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Abstract 

The theory of anomalous skin effect in layered conductors with quasi-two-

dimensional energy spectnlll1 under high frequency electromagnetic wave propaga-

tion along and perpendicular to the layers is studied in the account of Fermi-liquid 

effects in the absence of static magnetic field. The surface impedance, the conduc-

tivity and the skin depth are calculated explicitly for quadratic energy spectlUm and 

it is observed that the magnitudes differ in different orientations of the sample rela-

tive to the direction of propagation of the wave. The dependence of these quantities 

on the Landau's correlation function is analyzed and they are compared qualita-

tively with the results in gas approximation theoretical results under the studies of 

normal metals. 
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Introduction 

This thesis is devoted to theoretical analysis of anomalous skin effect in layered con­

ductors which have a quasi-two dimensional energy spectIUm of charge carriers. 

Metals occupy a rather special position in the study of solids. They are excellent 

conductors of heat and electricity. The challenge of accounting for these metallic features 

gave the starting impetus to the modern theory of solids. 

In order to understand most of the physical propel1ies of metals, one has to deter­

mine the shape of the Fenni-sUlface. There is a class of measurable quantities valued 

primarily because they contain detailed information about the geometric stmcture of the 

Fermi-surface. Such quantities depend only on universal constants, experimentally con­

trolled variables (such as temperatnre, frequency, magnetic field strength, clystal orienta­

tion) and infonnation about the electronic band stmcture that is entirely determined by the 

shape of the Fermi-surface. 

The importance of determining the Fenni-sUlface of metals is clear. The shape of the 

Fermi-surface is involved in the transport coefficients. Experiments on the Fermi-surface 

can be used to provide data for fitting phenomenological parameters which can then be 

used to calculate other phenomena. Fenni-surface measurements are of interest also as 

a fUl1her test of the validity of the one-electron semiclassical theOlY, since there are now 

many independent ways of extracting Fenni-sUlface information. 

Quantities yielding such Fermi-surface information have a place of special impor­

tance in the physics of metals. Their measurement almost always requires single clystals 

1 



Introduction 2 

ofvelY pure substances at velY low temperatures and is frequently performed in velY strong 

magnetic fields (for example, de Haas-van Alphen effect) or in high frequency electromag­

netic fields (Anomalous Skin Effect). These effects are based on the same underlying 

physical mechanism and their techniques appear to be powerful and simple. 

The recently artificially synthesized conductors, generally having complicated com­

position and structure, selve as a source of new and unique infol1nation about the funda­

mental processes in solids. The significant part of these conducting materials have layered 

structures, the electric conductivity of which under nOl1nal (non superconducting) condi­

tion along the layers considerably exceeds electric conductivity along the direction normal 

to these layers. For verifying the mechanism of formation of superconducting condition, 

it is impOltant to know the properties of the elementaJY excitations, which are responsible 

for the transposition of electrical charges in the clystai. The obselvation of the de Haas -

van Alphen and. the Shubnikov - de Haas effects in layered organic conductors justified the 

supposition that the system offermions which is similar to conduction electrons in metals 

but possessing quasi-two-dimensional energy spectrum is responsible for their electronic 

propelties1 Consideration of the high frequency electromagnetic waves encourages one to 

ask how does the Fermi liquid theOlY affect the results. 

The thesis is divided into three chapters. The first and second chapters are preview. 

The one electron Bloch theOlY, the distlibution function and the Boltzmann kinetic equation 

were reviewed in chapter one. The Landau Fermi liquid theOlY is also presented here suited 

for the purpose to use them in the last chapter. 
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The second chapter is related to the earlier studies of the normal and anomalous skin 

etTects in normal metals, which have been based on Maxwell's equations and Boltzmann 

kinetic equation in the Fermi gas approximation, such as, the non-effectiveness qualita­

tive description, derivations of G.E.H. Reuter and E.H. Sondheimer 2and the description 

of Abrikosov A.A. 3 who have obtained almost the same result. Several researchers have 

used measurement of surface resistance to obtain information on the features of the Fermi­

surface. In case of suitably averaged surface resistance, in polycrystalline material, one 

obtains the total area of the Fermi-surface, and measurement on a single crystal material 

as a function of orientation yield information on its shape4 The high frequency electro­

magnetic wave impedance of metals at low temperatures was first noticed by H. London in 

1940 2,<1 and attributed to the mean free path I of conduction electrons being greater than 

the skin depth o. It is this effect known as anomalous skin effect. The rise of microwave 

technology has fostered a fairly extensive study of the phenomenon. 

The treatment of the third chapter, which is the main part of the work, differs in the 

way in which the sample considered is layered conductors, and as well as, the introduc­

tion of the Fermi liquid effect. The influence of the Fermi liquid effect on the surface 

impedance, conductivity and the skin depth of layered conductors with a quasi-two dimen­

sional electron energy spectrum is the main theoretical analysis of the thesis. 

The theory for a given simple energy spectrum in the case of specular reflection of 

electrons from the surface of the sample under perpendicular and parallel propagations of 

electromagnetic waves to the layers is examined separately. In the extreme anomalous 

limit, the conductivities for both considered cases of electromagnetic wave propagation 
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directions are seen to be weakly dependent on relaxation time when the Fermi-liquid effect 

is taken into account, but independent of it in the gas approximation. The conductivity 

perpendicular to the layers is highly affected by the layered stl1lcture while the conductivity 

along the layers exceeds highly the conductivity perpendicular to the layers at not vety low 

tem peratures. 

The sUlface impedance and the penetration depth in layered conductors remains un­

affected qualitatively when considering the accounts of the Fermi liquid effects, however 

the Fermi liquid interaction terms exist in the expressions. 



Chapter 1 
Electrons in a Crystal Lattice. Boltzmann 

Kinetic Equation (Preview) 

1.1 General Properties of Electrons in Metals 

The most obvious property exhibited by metals and conductors having metallic electrical 

propel1ies is extremely high electrical conductivity. Enormous ratio of metallic to insulator 

conductivity is observed because there is a free electron gas in metals. The question of 

why is this gas found in metals but not insulators can be answered by obselving that the 

electrons are tightly bound to the atoms of the lattice in insulators while in metals they 

are essentially free pal1icles. This is due to considerable over lap between electron states 

belonging to the outer shells of the constituent atoms. As a result, the valence electrons 

move easily from one atom to the next, so that one cannot even say to which atom they 

really belong. This shared nature of the outer electrons is also responsible for the large 

cohesive energy of metals and explains their specific mechanical propel1ies.3 In this view, 

a metal can be thought of as a 'sea' of valence electrons moving in a clystalline lattice of 

ions. These electrons are often called conduction or 'free' electrons which interact quite 

strongly among themselves and with the ions and the potential energy of interaction being 

comparable to the electronic kinetic energy. 

An electron moving in a metal can be assumed as if it moves in an external field 

characterized by a potential energy U(1'), which is periodic with period of arbitraty lattice 

5 



1.1 General Properties of Electrons in Metals 6 

vector an = nlaj +n2a2 +n3a3, where the nt's are integers mnning over positive and neg­

ative values as well as zero. The energy of the electron depends on the clystal momentum 

p, which is analogous to the momentum of a free pal1icle. Since p and p + ll.K, where 

[{i are equal to 21f divided by the reciprocals of the unit cell dimensions ai, are physically 

equivalent, the energy c (p) must be a periodic function of p with periods 11K. From this 

it follows that it is sufficient to consider only a single primitive unit cell in the reciprocal 

space. The volume of such a domain where p is uniquely defined is equal to (21fli/ Iv, 

v = aj (a2xa3) being the volume ofa primitive unit cell of the clystallattice. The wave 

function describing the motion of the electron in a periodic field satisfying the condition of 

periodicity is given by Bloch's function defined as 

r,b(1') = eiTu(1'), (1.1 ) 

where 1I{1') is a periodic function with a periodicity oflattice vector an and satisfies Bloch's 

theorem, i.e., 11.(1' + an) = 11(1'). This wave function is like a plane wave, describing the 

motion of a free particle, but modulated by a periodic function. 

In a velY large volume successive levels will be infinitesimally close to each other. 

However, we shall be interested only in the number of states per unit energy range or per 

unit volume in reciprocal space. This density of states does not depend on the exact nature 

of the boundalY conditions and it is, therefore, easier to determine it using the simplest 

possible boundalY conditions. From this condition it is easy to note that vector p is thus a 

discrete variable with components Pi = 27C~,n" with i = x, y, z and ]I = La, LyLz is volume 

of the sample. If the dimensions of the sample are vely large, summations over energy 

levels can be replaced by integrations. The density of states in p-space is therefore (2;;,)3' 
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and the total number of allowed values ofp is equal to (V/v) = N, where N is the number 

of primitive unit cells in the sample. The account of the spin of the electron results in a 

total of 2N levels associated with each function £[ (p). The functions £[ (p) are periodic in 

reciprocal space and, hence, oscillate between certain maximum and minimum values. For 

every I we therefore obtain a band of allowed energy values. These bands may be separated 

by energy gaps in which no electron can have, but can overlap. 

The primitive unit cell of the reciprocal lattice is chosen as the natural domain in 

which p is uniquely defined. This new domain of definition for p is the Brillouin zone 

defined by Ipail <:: 1CT!, which hold for every basis vector ai. 

Accurate calculations of the energy bands £[ (p) require rather complex techniques. 

In order to illustrate the general properties of the energy bands £[ (p) obtained above one 

can consider two simplest approximations, although they are not suited for an accurate 

determination of the energy bands £[ (p) of real metals: the tight-binding approximation 

and the nearly-free electron approximation. 

In tight-binding approximation it is assumed that electronic shells do not overlap 

appreciably and that each electron can be assigned to a palticular atom as a zero-order 

approximation. Overlap between shells will be considered as a perturbation. 

The potential energy of an electron in the field of all the ions has the form V(x) = 

I: U(x - na), which is different from zero only in the neighborhood of the nth ion. In one 

" 
dimensional case one sees that £[ (p) is a periodic function of p with period 2~" and has a 

£ = A + B cos (pal Ii), (\.2) 
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where fl and B are constants. 

Calculations are more complicated in three dimensions. In the simplest case, corre­

sponding to one atom per unit cell with a single s electron for a bcc lattice if only nearest­

neighbors are taken into account one finds that I': = C + D cos(Pxa/2T!) cos(pya/2T!) 

cos(pza/2T!), where D determines the bandwidth. 

Now consider the opposite case in which the conduction electrons are nearly free and 

the clystal potential is weak so that pellurbation theOlY is applicable. The nOIll1alized wave 

function of a free electron (in one dimension) is L - ~ ei"t, where L is the length of the chain. 

It's energy is 1':(0) = ;,~" The next terms are taken by using successive approximations. We 

again obtain a general picture of energy bands, in which the energy dependences on clystal 

momentum, rather than on momentum. Ordinary perturbation theOlY fails for values of p 

such that 1':(0) (p) = 1':(0) (p - ilK) or p cos e = ~IlI(, where e is the angle between p and 

K. This is the equation of a plane in reciprocal space, perpendicular to the vector K, and 

intersecting it at a distance ~nf{ from the origin. It is the condition for Bragg reflection of 

the plane waves describing the motion of an electron by clystal planes. If K is the shortest 

reciprocal vector in a pmlicular direction, this plane is simply a Brillouin-zone boundalY; 

i.e., the energy discontinuity occurs on it. This is one of the reasons why the Brillouin zone 

is the most convenient domain of definition for crystal momentum. 
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1.2 Boltzmann Kinetic Equation and Relaxation time 
approximation 

The combined effect of forces on the electrons, an inhomogeneous electron distribution 

in the metal, and of scattering processes is best seen by making use of the Boltzmann ki-

netic equation. It is more commonly used to discuss the propel1ies of conduction electrons 

which are displaced from equilibrium by a small pel1urbing force, such as an electric field, 

magnetic field or a temperature gradient. 

