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Abstract 

Unmanned Aerial Vehicles (UAVs) have attracted growing attention in research 

due to their wide applications. UAVs include many devices such as qua-copter, 

hexa-rotor, heli-copter, Tricopter. Among them, Tricopter is proposed in this 

thesis. It has three rotor axes that are equidistant from its center of gravity. 

Tricopter UAV is multivariable, nonlinear, unstable and under-actuated system. 

This thesis concentrates on the control and simulation of a Tricopter unmanned 

aerial vehicle. First coordinate systems with transformation matrix and mathe-

matical models are derived based on Newton-Euler formulation technique. By 

using these equations, we are able to derive the mathematical model to simulate 

in MATLAB/Simulink environment for the purposes of altitude and attitude 

control for hovering stabilization of the Tricopter. The Control strategy used is 

Proportional Integral Derivative (PID) and the Super Twisting Sliding Mode 

Control (STSMC). STSMC is a viable alternative to the conventional first order 

sliding mode control for the systems of relative degree-1 in order to avoid chat-

tering without affecting the tracking Performance. The PID and STSMC are 

mathematically derived, and their performance is verified by simulation. Simula-

tion results show that the PID controller can maintain the stability of the Euler 

angles (roll angle, pitch angle, yaw angle). STSMC has been implemented for 

altitude control. The altitude settles at approximately 2 seconds with no over-

shoot and steady state error of 2mm. The proposed STSMC is robust against 

parameter variation of 10% and able to overcome disturbances and maintain a 

given height position for hovering Stabilization of Tricopter. 

 

Key Words: Attitude Stabilization, PID controller, Super twisting Sliding Mode 

Control     (STSMC), UAV Tricopter, Hovering. 
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CHAPTER ONE 

                           INTRODUCTION 

1.1 Background 

Nowadays, Unmanned Aerial Vehicles (UAVs) have attracted growing attention 

in research due to their wide applications, primarily in military field and their 

study is becoming very fascinating [1]. Manned aerial vehicle is replaced by 

Unmanned Aerial Vehicle because of its capability or as a solution for various 

situations where an individual cannot do his job properly, such as working in 

steep terrains, hazardous, disaster sites and military operational areas [2]. Mini 

and micro UAVs are also very promising platforms for security and surveillance 

applications in outdoor as well as in-door environments. Since working in such 

areas does not require massive equipment, proper solutions are needed for those 

situations. In order to facilitate work in such difficult situations, Unmanned Aer-

ial Vehicles (UAVs) have been regarded as the best solution [2].  

Design of UAV now has undergone many changes with the hope of overcoming 

some sort of problems associated with limited charge and power consumption 

[3]. Advantages of UAVS Tricopter are a reduced number of rotors used i.e. 

three rotors so that it can save in power consumption [4]. 

The limited payload for carrying sensors and the limited computational power 

on-board make the development of autonomous UAVs very challenging [5]. 

One kind of UAV is an unmanned aerial vehicle has a rotor axis Tricopter form 

triangle and three on each rotor axis and a servo motor that installed on one axis 

of the rotor.  

In its utility, one of the capabilities of UAV Tricopter is hovering movement for 

a variety of purposes. Hover is the technique of keeping fixed position and angle 

of UAV Tricopter in order to remain at one point of the height and direction of 
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the Euler angles. To maintain the stability of the movement needed, a proper 

control method is needed to be designed. 

Previously, much research has been done on Tricopter to address control stabil-

ity, speed, power and other stuff. One of the control methods that can be applied 

to the plant is super twisting Sliding Mode Control (SMC) which is one of the 

control techniques that can be used for non-linear plant. This method is known 

for its capability of making a closed-loop system robust with respect to bounded 

plant parameter variations and bounded external disturbances [6]. 

In this thesis, the controller design for UAV Tricopter required to be a stable and 

accurate to resolve the problem on a non-linearity of the plant, especially at hov-

ering movement. To keep stable altitude, STSMC is used and Proportional Inte-

gral Derivative (PID) is used to maintain the stability of motion in roll, pitch and 

yaw attitude.  

1.2 Literature Review 

Different researchers have investigated on Tricopter UAV in different ways and 

some of them are discussed briefly. 

In the paper by Sai Khun Sai1 [7], a control strategy is proposed for each type of 

tri-rotor, and nonlinear simulations of the altitude, Euler angle, and angular ve-

locity responses are conducted by using a classical proportional-integral deriva-

tive controller. Attitude and altitude stabilization has been achieved using four 

independent PID controllers. Even though controllers achieved attitude and alti-

tude stabilization, robustness to disturbance and parameter variation is not con-

sidered. 

Another work by Elijah LIN Enya, [8] described the development of tilt-rotor 

surveillance Tricopter UAV. Its unique tilt rotor capability enables a much high-

er cruise speed and range as compared to conventional multirotor UAV. This 

design also supports a wide range of features such as waypoint navigation. The 
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motion of the Tricopter in this work is modeled and compared with the actual 

flight tests. The Tricopter also achieved hovering, transition and forward flights 

during waypoint tracking mission. Having numerous flight test done on the 

UAV on different areas of control and capabilities, PD controller has been used 

to stabilize the Euler angles and the altitude. It is recommended that determining 

its position in space be also stabilized for a better performance in controlling the 

system.  

KAÇAR, A[9], in this thesis design of triple tilt-rotor unmanned aerial vehicle 

(UAV) and controller design for attitude and altitude dynamics has been studied. 

The model has been linearized to design linear quadratic regulator (LQR) based 

controllers to stabilize the system and track reference inputs. But the controller 

we designed, control and stabilize attitude and altitude successfully in better 

performance with different testing robustness. 

In another work by Sai Khun Sai1 [7], numerous kinds of tri-rotor designs and 

developments are analyzed. The similarities as well as differences between these 

designs are discussed briefly. Coaxial, one tilted and without tilt rotor tri-rotors 

are worked.  One of the systems designed is a single tri-rotor (means tri-rotor 

with one tilting). When stabilizing a single tri-rotor, rapid motion from its tri-

rotor could be a challenge because it requires a very accurate tilting angle for 

stabilizing of the system. One of the control strategies of the single tri-rotor is 

shown below. 
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Figure 1.1: Control strategies for tri-rotors, (a) altitude, (b) roll, (c) pitch, (d) 

yaw 

A.Melboues, Y. a. [10], presents kinematics and dynamics modeling of UAV. 

Euler angles and parameters are used in the formulation of this model and slid-

ing mode control method is introduced. The results show that the controller can 

provide stronger robust performance. But in this work the disadvantage of con-

ventional sliding controller chattering phenomenon is not considered and the 

latter controller cope up the handicap of this work.  

There is also a thesis by Saurabh Kumar, G. K [11] which concentrates on 

Mathematical Model of the Tricopter and derivation of the Translational and 

Rotational equations for the Tricopter as well as MATLAB simulation to predict 
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the position of the Tricopter during flight. This work presents new results to 

compute the kinematic and dynamic analysis for a Tricopter mini-rotorcraft. The 

orientation and control of Tricopter according to the parametric equation is also 

shown. The transformation of all the parameters from one co-ordinate to another 

co-ordinate is done. It includes body frame of reference and earth frame of ref-

erence. Hence mathematical modeling of the Tricopter is done. But our work 

will address appropriate controller for UAV Tricopter. 

Dong-Wan Yoo, H.-D. O.-Y.-J. [12] is also presented nonlinear simulations of 

altitude, Euler angles and angular velocity responses using classical PID control-

ler. Simulation results show that the proposed control strategies are appropriate 

for the control of Single and Coaxial Tri-Rotor UAV. For both types of Tri-

Rotor UAVs, attitude and altitude stabilizations were necessary, and nonlinear 

simulations were carried out in order to observe the stabilities of both UAVs. 

