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Abstract

The theory of anomalous skin effect in layered conductors with quasi-two-
dimensional energy spectrum under high frequency electromagnetic wave propaga-
tion along and perpendicular to the layers is studied in the account of Fermi-liquid
effects in the absence of static magnetic field. The surface impedance, the conduc-
tivity and the skin depth are calculated explicitly for quadratic energy spectrum and
it is observed that the magnitudes differ in different orientations of the sainple rela-
tive to the direction of propagation of the wave. The dependence of these quantities
on the Landau’s correlation function is analyzed and they are compared qualita-

tively with the results in gas approximation theoretical results under the studies of

normal metals.
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Introduction

This thesis is devoted to theoretical analysis of anomalous skin effect in layered con-
ductors which have a quasi-two dimensional energy spectrum of charge carriers.

Metals occupy a rather special position in the study of solids. They are excellent
conductors of heat and electricity. The challenge of accounting for these metallic features
gave the starting impetus to the modern theory of solids.

In order to understand most of the physical propeities of metals, one has to deter-
mine the shape of the Fermi-surface. There is a class of measurable quantities valued
primarily because they contain detailed information about the geometric structure of the
Fermi-surface. Such quantities depend only on universal constants, experimentally con-
trolled variables (such as temperature, frequency, magnetic field strength, crystal orienta-
tion) and information about the electronic band structure that is entirely determined by the
shape of the Fermi-surface.

The importance of determining the Fermi-surface of metals is clear. The shape of the
Fermi-surface is involved in the transport coefficients. Experiments on the Fermi-surface
can be used to provide data for fitting phenomenological parameters which can then be
used to calculate other phenomena. Fermi-surface measurements are of interest also as
a further test of the validity of the one-electron semiclassical theory, since there are now
many independent ways of extracting Fermi-surface information.

Quantities yielding such Fermi-surface information have a place of special impor-

tance in the physics of metals. Their measurement almost always requires single crystals
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of very pure substances at very low temperatures and is frequently performed in very strong
magnetic fields (for example, de Haas-van Alphen effect) or in high frequency electromag-
netic fields (Anomalous Skin Effect). These effects are based on the same underlying
physical mechanism and their techniques appear to be powerful and simpie.

The recently artificially synthesized conductors, generally having complicated com-
position and structure, serve as a source of new and unique information about the funda-
mental processes in solids. The significant part of these conducting materials have layered
structures, the electric conductivity of which under normal (non superconducting) condi-
tion along the layers considerably exceeds electric conductivity along the direction normal
to these layers, For verifying the mechanism of format'toh of superconducting condition,
it is important to know the properties of the elementary excitations, which are responsible
for the transposition of electrical charges in the crystal. The observation of the de Haas -
van Alphen and the Shubnikov - de Haas effects in layered organic conductors justified the
supposition that the system of fermions which is similar to conduction electrons in metals
but possessing quasi-two-dimensional energy spectrum is responsible for their electronic
properties.! Consideration of the high frequency electromagnetic waves encourages one to
ask how does the Fermi liquid theory affect the results.

The thesis is divided into three chapters. The first and second chapters are preview.
The one electron Bloch theory, the distribution function and the Boltzmann kinetic equation
were reviewed in chapter one. The Landau Fermi liquid theory is also presented here suited

for the purpose to use them in the last chapter.
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The second chapter is related to the earlier studies of the normal and anomalous skin
effects in normal metals, which have been based on Maxwell’s equations and Boltzmann
kinetic equation in the Fermi gas approximation, such as, the non-effectiveness qualita-
tive description, derivations of G.E.H. Reuter and E.-H. Sondheimer Zand the description
of Abrikosov A.A.* who have obtained almost the same result. Several researchers have
used measurement of surface resistance to obtain information on the features of the Fermi-
surface. In case of suitably averaged surface resistance, in polycrystalline material, one
obtains the total area of the Fermi-surface, and measurement on a single crystal material
as a function of orientation yield information on its shape*. The high frequency electro-
magnetic wave impedance of metals at low temperatures was first noticed by H. London in
1940 24 and attributed to the mean free path I of conduction electrons being greater than
the skin depth 6. It is this effect known as anomalous skin effect. The rise of microwave
technology has fostered a fairly extensive study of the phenomenon.

The treatment of the third chapter, which is the main part of the work, differs in the
way in which the sample considered is layered conductors, and as well as, the introduc-
tion of the Fermi liquid effect. The influence of the Fermi liquid effect on the surface
impedance, conductivity and the skin depth of layered conductors with a quasi-two dimen-
sional electron energy spectrum is the main theoretical analysis of the thesis.

The theory for a given simple energy spectrum in the case of specular reflection of
electrons from the surface of the sample under perpendicular and parallel propagations of
electromagnetic waves to the layers is examined separately. In the extreme anomalous

limit, the conductivities for both considered cases of electromagnetic wave propagation
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directions are seen to be weakly dependent on relaxation time when the Fermi-liquid effect
is taken into account, but independent of it in the gas approximation. The conductivity
perpendicular to the layers is highly affected by the layered structure while the conductivity
along the layers exceeds highly the conductivity perpendicular to the layers at not very low
temperatures.

The surface impedance and the penetration depth in layered conductors remains un-
affected qualitatively when considering the accounts of the Fermi liquid effects, however

the Fermi liquid interaction terms exist in the expressions.




Chapter 1
Electrons in a Crystal Lattice. Boltzmann
Kinetic Equation (Preview)

1.1  General Properties of Electrons in Metals

The most obvious property exhibited by metals and conductors having metallic electrical
properties is extremely hi gh electrical conductivity. Enormous ratio of metallic to insulator
conductivity is observed because there 1s a free electron gas in metals. The question of
why is this gas found in metals but not insulators can be answered by observing that the
electrons are tightly bound to the atoms of the lattice in insulators while in metals they
are essentially free particles. This is due to considerable over lap between electron states
belonging to the outer shells of the constituent atoms. As a result, the valence electrons
move easily from one atom to the next, so that one cannot even say to which atom they
really belong. This shared nature of the outer electrons is also responsible for the large
cohesive energy of metals and explains their specific mechanical properties.® In this view,
a metal can be thought of as a ‘sea’ of valence electrons moving in a crystalline lattice of
ions. These electrons are often called conduction or ‘free’ efectrons which interact quite
strongly among themselves and with the ions and the potential energy of interaction being
comparable to the electronic kinetic energy.

An electron moving in a metal can be assumed as if it moves in an external field

characterized by a potential energy U(r), which is periodic with period of arbitrary lattice
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vector a,, = n1a; +ngay +ngay, where the n;’s are integers running over positive and neg-
ative values as well as zero. The energy of the electron depends on the crystal momentum
p, which is analogous to the momentum of a free particle. Since p and p + hK, where
K; are equal to 27 divided by the reciprocals of the unit cell dimensions a;, are physically
equivalent, the energy e (p) must be a periodic function of p with periods ZK. From this
it follows that it is sufficient to consider only a single primitive unit cell in the reciprocal
space. The volume of such a domain where p is uniquely defined is equal to (27/)* /v,
v = a; (agxaj) being the volume of a primitive unit cell of the crystal lattice. The wave
function describing the motion of the electron in a periodic field satisfying the condition of

periodicity is given by Bloch’s function defined as

H(r) = eiefru(r), (1.1)
where u(r) is a periodic function with a periodicity of lattice vector a,, and satisfies Bloch’s
theorem, i.e., »(r + a,) = u(r). This wave function is like a plane wave, describing the
motion of a free particle, but modulated by a periodic function.

In a very large volume successive levels will be infinitesimally close to each other.
However, we shall be interested only in the number of states per unit energy range or per
unit volume in reciprocal space. This density of states does not depend on the exact nature
of the boundary conditions and it is, therefore, easier to determine it using the simplest
possible boundary conditions. From this condition it is easy to note that vector p is thus a
discrete variable with components p; = 2%.&},’ withi =z,y,zand V = L, L,L, is volume

of the sample. If the dimensions of the sample are very large, summations over energy

levels can be replaced by integrations. The density of states in p-space is therefore Z‘z#»
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and the total number of allowed values of p is equal to (V/v} = N, where NV is the number
of primitive unit cells in the sample. The account of the spin of the electron results in a
total of 21V levels associated with each function £, (p). The functions &; (p) are periodic in
reciprocal space and, hence, oscillate between certain maximum and minimum values. For
every I we therefore obtain a band of allowed energy values. These bands may be separated
by energy gaps in which no electron can have, but can overlap.

The primitive unit cell of the reciprocal lattice is chosen as the natural domain in
which p is uniquely defined. This new domain of definition for p is the Brillouin zone
defined by |pa,| < «/i, which hold for every basis vector a;.

Accurate caleulations of the energy bands ¢; (p) require rather complex techniques.
In order to illustrate the general properties of the energy bands £; (p) obtained above one
can consider two simplest approximations, although they are not suited for an accurate
determination of the energy bands & (p) of real metals: the tight-binding approximation
and the nearly-free electron approximation.

In tight-binding approximation it is assumed that electronic shells do not overlap
appreciably and that each electron can be assigned to a particular atom as a zero-order
approximation. Overlap between shells will be considered as a perturbation.

The potential energy of an electron in the field of all the ions has the form V(z) =
Y U{z — na), which is different from zero only in the neighborhood of the n** jon. In one
n
dimensional case one sees that &; (p) is a periodic function of p with period 2%” and has a

form?

g = A+ Bcos(pa/h), (1.2)
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where A and B are constants.

Calculations are more complicated in three dimensions. In the simplest case, corre-
sponding to one atom per unit cell with a single s electron for a bee lattice if only nearest-
neighbors are taken into account one finds that £ = C + D cos(pga/2h) cos(p,a/2h)
cos(p,a/2h), where D determines the bandwidth.

Now consider the opposite case in which the conduction electrons are nearly free and
the crystal potential is weak so that perturbation theory is applicable. The normalized wave
function of a free electron (in one dimension) is L3¢ , where L is the length of the chain.
It’s energy is e©@ = ;Ti The next terms are taken by using successive approximations. We
again obtain a general picture of energy bands, in which the energy dependences on crystal
momentum, rather than on momentum. Ordinary perturbation theory fails for values of p
such that £ (p) = £ (p — AK) or peos@ = LhK, where 8 is the angle between p and
K. This is the equation of a plane in reciprocal space, perpendicular to the vector K, and
intersecting it at a distance £ 1K from the origin. Tt is the condition for Bragg reflection of
the plane waves describing the motion of an electron by crystal planes. It K s the shortest
reciprocal vector in a particular direction, this plane is simply a Brillouin-zone boundary;
i.e., the energy discontinuity occurs on it. This is one of the reasons why the Brillouin zone

is the most convenient domain of definition for crystal momentum.
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1.2 Boltzmann Kinetic Equation and Relaxation time
approximation
The combined effect of forces on the electrons, an inhonmgenéous electron distribution
in the metal, and of scattering processes is best seen by making use of the Boltzmann ki-
netic equation. It is more commonly used to discuss the properties of conduction electrons
which are displaced from equilibrium by a small perturbing force, such as an electric field,
magnetic field or a temperature gradient.
In this section we shall first introduce the condition of usage of the semiclassical dis-
tribution and then see the form of kinetic equation for electron gas when electron-electron
interaction is neglected and then its modification for Fernii liquid, in which electron-

electron interaction is taken into consideration.

1.2.1 The Electron as a Wave Packet

Up to now we described electrons by means of stationary solutions of the Schrodinger
equation of the Bloch type, ¢ = e™/"u(r). These functions are not suited for studying
transport phenomena, since they correspond to a well-defined value of the crystal momen-
tum p while the position coordinate remains completely undetermined. This defect can be
remedied by constructing a wave packet from Bloch states. One would nevertheless like to
retain a reasonably sharply defined crystal momentum. We shall, therefore, take a super-
position of Bloch states with a small spread Ap. The width of this interval is restricted by
the maximum allowed uncertainty in position. According to the uncertainty principle, one

has ApAr ~ h.
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Since electrons are scattered, they have a finite mean free path {, the uncertainty in
position must therefore be smaller than {. The maximum allowed value of Ap is clearly the
momentum of the particle itself. The restriction p > Ap ~ li/Ar > h/l must therefore be
obeyed for the wave packet description to make sense. The condition is satisfied provided
that { > a.