In this section we shall first introduce the condition of usage of the semiclassical dis-

tribution and then see the fonn of kinetic equation for electron gas when electron-electron 

interaction is neglected and then its modification for Fermi liquid, in which electron-

electron interaction is taken into consideration. 

1.2.1 The Electron as a Wave Packet 

Up to now we described electrons by means of statiOllalY solutions of the Schrodinger 

equation of the Bloch type, if; = cipr/n·u. (1'). These functions are not suited for studying 

transp0l1 phenomena, since they correspond to a well-defined value of the crystalmomen-

tum p while the position coordinate remains completely undetermined. This defect can be 

remedied by constmcting a wave packet from Bloch states. One would nevel1heless like to 

retain a reasonably sharply defined crystal momentum. We shall, therefore, take a super-

position of Bloch states with a small spread L'lp. The width of this intelval is restricted by 

the maximum allowed uncertainty in position. According to the uncertainty principle, one 

has L'lpL'lT ~ lL. 
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Since electrons are scattered, they have a finite mean free path I, the uncertainty in 

position must therefore be smaller than I. The maximum allowed value of 6.p is clearly the 

momentum of the particle itself. The restriction p » 6.p ~ h/6.1'» h/lmust therefore be 

obeyed for the wave packet description to make sense. The condition is satisfied provided 

that I » a. 

Another restriction is related to the damping of quasi-pm1icles. It is ~ = E - J1 > > I 

where I is the damping coefficient, which appears in the wave function of a quasi-particle 

exp(i~t/Ii - It/Ii). The coefficient I is related to the mean lifetime T, e.g., I ~ h/T. The 

second restriction can therefore be wtitten as ~ » Ii/T or kbT » Ii/T. Thus, the wave 

packet description is valid under the conditions3 

(1.3) 

The velocity of an electron described by a wave packet 

v = fJE/fJp, (1.4) 

is called the group velocity. 

Let us assume that an electron is moving under the influence of an external electric 

field E. The work done by the applied field is eEv per unit time. It must be equal to the 

energy gained by the electron. Thus 

dp 
dt = eE. (1.5) 

An increasing p, however, does not necessarily imply that the electron is accelerating. 

In practice, because of scattering, the momentum of the electron cannot undergo a large 

change under the influence of the external field. It is only accelerated over a mean free 
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path, while the fields that can be set up in metals are never strong enough to effect an 

appreciable change in electron clystal momentum over a relaxation time. As a result, the 

electrons effectively remain close to the Fenni-slllface. 

1.2.2 The Boltzmann Kinetic Equation 

Let us introduce the distribution function n(p, r, t) in a phase space. The total time rate 

of change of the dislIibution function is expressed through its total deIivative. This change 

is due to collisions of electron with other electrons and due to scattering on defects in the 

clystal. In some circumstances the scatteIing of electrons by the surfaces of the sample 

may also be significant. 

Statistical mechanics tells us that electrons obey Fermi-Dirac statistics. The proba-

bility of occupation of a level of energy E is 

(1.6) 

where p is the Fermi energy and at absolute zero it can be seen that the Fermi distribution 

function becomes simply a step function: n(E) = 1 for E < I~ and n(E) = 0 for E > Ii. 

If we restrict ourselves to energy conserving collisions, then these may take into 

account by introducing the collision term (~;) c to obtain generalized Boltzmann equation: 

an +van +Fon = (an) 
at or op at c 

(1.7) 

where v~~ measures the nonunifonnity of the carrier distribution and known as a diffusion 

or drift term since it frequently arises with thermal gradients and F~~ is the force term due 

to an external fi eld. 
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Usually the use of relaxation time approximation is based on the assumptions on 

collision processes as elastic scattering and isotropic medium for simplification. 

The number of transferred quasi-particles per unit time from state p to state pi due to 

collision can be given as 

HI (p, pi) being the probability per unit time that an electron to be occupying the state 

p be scattered into the state pi known to be unoccupied and have used equal probability 

of transition from p state to pi and from pi state to p state, i.e., HI (p, pi) = HI (pi, p) 

as a common factoL 5 The number of occupied states at any time between p and p + dp 

will be dN = (2:0)" nd3 p and the change in occupied states as a result of collision is 

{j (dN) = (2:0)3 (~;t Otd3 p. By equating the above equations the collision integral will 

give us5 

(an) J ~~ at . = HI (p, pi) {j (E - E') [n' - n] 3 
" (21r11) 

It is usually pennissible in some transp0l1 problems to assume that the steady state 

distribution n (p, 1', t) in the field under isothennal conditions does not depart velY far fi'om 

the equilibrium distribution no (p) . Then the distribution of the excited states: 

1LI (p, 1', t) = n (p, 1', t) - no (p) . 

Particularly when interested only in tenns of order nI (p, 1', t) in the Boltzmann equation 

that are linear in the field, then we may linearize (1.7) in the form 

anI anI ano () -+v-+F- =1 nI at a1' ap , 
(1.8) 
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where 

J d3p' 
I(nJ) = W (p, pi) {j (c: - c:' ) [nJ (p) - nl (pi)] 3' 

(27rTl) 

Finally, to make relaxation time approximation, ifnI (p, r, t) is caused by the application of 

an external field to the equilibrium distribution and, at time t = 0, we switch off the external 

field, then nJ (p, r, t) decays exponentially in a characteristic time, T, called relaxation 

time: nJ (p, r, t) = nl (p, r, 0) e ~t. This implies that, under isothennal conditions and in a 

zero external field (1.8) reduces to relaxation time approximation as 

I(nJ) = -nJ = n (p, r, t) - n (p, r, 0) 
T T 

The relaxation time depends only on the relevant collision processes and for most cases 

depends on the energy c: of electrons T (c). 

Any electron-electron interaction conserves overall momentum and the combined 

current density of interacting particles and, hence, the collisions that destroy the drift veloc-

ity of the electrons are not electron-electron collisionsG The collisions effective in chang-

ing the current density are primarily interactions between electrons and phonons and be-

tween electrons and impurity atoms or lattice imperfections. In pure crystalline materials, 

electron- phonon collisions are most probable. Since phonons have no charge, momentum 

conselvation no longer conselves current density. Because of the increment of the phonon 

number as the temperature rises, electron-phonon collisions are most frequent at high tem-

peratures. This means that the average relaxation time T between electron-phonon collision 

decreases with rising temperature and accounts for the decrease of electrical conductivity 

of nOlmal metals. Meanwhile, the mean free path can be defined as the average distance 

covered by an electron between successive collisions, given as I = 'VT, v being the mean 
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velocity. In this work, however, we are not going to analyze using a concrete nature of 

collision but we use the T approximation for evaluation purpose only. 

1.2.3 Fermi-gas Kinetic Equation 

The behavior of free-electron gas is velY similar to that of an ideal gas. An electron of a 

clystal is in the field of the lattice and other electrons. In the absence of external fields 

and temperature gradient, the distribution of electron gas is the equilibrium one. But if 

sufficiently small electric field, magnetic field or temperature gradient is applied, there will 

be small deviation of the distribution function from the equilibrium one and hence one can 

write 

(1.9) 

where nl (p, r, t) is a small correction to the equilibrium distribution function from no (p), 

i.e., Inll « no. It is seen earlier that this function nl (p, r, t) contIlbutes to the collision 

integral. 

In equation (\.9) the higher order cOlTections to the equilibllum distribution are ne-

glected based on the assumption that the external fields are weak. In order to obtain a more 

applicable solution for ILl (p, r, t), let us introduce a new variable V)(p, r, t) defined by 

(110) 

By combining equations (1.8), and (1.10) in relaxation time approximation given above 

under application of weak external fields one can obtain the linearized equation in an 

external field as 

EN EN V) 
-+v-+-=Fv 
EJt or T 

(III) 
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when F is the external applied force due to electric or magnetic fields. In case the force 

applied is the Lorenz force 

e 
F =eE+ -v x B, 

c 

and if the time dependence is in such a way that E, B, V! are propOitional to e-·i'..,1 then 

equation (1.11) becomes 

81j! 
(lJ - iw)V! + vel = evE. 

or 
( 1.12) 

When there is no temperature gradient and the electric field is velY weak, equation 

(1.8) in steady state can be written in a linealized form as 

(1.13) 

Hence, the variable introduced in equation (1.10) and equation (1.13) can be related as 

V!(p) = er(p)vE. (1.14) 

The expression for the electric current in tenns of the distribution function is given in the 

next section below. 

1.3 The Concept of Fermi Liquid Theory 

1.3.1 The Quasi-particle concept 

In the case when electron-electron interaction is important unlike the behavior of a single 

electron in the average potential ofthe lattice and other electrons, the actual case of electron 

fluid is considered. The states of an interacting system are called quasi-particle states (or 

elementary excitations), each of which has a definite momentum p. Physically, a quasi-
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particle may be pictured as a single particle sUITOlll1ded by a self-consistent distribution of 

other particles. 

The Fenni liquid theOlY was introduced by Landau7 to deal with the liquid state of 

the isotope of helium of mass number 3, but is increasingly extended and being applied to 

the theOlY of electron-electron interactions in metals by Silin (1958). 8 

The meaning of this quasi-particle description is clarified when one considers the 

energy of the vibrating lattice. The energy levels are given by the following expression, 

which is valid for a system of independent oscillators3
: 

1 
E - Uo = 2 Lnw(k,s) + Lnw(k,s)n(k,s). 

k,s k,s 

The n(k, s) are either zero or positive integers. k and s correspond to separate oscillators. 

The first tenn corresponds to the lowest value of the energy, i.e., the ground state of the 

system. This is the energy of the so-called zero-point oscillations, that the atoms of a 

CIystal lattice must vibrate even in the ground state is a consequence of the unceltainty 

principle. 

In an excited state, some of the integers n(k, s) are different fi'om zero. Then the 

equation describes a system of independent particles with energies nW(k, s). Since the 

integers n(k, s) can take arbitrmy positive values, any number of phonons can be found in 

any given state. Therefore, they obey Bose statistics. 

The phonon picture remains valid so long as the vibration amplitude remains small 

compared with the lattice constant. Higher-order terms in the expansion of the potential 

energy U in powers of the displacements must othelwise be taken into account. The total 
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energy can then no longer be written as the above expression. This happens only in the 

vicinity of the melting point. 

According to Landau, any homogeneous system containing a large number of par-

ticles has low-lying states similar to those of a vibrating lattice. The propellies of such 

systems can be described in terms of the quasi-particle model. Quasi-patlicles can have 

integer (nli) or half-integer ((n + ~)li) spin, i.e., they can be either bosons or fermions. 

The statistics of quasi-pallicles bear no unique relationship to the statistics of real parti-

cles in the system. The energy of a quasi pallicle is a function of its momentum. The 

corresponding relation E(p) is the main characteristic of such low-lying excited states. 

For our practical purposes, we are concerned with a system of interacting particles 

obeying Fermi statistics, by restricting ourselves to the case where the spin of the particles 

equals!. Such a system of interacting particles is said to beFermi liquid. 

The excitations in the Fermi liquid are of two types, 'pallicles' with momenta greater 

than Po and 'holes' with momenta less than Po, which appear and disappear in pairs. For 

weakly excited states the elementary excitations have momenta in the neighborhood of Po. 