The altitude and attitude responses follow the commands with reasonable rising 

times and settling times. After observing the simulation results, it is concluded 

that altitudes and attitude stabilizations for both types of Tri-Rotor are accom-

plished properly. Despite having the advantage of easier implementation, the 

controller did not have good stability and robust results as compared to our con-

troller. 

Single Tri-Rotor: A single tri-rotor has three rotors, and one of the rotors, the 

tail-rotor to be specific, is tilted to nullify the effect of the reaction torque of the 

system. A single tri-rotor has the advantage of the generation of rapid motion 

from its tilt rotor. Yawing control is achieved from the tilt angle of the third mo-

tor in the rear along with non-stable torque [9].  

Coaxial Tri-Rotor: A coaxial tri-rotor UAV has two rotors installed on each 

axis of rotation; therefore, the counter-rotating rotors on each axis, nullify the 

yawing moment on each axis as well as on the whole system. Yawing control is 
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achieved from the tilt angle of the third motor in the rear through a servo motor 

[12].  

Fixed Wings: Fixed winged UAVs fly like an aircraft. They have propellers 

placed horizontally for forward flight. The lift is provided by the wings and the 

yaw is provided by the ailerons. The pitch and roll of the flight is controlled by 

different motion of flaps on the wings (Krogh, 2009) 

.  

 

                                                        

     

      

 

Figure 1.2: Fixed Wing UAV 

The thesis written by VanderMey, J. T. [13] assessed the challenges to develop-

ing a small, long endurance UAV and presents a preliminary vehicle and con-

troller design for a tilt rotor UAV that achieves long endurance operation by 

combining a low power mode with energy harvesting and autonomous takeoff 

and landing capabilities. The vehicle control architecture is established as a 

composition of locally valid feedback controllers. A nonlinear, quaternion based 

model and simulation are developed for the vehicle dynamics and used in the 

controller design process. A nested PID linear feedback controller is implement-

ed. For hovering position, attitude and altitude stabilization are demonstrated on 

the prototype vehicle. 

The paper by Hiranya Jayakody and Jay Katupitiya [14], presents robust control 

of a Vectored Thrust Aerial Vehicle (VTAV) based on Sliding Mode Control 

(SMC) methodology. The VTAV is designed for special purposes such as terrain 

mapping which will significantly benefit from the ability to fly with zero roll 

and pitch. Such an arrangement will enable the sensors to be reliably directed at 
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the desired terrain patch. Given that the system is nonlinear and that there is the 

possibility of parametric uncertainties and the presence of disturbances, sliding 

mode control design approach was chosen to develop robust controllers. 

In M. Zamurad Shah [15], sliding mode based lateral control for UAVs using a 

nonlinear sliding approach is presented. The control is shown to perform well in 

different flight conditions including straight and turning flight and can recover 

gracefully from large track errors. Saturation constraints on the control input are 

met through the nonlinear sliding surface, while maintaining high performance 

for small track errors. Stability of the nonlinear sliding surface is proved using 

an appropriate Lyapunov function. Problem of chattering in standard sliding 

mode technique is settled by smoothing the control input using boundary layer 

during implementation of this proposed algorithm. But it is recommended that, 

this problem will be settled by using higher order sliding mode (HOSM) as fu-

ture work. 

The Paper by Herman Casta˜neda[16], addresses the problem of controlling the 

attitude and the airspeed of a fixed wing Unmanned Aerial Vehicle (UAV). The 

design of this controller is based on Adaptive Super Twisting Control Algorithm 

(ASTA). In order to implement such controllers, estimation of some immeasura-

ble variables of the UAV are provided by a Robust Differentiator. Furthermore, 

the proposed scheme has been compared with an Active Disturbance Rejection 

Control scheme, illustrating its advantages when tracking a desired trajectory, 

under conditions of noisy measurements, uncertainties and external disturbance. 

1.3 Problem Description 

UAV Tricopter should be able to fly at the same height as desired and can main-

tain the stability of the angle in order to remain in a State of zero degrees. PID 

controller expected to retain angle and keep the stability at hovering position of 

UAV Tricopter. Control is done with the method of the STMC, of which the 
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trajectory of a State-controlled to follow the trajectory of a reference set, as well 

as being able to suppress errors that arise when there is measurement uncertain-

ty.  

In spite of the claimed robustness, implementation of the SMC in real time is 

handicapped by a major drawback known as chattering which is the high fre-

quency bang-bang type of control action [17]. In this thesis the proposed con-

troller has to be developed to fulfill all advantages of STSMC, simulated 

MATLAB/Simulink and results will be presented. The response of the simula-

tion and the advantages of STSMC will be compared with other controllers as 

well. 

1.4 Objectives of the Thesis 

1.4.1 General Objective  

The aim of the thesis is designing a stable STSMC for hovering stabilization of 

the Tricopter. The controller can be implemented on a UAV Tricopter to hover 

at the point of specified height with the avoidance of discontinuity of the control 

and chattering elimination.  

1.4.2 Specific objective  

The specific objectives of this thesis are:  

 To study working principle of Tricopter  

 To derive mathematical model of actuator. 

 To derive mathematical model of Tricopter and and design STSMC 

 Simulate the designed controller using MATLAB/Simulink for verifica-

tion  
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1.5 Methodology 

The steps in the research methodology are as follows: 

 The study begins with gathering and studying literature that supports the 

thesis  

 Analysis of mathematical model of UAV Tricopter  

 Do design control system of the plant.  

 Build a plant simulation  

 Testing plant with the method used.  

 Performance evaluation, testing with parameter variation and disturb-

ance, and analysis.  

1.6 Contribution 

UAVs have wide applications such as working in steep terrains, hazardous, dis-

aster sites and military operational areas. Since Hovering is the most challenging 

component of flying any copter [16], the main contribution of this thesis is the de-

sign of super twisting sliding mode controller for successful hovering stabiliza-

tion of a UAV Tricopter. 

Tricopter can do hover at the point of a specified height by taking all the states 

that define the dynamics. Therefore, this thesis is very important in building 

UAV controlling method that stabilize Tricopter at hovering position and im-

plemented to operate in good performance. 

1.7 Scope of the Study  

Here the thesis will constitute studying the kinematic and dynamic models of a 

Tricopter. The orientation and control of Tricopter is done according to the par-

ametric equation of mathematical modeling. STSMC is designed to stabilize the 

craft at hovering position. The simulation of this work will be done using 

MATLAB/Simulink.  
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1.8 Thesis Outline 

The chapters are presented below and give a description of the outline of the 

thesis which gives an insight to the methodology of the thesis. 

 Chapter 1 is an introductory chapter. 

 Chapter 2, this chapter is intended to give insight into an overview and 

essential concepts about flight, unmanned aerial vehicles with depth fo-

cused about Tricopter. 

 Chapter 3 explains how the simulation of the system was conducted. The 

chapter is divided into two main sections .The first is model (equations 

of motion) derived by using the Newton-Euler formulation and the se-

cond is focusing on the control simulation verification using the 

Matlab/Simulink. 

 Chapter 4 describes the controller designed to stabilize the UAV at hov-

ering position by using PID and super twisting sliding mode controller. 

 Chapter 5 discusses simulations and results conducted done. 

 Chapter 6 presents the conclusion drawn, suggestion and recommenda-

tion to future developments. 

