Hamiltonian" 1:3.14) can be written as 

[

. ,,2," ] 1/2 [ . iJ2 -, ] 1/2 

Q( _ 1-" 0) = _I _U_c"_c _1_ ~ (A, ;'2 ),+is< 
x,y,tx,y. .) iJ'" 2-')'iJ e . 

_IT X uX ,. uy y 
(3.18 ) 

We now proceed to determine the classical action. The "Hamiltonian function" asso­

ciated with the "quantum Hamiltonian" (:3.14) is 

C sing Hamilton's equations 
. aH 
x = aPr' 
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one easily finds 

so that the Lagrangian 

takes the form 

. [)H 
y=-. 

[)Py 

. . 
L = -=-(.;; + '\IX)2 - -=-(y - A2yj2. 

~I ~2 

:\ow applying the Euler-Lagrange equations 

we get 

.• \ 2 0 
X-A1:r= . 

.. \2 0 Y - A2Y = . 

The solution of these equations can be written as 

Substitution of (3.21) and t.heir derivatives wit.h respect to t into (3.20) giws 

so that the classical action takes the form 

(3.19a) 

(3.19b) 

(3.20) 

(3.2Ia) 

(:3.21b) 

(:3.22) 

(3.23) 

L'pon setting x(O) = x', ~'(T) = .r", y(O) = y' and y(T) = y", one easily obtains from 

(3.21 ) 

CI = 
X' - X"eAIr 

£2,\} 7 -1 1 
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(3.24a) 

(3.24b) 



Hence combination of (3.23) and (3.24) leads to 

( '3 'Y) .. ~.) 

where (x",y", T) has been replaced by (x,y,i). It then follows that 

iPS, 4iAI e·\,t 
(3.26a) 

ox 'ox 171 (e2.\,t -1)' 

02S, 4iA2e-.\2t 
(3.26b) = 

oy'oy 172 (c2!.,t - 1)' 

Therefore, on account of (3.25) and (3.26), the Q-function propagator takes the form 

I I 1 2"1 2"2 
[ 

\ \] 1/2 
Q(x, y, t\x ,y, 0) = -;;: 171 (1 _ e 2.\,t) 172 (1 _ e2.1,r) 

vacuum state. we also need the Q-function satisfying the initial condition 

Q(.rl,y'.O) = ~e.rp [-(~.' - XO)2 - (y' - YO)2]. 
" 

(:3.28) 

Thus substituting (3.27) and (:3.28) into (:3.\.5), we have 

x J dx'e;rp [- Cit g~~~~.:'t) + 1) X'2 + 2 Cl ~:~e:~~t.\,t)x + xo) Xl] 

X J dy' e;rp [- C2 ~~\~2~~.:,t) + 1) y'2 + 2 C2 (~A~e:::\,t) y +yo) y'] . 

On carrying out the integration using the relation 

100 _ax' +bxd ~ ~ e ;T = -eta, 
-00 a 

a>O (3.29 ) 
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there follows the result 

In view of (3.9a), we note that 

x = ~(a + aO) 
2 ' 

l .. 
y=--(a-a). 

2 

Hence Eq. (:3.30) can be rewritten as 

where 
J D2 - C2 [ . I 2 .')] 

A(t)= IT exp -Da~ao+2C'(a~ +ao . 

E(i) = ~ l(D - C)(a~ + ao)e-'\" + (D + C)(ao - ao)e'\"J ' 

(3.30 ) 

(:3.31 ) 

(3.:32b) 

(:U2Cj 

(:3.32d) 

This represents the Q-function for the signal mode produced by the degenerate para­

metric oscillator coupled to a squeezed \'acuum. We are interested in the case for which 

the signal mode is initially in a vacuum state. Hence setting ao = ao = 0 results in 
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4 Quadrature Fluctuations 

In order to study the squeezing properties of a light mode, we need to calculate the 

variances of the quadrature operators. In this chapter we seek to calculate for the sig­

nal mode the variances of the quadrature operators employing the Q-function and the 

squeezing spectrum applying the quantum Langevin equations. 