1.3.2 An isotropic Fermi Liquid 

Considering the free electron gas of equilibrium distribution function(1.6) where E = i',:, 
2 

and in terms of the Fermi momentum Po, the Fermi energy, p(O) = f,;;, one finds that at 

T = 0 all states with momenta inside a sphere of radius P = Po (the Fermi sphere) are 

occupied, while those outside are unoccupied. This is a consequence of Pauli's exclusion 

principle, that only one particle can be in any given state, so that the lowest states are filled 



1.3 The Concept of Fenni Liquid Theory 18 

at T = O. The occupied volume in phase space, including momenta, coordinates, and spin, 

divided by (27f1i)3 must equal the total number of particles. The corresponding volume in 

momentum space is that of the Fermi sphere. The allowed values of the components of 

spin along a quantization axis give a factor of2. We therefore obtain 

T _ 211 47f 3 . _ (37f2N) 1/3 

II - (27f1i)3 3 Po l.e., Po - Ii 11 ( l.lS) 

The quasi-particle concept is valid if the damping coefficient I « ~ i.e., close to the 

Fermi level. If one deals with a Fermi liquid in equilibrium at T # 0, the relevant quasi-

palticles all have energies ~ ~ KbT. The damping coefficient is then of the order K~T2 / Jl. 

The description of the liquid in terms of quasi-particles is therefore valid only so long as 

For electrons in metals the quantity Ii/po (the de Broglie wavelength) is of the same 

order as interatomic distances, i.e., 10-8 em, SO that Po ~ 10-19 g em 8- 1. Therefore, one 

obtains T « To ~ 104 
- 105 K. This condition shows that the quasi-particle picture cer-

tainly applies to solid metals at all temperatures, since To significantly exceeds the melting 

temperature in any case. 

In Landau's theOlY, it is assumed that a weakly excited state of an isotropic Fermi liq-

uid greatly resembles a weakly excited state of a Fell11i gas. Thus, the energy of excitations 

of the particle type is (for Ip - Pol < < Po) 

~p (p) Rj v(p - Po), 

and the energy of excitations of the 'hole' (anti-particle) type is ~a (p) Rj v(Po - p),where 

v = ;';';, Po being the quasi-particle momentum at the Fenni surface and T/l. is the effective 
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mass of a quasi-patticle. This convention simply means that more energy is required to 

create an antipatticle deep in side the Fermi disttibution than close to the Fermi level. 

Despite the great resemblance between excitations in a Fermi liquid and excitations 

in an ideal Fermi gas, there are also important differences between them, due to the fact 

that excitations in the liquid interact with each other. As a result of interaction, the idea of 

elementary excitations makes sense only near the Fermi momentum Po. 

1.3.3 The Anisotropic Fermi Liquid 

In order to understand the main features of anisotropic Fermi liquid spectra of electrons in 

metals, let us first "switch off" the interaction between electrons or, rather, let us consider 

a gas of non-interacting electrons placed in an average periodic field. The states of a single 

patticle in such a field were analyzed in the preceding section. As shown there, the energy 

levels form bands separated by forbidden gaps. 

The many non-interacting patticles present are distributed in some way among these 

levels. At T = 0 (essentially at temperatures below the melting point in metals), all states 

up to a cettain maximum energy (the Fermi level) will be occupied, whereas the higher 

states will be unoccupied. If the Fermi level coincides wi th the upper edge of a band, some 

bands are then completely filled, whereas others are completely empty. In such a case a 

sufficiently weak electric field cannot give rise to a net current, and the substance will be 

an insulator rather than a metal. 

Tfthe Fetmi level falls within the center of a band, it is only partly filled and is called 

a conduction band. The redisttibution of electrons among available states can be achieved 
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at the cost of an infinitesimally small increase in energy. An arbitrarily weak electric field 

can give rise to current flow. This situation describes a metal. Semiconductors belong to 

the first category, but the gap between occupied and unoccupied states is then small. Their 

propet1ies are, therefore, similar to those of metals unless the temperature is very low. We 

shall limit our attention to actual metals, however. 

It is easy to understand why at least one band must be only partly filled if the number 

of electrons per unit cell is odd .lfthe number of electrons per unit cell is even, the substance 

can still be a metal, however, since energy bands can overlap in a real, three-dimensional 

situation. Several partly filled bands will then exist. 

In general the Fermi sUlface may have a very complex shape. It has a vety simple 

shape in two cases. The first one corresponds to an almost empty band. Only a few elec-

trons are present, and, at T = 0, they fill up the lowest available states, and must all be in 

the vicinity of the minimum of E(p). If this minimum occurs at p(O), we may expand the 

energy in powers of (p - p(O)). Linear terms will, of course, be absent. For a cubic ctystal 

with p(O) = 0 one obtains E(p) = EO + f.~ where "Tn is a constant called the band effective 

mass. In the more general case of arbitraty symmetry, but with p(O) = ° as before, one ob-

tains a positive definite quadratic form instead ofp2. After a principal axis transformation 

it has the form E(p) = Eo + -2t Px +."JL + EL . ( 

, , 2 ) 

Tnt n12 'U3 

A similar situation occurs in the case of an almost filled band. One can then deal with 

"holes," i.e., empty states in the band, rather than electrons. They will all occur near energy 

maxima. In the case of a cubic ctystal with p(O) = 0 one has E(p) = EO - ~. This means 

that holes behave as particles with a negative mass. Generalizations for arbitrary symmetty 
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and p(O) i 0 are trivial: In all cases just considered, the Fermi surface is an ellipsoid or 

consists of a set of ellipsoids. 

In this context, it is imp0l1ant to remember that the only relevant properties of the 

gas model are those involving pat1icles close to the Fermi surface. As a result, our previous 

discussion referring to electrons "filling" bands may seem of doubtful validity since "deep" 

states were cettainly involved in those arguments. 

1.3.4 Energy of a quasiparticle 

It is the interaction between quasi-patticles which does play an important role in a real 

Fermi liquid .The interaction between quasi-particles, according to Landau, can be repre-

sented as a kind of self-consistent field. This field is due to surrounding quasi-particles 

acting on a given one. As a result, the energy of a quasi-pat1icle must depend on the state 

of other quasi-particles, i.e., it must be a functional of the quasi-pat1icle distribution func-

tion and the energy of the entire system is not simply the sum of the energies of individual 

quasi-particle states but depends on the distribution function as well. It is this functional de-

pendence of quasi-pat1icle energy on distribution function which can produce new effects 

called Fermi liquid effects. 

Suppose that n (p) is changed by a small amount on (p, r). The change in the energy 

of the system to the first order in on (p, r) is 7,8 

(116) 
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In a situation in which it is necessary to take account of spin explicitly, we consider a 

separate disttibution for each spin state and replace (1.16) by 

( 1.17) 

where the trace is taken with respect to the spin matrix (T and the quantity E" (p) is the 

effective energy of the quasi-paI1icle. 

1.3.5 The Landau f-Function 

The primalY effect of electron-electron interactions in a quasi-paliicle picture is simply to 

change the excitation energies E (p) from their free electron values. This has an impOliant 

implication for the stmcture of transpOli theories. 

When electric or thermal CUlTents are carried in a metal, the electronic distribution 

function n (p, 1', t) will differ from its equilibrium fonn no (p, 1'). For independent elec-

trons this has no effect on the form of E (p), that is, on the form of E (p) verses p. Since 

quasi-particle energy takes into account the electron-electron interactions, it is frequently 

necessaIY to obtain the change in energy of a system to second order in lin (p, 1'), by mak-

ing Taylor's expansion in powers of lin (p, 1'). This is written as5,s 

By changing the summation into integration one can have 

Tr" J ( () Tr", J ( , , ') , 3 , 3 ,) 3 3 E = Eo + 3 Eo P + 3 f p, 1', 0'; P , I' ,0' lin d p d I' lind I'd' p, 
(27119 (2711t) 

where f (p, 1', 0'; p', 1", 0") = 8~'~~" Eo (p) = ~~. The function f (p, r, 0'; p', 1", 0"), which 

is the second variational derivative ofthe total energy with respect to disttibution function, 
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is the basic phenomenolOl:,>ical quantity characterizing the Fenni liquid and it is symmetric 

with respect to the interchange of the variables p and pi, l' and r',and (Tand cr. Thus, we 

have 

( ( T1'a' J J ( I I ') 3 I I 3 I 10 p) = Eo p) + . 3 f p, 1', a; p , l' , a d l' on d p . 
(21fh) 

In non-equilibrium situations, a change in quasi-particle energy due to change of distribu-

tion function from equilibrium will have a fonn of 

Oc= a f(p l' a·p' 1" a l )On'd3p'd\·I. T1" J 
(21fh)3 , , , , , (U8) 

Thus, not only 10 (p) for a given distribution, but also the change in 10 (p) produced by a 

change in distribution function On, is of essential importance in the theOlY of Fenni liquid. 

In order to calculate the response of the system to slowly vatying electromagnetic 

disturbances, we use the Landau theory of Fenni liquid. By 'slowly vatying' means that 

the frequency wand the wave vector k of the external field satisfy9 

where w D is the Debye frequency and kF is the wave-vector corresponding to Fermi energy. 

In this limit the response of the fermion system is completely described by a quasi-pat1icle 

energy-momentum relationship. In equilibrium, the quasi-particle energy 

"In being the effective mass of electron and the quasi-pat1icle distribution function no (]i) is 

given by equation (1.6). 
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Consider a Fermi liquid under the application of weak electromagnetic field, and let 

the distribution function changes in such a way that 

n (p, 1', t) = no (E') - ~~o VJ (p, 1', t) = no (Eo) + Dn (p, 1', l), 
OE 

( 1.19) 

where no (E') is the equilibrium distribution function at temperature different from zero, 

'IJ (p, r, t) being the variation of energy in the gas approximation, no (Eo) is the equilibrium 

distribution function at temperature T = 0 and Dn (p, 1', t) being variation from it. As a 

result, let's write the energy of a quasi-particle as 

E(p,r,t) = E' (p,r) + tiE' (p,r,t) 

E' (p, 1') being the sum of energies of a quasi-particle and the self-consistent field and 

DE' (p, r,l) as the variation in the quasi-particle energy as a result of exchange. We can 

rewrite this as the sum of the equilibrium energy of the quasi-palticle in the Felmi gas 

approximation Eo (p), the variation of energy from equilibrium due to the self-consistent 

potential tiE" (1', t) and the exchange term DE' (p, 1', t), i.e., 

E (p, 1', t) = Eo (p) + DE' (p, 1', l) + DE" (1', t), (120) 

where tiE' (p, 1', t) = W (p, r, t). Therefore, under these situations equation (1.19) obtains 

n (p, 1', t) = no (Eo) + a~~o [w (p, 1', t) - VJ (p, 1', t)l. 
OE 

(121) 

Hence, we can get the linearized terms of the Boltzmann kinetic equation by taking paltial 

derivatives of (1.21) with respect to t, l' and p: 

all. 
at 
an 
ap 

ana a an ano a 
~at(w(p,r,t)-VJ(p,r,t));-a =-a -a (w(p,r,t)-'jJ(p,r,t)); 
OE l' E l' 

ano (a a ) aE V+ ap W (p, 1', t) - ap VJ (p, 1', l) , 
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and the pattial derivatives of (1.20) with respect to p and r gives 

EJc 0 oe 0 
-0 = v + "w (p, 1', t) and -0 = n (w (p, 1', t) + e¢ (1', (,)) , 

P op l' or 
(1.22) 

The force acting on a quasi-particle, in this case, is not due to the extemal field alone, 

but there is additional effective potential describing the self-consistent field set by other 

quasi-patticles,3 One must therefore take 

dp e Dc oe 
- = eE + -- x H - -
dt cop or' 

( 1.23) 

After substituting the above linearized terms of the Boltzmann kinetic equation in equation 

(1,7) one can get 

oW (p, 1', t) oifJ (p, r, t) oifJ (p, r, t) 1/J (p,r, t) 
-~~'-"- - - v + evE = -'---'"'-'--'--'-

at at or T ' 

and similar to the consideration made on equation (1.12) the above equation gives 

( ')01 ( ) oifJ(p,r,t) '() v-uu vJ p,r,t +v 0 =evE-zww p,r,t , 
r 

(1.24) 

The general expression for the electrical current density is 

'( 2ejOe( 3 J p,r,t) = 3 "n p,r,t)d p, 
(27r/l.) op 

(1,25) 

and finally, one can get a more applicable form of the electrical current density 

, - 2e j ono ( 3 
J = _ 3 v-a 'if; p, 1', t) d p, 

(27rh) e 
( 1.26) 

in tenns of 'if; (p, r, t) on inserting equations (1,21) and the first patt of equation (1.22) in 

equation (1.25) by considering only the linearized terms and reminding that no current can 

be produced by equilibrium distribution of quasi-particles. 