References used in this thesis are listed in numerical order; in addition some 

other materials that are relevant to this work are included in appendix. 
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CHAPTER TWO 

                             TRICOPTER 

2.1 Tricopter Overview                                 

Tricopter vehicles are systems with a three rotors arrangement in a “Y” or “T” 

shape. This configuration gives more flexibility and great agility. The Tricopter 

that has been assumed in this thesis is a small model rotorcraft with three arms 

shaped as the letter Y, where the angle between any two arms is 120◦. All three 

arms of tri-rotors are identical in length and the three force generating units are 

also identical. Each force generating unit consists of a fixed pitch propeller driv-

en by a Brushless DC (BLDC) motor to generate thrust [2]. The propeller-motor 

assembly is attached to the body arm via a servo motor that can rotate in a verti-

cal plane to tilt the propeller-motor assembly and produce a horizontal compo-

nent of the generated force. On each of the motors a rotor is attached and there-

fore the airflow depends on the direction of the rotation of the rotor blade. Each 

of these blades can be seen as identical which results in the same rotational di-

rection and same airflow for a given angular rate [2]. 

 

       

 
 

Figure 2.1: Tricopter [2] 
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Reason for choosing Tricopter, it is bound to be less expensive than a quad. You 

only have three motors and speed controllers. Tricopter has one less propeller, 

too. Lower cost is probably the main reason why Tricopters continue to be popu-

lar, despite their more challenging construction [18]. 

2.1.1 Electronic Speed Controller (ESC)  

An electronic speed control or ESC is a circuit with the purpose to control an 

electric brushless motor's speed, its direction and possibly also to act as a dy-

namic brake in some cases. ESCs are often used on electrically powered brush-

less motors essentially providing an electronically-generated three phase electric 

power, with a low voltage source and are normally rated according to maximum 

current.  

2.1.2 Servo 

One of the motors is attached to a servo that can tilt the motor [2]. The servo on 

the Tricopter is located on the shaft rotor and is responsible for thrust vectoring 

the craft rotor for yaw control and unbalance torque stabilization. A servo re-

ceives a signal from the receiver through PWM exactly as the ESC. 

 

     Rz 

 

 

     Rϕ 

                       +                                                          

                                          e          e                                                                                    Z, ϕ, ϴ, ѱ                        

      Rϴ 

                         _ 

 

       Rѱ    

          

 

                     

 

Figure 2.1: Block diagram of Tricopter Control System. 
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CHAPTER THREE 

SYSTEM MODELING AND SIMULATION 

3.1 Introduction 

In this thesis the mathematical model of the Tricopter UAV is derived via New-

ton-Euler Method under certain assumptions. 

3.2 Degrees of Freedom 

A rigid body mechanical system, such as the flying multirotor, is typically de-

scribed by motion with six degrees of freedom. These include translational mo-

tion along each coordinate axis as well as rotation around each of these axes [20]. 

The equation of motion of a rigid body can be separated (decoupled) into rota-

tional equations and translational equations if the coordinate origin is chosen to 

be at center of mass. The rotational motion of the aircraft will then be equivalent 

to yawing, pitching and rolling motions about the center of mass as if it were 

fixed in space. The remaining components of motion will be three components 

of translational of the center of gravity. Therefore the state model derived here 

will be six-degrees of Freedom. We shall not consider degrees of freedom asso-

ciated with flexible modes such as body bending and wing flexure [19]. 

3.2 Frames of References 

The equations of motion of multicopter are governed by Newtonian mechanics 

and their evaluation is done through the appropriate choice of modeling tech-

nique i.e. Newton-Euler formulation [20]. 

To define the position of the point as a vector, a basis (coordinate system or 

frame) along with its origin must be chosen. A coordinate system is defined by 

two things. First, a coordinate system origin must be established to specify its 

position in space. Second, the orientation of the coordinate system must be cho-
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sen. There are 2 different coordinate systems of interest that needs to be defined. 

The body fixed coordinates of the Tricopter denoted by B and global, which is 

an inertial frame denoted by G. The Tricopter has three arms in the shape of “Y” 

and a rotor is placed at the end of each arm. The coordinate system for Tricopter 

will be defined as in figure 3.1: [2]. 

 

 

 

Figure 3.1: A Tricopter with local (B) and the global (G) coordinate system 

Where ‘l’ denotes length, ‘f’ forces, ‘τ’ torque and ‘α’ tilt angle. 

First, a coordinate system origin O must be established to specify its position in 

space. Second, the orientation of the coordinate system must be chosen. The 

relation between Tricopter’s (Body) co-ordinate system and co-ordinate system 

of earth (inertial frame) can be described in a mathematical way with the rota-

tion matrix    
ϕϴѱ

. The rotation is represented with Euler angles which is repre-

sented with (ϕ, θ, and ᴪ) and is the angle about XB, YB and ZB axes respectively. 

The rotation applied to each of the base vectors and the total rotation is done by 

first rotating the ZB axis with an angle ᴪ, and then done by rotating the YB axis 
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with an angle θ and at last the XB axis with an angle ϕ inertial to body frame [2] 

and each rotation is about a single axis [Appendix-A]. 

                             
 ϴ 

 =    
 

   
ϴ   

 
                                                                  (3.1) 

                                  =   

   
  ϕ  ϕ

   ϕ  ϕ

  
 ϴ    ϴ

   
 ϴ   ϴ

  

   ѱ  

  ѱ  ѱ  

   

  

                                   =   

 ϴ   ϴ ѱ   ϴ

 ϕ ϴ ѱ   ϕ ѱ  ѱ ϴ ϕ   ω ѱ  ϕ ϴ

 ϕ ϴ    ϴ ѱ  ѱ ϴ ϕ   ϕ ѱ  ϕ ϴ

  

The assumptions considered for modeling the system are listed as follows: 

[8],[19], [21] etc. 

 Tricopter is assumed to be rigid body. 

 The cross configuration is symmetrical which indicates that the inertia is 

diagonal matrix and the inertia about the x-axis and the y-axis are equal. 

 Euler angles rates and body angular rates are considered equal near hov-

er 

 Let the tilting angle from vertical axis be small. 

3.2 Basic Forces Acting On Aircrafts 

Generally, there are four basic forces that make the flight happen. 

Thrust: The thrust is produced by the front motors by providing equal force to 

them. When both the motors are moving at the same speed an upward lift is cre-

ated. 

Weight: the combined load of the UAV itself, the fuel and payload. Weight 

pulls the aircraft downward because of the force of gravity. It opposes lift and 

acts vertically downward through the aircraft’s center of gravity (CG). 
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 Lift: opposes the downward force of weight, is produced by the dynamic effect 

of the air acting on the airfoil, and acts perpendicular to the flight path through 

the center of lift. 

Drag: a rearward, retarding force caused by disruption of airflow by the wing, 

rotor, fuselage, and other protruding objects. Drag opposes thrust and acts rear-

ward parallel to the relative wind. 

3.3 Principle of Operation [7, 11] 

The basic principles of Tricopter Unmanned aerial vehicle is listed below: 

3.3.1 Altitude 

This movement is done by increasing (or decreasing) all propeller speeds (ω) 

simultaneously with the same rate. This leads to increasing or decreasing the 

thrust resulting in the raise or lowering of Tricopter vertically by overcoming the 

gravity respectively. 

3.3.2 Roll 

The same front motors are used for roll mechanism, but the forces are applied 

differentially to them. So that the torques do not cancel each other and the net 

force creates the roll effect. 

3.3.3 Pitch 

This is controlled by changing the speed of rear motor. When speed is increased, 

reaction force is in upward direction which moves the tail up and the whole 

UAV is pitched downwards. Similarly decreasing the speed of rear motor will 

result in net upwards pitch of the UAV. 

