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ABSTRACT

Measurements of the diffusion coefficient of two miscible liquids are reported.
The liquids are various combinations of sodium chloride (NaCl) and pure water.
The liquids were placed in a diffusion cell such that the interface is initially
horizontal. As the fluids diffuse, the profile of the index of refraction near the
interface is time dependent and is related to the local concentration of the
diffusing fluids. The concentration gradient profile was measured, the
experimental details and theoretical analysis for obtaining the magnitude of

diffusion coefficient using the Moiré fringe patterns are described.

In this report the Moiré defelectometery method is applied for measuring the
diffusion coefficient of NaCl in pure water at room temperature. The average
diffusion coefficient was obtained by analysis of the measured concentration
gradient profile, assuming that the diffusion process is one-dimensional and is

characterized by a constant value of the diffusion coefficient (D). The value of

D =1.58(20.05) x10™° m% is obtained for diffusion of NaCl molecules in pure

water and it is in good agreement with the reported value in literatures.
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CHAPTER -1

1.1 Introduction

Diffusion is a process by which matter is transformed from one part of a system
to another as a result of random molecular motion [1, 2]. Diffusion also describes
the spread of particles through random motion from regions of higher
concentration to regions of lower concentration [3, 4]. Diffusion can result from an
external force field (forced diffusion) pressure gradients (pressure diffusion),
temperature gradients (temperature diffusion, also called the Soret effect), and
concentration gradients. The gradients of concentration plays an important role in
many fields of chemistry and physics as well as in mechanical engineering and
other fields such as crystal growth, pollution control, biological systems and
separation of isotopes. The diffusion in the stationary liquid or gas phase is
characterized by diffusion coefficient. The diffusion coefficient is the amount of a
particular substance that diffuses across a unit area in one second under the

influence of a gradient of one unit, and usually expressed in the units cm?s™'[5-7].

The diffusion coefficient of the miscible fluids is a property that is important in the
dynamics. Its values are vitally important to the proper design of the reduced
gravity experiments. In particular, it determines the desirable range for the
speeds of the displacing fluids, so that the effect of diffusion is not overshadowed

by convective transport of mass [8].

The diffusion coefficient of a substance in a fluid can be predicted theoretically
or found from empirical correlations. It can also be obtained experimentally.
Optical methods are among the wide variety of techniques available. They apply
to transparent fluids and are based on the fact that the concentration distribution
in a diffusion process produces a gradient in the index of refraction within the
fluid. This gradient alters the optical pathlength of a light beam that traverses the
medium, which causes it to exit the test section with a non-uniform phase and

with spatially varying directions of propagation. By inverting data on the exit
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phases and/or exit angles, the refractive index distribution is reconstructed.
Together with a mathematical model of the diffusion process, the value of the

diffusion coefficient is then obtained [9].

Diffusion in transparent liquids can be studied by various optical methods based
on the measurement of refractive index variation, such as, for example,
interferometry, holographic interferometry, sandwich holography, electronic
speckle pattern interferometry(ESPI), speckle decorrelation, scanning laser
beam, and common path interferometry [5]. Laser-based techniques are among
the most sensitive methods employed for measuring diffusion coefficient and
thermal conductivity. They have several distinct advantages over their direct
contact counterparts, including the non-invasive nature of the measurement,
remote monitoring and location of test/analysis equipment, imperviousness to
harsh and corrosive environments, very high spatial precision, fast response
times and high reliability and repeatability. Wave front comparison methods such
as optical and holographic interferometry techniques are the most widely used

techniques for diffusivity studies [6].

Those techniques that involve interference of wave fronts provide full-field
refractive index data for the evaluation of concentration profiles. But the main
limitation of the interferometric methods is their sensitivity to vibrations, and so
they require precise optical conditions and limits their implementation in an
industrial environment. Also, the acquired data has to be processed numerically
to obtain derivative of the phase shift. This process may add to errors [5]. In this
report the researcher use a high-precision, real-time, noninvasive, laser-based
technique to measure the refractive index of a liquid mixture or an aqueous
solution, which includes the Moiré deflectometry technique for direct mapping of
ray deflection due to change in refractive index of a medium. Moiré deflectometry
technique as presented by Kafri and Glatt [10] is a well-known method for
mapping of ray deflections introduced by an object placed within a collimated

laser beam.



Moiré deflectometry is a simple technique for optical testing of phase objects and
specular surfaces, based on the moiré effect. The method provides mapping of
ray deflections caused by either a phase object or reflection from a surface. From
this information the index-of-refraction field of the phase object or the quality of
the reflecting surface is obtained [11]. Moiré fringe patterns are formed by
superimposing one of the Talbot (or Fourier) images of the first grating on the
second one [12-14]. If an object is placed in front of first grating the light
deflected by the object yields the shifted images, and the resultant Moiré fringes
show the deflection mapping, depending on the distribution of the refractive index
of the object. Moiré deflectometry is a simple and powerful tool for measuring ray
deflections within the paraxial approximation. Measurements of deflection angles
of 0.1° have been reported [15].

The main advantages of the Moiré deflectometry technique are its extreme
experimental simplicity, low cost and low sensitivity to external disturbances in
comparison with other interferometric methods that requires high prices and
stable experimental set-up. The sensitivity of the Moiré deflectometry can be
easily tuned to suit the requirement of an experiment by varying the gratings’
pitch and their distance (where the diffraction effects are allowed). In a
transparent mixture, change in concentration, for a multi-component liquid
mixture, and temperature, results a change in the liquid index of refraction. A
parallel laser beam, passing through such a medium of varying index of
refraction, is locally deflected even if it passes perpendicularly to the gradient of
the index of refraction (diffusion direction). The deflection angle is direct mapping

of the refractive index gradient of the medium[5].

The Moiré Defelectrometry method is used by other researchers to find the
diffusion coefficient of sugar solution, Kazem Jamshidi-Ghaleh and et al[ 6].

In this report Moiré deflectometry method is applied for measuring the diffusion
coefficient of NaCl (salt solution) in pure water under 5-mW He—Ne laser (4 =

632.8 nm) illumination and its value is compared to the reported measurements



in the literature which are carried out using other methods such as

Interferometric measurement [2], phase shifting interferometer [20].

1.2 General Objective

The general objective of the thesis is to determine the diffusion coefficient of

NaCl in pure water using moiré deflectometry technique.

1.3 Specific objectives

The Specific objectives of the thesis are:

I, To determine the diffusion coefficient of different molar solution of NaCl in pure
water using moiré deflectometry technique.

II, To compare the diffusion coefficient of different molar solution of NaCl in pure

water.



CHAPTER -2
2. DIFFUSION AND DIFFUSION COEFFICIENT

2.1. Diffusion

Diffusion is the physical process of matter spreading from a region of higher
concentration to a region of lower concentration. Examples include the spreading
of cream in a cup of coffee and the deflation of a helium balloon over time. In
more general terms, diffusion may refer not only to the movement of matter but
also of heat. For example, if one end of a block is heated rapidly and then the
heat source is removed, over time the heat will diffuse through the block until the

temperature of the block becomes uniform [17].