Chapter 2 
Theory of anomalous skin effect 

The behavior of electromagnetic waves in conducting media is entirely different from 

that in free space. The difference arises because the propagation in free space (or in a 

dielectric medium) depends highly on the existence of the displacement cutTent, whereas 

in conducting media the propagation characteIistics are determined by much larger free 

conduction electrons. 

For construction of the theOlY of anomalous skin effect, we use the Maxwell's equa-

tion supplemented by the constitutive law connecting the electIic current density with the 

electric field strength. The expression for the current density obtained with the help of the 

solutions of the kinetic equation generally takes the form of integral operator, in which the 

value of the electrical field in all points of the metal appears, and consequently, Maxwell's 

equation represents an integral-differential equation from which the electrical field should 

be defined. 

We consider a metallic half-space (see fig. I), on which of a monochromatic electro-

magnetic wave with a frequency w is incident from vacuum along the normal to the metal 

surface .The surface ofthe metal can coincide with the plane of synunetty ofthe clystal or 

can be perpendicular to it. The metal is supposed unmagnetized, so that B = H in it. 

We first consider the normal skin effect. 

26 
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l.Geometry of obselvation of damping effects of electromagnetic wave in layered con­
ductor. 

2.1 The Normal Skin Effect 

The penetration of electromagnetic wave into a certain depth of a metal in the direction of 

propagation of the wave is known as skin effect. 

In the classical or normal skin effect, the conductivity of a conducting medium is 

taken to be constant and the material as isotropic for simplicity. This is valid only if the 

electric field does not vary rapidly in space over the distance of the order of the electron 

mean free path. The usual relationship between the current density (j) and the elechic field 

(E) (Ohm's law) is considered and the displacement current can be neglected for good 

conductors for which the frequency of the wave is much less than the electrical conductivity 

of the metal, that is, W « a. 
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The appropriate forms of Maxwell's equations used in the calculation of the skin 

depth (0) or the penetration of electromagnetic waves into a thin plane slab of metal are 

iw 47r. 1 aB 
V x H = --E + -J and V x E = ---. 

c c c at (2.1 ) 

In metals conductivity is the largest quantity of frequency dimension and one can 

neglect the term i~E, which describes displacement current. FUlihermore, for nonferro-

magnetic (normal) metals B can be replaced by H. 

The assumption of classical skin effect is valid when the field does not valY appre-

ciably over a distance of the order of the free path of the conduction electrons. In other 

words, when the free path is small compared with the effective depth of penetration of the 

electric field. This condition is satisfied for all values of the frequency if the temperature is 

sufficiently high. 

For monochromatic electromagnetic wave incident normally on the sUlface (J' - Y 

-plane) of a semi-infinite metal z > 0 with electric field polarized along y axis and the 

magnetic field polarized along x axis, Maxwell equations give 

(2.2) 

For isotropic material and constant conductivity (j = (TE) the solution of equation 

(2.2) is proportional to exp i (kz - wt) where the magnitude of the wave vector k is given 

as 

[
47rW(T] ~ rr k= -- e 4 

2 . 
C 

(2.3) 

The wave vector has real and imaginalY palis and by substituting equitation (2.:1) in the 

solution of the wave equation, we can see that the electromagnetic field decays in side 
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the metal; so that, it only penetrates a distance 0 into a sUlface layer. In other words, 

electromagnetic field falls off as exp (- lm (k) z) in side the metal and the classical skin 

depth is given by 

oc/=lm(kr1 = c I 

[27fwcrj'i 
(2.4) 

and it is this phenomenon which is well known, classically, as a normal skin effect. 

For a good metal at the microwave frequency of about 1010 Hz and room temperature, 

the skin depth 0 ~ 10-<1 em, while at liquid helium temperature in pure specimens 0 ~ 

The surface impedance (Z) is a complex quantity in which the real and imaginalY 

parts are referred to as the sUlface resistive (R) and the surface reactance (X) respectively. 

It can be obtained from the ratio of the electric field at the sUlface of the metal to the total 

current integrated over the interior of the sample as3 

Z - R _ 'X _ Ey (0) 
~- . 1, -00 

Jjy(z)dz 
o 

and it can be transformed into another form by relating equation (2.1) to the above equation 

as 

which can be rewritten as 

Z = 47fEy (0) = 47fw 
cHx (0) c2k' 

Z = 47fiw Ey (0) 
c2 E~ (0) 

(2.5) 

(2.6) 

using the second pair of Maxwell equation. Thus, the surface impedance Z in the classical 

limit gets the form 
I 

Z = R-iX = [47fW] , e -J", 
crc2 

(2.7) 
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while in this classical limit, 

R=X= (2.8) 

One can get the same result by using the correction to the distribution function in the 

presence of a weak electric field, i.e., equation (1.13) and the cutTent densityll which can 

be given as j = :,C r ;~.(;);(;)~~;p, where g (p) is the density of states and N being electrons 

concentration. The integral is evaluated over spherical coordinates (p, 0, iJ) in momentum 

space p. After evaluating the angular integrals j = NC;;,,~~~T> and from the concept of 

average kinetic energy per particle (:.:.) = ~kT, the electrical current density 

from which, according to Ohm's law, the dc conductivity (T is 

Ne2
T 

(T=-­

'In ' 

(2.9) 

(2.10) 

where N is the number density of charge catTies. Then, by combining equations(2.2) and 

(2.9) one can get for the wave vector 

1 

k = (21fw(T)' (1 + i) 
c 

(2.11 ) 

and the solution of equation (2.2) for this case will be 

21fw(T' 1 + i z 
E (z, t) = E (0) exp i ( )} ) - iwt . ( 1) (2.12) 

From equation (2.12) it is easy to see that at low frequency (WT « 1), the penetration depth 

is the same as the one obtained with out kinetic equation and distribution function. 
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2.2 The Anomalous Skin Effect 

2.2.1 The noneffective ness approach (Qualitative) 

At sufficiently low temperatures and lor high frequencies the mean free path I of the con-

duction electrons becomes larger than the skin depth o. In this situation the relation j = eTE 

no longer holds true and the effective field acting on the charge carrier varies rapidly over 

distance the carrier moves between collisions (l) . 

The region in which the mean free path of an electron is greater than the skin depth, 

for which a qualitative description has been given by Pippard, is known as the region of 

the anomalous skin effect. In this region, the electrons whose direction of motion makes 

a sufficiently small angle with the surface of the metal are regarded as making an effec-

tive contribution to the current density. The density of these "effective" electrons can be 

approximated as3
,10 Neff ~ N (t), where N is the concentration of electrons. 

For pure metals at low temperatures and in fields of high frequencies it is possi-
1 

ble to examine the expression (2.2) for skin depth as 0 = [4:~~"]' ./J when an effec-

tive conductivity of the form eTeff = i~T is assumed.3 Here k is the wave vector and Q. 

is a constant of order one. In this case it is easy to note that the surface impedance is 

1 , 1 

Z = (~)' (:n' (~)' (1- i./3). From the above expression we can see that the sur-

face impedance is proportional to w~ and the relation between the resistive and the reactive 

parts is given as X = /3R. We can observe also the ratio of the mean free path to the 

conductivity is independent of temperature and is only detennined by the electronic energy 

spectnun, i.e., ~ ~ ;~t = !::', where T is electron relaxation time. 
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Based on this concept that, it is possible to indicate the impollance of microwave sur-

face impedance measurements for obtaining infonnation concerning the electronic energy 

band structure in metals, and can be rewritten in a more useful way as 

(2.13) 

When the above concepts are analyzed, we can see that the frequency requirements 

necessary for obselving anomalous skin effect is greater than 107 Hz. To see this result, 

the condition for 6 > I together with the expression (2.4) are used where the electron 

concentration N for a good metal is approximately taken as 1022 em-3 and according to 

equation (1.15) the Fermi momentum as Po ~ 10- 19 gem 8-
1 which is a typical value for a 

good metal and I ~ 10-3 em in the residual resistance range. 

2.2.2 The Solution of the Kinetic Equation 

G.E.H Reuter and E.H. Sondheimer,2 have found a better expression for the theOlY of the 

anomalous skin effect in metals, which agreed to the qualitative non- effectiveness concept. 

They have examined the theory based on the electric field distlibution in a metal using the 

Maxwell's equations supplemented with Boltzmann's kinetic equation for the degenerate 

electron gas distribution. 

Considering a semi- infinite metal sample, the Maxwell's equation for the electlic 

field E (.0) exp (-iwt) due to a wave incident normally in .o-direction is 

d2E 2 4 . w mw.( ) -+-E=---J .o. 
d.o2 c2 c2 

(2.14) 
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To obtain the detail motion of the electrons in an arbitraty electric field, the nature of 

scattering of electrons at the surface of the metal is considered as the determining factor cif 

the distribution of electrons. According to the authors, the fraction p of electrons arriving 

at the sUlface is scattered specularlly with reversal of the velocity component V z ,while 

the rest (1 - p) is scattered diffusely with compete loss of their drift velocity, that is, they 

would have lost all the memoty of their initial direction of their motion. 

After calculating the current density for a degenerate electron gas by means of the 

fonnula 

j (z) = -2em: J J J V,,7! (p, r) dvxdvydvz , 
(2nli) 

in the extreme non-classical limit when 8 « l, one can obtain the surface impedance for 

specular and diffuse reflection as 

for p = 1 (2.15) 

and 

(2.16) 

It can be seen that these results confirm the qualitative predictions; that is, in the limiting 

case of extreme departure from classical conditions, sUlface impedance varies as w~ and is 

independent of the mean free path l. 

Abrikosov A.A.3
, also developed the above idea for nOlll1almetals on arbitraty Fermi 

surface for specular reflection of electrons from sample surface. The result for the surface 

impedance in this case as this author worked out is 

forp = 1, (2.17) 



2.2 The Anomalous Skin Effect 34 

where Z is a tensor whose principal values can be expressed in tenns of those of tensor 
2rr 

BIl"): BIl") = f d{~) dip where nil = u: ' {3, I = x, y and G (ip) is the Gaussian curvature 
o 

of the Fermi surface. 