4.1 The Variances of Quadrature Operators 

The variances of quadrature operators iIj defined by (2.14) can be written as 

(4.1 ) 

where 

(A, B) = (AB) - (A.) (8) (4.2) 

and j = 1,2. Applying (3.33), one can write that 

or, this can be rewritten as 

On carrying out the integration applying (2.12), we get 

(4.3a) 

Similarly, it is easy to show 

( Ub ) 

and hence expressions (4.1) reduce to 

(<lAa) 

( A' )2 _ ((. t • )2) L>a2 - - a - a . (Hb) 

26 



Using the commutation relation [a,a l ] = 1, Eq. (4.4) can be put in the form 

( ,\' )2 _ (?" I + '!2 + '2 _ 1) Ual - _aa a a . 

( A' )2 _ (2" I ' 12 ,2 1) Ll.a2 - aa - a - a - . 

Furthermore, employing the Q,function (3,33), one can write that 

(Via) 

(Ub) 

(6al) =D2 - C2 2- - 2- - 1 -exp -Do: 0: + -C Q + Q ) , '2 V ({J {J ) l'X. J20: [ • 1 (.2 2 ] 
{JC {JD 0 7r 2 

On carrying out the integration with the help of (2,12) and then performing the differen­

tiation. we obtain 

(4,6) 

so that taking into account (3.32) along with (3.12), Eq, (4,6) can be put in the form 

(6ad2 = e-h+2,Slt + ,(2N - ~M + 1) (1 _ e-h+2,Slt), 
1 + 21i,3 

Cle,/a) 

Following a similar procedure. one easily finds 

(~. /b I 

In view of (?17), we have 

(4.8a I 

U·8bl 

It is easy to see that the squeezing occurs in the first quadrature. We also note that the 

signal mode will be in steady state for 1i3 < ,/2 (below threshold). Hence at steady 

state. the \'ariances take the form 

-2' 

(6')2 ,e 
a 1 = -/~+--=-2-1i ""3 • 

(6a2)2 = 'te
2
' 

, - 21i.8 

and at threshold (r = 21i.,8), we see from (4.8c and d) that 

( "')2 1 -2, ua =-e 
1 2 ' 
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Moreover. expression (4.8e) shows that the variance of the first quadrature operator 

at steady and threshold is the product of the variance when the degenerate parametric 

oscillator is coupled to ordinary vacuum and t.he variance associated with the squeezed 

vacuum. \Ve note that one effect of the squeezed vacuum reservoir is to increase the 

degree of squeezing of t.he signal mode. This result is the same as the one obtained by 

Anwar and Zubairy [25]. In the absence of parametric interaction (K = 0), Eq. (4.80 and 

b) reduce to 

(4.90 ) 

(4.9b) 

At steady state these expression reduce to (2.17) which are the variances of the quadrature 

operators for a squeezed vacuum. 

\Ve now proceed to consider some special cases. We note that for thermal reservoir 

N = IT and .\1 = 0, where IT is the mean photon number for the thermal reservoir. Then 

for this case (4.7) takes the form 

( ")2 -h-2,8)t + "Y(2IT + 1) (1 -h-2'11)t) ,-,a2 = e - e . 
1- 2K3 

At steady state. these expressions reduce to 

and at threshold. we see that 

(~alj2 = ~(2IT + 1), 

(2)02)2 -> 00. 

(4.10a) 

(4.10b) 

(4.10c) 

(4.10d) 

(4.10E) 

(4.10f) 

Expressions (4.10) represent the variances of the quadrature operators for the signal mode 

produced by the degenerate parametric oscillator coupled t.o a thermal reservoir. It can 

be easily seen that (2)01)2 < 1 for IT < Ka;,. Hence the signal mode would be in squeezed 

state if the mean photon number of the thermal reservoir is less than K3;'. 
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In the case of an ordinary vacuum reservoir (N = 0 and ;\1 = 0), Eq. (4.7) turns out 

to be 

(4.1Ia) 

(4.llb) 

These represent the variances of the quadrature operators for the signal mode produced 

by the degenerate parametric oscillator. One can see from (4.11) that the signal mode 

is in a squeezed state and the squeezing occurs in the first quadrature. At steady state 

and threshold the fluctuations in the first intracavity quadrature turns out to be one-half. 