Diffusion can also be defined as the process where an initially nonuniform
distribution of species in a mixture proceeds toward uniform distribution [5]. It is
usually illustrated by the classical experiment in which a tall cylindrical vessel has
its lower part filled with iodine solution, for example, and a column of clear water
is poured on top, carefully and slowly, so that no convection currents are set up.
At first the coloured part is separated from the clear by a sharp, well-defined
boundary. Later it is found that the upper part becomes coloured, the colour
getting fainter towards the top, while the lower part becomes correspondingly
less intensely coloured. After sufficient time the whole solution appears uniformly
coloured. There is evidently therefore a transfer of iodine molecules from the
lower to the upper part of the vessel taking place in the absence of convection

currents. The iodine is said to have diffused into the water [1, 2].
2.1.1 The theoretical basis of Diffusion

Atoms and molecules are constantly in motion. Each atom or molecule
undergoes many collisions with others in the gas or liquid in a very short period

of time. Because of this, the atom or molecule appears to move in a somewhat



random fashion, as illustrated in figure 1. This motion is often referred to as a

random walk. [17]

If it were possible to watch individual molecules of iodine when it diffused into
water, it would be found that the motion of each molecule is a random one. In a
dilute solution each molecule of iodine behaves independently of the others,
which it seldom meets, and each is constantly undergoing collision with solvent
molecules, as a result of which collisions it moves sometimes towards a region of
higher, sometimes of lower, concentration, having no preferred direction of
motion towards one or the other. The motion of a single molecule can be
described in terms of the familiar 'random walk' picture, and whilst it is possible to
calculate the mean-square distance traveled in a given interval of time it is not

possible to say in what direction a given molecule will move in that time.

This picture of random molecular motions, in which no molecule has a preferred
direction of motion, has to be reconciled with the fact that a transfer of iodine
molecules from the region of higher to that of lower concentration is nevertheless
observed. Consider any horizontal section in the solution and two thin, equal,
elements of volume one just below and one just above the section. Though it is
not possible to say which way any particular iodine molecule will move in a given
interval of time, it can be said that on the average a definite fraction of the
molecules in the lower element of volume will cross the section from below, and
the same fraction of molecules in the upper element will cross the section from
above, in a given time. Thus, simply because there are more iodine molecules in
the lower element than in the upper one, there is a net transfer from the lower to

the upper side of the section as a result of random molecular motions [1].



Figure 1 The motion of an atom or molecule in solution appears to be a random walk.

2.1.2 Basic hypothesis of mathematical theory of Diffusion

Fick's was the first to put diffusion on a quantitative basis by adopting the
mathematical equation of heat conduction derived some years earlier by Fourier
(1822). The mathematical theory of diffusion in isotropic substances is therefore
based on the hypothesis that the rate of transfer of diffusing substance through
unit area of a section is proportional to the concentration gradient measured
normal to the section, i.e.

FoD O (1)

OX

Where F is the rate of transfer per unit area of section, C the concentration of
diffusing substance, x the space coordinate measured normal to the section,
and D is called the diffusion coefficient. In some cases, e.g. diffusion in dilute
solutions, D can reasonably be taken as constant, while in others, e.g. diffusion
in high polymers, it depends very markedly on concentration. If F , the amount of
material diffusing, and C, the concentration, are both expressed in terms of the
same unit of quantity, e.g. gram or gram molecules, then it is clear from equation
(1) that D is independent of this unit and has dimensions (length)?(time)”,

e.g. cm? s, The negative sign in equation (1) arises because diffusion occurs in

the direction opposite to that of increasing concentration.



It must be emphasized that the statement expressed mathematically by (1) is in
general consistent only for an isotropic medium, whose structure and diffusion
properties in the neighborhood of any point are the same relative to all directions.
Because of this symmetry, the flow of diffusing substance at any point is along
the normal to the surface of constant concentration through the point. In figure 2
it is clearly shown that in an anisotropic medium the diffusion properties depend

on the direction in which they are measured [1].

2.1.3 Differential equation of diffusion

The fundamental differential equation of diffusion in an isotropic medium is
derived from equation (1) as follows. Consider an element of volume in the form
of a rectangular parallelepiped whose sides are parallel to the axes of

coordinates and are of lengths 2dx, 2dy, 2dz. Let the centre of the element be
at P(x,y,z), where the concentration of diffusing substance is C. Let ABCD and

AB'C'D’ be the faces perpendicular to the axis of x as in figure 1. Then the rate
at which diffusing substance enters the element through the face ABCD in the

plane x—dx is given by:

4dydz£|:X _ %, de ............................................ (2)
OX

Where F, is the rate of transfer through unit area of the corresponding plane

through P. Similarly the rate of loss of diffusing substance through the face

ABC D is given by:

4dydzLFX + oF, de ................................................ (3)
OX
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2dz_= =4
D g™ D’
BF, i - OF,
4dydz (F, — === clx)2dJ% B B,4dydz (F+ 55 dx)
A‘ =g — = A’
Figure 2 Element of Volume[1]
The contribution to the rate of increase of diffusing substance in the element
from these two faces is thus equal to
—8dxdydz oF,
OX
Similarly from the other faces we obtain
oF
—8dxdydz —~ and — 8dxdydz oz
oy oz
But the rate at which the amount of diffusing substance in the element
increases is also given by
oC
Baxdydz — 4
ydz — (4)
and hence we have immediately
oF
8C+an+ y+an:0 ............................................... (5)

o X oy oz
If the diffusion coefficient is constant, F,,F, ,F, are given by (1), and (5)

x1 1y

becomes



oC 0°C o*C o°%C
— =Dt t
ot OX oy /4
and equation (6) reduced to

oC 0°C
E = D axz ............................................................ (7)

if diffusion is one-dimensional i.e. if there is a gradient of concentration only

along the x-axis. Equations (1) and (7) are usually referred to as Fick's first and
second laws of diffusion, since they were first formulated by Fick (1855) by direct

analogy with the equations of heat conduction [1].
2.1.4 The Empirical laws of Diffusion

The phenomenological description of diffusion is embodied in Fick’s two laws,

which are empirical statements that relate the diffusive flow of matter to
concentration gradients. To illustrate these laws, consider a single-phase dilute
binary alloy in which the constituents are inhomogeneously distributed and let C
be the concentration of the minor constituent. The concentration is function of

position and time and the concentration gradient induces a flow of matter [2, 18].
2.1.4.1 Fick’s First law

Fick’s First law states that “the flux of the diffusing species in a given direction
has a magnitude proportional to the concentration gradient in that direction”.

That is if J, the flux along the x, axis, then

oC
‘]1 =—D187 .................................................... (8)
1

Where: D, is the proportionality factor called diffusion coefficient. The negative

sign expresses the fact that diffusion occurs from the region of high concentration

to region of law concentration [10].

10



If x,,X,,X;and i,li,,l;are the points in a cartesian coordinate system and unit

vectors respectively then we would expect that an equation similar to equation
(8) hold for each of the three directions along the coordinate axis. For isotropic
systems such as gases and liquids, this turns out to be the case. Further more
for such systems the diffusing coefficient is experimentally found to be the same
in all directions. In nonhomogeneous systems, however it is not the same in all
directions. Also the flux in a one direction can depend on the flux in other

directions [19].

These results can be described by a generalized Fick’s first law, as follow

oC oC oC
‘]1 = D11 P — LY — i3
X, OX, OX,
oC oC oC
R D T I e D J 9
2 21 8X1 22 8X2 23 8X3 (9)
‘]3 = D31 oc - D32 oc - D33 oc
OX, OX, OX,

Equations 9 can be written in a compact form by defining the vector J and the

diffusion constant D as:

J=Ji, + J,I, + I, (10)
D = D,,i,i, + D,i,i, + Dygiyis + D, iy, + Doi,i, + Dogi,iy + Dyjighy + Dyyigi, + Dagigiy |

Therefore the generalized Fick’s first law can be written as:

2.1.4.2 Fick’s Second law

Fick’'s Second law states that “the time rate of change of concentration in volume
element of membrane with in the differential filed is proportional to the rate of
change of flux gradient at that point in the filed” i.e.

§+V~J=O ......................................................... (12)
ot



This is just an expression of law of conservation of matter and states that any
change in concentration in a volume element is the result of the difference in
matter flow in and out of the volume element [10,18]. Combining equations (11)

and (12) gives a generalized form of Fick’s second law:

In isotropic and cubic systems this takes a particularly simple form since

D, =D, =D, =D[16, 20]. If Dis a constant independent of position and time the

simplification is even greater and Fick’s second law becomes

O 2 e (14)

ot

2.2 Diffusion Coefficient

The diffusion coefficient D has units of m?s™ and provides a measure of the
number of molecules moving through a particular cross sectional area per unit of
time. Experimental measurements of typical diffusion coefficients in water at

300K vyield values in the range of 10° m?s™" [17].

