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Abstract

The FBI transform is a nonlinear Fourier transform that characterizes the

local/ microlocal smoothness and analyticity of functions (or distributions) in

terms of appropriate decays. This characterization is very useful in studying the

local and microlocal regularity of solutions of partial differential equations.

The ultradifferentiable classes play an important role in the theory of differ-

ential equations as they provide an intermediate scale of spaces between C∞ and

real analytic functions.

In this thesis, we establish the boundedness of a class of FBI transforms in

Sobolev spaces. We characterize the ultradifferentiable wave front set by a class

of FBI transforms. We also provide an application that shows how powerful are

these generalized class of FBI transforms by exhibiting a result on microlocal

regularity for solutions of first order nonlinear partial differential equations in

these classes, which can not be solved by the classical FBI transforms. Finally,

we use the FBI transform to characterize microlocal smoothness and microlocal

ultradifferentiablity on maximally real submanifolds.
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Notations
We will use the following notations. Let Ω ⊂ Rm open.

< ≡ The real part

= ≡ The imaginary part

N0 ≡ {0, 1, 2, . . .}

Nm
0 ≡ {(α1, . . . , αm) : αi ∈ N0}

Ck(Ω) ≡ {f : ∂αx f ∈ C(Ω) ∀α with |α| ≤ k}

C∞(Ω) ≡ {f : f ∈ Ck(Ω) ∀k}

Ck
0 (Ω) ≡ {f ∈ Ck(Ω) : supp(f) is compact}

C∞0 (Ω) ≡ {f ∈ C∞(Ω) : supp(f) is compact}.

Cω(Ω) ≡ The space of real analytic functions on Ω.

D′(Ω) ≡ The space of distributions on C∞0 (Ω).

S(Rm) ≡ {f ∈ C∞(Rm) : sup
x∈Rm

|xα∂βxf(x)| <∞ ∀α, β}

S ′(Rm) ≡ The space of tempered distributions on S(Rm).

E ′(Ω) ≡ {u ∈ D′(Ω) : supp(u) is compact}

O(Ω′) ≡ {f : f is holomorphic on Ω′}, Ω′ ⊂ Cm open.

v



Introduction

The Fourier transform of a function u ∈ C0
c (Rm) or a distribution u ∈ E ′(Rm) is

defined by

û(ξ) =

∫
Rm

eiξ.xu(x)dx, ξ ∈ Rm

where ξ.x =
∑m

j=1 xjξj, in the latter case the integral is understood in dual-

ity sense. Besides the applications to solve differential equations, the Fourier

transform is used to characterize smoothness of a function. For instance, the

Paley-Wiener theorem states that a function u is C∞ on Rm if and only if for

every k = 1, 2, . . . , there exist Ck > 0 such that

|û(ξ)| ≤ Ck
(1 + |ξ|)k

, ∀ξ ∈ Rm.

However the regular Fourier transform is not sufficient for many purposes, in

particular, in microlocal analysis when the locality is not only with respect to

position in space but also cotangent space directions at a given point. The FBI

(Fourier-Bros-Iagolnitzer) transform is a nonlinear transform developed by the

French mathematical physicists Joseph Fourier, Jacques Bros and Daniel Iagol-

nitzer in order to characterize the local and microlocal analyticity of functions

(or distributions).

The classical FBI (Fourier-Bros-Iagolintzer) transform is of the form

Fu(x, ξ) =

∫
Rm

eiξ.(x−x
′)−|ξ||x−x′|2u(x′)dx′, x, ξ ∈ Rm (0.0.1)
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where u ∈ C0
c (Rm) or u ∈ E ′(Rm) in which case the integral is understood in the

duality sense. This transform characterizes microlocal analyticity and microlocal

smoothness, has been used to study the regularity of solutions of linear and

nonlinear partial differential equations (see [3, 7, 16, 19, 21, 34]).

In [11] S. Berhanu and J. Hounie introduced the following more general class of

FBI transforms. Let ψ ∈ S(Rm) such that 0 6=
∫
|ψ(x)|dx <∞. They define the

FBI transform of a compactly supported distribution u ∈ E ′(Rm) with generating

function ψ and parameter λ (0 < λ < 1), by

Fψ,λu(x, ξ) = 〈u(x′), eiξ.(x−x
′)ψ

(
|ξ|λ(x− x′)

)
〉, (0.0.2)

A simple example of this generalized transform is

Fku(x, ξ) =

∫
Rm

eiξ.(x−x
′)−|ξ||x−x′|2ku(x′)dx′, x, ξ ∈ Rm, k = 1, 2, . . . (0.0.3)

where the k = 1 case gives the classical FBI transform.

We establish the boundedness of the FBI transform (0.0.3) in Sobolev spaces.

S. Berhanu and J. Hounie in [11] characterized microlocal smoothness and

microlocal analyticity by taking ψ(x) = cpe
−p(x), where p(x) is real, homogenoues,

positive elliptic polynomial, and cp =

(∫
e−p(x)dx

)−1

. Later, S. Berhanu and

Abraham Hailu [10] used a variant of these transforms (taking a sum of two

polynomials) to characterize microlocal Gevrey regularity.

A natural extension is the ultradifferentiable class EM , which is obtained by

considering a sequence of positive real numbers M = (Mj) satisfying some prop-

erties (see Chapter 1 section 1.1). Under suitable assumption on the sequence

M , one obtains for EM results similar to those valid for Gs (see [22, 27, 29]).

Recently, G. Hoepfner and R. Medrado [22] used these class of FBI transforms

to characterize local and microlocal regularity of ultradistributions. Here we use

a more general class of the FBI transform of [11] to characterize the ultradiffer-

entiable wavefront set, which generalizes the work of S. Berhanu and Abraham
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Hailu [10].

Let U be an open neighborhood of 0 in Rm with coordinates x1, . . . , xm and

Z = (Z1, . . . , Zm) : U → Cm is a C∞ map, dZ1, . . . , dZm linearly independent

on U . Write Z(x) = x + iφ(x), where φ is real valued, smooth, φ(0) = 0 and

dφ(0) = 0 so that X = Z(U) is maximally real submanifold. Let u be a compactly

supported distribution in the manifold X . Define the FBI transform of u by

Fu(z, ζ) =

∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′

in which z ∈ X , ζ ∈ C1, where C1 = {ζ ∈ Cm : |=ζ| < |<ζ|}, ∆(z, ζ) is the

Jacobian determinant of the map ζ → ζ + i〈ζ〉z (where ζ ∈ C1, z ∈ Cm). Here

〈ζ〉 = (ζ.ζ)
1
2 (main branch of the square root). In [35], the author used the above

FBI transform to characterize smoothness locally.

We will use the above FBI transform to characterize microlocal smoothness of

a distribution. When the Zj are EM , we obtain a EM maximally real submanifold

and we use the corresponding FBI transform to characterize microlocal ultrad-

ifferentiablity. When φ(x) ≡ 0, we recover the FBI transform (0.0.1) and hence

our result generalizes characterizations using (0.0.1).

In chapter one we review some notions, definitions and results that are useful

for the later chapters. In chapter two we establish boundedness of a class of FBI

transforms (0.0.3) on Sobolev spaces. In the third chapter we chracterize the

ultradifferentiable wave front of a distrbution by a class of FBI transforms. The

last chapter gives FBI transform characterization of microlocal smoothness and

microlocal ultradifferentiablity on maximally real submnifolds.
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Chapter 1

Some Preliminary Concepts

In this chapter, we review ultradifferentiable classes, conic sets, boundary value of

holomorphic functions, wave front sets and FBI transforms, integrable structures,

maximally real submanifolds and pseudo-differential operators for later use.

1.1 Ultradifferentiable Functions and Some Prop-

erties

The ultradifferentiable class play an important role in the theory of differential

equations as they provide an intermediate scale of spaces between C∞ and real

analytic functions.

Definition 1.1.1. Let Ω ⊂ Rm an open subset and (Mj)j∈N be an increasing

sequence of positive real numbers satisfying some properties (see below). The

ultradifferentiable (Denjoy-Carleman) spaces in Ω, EM(Ω), is defined as the set

of all functions f in C∞(Ω) that satisfies the following property: for each K ⊂⊂ Ω

there exist a constant C > 0, depending on K and f , such that

|∂αf(x)| ≤ C |α|+1M|α|, ∀α ∈ Nm
0 , ∀x ∈ K.
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We will assume that the sequence M = (Mj) of positive real numbers to

satisfy the following conditions:

(1)(Initial Conditions)

(P1) M0 = M1 = 1.

(2)(Non-quasianalyticity)

(P2)
∞∑
j=0

Mj

Mj+1

<∞.

This condition insures the existence of no-trivial EM functions of compact sup-

port.

(3)(Stability under ultradifferentiable operators) There exists a constant D > 1,

independent of j, such that for all j ≥ 0,

(P3) M j
j+1 ≤ DjM j+1

j .

Condition (P3) implies the following condition: There exists a constant D > 1,

independent of j, k, such that for all j ≤ k, k, j ∈ N

(P3′) M
1
k
k ≤ D

k
jM

1
j

j .

Also, condition (P3) implies the stability under differential operators condition;

i.e., for all j, k ∈ N

(P3
′′
) Mj+k ≤ AHj+kMjMk,

where AHj = Dj, A,H > 0 and D is the same constant appearing in (P3) and

is independent of j, k.

5



(4)(Invariance under composition) For all j, k ∈ N with 0 ≤ j ≤ k, we have

(P4)

(
k

j

)
Mk−jMj ≤Mk.

(5)(Strong logarithmic convexity) For fixed A > 1 and for any r, 0 ≤ r < 1
A
< 1,

the sequence

(P5)
Pj

jPj−1

.

is increasing, where Pj =
Mj

(j!)r
. This implies, in particular, that M is logarithimi-

cally convex;i.e., for all j ∈ N

(P5′) M2
j ≤Mj−1Mj+1.

and this implies, in particular, that for all j, k ∈ N

(P5
′′
) MjMk ≤Mj+k.

(6)(Invariance under division) The sequence Q = (Qj) where Q0 = 1 and for

j ≥ 1

Qj =

(
Mj

j!

) 1
j

is increasing, that is, for all j < k

(P6) Qj ≤ Qk.

This condition insures that the class EM(Ω) is inverse closed; i.e., if f ∈ EM(Ω)

and inf
x∈Ω
|f(x)| > 0, then 1

f
∈ EM(Ω).

(7)(Faá di Bruno) For all j, k ∈ N, if n = jk, there is a constant C > 1, indepen-

dent of n, so that

(P7) Mk
j ≤ CnMn−k.

6



This condition is used when we need to apply multi-variable Faá di Bruno formula

for computing the derivatives of compositions of functions.

Remark 1.1.2. i). If M satisfies (P1) and (P6), then it satisfies the following: For

all j = 1, 2, . . .

(P8) Mj ≥ j!.

ii). The sequence M is quasianalytic if

∞∑
j=0

Mj

Mj+1

=∞.

Example 1.1.3. Let s > 1 be a real number and choose

Mj = (j!)s.

Then M = (Mj) satisfies (P1)-(P7) and EM(Ω) = Gs(Ω) denotes the s− Gevrey

space. If Mj = j!, then M = (Mj) satisfies all conditions except (P2), and

EM(Ω) = Cω(Ω) (the space of real analytic functions).

Proof. (P1): Clearly M0 = M1 = 1.

(P2): Since a p−series with p > 1 converges, we have

∞∑
j=0

Mj

Mj+1

=
∞∑
j=0

1

(j + 1)s
< +∞.

7



(P3) : M j
j+1 = (j + 1)!sj = (j + 1)sj(j!)sj

=
(j + 1)sj

(j!)s
(j!)s(j+1) =

(j + 1)sj

(j!)s
M j+1

j

=

(
(j + 1)

(j!)
1
j

)js
M j+1

j

≤
(
e(j + 1)

j

)js
M j+1

j since
1

(j!)
1
j

≤ e

j

≤
(

(2e)s
)j
M j+1

j

Thus the condition follows with D = (2e)s.

(P4) :

(
k

j

)
Mk−jMj = k!(k − j)!s−1(j!)s−1

≤ k!(k − j + j)!s−1 since a!b! ≤ (a+ b)!

= (k!)s = Mk

Thus the condition holds.

(P5):
Pj

jPj−1
= js−r−1. Fix A > 1 such that s ≥ 1 + 1

A
. Then we have s− r−1 ≥ 0

and hence the condition follows.

(P6): Now, for s > 1, j ≥ 1 we have

Qj+1

Qj

=

(
((j + 1)!)

1
j+1

(j!)
1
j

)s−1

=

(
((j + 1)!)j

(j!)j+1

) s−1
j(j+1)

=

(
(j + 1)j

j!

) s−1
j(j+1)

> 1.

(P7): Let j, k ∈ N and n = jk. Then

Mk
j

Mn−k
=

(j!)sk

(k(j − 1))!s

≤ (j!)sk

(j − 1)!sk
since (a!)b ≤ (ab)!

= jsk ≤ 2sn = (2s)n.

Hence, condition (P7) is satisfied with C = 2s.

8



Example 1.1.4 (More Examples). (See [32]) a) Let q > 1. Put Mj = qj
2
, j ∈ N.

The corresponding EM functions are called q−Gevrey regular. Then M = (Mj)

is non-quasianalytic.

b) Let δ > 0 and Mj =

(
log(j+e)

)δj
for j ∈ N. Then M = (Mj) is quasianalytic

for 0 < δ ≤ 1 and non-quasianalytic for δ > 1.

Note that if M = (Mj) and N = (Nj) satisfy Mj ≤ CjNj, ∀j and a constant

C, then EM(Ω) ⊂ EN(Ω). The converse is true as well by the logarithimic con-

vexity assumption. In particular, if f ∈ Gs(Ω) and s ≤ t, then f ∈ Gt(Ω). Thus

G1 ⊂ Gs, ∀s ≥ 1.

Setting Nj = j! in the above inequality yields Cω(Ω) = EM(Ω) if and only if

supj∈N(
Mj

j!
)
1
j <∞. Since (

Mj

j!
)
1
j is almost increasing the strict inclusion Cω(Ω) ⊂

EM(Ω) is equivalent to supj∈N(
Mj

j!
)
1
j =∞.

Lemma 1.1.5. (E. Borel)[[27], Theorem 3.1.1] For each multi-index α of length

N , let aα be a real number. Then there is a C∞ function on the unit ball B(0, 1) ⊂

RN with
∂αf

∂xα
(0) = aα for every multi-index α.

Example 1.1.6. By the Borel’s lemma there is a smooth function f(x) on R such

that f (n)(0) = n!(n+1)(n+1)(n!)n, ∀n ≥ 0. One can prove that f /∈ Gs(R)∀s ≥ 1.

As the following example shows there are functions in Gs for s > 1, which are

not in Cω.

Example 1.1.7. For s > 1 define fs(t) by

fs(t) =

e
−t−

1
s−1
, t > 0

0, t ≤ 0

Then fs ∈ Gs(R).But f /∈ Cω(R).

Proof. Clearly fs /∈ Cω(R). Since e−z
− 1
s−1 ∈ O(C \ {0}), for each t > 0 using the

9



Cauchy integral formula, we have

f (n)
s (t) =

n!

2πi

∫
|z−t|= 1

2
t

e−z
− 1
s−1

(z − t)n+1
dz.

Thus it follows that

|f (n)
s (t)| ≤ n!(

1

2
t)−n sup

|z−t|= 1
2
t

∣∣∣∣e−z− 1
s−1

∣∣∣∣
≤ n!(

1

2
t)−n sup

|z−t|= 1
2
t

e−<z
− 1
s−1

≤ n!(
1

2
t)−ne

− 1

( 32 t)
1
s−1 , since |z| ≤ 1

2
t

Thus for every t > 0, we have

|f (n)
s (t)| ≤ n!(

1

2
t)−ne

− 1

( 32 t)
1
s−1 (1.1.1)

The right hand side of the inequality in (1.1.1) tends to 0 as t→ 0+ so that fs(t)

is infinitely differentiable in R. Moreover, if L > 0 then by Stirling’s formula, we

have

sup
t∈(0,∞)

t−ne−Lt
− 1
s−1

=

(
s− 1

Le

)(s−1)n

n(s−1)n ≤
(
s− 1

L

)(s−1)n

n!s−1

Thus if we take the suprimum for t > 0 in (1.1.1), we have

sup
t∈R
|f (n)
s (t)| ≤ n!2n sup

t∈(0,∞)

{
t−ne

− 1

( 32 t)
1
s−1

}
≤ n!2n

(
3

2
(s− 1)s−1

)n
n!s−1

= (3(s− 1)s−1)nn!s

≤ Cn+1n!s

Therefore, fs ∈ Gs(R), s > 1.

10



Definition 1.1.8. Let Ω ⊂ Rm be an open set. We denote by DM(Ω) the

vector space of all φ ∈ EM(Ω) with compact support in Ω. The space DM ′(Ω) of

M−ultradistributions is defined to be the dual of DM(Ω); more precisely, DM ′(Ω)

is the space of all linear form u on DM(Ω) such that for each K ⊂⊂ Ω and for

all ε > 0 there is a constant Cε > 0 such that

|u(φ)| ≤ Cε sup
α∈Nm0

{
ε|α|

M|α|
sup
x∈K
|∂αφ(x)|

}

∀φ ∈ DM(K) = DM(Ω) ∩ C∞0 (K).

Finally, we define EM ′(Ω) to be the space of all linear form u on EM(Ω) such that

for each K ⊂⊂ Ω and, for all ε > 0, a constant Cε > 0 such that

|u(φ)| ≤ Cε sup
α∈Nm0

{
ε|α|

M|α|
sup
x∈K
|∂αφ(x)|

}
, ∀φ ∈ EM(Ω).

The restriction of u ∈ EM ′(Ω) to DM(Ω) define an M−ultradistribution u ∈

DM ′(Ω) with compact support in K.

Definition 1.1.9. For each sequence M = (Mj) of positive numbers we define

its associate function M(t) on [0,∞) by

M(t) = sup
j

log
tj

Mj

, t ∈ (0,∞),M(0) = 0.

Note that if Mj = j!s, then M(t) is equivalent to t
1
s (see [27]). Also if (Mj)

satisfies (P1) and (P5′), the original sequence is retrieved by the formula

Mj = sup
t>0

tj

eM(t)
.

The following Lemma (from [22] and [27]) summarizes some properties the asso-

ciated function.

Lemma 1.1.10. Let M = (Mj) be a sequence of positive numbers satisfying (P1)

and let M(t) be its associated function. It follows that

11



a) If M satisfies (P8), then for all t > 0,

log t ≤M(t) ≤ t. (1.1.2)

b) If M satisfies (P8), then M(t) is increasing convex function in log t which

vanishes for sufficiently small t > 0 and increases more rapidly than log t as

t→ +∞.

c) If M satisfies (P3
′′
), then for each k > 0 and t > 0 we have

M(kt)−M(t) ≥ log(t/A) log k

logH
, (1.1.3)

where A and H were defined by (P3
′′
).

d) The property (P3
′′
) is equivalent to

M

(
t

H

)
≤ 1

2
M(t) + log(

√
A). (1.1.4)

e) If M satisfies (P3
′′
) and (P8), then for k > 0 fixed there exist c = c(k) such

that
3

2
M(kt)−M(t) ≥ 0, t > c. (1.1.5)

f) If M satisfies (P3
′′
) and (P4), then for each L > 0 and k, r ∈ N such that

k ≥ r ≥ 0, we have

trMk−r ≤
√
A
Hr

θr
Mke

1
2
M(Lt), t > 0 (1.1.6)

where A and H were defined by (P3
′′
). When k = r the sequence does not need

to satisfy (P4).

g) Let M be a sequence satisfying (P8). If c, γ > 0 then

∫
Rm

e−cM(γ|ξ|)dξ < +∞ (1.1.7)

h) Let M be a sequence satisfying (P3
′′
). For each c > 0 there exist c′ > 0

12



(depending on the sequence M and c) such that

cM(t) ≥M(c′t), ∀t > 0 (1.1.8)

i) Let M be a sequence satisfying (P3
′′
) and (P8). If c, γ > 0 and r ∈ R+ then

∫
Rm
|ξ|re−cM(γ|ξ|)dξ < +∞ (1.1.9)

Proof. a) From the definition of M(t) and (P1) we have

log t = log
t1

M1

≤ sup
j

log
tj

Mj

= M(t) ≤ sup
j

log
tj

j!
from (P8)

≤ t, t > 0 since
tj

j!
≤ et

b) For any t′ > t ≥ 0 and any j ∈ N we have that t′j

Mj
≥ tj

Mj
, so it follows that

M(t) is increasing.

For any j ∈ N we have

M(t) ≥ j log t− logMj.

So for t0 > 0 such that logMj ≤ j
2

log t0 we get

∀t > t0 :
M(t)

log t
≥ j

2
.

Since this holds for any j ∈ N, it follows that limt→∞
M(t)
log t

=∞.

The convexity M ◦ exp : x 7→ supj∈N

(
jx− logMj

)
follows from the fact that for

any x, x′ ∈ R we have, by the subadditivity of sup

1

2

(
sup
j∈N

(jx− logMj) + sup
j∈N

(jx′ − logMj)

)
≥ sup

j∈N

(
j(
x+ x′

2
)− logMj

)

c) By Proposition 3.4 (in [27], page 50), Mj satisfies (P3
′′
) if and only if there

13



are constants A and H > 1 such that

m(λ) ≥ log(λ/A)

logH
, λ > 0. (1.1.10)

Thus (1.1.10) implies that

M(kt)−M(t) ≥
∫ kt

t

log(λ/A)

logH

dλ

λ

=
(2 log(t/A) + log k) log k

2 logH
≥ log(t/A) log k

logH

d)([27], Proposition 3.6).

e) ([22],Lemma A.1 (E)).

f)Let A,H > 0 be as in (P3
′′
). For arbitrary L > 0 and k, r ∈ N such that

k ≥ r ≥ 0, (P4) implies for t ≥ 0 that

trMk−r ≤
Hr

Lr
Mk

(Lt
H

)r

Mr

≤ Hr

Lr
Mke

M((Lt)/H) (by definition).

The conclusion follows from (1.1.4).

g)([22],Lemma A.1 (g)).

h)([22],Lemma A.1 (h)).

i) First suppose r ∈ N. Then as proved in Lemma A.1(i) of [22], since the sequence

M satisfies (P3
′′
) and (P8) we apply (1.1.6),(1.1.7) and (1.1.8). Thus, there exist

c′ > 0 such that

∫
Rm
|ξ|re−cM(γ|ξ|)dξ ≤

∫
Rm

√
A

Hr

(c′γ)r
Mre

1
2
M(c′γ|ξ|)e−M(c′γ|ξ|)dξ by (1.1.6) and (1.1.8)

≤
√
AHrMr

(c′γ)r

∫
Rm

e−M(c′γ|ξ|)dξ < +∞ by (1.1.7).

14



For r ∈ R+, we have

∫
Rm
|ξ|re−cM(γ|ξ|)dξ =

∫
|ξ|≤1

|ξ|re−cM(γ|ξ|)dξ +

∫
|ξ|>1

|ξ|re−cM(γ|ξ|)dξ

≤
∫
|ξ|≤1

e−cM(γ|ξ|)dξ +

∫
|ξ|>1

|ξ|re−cM(γ|ξ|)dξ

≤
∫
|ξ|≤1

e−cM(γ|ξ|)dξ +

∫
|ξ|>1

|ξ|me−cM(γ|ξ|)dξ

where m is a positive integer greater than r. Then clearly the first term is

finite and the second is finite by (g) above. Thus the whole integral is finite as

desired.

1.2 Conic Sets and Boundary Value of Holomor-

phic Functions

We consider now the boundary value of holomorphic functions defined on wedges

with flat edges, that is, edges that are open subsets of Rm.

Definition 1.2.1. A set Γ ⊂ Rm \ {0} is called a conic set if whenever ξ ∈ Γ,

then tξ ∈ Γ for all t > 0. It is acute if it is contained in strictly convex cone.

A conic set is completely determined by its intersection with the unit sphere

in Rm. That is, for Sm−1 = {x ∈ Rm : ||x|| = 1}, Γ = {tη : t > 0, η ∈ Γ ∩ Sm−1}.

If Γ′ ⊂ Rm \ {0} is another cone, then we write Γ′ ⊂⊂ Γ if Γ′ ∩ Sm−1 ⊂ Γ∩ Sm−1.

A conic neighborhood of a point is an open conic set containing the point.

A set Γδ ∈ Rm \ {0}, (δ > 0) is called a truncated cone if there exists a cone

Γ such that

Γδ = Γ ∩ {|ξ| < δ}.

An open truncated cone is a truncated cone which is open. A wedge with edge

V is an open set W = V + iΓ, where V is an open set in Rm and Γ is a conic set

in Rm. If W = V + iΓδ, for some δ > 0, we call W a truncated wedge.
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Definition 1.2.2. Let V ⊂ Rm be an open set and Γ be a convex conic set. A

function f ∈ O(V + iΓδ) is said to be of tempered growth if there is an integer

k ≥ 1 and a constant c > 0 such that

|f(x+ iy)| ≤ c

|y|k
, ∀x ∈ V, ∀y ∈ Γδ.

For f ∈ O(V + iΓδ), φ ∈ C∞0 (V ) and y ∈ Γδ we set

〈fy, φ〉 =

∫
V

f(x+ iy)φ(x) dx.

The following theorem (from [9]) shows the existence of a boundary value for a

holomorphic function of tempered growth defined on wedges.

Theorem 1.2.3. Suppose f ∈ O(V + iΓδ) is of tempered growth. Then the

boundary value of the holomorphic function f , denoted by bf , defined by

bf = lim
y→0,y∈Γδ

fy

exists in D′(V ) and is of order k + 1, where k is as in the definition.

Example 1.2.4. Let f(x, y) = 1
x+iy

. Then f is holomorphic and of tempered

growth in the upper half-plane y > 0. By the theorem f has boundary value

bf ∈ D′(R). Moreover, one can show that

bf = Pv

(
1

x

)
− iπδ0,

where Pv denotes the Cauchy principal value, and δ0 is the Dirac distribution.