3.3.4 Yaw 

Angles of front motors are changed to produce the yaw mechanism. The angles 

are altered using servo motors. Initially when the motors are in vertical position 
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they do not have any vertical component of force, when the angles of these mo-

tors are changed differentially a vertical component is also introduced which 

provides for yaw mechanism. 

 

 

Figure 3.2: The Flight Principle of the Tri-Rotor   Z, ϕ, ϴ, ѱ 

3.3.5 Fly forward 

Figure 3.2 shows that, when flying forward, motors 1 and 2 must decelerate, 

while motor 3 on the tail axis must accelerate. As a result, the fuselage of the 

Tricopter is inclined forwards, so it flies towards the same direction. On the con-

trary, when flying backwards, motors 1 and 2 must accelerate, while motor 3 

must decelerate. 

 

 

 

Flight 

Control 

system 
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3.3.6 Fly to the right direction 

When the Tricopter flies to the right direction, motor 1 on the left side must ac-

celerate, while motor 2 on the right side must decelerate, so as to allow the fuse-

lage(main body of Tricopter)  to incline to the right side and make the Tricopter 

fly to the right direction. 

3.3.7 Clockwise yaw 

When the tri-rotor flying robot yaws in the clockwise direction, it needs to use 

the RC servomotor and linkage to drive the propeller of the motor 3 inclined in 

the left side. When the motor 3 rolls, it will generate the clockwise yaw torque, 

so as to make the tri-rotor flying robot yaw in the clockwise direction. 

3.3 Equation of Motion 

To model dynamics of aircraft, the translational and rotational equations have to 

be derived. The Tricopter is quite easily modeled as a cross configuration with 

three rotors. 

3.3.1 Translation 

Mass multiplied by with the time derivative of the translational speed vector is 

equal to the directional force vector ( Newton’s Second Law) [2]: 

                                    mVG = Σf                                                                      (3.2) 

                                            = fG + gravity  

   =     
ϕϴѱ

 (FB )ext  + [0 0 –mg]
’ 

By their definitions, the external forces that are acting on the aircraft and the 

torque that is induced by the external forces acting on the mass center are de-

fined in the coordinate system B. With a free body diagram, seen in Figure 3.1, 

and the geometry of the Tricopter, these forces F and torques M are defined [2]. 
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                 (3.4)      

Where the force F is separated in Fx, Fy, Fz components and the torque is sepa-

rated in Mx, My, Mz components and l is arm length, b is thrust coefficient and 

d is drag coefficient. 

The position and the translational velocity of the aircraft are described in the 

coordinate system G, where X
G
-axis is to the north, Y

G
-axis to the west and Z

G
-

axis straight up. That means that the force vector that is defined in the coordinate 

system B has to be rotated so that the forces can be described in the coordinate 

system G. The transformation from the coordinate system B to G is made by 

rotating Euler angles around X
G
-, Y

G
-, Z

G
-axis, respectively. The force vector 

described in the coordinate system G is described as [2]: 

                                   
  =     

ϕϴѱ
     
                                                                 (3.5) 

Therefore the time derivative of translational velocities are given as: 

   =
 

 
(    ϴ ѱ      ϴ ѱ     ϴ)                                                                 (3.6a)                                

  =
 

 
(    ϕ ϴ ѱ   ϕ ѱ   y( ϕ ϴ ѱ   ϴ ѱ) + Fz  ϕ ϴ)                         (3.6b) 

  =
 

 
(     ϕ ϴ ѱ +  ϕ ѱ) + Fy(  ϕ ϴ ѱ -  ϕ  ѱ  + Fz  ϕ ϴ                    (3.6c) 

Where Sx, Cx, Tx denotes sin x, cos x, tan x, respectively, and the relation be-

tween position and translational velocity is given by: 

                                       = u                                                                           (3.7a) 
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                                       = v                                                                           (3.7b)    

                                      = w                                                                            (3.7c) 

 

For altitude control, we need to use the Z dynamics of third component    and 

ignoring the x and y components which are in earth frame. To this end, we use 

the orientation matrix between the body and the earth frames and obtain the fol-

lowing altitude dynamics: 

                               = 
    ϕ ϴ

 
 - g                                                                       (3.8)    

3.3.2 Rotational 

The rotational equation of motion can be determined from Euler’s equation for 

rigid body dynamics, by assuming that the Tricopter is a rigid body in the body 

frame and there are external forces acting on the center of gravity. And also the 

off-diagnonal element of the inertia is very small so that assumed to zero [11]. 

                         I   +                                                                                 (3.9) 

           Where,   ω   

 
 
  
 
 

         and          I= 

     
     

     

  

                      = 
        

   
 rq + 

 

   
 τϕ                                                                (3.10a) 

                      = 
       

   
 pr + 

 

   
 τϴ                                                                (3.10b) 

                       = 
       

   
 pq + 

 

   
τѱ                                                                 (3.10c) 

The global coordinate system and the body reference frame related using trans-

formation matrix as follows (Appendix -B): 
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ѱ
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 G =  

    ϕ ϴ  ϕ ϴ     

  ϕ   ϕ
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 ϴ
  

   
 
 
 
                                                                           (3.11) 

                           F = b  
                                                                              (3.12a) 

                            τ = d  
                                                                             (3.12b) 

Where ‘i’ is the number of rotors i.e.1-3. 

The above equation implies that it is possible to control the rotor craft by con-

trolling the angular speed of the motors of the Tricopter; therefore the following 

control inputs are taken for the system [2]. 

                     Fthrust = -b  
      +   

  +   
 ) = u1;                                       (3.13a) 

τϕ = 
  

 
 ι b(  

  -   
 ) = u2;                                                    (3.13b) 

τϴ = 
 

 
b(  

  +   
 ) – ι b       

  + d  
       = u3;            (3.13c) 

τѱ = d(ι   
       -   

      -   
  -   

 ) = u4;                   (3.13d) 

The tilt angle α is assumed to be small(α 1)  therefore,        1 and         

α based on these the above equations reduced as follows: 

       Fthrust= -b (  
 +   

  +   
 ) = u1;                                                              (3.14a) 

     τϕ = 
  

 
 ι b(  

  -   
 ) = u2;                                                                  (3.14b) 

           τϴ = 
 

 
b(  

  +   
 ) – ι b   

  + d  
    = u3;                                        (3.14c) 

            τѱ = d(ι   
    -   

   -    
 -   

 ) = u4;                                                 (3.14d) 

Where ι is length of arm of Tricopter, b is Force proportionality constant and d 

is Torque proportionality constant. Where G and B denote global (inertial) and 

body frame respectively. 
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At hovering position, the transformation matrix that relates the angular speed of 

the body and the angular rates in the inertial frame is equivalent to an identity 

matrix [Appendix-B]; hence at hovering position angular speed of the body and 

angular rates of inertial frame remains the same. Therefore the nonlinear model 

of the system expressed in inertial frame is given below. 

            

                                                     = f(x, u)                                                    (3.15a) 
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τѱ  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

      (3.15b) 

 

The above equations show motion with respect to the inertial frame. We repre-

sent the nonlinear model of the system and we should reduce the model to a 

suitable format for the controller. Linearizing the equations of motion at an op-

erating point where the craft is hovering. While the craft is at hovering position 

the angles (the roll, pitch and yaw angles) should be stabilized i.e. all the three 

angles should be zero so that there would be no movement in the x and y transla-

tional motion since they are coupled; whereas the lateral (x-), longitudinal (y-) 

and altitude (z-) could be constant. And further linearization is made Based on 

the Taylor series expansion at hovering position. For this thesis, the following 
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equilibrium point taken and the governing equations of motion are deduced.                                                     

’                                     
Xeq =                                                                                        (3.16a) 

 
                               =                           ’ 

                            ueq= [Fz, τϕ, τϴ, τѱ]                                                  (3.16b) 

                            =               

Where xeq and ueq are the equilibrium points. 

