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Abstract

The FBI transform is a nonlinear Fourier transform that characterizes the
local/ microlocal smoothness and analyticity of functions (or distributions) in
terms of appropriate decays. This characterization is very useful in studying the
local and microlocal regularity of solutions of partial differential equations.

The ultradifferentiable classes play an important role in the theory of differ-
ential equations as they provide an intermediate scale of spaces between C*° and
real analytic functions.

In this thesis, we establish the boundedness of a class of FBI transforms in
Sobolev spaces. We characterize the ultradifferentiable wave front set by a class
of FBI transforms. We also provide an application that shows how powerful are
these generalized class of FBI transforms by exhibiting a result on microlocal
regularity for solutions of first order nonlinear partial differential equations in
these classes, which can not be solved by the classical FBI transforms. Finally,
we use the FBI transform to characterize microlocal smoothness and microlocal

ultradifferentiablity on maximally real submanifolds.
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Notations

We will use the following notations. Let 2 C R™ open.

R = The real part

& = The imaginary part

No={0,1,2,...}

Ny = {(a1,...,am) : oy € No}

CMQ) = {f: 00 f € C(9) Va with |a] < k}

C=(Q) = {f | € CHQ) V)

C5(Q) ={f € C*(Q) : supp(f) is compact}

Cr(Q) ={f € C®(Q) : supp(f) is compact}.

C¥(£2) = The space of real analytic functions on €.
D'(Q2) = The space of distributions on C§°(£2).
S@R™) = {f € CR™) : sup [+°08f(x)] < o0 Y, B}
S’(R™) = The space of tegrgrelI[R;Zred distributions on S(R™).
E'(Q) ={ue D(Q): supp(u) is compact}

O(Q') ={f : f is holomorphic on '}, Q' C C™ open.



Introduction

The Fourier transform of a function u € CY(R™) or a distribution u € £&'(R™) is

defined by
uw(§) :/ e ru(z)dr, € € R™

where £.x = Z;”:l z;€;, in the latter case the integral is understood in dual-
ity sense. Besides the applications to solve differential equations, the Fourier
transform is used to characterize smoothness of a function. For instance, the
Paley-Wiener theorem states that a function u is C'°* on R™ if and only if for

every k= 1,2,..., there exist C; > 0 such that

Ch

O] < e

V¢ € R™,

However the regular Fourier transform is not sufficient for many purposes, in
particular, in microlocal analysis when the locality is not only with respect to
position in space but also cotangent space directions at a given point. The FBI
(Fourier-Bros-Iagolnitzer) transform is a nonlinear transform developed by the
French mathematical physicists Joseph Fourier, Jacques Bros and Daniel Iagol-
nitzer in order to characterize the local and microlocal analyticity of functions
(or distributions).

The classical FBI (Fourier-Bros-Tagolintzer) transform is of the form

Fu(z, &) = / et e=a)—lelle=a'*y (Y dy! . € € R™ (0.0.1)



where u € C2(R™) or u € £&'(R™) in which case the integral is understood in the
duality sense. This transform characterizes microlocal analyticity and microlocal
smoothness, has been used to study the regularity of solutions of linear and
nonlinear partial differential equations (see [3, 7, 16, 19, 21, 341]).

In [11] S. Berhanu and J. Hounie introduced the following more general class of
FBI transforms. Let ¢ € S(R™) such that 0 # [ [¢(z)|dx < co. They define the
FBI transform of a compactly supported distribution v € £'(R™) with generating
function ¢ and parameter A (0 < A < 1), by

Fosu(e,§) = (ule), =5 (g0 — ) ). 002)
A simple example of this generalized transform is

Fru(x, &) = / e =t —lelle=a"P (Y dy! € € R™, k=1,2,...  (0.0.3)

m

where the k = 1 case gives the classical FBI transform.
We establish the boundedness of the FBI transform (0.0.3) in Sobolev spaces.

S. Berhanu and J. Hounie in [11] characterized microlocal smoothness and
microlocal analyticity by taking ¢)(z) = c,e @), where 1p(x) is real, homogenoues,
positive elliptic polynomial, and ¢, = ( f ep(‘”)dx> . Later, S. Berhanu and
Abraham Hailu [10] used a variant of these transforms (taking a sum of two
polynomials) to characterize microlocal Gevrey regularity.

A natural extension is the ultradifferentiable class £V, which is obtained by
considering a sequence of positive real numbers M = (M;) satisfying some prop-
erties (see Chapter 1 section 1.1). Under suitable assumption on the sequence
M, one obtains for EM results similar to those valid for G* (see [22, 27, 29]).
Recently, G. Hoepfner and R. Medrado [22] used these class of FBI transforms
to characterize local and microlocal regularity of ultradistributions. Here we use

a more general class of the FBI transform of [11] to characterize the ultradiffer-

entiable wavefront set, which generalizes the work of S. Berhanu and Abraham



Hailu [10].

Let U be an open neighborhood of 0 in R™ with coordinates xq,...,z,, and
Z = (Zy,....7Zy) : U — C™is a C* map, dZ,...,dZ, linearly independent
on U. Write Z(z) = = + i¢(x), where ¢ is real valued, smooth, ¢(0) = 0 and
dp(0) = 0 so that X = Z(U) is maximally real submanifold. Let u be a compactly

supported distribution in the manifold X. Define the FBI transform of u by
Fu(z,() = / eig'(z_zl)_«)[z_zlpu(z')A(z — 2 ¢)d?
X

in which z € X, ( € C, where C; = {¢ € C™ : |(] < |R(|}, A(z, () is the
Jacobian determinant of the map ¢ — ¢ + i({)z (where ( € C;,z € C™). Here
(¢) = (¢.¢)2 (main branch of the square root). In [35], the author used the above
FBI transform to characterize smoothness locally.

We will use the above FBI transform to characterize microlocal smoothness of
a distribution. When the Z; are £M | we obtain a €Y maximally real submanifold
and we use the corresponding FBI transform to characterize microlocal ultrad-
ifferentiablity. When ¢(z) = 0, we recover the FBI transform (0.0.1) and hence
our result generalizes characterizations using (0.0.1).

In chapter one we review some notions, definitions and results that are useful
for the later chapters. In chapter two we establish boundedness of a class of FBI
transforms (0.0.3) on Sobolev spaces. In the third chapter we chracterize the
ultradifferentiable wave front of a distrbution by a class of FBI transforms. The
last chapter gives FBI transform characterization of microlocal smoothness and

microlocal ultradifferentiablity on maximally real submnifolds.



Chapter 1

Some Preliminary Concepts

In this chapter, we review ultradifferentiable classes, conic sets, boundary value of
holomorphic functions, wave front sets and FBI transforms, integrable structures,

maximally real submanifolds and pseudo-differential operators for later use.

1.1 Ultradifferentiable Functions and Some Prop-
erties

The ultradifferentiable class play an important role in the theory of differential
equations as they provide an intermediate scale of spaces between C'> and real

analytic functions.

Definition 1.1.1. Let © C R™ an open subset and (1/;);en be an increasing
sequence of positive real numbers satisfying some properties (see below). The
ultradifferentiable (Denjoy-Carleman) spaces in 2, £M(Q), is defined as the set
of all functions f in C'*(2) that satisfies the following property: for each K CC Q

there exist a constant C' > 0, depending on K and f, such that

0% f(z)| < Cl*H M, Va e Ny, Vo € K.



We will assume that the sequence M = (M;) of positive real numbers to
satisfy the following conditions:

(1)(Initial Conditions)

(P1) Mo = M; = 1.

(2)(Non-quasianalyticity)

(P2) L < 0.

]Z_; M1
This condition insures the existence of no-trivial £M functions of compact sup-
port.
(3)(Stability under ultradifferentiable operators) There exists a constant D > 1,
independent of 7, such that for all 7 > 0,

(P3) M

Jpgatl
I < DM

Condition (P3) implies the following condition: There exists a constant D > 1,

independent of j, k, such that for all j < k,k,j € N
1 k %
(P3) My < DiM;.

Also, condition (P3) implies the stability under differential operators condition;

ie., forall j,k €N
(P3") My < AHTTEM; M,

where AH’ = DI, A,H > 0 and D is the same constant appearing in (P3) and
is independent of j, k.



4)(Invariance under composition) For all 7, k£ € N with 0 < j < k, we have
( J j

(P4) <k) My_;M; < M.
J

. . . 1
(5)(Strong logarithmic convexity) For fixed A > 1 and for any r,0 <r < 4 <1,

the sequence

P
P5 —7
(P5) P
is increasing, where P; = éMTJ, This implies, in particular, that M is logarithimi-
cally convex;i.e., for all j € N
(P5) M? < Mj My,

and this implies, in particular, that for all 5,k € N
(P5") MMy, < M.
(6)(Invariance under division) The sequence ) = (();) where @y = 1 and for

o-(4)

is increasing, that is, for all j < &

Jj=1

(P6) Q; < Q.

This condition insures that the class EM () is inverse closed; i.e., if f € EM(Q)
and i«relsfz |f(z)| > 0, then % e EM(Q).

(7)(Faa di Bruno) For all j, k € N, if n = jk, there is a constant C' > 1, indepen-
dent of n, so that

(PT7) MF < C" My, _y.



This condition is used when we need to apply multi-variable Fad di Bruno formula

for computing the derivatives of compositions of functions.

Remark 1.1.2. 1). If M satisfies (P1) and (P6), then it satisfies the following: For
allj=1,2,...
(P8) M; > jl.

ii). The sequence M is quasianalytic if

S

=0 J+1

Example 1.1.3. Let s > 1 be a real number and choose

Then M = (M;) satisfies (P1)-(P7) and EM(Q) = G*(2) denotes the s— Gevrey
space. If M; = jl, then M = (M;) satisfies all conditions except (P2), and
EM(Q) = C¥(Q) (the space of real analytic functions).

Proof. (P1): Clearly My = M,; = 1.

(P2): Since a p—series with p > 1 converges, we have

ZM-j :Z(j+1)5 < +o00.

j=0 Jj+1 =0



A
Sl o

S

(4!)

DN\ 1
< (e : )) M;H since
J

Thus the condition follows with D = (2¢)®.

(P4): (j) My M; = k(K — )~ (5!)"

< k!(k —j+ ) ! since a!b! < (a +b)!

= (K)° = M

Thus the condition holds.
(P5): ﬂfil = 5" Fix A > 1 such that s > 1+%. Then we have s—r—1 >0

and hence the condition follows.

(P6): Now, for s > 1,5 > 1 we have

G (R ()T ()

(P7): Let j,k € N and n = jk. Then

MPo o GYt
M, (k(j—1)
1l sk ) b
< ﬁ since (a!)” < (ab)!

— jSk S 9sn (25)77,

Hence, condition (P7) is satisfied with C' = 2°. O



Example 1.1.4 (More Examples). (See [32]) a) Let ¢ > 1. Put M; = ¢/*, j € N.
The corresponding EM functions are called g—Gevrey regular. Then M = (M)
is non-quasianalytic. N

b) Let § > 0 and M, = (log(j+e)) : for j € N. Then M = (M) is quasianalytic

for 0 < 6 <1 and non-quasianalytic for o > 1.

Note that if M = (M;) and N = (N;) satisfy M; < CYN;, Vj and a constant
C, then EM(Q) c EN(Q). The converse is true as well by the logarithimic con-
vexity assumption. In particular, if f € G*(Q2) and s <, then f € G(Q2). Thus
G'C G*, Vs > 1.
Setting N; = j! in the above inequality yields C¥(Q) = EM(Q) if and only if
supjeN(%)% < 00. Since (%)? is almost increasing the strict inclusion C*(Q2) C
!

%)3 = 0.

EM(Q) is equivalent to sup,y(
Lemma 1.1.5. (E. Borel)[[27], Theorem 3.1.1] For each multi-index v of length
N, let a, be a real number. Then there is a C* function on the unit ball B(0,1) C

RN with
o~ f
oz

(0) = aq for every multi-index .

Example 1.1.6. By the Borel’s lemma there is a smooth function f(x) on R such

that £(™(0) = n!(n+1)"*Y(n!)", ¥n > 0. One can prove that f ¢ G*(R)Vs > 1.

As the following example shows there are functions in G* for s > 1, which are

not in C%.

Example 1.1.7. For s > 1 define f(t) by

Then f; € G*(R).But f ¢ C“(R).

Proof. Clearly f, ¢ C*(R). Since e™* ' € O(C \ {0}), for each ¢ > 0 using the



Cauchy integral formula, we have

__1_
—z s—1

|
() () = 1© B
f ( ) 27TZ ‘Z_t‘:%t (Z _ t)n+1 Z

Thus it follows that

1 it
[F@)] < nl(Gt) ™" sup e
2 1
|z—t]=51
—%2_311

1
Sn!(ﬁt)_” sup e
|z—t|=1¢

1 L 1
< n!(ﬁt)_"e G051 since |2] < Et

Thus for every t > 0, we have

FO)] < ni(5t) e B0 (LL1)

The right hand side of the inequality in (1.1.1) tends to 0 as ¢ — 0" so that f4(¢)

is infinitely differentiable in R. Moreover, if L > 0 then by Stirling’s formula, we

(s—1)n (s—1)n
sup tfneth_ﬁ _ (S — 1) n(sfl)n < (8 — 1) nls—1
t€(0,00) Le L

Thus if we take the suprimum for ¢ > 0 in (1.1.1), we have

have

1

B T
sup ‘fs(n)(t)’ S nlon sup | {tne (%t)8—1 }

teR te(0,00
3 n
< nl2" <§(5 - 1)51) n!s1

= (3(s — 1)* " H"n!*

S CnJrln!s

Therefore, f; € G*(R), s > 1. O

10



Definition 1.1.8. Let Q C R™ be an open set. We denote by DM () the
vector space of all ¢ € EM(Q) with compact support in Q. The space DM'(Q) of
M —ultradistributions is defined to be the dual of D™ (Q); more precisely, DM'(Q)
is the space of all linear form u on D™ () such that for each K CC Q and for

all € > 0 there is a constant C, > 0 such that

) < C. s { L oot}

aeNg? o] zEeK

Vo € DM(K) = DM(Q) N C5°(K).
Finally, we define £Y'(Q) to be the space of all linear form u on £ () such that

for each K CC € and, for all € > 0, a constant C. > 0 such that

et
()] < C. sup { ‘ sup\aaqm)r}, V6 € £V(9).

aeNj lo| zEK

The restriction of u € EM'(Q) to D™(Q) define an M —ultradistribution u €

DM'(Q) with compact support in K.

Definition 1.1.9. For each sequence M = (M;) of positive numbers we define

its associate function M (t) on [0, 00) by

tJ
M(t) = suplog —, t € (0, 00), M(0) = 0.
i M

Note that if M, = j!*, then M(t) is equivalent to ¢+ (see [27]). Also if (M)

satisfies (P1) and (P5’), the original sequence is retrieved by the formula

t
M= o

The following Lemma (from [22] and [27]) summarizes some properties the asso-

ciated function.

Lemma 1.1.10. Let M = (M;) be a sequence of positive numbers satisfying (P1)
and let M (t) be its associated function. It follows that

11



a) If M satisfies (P8), then for all t > 0,
logt < M(t) <t. (1.1.2)

b) If M satisfies (P8), then M(t) is increasing convex function in logt which
vanishes for sufficiently small t > 0 and increases more rapidly than logt as
t — +o0.

¢) If M satisfies (P3"), then for each k > 0 and t > 0 we have

M(kt) — M(p) > ot/ logk

1.1.
- log H ( 3)
where A and H were defined by (P3").
d) The property (P3") is equivalent to
t 1
M(E> < SM(t) + log(VA). (1.1.4)

e) If M satisfies (P3") and (P8), then for k > 0 fized there exist ¢ = c(k) such

that

S M(k) ~ M(1) 20, 1> ¢ (1.15)

f) If M satisfies (P3") and (P4), then for each L > 0 and k,r € N such that

k>r >0, we have
r /_HT Ly(re)
t Mk—r < A?MkGQ , > 0 (116)

where A and H were defined by (P3"). When k = r the sequence does not need

to satisfy (P4).
g) Let M be a sequence satisfying (P8). If ¢,y > 0 then

/ e~ MOkDde < 400 (1.1.7)

h) Let M be a sequence satisfying (P3"). For each ¢ > 0 there exist ¢ > 0

12



(depending on the sequence M and c) such that
cM(t) > M(ct), Vi >0 (1.1.8)
i) Let M be a sequence satisfying (P3") and (PS8). If ¢,y >0 and r € Ry then

/ |€|"e~MOIEN g < +oo (1.1.9)
Rm

Proof. a) From the definition of M (t) and (P1) we have

tt t t
logt = log A < sup log v M(t) < suplog F from (P8)
j j j :
t
<t, t>Osincef‘§et
j!

. i tJ .
b) For any t' > ¢t > 0 and any j € N we have that i > ;0 SO it follows that
M (t) is increasing.
For any 5 € N we have

M(t) > jlogt —log M.

So for ¢y > 0 such that log M; < %log to we get

; .
vt st M S T
logt = 2

Since this holds for any j € N, it follows that lim; jl\gétt) = 00.

The convexity M oexp : x + sup,cy (jx —log Mj) follows from the fact that for
any z,x’ € R we have, by the subadditivity of sup

1
— (sup(jx — log M;) + sup(jz’ — log M])) > sup (j(
2\ jen jEN jeN

T+

) —log Mj)

c¢) By Proposition 3.4 (in [27], page 50), M, satisfies (P3") if and only if there

13



are constants A and H > 1 such that

m(\) > %, A> 0. (1.1.10)

Thus (1.1.10) implies that

M Jog(A/A) dA
M(kt) — M(t) > =
(kt) ()_/t logH A
(2log(t/A) +logk)log k S log(t/A)log k
2log H - log H

d)([27], Proposition 3.6).
e) ([22],Lemma A.1 (E)).

f)Let A,H > 0 be as in (P3"). For arbitrary L > 0 and k,r7 € N such that
k> r >0, (P4) implies for t > 0 that
o G

M, <

M, <
S T VA

MMV (hy definition).

The conclusion follows from (1.1.4).
g)([22],Lemma A.1 (g)).
h)([22],Lemma A.1 (h)).
i) First suppose € N. Then as proved in Lemma A.1(i) of [22], since the sequence
M satisfies (P3") and (P8) we apply (1.1.6),(1.1.7) and (1.1.8). Thus, there exist
¢ > 0 such that

H

/ £[7e= MO ge < \/Z(,—)MTeéM@"YfDe—M(C"Yf')dg by (1.1.6) and (1.1.8)
Rm R™ cy)"

- VAH" M,

o e MENEN e < 100 by (1.1.7).
Rm

14



For r € R, we have

/ €[Fe—eMOED ge — €[Fe—eMOIED ge 4 / |&|remeM01ED gg
Rm

€l<1 €>1

- / e—eMGlED ge 4 / €] eeMOIED g
<1 €>1

< / e~eMOIED ge / €[ me=eMGIED g
€<t l€[>1

where m is a positive integer greater than r. Then clearly the first term is
finite and the second is finite by (g) above. Thus the whole integral is finite as
desired. ]

1.2 Conic Sets and Boundary Value of Holomor-
phic Functions

We consider now the boundary value of holomorphic functions defined on wedges

with flat edges, that is, edges that are open subsets of R™.

Definition 1.2.1. A set I' C R™ \ {0} is called a conic set if whenever £ € T,

then t£ € T for all t > 0. It is acute if it is contained in strictly convex cone.