Lemma 1.2.5. Let C0 = Γ, Cj, 1 ≤ j ≤ n be open acute cones such that

Rm = ∪nj=0Cj, Cj ∩ Ck

has measure zero when j 6= k and ξ0 /∈ Cj for j ≥ 1. Then there exists acute,
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open cones Γj, 1 ≤ j ≤ n and a constant c > 0 such that

ξ0.Γj < 0 and y.ξ ≥ c|y||ξ| ∀y ∈ Γj, ∀ξ ∈ Cj.

Proof. Fix j = 1, . . . , n. Since ξ0 /∈ Cj and Cj are acute there is a vector yj ∈

Rm \ {0} such that

ξ0.yj < 0 and (Cj \ 0).yj > 0,

which implies that

ξ0.
yj

|yj|
< 0 and ξ.

yj

|yj|
> 0 ∀ξ ∈ Cj \ 0.

By continuity, there exists a neighborhood Uj of yj

|yj | ∈ S
m−1 such that

ξ0.y < 0 and ξ.y > 0 ∀ξ ∈ Cj \ 0,∀y ∈ Uj.

Let Vj be the cone generated by Uj. Then

Vj ⊂ {y ∈ Rm \ {0} : ξ0.y < 0 and y.ξ > 0 ∀ξ ∈ Cj \ 0}.

For j = 1, . . . , n choose Γj ⊂⊂ Vj. Since the function (y, ξ) 7→ y.ξ > 0 is

continuous on the compact set

Aj = Γj ∩ Sm−1 × Cj ∩ Sm−1, bj = min
Aj

y.ξ > 0, ∀j = 1, . . . , n.

If y ∈ Γj and ξ ∈ Cj, then

(
y

|y|
,
ξ

|ξ|
) ∈ Aj and so y.ξ ≥ bj|y||ξ| ∀j = 1, . . . , n.

Let c = min{b1, . . . , bn}. Then we can get acute, open cones Γj, 1 ≤ j ≤ n and
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a constant c > 0 such that

ξ0.Γj < 0 and y.ξ ≥ c|y||ξ| ∀y ∈ Γj, ∀ξ ∈ Cj.

1.3 Wave Front Sets and the FBI Transform

Definition 1.3.1. Let Ω ⊂ Rm be an open set and u ∈ D′(Ω), x0 ∈ Ω, ξ0 ∈

Rm\{0}. u is called microlocally analytic at (x0, ξ
0) if there exist a neighborhood

V of x0, cones Γ1,Γ2, ...,Γn in Rm \ {0} with ξ0.Γj < 0, ∀j and holomorphic

functions fj ∈ O(V + iΓjδ) (for some δ > 0) of tempered growth such that

u =
n∑
j=1

bfj near x0.

The analytic wave front set of a distribution u ∈ D′(Ω), is defined by

WFa(u) = {(x, ξ) ∈ Ω× Rm \ {0} : u is not microlocally analytic at (x, ξ)}.

Definition 1.3.2. Let Ω ⊂ Rm be an open set and u ∈ D′(Ω), x0 ∈ Ω, ξ0 ∈

Rm \ {0}. u is called microlocally smooth at (x0, ξ
0) if there exist φ ∈ C∞0 , φ = 1

near x0 and a conic neighborhood Γ ⊂ Rm \ {0} of ξ0 such that for each positive

integer k there is Ck such that

|φ̂u(ξ)| ≤ Ck
(1 + |ξ|)k

,∀ξ ∈ Γ,

where φ̂u denotes the Fourier transform of φu.

The C∞ wave front set of a distribution u ∈ D′(Ω), is defined by

WF (u) = {(x, ξ) ∈ Ω× Rm \ {0} : u is not microlocally smooth at (x, ξ)}.
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Definition 1.3.3. Let Ω be open, x0 ∈ Ω, s > 1. Then u is microlocally Gevrey

regular at (0, ξ0, that is (x0, ξ
0) /∈ WFs(u)(Gevrey wave front set), if there exist

φ ∈ Gs
0(Ω), φ = 1 near x0, a conic neighborhood Γ of ξ0 and constants c1, c2 > 0

such that

|φ̂u(ξ)| ≤ c1 exp
(
−c2|ξ|

1
s

)
, ∀ξ ∈ Γ.

Remark 1.3.4. If u ∈ D′(Ω), then WF (u) ⊂ WFs(u) ⊂ WFa(u).

Definition 1.3.5. Let u ∈ E ′(Rm). The FBI (Fourier-Bros-Iagolintzer) transform

of u is defined by

Fu(x, ξ) =

∫
Rm

eiξ.(x−x
′)−|ξ||x−x′|2u(x′) dx′, (x, ξ) ∈ Rm × Rm,

where the integral is understood in duality sense.

The FBI transform characterizes the smoothness, real analyticity, microlocal

smoothness, and microlocal analticity of functions or distributions (See,[9, 19,

23, 28]). The following characterization of analyticity by means of exponential

decay of the FBI transform may be viewed as an analogue of the Palay-Wiener

theorem.

Theorem 1.3.6 ([9], Theorem V.2.4). Let u ∈ E ′(Rm). The following are equiv-

alent.

i) u is real analytic at x0 ∈ Rm

ii) There exist a neighborhood V of x0 in Rm and constants c1, c2 > 0 such that

|Fu(x, ξ)| ≤ c1e
−c2|ξ|, (x, ξ) ∈ V × Rm.

Definition 1.3.7. Let f ∈ C∞(Ω),Ω ⊂ Rm open, and Ω̃ is a neighborhood of

Ω in Cm. A function f̃(x, y) ∈ C∞(Ω̃) is called an almost analytic extension of

f(x) if

1) f̃(x, 0) = f(x) ∀x ∈ Ω and ,
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2) for each k = 1, 2, . . . there is Ck > 0 such that

| ∂f̃
∂zj

(x, y)| ≤ Ck(|y|k), j = 1, 2, . . . ,m.

We recall from [9] that every smooth function has an almost analytic exten-

sion. The following results shows us that how the FBI transform is useful to

characterize wave front sets of distributions.

Theorem 1.3.8 ([9], Theorem V.2. 14). Let u ∈ E ′(Rm), x0 ∈ Rm,ξ0 ∈ Rm\{0}.

Then (x0, ξ
0) /∈ WFa(u) if and only if there is a neighborhood V of x0 in Rm, an

open cone Γ ⊂ Rm \ {0}, ξ0 ∈ Γ and constants c1, c2 > 0 such that

|Fu(x, ξ)| ≤ c1e
−c2|ξ|, ∀(x, ξ) ∈ V × Γ.

Theorem 1.3.9 ([9], Theorem V.3.7). Let u ∈ E ′(Rm), x0 ∈ Rm,ξ0 ∈ Rm \ {0}.

Then (x0, ξ
0) /∈ WF (u) if and only if there is a neighborhood V of x0, open acute

cones Γ1, . . . ,ΓN in Rm \ {0}, and almost analytic functions fj on V + iΓjδ (for

some δ > 0) of tempered growth such that

u =
N∑
j=1

bfj near x0 and ξ0.Γj < 0 ∀j.

The following theorem characterizes Gevrey wave front sets using FBI trans-

forms.

Theorem 1.3.10 ([16], Theorem 2.3). Let u ∈ E ′(Rm), x0 ∈ Rm,ξ0 ∈ Rm \ {0}.

Then (x0, ξ
0) /∈ WFs(u) if and only if there is a neighborhood V of x0, a conic

neighborhood of Γ of ξ0 such that for some φ ∈ C∞0 (Rm), φ = 1 near x0,

|F(φu)(x, ξ)| ≤ c1e
−c2|ξ|

1
s , ∀(x, ξ) ∈ V × Γ

for some constants c1, c2 > 0.
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1.4 Integrable Structures

Let M be a smooth manifold of dimension N .

Let C∞(p) be the collection of all C∞ functions whose domain includes p,

identifying those functions which agree on an open set containing p. Recall that

a complex tangent vector (to M) at p is a C−linear map

v : C∞(p)→ C

satisfying

v(fg) = f(p)v(g) + g(p)v(f) ∀ f, g ∈ C∞(p).

The set of all tangent vectors at p, denoted by CTpM is called the complex

tangent space to M at p . This space has a basis { ∂
∂xj

: j = 1, 2, . . . , N}. The

dual space of the complex tangent space denoted by CT ∗pM is called the complex

cotangent space.

The complexified tangent bundle of M is defined as a disjoint union

CTM =
⋃
p∈M

CTpM.

Tthe complexified cotangent bundle of M is defined as a disjoint union

CT ∗M =
⋃
p∈M

CT ∗pM.

The real tangent space TpM, the real cotangent space T ∗pM, the real tangent

bundle TM and the real cotangent bundle T ∗M are defined analogously.

Definition 1.4.1. A (smooth) vector field over M is a C−linear map

L : C∞(M)→ C∞(M)
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which satisfies the Leibniz rule

L(fg) = fL(g) + gL(f), f, g ∈ C∞(M).

The set of all vector fields on M is denoted by X(M).

Definition 1.4.2. A complex vector sub-bundle of CTM of rank n and corank

m = N − n is a disjoint union

V =
⋃
p∈M

Vp ⊂ CTM

such that

i) for each p ∈M, Vp is a vector space of CTpM of dimension n.

ii) given p0 ∈M there is an open set U0 containing p0, and vector fields L1, L2, ..., Ln ∈

X(U0) such that L1p, L2p, ..., Lnp span Vp for every p ∈ U0. The vector space Vp
is called the fiber of V at p.

Let V be a vector sub-bundle of CTM, and W be an open subset of M. A

section of V over W is an element L of X(W ) such that Lp ∈ Vp,∀p ∈ W .

Definition 1.4.3. A formally integrable structure over M is a complex vector

sub-bundle V of CTM satisfying the involutivity condition: If W ⊂M open and

L1, L2 ∈ X(W ) are sections of V over W , then the lie bracket [L1, L2] is also a

section of L over W . We call the pair (M,V) an involutive structure.

Definition 1.4.4. A solution of the formally integrable structure V over M is

a C1 function u on M such that Lu = 0 for every section L of V defined in an

open subset of M.

Let V =
⋃
p∈M
Vp be a complex vector sub-bundle of CTM and set, for each

p ∈M,

V⊥p = {λ ∈ CT ∗pM : λ = 0 on Vp}.
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Then V⊥ =
⋃
p∈M
V⊥p is a complex vector sub-bundle of CT ∗M. The above state-

ments can be reversed: If V⊥ is a vector sub-bundle of CT ∗M, then V is a vector

sub-bundle of CTM.

When V is a formally integrable structure over M of dimension N = n + m,

where n is the rank of V , we shall always denote the sub-bundle V⊥ by T ′ so that

m is the rank of T ′.

Definition 1.4.5. A complex vector sub-bundle V of CTM, of rank n, is said

to be a locally integrable structure if given an arbitrary point p0 ∈M there is an

open neighborhood U0 of p0 and functions Z1, . . . , Zm ∈ C∞(U0), with m = N−n,

such that

span{dZ1p, ..., dZmp} = V⊥p , ∀p ∈ U0.

Thus if the vector field L is a section of V , then LZj = 〈dZj, L〉 = 0,∀j =

1, . . . ,m. (Z1, ..., Zm) are called complete set of first integrals. We remark here

that every locally integrable structure defined a formally integrable structure. A

formally integrable structure V is locally integrable if and only if given p0 ∈ M

and vector fields L1, ..., Ln which span V in an open neighborhood U0 of p0, there is

an open neighborhood W0 ⊂ U0 of p0 and smooth functions Z1, . . . , Zm ∈ C∞(W0)

such that

dZ1 ∧ . . . ∧ dZm 6= 0 in W0;

LjZk = 0, j = 1, . . . , n, k = 1, . . . ,m

Example 1.4.6. LetM⊂ Cn be an open set and V be the bundle generated by

∂
∂zj
, 1 ≤ i ≤ n. V is locally integrable since it has the global complete set of first

integrals given by the the coordinate functions z1, . . . , zm. The solutions are the

holomorphic functions.

The following theorem gives appropriate local coordinates and local generators

of the sub-bundle T ′ when the structure V is locally integrable.

Theorem 1.4.7 ([9], Corollary I.10.2.). Let V be a locally integrable structure

defined on a manifold M. Let p ∈ M. Then there is a coordinate system
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{x1, . . . , xm, t1, . . . , tn} vanishing at p and smooth, real-valued φ1, . . . , φm func-

tions defined in an open neighborhood of the origin, and satisfying

φk(0, 0) = 0, dxφk(0, 0) = 0, k = 1, . . . ,m

such that the differentials of the function

Zk(x, t) = xk + iφk(x, t), k = 1, . . . ,m

span T ′ in a neighborhood of the origin.

Writing Z(x, t) = (Z1(x, t), . . . , Zm(x, t)), we see that Zx(0, 0) is the identity

m×m matrix. Hence introduce, in a neighborhood of the origin in RN , the vector

fields

Mk =
m∑
l=1

µkl(x, t)
∂

∂xl
, k = 1, ...,m

characterized by the relations MkZl = δkl (Kroncker delta), where µkl = Z−1
x .

Consequently the vector field

Lj =
∂

∂tj
− i

m∑
k=1

∂φk
∂tj

(x, t)Mk, j = 1, . . . , n

are linearly independent and satisfy

LjZk = 0, 1 ≤ j ≤ n, 1 ≤ k ≤ m.

Moreover, L1, . . . , Ln span V in a neighborhood of the origin, and L1, . . . , Ln,M1, . . . ,Mm

span CTRN in neighborhood of the origin in RN . Moreover, {dZ1, . . . , dZm, dt1, . . . , dtn}

is a basis of CT ∗Rn.
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1.5 Maximally Real Submanifolds

In this section we present definition of maximally real submanifolds and some

properties.

Definition 1.5.1. LetM be an N−dimensional manifold and V be locally inte-

grable bundle on M of rank n, and let m = N − n. A submanifold X ⊂ M of

dimension m is called maximally real if for each p ∈ X

CTpM = CTpX
⊕
Vp.

Note that when the manifold and the bundle are smooth (respectively EM)

we get a smooth (respectively EM) maximally real submanifolds. The following

proposition gives equivalent definitions of maximally real submanifolds.

Proposition 1.5.2. Let X ⊂ M be a submanifold. Then the following are

equivalent.

a) X is maximally real

b) The pull back map π∗ : CT ∗M|X → CT ∗X induces an isomorphism

T ′|X
∼= CT ∗X.

Proof. (a) ⇒ (b): Suppose CTpM = CTpX ⊕ Vp ∀p ∈ X. We will show that

the pull back map π∗ : CT ∗M|X → CT ∗X induces an isomorphism T ′|X
∼= CT ′X.

Since dimC T
′
p = m = dimC CT ∗pX, it suffice to show that π∗ : T ′p → CT ∗pX is

injective for every p ∈ X. So, fix p ∈ X and let λ ∈ T ′p. Suppose that π∗(λ) = 0.

Then 〈λ, Vp〉 = 0 and

0 = 〈π∗(λ),CTpX〉 = 〈λ,CTpX〉.

But then since CTpM = CTpX
⊕
Vp, we have 〈λ,CTpM〉 = 0, which in turn

implies that λ = 0. This implies that π∗ : T ′p → CT ∗pX is injective and hence, an
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isomorphism.

(b) ⇒(a): Suppose that the pull back map π∗ : CT ∗M|X → CT ∗X induces an

isomorphism T ′|X
∼= CT ∗X. Let p ∈ X. If {λ1, . . . , λm} is a basis of T ′p, then

{π∗(λ1), . . . , π∗(λm)} is a basis of CT ∗pX. Let v ∈ CTpX ∩ Vp. Then v ∈ Vp
implies that 〈π∗(λj), v〉 = 0, ∀1 ≤ j ≤ m. Then 〈CT ∗pX, v〉 = 0 and since

v ∈ CTpX, v = 0. Hence CTpX ∩ Vp = {0}.

Since CTpX ⊕ Vp ⊂ CTpM, dimCCTpX = m, dimC V = n and dimC CTpM =

m+ n, we obtain

CTpM = CTpX ⊕ Vp.

Definition 1.5.3. Let X ⊂ M be a maximally real submanifold. The real

structure bundle of X, denoted by RT ′X is the image of the real cotangent bundle

of X, T ∗X, under the natural isomorphism T ′|X
∼= CT ′X.

The following propositions characterizes EM maximally real submanifolds. See

[12] for the corresponding statements in the smooth case.

Proposition 1.5.4. X is EM maximally real if and only if near each p ∈ X and

a complete set of EM first integrals Zj, 1 ≤ j ≤ m, the restrictions of the Zj to

X have linearly independent differentials.

Proof. Suppose X is EM maximally real. Let p ∈ X. Let i : X → M be the

inclusion map, and i∗ is its pullback. Then we have i∗(dZj(p)) = d(Zj |X)(p)

Suppose w =
∑m

j=1 aji
∗(dZj(p)) = 0. Then

〈w, v〉 = 0 ∀v ∈ CTpX,

which implies that

〈
m∑
j=1

aj(dZj(p)), v〉 = 0.

But for v′ ∈ Vp, 〈
∑m

j=1 aj(dZj(p)), v
′〉 = 0. Thus

∑m
j=1 aj(dZj(p)) ∈ (CTpX ∩

Vp)⊥ = {0}, which implies that
∑m

j=1 aj(dZj(p)) = 0. But {dZj(p)} are lin-
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early independent. Therefore, we have aj = 0 ∀j and hence {d(Zj |X)(p)} are

linearly independent. Conversely, let v ∈ Vp ∩CTpX. Then 〈dZj(p), v〉 = 0. Now

〈i∗(dZj(p)), v〉 = 〈d(Zj |X)(p), i∗v〉 = 〈dZj(p), v〉 = 0. Since {i∗(dZj(p))} spans

CT ∗pX, we have v = 0. Hence CTpX ∩ Vp = {0}. Since CTpX
⊕
Vp ⊂ CTpM,

dimCTpX = m, dimVp = n, and dimCTpM = m + n, we get CTpX
⊕
Vp =

CTpX . Therefore, X is EM maximally real submanifold.

Proposition 1.5.5. Let X be a EM maximally real submanifold. In a neighbor-

hood of each p ∈ X, we can find coordinates x1, . . . , xm, t1, . . . , tn that vanish at p

and a complete set of EM first integrals Z1, . . . , Zm such that in these coordinates,

M = {tj = 0 : 1 ≤ j ≤ n}

and the Zj are given by

Zj(x, t) = xj + iφj(x, t), 1 ≤ j ≤ m

with φj real-valued, EM , φj(0, 0) = 0 and dxφj(0, 0).

Proof. Assume p is the origin in RN . First flatten X near the origin so that

X = {y : yj = 0, j ≥ m+ 1}

Let {Z1(y), . . . , Zm(y)} be complete set of EM first integrals on a neighborhood

of 0 where y = (y1, . . . , yN) denote the coordinates in Ω. By Proposition 1.5.4,

since the differentials dZ1, . . . , dZm are linearly independent at 0, without loss of

generality, we may assume that the Jacobian matrix

A =
∂(Z1, . . . , Zm)

∂(y1, . . . , ym)
(0)

is invertible. After replacing Z = (Z1, . . . , Zm) by A−1Z, we get firt integrals
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Z1, . . . , Zm such that
∂(Z1, . . . , Zm)

∂(y1, . . . , ym)
(0)

is the identity matrix. We use new coordinates

x1 = <Z1(y), . . . , xm = <Zm(y), t1 = ym+1, . . . , tn = ym+n

near the origin. This is a EM change of coordinates and in these new coordinates,

we can write

Zj(x, t) = xj + iφj(x, t), j = 1, . . . ,m,

where φj ∈ EM near the origin, are real-valued, and

dxφj(0, 0) = 0 for j = 1, . . . ,m.

Moreover, by replacing Z(x, t) with Z(x, t)− Z(0, 0), we may assume that

φj(0, 0) = 0 for j = 1, . . . ,m.

In these coordinates the first integrals Zj and X have the asserted form.

1.6 Pseudo-differential Operators, Symbols and

Some Properties

Consider the Fourier inversion formula

u(x) =
1

(2π)n

∫
eix.ξû(ξ)dξ, u ∈ S, x ∈ Rm (1.6.1)

Then differentiating under the integral sign we obtain

Dαu(x) =
1

(2π)n

∫
eix.ξξαû(ξ)dξ, (1.6.2)
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where Dj = 1
i
∂j, D = (D1, . . . , Dn). Consider the differential operator

P (x,D) =
∑
|α|≤m

aα(x)Dα.

If we set p(x, ξ) =
∑
|α|≤m aα(x)ξα which is a polynomial in ξ with x dependent

coefficients, then (1.6.2) implies that

P (x,D)u(x) =
1

(2π)n

∫
eix.ξp(x, ξ)û(ξ)dξ.

The function p is called the symbol of the operator P . Pseudo-differential op-

erators are generalization of differential operators in that they are defined by

symbols which are not necessarily polynomials with respect to ξ.

Definition 1.6.1. Let m, ρ, δ ∈ R;n,N ∈ N with 0 ≤ ρ, δ ≤ 1. Then Hor-

manders’ class Smρ,δ(RN × Rn × Rm) is the vector space of all smooth functions

p : RN × Rn × Rm → C such that

|Dα
ξD

β
xD

γ
yp(x, ξ, y)| ≤ Cα,β,γ(1 + |ξ|)m−ρ|α|+δ(|β|+|γ|) ∀α, β, γ ∈ Nn

0 , Cα,β,γ

independent of x ∈ RN , ξ ∈ Rn, y ∈ Rm. The function p is called pseudo-

differential symbol and m is the order of p. For p(x, ξ) ∈ Smρ,δ(Rn × Rn) we

define the pseudo-differential operator P (x,D) by

P (x,D)u =
1

(2π)n

∫
Rn
eix.ξp(x, ξ)û(ξ)dξ.

In particular, when ρ = 1, δ = 0 we obtain the most simple and most common

symbol class Sm1,0. If p ∈ Sm1,0(Rn × Rn) is a symbol, then

P (x,D)u =
1

(2π)n

∫
Rn
eix.ξp(x, ξ)û(ξ)dξ

defines the associated pseudo-differential operator, where u : Rn → C is suitable

function. For instance, if u ∈ S(Rn), then p(x, ξ)û(ξ) ∈ S(Rn) with respect to ξ
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for fixed x ∈ Rn. Therefore, the integral exists and P (x,D)u is well defined.

Example 1.6.2. Let p(x, ξ) =
∑
|α|≤m cα(x)ξα be a polynomial of order m ∈ N0

in ξ with cα ∈ C∞0 (Rn). Then p ∈ Sm1,0 and P (x,D)u =
∑
|α|≤m cα(x)Dαu ∀u ∈

S(Rn). Hence every linear differential operator with smooth and bounded coeffi-

cients is a pseudo-differential operator. In particular, the Laplacian

∆ = ∂2
1 + . . .+ ∂2

n

is a pseudo-differential operator of order 2 with symbol −|ξ|2 = −
∑n

j=1 ξ
2
j .

Definition 1.6.3 (Sobolev space Hs:). Let s ∈ R. Define

Hs = {u ∈ S ′(Rn) : û ∈ L2
loc(Rn) and ||u||2Hs <∞},

where ||u||2Hs = 1
(2π)n

∫
Rn |û(ξ)|2(1 + |ξ|2)sdξ.

From the L2 boundedness of pseudo-differential operator we can easily derive

the continuity of pseudo-differential operators on the Sobolev space Hs(Rn). An

operator P ∗(x,D) is formally adjoint to the operator P (x,D) if

∫
P (x,D)u(x)v(x)dx =

∫
u(x)P ∗(x,D)v(x)dx, u, v ∈ C∞0 (Rn).

If P (x,D) is a pseudo-differential operator of order m, then P ∗(x,D) is also a

pseudo-differential operator of the same order.

Lemma 1.6.4 (G̊arding inequality). (See [24] and [25]) If A is a classical pseudo-

differential operator of order m with the principal symbol p0(x, ξ) satisfying the

condition <p0(x, ξ) ≥ c0|ξ|m, |ξ| ≥ 1, then

<(Au, u) ≥ c0||u||2m
2
− c1||u||2m−1

2
, ∀u ∈ C∞0 (K),

where c1 = C1(K), K compact subset of Rm.
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Chapter 2

Continuity of a Class of FBI

Transforms on Sobolev Spaces

2.1 Introduction

Consider the class of FBI transform (0.0.3), that is, for each k = 1, 2, . . .

Fk(u, x, ξ) =

∫
Rm

eiξ.(x−y)−|ξ||x−y|2ku(y)dy, x, ξ ∈ Rm, (2.1.1)

where the integral is understood in duality sense when u is a distribution. In

this chapter we establish the boundedness of the transforms (2.1.1) on Sobolev

spaces. The case where k = 1 was treated in the work [8].

2.2 Continuity of the FBI transform on Sobolev

Spaces

We will use of the following Faá di Bruno generalized formula to prove some

results in this section and in the later chapters.

Theorem 2.2.1 ([18], Corollary 2.10). Let γ ∈ Nm
0 , |γ| ≥ 1 and h(x1, . . . , xd) =

f(g(x1, . . . , xd)) with g ∈ Cγ(Ux0) and f ∈ C |γ|(Vy0), where y0 = g(x0), and
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Ux0 ⊂ Rd and Vy0 ⊂ R open neighborhoods of x0 and y0, respectively. Then

∂γh =

|γ|∑
r=1

∂rf
∑
p(γ,r)

(γ!)

|γ|∏
j=1

(∂αjg)kj

kj!(αj!)kj
,

where

p(γ, r) = {(k1, . . . , k|γ|;α1, . . . , α|γ|) : for some 1 ≤ s ≤ |γ|, ki = 0 and αi = 0

for 1 ≤ i ≤ |γ| − s; ki > 0 for |γ| − s+ 1 ≤ i ≤ |γ|; and 0 ≺ α|γ|−s+1 ≺ . . . ≺ α|γ| are such that

|γ|∑
i=1

ki = r,

|γ|∑
i=1

kiαi = γ}.