Another restriction is related to the damping of quasi-particles. Itis & =& — p >> -y
where -y is the damping coefficient, which appears in the wave function of a quasi-particle
exp(i€t/h — ~yt/h). The coefficient -y is related to the mean lifetime 7, e.g., y ~ Ji/7. The
second restriction can therefore be written as & > l/7 or &7 >> h/7. Thus, the wave

packet description is valid under the conditions®
P> LT > hjT. (1.3)
The velocity of an electron described by a wave packet
v = de/dp, (1.4)

is called the group velocity.

Let us assume that an electron is moving under the influence of an external electric
field E. The work done by the applied field is eFv per unit time. It must be equal to the
energy gained by the electron. Thus

dp

— =elb. 1.5
1 (L.5)
An increasing p, however, does not necessarily imply that the electron is accelerating.

In practice, because of scattering, the momentum of the electron cannot undergo a large

change under the influence of the external field. It is only accelerated over a mean fiee
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path, while the fields that can be set up in metals are never strong enough to effect an
appreciable change in electron crystal momentum over a relaxation time. As a result, the

electrons effectively remain close to the Fermi-surface,

1.2.2  The Boltzmann Kinetic Equation

Let us introduce the distribution function n{p,r,t) in a phase space. The total time rate
of change of the distribution function is expressed through its total derivative. This change
1s due to collisions of electron with other electrons and due to scattering on defects in the
crystal. In some circumstances the scattering of electrons by the surfaces of the sample
may also be significant.

Statistical mechanics tells us that electrons obey Fermi-Dirac statistics. The proba-

bility of occupation of a level of energy ¢ is

n(e) = (e‘ﬁ’“il + 1)_1 (1.6)

where 2 is the Fermi energy and at absolute zero it can be seen that the Fermi distribution
function becomes simply a step function: n(g) = 1for & < pand n(e) = 0 fore > pu.

If we restrict ourselves to energy conserving collisions, then these may take into

account by introducing the collision term (%%)c to obtain generalized Boltzmann equation:
on n on on
i P === 1.7
ot +v81'+ 0 (fh)c an

where v%’rl measures the non uniformity of the carrier distribution and known as a diffusion

an

ap is the force term due

or drift term since it frequently arises with thermal gradients and

to an external field,
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Usually the use of relaxation time approximation is based on the assumptions on
collision processes as elastic scattering and isotropic medium for simplification.
The number of transferred quasi-particles per unit time from state p to state p’ due to

collision can be given as

6 (dN) 4 3 3 Ity /
— ) §(e — N (n —
5t (27rh',)6d pfd p'W (p,p)é(e—&)(n —n),

W (p, p') being the probability per unit time that an electron to be occupying the state

p be scattered into the state p’ known to be unoccupied and have used equal probability

of transition from p state to p’ and from p’ state to p state, i.e, W (p,p') = W (p’, p)

as a common factor.” The number of occupied states at any time between p and p + dp

will be dN = ﬁ;ndi"p and the change in occupied states as a result of collision is
2

S§(dN) = iy %’;‘)C §td®*p. By equating the above equations the collision integral will

give us®

(%): f W (p,p') 6 (s — &) [ — n) Bp’

(27Tﬁ)3

It is usually permissible in some transport problems to assume that the steady state
distribution n (p, r, t) in the field under isothermal conditions does not depart very far from

the equilibrium distribution n, (p) . Then the distribution of the excited states:

n (p,r,t) =n(p,r,t) —n,(p).

Particularly when interested only in terms of order n,; (p,r,t) in the Boltzmann equation

that are linear in the field, then we may linearize (1.7) in the form

am ang on,
F
ot v dr + dp

= I(ny), (1.8)
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where
d3pf
I(n) = fW (p,P)é(e—) ) —m(P)-— 3
(2mh)
Finally, to make relaxation time approximation, if ny (p, r,t) is caused by the application of
an external field to the equilibrium distribution and, at time ¢ = 0, we switch off the external
field, then n, (p,r,t) decays exponentially in a characteristic time, 7, called relaxation
time: ny (p,r,t) = (p,1,0) e’ . This implies that, under isothermal conditions and in a

zero external field (1.8) reduces to relaxation time approximation as

I(’nl) = ™ f— ._.7L (p,l‘, t) —n (p) r, 0)

T T

The relaxation time depends only on the relevant collision processes and for most cases
depends on the energy  of electrons 7 (¢) .

Any electron-electron interaction conserves overall momentum and the combined
current density of interacting particles and, hence, the collisions that destroy the drift veloc-
ity of the electrons are not électron-electron collisions.® The collisions effective in chang-
ing the current density are primarily interactions between electrons and phonons and be-
tween electrons and impurity atoms or lattice imperfections. In pure crystalline materials,
electron- phonon collisions are most probable. Since phonons have no charge, momentum
conservation no longer conserves current density. Because of the increment of the phonon
number as the temperature rises, electron-phonon collisions are most frequent at high tem-
peratures. This means that the average relaxation time 7 between electron-phonon collision
decreases with rising tenﬁperature and accounts for the decrease of electrical conductivity
of normal metals. Meanwhile, the mean free path can be defined as the average distance

covered by an electron between successive collisions, given as [ = v, v being the mean
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velocity. In this work, however, we are not going to analyze using a concrete nature of

collision but we use the 7 approximation for evaluation purpose only.

1.2.3  Fermi-gas Kinetic Equation

The behavior of free-electron gas is very similar to that of an ideal gas. An electron of a
crystal is in the field of the lattice and other electrons. In the absence of external fields
and temperature gradient, the distribution of electron gas is the equilibrium one. But if
sufficiently small electric field, magnetic field or temperature gradient is applied, there will
be small deviation of the distribution functioﬁ from the equilibrium one and hence one can
write
n(p,r,t) = n,(p) + n(p,r,t), (1.9)

where ny (p, 1, t) is a small correction to the equilibrium distribution function from n, (p),
i.e., |n1] << n,. It is seen earlier that this function n; (p, r,t) contributes to the collision
integral.

In equation (1.9) the higher order corrections to the equilibrium distribution are ne-
glected based on the assumption that the external fields are weak. In order to obtain a more
applicable solution for n4 (p, r, %), let us introduce a new variable 1(p,r, t) defined by

an,

n(p,r,t) = ——=(p,1,1). (1.10)

Oe
By combining equations (1.8), and (1.10) in relaxation time approximation given above
under application of weak external fields one can obtain the linearized equation in an

external field as

N O
3t+v81'+T—FV (10




1.3 The Concept of Fermi Liquid Theory 15

when I is the external applied force due to electric or magnetic fields. In case the force
applied is the Lorenz force
(¥
F=eE+ -vxB,
[
and if the time dependence is in such a way that B, B, 1) are proportional to e~ **then
equation (1.11) becomes
. o
(v —iwyp + v—"[ = evE. (1.12)
Or
When there is no temperature gradient and the electric field is very weak, equation

(1.8) in steady state can be written in a linearized form as

=Ny — eTanno. (1.13)
de

Hence, the variable introduced in equation (1.10) and equation (1.13) can be related as

P(p) = er(p)vE. (1.14)

The expression for the electric current in terms of the distribution function is given in the

next section bejow.

1.3 The Concept of Fermi Liquid Theory

1.3.1  The Quasi-particle concept

In the case when electron-electron interaction is important unlike the behavior of a single
electron in the average potential of the lattice and other electrons, the actual case of electron
fluid is considered. The states of an interacting system are called quasi-particle states (or

elementary excitations), each of which has a definite momentum p. Physically, a quasi-
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particle may be pictured as a single particle surrounded by a self-consistent distribution of
other particles.

The Fermi liquid theory was introduced by Landau’ to deal with the liquid state of
the isotope of helium of mass number 3, but is increasingly extended and being applied to
the theory of electron-electron interactions in metals by Silin (1958).%

The meaning of this quasi-particle description is clarified when one considers the
energy of the vibrating lattice. The energy levels are given by the following expression,

which is valid for a system of independent oscillators®:

E-U, = %; hw(k,s) + g;ﬁw(k,s)n(k,s).

The n(k, s) are either zero or positive integers. k and s correspond to separate oscillators.
The first tetm corresponds to the lowest value of the energy, i.e., the ground state of the
system. This is the energy of the so-called zero-point oscillations, that the atoms of a
crystal lattice must vibrate even in the ground state is a consequence of the uncertainty
principle,

In an excited state, some of the integers n(k, s) are different from zero. Then the
equation describes a system of independent particles with energies fiw(k, s). Since the
integers n(k, s) can take arbitrary positive values, any number of phonons can be found in
any given state. Therefore, they obey Bose statistics.

The phonon picture remains valid so long as the vibration amplitude remains small
compared with the lattice constant. Higher-order terms in the expansion of the potential

energy U in powers of the displacements must otherwise be taken into account. The fotal
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energy can then no longer be written as the above expression. This happens only in the
vicinity of the melting point.

According to Landau, any homogeneous system containing a large number of par-
ticles has low-lying states similar to those of a vibrating lattice. The properties of such
systems can be described in terms of the quasi-particle model. Quasi-particles can have
integer (/i) or haif-integer ((n+ £)5) spin, i.e., they can be either bosons or fermions.
The statistics of quasi-particles bear no unique relationship to the statistics of real parti-
cles in the system. The energy of a quasi particle is a function of its momentum. The
corresponding relation £(p) is the main characteristic of such low-lying excited states.

For our practical purposes, we are concerned with a system of interacting particles
obeying Ferni statistics, by restricting ourselves to the case where the spin of the particles
equals % Such a system of interacting particles is said to be Fermi liquid.

The excitations in the Fermi liquid are of two types, ‘particles’ with momenta greater
than p, and ‘holes” with momenta less than p,, which appear and disappear in pairs. For

weakly excited states the elementary excitations have momenta in the neighborhood of p,.

1.3.2  Anisotropic Fermi Liquid

Considering the free electron gas of equilibrium distribution function(1.6) where &£ = é’%
. . . 2

and in terms of the Fermi momentum pg, the Fermi energy, u(0) = 2%?—1, one finds that at

T = 0 all states with momenta inside a sphere of radius p == pg (the Fermi sphere) are

occupied, while those outside are unoccupied. This is a consequence of Pauli’s exclusion

principle, that only one particle can be in any given state, so that the lowest states are filled
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at T = 0. The occupied volume in phase space, including momenta, coordinates, and spin,
divided by (27#)® must equal the total number of particles. The corresponding volume in
momentum space is that of the Fermi sphere. The allowed values of the components of

spin along a quantization axis give a factor of 2. We therefore obtain

2V 4w N P
r.. ey F.3 -
N = @) 3 Py 1.8, po= h( v ) . (1.15)

The quasi-particle concept is valid if the damping coefficient y << £ i.e., close to the
Fermi level. If one deals with a Fermi liquid in equilibrium at T' :£ 0, the relevant quasi-
particles all have energies & ~ K,T. The damping coefficient is then of the order K212 /ps.
The description of the liquid in terms of quasi-particles is therefore valid only so long as
KT < .

For electrons in metals the quantity /i/py (the de Broglie wavelength) is of the same
order as interatomic distances, i.e., 107% cin, so that pg ~ 107 gecms—!. Therefore, one
obtains T <& Ty ~ 10* — 10° K. This condition shows that the quasi-particle picture cer-
tainly applies to solid metals at all temperatures, since Ty significantly exceeds the melting
temperature in any case.

In Landau’s theory, it is assumed that a weakly excited state of an isotropic Fermi liq-
uid greatly resembles a weakly excited state of a Fermi gas. Thus, the energy of excitations

of the particle type is (for |p — p,] << p,)

£, (p) = v(p — po)s

and the energy of excitations of the ‘hole’ (anti-particle) type is £, (p) = v(p, — p),where

1 = L2 p, being the quasi-particle momentum at the Fermi surface and 11 is the effective
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mass of a quasi-patticle. This convention simply means that more energy is required to
create an antiparticle deep in side the Fermi distribution than close to the Fermi level.
Despite the great resemblance between excitations in a Fermi liquid and excitations
in an ideal Fermi gas, there are also important differences between them, due to the fact
that excitations in the liquid interact with each other. As a result of interaction, the idea of

elementary excitations makes sense only near the Fermi momentum p,,.