A conic set is completely determined by its intersection with the unit sphere
in R™. That is, for S" ' ={x e R™: ||z|| =1}, T ={tn: t > 0,np e TNS™ 1}
If I ¢ R™\ {0} is another cone, then we write [" cC I'if ['NS™ ' c T NS™ L.
A conic neighborhood of a point is an open conic set containing the point.
A set I's € R™ \ {0}, (0 > 0) is called a truncated cone if there exists a cone
I' such that
Is=Tn{ll <}

An open truncated cone is a truncated cone which is open. A wedge with edge
V' is an open set W =V + I, where V' is an open set in R™ and I" is a conic set

in R™. If W =V +il's, for some § > 0, we call W a truncated wedge.

15



Definition 1.2.2. Let V' C R™ be an open set and I' be a convex conic set. A
function f € O(V +ils) is said to be of tempered growth if there is an integer

k > 1 and a constant ¢ > 0 such that

C

Wy Ve eV, Vy € Ts.

[f(z +iy)| <

For f € O(V +ils), ¢ € C°(V) and y € I's we set

<fy7¢>=/vf(:v+iy)¢(x)dx.

The following theorem (from [9]) shows the existence of a boundary value for a

holomorphic function of tempered growth defined on wedges.
Theorem 1.2.3. Suppose f € O(V + il's) is of tempered growth. Then the

boundary value of the holomorphic function f, denoted by bf, defined by

bf = lim_ f,

y—0,y€l’s
exists in D'(V) and is of order k + 1, where k is as in the definition.

Example 1.2.4. Let f(z,y) = - iiy. Then f is holomorphic and of tempered

growth in the upper half-plane y > 0. By the theorem f has boundary value
bf € D'(R). Moreover, one can show that

bf = Pv(l) — imdy,
x

where Pv denotes the Cauchy principal value, and dq is the Dirac distribution.

Lemma 1.2.5. Let Cy =1, C;, 1 < j < n be open acute cones such that

has measure zero when j # k and &° ¢ C_J for 7 > 1. Then there exists acute,
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open cones IV, 1 < j < n and a constant ¢ > 0 such that
TV <0 andy.£ > cly||€] Yy e TV, V€ € C;.

Proof. Fix j = 1,...,n. Since £ ¢ C; and C; are acute there is a vector y/ €
R™\ {0} such that
"y’ <0and (C; \ 0).y’ >0,

which implies that

Y’ Y’
-
By continuity, there exists a neighborhood U; of % € S™ 1 such that
y<0and &y >0 VEeC;\0,Vy € Uj.
Let V; be the cone generated by U;. Then

V; C{y e R™\ {0} : .y < 0and y.£ >0V €\ 0.

For j = 1,...,n choose IV CC V,. Since the function (y,&) — y.£& > 0 is

continuous on the compact set
Aj=T;n 8" x CyN 8™ by =miny.g >0, Vj =1,...,n.
J

If y € IV and £ € Cj, then

(i, i) € A; and soy.£ > b;lyllE| Vi =1,...,n.
lyl" €]
Let ¢ = min{by,...,b,}. Then we can get acute, open cones IV, 1 < j < n and
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a constant ¢ > 0 such that

TV < 0and y.£ > cly||¢] Yy € TV, V€ € C;.

1.3 Wave Front Sets and the FBI Transform

Definition 1.3.1. Let Q@ C R™ be an open set and u € D'(Q),z9 € Q,&° €
R™\ {0}. w is called microlocally analytic at (zg,£°) if there exist a neighborhood
V of xg, cones I'',T? ... T™ in R™ \ {0} with £°TY < 0,Vj and holomorphic
functions f; € O(V +il}) (for some § > 0) of tempered growth such that

u = bej near xo.
j=1
The analytic wave front set of a distribution u € D’(2), is defined by
WF,(u) = {(z,£) € 2 x R™\ {0} : u is not microlocally analytic at (z,¢)}.

Definition 1.3.2. Let 2 C R™ be an open set and u € D'(Q),xzy € Q,£° €
R™\ {0}. w is called microlocally smooth at (zq,£") if there exist ¢ € C§°, ¢ =1
near xo and a conic neighborhood I' C R™ \ {0} of £° such that for each positive

integer k there is C} such that

C

lpu(§)] < w7

VéE el

where 551\1 denotes the Fourier transform of ¢u.

The C* wave front set of a distribution v € D’(Q2), is defined by

WF(u) ={(z,&) € Q2 x R™\ {0} : u is not microlocally smooth at (x,&)}.
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Definition 1.3.3. Let Q2 be open, xg € 2, s > 1. Then u is microlocally Gevrey
regular at (0, £, that is (zg, &%) ¢ W F,(u)(Gevrey wave front set), if there exist
¢ € G§(2), ¢ = 1 near zg, a conic neighborhood T of £° and constants ¢y, c > 0

such that

[pu(€)] < crexp(—calé]?), VE €T

Remark 1.3.4. If uw € D'(2), then WF(u) C WFy(u) C WE,(u).

Definition 1.3.5. Let u € £&'(R™). The FBI (Fourier-Bros-Iagolintzer) transform
of u is defined by

Fu(x,€) = / eig'(‘”’x/)’m”xﬂllzu(x’) dr', (z,€) € R™ x R™,

where the integral is understood in duality sense.

The FBI transform characterizes the smoothness, real analyticity, microlocal
smoothness, and microlocal analticity of functions or distributions (See,[9, 19,
23, 28]). The following characterization of analyticity by means of exponential
decay of the FBI transform may be viewed as an analogue of the Palay-Wiener

theorem.

Theorem 1.3.6 ([9], Theorem V.2.4). Let u € E'(R™). The following are equiv-
alent.
i) u is real analytic at xo € R™

i1) There exist a neighborhood V' of x¢ in R™ and constants c1,ce > 0 such that
|Fu(z,&)| < creFl (2,6) € V x R™.

Definition 1.3.7. Let f € C*(Q2),Q2 C R™ open, and Q is a neighborhood of

Qin C™. A function f(z,y) € C®(Q) is called an almost analytic extension of

f(z) if

1) f(z,0) = f(z) Vz € Q and ,
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2) for each k = 1,2, ... there is Cy > 0 such that

of
= < Cel(lyl®), j=1,2,...,m.
5 () < Culll), j=12,m
We recall from [9] that every smooth function has an almost analytic exten-

sion. The following results shows us that how the FBI transform is useful to

characterize wave front sets of distributions.

Theorem 1.3.8 ([9], Theorem V.2. 14). Let u € £'(R™), zo € R™,£Y € R™\ {0}.
Then (x9,&°%) ¢ WE,(u) if and only if there is a neighborhood V' of xg in R™, an

open cone I' C R™\ {0},€° € T and constants ¢y, co > 0 such that
| Fu(z, )| < cre™ll ¥(z,6) € V x T

Theorem 1.3.9 ([9], Theorem V.3.7). Let u € &'(R™), xp € R™,£% € R™\ {0}.
Then (xq, &%) &€ WE(u) if and only if there is a neighborhood V' of xq, open acute
cones TV ... )TN in R™\ {0}, and almost analytic functions f; on V + iFg (for

some 6 > 0) of tempered growth such that

N
u = bej near ro and £0.T9 < 0 V5.

=1

The following theorem characterizes Gevrey wave front sets using FBI trans-

forms.

Theorem 1.3.10 ([16], Theorem 2.3). Let u € &'(R™), xo € R™ % € R™\ {0}.
Then (x0,£%) ¢ W Ey(u) if and only if there is a neighborhood V' of o, a conic
neighborhood of T of £° such that for some ¢ € C°(R™), ¢ = 1 near x,

F(ou)(z,6)] < cre € Wz, &) e V x T

for some constants cy,co > 0.
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1.4 Integrable Structures

Let M be a smooth manifold of dimension N.
Let C*°(p) be the collection of all C* functions whose domain includes p,
identifying those functions which agree on an open set containing p. Recall that

a complex tangent vector (to M) at p is a C—linear map
v:C%®(p) —»C
satisfying

v(fg) = f(p)v(g) +g(p)v(f) VY f,g € C(p).

The set of all tangent vectors at p, denoted by CT, M is called the complex
tangent space to M at p . This space has a basis {% :j=1,2,...,N}. The
dual space of the complex tangent space denoted by CT; M is called the complex
cotangent space.

The complexified tangent bundle of M is defined as a disjoint union

CTM = [ J CT,M.

pEM

Tthe complexified cotangent bundle of M is defined as a disjoint union

CT*M = | J CTyM.

pEM

The real tangent space T, M, the real cotangent space T); M, the real tangent
bundle T'"M and the real cotangent bundle T* M are defined analogously.

Definition 1.4.1. A (smooth) vector field over M is a C—linear map

L:C®(M) = C*(M)
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which satisfies the Leibniz rule

L(fg) = fL(g) + gL(f), f,g € C*(M).

The set of all vector fields on M is denoted by X(M).

Definition 1.4.2. A complex vector sub-bundle of CT'M of rank n and corank

m = N — n is a disjoint union

V=]V, cCcrm
pEM
such that
i) for each p € M, V), is a vector space of CT, M of dimension n.
ii) given py € M there is an open set U, containing py, and vector fields Ly, Lo, ..., L,, €
X(Up) such that Liy, Loy, ..., Ly, span V, for every p € Uy. The vector space V),
is called the fiber of V at p.

Let V be a vector sub-bundle of CT M, and W be an open subset of M. A
section of V over W is an element L of X(W) such that L, € V,,Vp € W.

Definition 1.4.3. A formally integrable structure over M is a complex vector
sub-bundle V of CT M satisfying the involutivity condition: If W C M open and
Ly, Ly € X(W) are sections of V over W, then the lie bracket [Ly, L] is also a

section of £ over W. We call the pair (M, V) an involutive structure.

Definition 1.4.4. A solution of the formally integrable structure V over M is
a C' function u on M such that Lu = 0 for every section L of V defined in an

open subset of M.

Let V = |J V, be a complex vector sub-bundle of CT'M and set, for each
peEM
peM,
Vo ={AeCTyM:A=00nV,}.
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Then V* = J V- is a complex vector sub-bundle of CT*M. The above state-
pEM

ments can be reversed: If V1 is a vector sub-bundle of CT*M, then V is a vector
sub-bundle of CT M.

When V is a formally integrable structure over M of dimension N = n + m,
where n is the rank of V, we shall always denote the sub-bundle V* by T" so that

m is the rank of T".

Definition 1.4.5. A complex vector sub-bundle V of CT'M, of rank n, is said
to be a locally integrable structure if given an arbitrary point pg € M there is an
open neighborhood Uy of pg and functions 71, ..., Z,, € C*(Uy), with m = N —n,
such that

span{dZyp, ...,dZyp} = VPL, Vp € U,.

Thus if the vector field L is a section of V, then LZ; = (dZ;, L) = 0,Vj =
1,....m. (Zy,..., Zy) are called complete set of first integrals. We remark here
that every locally integrable structure defined a formally integrable structure. A
formally integrable structure V is locally integrable if and only if given py € M
and vector fields Ly, ..., L,, which span V in an open neighborhood Uj of pg, there is
an open neighborhood Wy C Uy of py and smooth functions 7, ..., Z,, € C*(W))
such that

dZy N ... NdZ, # 0in Wy;

L;Z,=0,7=1,...,n,k=1,....m

Example 1.4.6. Let M C C™ be an open set and V be the bundle generated by
d

52, 1 <1 < n. Vis locally integrable since it has the global complete set of first
J
integrals given by the the coordinate functions z, ..., z,,. The solutions are the

holomorphic functions.

The following theorem gives appropriate local coordinates and local generators

of the sub-bundle 77 when the structure V is locally integrable.

Theorem 1.4.7 ([9], Corollary 1.10.2.). Let V be a locally integrable structure
defined on a manifold M. Let p € M. Then there is a coordinate system
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{z1,...,xm, t1,. .., t,} vanishing at p and smooth, real-valued ¢1, ..., ¢y, func-

tions defined in an open neighborhood of the origin, and satisfying
1(0,0) =0, dy¢x(0,0) =0,k =1,...,m
such that the differentials of the function
Zi(z,t) = xp +igp(z,t),k=1,....,m

span T" in a neighborhood of the origin.

Writing Z(z,t) = (Z1(x, 1), ..., Zn(x,t)), we see that Z,(0,0) is the identity
m x m matrix. Hence introduce, in a neighborhood of the origin in R, the vector

fields
= 0
My, = E t)—, k=1,...
k - /,Lkl(ilf, )amla yeeey 1T

characterized by the relations M7, = dy (Kroncker delta), where py = 2 1
Consequently the vector field

are linearly independent and satisfy

L;iZ,=0,1<j<n,1<k<m.

Moreover, Ly, ..., L, span V in a neighborhood of the origin, and L4, ..., L,, M1, ...

s M,

span CTRY in neighborhood of the origin in RY. Moreover, {dZ, ... ,dZ,,dty,. .. dt,}

is a basis of CT*R™.
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1.5 Maximally Real Submanifolds

In this section we present definition of maximally real submanifolds and some

properties.

Definition 1.5.1. Let M be an N—dimensional manifold and V be locally inte-
grable bundle on M of rank n, and let m = N —n. A submanifold X C M of

dimension m is called maximally real if for each p € X
CT,M = CT,X PV,

Note that when the manifold and the bundle are smooth (respectively £M)
we get a smooth (respectively £M) maximally real submanifolds. The following

proposition gives equivalent definitions of maximally real submanifolds.

Proposition 1.5.2. Let X C M be a submanifold. Then the following are
equivalent.

a) X is maximally real

b) The pull back map 7 : CT*Mx — CT™X induces an isomorphism
"X = CrX.

Proof. (a) = (b): Suppose CI,M = CI,X &V, Vp € X. We will show that
the pull back map 7* : CT* M x — CT™X induces an isomorphism T"X ~CT'X.
Since dim¢ T) = m = dimc CT; X, it suffice to show that 7* : T) — CT;X is
injective for every p € X. So, fix p € X and let A\ € 7). Suppose that 7*()) = 0.
Then (A, V,) =0 and

0= (7*(\),CT,X) = (\,CT,X).

But then since CT,M = CT,X @V,, we have (\,CT,M) = 0, which in turn

implies that A = 0. This implies that 7* : T} — CT; X is injective and hence, an
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isomorphism.

(b) =(a): Suppose that the pull back map 7* : CT* M x — CT*X induces an
isomorphism T |X 2 CT"X. Let p e X. If {\,...,An} is a basis of T}, then
{7*(M\1),..., 7" (Am)} is a basis of CT;X. Let v € CT,X NV,. Then v € V),
implies that (7*(\;),v) = 0, V1 < j < m. Then (CT;X,v) = 0 and since
v € CT,X, v=0. Hence CT, X NV, = {0}.

Since CT, X &V, C CI,M, dimcCT,X = m, dimcV = n and dim¢ CT,M =
m + n, we obtain

CT,M =CT,X &V,
0

Definition 1.5.3. Let X C M be a maximally real submanifold. The real
structure bundle of X, denoted by RT% is the image of the real cotangent bundle
of X, T* X, under the natural isomorphism 7| ‘ = CI'X

The following propositions characterizes £ maximally real submanifolds. See

[12] for the corresponding statements in the smooth case.

Proposition 1.5.4. X is EM mazimally real if and only if near each p € X and
a complete set of EM first integrals Z;, 1 < j < m, the restrictions of the Z; to

X have linearly independent differentials.

Proof. Suppose X is EM maximally real. Let p € X. Let i : X — M be the
inclusion map, and 7* is its pullback. Then we have i*(dZ;(p)) = d(Z;x)(p)
Suppose w = > | a;i*(dZ;(p)) = 0. Then

(w,v) =0Vv € CT,X,

which implies that

m

" a;(dz;(p)),v) =0.

j=1
But for o' € V,, (3272, a;(dZ;(p)),v") = 0. Thus > 7" a;(dZ;(p)) € (CT,X N
V,)© = {0}, which implies that Y77, a;(dZ;(p)) = 0. But {dZ;(p)} are lin-
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early independent. Therefore, we have a; = 0 Vj and hence {d(Z;x)(p)} are
linearly independent. Conversely, let v € V, NCT,X. Then (dZ;(p),v) = 0. Now

(i (AZ5(p)),v) = (d(Z3x)(p),isv) = (dZ5(p),v) = 0. Since {i*(dZ;(p))} spans
CT; X, we have v = 0. Hence CT,X NV, = {0}. Since CT,X PV, C CT,M,
dim CT,X = m,dimV, = n, and dimCI,M = m + n, we get CI,LX PV, =
CT,X. Therefore, X is £¥ maximally real submanifold. O]

Proposition 1.5.5. Let X be a EM mazimally real submanifold. In a neighbor-
hood of each p € X, we can find coordinates x4, ..., Ty, t1,...,t, that vanish at p

and a complete set of EM first integrals Z, . .., Z,, such that in these coordinates,
M={t;=0:1<j<n}
and the Z; are given by
Zij(x,t) =z +igi(x,t), 1 <j<m
with ¢; real-valued, EM, ¢;(0,0) = 0 and d,¢;(0,0).
Proof. Assume p is the origin in RY. First flatten X near the origin so that
X={y:y;=0,j>m+1}

Let {Z1(y),..., Zn(y)} be complete set of EM first integrals on a neighborhood
of 0 where y = (y1,...,yn) denote the coordinates in 2. By Proposition 1.5.4,
since the differentials dZ, ..., dZ,, are linearly independent at 0, without loss of

generality, we may assume that the Jacobian matrix

NZy,..., Z)

A:
a(yla' o 7ym)

(0)

is invertible. After replacing Z = (Zy,...,Zy,) by A7'Z, we get firt integrals
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Z1, ..., %y such that
Zy,.... Zm)

a(yh s 7ym)

(0)
is the identity matrix. We use new coordinates
1 =RZ1(Y), - Tm = RZp(Y) 11 = Ymt1s -+ -y bn = Yt

near the origin. This is a £M change of coordinates and in these new coordinates,
we can write

Zj<x7t) =Ty +Z¢](Ivt)7 Jg=1...,m,

where ¢; € EM near the origin, are real-valued, and
d;¢;(0,0) =0for j=1,...,m.
Moreover, by replacing Z(z,t) with Z(z,t) — Z(0,0), we may assume that
$;(0,0)=0for j=1,...,m.

In these coordinates the first integrals Z; and X have the asserted form. O]

1.6 Pseudo-differential Operators, Symbols and
Some Properties

Consider the Fourier inversion formula

1
uo) = Gy

/ei”ﬁa(g)dg, u€S,zeR” (1.6.1)

Then differentiating under the integral sign we obtain

Du(x) = (Qi)n / e e () dE, (1.6.2)
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where D; = %aj, D = (Dy,...,D,). Consider the differential operator

P(z,D) = Y an(x)D"
la<m
If we set p(x, &) = 3| j<pm da(®)§* which is a polynomial in § with z dependent
coefficients, then (1.6.2) implies that

Pz, Dyulz) = —— / e Ep(r, €)a(€) .

(2m)

The function p is called the symbol of the operator P. Pseudo-differential op-
erators are generalization of differential operators in that they are defined by

symbols which are not necessarily polynomials with respect to €.

Definition 1.6.1. Let m,p,6 € R;n, N € N with 0 < p,6 < 1. Then Hor-
manders’ class S75(RY x R™ x R™) is the vector space of all smooth functions

p:RY x R® x R™ — C such that
|DEDSDp(x,&,y)| < Capy(1+[E])" AU o, 5,y € N, Cagy

independent of z € RY ¢ € R",y € R™. The function p is called pseudo-
differential symbol and m is the order of p. For p(z,§) € SJ5(R™ x R") we
define the pseudo-differential operator P(x, D) by

Pl Du= o [ evpla,a()ic

1
(2m)"
In particular, when p = 1,9 = 0 we obtain the most simple and most common

symbol class STy. If p € ST, (R™ x R") is a symbol, then

1
(27)"

Pla. D)= [ e"ptaae)ag

defines the associated pseudo-differential operator, where u : R™ — C is suitable

function. For instance, if u € S(R™), then p(z,&)u(§) € S(R™) with respect to £
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for fixed x € R™. Therefore, the integral exists and P(z, D)u is well defined.

