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Abstract

The c omplete s et of this projectis about feed — forward ne tworks. T he r ealization of
Boolean function for linearly separable problem by a single perceptron is possible. The
problem is that how the non-linearly separable problems can be realized by a perceptron.
This project intended to answer this question particularly the XOR problem. To this end,
it is often advantageous to link several perceptrons in order to increase the number of
functions that can be represented. So, this project is devoted to multi — layer networks
(feed — forward networks) thatre ally solves thisp roblemus ingone — layer

perceptron.We are going to do this with the help of separating hyperplanes.
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Glossary of Symbols

N : The set of Natural Numbers.
Z, : Integers modulo two.

Z : The set of Integers.

Q : The set of Rational Numbers.
R : The set of Real Numbers.
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Abbreviations

NN : Neural Networks

ANN: Artificial Neural networks
BNN: Biological Neural Networks
PLA : Perceptron Learning Algorithms
FFN: Feed — Forward Network

BPA: Back — Propagation Algorithms
Conv(A): Convex hull of set 4
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Introduction

One of the modern technologies that help the users to communicate to each other and
facilitate the communication is a network. W hen the users are neurons this network is
neural network. Whence a neural network is, in essence, an attempt to simulate the brain.
Neural network theory revolves around the idea that certain key properties of biological
neurons can be extracted and applied to simulations, thus creating a simulated (and very
much simplified) brain. To this end, the first artificial neuron was produced in 1943 by
the neurophysiologist Warren McCulloch and the logician Walter Pitts. They developed a
simple but fundamental model which has the capacity to realize the el ementary logical
functions NOT, AND, OR. Itis known that the structure and dyna mics of biological
neuron is very complex this is be cause the human brain is estimated to have tento a
hundred billion neurons and each neuron on average connected to 10,000 other neurons.
That i s, t he ne twork i s r elatively s parsely ¢ onnected. E ach ne uron r eceives signals
through s ynapses that control the effects of the signal on the neuron. T hese s ynaptic
connections are believed to play a key role in the behavior of the brain. Artificial neural
network is an attempt to a pproach the marvelous world of a real ne ural ne twork: t he
human br ain. T he f undamental bui lding bl ock i n an a rtificial ne ural ne twork i s t he
mathematical m odel of a ne uron. S o, w e ¢ an e asily un derstand t he ¢ omplexity of
biological neuron via artificial neural network. This is because unlike biological neural
networks, a rtificial ne ural n etworks do not h ave m ore t han 1,000 artificial ne uron.
Among numerous different (artificial) n eural n etwork architectures the feed — forward
neural network is the one which allow signal to travel one way only; from input to output.

So this project focuses only on this type of network.

In c hapter one, t he pe rceptron (a s imple feed — forward ne twork) i s i ntroduced as a
simple model ofan erve cell. Itis shown that perceptrons are closely linked with the
problem of linear separation. The p erceptron learning algorithm will be described, and
the issue o f optimal separation will be studied. It w ill be shown that an optimal linear

separation of f inite di sjoints ets canbe a chieved by s olvinga 1 inear qua dratic
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optimization problem. In the second chapter, the structure of feed — forward network will
be shown. To realize any Boolean functions, multi — layer perceptron will be studied and

the issue of back — propagation algorithm will be described.
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CHAPTER ONE: PERCEPTRONS

1.1 Formal Neuron

Definition of Key terms

We begin by noticing the following definitions:

Network: A network is a set of points, called nodes, and a set of curves called branches
(or arcs or links), that connect certain pairs of nodes.

Neuron: It is a functional unit of nervous system.

Neural Network (NN): It is pow erful da ta m odeling tool thatis able to ¢ apture a nd
represent complex input-output relationships. NN technology performs “intelligent” tasks
similar to those performed by the human brain. It acquires knowledge through learning
and then s tores t hat k nowledge within i nterneuron ¢ onnection strengths know na s
synaptic weights. In NN model simple nodes, which can be called variously “neurons,”

99 ¢

“neurodes,” “processing elements,” or “units” are connected together to form a network

of nodes —hence the term “NN.”

Structure of Neuron

The neuron contains all structures of an animal cell. However, the structure and dynamics
of biological neuron is very complex. Structurally the neuron can be divided into three
major parts

i. the cell body(soma)

ii. the dendrites; and

1i1.the axon

Consider the figure shown below
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Azon (Carries
signals aveayw)

Dendrites (Carry
signals in)

“

Swnapse size changes in
response to learning

Figl.1: Structure of Neuron

The cell body contains the organells of the neuron and also the dendrites are orginating
there. Input connection are made from the axon of other cells to the dendrites or directly

to the body of the cell. These are known as axosomatic synapses.

Traditionally, the term NN had been used to refer to a network or circuit of biological
neuron; the modern usage ofthe term o ften refers to artificial neural networks (ANN),

which are composed of artificial neurons or nodes.

Biological neural networks (BNN) are m ade up of r eal bi ological ne urons t hat a re
connected or functionally related in the peripheral nervous system or the central nervous
system. ANN are made up of interconnecting artificial neurons (programming constructs
that mimic t he pr operties of biological neurons). ANN may either be usedto gainan
understanding of BNN, or for solving artificial intelligence problems without necessarily

creating a model of a real biological system.
An artificial neuron: It is a device with many inputs and one output.

To ac hieve a s imple an d e asily m anageable m odels of ar tificial n eurons ( as s hown
below),it i s ne cessarily t o c omprehend t he essential f unctional ¢ haracteristics of a

neurons in a drastically simplified form. Such models are referred to as formal neurons.
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We c onduct t hese ne ural ne tworks by f irst t rying t o de duce t he e ssential f eatures of
neurons and their interconnections. W e then typically program a computer to simulate
these f eatures. H owever be cause o ur know ledge of ne uronsi s incomplete a nd our
computing p ower is limited, o ur m odels a re n ecessarily g ross idealizations o fre al

networks of neurons.

Figl.2.The artificial neuron model
Before going to define what a formal neuron mean let us define the following functions:
A function o : R — ¥, where ¥ < R is called Output map & Y is an output value set.

A function s : X— R, where X < R" (for some positive integer n) is called an activation

map & Xis an input value sets.

Definition 1.1: Let o and s be as defined above. Then a data quadruple (X, Y,o; S)

,where n is number of inputs is called formal neuron.

Definitionl1.2: A function f: X —Y, where X< R" , Y < R is called transfer function
or input — output map. T hus a formal ne uron s ometimes w ill b e id entified w ith it s

transfer function.

Definition1.3: An affine function is any function of the form f(w) = aw + 8 , where a

and [ are constants.
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In 1943, Warren McCulloch and Walter Pitts developed a simple b ut fundamental

model which has the capacity to realize the elementary logical functions NOT, AND,
OR.

From biological point of view, the input signals can be viewed to stem from receptors of
connected neurons .The signals are modified at the synapses and condensed into a single
signal at t he so ma. I ft he q uantity su rpasses a cer tain t hreshold, t he n eurons f ires

(excited). The simplest way to model such a neuron therefore uses Y= {0, 1} as its output

value set.
_ (1 if the neuron fires
Thus, Output = {O otherwise
And the affine linear map
S(x17x25""xn)=z;lM/jxj -0 (11)

as an activation function. The weights w; € R model the influence of the synapses on the

signal x; and Oe R represents the threshold (the smallest detectible sensation).

A function Sat: R — {0, 1}, which is defined by

_(1lifz>0
Sat(z) = {O othewise

is called Heaviside function.

If this map is used as the output map, such a formal neuron transmits the signal 1 if and

only if };w;x; — @ = 0. Such a formal neurons are called McCulloch - Pitts neurons
or perceptrons.
Definition 1.4: A function o : R = [0,1] with
lim,,,0(z) =1& lim,,_,0(z) =0
is called sigmoid function.

Common examples of sigmoid functions are:
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1. Heaviside function Sat

Since it is a monotone function with lim,_,, Sat(z) = 1 and lim,_,__ Sat(z) = 0.

2. Ramp function, where for & > 0

0 ifz<—a«
o(z) = %(§+1) if—-a<z<a
1 ifa<z

and its scaled version is 0(z) =

—Z

) . 1
3. The Fermi function o(z) = -
1+e 1+e~%Z

where a > 0.

4. The modified hyperbolic tangent

0(z) =5 G + 1)

eZte—z

In summary, we arrive at the following definition

Figure 1.3: Representation of a formal neuron with an affine activation function. For the

perceptron, the Heaviside function Sat is used as the out—put function o.

Definition1.5: Let s(xq, X2,...,X,) = Z]’-‘ijj -0 w.,0 €ER, i=1,..,n A formal
neuron (X)Y,a,s) iscalleda o —Perceptron and if o = Sat, thena formal neuron

(X,Y,Sat, s) is called a perceptron or McCulloch — Pitts neuron, where Y= {0, 1}.
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Note: Ifa formal neuron (X, Y,0, S) isa o —perceptron it is easily shown that it is

perceptron.

We first focus on McCulloch — Pitts neuron with X = {0, 1}".
If only binary inputs and out puts are used, a perceptron’s transfer function is a Boolean

or Switching function.

Definition1.6: A transfer function f:{0,1}" — {0,1} is called Boolean or switching
function. This function is of the form f(x{, xy, ...,x,) = Sat (X} w;x; — 6), with fixed

w = (Wq,, ...,w,,)T and a fixed threshold 6 € R.