Using the linearized model and equilibrium operating points; the state space 

form of the equations of motion is formulated as follows: 

                                            = Ax + Bu                                                          (3.17) 

                                          y = Cx 

Note: At hovering position: 

 Fthrust = mg = b(  
 

 +   
  +   

 ),   but the rated angular velocity of each rotor is 

equal (i.e. ω1 = ω2 = ω3 = ω) 

 Therefore 

                                  Fthrust = mg = b(ω
2

 + ω
2
+ ω

2
) 

                                 ω =  
  

  
                                                       (3.18) 

3.4 Linearized Model 

Altitude and attitude dynamics can be linearized around hover conditions, i.e. ϕ 

≈ 0, θ ≈ 0 and ψ ≈ 0, where angular accelerations in body and world frames can 

be assumed to be approximately equal [2], i.e.         ,      ϴ  ,          Result-

ing linearized altitude and attitude dynamics can be expressed in earth frame 

and  we will use the Taylor Series expansion of functions for further lineariza-

tion. In this control problem, the desired behavior of the Tricopter is when it is 

maintaining a pre-defined position and orientation. Therefore the linear differen-

tial equation representations of the system are given below: 



DESIGN OF STSMC FOR HOVERING STABILIZATION OF TRICOPTER UAV 

 

Addis Ababa Institute of Technology, May 2016 Page 24 
 

                                   – 
 

 
 Fz = 0                                                                   (3.19a)    

                                ϕ  -  
 

   
 τϕ = 0                                                                 (3.19b) 

                                ϴ  - 
 

   
 τϴ = 0                                                                (3.19c) 

                                 ψ  - 
 

   
 τѱ = 0                                                                (3.19d) 

The transfer functions are represented as follows: 

                                    Gz(s) = 
    

     
 = 

 

   
                                                   (3.20a) 

                                    Gϕ(s) = 
ϕ   

τϕ   
 = 

 

     
                                                   (3.20b) 

                                    Gϴ(s) = 
ϴ   

τϴ   
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                                                 (3.20c) 

                                    Gψ(s) = 
ψ   

τψ   
 = 

 

     
                                                  (3.20d) 

The state space representation of linearized differentials by choosing x1 = Z and 

x2 =           ϕ          ϕ       ϴ          ϴ       ѱ        ѱ             

Linear State Space of the height position (Z): 
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  u1                                            (3.21)  
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                    Linear state space of Euler angles: 
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CHAPTER FOUR 

CONTROLLER DESIGN 

4.1 Introduction 

This section provides the controller designed to stabilize the Tricopter at hover-

ing Position and the results in regard to the designed controllers. In the previous 

section, we have seen how the model faithfully responds to the inputs it was 

commanded with. Here in this section we start designing controllers that stabi-

lize the craft at hovering position. The need for these controllers is to have a 

view of the rotorcrafts how fast it responds to the command received and how 

long it takes to settle to its desired position i.e. hovering. 

4.2 PID Control 

The first controller that was used for stabilizing the craft is the Proportional, 

Integrator and Derivative (PID) controller. We Set input zero for roll, pitch, and 

yaw, that will be designed with a PID controller, with the hope that Tricopter 

can hover with stable positions.  

The control algorithm is based on the equation below: 

                                   U = kpe(t) + kI           

     

                                                          (4.1) 

Therefore the respective command inputs which stabilize the craft as outputs 

from the controller are: 

uФ =  kpФ(             +kiФ                       KdФ  
                   

  
    (4.2a) 

uϴ =Kpϴ (ϴ    ϴ      ) + Kiϴ   ϴ       ϴ          Kdϴ  
   ϴ       ϴ       

  
   (4.2b) 

uψ = Kpψ (ψ    ψ      ) +  Kiψ   ψ       ψ           Kdψ  
                   

  
  (4.2c) 

The important parameters of the equation are the Kp, Ki and Kd which are multi-

plied with the error. These are called the Proportional gain, Differential gain and 
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the Integral gain. Their values are changed to provide a response to error in the 

required time. In the absence of knowledge of the underlying process, a PID 

controller has historically been considered to be the best controller. As the Line-

ar model of Tricopter shows, it is possible to use SISO approach for controlling 

attitude components though in the presence of the model the optimized values 

can be achieved, otherwise the values are achieved by using Zeigler Nicholas 

method. In this Thesis The determination of the value of the Kp, Ki and Kp tun-

ing done using Ziegler Nicholas method in order to obtain the response signals 

that are stable.  

4.3 Conventional Sliding Mode Controller [6, 17] 

Sliding mode controller has been applied into general design method being ex-

amined for wide spectrum of system types including nonlinear system, multi-

input multi-output (MIMO) systems, discrete-time models, large-scale and infi-

nite-dimension systems, and stochastic systems.  

VSC utilizes a high-speed switching control law to achieve two objectives. First-

ly, it drives the nonlinear plant’s state trajectory onto a specified and user chosen 

surface in the state space which is called the sliding or switching surface. This 

surface is called the switching surface because a control path has one gain if the 

state trajectory of the plant is above the surface and a different gain if the trajec-

tory drops below the surface. Secondly, it maintains the plant’s state trajectory 

on this surface for all subsequent times. During the process, the control system’s 

structure varies from one to another and thereby earning the name variable struc-

ture control. The control is also called as the sliding mode control to emphasize 

the importance of the sliding mode. 

Sliding mode control is a nonlinear control method that alters the dynamics of a 

nonlinear system by the multiple control structures are designed so as to ensure 

that trajectories always move towards a switching condition. Therefore, the ul-
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timate trajectory will not exist entirely within one control structure. The state-

feedback control law is not a continuous function of time. Instead, it switches 

from one continuous structure to another based on the current position in the 

state space. 

Intuitively, sliding mode control uses practically infinite gain to force the trajec-

tories of a dynamic system to slide along the restricted sliding mode subspace. 

Trajectories from this reduced-order sliding mode have desirable properties 

(e.g., the system naturally slides along it until it comes to rest at a desired equi-

librium).  

The main strength of sliding mode control is its robustness, low sensitivity to 

plant parameter variations and disturbances which eliminates the necessity of 

exact modeling. Furthermore, Sliding mode control enables the decoupling of 

the overall system motion into independent partial components of lower dimen-

sions and, as a result, reduces the complexity of feedback design. Due to these 

properties sliding mode control has been proved to be applicable to a wide range 

of problems.  

There are two steps in the SMC design. The first step is designing a sliding sur-

face so that the plant restricted to the sliding surface has a desired system re-

sponse. This means the state variables of the plant dynamics are constrained to 

satisfy another set of equations which define the so-called switching surface. 

The second step is constructing a switched feedback gains necessary to drive the 

plant’s state trajectory to the sliding surface. These constructions are built on the 

generalized Lyapunov stability theory. 

For linear system;  

                              AX+Bu, XϵR
n
, uϵR                                                         (4.3) 
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Where x is system state, A is an nxn matrix, B is an nx1 vector, and u is control 

input. Define xd (the set point) and e (the error signal) the difference between xd 

and x (x- xd= e).                                            

We take a 2 step approach to designing the controller: 

1. Define the sliding mode. This is a surface that is invariant of the controlled 

dynamics, where the controlled dynamics are exponentially stable, and where 

the system tracks the desired set-point. 