Example 1.6.2. Let p(z,£) = 3, <, Ca(x){* be a polynomial of order m € Ny
in £ with ¢, € Cg°(R"). Then p € ST and P(z, D)u = 37, <, Ca(®)D%u Yu €
S(R™). Hence every linear differential operator with smooth and bounded coeffi-

cients is a pseudo-differential operator. In particular, the Laplacian
A=0i+...+0;

is a pseudo-differential operator of order 2 with symbol —[¢]* = =377 &7

Definition 1.6.3 (Sobolev space H®:). Let s € R. Define

H*={uec S'(R"):4a¢ L (R") and ||u||% < oo},

loc

where ||u||%. = ﬁ S 10(E)P(1 4 [€]7) 8.

From the L? boundedness of pseudo-differential operator we can easily derive
the continuity of pseudo-differential operators on the Sobolev space H*(R™). An
operator P*(z, D) is formally adjoint to the operator P(x, D) if

/P(av,D)u(ac)v(a:)da: = /u(a:)P*(x,D)v(x)dx, u,v € Cg°(R").
If P(xz,D) is a pseudo-differential operator of order m, then P*(z, D) is also a

pseudo-differential operator of the same order.

Lemma 1.6.4 (Garding inequality). (See [2/] and [25]) If A is a classical pseudo-
differential operator of order m with the principal symbol po(x,&) satisfying the
condition Rpo(,€) > colé]™, €] > 1, then

R(Au,u) = collullty — arllullos, Vu € C5(K),

where ¢; = C1(K), K compact subset of R™.
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Chapter 2

Continuity of a Class of FBI

Transforms on Sobolev Spaces

2.1 Introduction

Consider the class of FBI transform (0.0.3), that is, for each £ = 1,2, ...

Filu,x,€) = / e lelle=l™y () dy, x,€ € R™, (2.1.1)

m

where the integral is understood in duality sense when u is a distribution. In
this chapter we establish the boundedness of the transforms (2.1.1) on Sobolev

spaces. The case where k = 1 was treated in the work [8].

2.2 Continuity of the FBI transform on Sobolev
Spaces

We will use of the following Faa di Bruno generalized formula to prove some

results in this section and in the later chapters.

Theorem 2.2.1 ([18], Corollary 2.10). Let v € NI*, |y| > 1 and h(xq,...,xq) =
flg(zq,...,2q)) with g € CV(U,,) and [ € CM(VyO), where yo = g(xo), and
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Uz, CR* and V,, C R open neighborhoods of o and yo, respectively. Then

v Ivl 3“{9)
Oh = Za'“fz e

p(v,r)

where

p(y,r) ={(k1,.. . kppan, ... apy) 0 for somel < s <|vy|,k;=0anda; =0

for1 <@ <|y| = s;k; >0 for|y| —s+1<i < |y]; and0 < ajyj—sp1 < ... < ayy are such that

o7 vl

Zk’l =T, Zkzaz :’7}
i=1 i=1

In particular, we have (see [18], page 515) that there exist C' > 0 such that

]
"y H 1 ('1’_‘;) yeuls (2.2.1)

p(y.r) 5=1 k!

Here, for two multi-indices v = (v1,...,v4) and g = (pq, - . ., fq), the linear order
v < p means one of the following holds:

) o] < lul;

(ii) |v| = |p|, and v1 < pq, or

(iil) |v| = |p|, 1 = g1y -+ vk = g, and vgq < pgyq for some 1 < k < d.
We write v < p if v; < p; for every 1 < j < d.

We now state and prove the boundedness result.
Theorem 2.2.2. Let ¥ CcC Q C R™ be open sets, ) bounded. Then for any
ue '),
() ||l
: O(// | P, 2, €)PIE]E (1 + (€)™ deda + [l 1)
Q m
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(b) Conversely,

/Q/ |Fi(u, 2, €)2€] 5 (1 + €2) 25 deda < O||ul|?,

where in both (a) and (b), the constant C' is independent of u

Proof. Observe that

| Fr(u, x f // (s—y)— €l (lz—y|k+]z—s|?F) uly )@dyds,

which leads to

L//Iﬂ@wfwwmﬂﬂﬁfﬁm
Q m

_// //ei£~(s—y)—|§(|$—y|2k+|m—32’€)|£|7§(1_|_’£|2>su(y)—u<8) dydsdédz
QJRrR™ JQ JQ
:/ /QLeig'(s_y)q(y,s,f)lﬁlg(l+|§|2)5u(y)@dydsd§,
where
a(y,,€) = / o lel(e—yl2 Ha—si) g
Q

Let Q(y.5,€) = q(y, 5, €)[€]7 (1 + [¢[*)*. We will show that ¢(y, s,€) €
that for any €' C Q" CC €, there exist ¢,b > 0 such that

3

J‘Hw‘

[~
e

Qy,y,€) > clg|2 2 (1 + [¢)* for y € ", [¢] > b.

We have

m%%@:(ée“wfwﬁmﬁu+m%

= ([ eear)iert v epy.
Q\y

Since 0 € Q\ y for each y € " by compactness, there exists § > 0 such that the

ball B5(0) € Q\ y for every y € Q. Hence B1(0) C (Q\ y) for every y € Q"
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and therefore, B1(0) C |€]25 (2 \ y) for every y € Q” and all € € R™ satisfying
€] > 5. It follows that for any y € Q”,& € R™, [¢] > 5,

/ o2t gy _ L / o2l g
Q\y €155 Jigiak (@)

Z 1m / eiQ‘U‘deU
‘€|ﬁ B1(0)

> 0,

T m, C
|€| 2%
and so for such y and &,

Qy,y,€) > cé| 2 (1 + |¢*)°.

Set b = 52%, and let «, 5, be multi-indices. We will show that there is a constant

Cu 3,y > 0 such that

8?8532(](3;, s, f)‘ < Capo(1+ |§|)%—\al+ﬁ(lﬁl+h\)

for y and s in compact subsets and |£| > b.

Consider first 9¢q(y, s,¢§) :

Let h(z,y,s) = |v — y|* + |z — s|**, F(r) = e7"@¥%) and ¢(¢) = [¢]. Then
e lEhews) — F(g(€)). To estimate 92 Fog(€), we will use the multivariate version

of the formula of Faa di Bruno formula (Theorem 2.2.1).
|af

%Fose)= 30 DReO) S @] %

1<A<]ef p(a,A)
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where

pla, A) = {(k1,... kjo)s iy .. L) for some 1 < s <|af,k;=0and ; =0

for 1 <i < |a|—s;k;>0for |a| —s4+1 <4 < |a|; and 0 < ajq)—sq1 < ... < [|o| are such that

|al laf

S k=AY kili=a}.
=1

i=1

Fix (k1, ..., kjailis - lja)) € p(a, A). Then

DYF(r) = (=1)*h(w, y, s) e o0,

s (Dlig)ti
J=1 k110 k

of degree > 7, (1 — [[j])k; = A — |a|. It follows that J¢q(y, s, &) is a finite sum of

and since g(&) is homogeneous of degree 1, the factor ] is homogeneous

constant multiples of terms of the type

/ h(z,y, s)'e” ME0g (€)da,
Q

where ¢, (§) is homogeneous of degree A — |a].
For a multi-index 3, we next consider 858?([(3/, $,€):
From the form of ag‘q(y, s, &) that we have seen, we only need to consider terms

of the form

/ aﬁ{h@c,y, s>Ae'€'h<w7w>}qA<5>dx,
Q

where ¢y (€) is homogeneous of degree A — |a| and 1 < A < |a|. We have

Aaf{h(w, Y, S)’\e_glh(x’y’s)}q,\(é) dx = Z (?) /985_‘5{h(a:,y, s)A}age_mh(x’y’s)qA(ﬁ) dx.

6<p

In the latter sum, consider a term

B—3d A 6 _—|&|h(z,y,s
0, {h(w,y,s) }8ye el (y.9)
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Once again we use Faa di Bruno’s multivariable formula to compute
oI = O F (g(1)),

where g(t) = [t|** and F(r) = e "¢l We have

k i Dljg)
8 o—lElt?F N
dje = E (D E 4! LR

1SN L8| p(sN) =1 7

where S k= N, S0 kily =6, and 0 < 1y < ... < .
Fix X1 < X < |0 and (b, ..., kg3 li, .., 0s) € p(6,N). For each 1 < 5 <
s, Dlig(t) is either 0 or homogenous of degree 2k — |I;| > 0. Therefore,

(Dlig)ki
Rl (1)

is either 0 or a homogeneous polynomial of degree > 7, k;(2k — |1;]) = 2k — [4].

Thus 836"5 le=yI** ig a constant linear combination of terms of the form

o r— 2k
g (@ =yl e e

where gy is either 0 or a homogeneous polynomial of degree 2kX — |9]. It follows

/aﬁ 5{ T }3 —[€[h(2,y5) (&) dx
= / 85_5{h(x,y, s))‘} (age—§||I—y2k)e—§llz—s2’“q/\(§) dx
Q

is a constant linear combination of terms of the form

that

/985_6{’1(9% v, S)A}gx(:r — y)qa ([N e ) gy,

where gy is either 0 or homogeneous of degree 2kN — [6],1 < X < |d],¢x(€)
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homogeneous of degree A — |a|,1 < A < |a|. The same argument shows that for
any multi-index -, 8?858§q(y, s,€) is a constant linear combination of terms of

the form

/ "o, _5{h(x, v, S)A}gw(fv — 5)gx (& = Y) @ (E)|EN T e EIMEw) gy,
Q

where gy~ is either 0 or a homogeneous polynomial of degree 2k\" —[§'| >0, 1 <
N1 < |yl 18] < 18], 1 < A < ||, and gy, and ¢, are as before. Since

h(z,y,s)" is a polynomial of degree 2k)\, we may assume that
Y[ =10 + 18] = [0] < 2kA.

Clearly, for some constant C' > 0,

336/355{h(%y, S)AH < Ch(xw,y, s)\ "~ ot

and

gA//(LU — S)g/\/([L' — y)‘ S ChA/_%—F/\”_%.

Thus

53—5’05‘5{h<x, 7 s>*}g»/ (2= $)gx (2 = P)ar(©E ' e )

< Cyh(x,y, S)A—H‘/—H‘H_%_%|§|>‘+>‘/+>‘”|§|_|a|e—|f|h($yy75).

We claim that we may assume A + X + )’ — % — % > 0. Indeed, this follows

from the fact that unless
] = 10"+ |B] = |6] < 2k[8], 2N > || and 2kN" > [0'],

the product
0170072 W(a,3.5 fowla = hgw(e =)
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would be zero. Thus

‘h(m, y, §) VXN =G B XX g | lal g lelh(@.9)

,\+,\’+Xu%f‘ik'
) o) g 25l o~ )

= (A0l

\5\+|’Y\ ‘a| h(a:ys)

< Colg]

for some C; > 0, where we have used the fact that for any d > 0, the function

t?e~" is bounded on [0, 00).

It follows that for some constants C' > 0,C > 0,

/ h(z,y,s)

IBH-I’Y\ —la|— 12

oeaq(y, s,@\ <

< Clgl >

\ 3

el

We have shown that ¢(y, s, &) € S| i Let (&) € CP(R™),p(§) =1 for [¢] <2

and p(§) =0 for || > b. We write

/ / [P, 2, O)PIENZ (1 + [€]°)° deda = Ay + Ag,
Q m

where
_ 201 _ 5 2\s
A= [ 1R PO = (€Dl (0 + Iy dede
and
— 2 £ 2\s
te= [ [ 1R Pl 0+ ) de
We have
(s—y) (1 _ = 2\s o)
A= [ [ e pl)at s 6l (1 I ) dydsde

= (Tu,u),
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where

Tu(s) = [ ] 0= (a5 €I (1 + 6P uly) dy

mk—m
is a pseudodifferential operator in the class \I/isi 2 By the boundedness of
2k

pseudodifferential operators in this class (see [23]), there exists C; > 0 such that

Ay < Cyllul

mk—m -

2
H*t 4k
The integral A, is of the form

AQ = <SU,U>,

where S is a smoothing operator and hence for any M > 0 there exists Cy; > 0
such that

Ay < Curllul 5.

It follows that for some C' > 0,
[ [ 17 oIl 4162 dede < Cllal?, g
(9] m

which establishes part (b) of Theorem 2.2.2.

To prove part (a), observe that the amplitude of the operator T is

B(y,s,€) = (1 —¢(&))aly, s, ©)I€]* (1 + [€[*)",

and therefore, for any €' C Q" CC €, as we saw before , for some C > 0,

B(y,y,&) = (1 — (€))aly, v, )I€] % (1 + [¢[*)°

mk—m

> C(14 €2 % fory € ', |¢| > b.
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Hence by Garding’s inequality, there exists C' > 0 such that

Hel? s < Av Cllul sy

Therefore, for some C' > 0,

2
H‘S+mk_m71[)’

[l mtem < C( /Q / 1Pl 2, I (1 [€) dgda + lul

which proves part (a) of Theorem 2.2.2. O

We recall that a function p(z,£) € C*(Q x R™) (© C R™ open) is said to
belong to the symbol class 5575 if for every pair of multi-indices a, 5 and every

compact subset K C (),
070 p(a,€)] < (14 [¢)FrleHVPl 2 e K, € e R™

Given a symbol p(z,§) € SZJ, the corresponding pseudodifferential operator

P(z, D) € Wk 5 is defined by

Pl Dju(e) = [ [ 0 plauty) dude. we €19

If u € £'(Q), one says the point (z,£%) € Q x R™\ {0} is not in the H*
wavefront set of u (denoted (g, %) ¢ WF(u)) if for some p(x) € C5°(Q), ¢(z0) #

0, and an open cone I' C R™ with vertex at the origin and containing &9,

[IFu© P+ 1€P) ds < .

It is well known that (zg,£%) ¢ WF(u) if and only if whenever P(z, D) is an ellip-
tic pseudodifferential operator of order zero whose support is in a conic neighbor-
hood of (¢, &%), P(z, D)u € H*. The following theorem is a microlocal version

of Theorem 2.2.2.
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Theorem 2.2.3. Let (10,£") € R™ x R™\ {0} and p(x,§) € S, with support
in a conic neighborhood 0y x T' of (z0,£°), Q1 CC Q. Then for any u € E'(Q)

( CcC Q' CC ), there exist constants C1,Cy > 0 independent of u such that:

() [[P(x, D)ul |7

<l [ [ 17w OPlpte OFIEF 165 dode 4l )

m—mk

(b) /m/Q|fk(u,CI@S)IQIP(I,§)|2|§|ZL(1+\€|2)t+ - dwdg

< (1P Dyl + Il ).

Proof. We have

|| Rt 0 Plote. P16l (1 -+ € dodg
B // " / / Bl P, ) P16 % (1 + [€°) u(y)uls) dydsdgd
[ e s 1% (4 € ut)l) dudsi,
mJQJQ
where
e K I
Q

For any multi-indices «, 3,7,

« _
NSO (y,5,6) = (5> / 0,0, (e'ﬁh‘x’y’s>)8§‘ "Ip(z, &) de.
Q

i<a

We saw in the proof of Theorem 2.2.2 that for some C' > 0,

838582 <6_|£|h(7»’ay75)) ‘ < C’|§|_5+%.
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Since [p(z, &)|* € S, for some C’ > 0,

3¢ |p(x, )P < C')g[l1
and hence

(L —(€)a(y.s,€) € Sl_i
Write

L it Pl I (04 I ) dode = Ay + 4

where

A= [ [ = )l Il 1+ 1€ ulwale) dydscs

and

AQ_/ / / e o(O)ar(y, s, )IENT (14 [€) uly)uls) dydsde.
mJQJQ

We have A; = (Tyu,u), where

Tuue) = [ [ 00— ()l 5161 1+ 1) ulo) dyde
We recall from the proof of Theorem 2.2.2 that
Tuls) = [ [ D p(@)aly. s €EIE (1 + P uly) dyd
m Ja
where ¢(y,s,£) = |, e~ El(z—y* +z=s**) g5 Write
P(z,D = Elp(a, dyd¢.
@ Djute) = [ [ et uly) dyi

We observe that if P*(x, D) denotes the adjoint of P(x, D), then the principal
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symbol of the composition P* o T o P is the same as that of 77. Indeed, the
principal symbol of T} is given by

(1= @(€)ar(y, v, )IEIT (L + €)= (L = @(©))p(w, &) Paly, y, )] % (1 + [¢)",

while that of P*oT o P is

p(z, ) (1 — (€)a(y, y, O)IEI T (1 + €[*)*p(=, ).

Therefore, the difference £ =T — P* o T o P is a pseudodifferential operator in
2s+7m’§;m

the class W, | 2. Tt follows that
12k

Al = (Tm,u)
= (P*oT o P(u),u) + (Eu, u)

= (T'(Pu), Pu) + (Eu,u).
By Garding’s inequality, there are constants C}, C5 > 0 such that
Re{ (T(Pu). Pu) | 2 CUIPUIE, , mn = CHIPUE .

We also have, for some C3 > 0,

[(Bu, u)| < Cs]lul

2
G TR

Hence for some C4,Cy > 0, since P(x, D) is of order 0,

Ay > G|Pul? | mim — Csl|Pul
H 1k

2
G TS

Since A, involves a smoothing operator, the proof of (a) is completed.
(b) follows from the continuity of 7} and the fact that A involves a smoothing

operator. O]
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Chapter 3

FBI Transform Characterization
of the Ultradifferentiable Wave
Front Set

3.1 Introduction

The ultradiffrentiable classes are a natural generalization of Gevrey classes ob-
tained by considering a sequence of real numbers M = (M;),en satisfying some
properties. Recall that a tempered growth of holomorphic function implies the
existence of boundary values of distributions (Theorem 1.2.3. Z. Adwan and G.
Hoepfner [2] recently proved sufficient conditions for the existence of boundary
values in the sense of ultradistributions(Lemma 3.3.6). Our goal here to character-
ize ultradiffrentiable functions in terms of existence of almost analytic extensions
(together with the work of Z. Adwan and G. Hopfuner ([1], Lemma 17) and to
characterizize the ultradifferentiable wave front set by using more general class
of transforms (with a sum of finite number of elliptic, homogenous polynomials),

which generalizes the work in [10] to ultradifferentiable classes.
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3.2 Almost Analyticity in Ultradifferentiable Func-
tions

Let © C R™ an open subset and (M;);en be an increasing sequence of positive
real numbers with the properties (P1) — (P7) (see chapter one) and £M(Q) be
the corresponding ultradifferentiable space.
For each sequence M = (M), let

J

t
M(t) = suplog TR t € (0,00), M(0) = 0.

J J

be the associated function.