In particular, we have (see [18], page 515) that there exist C > 0 such that

r!
∑
p(γ,r)

|γ|∏
j=1

1

kj!
=

(
|γ| − 1

r − 1

)
≤ C |γ|. (2.2.1)

Here, for two multi-indices ν = (ν1, . . . , νd) and µ = (µ1, . . . , µd), the linear order

ν ≺ µ means one of the following holds:

(i) |ν| < |µ|;

(ii) |ν| = |µ|, and ν1 < µ1, or

(iii) |ν| = |µ|, ν1 = µ1, . . . , νk = µk, and νk+1 < µk+1 for some 1 ≤ k < d.

We write ν ≤ µ if νj ≤ µj for every 1 ≤ j ≤ d.

We now state and prove the boundedness result.

Theorem 2.2.2. Let Ω′ ⊂⊂ Ω ⊆ Rm be open sets, Ω bounded. Then for any

u ∈ E ′(Ω′),

(a) ||u||2Ht

≤ C

(∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)t+

m−mk
4k dξdx+ ||u||2

Ht− 1
4

)
;
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(b) Conversely,

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)t+

m−mk
4k dξdx ≤ C||u||2Ht ,

where in both (a) and (b), the constant C is independent of u.

Proof. Observe that

|Fk(u, x, ξ)|2 =

∫
Ω

∫
Ω

eiξ.(s−y)−|ξ|(|x−y|2k+|x−s|2k)u(y)u(s)dyds,

which leads to

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)s dξdx

=

∫
Ω

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)−|ξ|(|x−y|2k+|x−s|2k)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξdx

=

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)q(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξ,

where

q(y, s, ξ) =

∫
Ω

e−|ξ|(|x−y|
2k+|x−s|2k) dx.

Let Q(y, s, ξ) = q(y, s, ξ)|ξ|m2 (1 + |ξ|2)s. We will show that q(y, s, ξ) ∈ S
−m
2k

1, 1
2k

and

that for any Ω′ ⊆ Ω′′ ⊂⊂ Ω, there exist c, b > 0 such that

Q(y, y, ξ) ≥ c|ξ|
m
2
−m

2k (1 + |ξ|2)s for y ∈ Ω′′, |ξ| ≥ b.

We have

Q(y, y, ξ) =

(∫
Ω

e−2|ξ||x−y|2kdx

)
|ξ|

m
2 (1 + |ξ|2)s

=

(∫
Ω\y

e−2|ξ||t|2kdt

)
|ξ|

m
2 (1 + |ξ|2)s.

Since 0 ∈ Ω \ y for each y ∈ Ω′′, by compactness, there exists δ > 0 such that the

ball Bδ(0) ⊆ Ω \ y for every y ∈ Ω′′. Hence B1(0) ⊆ 1
δ
(Ω \ y) for every y ∈ Ω′′
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and therefore, B1(0) ⊆ |ξ| 12k (Ω \ y) for every y ∈ Ω′′ and all ξ ∈ Rm satisfying

|ξ| ≥ 1
δ2k

. It follows that for any y ∈ Ω′′, ξ ∈ Rm, |ξ| ≥ 1
δ2k
,

∫
Ω\y

e−2|ξ||t|2kdt =
1

|ξ|m2k

∫
|ξ|

1
2k (Ω\y)

e−2|v|2kdv

≥ 1

|ξ|m2k

∫
B1(0)

e−2|v|2kdv

=
c

|ξ|m2k
, c > 0,

and so for such y and ξ,

Q(y, y, ξ) ≥ c|ξ|
m
2
−m

2k (1 + |ξ|2)s.

Set b = 1
δ2k

, and let α, β, γ be multi-indices. We will show that there is a constant

Cα,β,γ > 0 such that∣∣∣∣∂αξ ∂βy ∂γs q(y, s, ξ)∣∣∣∣ ≤ Cα,β,γ(1 + |ξ|)
−m
2k
−|α|+ 1

2k
(|β|+|γ|)

for y and s in compact subsets and |ξ| ≥ b.

Consider first ∂αξ q(y, s, ξ) :

Let h(x, y, s) = |x − y|2k + |x − s|2k, F (r) = e−rh(x,y,s) and g(ξ) = |ξ|. Then

e−|ξ|h(x,y,s) = F (g(ξ)). To estimate ∂αξ F ◦g(ξ), we will use the multivariate version

of the formula of Faá di Bruno formula (Theorem 2.2.1).

∂αξ F ◦ g(ξ) =
∑

1≤λ≤|α|

DλF (g(ξ))
∑
p(α,λ)

(α)!

|α|∏
j=1

(Dljg)kj

kj!(lj!)kj
,
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where

p(α, λ) = {(k1, . . . , k|α|; l1, . . . , l|α|) for some 1 ≤ s ≤ |α|, ki = 0 and li = 0

for 1 ≤ i ≤ |α| − s; ki > 0 for |α| − s+ 1 ≤ i ≤ |α|; and 0 ≺ α|α|−s+1 ≺ . . . ≺ l|α| are such that

|α|∑
i=1

ki = λ,

|α|∑
i=1

kili = α}.

Fix (k1, . . . , k|α|; l1, . . . , l|α|) ∈ p(α, λ). Then

DλF (r) = (−1)λh(x, y, s)λe−rh(x,y,s),

and since g(ξ) is homogeneous of degree 1, the factor
∏s

j=1
(Dlj g)kj

kj !(lj !)
kj

is homogeneous

of degree
∑s

j=1(1− |lj|)kj = λ− |α|. It follows that ∂αξ q(y, s, ξ) is a finite sum of

constant multiples of terms of the type

∫
Ω

h(x, y, s)λe−|ξ|h(x,y,s)qλ(ξ)dx,

where qλ(ξ) is homogeneous of degree λ− |α|.

For a multi-index β, we next consider ∂βy ∂
α
ξ q(y, s, ξ):

From the form of ∂αξ q(y, s, ξ) that we have seen, we only need to consider terms

of the form ∫
Ω

∂βy

{
h(x, y, s)λe−|ξ|h(x,y,s)

}
qλ(ξ)dx,

where qλ(ξ) is homogeneous of degree λ− |α| and 1 ≤ λ ≤ |α|. We have

∫
Ω

∂βy

{
h(x, y, s)λe−|ξ|h(x,y,s)

}
qλ(ξ) dx =

∑
δ≤β

(
β

δ

)∫
Ω

∂β−δy

{
h(x, y, s)λ

}
∂δye
−|ξ|h(x,y,s)qλ(ξ) dx.

In the latter sum, consider a term

∂β−δy

{
h(x, y, s)λ

}
∂δye
−|ξ|h(x,y,s).
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Once again we use Faá di Bruno’s multivariable formula to compute

∂δt e
−|ξ||t|2k = ∂δtF (g(t)),

where g(t) = |t|2k and F (r) = e−r|ξ|. We have

∂δt e
−|ξ||t|2k =

∑
1≤λ′≤|δ|

(Dλ′F )(g(t))
∑
p(δ,λ′)

δ!

|δ|∏
j=1

(Dljg)kj

kj!(lj!)kj
,

where
∑|δ|

i=1 ki = λ′,
∑|δ|

i=1 kili = δ, and 0 < l1 < . . . < l|δ|.

Fix λ′, 1 ≤ λ′ ≤ |δ| and (k1, . . . , k|δ|; l1, . . . , l|δ|) ∈ p(δ, λ′). For each 1 ≤ j ≤

s, Dljg(t) is either 0 or homogenous of degree 2k − |lj| ≥ 0. Therefore,

s∏
j=1

(Dljg)kj

kj!(lj!)kj

is either 0 or a homogeneous polynomial of degree
∑s

j=1 kj(2k−|lj|) = 2kλ′−|δ|.

Thus ∂δye
−|ξ||x−y|2k is a constant linear combination of terms of the form

gλ′(x− y)|ξ|λ′e−|ξ||x−y|2k ,

where gλ′ is either 0 or a homogeneous polynomial of degree 2kλ′− |δ|. It follows

that

∫
Ω

∂β−δy

{
h(x, y, s)λ

}
∂δye
−|ξ|h(x,y,s)qλ(ξ) dx

=

∫
Ω

∂β−δy

{
h(x, y, s)λ

}(
∂δye
−|ξ||x−y|2k

)
e−|ξ||x−s|

2k

qλ(ξ) dx

is a constant linear combination of terms of the form

∫
Ω

∂β−δy

{
h(x, y, s)λ

}
gλ′(x− y)qλ(ξ)|ξ|λ

′
e−|ξ|h(x,y,s) dx,

where gλ′ is either 0 or homogeneous of degree 2kλ′ − |δ|, 1 ≤ λ′ ≤ |δ|, qλ(ξ)

36



homogeneous of degree λ− |α|, 1 ≤ λ ≤ |α|. The same argument shows that for

any multi-index γ, ∂αξ ∂
β
y ∂

γ
s q(y, s, ξ) is a constant linear combination of terms of

the form

∫
Ω

∂γ−δ
′

s ∂β−δy

{
h(x, y, s)λ

}
gλ′′(x− s)gλ′(x− y)qλ(ξ)|ξ|λ

′+λ′′e−|ξ|h(x,y,s) dx,

where gλ′′ is either 0 or a homogeneous polynomial of degree 2kλ′′−|δ′| ≥ 0, 1 ≤

λ′′ ≤ |δ′|, |δ′| ≤ |γ|, |δ| ≤ |β|, 1 ≤ λ′′ ≤ |δ′|, and gλ′ , and qλ are as before. Since

h(x, y, s)λ is a polynomial of degree 2kλ, we may assume that

|γ| − |δ′|+ |β| − |δ| ≤ 2kλ.

Clearly, for some constant C > 0,∣∣∣∣∂γ−δ′s ∂β−δy

{
h(x, y, s)λ

}∣∣∣∣ ≤ Ch(x, y, s)λ−
|γ|
2k
− |β|

2k
+
|δ′|
2k

+
|δ|
2k ,

and ∣∣∣∣gλ′′(x− s)gλ′(x− y)

∣∣∣∣ ≤ Chλ
′− |δ|

2k
+λ′′− |δ

′|
2k .

Thus ∣∣∣∣∂γ−δ′s ∂β−δy

{
h(x, y, s)λ

}
gλ′′(x− s)gλ′(x− y)qλ(ξ)|ξ|λ

′+λ′′e−|ξ|h(x,y,s)

∣∣∣∣
≤ C1h(x, y, s)λ+λ′+λ′′− |β|

2k
− |γ|

2k |ξ|λ+λ′+λ′′ |ξ|−|α|e−|ξ|h(x,y,s).

We claim that we may assume λ + λ′ + λ′′ − |β|
2k
− |γ|

2k
≥ 0. Indeed, this follows

from the fact that unless

|γ| − |δ′|+ |β| − |δ| ≤ 2k|δ|, 2kλ′ ≥ |δ| and 2kλ′′ ≥ |δ′|,

the product

∂γ−δ
′

s ∂β−δy

{
h(x, y, s)λ

}
gλ′′(x− s)gλ′(x− y)
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would be zero. Thus∣∣∣∣h(x, y, s)λ+λ′+λ′′− |β|
2k
− |γ|

2k |ξ|λ+λ′+λ′′ |ξ|−|α|e−|ξ|h(x,y,s)

∣∣∣∣
=

(
h(x, y, s)|ξ|

)λ+λ′+λ′′− |β|
2k
− |γ|

2k

e−
|ξ|
2
h(x,y,s)|ξ|

|β|+|γ|
2k
−|α|e−|

|ξ|
2
|h(x,y,s)

≤ C2|ξ|
|β|+|γ|

2k
−|α|e−

|ξ|
2
h(x,y,s)

for some C2 > 0, where we have used the fact that for any d ≥ 0, the function

tde−t is bounded on [0,∞).

It follows that for some constants C ′ > 0, C > 0,∣∣∣∣∂αξ ∂βy ∂γs q(y, s, ξ)∣∣∣∣ ≤ C ′|ξ|
|β|+|γ|

2k
−|α|

∫
Ω

e−
|ξ|
2
h(x,y,s) dx

≤ C|ξ|
|β|+|γ|

2k
−|α|−m

2k .

We have shown that q(y, s, ξ) ∈ S−
m
2k

1, 1
2k

. Let ϕ(ξ) ∈ C∞0 (Rm), ϕ(ξ) ≡ 1 for |ξ| ≤ b
2

and ϕ(ξ) ≡ 0 for |ξ| ≥ b. We write

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)s dξdx = A1 + A2,

where

A1 =

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2(1− ϕ(ξ))|ξ|

m
2 (1 + |ξ|2)s dξdx,

and

A2 =

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2ϕ(ξ)|ξ|

m
2 (1 + |ξ|2)s dξ dx.

We have

A1 =

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)(1− ϕ(ξ))q(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξ

= 〈Tu, u〉,
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where

Tu(s) =

∫
Rm

∫
Ω

eiξ.(s−y)(1− ϕ(ξ))q(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y) dydξ

is a pseudodifferential operator in the class Ψ
2s+mk−m

2k

1, 1
2k

. By the boundedness of

pseudodifferential operators in this class (see [23]), there exists C1 > 0 such that

A1 ≤ C1||u||2
Hs+mk−m

4k
.

The integral A2 is of the form

A2 = 〈Su, u〉,

where S is a smoothing operator and hence for any M > 0 there exists CM > 0

such that

A2 ≤ CM ||u||2H−M .

It follows that for some C > 0,

∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)s dξdx ≤ C||u||2

Hs+mk−m
4k

,

which establishes part (b) of Theorem 2.2.2.

To prove part (a), observe that the amplitude of the operator T is

B(y, s, ξ) = (1− ϕ(ξ))q(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)s,

and therefore, for any Ω′ ⊆ Ω′′ ⊂⊂ Ω, as we saw before , for some C > 0,

B(y, y, ξ) = (1− ϕ(ξ))q(y, y, ξ)|ξ|
m
2 (1 + |ξ|2)s

≥ C(1 + |ξ|2)s+
mk−m

4k for y ∈ Ω′′, |ξ| ≥ b.
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Hence by Garding’s inequality, there exists C > 0 such that

||u||2
Hs+mk−m

4k
≤ A1 + C||u||2

Hs+mk−m
4k

− 1
4
.

Therefore, for some C > 0,

||u||2
Hs+mk−m

4k
≤ C

(∫
Ω

∫
Rm
|Fk(u, x, ξ)|2|ξ|

m
2 (1 + |ξ|2)s dξdx+ ||u||2

Hs+mk−m4 − 1
4

)
,

which proves part (a) of Theorem 2.2.2.

We recall that a function p(x, ξ) ∈ C∞(Ω × Rm) (Ω ⊂ Rm open) is said to

belong to the symbol class Skρ,δ if for every pair of multi-indices α, β and every

compact subset K ⊂ Ω,

|∂βx∂αξ p(x, ξ)| ≤ (1 + |ξ|)k−ρ|α|+δ|β|, x ∈ K, ξ ∈ Rm.

Given a symbol p(x, ξ) ∈ Skρ,δ, the corresponding pseudodifferential operator

P (x,D) ∈ Ψk
ρ,δ is defined by

P (x,D)u(x) =

∫
Rm

∫
Ω

ei(x−y)·ξp(x, ξ)u(y) dydξ, u ∈ E ′(Ω).

If u ∈ E ′(Ω), one says the point (x0, ξ
0) ∈ Ω × Rm \ {0} is not in the Hs

wavefront set of u (denoted (x0, ξ
0) /∈WFs(u)) if for some ϕ(x) ∈ C∞0 (Ω), ϕ(x0) 6=

0, and an open cone Γ ⊂ Rm with vertex at the origin and containing ξ0,

∫
Γ

|ϕ̂u(ξ)|2(1 + |ξ|2)s dξ <∞.

It is well known that (x0, ξ
0) /∈WFs(u) if and only if whenever P (x,D) is an ellip-

tic pseudodifferential operator of order zero whose support is in a conic neighbor-

hood of (x0, ξ
0), P (x,D)u ∈ Hs. The following theorem is a microlocal version

of Theorem 2.2.2.
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Theorem 2.2.3. Let (x0, ξ
0) ∈ Rm × Rm \ {0} and p(x, ξ) ∈ S0

1,0, with support

in a conic neighborhood Ω1 × Γ of (x0, ξ
0), Ω1 ⊂⊂ Ω. Then for any u ∈ E ′(Ω′)

(Ω1 ⊂⊂ Ω′ ⊂⊂ Ω), there exist constants C1, C2 > 0 independent of u such that:

(a) ||P (x,D)u||2Ht

≤ C1

(∫
Rm

∫
Ω

|Fk(u, x, ξ)|2|p(x, ξ)|2|ξ|
m
2 (1 + |ξ|2)t+

m−mk
4k dxdξ + ||u||2

Ht− 1
4

)
;

(b)

∫
Rm

∫
Ω

|Fk(u, x, ξ)|2|p(x, ξ)|2|ξ|
m
2 (1 + |ξ|2)t+

m−mk
4k dxdξ

≤ C2

(
||P (x,D)u||2Ht + ||u||2

Ht− 1
4

)
.

Proof. We have

∫
Rm

∫
Ω

|Fk(u, x, ξ)|2|p(x, ξ)|2|ξ|
m
2 (1 + |ξ|2)s dxdξ

=

∫
Ω

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)−|ξ|(|x−y|2k+|x−s|2k)|p(x, ξ)|2|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξdx

=

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)q1(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξ,

where

q1(y, s, ξ) =

∫
Ω

e−|ξ|(|x−y|
2k+|x−s|2k)|p(x, ξ)|2 dx.

For any multi-indices α, β, γ,

∂γs ∂
β
y ∂

α
ξ q1(y, s, ξ) =

∑
δ≤α

(
α

δ

)∫
Ω

∂γs ∂
β
y ∂

δ
ξ

(
e−|ξ|h(x,y,s)

)
∂α−δξ |p(x, ξ)|2 dx.

We saw in the proof of Theorem 2.2.2 that for some C > 0,∣∣∣∣∂γs ∂βy ∂δξ(e−|ξ|h(x,y,s)

)∣∣∣∣ ≤ C|ξ|−δ+
|β|+|γ|

2k .
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Since |p(x, ξ)|2 ∈ S0
1,0, for some C ′ > 0,

∣∣∣∣∂α−δξ |p(x, ξ)|2
∣∣∣∣ ≤ C ′|ξ||δ|−|α|

and hence

(1− ϕ(ξ))q1(y, s, ξ) ∈ S−
m
2k

1, 1
2k

.

Write

∫
Rm

∫
Ω

|Fk(u, x, ξ)|2|p(x, ξ)|2|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dxdξ = A1 + A2,

where

A1 =

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)(1− ϕ(ξ))q1(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξ,

and

A2 =

∫
Rm

∫
Ω

∫
Ω

eiξ.(s−y)ϕ(ξ)q1(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y)u(s) dydsdξ.

We have A1 = 〈T1u, u〉, where

T1u(s) =

∫
Rm

∫
Ω

eiξ.(s−y)(1− ϕ(ξ))q1(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y) dydξ.

We recall from the proof of Theorem 2.2.2 that

Tu(s) =

∫
Rm

∫
Ω

eiξ.(s−y)(1− ϕ(ξ))q(y, s, ξ)|ξ|
m
2 (1 + |ξ|2)su(y) dydξ,

where q(y, s, ξ) =
∫

Ω
e−|ξ|(|x−y|

2k+|x−s|2k) dx. Write

P (x,D)u(x) =

∫
Rm

∫
Ω

eiξ.(s−y)p(x, ξ)u(y) dydξ.

We observe that if P ∗(x,D) denotes the adjoint of P (x,D), then the principal
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symbol of the composition P ∗ ◦ T ◦ P is the same as that of T1. Indeed, the

principal symbol of T1 is given by

(1− ϕ(ξ))q1(y, y, ξ)|ξ|
m
2 (1 + |ξ|2)s = (1− ϕ(ξ))|p(x, ξ)|2q(y, y, ξ)|ξ|

m
2 (1 + |ξ|2)s,

while that of P ∗ ◦ T ◦ P is

p(x, ξ)(1− ϕ(ξ))q(y, y, ξ)|ξ|
m
2 (1 + |ξ|2)sp(x, ξ).

Therefore, the difference E = T1 − P ∗ ◦ T ◦ P is a pseudodifferential operator in

the class Ψ
2s+mk−m

2k
− 1

2

1, 1
2k

. It follows that

A1 = 〈T1u, u〉

= 〈P ∗ ◦ T ◦ P (u), u〉+ 〈Eu, u〉

= 〈T (Pu), Pu〉+ 〈Eu, u〉.

By G̊arding’s inequality, there are constants C ′1, C
′
2 > 0 such that

Re

{
〈T (Pu), Pu〉

}
≥ C ′1||Pu||2

Hs+mk−m
4k
− C ′2||Pu||2

Hs+mk−m
4k

− 1
4
.

We also have, for some C3 > 0,

|〈Eu, u〉| ≤ C3||u||2
Hs+mk−m

4k
− 1

4
.

Hence for some C1, C2 > 0, since P (x,D) is of order 0,

A1 ≥ C1||Pu||2
Hs+mk−m

4k
− C2||Pu||2

Hs+mk−m
4k

− 1
4
.

Since A2 involves a smoothing operator, the proof of (a) is completed.

(b) follows from the continuity of T1 and the fact that A2 involves a smoothing

operator.
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Chapter 3

FBI Transform Characterization

of the Ultradifferentiable Wave

Front Set

3.1 Introduction

The ultradiffrentiable classes are a natural generalization of Gevrey classes ob-

tained by considering a sequence of real numbers M = (Mj)j∈N satisfying some

properties. Recall that a tempered growth of holomorphic function implies the

existence of boundary values of distributions (Theorem 1.2.3. Z. Adwan and G.

Hoepfner [2] recently proved sufficient conditions for the existence of boundary

values in the sense of ultradistributions(Lemma 3.3.6). Our goal here to character-

ize ultradiffrentiable functions in terms of existence of almost analytic extensions

(together with the work of Z. Adwan and G. Hopfner ([1], Lemma 17) and to

characterizize the ultradifferentiable wave front set by using more general class

of transforms (with a sum of finite number of elliptic, homogenous polynomials),

which generalizes the work in [10] to ultradifferentiable classes.
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3.2 Almost Analyticity in Ultradifferentiable Func-

tions

Let Ω ⊂ Rm an open subset and (Mj)j∈N be an increasing sequence of positive

real numbers with the properties (P1) − (P7) (see chapter one) and EM(Ω) be

the corresponding ultradifferentiable space.

For each sequence M = (Mj), let

M(t) = sup
j

log
tj

Mj

, t ∈ (0,∞),M(0) = 0.

be the associated function.

Definition 3.2.1. Let Ω ⊂ Rm be an open set and f = f(x) ∈ EM(Ω). A

function F = F (x, y) ∈ EM(Ω × (−1, 1)m) is called an M− almost analytic

extension of f if the following holds:

i) F (x, 0) = f(x) for all x ∈ Ω; and

ii) for all (x, y) ∈ Ω × (−1, 1)m and for all N = 1, 2, . . . there exists a constant

C > 0, independent of N , such that, for all j = 1, . . . ,m it holds∣∣∣∣∂F∂zj (z)

∣∣∣∣ ≤ CN+1

N !
MN |y|N .

Lemma 3.2.2. Let α ∈ Nm
0 , x ∈ Rm{0} and h(x) = |x|−2m. Then there exist

C > 0 such that

|∂αh(x)| ≤ C |α|+1(m+ |α| − 1)!|x|−2m−|α|.

Proof. Let

f(t) = t−m and g(x) =
m∑
j=1

x2
j

so that h(x) = f(g(x)). We will use Faá di Bruno formula to compute this
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derivative, that is,

∂αh(x) =

|α|∑
r=1

f (r)(g(x))
∑
P (α,r)

α!

|α|∏
j=1

(∂αjg)kj

kj!(αj!)kj
,

where

p(α, r) = {(k1, . . . , k|α|;α1, . . . , α|α|) : for some 1 ≤ s ≤ |α|, kj = 0 and αj = 0

for 1 ≤ j ≤ |α| − s; kj > 0 for |α| − s+ 1 ≤ j ≤ |α|; and 0 ≺ α|α|−s+1 ≺ . . . ≺ α|α| are such that

|α|∑
i=1

kj = r,

|α|∑
j=1

kjαj = α}.

Now f ′(t) = −mt−m−1, f ′′(t) = −m(−m− 1)t−m−2 and in general

f (r)(t) = (−1)rr!

(
m+ r − 1

r

)
t−m−r = (−1)r(m+ r − 1)(m+ r − 2) . . .mt−m−r.

Let αj = (α1
j , . . . , α

m
j ), j = 1, 2, . . . , |α|. Then

∂αjg(x) =
∂|αj |

∂x
α1
j

1 . . . ∂x
αmj
m

g(x) = 0

except when αj = ej = (0, . . . 1, 0 . . . , 0) in that case it is 2xj and when αj = 2ej

the derivative is 2.

Thus when αj = ej from
∑|α|

j=1 kj = r and
∑|α|

j=1 kjαj = α we have |α| = r, α =

(k1, . . . , k|α|). When αj = 2ej, we have |α| = 2r and α = 2(k1, . . . , k|α|).

Therefore, since there are non zero terms only when r = |α| and 2r = |α|, and

using the fact that

(
|α|
2

)!

(
m+ |α|

2
− 1

|α|
2

)
≤ |α|!

(
m+ |α| − 1

|α|

)
,

we have
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|∂αh(x)| ≤ |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−2|α|

∣∣∣∣ ∑
k1+...+k|α|=|α|

k1! . . . k|α|!

|α|∏
j=1

(2xj)
kj

kj!

∣∣∣∣
+ |α|!

(
m+ |α| − 1

|α|

)
|x|−2m−|α|

∑
2k1+...+2k|α|=|α|

(2k1)! . . . (2k|α|)!

|α|∏
j=1

(2)kj

kj!(2!)kj

= |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−2|α|2|α|

∣∣∣∣x(k1,...,k|α|)

∣∣∣∣ ∑
k1+...+k|α|=|α|

1

+ |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−|α|

∑
2k1+...+2k|α|=|α|

(2k1)! . . . (2k|α|)!

|α|∏
j=1

1

kj!