This results in a .50% reduction of the noise [23,33J. 

~loreover. in the absence of damping h = 0), Eq. (4.7) reJt.ice to 

(4.12a) 

(4.l2b) 

These are the variances of the quadrature operators for the signal mode produced by a 

degenerate parametric amplifier. ""\le thus observe that the signal mode produced by this 

system is in a squeezed state. 

4.2 Squeezing Spectrum 

\Ve next wish to determine t.he squeezing spectrum for the signal mode applying the 

quantum Langevin equations. The squeezing spectrum for a signal mode is defined by 

Sj"t(w) = l: dTei~T(aj"t(t + r).ajut(t))", (·LJ:3) 

where aj"t(t) represent the output quadrature operators. To calculate the squeezing spec­

trum (4.13). we first evaluate the two-time correlation function for the output quadrature 

operators. We see that the sum of (2.67) and its adjoint gives 

(4.Ha) 

where al(t) and at(t) are the first intracavity and input quadrature operators. respec­

tively. The relation for the second quadrature operators can be obtained by subtracting 

(2.67) from its adjoint and mult.iplying by i: 

a~ut(t) = /102(t) - a~n(t). (4.14b) 
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In view of (2.69a) and (4.3), we have 

(a~"t(I)) = 0, (4.1.';) 

so that using this result, one can write 

We now proceed to obtain the explicit form of the two time correlation functions involved 

in (4.16). On account of (2.65), the Langevin equation (2.53) can be rewritten as 

(4.11) 

In order to decouple this equation, we add (4.17) with its adjoint and get 

(·US) 

where 

a~n(t) = ~ (hi) + tt(t)). (U9) 

A formal solution of (4.18) can be put in the form 

a,it) = Ql(O)C-(~+d)t + Vii' Q~n(t')e-(I+"p)(t-t')dt' (1.20) 

and hence. one can write that 

a,(1 + T) = Ql(0)e-(?+x3)(t+T) + Vilt+T a;n(t')e-(?+,P)(t+T-t')dt'. (4.21) 

It t.hen follows 

['+7 [' 
+y io dt'io dt" (a;n (I')a;n (I"))e -( r+,;Jj( 2

t+
T
-" -'''). (4.22 ) 

On account of (4.19). we have 

(4.23 ) 
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From (2 .. 51) we note that 

(F(t')a)(O)) = L Ak(bk(O)a)(O))e;(wo-",,)t'. 
k 

Since bk(O) and a)(O) are not correlated, one can write 

We recall that the expectation value of the annihilation (or the creation) operator for a 

squeezed vacuum mode is zero, so that 

(F(I')a)(O)) = O. 

\Ve also see that 

Hence 

(a;n(t')ih(O)) = 0, (4.24al 

similarly, one can easily show that 

(4.24bl 

We note that 

On account of (2.69), we see that 

(-US I 

Substitution of (4.24) and (4.25) into (4.22) and then applying the property of the Dirac 

delta function 

l
b {f(;r) fora<x<b 

f(x')li(I - x')dx' = , 
, 0 otherwise 

( 4.26) 

we get 
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where we haye used the fact t.hat (al(O)al(O)) = 1 for the signal mode initially in vacuum 

state. ThE'n carrying out. the integration, WE' obt.ain 

(al(t + r)al(t)) = [e-b+2X~)t + ,(2N - 2M + 1) (1 _ e-b+2XO)t)] e-(?+XO)T. (4.27) 
,+ 2K,B 

On multiplying (4.21) by ain(t) on thE' right and in view of (4.24b) and (4.2.5), we have 

(al(t + r)a;n(t)) = /f(2N - 2lvl + 1) l' e-(?+XO)(t+T-t')o(t - t')dt'. 