Definition 3.2.1. Let Q& C R™ be an open set and f = f(z) € EM(Q). A
function F = F(z,y) € EM(Q x (=1,1)™) is called an M— almost analytic
extension of f if the following holds:

i) F(z,0) = f(z) for all x € ; and

ii) for all (z,y) € Q x (=1,1)™ and for all N = 1,2, ... there exists a constant
C > 0, independent of N, such that, for all 7 =1,...,m it holds

CN+1
<
- N!

oF

— My lylV.
8§j<z) N|y‘

Lemma 3.2.2. Let « € NJ',z € R™{0} and h(z) = |z|~?™. Then there exist
C > 0 such that

0°R(x)| < C1H Y (m 4 |af — 1)!|z|2mlel,

Proof. Let

m

f(t)=t""and g(x) = fo

J=1

so that h(z) = f(g(x)). We will use Faa di Bruno formula to compute this
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derivative, that is,

laf |al

rel () | (8ajg)kj
0°h(x) =D [Dg@) Y o [ 7—
. k]'(O{]') J
r=1 P(a,r) j=1
where
pla,r) = {(ki,.. ., kaj;1,...,0q)q)) ¢ for some 1 < s < |a|,k; =0and a; =0

for 1 <j<lal=s;k;j>0for|a| —s+1<j<|af; and 0 < qa—s41 < ... < Q|q are such that

|al |

Z k?j =, ijaj = Oé}.
i=1 j=1

Now f/(t) = —mt=™"1 f"(t) = —m(—m — 1)t7™2 and in general

~
=
=
—
~
S~—
I

(—1)T7”! (m —|—: — 1) pomer (—1)T(m +r— 1)(m +7r— 2) oomtT™m T

Let a; = (aj,...,a}"), j=1,2,...,]al. Then

N olail
0%g(r) = ———g(x) =0
Ox,” ...0xn
except when a; =e; = (0,...1,0...,0) in that case it is 2z, and when «; = 2e¢;
the derivative is 2.
Thus when «a; = e; from Zl;ﬂl k;j = r and Z‘;ﬂl kjo; = a we have |a| =1, a =
(k1,...,Kja)). When o = 2e;, we have |a| = 2r and a = 2(ky, ..., kjq)).

Therefore, since there are non zero terms only when r = |a| and 2r = |a|, and

using the fact that

|
o, [m+5 —1 m+lal —1
2

we have
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|ex] k.

“h, TTL—|-|O[| 1 —2m—2|a (2$)J

|0%h(z)| < |a ‘l( )H? 2|al E kl!---kla\!llk—]“
4!

k1+...+k|a‘:‘a| 7j=1
|l k.
+ |al! mlaf =1 z| 72 lel 2k (2K (Q)J,
le [(21)k
lof 2kt +... 42k o = o Rl (2D)%

1442k o =|a] J
—1
= |OZ|| m+||aa|‘ )| |—2m—2|a|2\a| [L'(kl ..... Eja)) Z 1
k1+...+k|a‘:\o¢|

o]
m+ |a] —1 oo 1
+ |af! o >|x| 2m—lal g (2k1)!. .. (2K1))! o

2k1+...42k| o =]l j=1 1
|o
m+|a|—1 —2m—|a e
SO v IRl CERND DENE EU AT SR | =)
kit ko =al 2k1+...+2k o =|a] j=1 !
1
< |a! m+ |l |z|72m=lel (2ol | 4 Clel ) from (2.2.1)
|

m + || —
< ("1 a2 (o)

a m+|a|—1 —2m—|a
< (! |+1|0¢|!( o] )]1:\ 2m=laf

< Ol (m 4 | + 1)z 72mlo

]

Lemma 3.2.3. Let  C R™ be an open set. f € EM(Q) if and only if there exist
F(z,y) € EM(Q x (=1,1)™) such that

(1) F(z,0) = f(z) on Q and

(2)

CN+1
<
- N!

OF

— MylylN, Vi=1,2....
%j(z) Nyt Vi=1,2,...,m

on Q x (=1,1)™ for some constant C' > 0, where z; = x; + 1y;.

Proof. Suppose f € EM(Q). Then (by [1], Lemma 17) f has an M— almost
analytic extension F' = F(z,y) € EM(Q x (=1,1)™)).
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Conversely suppose there exist F'= F(z,y) € E¥(Q x (=1,1)™)) such that
(1) F(z,0) = f(z) on © and
(2)

CN-H

oF
<
- N!

a—zj(z)

Mylyl~, ¥i=1,2,....m

on Q x (=1,1)™ for some constant C' > 0. We will show that f € £M(Q).
It suffice to show that f € £M(B,) for each sufficiently small ball in Q. Let
By, = {x € Q: |z| < 2r} such that By, C Q. Let F(z,y) be as given above on a
neighborhood of the closure of €, = By, X B,.. We may assume that F(z,y) =0
fory e B, \ (—1,1)™.

Set w(z) = dz; A ... Adzy,. We will identify C™ with R*™. For k= 1,...,m, let

we(Z) = (¥ YE A AdZy ANdZ AdEjg A A dE,

where dz;, is removed. Let o, be the area of a unit sphere S*~! in R”. The for
each x € B,, from the higher dimensional version of the inhomogeneous Cauchy

Integral Formula, we have

F(@) = F(z,0) = Q(iizn_m /m F(w) S (@ — m)lw — 2 ~>"w(@) A w(w)
_ z(ii:m /Q 3 %(w)(wk — a)|w — 2 (®) A wlw)
= fi(z) + fa(x)

Since fi(z) is real analytic on B,, fi € EM(B,). Tt remains to show that f, €
EM(B,).
Let a = (aq,...,q4,). Then

o o) — — 22" /Q SO wyae {(m — a)w — 2|2 | w(@) A ww).

02m
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For x # w,

0 (1~ ol o] = 3 (5 )220 — )0z — a1

B

= (Wi — )07 [lw — [ *"] = oy *Jw — =]

al
(v —ep)! ”

= (W — 21) 0% [Jw — 2|7 — a0y~ [Jw — x| 7>"]
Using Lemma 3.2.2, we have

e e I
[w — |07 [lw — 27| + | 0p = [lw — x| 7™
< (m+|al —1)! <C|a|+1|w — z||w — 2|72l g0l — x|_2m_|o‘|+1)

< C«\al—&-l(m + ’a| o 1)!|w o x|—2m—\a|+1

Therefore,
1o} 21 " o | (— —2m
|0 fo(x)] = a (w)|107 | Wk — @) |w — [~ | [Jw(W) A w(w)]
T2m Ja, .5 1 9Wk
22m |Sw| N
|ocH-1 | N+1 —
< 2ot m ol ~ i [ Z () M)
< 2kl 4] - NS [ guY e,
o O2m N‘ Qr
227 M2m+\a|—1
< = 4 |af — 1)101H2m / dv (let N =2m + |a| — 1
<5 fof it B [ o] = 1)
< &C|a‘+lc|a‘+2mM2m+|a\—l
O2m
227m _
< _C|a\+10|a\+2mAH2m+|a| IMmelM‘ |
< Cl\a|+1M|a|
Therefore, f, € EM(B,) and hence f € EM(B,). O
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3.3 Characterization of the Ultradifferentiable
Wave Front Set

Let ¢ € EM(R™) such that 0 # [ |¢(z)]dz < co. Following S. Berhanu and J.
Hounie [11], define the FBI transform of u € £M'(Q) with generating function 1
and parameter A\, 0 < A < 1, by

Fosu(a.§) = (u(e), <=0 |gPa = ) ))

Note that if ¢ (z) = e ", then Fy,1 1s the classical Fourier-Bros-lagolnitzer
(FBI) transform.
Let p(x) be a positive polynomial of the form

k

p(x) =Y pi(w) = pi(z) + ... + pul)

=1

where

= Z agx®, L=1,... k; a,, € Ry

|a|=21

and p(x) (I =1,..., k) satisfies

alz)? < Z ar® < byz|?*
|a|=21

for some constants 0 < ¢; < b, [ =1,... k.
Take ¥(z) = c,e P where ¢, = (Jame —P()dx)~!, as a generating function

and - as a parameter. Then for u € EM'(R™) we define the FBI transform as

Fu(z,€) = cp<u(a:’), eii-(x—x’)e—lél%pl(x—x’)—-~-—|€\pk(x—x’)>’ z, & e R™
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Let x(z) € DM(R™), such that x > 0 and [, x(x)dz = 1. Set

Let u € EY'(R™) then the inversion formula becomes

u(z) = lim @ g (e€) Fu(a', €)|€] 3 da'dg

e—0t RmxR™m

We recall the following theorem, which characterizes Gevrey wave front set of
a function in terms of the above generalized FBI transform, where they used pos-
itive elliptic polynomial of the form pi(z) = >_,_g @az® p2(x) = > 5_0 bpx?
with [ < k.

Theorem 3.3.1 ([10], Theorem 3.2). Let u € E'(R™),zy € R™, &% € R™ with
€% = 1. Then (z0,£°) ¢ WF,(u),s > 1 if and only if there exist a neighborhood
V' of zg, a conic neighborhood T' of £ and constants a,b > 0 such that for some

¢ € C(R™), ¢ = 1 near x,
F(éu)(z,6)| < ae ¥ (z.6) e V xT.

We will generalize Theorem 3.3.1 to ultradifferentiable classes. First we will
have some lemmas. In the following lemma Q C R?*™ = R” x R” will denote an

¥ = (x),...,2) €

rYm

open subset containing the origin, z = (z1,...,2,) € R",
R”.

Lemma 3.3.2. Let Q C R*™ =R” x R™ be an open set. Let

Q(z,2',€) = i€.(x — ') — |€[Fpi(x — 2') — ... — [¢|pp(z — 7).

Then for each compact subset set K C ), there exist C' > 0 such that for all
aeNyp, L>0and || >1,

|a§,662(a:,x/,§)| < e%M(LKI)M‘a'e%CIaHl on K.
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Proof. In what follows, we may increase the constant C' from line to line, a finite
number of times. Let K C {2 be compact.

Applying Fad di Bruno formula

|ov] |ev| Qj k.
0 Qe 8) _ N Qe e) (0,7 Q)™
e —Ze Z O‘!Hk;.l(a,l)kj'
r=1 y =1 0N

p(a,r

Thus using the fact that pi,...,p, € E¥(R™), we have for [£] > 1,

|ot] |ot]
(0, Q(z, 2’ 5))
o Qz,a§)| Q(z.z'£)
a3 3 [ RS
p(evr)
|ot] |ot] o
(0, Q. 5))
RQ(z.2",£)
=) > |a|'H| Pt
p(a,r)
. 1 . . kj
o o [|§||a§ﬂ (0 = )| + €10 pre — )| + ... + €10 pul — o)
S SNl i R
r=1 p(a,r) j=1
k;
o (|5|C'aj'“Mlajl)
< |
r= par

Now from (P7) and (P5"), respectively, we get,
|ot] lot]
HM <HCJ|QJ‘M| ilkj—k; <C| ‘M‘M
7=1
Also the inequality (a + b)! < 2%*%alb! implies that
ﬁ |£|C|aj\+1 k; - ‘5’rc|a\+r4|a\
, a;! - la|! '
7=1

Therefore, using

H 1
t" M- < \/Z(Z)TM|Q|65M(L'5),15 >0 (Lemma 1.1.10 (f)),
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we obtain

Theorem 3.3.3. Let Q be as in Lemma 3.3.2 and u € EM'(Q).

k;
o | <\€IC'O‘J"“M|QJ.|>
o Q(z,x’,£)
D W o |
r= 1pa7‘ 7 J
la| |at]
<D0 D leretiraeiag, »-rH L
r= 1p(a7’
lot] |ot] 1
< ML, S Z oy | B
r= 1par 7j=1 kj
|at| |at]
< By 37 (T Hk'
r= 1p(a’r
L lot] ) |ot]
= eV, IC'“‘Z“Z Hk.
r=1 p(a,r)
L |ot] ||
< eV, \GLC'O"ZT' . Hkl
p(a,r) j=1 J

< e%M(LK')MMefC’l“IC"a‘ from 2.2.1

IA

eSMWED pp o+

K cC Q and for every L > 0, there exist C, > 0 such that

Proof. Let u € EM'(Q). Then by definition Fu(z,&) =

| Fu(z,&)| < CeMEl) ¢ e K, ¢ ¢ R™,

]

Then for each

(u(z'), p(x, 2’ £)), where

s / 1 ! / . o .
o(z,2', &) = et @r)-lEFpi@=a) =~k @=2) Fix K cc Q. Then from definition
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1.1.8 , for any ¢; > 0 and suitable C'; > 0 depending on €; we get
[Fu(z, §)] = [u(z'), o(z, 2, €))]
||
< Cy sup 3 —— sup |9ep(, ', &)
Mia|

aeNy a'eK
02 (eiéxm’uaim(m')...|spk(:ex’)) ‘ }
x

By Lemma 3.3.2, for such a compact set K there exist C' > 0 such that for
a e Ny, L>0and |{] >1,

||
€
= (' sup { L sup

aEN la| z'eK

agz/ (eig.(xm/)|§|lip1(a:x/)...|§Pk(xm/)) ‘ < G%M(L‘£|)€%Cla|+lM|a| on K.
Thus for |£] > 1,

sup
r’eK

o, <eis.<m'>s|im (mw’>...|£|pk<m'>) ’

< MU E plaltiyy

< MULIED 2 a1

= |al

Thus
€|a| H
| Fu(z,€)| < Cy sup {1_C|al+1eM(Llé)Ma|eL}
aeNG M|a\
:q&ﬂwwww{wmw}le
aeNg®

< Oy ML)

where we choose ¢; < % For || < 1, the estimate holds by continuity. O
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Let M (t) be the associated function to the sequence (M;). The Young conju-
gate of the associated function, w* : [0, +00) — [0, 400] is defined by

w*(r) = sup{M(t) — rt},

>0

which is comparable with w* (see [31]) in the sense that for every H > 1 there

exists C' > 0 so that
M*(Hs) —C <w*(s) < M*(s), Vs > 0.

Another important function is

. , sI M,
M*(s) = —log]%g{ 7 ]}.

Note that from the definition of M* and M one has
M(t) <inf{M~(s) + st}, Vt > 0.

Note also that if M; = j!* (s > 1), then M*(t) is equivalent to 1% (see [26], pp.
t5=
198).

Remark 3.3.4. Condition (ii) in Definition 3.2.1 is equivalent to the condition

or

< Ce M (ClyD)
7z (2) e

Definition 3.3.5. A complex vector sub-bundle V of CT(U x V') (where U and
V' are open subsets of R™ and R", respectively) of rank n is called M —locally
integrable structure if for each p € U x V', there are open neighborhood 2, C UxV
of p, functions ay ;, Z, € EM(Q,), j € {1,...,m} such that

Vy = span{(L1)g, ..., (Ly),} for each ¢ € €,
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where

0 - .
b= gt ot o (50) €Dy =1

and

span{(dZy)q, .., (dZn)q} = Vo, Vg € Q.

The following lemma [Theorem 3.1, [2]] gives sufficient conditions for the
existence of boundary values in the sense of ultradistributions for certain solutions

of M —locally integrable structures.

Lemma 3.3.6. Let V' be a neighborhood of 0 € R™, I' C R™ be an open acute
cone with vertex at the origin, 6 > 0,Ts =T N{v:|v] <&}, f € COV xT) and
V = span{Li,...,L,} be M— locally integrable structure of class EM(Q). If

(1) Ljf € L*(V xTI'), 1 <j<m

(2)f increases M*—exponentially, that is, for all o > 0 we have

\f(x,t)\e’gM*(Wg) < 0.

Then, there exist the boundary value of f in DM'(V), i.e., there existbf € DM (V)
such that

(bf,p) = lim /f:zct z)dx, Yo € DM(V).

I'st—0

For future reference, we will use Lemma 3.3.6, under the hypothesis in which

m=mnand L; = 0;,.

Definition 3.3.7. Let u € DM'(Q), 7y € Q and £° € R™\ {0}. We say that u is
M —micro-regular at (g, &%) if there is a neighborhood V' of zy, acute open cones
[y,....T, € R™\ {0} and f; € EM(V +4I?) (for some § > 0) that increases
M*—exponentially such that

i) T <0V

ii) u=>"_ bfj near z

S (x,y)| < CVHMEYIN Y = 1,2, m Wk =1,2,...m, VN €N.

iii)
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The ultradifferentiable (M —) wave front set of u is defined by
W Fy(u) ={(z,§) : uis not M — micro-regular at (x,&)}.

Our main theorem is the following which generalizes Theorem 3.3.1 to ultra-

distributions.

Theorem 3.3.8. Let u € EM(R™), 2o € R™, &0 € R™ with [€°] = 1. Then
(w0, &%) & WEy(u) if and only if there is a neighborhood V' of xg, a conic neigh-
borhood T' of €% and constants a,b > 0 such that for some ¢ € DM(R™), ¢ = 1

near o,

| F(pu)(x,€)] < ae™™MOED (1 6) e V x T

Proof. Without loss of generality take xo = 0. Suppose (0,&%) ¢ W Fy(u). Then
by definition there exist f; € £ in some truncated wedge V 4T} (6 > 0), V a

neighborhood of 0 and I" an open cone such that

Du=>"_bfjonV
i) €21 < 0 and
iif)[ 52| < CNHAME YN VE=1,2,...m j=1,...,m; VN € N with

* ‘ ‘
| fx +iy) e M %) < 00, Vo > 0.

Without loss of generality we may assume that v = bf. Let r > 0 such that
B,y, CCV and ¢ € D™(By,) such that ¢B, = 1. Let v € I's and

Qla, &) = i€(x — ') — el kpr (@ —a') — .. — [élpu(x — ).

Then
F(ou)(z,&) = ¢, lim Q@& (1) f (2 + idv)da .

+
A—0 Bo,

Since ¢ € DM(R™), it has an almost holomorphic extension ¢(z +4y) on V +iR™
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with x— support in By,.. Then

F(pu)(z,€) = ¢, lim QSN G0l i) (2 + idv)da’

+
A—0 Bo,

For 0 <t <1, let
Dy={2"+ieC": 2" € By, t <X < 1}
Consider the m— form

w(z) = eQEDg(2) f(2)d>

where dz = dz; A ... Adzm, z =2’ +iy'. Since ¢(z) = 0 for |z/| > 2r and since

eQ@£2) is holomorphic in z, by Stokes theorem we have

F(ou)(x,&) = ¢, lim QWL H) Go! it f (2! + itv)da!

+
t—0 Bo,

=0 / (@& +iv gf;(a:’ + ) f(2' + iv)da’
BQT

+ ¢, lim Z // Q@&+ () 4 i)\v)gff(x’ +i\v)dz; N dz
Dy

t—>0Jr Zj

t—0t

+ ¢, lim Z// Qa&a™+id) £ (4! 4 i) gb(ac +idv)dzZ; AN dz
Dy
~ ol )+ Jim (10,9 + B9

Since v € " and £°." < 0, there is a conic neighborhood I'y of £° and a constant
¢ > 0 such that
Ev < —cl¢]|v|, V€ € Ty.

Consider Iy(zx,§):

[Io(a, &) < sup |2’ + iv) f (2’ + iv)| / ROEETH) gy!
By

x' € B,
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Recall that if a,b € R™ are such that |a| + |b] < M for some M > 0 and o € N,
we have

—R(a+ib)* = —a® + O([b?).

Thus

—Rpy(x — 2’ —iv) = =R Z ao(z — 2" —v)*

|a|=21

==Y aalz—2)"+O(|v])

|a|=21

= —plr—2)+O(vf), 1=1,2,... k.
Therefore, for £ € 'y, €] > 1, since I =1,... .k —1 <k,

RQ(z, &, 2"+ iv)

= §R<z§(:v — —iv)) - |§|%p1(:x —2' —iv) — ... —|&|pp(r — 2’ —iv)
— v — |E]FRpy(z — 2 —iv) — ... — |¢|Rpr(z — 2/ — i)

= v — |¢lipi(x — o) + O(JoP)IE]F — ... — [€lpu(a — 2') + O(Ju]?)[¢]
< —collg] = cilr — 2P+ O(uP)E]F — ... — exlélle — ' + O(|vf?)[¢]

< —cJo[|¢] + O([v[)[¢]

Choosing |v| small such that O(|v|?) < <4 = ¢, we then have

ool _
2
ROQ(z, &, 2" +iv) < =d|¢], £ €T,z € R™.