1.3.3  The Anisotropic Fermi Liquid

In order to understand the main features of anisotropic Fermi liquid spectra of electrons in
metals, let us first “switch off ” the interaction between electrons or, rather, let us consider
a gas of non-interacting electrons placed in an average periodic field. The states of a single
partticle in such a field were analyzed in the preceding section. As shown there, the energy
levels form bal.]dS separated by forbidden gaps.

The many non-interacting patticles present are distributed in some way among these
levels, At 1" = 0 (essentially at temperatures below the melting point in metals), all states
up to a certain maximum energy (the Fermi level) will be occupied, whereas the higher
states will be unoccupied. If the Fermi level coincides with the upper edge of a band, some
bands are then completely filled, whereas others are completely empty. In such a case a
sufficiently weak electric field cannot give rise to a net current, and the substance will be
an insulator rather than a metal.

If the Fermi level falls within the center of a band, it is only partly filled and is catled

a conduction band. The redistribution of electrons among available states can be achieved
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at the cost of an infinitesimally small increase in energy. An arbitrarily weak electric field
can give rise to current flow. This situation describes a metal. Semiconductors belong to
the first category, but the gap between occupied and unoccupied states is then small . Their
propetties are, therefore, similar to those of metals unless the temperature is very low, We
shall limit our attention to actual metals, however.

Tt is easy to understand why at least one band must be only partly filled if the number
of electrons per unit cell is odd .If the number of electrons per unit cell is even, the substance
can still be a metal, however, since energy bands can overlap in a real, three-dimensional
situation. Several partly filled bands will then exist.

In general the Fermi surtace may have a very complex shape. It has a very simple
shape in two cases. The first one corresponds to an almost empty band. Only a few elec-
trons ate present, and, at 7" = 0, they fill up the lowest available states, and must all be in
the vicinity of the minimum of e(p). If this minimum occurs at p(®, we may expand the
energy in powers of (p — p{®). Linear terms will, of course, be absent. For a cubic crystal
with p©@ = 0 one obtains (p) = o + %,2; where mm is a constant called the band effective
mass. In the more general case of arbitrary symmetry, but with p®® = 0 as before, one ob-
tains a positive definite quadratic form instead of p?. After a principal axis transformation
- 2 2 2
it has the form e(p) = g9 + 5 (% + oL ﬁ—:s)

A similar situation occurs in the case of an almost filled band. One can then deal with
“holes,” i.e., empty states in the band, rather than electrons. They will all occur near energy
maxima. Tn the case of a cubic crystal with p(® = 0 one has e(p) = g¢ — 2}% This means

that holes behave as particles with a negative mass. Generalizations for arbitrary symmetry
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and p® +# 0 are trivial: In all cases just considered, the Fermi surface is an ellipsoid or
consists of a set of ellipsoids.

In this context, it is important to remember that the only relevant properties of the
gas model are those involving particles close to the Fermi surface. As a result, our previous
discussion referring to electrons “filling” bands may seem of doubtful validity since “deep”

states were certainly involved in those arguments.

1.3.4  Energy of a quasiparticle

It is the interaction between quasi-particles which does play an important role in a real
Fermi liquid .The interaction between quasi-particles, according to Landau, can be repre-
sented as a kind of self-consistent field. This field is due to surrounding quasi-particles
acting on a given one. As a resuit, the energy of a quasi-particle must depend on the state
of other quasi-particles, i.e., it must be a functional of the quasi-particle distribution func-
tion and the energy of the entire system is not simply the sum of the energies of individual
quasi-particle states but depends on the distribution function as well, It is this functional de-
pendence of quasi-particle energy on distribution function which can produce new effects
called Fermi liquid effects.

Suppose that n (p) is changed by a small amount én (p,r). The change in the energy

of the system to the first order in én (p, ) is™®

. 1
o8 = (ETFL)_S /5 (p)én(p,r)d’pd®r (1.16)
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In a situation in which it is necessary to take account of spin explicitly, we consider a
separate distribution for each spin state and replace (1.16) by

6B = ——Tr, ] £s () 6nq (p, ) *pd’r, (L.17)
(27h)

where the trace is taken with respect to the spin matrix o and the quantity &, (p) is the

effective energy of the quasi-particle.

1.3.5 The Landau f-Function

The primary effect of electron-electron interactions in a quasi-particie picture is simply to
change the excitation energies e (p) from their free electron values. This has an important
implication for the structure of transport theories.

When electric or thermal cutrents are carried in a metal, the electronic distribution
function n (p, r,t) will differ from its equilibrium form =, (p,r). For independent eiec-
trons this has no effect on the form of & (p), that is, on the form of & (p) verses p. Since
quasi-particle energy takes into account the electron-electron interactions, it is frequently
necessary to obtain the change in energy of a system to second order in 7 (p,r), by mak-

ing Taylor’s expansion in powers of 8n (p, r). This is written as®®

By changing the summation into integration one can have
T‘T’U T,
F=F,+ (2717)3] (Eo (p) +(—21i}"";)—3 f f(p,r,o;p' 1, o) 6n’d3p'd3r') snd’rd*p,

I) _ &'E

. P _. 8F : . I :
where f (p,r,0;p',1",0') = 525, &, (p) = 5. The function f (p,r,o;p’,1’, o), which

is the second variational derivative of the total energy with respect to distribution function,
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is the basic phenomenological quantity characterizing the Fermi liquid and it is symmetric
with respect to the interchange of the variables p and p’, r and 1’,and cand o', Thus, we

have

T gt
e{p) =6, (p)+ LT " //f (p,r,o;p, v, o) d*r'sn'd’p’.
(2nki)
In non-equilibrium situations, a change in quasi-particle energy due to change of distribu-

tion function from equilibrium wili have a form of

Trgs
(27rh

/f p,r,0;p, o) bn'dPp'd®y . (1.18)

Thus, not only £ (p) for a given distribution, but also the change in £ (p) produced by a
change in distribution function én, is of essential importance in the theory of Fermi liquid.

In order to calculate the response of the system to slowly varying electromagnetic
disturbances, we use the Landau theory of Fermi liquid. By ‘slowly varying’ means that

the frequency w and the wave vector k of the external field satisfy?
hw < ep,w € wp and k K kp,

where wp is the Debye frequency and kr is the wave-vector corresponding to Fermi energy.
In this limit the response of the fermion system is completely described by a quasi-particle
energy-momentum relationship. In equilibrium, the quasi-particle energy

pZ

£ (p) = oo

m being the effective mass of electron and the quasi-particle distribution function n,, (p) is

given by equation (1.6).
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Consider a Fermi liquid under the application of weak electromagnetic field, and let

the distribution function changes in such a way that

on,
e

7 (p) r, t) = Mo (EI) d} (P: r, t) =T (Eo) + on (P: r, [') ’ (l \ 19)

where n, (¢'} is the equilibrium distribution function at temperature different from zero,
¥ (p, ,t) being the variation of energy in the gas approximation, n, (€,} is the equilibrium
distribution function at temperature 7' = 0 and én (p, r,t) being variation from it. As a

result, let’s write the energy of a quasi-particle as
gy q p

e(p,r,t) =€ (p,r) + 6¢ (p,r,t)

' (p,r) being the sum of energies of a quasi-partticle and the self-consistent field and
d¢’ (p,r,t) as the variation in the quasi-particle energy as a result of exchange. We can
rewrite this as the sum of the equilibrium energy of the quasi-particle in the Fermi gas
approximation &, (p), the variation of energy from equilibrium due to the self-consistent

potential 6¢” (r,t) and the exchange term 8¢’ (p,r,1), i.e.,
£ (py1,t) = £0 (p) + 8/ (p,r, ) + 86" (1, 1), (1.20)

where é¢’ (p,r,t) = ¥ (p, r, t). Therefore, under these situations equation (1.19) obtains

I
n(p,r,t) =n, () + ;;E ¥ (p,r,t) — 1 (p,r,1)]. (1.21)

Hence, we can get the linearized terms of the Boltzmann kinetic equation by taking partial

derivatives of (1.21) with respect to ¢, and p:

on on, 0 _ Ly, On Ong O ' oy
a - 88Ha_{;(q’(P)l)t)—d)(p)lit))’a:ﬁ 86-aT(q’(p’l’t)—?/)(p’l’t))’
on on, a i d o

% = e (V+5§‘I’ (p,l,t) 5"51,[) (p,l,L)) 1
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and the partial derivatives of (1.20) with respect to p and r gives

Je d de 0
— \I} . e M . . l. 2
ap = ¥ T g Y im0 and b= o (U (p,r, ) + o (1, 1)) (1.22)

The force acting on a quasi-particle, in this case, is not due to the extenal field alone,
but there is additional effective potential describing the self-consistent field set by other

quasi-particles.? One must therefore take
= =eli4 ——— X H— . (1.23)

After substituting the above linearized terms of the Boltzmann kinetic equation in equation

(1.7) one can get
% (p,r, 1)

O¥ (p,r,t) P (p,r,t) o (p,r,t) B
o B ot BT +evh = T

and similar to the consideration made on equation (1.12) the above equation gives

o (p, 1, t)

5 = evE —iw¥ (p,r,1). (1.24)
r

(v—wW)Y(p,r,t)+v

The general expression for the electrical cirent density is

2e de
j(p,1,t) = P ) d 1.25
i = g [ o, (125

and finally, one can get a more applicable form of the electrical current density

—2e on,

V- r, 1) dp, 1.26
Gy ) Ve ¥ (p,r,t)d°p (1.26)
in terms of +) {p, r,t) on inserting equations (1.21) and the first part of equation (1.22) in
equation (1.25) by considering only the linearized terms and reminding that no current can

be produced by equilibrium distribution of quasi-particles.




Chapter 2
Theory of anomalous skin effect

The behavior of electromagnetic waves in conducting media is entirely different from
that in free space. The difference arises because the propagation in free space (or in a
dielectric medium) depends highly on the existence of the displacement current, whereas
in conducting media the propagation characteristics are determined by much larger free
conduction electrons,

For construction of the theory of anomalous skin effect, we use the Maxwell’s equa-
tion supplemented by the constitutive law connecting the electric current density with the
electric field strength. The expression for the current density obtained with the help of the
solutions of the kinetic equation generally takes the form of integral operator, in which the
value of the electrical field in all points of the metal appears, and consequently, Maxwell’s
equation represents an integral-differential equation from which the electrical field should
be defined.

We consider a metallic half-space (see fig. 1), on which of a monochromatic electro-
magnetic wave with a frequency w is incident from vacuum along the normal to the metal
surface .The surface of the metal can coincide with the plane of symumetry of the crystal or
can be perpendicular to it. The metal is supposed unmagnetized, so that B = Hin it.

We first consider the norinal skin effect,

26
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Monochromatic eleciromagnetic
wave with frequeney ®

YVacoum

Metal

1.Geometry of observation of damping effects of electromagnetic wave in layered con-
ductor.

2.1 The Normal Skin Effect

The penetration of electromagnetic wave into a certain depth of a metal in the direction of

propagation of the wave is known as skin effect.

In the classical or normal skin effect, the conductivity of a conducting medium is
taken to be constant and the material as isotropic for simplicity. This is valid only if the
electric field does not vary rapidly in space over the distance of the order of the electron
mean free path. The usual relationship between the current density (j) and the electric field
(E) (Ohin’s law) is considered and the displacement current can be neglected for good
conductors for which the frequency of the wave is much less than the electrical conductivity

of the metal, thatis, w < o.
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The appropriate forms of Maxwell’s equations used in the calculation of the skin
depth (&) or the penetration of electromagnetic waves into a thin plane slab of metal are

; 4 1B
VxH= B4 "jand VXE = 2.1)
C ¢ c Ot

In metals conductivity is the largest quantity of frequency dimension and one can
neglect the term % , which describes displacement current. Furthermore, for nonferro-
magnetic (normal) metals B can be replaced by H.