≤ |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−|α|

(
2|α|

∑
k1+...+k|α|=|α|

1 + |α|!
∑

2k1+...+2k|α|=|α|

|α|∏
j=1

1

kj!

)

≤ |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−|α|

(
2|α||α|+ C |α|

)
from (2.2.1)

≤ |α|!
(
m+ |α| − 1

|α|

)
|x|−2m−|α|

(
22|α| + C |α|

)
≤ C |α|+1|α|!

(
m+ |α| − 1

|α|

)
|x|−2m−|α|

≤ C |α|+1(m+ |α|+ 1)!|x|−2m−|α|

Lemma 3.2.3. Let Ω ⊂ Rm be an open set. f ∈ EM(Ω) if and only if there exist

F (x, y) ∈ EM(Ω× (−1, 1)m) such that

(1) F (x, 0) = f(x) on Ω and

(2) ∣∣∣∣∂F∂zj (z)

∣∣∣∣ ≤ CN+1

N !
MN |y|N , ∀j = 1, 2, . . . ,m

on Ω× (−1, 1)m for some constant C > 0, where zj = xj + iyj.

Proof. Suppose f ∈ EM(Ω). Then (by [1], Lemma 17) f has an M− almost

analytic extension F = F (x, y) ∈ EM(Ω× (−1, 1)m)).
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Conversely suppose there exist F = F (x, y) ∈ EM(Ω× (−1, 1)m)) such that

(1) F (x, 0) = f(x) on Ω and

(2) ∣∣∣∣∂F∂zj (z)

∣∣∣∣ ≤ CN+1

N !
MN |y|N , ∀j = 1, 2, . . . ,m

on Ω × (−1, 1)m for some constant C > 0. We will show that f ∈ EM(Ω).

It suffice to show that f ∈ EM(Br) for each sufficiently small ball in Ω. Let

B2r = {x ∈ Ω : |x| < 2r} such that B2r ⊂ Ω. Let F (x, y) be as given above on a

neighborhood of the closure of Ωr = B2r ×Br. We may assume that F (x, y) = 0

for y ∈ Br \ (−1, 1)m.

Set ω(z) = dz1 ∧ . . . ∧ dzm. We will identify Cm with R2m. For k = 1, . . . ,m, let

ωk(z) = (−1)k−1dz1 ∧ . . . ∧ dzk−1 ∧ ˆdzk ∧ dzk+1 ∧ . . . ∧ dzm,

where dzk is removed. Let σn be the area of a unit sphere Sn−1 in Rn. The for

each x ∈ Br, from the higher dimensional version of the inhomogeneous Cauchy

Integral Formula, we have

f(x) = F (x, 0) =
2(2i)−m

σ2m

∫
∂Ωr

F (w)
m∑
k=1

(wk − xk)|w − x|−2mωk(w) ∧ ω(w)

− 2(2i)−m

σ2m

∫
Ωr

m∑
k=1

∂F

∂wk
(w)(wk − xk)|w − x|−2mω(w) ∧ ω(w)

= f1(x) + f2(x)

Since f1(x) is real analytic on Br, f1 ∈ EM(Br). It remains to show that f2 ∈

EM(Br).

Let α = (α1, . . . , αm). Then

∂αf2(x) = −2(2i)−m

σ2m

∫
Ωr

m∑
k=1

∂F

∂wk
(w)∂αx

[
(wk − xk)|w − x|−2m

]
ω(w) ∧ ω(w).
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For x 6= w,

∂α
[
(wk − xk)|w − x|−2m

]
=
∑
β≤α

(
α

β

)
∂βx (wk − xk)∂α−βx [|w − x|−2m]

= (wk − xk)∂αx [|w − x|−2m]− α!

(α− ek)!
∂α−ekx [|w − x|−2m]

= (wk − xk)∂αx [|w − x|−2m]− αk∂α−ekx [|w − x|−2m]

Using Lemma 3.2.2, we have

|∂α
[
(wk − xk)|w − x|−2m

]
| ≤

|w − x||∂αx [|w − x|−2m]|+ αk|∂α−ekx [|w − x|−2m]|

≤ (m+ |α| − 1)!

(
C |α|+1|w − x||w − x|−2m−|α| + αkC

|α|−1|w − x|−2m−|α|+1

)
≤ C |α|+1(m+ |α| − 1)!|w − x|−2m−|α|+1

Therefore,

|∂αf2(x)| = −21−m

σ2m

∫
Ωr

m∑
k=1

∣∣∣∣ ∂F∂wk (w)

∣∣∣∣|∂αx[(wk − xk)|w − x|−2m

]
||ω(w) ∧ ω(w)|

≤ 22−m

σ2m

c|α|+1(m+ |α| − 1)!CN+1MN

N !

∫
Ωr

m∑
k=1

|=w|N

|w − x|2m+|α|−1
ω(w) ∧ ω(w)|

≤ 22−m

σ2m

c|α|+1(m+ |α| − 1)!CN+1MN

N !

∫
Ωr

|=w|N−2m−|α|+1dv

≤ 22−m

σ2m

c|α|+1(m+ |α| − 1)!C |α|+2m M2m+|α|−1

(2m+ |α| − 1)!

∫
Ωr

dv (let N = 2m+ |α| − 1)

≤ 22−m

σ2m

c|α|+1C |α|+2mM2m+|α|−1

≤ 22−m

σ2m

c|α|+1C |α|+2mAH2m+|α|−1M2m−1M|α|

≤ C ′|α|+1M|α|

Therefore, f2 ∈ EM(Br) and hence f ∈ EM(Br).
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3.3 Characterization of the Ultradifferentiable

Wave Front Set

Let ψ ∈ EM(Rm) such that 0 6=
∫
|ψ(x)|dx < ∞. Following S. Berhanu and J.

Hounie [11], define the FBI transform of u ∈ EM ′(Ω) with generating function ψ

and parameter λ, 0 < λ < 1, by

Fψ,λu(x, ξ) = 〈u(x′), eiξ.(x−x
′)ψ

(
|ξ|λ(x− x′)

)
〉.

Note that if ψ(x) = e−|x|
2
, then Fψ, 1

2
is the classical Fourier-Bros-Iagolnitzer

(FBI) transform.

Let p(x) be a positive polynomial of the form

p(x) =
k∑
l=1

pl(x) = p1(x) + . . .+ pk(x)

where

pl(x) =
∑
|α|=2l

aαx
α, l = 1, . . . , k; aα,∈ R+

and pl(x) (l = 1, . . . , k) satisfies

cl|x|2l ≤
∑
|α|=2l

aαx
α ≤ bl|x|2l

for some constants 0 < cl ≤ bl, l = 1, . . . , k.

Take ψ(x) = cpe
−p(x), where cp = (

∫
Rm e

−p(x)dx)−1, as a generating function

and 1
2k

as a parameter. Then for u ∈ EM ′(Rm) we define the FBI transform as

Fu(x, ξ) = cp〈u(x′), eiξ.(x−x
′)e−|ξ|

1
k p1(x−x′)−...−|ξ|pk(x−x′)〉, x, ξ ∈ Rm.
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Let χ(x) ∈ DM(Rm), such that χ ≥ 0 and
∫
Rm χ(x)dx = 1. Set

σ(ξ) =
χ̃(ξ)

(2π)m
.

Let u ∈ EM ′(Rm) then the inversion formula becomes

u(x) = lim
ε→0+

∫
Rm×Rm

eiξ.(x−x
′)σ(εξ)Fu(x′, ξ)|ξ|

m
2kdx′dξ

We recall the following theorem, which characterizes Gevrey wave front set of

a function in terms of the above generalized FBI transform, where they used pos-

itive elliptic polynomial of the form p1(x) =
∑
|α|=2l aαx

α, p2(x) =
∑
|β|=2k bβx

β

with l < k.

Theorem 3.3.1 ([10], Theorem 3.2). Let u ∈ E ′(Rm), x0 ∈ Rm, ξ0 ∈ Rm with

|ξ0| = 1. Then (x0, ξ
0) /∈ WFs(u), s > 1 if and only if there exist a neighborhood

V of x0, a conic neighborhood Γ of ξ0 and constants a, b > 0 such that for some

φ ∈ C∞0 (Rm), φ ≡ 1 near x0,

|F(φu)(x, ξ)| ≤ ae−b|ξ|
1
s , (x, ξ) ∈ V × Γ.

We will generalize Theorem 3.3.1 to ultradifferentiable classes. First we will

have some lemmas. In the following lemma Ω ⊂ R2m = Rm
x × Rm

x′ will denote an

open subset containing the origin, x = (x1, . . . , xm) ∈ Rm
x , x′ = (x′1, . . . , x

′
m) ∈

Rm
x′ .

Lemma 3.3.2. Let Ω ⊂ R2m = Rm
x × Rm

x′ be an open set. Let

Q(x, x′, ξ) = iξ.(x− x′)− |ξ|
1
k p1(x− x′)− . . .− |ξ|pk(x− x′).

Then for each compact subset set K ⊂ Ω, there exist C > 0 such that for all

α ∈ Nm
0 , L > 0 and |ξ| > 1,

|∂αx′eQ(x,x′,ξ)| ≤ e
1
2
M(L|ξ|)M|α|e

H
LC |α|+1 on K.
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Proof. In what follows, we may increase the constant C from line to line, a finite

number of times. Let K ⊂ Ω be compact.

Applying Faá di Bruno formula

∂αx′e
Q(x,x′,ξ) =

|α|∑
r=1

eQ(x,x′,ξ)
∑
p(α,r)

α!

|α|∏
j=1

(∂
αj
x′ Q)kj

kj!(αj!)kj
.

Thus using the fact that p1, . . . , pm ∈ EM(Rm), we have for |ξ| > 1,

|∂αx′eQ(x,x′,ξ)| = |
|α|∑
r=1

eQ(x.x′,ξ)
∑
p(α,r)

α!

|α|∏
j=1

(∂
αj
x′ Q(x, x′, ξ))kj

kj!(αj!)kj
|

≤
|α|∑
r=1

e<Q(x.x′,ξ)
∑
p(α,r)

|α|!
|α|∏
j=1

|(∂
αj
x′ Q(x, x′, ξ))kj

kj!(αj!)kj
|

≤
|α|∑
r=1

∑
p(α,r)

|α|!
|α|∏
j=1

[
|ξ||∂αjx′ (x− x′)|+ |ξ|

1
k |∂αjx′ p1(x− x′)|+ . . .+ |ξ||∂αjx′ pk(x− x′)|

]kj
kj!(αj!)kj

≤ C

|α|∑
r=1

∑
p(α,r)

|α|!
|α|∏
j=1

(
|ξ|C |αj |+1M|αj |

)kj
kj!(αj!)kj

Now from (P7) and (P5
′′
), respectively, we get,

|α|∏
j=1

M
kj
|αj | ≤

|α|∏
j=1

Ckj |αj |M|αj |kj−kj ≤ C |α|M|α|−r.

Also the inequality (a+ b)! ≤ 2a+ba!b! implies that

|α|∏
j=1

(
|ξ|C |αj |+1

αj!

)kj
≤ |ξ|

rC |α|+r4|α|

|α|!
.

Therefore, using

trM|α|−r ≤
√
A(
H

L
)rM|α|e

1
2
M(Lt), t > 0 (Lemma 1.1.10 (f)),
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we obtain

|∂αx′eQ(x,x′,ξ)| ≤
|α|∑
r=1

∑
p(α,r)

|α|!
|α|∏
j=1

(
|ξ|C |αj |+1M|αj |

)kj
kj!(αj!)kj

≤
|α|∑
r=1

∑
p(α,r)

|ξ|rC2|α|+r4|α|M|α|−r

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ξ|)M|α|

|α|∑
r=1

∑
p(α,r)

(
H

L
)rC |α|+r

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ξ|)M|α|C

|α|
|α|∑
r=1

∑
p(α,r)

(
H

L
)r
|α|∏
j=1

1

kj!

= e
1
2
M(L|ξ|)M|α|C

|α|
|α|∑
r=1

r!
∑
p(α,r)

(H
L

)r

r!

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ξ|)M|α|e

H
LC |α|

|α|∑
r=1

r!
∑
p(α,r)

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ξ|)M|α|e

H
LC |α|C |α| from 2.2.1

≤ e
1
2
M(L|ξ|)M|α|e

H
LC |α|+1

Theorem 3.3.3. Let Ω be as in Lemma 3.3.2 and u ∈ EM ′(Ω). Then for each

K ⊂⊂ Ω and for every L > 0, there exist CL > 0 such that

|Fu(x, ξ)| ≤ CLe
M(L|ξ|), x ∈ K, ξ ∈ Rm.

Proof. Let u ∈ EM ′(Ω). Then by definition Fu(x, ξ) = 〈u(x′), ϕ(x, x′, ξ)〉, where

ϕ(x, x′, ξ) = eiξ.(x−x
′)−|ξ|

1
k p1(x−x′)−...−|ξ|pk(x−x′). Fix K ⊂⊂ Ω. Then from definition
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1.1.8 , for any ε1 > 0 and suitable C1 > 0 depending on ε1 we get

|Fu(x, ξ)| = |〈u(x′), ϕ(x, x′, ξ)〉|

≤ C1 sup
α∈Nm0

{
ε
|α|
1

M|α|
sup
x′∈K
|∂αx′ϕ(x, x′, ξ)|

}
= C1 sup

α∈Nm0

{
ε
|α|
1

M|α|
sup
x′∈K

∣∣∣∣∂αx′(eiξ.(x−x′)−|ξ| 1k p1(x−x′)−...−|ξ|pk(x−x′)
)∣∣∣∣}

By Lemma 3.3.2, for such a compact set K there exist C > 0 such that for

α ∈ Nm
0 , L > 0 and |ξ| > 1,∣∣∣∣∂αx′(eiξ.(x−x′)−|ξ| 1k p1(x−x′)−...−|ξ|pk(x−x′)

)∣∣∣∣ ≤ e
1
2
M(L|ξ|)e

H
LC |α|+1M|α| on K.

Thus for |ξ| > 1,

sup
x′∈K

∣∣∣∣∂αx′(eiξ.(x−x′)−|ξ| 1k p1(x−x′)−...−|ξ|pk(x−x′)
)∣∣∣∣

≤ e
1
2
M(L|ξ|)e

H
LC |α|+1M|α|

≤ eM(L|ξ|)e
H
LC |α|+1M|α|

Thus

|Fu(x, ξ)| ≤ C1 sup
α∈Nm0

{
ε
|α|
1

M|α|
C |α|+1eM(L|ξ|)M|α|e

H
L

}
= C1Ce

H
L eM(L|ξ|) sup

α∈Nm0

{
(Cε1)|α|

}
, |ξ| ≥ 1

≤ CLe
M(L|ξ|)

where we choose ε1 <
1
C

. For |ξ| ≤ 1, the estimate holds by continuity.
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Let M(t) be the associated function to the sequence (Mj). The Young conju-

gate of the associated function, w∗ : [0,+∞)→ [0,+∞] is defined by

w∗(r) = sup
t≥0
{M(t)− rt},

which is comparable with w∗ (see [31]) in the sense that for every H > 1 there

exists C > 0 so that

M∗(Hs)− C ≤ w∗(s) ≤M∗(s), ∀s > 0.

Another important function is

M∗(s) = − log inf
j∈N

{
sjMj

j!

}
.

Note that from the definition of M∗ and M one has

M(t) ≤ inf
s
{M∗(s) + st}, ∀t ≥ 0.

Note also that if Mj = j!s (s > 1), then M∗(t) is equivalent to 1

t
1
s−1

(see [26], pp.

198).

Remark 3.3.4. Condition (ii) in Definition 3.2.1 is equivalent to the condition∣∣∣∣∂F∂zj (z)

∣∣∣∣ ≤ Ce−M
∗(C|y|).

Definition 3.3.5. A complex vector sub-bundle V of CT (U × V ) (where U and

V are open subsets of Rm and Rn, respectively) of rank n is called M−locally

integrable structure if for each p ∈ U×V , there are open neighborhood Ωp ⊂ U×V

of p, functions ak,j, Zk ∈ EM(Ωp), j ∈ {1, . . . ,m} such that

Vq = span{(L1)q, . . . , (Ln)q} for each q ∈ Ωp,
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where

Lj =
∂

∂t
+

m∑
k=1

akj(x, t)
∂

∂xk
, (x, t) ∈ Ωp, j = 1, . . . , n

and

span{(dZ1)q, . . . , (dZm)q} = V⊥q , ∀q ∈ Ωp.

The following lemma [Theorem 3.1, [2]] gives sufficient conditions for the

existence of boundary values in the sense of ultradistributions for certain solutions

of M−locally integrable structures.

Lemma 3.3.6. Let V be a neighborhood of 0 ∈ Rm, Γ ⊂ Rn be an open acute

cone with vertex at the origin, δ > 0,Γδ = Γ ∩ {v : |v| < δ}, f ∈ C0(V × Γ) and

V = span{L1, . . . , Ln} be M− locally integrable structure of class EM(Ω). If

(1) Ljf ∈ L∞(V × Γ), 1 ≤ j ≤ n;

(2)f increases M∗−exponentially, that is, for all % > 0 we have

|f(x, t)|e−%M∗(|t|/%) <∞.

Then, there exist the boundary value of f in DM ′(V ), i.e., there exist bf ∈ DM ′(V )

such that

〈bf, ϕ〉 = lim
Γ3t→0

∫
f(x, t)ϕ(x)dx, ∀ϕ ∈ DM(V ).

For future reference, we will use Lemma 3.3.6, under the hypothesis in which

m = n and Lj = ∂zj .

Definition 3.3.7. Let u ∈ DM ′(Ω), x0 ∈ Ω and ξ0 ∈ Rm \ {0}. We say that u is

M−micro-regular at (x0, ξ
0) if there is a neighborhood V of x0, acute open cones

Γ1, . . . ,Γn ⊂ Rm \ {0} and fj ∈ EM(V + iΓδj) (for some δ > 0) that increases

M∗−exponentially such that

i) ξ0.Γj < 0 ∀j

ii) u =
∑n

j=1 bfj near x0

iii)

∣∣∣∣ ∂fj∂zk
(x, y)

∣∣∣∣ ≤ CN+1MN

N !
|y|N ∀j = 1, 2, . . . , n;∀k = 1, 2, . . .m, ∀N ∈ N.
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The ultradifferentiable (M−) wave front set of u is defined by

WFM(u) = {(x, ξ) : u is not M − micro-regular at (x, ξ)}.

Our main theorem is the following which generalizes Theorem 3.3.1 to ultra-

distributions.

Theorem 3.3.8. Let u ∈ EM ′(Rm), x0 ∈ Rm, ξ0 ∈ Rm with |ξ0| = 1. Then

(x0, ξ
0) /∈ WFM(u) if and only if there is a neighborhood V of x0, a conic neigh-

borhood Γ of ξ0 and constants a, b > 0 such that for some φ ∈ DM(Rm), φ ≡ 1

near x0,

|F(φu)(x, ξ)| ≤ ae−M(b|ξ|), (x, ξ) ∈ V × Γ.

Proof. Without loss of generality take x0 = 0. Suppose (0, ξ0) /∈ WFM(u). Then

by definition there exist fj ∈ EM in some truncated wedge V + iΓδj (δ > 0), V a

neighborhood of 0 and Γ an open cone such that

i) u =
∑n

j=1 bfj on V

ii) ξ0.Γj < 0 and

iii)| ∂fj
∂zk
| ≤ CN+1MN

N !
|y|N ∀k = 1, 2, . . .m j = 1, . . . ,m; ∀N ∈ N with

|f(x+ iy)|e−%M
∗( |y|

%
) <∞, ∀% > 0.

Without loss of generality we may assume that u = bf . Let r > 0 such that

B2r ⊂⊂ V and φ ∈ DM(B2r) such that φ|Br ≡ 1. Let v ∈ Γδ and

Q(x, ξ, x′) = iξ.(x− x′)− |ξ|
1
k p1(x− x′)− . . .− |ξ|pk(x− x′).

Then

F(φu)(x, ξ) = cp lim
λ→0+

∫
B2r

eQ(x,ξ,x′)φ(x′)f(x′ + iλv)dx′.

Since φ ∈ DM(Rm), it has an almost holomorphic extension φ̃(x+ iy) on V + iRm
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with x− support in B2r. Then

F(φu)(x, ξ) = cp lim
λ→0+

∫
B2r

eQ(x,ξ,x′+iλv)φ̃(x′ + iλv)f(x′ + iλv)dx′.

For 0 < t < 1, let

Dt = {x′ + iλv ∈ Cm : x′ ∈ B2r, t ≤ λ ≤ 1}.

Consider the m− form

ω(z) = eQ(x,ξ,z)φ̃(z)f(z)dz,

where dz = dz1 ∧ . . . ∧ dzm, z = x′ + iy′. Since φ̃(z) = 0 for |x′| ≥ 2r and since

eQ(x,ξ,z) is holomorphic in z, by Stokes theorem we have

F(φu)(x, ξ) = cp lim
t→0+

∫
B2r

eQ(x,ξ,x′+itv)φ̃(x′ + itv)f(x′ + itv)dx′

= cp

∫
B2r

eQ(x,ξ,x′+iv)φ̃(x′ + iv)f(x′ + iv)dx′

+ cp lim
t→0+

m∑
j=1

∫ ∫
Dt

eQ(x,ξ,x′+iλv)φ̃(x′ + iλv)
∂f

∂zj
(x′ + iλv)dzj ∧ dz

+ cp lim
t→0+

m∑
j=1

∫ ∫
Dt

eQ(x,ξ,x′+iλv)f(x′ + iλv)
∂φ̃

∂zj
(x′ + iλv)dzj ∧ dz

= cp[I0(x, ξ) + lim
t→0+

(
I t1(x, ξ) + I t2(x, ξ)

)
]

Since v ∈ Γ and ξ0.Γ < 0, there is a conic neighborhood Γ1 of ξ0 and a constant

c > 0 such that

ξ.v ≤ −c|ξ||v|, ∀ξ ∈ Γ1.

Consider I0(x, ξ):

|I0(x, ξ)| ≤ sup
x′∈B2r

|φ̃(x′ + iv)f(x′ + iv)|
∫
B2r

e<Q(x,ξ,x′+iv)dx′
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Recall that if a, b ∈ Rm are such that |a|+ |b| ≤M for some M > 0 and α ∈ Nm
0 ,

we have

−<(a+ ib)α = −aα +O(|b|2).

Thus

−<pl(x− x′ − iv) = −<
∑
|α|=2l

aα(x− x′ − iv)α

= −
∑
|α|=2l

aα(x− x′)α +O(|v|2)

= −pl(x− x′) +O(|v|2), l = 1, 2, . . . , k.

Therefore, for ξ ∈ Γ1, |ξ| ≥ 1, since l = 1, . . . , k − 1 < k,

<Q(x, ξ, x′ + iv)

= <
(
iξ.(x− x′ − iv)

)
− |ξ|

1
k p1(x− x′ − iv)− . . .− |ξ|pk(x− x′ − iv)

= ξ.v − |ξ|
1
k<p1(x− x′ − iv)− . . .− |ξ|<pk(x− x′ − iv)

= ξ.v − |ξ|
1
k p1(x− x′) +O(|v|2)|ξ|

1
k − . . .− |ξ|pk(x− x′) +O(|v|2)|ξ|

≤ −c|v||ξ| − c1|x− x′|2 +O(|v|2)|ξ|
1
k − . . .− ck|ξ||x− x′|2k +O(|v|2)|ξ|

≤ −c|v||ξ|+O(|v|2)|ξ|

Choosing |v| small such that O(|v|2) ≤ c|v|
2

= c′, we then have

<Q(x, ξ, x′ + iv) ≤ −c′|ξ|, ξ ∈ Γ1, x ∈ Rm.

Thus, for ξ ∈ Γ1, |ξ| ≥ 1,

|I0(x, ξ)| ≤ c′′e−c
′|ξ| ≤ c′′e−M(c′|ξ|)
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for some c′′ > 0, because M(t) ≤ t. Since

I0(x, ξ)

e−M(c′|ξ|)

is bounded on B2r × {ξ : |ξ| ≤ 1}, there are constants A0, B0 > 0 such that

|I0(x, ξ)| ≤ A0e
−M(B0|ξ|), ∀ξ ∈ Γ1, |x| < 2r (3.3.1)

Consider

I t1(x, ξ) =
m∑
j=1

∫ ∫
Dt

eQ(x,ξ,x′+iλv)φ̃(x′ + iλv)
∂f

∂zj
(x′ + iλv)dzj ∧ dz.

Now

<Q(x, ξ, x′ + iλv) ≤ −cλ|v||ξ| − ck|x− x′|2k|ξ|+O(|λv|2)|ξ|

≤ −cλ|v||ξ| − ck|x− x′|2k|ξ|+ A′′λ2|v|2|ξ|

≤ −cλ|v||ξ|+ A′′λ|v|2|ξ|

≤ −c′λ|v||ξ| (taking |v| small such that A′′|v|2 ≤ c|v|
2

= c′|v|).

Thus for ξ ∈ Γ1, |ξ| ≥ 1, letting

C ′ = sup
(x′,λ)∈B2r×[0,1]

|φ̃(x′ + iλv)|),

we obtain

|eQ(x,ξ,x′+iλv)φ̃(x′ + iλv)
∂f

∂zj
(x′ + iλv| ≤ C ′e<Q(x,ξ,x′+iλv)| ∂f

∂zj
(x′ + iλv|,

≤ A′e−c
′λ|v||ξ|CN+1MN

N !
|v|NλN
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Now using e−t ≤ k!
tk
,∀k, t > 0 we have

e−c
′λ|v||ξ| ≤ k!

(c′)k
.

1

λk|v|k|ξ|k
∀k.

Thus letting k = N we obtain

|eQ(x,ξ,x′+iλv)φ̃(x′ + iλv)
∂f

∂zj
(x′ + iλv|

≤ A′e−c
′λ|v||ξ|CN+1MN

N !
|v|NλN

≤ A′
N !