Chapter 3 
Theory of Anomalous Skin Effect in Layered 

Conductors 

3.1 Layered ConductOl's 

Many of the conductors synthesized in the recent years have a layered structure. These 

new artificially synthesized organic conductors have metallic type temperature dependence 

of electrical conductivity. Their Fermi-surface can be assumed as a poorly corrugated 

cylinder, i.e., the energy spectrum of quasi-pa11icles weakly depends on the momentum 

component pz = pn in the direction normal to the plane of the layers. In both normal 

and superconducting states of these conductors, the electrical conductivity increases with 

the decreasing temperature above their transition temperature T, and the superconductiv-

ity state is characterized by immeasurably small or actually zero resistance below a critical 

temperaturel2
,13 The most sensitive measurements have shown that the resistance of these 

materials in the superconducting state is at least 1016 times smaller than their room temper-

ature values. So far, 27 elements, numerous alloys, ceramic materials (containing copper 

oxide), and organic compounds (based, e.g. on selenium or sulfur) have been discovered to 

possess superconductivity. 12 Their critical temperature T, have values between 0.01 K and 

125 K. Superconductors having a T, above 77 K (boiling point of liquid nitrogen) are par-

ticularly interesting because they do not require liquid helium (boiling point 4 K) or liquid 

hydrogen (boiling point 20 K) for cooling. Such materials are said to be high temperature 

35 
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erpendicular to the Layer 

- 'X,hla 

a) b) 

2.A sample with weakly corrugated cylinder Fermi surface open in the direction pz (a) in 
electromagnetic field propagated perpendicular to the layers or along the layers (b) 

superconductors of which most of them are organic compounds and above their critical 

temperatures they become normal metallic type conductors. 

Interest in this field is gradually shifting from materials which have simple chemical 

compositions and structures to more complicated ones. Layered conductors are strongly 

anisotropic in electrical properties measured parallel or perpendicular to the layers. Their 

electrical conductivity in the normal (nonsuperconducting) state in the direction n perpen-

dicular to the layers is much less than the conductivity along the layers. 

The energy spectrum of elementalY excitations carrying an electric charge in a lay-

ered conductors is a quasi-two-dimensionaI. 14
,15 

We consider a layered conductor whose Fenni slllface is a weakly corrugated cylin-

del'. By applying the Fourier series due to the periodicity ofthe energy £ (P) over a periodic 

reciprocal lattice vector in Pz> i.e.,£ (Px,py,pz) = £ ((Px,Py,(Pz + bit)) where b = 2; is the 

magnitude of reciprocal translational vector along pz = pn and a being the separation 

between the layers. 
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In Fourier series any periodic function in f (x) of periodicity a. can be expressed 

co 

f (x) = L Anein{3., 
-co 

where An is a constant. In a similar way the energy of a quasi-pat1icle in layered conductor 

can be expressed as 

co 

-co 

where the layer is in Pa; - Py plane. Thus, the energy spectrum of a quasi-two-dimensional 

conductor by considering only the real constants of the series has a form: 

~ (anp,) 
C (p) = 6 Cn (Px,Py) cos T . 

o 
(3.1) 

The factor Cn decreases rapidly with the increase of the number n (cn > > Cn+l) . This 

makes possible to be limited only by the first two terms in the summation over n according 

to equation (1.2) and gives18 

C (p) = Co (Px,Py) + Cl cos (a~:) , (3.2) 

where Cl is characterizing the energy band width of quasipartic\es, independent of pzand 

weakly dependent on Px,Py. FUl1her we assume it as constant in p and (Figure a) shows the 

geometrical shape of such conugated cylinders. If we assume that Co (Px,Py) is quadratic in 

px and Py, this dispersion relation can be written as 

2 + 2 

() PO' Py + (apz) c p = Cl cos - . 
2m n (3.3) 

The above dispersion law describes an opened Fermi surface in the pz direction representing 

a weakly conugated cylinder. 
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In the sections 3 and 4 we consider two cases of electromagnetic wave propagation 

in the layered conductors; one is when the wave propagates perpendicular to the layers and 

the other will be propagation along the layers. In addition, the account of the Fermi liquid 

effects in the propagation of monochromatic electromagnetic waves in layered conductors 

under the semi-classical approximation condition at not very low temperatures, that is, 

T > T, where 1~ is a transition temperature between nonnal and superconducting states of 

the conductor is taken into consideration. 

We shall present derivations of some of the electrical properties ofthe conductor such 

as the sUlface impedance, skin depth and electrical conductivity tensor based on the kinetic 

equation (1.7) with introduction of Fermi liquid effects for specular reflection condition of 

charge carriers from the sample surface. We first develop the Fermi liquid term to be used 

later in sections. 

3.2 The Landau Correlation Function and the Boltzmann 
Kinetic Equation 

For high frequencies of electromagnetic waves at anomalous skin effect limit the interaction 

of quasi-particles cannot be neglected. The concept of quasi-particles in the Fermi liquid 

model has a real sense only at points close to the Fel11li sUlface. 

If the Fermi sUlface can be assumed spherical, the function <I> (p, pi) which char­

acterizes the Fenni liquid appears depending only on the angle () between p and pi In 

relation to this, it is advantageous to take the Legendre polynomial expansion of the func-
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tion i[> (p, p') 19 

where 

00 

il) (p,p') = I)2n+ 1) A"p" (cosB), 
o 

1 d
fl 

(2 )" p" (cos B) = --1 d- x-I . 2nn. XU 

(34) 

The factors A" represent parameters describing the phenomenological theory of the Fermi 

liquid and is determined from comparison of theory with expeliment. 

Tbe complete set of equations of the problem consists of the Maxwell's equations 

given by (2.1) and the kinetic equation in the view of the Fermi liquid effects (1.24) 

which enables to find the relation between the current density (1.26) and the electrical 

field strength of the wave. 

For nonnal incidence of electromagnetic wave VE = 0 within the metal and there 

occur no charge fluctuations in it, since the electric field is always parallel to the surface. 

Now, to consider the influence of inter-electron interactions, let's rewrite equation 

(1.18) as 

tic = 2 J J (p p" l' 1") on' d3 p' d3 1" 
(2n/!.)3 " , 

(3.5) 

in which J (p, p'; 1', 1") is the Landau correlation function and the factor 2 is due to the two 

spin orientations. 

According to of Hartree approximation,2o,21 the self-consistent field neglecting the 

exchange effects of palticles with potential energy U (\1'1 - 1'1) interacting under the central 

force law, the Landau correlation function has a fOl1n 

JH (p, p'; 1', 1") = U (\1" - 1'1) 



3.2 The Landau Con'elation Function and the Boltzmann Kinetic Equation 40 

and this approximation does not take into account the correlation of quasi-pm1icles. But, 

according to Hartree-Fock approximation,2o,21 the correlation function will have the ex-

change effects in addition to the self-potential energy,Le., 

I(p,1',CT;p',1",CT') = 10(1' - 1") + u (11"-1'1). 

The difference I - I H is due to the correlation effects in which the simplest is exchange 

correlation that occurs as the result of quantum identity of particles. The characteristic 

distance of inter-electron is the order of magnitude; coincides with the average distance a 

between electrons. In practice, variations of the distribution function over distances much 

larger than atomic distances will not affect quasipm1icle energies, since the relevant elec-

trons have wave lengths comparable to interatomic distances. Based on this concept, the 

characteristic distance of change ofpat1icles disttibution function considerably exceeds the 

radius of correlation and hence we can consider 

I (p,1',CT;p',I",CT') - III (p,p';1',1") = I(p,p')8 (1" - 1') 

so that equation (3.5) can be expressed as 

It is the first term of the above equation which differs the charged Fermi liquid from the 

neutral and can be considered as the self-consistent potential energy 

2 J 3 , 3 I e
2 

I 
erj; = 3 d p d l' I Ion. 

(27fli) l' - 1" 

In the second term we denote the correlation function f I (p, p') 8 (1" - 1') d3
1" by F (p, p'; CT, CT') 

having unit of energy times volume. Thus, we can write equation (3.6) based on equation 
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(1.20) as 

E - Eo (p) = OE = eq, (1' , t) + w (p, 1', t), 

where 

7'1" 1 w (p, 1',t) = (21f~)3 dV F (p, pi; (J', (J'I) on (pi, 1') (37) 

and Eo (p) is the conduction electron energy in the gas approximation. The function w(p, 1', t) 

takes into account the correlation effects associated with interelectronic interaction. 

If, in addition to electromagnetic wave there is too strong extel11al static magnetic 

field B, then 

OE = -2/~Bs+eq,I+ 1 3T1'", l' F (p, pi; (J', (J") On (p', 1') {pp' 
(21fIL) 

where s =~iT, I being unit matrix and {T x, {T y, {T z are the familiar Pauli matrices and the 

spin dependence of the Landau correlation function can be written as3,22,23 

F (p, pi; (J', (J'I) = <l! (p, pi) + ((p, p') ((J'(J") 

for isotropic case and is also approximately valid in real metals, <l! (p, p') represents the 

exchange interaction between the quasi-particles of parallel spins. But, if the system has 

no magnetic order and no extel11al magnetic field is present, then, the energies must be 

independent of spin ({T) but can depend only on the relative orientation of their spins and 

hence 

DE = eq,+ 2 3 1 <l! (p, p') On (p'1'.t) d3p'. 
(21fIL) 

For our practical interest let's rewrite the expression (3.7) by making use of equation (1.10) 

as 

( ) - 2 1 ano (' I 3 I W p,1',t = (21fIL)3 DE' 'ljJ p, 1',t) <l! (p, p ) d p. (38) 
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The Landau correlation function <l> (p, p') can be represented as an expansion in COIll-

plete set of orthonormalized functions 'Pn (p) : 

<l> (p, p') = L An'Pn (p) 'Pn (p') 
o 

and equation(3.8) gets 

Assuming that the considered pmt of the Fenni smface is axially sYlllmetric with 

respect to a given axis (say z-axis), such as corrugated cylinder given in (figure a), the 

energy spectrum of (3.3) becomes 

a 
where ,\ = _ and p2 = p2 + p2 n -.l x y (3.10) 

Thus, for this case, the function <l> (p, p') does not change if we change the compo-

nents p ~ and p~ of the quasi-palticle momentum p and p' simultaneously. They both lie 

in the Px-Py plane. On the Fermi sUlface (where or near the condition of validity of the 

Fermi liquid theolY is nllfilled) <l> (p, p') depends on the angle between p~ and p~ and the 

components p" p~ ; and p ~ and p'J. are expressed in tenns of c, pz and c', p~ respectively. 

Therefore, the assumed expansion of the Landau con·elation function in tIus case can have 

where a, f3 are characteristic value of the Fermi liquid and 
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where () is the angle between p~ and p'j and <p, <p' are the angles Pl, p~ makes with n,· 

and p~ axis respectively. Then, the Landau correlation function gets the form 

iI> (p, pi) = P ~;~ (a + (3Pzfz) (cos <p cos <p' + sin <p sin <p') 
PF PF 

(3.11 ) 

To solve for Ij) (p, r) according to (3.8) one has to consider in the integration change of 

variables from Px,Py,pz to E,pz,<p based on the given energy spectrum (3.10). Thus, the 

1 

following variables are considered independent. Since p~ = [2m (10 - 101 cos APz)l', then 

1 1 

Px = [2m(c - 101 cos APz)]'> cos<p,py = [2m (10 - 101 cos APz)]' sin<p, andpz = pz. There-

fore, the Jacobian of the transfonnation in the case of the dispersion equation is equal 

to the effective mass (D (E,pz,<p) = a(p"py,P.) = m) which gives d3p = dp .dp d1) = a(£,pz-,tp) ' u· 11 z 

The Boltzmann kinetic equation is given as in (1.24) 

( ) ( ) 
a1/J(p,r,t) () 

v-iw 1/J p,r,t +v " =evE-iwlj) p,r,t, 
or 

(3.12) 

Ij) (p,r,t) = -2 3 Jd3pl cp (p,p') aano (1/J(p',r,i) -Ij) (p',r,t)) 
(27r1t) 10 

(3.13) 

is to be solved, after which this solution is to be insetted in the equation for the current 

density( 1.26) 

. ( ) -2c J ana ( ) 3 J r = 3 V-a 1/J p, r, t d P 
(27r1t) 10 

which in turn is used in the Maxwell equation(2.14) 

(3.14) 

to solve for E. 

