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ABSTRACT 

The purpose of thi s study is an attempt to exp lore the basic concept of almost d istri buti ve 

latt ice w ith 0, Generali zed almost d istributive lattice and pscudo·complemcntation on 

almost di stribut ive Ian ice with 0 and conceptual ditTerence between lattice, a lmost 

di stributi ve lattice with 0 , generalized almost d istributi ve lattice and pseudo­

complementation on almost distributi ve lattice with a arc described. Basic definition. 

example lemmas and theorems arc given. And it is proved that the pseudo­

complementation'" on al most distributi ve lattice wit h 0 is equati onall y defined. 

Key words : poset, latti ce, almost distri butive lani ee. Generalized almost di stributive 

lattice ,pseudo-complementat ion on almost distribu ti ve lattice. 
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Introduction 

The concept of ADl was introduced by U.M . swamy and G.C.Rao as an algebra ( I.,V,I\) of 

type (2,2,0) w hich sat isfies all properties of distributive lattice except the commutative 

of V and 1\ and the right distribut ive of V over 1\ . It was observed that anyone of 

these three properties converts almost dist ributi ve lattice in to a distributive lattice. 

latter difficult classes of almost distributive latti ces with 0, like pseudo-

complementat ion on almost distributi ve lattice with 0, Stone almost dist ributive lattice 

and other concepts were characterized. 

In this paper the basic concepts of almost distributive latt ice with 0, Generalized almost 

distributive lattice and pseudo-complementation on almost distributive lattice wi th ° is 

introduced with basic definition and examples, we tried to show the basic difference 

between them. We proved basic properties, lemmas, theorems and equivalent 

conditions. Those lemmas, theorems and equivalent conditions are also proved in st ep 

ways. At last we proved the pseudo -(om pie mentation • on almost distributive lattice 

w ith ° is equatinally defined. 
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Prel iminaries 

We recall certain definitions, examples, and result s. Certain concepts of lattice & poset 

are given. We begin with the foll owing. 

Definition : let P be a non -empty set, and let :s be a binary relation on P. then :s is ca lled 

a partial order relation if it sati sfi es the following condition. 

For all a,b and c in P 

1) a:S afar all a in Pi. e :5 is reOexive 

2) a:5 band b :5 a => a := b i. e :5 is anti symmetry 

3) a:5 b & b :5 c => a :5 c i. e :5 is l7'wlsiti ve 

Definition: A set P together with a partial ordered relation S is called a partial ordered 

set . Simply a poset . Le. (P:5) is a poset . 

Definition : let (P:5) be a poset 

1) P is sa id bounded below if 3 x e P such that x S a for all a in P 

2) P is said bounded above if 3 x E P Such that a S x for all a in P 

3) P is said bounded if it is bounded below and above 

De finition: let (P 5) be a poset and let A ~ P 

1) An element x in P is ca lled upper bound of A if a S x'rl a E A 

2) An element x in P is called lower bound of A if x:s a 'rI a E A 

3) An element x in P is ca lled least upper bound (Iub) or supremum of A if 

I) x is upper bound for A 

2 
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II) If t is another upper bound for A then x:s t 

4) An element x in P is ca lled greatest lower bound (glb) or infinimum of A if 

I) x is lower bound for A 

II ) If t is another lower bound for A then t :s x 

Definition: a poset P is ca lled a lattice if every pair of elements a,b in P has both 

supermum and infimum. 

Remark: Every lattice is a poset but a poset need not be a latt ice. 

Example: let see the poset 1 

c d 

a b 

o 

Is a poset but not a lattice since inf {c,d} doesn' t exist. 

Definition: A system (L,V,A ) is ca lled a lattice if the fo llowing condition holds for any a,b 

in L 

I) L is non-empty 

(II ) a vb; b V a 

3 
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al\b= b Aa 

i. e. vand 1\ are commutat ive 

(111 ) a V (b V c) = (a V b) Vc 

a A(bAc)=(aAb) Ac 

Le.vand 1\ are associative. 

IVi) a V (a A b) = a 

a A(av b) = a 

I.e. absorption law holds. 

Remark: I) In a lattice a Va:;;: a and a 1\ a=a are ca lled idempotent. 

11) The two definition of lattice defined above are equiva lent. 

Defin ition: a lattice (L,V,A ) is ca lled distr ibutive lattice if anyone of the following 

condition holds. 

I) a A ( b V c) = (a A b) V (a Ac) for all a,b and c in l. 

II ) a V(bAc)= (avb)v(avc) 

Definition : let (L,V,A ) is bounded lattice and let 0 & 1 be lower and upper bound of l 

respectively then 

I) we say a is a complement of b if a 1\ b =0 and a v b = 1 

II ) a complemented lattice is a bounded lattice in which every element has a 

complement . 