2.2.1 Relation of Diffusion Coefficient to Mean Free Path

The average distance that an atom or molecule travels between collisions is
called its mean free path. The mean free path depends upon the size of the atom
or molecule. For a typical small molecule such as O3 in the gas phase, the mean
free path at 300K is about 80nm. Combining this with an average speed of
400m/s, on average the time between collisions for a small molecule is about

2x107%s, or 200PS . Looking at this in another way, a typical small molecule

undergoes about 5x10° collisions per second in the gas phase.

As a molecule undergoes this seemingly random motion, induced by collisions
with other molecules, it migrates through the solution. If there was initially a

larger proportion of molecules of a particular type in one region of the solution

12



(e.g., a drop of ink in a container of water), then over time the molecules will
spread out and become evenly distributed throughout the solution: this is the
process of diffusion. The diffusion of molecules throughout a solution is in accord
with the second law of thermodynamics that states that the entropy change for a

closed system must be positive (tending toward more randomness).

For an initial concentration gradient in a gas or liquid solution, the rate at which
the molecules spread out is proportional to the difference in the concentration

gradient (or curvature)[17].

Diffusion Rate = D x Concentration Curvature
Where D is diffusion coefficient gradient in (length)?(time) ™.
The diffusion coefficient is related to the mean free path that a molecule travels
via the Einstein-Smoluchowski equation

ﬂ/Z
T2

In Equation (15), 1 is the mean free path and ris the average time between

D

collisions. Assuming that the average time between collisions can be calculated
from the average speed and the mean free path, the time between collisions can

be expressed as

Where v, is the average speed. Substituting this relation into the Einstein-

Smoluchowski equation gives

1
D==Av
5 (17)

AVE  rrrsssssssassssssassssssasassssssssasasasaaaas

Using the gas phase values of 80 nm for the mean free path and 400 m/s as the
average speed, the predicted diffusion coefficient for a small molecule in the gas
phase is much larger than the typical liquid phase diffusion coefficient. This is

because, with fewer collisions in the gas phase, a molecule can move further

13



away from its starting point in a shorter period of time. The higher frequency of

collisions in the liquid phase leads to slower diffusion [29].

2.2.2 Relation of Diffusion Coefficient to Viscosity

In the liquid phase, diffusion can be related to a measurable property known as
viscosity. Viscosity is a measure of the resistance of a fluid to flow. A liquid such
as water that flows easily has a relatively low viscosity, while a liquid such as
syrup that is very thick and flows more slowly has a high viscosity. More

specifically, the viscosity n of a liquid is a quantitative measure of the liquid’s
ability to transport momentum. The units of viscosity are Poise (P), typical

viscosities are in the range of 10 P for gases and 107 P for liquids.

The relation between viscosity and the diffusion coefficient is given by the
Einstein-Stokes equation,

D = e, (18)

67zr 17

Where K is the Boltzmann constant, T is temperature, and r is the radius of the
molecule. Note that Equation (18) was derived assuming that the molecule was
roughly spherical in shape. Qualitatively, the Einstein-Stokes equation shows that
the viscosity and diffusion coefficient are inversely related. This makes sense
when considering a molecule with a high viscosity flows slowly and thus would be

expected to diffuse slowly [17].

2.2.3 The Statistical Model of Diffusion — Random Walks
(one dimensional case)

Random numbers can be used in simulations of deterministic processes
involving many (10?%) particles. Processes such as diffusion, in which a single
particle moves through a solution containing a huge number of other particles,
can be modeled. The other particles in the solution affect the dynamics of the

particle of interest through interactions and collisions. Though in principle it would

14



be theoretically possible to write down the equations of motion for all the particles
in the system, in practice this is not feasible. Therefore, the effects of the other
particles in the solution upon the particle of interest can be modeled by assuming

random motion.

The simplest example of this type of modeling is called a one-dimensional
random walk. In this simulation, a random number between 0 and 1 is selected
for each step. If the random number selected is less than 1/2, the walker takes a
step of —1. If the random number selected is greater than or equal to 1/2, the

walker takes a step of +1. The distance of the walker from the origin is monitored.

Two simulations illustrating the one-dimensional random walk are shown in figure

3. Each simulation was carried out for 1000 steps[21].

10 Random walk in one dimension
I I T I

20 F %0 4

'30 L | L
0 20 40 60 80 100
'step number

Figure 3 Random walk in one dimension(two different trials)[21].
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The diffusional motion of a random walk simulation can be observed by
calculating the average squared distance from the origin,(x*). To do this, many
individual random walk simulations are carried out, and the average is taken over
many individual random walkers. Results for (x*) versus time for a random walk

in one dimension are shown in figure 4 below[21].

100 Ililandom \:valk in onle d|mens'|on

8ol  <X2> versus time P

60 o _

20 ) 1

0 20 40 60 éo 100
step number (= time )

Figure 4 (x*) versus step numbers(time) for random walk in one dimension[21].

The results presented in figure 4 illustrate that diffusional behavior is observed.

That is, the system follows the equation

Where D is the diffusion coefficient and t is time ( proportional to the number of
steps ) [21].
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CHAPTER -3
3. MOIRE FRINGES AND DEFELECTOMETRY

3.1 Basic Physical Optics

3.1.1 Interference

Optical interference corresponds to the interaction of two or more light waves
yielding a resultant irradiance that deviates from the sum of the component
irradiances [22]. Figure 5 shows the general setup for producing interference with
coherent light from two slits S and S,. The source Sy is a monochromatic point
source of light whose spherical wave fronts (circular in the drawing) fall on the
two slits to create secondary sources S1 and S,. Spherical waves radiating out
from the two secondary sources S1 and S; maintain a fixed phase relationship
with each other as they spread out and overlap on the screen, to produce a
series of alternate bright and dark regions. The alternate regions of bright and

dark are referred to as interference fringes [23].

Figure 5 Young’s double-slit interference experiment showing[23].
(a) General setup and (b) Typical interference fringes
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With the help of the principle of superposition, it is possible to calculate the
positions of the alternate maxima (bright regions) and minima (dark regions)
shown in figure 5 using the following conditions on figure 6 shown below:
(a) Light from slits S and S; is coherent; that is, there exists a fixed phase
relationship between the waves from the two sources.

(b) Light from slits Sqand S; is of the same wavelength.

Plane
Waves
So ?} » X
05 ©
g S| A=s,Q
Collimated
Monochromatic
Light < S >

Screen

Figure 6 Young’s double-slit interference experiment showing. Source Sy is generally a
small hole or narrow slit; sources S; and S, are generally long, narrow slits
perpendicular to the page[23].

In figure 6 light waves from S1 and S; spread out and overlap at an arbitrary point
P on the screen. If the overlapping waves are in phase, we expect a bright spot
at P; if they are out of phase, we expect a dark spot. So the phase difference
between the two waves arriving at point P is a key factor in determining what
happens there. We shall express the phase difference in terms of the path

difference, which we can relate to the wavelength 1.

For clarity, figure 6 is not drawn to scale. It will be helpful in viewing the drawing

to know that, in practice, the distance s from the slits to the screen is about one
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meter, the distance a between slits is less than a millimeter, so that the angle 6
in triangle S1S2Q, or triangle OPQO’, is quite small. And on top of all this, the

wavelength of light is a fraction of a micrometer.

The path difference A between S4P and S,P, as seen in figure 6 is given by

equation (20), since the distances PS4 and PQ are equal and since sin 6 = % in

triangle S1S,Q.