Thus, for £ € I'y,|¢] > 1,

[Io(z,6)| < e ¢ 18l < e MIEIED
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for some ¢’ > 0, because M (t) < t. Since

I()<J], 5)

e—M([g)

is bounded on By, x {¢: [£] < 1}, there are constants Ag, By > 0 such that

[Io(z,&)| < Age™MBolED e e Ty 2| < 2r (3.3.1)
Consider
t < Q(z,&,x'+iXv) T (.1 . af / . —
I[(x,8) = Z et o(x’ + Mv)aT(x +i\v)dz; A dz.
j=1 Dy <j
Now

RQ(x, €, 2" +idv) < —cAlullg] — erlr — 2'[*[¢] + O(|Mv]?) €]
< —eAll[g] = exlr — 2" [*FlE] + AN [v]*[¢]
< —cAlllg] + A" Av ¢

—d\|v]|€] (taking |v| small such that A”|v]* < %ﬂ

IN

= cJl).

Thus for £ € T'y, [€| > 1, letting

C'= sup (2’ +idv))),
(2',\)€Ba2, x[0,1]
we obtain
R o ' 0
|e@@ i) gt i/\v)Tf(x’ + | < 'R +Mv)‘Tf( 2V
8zj 8Zj

/ M
< Aec Alol[€] yN+1 N1;7|U|N)\N
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Now using et < tk—k!Nk,t > 0 we have

|
o= Mollel < ! 1

. Vik.
—()F AFfolFlEf*

Thus letting £ = N we obtain

of

| Q@&+ G z)\v)a (2" 4+ idv|

g
< Ale—c’)\|v||§\ch+1 My |’U|N/\N
- N!

N! 1 M
! N+122N Ny N
= Ao Wi A
M
CN+1 N
1Y

Since the last condition is equivalent to the decay condition we then have

m 1
Jim {73z, €)[ < WMk 2/ dz; A dz;
J:

Bay

< qpeM(IED
Therefore,
lim [It(z,&)| < are™®ED e e Ty €] > 1,2 € By,
t—0t

for some ay,b; > 0 independent of ¢.

But e'fﬁ}fﬁ;jﬁl) is uniformly bounded on By, x {£ : |¢] < 1}. Thus, there are
Ay, By > 0 such that

Jim It (x,€)| < Aye™MBiED e € Ty, |2| < By, (3.3.2)
Consider
L(z,6) = Z // Q@SN £ (4 | \y) == ¢ (' +idv)dz; A dz.
=1 Dy aZ]
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For f € Fl? |£| 2 17

RO, €. + M) < —eul|¢] + OOl le] - anlelle — o/
< O(Jv)?)[€] = cxlé]|x — 2|** since A < 1

< a/loPle] - eulelle — o'

Since % = 0 for |2'| <7, the integral over |2'| < 7 is zero. Then for |z| < § and
J

2’| >,

’I“Zk

RQ(z, & 2 +iX0) < aoPle] — ex €]

Choosing |v| small such that a'|v]? < ck% = ¢, we obtain
RQ(z, &, 2" +id) < =c"|¢], €T, ¢ = 1.

Since f increases M*—exponentially, for all o > 0, there is a constant d > 0 such

that

Alv]

|+ idv)| < de?™ ).

Since ¢ is almost holomorphic, for each compact set K C By,(0), there is Cx =

C > 0 such that

06, N1 My
— < HIZAN Y =
|52j (x+ilw)| < C I AV vV VN =1, 2,

Equivalently, 3
,%(w + i) < Cle= M (CAl])
0z; - '

j
Now taking C' > 1 and o = %, we have that

If(2 + m)llgi(x 4 idw)| < dCeeM CED=EM (@A)
Z .

J

< & oM (ol ob (ANll) _ oo
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Thus we can get Az, Bo > 0 independent of ¢ such that

r

5 (3.3.3)

Hm [I(z, €)| < Ape™MBHD we e Ty, |z| <
t—0+

Therefore, from (3.3.1), (3.3.2) and (3.3.3), we can find constants a,b > 0 such
that
| Fou(z, &) < ae™™CED vz €) e Br x T,

where I'; is a conic neighborhood of £9.

Conversely, suppose
[F(ou)(2,€)] < ae™E), () € V x T,

where V' is some neighborhood of 0,T" a conic neighborhood of £ and, A, B > 0
are some constants and ¢ € D™ (R™), ¢ = 1 near 0. We will show that (0,£%) ¢

m 1

W Fy(u). Let o(€) = el (so, x(z) = (4m)Ze 3" ). We apply the inversion

formula

é(x)u(r) = lim e == F (gu) (2, €)[€] 2 da'de.

e=0F Jrm ygm

Let

ue(z) = / €= F (o) (o €)|€|Frda'de, » = +iy € C™.
Rm xR™

Clearly u.(z) is an entire function of z for each ¢ > 0. For some a > 0, write
uc(z) as

ue(2) = ug(2) +ui(2),

where

wle) = [ /| ol Pl €)'
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and

i (2) = / m / ol g €)'

Consider uf(z) : Choose a > 0 such that {z’: [2/| <a} CV. Let Co =T1,C;, 1 <

Jj < n be open acute cones (we may take I' to be acute) such that
R™ = U?ZOCJ‘, Cj N Ck

has measure zero when j # k and &° ¢ C_] for 7 > 1.
Since £° ¢ C_j and C; is acute we can get acute, open cones IV, 1 < j <n and a

constant ¢ > 0 such that
TV < 0 and y.£ > cly||¢], Yy € TV, V¢ € C;.
We then have
uj(2) = Z [ e R g

=1 /¢ <

For j =0,1,...,n,and z = x + iy € R™ + i1V, define
i) = [ [ e E g o ol da'ae
e |<a

Then f5(z) are entire for j > 1 and converges uniformly on compact subsets of

R™ + ¢V to the function

Batin = [ [ e R 6l f e

C; Jz'|<a

which is holomorphic.

Moreover, f; increases M*— exponentially on R™ + il“g for some 0 < § < 1.
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Indeed,

vl =1 [ [ e F o ol arag
o A COICRT
< /C /| R CACRCRIE R
< C/c e—<IvEl M LI 3 g

J

:C/ eM(LED=clullél ¢ |5 g
G

m
2k

da’ d¢

Now since for each ¢ > 0 there exist ¢, > 0 such that (see Lemma 1.1.10 (h))
M(L|E]) = 2M(Lg]) — M(LIE]) < oM (¢, Lg]) — M(LE]),
choosing L = L, = é, we have

fi(x +iy)| < C/ egM(chlé\)*C\yllé\e*M(L\él)’a%dg
Cj

_C / @M (eaLl€) ~Lacolyllél o~ M(LIED || qe
c

J

= C/ eg[M(chglél)fngcgIyl\flle—M(L|g\)|€|%dS
c

J

< CeesrsolM()—rlt] / e MLIED | ¢ |5 d¢
Cj

:Cegmg')/ e~ M| ¢ |
G
< ClegM*(lT").

Thus each f;, 7 =1,...,n has boundary value bf; € DM (R™),
Let

%(@) = /p/| L g el g

By the estimate for F(¢u)(2’,£) on the set {z’ : |2'| < a} x T, g§(z) are smooth
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for all € > 0. And since e=M® is decreasing, and

o) s = [ [ 1Flon el g

<C / €| e MOED |1 — <P dg — 0
I

by monotone convergence theorem, g§(x) converge uniformly on R™ to the func-

— /F//< eig'(m_x/)]:w“)(faf)|§!%dx’d§,

Clearly go is smooth on R™. In fact, gy € EM since

tion

10°go(x)| < / |2 F(pu) (2, )| da’d€
< O/|§
:/|§|%+a|e—2 (bl o~ 3 M 0lE)) g
ol (M) e ey« M
<C’/\§| CEE — e d¢  since e < v Y
1/2
<AH2|a|M|2 I)
< C/ sk Flel
d CER
m ‘ 1
C"/ Ifl%MMHm, e 2 MU ge

||
—C”( ) M) / €[5 e 2 M M e

< ClF10, by Lemma 1.1.10(4).

g5 Hlal o =M (bE]) g d¢

"

e—%M(blél)dg by P3

Thus there is fo(z,y) € EM(V x R™) such that fo(x,0) = go(z) and

9fo

My
< N+1
5wyl <O

¥

Choose I'y an open cone such that €.y < 0. Thus we have found open cones

I, I'y,..., T, and functions f;, 7 > 1 holomorphic on R™ —I—il"? (for some 0 < § <
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1), which increases M*— exponentially and fo(z,y) in EM(R™ + i['3) (for some

0 < 0 < 1) which also increases M*— exponentially and such that

¢r;<0,0<i<n

and
afj N+1 My N .
|a—zk(:ﬁ,y)| <C WL?A ,Vi=1,...,n, Vk=0,1,...,m, VN € N.
In the sense of distributions, for j = 1,...,n, we have
dybe S ) = I S5 )
and
li y) = i o(x).
FQ%BLO fO(CE + Zy) ei%}*‘ 9o (x)
Hence

up(z) = bej in DM (R™).

=0
This implies that (0,£%) & W Fy(up). To complete the proof it remains to show
that u{(z) converges to a holomorphic function w;(z), which is proved below.
In that case (0,£°) ¢ WFE,(u;) and so (0,£°) ¢ WFy(up) . Since WEFy(u) C
W Fyr(ug) U W Fyy(uyp), we conclude that (0,£°%) ¢ W Ey(u). O

To prove the lemma we follow the lines of proofs of Lemma 4.1 of [11] and

Theorem 3.2 of [10].

Lemma 3.3.9. There is § > 0 and a holomorphic function u,(z) € Bs C C™

such that lim,_,o+ u$(2) = u1(2) ,z € Bs.

Proof. 1t suffice to show that there exist § > 0 and L > 0 such that |u{(2)| < L
for any |z| < § and 0 < e < 1. In this case {u{}o<c<1 Will be a normal family on

the ball Bs C C™ and hence there exist a subsequence ¢, > 0 such that for some
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0<d <9,
ul (z + iy) — uy(z + iy)

uniformly on |z + iy| < ¢’. In particular, u;(z) is holomorphic on |z| < 4.

Write u(z) as a sum of functions

where

I5(z) = /X €GP F (o) (o, €)|€| B da'de, j=1,2,3

j
where

Xy = {(,6) a< | < A, g <1},
Xy = {(x/7§) : |"L‘/| > Aa f € Rm}7
Xy ={(",§) ra< | <A, [ =1},

where we will choose the constant A later. We will show that |I5(z)], j =1,2,3
remain bounded for 0 < e < 1 and |z| < § if 0 is small.

Since X7 is a bounded set and F(¢u) is continuous function, it is clear that
there is a constant L; > 0 independent of € such that |I{(z)| < L, for, say, |y| < 1
Consider I5(z) : Let > 0 such that

supp(¢) C {x: |z| <r} = B,.

Choose A = 2r. Then for |z| <r and |2/| > A,

A /

o ] 2 o] — o] 2 |af| v = 2| — 5 2 o] — 2]
B O
2 4 4
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Thus |2’ — x| > % + 4 and hence

|:E'| A)Qk - |x/|2k A2k

! 2k
a2 (e g) 2 e

Then we have

|f(¢u)(x’,§)| _ ’/|< 615.(1/—x)—\5|Fpl(g:’_a:)—...—|§|pk(x/_x)¢<x)u($)d$

<C sup
|I‘§T7‘Q|SN1

< C/e—z‘h|€H9ﬂ/|2k—51|§|7 |:E/| > A £ eR™,

o <ei£~(m'—1)—|€’%pl(m/—w)—--fElpk(w’—z)> ‘ N, = the order of u

for some constants C’, Ay, B; > 0 independent of € > 0.

To obtain the above estimate we use the observation that if ¢ is a constant and
A(x) is a smooth function, for any multi index 3, the derivative 9%e“4(®) is a sum
of terms of the form ¢ +-+n (g™p)it . (9™np)in, where Y77 m;l; = | 5] together
with the fact that e7¢ < % for any ¢ > 0.

Therefore,

[15(2)| =

[ et m @ ol arag
a2 A

< / / elVlele=Mlelle" I =Bulel| ] da dg
m J|z'|>A

_ C’/ €|y|\g|e_31|g\|€|% (/ €—A1§||$’|2kdx/> d¢
m |z’ |>A

_ o / llElg=Bulél ¢

- B
< 0"/ eHHldE, V2 =z iy, Jy) < =
<o / e~ MUHIED g

<L,
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Thus there is Ly > 0 independent of 0 < ¢ < 1 such that
; B
‘[2(2)’ < Lo, V‘Z| < 0y = 7, VOo<e<l.

Consider

[zg(z'):///eié-(zt)|£’£pl(ac’t)--~flpk(w’t)62£|2¢(15)u(t)|£|;’,‘caggdtalx/7
R

where

R={(& 2 t): [ > 1,]t] <r,a<|2| <A}

Recall that the function £ — |¢| has a holomorphic extension

mo 3
(€)= (Zc;) .
j=1
In particular the functions ¢ — (¢) and ¢ — ({)2 are holomorphic on the set

S={¢=¢+ineR™: |y <[¢]}.

Fix x,t. Then we will change the contour of integration in £ from the m—cycle

{€:]¢] > 1} € R™ to the image under the map
C(&) = &+ ib|¢|(x — 1)
where b > 0 is chosen small so that

SCE)] = blele —t] < [RC(E)] = [€]-

Let
D ={{+iobl¢|(z —1) : [{| =1,0< 0 <1}
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Then
OD = {&: [§] > 1}U{&+ib[¢](z—1) : [§] > 1}U{E+iob|E|(z—t) : [{] = 1,0 <o < 1},
Consider the m—form
1
w(z, @', t,¢,€) = eXEOORPE == —(Orr@'=0=4O% b 1) (1) (¢) 3 d,
where ( =&+ e C™,d( =d( A ... \Nd(,. Since
‘ PR , m
9(¢) = e (z=t) = () Ep1 (2’ —t) —..— (O)pk (w ft)fezlé\z(ﬁ(t)u(txgﬁ

is a holomorphic function of (, w is a closed form. Thus by the Stokes theorem

/8Dwd§:/de/\d§:O.

we have

Therefore,
/ ei£~(z—t)—\EI%m(x’—t)—m—lﬁ\pk($’—t)—62(<)2¢(t)u(t)|§|%d§
1€1>1
1
— [ waigrivde-one- [ [ et - 0)dgdo
l€1>1 0 Jkgl=1
Clearly there is By > 0 independent of e such that

< Bs.

/1/ w(z, o', & +iob|€|(x — t))dédo
o Jig=1

To estimate the other integrals let

Q2,2 1,6, €) = iC(€)-(z— 1) = (C(O)) b (e’ =) — ... = (C(O)pu(a’ — 1) — (C(9))

where

C(&) =&+ ib|¢|(x —t), 2 =z +iy.
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Then

RQ(z, 2", 1, €) = —blE||x — 1] — y.& = R(C(E))Fpr(a’ — 1) — ... — R(C(E))pr(a’ — 1) — ER(C(E))?
Now

= (& +blE|(x; — ;)7 = |E]° = V€| — ¢ + i2bE[¢. (2 — ).

7=1

Let |z| < 1. Then since |t| < r,
b*IE[* e — t|* < b*BI¢S?

for some B > 0. Then we can choose b > 0 small enough such that

RIC(E)? = [¢f — gl 1 > 1L
and
arg(C(6))” € [ )
Hence

— Rew los(C()%)
{

= [{C(©)?15 cos(p arg(C(€))") > 0,1 =1,...m

and

RIC(E)) = | (C(€))?]% cos(5 ars(¢(€)))

> (RIC(E)))? cos(; ars(C(€)))

= B¢|, B' > 0.
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Therefore,

RQ(z,2",t, & €)
= —blellr =t =y £ = RCE) (@' — 1) — .. = RO’ — 1) = ER(C(S))?
< —blglle — t* + Jyllg] = Bleylé|l2” — t*

Let z =2z 41y = 0. Then
RQ0, 2,2, ¢) < —blE|[t]* — Bler|é||a” — 1.

If [t| > %, then

2
RQ(0,2',1,€, ) < —blelle” < ~ble].
If |[t| < %, then since [2'| > a, |2’ —t| > § and so

_Blckaﬂc

§RCQ(Oa IL‘/, t 57 6) < _Blck|€||$/ - t|2k < 92k |€|

Thus there is A; > 0 independent of € > 0 such that
RQ(0,2",t,&,€) < —Aif¢], V[E[ > 1.
By continuity and homogeneity in &, there is d3 > 0 such that for some Ay > 0
RQ(z,2', 1,8 €) < —Asl¢], VI[E] > 1, |z] < ds.

Therefore,
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for some L3 > 0 independent of € > 0 for all |z] < 5.

Let § = min{1, 1, da, d3}. Then there is 0 < L < oo such that

sup |ui(z)| < L, V|z| <.

0<e<1

3.4 Applications

In [11](Theorem 5.1) the authors gave an application where the classic FBI trans-
form can not be used but one with a power of four can be used to characterize
the analytic wave front set. Here we will present an application where the FBI
transform with phase power of four can be used to characterize the M — wave
front set of a distribution but the quadratic phase FBI transform can not be used.

Let I C R be an open interval with 0 € I and t* € I = IN(0, +o0). Consider
¢ = (¢1,...,0m) € (EM(I))™, ¢(0) = 0 and the vector field L defined by

Q3|Q3

S ¢
—(t)—, k=1,...,m.
2

If Zi(y,t) = yp + igx(t), then LZ, = 0 and Zy(y,0) =y (k = 1,...,m). Let
7= Ty Ton).
Let B.(0) = {z € R™: |z| < r} for some r > 0. Set Q = B,.(0) x I. Let h(z,t)

be a solution in 2 of the equation
Lh = 0. (3.4.1)

We will study the M-wave front set of the solution hy(z) = h(x,0).
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Theorem 3.4.1. Let 1,17 and ¢ be as above. Let £ € R™\ {0} with |€°| = 1.

For some € > 0, assume that

1) —o(t") . > €
2) [p(t)| < €2, Vvt €[0,t]

Then there exists €9 > 0 such that if 0 < € < €y and h is a solution of (3.4.1) in

Q= B,.(0) x I, then (0,£) ¢ WFy(hy).

Example 3.4.2. Let
t
¢:(—1,1) = R, ¢(t):e7t—*, 0<t"<1forsome 0<e<l.

Then ¢(t) satisfies both conditions of the theorem with % = —1.

proof of Theorem 3.4.1: Shrinking B,.(0) and taking € > 0 small, without loss of
generality assume r? = €. Let g € DM(B,(0)),g(y) =1 for |y| < &. Let

F(x,t,6) = / Qb8 g (y)h(y, t)dy,

where

Q(l',f%t,g) = lf(l‘ - Z(yat)) - K|§|(:E - Z(y,t))4,

where K > 0 is to be determined.

For z € C™ we used the notation
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Let

R L(g(y)h(y, t))dtdy

=[]
L1

- [ / QI 1)L (g (y)didy (3:42)

QB h(y, ) Lig(y) + g(y) LAy, )dtdy

o\o\_.