The assumption of classical skin effect is valid when the field does not vary appre-
ciably over a distance of the order of the free path of the conduction electrons. In other
words, when the free path is small compared with the effective depth of penetration of the
electric field. This condition is satisfied for all values of the frequency if the temperature is
sufficiently high.

For monochromatic electromagnetic wave incident normally on the surface (© — y
-plane) of a semi-infinite metal 2 > 0 with electric field polarized along y axis and the

magnetic field polarized along x axis, Maxwell equations give

d*E, —dmiw
= -a . 2.2

For isotropic material and constant conductivity (j = ¢E) the solution of equation
(2.2) is proportional to exp ¢ (kz — wt) where the magnitude of the wave vector k is given

as

NG

f [47@0}56; - 2.3

CE
The wave vector has real and imaginary parts and by substituting equitation (2.3) in the

solution of the wave equation, we can see that the electromagnetic field decays in side
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the metal; so that, it only penetrates a distance 6 into a swface layer. In other words,
electromagnetic field falls off as exp (— Im (k) 2) in side the metal and the classical skin
depth is given by
Sq=Tm(k) '=—— (2.4)
[2mwo]?
and it is this phenomenon which is well known, classically, as a normal skin effect.

For a good metal at the microwave frequency of about 10'% Hz and room temperature,
the skin depth § ~ 107* cin, while at liquid helium temperature in pure specimens & ~
1078 cm ®10

The surface impedance (Z) is a complex quantity in which the real and imaginary
parts are referred to as the surface resistive (R) and the surface reactance (JX) respectively.

It can be obtained from the ratio of the electric field at the sutTace of the metal to the total

current integrated over the interior of the sample as®

Z:R_é){:;ﬁﬂ(i.

‘!j.u (z)dz

and it can be transformed into another form by relating equation (2.1) to the above equation

3

as

, 4wk, (0)  dww
4= —" = 2.5
cH,(0) %k’ 2.5)

which can be rewritten as

_Amiw E, (0)
= E;’ ©) (2.6)

using the second pair of Maxwell equation. Thus, the surface impedance Z in the classical

limit gets the form

% —iw
7 =R—iX = [413} e it

ocl

2.7
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while in this classical limit,

(2.8)

oc?

1
3
R:X_[.??rw} |

One can get the same result by using the correction to the distribution function in the

presence of a weak electric field, i.e., equation (1.13) and the current density!! which can

—Ne [ pyn{p}a(p)d®p
m [ r(p)o(p)ddp >

begivenas j = whete g (p) is the density of states and N being electrons

concentration. The integral is evaluated over spherical coordinates (p, #,7) in momentum

. . . 2 2
space p. After evaluating the angular integrals j = Ne—:fn%fz and from the concept of

average kinetic energy per particle <2”Ti> = SkT’, the electrical current density

_ Ne*r B

j 2.9
J o (2.9)

from which, according to Ohm’s law, the dc conductivity o is

Ne?
= ;T, (2.10)

where N is the number density of charge carries. Then, by combining equations(2.2) and

(2.9) one can get for the wave vector

1
2 2 (141
k:('rrwcr) (1 +17) @.11)
C
and the solution of equation (2.2) for this case will be
(2 2 (1+1 -
E(z,t) = E (0) exp (7, mwo) - i)z iwt) : 2.12)

From equation {2.12} it is easy to see that at low frequency (wT < 1), the penetration depth

is the same as the one obtained with out kinetic equation and distribution function.
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2.2 The Anomalous Skin Effect

2.2.1  The noneffectiveness approach {(Qualitative)

At sufficiently low temperatures and /or high frequencies the mean free path [ of the con-
duction electrons becomes larger than the skin depth &. In this situation the relation j = ol
no longer holds true and the effective field acting on the charge carrier varies rapidly over
distance the carrier moves between collisions (I) .

The region in which the mean free path of an electron is greater than the skin depth,
for which a qualitative description has been given by Pippard, is known as the region of
the anomalous skin effect. In this region, the electrons whose direction of motion makes
a sufficiently small angle with the surface of the metal are regarded as making an effec-
tive contribution to the current density. The density of these “effective” electrons can be

approximated as®'® Njr ~ N (§

), where IV is the concentration of electrons.

For pure metals at low temperatures and in fields of high frequencies it is possi-

el
drwao

1
ble to examine the expression (2.2) for skin depth as § = [ ] ’ % when an effec-

__ tao

tive conductivity of the form o,z = < is assumed.® Here k is the wave vector and a

is a constant of order one. In this case it is easy to note that the surface impedance is

Z = (3)% (L;")% (i)% (1 —iv/3). From the above expression we can see that the sur-
41 [+ o

face impedance is proportional to w3 and the relation between the resistive and the reactive

parts is given as X = /3R. We can observe also the ratio of the mean free path to the

conductivity is independent of temperature and is only determined by the electronic energy

L,.,.m
o Nelr Ne?»s

spectrum, i.e., where T is electron relaxation time.
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Based on this concept that, it is possible to indicate the importance of microwave sur-
face impedance measurements for obtaining information concerning the electronic energy

band structure in metals, and can be rewritten in a more useful way as

1

2\? /W \3 [Po\ 3
z2- (=) (55) () (1-v5). 2.13
(a) e?c? N @.13)
When the above concepts are anatyzed, we can see that the frequency requirements
necessary for observing anomalous skin effect is greater than 107 Hz. To see this result,
the condition for § > I together with the expression (2.4) are used where the electron
concentration N for a good metal is approximately taken as 10?2 cm™ and according to

equation (1.15) the Fermi momentum as p, ~ 107! gems™" which is a typical value for a

good metal and I ~ 1073 cm in the residual resistance range.

2.22  The Solution of the Kinetic Equation

G.E.H Reuter and E.H. Sondheimer,? have found a better expression for the theory of the
anomalous skin effect in metals, which agreed to the qualitative non- effectiveness concept.
They have examined the theory based on the electric field distribution in a metal using the
Maxwell’s equations supplemented with Boltzmann’s kinetic equation for the degenerate
electron gas distribution,

Considering a semi- infinite metal sample, the Maxwell’s equation for the electric

field E (2} exp (—iwt) due to a wave incident normally in z-direction is

4PE w? 4dmiw

ptaBe i) (2.14)
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To obtain the detail motion of the electrons in an arbitrary electric field, the nature of
scattering of electrons at the surface of the metal is considered as the determining factor of
the distribution of electrons, According to the authors, the fraction p of electrons arriving
at the surface is scattered specularlly with reversal of the velocity component v, ,while
the rest (1 — p) is scattered diffusely with compete loss of their drift velocity, that is, they
would have lost all the memory of their initial direction of their motion.

After calculating the current density for a degenerate electron gas by means of the

—2
i(2) e’ f//va,n p, v} dvgdu,du,,
27rﬁ

in the extreme non-classical limit when é < I, one can obtain the surface impedance for

formula

specular and diffuse reflection as

8 /3nw?l\ 3 o
Z=5 ( i ) (1—u/§) forp— 1 (2.15)
and
Imew?!
Z_( o ) (1~zx/_) for p =0, (2.16)

It can be seen that these results confirm the qualitative predictions; that is, in the limiting
case of extreme departure from classical conditions, surface impedance varies as w3 and is
independent of the mean free path [.

Abrikosov A.A? ) also developed the above idea for normal metals on arbitrary Fermi
surface for specular reflection of electrons from sampie surface. The result for the surface
impedance in this case as this author worked out is

8

7 =
3V3

-2 - =t
rfwleT I B (1-iV8) forp — 1, 2.17)
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where 7 is a tensor whose principal values can be expressed in terms of those of tensor
2 "
. , n . . us o . . X
By, Bg, = ({ Z,%})dcp where ng = -2, f,v = z,y and G (i) is the Gaussian curvature

of the Fermi surface,




Chapter 3
Theory of Anomalous Skin Effect in Layered
Conductors

3.1 Layered Conductors

Many of the conductors synthesized in the recent years have a layered structure. These
new artificially synthesized organic conductors have metallic type temperature dependence
of electrical conductivity. Their Fermi-suirface can be assumed as a poorly corrugated
cylinder, i.e., the energy spectrum of quasi-particies weakly depends on the momentum
component p, = pn in the direction normal to the plane of the layers. In both normal
and superconducting states of these conductors, the electrical conductivity increases with
the decreasing temperature above their transition temperature 7, and the superconductiv-
ity state is characterized by immeasurably small or actually zero resistance below a critical
temperature. 1% The most sensitive measurements have shown that the resistance of these
materials in the superconducting state is at least 10¢ times smaller than their room temper-
ature values. So far, 27 elements, numerous alloys, ceramic materials {containing copper
oxide), and organic compounds (based, e.g. on selenium or suifur) have been discovered to
possess superconductivity.'? Their critical temperature 7, have values between 0.01 K and
125 K. Superconductors having a 7, above 77 [{ (boiling point of liquid nitrogen) are par-
ticularly interesting because they do not require liquid helium (boiling point 4 ) or tiquid

hydrogen (boiling point 20 I{) for cooling. Such materials are said to be high temperature

35
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Dy ”f:_arpendicular to the Layer

-t b wf fa

Parailelto
the Laver

2.A sample with weakly corrugated cylinder Fermi surface open in the direction p, (a) in
electromagnetic field propagated perpendicular to the layers or along the layers (b)

superconductors of which most of them are organic compounds and above their critical

temperatures they become normal metallic type conductors.

Interest in this field is gradually shifting from materials which have simple chemical
compositions and structures to more complicated ones. Layered conductors are strongly
anisotropic in electrical properties measured paraltel or perpendicular to the [ayers. Their
electrical conductivity in the normal (nonsuperconducting) state in the direction n perpen-
dicular to the layers is much less than the conductivity along the jayers.

The energy spectrum of elementary excitations carrying an electric charge in a lay-
ered conductors is a quasi-two-dimensional. !

We consider a layered conductor whose Fermi suiface 1s a weakly corrugated cylin-
der. By applying the Fourier series due to the periodicity of the energy € (p) over a periodic
reciprocal lattice vector in p,, i.e.& (P, py.p,) = € ((Ps, Dy, (D> + 0I)) where b = 2T is the
magnitude of reciprocal translational vector along p, = pn and a being the separation

between the layers.
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In Fourier series any periodic function in f () of periodicity a can be expressed

aslﬁ,l?

o0
f (1") = Z/lneinﬁm:
— 00
where A, is a constant. Tn a similar way the energy of a quasi-particle in layered conductor

can be expressed as

& (PeyPysPe) = 3 An (Pe, py) €™FP

where the layer is in p, — p, plane. Thus, the energy spectrum of a quasi-two-dimensional

conductor by considering only the real constants of the series has a form:

elp) = an (pe,py) cos (ﬂq;,s)z) ' 3.1
0

The factor &, decreases rapidly with the increase of the number n (g, >> &,41). This
makes possible to be limited only by the first two terms in the summation over n according

to equation (1.2) and gives!®

e (p) = €, (ps,py) + €1 cos (EEE) , (3.2)

where £ is characterizing the energy band width of quasiparticles, independent of p,and
weakly dependent on p,, p,. Further we assume it as constant in p and (Figure a} shows the
geometrical shape of such corrugated cylinders. If we assume that €, (ps p,) is quadratic in
ps and p,, this dispersion relation can be written as

px 4 p?
2m

e(p) =

+ £1cos (EE_Z) . (3.3}

The above dispersion law describes an opened Fermi surface in the p, direction representing

a weakly corrugated cylinder.
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In the sections 3 and 4 we consider two cases of electromagnetic wave propagation
in the layered conductors; one is when the wave propagates perpendicular to the layers and
the other will be propagation along the layers. In addition, the account of the Fermi liquid
effects in the propagation of monochromatic electromagnetic waves in Jayered conductors
under the semi-classical approximation condition at not very low temperatures, that is,
T > T, where T, is a transition temperature between normal and superconducting states of
the conductor is taken into consideration.

We shall present derivations of some of the electrical properties of the conductor such
as the surface impedance, skin depth and electrical conductivity tensor based on the kinetic
equation (1.7) with introduction of Fermi liquid effects for specular reflection condition of
charge cairiers from the sample surface. We first develop the Fermi liquid term to be used

later in sections.