Since f = Sato s we have
f(x1, %9, .0, x,) = (Satos) (xq, Xz, .., Xp)
= Sat (s(xq, X2, -, Xp) )
= Sat (X} wix; — 0)
And Y7 w;x; — 0 = (w, x). Hence, f(xq, x5, ..., x,,) = Sat({w,x) — ).
Thus various switching function f: {0, 1}" — {0, 1} can be realized by a perceptron, that
is, we can find a perceptron whose transfer function equals f.

Examples:

1. f =NOT
Define f:{0,1} — {0,1} by f(x) = Sat (—x +0.5) that is f can be realized by a
perceptron.

To see this, f (0) = Sat (0 + 0.5) =1, f (1) = Sat (=1 +0.5) = 0 by definition of Sat

That is, x | f(x)
1

1 0

2. f =AND
Define f:{0,1}? - {0,1} by f(x;,x;) = Sat (x; + x,-1.5). This is an
appropriate perceptron. 6 € (1,2]
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X1 Xy | f(x1,x2)
0 0 0
0 1 0
1 0 0
1 1 1

3.f =OR

Define f:{0,1}? - {0,1} by f(x1,x,) = Sat(x; + x, — 0.5). This is an appropriate
perceptron. 6 € (0,1]

X1 Xp | f(x1,%7)
0 0 0
0 1 1
1 0 1
1 1 1

Since any Boolean function can be written in disjunctive form, using only AND, OR, and
NOT operations this implies that all Boolean functions can be represented by a suitable
network consisting of  perceptrons. This doe sn’t infer, how ever,th ata Il

Boolean/switching functions can actually be realized by a single perceptron.

Example: Consider the exclusive OR, which coincides with the addition @ on Z,
Define f:{0,1}?> - {0,1} by f(x1,x,) = x; D x,

X1 Xy | f(x1,%7)
0 0 0
0 1 1
1 0 1
1 1 0

Note: AXORB =AorBandnotAand Bi.e, AXORB=(A VB)A —(A AB)
Lemmal.1l: There is no perceptron that represents the XOR function.

Proof: Assume that for all (x;, x,) € {0,1}?
f(x) = £:{0,1}* - {0, 1} is defined by f(x1,x;) = x; D x;
9
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= Sat(Wl X1 + Wy Xy — 6)

Then we have

i. f(0,0)=0H0=0=Sat(0+0—-6)=6>0

ii. f(1,00=190=1=Satlw; —0) =>w; —0=>0
iii. f(0,1)=0P1=1=Satw,—0)=>w, —0=>0

iv. f(L)=1P1=0=Satw;+wy, —0))=>w;+w,—0<0
Add ii and iii. yields w; +w, —26 >0 ()
Addiandiv.yields w; +w, — 26 < 0, contradiction to the inequality in (&) [

1.2. Affine Separation

The r ealization of B oolean functions by a pe rceptronis closely 1 inked t ot he a ffine
separation of sets. This yields a criterion for deciding whether a given Boolean function
can be realized by a perceptron. In fact it will turn out the number of realizable Boolean

functions is actually quite small.

Definitionl1.7: Aset A c R" is called affinely separable from B c R" if there ex ists
(w,0) € R™*! with

>0forxeAd
(w, x) _6{< 0 for x €B (1.2)

Then the set H = {x € R™: (w, x) = 6} is called a separating hyperplane. If A c B
,then clearly they are affinely separable.

Note: 1. If the inequalities in (1.2) are both strict, we say that A and B are strictly affinely
separable (from each other).

2. If 8 = 0, we say that A is linearly separable from B, or A and B are strictly linearly
separable, respectively.

Thus th e g eometrical i nterpretation o fth e XOR problemi st here e xists no affine
hyperplane (w,x) = 6 that sep arates {(1,0),(0,1)} from {(0,0), (1,1)} which im plies
these t wo s ets ar e n ot af finely sep arable. H owever, the separating hype rplane t hat

separates {(0,0), (1,0), (0,1)} from {(1,1)} is x; + x, = 0.5 (by definition), hence the

10
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two sets are affinely separable since there exists (1,1,%) € R3 satisfying the condition in
(1.2).
Remark: Let A be a set and B be a compact set. If A4 is affinely separable from B, then A

and B are linearly separable.

Now we formulate a necessary and sufficient condition for {0,1} —valued functions to be
realizable by McCulloch-Pitts neurons.

Theorem1.2: Let X € R™ (where X is an arbitrary subset of R"). A function

f:X - {0,1} can be represented by a perceptron if and only if X is affinely separable

from X_ , where

X, =fl)<SXandX_ =f10)cX
Proof: By hypothesis we have

f(x) = Sat({w,x) — 0)
For some (w,0) € R**! if and only if

>0 forxeX,

<W’x>_9{<0 for x € X_

if and only if X, is affinely separable from X_ . This yields the desired result. |
Definition1.8: The degree of difficulty in separating arbitrary finite disjoint sets is

measured by means of the so-called capacity.

In order to decide whether two given sets are affinely separable, the concept of convexity
plays important role.

Definition1.9: Aset A c R" iscalled convex if forany x,y € A, the complete line
segment between x and y is also contained in 4, thatis, x,y €A and0 <A< 1= Ax +
1-2AyeA.

Examplel: Trivially empty set and a set containing a single element is convex.

Example2. Consider the equation of plane in R3 given below:

S={(x,y,z):x+2y—z=4}

11



On Feed — Forward Networks | 2011

Clearly S is convex set.To see this, let x = (X1 ¥1.21), Yy = (X3, Y2, Z2) ESand 0 < A <
1

Ax+ (10— Ny=Ax;y1,20) + (1= A) (%2, Y2, 22)

=Ax, Ay, Az H (1= D) x2, (1= Vyz ,(1 = A) 22)

=Ax+A =V Ay +A =Dy, hz1 + (1 - Nz )
Now
Ay +(1 = N Xy 420071 A= N y) - Oz + (L= D) z;)

=Ax +20y1— Az + (1= +2(1— N xp —(1— 2 x,

=My +2y1 —z; + (1= A) (%2 + 2y, — 23)

=1 (&) +(1 - D) (4)

=4
= Ax+ (1 — A1)y € S = Sis convex set. [
Example3: Consider the set B = {(x,y):0 <y < 1} U {(0, 1)} this set is also convex.
Definition1.10: a. Let A be a subset in R™, and let x € A. Then, x is called an interior
point of A if there is an € —neighborhood of x thatis contained in A, thatis, if there
exists an &€ > 0 such that ||y — x|| < € implies that y € A. The set of all such points is
called the interior of A and is denoted by int A and 4 is called open if A = intA.
b. Let A be a subset in R". The closure of A, denoted by cl A,is the set of all points that
are arbitrarily close to A. In particular, x € cl 4 if for each € > 0, A N N.(x) # @,where
N.(x) = {y:|ly — x|| < €}. The set A is said to be closed if A = cl A and A is compact if
it is closed and bounded.
Theorem 1.3 given below gives sufficient condition for separability of convex sets.
Theorem 1.3: Let A and B be two non — empty, disjoint convex subsets of R"

a. If B is open, then A is affinely separable from B
b. Ifone ofthe sets is closed and the other is compact then, they are strictly affinely

separable

Proof: b. Let A € R" be a non — empty, closed, convex set. Letz € R™.
Claim 1: 4 possesses exactly one element of minimal norm, i.e. there is exactly one x,

such that

12
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llxoll = Ty Il

To see this, let {x, };7—; be a sequence in A with |[|x,, || = ;’é’; x|l =B
Now using the parallelogram law of equation

Xn— Xm

2

Xnt+ Xm
2

|2 _ lxall? | llxmll®

2
2 2 |

By the minimality property of f we have

lxall? = B2, lxnll* = B 2.

x1+x2

2
. . . . . Xnpt X,
Again since A is convex —— € A implies %” > B2

Now for each € > 0 and for sufficiently great n,m € N, we have

2
”X ”2<,82+€ ||x ”2<B2+g — M| <_B2_
n - > m — ) 2 >~

Then we get

Xn— Xm

. |2 < [32+s ,82+£

_p2—
2+2,8£.

= {x,}n=1 1s a Cauchy sequence and therefore it is convergent, i.e. it has a limit point
X € R".
Since A is closed we get x, € A. So we have
B = lim,, o lIx, I = llxoll = [, llxll = 7, llxll.
Now we prove the uniqueness,

Let xo,¥0 € A with B = [lyoll = [|xo]l

Then @ € A (since A is convex). Hence it follows

B2 < ||’f0+yo||2 _ lxol? | lyol® _

xo_}’()”2 =p2-
- 2 2 2

xo—yo||2
> = .

2

2
o
- ||*e }'0”
2

<0=|lxo—yoll =0=2xy =
Claim2: If 0 ¢ A, then we show that {0} and A can be strictly affinely separable and
moreover, if a € A is the element of minimal norm, then (a, x) = ||a||> > 0 for all x € A.
To see t his, by claim] the element of minimal norm exists. Let this elementbe a € A.
Since by assumption 0 € A implies that a # 0.Then since A is convex, we have
tx+(1—t)a=t(x—a)+a€A forallt € [0,1], forall x € A.
So we have (using the minimal property of a )
o<|lal’ <|ltx—a) + al? ={t(x—a) + a, t(x—a) + a)

13
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= |lall* - 2tllall* + 2t(a, x)+t*|lx — all?