(c′)N
.

1

λN |v|N |ξ|N
CN+1MN

N !
|v|NλN

≤ CN+1MN

|ξ|N

Since the last condition is equivalent to the decay condition we then have

lim
t→0+
|I t1(x, ξ)| ≤ A′e−M(c′′|ξ|)

m∑
j=1

∫ 1

0

∫
B2r

dzj ∧ dzj

≤ a1e
−M(c′′|ξ|)

Therefore,

lim
t→0+
|I t1(x, ξ)| ≤ a1e

−M(b1|ξ|), ∀ξ ∈ Γ1, |ξ| ≥ 1, x ∈ B2r

for some a1, b1 > 0 independent of t.

But
|It1(x,ξ)|
e−M(b1|ξ|) is uniformly bounded on B2r × {ξ : |ξ| ≤ 1}. Thus, there are

A1, B1 > 0 such that

lim
t→0+
|I t1(x, ξ)| ≤ A1e

−M(B1|ξ|), ∀ξ ∈ Γ1, |x| < B2r. (3.3.2)

Consider

I t2(x, ξ) =
m∑
j=1

∫ ∫
Dt

eQ(x,ξ,x′+iλv)f(x′ + iλv)
∂φ̃

∂zj
(x′ + iλv)dzj ∧ dz.
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For ξ ∈ Γ1, |ξ| ≥ 1,

<Q(x, ξ, x′ + iλv) ≤ −cλ|v||ξ|+O(λ2|v|2)|ξ| − ck|ξ||x− x′|2k

≤ O(|v|2)|ξ| − ck|ξ||x− x′|2k since λ ≤ 1

≤ a′|v|2|ξ| − ck|ξ||x− x′|2k

Since ∂φ̃
∂zj
≡ 0 for |x′| ≤ r, the integral over |x′| ≤ r is zero. Then for |x| < r

2
and

|x′| ≥ r,

<Q(x, ξ, x′ + iλv) ≤ a′|v|2|ξ| − ck
r2k

22k
|ξ|.

Choosing |v| small such that a′|v|2 ≤ ck
r2k

22k+1 = c′′, we obtain

<Q(x, ξ, x′ + iλv) ≤ −c′′|ξ|, ξ ∈ Γ1, |ξ| ≥ 1.

Since f increases M∗−exponentially, for all % > 0, there is a constant d > 0 such

that

|f(x′ + iλv)| ≤ de%M
∗(λ|v|

%
).

Since φ̃ is almost holomorphic, for each compact set K ⊂ B2r(0), there is CK =

C > 0 such that

| ∂φ̃
∂zj

(x+ iλv)| ≤ CN+1MN

N !
λN |v|N ∀N = 1, 2, . . . .

Equivalently,

| ∂φ̃
∂zj

(x+ iλv)| ≤ Ce−M
∗(Cλ|v|).

Now taking C > 1 and % = 1
C

, we have that

|f(x′ + iλv)|| ∂φ̃
∂zj

(x+ iλv)| ≤ dCe%M
∗(λ|v|

%
)− 1

C
M∗(cλ|v|)

≤ d

%
e−%M

∗( 1
%
λ|v|)+%M∗( 1

%
λ|v|) = C ′
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Thus we can get A2, B2 > 0 independent of t such that

lim
t→0+
|I t2(x, ξ)| ≤ A2e

−M(B2|ξ|), ∀ξ ∈ Γ1, |x| <
r

2
. (3.3.3)

Therefore, from (3.3.1), (3.3.2) and (3.3.3), we can find constants a, b > 0 such

that

|Fφu(x, ξ)| ≤ ae−M(b|ξ|), ∀(x, ξ) ∈ B r
2
× Γ1,

where Γ1 is a conic neighborhood of ξ0.

Conversely, suppose

|F(φu)(x, ξ)| ≤ ae−M(b|ξ|), ∀(x, ξ) ∈ V × Γ,

where V is some neighborhood of 0,Γ a conic neighborhood of ξ0 and, A,B > 0

are some constants and φ ∈ DM(Rm), φ ≡ 1 near 0. We will show that (0, ξ0) /∈

WFM(u). Let σ(ξ) = e−|ξ|
2

(so, χ(x) = (4π)
m
2 e−

1
4
|x|2 ). We apply the inversion

formula

φ(x)u(x) = lim
ε→0+

∫
Rm×Rm

eiξ.(x−x
′)−ε2|ξ2|F(φu)(x′, ξ)|ξ|

m
2kdx′dξ.

Let

uε(z) =

∫
Rm×Rm

eiξ.(z−x
′)−ε2|ξ2|F(φu)(x′, ξ)|ξ|

m
2kdx′dξ, z = x+ iy ∈ Cm.

Clearly uε(z) is an entire function of z for each ε > 0. For some a > 0, write

uε(z) as

uε(z) = uε0(z) + uε1(z),

where

uε0(z) =

∫
Rm

∫
|x′|≤a

eiξ.(z−x
′)σ(εξ)F(φu)(x′, ξ)|ξ|

m
2kdx′dξ
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and

uε1(z) =

∫
Rm

∫
|x′|≥a

eiξ.(z−x
′)σ(εξ)F(φu)(x′, ξ)|ξ|

m
2kdx′dξ.

Consider uε0(z) : Choose a > 0 such that {x′ : |x′| ≤ a} ⊂ V . Let C0 = Γ, Cj, 1 ≤

j ≤ n be open acute cones (we may take Γ to be acute) such that

Rm = ∪nj=0Cj, Cj ∩ Ck

has measure zero when j 6= k and ξ0 /∈ Cj for j ≥ 1.

Since ξ0 /∈ Cj and Cj is acute we can get acute, open cones Γj, 1 ≤ j ≤ n and a

constant c > 0 such that

ξ0.Γj < 0 and y.ξ ≥ c|y||ξ|, ∀y ∈ Γj,∀ξ ∈ Cj.

We then have

uε0(z) =
n∑
j=1

∫
Cj

∫
|x′|≤a

eiξ.(z−x
′)−ε2|ξ|2F(φu)(x′, ξ)|ξ|

m
2kdx′dξ.

For j = 0, 1, . . . , n, and z = x+ iy ∈ Rm + iΓj, define

f εj (x+ iy) =

∫
Cj

∫
|x′|≤a

eiξ.(x+iy−x′)−ε2|ξ|2F(φu)(x′, ξ)|ξ|
m
2kdx′dξ.

Then f εj (z) are entire for j ≥ 1 and converges uniformly on compact subsets of

Rm + iΓj to the function

fj(x+ iy) =

∫
Cj

∫
|x′|≤a

eiξ.(x+iy−x′)F(φu)(x′, ξ)|ξ|
m
2kdx′dξ,

which is holomorphic.

Moreover, fj increases M∗− exponentially on Rm + iΓjδ for some 0 < δ ≤ 1.
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Indeed,

|fj(x+ iy)| = |
∫
Cj

∫
|x′|≤a

eiξ.(x+iy−x′)F(φu)(x′, ξ)|ξ|
m
2kdx′dξ|

≤
∫
Cj

∫
|x′|≤a

|eiξ.(x+iy−x′)F(φu)(x′, ξ)|ξ|
m
2k |dx′dξ

≤
∫
Cj

∫
|x′|≤a

e−ξ.y|F(φu)(x′, ξ)||ξ|
m
2kdx′dξ

≤ C

∫
Cj
e−c|y||ξ|eM(L|ξ|)|ξ|

m
2kdξ

= C

∫
Cj
eM(|Lξ|)−c|y||ξ||ξ|

m
2kdξ

Now since for each % > 0 there exist c% > 0 such that (see Lemma 1.1.10 (h))

M(L|ξ|) = 2M(L|ξ|)−M(L|ξ|) ≤ %M(c%L|ξ|)−M(L|ξ|),

choosing L = L%
.
= c

c%
, we have

|fj(x+ iy)| ≤ C

∫
Cj
e%M(c%L|ξ|)−c|y||ξ|e−M(L|ξ|)|ξ|

m
2kdξ

= C

∫
Cj
e%M(c%L%|ξ|)−L%c%|y||ξ|e−M(L|ξ|)|ξ|

m
2kdξ

= C

∫
Cj
e%[M(c%L%|ξ|)−

L%c%
%
|y||ξ|]e−M(L|ξ|)|ξ|

m
2kdξ

≤ Ce% supr>0[M(r)−r |y|
%

]

∫
Cj
e−M(L|ξ|)|ξ|

m
2kdξ

= Ce%ω
∗( |y|

%
)

∫
Cj
e−M(L|ξ|)|ξ|

m
2kdξ

≤ C1e
%M∗( |y|

%
).

Thus each fj, j = 1, . . . , n has boundary value bfj ∈ DM ′(Rm).

Let

gε0(x) =

∫
Γ

∫
|x′|≤a

eiξ.(x−x
′)−ε2|ξ|2F(φu)(x′, ξ)|ξ|

m
2kdx′dξ.

By the estimate for F(φu)(x′, ξ) on the set {x′ : |x′| ≤ a} × Γ, gε0(x) are smooth
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for all ε > 0. And since e−M(t) is decreasing, and

|g0(x)− gε0(x)| =
∫

Γ

∫
|x′|≤a

|F(φu)(x′, ξ)||ξ|
m
2k |1− e−ε2|ξ|2|dx′dξ

≤ C

∫
Γ

|ξ|
m
2k e−M(b|ξ|)|1− e−ε2|ξ|2|dξ → 0

by monotone convergence theorem, gε0(x) converge uniformly on Rm to the func-

tion

g0(x) =

∫
Γ

∫
|x′|≤a

eiξ.(x−x
′)F(φu)(x′, ξ)|ξ|

m
2kdx′dξ.

Clearly g0 is smooth on Rm. In fact, g0 ∈ EM since

|∂αg0(x)| ≤
∫

Γ

|ξ|
m
2k

+|α||F(φu)(x′, ξ)|dx′dξ

≤ C

∫
Γ

|ξ|
m
2k

+|α|e−M(b|ξ|)dξ

=

∫
Γ

|ξ|
m
2k

+|α|e−
1
2
M(b|ξ|)e−

1
2
M(b|ξ|)dξ

≤ C

∫
Γ

|ξ|
m
2k

+|α| (M2|α|)
1/2

(b|ξ|)|α|
e−

1
2
M(b|ξ|)dξ since e−M(t) ≤ Mj

tj
∀j

≤ C

∫
Γ

|ξ|
m
2k

+|α|

(
AH2|α|M2

|α|

)1/2

(b|ξ|)|α|
e−

1
2
M(b|ξ|)dξ by P3

′′

= C ′′
∫

Γ

|ξ|
m
2kM|α|

H |α|

b|α|
e−

1
2
M(b|ξ|)dξ

= C ′′
(
H

b

)|α|
M|α|

∫
Γ

|ξ|
m
2k e−

1
2
M(b|ξ|)dξ

≤ C |α|+1M|α| by Lemma 1.1.10(i).

Thus there is f0(x, y) ∈ EM(V × Rm) such that f0(x, 0) = g0(x) and

|∂f0

∂zj
(x, y)| ≤ CN+1MN

N !
|y|N .

Choose Γ0 an open cone such that ξ0.Γ0 < 0. Thus we have found open cones

Γ0,Γ1, . . . ,Γn and functions fj, j ≥ 1 holomorphic on Rm+ iΓδj (for some 0 < δ <
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1), which increases M∗− exponentially and f0(x, y) in EM(Rm + iΓδ0) (for some

0 < δ < 1) which also increases M∗− exponentially and such that

ξ0.Γj < 0, 0 ≤ j ≤ n

and

|∂fj
∂zk

(x, y)| ≤ CN+1MN

N !
|y|N , ∀j = 1, . . . , n, ∀k = 0, 1, . . . ,m, ∀N ∈ N.

In the sense of distributions, for j = 1, . . . , n, we have

lim
Γj3y→0

fj(x+ iy) = lim
ε→0+

f εj (x)

and

lim
Γ03y→0

f0(x+ iy) = lim
ε→0+

gε0(x).

Hence

u0(x) =
n∑
j=0

bfj in DM ′(Rm).

This implies that (0, ξ0) 6∈ WFM(u0). To complete the proof it remains to show

that uε1(z) converges to a holomorphic function u1(z), which is proved below.

In that case (0, ξ0) /∈ WFa(u1) and so (0, ξ0) /∈ WFM(u1) . Since WFM(u) ⊂

WFM(u0) ∪WFM(u1), we conclude that (0, ξ0) /∈ WFM(u).

To prove the lemma we follow the lines of proofs of Lemma 4.1 of [11] and

Theorem 3.2 of [10].

Lemma 3.3.9. There is δ > 0 and a holomorphic function u1(z) ∈ Bδ ⊂ Cm

such that limε→0+ u
ε
1(z) = u1(z) , z ∈ Bδ.

Proof. It suffice to show that there exist δ > 0 and L > 0 such that |uε1(z)| ≤ L

for any |z| < δ and 0 < ε ≤ 1. In this case {uε1}0<ε≤1 will be a normal family on

the ball Bδ ⊂ Cm and hence there exist a subsequence εk > 0 such that for some
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0 < δ′ < δ,

uεk1 (x+ iy)→ u1(x+ iy)

uniformly on |x+ iy| ≤ δ′. In particular, u1(z) is holomorphic on |z| < δ.

Write uε1(z) as a sum of functions

uε1(z) = Iε1(z) + Iε2(z) + Iε3(z),

where

Iεj (z) =

∫
Xj

eiξ.(z−x
′)−ε2|ξ2|F(φu)(x′, ξ)|ξ|

m
2kdx′dξ, j = 1, 2, 3

where

X1 = {(x′, ξ) : a ≤ |x′| ≤ A, |ξ| ≤ 1},

X2 = {(x′, ξ) : |x′| ≥ A, ξ ∈ Rm},

X3 = {(x′, ξ) : a ≤ |x′| ≤ A, |ξ| ≥ 1},

where we will choose the constant A later. We will show that |Iεj (z)|, j = 1, 2, 3

remain bounded for 0 < ε < 1 and |z| < δ if δ is small.

Since X1 is a bounded set and F(φu) is continuous function, it is clear that

there is a constant L1 > 0 independent of ε such that |Iε1(z)| ≤ L1 for, say, |y| ≤ 1

Consider Iε2(z) : Let r > 0 such that

supp(φ) ⊂ {x : |x| ≤ r} = Br.

Choose A = 2r. Then for |x| ≤ r and |x′| ≥ A,

|x′ − x| ≥ |x′| − |x| ≥ |x′| − r = |x′| − A

2
≥ |x′| − |x

′|
2

=
|x′|
2

=
|x′|
4

+
|x′|
4
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Thus |x′ − x| ≥ |x′|
4

+ A
4

and hence

|x′ − x|2k ≥
(
|x′|
4

+
A

4

)2k

≥ |x
′|2k

42k
+
A2k

42k

Then we have

|F(φu)(x′, ξ)| =
∣∣∣∣ ∫
|x|≤r

eiξ.(x
′−x)−|ξ|

1
k p1(x′−x)−...−|ξ|pk(x′−x)φ(x)u(x)dx

∣∣∣∣
≤ C sup

|x|≤r,|α|≤N1

∣∣∣∣∂αx(eiξ.(x′−x)−|ξ|
1
k p1(x′−x)−...−|ξ|pk(x′−x)

)∣∣∣∣ N1 = the order of u

≤ C ′e−A1|ξ||x′|2k−B1|ξ|, |x′| ≥ A, ξ ∈ Rm,

for some constants C ′, A1, B1 > 0 independent of ε > 0.

To obtain the above estimate we use the observation that if c is a constant and

A(x) is a smooth function, for any multi index β, the derivative ∂βxe
cA(x) is a sum

of terms of the form cl1+...+ln(∂m1p)l1 . . . (∂mnp)ln , where
∑n

j=1 mjlj = |β| together

with the fact that e−c ≤ k!
ck

for any c > 0.

Therefore,

|Iε2(z)| =
∣∣∣∣ ∫

Rm

∫
|x′|≥A

eiξ.(z−x
′)−ε2|ξ|2F(φu)(x′, ξ)|ξ|

m
2kdx′dξ

∣∣∣∣
≤ C ′

∫
Rm

∫
|x′|≥A

e|y||ξ|e−A1|ξ||x′|2k−B1|ξ||ξ|
m
2kdx′dξ

= C ′
∫
Rm

e|y||ξ|e−B1|ξ||ξ|
m
2k

(∫
|x′|≥A

e−A1|ξ||x′|2kdx′
)
dξ

= C ′′
∫
Rm

e|y||ξ|e−B1|ξ|dξ

≤ C ′′
∫
Rm

e
−B1
2
|ξ|dξ, ∀z = x+ iy, |y| < B1

2

≤ C ′′
∫
Rm

e−M(
B1
2
|ξ|)dξ

≤ L2
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Thus there is L2 > 0 independent of 0 < ε ≤ 1 such that

|Iε2(z)| ≤ L2, ∀|z| < δ2 =
B1

2
, ∀ 0 < ε ≤ 1.

Consider

Iε3(z) =

∫ ∫ ∫
R

eiξ.(z−t)−|ξ|
1
k p1(x′−t)−...−|ξ|pk(x′−t)−ε2|ξ|2φ(t)u(t)|ξ|

m
2kdξdtdx′,

where

R = {(ξ, x′, t) : |ξ| ≥ 1, |t| ≤ r, a ≤ |x′| ≤ A}.

Recall that the function ξ 7−→ |ξ| has a holomorphic extension

〈ζ〉 =

( m∑
j=1

ζ2
j

) 1
2

.

In particular the functions ζ 7−→ 〈ζ〉 and ζ 7−→ 〈ζ〉m2k are holomorphic on the set

S = {ζ = ξ + iη ∈ Rm : |η| < |ξ|}.

Fix x, t. Then we will change the contour of integration in ξ from the m−cycle

{ξ : |ξ| ≥ 1} ⊂ Rm to the image under the map

ζ(ξ) = ξ + ib|ξ|(x− t)

where b > 0 is chosen small so that

|=ζ(ξ)| = b|ξ||x− t| < |<ζ(ξ)| = |ξ|.

Let

D = {ξ + iσb|ξ|(x− t) : |ξ| ≥ 1, 0 ≤ σ ≤ 1}.
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Then

∂D = {ξ : |ξ| ≥ 1}∪{ξ+ib|ξ|(x−t) : |ξ| ≥ 1}∪{ξ+iσb|ξ|(x−t) : |ξ| = 1, 0 ≤ σ ≤ 1}.

Consider the m−form

ω(z, x′, t, ζ, ε) = eiζ(z−t)−〈ζ〉
1
k p1(x′−t)−...−〈ζ〉pk(x′−t)−ε2〈ζ〉2φ(t)u(t)〈ζ〉

m
2kdζ,

where ζ = ξ + iη ∈ Cm, dζ = dζ1 ∧ . . . ∧ dζm. Since

g(ζ) = eiζ(z−t)−〈ζ〉
1
k p1(x′−t)−...−〈ζ〉pk(x′−t)−ε2|ξ|2φ(t)u(t)〈ζ〉

m
2k

is a holomorphic function of ζ, ω is a closed form. Thus by the Stokes theorem

we have ∫
∂D

ωdζ =

∫
D

dω ∧ dζ = 0.

Therefore,

∫
|ξ|≥1

eiξ.(z−t)−|ξ|
1
k p1(x′−t)−...−|ξ|pk(x′−t)−ε2〈ζ〉2φ(t)u(t)|ξ|

m
2kdξ

=

∫
|ξ|≥1

ω(z, x′, ξ + ib|ξ|(x− t))dξ −
∫ 1

0

∫
|ξ|=1

ω(z, x′, ξ + iσb|ξ|(x− t))dξdσ

Clearly there is B2 > 0 independent of ε such that∣∣∣∣ ∫ 1

0

∫
|ξ|=1

ω(z, x′, ξ + iσb|ξ|(x− t))dξdσ
∣∣∣∣ ≤ B2.

To estimate the other integrals let

Q(z, x′, t, ξ, ε) = iζ(ξ).(z− t)−〈ζ(ξ)〉
1
k p1(x′− t)− . . .−〈ζ(ξ)〉pk(x′− t)−ε2〈ζ(ξ)〉2,

where

ζ(ξ) = ξ + ib|ξ|(x− t), z = x+ iy.
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Then

<Q(z, x′, t, ξ, ε) = −b|ξ||x− t|2 − y.ξ −<〈ζ(ξ)〉
1
k p1(x′ − t)− . . .−<〈ζ(ξ)〉pk(x′ − t)− ε2<〈ζ(ξ)〉2

Now

〈ζ(ξ)〉2 =
m∑
j=1

(ξj + ib|ξ|(xj − tj))2 = |ξ|2 − b2|ξ|2|x− t|2 + i2b|ξ|ξ.(x− t).

Let |x| ≤ 1. Then since |t| ≤ r,

b2|ξ|2|x− t|2 ≤ b2B|ξ|2

for some B > 0. Then we can choose b > 0 small enough such that

<〈ζ(ξ)〉2 = |ξ|2 − b2|ξ|2|x− t|2 ≥ |ξ|
2

2

and

arg〈ζ(ξ)〉2 ∈ [
−π
4
,
π

4
].

Hence

<〈ζ(ξ)〉
l
k = <

( m∑
j=1

ζ2
j (ξ)

) l
2k

= <(〈ζ(ξ))
l
2k

= <e
l
2k

log(〈ζ(ξ)〉2)

= |〈ζ(ξ)〉2|
l
2k cos(

l

2k
arg〈ζ(ξ)〉2) > 0, l = 1, . . .m− 1

and

<〈ζ(ξ)〉 = |〈ζ(ξ)〉2|
1
2 cos(

1

2
arg〈ζ(ξ)〉2)

≥ (<〈ζ(ξ)〉2)
1
2 cos(

1

2
arg〈ζ(ξ)〉2)

= B′|ξ|, B′ > 0.
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Therefore,

<Q(z, x′, t, ξ, ε)

= −b|ξ||x− t|2 − y.ξ −<〈ζ(ξ)〉
1
k p1(x′ − t)− . . .−<〈ζ(ξ)〉pk(x′ − t)− ε2<〈ζ(ξ)〉2

≤ −b|ξ||x− t|2 + |y||ξ| −B′ck|ξ||x′ − t|2k

Let z = x+ iy = 0. Then

<Q(0, x′, x, ξ, ε) ≤ −b|ξ||t|2 −B′ck|ξ||x′ − t|2k.

If |t| ≥ a
2
, then

<Q(0, x′, t, ξ, ε) ≤ −b|ξ||t|2 ≤ −ba
2

4
|ξ|.

If |t| ≤ a
2
, then since |x′| ≥ a, |x′ − t| ≥ a

2
and so

<Q(0, x′, t, ξ, ε) ≤ −B′ck|ξ||x′ − t|2k ≤
−B′cka2k

22k
|ξ|.

Thus there is A1 > 0 independent of ε > 0 such that

<Q(0, x′, t, ξ, ε) ≤ −A1|ξ|, ∀|ξ| ≥ 1.

By continuity and homogeneity in ξ, there is δ3 > 0 such that for some A2 > 0

<Q(z, x′, t, ξ, ε) ≤ −A2|ξ|, ∀|ξ| ≥ 1, |z| ≤ δ3.

Therefore, ∣∣∣∣ ∫
|ξ|≥1

ω(z, x′, t, ζ(ξ), ε)

∣∣∣∣ ≤ C ′
∫
|ξ|≥1

e−A2|ξ|
∣∣∣∣〈ζ(ξ)〉

m
2k

∣∣∣∣dξ
≤ C ′

∫
|ξ|≥1

e−M(A2|ξ|)
∣∣∣∣〈ζ(ξ)〉

m
2k

∣∣∣∣dξ
≤ L3
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for some L3 > 0 independent of ε > 0 for all |z| < δ3.

Let δ = min{1, δ1, δ2, δ3}. Then there is 0 < L <∞ such that

sup
0<ε≤1

|uε1(z)| ≤ L, ∀|z| < δ.

3.4 Applications

In [11](Theorem 5.1) the authors gave an application where the classic FBI trans-

form can not be used but one with a power of four can be used to characterize

the analytic wave front set. Here we will present an application where the FBI

transform with phase power of four can be used to characterize the M− wave

front set of a distribution but the quadratic phase FBI transform can not be used.

Let I ⊂ R be an open interval with 0 ∈ I and t∗ ∈ I+ = I∩(0,+∞). Consider

φ := (φ1, . . . , φm) ∈ (EM(I))m, φ(0) = 0 and the vector field L defined by

L
.
=

∂

∂t
− i

m∑
k=1

∂φk
∂t

(t)
∂

∂yk
, k = 1, . . . ,m.

If Zk(y, t) = yk + iφk(t), then LZk = 0 and Zk(y, 0) = yk (k = 1, . . . ,m). Let

Z
.
= (Z1, . . . , Zm).

Let Br(0) = {x ∈ Rm : |x| < r} for some r > 0. Set Ω = Br(0)×I. Let h(x, t)

be a solution in Ω of the equation

Lh = 0. (3.4.1)

We will study the M -wave front set of the solution h0(x) = h(x, 0).
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Theorem 3.4.1. Let I, I+ and φ be as above. Let ξ0 ∈ Rm \ {0} with |ξ0| = 1.

For some ε > 0, assume that

1) − φ(t∗).ξ0 ≥ ε7

2) |φ(t)| ≤ ε2, ∀t ∈ [0, t∗]

Then there exists ε0 > 0 such that if 0 < ε ≤ ε0 and h is a solution of (3.4.1) in

Ω = Br(0)× I, then (0, ξ) /∈ WFM(h0).

Example 3.4.2. Let

φ : (−1, 1)→ R, φ(t) = ε7
t

t∗
, 0 < t∗ < 1 for some 0 < ε ≤ 1.