3.2 The Landau Correlation Function and the Boltzmann
Kinetic Equation
For high frequencies of electromagnetic waves at anomalous skin effect limit the interaction
of quasi-particles cannot be neglected. The concept of quasi-particles in the Fermi liquid
model has a real sense only at points close to the Fermi surface.
If the Fermi surface can be assumed spherical, the function ® (p, p') which char-
acterizes the Fermi liquid appéars depending only on the angle & between p and p’. In

relation to this, it is advantageous to take the Legendre polynomial expansion of the func-
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tion ® (p, p’)}g
® (p,p') = Z (2n + 1) Aupy {cos @), (3.4)
0

where

Pn (cos 8) = L4 (:1:2 — l)n )

The factors A, represent parameters describing the phenomenological theory of the Fermi
liquid and is determined from comparison of theory with experiment.

Thbe complete set of equations of the problem consists of the Maxwell’s equations
given by (2.1) and the kinetic equation in the view of the Fermi liquid effects (1.24)
which enables to find the relation between the current density (1.26) and the electrical
field strength of the wave.

For norma! incidence of electromagnetic wave VE = 0 within the metal and there
occur no charge fluctuations in it, since the electric field 1s always parallel to the surtace.

Now, to consider the influence of inter-electron interactions, let’s rewrite equation

(1.18) as

2
be = —— / f(p,pP';r, ) 6n'd°p'd®y’ (3.5)
(2mh)
in which f (p, p';r,1') is the Landau correlation function and the factor 2 is due to the two
spin orientations.

According to of Hartree approximation,?%2!

the self-consistent field neglecting the
exchange effects of particles with potential energy U (lrr — r|) interacting under the central

force law, the Landau correlation function has a form

fr (PPl Yy = U (' — 1))
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and this approximation does not take into account the correlation of quasi-particles. But,
according to Hartree-Fock approximation,?»2! the correfation function will have the ex-

change effects in addition to the self-potential energy,i.e.,
f(p,r,op' x,a)= f6(r — )+ U (' —1]).

The difference f — [y is due to the correlation effects in which the simplest is exchange
correlation that occurs as the result of quantum identity of particles. The characteristic
distance of inter-electron is the order of magnitude; coincides with the average distance a
between electrons. In practice, variations of the distribution function over distances much
larger than atomic distances will not affect quasiparticle energies, since the relevant elec-
trons have wave lengths comparable to interatomic distances, Based on this concept, the
characteristic distance of change of particles distribution function considerably exceeds the

radius of correlation and hence we can consider

f (pirlo-;ple‘faaf) - fH (p:pf;r:r’) = f(p)p’) 6 (1" - l‘)

so that equation (3.5) can be expressed as

T Tzﬂ_er [0 =)+ 70,6 0 - ) Sidpar. @0

It is the first tern of the above equation which differs the charged Fermi liquid from the

neutral and can be considered as the self-consistent potential energy

d) 2 ]d?’ fdﬁ ! 82 5 !
ep = P ——0n.
e/ P

In the second term we denote the correlation function [ f (p,p’)é (' — r)d* by F (p,p’;0,0")

having unit of energy times volume. Thus, we can write equation (3.6) based on equation
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(1.20) as
£—€o(p) =be=ed(r,t)+ ¥V (p,r,t),
where
U (p,r,t) = (3;153 fd3p’F (p,p;0,0)én(p',1) 3.7

and g, (p) is the conduction electron energy in the gas approximation. The function ¥(p, r, ¢)
takes into account the cortelation effects associated with interelectronic interaction.
If, in addition to electromagnetic wave there is too strong external static magnetic

field B, then

-l !
oc = —2uBstedl4———ZTrg / F(p,p;o,d")én(p r)dp
(2h)

where s =26, I being unit matrix and ¢, ¢, 0, are the familiar Pauli matrices and the

1
2

spin dependence of the Landau correlation function can be written as®2223

F(p,p;o,0) =2 (p,p)+((p,p)(co)

for isotropic case and is also approximately valid in real metals. @ (p,p’) represents the
exchange interaction between the quasi-particles of parallel spins. But, if the system has
no magnetic order and no external magnetic field is present, then, the energies must be
independent of spin (o) but can depend only on the relative orientation of their spins and

hence

2
be = ept+—3 / @ (p,p") on (p'r.t) d’y.
(27h)

For our practical interest let’s rewrite the expression (3.7) by making use of equation (1.10)

as

-2 an,

¥ (p,rt) = | B

P (p',rt) @ (p,p') dp'. (3.8)




3.2 The Landau Correlation Function and the Boltzmann Kinetic Equation 42

The Landau correlation function ® (p, p) can be represented as an expansion in com-

plete set of orthonormalized functions ¢, (p) :

@ (p,p') = i A (P) 2 (P')

and equation(3.8) gets

—2 an'o 3.7 ! I,
U (p,r) = (zﬂh)g,zojflnson (P) | 274" P'en (p) ¥ (P1) (3.9)

Assuming that the considered part of the Fermi surface is axially symmetric with
respect to a given axis (say z-axis), such as corrugated cylinder given in (figure a), the

energy spectrum of (3.3) becomes
ri a 2 2, .2
== 4 Ap;, where A = —and p? = p; + 3.10
€ o €1 cos Ap,, where - and py = p; -+ p, (3.10)

Thus, for this case, the function @ {p, p’) does not change if we change the compo-
nents p and p’, of the quasi-particle momentum p and p’ simultaneously. They both lie
in the py-p, plane. On the Fermi surface (where or near the condition of validity of the
Fermi liquid theory is fulfilled) @ (p, p’) depends on the angle between p ;. and p’| and the
components p,, p, ; and p, and p| are expressed in terms of g, p, and &', p!, respectively.
Therefore, the assumed expansion of the Landau correlation function in this case can have
the form®of

pLp pip)p
®(p,p) =5+ + 0 tzp;
Pr Pr

where «, 3 are characteristic value of the Fermi liquid and

p1p| =p1pf cosf =pip| cos{¢ — @)
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where 0 is the angle between p, and p’| and ¢, ¢ are the angles p, p’, makes with p,

and p. axis respectively. Then, the Landau correlation function gets the form

D (p,p') = plg)’l (a -+ ﬁ&f—i’) (cos¢ cos ¢ + singsin @) (3.11)
Pr Pr

To solve for ¥ (p,r} according to (3.8) one has to consider in the integration change of

variables from p, py,p: t0 £, P2, ¢ based on the given energy spectrum (3.10). Thus, the

following variables are considered independent. Since p; = [2m (e — &1 cos /\])Z)]%, then

Pe = [2m (e — &1 cos Apz)]% cos @, py = [2m (e — &1 cos Apz)]% sin ¢, and p, = p,. There-

fore, the Jacobian of the transformation in the case of the dispersion equation is equal

to the effective mass (D (e, p,, ) = 9(5,—?}%;—)

= 1), which gives d*p = dp,dp,dp, =
D (e, p.,v) dedp,dy = mdedp,de.

The Boltzinann kinetic equation is given as in (1.24)

(v—w) (p,r,t)+ vBL)(gT,‘ri)_ = evE —iw¥ (p, 1, 1), (3.12)
U (p,r,t) = — /d3p"1’ (0, 0) 22 (p (' 1,0) — W (9,7, 1) (3.13)
) (27Tﬁ)3 35 3 H

is to be solved, after which this solution is to be inserted in the equation for the current

density(1.26)

Sy —2e on, ] 3
i) = ) /v 3 P (p,r,t)d’p

which in turn is used in the Maxwell equation(2.14)

d’B w? 4riw
ol E= T 0. .
T -+ = j{r) (3.14)

c?

to solve for L.
In the next sections, where we present the solution of the problem, in approximating

the function ¥ (p,r,t) according to (3.13) we neglect the term containing ¥ (p', r,t) in
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comparison to b (p’, r,t) in the integrand, and we also use the gas approximation of the
function ¥ (p/).

To solve explicitly for the function ¥ (p, r) we consider two cases turn by turn. Prop-
agation of electromagnetic wave in the directions perpendicuiar (in the direction along z
axis) and along the layers (say, in the direction along x). For simplicity, we consider a

sample whose face is parallel! to the layers.

3.3 Electromagnetic wave propagation perpendicular to the
layers

Consider a layered conductor in the absence of external static magnetic field on which a

monochromatic wave with frequency w is incident from vacuum along the normai to the

layers (sée fig 1 & fig. 2). If the surface of the layers (z = 0) coincides with the plane of

symmetry of the crystal, the electric and the magnetic fields of the wave lie in the @y plane

as seen in the above figure, thatis,
E(2) = [Bx (2) , £y (2) ,0] and H(z) = [H (2}, H, (2) ,0]

and as mentioned earlier the conductor is supposed to be unmagnetized, so that B = Hin

it. For this case the kinetic equation (3.12) has a form

s}
(v —iw) Y (p,2) + vz%z—) = evE — iw¥ (p,z) (3.15)
while the Maxwell equation (2.14) becomes
d’E = w? driw
—+ —E= - j(2). 3.16
7 = (7 (3.16)




3.3 Electromagnetic wave propagation perpendicular to the layers 45

The general solution of (3.15) will be

Yiz) = f Q) e 7E"gy (3.17)
«
where
Q) = evE — iwW (p,z)’
Vs
U= oy,
Y= ”

and the constant ' is to be defined by boundary condition.

As mentioned above E has @ and ¥ components only, so that
Ev = Eyve + Byv, = vy (Eycosp 4 Eysing) (3.18)

The electric field of the electromagnetic wave is so weak that the correction to the distribu-
tion function must be a scalar proportional to the field strength B in the first order (we use
this gas model approximation for estimating exclusively the form of ¥). Hence, by using

the expression (1.14) we can get
W(p) =er(e)v (Fycosp + Eysing). (3.19)

By combining equation (3.11) of the correlation function and the above one we get

i 12 ]
Do o) (o) = EIPIPE( P,
(p,P) vy () o ot p 7

X (By cos pcos® ' + [y sinpsin ¢ cos ¢’ + By sin @sin @' cos ¢ + By sinpsin®¢)
(3.20)
and equation (3.13) using the assumption that |¥ (p’,z)| << [+ (p’)] mentioned in the

last section, after transformation of coordinates from d°p to mdedp,dp and substituting
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equation (3.20) in it and integrating over angle ¢’ from 0 to 2 we get

WQWEP_L ] ﬂp pl
U (p,z) = m[’r(g)ﬁ (C“L o

I,
) [Fys (2) cosp + By (2) sin @) %da’dp;.
Py

(3.21)
We have p’? = 2m (&' — &, cos Ap,) and, furthermore, we can use the approximate value 2 ~s

—& (e — p) where g is Fermi enesgy and the integration over the energy <" will give us

3 + '
¥ (p,z) = w / (1t — €1 cos Ap,) (o: + ?B%&) [P (2) cos @ + Iy (2) sin ] dp.
(21" P 3

=
A

(3.22)
After taking the momentum p, integration over a Brillouin zone (from -T to ¥, the final

expression for ¥ (p,z) will be ¥ (p,2) = %% [Ey (2) cosp + B, (2} sin ], or for
7 b

siniplicity if can be written as
U (p,z) = eAp) [E: (2)cosip + By (2) sinp] = eAlp Fa + py Byl

where
A= ————Sﬂ%ma# ) (3.23)
(2mh)’ pA

Now, using equation (3.18) and (3.23) the term in equation (3.17) (i.e., Q2 (') gets the

tform
Iy ' "o .
(2} = » By (2" cos @ + By (2 sing] i iw A (3.24)
Z
and we had already v, = 2% == —¢, Asin Ap,.