= 2t||al|® = t?||x — a||? < 2t(a, x)
— 12
= |lal|? = M <(a,x) forallt > 0 .In particular, fort — 0 we get ||al|?> < (a, x)

= (a,0) =0 < ||la||® < {(a,x) forall x € A.
This implies

lallz = ™/ (a,x) > S0 (a,y)

Now suppose z & A.
Claim3: {z} and A can be strictly affinely separable.
Toseethis,let& A,C =A—{z} ={a—2z:a € A}. Clearly C is closed set. Let a be the
element of minimal norm of C. Then there exists a € A suchthata =a — z.
Obviously, 0 € C otherwise z € A4, this is contradiction. Using claim 2 with
a=a—zandx =a —z.Wehave
(a,x) =(a,a’ —z)=||a||?> > 0 forall x € C i.e. forall x € A.Then we get
(a,a’) = (a,z) + |lall?> > (a,z) forall x € A.
This implies
(a,a’) > (a,z) foralla € A.

inf
= a'€A

(@a')>(az) =T (ay)

By definition {z} and A are strictly affinely separable and

Now suppose the set B is closed and A is compact such that AN B = Q.

Claim4: A and B are strictly affinely separable.

Since ANB = Q,every x €A isnotin B Nowlet C = B —A. Clearly C is a closed
set. C= {b—a:a€A b €B}

Clearly 0 & C otherwise A N B # @ which is contradiction. Hence by claim2

A and B are strictly affinely separable. [
Proof a: If A and B are not affinely separable then (by definition) there doesn’t exist a
separating hyperplane implies the set A and B have point in common implies B contains a

boundary point which is implies the set B is not open. [

Example: LetA = (2,4) €S R,andB =[46] € R,C = (—x,3] S R,

14
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It is easily seen that set A, B and C are convex, and set A is open and set B is compact
and AN B = @ which implies A is affinely separable from B (by theorem1.3)

And since the set C isclosedand B N C = @, then ( by theoreml1.3) the t wo s ets are
strictly affinely separable.

For arbitrary sets A4, it is useful to consider their convex super sets, the smallest of which
is called the convex hull of A.

Definition1.11: Let A € R™ be an arbitrary set. The convex hull, denoted Conv(A), of A
is de fined a s t he i ntersection of all c onvex s ubsets of R"™ that c ontains A. I n ot her
words, x € Conv(A) & x canb er epresentedas x =YY%, Ax, Yk 4, 4, =0

i =1,..., k, where k is positive integer and X, ...,, x; € A. Thus

Conv(A)= {TX Ax;:k €N,x; EAYT A, A, =0}
(1.3)
Remark: 1.1Ifaset X is convex, then Conv (X) = X.
2. For arbitrary sets A, B with A € B we have Conv (4) € Conv (B).
3. For any set 4, B we have Conv (A —B) = Conv (A) — Conv (B).

4. Convex hull of an open set in R" is again open.

5. Convex hull of a compact set in R" is again compact.

6. Convex hull of a closed set in R" is need not be closed.
Counter example: Consider the set A = {(x,0):x€ R} U {(0,1)} c R?
Clearly the set A is closed, however, Conv (A) = {(x,y):0 <y < 1}U {(0,1)} is not
closed.
A necessary and sufficient criterion for the separability of non — convex sets is illustrated
by the following corollary.
Corollaryl.4:
1. Let A, B € R™ be non — empty, and let B be open. Then, A is affinely separable from
B if and only if Conv(4) N Conv(B)= Q.
2. Let A,B € R" be non — empty, with 4 closed and B compact. Let m denote the
closure of Conv(A). Then, A and B ares trictly s eparable f rom B ifa nd only

if Conv(A) NnConv(B) = 0.

15
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Proof: 1. Suppose A4 is affinely separable from B
Then there are half spaces

Ht={x e R (w,x)=60}and H- = {x € R": (w,x) < 0} with Ac Ht* and Bc H™

Clearly H* and H™ are convex sets. To see this, let x,y € HT then (w,x) = 6,(w,y) = 0
Now for 0 <A< 1,{w, Ax + (1 — D)y) = (w, Ax) + (w, (1 — D)y)

= Mw,x) + (1 = D{w,y)

>A60+(1-21)8

=0

= Ax+ (1 —2A)y € H". Thus H" is convex set. Dually we can show H™ is convex set.

and Conv(A) c H* (since Ac H*),Conv(B) € H™ (since Bc H™)
Since HF N H™ = @ = Conv (A) N Conv (B) = Q.
Suppose Conv (A) N Conv (B) = @. We show that A is affinely separable from B.
Since the set B is open by the remark 4 above, Conv (A4) is open and hence by theorem
1.3 Conv (A) anda re af finely s eparable. H owever, A S Conv (A) and B <
Conv (B) implies A and B are affinely separable this complete the proof of (1). [
Proof 2. Aspartin(1),wehavea closedand an ope n ha If-spaces H" and H-,
respectively, such that Conv (A) € H* and Conv (B) € H™.

Now Conv (A) € HY  jmplies Conv(4) € H* =HT (sinceis H* closed set)
And hence Conv(A4) N Conv(B) = Q.

Suppose (<) holds since Conv(B)is compact, by remark 5 and Conv(A) is convex set

hence the result by Theorem 1.3. [

1.2.1 Separation of Finite sets

Finite s ets and t heir c onvex hul Is a re c ompact. H ence, i n vi ew of corollaryl.4, t he
condition Conv (A) N Conv (B) = @ is equivalent to the strict affine separability of the
non empty sets A and B. Now for convenience, instead of functions f:X — {0,1} we
consider mappings  f: X — {—1,1}, where {x1,x,, ..., xy} € R". Let X, = 1 (&1).
Suppose X_ = f~1 (—1)and X, = f~! (1) are both non-empty. L et y; = f(x;) for
1 <i < N . Then the sets X, and X_ are (strictly) affinely separable if and only if

16
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y; (w,x) —0)>0for1 <i <N for some € R", 6 € R. Equivalently,
f(x) = Sign({w, x) — 9) for all x € X.
i.e., the function f isrealizable by ap erceptron with a m odified H eaviside or sign

function

. 1 ifz=0
Sign (2) :{—1 if z<0

Note: For any two non — empty sets A, B € R",we define A-B ={a—b:a€ A, beB}
Theorem 1.5: X, and X_ are affinely separable if and only if 0 € C = Conv( X, — X_).
Proof : We have Conv( X, —X_) = Conv(X,) — Conv(X_) and

0 & C is equivalent to Conv( X,) N Conv(X_) = 0. ]

Note: Equivalently, X, and X_ are af finely sep arable i fan d o nly i f't he asso ciated
polyhedron.

r={(w0) ER*™: y, (w,x)—0)>0}+ 0
Clearly, " consists of all (w,0) that define hyperplane which separates X, from X_. In
the following two sections, we treat the problem of finding an arbitrary element of T (in a
finite number of computations steps), and we address the problem of selecting an optimal

separating hyper plane.

1.3 Perceptron Learning Algorithms

If the finite sets X, and X_ are to be separated, we are interested in finding a concrete
separating h yperplane. A method of ¢ onstructing such a hyperplane is gi ven by t he
perceptron Learning Algorithm (PLA).

Note: The strict separability of the sets X, and X_ is assumed throughout this section.
We start by reformulating the task.

1. PL problem: Two finite sets X, , X_ € R™ with Conv(X,) NnConv(X_) =0
shall be affinely separated by a perceptron. In other words, find (w,0) € R**! such that

17
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It is convenient to eliminate the threshold 6 : replace (x,w) by (X, W),where
x= [’;] and W = [_We]. Hence, the new input domain is R™ X {1} and
Sign({w, X)) = Sign({w, x) — 6).
Instead of the affine separation of X, and X_ in R", we now face the problem of linear
separation of X ;and X _ in R**1. Let further m :=n + 1 and
X =)?+U{—x:xe X’_}CR’”
Hence, PL problem is equivalent to the following

2. Reformulated PL problem:

Find a vector w € R™*! with (W, &) > 0 for all & € X. (1.4)
If X = {&,&,...,&}, define A :=[&,&,,....6x]T € RVX™, Then (1.4) reads Aw > 0
where the inequality is to be understood component — wise. As will be illustrated, the

PLA yields such a separating vector W after finitely many steps.

TR flm] [M{T
: P landw =
Win

ENl ENm

Note: A: R™ — RY where A =

Definition 1.12: Let X < R™ be a finite set. A sequence u : N — X is called a training
sequence for X if forall £ € X and all k, € N , there is k > kg such that u(k) = &. That
is, each pattern £ € X appears infinitely often in a training sequence u for X.

Example: u = {x, x3, ..., xy, X1, ..., Xy, ... } 1.€. after every k, elements we have to get

the element again for X = {x;,x,, ..., xy}

PL Algorithm

Let A:=[&,&,...5y]T €eRY*™ begi ven.L et u beat rainingseq uencef or
{6,,&,,....,éy},and letp : N — R be a sequence with 0 < in,];lé’lék) < Su]fZN(k) < o

Step 0: Choose w(0) € R™ and put k :=0

Step 1: Set

w(k) if u(k)Tw(k) >0

w(0) = {W(k) +pk)uk) if u(k)TW(k) <0

(1.5)

18
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Step 3: If Aw(k + 1) > 0 applies component-wise, an admissible separation has been

found and the algorithm stops. Otherwise, augment k by one and go to step 1.