JII) we say that l is relatively complemented jf for each a:5b in l , the interva l 

(a,b] is complemented. 

Definit ion: an element m of a lattice L is called 

I) Minimal element if aE L aSm then m=a 

II ) Maximal element if aE L mSa then m=a 

4 
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Chapter one 

Almost distributive lattice 

Defini t ion ; A system (L,V,A,O) of type (2,2,0) is ca lled an almost distributive lattice with 0 

or simply AOL w ith 0 if for any a,b and c in l it sat isfies the following condition 

Ll) (a V b) A C = (. A c) V (b A c) 

L2) • A (b V c) = (a A b) V (a A c) 

L3) (a Vb)A b = b 

L4) (avb)A' =. 
LS) a V (a A b) = a 

L6) 0 A a = 0 

L7) 0 V a = a 

Example 1: let l be a non-empty set and let V and 1\ be defined by the 

fol lowing tables 

V 0 a b c A 0 a b c 

0 0 a b C 0 0 0 0 0 

a a a a A a 0 a b b 

b b b b B b 0 a b c 

C c a b C c 0 c c c 

Then the system (l,V,A ,0) is ADL with 0 

Example 2: let L be a non-empty set and let va nd 1\ are defined as follows for a,b and 

ao in l 

a V b = {a ~f a * ao 
b lf a = ao 

and b {bifa *' 30 a 1\ = . 30 Ifa = ao 

s 



I . This is ca lled a discrete ADl with 0 and this is also a relatively complemented in th is case 

ao is considered as 0 element. Hence system (L,V,A ,ao) is AOL as case ao ;; 0, the zero 

element. 

Remark: the system (L,V,A) is not a lattice. If we see from examplel 

since (a 1\ b) 1\ c= b 1\ C = c and a 1\ (b 1\ c) ;; a 1\ C = b Hence; b:t c i.e. the associative 

property does not hold hence it is not a lattice .from these fact we can say that an ADl 

with 0 may not be a lattice. 

Lemma 1.1: 

let L be ADL with zero and a El.Then the following holds. 

i) a 1\0=0 

2) a I\a=a 

3) a Va=a 

4) a VO=a 

Proof: 

1) Consider a 1\ 0 

allO (OVa)IIO 

= 0 

Hence, a II a ;; a 
2) Consider a 1\ a 

Hence, a 1\ a ;:: a 

3) Consider a v a 

Hence, a v a = a 

4) Consider a V 0 

alia = (Ova) lIa 

=a 

ava:;:aV(al\a) 

=a 

6 

by (l 7) 

by (l4) 

by (l7) 

by (l 3) 

by lemma 1.1(2) 

by (lS ) 



Hence, a V 0 = a 

a V 0 = a v Ca A 0) 

=a 

by lemma 1.1(1) 

by (lS) 

Definition : let l be an ADL with O. For any a and b in l defin es a :5 b jff a /\ b = 

a or equ ivalentlya V b = b then :5 is a partial ordering on L. 

l e mma 1.2: 

let l be ADl .Then for a and b in l the following holds 

1) a A Ca V b) = a 

2) Ca A b) V b = b 

3) a V Cb A a) = a 

Proof: 1) consider a /\ (a V b) 

a A Ca V b) = Ca A a) V Ca A b) 

= a V Ca A b) 

=a 

Hence, a /\ (a v b) = a 

2) ( onsiderCa A b) V b 

Ca A b) vb = Ca A b) V Cb A b) 

=CaV b)Ab 

= b 

Hence, Ca A b) V b = b 

3) Consider a V (b /\ a) 

a V CbA a) = Ca Aa) V CbAa) 

7 
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byCl 2) 

by lemma 1.1(2) 

by (l5) 

by lemma 1.1 (2 ) 

by (ll ) 

by (l 3) 

by lem ma 1.1 (2) 
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=(avb)lIa 

=a 

Hence, a V (b I\. a) = a 

Corollary 1.1: 

Let l be an ADllet a ,b E L then 

1) avb = a if andon lyifal\.b = b 

2) a V b = b if and only if a A b = a 

Proof: 1) 

(=» Assume a V b = a 

Now 

Hence, a A b = b 

a II b = (a V b) II b 

= b 

(<=) Assume a A b = b 

Now a vb = a Via II b) 

=a 

Hence, a V b = a . 