A=S,P-SP=S,Q=8SIN0  .eeoeieereeeeeeeeeeee oo (20)

If the path difference A is equal to A or some integral multiple of A, the two
waves arrive at P in phase and a bright fringe appears there (constructive
interference). The condition for bright (B) fringes is, then,

Ag =asinfd=mA where m=0+£1+2,..... ...l (21)

The number mis called the order number. The central bright fringe at =0
(point 0’ on the screen) is called the zeroth-order maximum (m=0). The first
maximum on either side, for which m =41, is called the first-order maximum, and

SO on.

If, on the other hand, the path difference at P is an odd multiple of /12, the two

waves arrive out of phase and create a dark fringe (destructive interference). The

condition for dark (D) fringes is given by equation (22).
Ap =asin«9:(m+%J/l where m=0,+1+2,..... ................... (22)

Since the angle 6 exists in both triangles S$1S,Q and OPQO’, we can find an

expression for the positions of the bright and dark fringes along the screen.

Because @ is small, as mentioned above, we know that Sin@ =tané, so that for

triangle OPO’ we can write
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sinH;tan@:%s ..................................................... (23)

Combining equation (23) with equations (21) and (22) in turn, by substituting for
sind in each, we obtain expressions for the position Y of bright and dark fringes

on the screen.

A8
Yg = z m where m=0,2142,..... .ooouiieiia e (24)
Y :_(m+ ) where m=0,£L12,..... .ccocevvvvniiiiiiiiieininnn, 25
o=+ ) 4142 (25)

‘How does the brightness (intensity) of the fringes vary as we move, in either
direction, from the central bright fringe (m =0)?" We obtain a satisfactory answer

to this question by representing the two separate electric fields at point P, the

one coming from S; as EleosinLZ_I_—ﬂJt and the one from S,

askE, = Eosinﬁ_—ﬂuéj. The waves are assumed to have the same amplitude

E,. Here § is the phase angle difference between the two waves arriving at P.

The path difference A is related to the phase angle 6 by the relationship

So thatif A=4, §=2x rad =360° , if A:ﬁvz, 5 =7 rad =180°, and so on.
Then, by using the principle of superposition, we can add the two electric fields at
point P to obtain E. =E, +E,. (Carrying out this step involves some

trigonometry, the details of which can be found in most optics texts.) Since the

intensity | of the light goes as the square of the electric field E, we square E.

and average the result over one cycle of wave oscillation at P, obtaining, finally,

an expression for the average intensity, 1 ,, .



Here o is the critical phase angle difference at point P. For all points P for which
6=02r47, and so on, corresponding to A=0,1,24, etc., cos’ g =1 and
I =1,, the maximum possible “brightness.” At these points, bright fringes form.

_ i _1/ 34/ 51 20 _
For 6 = n,37,57, and so on, corresponding to A_A, A A etc. cos 5 =0

and dark fringes form. The maximum intensity I, is equal to(E, + E,)* or4g? ,
since each wave has amplitude E,. Further, from equations (26) and (20), we
see that

27 2T .
0=—A=—asing
1 1 (28)

So that the phase angle §is connected clearly through the angle ¢ to different
points P on the screen. Going one step further, replacing siné by % in

equation (28), we have the connection between & and any position yon the

screen, such that:

With equation (29) and 1, =4E; , we can rewrite equation (27) in a form that

relates|,, directly to a position Y on the screen [24].

Where: 1,, = intensity of light along screen at position y
E, = amplitude of light wave from S or S;

s = distance from the plane of the double slit to the screen

a = slit separation

A = wavelength of monochromatic light

y = distance above (or below) central bright fringe on the screen
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3.1.2 Diffraction

The ability of light to bend around corners, a consequence of the wave nature of
light, is fundamental to both interference and diffraction. Diffraction is simply any
deviation from geometrical optics resulting from the obstruction of a wave front of
light by some obstacle or some opening. Diffraction occurs when light waves
pass through small openings, around obstacles, or by sharp edges. Several
common diffraction patterns for He-Ne laser light are shown in figure 7 below
[23].

Figure 7 A typical diffraction pattern showing, light wave[23].
(a) Passing through a circular pinhole
(b) Passing through a narrow (vertical) slit and
(c) A typical pattern for diffraction by a sharp edge.

3.1.3 Diffraction Grating

An aperture with thousands of adjacent slits, is called transmission diffraction
grating. The width of a single slit the opening is given by d, and the distance

between slit centers is given by | (see figure 8). For clarity, only a few of the
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thousands of slits normally present in a grating are shown. Note that the
spreading of light occurs always in a direction perpendicular to the direction of
the long edge of the slit opening that is, since the long edge of the slit opening is

vertical in figure 8 the spreading is in the horizontal direction along the screen.

2nd Order
(p=-2)
1st Order

Zeroth Order
‘ (p=0)

1st Order//

normal

Figure 8 Diffraction of light through a grating[23].

The resulting diffraction pattern is a series of sharply defined, widely spaced
fringes, as shown. The central fringe, on the symmetry axis, is called the zeroth-
order fringe. The successive fringes on either side are called 1% order, 2" order,
etc., respectively. They are numbered according to their positions relative to the

central fringe, as denoted by the letter p .

The intensity pattern on the screen is a superposition of the diffraction effects
from each slit as well as the interference effects of the light from all the adjacent
slits. The combined effect is to cause overall cancellation of light over most of the
screen with marked enhancement over only limited regions, as shown in figure 8.
The location of the bright fringes is given by the following expression, called the

grating equation, assuming that Fraunhofer conditions hold [23].

I(sina+sin0p)= PA where p=04142...  ...ceene, (31)
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Where | = distance between slit centers
a = angle of incidence of light measured with respect to the normal to the
grating surface
6, = angle locating the p""-order fringe

p = an integer taking on values of 0,+1,+2,.... , etc.
A = wavelength of light

Note that, if the light is incident on the grating along the grating normal (« =0),
the grating equation, equation (31), reduces to the more common form shown in
equation (32).

I(sin Hp)z DA e (32)

If, for example, you shine a He-Ne laser beam perpendicularly onto the surface
of a transmission grating, you will see a series of brilliant red dots, spread out as
shown in figure.8. A complete calculation would show that less light falls on each
successively distant red dot or fringe, the p=0 or central fringe being always
the brightest. Nevertheless, the location of each bright spot, or fringe, is given
accurately by equation (31) for either normal incidence (a =0) or oblique
incidence («a =#0). If light containing a mixture of wavelengths (white light, for
example) is directed onto the transmission grating, equation (31), holds for each
component color or wavelength. So each color will be spread out on the screen
according to equation (31), with the longer wavelengths (red) spreading out

farther than the shorter wavelengths (blue). In any case, the central fringe (p=0)

always remains the same color as the incident beam, since all wavelengths in

the p=0 fringe have &,, hence all overlap to re-form the “original” beam and

therefore the original “color’[23].

3.2 What is Moiré?

The term “Moiré” is not the name of a person; in fact, it is a French word referring
to “an wavy finish usually produced on a fabric by pressing between engraved
rollers” (Webster's 1981). In optics it refers to a beat pattern produced between

two gratings of approximately equal spacing. It can be seen in everyday things
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such as the overlapping of two window screens, the rescreening of a half-tone
picture, or with a striped shirt seen on television. The use of moiré for reduced
sensitivity testing was introduced by Lord Rayleigh in 1874. Lord Rayleigh looked
at the moiré between two identical gratings to determine their quality even though

each individual grating could not be resolved under a microscope.

Moiré patterns are extremely useful to help understand basic interferometry and
interferometric test results. Figure 9 shows the moiré pattern (or beat pattern)
produced by two identical straight-line gratings rotated by a small angle relative
to each other. A dark fringe is produced where the dark lines are out of step one-
half period, and a bright fringe is produced where the dark lines for one grating
fall on top of the corresponding dark lines for the second grating. If the angle
between the two gratings is increased, the separation between the bright and

dark fringes decreases[24].

Figure 9 Moiré between two straight-line gratings of the same pitch at an angle a with
respect to one another.