Theorem 1.6: (Perceptron convergence theorem) Leta matrix 4 :=[§,&,,...,6y]" €

RN*™  be given and suppose that there exists w* € R™ such that Aw* > 0 is fulfilled

component-wise. Let u and 1 be as described above. Let w : N — R™ be the (infinite)

sequence of weight vectors that is determined by the recursion (1.5) from an arbitrary

initial value w(0) € R™.
Then w becomes stationary, i.e., there is a k; € N such that forall k > k; :

w(k) = w(k;) =:wand AW > 0 component — wise.

This signifies that the sequence of weights produced according to (1.5) converges to a

solution of the PL problem, in finitely many steps. In view of Step2 above, this implies

that the PL Algorithm stops after finitely many iterations.

Proof:
By assumption,Aw* > 0, hence

s Tk
j k) minfE; T _
o= m,{lé’lé ), jlz{f_fl_';}) >0 where ¢ = [&y), .., €]

Define

. supyp (k) max i _ B
B ="y .je{le}Z and w = —w’.

Consider an iteration step in which the weight vector is properly updated, i.e. suppose
w(k +1) = w(k)
and thus u(k)"w(k) < 0. Then we have
Iw(k +1) —w 1 = llw(k) +pk)uk) —w |3
= llw(k) —w + p)uk) I3
= [lw(k) —=w I3 +2 p(Ryulk) ' w(k) — w + p(k)*|lulk) |13
< llw(k) —w I =2 p(k)uk)"w+p?
(since u(k)"w(k) < 0 and Y(k)?||lu(k) |3 < B?)

To see this, B := s“,ng(k) ;n:?llkfl\yf and u: N — {&,&,, ..., &y}

=B 2 YpU)|g ||, forall j € {1, ..., N},

19
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= 2 2 Y(k)*|lu(k) I3 (since u(k) € {51, 82, -, én})

T, *
Furthermore, 0 < a < Y(k)uk)'w*=>1< 1l)(k)uafk) w

and Y()uk)'w = p? M > B2 implies —2p(k)u(k)"w < —22
Thus (*) become
w(k +1) —w [I5 < llw(k) —w I + B2
Set ki :=0andlet0 < k, < k3 < -+ be the sequence of integers with
w(ki—1) #w(k;)
Let (w(ky),w(ky), ...) be the corresponding subsequence of w. Then
lw(ky) —w I3 < llw(0) —w I3 — B
w(ky) —w 15 < llw(1) —w I — B> < llw(0) —w |1} —25°
By induction, we have
02 [w(lsr) —w |, < Iw(0) — w13 — jB?
and hence
< ||w<o/)3;w [
We c onclude t hat the length of t he subsequence, a nd he nce t he nu mber of pr oper
updating steps is bounded. Let L denote the length of the subsequence. Then
w(k) = w(ky) forallk > k;.

As u is a training sequence for the rows of A, this implies Aw(k;) > 0. [

Example: An affine separation of the sets X, = { (0,0),(0,1),(1,0)(—1,1)} and
X_ ={(-2,1),(—2,0),(—1,0)(—1,—1)}. After eliminating the threshold and

reflecting the set X_ at the origin, we obtain the set X as in equation (#) below, i.e.,

X =["1={0,01),(0,1,1),(1,01)(~1,1,1)}
- =[] ={(=2,11,(-2,01),(-1,0,1)(-1,-1,1)}

¥=%,u{-xxeZX |
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={(0,0,1),(0,1,1),(1,0,1),(-1,1,1)} U
{(2,-1,-1),(2,0,-1),(1,0,-1)(1,1,-1)}
={(0,0,1),(0,1,1),(1,0,1),(-1,1,1),(2,-1,-1),(2,0,—-1),(1,0,—-1)(1,1,-1)} (#)

By reformulated PL problem: we need to find a vector w € R® with (w,&) > 0 for all
EeX = {§,&,..,&}and H={¢& € R3: (w,&) = 0} is a separating hyperplane.

Now a weight vector w € R3 is sought with (w, &) > 0 for all £ € X . We have a matrix
A:=[§,&,...,.55]T€ R8*3, that is,

T T
11 € 001 -1 2 2 1 1
A=1& - &gl =A4=l0 1 0 1 -1 0 0 1| eRr8®
&1 - &3 111 1 -1 -1 -1 -1

For this, perceptron algorithm is started with the randomly chosen weight vector

w(0) = (0, 2,1) and for simplicity a sequence in R, ¢ : N — R is defined by (k) = 1
forall k € N ie. ¥ =1. Thehype rplane H = {& € R3: (w(0),&) = 0} whichi s
orthogonal to w(0) separates the correctly classified points from the falsely classified
points.

Falsely c lassified p oints are found by t he relation A w(0) < 0 applying c omponent —

wise.
0 01 -1 2
Aw0)=]0 1 0 1 -1
11 1 1 -1 —1 —1 —1

=1 313 -3-1 -1 1"'= falsely classified points are
(2,—1,-1),(2,0,—1),and (1, 0, —1) others are correctly classified.
Consider a training sequenceu : N — X.If a falsely cl assified p oint emergesin the
training sequence (e.g. u(0) = (2,0,—1)) by step 1 of PL algorithm, we have the weight
vector corrected accordingly: w(1) = w(0) + u(0) = (0,2,1) + (2,0,—-1) = (2,2,0)

i.e. by step 1, we have

w(0) if u(0)"w(0) >0

w(0) + u(0) if u(O)TW(O) <0 (sincep =1)

w(l) = {

= w(0) + u(0) (since u(0)"w(0) <0 )= (2,2,0)
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0
T

falsely c lassified p osition. H ence, they are (0,0,1) and (—1,1,1). W e c ontinued the

T
Now Aw(1l) = [(T) 2 2 2 4 2 4] . Arrows s how thatth e pointt hat is

process because the algorithm only stops if w found with (w, &) > 0 for all £ € X.If these
poits are emerges in the training sequence; take u(1) = (—1, 1,1), then the weight vector
is corrected accordingly by step 1 of PL algorithm.

w(2) =w(1) + u(1) (since 0 = u(1)"w(1) <0) =(2,2,0) + (-1,1,1) = (1,3,1)

T

= Aw@) =1 4 2 3 ‘Tz 1 ‘T) 3]

In similar way we take u(2) = (2, —1, —1) and hence the weight vector corrected

accordingly:

w3) =w?)+u2) = (1,3,1) + (2, -1,-1) = (3,2,0)

— Aw(3) = [(T) 2 3 _Tl 4 6 3 5]T. Take u(3) = (0,0,1), then we have
w(4) =w(3) + u@3) = (3,2,0) + (0,0,1) = (3,2,1)

= Aw@®) =[1 3 4 ‘T) 3 5 2 4]T. Now take u(4) = (—1,1,1),t hent he
weight vector is: w(5) =w@) +u4) =@G,2,1)+(-1,1,1) =(2,3,2)

= AwG)=[2 5 4 3 _Tl 2 (T’ 3]T.Putu(5) = (2,—1,—1).then

w(6) =w()+us) = (2,32) + (2,—1,-1) = (4,2,1)

= Aw()=[1 3 5 _Tl 6 7 3 S]T.Putu(6) = (=1,1,1),then

w(7) =w(6)+u6)=04,21)+(-1,1,1) =(3,3,2)

= Aw(?)=[2 5 5 2 1 4 1 4]" and there is no falsely classified point.

= (w(7),) >0 forall £€X ie.w=(3,32),t hent hec orresponding a ffine
separation of

X, and X_ is (w(7),§) = 0= 3&; + 3§, + 2 = 0 and the c orresponding p erceptron
has the weights w = (3,3)” and the threshold 8 = —2. ]
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1.4 Optimal Separation

Suppose that X, and X_ are finite non-empty subsets of R" that are affinely separable.
LetX = X, U X_={xy,x3,..,xy}and let y; = +1 for x; € X, . The set of separating
hyperplanes is uniquely determined by the weight polyhedron.

r={(w0) eR*" Ly, ((w,x;)—0)>0for1 <i<N}+0Q. (1.6)
We define a functional that measures the quality of separation achieved by a particular
separating hyperplane. Intuitively, this depends on t he distance between X = X, U X_
and t he s eparating hype rplane. Ifth is d istance i s large, w ¢ may e xpect a cer tain

robustness of the separation with respect to noisy data.

Definition1.13: For(w,0) € R**!, w # 0, let p(w,0) = ;% p; (w,8),where

(w,xi)—-6)

p; (w,0) =& be the separation margin of (w,0). (1.7)

lwll

This n otion h as th e f ollowing g eometrical in terpretation: L et x; € X andlet H =

{x: (w, x) = 0} be the hyperplane defined by (w,0) € R**1. The distance of x; from H is

dist(x; , H) = ;nér;{ llc; -]l

We can easily see that dist(x;,H) = |p; (w,0)| *)
Recall that H separates X, from X_ ifand only if all the p; (w,0) are positive.

In that case by (*), p(w,0) = 1’;;;\, dis(x; ,H) = dist(X,H) (sincex; € X)

i.e. p(w,0) equals the distance of X from H, and thus measures the quality of separation.
On the other hand, if H doesn’t separate X, and X_ , then at least one of the p; (w,0) is
non-positive. T his yi elds t he i nequality p(w,0) < dist(X,H) whichis true forall
(w,0) € R**1, and e quality hol ds ifand onlyif (w,0) €T i.e., If His a sep arating
hyperplane. Therefore, the optimal separation problem is to maximize p(w,0) by choice

of (w,0) € R™*1.