In the next sections, where we present the solution of the problem, in approximating 

the function Ij) (p, r, t) according to (3. 13) we neglect the term contai ning Ij) (pi, 1', t) in 
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comparison to 4) (pi, r, t) in the integrand, and we also use the gas approximation of the 

function 4) (pi). 

To solve explicitly for the function >,II (p, r) we consider two cases turn by turn. Prop-

agation of electromagnetic wave in the directions perpendicular (in the direction along z 

axis) and along the layers (say, in the direction along :v). For simplicity, we consider a 

sample whose face is parallel to the layers. 

3.3 Electromagnetic wave propagation perpendicular to the 
layers 

Consider a layered conductor in the absence of external static magnetic field on which a 

monochromatic wave with frequency w is incident from vacuum along the nonnal to the 

layers (see fig 1 & fig. 2). If the sUlface of the layers (z = 0) coincides with the plane of 

symmetIy of the clystal, the electric and the magnetic fields of the wave lie in the 1:y plane 

as seen in the above figure, that is, 

E (z) = [E" (z) , Ey (z) ,0] and H (z) = [Ilx (z) , Ily (z) ,0] 

and as mentioned earlier the conductor is supposed to be unmagnetized, so that B = H in 

it. For this case the kinetic equation (3.12) has a fonn 

(3.15) 

while the Maxwell equation (2.14) becomes 

d2E 2 4 . 
w 1fZw o

() -+-E= ---J z . 
dz2 c2 c2 

(J .16) 
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The general solution of(3.15) will be 

z 

V} (z) = J n (z') e-,(z-z'ldz', 

c 

where 

n (Zl) = evE - iwi!! (p,z) , 
V z 

v - iw ,= 
V z 

and the constant C' is to be defined by boundalY condition. 

As mentioned above E has x and y components only, so that 

Ev = Exvx + ElIvy = v~ (Ex cos <p + Ey sin<p) 

(3.17) 

(3.18) 

The electric field ofthe electromagnetic wave is so weak that the cOITection to the distribu-

tion function must be a scalar proportional to the field strength E in the first order (we use 

this gas model approximation for estimating exclusively the form of i!!). Hence, by using 

the expression (1.14) we can get 

(3.19) 

By combining equation (3.11) of the correlation function and the above one we get 

(E 2 'E' . I 'E' . I 'E' . 2 ') X 'x cos <p cos <p + 'x sm <p sm <p cos <p + y sm <p Sill <p cos <p + '!J Sill <p Sill <p , 

(3.20) 

and equation (3.13) using the assumption that Ii!! (p',z)1 « IV) (p')1 mentioned in the 

last section, after transformation of coordinates from d3 p to mdcdpzd<p and substituting 
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equation (3.20) in it and integrating over angle <p' frol11 0 to 21T we get 

-21TePLj I 12( (3pzp~)[ ( (). Jono I I w(p,z) = 3' T(e)PJ 0;+-2- Ex z)cos<p+Ey z sm<p ~dEdP%. 
(21Tn) p~, PF OE' 

(3.21) 

We have P'1 = 2m (e' - e1 cos )'pz) and, fUlihennore, we can use the approximate vallie ~ "" 

-0 (e - {i) where {i is Fenni energy and the integration over the energy e' will give liS 

41Tmep 1. T (/1.) {3pzpz o. I ~ (') \ji (p,z) = 3 j (/1. - C] cos '\Pz) 0; + -2- [Ex (z) COs<p + 1<,y (z) sm <PJ dpz· 
(21Tn) p} PF 

-'" .\ 

(3.22) 

After taking the momentum Pz, integration over a Brillouin zone (from -~ to ~, the final 

expression for Iji (p,z) will be Iji (p,z) = 8C(~;;)~~~~P.L [E", (z) cos <p + Ey (z) sin <p], or for 

simplicity it can be written as 

Iji (p,z) = eApl. [Ex (z)cos<p+ Ey (z)sin<pJ = eA[p",E", +pyEII ], 

where 

(3.23) 

Now, using equation (3.18) and (3.23) the tenn in equation (3.17) (i.e., D (Zl)) gets the 

fOlln 

D(ZI) = e:.l. [Ex (Z') cos<p + E!f(zl)sin<pJ [r~ -iWA] 

and we had already Vz = :;, = -e 1), sin )'pz. 

(3.24) 

The constant C in equation (3.17) has to be determined by boundary conditions. It is 

clear that as z ----> 00 the function 1j) ............ 0, that is, the equilibrium distribution of charged 

particles far from the sUlface is not affected by the fields. The potential step at the surface 

of the sample prevents electrons from escaping out of the conductor, and reflects them back 
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toward the interior of the metal. In this problem, we have considered the conductor surface 

as perfect and hence electrons undergo specular reflection. In the extreme anomalous limit, 

the relevant electrons are moving almost parallel to the surface. The boundary condition 

for specular reflection at z = 0 can therefore be written as 'Ij! (vx, vy, vz) = 'Ij! (v o" vy, ~·uz) 

For V z < 0, electrons are moving towards the surface from infinity and the boundary 

condition 'Ij! ----t 0 for z .-.-.., 00 determines the constant C = 00 , since Re l' < 0 in the 

exponent, exp (~')'z) , where l' is defined as in (3.17) . Therefore, 

z 

'Ij!_ = 'Ij! (vz < 0) = J [1 (z') c-~(z-z')dl (325) 

00 

For V z > 0, electrons are moving away from the smface of the conductor, assuming spec-

ular reflection at z = 0, and also use relations [1 (~vz) = -[1 (vz), l' (-1)z) = ~')' ('/)z), [1 

stands for [1 (z') gets 

o 0 J [1 (z') c~z' clz' = - J [1 (z') e-v'dz' (3.26) 

c co 

since ifvz > 0 then -Vz < 0 and')' is proportional to v;1 The general equation (3.17) for 

V z > 0 and specular reflection, therefore, after relating to (3.26) can be written as 

z 00 

'Ij!+ = J [1 (z') e-~(z-z')dz' + J [1 (z') e-~(z.t-z')clz' (3.27) 

o 0 

On insetting equation (3.25) and equation (3.27) into expression for the current density 

(1.26), we can get the expression for jc< (z), which after combining integrations over the 

regIOn over V z > 0 and V z < 0 (based on the property that E; (-p) = E; (p) introduced in 

chap. I ) 

jc< (z) 
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x (J fle'Y(z'-'z)dz' + ] fle-'Y(z+z')dz' + ] fle'Y(Z'-Z)dZ')' (328) 

o 0 Z 

If the electric filed is formally extended in symmetric fashion out side the conductor, 

it is possible to change z' into -z' in the second integral so that fl(-z) = fl(z) and 

it can be added to the first one, and for the third integral Z > z' the exponential palt 

e-'Y(Z--Z') = e-'Y(\z-zll and hence, after the three integrals are combined, the expression for 

the CUlTent density will be 
00 

. ( ) = -2e 1. . Dno d3 J n ( ') -hl(lz-z'lld ' 
)'" Z 3 V'" 'J P "z e Z 

(27f1i) 0,>0 CE 
-00 

and the Fourier transfonn of the above equation, by referring (A. 1) and (A.2) of mathe-

matical supplement, will be 

. -4em 1. hi Dno 
)'" (k) = 3 V'" fl (p,k) 2 k2 D dEdpzd<p, 

(27f1i.) 0,>0 ry + - E 
(3.29) 

where 

fl(p,k) = epl. [Ex (k) cos<p + Ey(k)sin<p] [l-iwmA] 
1nvz 

is the Fourier transfonn of (3.24) and 

2ry _ 2vz 

ry2 + k 2 - ( _. ) [1 k' 0; ] 
// !W +~(.) 

j/-tW 

is Foul1er transfonn of the exponential tenn e-'Ylzi 

The Fourier transform of electrical current density along :r; direction by make use 

of (3.29) in which the details of mathematical analysis is given in (A.2) of mathematical 

supplement as 
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where H = (1 - iwmA), al = 1-iwy and lw = EIAY lar has a dimension of length. When 

evaluating the 'P integration the second tenll containing sin 'P cos 'P in the square bracket of 

the integrand will vanish due to odd function of 'P. The remaining term in 'P integration 

multiplies the coefficient by n. Now using J F (E) ~dc Rj - F (j1.) for E integration, we 

obtain 

· (k) = 8e2nBalYEx (k) 1 (k) 
Jx (2nTil I , 

where 

The dpz integration evaluated for 'Vz > 0, i.e., from ->." to 0 is shown in mathematical 

supplement (A.3) at the end, which gives after neglecting higher order tenllS 

in the extreme anomalous limit. The electrical current density along x is, therefore, 

and the conductivity along the layer during perpendicular propagation wiJI be 

Similar calculations show that (J' yy~ (k) is the same as (J' xxL (k). It can also be easily seen 

that the current density jz (k) = 0 and thus (J' zx (k) = (J' zy (k) = O. Therefore, we see that 

for wave propagation in the direction perpendicular to the layers 
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where Fourier components of the conductivity are 

(3.31 ) 

and in the extreme anomalous skin effect limit 

By Fourier transform of both sides of equation (3.16) neglecting the contribution 

of displacement current in the expression and knowing that there is a discontinuity in the 

derivative d:: at z = 0, we have (a, fJ = x, y) 

(3.32) 

since (J ",p = (J xx.L = (J yv.L, as seen above. The above two independent equations have the 

same form for Ex (k) and Ey (k) due to symmetry of electric field in k along x and y axis 

and thus we need only consider one of them to find the sUlface impedance and the skin 

depth. Thus, equation (3.32) gets the form 

or 

(3.33) 

where 

64we21f2 Bal TCl 

12 == c2 (21fn)3 >..12 ' 

In the limit of anomalous skin effect in which kl > > 1; 1 heing the mean free path 

of conduction electrons, further simplifications than in the mathematical supplement can 
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be done neglecting the lower order tenns in k in the denominator of (3.33) and it becomes 

Ex (k) ""~;~~~)' The Fourier transform of the electric field, E (k) , is symmetric in k and 
00 

thus its inverse transform will be E (z) = ~ J E (k) cos (kz) dk. Thus, the electric field at 

° 
the smface, z = 0 gets 

= 
-2E' (0) J kdk 

E (0) "" k3 . . 
1f ' - ~" 

(3.34) 

° 
The integral in equation (3.34) can be evaluated using Residue theorem24 by choosing a 

proper contour and one finds roo 3kdk = 11f3+i)3 = 2rre~ which gives E,<O) ='4e~. 
Jo k -'11 9 vY1 3.;3,1' E (0) 3.;3,1' 

According to equation (2.6) the surface impedance is thus 

41fiw E (0) 161fW 5,; 
Z = ----- Rj e 3 

C
2 E' (0) 3V3c2,f . 

On inserting the value of " we find surface impedance of the conductor along the layers 

during perpendicular propagation of the wave ZAl. as 

. ( w2a2/l (..2L) ) 4 . 161f 1"'1 ~ 1 cI 
ZAl. "" M 1 exp - (51f - tan- (-wmA)), 1) = -

3y 3 4c·le2 (1 + w2m2 A2)' 3 J.I 
(3.35) 

Now, it can be seen that the relaxation time enter into (3.35) through the constant A and the 

sutface impedance depends weakly on it and varies directly as w~while its resistive and the 

reactive Palts are related in such a way that X = V3R which confinns the noneffectiveness 

qualitative description (2.13), the Reuter and Sondheimer2quantitative expression (2.15) 

and A.A Abrikosov's3analysis (2.17) . 