If the gratings are not identical straight-line gratings, the moiré pattern (bright and
dark fringes) will not be straight equi-spaced fringes. The following analysis
shows how to calculate the moiré pattern for arbitrary gratings. Let the intensity

transmission function for two gratings f,(x,y) and f,(x,y) be given by
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f(xy)=a, + ibln cos[ng, (x, y)],

e, (33)
fo(x,y)=a,+ Z{bzm cos[mg, (X, y)]
Where ¢(x,y) is the function describing the basic shape of the grating lines.
For the fundamental frequency, at the center of each bright line
DK Y) =27 i (34)
and at the center of each dark line
DOGY) =278(N4 1) e (35)

The b coefficients determine the profile of the grating lines (i.e., square wave,

triangular, sinusoidal, etc.) For a sinusoidal line profile, b, is the only nonzero

term. When these two gratings are superimposed, the resulting intensity

transmission function is given by the product

Q0GY) (X0 Y) = 2, + 2 Y by, os[me, ()] + 8, 3By, cosngi (x, Y)]

+3° 3 b,b,,, cOSING (X, YIICOSIM, (X, )] ---vvvo (36)

m=1 n=1
The first three terms of equation (36) provide information that can be determined
by looking at the two patterns separately. The last term is the interesting one,

and can be rewritten as:

o0

> 3by,ba, cosINg (x, y)lcosime, (x, )] =

m=1 n=1

2 Bb,, COS[A, (X, ¥) — s (X, V)]

+ 130 Sbub,, coslnA(x, ) - M, O y)lin=m =1
+ %i iblnb2rn cos[Ng, (X, Y) — Mgh, (X, Y)X srererreenens (37)

This expression shows that by superimposing the two gratings, the sum and
difference between the two gratings is obtained. The first term of equation (37)
represents the difference between the fundamental pattern masking up the two

gratings. It can be used to predict the moiré pattern shown in figure 9. Assuming
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that two gratings are oriented with an angle 2« between them with the y —axis
of the coordinate system bisecting this angle, the two grating functions ¢,(x,y)

and ¢,(x,y) can be written as:

¢ (X, Y) :il—”(xcoww ysina)

AC) =i—ﬂ(XCOSa— ysina)
2
where A, and 4, are the line spacings of the two gratings and equation (38) can
be rewritten as

27

¢1(X, y) - ¢2 (X, y) =

xc03a+47”ysina ....................................... (39)

eat
Where 1 is the average line spacing, 4., and is the beat wavelength between

the two gratings given by

_ A
Aot = T (40)

Using equation (37), the moiré or beat will be lines whose centers satisfy the

equation
G Y) =B (X Y)=M27 (41)

Three separate cases for moiré fringes can be considered. When 4, =4, =4,

the first term of equation (39) is zero, and the fringe centers are given by
MA = 2YSING e (42)

Where M is an integer corresponding to the fringe order. As was expected,
equation (42) is the equation of equi-spaced horizontal lines as seen in figure 9
The other simple case occurs when the gratings are parallel to each other with
a =0. This makes the second term of equation (39) vanish. The moiré will then

be lines that satisfy

These fringes are equally spaced, vertical lines parallel to the y axis. For the
more general case where the two gratings have different line spacings and the

angle between the gratings is nonzero, the equation for the moiré fringes will
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now be
M A =XCOSA+2YSING v, (44)

This is the equation of straight lines whose spacing and orientation is dependent
on the relative difference between the two grating spacings and the angle

between the gratings. Figure 10 shows moiré patterns for these three cases.

Figure 10 Moiré patterms caused by two straight-line gratings with;
(A) The same pitch tilted with respect to one another,
(B) Different frequencies and no tilt, and
(C) Different frequencies tilted with respect to one another.

The orientation and spacing of the moiré fringes for the general case can be
determined from the geometry shown in figure 11(Chiang, 1983). The distance

AB can be written in terms of the two grating spacings;

AB = — A : S (45)
sin(@—a) sin(@+a)

Where 6 is the angle the moiré fringes make with the y axis.

After rearranging, the fringe orientation angle @ is given by

tand = tan aLMJ ..................................................... (46)
Ay =4

2
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When a=0and 4 #4,,0290° and when A4, =4, with a=0,0=90° as
expected. The fringe spacing perpendicular to the fringe lines can be found by
equating quantities for the distance DE;

_E B ﬂ’l B C
sin2a  sin(@+a)

Where C is the fringe spacing or contour interval. This can be rearranged to yield

c :z{w J ..................................................... (48)

sin 2«

Figure 11 Geometry used to determine spacing and angle of moiré fringes between two
gratings of different frequencies tilted with respect to one another[24].

By substituting for the fringe orientation &, the fringe spacing can be found in
terms of the grating spacings and angle between the gratings;

C= ﬂlﬂ“Z
JA2sin? 20+ (4, c0s 2 — A,)?

In the limit that « =0 and A, # 4,, the fringe spacing equals 4,,,, and in the limit
that 4, =1, =1 and a #0, the fringe spacing equals 1/(2sin«). It is possible to
29



determine 4, and o from the measured fringe spacing and orientation as long

as /4, is known (Chiang 1983) [24].

3.3 Fringe Projection

Fringe projection entails projecting a fringe pattern or grating on an object and
viewing it from a different direction. The first use of fringe projection for
determining surface topography was presented by Rowe and Welford in 1967. It
is a convenient technique for contouring objects that are too coarse to be
measured with standard interferometry. Fringe projection is related to optical
triangulation using a single point of light and light sectioning where a single line is
projected onto an object and viewed in a different direction to determine the

surface contour.

Moiré and fringe projection interferometry complement conventional holographic
interferometry, especially for testing optics to be used at long wavelengths.
Although two-wavelength holography (TWH) can be used to contour surfaces at
any longer-than-visible wavelength, visible interferometric environmental
conditions are required. Moiré and fringe projection interferometry can contour
surfaces at any wavelength longer than 10-100um with reduced environmental

requirements and no intermediate photographic recording setup.

A simple approach for contouring is to project interference fringes or a grating
onto an object and then view from another direction. Figure 12 shows the optical
setup for this measurement. Assuming a collimated illumination beam and
viewing the fringes with a telecentric optical system, straight equally spaced
fringes are incident on the object, producing equally spaced contour intervals.
The departure of a viewed fringe from a straight line shows the departure of the

surface from a plane reference surface.
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Figure 12 Projection of fringes or grating onto object and viewed at an angle . P is the
grating pitch or fringe spacing and C is the contour interval[24].

When the fringes are viewed at an angle « relative to the projection direction,

the spacing of the lines perpendicular to the viewing direction will be

The contour interval C (the height between adjacent contour lines in the viewing
direction) is determined by the line or fringe spacing projected onto the surface
and the angle between the projection and viewing directions;

Co (51)
Sina tana

These contour lines are planes of equal height, and the sensitivity of the
measurement is determined by «. The larger the angle «, the smaller the
contour interval. If «=90°, then the contour interval is equal top, and the
sensitivity is a maximum. The reference plane will be parallel to the direction of
the fringes and perpendicular to the viewing direction as shown in figure 13. Even
though the maximum sensitivity can be obtained at 90°, this angle between the

projection and viewing directions will produce a lot of unacceptable shadows on
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the object. These shadows will lead to areas with missing data where the object
cannot be contoured. When « =0, the contour interval is infinite, and the
measurement sensitivity is zero. To provide the best results, an angle no larger

than the largest slope on the surface should be chosen.

Figure 13 Maximum sensitivity for fringe projection with a 90° angle between projection
and viewing[24].

When interference fringes are projected onto a surface rather than using a
grating, the fringe spacing P is determined by the geometry shown in figure 14

and is given by

P= _l
25InAQ
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2A6

Figure 14 Fringes produced by two interfering beams[24].