Theorem 1.8: Suppose that the non — empty finite sets X, , X_ are affinely separable.
Then the optimal separation margin p := sup{ p(w,8): (w,0) € R**!, w # 0} is finite,
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and the supremum is achieved at some (w*, 0%). Moreover, the corresponding optimal
hyperplane H = {x € R™: (w*, x) = 0"} is uniquely determined, and we have

p= %dist( Cy, C_) ,where Cy = conv (X;).

To prove Theoreml.8, several preliminary steps are needed. We start by characterizing

the distance between the compact convex sets C, and C_

Lemma 1.9: Let X, ,X_,and C,, C_ be as in theorem1.8 and let C := Conv( X, —
X_) = C, — C_.Due to the separablity assumption, we have 0 € C according to

theorem1.5. Then

max min
lvll=1x€cC

Proof: Foe any v with [|v|| = 1,we have (v, z) < (v, z)| < ||v|lllzl| = |lz|| dueto

dist(C, — C_) =dist(C,0) = (v, z)

Cauchy Schwarz — inequality implies (v, z) < ||z|| and hence

" (v,z) <M ||z|| = dist(C,0).

_, max min (v,z) < ™ dist(C,0) = dist(C,0)

Ivli=1 xec Ivli=1
iy ree {v,2) < dist(C, 0). ()

For the converse direction, since C is compact, and 0 € C. Hence there exists 0 # z* €

C with ||z*]| = ;"gé l|z]| = dist(C,0). Since C is convex set, then for any z € C and

A €[0,1], we have
Az+ (1 —A)z* € C and since ||z*|| < ||z]| forall z € C
Thus ||z*||? < ||Az + (1 — 2)z*||?. But
11z + (1 = Dz*|I” = |A(z — z*) + 2*||?
=|lz*|1?+2 XMz — z*,z*) + A?||z — z*||?
= 0< 2z—2z%2z") +A|lz—z*||? forallz € C and A € (0,1]. However, as A — 0, so
is A||z — z*||? which implies
0<2(z—2z"2z%) forall z€ C.
Hence,

(z—2z",2z") =0 forall z € C which also implies (z*,z*) < (z,z"). Thus
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Z*
1z*]l < (G770 2)
[zl

Z*

llz*|l

holds for all z € C and put v = . Thus there exists a vector v with |[|v|| = 1 and

dist(C,0) < (v,2z) (since ||z*|| = dist(C,0))

=  dist(C,0) < ;”i" (v, z) . However, this implies

ec
dist(C,0) < ¥ T (v, 2). B)
From (a) & (B) the result is as desired. [

Lemma 1.10: Let X, , X_, be as usual, with C; = Conv (X, ) and
C=C.— C_=Conv(Xy-X).
Let T be defined as in (1.6). Consider its projection onto the first n components
W={weR“:30€eR: (w,0) €T }
Then
1. W={w€eR" (w,z) >0for allz € C}

and for any we W

2.0, =2(T (w,x)+ % (w,y)) (1.10)

is such that (w,0,, ) € T'. Moreover, for any 0 # w € R",

1min , w
p(w,0,) = 1Mt (M 2) (1.1)

lwll’
Proof: Of course if I' # @ so is W. By definition,

(w,x) —0 >0forallx € X,

wew < Ele:{(w,y)—e <Oforally e X_

(w,x)—6>0 forallx € X,

= Ele:{(W,—y)+0 >0 forall—y e —X_

S A wx)—0+ (w,—y)+0=w,x—y)>0(x—y €X, —X_)
Put z = x — y and thus,

we W= (w,z) >0 forall ze X, —X_

and then (w, z) > 0 holds for all z € C, due to convexity.
Now suppose (1), let w € R™ and let 6, be as defined above. We show that w € W,
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For x € X, we have

(w,x)— 6, = (w,x)— E;Z? (w,x) — zy";“cx (w,y)
2 2, W) =3 fed, ) =3 w)
= Jaee, W)= 5 (wy)
= 1min (1, 2) (1.12)
Again for y € X_ ,we have
(w,y)— 8, =(w,y)— 5;’;;? w,x) — zy";%" (w,y)
< 2wy = gx";? (w,x) —3 y"gg" (w,y)
— 2 (w,x) + 5 (w,y)
—Imin 7). (1.13)

2 z€C

Now if w is such that (w, z) > 0 for all z € C, we have ” min < {w,z) > 0 due to the
compactness of C.
Thus from (1.12) and (1.13), we have

(w,x)— 6, >0 forallx € X, and (w,y)— 0, <O forally € X_
implies (w, 6,, ) € I'. In particular, w € W.
Note that equality holds in (1.2),(1.3) for at least one x € X, ,y € X_. This is due to the
fact t hat C, are co mpact and co nvex set s. H ence (w,.) achievesits minimum a nd
maximum in one of the e xtreme points of C,, and these are contained in the sets X,

,;respectively. Thus
e (w,x) = 8,) = T8 (<w,y) + 8,) =570 (wz).

LetX = X; UX_ = {Xyq,...,Xy }and let y; = £1 for X, . For any 0+ w € R",

p(w,6,) llw] = 172;3\, yi({w, x;) — 6,,)

=min (73, (w,x) = 8,) ., 0% (=w, )+ 6,))
= %’Zne”é (w, z) (since C is compact and convex)
1
= p(w,6,) = grznencl (n z). .
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Corollaryl1.11: The optimal separation margin p defined in (1.8) satisfies
p = 5dist(C,,C.)

In particular, it is a finite number.
Proof: Forany 0 # w € R", we have
p(w,8,) llwll =min (T3, ((w,x)—6) , T¥ (=(w,y)+6))

=min (7 ¢, (w,x) =) , 7T (=(w,y)+6) )
The second equality follows from the fact that (w,.) achieves its minimum and maximum
in one of the extreme points of C, because the minimum values are attained at a point in
X4 . For any real numbers a, b, we have

min (a, b) < %(a + b), and equality holds only if a = b. Using this

we obtain

L
pw, 0,) Iwll <3, "™ (w,x =)

and thus
1 min
p(w,0) <7 (n z)

Equality holds if

et (w,x) = 0) = T (=(w,y) +6) (@)

. 1 i

Since 0,, = E(x’g”g_ (w, x) + y"elaér (w,y)), by (a) we have 8 = 0,
To see this,

e, (wx)—8) =T ((w,y) +8) = =TT (w,y)+6)
= 20=_"7 L (w,x) + 5 (w,y)

=0 = —(;glg (w,x) + 50 (w,y)) = 6,

We conclude that for any 0 # w € R",

sen pW,0) = p(w,8,) = 3 70 (2, 2) (1.14)

According to lemma 1.9 this yields the desired result, since

_ Sup Sup _ 1 Sup min , Ww_ 1 max min _ 1,
P = wern SE]Rp(W 6) = 2 WER™ zeC (||W|| z) = 2 Ivll=1 zec (v,2) = 2 dist( Cy, Co ). u

So far, we have shown that the optimal separation margin is
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1. 1 mi
p = Ldist(C,0) = 27 |
where C is a co mpact convex set. We show that this minimization problem possesses a

unique s olution. T his leads tot he c onstruction of t he uni que opt imal s eparating

hyperplane, thus completing the proof of Theorem 1.8.

Lemmal.12: 1. Let C < R" be a non — empty closed convex set with 0 & C. Then there

exists a unique z* € C with

llz*l = 7% izl = dist(C, 0)

z€C

2. Define

C*={weR" (w,z) >c for allz € C} (1.15)
where ¢ > 0. Then C* is alsonon — empty , closed and convex, and 0 ¢ C*. Thus
there exists a unique w* € C* with

Iw*ll = & Iwll = dist(C¥,0)

w*eCH
and

" cz* " cw’™
= and z" = ——=
llz*II? llw*||2

Proof: Let z € C be arbitrary. Define B = { x € R": ||x|| < ||z|| }. Clearly

inf

z€C

— inf
Izl = ,cpnc Izl
and since B N C is compact, the minimum is achieved at some z* € C. For uniqueness,

. . . . 1, ., .
suppose that z*; and z*, are two solutions. Due to convexity, also E(Z 1+ 2z%) EC

. 1 . . .
(i.e., for A =5). Now for if z*; # z*,, then either z*; > z*, or z*; < z*,. Without
loss of generality, assume z*y > z*,.
Thus we have
1 1 ;
Nzt 2y <z o |3z + 2| <zl =1z =Nz =T izl

1 . L -
= 5 (z*y + z*,) & C = Cisnot convex set which is contradiction.

Hence we must have z*; = z*,

An argument from Lemmal.9 shows that ||z*||?