When the quantity a which characterizes the cOITelation function if> (p, p') is zero, 

the above expression will automatically reduce to the surface impedance of electromagnetic 
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wave in Fenni gas approximation, i.e., 

(3.36) 

1 

The factor (12'1) 3 differs qualitatively the surface impedance of electromagnetic wave in 

normal metals ZNm from the layered conductors, i.e., 

The penetration depth of the electromagnetic wave, i.e. the skin depth 8, in the lay-

ered conductors for interacting Fermi liquid in the case of perpendicular propagation of 

electromagnetic wave to the layers can be approximated with the help of relation (2.5) for 

comparison with the skin depths during parallel propagation of electromagnetic wave to 

the layers. Thus, 

1 1 

M (4we2 (1 + w2m21P)2 (l=.!z)) 3 . 3v 3 'I -~ 1 
k ~ - 2 2 exp - (57f - tan- (-wmA)) , 

4 can 3 

and its imaginalY part is 

The damping distance of the wave is identified as the inverse imaginalY part. Thus, one can 

get the skin depth perpendicular to the layers during perpendicular propagation (8 p~) as 

-4 ( c
2
a

2n ( 1/ )) tIl 8p~ '" M 1 -- esc - [57f - tan- (-wmA)]. (3.37) 
3v 3 4we2 (1 + w 2m2 ;12)' 1 - 1/ 3 

This shows us that for electromagnetic wave of fixed frequency, the skin depth valies as 

l/t and when the exchange term of Landau's correlation function is involved, the surface 

impedance, conductivity tensor and skin depth are weakly dependent on the relaxation time 
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T through A. But in the gas approximation, the quantities are independent of the relaxation 

time and it can be easily seen that (3.37) reduces to 

(3.38) 

3.4 Electromagnetic Wave Propagation Along the Layers 

An electromagnetic wave similar to the first case, incident from vacuum along the direction 

parallel to the layers is considered. Let the surface of the conductor (x = 0) coincides 

with the plane of symmetry of the clystal, the electric and the magnetic fields of the wave 

lie in the y - z plane, i.e., E (x) = [0, Ey (x) , Ez (x)] and H (x) = [0, Ily (:1') , Hz (:I;)]; 

'I) = 1/) (p,x). Then, kinetic equation (1.24)will have a form 

( .) () 81/) (p,x) . ( ) v - 'W 1/) p,x + Vx " = evE - 1WW p,x . 
ox 

(3.39) 

and the Maxwell's equation (2.14) similar to (3.16) becomes 

(3.40) 

According to the above assumption Ev = Eyvy+ b'zvz = Vl. Ey (x) sin rp- t,'" (:v )E1A sin '\Pz. 

The solution of the kinetic equation has the same form as the previous one, but the vari-

able z is changed to x and D. (x') = cv.E-;W,"(P,x), I = v-;w. By using the expression 
Ux Vx 

(1.14) similar to (3.19), the non equilibrium distribution function 1/) (p) entering the inte-

gral equation for 1/) is 1/) (p) = eT(c) [Vl.Ey (x) sinrp - clAEz (x) sin Apz]. 

After following similar steps as in the previous section, the expression for the func-

tion W (p, x), which takes into account the correlation effects associated with the inter-
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electronic interaction will be 

(341) 

where A is as defined in (3.23). 

After the Fourier transfonn of n (Xl), i.e., 

the transfonned form of the solution of Boltzmann kinetic equation gets 

(342) 

where aj and bj have the same meaning as before. 

The Fourier transform of the components of cun'ent densities jy(k) and Jz (k) sup-

plemented by the values of their respective integrals can be written as 

• rr 

'2 . 2 '2. 2 

1 (k) = J sm cpdcp = ~ J sm xdx 
2 2 p2 2 2 , 

a 2 + b2'l cos2 ,n aj 1 + b2 -E.L. cos2 x o 11m2 ,. 0 1 atm2 

The above cp integration is given in mathematical supplement (A.5) and in the extreme 

anomalous skin effect limit, 

and similarly, from mathematical supplement of (A.6) we can have 

~ , 

J B1'11 ,nd,n ~ln 2m2 2(1,2
1

'11"4 
13 (k) = 2 1', l' ~" " 

b - -b2 2 + 3b4 ,I . 
a2 + b2EJ.. COB 2 ,n a1 lP~ 1P ~ 1P 1-o 11m2 r 
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On inseliing the two integrals, it can be seen that the term containing 1:1 (k) in the integral 

(3.43) will vanish due to odd and even functions of sin Apz and cos Apz and evaluating the 

energy integration similar to the earlier case one can obtain 

o 

"'" 4e
2
a1: (~ _ iwA) JX B" (k) dpz x 

(27fn) m " . 
--x 

[

7fm (2mJL)! (1 - ~ cos>.Pz) 

a1kT 

and after taking the pz integration over a Brillouin zone, the final expression for the trans-

formed CUITent density along y direction is obtained and the conductivity component along 

the layers during parallel propagation of the wave (Cfyyll) for this case gets 

Employing equation (3.40) similar to the previous case, i.e., Ey (k) = 

substituting the conductivity (3.44) 

Here also Ey (k) is symmetric in k and hence after taking inverse transform we can obtain 

the ratio of the field at the slllface to its first derivative as 

(3.45) 

where 
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and 

167f3we2a,2m2 
'Y5 = 1 I (1 - iwmA) . 

c2 (27f1l.)3 AT (2m/~)' 

In the limit of extreme anomalous skin effect, (3.44) gets 

I 

e2 (2m~)" e2 

<TYYII (k) Rj 2 (1 - iwmA) Rj --2- (1- iwmA) 
. 7fn ak 7flla k 

(3.46) 

This tell us that for a fixed value of k the Fourier transfol1n of conductivity tensor vades 

inversely as the square of the separation between the layers a and weakly depends on the 

correlation function. Mean while, the conductivities for the perpendicular and parallel 

propagations of electromagnetic wave to the layers can be compared, and thus, the ratio of 

equation (3.31) to equation (3.46) is 

<TVy 1- 1-7/ 
--~--

CT YY1' 71 
(3.47) 

By neglecting the last two terms in the denominator of (3.44) in comparison to the 

first, the expression takes on a simple fonn 

'0 -4etf 

I 

3V3'Yt 

The contour integral is the same as that of equation (3.34) and hence, the sUlface impedance 

I 

along the layers for the electromagnetic wave propagated along the layers (putting (2m~)" Rj 

~) gets 

(3.48) 

Here alsQ the surface impedance vades directly as a~ and w~ but does not depend on the 

layered nature of the conductor. Now, it is possible to compare the surface impedances for 
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the two cases of propagations using equations (3.35) and (3.48) to obtain 

(3.49) 

and also with the surface impedance ofnonnal metals as ZAII ~ ZNm. 

The skin depth of the elecuic field Ey (x) can be found from equation (3.48) quite 

similar to the first case as 

(3.50) 

and in the gas approximation (when A=O) equation (3.50) becomes 

The ratio of the skin depths of (3.38) to (3.50) is 

(351) 

This shows us that the skin depth parallel to the layers during parallel propagation of elec-

tromagnetic wave to the layers (.5 Adl) exceeds the penetration depth perpendicular to the 
1 

layers (.5 P.L) during perpendicular propagation of the waves by a factor of (1~'1) "and it 

tells us that the parallel propagation of electromagnetic wave is preferable in the sense of 

transparency. 

The Fourier transfonn of z- component of electrical CUITent density can be given as 
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where 1. (k) = 13 (k) and 

Referring to mathematical supplement (A. 7) , 

On inserting the values of the above integrals in (3.52), it is clear that the part containing 

14 (k) will vanish due to the same reason as the expression(3.43) leaving the result con-

taining no Fermi liquid temlS. Integrating the remaining pali of the equation over energy 

of quasi-particle near the Fermi surface (for weak excitations) and the pz integration over a 

brillouin zone, gives 

(353) 

and the electrical conductivity as 

(3.54) 

In the limit of extreme anomalous skin effect, kl > > 1, the second term can be neglected 

and hence gets 

4e2thn21f2,\ e2
7/2 

(Tzzll(k)"" 1 1 "" _ 2' 
(21fn/ k (2m{L)" 81flw k 

which mainly depends on the layered structure of the conductor. For the same propagation 

of electromagnetic wave (along the layers), the conductivities along and perpendicular to 

the layers can be compared as 

(Tyyll ~ 8 (1 - iwmA) 
--~ 2 . 
(T zzll 1/ 
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This tells us that the electrical conductivity in the normal state oflayered conductors in the 

direction II perpendicular to the layers is much less than the conductivity along the layers. 

The Fourier transfonll of the Maxwell's equation for this component in which the 

electric field is symmetric in k also gives 

-2E' (0) 
Ez (k) = k2 47fiw ' 

~ ----z.2 (J zz 
(3.55) 

and on inserting (3.54) in (3.55) gives 

(3.56) 

where 

For the simplicity of the expression, at low temperature in which the theOlY of anomalous 

skin effect is appreciable equation (3.56) gets 

, (k) ~ -2kE' (0) 
Ez ~ k 3 . , , - ~'6 

and upon taking the inverse Fourier transform yields 

i, 
-4elf 

and the sUlface impedance perpendicular to the layers during parallel propagation becomes 

which is the same as 

-2 
and can be related to the surface impedance ofnoflnal metals as ZAII ~ ZNrn173. 

(3.57) 
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The depth of penetration of the electric field Ez (J:) is then 

(358) 

The skin depths of the field (for the same propagation) along and perpendicular to the layers 

can be compared by using (3.50) and (3.58) as 

Therefore, when electromagnetic waves propagate along the layers and the inequality 7] < < 

1 is satisfied, the depth of penetration <5 A211 of the electIic field Ez = En of a linearly 

polarized wave exceeds greatly the depth of attenuation 6 Alii of the electric field Ey . 

One can see the variable dependence ofthe surface impedance due to the involvement 

of the correlation function by analyzing equations (3.35) and (3.48) on the assumption 

(359) 

We see that the surface impedance due to the interaction during perpendicular propagation 

of the wave can be approximated as 

(360) 

and also during parallel propagation of the wave as 

21 [( )2 ~] 8' 3 aT-In w 3 7ft 
Zint j:::j ~ 2 4. 11 4. exp-. 

9v31f c3cHl,3a3 3 
(3.61) 
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Thus, during electron-electron interaction through exchange, the surface impedance 

due to only this interaction varies directly as the square of relaxation time T and the effective 

mass 'In of the interacting quasi-patiides and as w~. 

A unified description of the phenomena, valid for the high frequency range in the 

extreme anomalous limit, is obtained by expressing the results of the theOlY in terms of 

the sutface impedance Z, from which the quantities of experimental interest are then easily 

derived. The parameter 0; is experimentally accessible and directly related to the compress­

ibility of the interacting quasi-particle system19 

In general, we can see that the involvement of the Landau's correlation function 

if> (p, p') in semi-classical terms does not affect the qualitative features of our results. Its 

effect, should, of course, be included in calculations (quantitative) based on realistic spec­

tra. 

The explicit expressions of the quantities of interest of the effect in layered conduc­

tors in the case of quadratic form of energy spectlUm (3. I 0) can be related to the normal 

metals. The conductivities, the surface impedances and the skin depths are compared in 

order of magnitude under three categories from the analyses done above. The first of 

these are those which have the same order of magnitude with that of the normal met­

als, i.e., the conductivity along the layers during parallel propagation of electromagnetic 

wave ((T All ~ (TN",), the surface impedance along the layers during parallel propagation 

(ZAII ~ ZNm) and the skin depth of electric field along the layers during the same propa­

gation (6 Ad ~ 6Nm ). The next are those which exceeds that of the normal metals, i.e., the 

conductivity along the layers during perpendicular propagation of electromagnetic wave 
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( (TiLl ~ (~)(T Nm), the surface impedance perpendicular to the layers during parallel 

propagation (ZPII ~ ZNm113') and the skin depth of electric field perpendicular to the 

layers during the same case (0 A,II ~ (j Nm11 3'). The third are those which have less than 

that of the nonnal metals. The conductivity perpendicular to the layers during parallel 

propagation ((TPII ~ (TNm112), the skin depth perpendicular to the layers during perpendic­

ular propagation ( OPJ. ~ 0 Nm(~) k) and the sutface impedance along the layers during 

perpendicular propagation of electromagnetic wave ( ZA.1. ~ ZNm( ~)~). 