Then applying (4.26), we get 

(4.28 ) 

Furthermore. multiplying (4.20) by aj"(t + r) on the left along with (4.24a) and (4.2.5). 

WE' see that 

so that. using the rE'lation (4.26), we obtain 

(.1.29) 

From (4.25). we SE'e t.hat 

('!.30) 

."iow using (.l.27-4.30) in (4.15), onE' finds the two-timE' corrE'lation function to bE' 

(ii~ut(t + r)ii~ut(t)) = (2N - 2.\1 + l)o(r) 

+")' [e-b+2X31t _ (2N - 2.\1 + 1) (2K3 + ,e-h+2x31t)] e-('I+d),. 
, +2h3 

(4.:31a) 

Following a similar fashion, it can bE' readily verified that 

(ii~ut(t + r)a~ut(t)) = (2N + 2M + l)o(r) 

+")' [e-h-Z,J1t + (2N + 2M + 1) (2,;3 _ ')c-h-'d1t)] e-('I-x3),. 
1 - 2,;,3 

(Ulb) 

At steady state expressions (4.31) rE'duce to 

(-L32a) 

:32 



(4.32b) 

On account of the result (4.:32a) along with (2.17), the squeezing spectru,? (4.13) for the 

first quadrature can be put in the form 

SOU'(w) = e-2, _ 2,,3, e-2, 100 

e-(1'+<B)+;w)r dr. 
1 ., + 2,,3 -00 

We note that 

100 e-«hKB)+;w), dT = 1° ,-(I+<il)+;w)r dT + roo e-«f+<il+;W)T dr. 
~OO -00 Jo 

Then applying the stationarity property in the first integral, we have 

1: e-«f+<il)+;w)r dr = 1: ,(I+<3)-;W)T dr + 100 

e-{<f+<il)+;w)r dr, 

from which follows 

100 e-{<1+<8)+;...,)T dT = ., + 2K(3' . 
-00 (i + ,,;3)2 +w2 

Hence using this result in (4.33), we obtain 

SOU'(w) = [1 _. 2".3., ] ,-2'. 
1 ( i + ,,;3)2 + ,,;2 

(4.:33 ) 

( 4.34) 

(4.3.5a) 

One can show in a similar way that the squeezing spectrum for the second quadrature 

operator has the form 

<'OU'() [1 + 2K3., ] 2, 
"2 W = .,. ,,)2 2 e . 

("2-1<1-' +'" 
( 4.3'ib) 

Expressions (4.35) represent the squeezing spectra for the signal mode produced by the 

degenerat.e parametric oscillator coupled to a squeezed vacuum. From (4.35a) we see 

t.hat t.he squeezing spectrum is a Lorentzian with a half width i + K(3. At. threshold the 

expressions given by (4.35) reduce to 

(4.36a) 

( 4.:36 b) 

We not.e t.hat the effect of the squeezed \"acuum reservoir is to increase the degree of 

squeezing. We also notice that for 0-' = 0 (the cavity resonance), there is a complete 

suppression of the noise in the first quadrature while t.he noise in the second quadrat.ure 

tends to infinity. Finally, we observe that for r = 0, expression (4.36) reduce to the result 

obtained by Collet and Gardiner [27], and Daniel and Fesseba [33]. 
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5 The Photon Statistics 

The statistical properties of a light mode is described in terms of the mean and the 

variance of the photon number. the photon number distribution and the second-order 

correlation function. The relation between the mean and variance of the photon number 

can be used to classify the photon statistics as Poissonian, super-Poissonian and sub­

Poissonian. In addition, the bunching and anti bunching phenomena of the photons can 

be described using the second-order correlation function. 

Here we wish to calculate the photon number distribution. the mean and variance of 

the photon number as well as the second-order correlation function for the signal mode 

employing the Q-function. 