28



On Feed — Forward Networks | 2011

1< (ﬁ,z) for all z € C which implies

cz*

ECt =CH+0
llz*]12

c < (ﬁ,z) forallze Candc >0 =

cz*

In particular, [|w|| = c||z*||~ for all € C* . Set w* = ER

To show that C is convex set,

let w;, w, € C*andA € [0,1]. Then (w;,z) > c,{w,,z) > c for
all z € C and ¢ > 0. Now
(Aw; + (1 =D wy,z) =AXwy,z)+ (1 —)(wy,2z)
> Ac+ (1 —A)cforallz€ Cand ¢ >0
=cforallz€ Candc >0
implies Aw; + (1 — 1) w, € C*. Hence, C* is convex set.
Again to show that 0 € C*. Forif 0 € C¥, then we have
0=(0,z) >cforall z€ Candc >0 = c = 0 which is impossible. Hence 0 ¢ C*

This guarantees the unique existence of w* by (1). Finally, for any w € C* and z € C, we

have
Iwlllizl]| = (w,z) = ¢ (the first inequality is due to Cauchy Schwarz)
Since w* = ez
llz*]|2
Then [lw*[| = cllz*lI7 = wrllw*[I? = c?llz"|72w* = w* = = .oy
Hence, we get z* = ”Wu:”z and ||w*|| = c||z*||”! implies that ||w*|| is the global
minimum. [ |

Lemmal.13: Let X, ,X_, and C = Conv( X,— X_) be as usual.
Let C* ={weR" (w,z) >cfor allz € C} where c > 0. Let w* be the unique

solution of

min

Jmn wl)

llw*ll =
Let 0, = %(x’gig_ (w*, x) + y"éac’: (w*,y)). Then

H*  ={xeR": (w,x)— 0, =0}

is the unique optimal separating hyperplane.
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Proof: In view of Lemma 1.10, it is clear that (w*, 6,,+) € I',that is, H" is a separating
hyperplane. Moreover, it is optimal, since

(w*,z) =2c forallz € C

and
* (W*,W*>
w*z") = (W) = 2l =
(w,z7%) { ’IIW*IIZ) llw*|1?
Thus
* _ lmin , w’ _1,w S TR T
PO, 8,:) =31 7) = 1 z) =11zl = p

For uniqueness, let (w, 6 ) define another separating hyperplane,that is, let p(w,0) = p
According to (1.14),

p(w,8) < p(w, 6, ) forall 6.
and equality holds only if 6 = 0,, . Hence we may assume without loss of generality that

0 = 6, . Thus we obtain from (1.11)
1 1
p(w, 8, )= 70 (= z) = p =70 Izl —-IIZ [

llwl’ T 27€C
Then

lz*|l < (ﬂZ)_IIZ I

where the second inequality is due to Cauchy-Schwarz. Hence w and z* are related via
w = az” for some a > 0.
We conclude that the (w, 8 ) for which the separating separation margin p is achieved are

unique up to scalar positive multiples. [

1.5 Optimization Techniques for Optimal Separation

In the previous section, we have seen that the optimal separating hyperplane for the finite
data set

X=X,UX_= {x4 ,..., Xy} 1 sde termined by minimizing ||z|| over t he ¢ ompact
convex set

C=Conv(X,-X_)=Conv{z,..., zy} C R"

The ve ctors z; ares imply obt ained by t akinga Il di fferences x —y where x €

X,andy € X_. According to Lemmal.12, there exists a unique z* € C with
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|| _ min
Izl = el
Definition1.14: Let C < R™ bea convex set. A point z € C is saidto be an extreme
point or extremal point of C if and only if C —{z} is convex, i.c., z is not a (relatively)

interior point of a segment [ z;, z,], where z;, z, € C.

The idea of the following line search algorithm is to consider, for a given point z € C, the
line segments connecting z with any of the extreme points z; ,..., Zy and to minimize
||z|]| alongt hese. Iteratively, t his p roduces a se quence o fel ementso f C that w ill

eventually converges to z*,as shown below.

Step 0: Choose £(0) = £(0,0) € C and setk :=0
Step 1: For j =1, ..., M: Minimize ||t zj+(1-t)§k,j— 1)” over t € [0,1]. Let t* be
such that the minimum is achieved, set
§k,j) =t zj+ (1 =t)§(k,j—1)
Step2:Set (k+ 1) := &k +1,0) := &k, M). If ||E(k+ 1) —&(k) || < &, then stop.

Otherwise, augment k by one and go to step 1.

Lemma 1.14: Let (£(k))en be the sequence generated according to the algorithm

above. Then

1§k + DI < IO
and if equality holds , then é(k) = z*

Proof: By construction, we have

HECe DIl = 2 ez + (1= 9§k — DI < €K, j = DI (*)
Inductively, we get
I§Ck + DIl = 11§GKk, M <...< I8k, 0|l = U (by *) (**)

Assume t hat ||E(k + 1)|| = [|E(k)||. T hen w e ha ve e quality int he r elation a bove, i n

particular
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1ECk, DI = 1€k, j — D]l (Since inequality in (**) is changed in to equality sign)
i.e., the minimum is achieved at t* = 0. This implies that & (k,j) = é(k,j — 1) because
there is only one vector on a line close to zero and hence
§k+1) = ¢k, M) = =&(k,0) = & (k).
Thus forall=1,...,M,
lEGol = 2 ez + (1 - g
that is, for all t € [0,1] ,
2 2
IERINZ < Itz + (1 =D& = t2 z = EG)||” + 2tz — E(k), E)) + [1E (K|
2
= 0<t|]|z —EW)| +2(z — &Ek), E(k))
Ast— 0,s0is t]| z — £(k)||°. This implies that
0 <(z —¢(k), (k)
forallj =1,...,M and thus
(§(k), ¢ (k) < (z,§(k))

forallz € C = Conv{ z, ,..., zy}. Using the Cauchy — Schwarz inequality, we get
IECR)I < |lz|| forallz € C

showing that [|E(k)|| = ™" ||z|| = ||z*||. Lemmal.12 implies that & (k) = z*.

z€C

Alternatively, the optimal separating hyperplane for X = X, U X_ = { Xy ,..., Xy} can
be found by minimizing ||w||, or equivalently, % llw]|?, subject to (w, z) > ¢ forall z € C

= Conv (X,— X_). This is a consequence of Corollary 1.13. Similarly, as in the proof of

Lemma 1.10, one shows that

(w,x) —0>1 forallx € X,

- .
(w,z) 2 2 forallz € C‘:’ae-&w,y)_g > -1 forally € X_

To see this, suppose{(w,z) > 2 forallz € C. Let x € X, . Then, for 6 = 0, , we have
w,z)— 0, = Lmin (w, z) Z%X 2=1

wo = EZEC

Let y € X_ .Then there exists 6 = 0, such that
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1 min 1 _
(w,z) — 0, <3 zec (w,z) < _EXZ =-1

Therefore, (w,z) = 2 forallz € C

(w,x)—0>1 forallxe X,

. %k
(:’39'{<W,y>—9 >-1 forally€ X_ )

Suppose there exist 8 such that (*) holds. Let z = ¥ 1,z , z; € X, — X_. Then
<W,Z£W=1).izi> = ﬁw=lﬂ'i (W,Zi) > 1x2=2. |

Now for technical reason and instead of minimizing||lw| we minimize 3 lw||? . The only

difference from the first one is it is a quadratic optimization problem. Thus the optimal

separating hyperplane can be found by solving the quadratic optimization problem
Minimize%llwll2 subject to y;{w, x;) —0 =1 for 1<i<N (1.16)

where y; = +1 forif x; € X,.

For this problem there are standared methods of finding solution. The next theorem is the

one. Before going to the Theorem consider the following definitions:

Definition1.15: Let f : S = R,where S is a non — empty convex set in R™. The function f
is said to be convex on S if

fAxy + (1= Dxg) S Af (1) + (1 = Df (x2)
for each x; x, € S and each A € [0,1] and f is concave if — f is convex.
Example: Define f: R® — R by f(x) = x? — 2x. Then f is convex over R".
Solution: Let x,yeR"™ and let A € [0,1]
fOx+ 1 =y) =Qx+ (1 -Dy)?-20x + (1 = Dy)

= 22x% + (1 = D)2y? + 2Axy — 2A%xy — 2Ax — 2(1 — A)y

Rewriting this, we get,

=P -DEx—-y)?+x?-2x+ (1 -Dy?-2(1 -y

= (2> = D(x —y)* + Af (x) + (1 — D) f(y) (by definition )
< Af(x) + (1 = D) f(y) (since (A2 — 1) < 0 forall 1€ [0,1]).

= f is convex on R". [
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Definition1.16: Let S be a non — empty set in R" . Then a function f:S — R is said to
be continuous at x€S if, for any given € > 0, there is § > 0 such that
x € Sand ||x — || < 6 implies that

lfG) = fl <e
Definition1.17: Let S be a non — empty set in R™, and let f: S — R. Then f is said to be
differentiable at X € intS if there exist a v ector Vf(X), called the gradient vector and a

function a: R™ — R such that

fG) =fE)+ V) (x =% + |Ix — Xlla(¥; x — %)
for each x € S where  lim,_,; a(X; x — %) = 0.
Note: If f is differentiable at x, then there could only be one gradient vector , and this

vector is given by

of (% of (D)
Vf(®) = < gif) g;”)
= (LX), ., @)

of (x

6x-_) = f;(X) is the partial derivative of f with respect to x; at X

where

Theorem 1.15: (Kuhn-Tucker)L et f:R™ - R and g,;:R™ > R,1 <i<N be
continuously differentiable convex functions. Then the minimization problem
Minimize : f(x)
Subjectto g; (x) <0, ..., gy (x) < 0 is equivalent to the maximization problem
Maximize F (x, 1) = f(x) + ¥V, u;g; (x) with respect to u
Subjectto G (x, 1) = Vf(x) + XV, w;Vg; (x) =0 and piy,..., uy =0
The p arameters pu= (Yq,.., Uy)can b ei nterpreted as g eneralized L agrange

multipliers. In our particular situation, m =n + 1
2

w 1 1 1 2 1
x=[p] FO0,0)=FIWI? =Fw,w) = 3wy + -+ jw, ", and
gw,0)=1—y,(wx)—0)=1-y;(wy ;' + -+ w, x;" — 6)

Then
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of agl
Viw,0) = %‘}’ = [W] and Vg, (w,0) = agl = [_y}i,_xi]
26 20 l
and thus G(w, 8, u) = 0 reads
Vf(w,0) + XL 1 Vg (w,0) =0
[ ]+Zl oy y)i;iXi] _ [W]+ ) —V1 Xl] +ot oy —YnN XN] [0]

:W=lenulylxanlelnulyl 0.