2.  Define the control that drives the state to the sliding mode in finite time 

 Define the sliding mode S t as follows: 

              S (t)x s x, t 0a

           Where s x, t is defined by  

               Sx, t  
 

  
   

   

 e,                                                     (4.4b) 

Note that on the surface S t , the error dynamics are governed by the equation 

               s x, t  
 

  
   

   
 e = 0                                                 (4.5) 

On this surface the error will converge to 0 exponentially. 

4.3.1 Sliding Mode Control Based on Reaching Law 

Sliding mode based on reaching law includes reaching phase and sliding phase. 

The reaching phase drive system is to maintain a stable manifold and the sliding 

phase drive system ensures slide to equilibrium. The idea of sliding mode can be 

described as Figure 4.1 [17] where x1 and x2 are states of a given system. 
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Figure 4.1: The idea of sliding mode 

4.3.1.1  Classical Reaching Laws [17] 

(1) Constant Rate Reaching Law 

                         =-ϵ sgn(s), ϵ>0                                                                    (4.6a) 

where ϵ represents a constant rate. 

This law constrains the switching variable to reach the switching manifold s at 

a constant rate ϵ.The merit of this reaching law is its simplicity. But, as will be 

shown later, if ϵ is too small, the reaching time will be too long. On the other 

hand, too large a ϵ will cause severe chattering. 

(2) Exponential Reaching Law 

                   =-ϵ sgn(s) – ks, ϵ>0, k>0                                                             (4.6b)                                                                                                    

where    = -ks is exponential term, and its solution is s = s(0)    Clearly, by 

adding the proportional rate term -ks, the state is forced to approach the switch-

ing manifolds faster when s is large. 

(3) Power Rate Reaching Law 

         = -k    sgn(s), k>0, 1>  >0                                                      (4.6c) 
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This reaching law increases the reaching speed when the state is far away from 

the switching manifold. However, it reduces the rate when the state is near the 

 manifold. The result is a fast and low chattering reaching mode. 

(4) General Reaching Law 

                     =-ϵ sgn(s) – f(s), ϵ>0                                                                 (4.6d) 

Where f(0)  0 and sf (s) 0 when s 0. 

It is evident that the above four reaching laws can satisfy the sliding mode ar-

rived condition s  <0. 

4.4 Super Twisting Sliding Mode Controller [22-25] 

Super-twisting sliding mode control is a viable alternative to the conventional 

first order sliding mode control for the systems of relative degree-1 in order to 

avoid chattering without affecting the tracking performance.  

Another solution for chattering elimination is, high order sliding mode (HOSM) 

technique. The actual disadvantage of this control technique is that the stability 

proofs are based on geometrical methods since the Lyapunov function proposing 

results in a difficult task .The proposed STSMC is based on quadratic like 

Lyapunov functions, making possible to obtain an explicit relation for the con-

troller design parameters (Moreno et al, 2008). Consider the system dynamics 

given by Equation (4.7). 

                      (t) = f(X,t) + b(t)u(t) + d(t)                                                   (4.7)                

The control objective is to drive the system trajectory to reach the sliding Mani-

fold s =   = 0 in finite time. Taking the first and second time derivatives of s and 

using Equation (4.7) 

                       (x) = 
  

  
 + 

  

  
 (f(x, t) + b(t)u(t) + d(t))                                    (4.8a) 

                      = 
   

  
 + 

   

  
 (f(x,t ) + b(t)u(t) + d(t)) + 

   

  
  (t)                              (4.8b) 
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The Super-twisting sliding mode controller (Alt and Svaricek 2011, Fridman 

and Levant 2002) is given by: 

                                
 

            

               
                                                         (4.9) 

By choosing the appropriate constants c1 and c2 through computer simulation, 

the control given by (4.9) drives the sliding variable s and its derivative    to zero 

in finite time. The equivalent control in the controller can be designed using the 

same procedure as that of the Conventional sliding mode controller. 

4.5 Altitude and Attitude Control 

One of the main objectives with physical modeling is to simplify the physical 

properties of the system that is to be modeled. The idea being that one obtains a 

much simpler model which, serves to explain the main characteristics of the real 

system. Accordingly using Taylor series expansion the linearized altitude model 

of Tricoter is given as below:   

                                        - 
  

 
 = 0                                                   (4.10) 

Where Fz  is the force in the negative z direction. Taking Fz input we can design 

the controller as follows: 

Firstly, we design the sliding mode function as S=ce+  , where S is sliding sur-

face, e is error and c must satisfy the Hurwitz condition. The tracking error and 

its derivative value are given by: 

                                      e=z - zd,    =    -   d                                                     (4.11) 

Where z is the practical position signal, and Zd is the ideal position signal. 

Therefore, we have: 

                            = c   +     = c   +   -  d = c   + 
 

 
u -    d                               (4.12a)               

                                   =         
 

 
                                                     (4.12b) 
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Secondly, in order to make the trajectory remains on the surface the Lyapunov 

stability requirement must be fulfilled i.e. to satisfy the condition      , we 

design the conventional sliding mode controller as: 

  u = m( - c   +   d -  sgn(s)), sgn(s) =  
                                                   
                                                
                                                  

 (4.12c) 

Where m is mass and c,  are constants which are obtained through computer 

simulations. 

Equation 4.12 c: shows that the designed controller has two parts: 

i. Corrective control (uc): compensates the deviation from the sliding 

surface to reach the sliding surface. Which is given below: 

    uc = - sgn(s)                                                                          (4.12d)                                                                                                                    

ii. Equivalent control: which makes the derivative of the sliding surface 

equal to zero to stay on the sliding surface: which is shown below:  

ueq = m( - c   +   d)                                                                      (4.12e)             

Therefore the control law u is the sum these two controls i.e. u = uc + ueq  

From Equation (4.11), the state space representation of linearized differentials 

by choosing x1 = Z   and x2 =     we have: 

                                     
          

        
  

 

                                                                 (4.13) 

The error variables are: 

                                   e = x1 – x1d                                                                 (4.14a)                                                                                                     

                                       = x2                                                                        (4.14b) 

The sliding surface is selected as: 

                                    S=ce+                                                                           (4.15) 

Substituting Equation (4.14) into Equation (4.15) 

                             S = x2 + c(x1 - x1d)                                                             (4.16) 
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Taking the time derivative of s and using the condition that x1d  is constant, 

                                       =   2 + c   1                                                                (4.17)    

Substituting Equation (4.13) in Equation (4.17), 

                                     =  
  

 
 + c x2                                                                                                 (4.18 

  From Equations 9 and 15 we have: 

                                  
 

                        
 

 
                              (4.19)                                                                                                                

A suitable way for tuning its parameters is the following pair of relationships 

[24-25]: 

                         c1 =   ,    c2 = 1.1U                                                              (4.20) 

Where U is a positive constant to be taken through computer simulation. 

Therefore from Equations 4.12e and 4.19 the proposed STSMC controller is 

given by:    

                         
 

                        
 

 
 + m (- c   +   d)              (4.21)                                                                                  

Using concepts discussed briefly in this section the designed controller was 

evaluated using MATLAB/Simulink; the controller block is shown below.  
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        Rz 

 

 

      Rϕ 

                       +                                                          

                                                                                                                                        Z,ϕ,ϴ,ѱ                        

      Rϴ 

                         _ 

 

       Rѱ    
          

 

 

                                              

 

 

 

 

                                    Figure 3: STSMC and PID Controller block 

 

 

Figure 4.2: STSMC and PID Controller block 

4.6 Modeling Actuator Dynamics  

The Brushless motor differs from the conventional Brushed DC Motors in that 

the commutation of the input voltage applied to the armature's circuit is done 

electronically, whereas in the latter, by a mechanical brush. In spite of the extra 

complexity in its electronic switching circuit, the brushless design offers several 

advantages over its counterpart, to name a few: higher torque/weight ratio, less 

operational noise, longer lifetime, less generation of electromagnetic interfer-

ence, low heat generation when properly loaded, and less vibrations. 