Then φ(t) satisfies both conditions of the theorem with ξ0 = −1.

proof of Theorem 3.4.1: Shrinking Br(0) and taking ε > 0 small, without loss of

generality assume r2 = ε. Let g ∈ DM(Br(0)), g(y) ≡ 1 for |y| ≤ r
2
. Let

F (x, t, ξ) =

∫
Rm

eQ(x,y,t,ξ)g(y)h(y, t)dy,

where

Q(x, y, t, ξ) = iξ.(x− Z(y, t))−K|ξ|(x− Z(y, t))4,

where K > 0 is to be determined.

For z ∈ Cm we used the notation

z4 =

( m∑
j=1

z2
j

)2

.
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Let

I(x, ξ) =

∫
Rm

∫ t∗

0

eQ(x,y,t,ξ)L(g(y)h(y, t))dtdy

=

∫
Rm

∫ t∗

0

eQ(x,y,t,ξ)[h(y, t)L(g(y)) + g(y)L(h(y, t))]dtdy

=

∫
Rm

∫ t∗

0

eQ(x,y,t,ξ)h(y, t)L(g(y))dtdy (3.4.2)

Integration by parts and the fact LZk = 0 gives

I(x, ξ) = F (x, t∗, ξ)− F (x, 0, ξ). (3.4.3)

Now choosing p(x) = |x|4 and Ψ(x) = e−|ξ|p(x), we obtain

F(gh0)(x, ξ) =

∫
Rm

eiξ.(x−y)e−|ξ|p(x−y)g(y)h(y, 0)dy = F (x, 0, ξ).

Thus we are done if we show that for some C1, C2 > 0,

|F (x, 0, ξ)| ≤ C1e
−M(C2|ξ|), (x, ξ) in a conic neighborhood of (0, ξ0).

Let E(x, y, t, ξ) = −<Q(x, y, t, ξ). For x = 0 and ξ = ξ0, |ξ0| = 1, we get

E(0, y, t, ξ0) = −<Q(0, x, y, t, ξ0)

= −<
(
iξ0.(−Z(y, t))−K|ξ0|(−Z(y, t))4

)
= −ξ0.φ(t) +K<

(
Z(y, t)

)4

Now

<z4 = (|x|2 − |y|2)2 − 4(x.y)2

≥ (|x|2 − |y|2)2 − 4|x|2|y|2

≥ |x|4 − 6|x|2|y|2 (3.4.4)
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Therefore,

<
(
Z(y, t)

)4

≥ |y|4 − 6|y|2|φ(t)|2 (3.4.5)

and hence

E(0, y, t, ξ0) ≥ −ξ0.φ(t) +K(|y|4 − 6|y|2|φ(t)|2). (3.4.6)

In particular, taking t = t∗ and |y| ≤ r, r2 = ε by assumptions of the theorem,

we obtain

E(0, y, t∗, ξ0) ≥ ε7 +K(|y|4 − 6|y|2|φ(t∗)|2)

= ε7 +K(|y|4 − 6ε4|y|2)

≥ ε7 +K(−9ε8)

= ε7(1− 9Kε) (3.4.7)

since |y|4 − 6ε4|y|2 attains its minimum −9ε8.

For r2 = ε, r
2
≤ |y| ≤ r using (3.4.4) and the assumptions, we get for any ε > 0

such that ε < 1

(192)
1
3

,

E(0, y, t, ξ0) ≥ −ξ0.φ(t) +K(|y|4 − 6|y|2|φ(t)|2)

≥ −ε2 +K(
r4

4
− 6r2ε4)

= −ε2 +K(
ε2

24
− 6ε5)

= −ε2 + ε2K(
1

24
− 6ε3)

≥ ε2(
K

32
− 1)

Thus for K ≥ 64, we have

E(0, y, t, ξ0) ≥ ε2 (3.4.8)

Choose K = 64 to grant (3.4.8) and pick ε0 <
1

576
. Then for any 0 < ε < ε0

the right hand side of (3.4.7) will be positive. Since E(x, t, y, ξ) is homogeneous

function of degree one in ξ, (3.4.7) and (3.4.8) imply that there is a neighborhood
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V ⊂ Rm of the origin, and Γ ⊂ Rm an open cone centered ξ0 such that for some

C > 0

E(x, y, 0, ξ) ≥ C|ξ|, ∀(x, ξ) ∈ V × Γ, y ∈ supp g (3.4.9)

and

E(x, y, t, ξ) ≥ C|ξ|, ∀(x, ξ) ∈ V × Γ, 0 ≤ t ≤ t∗,
ε
1
2

2
≤ |y| ≤ ε

1
2 . (3.4.10)

Therefore from (3.4.2),(3.4.3), (3.4.9) and (3.4.10), we obtain

|F(gh0)(x, ξ)|

= |F (x, 0, ξ)| = |F (x, t∗, ξ)− I(x, ξ)|

≤ |F (x, t∗, ξ)|+ |I(x, ξ)|

= |
∫
Rm

∫ t∗

0

eQ(x,y,t,ξ)h(y, t)Lg(y)dtdy|+ |
∫
Rm

eQ(x,y,t∗,ξ)g(y)h(y, t)dtdy|

≤
∫
Rm

∫ t∗

0

e−C|ξ||h(y, t)Lg(y)|dydt+

∫
Rm

e−C|ξ||g(y)h(y, t)|dtdy

≤ Be−C|ξ| ≤ Be−M(C|ξ|), (x, ξ) ∈ V × Γ.

Remark 3.4.3. We indicate here that it is not possible to prove the preceding

theorem with the classical FBI transform (quadratic phase).

Let

F1 =

∫
Rm

eQ1(x,y,t,ξ)g(y)h(y, t)dy,

where

Q1(x, y, t, ξ) = iξ.(x− Z(y, t))−K|ξ|(x− Z(y, t))2

for some K > 0 fixed. For z ∈ Cm, z2 =
∑m

j=1 z
2
j . Observe that

Q1(x, y, 0, ξ) = iξ.(x− y)−K|ξ|(x− y)2
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is the phase of the classical FBI transform. Assuming |ξ0| = 1 and letting

E1(x, y, t, ξ) = −<Q1(x, y, t, ξ) we get

E1(x, y, t∗, ξ0) = −ξ0.φ(t∗) +K|ξ0|(|x− y|2 − |φ(t∗|2).

Assume that −ξ0.φ(t∗) = ε7 and |φ(t∗| = ε2. Then

E1(x, y, t∗, ξ0) = ε7 +K(|x− y|2 − ε4).

In particular,

E1(x, x, t∗, ξ0) = ε7 −Kε4 = ε4(ε3 −K)

which is negative if K > ε3.

Suppose K < ε3. Since E1(x, y, t, ξ0) = −φ(t) · ξ0 +K[|x− y|2− |φ(t)|2], we have

E1(0, y, t, ξ0) = −φ(t) · ξ0 +K[|y|2 − |φ(t)|2]

≤ −φ(t) · ξ0 +K|y|2

Thus for a point t such that −φ(t) · ξ0 = −ε2 and for |y| ≥ r
2

we get

E1(0, y, t, ξ0) ≤ −φ(t) · ξ0 +K|y|2

< −ε2 + ε3r2

But then since ε is small, −ε2 + ε3r2 is negative unless r > 1
ε

is large. Thus the

quantity E1(x, y, t, ξ0) may be negative in this case also.

79



Chapter 4

Microlocal Analysis on

Maximally Real Complex

Submanifolds

4.1 Microlocal Smoothness in a Maximally Real

Submanifold of Cm

4.1.1 Introduction

Consider an involutive structure on a C∞ manifold M; denote the tangent and

cotangent bundles by V and T ′ and their fiber dimensions by n and m, respec-

tively. Let X ⊂M maximally real submanifold. Then the pullback map

π∗ : CT ∗M|X → CT ∗X

induces an isomorphism

T ′|X ∼= CT ∗X .

Let RT ′X be the real structure bundle of X . Note that, therefore, dimRX = m

and RT ′X is a real vector bundle over X of fiber dimension equal to m.
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Remark 4.1.1. (Description of the real structure bundle RT ′X near 0)

Let X ⊂ Cm be a maximally real submanifold. After a translation and a C−linear

transformation in Cm, we may assume that 0 ∈ X and that T0X = Rm. Then

in a small enough neighborhood Ω of 0 in X , Ω is the image of some open

neighborhood U of 0 in Rm under the map x 7→ Z(x) with Z(x) = x + iφ(x);

where φ : U → Rm, φ(0) = 0, and dφ(0) = 0. Then a point (z, ζ) ∈ RT ′X , with

z ∈ Z(U), if there is x ∈ U and ξ ∈ Rm such that

z = Z(x) and ζ = tZx(x)−1ξ,

where tZx(x)−1 denotes the transpose of the matrix Zx(x)−1.

We denote the variable points in Cm by z or z′ and dual coordinates by

ζj(1 ≤ j ≤ m). For any number κ > 0 we shall write

Cκ = {ζ ∈ Cm : |=ζ| < κ|<ζ|}.

For any z = (z1, . . . , zm) ∈ Cm we write [z]2 = z2
1 + . . .+ z2

m and ζ ∈ C1 we write

〈ζ〉 = (ζ.ζ)
1
2 (main branch of the square root).

Let

Mk =
m∑
j=1

µkj
∂

∂xj
, 1 ≤ k ≤ m (4.1.1)

be the vector fields characterized by the relations

Mk(zj|X ) = δkj.

Then M1, . . . ,Mm form a smooth basis of CTX .

Definition 4.1.2. A maximally real submanifold X of Cm is called well posi-

tioned at one of its points, z0, if there is a number κ, 0 < κ < 1, and an open

neighborhood Ω of z0 such that:

i. |=ζ| < κ|<ζ|;∀z ∈ Ω, ζ ∈ RT ′X |z;
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ii. ={ζ.(z − z′) + i〈ζ〉[z − z′]2} ≥ (1− κ)|ζ||z − z′|2, ∀z, z′ ∈ Ω,

∀ζ ∈
(
RT ′X |z

)
∪
(
RT ′X |z′

)
We say X is very well positioned at z0 if for any number κ, 0 ≤ κ < 1, there is

an open neighborhood Ω of z0 in X such that the above holds.

Remark 4.1.3. The conditions in (i) and (ii) above are unchanged if we exchange

z and z′ and replace ζ by −ζ. It would therefore have sufficed to require that ζ

belongs to RT ′X |z.

4.1.2 FBI Transform in a Maximally Real Submanifold of

Cm

Let U be an open neighborhood of 0 in Rm and Z : U → Cm with Z(x) = x+iφ(x),

where map φ : U → Rm is a C∞, φ(0) = 0, dφ(0) = 0.

Then X = Z(U) is a maximally real smooth submanifold of Cm.

It was shown in [35] (Proposition IX.2.2) that X defined above is very well posi-

tioned at 0, that is, given any number κ, 0 ≤ κ < 1, there is an open neighborhood

Ω of 0 in X such that the following holds true:

1.|=ζ| < κ|<ζ|, 2.=
[
ζ.(z − z′) + i〈ζ〉[z − z′]2

]
≥ (1− κ)|ζ||z − z′|2 (4.1.2)

whatever z, z′ ∈ Ω and ζ ∈ (RT ′X |z) ∪ (RT ′X |z′).

Let ∆(z, ζ) be the Jacobian determinant of the map ζ → ζ + i〈ζ〉z (where ζ ∈

C1, z ∈ Cm), that is,

∆(z, ζ) = det{I + i(z � ζ)/〈ζ〉},

where z � ζ denotes the matrix (ziζj)1≤i,j≤m.

Definition 4.1.4. Let u be a compactly supported distribution in the manifold
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X . For (z, ζ) ∈ Cm × C1, define the FBI transform of u as a duality bracket

Fu(z, ζ) =

∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′.

Proposition 4.1.5. Fu(z, ζ) ∈ O(Cm × C1).

Proposition 4.1.6 ([35],Theorem IX.2.1). Le X be a maximally real submanifold

of Cm that is well-positioned at 0. There exist a neighborhood Ω of 0 in X with

the following property. For all u ∈ E ′(X ) there exist an integer k > 0 and a

number C > 0 such that

|Fu(z, ζ)| ≤ C(1 + |ζ|)k ∀(z, ζ) ∈ RT ′X |Ω.

Definition 4.1.7. Define, for any ε > 0 and z ∈ Cm,

uε(z) =
1

(2π)m

∫
Rm

e−ε〈ζ〉
2Fu(z, ζ)dζ

=
1

(2π)m

∫
Rm

∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2−ε〈ζ〉2u(z′)∆(z − z′, ζ)dz′dζ

(Of course, since ζ ∈ Rm, we have 〈ζ〉 = |ζ|). Observe that for each fixed

ε > 0, uε(z) ∈ O(Cm).

Theorem 4.1.8. (FBI Inversion Formula) Let X ⊂ Cm be maximally real sub-

manifold, 0 ∈ X and X is well-positioned at the origin. There is a neighborhood

Ω of 0 in X such that whatever u ∈ E ′(Ω),

u(z) = lim
ε→0+

uε(z) in D′(Ω).

Remark 4.1.9. Suppose X ⊂ Cm is a maximally real submanifold, and X is well-

positioned at the origin. Using the property that |=ζ| < κ|<ζ| we can, for each

z, z′ ∈ Ω, deform the domain of ζ− integration in the integrand at the right in

Definition 4.1.7 from Rm to RT ′X |z′ within the cone Ck. We conclude that the

integration with respect to (z′, ζ) in that same integral can be carried out over
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RT ′X .

The following theorem characterizes smoothness of a distribution near the

origin in terms of the rapid decay of its FBI transform. We give a different proof

for the necessity part.

Theorem 4.1.10 ([35], Theorem IX.4.1). Let X be a maximally real submaniofold

of Cm passing through, and well positioned at, the origin, and Ω be an open

neighborhood of 0 in X that is sufficiently small. Then u ∈ E ′(Ω) is C∞ in some

open neighborhood of the origin in Ω if and only if there is a compact neighborhood

K of the origin in Ω such that the following is true:

for every integer N ≥ 0 there is a constant CN ≥ 0 such that, for all (z, ζ) ∈

RT ′X |K,

|Fu(z, ζ)| ≤ CN(1 + |ζ|)−N

.

Proof. Necessity: We can replace u by any other distribution equal to u in an

open neighborhood of 0 in Ω and whose support is as small as we wish. Thus,

if we assume that u is C∞ in some open neighborhood of 0 and we may as well

take u ∈ C∞c (Ω). Integration by parts shows that

(1 + 〈ζ〉2)NFu(z, ζ) =∫
X
ei(z−z

′).ζ(1 + ∆M ′)
N

(
e−〈ζ〉[z−z

′]2u(z′)∆(z − z′, ζ)

)
dz′.

where ∆′M = M ′2
1 + . . .+M ′2

m and M ′
k is the vector field on X denoted by Mk in

equation (4.1.1) but now acting in the variables z′.

Now (1 + ∆M ′)
N = 1 +

∑
|α|≤2N Cα(M ′)α. Let |α| ≤ 2N . Then

M ′α
(
e−〈ζ〉[z−z

′]2u(z′)∆(z − z′, ζ)

)
=∑

β≤α

(
α

β

)
M ′β

(
e−〈ζ〉[z−z

′]2
)
M ′α−β

(
u(z′)∆(z − z′, ζ)

)
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Now M ′β
(
e−〈ζ〉[z−z

′]2
)

= M ′βm
m . . .M ′β1

1

(
e−〈ζ〉[z−z

′]2
)

Consider M ′β1
1

(
e−〈ζ〉[z−z

′]2
)

; to compute this we will use Faá di Bruno formula,

which is chain rule for higher order differentiation. If F = F (r) and g = g(t) are

functions of one variable, then

(
d

dt

)n
F (g(t)) =

∑
n1+2n2+3n3+...+nnn=n

F (n1+n2+...+nn)(g(t))
n∏
j=1

(
g(j)(t)

j!

)nj
.

Applying this by setting F (r) = er, g(t) = −〈ζ〉[Z(x) − Z(t)]2 we claim that for

each positive integer k

M ′k
1

(
e−〈ζ〉[z−z

′]2
)

= e−〈ζ〉[z−z
′]2

∑
n1+2n2=k

k!

n1!n2!
2n1(−1)n2〈ζ〉n1+n2

(
z1 − z′1

)n1

It is true for k = 1 since M ′
1

{
e−〈ζ〉[z−z

′]2
}

= 2〈ζ〉
(
z1 − z′1

)
e−〈ζ〉[z1−z

′
1]2 . Assume

it is true for k and we will show that it is true for k + 1.

Now

M ′k+1
1

(
e−〈ζ〉[z−z

′]2
)

= M ′
1M

′k
1

(
e−〈ζ〉[z−z

′]2
)

= M ′
1

[ ∑
n1+2n2=k

k!

n1!n2!
2n1(−1)n2〈ζ〉n1+n2

(
z1 − z′1

)n1
]
e−〈ζ〉[z−z

′]2

= e〈ζ〉[z−z
′]2
[ ∑
n1+2n2=k

k!

n1!n2!
2n1+1(−1)n2〈ζ〉n1+n2+1

(
z1 − z′1

)n1+1

+
∑

n1+2n2=k

k!n1

n1!n2!
2n1(−1)n2+1〈ζ〉n1+n2

(
z1 − z′1

)n1−1]
= e〈ζ〉[z−z

′]2
[
Σ1 + Σ2

]

Our goal is to show that

Σ1 + Σ2 =
∑

m1+2m2=k+1

(k + 1)!

m1!m2!
2m1(−1)m2〈ζ〉m1+m2

(
z1 − z′1

)m1

.
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Consider Σ1: Let m1 = n1 + 1 and m2 = n2. Then n1 + 2n2 = k implies that

m1 + 2m2 = k + 1 and k!
n1!n2!

= k!m1

m1!m2!
. Thus

Σ1 =
∑

m1+2m2=k+1

k!m1

m1!m2!
2m1(−1)m2〈ζ〉m1+m2

(
z1 − z′1

)m1

(4.1.3)

Consider Σ2: Let m1 = n1 − 1 and m2 = n2 + 1. Then n1 + 2n2 = k implies that

m1 + 2m2 = k + 1 and k!n1

n1!n2!
2n1 = k!2m2

m1!m2!
2m1 . Thus

Σ2 =
∑

m1+2m2=k+1

2m2k!

m1!m2!
2m1(−1)m2〈ζ〉m1+m2

(
z1 − z′1

)m1

(4.1.4)

Adding (4.1.3) and (4.1.4), we get

Σ1 + Σ2 =
∑

m1+2m2=k+1

k!

m1!m2!
(m1 + 2m2)2m1(−1)m2〈ζ〉m1+m2

(
z1 − z′1

)m1

=
∑

m1+2m2=k+1

(k + 1)!

m1!m2!
2m1(−1)m2〈ζ〉m1+m2

(
z1 − z′1

)m1

and hence the claim is proved.

Thus

M ′β
(
e−〈ζ〉[z−z

′]2
)

= M ′βm
m . . .M ′β1

1

(
e−〈ζ〉[z−z

′]2
)

=
m∏
j=1

[ ∑
nj1+2nj2=βj

βj!

nj1!nj2!
2n

j
1(−1)n

j
2〈ζ〉n

j
1+nj2

(
z1 − z′1

)nj1]
e−〈ζ〉[z−z

′]2

which is a sum of terms with constant coefficients where each terms of the form

〈ζ〉n1
1+...+nm1 +n1

2+...nm2

(
z1 − z′1

)n1
1

. . .

(
zm − z′m

)nm1
e−〈ζ〉[z−z

′]2

and hence each term is dominated by a constant times

|ζ|n1
1+...+nm1 +n1

2+...nm2 |z − z′|n1
1+...nm1 e−|ζ||z−z

′|2 .
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Here nj1 + 2nj2 = βj. Now

|ζ|n1
1+...nm1 +n1

2+...nm2 |z − z′|n1
1+...nm1 e−|ζ||z−z

′|2 =

|ζ|
n11+...n

m
1

2
+n1

2+...nm2

(
|ζ||z − z′|2

)n11+...n
m
1

2
+n1

2+...nm2

e−|ζ||z−z
′|2

Thus using the fact that for d > 0 there exist C1 > 0 such that tde−t ≤ C ∀t ≥ 0,

we have∣∣∣∣M ′β
(
e−〈ζ〉[z−z

′]2
)∣∣∣∣ ≤ C1|ζ|

n11+...n
m
1

2
+n1

2+...nm2 = C1|ζ|
β1+...+βm

2 = C1|ζ|
|β|
2

Moreover,

|M ′α−β
(
u(z′)∆(z − z′, ζ)

)
| ≤ C2.

Let |α| ≤ 2N . Then∣∣∣∣M ′α
(
e−〈ζ〉[z−z

′]2u(z′)∆(z − z′, ζ)

)∣∣∣∣ ≤D∑
β≤α

|ζ|
|β|
2

≤ D|ζ|
|α|
2 for |ζ| ≥ 1

≤ DN |ζ|N for |ζ| ≥ 1

Therefore, for |ζ| ≥ 1,

|(1 + 〈ζ〉)2)N ||Fu(z, ζ)| = |
∫
X
ei(z−z

′).ζ(1 + ∆M ′)
N

(
e−〈ζ〉[z−z

′]2u(z′)∆(z − z′, ζ)

)
dz′|

= |
∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2(
1 +

∑
|α|≤2N

Cα(M ′)α
)(

e−〈ζ〉[z−z
′]2u(z′)∆(z − z′, ζ)

)
dz′|

≤ C3(1 + |ζ|)k +DN |ζ|N
∫
X
e<(iζ.(z−z′)−〈ζ〉[z−z′]2)dz′ by Lemma 4.1.11

≤ CN(1 + |ζ|)k+N
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which implies that

|Fu(z, ζ)| ≤ CN
(1 + |ζ|)N−k

by virtue of 4.1.2 (1). By continuity Fu(z, ζ) is bounded for |ζ| ≤ 1 and hence

we derive at once the result.

Sufficiency: We may assume that supp u ⊂⊂ Ω (Ω is the neighborhood of 0

as in Definition 4.1.8). Let N be any integer ≥ 2m and let ( ∂
∂z

)α, |α| ≤ N −

2m, act under the integral sign, then the hypothesis and the well positioned

condition gives that the absolute value of the differentiated integrand does not

exceed const.(1+ |ζ|)−2m. Then the restriction to X of ∂α

∂zα
uε converges as ε→ 0+

in some open neighborhood of 0 independent of α, whence the sought conclusion,

by Theorem 4.1.8.

4.1.3 Characterization of Microlocal Smoothness

As before, let U ⊂ Rm be a neighborhood of 0, Zj(x) ∈ C∞(U) with dZ1, . . . , dZm

linearly independent on U so that X = Z(U) ⊂ Cm is m dimensional maximally

real submanifold.

Let Z# be an almost-analytic extensions of the map Z, that is,

Z# : U + iRm → Cm

is a C∞ map such that

i. Z#(x) = Z(x) for every x ∈ U

ii.
∂Zl#
∂zj

(x+ iy) = O(|y|k), ∀j,∀k, 1 ≤ l ≤ m

Recalling that u is C∞ on X means u(Z(x)) is C∞ on U , the following proposition

characterizes smoothness locally in terms of almost analytic extensions..

Proposition 4.1.11. Let u : X → C. Then u is C∞ near 0 ∈ X if and only if

there exist F defined near 0 in Cm such that F |X = u near 0 and F is almost

analytic near 0.

Proof. Suppose u is C∞ near 0 ∈ X . Then ũ(x) = u(Z(x)) is C∞ near 0 in U .
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Then there exist F̃ almost analytic on V + iW (0 ∈ V, 0 ∈ W ) open in Cm such

that F̃ (x, 0) = ũ(x) on V . There exist a neighborhood U1 + iV1 (U1 ⊂ V, V1 ⊂ W )

of 0 in Cm such that

Z# : U1 + iV1 → Cm

is a C∞ diffeomorphism.

Let F : Z#(U1+iV1)→ C be F (z) = F̃ (Z−1
# (z)). Thus F (Z#(x+iy)) = F̃ (x+iy)

on U1 + iV1. Clearly F̃ |U1 = u.

Claim: ∂F
∂zj

(z) = O

(
(dist(z, Z(U1)))k

)
, ∀k, z ∈ Z#(U1 + iV1).

Now since Z# : U1 + iV1 → Z#(U1 + iV1) is diffeomorphism, there are constants

C1, C2 > 0 such that

C1|y| ≤ dist

(
Z#(x+ iy), Z(U1)

)
≤ C2|y|.

Using the fact that F̃ and Z# are almost analytic extensions and applying the

chain rule we have

O(|y|k) =
∂

∂zj
F̃ (x+ iy)

=
∂

∂zj
F ◦ Z#(x+ iy)

=
m∑
l=1

∂F

∂wl

(
Z#(x+ iy)

)
∂Z l

#

∂zj
(x+ iy) +

m∑
l=1

∂F

∂wl

(
Z#(x+ iy)

)
∂Z l

#

∂zj
(x+ iy)

Thus ∀k there is Ck > 0 such that for all j

∣∣∣∣ m∑
l=1

∂F

∂wl

(
Z#(x+ iy)

)
∂Z l

#

∂zj
(x+ iy)

∣∣∣∣ ≤ Ck|y|k.

Now let
∂Z1

#

∂z1

∂Z2
#

∂z1
. . .

∂Zm#
∂z1

...
∂Z1

#

∂zm

∂Z2
#

∂zm
. . .

∂Zm#
∂zm




∂F
∂w1

...

∂F
∂wm


|Z#(x+iy)

=


h1(x+ iy)

...

hm(x+ iy)

 = h(x+ iy)
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where

hj(x+ iy) =
m∑
l=1

∂F

∂wl
(Z#(x+ iy))

∂Z l
#

∂zj
(x+ iy).

We will show that the matrix

A =

(
∂Z l

#

∂zj
(x+ iy)

)
1≤l,j≤m

is invertible near 0. Now recalling that Z(x) = x + iφ(x), φ(0) = 0, dφ(0) = 0,

and ∂
∂zj
Z l

#(x+ iy) = O(|y|k) we have

∂

∂zj
Z l

#(x) =
1

2

(
∂

∂xj
Z l

#(x) + i
∂

∂yj
Z l

#(x)

)
=

1

2

(
∂

∂xj
Z l(x) + i

∂

∂yj
Z l

#(x)

)
= 0,

which implies that

δlj + i
∂

∂yj
Z l

#(0) = 0.