5.1 The Photon Number Distribution 

Applying (2.18) along with (3.:33). the photon number distribution for the signal mode 

can be expressed as 

..; D2 ~ C2 iJ2n [ 1.] I 
P(n) = I iJ iJ up (1 ~ D(t))cio + -C(t)(0*2 + 0 2

) . 
n. o",r, an 2 

0:·::::0 ::::0 

(.'i.l ) 

Now expanding the exponential function in a power series, we have 

and hence (5.1) takes the form 

('i.l) k+21 iJn *k+2m o ~~o 

iJon iJo*" kll!m! 

On account of the relation 
iJn m! 
__ x m = -,-_--c7X m - n 

iJx" (m ~ n)! ' 

34 



Eq. (5.2) can be put in the form 

P n) = v'D2 - C2 ~ _1_ (1 - D)kCl+m (k + 21)! (k + 2m)! (/+21-n
Q

,k+2m-n 
( n! L" 21+m k!l!m! (k + 21- n)! (k + 2m - n)! 

k,(,m 0.-::::0:::=0 

We note that 

k+21-n .k+2m-n I r r 
(} Q' = Uk,n-21 Uk,n-'2m 

0:-=a=O 

from which follows 

1 = m, 

k = n - 21. 

Hence expression (.5.3) reduces to 

Since (n - 2/)! is defined for nonnegative integers, we see that 

In view of this result, we have 

n - > I 2 - . 

v'D2 - C2 [n] (n!J2 21 "-21 
P(n)= n! ~22I(l!)2(n-21)r (I-D) . 

(5.3) 

(5.4 ) 

(.5.5 ) 

where [nJ = ~ for even nand [nJ = ";1 for odd n. This expression represents the photon 

number distribution for the signal mode. 

In the absence of the cavity damping (') = 0), one can easily obt.ain from (3.:32) 

Crt) = -tanh(K/3t), 

D(t) = 1. 

Then on substituting these values into (.5.5), the photon number distribution turns out 

to be 
(for odd n) 

(for even n) 
(.5.6) 



where Hn(O) is the Hermite polynomial. This shows that t.he probability of finding odd 

number of signal photons is zero due to the fact that the signal photons are always 

generated in pairs. Furthermore, at steady state we get from (3.32) 

c = ~ 2s(N + 1) + (M - s) 
(N + 1)2 - (lVf - s)2' 

D= (N+1)+2s(M-s), 
(N + 1)2 - (lVf - s)2 

where s = Kf3/i. Hence on account of these results, the photon number distribution (5.5) 

can be written as 

21 [N(N+1)-M2+s2]" Lin) (n!) [(M-S)+2S(N+1)]21 
P n = 1-4s 2 1 

() ( ) [(X + 1)2 - UrI - s)2]"+2 1=0 221(1!)2(n - 21)! N(N + 1) -lVf2 +s2 
(5.7) 

For the case in which the coupling constant K is zero, we see that (5.7) reduces to the 

form 

1 In) I 
) - '\' n. '121 [Vi ,y 1) _ Vf2Jn-21 (.').8) 

P(n - [(.V + 1)2 _ .\f2]n+1/2 ~ 22I(1!)2(n - 21)!' .. + , . 

This represents the photon number distribution for the reservoir. We recall that for a 

squeezed vacuum reservoir .v = sinh 2(r) and M = sinh(r)cosh(r). Then in view of this. 

Eq. (5.8) reduces to (2.19). For the case of tbermal reservoir where ;Y = nand M = O. 

expression (5.8) turns out to be 

(5.9) 

Furthermore, for the case S = M = 0, it is readily seen that 

P(n) = on.O (.5.10 ) 

which is the photon number distribution for ordinary \'acuum reservoir. 