The congtant C' in equation (3.17) has to be determined by boundary conditions. It is
clear that as 2 — oo the function ¢y — 0, that is, the equilibrium distribution of charged
particles far from the surface is not atfected by the fields. The potential step at the surface

of the sample prevents electrons from escaping out of the conductor, and reflects them back
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toward the interior of the metal. In this problem, we have considered the conductor surface
as perfect and hence electrons undergo specular reflection. In the extreme anomatous limit,
the relevant electrons are moving almost parallel to the surface. The boundary condition
for specular reflection at z = 0 can therefore be written as 9 (v, vy, v, ) = 1 (vg, vy, 1)
For v, < 0, electrons are moving towards the surface from infinity and the boundary
condition 4 -+ § for z —— oo determines the constant ' = 0o, since Rey < 0 in the

exponent, exp (—vz) , where +y is defined as in (3.17) . Therefore,

z

W = (v, <0) = f QY e gy (3.25)

o

For v, > 0, electrons are moving away from the surface of the conductor, assuming spec-

ular reflection at z == 0, and also use relations  (—v,)} = —§ (v,), v (~v;) = —7 (1), 2
stands for €2 (7)) gets
0 0
fﬂ(z 'z = fﬂ e 'dz {3.26)
c o0

since if v, > 0 then v, < 0 and -y is proportional to 1}, The general equation (3.17) for

v, > 0 and specular reflection, therefore, after relating to (3.26) can be written as

z

W, = / Q) e gy 4 / Q) e gy (3.27)
0 0

On insetting equation (3.25) and equation (3.27) into expression for the current density
(1.26), we can get the expression for j, (), which after combining integrations over the
region over v, > 0 and v, < 0 (based on the property that € (—p) = & (p) introduced in

chap. 1}

—2e n,
jl2) = f va e g3
baoo e
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z o0 o0
s f{le'y(zl"z)dz’+]Qe"7(z+"l)dz'+fﬂ(z7(z'Z)dz’ . (3.28)
0 0 z

If the electric filed is formalty extended in symmetric fashion out side the conductor,
it is possible to change 2’ into —2' in the second integral so that Q(—2z) = (2} and
it can be added to the first one, and for the third integral z > 2’ the exponential part
e 1=2") = =122 and hence, after the three integrals are combined, the expression for

the current density will be

—2e an, T ;
'(1 _ —— . aﬁ_q.gdg Q ! —lrﬂ('zdz lI) !
Ja (2) (2rch)® .[UDO e e P / (2)e dz

and the Fourier transform of the above equation, by referring (A4.1) and {A.2) of mathe-

matical supplement, will be

) —4dem Iyl 8n,
(k) = Ve 2 (p o dedp,dip, 3.29
o) = s [ v o) 5T ety (3.29)

where

Q-(p,k) °PL {Fe (k) cos i+ By (k) sing] [1 — iwmA]

mu,

is the Fourier transform of (3.24) and

2y 2v,
TR o) [ ]

is Fourier transform of the exponential term e~ 71!
The Fourier transform of electrical current density along 2 direction by make use
of {3.29) in which the details of mathematical analysis is given in (4.2} of mathematical

suppiement as

Jz (k) =

:%‘?_2_?_‘311/ (e — £1c08 Ap,) {E, (k) cos? ‘P+By (k) sin  cos ] anof&d(pdpz
V20

(2mhy® a} (1 + k2 sin” Ap, ) de
(3.30)
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where B = (1 —dwmA), a; = 1 —iwr and f, = g1 AT /a? has a dimension of length. When
evaluating the ¢ integration the second term containing sin ¢ cos ¢ in the square bracket of
the integrand will vanish due to odd function of . The remaining term in ¢ integration

multiplies the coefficient by 7. Now using [ " (¢) Siede ~ — I (1) for e integration, we

obtain
: 8e’m Bayr B, (k)
- (K —wl k),
Jr € ) (27T71) 1 ( )
where
[ ) [ )
I — €1 CO8 Ap, 2 1 —ejcost
L (k) = dp, = — | ——————F——dt.
1 (k) fa% (14 k22 sin” Ap,) P /\fa% (14 k%12 sin® Ap, )
x =

The dp, integration evaluated for v, > 0, i.e., from =T to 0 is shown in mathematical

supplement { A.3) at the end, which gives after neglecting higher order terms

2 Ty 7T(L'r11 Ty (L%
I et R _ int I
hitk) ™ \0g (” (,‘Zkl 41:313) o (w T e

in the extreme anomalous limit. The electrical current density along « is, therefore,

oo 18e’mBayr ) Ta;  was way  al
I (B) = (2n11)* Aa? B (F) ('“ (21:5*41;353 Skl TR ) )

and the conductivity along the layer during perpendicular propagation will be

16e*r Baqyr Ty Tad nay 2
amTl(k)%m‘_“(# (_"' ! - 2;\,[; +?2‘£—2 ; O'q-y(h):()

(2 h)° Aa? 2kl AK3[
Similar calculations show that o, (k) is the same as 0, {k). It can also be easily seen

that the current density j, (k) = 0 and thus o, (k) = 7, (k) = 0. Therefore, we see that

for wave propagation in the direction perpendicular to the layers

gz (k) = 00z B (k) and gy (k) = oy, Iy, (k)
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where Fourier components of the conductivity are

16e27w BasyT ray  Tay way  al
= Nnaidibit TS it —e | e =1 3.31
Tk = Ourl ™ o P Aa? ('”“ (%l, e ) O\ awl e 330

and in the extreme anomalous skin effect limit

_ _e’B (1-79
oot = O ™

By Fourier transform of both sides of equation (3.16) neglecting the contribution

of displacement current in the expression and knowing that there is a discontinuity in the

derivative ———‘ii“ at z = 0, we have (o, § = z,y)
dF driw dariw
L2 10 (1. o _ . L\ AN ANNER
—~k*Ey (k) — 2 ( - ) = ——aOas (k) Es (k) = — 2~ Tas (k) Eo (k) (3.32)

SiNCe Top = Ogal — Oyyl, as seen above. The above two independent equations have the
same form for &, (k) and E, (k) due to symmetry of electric field in k along « and y axis
and thus we need only consider one of them to find the surface impedance and the skin

depth. Thus, equation (3.32) gets the form

—28 (0) —28 (0)
I (L) = PR T & g2 . dmiw 16e%T Ba;T may  ma3 may O
e TET T T (anPral (VJ (2&! - 4k313) & (25-1 + k2z?))
or
—2k*E' (0
Bk)rm —— ©__ : (3.33)
kK — iy k2 4 dygh + iy,
where
32we27rﬁB'r( ) 6dwe?n?Ba,Teq (16w627r3Bapr)
=~ — gy, = —— = ——1°
= omP T T T (2mh)® A2 ° c2 (27h)* A3

In the limit of anomalous skin effect in which kI >> 1; 1 being the mean free path

of conduction electrons, further simplifications than in the mathematical supplement can
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be done neglecting the lower order terms in & in the denominator of (3.33) and it becomes

I, (k) = —}%%?J The Fourier transform of the electric field, £ (k) , is symmetric in & and

thus its inverse transform will be E (z) = 1 [ E (k) cos (kz) dk. Thus, the electric field at
0

the surface, z = 0 gets

(o0

—2F' (0 kdk
E (0) ~ f o (3.34)

3’)’1
0

The integral in equation (3.34) can be evaluated using Residue theorem?* by choosing a

o0 .4l -iy/ a |0! 3

ropetr contour and one ﬁndS N Ad{‘ = 1 7l 3tivid . 2mel Wthh IVCS 7 de 81
0 K—iy 97 3y E@©)

! ! 3\/571 33 'r?

According to equation (2.6) the surface impedance is thus

diw I7 (0) ~ 167w sus

Z = S L
et B (0) 3\/—(.2,},5

On inserting the value of y; we find surface impedance of the conductor along the layers

during perpendicular propagation of the wave Z4, as

167 2a’h (1 ) % 1 £
) -1 1
VAT —————— | exp (b7 —tan (mwmA) , = — (3.3%5)
3[ dete? (14 w?mﬁAﬁ)% 3 ( ) p

Now, it can be seen that the relaxation time enter into (3.35) through the constant A and the
surface impedance depends weakly on it and varies directly as wiwhile its resistive and the
reactive parts are related in such a way that X = /3R which confirms the noneffectiveness
qualitative description (2.13), the Reuter and Sondheimer®*quantitative expression (2.15)
and A.A. Abrikosov’s*analysis (2.17).

When the quantity v which characterizes the correlation function ® (p,p’) is zero,

the above expression will automatically reduce to the surface impedance of electromagnetic
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wave in Ferni gas approximation, i.e.,

1
) 3
81 2w2a'2ﬁ’ (1?—:)) 5
NG ig2 exp . (3.36)

ZA.L R

)3

The factor (1—}?) ® differs qualitatively the surface impedance of electromagnetic wave in

norimal metals Zp,, from the layered conductors, i.e.,

1
7 3
ZAJ_ ~ ZNm (1 ] ) ,

The penetration depth of the electromagnetic wave, i.e. the skin depth &, in the lay-

ered conductors for interacting Fermi liquid in the case of perpendicular propagation of
electromagnetic wave to the layers can be approximated with the help of retation (2.5) for
comparison with the skin depths during parallel propagation of electromagnetic wave to
the layers. Thus,

_ 33 dwe? (1+ Lu2m2A2)% (ﬂ

n
k .
4 cta?l

3
) exp _?% (57T — tan ! (—wmA)) ,

and its imaginary part is

. 33 dwe? (1 +w27n2A2)15 (%’1
T () 4 ?a?h

3
) sin —;— [51r — tan~! (—wmA)]

The damping distance of the wave is identified as the inverse imaginary part. Thus, one can

get the skin depth perpendicular to the layers during perpendicular propagation (g, ) as

I a’h ( L ) e [6m — tan ' (—wmA)]. (337)
Pl ™ csC - [om — tan ~ (—wm R
3v3 \ dwe? (1+ w27n2}12)% L—n 3 .

This shows us that for electromagnetic wave of fixed frequency, the skin depth vaiies as

1 , . . P
75 and when the exchange term of Landau’s correlation function is involved, the surface

impedance, conductivity tensor and skin depth are weakly dependent on the relaxation time
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7 through A. But in the gas approximation, the quantities are independent of the relaxation

time and it can be easily seen that (3.37) reduces to

1

8 [c?ah [ 7 3
Op) &3 — . 3.38
P [Akue? (1 -7]>jl (3-38)

3.4 Electromagnetic Wave Propagation Along the Layers

An electromagnetic wave similar to the first case, incident from vacuum along the direction
parallel to the layers is considered. Let the surface of the conductor (x = 0) coincides
with the plane of symmetry of the crystal, the electric and the magnetic fields of the wave

lie in the ¥ — 2z plane, i.e, E(z) = [0, By (z), E; (»)] and H(2) = [0, 1, (z), H, (z)];

3

1 = 1) (p,x). Then, kinetic equation {1.24)will have a form

oY (p,x)

= — 1 €. '3
I evE — iwl (p,x) (3.39)

(v —iw) Y (p,x) + vr

and the Maxwell’s equation (2.14) similar to {3.16) becomes

d*E w? d70iw
ﬁ+(‘—zE=H o2 J(II)) (340)

According to the above assumption Bv = E,u,+L,v, = v) B, (2)sin p—F, (x) £1Asin Ap,.
The solution of the kinetic equation has the same form as the previous one, but the vari-
able z is changed to z and 2 (2') = ﬂ:t’:—‘p@, v o= % By using the expression
(1.14) similar to (3.19) , the non equilibrium distribution function ¢ (p) entering the inte-
gral equation for ¢ is ¥ (p) = er (&) [vL By, (x) sin — g1 AF, (z) sin Ap,].

After following similar steps as in the previous section, the expression for the func-

tion ¥ (p, ), which takes into account the correlation effects associated with the inter-
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electronic interaction will be

SeTmimpuog

U (p,a) = ST pOD L
(p,2) (27rﬁ)3p?w\

E, (z)sing = eAp, F,(2), (3.41)

where A is as defined in (3.23).

After the Fourier transform of Q ('), i.e.,

Q (k) = Ui [pyEy (k) (-1— - iwA) — e1Asin Ap, E, (k)

e
the transformed form of the solution of Boltzmann kinetic equation gets

[ # — ?'wA) py By (k) + v E, (k)] a7
d)k (P) = 28 ai‘z + b%,vg

(3.42)

where aq and by have the same meaning as before.
The Fourier transform of the components of current densities j,{k) and 7, (k) sup-

plemented by the values of their respective integrals can be written as

Iy (k) = —_E;lj:r—?)l; fpl [(;1; — iwA) By (B)pria (k) +v. B, (k) Is (k) Q(%dadpz;
(.43)
I (k) = 2i sin® zodcp _ _25 f sin?;:d:n ’
J a?—l—b%% cos? 41 1—|—b§£j§§ cos?