Thus
∂

∂yj
Z l

#(0) = iδlj (4.1.5)

Again

∂

∂zj
Z l

#|x=0 =
1

2

(
∂

xj
Z l

#(x) + i
∂

yj
Z l

#(x)

)
|x=0

=
1

2

(
δlj + i

∂

yj
Z l

#(0)

)
=

1

2

(
δlj + δlj

)
from (4.1.5)

= δlj

Thus A(0) = Id and hence after contracting U1 + iV1, we may assume that

A(x+ iy) is invertible for all x+ iy in U1 + iV1.
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Therefore, 
∂F
∂w1

...

∂F
∂wm

 = A−1(x+ iy)


h1(x+ iy)

...

hm(x+ iy)


Then since A−1(x+ iy) is bounded, we have ∀j,

∂F

∂wj
(Z#(x+ iy)) = O(|y|k).

Fix k. There is C ′k > 0 such that for all j,

| ∂F
∂wj

(Z#(x+ iy))| ≤ C ′k|y|k

which implies that

| ∂F
∂wj

(Z#(x+ iy))| ≤ Ck

(
d(Z#(x+ iy), Z(U1))

)k
.

Let z = Z#(x+iy). Thus we have shown that F is almost analytic on Z#(U1+iV1).

Conversely, let 0 ∈ U1, 0 ∈ V1 with U1+iV1 open in Cm such that F : U1+iV1 → C

is almost analytic and F |U1 = u. Let ũ(x) = u(Z(x)). Then

ũ(x) = u(Z(x)) = F (Z(x)) = (F ◦ Z)(x) = (F ◦ Z#)(x) := F̃ (x).

Clearly F̃ (x) = F ◦Z#(x) = F ◦Z(x) = u(x). Moreover, using the same procedure

as we did in one direction above we have

∂

∂zj
F̃ (x+ iy) =

∂

∂zj
(F ◦ Z#(x+ iy))

=
m∑
l=1

∂F

∂wl

(
Z#(x+ iy)

)
∂Z l

#

∂zj
(x+ iy) +

m∑
l=1

∂F

∂wl

(
Z#(x+ iy)

)
∂Z l

#

∂zj
(x+ iy)

= O(|y|k)

Thus, F̃ (x+ iy) = F ◦ Z#(x+ iy) is almost analytic.
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Therefore, ũ(x) = F̃ (x) and F̃ is almost analytic, which implies that ũ|U1 = u is

C∞.

Let Γ be a cone in Rm \ {0}, A be any open subset of U , and O any open

subset in U + iRm which contains A. We shall use the following notations:

NO(A,Γ) = {Z#(x+ iv) ∈ Cm : x ∈ A, v ∈ Γ ∪ {0}, x+ iv ∈ O},

where Z# is a given almost analytic extension of Z. Of course NO(A,Γ) depends

on the choice of Z#. We shall refer sets NO(A,Γ) as conoids. Conic neighborhood

of (0, ξ0) in RT ′X is a set of the form

{(z, ζ) : ζ = tZx(x)−1ξ, z = Z(x) for x ∈ W, ξ ∈ Γ},

where W is a neighborhood of 0 and Γ is a cone, ξ0 ∈ Γ.

Remark 4.1.12. [[4], Lemma 1.3] Let 0 ∈ V . A set Z#(V + iΓδ) contains

{Z(x) + iZx(x).v : x ∈ V1, v ∈ Γ1
δ1
}

for some 0 ∈ V1 open subset of V , Γ1 ⊂⊂ Γ and 0 < δ1 < δ.

Conversely, for 0 ∈ V1 a set

{Z(x) + iZx(x).v : x ∈ V1, v ∈ Γ1
δ1
}

contains Z#(V2 + iΓ2
δ2

) where 0 ∈ V2 ⊂ V1,Γ
2 ⊂⊂ Γ1, 0 < δ2 < δ1.

Let u : X = Z(U) → C be a distribution of compact support. For z =

Z(x), z′ = Z(x′) define the FBI transform as

Fu(z, ζ) =

∫
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′.

We state and prove the microlocal version of Theorem 4.1.10 as follows.
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Theorem 4.1.13. Let u ∈ E ′(X ), and ξ0 ∈ Rm \ {0}. Then

|Fu(z, ζ)| ≤ Ck(1 + |ζ|)−k ∀k

for (z, ζ) in a conic neighborhood of (0, ξ0) in RT ′X if and only if there is a

neighborhood V of 0, open acute cones Γ1, . . . ,ΓN in Rm\{0} and almost analytic

functions fj on Z#(V + iΓjδ) (δ > 0) of tempered growth such that u =
∑N

j=1 bfj

and ξ0.Γj < 0, ∀j.

Proof. Suppose u = bf on Z(V ), where f is almost analytic function on Z#(V +

iΓδ) (δ > 0) of tempered growth with ξ0.Γ < 0. (If u =
∑N

j=1 bfj, then the result

holds for each bfj and using linearity of the FBI transform, we get our result.)

We claim that

|Fu(z, ζ)| ≤ Ck(1 + |ζ|)−k ∀k

for (z, ζ) in a conic neighborhood of (0, ξ0), that is, on a set of the form {(z, ζ) :

z = Z(x), ζ =t Zx(x)−1Γ, x ∈ W}; W a neighborhood of 0. By Remark 4.1.12,

without loss of generality we will work on the conoid

{Z(x) + iZx(x).v : x ∈ V, v ∈ Γδ}.

Let r > 0 such that B2r = {x : |x| < 2r} ⊂⊂ V , Ω = Z(B2r). Let g ∈

C∞0 (X ), g ≡ 1 in Z(Br) and supp(g) ⊂ Ω. Let v ∈ Γδ and u ∈ E ′(X ). Then

Fu(z, ζ) =

∫
X
ei(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′

= lim
Γ3v→0

∫
Ω

ei(z−z
′)−〈ζ〉[z−z′]2f(Z(x′) + iZx′(x

′)v)g(Z(x′))∆(z − z′, ζ)dz′

Since g(Z(x)) ∈ C∞, it has almost analytic extension g̃ on Z#(V + iΓδ). Then

Fu(Z(x), ζ) =

lim
Γ3v→0

∫
B2r

eiζ.(Z(x)−Z̃(x′))−〈ζ〉[Z(x)−Z̃(x′)]2f(Z̃(x′))g̃(Z̃(x′))∆(Z(x)− Z̃(x′), ζ)dZ̃(x′)

93



where Z̃(x′, v) = Z(x′) + iZx′(x
′)v

Let v0 ∈ Γδ. Let

D = {Z(x′) + iZx′(x
′)v0t : x′ ∈ B2r, 0 ≤ t ≤ 1}.

Let

Q(x, x′, ζ, t) = iζ.(Z(x)− Z(x′)− itZx′(x′)v0)− 〈ζ〉[Z(x)− Z(x′)− itZx′(x′)v0]2

= iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2 + tZx′(x
′)v0.ζ

− 〈ζ〉
(
− 2itZx′(x

′)v0.(Z(x)− Z(x′))− (tZx′(x
′)v0).(tZx′(x

′)v0)

)

Let w(z̃) = eQ(x,z̃,ζ)φ(z̃)f(z̃)dz̃1 ∧ . . . ∧ dz̃m z̃ = z′ + iZx′(x
′)y. Then By Stokes

theorem we have

Fu(Z(x), ζ)

=

∫
B2r

eQ0f(Z(x′) + iZx′(x
′)v0)g̃(Z(x′) + iZx′(x

′)v0)

∆(Z(x)− Z(x′)− iZx′(x′)v0)dZ(x′)

+
m∑
j=1

∫
D

eQ1
∂

∂z̃j
(g̃f)(Z(x′) + iZx′(x

′)v0t)∆(Z(x′)− Z(x′)− iZx′(x′)v0t)dz̃j ∧ dz̃

where

Q0(x, x′, ζ) = iζ.(Z(x)− Z(x′)− iZx′(x′)v0)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)v0]2

and

Q1(x, x′, ζ, t) = iζ.(Z(x)− Z(x′)− iZx′(x′)v0t)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)v0t]
2

Now since v0 ∈ Γ and ξ0.Γ < 0 there exist a conic neighborhood Γ1 of ξ0 and a
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constant c > 0 such that

ξ.v0 ≤ −c|ξ||v0| ∀ξ ∈ Γ1.

Since X is well positioned at the origin, we have ∀x, x′ ∈ B2r , ξ ∈ Γ

<
(
iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2

)
≤ −(1− κ)|ζ||Z(x)− Z(x′)|2.

|(tZx′(x′)v0).ζ| = |(tZx′(x′)v0).(tZ−1
x′ (x′)ξ)|

= |tZx(x)Zx′(x
′)v0.ξ|

≤ t(1 + c1|x− x′||v0||ξ)| since Zx(x)Zx′(x
′) = Id+O(|x− x′|)

≤ tc′1|v0||ξ)| , c′1 = 1 + 4c1r

Thus after shrinking Ω if needed so that |ζ| ≤ 2|ξ|, we have

<(tZx′(x
′)v0.ζ) ≤ −1

2
cc′1t|v0||ζ| = −

1

2
c′t|v0||ζ|.

Also shrink Ω further if necessary so that |z − z′| ≤ c
16

for z, z′ ∈ Ω and ||φx|| ≤
1
2
∀x ∈ B2r, since |〈ζ〉| ≤ |ζ|, we have for δ < c

36
,

<
(
− 〈ζ〉

(
− 2itZx′(x

′)v0.(Z(x)− Z(x′))− (tZx′(x
′)v0).(tZx′(x

′)v0)

))
≤ |ζ|

(
3t|v0||Z(x)− Z(x′)|+ 9

4
|v0|2t2

)
≤ |ζ||v0|t(3|Z(x)− Z(x′)|+ 9

4
|v0|)

≤ |ζ||v0|t(
3c

16
+

9

4

c

36
) since v0 ∈ Γδ, δ <

c

36

=
1

4
tc|v0||ζ|

≤ 1

4
tc′1c|v0||ζ| =

1

4
c′t|v0||ζ|

Therefore, <Q(x, x′, ζ, t) ≤ −(1− κ)|ζ||Z(x)−Z(x′)|2− tc′′|v0||ζ|, c′′ = c′

2
. From
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this estimate and using the almost holomorphy of f and g̃, and since f is of

tempered growth, we have∣∣∣∣ ∫
D

eQ1
∂

∂z̃j
(g̃f)∆dz̃j ∧ dz̃1 ∧ . . . ∧ dz̃j

∣∣∣∣
≤ Bk|v0t|ke−c

′′t|v0||ζ|

≤ Ck|ζ|−k

Again using the inequality v0.ξ ≤ −c|v0||ξ|, we also have that∣∣∣∣ ∫
B2r

eQ0(fg̃)(Z(x′) + iZx′(x
′)v0)∆(Z(x)− Z(x′)− iZx′(x′)v0, ζ)dZ(x′)

∣∣∣∣
≤ sup

x∈B2r

|(fg̃)(Z(x′) + iZx′(x
′)v0)|e−c′′|v0||ζ|∫

B2r

e−(1−κ)|ζ||Z(x)−Z(x′)|2|∆(Z(x)− Z(x′)− iZx′(x′)v0)|dZ(x′)

≤ de−c
′′|v0||ζ|

≤ d′e−a|ζ|, a > 0

Therefore,

|Fu(z, ζ)| ≤ Ck(1 + |ζ|)−k ∀k

for (z, ζ) in a conic neighborhood of (0, ξ0).

For the converse let u ∈ E ′(X ). Suppose that

|Fu(z, ζ)| ≤ Ck(1 + |ζ|)−k ∀k

for (z, ζ) in a conic neighborhood of (0, ξ0). Applying the inversion formula we

have

u(z) =
1

(2π)m
lim
ε→0+

∫
Rm
Fu(z, ζ)e−ε|ζ|

2

dζ.

Let Cj , 1 ≤ j ≤ N be open, acute cones such that

Rm = ∪Nj=1Cj
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and Cj ∩ Ck has measure zero when j 6= k. We may assume that ξ0 ∈ C1 and

ξ0 /∈ Cj for j ≥ 2. This implies that we can get acute, open cones Γj , 2 ≤ j ≤ N

and a constant C > 0 such that

ξ0.Γj < 0 and y.ξ ≥ C|y||ξ| ∀y ∈ Γj, ∀ξ ∈ Cj.

For each j = 2, . . . , N, z = Z#(x+ iy) ∈ Z#(V + iΓjδ) define

f εj (z) =
1

(2π)m

∫
Cj
e−ε|ζ|

2Fu(z, ζ)dζ,

then f εj is entire and as ε → 0+, the f εj converges uniformly on compact subsets

of Z#(Rm + iΓj) to a holomorphic function fj(z). Assuming without loss of

generality that Z#(V + iΓjδ) = {Z(x) + iZx(x)y : x ∈ V, y ∈ Γjδ}, we have

|fj(Z(x) + iZx(x)y)|

= | 1

(2π)m

∫
Cj
Fu(Z(x) + iZx(x)y, ζ)dζ|

= | 1

(2π)m

∫
Ω

∫
Cj
eiζ.(Z(x)+iZx(x)y−Z(x′))−〈ζ〉[Z(x)+iZx(x)y−Z(x′)]2

u(Z(x′))∆(Z(x) + iZx(x)y − Z(x′), ζ)dz′dζ|

≤ C

∫
Ω

∫
Cj
e−c

′′|y||ζ|(1 + |ζ|)ldZ(x′)dζ

≤ c

|y|k

Thus fj is of tempered growth on Z#(V + iΓjδ) and hence has a boundary value

bfj ∈ D′(Z(V )). Let

gε1(Z(x)) =
1

(2π)m

∫
C1
e−ε|ζ|

2Fu(Z(x), ζ)dζ.

Then by hypothesis we may assume that Fu(z, ζ) decays rapidly in a conic neigh-

borhood {(z, ξ) : z = Z(x), ζ = tZx(x)−1C1}, and gε1 converges uniformly as

ε→ 0+, to a function g1(Z(x)). It is then easy to see that g1 is C∞ on Ω. Thus
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g1 has an almost analytic extension f1 such that f1|Z(V ) = g1 and

∂f1

∂zj
= O

(
(dist(z, Z(V )))k

)
, z ∈ Z#(V + iΓ1

δ)

Thus u =
∑N

j=1 bfj near 0 as asserted.

4.2 Characterization of Microlocal Ultradiffer-

entiablity on Maximally Real Submanifolds

4.2.1 FBI Transform in Maximally Real EM Submanifolds

Following the notations and definitions of section 4.1.1, let (M,V) be EM invo-

lutive structure and X ⊂M is maximally real EM submanifold so that RT ′X is a

real vector bundle over X . Then in a small enough neighborhood Ω of 0 in X , Ω

is the image of some open neighborhood U of 0 in Rm under the map x 7→ Z(x)

with Z(x) = x+ iφ(x); where φ : U → Rm, φ(0) = 0 and dφ(0) = 0. Then a point

(z, ζ) ∈ RT ′X , with z ∈ Z(U), if there is x ∈ U and ξ ∈ Rm such that

z = Z(x) and ζ = tZx(x)−1ξ.

Let

Mk =
m∑
j=1

µkj
∂

∂xj
, 1 ≤ k ≤ m (4.2.1)

be the vector fields characterized by the relations

Mk(zj|X ) = δkj.

Then the vector fields M1, . . . ,Mm form a basis of CTX .

Let U be an open neighborhood of 0 in Rm and Z : U → Cm with Z(x) = x+iφ(x),

where φ : U → Rm is a EM map , φ(0) = 0, dφ(0) = 0.

Then X = Z(U) is a EM maximally real submanifold of Cm and it is very well
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positioned at 0, that is, given any number κ, 0 ≤ κ < 1, there is an open neigh-

borhood Ω of 0 in X such that the following holds:

(1) |=ζ| < κ|<ζ|, (2) =
[
ζ.(z − z′) + i〈ζ〉[z − z′]2

]
≥ (1− κ)|ζ||z − z′|2 (4.2.2)

whatever z, z′ ∈ Ω and ζ ∈ (RT ′X |z) ∪ (RT ′X |z′).

Definition 4.2.1. Let u be a compactly supported distribution in the manifold

X . For (z, ζ) ∈ Cm × C1, we define the FBI transform of u as a duality bracket

Fu(z, ζ) =

∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′.

Note that Fu(z, ζ) ∈ O(Cm × C1).

Definition 4.2.2. Let Ω be an open neighborhood of 0 in X and let K be a

compact subset of 0 in Ω. Define, for any ε > 0, the modified inversion formula

as

uεK(z) = (2π3)−m/2
∫ ∫

eiζ.(z−z
′)−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉

m
2 dz′dζ (4.2.3)

where the integration with respect to (z′, ζ) is carried out over RT ′X |K . Property

(1) of condition (4.2.2) ensures that uεK(z) is an entire holomorphic function in

Cm.

In the following lemma Ω ⊂ R2m = Rm
x × Rm

x′ will denote an open subset

containing the origin, x = (x1, . . . , xm) ∈ Rm
x , x′ = (x′1, . . . , x

′
m) ∈ Rm

x′ .

Lemma 4.2.3. Let Ω ⊂ R2m = Rm
x ×Rm

x′ be an open set. Let y ∈ Rm be fixed and

close to the origin. Let ζ ∈ C1 and f(x, x′) = (f1(x, x′), . . . , fm(x, x′)) ∈ EM(Ω)

with f(0, 0) = 0. Set

Q(x, x′) = −iζ.f(x, x′)− 〈ζ〉[y − f(x, x′)]2.

There exist C > 0 (independent of x, x′, y, ζ, and α) such that for all multi-index
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α ∈ Nm
0 , for all L > 0 and all (x, x′) ∈ Ω∣∣∣∣∂αx(eQ(x,x′)

)∣∣∣∣ ≤ e<Q(x,x′)C |α|+1M|α|e
H
L e

1
2
M(|ζ|).

Proof. Since f(x, x′) ∈ EM(Ω), there is a constant C > 0 such that for all (x, x′) ∈

Ω (possibly after shrinking Ω) and all α ∈ Nm
0 ,

|∂αx f(x)| ≤ C |α|+1M|α|.

Applying Faá di Bruno formula

∂αx e
Q(x,x′) =

|α|∑
r=1

eQ(x,x′)
∑
p(α,r)

α!

|α|∏
j=1

(∂
αj
x Q)kj

kj!(αj!)kj
,

where

p(α, r) = {(k1, . . . , k|α|;α1, . . . , α|α|) for some 1 ≤ s ≤ |α|, ki = 0 and αi = 0

for 1 ≤ i ≤ |α| − s; ki > 0 for |α| − s+ 1 ≤ i ≤ |α|; and 0 ≺ α|α|−s+1 ≺ . . . ≺ α|α| are such that

|α|∑
i=1

ki = r,

|α|∑
i=1

kiαi = α}.

Thus increasing the constant C, since f(x) ∈ EM and |〈ζ〉| ≤ |ζ|,

∣∣∣∣∂αx(eQ(x,x′)

)∣∣∣∣ ≤ |α|∑
r=1

e<Q(x,x′)
∑
p(α,r)

|α|!
|α|∏
j=1

(
|ζ|C |αj |+1M|αj |

)kj
kj!(αj!)kj

.

Using the inequality (a+ b)! ≤ 2a+ba!b!, we have

|α|∏
j=1

(
|ζ|C |αj |+1

αj!

)kj
≤ |ζ|

rC |α|+r4|α|

|α|!
.
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Also

|α|∏
j=1

M
kj
|αj | ≤

|α|∏
j=1

Ckj |αj |Mkj |αj |−kj by (P7)

≤ C |α|M|α|−r by (P5
′′
)

and from Lemma 1.1.10 we have that

|ζ|rM|α|−r ≤
√
A(
H

L
)rM|α|e

1
2
M(L|ζ|).

Therefore,

|∂αx eQ(x,x′)| ≤
|α|∑
r=1

∑
p(α,r)

|α|!
|α|∏
j=1

(
|ζ|C |αj |+1M|αj |

)kj
kj!(αj!)kj

≤
|α|∑
r=1

∑
p(α,r)

|ζ|rC2|α|+r4|α|M|α|−r

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ζ|)M|α|

|α|∑
r=1

∑
p(α,r)

(
H

L
)rC |α|+r

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ζ|)M|α|C

|α|
|α|∑
r=1

∑
p(α,r)

(
H

L
)r
|α|∏
j=1

1

kj!

= e
1
2
M(L|ζ|)M|α|C

|α|
|α|∑
r=1

r!
∑
p(α,r)

(H
L

)r

r!

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ζ|)M|α|e

H
LC |α|

|α|∑
r=1

r!
∑
p(α,r)

|α|∏
j=1

1

kj!

≤ e
1
2
M(L|ζ|)M|α|e

H
LC |α|C |α|

≤ e
1
2
M(L|ζ|)M|α|e

H
LC |α|+1

where the last inequality follows by definition of p(α, r) (see 2.2.1)

101



Recall that u is EM on X means u(Z(x)) is EM on U .

Theorem 4.2.4. Let Ω be as in Lemma 4.2.3 and u ∈ EM ′(X ) (a distribution of

compact support on X ). Then for each K ⊂⊂ Ω and for every L > 0, there exist

CL > 0 such that

|Fu(z, ζ)| ≤ CLe
M(L|ζ|), z ∈ Z(K), ζ ∈ C1.

Proof. Let u ∈ EM ′(X ). Recall that z = Z(x) and z′ = Z(x′). Then by definition

Fu(Z(x), ζ) = 〈u(Z(x′)), ϕ(x, x′, ζ)〉,

where

ϕ(x, x′, ζ) = eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2 .

Then from Definition 1.1.8 , for any ε1 > 0 and suitable C1 > 0 depending on ε1

we have

|Fu(Z(x), ζ)| = |〈u(Z(x′)), ϕ(x, x′, ζ)〉|

≤ C1 sup
α∈Nm0

{
ε
|α|
1

M|α|
sup
x′∈K
|∂αx′ϕ(x, x′, ζ)|

}
= C1 sup

α∈Nm0

{
ε
|α|
1

M|α|
sup
x′∈K

∣∣∣∣∂αx′(eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2
)∣∣∣∣}

By Lemma 4.2.3, for each K compact there exist C > 0 such that for α ∈ Nm
0 ,

L > 0 ∣∣∣∣∂αx′(eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2
)∣∣∣∣ ≤ e

1
2
M(L|ζ|)e

H
LC |α|+1M|α| on K.
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Then

sup
x′∈K

∣∣∣∣∂αx′(eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2
)∣∣∣∣ ≤ e

1
2
M(L|ζ|)e

H
LC |α|+1M|α|

≤ eM(L|ζ|)e
H
LC |α|+1M|α|

Thus

|Fu(z, ζ)| ≤ C1 sup
α∈Nm0

{
ε
|α|
1

M|α|
C |α|+1eM(L|ζ|)M|α|e

H
L

}
= C1Ce

H
L eM(L|ζ|) sup

α∈Nm0

{
(Cε1)|α|

}
≤ CLe

M(L|ζ|), where we choose ε1 <
1

C
.

4.2.2 Characterization of Microlocal Ultradifferentiablity

on Maximally Real Submanifolds

As before, let U ⊂ Rm be a neighborhood of 0, Zj(x) ∈ EM(U) with dZ1, . . . , dZm

linearly independent on U so that X = Z(U) ⊂ Cm is m dimensional maximally

real EM submanifold.

We deal with almost-analytic extensions of the map Z. Such an extension is a

EM mapping Z# : U + i(−1, 1)m → Cm such that

i. Z#(x) = Z(x) for every x ∈ U

ii. there exist C > 0 such that
∂Zl#
∂zj

(x+ iy) ≤ CN+1MN

N !
|y|N , ∀j,∀N, 1 ≤ l ≤ m

Recall also that conic neighborhood of (0, ξ0) in RT ′X is a set of the form

{(z, ζ) : ζ = tZx(x)−1ξ, z = Z(x) for x ∈ W, ξ ∈ Γ},

where W is a neighborhood of 0 and Γ is a cone, ξ0 ∈ Γ.
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Let u : X = Z(U) → C be a distribution of compact support. For z =

Z(x), z′ = Z(x′) define the FBI transform as

Fu(z, ζ) =

∫
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′.

We now state our main result as follows.

Theorem 4.2.5. Let u ∈ EM ′(X ), ξ0 ∈ Rm \ {0}. Then there are constants

a, b > 0 such that

|Fu(z, ζ)| ≤ ae−M(b|ζ|)

for (z, ζ) in a conic neighborhood of (0, ξ0) in RT ′X if and only if there is a neigh-

borhood V of 0, open acute cones Γ1, . . . ,Γn in Rm \ {0} and EM functions fj on

Z#(V + iΓjδ) (0 < δ < 1) that increases M∗− exponentially such that

i. u =
∑N

j=1 bfj near 0,

ii. ξ0.Γj < 0, ∀j,

iii.

∣∣∣∣ ∂fj∂zk
(z)

∣∣∣∣ ≤ CN+1MN

N !

(
dist(Z#(x+iy), Z(V ))

)N
, ∀j = 1, . . . , n ,∀k = 1, . . . ,m.

Proof. Without loss of generality assume there exist f ∈ EM(Z#(V + iΓδ) (δ > 0)

that increases M∗− exponentially such that

i. u = bf near 0,

ii. ξ0.Γ < 0,

iii.

∣∣∣∣ ∂f∂zk (z)

∣∣∣∣ ≤ CN+1MN

N !

(
dist(Z#(x+ iy), Z(V ))

)N
, , ∀k = 1, . . . ,m.

By Remark 4.1.12 we will work as well on the conoid

{Z(x) + iZx(x)v : x ∈ V, v ∈ Γδ}.