5.2 The Mean and Variance of the Photon Number 

We now seek to calculate the mean and the variance of the photon number for the 

signal mode. Using the Q·function (3.33), the mean photon number for the signal mode 

can be expressed as 

(.5.11 ) 
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Upon carrying out the integration with the help of (2.12) and then the differentiation, we 

obtain 

(5.12a) 

U sing the explicit form of C and D, the mean photon number of the signal mode can be 

put in the form 

n(t) = ~ [(i(2N - 2M + 1) -1) (1 _ e-b+2,~)t) 
4 , + 2K{3 

+ (,(2N + 2M + 1) _ 1) (1 _ e-b-Zx{J)t)] . 
, - 2K{3 

At steady state this expression reduces to 

_ () _ ~ [i(2N - 2M + 1) ,(2N + 2M + 1) _ ] n., t _ + 2 . 
4 , + 21i3 I - 21£(3 

In t.he absence of the parametric interaction (h: = 0), we see from (5.13) that 

nss(t) = N, 

which represents the mean photon number for the reservoir. 

(5.12b) 

(.5.13) 

(5.14) 

:--!ext we seek to calculate the variance of the photon number for the signal mode. vYe 

note that the variance of the photon number can be expressed as 

(5.15) 

where n(t) = (ala) is the mean photon number for the signal mode. Applying the Q­

function (3.33). we have 

This can be pnt in the form 

,Z'IZ V fj2 [eN (PO [ 1 Z z] (a a ) = DZ - CZ aDZ Jo -;.-txp -Do'a + ZC(a + a') , 

so that carrying out the integration applying (2.12), we get 

from which follows 

(.'d6a) 
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This can be rewritten in terms of t.he mean photon number as 

(a 20Y) = (2+ ~:) (n+ 1)2. 

Hence on using (5.16) in (5.15), the variance for the signal mode becomes 

(1'>n(t))2 = n(t)(n(t) + I) + (~ (n(t) + 1)) 2 

(5.16b) 

(5.17) 

We note from this result that (1'>n(t))2 > nit), which shows the signal mode has super­

Poissonian statistics. In the absence of parametric interaction and at steady state, one 

can easily obtain from (3.32) 

M c= (N+I)2_;\{2' 

D = N + 1 
(N + 1)2 - .'vI2 

U sing this along with (5.14), one can put (5.17) in the form 

(6.n(t));. = N(N + 1) + _H2 (.5.18) 

This represents the variance of the photon number for the reservoir. For the case of a 

squeezed vacuum reservoir, we note that N(N + 1) = M2. Then (5.18) turns out to be 

the same as (2.23). 

5.3 The Second-Order Correlation Function 

Here we want to evaluate the second-order correlation function for the signal mode. 

The second-order correlation function is defined by 

(2)(r) = (at(t)at(1 + r)a(t + r)a(t)). 
g (a t(l)o(l))2 

(.5.19) 

:-':ow we proceed to obtain the explicit form of (at(I)iil(t + r)a(t + T)ii(t)). We note that 

in the Schrodinger picture one can write that 

( .5.20) 

in which a = a(G). Upon expanding the density operator in the normal order and intro­

ducing the completeness relation 

J 
rPo: 

1= -;-\0)(0\, (.5.21) 
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Eq. (.5.20) can be written as 

(at(t)at(t + T)a(t + T)a(t)) = j ~a I: C(,m(t)Tr(\a)(a\atlamatat(T)a(T)a). (5.21) 
(,m 

Using the relation 

\a)(a\a"' = (a + o~* r \a)(a\ (.5.22) 

and the cyclic property of the trace, one can put (5.21) in the form 

where 

(5.24) 

Furthermore, one can write that 

Tr(p(O)at(r)a(r)) = Tr(p(T)at(O)a(O)), (.5.25) 

in which prO) = la)(al. We note that 

TI'(p(Tjal(O)a(o)) = j d2 ),(),*),-I)Q(),*,)"r), (.5.26) 

where 

A'. B'. C' and D' are given by (3.32) with (ao.ao.t) replaced by (a·,a,T). Hence elll­

ploying (5.27) in (5.26), we have 

On carrying out the integration with the help of (2.12), we obtain 

... (02 
) A'(r) [D'B'*B'+!C(B"2+ B,z)] 