Integration by parts and the fact LZ, = 0 gives
I(x,&) = F(z,t",&) — F(x,0,¢). (3.4.3)
Now choosing p(z) = |z|* and ¥(z) = e () we obtain
Flgho)(z,&) = [ el e g y)hy,0)dy = Fl,0,6).
Thus we are done if we show that for some Cy, Cy > 0,
|F(,0,8)| < Cre ™™D (2, ) in a conic neighborhood of (0, £°).
Let E(z,y,t,&) = —RQ(z,y,t,£). Forx =0 and £ =&Y, |€°] = 1, we get

E(07 Y, tv 50) = _%Q(Ou z,Yy, tv 50)

= (i€ (~2(0.0) - KIEY-2(0.1))")
= —£%.0(t) + K?R(Z(y,t))4

Now

Rt = (o — [yl*)* — 4(zy)®
> (Jzl* = [y")* = 4lz*lyl*

> |a|* = 6z |yl (3.4.4)
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Therefore,

ére(zmzf)) > Iyl = 6lyl2l6 () (3.4.5)

and hence

E(0,y,t,6%) > —€".0(t) + K(ly|" = 6ly|*|o(t)]*). (3.4.6)

In particular, taking ¢t = t* and |y| < r, 7 = € by assumptions of the theorem,

we obtain

E(0,y,t",€%) > "+ K(|yl* — 6ly*|o(t")*)
=€ + K(jy|" - 6¢'yl*)
> e+ K(—9¢%)

=€'(1 - 9Ke) (3.4.7)

since |y|* — 6e?|y|? attains its minimum —9¢°.
For r? =¢,% < |y| < r using (3.4.4) and the assumptions, we get for any ¢ > 0

such that e < ——,

(192)3
E(0,y,t,%) > —€%.0(t) + K(ly|* — 6[y[*|¢(t)[*)
> ¢ 4 K(TZ4 - 67"264)

2
= -+ K(= — 6¢°)

24
= —€+ e2K(21—4 — 6€°)
K
= 62(3—2 —1)
Thus for K > 64, we have
B(0,y,t,6") > € (3.4.8)

Choose K = 64 to grant (3.4.8) and pick €y < Then for any 0 < € < ¢

=
the right hand side of (3.4.7) will be positive. Since E(z,t,y,§) is homogeneous

function of degree one in &, (3.4.7) and (3.4.8) imply that there is a neighborhood
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V C R™ of the origin, and I' C R™ an open cone centered £° such that for some
C>0

and

E(%.%Qf) Z C|§|7 v(xag) € V x F,y c supp g

(3.4.9)

NI

- €
9 = Yyl >

E(x,y,t,&) > Cl¢], Y(2,§) e V xT,0 <t <t (3.4.10)
Therefore from (3.4.2),(3.4.3), (3.4.9) and (3.4.10), we obtain

N |—=

| F(gho) (,€)]

= |F(2,0,8)] = |F(x, 1", &) — I(z, )|
< |F(x, %, 8] + [ (x,8)]
;
- |/ / e On(y, t) Lg(y)dtdy| +| | e g(y)h(y, t)dtdyl
m JQ R™

0,
< / / e “kl\h(y, t) La(y)|dydt + / e “Flg(y)h(y,t)|dtdy

< Be %l < Be M) (3 ¢) e V x T.

O
Remark 3.4.3. We indicate here that it is not possible to prove the preceding
theorem with the classical FBI transform (quadratic phase).
Let

P = / e vt g(y)h(y, t)dy,
where

for some K > 0 fixed. For z € C™, 2% =Y

;.":1 zJQ-. Observe that
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is the phase of the classical FBI transform. Assuming |Y] =

El(xu y7t7§> - _%Ql(‘ra Y, t7§) we get

Er(w,y,t",8") = —€".0(t") + K[| (Jz — y|* — [o("]).

Assume that —€°%.¢(t*) = €” and |§(t*| = €2. Then
Ei(z,y,t",€") =€ + K(lz —y[> — ¢*).

In particular,

Ey(z,2,t%,6%) =" — Ke* = (e — K)

which is negative if K > €3.

1 and letting

Suppose K < €%, Since E(x,y,t,£%) = —é(t) - €0 + K[|z — y|* — |¢(¢)|?], we have

E1(0,y,t,8%) = —o(t) - & + K[ly|* — |o(t)*]
< —o(t) - & + Kly|?

Thus for a point ¢ such that —¢(t) - £ = —€* and for |y| > & we get

E1(0,y,t,%) < —o(t) - € + K|y|?

< —® 4 ¥r?

But then since € is small, —€® + €*r? is negative unless 7 > 1 is large. Thus the

quantity Fi(z,y,t,£%) may be negative in this case also.
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Chapter 4

Microlocal Analysis on
Maximally Real Complex

Submanifolds

4.1 Microlocal Smoothness in a Maximally Real

Submanifold of C™

4.1.1 Introduction

Consider an involutive structure on a C*° manifold M; denote the tangent and
cotangent bundles by V and T” and their fiber dimensions by n and m, respec-

tively. Let X C M maximally real submanifold. Then the pullback map
™ CT"M|xy - CT"X

induces an isomorphism

Ty 2 CT*X.

Let RT% be the real structure bundle of X. Note that, therefore, dimg X' = m

and RT% is a real vector bundle over X of fiber dimension equal to m.
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Remark 4.1.1. (Description of the real structure bundle R7% near 0)

Let X C C™ be a maximally real submanifold. After a translation and a C—linear
transformation in C™, we may assume that 0 € A and that ToX = R™. Then
in a small enough neighborhood €2 of 0 in X, € is the image of some open
neighborhood U of 0 in R™ under the map = — Z(z) with Z(z) = x + i¢(x);
where ¢ : U — R™,¢(0) = 0, and d¢(0) = 0. Then a point (z,() € RTY, with
z € Z(U), if there is x € U and £ € R™ such that

z=Z(z)and ¢ = 'Z,(z)7¢,

where 'Z,(x)™! denotes the transpose of the matrix Z,(z)™!.

We denote the variable points in C™ by z or 2z’ and dual coordinates by

¢;(1 <j <m). For any number x > 0 we shall write
Co = {C e C™ -3¢ < KIRC|}

For any z = (21, ..., 2m) € C™ we write [2]> = 22 + ... + 22 and ¢ € C; we write
(¢) = (¢.¢)2 (main branch of the square root).
Let

= 0

Jj=1

be the vector fields characterized by the relations
M (2j]x) = 0.

Then My, ..., M,, form a smooth basis of CT'X.

Definition 4.1.2. A maximally real submanifold X of C™ is called well posi-
tioned at one of its points, zg, if there is a number x,0 < kK < 1, and an open
neighborhood €2 of 2, such that:

iS¢ < KR V2 € Q,¢ € RTY|.;
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i. S{C.(z — 2) + i)z — 2'1*} > (1 — K)[C]|]z — 2%, V2,2 € Q,
V(¢ € <RT)’(|Z> U <]RT)’(|Z,>
We say & is very well positioned at zy if for any number x,0 < k < 1, there is

an open neighborhood €2 of z5 in X such that the above holds.

Remark 4.1.3. The conditions in (i) and (i) above are unchanged if we exchange
z and 2’ and replace ¢ by —(. It would therefore have sufficed to require that ¢
belongs to RT%|..

4.1.2 FBI Transform in a Maximally Real Submanifold of
cm

Let U be an open neighborhood of 0 in R™ and Z : U — C™ with Z(z) = z+i¢(z),

where map ¢ : U — R™ is a C*, ¢(0) = 0,d¢(0) = 0.

Then X = Z(U) is a maximally real smooth submanifold of C™.

It was shown in [35] (Proposition 1X.2.2) that X defined above is very well posi-

tioned at 0, that is, given any number x,0 < k < 1, there is an open neighborhood

Q of 0 in X such that the following holds true:
LISC| < 6IRC, 2.5 (C(2 = 2) +i(O)z = 2P| > (1= r)|C||]z = Z* (4.1.2)

whatever z,2" € Q and ¢ € (RT%|.) U (RT%|.).
Let A(z,() be the Jacobian determinant of the map ¢ — ¢ + i(¢)z (where ( €
C1,z € C™), that is,

Az, ) = det{I +i(2 © () /(()},

where z ® ¢ denotes the matrix (2;,(;)1<ij<m-

Definition 4.1.4. Let u be a compactly supported distribution in the manifold
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X. For (z,¢) € C™ x Cy, define the FBI transform of u as a duality bracket
fu(z, C) — / 6ic'(272,)7<<>['27z/]2u(Z/)A(Z . Z/, C)dz’.
X

Proposition 4.1.5. Fu(z,() € O(C™ x Cy).

Proposition 4.1.6 ([35],Theorem IX.2.1). Le X be a mazimally real submanifold
of C™ that is well-positioned at 0. There exist a neighborhood Q2 of 0 in X with

the following property. For all u € E'(X) there exist an integer k > 0 and a

number C > 0 such that
| Fu(z,¢)] < C(1+1¢)* V(z,¢) € RTk|q.

Definition 4.1.7. Define, for any ¢ > 0 and z € C™,

wle) = g [ e Tl e

(2m)™ Jrm
1 - /7 !

T / / (O POy (A (2 — o, O)ddC
m mJx

(Of course, since ¢ € R™, we have (() = |(]). Observe that for each fixed
e>0,u(z) € O(C™).

Theorem 4.1.8. (FBI Inversion Formula) Let X C C™ be mazimally real sub-
manifold, 0 € X and X is well-positioned at the origin. There is a neighborhood
Q of 0 in X such that whatever u € E'(2),

uw(z) = lim u(2) in D'(Q).

e—0F

Remark 4.1.9. Suppose X C C™ is a maximally real submanifold, and & is well-
positioned at the origin. Using the property that |S¢| < k|R¢| we can, for each
2,2 € (), deform the domain of (— integration in the integrand at the right in
Definition 4.1.7 from R™ to RT%|., within the cone Cx. We conclude that the

integration with respect to (z/,() in that same integral can be carried out over
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RT?%,.
The following theorem characterizes smoothness of a distribution near the

origin in terms of the rapid decay of its FBI transform. We give a different proof

for the necessity part.

Theorem 4.1.10 ([35], Theorem 1X.4.1). Let X be a mazimally real submaniofold
of C™ passing through, and well positioned at, the origin, and €0 be an open
neighborhood of 0 in X that is sufficiently small. Then u € E'(Y) is C™ in some
open neighborhood of the origin in Q) if and only if there is a compact neighborhood
K of the origin in Q) such that the following is true:

for every integer N > 0 there is a constant Cy > 0 such that, for all (z,¢) €
RT% |k,

[Fu(z, Q) < Cn(1+[¢))

Proof. Necessity: We can replace u by any other distribution equal to v in an
open neighborhood of 0 in 2 and whose support is as small as we wish. Thus,
if we assume that v is C*° in some open neighborhood of 0 and we may as well

take u € C2°(€2). Integration by parts shows that
(1+ ()N Fu(z,¢) =
/ eG4+ Ay )Y (e‘“”z_zlpu(z')A(z -2, C)) dz'.
X

where A, = M{? + ...+ M/? and M is the vector field on X denoted by M}, in
equation (4.1.1) but now acting in the variables 2’.

Now (1+An)V =1+37, con Ca(M')*. Let |af < 2N. Then

M™ (6_<<>[2_2/]Qu(2’)A(z -7, C)) =

3 (g) M (e—<<>[z—z’12) M (u(z’)A(z ~ 7, ))

BLa
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NOW Mlﬁ <€<C>[ZZ/}2> — Mq{gm . M{ﬂl (e<<>[zzl]2)

Consider M{'B L e ©OE==1" ). to compute this we will use Fad di Bruno formula,
which is chain rule for higher order differentiation. If ' = F(r) and g = g(t) are

functions of one variable, then

(%) nF(g(t)) = 3 Flmtnatectnn (o)) ﬁ (g@ ‘(t))”j'

ni1+2ns+3ns+...4+nn,=n 7j=1

Applying this by setting F(r) = e”, g(t) = —{({)[Z(x) — Z(t)]* we claim that for

each positive integer k

—(¢)[z—2"]2 —(¢)[z—2"]2 k! n n ni+n "
M{k (6 (O[z—7] ) = ¢~ Q=] Z n1!n2!2 H(=1)"(() i 2(Zl _Zi)

ni1+2n2=~k

It is true for k = 1 since M{{e‘“”z_zlp} = 2(() <Z1 - 21)6_<<>[zl_2ﬂ2. Assume
it is true for £ and we will show that it is true for k 4 1.

Now

MFH (€—<<>[z—z’]2) = MM (6—<<>[z—z’]2)

k! " /
_ M{ |: Z 2n1(_1>n2 <C>n1+n2 (Zl _ Zi) :| 67<()[zfz 1?

110!
12—k n1ing.
— (Ol=2T Z k! gmitL(_ ) (cymtnatl( L mt
B nllngl ! 1
ni1+2no==k
-1
+ Z k'm 2n1(_1>n2+1<<«>n1+n2 2 — Z/ "
n1!n2! 1
ni+2n2==k

— e<C>[ZﬁZI}2 |:El + 22:|

Our goal is to show that

| m1
El + 22 _ Z (k’ + 1)2m1(_1)m2 <C>m1+m2 <Z1 o Zi) )

mq 'mg'
mi+2mo=k+1
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Consider ¥q: Let m; = ny + 1 and mo = ny. Then ny + 2ny = k implies that

mi +2my =k +1 and ,n P = nﬁ'%' Thus
21 _ Z k}'ml 2m1<_1)m2<c>m1+m2 2 — Z/ i (4 1 3)
m1!m2! ! o
mi1+2mo=k+1

Consider Yy: Let mq = ny — 1 and my = ny + 1. Then nq 4+ 2ny = k implies that
my+2mo =k + 1 and B om — E2me gm - iyg

n1lng! mylma!

22 _ Z Qka' 2m1(_1)m2 <C>m1+m2 (Zl B Zi)?’rﬂ (414)

maq 'mQ'
mi+2mo=k—+1

Adding (4.1.3) and (4.1.4), we get

D Dl R S T S R
1 2 = iy (ma + 2my - 21— 2
mi1+2mo=k+1 M ma:

- 3 B mpymgmen(a-g)”

mllmg'
mi1+2mo=k+1

and hence the claim is proved.

Thus

M’ﬁ <€_<C>[Z—z’}2> _ M/ﬁm o M{ﬂl (6_(0[2_2112)

J
B ) . L n
SRR e CRO N S

I
!
=1 " i fond=; LR

which is a sum of terms with constant coefficients where each terms of the form

1 m

n ny
<<>n}+...+n’f@+n;+...ngl (21 _ zi) (Zm _ Z';n) o~ (Ol—212

and hence each term is dominated by a constant times

K’n%Jr...Jrn’l”Jrn%Jr...ng" ‘Z _ Z/‘ni+...n’1”ef\§||zfz’|2.
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Here n] + 2n} = ;. Now

‘C‘n%+n{”+n%+n72“ |Z _ Z/‘n}+...n’1“ef\(||zle|2 _

1 m
7L1+...n1 1 m
———— tny+..ny

1
|<|M+né+n§" <|C||Z . Z/|2> e—\C||Z—Z/|2

Thus using the fact that for d > 0 there exist C'; > 0 such that tdet < CVt >0,

we have

B1+.- +,3m

'M/B( (=% )' <01|C| T +ni+..n _01|C| _C’l|<“|ml

Moreover,

Let |a] <2N. Then

‘Mloc (6—<C>[Z_Z/]2u(Z,)A(Z — Z,, C)) ‘ SD Z |C|‘L;I

BLa

< D|¢|® for [¢] > 1

< Dy|¢IY for [¢] > 1

Therefore, for |(| > 1,

1+ O 1Fu 0l = | [ 41+ B ( Ol <z’>A<z—z',<>)dz’|

— ’/ ei(.(zfz —{O)[z—2)?
X

(1 + ) Ca(M’)“) (e@ﬂ“’m(z'm(z — 7, C))dz’\

ja|<2N

< 03(1+|C‘)k+DN|C’N/ (=)~ g/ by Lemma 4.1.11
x

< Cn(L+[¢h*™

87



which implies that
Cy

(14 ¢V~
by virtue of 4.1.2 (1). By continuity Fu(z, () is bounded for |¢| < 1 and hence

[ Fu(z, Q)] <

we derive at once the result.

Sufficiency: We may assume that supp u CC € (£ is the neighborhood of 0

as in Definition 4.1.8). Let N be any integer > 2m and let (%)“, la]| < N —

2m, act under the integral sign, then the hypothesis and the well positioned

condition gives that the absolute value of the differentiated integrand does not
5o

exceed const.(14-[¢])7>™. Then the restriction to X of $-u‘ converges as e — 0F

in some open neighborhood of 0 independent of «, whence the sought conclusion,

by Theorem 4.1.8. [

4.1.3 Characterization of Microlocal Smoothness

As before, let U C R™ be a neighborhood of 0, Z;(z) € C*(U) with dZ, ... ,dZ,,
linearly independent on U so that X = Z(U) C C™ is m dimensional maximally
real submanifold.

Let Z4 be an almost-analytic extensions of the map Z, that is,
Zy U +iR™ — C™

is a C'™ map such that

i. Zy(x) = Z(x) for every x € U

i, 9% (a4 iy) = O(y[*), Vi Vk,1<1<m

Recalling that u is C*° on X means u(Z(x)) is C* on U, the following proposition

characterizes smoothness locally in terms of almost analytic extensions..

Proposition 4.1.11. Let u : X — C. Then u is C*™ near 0 € X if and only if
there exist F' defined near 0 in C™ such that F|y = u near 0 and F is almost

analytic near 0.

Proof. Suppose u is C* near 0 € X. Then a(x) = u(Z(z)) is C* near 0 in U.
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Then there exist F almost analytic on V + iW (0 € V,0 € W) open in C™ such
that F(z,0) = @(x) on V. There exist a neighborhood U; +iV; (U; € V, Vi € W)
of 0 in C™ such that

Zy Uy +iVp = C™

is a C* diffeomorphism.

Let F': Zy(Uy+iVy) — Cbe F(z) = F(Z;(z)). Thus F(Zy(z+iy)) = F(x+iy)
on Uy +iV;. Clearly F|y, = u.

Claim: g—ZEj(z) = O((dist(z, Z(Ul)))k>, Vk,z € Zyu(Uy +iVh).

Now since Zy : Uy + iVy — Zx(Uy + iV;) is diffeomorphism, there are constants
C1,Cy > 0 such that

Chly| < dist (Z#(:c + iy), Z(Ul)) < Caolyl.

Using the fact that F and Zy are almost analytic extensions and applying the

chain rule we have

olyl*) = ai_jm Tiy)

ya
0
37:] —F o Zy(x +1iy)
oOF aZl " OF YA
3 (2ot +i)) 2 Z%(Z# vin)) SR i
_ J

Thus VEk there is C > 0 such that for all j

l
Lok < Gl

Zm;a—F(Z# x+zy))

Now let
8z, 0z2 YR
it it # OF :
o T e o hy(x + iy)
0z, 0z2 VAR OF .
# # —t — hp(x + 1@
= =S A m (2 +iy)
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where —
m oz ,
jlx+iy) = Z Z# (2 + iy) 5 (w + ).
J

We will show that the matrix

(e sm)
= (x4 iy
0z; 1<l,j<m

is invertible near 0. Now recalling that Z(x) = = + i¢(z), ¢(0) = 0,dp(0) =
and %Z@(m +iy) = O(|y|*) we have

O ey = (2 s i ) = L2 412
9 _ 9 — (2 2z _

which implies that

&%+ z%Z#(O) 0.