2) (=0) Assumea vb= b 

Now allb =all(avb) 

=a 

Hence, a 1\ b = a 

(<=) Assume a A b = a 

8 

by (L1) 

by (L4) 

by assumption 

by( L3) 

by assumption 

by (LS) 

by assumption 

by Lemma1.2(l) 



Now a vb; (a A b) V b by assumption 

; b by lemma 1.2 (2) 

Hence, a V b = b 

Lemm a 1.3 : 

let l be an ADL wit h 0, let m EL t hen the following are equiva lent. 

1) m is maximal w ith respect 'S' 

2) mVx = m for all xE l 

3) rn A x = x for a ll xE l 

Proof: 

(1)~ (2) let m is maximal with respect to'S' we want to show for all xE L mV x = rn 

m :::;mVX ,Since m is maximal with respect to'S' then by definit ion of maximalitv 

mVx = m 

Hence (2) holds 

(2) ~ (3) l e t for all xE l mV x = m we want to show rn A x = x for a ll x E l 

mAx = (mVx)/\x 

; x 

Hence, rnA x ;:: x 

(3) = ( 1) 

byas5u mpion 

by (L3) 

let rnA x = x for all x E L we want show that m is maximal with ,'espect . :$ • 

x :::; m for all mEL by assumption 

m is maximal by definition of maximali ty for any xE l 

Hence ,(1) holds 

9 
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Theorem 1.1: 

let L be ADl with O.The following holds. 

1) la A b) Va = a iffa A (b V a) = a 

2) IbA a) V b = b iff b A (a V b) = b 

3) laA b) = (b Aa) iff (aAb)va=a 

4) lav b)=(b va) iff aA(b Va)=a 

5) (a v b) = (b V a) iff the supremum ora and b exist in Land is a v b 

Proof: 

11) 

1=)letlaA b)va = a we want show that 'aA(bva)=a 

Consider 

a A (b V a) the n a A (b V a) = (a A b) V (a A a) 

= laAb)va 

=a 

Hence, a /\ (b V a) = a 

1<=) l et a A (b V a) = a we wa nt show that la A b) V a = a 

Consider 

la A b) V a then (a A b) V a = (a A b) V (a A a) 

= a A (b V a) 

=a 

Hence, (a 1\ b) V a = a 

10 

by ( L2) 

by lemma 1.1 (2) 

by assumption 

by lemma 1.1(2) 

by (L2) 

by assumption 
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(2) 

(=» let(bAa)vb=b w.s.t b A(.v b) 

Consider 

b A (a v b) the n b A Ca v b) = (b A a) V (b A b) 

= Cb A a) V b 

=b 

Hence, b A (a V b) = b 

(<=) let bA(av b) = b wewa ntshow tha t (bA.)vb = b 

Consider 

(b A a) V b the n (b A a) V b = (b A a) V (b A b) 

= b A(av b) 

=b 

Hence, (b A a) V b = b 

(3 ) 

(=:» let(a 1\ b) = (b 1\ a) we want show that (a II b) Va = a 

Consider 

(a A b) V a then (a A b) V a = (a A b) V (a A a) 

= (b A a) V (a A a) 

= (b A a) Va 

=a 

Hence, (a 1\ b) v a = a 

(<=) let Ca A b) V a = we wa nt show tha t (a A b) = (b A a) 

Consider 

b Aa then bAa = b A [(a A b) V a] 

= [b A (a A b)] V (b A a) 

= Ca A b) V [a A Cb A a) l 

=aA[b v(b Aa)] 

11 

by (L2) 

by lemma 1.1 (2) 

by assumption 

by lemma 1.1 (2) 

by CL2) 

by assumption 

by lemma 1.1 (2) 

by assumption 

by (L2) 

by (L3) 

by assumption 

by (L2) 

as b A (a A b) = a A b 

by (L1 ) 



• =aAb 

Hence, la 1\ b) = (b 1\ a) 

(4) 

1=) le t la v b) = (b v a) we want show that a 1\ (b v a) = 0 

Consider 

a 1\ (b v a) then a 1\ (b v 0) = a 1\ (a V b) 

=a 

Hence, a 1\ (b V a) = a 

1<=) let a 1\ (b V a) = a we want show that lav b) = (b V a) 

Consider 

by ( L5) 

by assumption 

by lemma 1.2(1) 

a V b then a V b = fa 1\ (b V al l V [b 1\ (b V all 

= (a V b) 1\ (b V a) 

= [(a V b) 1\ bl V [(a V b) 1\ al 

= bV a 

by assumption & lemma 1.2 (1) 

by ( L2) 

by ( LI ) 

by (L3)& (L4) 

Hence, la V b) = (b V a) 

IS) 