Using this, we may write
F(w,6,1) —-||W||2 +ZL i g (w,6)
= —||W||2 N0l H = 20l g yiw, X)) + XN v 0
= —||W||2 + 200w —w, B g yixg) since XLy p; y; = 0)

= ——||W||2 +Zl =1 M; (since w = Z?]:l Hi Vi X;).

”WHZ = <Zl 1 i YiXi, %V—l Wi Yi xi)
_Zl 1 i B Yi Yy (xu ]>
and thus
1 -~

F(w,0,u) = —52?21 Wi Wi Y'Y (x;, xj)+Z§V:1 pi =: F(p). u

Proposition1.16: The optimal solution of (1.19) is given by
wh = Zz 1 :ut

where u* = (", ..., uy") is the solution to

MaXimizeﬁ(ﬂ) __Zl =1 Hi K Yi Y (xi! Xj ) +Z£v=1 Hi (117)

subjectto YV, w; y; =0and yy,..., uy = 0.
Note: 1. The vectors x; with u;* # 0 are called support vectors.
2. Proposition 1.16 yields a reformulation of the original optimization problem over R"
as a n op timization pr oblem ove r N. T his w ill be a dvantageous f or support vector
learning. The idea is to perform non — linear separation by e mbedding the dataina

higher- dimensional Hilbert space in which they become linearly separable. Then n (the
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Hilbert s pace d imension) is ty pically significantly l1arger than N (the number of data
points).
3. The important features of (1.17) is the fact that the data vectors x ,..., xy enter only

in the form ( x;, x; ).

1.6 Support Vector Learning

Definition1.18: A sy mmetric square matrix A is said to be p ositive semi — definite
if XTAX > 0 for all vector X in R",
Definition1.19: A c ontinuous s ymmetric map k:R™ X R® - R iscal ledap ositive
kernel if for any finite data set { xq, ..., xy }© R", the matrix K = (k(x;, % ));j=1,.~

is positive semi — definite.

Definition1.20: An orthonormal set S in an inner product space is said to be complete if
there exists no orthonormal set of which S is a proper subset.

Definition1.21: A complete inner product space H is called a Hilbert space.

Proposition1.17 :( Multinomial Theorem) The binomial theorem can be extended to n
elements in R" and has a form
G, x)4 = ZaeNn,|a|=d(Z)x“ , where x* = x; “1 .. x,, “n,d€eN

d!

aq !...(In]

lal = ¥ @ ,and (¢) =

Theorem1.18: (Aronszajn) If k is a positive kernel, then there exists a Hilbert space H
and a map
®: R™ - H such that
k(x,y) = (®(x), ®(y)) forall x,yeR"™.
The Hilbert space H is constructed in such a way that it contains all linear combination of
functions
k,:R" > R.,yF k,(y) =k(x,y) and ®(x) = k, . Thus
(@), @) = (ky, ky) = k(x,y)
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Example: Consider a map k: R? x R? - R defined by k(x,y) = (x,y)?. Letx =

x
[Xg;] andy = ig;] . k is positive kernel and

k(,y) = (x"y)? = (xqy ya) + X@) Y2) 2
= x0) Y  F2x0) Yy X@) Y + Y2t X2

B46Y) 2
=lx0)? x? VZxgrel| Yo'
\/53’(1) Y@
=k, =P = (xy? x2)? V2xa)x@)
Examples:
1. k(x,y) = (x,y)? for d € N. k is a polynomial kernel. Since
k(x,y) = (X", x; ;). By multinomial theorem,

k(x,y) = ZaeNn'|a|=d(Z)x“ y%*, where x%, (g) and |a|as shown above.

We put
d(x) = ((2)%“)

Thus the components of ®(x) are (up to the scaling factor) the monomials of total

a€N",|a|=d

degree d. Since the number of such monomials is finite, H = RY for some M € N with
the Euclidean scalar product.

2. k(x,y) = (1 + (x,y)" ford € N. Then

k(x,y) = A+ 3 % y) =@y ++ ( y + D) = Q8 % oy +
(an yn+1))d

d
— a Ap— a Ay —
—§ . ( >x11---xn—1"13’11---3’11—1"1
Y apta=d a1, ., A1,

X (X Yo + 1)

d
— a ap— a Qp—
—Z ) ( ) X1 b Xy TN YL T e Y T
Z?:l a; +a=d A1y, Ap1, A&
a a a
XZan+1=(x (Lan)xn "Yn "

_ d a a a a a
= 22?21 a; +1=d (al;---;an—l;a) (Llln) Xy T Xy Ty Ty,

37



On Feed — Forward Networks | 2011

Then |a| +1=d = 1! =(d — |a|)!

_ 1 dl
= YaeNn jal<d T

x® y*,where x%, || as in above.
aq I.. [2#%]

=y 1 d! a
- aEN”,IalSd (d_lal)'

(24} !...an!

and we put
1
— 1 d\2,.«a
P = ((d—mn! (o) )

and H is a gain f inite — dimensional. T he ¢ omponents of @ corresponding t ot he

a€N" |a|<d

monomials of total degree at most d.

Definition1.22: Let X,, X_ c R" bea usual non — empty finite sets suchthat X =
Xy UX_ = {xy,...,xy}.Let y, = £1 if x; € X,. Wesay that &:R" - H
separates X, , X_ if ®( X, ), ®( X_) are affinely separable in H.

Note: If @ and H are constructed from a p ositive kernel & as in theorem1.18, this notion

depends only on k, and therefore it is justified to say that k separates X, , X_.

Let k beap ositivek ernel and let ® and H be asin Theoreml1.18. Supposet hat k
separates X, , X_ . Then we may solve the optimal separation problem, that is ,
Maximize F (1) = _%Z?]:l oy v ¥y (@), @) + XL w
subjectto YV, w; y; =0and yy,..., uy = 0.
Note that
Fu= _%Zﬁvﬂ Wy Y k(e )+ 300w = —%ZTKZ + 2 u;
where K € RV*N and z € R" are defined by
K = k(x;, X ) and z; = W y;
Letu*=(u ", ..., uy*) be a solution, then
wh= %L p iy ®(x;) €H
and
0" = 0, = %(;2‘;1 out yik(xg,x) +£‘}’_ Lyuy yik(xi’y)) ER
Define the separating hyperplane
H*={y€eH:(w",y)= 60"}
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For x € X, ,we have ®(x) € ®(X, ) and therefore
(W, @(x)) =Xy u' i yi (@), @(x)) =X, 1 yik(x,0) > 6°
and similarly, for y € X_
Mo yik(x,y) <6
In other words, we have realized the original function f:X — {+1} with f(X,) = +1
by
f(x) = Sign(TiLy w* i yik(x, %) — 67)

that is ,a formal neuron with activation function s (x)= YV, u*; y; k(x;,x) — 6

*

and
output function Sign.

Note th at t he maximization p roblem a s w ell a s th e re sulting s eparationo f X, , X_
depend only on %.

Example: Let f:{0,1}> - {£1} be the modified XOR function, that is we have N= 4 and

f(x;) = y;, where

X1 = (0'0) vy =-—1
x, = (0,1) y,= 1
x3 = (1,0) 3= 1
x4 = (1,1) yp=-1

Let k(x,y) = (x,y)? for x, yeR?. Then k € R***
Since K;; =k(x;, %) =(x;, x)* forij =1,2,34and x;, x; € R?
Kip =(x1, x)> =0 and Kpy = (xp, x4)* =1

Computing similarly the rest value of K;; ,we get

0O 0 0O Z Ui Y1 —H1
~_10 1 4 _ _ |22 _|HY2|_| K2
K=lp o 1 1| and zeR%,z= Zs]_lugyg = | ks
0 1 14 Zy Ha Ya —Hq
and we have to maximize
=~ 1
Fw=—32"Kz+ 3y
0 0 0 011 M
_ [zt k2 B3 zma]|0 10 1] K2 .
_[2 2 2 2]0 0 1 1|l ws |+ 2= w
0 1 1 44Ll—luy
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-1 .
:7(#22 + pU3?) F po g+ pa g — 2”4 2 iy + 2 p3 (since Ty ;v = 0)

= F (1, 13, 1a)
subject to Xy p; y; = 0and py, iy, p3, s = 0
The gradient of this function is