Thus

0 ., -
— = id' 4.1.
o0, Z4(0) = id; (4.1.5)

Again

0 —r

0 —r 0=
a—zjz#\mo (;jZ%ﬁ(x) + Zy_qulgk(x)) |e=0

(5l +z§Zl (0))

((5l + (51) from (4.1.5)

[\JI>—‘ [\JIP—‘ l\DIH

|
N

Thus A(0) = Id and hence after contracting U; + iV;, we may assume that
A(x + iy) is invertible for all z + iy in Uy + iV;.

90



Therefore,

= A7z +1y) '
o hon (2 + 1y)

Then since A~!(z + iy) is bounded, we have Vj,

OF

%_j(z#(w +iy)) = O(ly|").

Fix k. There is C}, > 0 such that for all 7,

OF

g, Zate + i)l < Gyl

which implies that

or

o (Zalo+in)] < Gy (d<z#<x+iy>7Z<Ul>>> .

Let z = Zy(x+iy). Thus we have shown that F is almost analytic on Z (U +iV}).
Conversely, let 0 € Uy, 0 € V; with U;4¢V; open in C™ such that F : U;+iV; — C
is almost analytic and F|y, = u. Let @(z) = u(Z(x)). Then

a(z) = u(Z(x)) = F(Z(2)) = (F o Z)(x) = (F o Zy)(x) := F(a).

Clearly F(z) = FoZy(x) = FoZ(x) = u(z). Moreover, using the same procedure

as we did in one direction above we have

52 Pl +in) = 5= (F o Zy(o +iv)
" 07 " 971,
Z (Z# r+ zy)) 8: (x +1ay) + lz; g_jz (Z#(x + zy)> 6: (z + iy)
= O(|y[")

Thus, F(z 4 iy) = F o Zy(z + iy) is almost analytic.
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Therefore, ii(z) = F(z) and F is almost analytic, which implies that @y, = u is

. [l

Let T be a cone in R™ \ {0}, A be any open subset of U, and O any open

subset in U + iR™ which contains A. We shall use the following notations:
No(A,T) ={Zy(z+iv) eC": 2z € A,v e TU{0},z + v € O},

where Z is a given almost analytic extension of Z. Of course Np(A4,T") depends
on the choice of Zy. We shall refer sets No(A,T) as conoids. Conic neighborhood
of (0,£%) in RT% is a set of the form

{(2,0) : ¢ = "Zy(2) ', 2 = Z(x) for x € W, € €T},

where W is a neighborhood of 0 and I' is a cone, £ € T.

Remark 4.1.12. [[1], Lemma 1.3] Let 0 € V. A set Zx(V + il's) contains
{Z(z)+iZ,(x)v:z € Vi,veTly}

for some 0 € V; open subset of V, I'" cC I'and 0 < §; < 4.

Conversely, for 0 € V] a set
{Z(z)+iZ,(x)v:z € Vi,veTy}

contains Z (V5 + iFi) where 0 € Vo, C Vi, T2 CcC I, 0 < 65 < 6.

Let u : X = Z(U) — C be a distribution of compact support. For z =
Z(x), 2z = Z(2') define the FBI transform as

Fu(z,¢) = /eig'(z_zl)_@)[Z_zl]Qu(z’)A(z — 2, ¢)d7.

We state and prove the microlocal version of Theorem 4.1.10 as follows.
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Theorem 4.1.13. Let u € £'(X), and £ € R™\ {0}. Then
[Fu(z,¢)] < Ci(1 +[¢)™* vk

for (2,¢) in a conic neighborhood of (0,£°) in RT% if and only if there is a
neighborhood V of 0, open acute cones 'Y, ... TN in R™\ {0} and almost analytic
functions f; on Zu(V + if‘g) (0 > 0) of tempered growth such that v = Zjvzl bf;
and £°.T9 < 0, Vj.

Proof. Suppose u=0bf on Z(V'), where f is almost analytic function on Zy(V +
il's) (6 > 0) of tempered growth with £&%.T' < 0. (If u = Zjvzl bf;, then the result
holds for each bf; and using linearity of the FBI transform, we get our result.)
We claim that

[Fu(z, Q)] < C(L+[¢)™* Vk

for (2,¢) in a conic neighborhood of (0,&°), that is, on a set of the form {(z,() :
z=Z(x),( =" Z,(x)"'T',x € W}; W a neighborhood of 0. By Remark 4.1.12,

without loss of generality we will work on the conoid
{Z(x)+1Z;(x)v :x € Vv eTs}

Let r > 0 such that By, = {z : |z| < 2r} CcC V, Q = Z(By,). Let g €
Ce(X),g=11in Z(B,) and supp(g) C Q. Let v € I's and u € £'(X). Then
Fu(z,C) = / =N QE= Ty (A (2 — 2/, ¢)de

x

= lim [ &GO f(Z(2) + iZy (2 )0)g(Z (2 ) Az — 2, C)d2’
I'sv—0 Q

Since g(Z(z)) € C*, it has almost analytic extension g on Z4(V +il's). Then

Fu(Z(x),¢) =

lim [ DT OEOZEP f(Z(a)g(Z () A(Z () — Z(a'), OdZ ()

I'sv—=0 Bo,



where Z(2',v) = Z (') 4 i Zy (2 )v
Let vy € I's. Let

D ={Z(2) 4+ iZy(z")vot : ¥’ € By, 0 <t < 1}
Let

Qz,2', ¢, t) = iC.(Z(x) — Z(2') — itZy (2" )vo) — (O)[Z(x) — Z(2') — it Zy (2" )vo]*
=iC.(Z(x) = Z(a") = (O[Z(z) = Z()]* + tZw (2")v0.C

—{¢) ( — 2it Zyp (2 Yo (Z(x) — Z(2) — (t Zp (2" )vg).(t Z (x')vo))

Let w(2) = eQ@2O¢(2)f(2)dZ A ... AdZy, 2 = 2 +iZy(2')y. Then By Stokes

theorem we have

Fu(Z(x),¢)
= /B e f(Z(2") 4 i Zy (2 0)G(Z(2) + i Zpr (2" )00)
A(Z(x) — Z(2") — iZy (2" )vg)dZ (x)
- Z /D 6Q1%(§f)(2(x') + i Zp (2" 0ot ) A(Z(2') — Z(2) — i Zp (2" )ot)dZ; A d2
where
Qo(x,2", Q) = iC.(Z(x) — Z(2) = iZw(a")v0) — ()2 (x) — Z(2) — iZu (" )v0]*
and

Qi(z,2", ¢, 1) = iC.(Z(x) = Z(2) = iZy (2" Yvot) — (()[Z(x) — Z(2') — iZw (2" Jvot]?

Now since vy € I' and £°." < 0 there exist a conic neighborhood I'; of £° and a
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constant ¢ > 0 such that
§.vo < —cl¢]|vo| V€ € Ty
Since X is well positioned at the origin, we have Vz, 2’ € By, ,£ € '

%<iC-(Z(SE) — Z(«") = (12 (x) — Z(fv’)]Q) < -1 =-rn)llZ(@) - 2(=)*.

|(tZ (2" )vo) €| = [(tZu (2" )00).("Z,, " (2)8)]
= [tZo() Zor (2")00.€]
<1+ eq|x — 2'||vo][€)] since Z,(2) Zy (2") = Id + O(|x — 2'|)

< tefvoll§)], ¢y =1+ darr
Thus after shrinking € if needed so that |¢| < 2|£], we have
/ 1 / 1 /
R(tZo (2)v0-C) < —5eertfoollC] = —5ctfuolc]-

Also shrink € further if necessary so that |z — 2'| < & for 2z,2" € Q and ||¢,|| <

3 V& € By, since [(¢)| < [¢], we have for § < &,

%( —{¢) ( — 2t Zp (2" )vo.(Z () — Z (")) — (tZar (2" )00) . (t Z o (x’)vo)))

9

< [0l (3tnllZ(e) - 2] + Jlol?)
9

< [cluolt(312(@) — 2] + 2

Z %) since vy € I'5, 0 < <

3c

1
=t
Jteluwlic]

1 1
< Lictelunlic) = Setullc
Therefore, RQ(x, ', (,t) < —(1—k)[C]|Z(x) — Z(2")|> — t" |vo||C], ¢ = %/ From
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this estimate and using the almost holomorphy of f and g, and since f is of

tempered growth, we have

0 __
‘ / e —=(gf)AdZ; NdZ A ... N dE
p 0z
< By|ugt|Fe="thollC

< Cyl¢ 7"

Again using the inequality vy.§ < —c|vg||€|, we also have that

/B e (f3)(Z(x) + iZ (' Yo0) M Z(z) — Z(2') — i Zus (200, ()dZ(2)

< sup |(f9)(Z(x") + i Zy (2" )vg)|e~¢ w0l

r€Bo,

/B o~ =RIIZ@ -2 A (7 (2) — Z(2') — i Zor (' )00)|dZ ()
2r

< de—<"lwollcl

<de ™ a>0

Therefore,

[Fu(z, Q)| < Cu(1+[¢)™" Vk

for (z,¢) in a conic neighborhood of (0, £2).
For the converse let u € £'(X). Suppose that

| Fu(z, Q)| < Cp(1+|¢)) 7" Vk

for (z,¢) in a conic neighborhood of (0,£%). Applying the inversion formula we
have

L lim Fu(z, C)e’elC‘QdC.

(27T)m e—0t R™

u(z) =

Let C; ,1 < j < N be open, acute cones such that



and C_] N C, has measure zero when j # k. We may assume that £ € C; and
Q¢ C_J for j > 2. This implies that we can get acute, open cones [V ;2 < j < N

and a constant C' > 0 such that
TV < 0and y.£€ > Cly||¢| Vy € TV, V€ € C;.
For each j = 2,...,N, z = Zy(x +iy) € Zu(V + i) define

fi(z) =

then f5 is entire and as € — 0", the J5 converges uniformly on compact subsets
of Z4(R™ + iTY) to a holomorphic function f;(z). Assuming without loss of
generality that Zu(V +iT7) = {Z(v) +iZ,(x)y : « € V,y € T}, we have

i(Z(x) + iZa(2)y)]

) +iZ,(x)y, C)d(|

@) +iZy (2)y—2Z(2")—(Q)Z(2)+iZe (x)y—Z (2")]?

VA 2~ 2
<c / e etz

< —
- \yl’“

Thus f; is of tempered growth on Z.(V + if‘g) and hence has a boundary value
bfj € D'(Z(V)). Let
. 1 el
(2@ = G [ e Fu(z (). Oac

C1

Then by hypothesis we may assume that F,(z, () decays rapidly in a conic neigh-
borhood {(z,€) : z = Z(x),{ = 'Z,(x)"'C1}, and ¢§ converges uniformly as
e — 07, to a function ¢;(Z(z)). It is then easy to see that g; is C* on 2. Thus
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g1 has an almost analytic extension f; such that fiz() = g1 and

% = O((dist(z, Z(V)))k> 2 € Zyu(V +ily)
<j
Thus u = Zjvzl bf; near 0 as asserted. [

4.2 Characterization of Microlocal Ultradiffer-

entiablity on Maximally Real Submanifolds

4.2.1 FBI Transform in Maximally Real £ Submanifolds

Following the notations and definitions of section 4.1.1, let (M, V) be £ invo-
lutive structure and X C M is maximally real £ submanifold so that RT% is a
real vector bundle over X. Then in a small enough neighborhood €2 of 0 in X, Q2
is the image of some open neighborhood U of 0 in R™ under the map = +— Z(x)
with Z(z) = z+i¢(x); where ¢ : U — R™, ¢(0) = 0 and d¢(0) = 0. Then a point
(2,() € RT%, with z € Z(U), if there is x € U and £ € R™ such that

z=Z(z)and ¢ = 'Z,(z) "¢

Let
i 0
M, :Z%%,l <k<m (4.2.1)
=1 ’

be the vector fields characterized by the relations
M (z|x) = Ok

Then the vector fields My, ..., M,, form a basis of CTX.
Let U be an open neighborhood of 0 in R™ and Z : U — C™ with Z(z) = z+i¢(z),
where ¢ : U — R™ is a EM map , ¢(0) = 0,d¢(0) = 0.

Then X = Z(U) is a M maximally real submanifold of C™ and it is very well
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positioned at 0, that is, given any number x,0 < k < 1, there is an open neigh-

borhood €2 of 0 in & such that the following holds:
(1) IS¢ < 6, (2) S[¢(z = 2) +ilQz = 27| = 1= r)[C]]e = 2" (4.2.2)

whatever z, 2" € Q and ¢ € (RT%|.) U (RT%|.).

Definition 4.2.1. Let u be a compactly supported distribution in the manifold
X. For (z,() € C™ x Cy, we define the FBI transform of u as a duality bracket

Fu(z,¢) = / eic'(z_zl)_@)[z_z/]Qu(z')A(z — 2 ¢)d7.
X

Note that F,(z,() € O(C™ x Cy).

Definition 4.2.2. Let 2 be an open neighborhood of 0 in X and let K be a
compact subset of 0 in 2. Define, for any ¢ > 0, the modified inversion formula

as

ug(z) = (2n%) 72 / / GG OO 7 (o )(C)FddC (4.2.3)

where the integration with respect to (2/,() is carried out over RT%|x. Property
(1) of condition (4.2.2) ensures that u$(z) is an entire holomorphic function in
cm.

In the following lemma Q C R?*™ = R™ x R” will denote an open subset

containing the origin, x = (z1,...,2,) € R}, o/ = (2, ..., 2,) € RY.

rYm

Lemma 4.2.3. Let Q C R?™ = R” xR be an open set. Lety € R™ be fized and
close to the origin. Let ¢ € Cy and f(x,2') = (fi(x,2'), ..., fm(z,2')) € EM(Q)
with f(0,0) = 0. Set

Q(z,2") = —i¢.f(z,2") = (Oly — f(z,2)]*.

There ezist C > 0 (independent of x,x’,y,(, and «) such that for all multi-index
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a €Ny, for all L >0 and all (z,2") € Q

83 (eQ(I,x’)> ' S Q%Q(x’xl)Cm'JﬂM‘a|€%€%M(|C|).

Proof. Since f(z, ') € EM(Q), there is a constant C' > 0 such that for all (x, ') €

Q) (possibly after shrinking ) and all o € Ny,
05 f(2)] < O Mg,

Applying Faa di Bruno formula
|ot| || an Q
ageQ(xl‘ ZeQ(Iw) Z alH

p(a,r) jlj

where

pla,r) ={(k1,..., k01, ..., ajq)) for some 1 < s < |a|,k; =0and o; =0

for 1 <i<|a|—s;k;>0for|a| —s+1<i<|al; and 0 < ajg)—sq1 < - ..

|al lal

Zk’l =T, Zkla, :CY}.
i=1 =1

Thus increasing the constant C, since f(z) € EM and [(¢)| < [(],

k;
<|C|O“j'“Majl)

o ol

of Q) RQ(z,2")

o ()| < e S jal [Ty
r=1 plar)  j=1 I

Using the inequality (a + b)! < 29%ba!b!, we have

ﬁ | Cleal+1\ % g || Clel+rglel
ol S AT

=1
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Also

|al

HM

|a|

< [[ €% Mo, —x, by (PT)

7j=1

< C My, by (P5")

and from Lemma 1.1.10 we have that

1C]" Mq)

Therefore,

la

< \/Z( ) M‘ |€1M(L‘C|)

k;
o (|C|C|aj+1M|aj)

aa e | < Z Z |Oé|'H k?j!((lj!)kj

r—= 1pa7‘) ] 1
|ot| |ot]
<D0 D0 e M er.
r= 1par)
" || || 1
< ez M(LICD M, |Z Z O\0<|+7“1_IH
r= 1pa7‘) .*1 J*
L |ot] |ot]
< BNy ST (T Hk'
r= 1p(a7'
|ox] g || 1
= oM, |C‘°"ZT' > ) Hk;_
p(a,r) j=1
" || |ot]
<MD e O 'ZT‘ Z Hk.
(ayr) 3=1
< exM (LoD pgy, |€Lc\a|0\a|
< MWD g o Olel

where the last inequality follows by definition of p(a,r) (see 2.2.1)
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Recall that u is EM on X means u(Z(z)) is EM on U.

Theorem 4.2.4. Let Q be as in Lemma 4.2.3 and v € EM'(X) (a distribution of
compact support on X ). Then for each K CC Q and for every L > 0, there exist
Cr, > 0 such that

| Fu(z,¢)| < CreMEeD > e Z(K), ¢ € C.
Proof. Let u € EM'(X). Recall that z = Z(z) and 2’ = Z(2'). Then by definition

Fu(Z(x),¢) = (u(Z(z)), ez, 2", Q)),

where

o(z, 7, () = S Z@=Z2@N=HOZ@)-Z2@)]P

Then from Definition 1.1.8 | for any ¢; > 0 and suitable C'; > 0 depending on ¢;

we have

[Fu(Z(x), )| = [(u(Z(z")), p(z, 2", Q)]
ol

<Oy sup { 9 gup |azso<as,x',<>|}

aeNm la| 2/€K

||
= (' sup { 2! sup

aeNG lo| z'eK

9 (eiC-(Z(w)—Z(w’))—<C>[Z(x)—Z(x’)]z) ’}

By Lemma 4.2.3, for each K compact there exist C' > 0 such that for o € N,
L>0

T

a (eic-(Z(x)—Z(:v’))—<<>[Z(:v)—Z(:v’)P>‘ < eMED L Clolt AL on K.
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Then

sup
z’eK

o (e“-(Z(wZ(:r/))<<>[Z(x>z<x'>]2> ’ < exMUD Tl pg

< MEDE Clalyg
Thus

|l
‘]:U(%C)\ < (C} sup {61_0a|+16M(L|C)M|aef}

aeNT e

= C,Cet M gyp {(C’el)a|}

aeNg?

< C’LeM(LK'), where we choose ¢; < rok

4.2.2 Characterization of Microlocal Ultradifferentiablity

on Maximally Real Submanifolds
As before, let U C R™ be a neighborhood of 0, Z;(z) € EM(U) with dZy,...,dZ,
linearly independent on U so that X = Z(U) C C™ is m dimensional maximally
real £M submanifold.
We deal with almost-analytic extensions of the map Z. Such an extension is a
EM mapping Zy : U +i(—1,1)™ — C™ such that
. Zy(x) = Z(x) for every x € U

.. . YA . .
ii. there exist C' > 0 such that aig(x +iy) < CVHIEN YN Vi VN, 1 <1< m

Recall also that conic neighborhood of (0,£°) in RT% is a set of the form
{(2,0) : ¢ = "Zp(2) ', 2 = Z(x) for x € W, € €T},

where W is a neighborhood of 0 and I' is a cone, £ € T'.
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Let u : X = Z(U) — C be a distribution of compact support. For z =
Z(x),7 = Z(x') define the FBI transform as

Fu(z,¢) = /eic'(z_zl)_@)[z_z/]Qu(z’)A(z — 2, ¢)d7.

We now state our main result as follows.

Theorem 4.2.5. Let u € EM'(X), ¢€© € R™\ {0}. Then there are constants
a,b > 0 such that
[Fulz QO < ae™ MO

for (z,¢) in a conic neighborhood of (0,£%) in RTY% if and only if there is a neigh-
borhood V' of 0, open acute cones ', ... . T™ in R™\ {0} and EM functions f; on
Z4(V +4T) (0 < § < 1) that increases M*— exponentially such that

iou= z;vzl bf; near 0,

ii. €019 <0, Vj, N

%(Z) < ONHAx <di5t(Z#(x+iy), Z(V))) ,Vi=1,...,n,Vk=1,...,m.