Where 1 is the wavelength of illumination and 2A6 is the angle between the two
interfering beams. Substituting the expression for P into equation (51), the
contour interval becomes

3 A
2(sinAf)sinx

If a simple interferometer such as a Twyman-Green is used to generate projected
interference fringes, tilting one beam with respect to the other will change the
contour interval. The larger the angle between the two beams, the smaller the

contour interval will be [24].

3.4 Shadow Moiré

A simple method of moiré interferometry for contouring objects uses a single
grating placed in front of the object as shown in Figure 15. The grating in front of
the object produces a shadow on the object that is viewed from a different

direction through the grating. A low-frequency beat or moiré pattern is seen.
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Figure 15 Geometry for shadow moiré with illumination and viewing at infinity, i.e.
parallel illumination and viewing[24].

This pattern is due to the interference between the grating shadows on the object
and the grating as viewed. Assuming that the illumination is collimated and that
the object is viewed at infinity or through a telecentric optical system, the height
Z between the grating and the object point can be determined from the geometry

shown in Figure 15. This height is given by

Z= _ Ne

tana +tan g

Where « is the illumination angle, g is the viewing angle, p is the spacing of
the grating lines, and N is the number of grating lines between the points A and

B (see Figure 15). The contour interval in a direction perpendicular to the grating

will simply be given by

Ce— P (55)
tana +tan g

Again, the distance between the moiré fringes in the beat pattern depends on the
angle between the illumination and viewing directions. The larger the angle, the

smaller the contour interval. If the high frequencies due to the original grating are
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filtered out, then only the moiré interference term is seen. The reference plane
will be parallel to the grating. Note that this reference plane is tilted with respect
to the reference plane obtained when fringes are projected onto the subiject.
Essentially, the shadow moiré technique provides a way of removing the “tilt”
term and repositioning the reference plane. The contour interval for shadow
moiré is the same as that calculated for projected fringe contouring (equation 51)

when one of the angles is zero with d = p.

Most of the time, it is difficult to illuminate an entire object with a collimated
beam. Therefore, it is important to consider the case of finite illumination and
viewing distances. It is possible to derive this for a very general case (Meadows

et al. 1970; Takasaki 1970; Bell 1985); however, for simplicity, only the case
where the illumination and viewing positions are the same distance from the
grating will be considered. Figure 16 shows a geometry where the distance
between the illumination source and the viewing camera is given by w, and the
distance between these and the grating is | . The grating is assumed to be close
enough to the object surface so that diffraction effects are negligible in this case

the height between the object and the grating is given by
L= Np
tan al + tan ﬁ‘ ..........................................
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Figure 16 Geometry for shadow moiré with illumination and viewing at finite distances
[24].

Where o and are the illumination and viewing angles at the object surface.
These angles change for every point on the surface and are different from « and
S in figure 16, where a and b are the illumination and viewing angles at the

grating (reference) surface. The surface height can also be written as (Meadows
et al. 1970; Takasaki 1973; Chiang 1983)

Np(l+2) _ Npl

z=NC(2) = " w_lp

This equation indicates that the height is a complex function depending on the
position of each object point. Thus, the distance between contour intervals is
dependent on the height of the surface and the number of fringes between the
grating and the object. Individual contour lines will no longer be planes of equal
height. They are now surfaces of equal height. The expression for height can be

simplified by considering the case where the distance to the source and viewer is
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large compared to the surface height variations | >>z. Then the surface height

can be expressed as

Npl Np
w tan o + tan B

7 =

Even though the angles « and g vary from point-to-point on the surface, the
sum of their tangents remains equal to w/I for all object points aslongas | >>z.

The contour interval will be constant in this regime and will be the same as that
given by equation (55). Because of the finite distances, there is also distortion
due to the viewing perspective. A point on the surface Q will appear to be at the
location Q" when viewed through the grating. By similar triangles, the distances x
and x’ from a line perpendicular to the grating intersecting the camera location
can be related using
X X

o T e 59

z+1 I (59)
Where x and x are defined in figure 16. Equation (59) can be rearranged to
yield the actual coordinate x in terms of the measured coordinate x and the

measurement geometry,

X = X'(1+ IEJ ..................................................... (60)
Likewise, the y coordinate can be corrected using
. VA
y=y|1l+ T ) (61)

This enables the measured surface to be mapped to the actual surface to correct
for the viewing perspective. These same correction factors can be applied to

fringe projection [24].
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3.5 Projection Moiré

Moiré interferometry can also be implemented by projecting interference fringes
or a grating onto an object and then viewing through a second grating in front of
the viewer (see figure 17). The difference between projection and shadow moiré
is that two different gratings are used in projection moiré. The orientation of the
reference plane can be arbitrarily changed by using different grating pitches to

view the object. The contour interval is again given by equation (55),

d
tana +tan B

Where d is the period of the grating in the y plane, as long as the grating pitches
are matched to have the same value of d . This implementation makes projection
moiré the same as shadow moiré, although projection moiré can be much more
complicated than shadow moiré. A good theoretical treatment of projection moiré
is given by Benoit et al. (1975) [24].

Figure 17 Projection moiré where fringes or a grating are projected onto a surface
and viewed through a second grating[24].

38



3.6 Moiré Defelectometry

Moiré deflectometry (MD) is a simple optical testing technique for phase objects
and specular surfaces based on the moiré effect. The method provides a light ray
deflection mapping caused by a phase object or reflection in a surface. From this
information the refractive index region or surface quality is obtained. The MD
could be more attractive than interferometric techniques because a great
mechanical stability is not required and its alignment is easier. Interferometry is
also limited by the source's temporal coherence, which has a narrow spectral
width; while MD requires mainly a high spatial coherence so a well collimated
light beam is necessary. For optical materials, direct birefringence measurements
have been reported using MD. In microscopy, MD has been used for phase
objects detection. Moiré deflectometry also has been used to find temperature
distribution in flames and for mapping hot objects. A typical moiré deflectometer

consists of two identical Ronchi gratings (G1,G2) of period p separated distance

A and illuminated by a collimated He-Ne laser beam as shown below [6,25,26].

Figure 18 The experimental set-up for measuring diffusion coefficient in transparent
liquid mixtures by using the Moiré deflectometry technique[6].
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3. 6.1 Moiré Defelectometry and index of refraction

As explained above a conventional moiré deflectometer consists of two identical
Ronchi gratings, a collimated light source, and a diffusing screen attached to the
output grating. A schematic of the system is shown in figure 19. The gratings are
shown separated by a distance A , and their lines are rotated relative to each
other by a small angle 8. When a collimated light beam passes through the
gratings, a moiré pattern is produced on the screen. The pattern consists of
straight fringes perpendicular to the original grating lines, separated by a

distance of p'.

S (63)

“2sing) 2) 6

Where p is the pitch of the gratings.

Figure 19 A moiré pattern, formed by superimposing two sets of parallel lines, one set
rotated by an angle @ with respect to the other[25].

The moiré effect for a small grating-separation distance can be explained by pure
geometrical optics. However, when the grating separation increases, diffraction
introduces undesired effects that limit the performance of the system. To
minimize these effects, the distance A between the gratings must be exactly

one of the Fourier image planes of the gratings, namely
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the fringes will vanish completely. In equations (64) and (65), A is the

wavelength of the collimated light beam.

If the collimated light is refracted by a phase object before entering the
deflectometer, the original straight parallel moiré fringes will be distorted. ¢, (r),
the angle of refraction in the x - direction at a point r = x, y, is related to the fringe
shift oh, (r) in the y - direction by:

gen, (r) P, (r)

g () =— e (66)

By measuring ¢h (r), ¢,(r) can be calculated. In turn, the x component of the

index-of-refraction gradient may be calculated by using the equation

_ 1 fzoon(r)
¢X(r)_nf . o dz (67)
_ G 9p(n)
or @, (r) = N j T (68)

Where z, and z, are the boundaries of the phase object along the line of sight

and n is the index of refraction, which is related to the density p by
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Where the coefficient G is the Gladstone-Dale constant, a function of the
wavelength 4. For air, at a wavelength of 1=6328A°, G=0.227cm®/g. n, is

the index of refraction of the medium surrounding the object [25].
3.6.2 Moiré Defelectometry and Diffusion Coefficient

In the Moiré Defelectometery experiment the deflected laser beam due to
changes in refractive index in the diffusion cell yields the shifted self-images of
the gratings, and resultant Moiré fringes show a deviation. For an isothermal
mixture, without generation and recombination, the physical problem associated

with the experiment can be formulated mathematically.