The above ¢ integration is given in mathematical supplement (A.5) and in the extreme

anomalous skin effect limit,

1 2 ' 2
Iy (k) = T (———— p n ) ,

krp)ay - k*72p% T k373p3

and similarly, from mathematical supplement of {A.6) we can have

=
sin ody M 2m?  2atmt
4

I (k) =2 f _ohnedy _amy |
(k) . a? + bzgj-cosz(p abipy  biph  3bypl

1m?
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On inserting the two integrals, it can be seen that the term containing I; (k) in the integral
(3.43) will vanish due to odd and even functions of sin Ap, and cos Ap, and evaluating the

energy integration similar to the earlier case one can obtain

z

BN
de? 1
g, (k) ~ 24T (— w—iwA) f 1, (k) dp, %

(2rh)® \'m

X

Tim (2m,u)% (1 — 5. €os )\pz) ot am? (1 + 55 cos ,\pz)

a1RkT kT2 2k373 (2mys) 3

and after taking the p, integration over a Brillouin zone, the final expression for the trans-
formed cutrent density along y direction is obtained and the conductivity component along

the layers during paraliel propagation of the wave (ayy”) for this case gets

L
8ela 1w (71' (2mp)?  wm a;m?m

@rr)* A\ kTar B2 gpars(omu)h

Oyy) (k) =

) (1 —dwmA), oy, (k) =0.
(3.44)

Employing equation (3.40) similar to the previous case, i.e., Ey, (k) = —=20) _ and on

.0 dwiw
ke 29t oy

substituting the conductivity (3.44)

— 2K (0)

E, (k)= )
v (k) kS — dryak? 4 drygk — iy

Here also F, (k) is symmetric in k and hence after taking inverse transform we can obtain

the ratio of the field at the surface to its first derivaiive as

B, (0) _ —2/ K3k .45
5 (0) SRS gk vk — iy
where
_ 32 we? (2m,u)% 32rn3wetaym

= 1 —iwmA), = ———— (1 —iwmA),
1T T ey A ( = (2rh)? Ny (L dwmd)
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and

3 2,.2,,2
e 1o (:e i - (1 —iwmA).
¢ (2nh)” Ar (2mp)?

In the limit of extreme anomalous skin effect, (3.44) gets

e’ (2m,u,)12 . e
Oy (k) = Rt (1 —iwmA) = Ty

(1 — dwmA) . (3.46)

This tell us that for a fixed value of k the Fourier transform of conductivity tensor varies
inversely as the square of the separation between the layers o and weakly depends on the
correlation function. Mean while, the conductivities for the perpendicular and parallel
propagations of electromagnetic wave to the layers can be compared, and thus, the ratio of

equation (3.31) to equation (3.46) is

Oy, LT (3.47)
Ty i

By neglecting the last two tertns in the denominator of (3.44) in comparison to the

first, the expression takes on a simple form

B, (0) -2]0 kdk  —4eE
~ T N T 1
E! (0) ™) k3 — iy, 333

The contour integral is the same as that of equation (3.34) and hence, the surface impedance

b b—

along the layers for the electromagnetic wave propagated along the layers (putting (2myt)? as
g) gets
%
8 2w?a’h i
Zay 7 exp — |57 — tan™! (—wmA (3.48)
RN (6462 1+ w'-*m?/l?)%) 3 [ ( d

. C 2 2
Here also the surface impedance varies directly as a3 and w3 but does not depend on the

layered nature of the conductor. Now, it is possible to compare the surface impedances for
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the two cases of propagations using equations {3.35) and (3.48) to obtain

1
7L, (—1-) ’ (3.49)
Za  \1-n)

and also with the surface impedance of normal metals as Z 4 ~ Zyn.
The skin depth of the electric field E, (x) can be found from equation (3.48) quite

similar to the first case as

cta’hi

—4
3v3 (4&)62 (1 4 wm? A2

3
1
Oay| =2 )1) cac 3 [ — tan™! (—wmA)], (3.50)
2

and in the gas approximation (when A=0} equation (3.50) becomes

8 /c*a’h 3
6"11“26 dwe? '

The ratio of the skin depths of (3.38) to (3.50) is

) 7 5
This shows us that the skin depth parallel to the layers during parallel propagation of elec-
tromagnetic wave to the layers (6 A1H) exceeds the penetration depth perpendicular to the
layers (§p. ) during perpendicular propagation of the waves by a factor of (T’Ln)%and it
tells us that the parallel propagation of electromagnetic wave is preferable in the sense of
transparency.

The Fourier transform of z— component of electrical cuirent density can be given as

. —de’aytm [ In, 1
i)~ =g [ G |(

—u, || — —iwA | Iy (k s {k)v, I, (k)| dedp,
i [ e | (G ) B0 By 8 (0. ()

(3.52)
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where f, (k) = I3 (k) and

Is (k) = 2

O\mln

dy 2 /‘
24 b%;"‘g cos? a / L+d ‘3052
Referring to mathematical supplement (A7),

™ mm3

Is (k) = .
s (k) atbypy  203p%

On inserting the values of the above integrals in {3.52), it is clear that the part containing
14 (k) will vanish due to the same reason as the expression(3.43) leaving the result con-
taining no Fermi liquid terms, Integrating the remaining part of the equation over energy
of quasi-particle near the Fermi surface (for weak excitations) and the p, integration over a

brillouin zone, gives

) de?a, rmimi 1 aqym?
Jo (k) s LA L [_————-— - ————-—-} B, (65
(2mh) aibhk (2mp)? 207 (2mp)?
and the electrical conductivity as
de2edmia? ) 1 a’m?
O (k)=0, 0, k) ——— |~ — m—l——‘——g . (3.54)
(2mh)® E(2mp)? 28372 (2mp)?

In the limit of extreme anomalous skin effect, kI >> 1, the second term can be neglected

and hence gets

de?eim?u? A e’
(2xh)* k (Zm,u,) ~ Brlial

which mainly depends on the layered structure of the conductor. For the same propagation

Uzzu (k')

of electromagnetic wave (along the layers), the conductivities along and perpendicular to

the layers can be compared as

(T,uu 8(1— fuumA)
(Tzzn ?]2
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This tells us that the electrical conductivity in the normal state of layered conductors in the
direction n perpendicular to the layers is much less than the conductivity along the {ayers.
The Fourier transform of the Maxwell’s equation for this component in which the

electric field is symmetric in & also gives

—-28' (0
Ez (‘lz) o JlL'? . 47|‘{1_(,J ) ) (355)
2 Yzz
and on inserting (3.54) in (3.55) gives
—2k*E’ (0
B, (k) = kE (0) (3.56)
ko —drygk? + iy,
where
= 2weedm? ) and . = ewae? im?t
6 — »

1]

2 (Em,u,)% T e (2my)

For the simplicity of the expression, at low temperature in which the theory of anomalous
skin effect is appreciable equation (3.56) gets

- =2kE'(0
Ez (k:) 3 _W—_.Q!
k* —dyg
and upon taking the inverse Fourier transform yields

00

B, (0)  —2 f kdk —4es
nl] ~ 3 _ 1
B0y = J k3 — iy, 3v/3d

and the surface impedance perpendicular to the layers during parailel propagation becomes

1
Ty 167 (w e (2rp) ) o5t (3.57)

33 \ 2cte?edin?) ’

which is the same as

1

16m [ 2w?ha®\?

Lo —= | ——— (1—' 3),
= s (i) (135

. -2
and can be related to the surface impedance of normal metals as Zay ~ Znnn3 .
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The depth of penetration of the electric field I, («) is then

1
8 [2c%ha®\ 3
P (Tr) (-58)

The skin depths of the field (for the same propagation) along and perpendicular to the layers

can be compared by using (3.50) and (3.58) as

2
ba Uk
6AQ|I 2 (1 + w‘Z?anlZ) .

Therefore, when electromagnetic waves propagate along the layers and the inequality 1 <<
1 is satisfied, the depth of penetration 6 4, of the electric field [, = En of a linearly
polarized wave exceeds greatly the depth of attenuation 64, of the electric field F,.

One can see the variable dependence of the surface impedance due to the involvement
of the correlation function by analyzing equations (3.35) and {3.48} on the assumption

,1 > whm2A?) as

1
] 3
8w Ww?a’h (Til;}) [1 w%ngA?} 5

3 573 o G eXp 5~ (3.59)

We see that the surface impedance due to the interaction during perpendicular propagation

of the wave can be approximated as

1
B 3
7 23 (arm)” w3 (1_'_15) " 8 (3.60)
inf ~ X T .
m Ov3x escintal b 3

1 9 8 .
23 arm) w3 8wt
% [Lﬁ%—i} exXp - (3.61)
3
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Thus, during electron-electron interaction through exchange, the surface impedance
due to only this interaction varies directly as the square of relaxation time 7 and the effective
mass 7n of the interacting quasi-particles and as w5,

A unified description of the phenomena, valid for the high frequency range in the
extreme anomalous limit, is obtained by expressing the results of the theory in terms of
the surface impedance Z, from which the quantities of experimental interest are then easily
derived. The parameter cv is experimentally accessible and directly related to the compress-
ibility of the interacting quasi-particle system.!?

In general, we can see that the involvement of the Landau’s correlation function
P (p, p) in semi-classical terms does not affect the qualitative features of our results. Its
effect, should, of course, be included in calculations (quantitative) based on realistic spec-
tra.

The explicit expressions of the quantities of interest of the effect in layered conduc-
tors in the case of quadratic form of energy spectrum (3.10) can be related to the nornial
metals. The conductivities, the surface impedances and the skin depths are compared in
order of magnitude under three categories from the analyses done above. The first of
fhese are those which have the same order of magnitude with that of the normal met-
als, 1.e., the conductivity along the layers during paraliel propagation of electromagnetic
wave (74 ~ JN,,;), the surface impedance along the layers during parallel propagation
(ZA” ~ ZNm) and the skin depth of electric field along the layers during the same propa-
gation (6 Al ~ 6Nm). The next are those which exceeds that of the normal metals, i.e., the

conductivity along the layers during perpendicular propagation of electromagnetic wave
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(cr,; 1o~ (I%)UN,,,), the surface impedance perpendicular to the layers during parallel
propagation (Zp” ~ ZNmn%) and the skin depth of electric field perpendicular to the
layers during the same case (6,42” ~ 5an?;:32). The third are those which have less than
that of the normal metals. The conductivity perpendicular to the layers during parallel
propagation (orpn ~ (TNmn?), the skin depth perpendicular to the layers during perpendic-
ular propagation (6;,,1_ ~ & Nm(%n)%) and the surface impedance along the layers during

perpendicular propagation of electromagnetic wave (ZAJ_ ~ ZN,H(%")%).



Conclusion

The following conclusions are derived in the work:

The surface impedance in both considered cases of electromagnetic wave polariza-
tions is proportional to wi and weakly depends on the relaxation time 7 through the Fermi
liquid interaction term, and in the absence of interaction it automatically reduces to the
value in the gas approximation. A correction due to the account of Fermi liquid effect is
observed in the separate interaction term, although this term is small even at high frequency
compared to the main gas term.

The values of the constants £; and o which characterize the bandwidth and Fermi
liquid effect respectively can be determined from appropriate experimental data on layered
conductors based on expressions derived for conductivity and surface impedance.

The conductivity along the layers is much greater than the conductivity perpendicular
to the layers. Likewise, the magnitude of surface impedance of the conductor during par-
allel propagation of electromagnetic wave highly exceeds the magnitude during the prop-
agation perpendicular to the layers. The explicit expressions of these quantities in layered
conductors are related in order of magnitude to that of normal metals:

-The conductivity {0 4 ), the surface impedance (Z4);) and the skin depth of the elec-
tric field along the layers (6 ,,) during parallel propagation of electromagnetic wave have
the same order of nagnitude with that of the normal metals;

-The conductivity along the layers during perpendicular propagation (@ 4, ), the sur-

face impedance perpendicular to the layers (Zp)) and the skin depth of the electiic field

63
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perpendicular to the layers (§,,)) during the parallel propagation of the wave exceed the
values in normal metals;

-The conductivity perpendicular to the layers during parallel propagation (opy ), the
skin depth perpendicular to the layers (6p ) and the surface impedance (Z4, ) both during

perpendicular propagation of the wave to the layers have less values than in normal metals.