Conclusion 

The following conclusions are derived in the work: 

The surface impedance in both considered cases of electromagnetic wave polariza­

tions is proportional to w~ and weakly depends on the relaxation time T through the Fermi 

liquid interaction term, and in the absence of interaction it automatically reduces to the 

value in the gas approximation. A correction due to the account of Fermi liquid effect is 

observed in the separate interaction tenn, although this tenn is small even at high frequency 

compared to the main gas term. 

The values of the constants £1 and a which charactetize the bandwidth and Fermi 

liquid effect respectively can be detennined from appropriate experimental data on layered 

conductors based on expressions detived for conductivity and sutface impedance. 

The conductivity along the layers is much greater than the conductivity perpendicular 

to the layers. Likewise, the magnitude of sutface impedance of the conductor during par­

allel propagation of electromagnetic wave highly exceeds the magnitude during the prop­

agation perpendicular to the layers. The explicit expressions of these quantities in layered 

conductors are related in order of magnitude to that of normal metals: 

-The conductivity (a All)' the surface impedance (ZAII) and the skin depth of the elec­

tric field along the layers (8 Adl ) during parallel propagation of electromagnetic wave have 

the same order ofmagnitude with that of the nOt1l1almetals; 

-The conductivity along the layers duting perpendicular propagation ((T AJ.), the sur­

face impedance perpendicular to the layers (ZPII) and the skin depth of the electric field 

63 



Conclusion 64 

perpendicular to the layers (OA,II) during the parallel propagation of the wave exceed the 

values in normal metals; 

-The conductivity perpendicular to the layers duting parallel propagation (CTPII), the 

skin depth perpendicular to the layers (op~) and the sUlface impedance (ZM) both during 

perpendicular propagation of the wave to the layers have less values than in normal metals. 



Appendix A 
Mathematical Supplement 

Although the 'P and pz integrations in chapter 3 are somewhat challenging, one ob-

tains the necessaty simple expressions for them in the extreme anomalous limit condition. 

In solving this one can use computer programs such as the computational engine included 

in Scientific Workplace (Maple V Release 4), which includes the standard Maple libraties. 

In our case this Maple program was used to minimize possible human errors and save time. 

One of the simplest ways is, thus, explicitly presented in this supplement. In addition, some 

of the details about the way the Foutier transformed components of the electrical current 

density are obtained are pointed out. 

A.I Fourier transformation of 1/) (z) 

The Fourier transfonnation of the nonequilibrium patt of the distribution function (the so-

00 

lution of the Boltzmann kinetic equation) 1/) (z) = f n (z') e-I~I(lz-z'lldz' is obtained as 
-00 

follows. 

00 00 

'if)k J dz J n (z') e-I'YI(lz-z'lleikzdz' 

-00 -00 

00 00 J dz'n (z') eikz' J dze-hl(lz-.z'lleikze-ikZ' 

-00 -00 

00 00 J dz'n (z') eikz' J dze-hl(z-z')eik(z-Z') 

-00 '-00 
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"" 00 J dz'n (Zl) eikz ' J dl.e-hlleikl 

-00 

00 

n (k) J dte-hlleikl. 

-00 

The function -1,II·eikt is an even function of its argument t, so that we can write 

co 

n(k) J dte-hlleikl = n(k)21°° e-hltcosktdt, 

-00 

A.2 The current density 

The current density is given by 

. -2e J Bno d3 ,I ( ) J = v- pvJ Z . 
(21T1l)3 Be 

Substituting the value found from the integra-differential Boltzmann equation in this ex-

pression, one can write the current density as follows: 

00 

. ( ) - -2e 1 BnO d3 J n ( ') '-,(lz-z'l)d 1 
Ja z - 3 Va B p "z e z . 

(21Th) u,>o e 
-co 

Pelfonning the Fourier transfonnation, 

, (k) - -4e 1 V Bno d3 n (k) hi 
In - (21T1l)3 v,>o a Be P hl2 + k2 

= (2~~)3 [1 - imwAJ IUd 1)1k2 Va ( ~ [Ex (k) cOS'P + Ey (k) sin 'PJ) ~dcpdpzde 

The components of the velocity are 

Pl, P~ . \ . \ 
Vx = -cos<p,vy = -Sln<p,vz = -c1ASII1Apz' 

Tn 'Tn 



A.3 The Integrall) 

Now, for a component (say ~,component) the current density is 

J. (k) - -40 [1 - imwA] 1: ~I~I- x 
;r - (21f1i)3m v,,>o 1'1'12+1.:2 

( '1f [Ex (k) cos2 'P + Ey (k) sin 'P cos 'P]) '1J:d'PdpzdE 

= -4e"E,(k) [1 - imwA] 1. ..JJi."!'i onodp dE = 
(2rrh)3m u",>O ')'2+1.:2 l).l 6f; Z 

The coefficient )~Ik' v~ can be simplified as follows: 
1 iTW 

€p-).sin.\p2. 1 

_ (l-irw)r _ (l--irw)r 

- (1_i'Tw)2+k2c-~T2.\2(sh.l2.\pz)) - (1-iTW)2+ k2(2(sin'2,\J1t)) 

_ r 

- (1-iTW)(1+k21~(si1l2 >,P,1.))· 

Thus 

or, since 'Uz > 0 is equivalent to - 2~ <: pz <: 0, 

where the symbols 

67 

al - (1- irw) ,B == [1- imLvA] ,lw = i,l = 'Uor,'lJo = cIA CA.2) 
aj 

are introduced for simplicity. Equation (A. I) is the same as (3.26) after taking the simpler 

'P and 10 integrations. 
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A.3 The Integral II 

This integral is f1 (k) = 6 J~l 1t~~~ ,",:S;' dx as stated in the main text (page 46). We 
.1\.0\ 211" wSIll X 

sta1t evaluation of the integral as follows, separating it into two terms: 

f1 = A~r (1:~ 1+ k2~ sin2 x dx - EJ 1:~ 1 + :2~;':in2 x dX) 

, " 
- f1 + fl' 

a) Let's deal first with the simpler f" = - 2" fO 1 rosx: dx = _ 2t} m'clauldw • 
1 ~ -2fT 1+k2(~,sm2x ~ k1w 

We introduce the symbol b = (k212 )-1 for nuther evaluations' arct"nklw = 'b ardan -L 
W ) k1w V U J -lb' 

After expanding in power series with respect to b < < lethe extreme anomalous skin 

effect condition lk > > 1), and remembering that 

and 

one has 

csgn(z) = { 1 
-1 

if Re (z) > 0; 
or Re(z) =Oand Im(z):;,:O 

if Re (z) < 0; 
or Re (z) = 0 and 1m (z) < 0 

{ 

~ ifz?,O 
signum (z) = jzj , 

o if z = 0 



A.3 The Integral I j 

Thus, we get 

b) Proceeding with the next integral]; = fa; J.°t" 1+k'll,in'x dx, we have 

J-~l1r 1+k21~ sin2 x dx , w 

= { (arctan J b ) J(b+ l)J((b+ 2 - 2J(b+ 1)) b) (( b-tZ+Zj(b+ 1) )b) 

+ (arctan J b ) J((b+ 2 - 2J(b+ 1)) b) 
((b+2+Z j(b+15) b) 

- (arctan J b ) J((b+ 2+ 2J(b+ 1)) b) ((b+Z-Zj(b+l) )b) 

+ (arctan I b ) J ((b+ 2 + 2J(b+ 1)) b) J(b + I)} x 
\ ((b+Z-Zj(b+15)b) 

(J((b+Z-Z0b+1)')b)~J((b+2+Zj(b+15)b)) . 
Next, we write expansion of this expression with respect to b 

! csgn (bconjUgate (J ((b + 2 - 2J(b + 1)) b))) 1fVb 
-1 csgn (bconjUgate (J ((b + 2 - 2J(b + 1)) b) )) 1f ( Jb) 3 

+136 csgn (bconjUgate (J ((b + 2 - 2J(b + 1)) b) )) 1f (Vb) 5 + 0 W) 

= !1fVb - ~1f ( Jbr + j361f (Vbr + 0 W) 

Rj ~1fV(kZl~rl- t1f (J(kZI~rl) 3 + 1361f ( J(kZI~rl) 5 

_ 1 8k41~-4k21:,+3 
- 16 7f k51~ 

We have, therefore, 
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and 

(A,3) 

Now, the cun'ent density is 

(AA) 

AA The Integl·ais 12 & 13 

In the following, the integrals h (k) and 13 (k) introduced in (3.38) of the main text are 

analyzed, We start with 12 (k), 

A.4.1 a) The Integral 12 
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(g: + 1) _ (11m 
blP ~ blP..L 

= 1f--------'---------;====~­
al 

(
"2m2 ) p + 1 blPL 

IP.L 

Next, one uses expansion with respect (x < < 1) to obtain 

Finally, 

(A.S) 

A.4.2 b) The Integral h 
" 

;
' sin rpdrp ( P1-) m h (k) = 2 2 = 2 arctanbl --

a2 + b2E.L cos2 ,n mal alblPl. o 1 1 mZ Y 



A.S The Integral Is 

Performing expansion with respect to~; = b
mu1 «1 
WL 

Thus, 

72 

(A. 6) 

A.S The Integral 15 

Now we proceed with the evaluation introduced in (3.47) of the main text 

~ ~ 

J dip 2 J dip Is(k) =2 , =2 2 
a2 + b2 !'.L COS2 In a 1 1 + b cos <p o 11m';! r 0 

b' , 
Denotining lP " by b, we have 

a l 111 

" 

J' dip 11 1 
---c----~ - dx 
1+bcos2 <p- 0 (1+bx2 )V(1-X2 ) • 

o 

= -- lim - arctanh + ardanh . 1 i ( b-ixVb b+ixVb ) 
2 v(1 +b) x~l- v(1 +b) b(1- x2 ) v(1 +b) b(1- :/;2) 

To approximate this result, let's evaluate the limit as follows: 

. (-b+iXVb b+iJ:Vb) Inn ardanh + arctanh r~==;'C-:i'C~=~ 
x·,o.gggggggggggggggggggggggg v(1 + b)VbV(1- x2 ) v(1 + b) Vb V(1- x2 ) 

. ll-l.Ob+LOiVb 11 b+l.OiVb 
= arctanh 7.0711 x 10 Vb + arct.anh 7. 0711 x 10 Vb' 

v(1.0 + b) b V(LO + b) b 
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Furthermore, 

. ( iVb~b HiVb ) lIm arctanh 7.0711 X 1011 Vb + arctanlI 7.0711 X 1011 Vb 
hoc )(1 + b) b )(1 + b) b 

3.1416i, 

from which it follows that 

and 

1! 
2 

J dIP 1 i. 1 
1 + bcos2 <p f'd ~2 )(1 + b) (2'if) = 2)(1 + b) 'if, 

o 

'if 
Is (k) f'd ~ 

ar)(l + b) ar 
1 'if 

( 1 + blp3 ) a?m2 

Now expanding with respect to x = b
01 

Tn < < lone gets 
WL 

x 1 3 ( ") r;O;===;~ = x + ~-x + 0 XU , 
)(1+x2) 2 

and, after substituting back for x, the approximate value of Is (k) becomes 

CA.7) 
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