For a diffusion column of constant cross section, extended in the x-—direction
and with concentration varying with the position coordinate x only. By
considering the column as a semi-infinite medium since the diffusion process is
very slow, the boundary condition at the open end of the column does not
influence the solution during the time range of interest. Thus, the diffusion

process can be formulated in terms of a one-dimensional problem [6].

The free diffusion process is governed by Fick’s second law, and for one-

dimensional diffusion along x—axis it is given by [1].

ac(xt) _ 5 a%c(x,t)
ot ox’

Where c(x,t) is the concentration at x at time t , D is the diffusion coefficient,

assumed to be independent of concentration, and x is the direction of diffusion.
Furthermore, if there is a net external force, F (e.g. gravitational force), acting in

the x—direction upon the dissolved molecules and if x4 be the mobility of the

molecules under consideration (i.e. the steady velocity, acquired under the action

of unit force), the steady velocity of these molecules would be Fu, and the
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resulting flux of matter would be c(x,t)Fu Consequently the rate of the

concentration changes would be:

oext)_potelxt)  paelxt) oo (71)
ox

ot ox?

It is even possible to reduce the problem of equation (71) to that of ordinary

diffusion equation (1), by means of the following transformation [20]:

c(x,t):c*(x,t)exp{—%x—ﬂ;';2 tJ ............................... (72)

Where c#(x,t)is a function that satisfies equation (70). Hence there are no

difficulties in treating problems of this type. On the other hand, if the steady

velocity of the dissolved molecules(uF) is very slow, the current due to the

external forces can be neglected and equation (71) reduces to equation (70).

The solution of equation (70), for two binary liquid mixtures initially(t =0)

separated at x =0 with concentrations ¢, andc, is an error function [1, 20]

c,—-C, C,—C X
c(xt)=2—2+ 0 Lerf|l —— | . 73
()= S| (73)
The error function is defined by [27]
erf = ife-tz S (74)
Jr 3

On the other hand, if we consider the solution of equation (71), in equation (73)

X is replaced byx— gt [20]. In this case, the influence of gravity causes a

change in the central diffusion location, that is, another layer as the second

centre of diffusion will form this effect is called baro-diffusion effect [28].
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In a transparent mixture, a change in the concentration produces a change of the
refractive index, which, for small concentration gradients, can be considered a
linear function between refractive index and concentration. Then we can write, for

the refractive index gradient [20].

an(x,t) n,-n, X
= BXD| = | e 75
OX 2~/ Dt P 4Dt (75)

Where n(x,t) is the local refractive index at time t in the diffusion cell, n, the

refractive index of the high concentration solution and n, that of the low

concentration solution. If the refractive index changes, the rays contributing to the
formation of the Moiré fringes pattern will be deflected locally according to

refractive index distribution, accordingly the Moiré fringes will also change.

The incident parallel laser beam, passing through the diffusion cell, bends by
angle go(x,t)zt, depending on the distribution of the refractive index on the cell.
Because the refractive index (concentration) depends on time t and x,
accordingly, the deflection angle also would be time and position dependent. Due
to the deflection of the collimated beam, impinging on the deflectometry system,
the Fourierimage of the first grating shifts on the second grating. For small

bending of light rays, the amount of Fourier image shift would be go(x,t)zt. The

displacement of the Fourier image of the first grating on the second one, cause
the Moiré fringe to shift with respect to the original locations. The amount of
fringe shift, A&(x,t) is given by [10].

Ag(x,t)=%¢(x,t) ............................................. (76)

Where 6 is a small tilt angle between the intersections of the grating lines and z,

is the t" Talbot distance between gratings. The desired information from

diffusion process is contained in ¢(xt)z,. On the other hand, the relation

between the integrated deflection angle and the local refractive index n(x,t), is

given by [18]
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_iﬂan XYzt } Q2 oo (77)
n 0

a y=cont

Where n, is the ambient refractive index and the derivative denotes the lateral

gradient of the refractive index along the x—axis (diffusion direction) and L
represents the thickness of the diffusion cell measured along the propagation
axes (z-—axis). The diffusion process is assumed to occur only along the
x —direction , so the index of refraction along the z—direction remains constant

and equation (77) becomes

go(x,t):ni%);’t) ................................................. (78)

a

Taking into account equation (78), equation (76) can be rewritten as

Z

AE(x ) =2 T (79)

n, 8x

Equation (79) shows that Moiré fringes deformation is proportional to the
refractive index gradient introduced by the diffusion process. By replacing

equation (75) in equation (79), the corresponding local shift of the Moiré fringes

results
z.d n —n x? A x?
AE(x,t) =" —Lexp| - - IR 80
§xt) 0 2Dt Xp{ 4DtJ t Xp{ 4DtJ (80)
Where, for simplicity, A, is defined as
z,d(n, —n,)
20~ 7D

Equation (80) predicts the time evaluations of Moiré fringes along the diffusion
cell. It is shown that at the beginning, at distances far from the boundary layer,
and also for long times, the shift of the fringes vanishes, that is, the concentration

[refractive index becomes uniform along the cell.
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The diffusion coefficient can be obtained from a single Moiré pattern recorded at

time instant t,. For two distances x, and x, >x;, along the diffusion cell, the

local shift of Moiré fringes would be:

A X2 A x2
A =—=exp|———|and A, =—=exp|——2—| .iiiiiiiiiinann.. (81)
T X"{ 4DtoJ " X"[ 4DtoJ
The ratio of two local shifts is
Al X12 _X§
e (o ] 82
d A, xp[ 4Dt, (82)

Then the diffusion coefficient can be defined as

D= X (83)
4t Inn
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CHAPTER 4
4. EXPERIMENTAL TECHNIQUES

4.1 Apparatuses

In carring out this experiment the following apparatuses were used the He-Ne
laser to produce the beam, the diffusion cell (Phase Obiject) (figure 21), Syringes
to fill the solution and water into the diffusion cell, Plastic bottles to keep
different molar solutions of NaCl (figure 20), two Ranchi Gratings to produce
Moiré patterns, the Mercury thermometer to measure the temperature of the
room, a lens to magnify the fringes, Opal screen to observe the fringe pattern,
CCD(Digital camera with 10.1Mega pixel) to take pictures from the Opal screen,
a data cable to connect the digital camera with the computer and PC(laptop

computer) to analyze the data.

Figure 20 Plastic bofttles used to keep different molar solutions of NaCl.
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Figure 21 The diffusion cell (made of two cuvettes).

4.2 Experimental Set-up

The Moiré deflectometry experimental set-up used to measure the diffusion
coefficient of different salt solution in pure water at a temperature of 18°C is as
shown below in figures 22,23 & 24. A 5-mW He—Ne laser beam (wavelength of
632.8 nm) is expanded and collimated. Two similar Ranchi gratings G1 and G2
of 25 lines/mm (with pitch of 0.04mm) are used to construct the Moiré fringe
patterns. The distance between planes of G1 and G2 is chosen as 5mm and itis

known as one of Talbot distances for the gratings used. The Talbot distances are
2
characterized by equation (64) as A, :I%, where pis the periodicity of the

grating, 1 is the wavelength of light and | is an integer. In this work, the Moiré

fringes are formed for Talbot distance of A,_, = 5mm.
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The diffusion cell was made of two cuvettes, Tmm thick, 90mm high and 10mm
wide the longer dimension gives the direction of diffusion. The distance
separating the inside surfaces was 8mm. It is placed in front of the first Grating
and a 5cm convex lens placed beyond the second grating and it is followed by

opal screen and digital camera respectively.