Appendix A
Mathematical Supplement

Although the ¢ and p, integrations in chapter 3 are somewhat challenging, one ob-
tains the necessary simple expressions for them in the extreme anomalous limit condition.
In solving this one can use computer programs such as the computational engine included
in Scientific Workplace (Maple V Release 4), which includes the standard Maple libraries.
In our case this Maple program was used to minimize possible huntan etrors and save time.
One of the simplest ways is, thus, explicitly presented in this supplement. In addition, some
of the details about the way the Fourier transformed components of the electrical current

density are obtained are pointed out.

A1l Fourier transformation of 7 (z)

The Fourier transformation of the nonequilibrium part of the distribution function (the so-

lution of the Boltzmann kinetic equation) 1 (z) = [ Q(2') e M2=#Dd2! is obtained as

follows.
P, = / dz / Q () g Nllz=zDgikz gt
— f dzIQ (zl) 65-‘:2' dze—|7|(|zg-zr|)eikze—ikzi

— fdz'ﬂ(z’) ei.l:z’fdze—hﬂ(z—z’)eik(zgz’)

— 00

05




A2 The current density 00

— /dzfﬂ tF»z /df —|f7r1‘ ki

Q(k)-/dtcmteim‘.

il

The function ~1e is an even function of its argument £, so that we can write

oo

0 (k) / dte ekt — 0 (,l;) 2_/ e cos kidt,
0

— 00

and finaily one gets 2 f,° ¢l cos ktdt = 2 QLQ 1, = 20 (k)

A.2 The current density

The current density is given by

2 Ong 4
= )y f o ¢ P (2).

Substituting the value found from the integro-differential Boltzmann equation in this ex-

pression, one can write the current density as follows:

— 9 T ,
@) = oo [ wS [a@)e ey
1 Sue0 Oe

(27h)
Performing the Fourier transformation,
) —de I, ]
k) = Vo—m—odopf (k) —5~—
Jﬁ( ) (gﬂﬁ)a V230 de P ( )|'Y|2+k2

=t imwA] [ iy (&u [Em(k)cosgo—l—Ey(k)singol) e diodp,de.

(2rn)? Uz30 |'}'I2+|'.,2 (L

The components of the velocity are

P Py .
Vp = = COS @, Uy — ~ - 8IN,V, = —E1ASInAp,.
m m
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Now, for a component (say @ component) the current density is

Ix (k) = @—T—r‘ﬁ}— f1 — imwA] fv o Inrlf"qj!»“’ X

(E'U [B5 (k) cos® p + B, (k) singcos ga]) 2o odp,de

—deg B[k . ! arg
= *‘**'?;““(2;;) 7(? ) {1 — drw A f“z}U 72}1&2 - Srdpyde =

- M%L [1 _ ?,INUJA} j‘ le] M%dpzda

(2 k) Uy TIHk? U,

1{1

The coefficient iy, can be siinplified as follows:

1-—ditTw
i T 173 8in Apa 1

k2 u, T t—irw 9+.L-2 £1A s AD,
E1TASITApP,

== — (=1 4 dTw)

T
~ 142wt riw? ~ k2 5?1’2,\%*};2521"2 A% cos? Ap,

(i—trw)r (1--itw)r
((1 ire)? R 3202 (sm2 )spz)) ((1 iTw)? +E202 (sm'Z Apz))

= G (1R ()]

Thus

i (k) = —~8e’ 7By (}u _ i /dEf (€ — &1cos Ap;) Qﬁ’zd-pz
(2nh)> vyo (3 —i1w) (14 k22 (sin® Ap,)) 9=

or, since v, > 0 is equivalent fo —3% € p, € (,

_ Be*mrr oy (k) 0 {1t — &1 cos Ap;)
.?m(k) T T 517 '
(2mw]i)" ay u% (1 -+ k212 (sm Apz))
8e*r7 B, (k) ay O p-—gjcosm 8etnr B, (k) a)
= m-B-—— —_— ey = —— o
(2mh)® A0l Jfoin 14 KM sin® @ "’ (2rhy’ Bh @D
where the symbols
) . !
g = (1 —drw), B =1 ~imwA] 1, = —,l =uT,1 =X (A.2)
a;

are introduced for simplicity. Equation (A.1) is the same as (3.26) after taking the simpler

 and € integrations,
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A3  The Integral I,

This integral is 1, (k) = X%’{ IO% lJr‘kfl;‘fgim da as stated in the main text (page 46). We

start evaluation of the integral as follows, separating it into two terms:

2 0 I 0 Cos
ho= 2 e [ ST g
! Aa? ([%w 14 k22 sin? x ! _/_%ﬂ 14 k22 sin® x )

! "
* " W M " 0 S £1 arctan i,
a) Let’s deal first with the simpler I{ = -%% e T s 4T = —%1?1‘—%@5*
We introduce the symbol b = (k212)™" for further evaluations, actarkle — \/harctan 3= N

After expanding in power series with respect to b << 1(the extreme anomalous skin

effect condition Ik >> 1), and remembering that

. if Re(z) > 0;

csgn(z) = or Re(z) =0and Im(z) >0
1 if Re(z) <0;

or Re(z) =0and Im{z) <0

and

signumn (z) = { 12| ifz70
0ifz=0

one has

1 1
Vbarctan _ﬁ =3 CSgn (conj ugate (ﬁ)) b - b+ %bz - %b?’

1 1 1, 1, 1
o) =2 _ S e - Y 5
+301+ O (1) = onvb— by ob? - 20 kb O (0°)
1 1, 1, 1
~ Vb — b4 b — b4 Db
27r\/_ + 3 5 + 7
I B L1 _
= omy/ (22)7 - (W) ¢ (m?) (zﬁﬁ) + (1)
_ 1 1057k"I] - 210#*:12, + 701"45;%, 42k*1% + 30
210 k813

7 G 4 9
L 105wkt (L) - 20068 (1) ront (1) - a2k () 430

210 8 (L)B
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iy

= S0 (106K — 210k0%y + 70k a] — 424%0"a] + 30a1)

Thus, we get

[T AL U S SR
! M \ 2kl K20 3kUt 5kO[S TkSIS |
b) Proceeding with the next integral I} = X%? I 3 ﬁﬁ%;ﬁ‘%‘ dx, we have

fﬂ e

— a7 14k sin e

= { (arctan \/((bn-k;\/(Flﬂb)) V(o +1)- ((b +t2- 2m) b)

; (t ,, )) N(EE=YGHD

\/((b+‘2+‘2-\/(7+7))b
(o424 2/E77)) )

— | arctan 2
( J((H%z@)b))
+ (arctan \[((b+2_2be)) \K(b +24+2,/(bF 1)) b) Vio+ 1)} X

( ﬂ(hH_Qm b) mﬂ(”ﬂnx/ﬁ) b) ) |

Next, we write expansion of this expression with respect to b

1 csgn (bconjugate ( ((b 12— 20+ 1)) b))) .y
—csgn (bcmljugate ( ((b +2-2/b 1 1)) b))) i (\/5)3
e e () (4 00

= Vb — (ﬁ)g +&x (ﬁ)a + 0 (%)

3 5
o) = e (Vo) )+ (Vi) )

1 Bkt —ak2 a8

= 6" F5TE

We have, therefore,
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2p
I = — T
1T Xa? (16 WEp 16 kB, 16 B

_ 2 (7ma  maj | 3 may
Mt \ 2kl 4RME T 16 kSIS

1 8Nt 1 4kEZ 1 3)

and

; " 2 Ty ﬂa‘r{ 3 maj
Liky = LI = =5 —— - =
1 (k) Ve {”“ (Zkl TR TR

2 4 G 8
Ty aj ay ay
- - ~ 30 3

(m N T 7&858)} (#.3)

Now, the current density is

16?7 By (k)
(271'}12)3 251 A

may  wad 3 wdd a4y a$ af
plos—obop S e + +30
2kl 4K312 16 k50 %1 k202 " 3kAI4 T kSIS 71.,3!8

Ju (k) & (A.4)

A4 The Integrals /, & /3

In the following, the integrals I, (k) and I3 (k) introduced in (3.38) of the main text are

analyzed. We start with I, (k).

A.4.1 a) The Integral I,

=z

.2

2
1m2 U
. sin godgo 2 f2 sin”x
12(‘{0):2]‘ 2P N i-a—i/ o P dx
a? + b? —Lcos © 1Jo 1 4bjghzcosis
' 1

1+b2 m2 | (1+b20 m?)

NIEL T e

ﬂTi'l (I FH
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Tra%m.z +b2p% — /(a¥m? 4 bipt Yaym m
59 v 13,8 \ 22
ay \/(a.lm + bipd oip?
bz.z(ﬁ?ﬂf+1)_b, (5@34*1)(1,771
171 bp? 1P b2 1 m
=
aq a?m?
1 3,03
' ("1191 + 1)b1pL
240 2 2 0n 2
aym 1) - am ajm 1
(blpJ_ + ) bip. (bli‘h + ) m
=T
ay aZm?
(5 + 1)bups
1P

(22 + 1) —a/(22+1)  m

=T HEN
Q170 Vit +1)

Next, one uses expansion with respect (x << 1} to obfain

(x* +1) —ay/(z2+1) m T T\ o
ﬂ = I R R Fak S
(11711 (@2 +1) aj ay 20aj
2 3
~alim) () () e (o)
af \bipy at /) \byp,o 247 \bip,
1 ( 2827t 2magkrpy atm?

= —mm X
2 a k33t akdript ek

Finally,
1 2 m m?
Iy (k) == —m — e I
2( ) 27”” ( k‘?’ﬂpﬁ_ + a1k3’r3p‘i)

ktpLaq

A.42 b) The Integral I3
m

_'%’
od .
L(k) = 2] sin payp =2 (al‘ctan bIJ—J:LJ)
7, may J a1bip).

2
9, 12P 2
ay + bj > cos

0

by m
1P'L) =2 (arctan :L‘ﬁ]) — .
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= 2 [ arctan
may J a1bypy
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ST 1O (o)

(A.5)
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Performing expansion with respect to v = ——;:‘;l <1

1 T 2 2 i
. 1 A : . . .2 L 6
2 (arctana™") a%.‘b = csgn (conjugate () —agm + (——a.%) ¢+ —Sa%:L + O (=)

T {may 2 ma, ? 2 {maq 4
< aln) () ) vsalin)
1 3abiph — 6mabipt + 2t
-3 aibip|

wm 2m?  2alm*

L
abipy  Bpl  3bip|

Thus,

Tm 2m?  2a*m?

I (k) ~ — .
3() arbipy b%Pi 35‘111’31

(A.6)

A.5 The Integral I;

Now we proceed with the evaluation introduced in (3.47) of the main text

=

o
w5

di 2 / dip
! Y St
a? + b%%fg cos? aj / 14 beos?

o b2p‘2
151
‘Denotining o by b, we have

=

it v
1+ beos?p o {1+ ba?) /(1 —2a?)

0
1 3 — i@ LT

S lim | — arctanh b iz + arctanh b+ iwvh .
2/(14b)=1- V(L4 B)b(1 — x?) V(L b)b(1— 2?)

To approximate this result, let’s evaluate the limit as follows:

—b+izVb b1 izvb )

+ arctanh
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Furthermore,

lim (arctanh 7.0711 x 101

b— o0

ivb b 4 arctanh 7. 0711 x 1011M>

V(14 8)vo 1 +b)vb

= J.141 61,

from which it follows that

LK1

i , 1

d
f__QD__Z_m_lm_(zﬁ):__
/ 1+ beos? 24/(14b) 2/ (1+10)

and
W 1 T
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1 aym T

1 T
a,? blpJ_ a?m? a% 4/ (1 + 552)
e
Now expanding with respect to z = J!0% << 1 one gets

T 1 5
i et o),

and, after substituting back for z, the approximate value of 75 (k) becomes
1 aym 1 am\’®
0+ i () 32
(k) ai bipy 203 bipL
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