The main of advantage of using a brushless DC motor for applications in a 

Tricopter, or in any multicopter design, is that since it is an electronically com-

mutated motor, which are synchronous motors, it is easy to calibrate all 3 motors 
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to synchronously operator at the same RPMs through an electronic speed con-

troller. 

DC-motors that are used in feedback controlled devices are called DC-servo 

motors [29-32]. Applications of DC-servomotors abound, e.g., in robotics , air-

craft flight  control systems, automatic steering, etc.  

 

Figure 4.3: An actuator system with the DC motor and the gear 

The dynamic of the DC- motor can be expressed by the following equations us-

ing Kirchhoff’s voltage law [29-32]. 

                                 Va = Ra ia + La 
   

  
  Vb                                                 (4.22) 

The DC servo motor shaft is connected to a gear-box of gear ratio kg = 
  

  
 where 

nl  and nm the number of teeth on the load side and the number of teeth the motor 

side teeth, respectively and vb =   
 ϴ 

  
. 

An application of Newton’s moment balance equation at the motor output shaft 

yields 

                                Jm
  ϴ 

   
  + 

 

  
  Jl 

  ϴ 

   
 + 

 

  
  bt 

 ϴ 

  
 = Tm                              (4.23) 

Which can be written as 
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                                 Jeq 
  ϴ 

   
 + bt 

 ϴ 

  
 = kgTm                                                                           (4.24) 

Where Jeq =   
 Jm + Jl is the total load inertia reflected at the motor shaft and bt is 

the rotational viscous friction constant and Tm = kT ia. 

Now, taking the Laplace transform of Equation (4.22-4.24) we obtain 

                           
ϴ    

     
 = 

    

                                     
       

 
                      (4.25) 

In addition, the transfer function from input va to ωl  is given by 

                           
ω    

     
 = 

    

                                   
      

 
                         (4.26) 

Now, assuming two, real simple roots the characteristic equation of (4.26) par-

tial fraction of (4.26) yields 

                             
ω    

     
 = 

  

       
 + 

  

       
                                                         (4.27) 

Next, using the Laplace transform, the forced response of the system (with zero 

initial condition) to the input va(t) is given by 

                   ω (t) =      
             

         va (q)dq                         (4.28) 

In most practical applications of DC motors, pe  pm; i.e., the electrical subsys-

tem responds considerably faster than the mechanical subsystem. Hence the first 

exponential term in (4.28) decays rapidly. Thus, the response ω (t) in (4.28) is 

dominated by the mechanical subsystem ( 
  

       
 .  For simplicity, in DC-servo 

motor applications the influence of the electrical subsystem component ( 
  

       
   

on the response ω (t) in (4.28) is commonly neglected [30-32]. This can alterna-

tively be viewed as neglecting the armature inductance effect, La [2]. This sim-

plification yields a first-order function model which relates the DC-motor load 

angular velocity response ω  to the armature voltage input va, and is given by 
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ω    

     
 = 

    

                 
       

                                      (4.29) 

Finally the transfer function model of (4.29) can be equivalently written as   

                                    
ω    

     
   

 

      
                                                     (4.30) 

Where k and τ  are the dc-gain and the mechanical time constant of the DC 

servo motor respectively. 

From actuator parameters [Table 2], equation (4.26) becomes: 

                                                     

ω   

     
    

   

         
                                                                         (4.31)       
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CHAPTER FIVE 

SIMULATION RESULTS AND DISCUSSION 

5.1 Introduction 

This section provides the control law designed to stabilize the Tricopter at hov-

ering Position and the results are discussed in regard to the appropriate designed 

controllers. Simulations were carried out to verify the performance of the pro-

posed super twisting sliding mode controller. In spite of the claimed robustness, 

implementation of the SMC in real time is handicapped by a major drawback 

known as chattering which is the high frequency bang-bang type of control ac-

tion we use STSMC. 

Linearized model is used to design controllers. Nonlinear state equations that are 

formed using the equations in the previous chapter are liberalized around the 

hovering conditions by Taylor Series expansion. The purpose of designing con-

trol laws is to see and analyze o how fast the rotorcrafts responds to the com-

mand received and how long it takes to settle to its desired position i.e. hovering. 

In addition, the goal of this simulation analysis is to test how well the controllers 

can stabilize the Tricopter.  

The next task is, verifying the model to analyze and design the system to meet 

the main objective. The aim of the controller is to bring the UAV (Tricopter) to 

its zero attitude position in the presence of external wind disturbances and para-

metric uncertainties and maintaining the UAV’s height position as well. Using 

the linearized model in the previous chapter the super twisting sliding mode con-

troller and are designed for altitude control and PID controller for attitude i.e. 

pitch, yaw and roll. Then their performances are evaluated on the dynamics of 

the linearized model of the vehicle in MATLAB/Simulink. The complete Sim-

ulink® model implemented on MATLAB® is shown in Figure 5.1. The model is 
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used in the study of altitude and attitude position reference tracking whose simula-

tion results are given in the next sections.  

Figure 5.1: The complete MATLAB Simulink® realization of the Tricopter 

 From Figure 5.1: we have the following parts: 

i. The blue color shows the designed controllers used in this work( i.e. 

STSMC and PID) 

ii. The green color shows the mathematical model of plant (Tricopter)   

iii. The orange color shows the actuator of the system. 

iv. The red color shows the designed conventional sliding mode control-

ler which connected with switch 1; if it is needed to see the perfor-

mance of the system using conventional sliding mode controller it 

can be used by turning on the switch. 

v. The three adders shown by light green shows rotors voltage combina-

tions which are going to be used to control the vehicle’s motion.  
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The three PID controllers shown on simulink tuned using Ziegler Nicholas tun-

ing method [Appendix-C].  

The mathematical dynamical models of the Tricopter vehicle as well as the con-

trollers have been developed in Matlab/Simulink for simulation. The goal of this 

analysis is to test how well the controllers can stabilize the Tricopter. Simulation 

and the result data confirm that the designed controllers are capable of achieving 

hover under different conditions.  

                           Figure 5.2: Responses of Altitude using STSMC 
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Figure 5.3: Reference, actual output and error of altitude using STSMC. 

From Figure 5.2 and 5.3, it can be noted that the performance of the altitude (Z) 

Settles at approximately 2 seconds with no overshoot. The simulation results 

show that the altitude has steady state error about 2mm which is 0.0167% of the 

reference value (i.e. 12 meter). 
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Figure 5.4: Response of Euler angles using PID controller 

Figure 5.4 demonstrates that the response of Euler angles using PID controller. 

It is remarkable that responses of all the Euler angles converge to zero after 3.5 

seconds which implies that attitude controls are properly performed. PID con-

troller response results for controlling roll, pitch and yaw angle with overshoot 

of (roll = 0.081rad, pitch = 0.0301rad and yaw = 0.052rad) with little oscillation 

but the system remains stable.  
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Figure 5.5: Stabilization of Euler Angles using PID controller 

We have assumed the Tricopter starts with 0.6 (rad) roll, 0.4 (rad) pitch and 

0.2(rad) yaw angle as shown in figures 5.5. The Tricopter is commanded to 

change these values to desired set point and stable itself at its equilibrium point 

(ϕ = 0, ϴ = 0, ѱ = 0) i.e. hovering position. The results from Euler angle and 

altitude responses indicate that, the UAV regains its stability even if it has been 

started from an unstable position with a fair amount of time. The attitude takes 

less than 4 seconds to stabilize. 
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Figure 5.6: Translational motion stabilization using STSMC 

It can be observed from figure 5.6 result that STSMC stabilizes the X, Y and Z 

towards the desired reference point(x = 0, y = 0, z = 12) i.e. the hovering posi-

tion even if it commanded to start from x0 = 2m, y0 = 3m and z0 = 13m. It is seen 

that, the lateral(x) and longitudinal(y) positions are stabilized in less than 3 se-

conds. 