Figure 22 Experimental setup viewing from near the Digital camera.

Figure 23 Experimental setup viewing near from the He-Ne laser source.
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Figure 24 Diagrammatical representation of the experimental set-up.

4.3 Experimental Procedures

The cell was first half-filled with salt solution (heavier solution/higher
concentration of equal volume) from below using a syringe. After allowing for
residual motions to dissipate, the pure water was slowly injected on the upper
part of the diffusion cell; this process took about 10 seconds. Then the He-Ne
laser is released near the interface on the diffusion cell and the fringes produced
by two gratings are magnified using the convex lens placed at the back of second
grating. Finally the Grating patterns, during the evolution of diffusion phenomena,
are captured from the opal screen at different time interval by digital camera and

are stored in the computer.
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CHAPTER 5
5. RESULT AND DISCUSSION

To determine the diffusion coefficient, it was necessary to transform the raw data
(images) in to data sets proportional to the position of fringes and the local shift in
fringes x and A respectively. First the software UN-SCAN-IT was used to assign

(x,A) data points to each pixel in a single image time after time. The (x,A) data

sets were then imported into a spreadsheet and the change in pixels for each x

and A are converted in to millimeters(mm) and put in tables.

According to equation (83), a number of measurements of the diffusion
coefficient can be made from a single Moiré pattern recorded at a desired time

t,. Therefore using equation (82) and (83) the ratio of two local shifts in fringes 7

and the Diffusion Coefficient D respectively for each molar solution of NaCl were

calculated as below.

5.1 Results obtained for 1M NaCl solution

Figure 25 Moiré fringe patterns of 1M NaCl diffusion in pure water that were recorded at different
diffusion times. t, =0 , t, =90min and t, =120min . The deflectometer parameters used

are: p=0.04mm , A_, ~5mm and 6 =0.03rad .
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Table 1 The position of Moiré fringes (X ), the local fringe shift (A ), the ratio of the two
local shifts 77 and the Diffusion Coefficient D for t; =90min and t, =120min

t, X, X, A, A, n D
90min | 2.00mm | 5.00mm | 2.24mm | 1.20mm | 1.87 | 1.55x10° mz/s
120min | 3.50mm | 7.00mm | 3.50mm | 1.50mm | 2.33 | 1.51x10°° mz/s

5.2 Results obtained for 2M NaCl solution

Figure 26 Moiré fringe patterns of 2M NaCl diffusion in pure water that were recorded at different
diffusion times t, =0 t, =135minand t, =165min . The deflectometer parameters used

are: p=0.04mm , A_, ~5mm and 6 =0.03rad .

Table 2 The position of Moiré fringes ( X ), the local fringe shift (A), the ratio of the two
local shifts 77 and the Diffusion Coefficient D for t; =135minand t, =165min

t0 Xl X2 A1 AZ d D
135min | 5.00mm | 9.00mm | 5.95mm | 1.99mm | 2.99 | 158x10° m?/s
165min | 7.00mm | 12.00mm | 9.99mm | 2.25mm | 4.44 | 161x10°m?/s
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5.3 Results obtained for 3M NaCl solution

Figure 27 Moiré fringe patterns of 3M NaCl diffusion in pure water that were recorded at different
diffusion times t, =0, t, =180min and t, = 210min . The deflectometer parameters used

are: p=0.04mm , A_, ~5mm and 6 =0.03rad

Table 3 The position of Moiré fringes ( X ), the local fringe shift (A), the ratio of the two
local shifts 77 and the Diffusion Coefficient D for t, =180min and t, =210min

t, X, X, A, A, n D

180min | 10.00mm | 14.50mm | 14.19mm | 2.75mm | 5.16 1.56><10‘9m2/s

210min | 13.00mm | 15.00mm | 10.45mm | 5.00mm | 2.09 1.51><10‘9m2/s

5.4 Results obtained for 4M NaCl solution

Figure 28 Moiré fringe patterns of 4M NaCl diffusion in pure water that were recorded at different
diffusion timest, =0, t, =225min and t, = 270min . The deflectometer parameters used

are: p=0.04mm, A_, ®5mm and 6 =0.03rad
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Table 4 The position of Moiré fringes (X ), the local fringe shift (A ), the ratio of the two
local shifts 77 and the Diffusion Coefficient D for t, =225min and t, =270 min

t, X, X, A, A, n D
225min | 13.00mm | 16.00mm | 14.43mm | 5.75mm | 2.51 1.75x10°° mz/s
270min | 15.00mm | 17.50mm | 16.52mm | 7.00mm | 2.36 | 1.46x10° mz/s

5.5 Results obtained for 5M NaCl solution

Figure 29 Moiré fringe patterns of 5M NaCl diffusion in pure water that were recorded at different
diffusion times t, =0, t, =300min and t, =315min . The deflectometer parameters used

are: p=0.04mm , A_, ~5mm and 6 =0.03rad

Table 5 The position of Moiré fringes ( X ), the local fringe shift (A), the ratio of the two
local shifts 77 and the Diffusion Coefficient D for t, =300min and t, =315min

t, X, X, A, A, n D
300min | 16.50mm | 18.00mm | 12.40mm | 8.00mm | 1.55 1.64%x107° mz/s
315min | 18.00mm | 20.00mm | 17.10mm | 9.00mm | 1.90 1.57x107° mZ/S
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5.6 Results obtained for 6M NaCl solution

Figure 30 Moiré fringe patterns of 6M NaCl diffusion in pure water that were recorded at different
diffusion times t, =0, t; =345min and t, =360min . The deflectometer parameters used

are: p=0.04dmm , A,_, ~5mm and € = 0.03rad

Table 6 The position of Moiré fringes ( X ), the local fringe shift (A), the ratio of the two
local shifts 7 and the Diffusion Coefficient D for t, =345minand t, =360 min

t, X, X, A, A, n D

345min | 21.00mm | 23.00mm | 19.00mm | 10.00mm | 1.90 1.66><10‘9m2/s

360min | 22.50mm | 25.00mm | 25.94mm | 10.50mm | 2.47 1.52><10‘9m2/s

In this experiment 1M NaCl as a minimum molar solution and 6M NaCl as the
maximum molar solution (which is the saturation point for NaCl) were considered
and it is observed that the time needed for the change in local fringe shift is
different for different molar solutions but the diffusion coefficient D for the

maximum as well as for the minimum solution is nearly similar.

As we can see from table (1-6) the diffusion coefficient obtained for different
molar solution of NaCl in pure water using Moiré defelectometry technique is in
good agreement with the diffusion coefficient obtained by other researchers

using other techniques such as Interferometric measurements by Rodrigo

Riquelm et al[2] they obtained D =1.587x10"° m% and D =1.602x10"° m% and

Phase shifting interferometer by Zhixiong Guo et al[20] they obtained
_ o m?
D =1507x10°M"/".
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CHAPTER 6
CONCULUSION AND RECOMMENDATION

6.1 Conclusion

If we take 0.03mm uncertainty in fringes shift measurements, the uncertainty in
diffusion coefficient measurement would be of the order of +0.05x107° m%
therefore taking the average of the diffusion coefficients D obtained through
tables 1-6 we get D =1.58(+0.05)x10° m% for diffusion of NaCl molecules in

pure water and it is in good agreement with the reported value in literatures [2,
20]. As we have seen for different molar solutions of NaCl the Diffusion

coefficient is nearly similar but the rate of diffusion varies with concentration.
6.2 Recommendation

This research was carried out on equal volume of NaCl solution and pure water
at the same temperature, what happen if the volume or temperature of the

system is different? This is left for other researchers.
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