TI'(p(r)a ta) = oB"oB' -I JD" _ C'2 exp ---D=";'-_--'-=Cc::,2----'---'-

and performing the differentiation results in 

••• [DI (DIBI+C'BI')(DIBI'+C'BI)] 
TI'(p(r)a ta)= DI2_CI2- 1 + DI2-C'2 . (.5.28) 

l'sing the explicit form of B', C' and D'. one easily obtains 
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It then follows that 

(D'B'+C'B")(D'B"+C'B') E()' 1 E'( )(.2 2) 
Dfl _ Cfl = T a a + 2' T a + a , 

in which 

On account of this result, Eq. (5.28) takes the form 

where 

n(T) = ~ [(,(21'[ -2.H + 1) _ 1) (1 _ e-h+2,{3l'l 
4, + 2,,(3 

+ (,(21\7 + 2AI + 1) _ 1) (1- e-h-h{3l'l] . 
1 - 2,,8 

Cpon substituting (.S.:30) into (,5.23), we see that 

(at(t)at(t+r)a(t+T)a(t)) = J d2aQ (a·,a+ o~.,t) 

(5.29a) 

(5.29b) 

( 5.30) 

(5.31) 

x (E(T)Q·2Q2 + ~E'(T)(Q'3Q + Q'(3) + n(T)Q·Q). (.5.32) 

We note that 

(A) = Tr (p(t)A(at,a)). 

Hence expanding the density operator in normal order and inserting the completeness 

relation for coherent states, we have 

Csing the relation (5.22), we see that 

, J ~Q (. 0) (A) = -;-Q a',Q+ OQ"! An(a',a), 

where An (a', a) is the c-number equiyalent of A( at, a) for the normal ordering. Therefore, 

in view of (5.:3:3) expression (.5.32) call be written ill the form 
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From (5.40) we see that g(2)(T) has no local extermum points, so that g(2)(T) is either an 

increasing or a decreasing function of T. Now upon setting T = 0, expression (.5040) takes 

the form 

d () I "'I [ C
2 

2 61i.(3 C 1 1 -g 2 (T) = -~ 2n2(t) + -2 (n(t) + 1) + --n(t)(n(t) + 1) - -n(t)(u + v - 2) . 
dT "=0 n (t) D "'I D 4 

(5.42) 

At steady state we have from (3.32) and (5.13) 

(.5.43a) 

D(t) = (.}.43b) 

n(t)=~( "'I BU + "'I (3V-2). 
4 "'I + 2K "'I - 2" 

(5.43c) 

Cpon substituting these into (5.42), we get 

.,..---::-------,16"'1,,-----::= [(ll- ., +",2K3)
2 
+ (u _ ., -..,21i;3) 2] . 

(~+~'6 U + ~-i'iJ v - 2 J2 I I 

('i.44 ) 

This shows that the slope (:r g(2)(T)!r=o) is negatiw. so that g(2)(T) decreases as Tin­

creases, g(2)(T) < g(2)(O). Hence at steady state the signal mode produced by a degenerate 

parametric oscillator coupled to a squeezed vacuum exhibits photon bunching. 

In the absence of damping h = 0), from (3.:32) and (.5.12) we get 

C / D = -tanh(K8t), 

n(t) = sillh 2 (,,8t), 

so that (5.39) takes the form 

(2)( ) cosh (1i.8t) 
9 0 =1+ . . 

slHh 2 (1i.3t) 

This is the second-order correlation function for the signal mode produced by a degen­

erate parametric amplifier. The squeezed light generated by this system exhibits photon 

bunching. 
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Nloreover, one effect of the squeezed vacuum is to increase the mean photon number of 

the intracavity signal mode. Finally, we have determined the second-order correlation 

function and at steady state we have found 92(7) to he less than 92(0). This shows that 

the signal mode exhibits photon bunching. It also turns out that 92 (0) is greater than 

unity at any time and hence the signal mode has a super-Possonian statistics. 

4.5 
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