B oF /0 u, —pot 3 + 2
VF =|0F Jous| = |—us + ug +2
OF /0 uy pot pz—4uy

Solving VF = 0 yields u,* = u3* = 4, u,* = 2. This implies that p;* = 6.
w* = (6,4,4,2) is a solution of F
Recall that
O(x) = 0(xay x@) = (X’ X2’ V2 x0) X2))-
D(x1) = P(x1)% %192 V2 X101 X129) = (0,0,0)
Thus
wh= TN 1y )
= "y @)+ Uy Yo @) + Uz’ y3 Plrg) 1y ya P(xg)
=—6D(x ) +4P(xy) +4D(x3) —2D(xy4)

= — 6(0,0,0) + 4(0,1,0) + 4(1,0,0) —2 (1,1,v2)

3

Note that X+ ={x2, X3}, X_ ={x1, X4}

0" = %(x?)z §V=1 1w yik(x;,x) +y12i;_ £V=1 w yik(x :3’))
= %min{ Yiog w7 vk (o, x2), 2 0ty yik(xg, x3)} +
%min it s yi k(g 20, Xty w7 vk (g, x40}
= % min{ 2,2} +% min{ 0,0}
=1
Thus the optimal separating hyperplane in H = R3 is
H* = {yeH:(w",y) = 1}

= {yeH: (W", (ya1y, Y2y Y3))) = 1}
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= {yeH:2yqy + 2y — 2V2y(3) = 1}
with ®(x) = (y(l), Y2) y(3)), this corresponds to
F@) = Sign(Th, 1 v k(x,5) — 69

= Sign(Xiy 1 yik(x,0) = 1)

= Sign(2(xy®, %)% V2 x1) X)) = 1)

= Sign (( X2y = X1) — \/1—7) (x(z) — x + %))

Thus the realization which cannot be done by one hyperplane can be done by two planes.
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CHAPTER TWO: FEED - FORWARD NETWORKS

The e fficiency of perceptron is quite limited. The construction of multilayer networks,
which have the capacity to realize all switching functions, remedies the matter. Similarly
to the perceptron, linear optimization is used in forward directed networks to determine
an explicit separation of arbitrary finite sets. An ANN which allow signals to travel one
way only; from input to output is called feed-forward ANN. This chapter ends with an

overview of the Back-propagation Algorithm.

2.1 Structure of Feed — Forward Networks

As was illustrated in the previous chapter, the representation of a B oolean function by

means o fa pe rceptron is of 1imited ge nerally, a s not all s witching functions ¢ an be

realized. It is o ften advantageous to lin k s everal p erceptrons in order to increase the
number of functions that can be represented. T o this end, the following graph theory
definitions are necessary.

In mathematics, a graph is abstract representation of a set of objects where some pairs of
the obj ects a re ¢ onnected by links. The i nterconnected o bjects ar e represented by
mathematical abstractions are called vertices or nodes, and the links that connect some
pairs of vertices are called edges.

Definition2.1: 1. Edges that have the same end vertices are parallel.

2. An edge of the form (v, v) is a loop.
3. A graph is simple if it has no parallel edges or loops.

4. An edge (i,j) € E is called directed , denoted i = j , (i,j) € E
but (j,i) € E.

5. A graph G is directed or digraph if all edges (i,j) are directed.
Definition2.2: a. A (finite, simple, directed) graph G = (V,E) is composed of a non-
empty finite set of vertices or nodes V and a set of edges EC V X V.
b.P(i) ={j €V: (j,i) € E}is the set of all direct predecessors of the node i € E.

Si) ={jeV: (i,j) € E}is the set of all direct successors of the node i € E.

c. A vertex i with P(i) = @ is called a source.

A vertex i with S(i) = @ is said to be a sink.

42



On Feed — Forward Networks | 2011

d. For iy ,..., i €V , let ¢ := (ij_l,ij ) €EFE applyforall j=1,..L.T he
corresponding s equence of e dges (ey,...,e;) iscalled apath from igtoi; andthe
number of edges [ is its length.

f. A path whose first and last nodes coincide is called a cycle, and a graph that is devoid

of cycles is called acycle

Example 1: Consider the graph shown below

Fig 2.1: A simple directed acyclic graph
From this one can easily compute P(4) = {3,7,9} and node 1 is a source since P(1) = @
Lemma 2.1: An acyclic graph contains a source and a sink.

Proof: Suppose that G = (V,E) contains no s ink. Then any vertex possesses a direct
successor, w hich implies that there exists a p ath of arbitrary 1 ength. Consider a path
(e1,...,€;) whose length ex ceeds the (finite) number of edges of the graph. The edges

cannot be di stinct, that is, we musthave e; =¢ forsome 1<i<j<U[l Butthen

(ej,..., ej_l) has to be cycle. Dually we can show for other case. [

Let G = (V,E) be an acyclic graph. There exists an integer k > —1 and a natural

partition of J into non-empty sets

V= VO V) V1 U..U Vk UVk+1 (21)

which is constructed as follows:
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V, contains all sources. Remove from G all vertices in V; and all edges that start in one
of them. The resulting graph is again acyclic. Let V/; be the set of all sources in the new
graph, etc. Thus,

i € V; if and only if the longest path from a source to i has length j. Moreover,
LEV, > PSSV UV V..UV, andSE) S Vi1 U ..UV
The elements of V4 are sinks.

Consider an acyclic graph shown below

Fig 2.2

From the graph V = {1,2,3,4,5,6,7,8,9,10,11,12} and E SV XV

According to above construction V is partitioned into four non-empty sets, i.e.,
V=V,uV; UV, UV; where{1,2,3} € V,,{4,567}cV;,{89}cV,,
{10,11,12} € V5. Now to illustrate the fact that i € V; if and only if the longest path
from a source to i has length, consider node 11€ V3 implies the longest path from a

sources 1,2,and 3 to 11 is 3.

Definition2.3: Let G = (V,E) beanacyclic graph,andlet V=V, UV; U..UV, U
V41 bethe partition accordingto (2.1). A Feed — Forward network (FFN) F is
composed of the graph G and a family of formal neurons ( X;,Y;,0;,s;), each associated
to one of the non-source vertices i € V — V. We have X; € R", where n; := |P(i)|,
Y, €R,

si :Xi—=>R and o; :R-Y;

The transfer functions of these neurons are (f; )iey—y, With f; : c;0s;: X; > Y;
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The compatibility requirement [[;cpyY; € X; foralli € V —V, will be satisfied if we
set X; = Q™ , Y; = Q for all i,for some Q € R. From fig2.1a, for node 4, P(4) =
{1,2,3} > n, := |P(4)| = 3.Thus X, = Q3 and
[liery)V; SXa @Y X Vo XxY3 =QX QxQ=Q> X, for4eV —V,.
For simplicity, we make this assumption in the following.
Then each node i € V has a state q; € Q.
Casel: For i € V, ,the states will have to be imposed by some additional initial condition.
Case2: For i € V — V), the states is determined by the states of the direct predecessors of
i via

fi ((qf )jeP(i)) =
The nodes in Vy, V — (Vy U V,4q ), and V1 are called input, hidden, and output nodes,
respectively. The transfer function of F is the mapping

f: QWols QWi+t I which maps the vector of input states to the output states.

Definition2.4: A FFN FwithV =V, UV; U ..UV, UV,,; accordingto (2.1)is
called k —layer FFN if
L€V, > P() S Vi_yand S() E Vjyq forj=0,..,k+1(putting V_; = Vi q =0)

Fig2.3: Graph of a FFN without a layer structure.

Fig2.2: Graph of a 2 — layer FFN.

Note: We shall restrict to the case where the layers are fully interconnected, that is,

i€V >P@)=Vi_sand S({) =V forj=0,..,k+1
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Then V, is the set of all sources (by construction) and Vj,,; isthe set of all sinks. We
write Vo =V, and Vi, = Vy(thesubscript refer to in put(I) a nd o utput ( 0),

respectively.

Definition2.5: A k — layer FFN whose neurons are all (¢ — ) perceptrons, is called a k —
layer & — perceptron.

The transfer function of a k — layer o — perceptron is therefore a composition
f=f&ktbo ofM. QVils @lVolof k 4+ 1 mappings of the form

f®:QlVierl5 glVil defined by q - s(W®q — 8®0) where W@ € RIVilXIVi-11 is a fixed
weight matrix, 8) € RIVil is a threshold vector, and o isa vector — valued sigmoid
function defined by component — wise application of o : R — Q, that is, for any integer
n>0

X1 0(?51)
ol : |= '

) \oG)

Fori =1, ..., k, the mapping f(® is called the transfer function of the i — th hidden layer

£+ is referred to as the transfer function of the output layer

2.2: Realization By Multi — Layer Perceptrons

2.2.1: Realization of Boolean functions

As the XOR problemin Lemma 1.1 shows, the r epresentation of arbitrary s witching
functions by a single perceptron is impossible. The situation is different when a multi —
layer perceptron is used. Here, the set of possible states of neurons will be Q = {0, 1} and
the t ransfer f unctions considered will ha ve t he f orm f: {0, 1}"*— {0, 1}”,thatis, we
consider feed — forward networks with n input node s and p out put nodes. A simple

observation is the fact that as long as the number of hidden neurons is unconstrained,

46



On Feed — Forward Networks | 2011

f=({1,-.fp,) canbe realizedby sucha FFN ifandonlyifall itsc omponents

f; :{0,1}"— {0, 1} can be realized by a FFN (with n input nodes and one output neuron).

Theorem2.2: Any Boolean function f: {0, 1}"— {0, 1}? can be realized by a 1 —