5.2 Testing with Disturbance and Parametric uncertainty 

 In this section, we evaluate and analyze the robustness and ability of the con-

troller to track down a given reference in the presence of wind disturbances and 

parameter uncertainties. The external disturbances and parametric uncertainties 

applied to the system are as follows. 

1. The parameter uncertainty Ixx, Iyy, Izz and m represented by      variation.  

2. Step disturbance is added to the plant as wind disturbance: We have add-

ed the disturbance to the system to test robustness of the system. This 

disturbance could represent wind gusts.  
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                                                                             (a) 

 
                                                                      (b) 

Figure 5.7: Comparison of nominal altitude responses with mass variation 

(a). with (+) variation; (b) with (-) variation 
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Figure 5.8: Euler angles responses with (+) moment of inertia variation.

 

Figure 5.9: Euler angles responses with (-) moment of inertia variation. 
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The parametric uncertainty of Ixx, Iyy, Izz and m are represented by      and 

shown the results on the figures 5.7 to 5.9. The height position and Euler angle 

signals are smooth and their errors almost converge towards zero. As shown in 

figure 5.8, the parametric uncertainty causes the altitude position of UAV to 

have a little bit overshoot deviation as compared to the original one, but it settles 

down and then converges to the desired set-point. From these it is observed that 

the performance of the system is not significantly affected. Therefore, these re-

sults reveal robustness and efficiency of the implemented controllers; meaning 

eliminate the influence of the uncertainties, which are usually composed of un-

predictable parameter variations. 

 

Figure 5.10: comparison of nominal altitude and altitude with presence of dis-

turbance 
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(a) 

(b) 

Figure 5.11: Comparison of nominal Euler angles response with the presence of      

disturbance: (a) nominal response (b) disturbed response 
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As the response of the test results of altitude position shown on figure 5.10, in 

presence of disturbance, a little bit increasing of error is observed (about 0.5 

mm); which is small change as compared to the nominal one. Despite of increas-

ing of the very small error, the performance of the system is still accepted and 

reasonable. The results Euler angles are showed in Figure 5.11, which indicates 

the controller successfully compensates the effects of disturbances maintaining 

the stability of the system by regaining all angles to zero. This implies that the 

proposed controller is properly performed and also output results demonstrated 

that the proposed controllers have good pilot performance. 
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CHAPTER SIX 

CONCLUSIONS, RECOMMENDATION AND 

FUTURE WORK 

 6.1 Conclusion 

In this work, maintaining attitude and position of the Stability of UAV Tricopter 

movement at hovering position with STSMC is properly performed. The de-

signed controller has been verified with different conditions and simulated using 

MATLAB/Simulink. All the Euler angle responses indicate that even when the 

initial angles were non-zeros, they converged to zero meaning that attitude con-

trol is performed well. 

It is also observed that STSMC methods can overcome the disturbances and 

parameter variation provided on controlling the height position of the UAV 

Tricopter at hover position. Under parameter uncertainty represented by 10% 

variation, the altitude responses remarkably converges to the desired value; 

which really shows the robustness of the designed controller. 

 Finally  disturbances were introduced to investigate  more about the controllers 

if they meet to the desired response i.e. stabilizing the craft back to hovering 

position even if there would be some external environmental factors(wind gust 

disturbance) inhibiting it. Simulation results showed that altitude and attitude 

responses follow the desired output (commands) with reasonable overshoot and 

settling times after the introduction of step disturbance. After observing the sim-

ulation results, it is concluded that altitudes and attitude stabilizations for 

Tricopter is accomplished properly. 

Developed STSMC algorithm posses all the good properties of the sliding mode 

systems while avoiding unnecessary discontinuity of the control and thus eliminat-

ing chattering. 
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6.2 Recommendations 

 Recommendations for future work from this work are listed down below: 

1.  Model and design controller for non-hovering stabilization of Tricopter. 

2. Model and control the Tricopter by considering effects such as gyroscop-

ic effects. 

3. Hardware implementation of the modeled Tricopter. 
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Appendixes 

A. Rotation Matrix 

Figure Appendix-A: Relation of the Global Frame with body Fixed Frame 

The rotation applied to each of the base vectors and the total rotation is done by 

first rotating the ZB axis with an angle ᴪ, then done by first rotating the YB axis 

with an angle θ and at last the XB axis with an angle ⱷ and then multiplying the 

three basic rotation matrices. 

 

      1 

         3 

     2 
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Where cx and sx are cosx and sinx respectively. 

Therefore the total rotation is shown as follows: 
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B. Transfer Matrix that relates global frame to body fixed frame. 
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At hovering position the Euler angles are zero (i.e. ϕ = 0, ϴ = 0, ѱ = 0). There-

fore the transformation matrix shown above reduced to unity matrix as shown 

below. 
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ψ 
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 B 

From the above equation it is seen that at hovering position, the angular velocity 

of global reference frame is equal to angular velocity of the body reference 

frame. 
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C. PID Tuning methods 

In this Thesis The determination of the value of the Kp, Ki and Kp tuning done 

using Ziegler Nicholas method in order to obtain the response signals that are 

stable.  

1) Stability and stability robustness, usually measured in the frequency domain;  

2) Transient response, including rise time, overshoot, and settling time;  

3) steady-state accuracy 

Ziegler Nicholas tuning second method method of step parameters on UAV 

Tricopter is as follows: 

1. The first step, use the proportional control first by ignoring the  Ki and 

Kd values  i.e  providing zero values. 

2. Increase Kp from 0 to some critical value Kp = Kcr at which sustained 

oscillations occur. 

3. Note the value Kcr and the corresponding period of sustained oscillation, 

Pcr .The controller gains are specified on Zeigler Nicholas table 1. 

4. Review the system's performance to get satisfactory results. 

   Table 1: Ziegler Nichols Recipe – Second Method 

 

PID Type kp Ti Td 

P 0.5 kcr   0 

PI 0.45 kcr 
   
   

 
0 

PID 0.6 kcr 
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D. Parameter Used For Simulation of Tricopter.  

 Mass (m) = 840 gm 

 Gravity (g) = 9.81 m/s
2
 

 I
xx = 0.2 kgm

2
 

 Iyy = 0.1 kgm
2
 

 Izz = 0.1kgm
2
 

 Length of the arm between the CoG and rotor is placed (l)= 50 

cm 

 Thrust Coefficient (b) =     Nms
2
/rad

2
Drag Coefficient (d) =  

    Nms
2
/rad

2
 

 c = 0.1 

   = 0.25 

 U = 0.025 

 c1 = 0.05 

 c2 = 0.0275 

 roll( kp = 34 ki = 14, kd = 5) 

 pitch(kp = 60 ki = 300, kd = 20) 

 yaw(kp = 23 ki = 19, kd = 9) 

 

Table 2: Actuator parameters 

S.no symbol Description value 

1 bt Viscous Friction Coef-

ficient 
    kg/ms 

2 J Moment of Inertia          kgm
2 

/s
2 

3 kb Back EMF constant 0.105 volts/rad/sec 

4 kt Torque Constant 0.0980 N-m/Amp 

5 P No. of poles 4 

6 R Resistance per phase 0.525ohms 
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