Let r > 0 such that B2r = {x : |x| < 2r} ⊂⊂ V , Ωr = Z(B2r). Let g ∈ DM
0 (X ),
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g ≡ 1 in Z(Br) and supp(g) ⊂ Ω. Let v ∈ Γδ and u ∈ E ′M(X ). Then

Fu(z, ζ)

=

∫
X
eiζ.(z−z

′)−〈ζ〉[z−z′]2u(z′)∆(z − z′, ζ)dz′

= lim
t→0+

∫
B2r

eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2

f(Z(x′) + iZx′(x
′)tv)g(Z(x′))∆(Z(x)− Z(x′), ζ)dZ(x′)

Since g(Z(x)) ∈ EM , it has almost analytic extension g̃ on Z#(V + iΓδ), δ < 1.

Then

Fu(Z(x), ζ) =

lim
t→0+

∫
B2r

eiζ.(Z(x)−Z̃(x′))−〈ζ〉[Z(x)−Z̃(x′)]2f(Z̃(x′))g̃(Z̃(x′))∆(Z(x)− Z̃(x′), ζ)dZ̃(x′)

where Z̃(x′, v, t) = Z(x′) + iZx′(x
′)tv.

For 0 < λ < 1, let

Dλ = {Z(x′) + iZx′(x
′)tv ∈ Cm : x′ ∈ B2r, λ ≤ t ≤ 1}.

Let Q(x, x′, ζ) = iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2.

Consider the m− form

w(z̃) = eQ(x,z̃,ζ)g̃(z̃)f(z̃)dz̃1 ∧ . . . ∧ dz̃m , z̃ = z′ + iZx′(x
′)y.
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Then by Stokes theorem we have,

Fu(Z(x), ζ) =

lim
λ→0+

∫
B2r

eQ0f(Z(x′) + iZx′(x
′)λv)g̃(Z(x′) + iZx′(x

′)λv)∆(Z(x)− Z(x′)− iZx′(x′)λv, ζ)dZ(x′)

=

∫
B2r

eQ1f(Z(x′) + iZx′(x
′)v)g̃(Z(x′) + iZx′(x

′)v)∆(Z(x)− Z(x′)− iZx′(x′)v, ζ)dZ(x′)

+ lim
λ→0+

m∑
j=1

∫
Dλ

eQ2 g̃(Z(x′) + iZx′(x
′)tv)

∂f

∂z̃j
(Z(x′) + iZx′(x

′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃

+ lim
λ→0+

m∑
j=1

∫
Dλ

eQ2f(Z(x′) + iZx′(x
′)tv)

∂g̃

∂z̃j
(Z(x′) + iZx′(x

′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃

= I0 + Iλ1 + Iλ2

where

Q0(x, x′, ζ) = iζ.(Z(x)− Z(x′)− iZx′(x′)λv)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)λv]2,

Q1(x, x′, ζ) = iζ.(Z(x)− Z(x′)− iZx′(x′)v)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)v]2

and

Q2(x, x′, ζ, t) = iζ.(Z(x)− Z(x′)− iZx′(x′)tv)− 〈ζ〉[Z(x)− Z(x′)− iZx′(x′)tv]2.

Since v ∈ Γ and ξ0.Γ < 0, there is a conic neighborhood Γ1 of ξ0 and a constant

c > 0 such that

ξ.v ≤ −c|v||ξ| ∀ξ ∈ Γ1.
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Now

Q2(x, x′, ζ, t) = iζ.(Z(x)− Z(x′)− itZx′(x′)v)− 〈ζ〉[Z(x)− Z(x′)− itZx′(x′)v]2

= iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2 + tZx′(x
′)v.ζ

− 〈ζ〉
(
− 2itZx′(x

′)v.(Z(x)− Z(x′))− (tZx′(x
′)v).(tZx′(x

′)v)

)

Since X is well positioned at the origin, we have ∀x, x′ ∈ B2r , ξ ∈ Γ

<
(
iζ.(Z(x)− Z(x′))− 〈ζ〉[Z(x)− Z(x′)]2

)
≤ −(1− κ)|ζ||Z(x)− Z(x′)|2.

Also

|(tZx′(x′)v).ζ| = |(tZx′(x′)v).(tZ−1
x′ (x′)ξ)|

= |tZx(x)Z−1
x′ (x′)v.ξ|

≤ t(1 + c1|x− x′||v||ξ|) since Zx(x)Z−1
x′ (x′) = Id+O(|x− x′|)

≤ tc′1|v||ξ| , c′1 = 1 + 4c1r

Thus after shrinking Ω if needed so that |ζ| ≤ 2|ξ|, we have

<(tZx′(x
′)v.ζ) ≤ −1

2
cc′1t|v||ζ| = −

1

2
c′t|v||ζ|.

Also shrink Ω further if necessary so that |z − z′| ≤ c
16

for z, z′ ∈ Ω and ||φx|| ≤
1
2
∀x ∈ B2r, since |〈ζ〉| ≤ |ζ|, we have for δ < c

36
,
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<
(
− 〈ζ〉

(
− 2itZx′(x

′)v.(Z(x)− Z(x′))− (tZx′(x
′)v).(tZx′(x

′)v)

))
≤ |ζ|

(
3t|v||Z(x)− Z(x′)|+ 9

4
|v|2t2

)
≤ |ζ||v|t(3|Z(x)− Z(x′)|+ 9

4
|v|)

≤ |ζ||v|t( 3c

16
+

9

4

c

36
) since v ∈ Γδ, δ <

c

36

=
1

4
tc|v||ζ|

≤ 1

4
tc′1c|v||ζ| =

1

4
c′t|v||ζ|

Therefore, <Q2(x, x′, ζ, t) ≤ −(1− κ)|ζ||Z(x)−Z(x′)|2− tc′′|v||ζ|, c′′ = c′

2
. Thus

we get a similar estimate for <Q1.

Consider I0:

Now <Q1 ≤ −(1− κ)|ζ||Z(x)−Z(x′)|2− c′′|v||ζ|. Choosing |v| small, for ξ ∈ Γ1,

ζ =t Z−1
x′ (x′)ξ , |ζ| ≥ 1 we have

|I0| ≤ e−c
′′|v||ζ| sup

x′∈B2r

|(fg̃)(Z(x′) + iZx′(x
′)v)|

∫
B2r

|∆|e−(1−κ)|ζ||Z(x)−Z(x′)|2dZ(x′)

≤ de−c
′′|v||ζ|

∫
B2r

|∆|e−(1−κ)|ζ||Z(x)−Z(x′)|2dZ(x′)

≤ d′e−b|ζ| , b > 0

≤ d′e−M(b|ζ|) since M(t) ≤ t

Since I0
e−M(c′|ζ|) is bounded on B2r × {ζ : |ζ| ≤ 1}, there exist a0, b0 > 0 such that

|I0| ≤ a0e
−M(b0|ζ|) for |x′| < 2r, ζ =t Z−1

x′ (x′)ξ , ξ ∈ Γ1 (4.2.4)
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Consider

Iλ1 = lim
λ→0+

m∑
j=1

∫
Dλ

eQ2 g̃(Z(x′) + iZx′(x
′)tv)

∂f

∂z̃j
(Z(x′) + iZx′(x

′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃ :

For ζ ∈ {tZ−1
x′ (x′)Γ1}, |ζ| ≥ 1, , with C ′ = sup(x′,t)∈B2r×[0,t] |g̃(Z(x′) + iZx′(x

′)tv)|,

we have∣∣∣∣eQ2 g̃(Z(x′) + iZx′(x
′)tv)

∂f

∂z̃j
(Z(x′) + iZx′(x

′)tv)

∣∣∣∣
≤ C ′e<Q2AeM

∗(Bt|v|)

≤ A′e−(1−κ)|ζ||z−z′|2e−bt|ζ|e−M
∗(Bt|v|) (taking v small)

= A′e−(1−κ)|ζ||z−z′|2e−[M∗(Bt|v|)+Bt|v| b
B
|ζ|]

≤ A′e− infsM∗(s)+s bB |ζ|e−(1−κ)|ζ||z−z′|2

≤ A′e−M(B′|ζ|)e−(1−κ)|ζ||z−z′|2 since M(t) ≤ inf
s
{M∗(s) + st} ∀t ≥ 0

Thus

lim
λ→0+

|Iλ1 |

≤ A′e−M(B′|ζ|)
∫ 1

0

∫
B2r

|∆|e−(1−κ)|ζ||z−z′|2dz̃j ∧ dz̃ for x′ ∈ B2r, ζ ∈ {tZ−1
x′ (x′)Γ1}, |ζ| ≥ 1

Therefore,

lim
λ→0+

|Iλ1 | ≤ a1e
−M(b1|ζ|) for x′ ∈ B2r, ζ ∈ {tZ−1

x′ (x′)Γ1}, |ζ| ≥ 1

for some a1, b1 > 0 independent of λ. But since
|Iλ1 |

e−M(b1|ζ|) is bounded on B2r×{ζ :

|ζ| ≤ 1}, there exist A1, B1 > 0 such that

lim
λ→0+

|Iλ1 | ≤ A1e
−M(b1|ζ|) (4.2.5)
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Consider

Iλ2 = lim
λ→0+

m∑
j=1

∫
Dλ

eQ2f(Z(x′) + iZx′(x
′)tv)

∂g̃

∂z̃j
(Z(x′) + iZx′(x

′)tv)

∆(Z(x)− Z(x′)− iZx′(x′)tv, ζ)dz̃j ∧ dz̃ :

Since ∂g̃
∂zj
≡ 0 for |x′| ≤ r, the integral over |x′| ≤ r is zero. Then for |x| < r

2
and

|x′| ≥ r and taking |v| small we have

<Q2 ≤ −(1− κ)|ζ||Z(x)− Z(x′)|2 − c′′|ζ|

for ζ ∈ {tZ−1
x′ (x′)Γ1}, |ζ| ≥ 1. Since f increases M∗− exponentially, for all % > 0

there exist a constant d > 0 such that

|f(Z(x′) + iZx′(x
′)tv)| ≤ de%M

∗ t|v|
% .

Also since g̃ is almost holomorphic, there exist C > 0 such that

| ∂g̃
∂z̃j
| ≤ CN+1MN

N !
|tv|N ∀j = 1, . . . ,m, ∀N = 1, 2 . . . .

Equivalently,

| ∂g̃
∂z̃j
| ≤ Ce−M

∗(Ct|v|).

Taking C > 1 and % = 1
C

, we obtain

|f(Z(x′) + iZx′(x
′)tv)

∂g̃

∂z̃j
| ≤ dCe%M

∗( t|v|
%

)− 1
C
M∗(Ct|v|) ≤ d

%
e−%M

∗( t|v|
%

)+%M∗( t|v|
%

) = C ′

Thus we can get A2, B2 > 0 independent of t such that

lim
λ→0+

|Iλ2 | ≤ A2e
−M(B2|ζ|) ∀ζ ∈ {tZ−1

x′ (x′)Γ1}, x′ ∈ B r
2

(4.2.6)
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Combining (4.2.4), (4.2.5) and (4.2.6) we can find constants a, b > 0 such that

|Fu(z, ζ)| ≤ ae−M(b|ζ|)

for (z, ζ) in a conic neighborhood of (0, ξ0) in RT ′X .

For the converse let u ∈ EM ′(Ω), Ω open neighborhood of 0 in X . let B0 be a ball

centered at zero such that Z(B0) = Ω. Suppose that there exist a, b > 0 such

that

|Fu(z, ζ)| ≤ ae−M(b|ζ|)

for (z, ζ) in a conic neighborhood of (0, ξ0), that is, on a set of the form {(z, ζ) :

z ∈ Z(V ), {ζ ∈t Z−1
x (x)Γ}}, where V is a neighborhood of 0 (V ⊂ B0) and Γ is

a conic neighborhood of ξ0. Applying the inversion formula (4.2.3) we have

uK̃(z) =
1

(2π3)
m
2

lim
ε→0+

∫∫
RT ′X|K̃

eiζ.(z−z
′)−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉

m
2 dz′dζ,

where K̃ = Z(K); K is a compact neighborhood of 0 in U . Extend the map Z as

a map Z̃ : Rm → Cm and let Z̃(Rm) = Ω̃. Then the properties of wellposedness

remains valid in Ω̃. Choose d > 0 such that Ω′ = {Z(x′) : |Z(x′)| ≤ d} ⊂ Z(V ).

Then we can write uε
K̃

(z) as

uε
K̃

(z) = uε
K̃,0

(z) + uε
K̃,1

(z),

where

uε
K̃,0

(z) =
1

(2π3)
m
2

∫ ∫
Ω′
eiζ.(z−z

′)−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉
m
2 dz′dζ

and

uε
K̃,1

(z) =
1

(2π3)
m
2

∫ ∫
Ω̃\Ω′

eiζ.(z−z
′)−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉

m
2 dz′dζ
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so that u(z) = uK̃,0(z) + uK̃,1(z).

Consider uK̃,0(z): Let Cj , 1 ≤ j ≤ N be open, acute cones such that

Rm = ∪Nj=1Cj

and Cj ∩ Ck has measure zero when j 6= k. We may assume that ξ0 ∈ C1 and

ξ0 /∈ Cj for j ≥ 2. This implies that we can get acute, open cones Γj , 2 ≤ j ≤ N

and a constant C > 0 such that

ξ0.Γj < 0 and y.ξ ≥ C|y||ξ| ∀y ∈ Γj, ∀ξ ∈ Cj.

For each j = 2, . . . , N, z = Z#(x+ iy) ∈ Z#(V + iΓjδ) define

f εj (z)) =
1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′
eiζ.(z−z

′)−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉
m
2 dz′dζ.

Then for 2 ≤ j ≤ N , each f εj is entire and as ε→ 0+, the f εj converges uniformly

on compact subsets of Z#(Rm + iΓj) to

fj(z) =
1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′
eiζ.(z−z

′)−〈ζ〉[z−z′]2Fu(z′, ζ)〈ζ〉
m
2 dz′dζ,

which is also holomorphic on Z#(Rm+iΓjδ). Moreover, fj increasesM∗−exponentially

on Rm + iΓjδ for some 0 ≤ δ < 1. Indeed,

|fj(Z(x) + iZx(x)y)| =

| 1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′
eiζ.(Z(x)+iZx(x)y−Z(x′))−〈ζ〉[Z(x)+iZx(x)y−Z(x′)]2Fu(z′, ζ)〈ζ〉

m
2 dZ(x′)dζ|

≤ 1

(2π3)
m
2

∫
ξ∈Cj

∫
Ω′
|eiζ.(Z(x)+iZx(x)y−Z(x′))−〈ζ〉[Z(x)+iZx(x)y−Z(x′)]2Fu(z(x′), ζ)〈ζ〉

m
2 ||dZ(x′)||dζ|

≤ C

∫
ξ∈Cj

∫
Ω′
e−c

′′|y||ζ|eM(L|ζ|)|ζ|
m
2 e−(1−κ)|Z(x)−Z(x′)|2 |dZ(x′)||dζ|

≤ C ′
∫
ξ∈Cj

e−c
′′|y||ζ|eM(L|ζ|)|ζ|

m
2 |dζ|
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Thus

|fj(Z(x) + iZx(x)y)| ≤ C ′
∫
Cj
e[M(|Lζ|)−c|y||ζ||ζ|

m
2 |dζ|.

Now since for each % > 0 there exist c% > 0 such that (see Lemma 1.1.10)

M(L|ζ|) = 2M(L|ζ|)−M(L|ζ|) ≤ %M(c%L|ζ|)−M(L|ζ|),

choosing L = L%
.
= c

c%
, we have

|fj(Z(x) + iZx(x)y)| ≤ C ′
∫
Cj
e%M(c%L|ζ|)−c|y||ζ|e−M(L|ζ|)|ζ|

m
2 |dζ|

= C ′
∫
Cj
e%M(c%L%|ζ|)−L%c%|y||ζ|e−M(L|ζ|)|ζ|

m
2 |dζ|

= C ′
∫
Cj
e%[M(c%L%|ζ|)−

L%c%
%
|y||ζ|]e−M(L|ζ|)|ζ|

m
2 |dζ|

≤ C ′e% supr>0[M(r)−r |y|
%

]

∫
Cj
e−M(L|ζ|)|ζ|

m
2 |dζ|

= C ′e%ω
∗( |y|

%
)

∫
Cj
e−M(L|ζ|)|ζ|

m
2 |dζ|

≤ C1e
%M∗( |y|

%
).

Then each fj (j ≥ 2) has boundary value bfj ∈ D′(Z(V )).

Let

gε1(Z(x)) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′
eiζ.(Z(x)−Z(x′))−〈ζ〉[z−z′]2−ε〈ζ〉2Fu(z′, ζ)〈ζ〉

m
2 dz′dζ.

Then by the decay of the FBI transform gε1 are smooth for all ε > 0 and converges

uniformly on Rm to the function

g1(Z(x)) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′
eiζ.(Z(x)−Z(x′))−〈ζ〉[Z(x)−Z(x′)]2Fu(Z(x′), ζ)〈ζ〉

m
2 dZ(x′)dζ.

Clearly g1(Z(x)) is smooth on Rm. We will show that g1(Z(x)) is in EM for x

near the origin.

113



Let {M1, . . . ,Mm} be the vector fields that satisfy

MjZk = δkj , 1 ≤ j, k ≤ m.

Then g1(Z(x)) will be in EM near 0 if there exist C > 0 such that for all α,

|Mαg1(Z(x))| ≤ C |α|+1M|α| (4.2.7)

for x near 0, where Mα = Mα1
1 . . .Mαm

m . We will therefore establish estimate

(4.2.7). Observe that since

Cm 3 z 7→ eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2

is an entire function, for any α,

Mαg1(Z(x)) =
1

(2π3)
m
2

∫
ξ∈C1

∫
Ω′
∂αz

{
eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2

}
|z=Z(x)Fu(Z(x′), ζ)〈ζ〉

m
2 dZ(x′)dζ.

We begin by estimating the term ∂αz

{
eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2

}
for z and x′ bounded.

Clearly

∂αz

{
eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2

}
=

m∏
j=1

∂αjzj F (hj(zj)),

where F (w) = ew for w ∈ C and for each 1 ≤ j ≤ m,

hj(zj) = iζj(zj − Zj(x′))− 〈ζ〉[zj − Zj(x′)]2.

By the formula of Faá di Bruno,

∂αjzj F (hj(zj)) =
∑
Sj

αj!

α1
j ! . . . α

m
j !
F (α1

j+...+α
m
j )(hj(zj))

m∏
k=1

(
h

(k)
j (zj)

k!

)αkj
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where the sum is taken over the set

Sj = {(α1
j , . . . , α

m
j ) :

m∑
k=1

kαkj = αj}

and each αkj is a nonnegative integer.

Note that h
(1)
j (zj) = iζj − 2〈ζ〉(zj −Zj(x′)), h(2)

j (zj) = −2〈ζ〉, and h
(k)
j (zj) = 0 for

k ≥ 3. It follows that

∂αjzj F (hj(zj)) =
∑
Sj

αj!

α1
j !α

2
j !

(−1)α
2
j 〈ζ〉α2

j

(
iζj − 2〈ζ〉(zj − Zj(x′))

)α1
j

ehj(zj)

and

Sj = {(α1
j , α

2
j ) : α1

j + 2α2
j = αj}.

Hence

∂αz

{
eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2

}
= eh(z)

m∏
j=1

(∑
Sj

αj!

α1
j !α

2
j !

(−1)α
2
j 〈ζ〉α2

j

(
iζj−2〈ζ〉(zj−Zj(x′))

)α1
j
)

(4.2.8)

where h(z) = iζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2. Since zj = Zj(x) and Zj(x
′) will lie

in a bounded set, there exist c > 0 such that

∣∣∣∣iζj − 2〈ζ〉(zj − Zj(x′))
∣∣∣∣α1
j

≤ cα
1
j |ζ|α1

j ≤ c|α||ζ|α1
j .

Likewise, the factor eh(z) is bounded for z = Z(x). Therefore, the term∣∣∣∣∂αz{eiζ.(z−Z(x′))−〈ζ〉[z−Z(x′)]2
}
|z=Z(x)

∣∣∣∣
is bounded by the sum of a finite number of terms of the form (after possibly

increasing c)

c|α|+1

(
α1!

α1
1!α2

1!
. . .

αm!

α1
m!α2

m!

)
|ζ|α1

1+...+α1
m+α2

1+...+α2
m (4.2.9)
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We thus see that |Mαg1(Z(x))| is bounded by a finite sum of the form

c|α|+1

(
α1!

α1
1!α2

1!
. . .

αm!

α1
m!α2

m!

)∫
C1

∫
Ω′
|ζ|α1

1+...+α1
m+α2

1+...+α2
m+m

2 |Fu(Z(x′), ζ)||dζ||dZ(x′)|.

By the hypothesis on the decay of Fu(Z(x′), ζ), |Mαg1(Z(x))| is bounded by a

finite sum of the form

c|α|+1

(
α1!

α1
1!α2

1!
. . .

αm!

α1
m!α2

m!

)∫
C1

∫
Ω′
|ζ|α1

1+...+α1
m+α2

1+...+α2
m+m

2 e−M(b|ζ|)|dζ||dZ(x′)|

for some c > 0. Since |ζ| is comparable to |ξ|, ξ ∈ Rm and Ω′ is a bounded set,

the latter expression is bounded by

c|α|+1

(
α1!

α1
1!α2

1!
. . .

αm!

α1
m!α2

m!

)∫
Rm
|ξ|α1

1+...+α1
m+α2

1+...+α2
m+m

2 e−M(b|ξ|)dξ (4.2.10)

and hence for |ξ| ≥ 1, it is bounded by

c|α|+1

(
α1!

α1
1!α2

1!
. . .

αm!

α1
m!α2

m!

)∫
Rm
|ξ|α1

1+...+α1
m+α2

1+...+α2
m+me−M(b|ξ|)dξ (4.2.11)

We next estimate the integral (4.2.11). Using Lemma 1.1.10 (f) with L = b,

t = |ξ|, k = r = α1
1 + . . .+ α1

m + α2
1 + . . .+ α2

m +m, we have

∫
Rm
|ξ|α1

1+...+α1
m+α2

1+...+α2
m+me−M(b|ξ|)dξ

≤
∫
Rm

√
A

(
H

b

)α1
1+...+α1

m+α2
1+...+α2

m+m

Mα1
1+...+α1

m+α2
1+...+α2

m+me
1
2
M(b|ξ|)e−M(b|ξ|)dξ

≤
√
A

(
H

b

)α1
1+...+α1

m+α2
1+...+α2

m+m

Mα1
1+...+α1

m+α2
1+...+α2

m+m

∫
Rm

e−
1
2
M(b|ξ|) dξ

≤ Cα1
1+...+α1

m+α2
1+...+α2

m+mMα1
1+...+α1

m+α2
1+...+α2

m+m
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Observe that for each 1 ≤ j ≤ m,

αj!

α1
j !α

2
j !

=
[(α1

j + α2
j ) + α2

j ]!

α1
j !α

2
j !

since αj = α1
j + 2α2

j

≤
2αj(α1

j + α2
j )!

α1
j !

≤
22αjα1

j !α
2
j !

α1
j !

= 22αjα2
j !

Therefore, using the in equality α2
j ! ≤Mα2

j
, (4.2.11) is bounded by

c|α|+14|α|α2
1! . . . α2

m!Cα1
1+...+α1

m+α2
1+...+α2

m+mMα1
1+...+α1

m+α2
1+...+α2

m+m

≤ c|α|+14|α|Mα2
1
. . .Mα2

m
Cα1

1+...+α1
m+α2

1+...+α2
m+mMα1

1+...+α1
m+α2

1+...+α2
m+m

≤ C |α|+14|α|Mα1
1...α

1
m+2(α2

1+...+α2
m)+m

≤ C |α|+14|α|M|α|+m

≤ C |α|+1M|α| (4.2.12)

Finally, we need to estimate the number of terms that arise from the product in

(4.2.8). For n a positive integer, let

Sn = {(n1, n2) : n1 + 2n2 = n}

where n1, n2 are nonnegative integers. If (n1, n2) ∈ Sn, then n2 ≤ n
2

and for each

such n2, there is at most one n1 such that (n1, n2) ∈ Sn. Hence Sn has no more

than n
2

elements. It follows that the product in (4.2.8) leads to no more than

(
α1

2
) . . . (

αm
2

) ≤ |α|m ≤ m!e|α|

≤ c|α|+1 (4.2.13)

elements where c is independent of α.

From (4.2.12) and (4.2.13), we conclude that there is C > 0 independent of α
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such that ∣∣∣∣Mαg1(Z(x))

∣∣∣∣ ≤ C |α|+1M|α|

and hence g1(Z(x)) is in EM near 0.

Thus if V is an open set, then there is an almost analytic extension f1 of g1 such

that f1|V = g1 and

∣∣∣∣∂f1

∂zk
(z)

∣∣∣∣ ≤ CN+1MN

N !

(
dist(z, Z(V ))

)N
,∀k = 1, . . . ,m

for some C > 0, z ∈ Z#(V + iΓ1
δ).

In the sense of distributions, for each j ≥ 2,

lim
Γj3y→0

fj(Z#(x+ iy)) = lim
ε→0+

f εj (Z(x))

and

lim
Γ13y→0

f1(Z#(x+ iy)) = lim
ε→0+

gε1(Z(x)).

Thus

uK̃,0 = lim
ε→0+

N∑
j=1

f εj (Z(x)) = lim
y→0

N∑
j=1

fj(Z#(x+ iy)).

It remains to show that that uε
K̃,1

(z) converges to a holomorphic function. How-

ever, by wellposedness, for z′ ∈ Ω̃ \ Ω′ and z ∈ Z(V ), we have

<
(
iζ.(z − z′)− 〈ζ〉[z − z′]2

)
≤ −(1− κ)|ζ||z − z′|2 ≤ −c0 < 0

and hence we may let ε go to zero in the integral for uε
K̃,1

(z). Thus we obtain

uK̃,1(z) =
1

(2π3)
m
2

∫ ∫
Ω̃\Ω′

eiζ.(z−z
′)−〈ζ〉[z−z′]2Fu(z′, ζ)〈ζ〉

m
2 dz′dζ,

which defines a holomorphic function.
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