Proof. Without loss of generality assume there exist f € EM(Z,(V +ils) (6 > 0)
that increases M*— exponentially such that
i. u=0bf near 0,
ii. 9T <0,
N
a%(z)' < CNHAx (dist(Z#(:B +iy), Z(V))) W VE=1,...,m.

1ii.

By Remark 4.1.12 we will work as well on the conoid

{Z(x)+iZ(x)v:2z € V,ueTls}

Let 7 > 0 such that By, = {z : |z| < 2r} CcC V, Q, = Z(By,). Let g € D} (X),
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g=1in Z(B,) and supp(g) C Q. Let v € I's and u € E™(X). Then

fu<27 C)
:/ Oy (A (2 — 2/, ¢)d’
X

i [ £ E@-2E) (0 z@) - zE)
t—0+ Boay

F(Z(2") +iZp (2 )tv)g(Z(2") A(Z () — Z(2'), ¢)dZ (2)

Since g(Z(x)) € EM, it has almost analytic extension § on Zy(V + ils),d < 1.
Then

FulZ(x),C) =

lim [ GCC@-ZEN-QUEDZEF (7 (ol ))G(Z () A2 () - Z(a'),Q)dZ()

+
t—0 Ba,

where Z(2/,v,t) = Z(a') + i Zy (2')tv.
For 0 < A <1, let

Dy ={Z(")+iZy (2" )tv € C" : 2" € By, A <t < 1}

Let Q(z, 2, () = iC.(Z(x) — Z(2")) = (()[Z(2) — Z(2)]*.

Consider the m— form

w(2) = eQ@EOGR) F(R)dE A ... NdEy,  E =2 +iZy(2)y.
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Then by Stokes theorem we have,

FulZ(2),¢) =
lim [ 2 2N Z) + 12 DNA ) = Z(0) = il ()
— [ B 2 )+ 2D )~ D) 2 )
ﬂlféhz / Nt iZ (2o )ggj(Z(x’)—l—in/(x’)tv)

A(Z(x) = Z(2') = iZus (2'Yt0, OV A d2
+ggjj [ iz + izt 2w) + izotam)

Zj

A(Z(x) — Z(2') — iZy (2 )tv, ()dZ; A dZ

Qo(x,2", Q) = iC.(Z(x) — Z(2') — iZw (") M) = (O] Z(2) — Z(2') = iZw(a") M),

Qi(,2",0) = iC.(Z(x) — Z(2') — iZo(a")v) = (O)|Z(x) — Z(2') — iZp (2 )]

Qo(x, 2, ¢, t) =iC.(Z(x) — Z(2') — iZy(2)tv) — ([ Z(2) — Z(2) — i Zp (2 )tv]2

Since v € I" and £." < 0, there is a conic neighborhood I'; of £ and a constant

¢ > 0 such that

Ev < —clv||§| V€ € Ty.
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Now

Qul, ', (1) = iC.(Z(x) - Z(2') — it Zu (') — (Q)[Z(2) = Z(&') — it Zus (' o]
= iC.(Z() — 2(2)) — (Q[Z(x) — Z(@ )P + tZo (a0

—(¢) ( — 20t Zy (2. (Z(x) — Z(2')) — (th/([B/)U).(th/(ZL'/)U))
Since X is well positioned at the origin, we have Vx,2’ € By, ,£ € T’
%(i(.(Z(x) —Z(2")) = (O [Z(z) — Z(f)]z) < —(1 =Rl Z(z) = Z(2")*.

Also

|(tZ (2" )0).C| = |(tZwr (a")0).(" 2" (2)))]
= |tZz(x)Z;1(a:’)v.§|
< t(1 + c1]z — 2| |v]|€]) since Z,(x)Z, ' (2') = Id + O(|x — 2'|)

<t llg] ) =1+ 4err
Thus after shrinking € if needed so that |¢| < 2|£], we have
!/ 1 / ]' /
R(tZy(x")v.C) < —§cclt\v|\d = —§ct|v\|C|.

Also shrink € further if necessary so that |z — 2| < % for 2,2 € Q and [|¢,[| <

2 Vx € By, since [(¢)| < [¢], we have for § < <,
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§R< — () ( — 20t Zy (2 )0.(Z(x) — Z(2')) — (tZor (2 )0).(t Zo (:c’)v)))

< 16l (3oll2() - 21 + Jiope)

9
< [Clolt(3]Z(x) = Z ()] + [v])
3c 9 ¢ c
< t(——+ - —)si 5,0 < —
< [¢]|v] (16+4 36)smcev€ 50 < 3¢

1
= telulic

1 1
< Jterelvlic] = Zetvll¢]

Therefore, RQa(x, 2, (,t) < —(1—k)|C||Z(x) — Z(2))|* — t"v||¢], " = % Thus
we get a similar estimate for Q).

Consider Ij:

Now RQ; < —(1 —r)[{||Z(z) — Z(2)]* — "|v||¢|]. Choosing |v| small, for ¢ € T'y,
¢ = Z;'(@)¢.I¢| > 1 we have

ol < e sup [(£3)(Z(2') + iZo(2Yo)| | |AleCORIZO-ZO 47 (o)

Z‘/EBQT B27‘

< de=<"IvId / |A|e~1=RIKIZE@ 26 g7 ()
BZT

<de ™ b>0

< d'eMCLD gince M(t) <t
Since (}wﬂ% is bounded on By, x {¢ :|¢| < 1}, there exist ag, by > 0 such that

| Io| < age ™MD for |2/| < 2r, ¢ = ZM ()€ € €T (4.2.4)
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Consider

= lim Z/DA e@g "4 iZy ()t )a—i(Z(x')—i-iZz/(:c’)tv)

A—0t 8zj

A(Z(x) — Z(2') — iZy(2 )tv, ()dz; A dZ

For ¢ € {'Z ' («/)T1},[¢] > 1, , with C" = sup s ycgmxon [9(Z(2)) + iZu (2")tv)],

we have

e92G(Z(2') + iZm/(x')tv)%(Z(x/) + 1 Zy (2" )tv)
j
< ' RQ2 A M (Bilv])
< Al U=mldllz=2" o =btIc] =M (Bt (taking v small)
— Ao~ (=m)Cllz=2"|? ;= [M* (Btlv])+Btlv| ZC]]

< Aleminfs Ma()+aicl o= (1=r)[Cl|=P

< Ale MBI o= (=mIcll===" gince M () < inf {M*(s) + st} V¢ > 0
Thus

lim |17
A0+

1
< A’e—M<B"<'>/ / |Ale~(=RIS== 22 A dz for 2’ € Byy, ¢ € {121 (&)1}, [¢] > 1
0 B2r
Therefore,

lim |1} < aje” ™D for 2" € By, ¢ € {21 («/)11},[¢] 2 1
A—0

A _
for some aq, b; > 0 independent of A\. But since % is bounded on B, x {( :

|¢] < 1}, there exist Ay, By > 0 such that

hm |1} < ApeMaleD (4.2.5)
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Consider

= lim Z/DA e f(Z (') +iZup ()t )a—i(Z(x’)—i-iZm/(x’)tv)

A—0t (‘92]-

A(Z(x) — Z(2') — iZy(2)tv, ()dz; A dZ

93 —

Since 7£ = 0 for 2’| < r, the integral over |2'| < r is zero. Then for |z| < § and

|#’| > r and taking |v| small we have
RQ2 < —(1 = K)ICN1Z(2) — Z(")]* = "[¢]

for ¢ € {*Z'(2")T1},|¢] > 1. Since f increases M*— exponentially, for all o > 0

there exist a constant d > 0 such that
F(Z(') + iZu(a)tv)| < de?™ 5.
Also since g is almost holomorphic, there exist C' > 0 such that
|% < CN“%WN Vi=1,.... mVN=12....

Equivalently,
199 < e,
Zi

Taking C' > 1 and g = %, we obtain

a tlv * s/t tlv
F(Z) 20 )0) 52| < dOee D= et < doawr (o _ o
J

fbl&.

Thus we can get Ay, By > 0 independent of ¢ such that

lim [I}| < Ape MPDy¢ e {12 ()11},2" € B; (4.2.6)

A—0t
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Combining (4.2.4), (4.2.5) and (4.2.6) we can find constants a,b > 0 such that

[Fulz, Q)] < ae”MOD

for (2,¢) in a conic neighborhood of (0,£%) in RT%.
For the converse let u € EM'(Q), Q open neighborhood of 0 in X. let By be a ball
centered at zero such that Z(By) = . Suppose that there exist a,b > 0 such
that

| Fu(z, Q)] < ae”MCIED

for (z,¢) in a conic neighborhood of (0,&°), that is, on a set of the form {(z,() :
z€ Z(V),{¢ € Z;*(z)T'}}, where V is a neighborhood of 0 (V C By) and T is
a conic neighborhood of £°. Applying the inversion formula (4.2.3) we have

lim // ei¢-(z=2")=(() [e=2"? —e(C)Q}"( C)(C)%dzldg,
RT/

uf((z) 5 e—0t

where K = Z(K); K is a compact neighborhood of 0 in U. Extend the map Z as
amap Z : R™ — C™ and let Z (R™) = Q. Then the properties of wellposedness
remains valid in . Choose d > 0 such that ' = {Z(2') : |Z(2)| < d} € Z(V).

Then we can write u (z) as

where
€ 1 Z—Z zZ—Zz 2 2
and
— 1 // iC(2=2") = (O [e—2" —€(¢)? / T
ut (z) = = el Fm® RS Fu(2 2dz'd
K,l( ) (271_3)*2 Q\Q/ ( <><C> C
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so that u(2) = ug o(2) +ug ().

Consider u;{’o(z): Let C; ,1 < j < N be open, acute cones such that

and C; N Cy has measure zero when j # k. We may assume that £ € C; and
& ¢ C_] for j > 2. This implies that we can get acute, open cones [V ;2 < j < N

and a constant C' > 0 such that
TV < 0and y.£ > Cly||¢| Vy € TV, V€ € C;.
Foreach j =2,...,N, 2= Zy(x +iy) € Zx(V + iFg) define

€ 1 iC.(2—2")—{C)[z—2"]%—€(¢)? / m o4
fj(Z)):W/g C / (e~ PP £ (1 Y(cYRdSdC.
S(&) !

Then for 2 < j < N, each f7 is entire and as € — 0", the J5 converges uniformly

on compact subsets of Zy(R™ + i) to

]_ iC(z—2")— 2—2"12 / m /
i) = G /E | st A g F i
S & !

which is also holomorphic on Z#(Rm—f—ifg). Moreover, f; increases M*—exponentially

on R™ 4 iFg for some 0 < ¢ < 1. Indeed,

|f3( +ZZ | o
% z)+iZ s T x)+iZg (x)y—2Z(z'))? E
2 o / / 2 i Za @)y~ 2 ) 2 Ze@ W= 2GR (1 V() dZ (')
™ gec; Jo

/EC |ez< (2)+iZz (z)y—Z(2'))—({) [ Z(x )+izx(m)y—Z(z'ﬂ?]:u(Z(x')7C)(g)%HdZ(a;')qu
S

(27r3
<C [ [ e gy el -2e R az o) g
£eC; !

/ e~ K1 M LD 3| d¢ |
£eC;
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Thus
5(Z() +iZu(2)y)| < C / ML=l |5 |dc].

Cj

Now since for each ¢ > 0 there exist ¢, > 0 such that (see Lemma 1.1.10)
M(LIC|) = 2M (LIC]) = M(LI¢|) < oM (¢, LiCl) — M(LIC]),
choosing L = L, = é, we have

£5(Z() +iZu(2)y)| < C /C (@M (ea LI ~elylicl =MD || 3| dc|
J

_ / @M (€aLolc)~Locelyllcl = MLIC | ¢ [5 | 4¢ |
C

J

= C’/ eQ[M(c@L@KD*LQgCQ|y||CH6_M(LK|)|C|%|dC|
C

J

< Cremmaal-r ) [ )2 g

Cj

:c'e@w*<5>/ e’M(LKDK]%]dd
Cj

S CleQM*(l%)'

Then each f; (j > 2) has boundary value bf; € D'(Z(V)).
Let

1 i 2)—Z(z"))—(¢)[z—2"]2—€e(C)2 o
g (Z(x)) = W/5 C / (2@ 2N O~ £ () Y(¢) 5 d2dC.
€Cy !
Then by the decay of the FBI transform ¢{ are smooth for all e > 0 and converges

uniformly on R™ to the function

1
(2m%)%

g1(Z(x)) = / / eiC~(Z(ac)—Z(w’))—<4>[Z(w)—Z(w’)P]:u(Z(I/)’g)@%dz(x')dg
cecy Jor

Clearly g(Z(z)) is smooth on R™. We will show that g;(Z(x)) is in EM for z

near the origin.
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Let {My,..., M.} be the vector fields that satisfy
M;Z, =68, 1< jk<m.
Then g;(Z(x)) will be in EM near 0 if there exist C' > 0 such that for all «,
(MOgi(Z(@)] < Cl M (4.2.7)

for x near 0, where M* = M?" ... M2 We will therefore establish estimate

(4.2.7). Observe that since

C™ 3 5 1 =2 Q=2

is an entire function, for any «,

1 i.(z—=Z (")) = () [z—Z(2")]? / m /
Magl(Z(x)) _ (27T3)% /5 ) / a;x{ezé".(z Z(x")—({)[z—Z(z")] }|zZ(x)fu(Z($)7C)<C>2dZ($ )dC
eCy !

We begin by estimating the term 99 {eig(z—z(g’/))_<<> =2 (")) } for z and 2’ bounded.

Clearly
a;x{eiC-(z—Z(x’))—<<>[z—Z(w’)P} — Hc‘??:fF(hj(zj)),
j=1

where F(w) = e” for w € C and for each 1 < j <m,
hj(z) = ii(z — Z;(2")) = (Olz — Z;(2")].

By the formula of Fad di Bruno,

atl. .. a™
S; J J k=1

; ;! ol a™ - h(k)(z) “
0% F (hi(z)) = s PO () 11 (]k—‘f)
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where the sum is taken over the set
m
1 . k __
S;={(aj,...,a}"): Zkaj = qa,}
k=1

and each af is a nonnegative integer.
Note that h{"(z;) = i¢; — 2(C) (2 — Z;(2)), h\? (2)) = —2(¢), and AP (z;) = 0 for
k > 3. It follows that

1

o ay! o2 na? [ .
OV F(hy(z) =) o (DO (ZCJ =200 (25 = Z;(x ))) M)
5 ojlad!
and
S =A{(e,05) - o 4 205 = o}
Hence

83{ei<.<z—Z(w/>>—<<>[z—sz} _ ) ﬁ (Z %?‘_jlz!(_l)afmai <iCj—2<C>(zj— z,

(4.2.8)
where h(z) = i(.(z — Z(2")) — ({)|z — Z(2/)]*. Since z; = Z;(z) and Z;(z') will lie
in a bounded set, there exist ¢ > 0 such that

ol

L <) < el

i — 2(C) (25 — Z;(2'))

Likewise, the factor *) is bounded for z = Z(x). Therefore, the term

a2 { (0= (@)~ (Q) [~ 2 ) } 2=z ()

is bounded by the sum of a finite number of terms of the form (after possibly

increasing c)

| |
al+1 A Ome ‘C|a}+...+a}n+a§+...+a%n (4.2.9)
atla2! 7 al la?)!
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We thus see that | M®g;(Z(z))| is bounded by a finite sum of the form

aq! Oém! al a o « z
C|a+1< 1 > /c 5 |¢[etttemtett et 3 F (7 (), O)||dC||dZ ().
1

1021 ol 102 |
aglag!l ol la?)!

By the hypothesis on the decay of F,(Z(z'),(), IM%¢1(Z(x))| is bounded by a

finite sum of the form

vt (il B ) [ gt 0 gz
C JU

1,21 ol 102
ajlag!l ol la?)!

for some ¢ > 0. Since [(] is comparable to |£|, £ € R™ and €' is a bounded set,

the latter expression is bounded by

| |
C|a+1( aq: 07 )/ |€|a%+...+a}n+a%+...+azn+%e—M(b‘ﬂ)dé“ (4210)
RWL

1021 ol 102
ajlog! ol la2)!

and hence for |£| > 1, it is bounded by

! !
C|a+1( - Q- )/ |€|a%+...+a$n+a%+...+a2n+m6—M(b\£l)dg (4.2.11)

aflaz! " al la2)
We next estimate the integral (4.2.11). Using Lemma 1.1.10 (f) with L = b,

t=|¢,k=r=aj+...+a}, +a+ ...+ a2 +m, we have

/ g|ot e babitat ol dm - MOIED ¢
m

H al+..4ak, +ad+.. 4+aZ +m .
SsM(b —M(b
< / \/Z(?) Matsyob sa2s. a2 smet MO MGED g

H a%—i—...—i—a}n—&—a%—i—...—l—a%n-‘rm
_Lar bl¢
< VA(g) Ma%+...+a},1+a%+...+a,2n+m/ e~ MOkD g¢

m

al+..4al,+oi+..+a2,+m
S C 1 m 1 m Ma%+,..+a}n+a%+...+a,2n+m
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Observe that for each 1 < j < m,

ajl  [laj+af)+af]! ol ou?
= o since o = «; aj

;!

(a1 2

2% (o + af)!
1)
ajl

2205 1142]

I 92 2|

— =2 aj!

11521 ]
Oéj.Oé]. Oéj.Oé

Ly
o

Therefore, using the in equality a3! < Ma?, (4.2.11) is bounded by

la|+1 4] o2 2 al+. 4al +al+.. a2, +m

< cla\+14la\Ma§ - MagnC‘“H'"*‘”’1“+a%+”'+ag"+mMai+-~-+a#+a?+"'+°‘3”+m

< Ol ANy o o2 a2 )em

< Clal+iglalyg Lo

< Cltrigg, (4.2.12)

Finally, we need to estimate the number of terms that arise from the product in

(4.2.8). For n a positive integer, let
Sn = {(n1,n2) : nq + 2ny = n}

where ny, ny are nonnegative integers. If (ny,ns) € S,, then ny < 5 and for each
such ny, there is at most one ny such that (ny,ns) € S,. Hence S, has no more

than 7 elements. It follows that the product in (4.2.8) leads to no more than

(%) (Oé?m) < |a|™ < mlel

< clodtt (4.2.13)

elements where c¢ is independent of a.

From (4.2.12) and (4.2.13), we conclude that there is C' > 0 independent of «
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such that
‘M’lgl(Z(fv))’ < Ol Mg

and hence g,(Z(x)) is in EM near 0.
Thus if V' is an open set, then there is an almost analytic extension f; of g; such

that f1|V =01 and

24

()’ C’NHM <dzst(z Z(V)))N Vk =1 m
%k N! ’ T

for some C > 0, z € Z,(V +iI}).

In the sense of distributions, for each j > 2,

ln f,(Zy(w+iy)) = lim f5(Z(x)

i3y—0

and
1 Z = lim ¢5(Z(z)).
Fl;ggofl( (e +iy)) = lim gi(Z(z))
Thus
N
Ugo = lggng —legrg)zlfj(Z#(:vﬂy))-
J:

It remains to show that that u%; (2) converges to a holomorphic function. How-

ever, by wellposedness, for 2/ € Q\ @ and z € Z(V), we have

%(z((z — 2 — {0z — z']2> <—(1—-r)lz =2 < —c <0

and hence we may let € go to zero in the integral for ut % ,(2). Thus we obtain

1 iC.(z—2")— () [z—2"]2 o
ug,(2) = W//Q\Q/ec.( IO (2, O(¢) 2 ddC,

which defines a holomorphic function. m
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