1=) let 

(a v b) = (b V a) we want show that the supremum of a and b exist in Land is a v b 

for any a and b in LaS a v band b :5 a v b 

Hence a V b is upper bound for a and b let t be other upper bound for a and b 

We went to showa V b:5 t 

(a V b) 1\ t = (a 1\ t) V (b 1\ t) 

=avb 

by ( Ll ) 

because by assumption t is upper bound for a and b 

a vb::::; t hence a V b exist and is least upper baud for a and b 

Lemmal.4: 

let Lbe an ADL with a for any a, b &c E L 

(a V b) 1\ c = (b V a) 1\ c 

12 
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Proof: 

for a, b&c E Lwe have (a 1\ c) ::;: c and (b 1\ c) ::;: c 

(a v b) A c = (a A c) V (b A c) 

= av b 

Similarly 

(b V a) A c = (b A c) V (a A c) 

= b 1\ a 

by ( Ll ) 

asa::;: ca nd b::;: c 

by (Ll ) 

asa::;: ca nd b ::;: c 

Then if the supreumum of a and b exist and is equal to a V b then a V b = b V a 

Hence, (a V b) A C = (b V a) A c 

Lemma 1.5: 

The binary operation 1\ is assocative 

Proof: 

(aAb)Ac = (aA b)A [cv(aA(b Ac)) 1 by corolary 1.1 

= [(a A b) A c] V I(a A b) A (a A (b AC)) I by ( L2) 

= (a A b) V [a A (b A c) 

= aA[bv(b AC)] 

=al\b 

= a A ( b AC) 

asa A b'; c&(a Ab)" a A (b AC) 

by (L2) 

by ( L2) 

by corolary 1.1 

Hence, 1\ is assocative. 

Corollary 1.2: 

let l be AD l with 0 then a 1\ b = b 1\ a when ever a ::;: b 

Proof: we have when a ::;: b then by corollary 1.1 

al\ b=a & aVb=b or bl\a=a & bva=b 

a /I. b = a = b 1\ a hence a /I. b ::;; b 1\ a when ever a ::;: b 

Theorem 1.2: 

let l be a distr ibutive ADl with 1 then a 1\ 1 ::;; a iff L is bounded for a E L 

Proof: suppose a 1\ 1 ::;; a we wa nt show that Lis bounded 

13 
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Consider 

1 Va then 1 V a = 1 V (a A 1) 

=(1va)A(1v 1) 

=(lva)A1 

= 1 

Also consider 

o A a then 0 A a = 0 A (a A 1) 

= (0 A a) A 1 

= 0 A 1 

= 0 

Hence, L is bounded 

Conversely assume L is bounded we want show that a II 1 :; a 

Consider 

a A 1 then a A 1 = a A (1 va) 

= (a A 1) V (a va) 

= (aA l)va 

=a 

Hence, a /\ 1 :; a 

by assumption 

by ( L2) 

by lemma 1.1 (3) 

by lemma 1.2(3) 

by ass um ption 

by lemma 1.5 

by (L6) 

by(L6) 

as Lis bdd with 1 

by (L2) 

by lemmal.1 (2) 

by Imma 1.2 (1) 

Definition: A system (G,V,/\) is ca lled a general ized almost dist ributive lattice in short 

GADl if it satisfies the foll owing axioms. 

Gi l (aA b) Ac = a A (bAC) 

G2) a A (b vc) = (aA b) V (a AC) 

G3) a V (b A c) = (a V b) A (a V c) 

G4) a A (a V b) = a 

14 
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I I 

GS) Co V b) A a ~ a 

G6) Ca A b) V b ~ b 

Example A: let G={a,b,c} define the binary operation V & 1\ on G as follows. 

V a b c A a b c 

a a b 0 0 0 0 c 

b b b b b a b c 

C c c c c a 0 c 

Hence, the system (G, V,A) is a generalized almost distributive latt ice. 

Example B: let G={a,b,cj define the binary operation V & /I, on G as follows. 

V 0 b c A 0 b c 

0 0 0 0 0 0 0 c 

b 0 b b b b b c 

C c c c C b b c 

Hence, the system (G, V,A) is a generalized almost distribut ive lattice. 

Remark: A generalized almost distributive lattice need not be an almost distributive 

lattice. If we see example A is not almost distr ibutive lattice forCe V b) 1\ b '* b, but it is 

GADL From such condit ion we see that GAOL need not be ADl. 

l emma 1.6: 

for any a,b in G where G is generalized almost distributive lattice we have the following 

I loVo=O 

15 



I I , 

2)aJ\a=a 

3) aV(aAb):a 

4) aV(aAb):a 

proof: 1) a V a = «a V a) A a) V a 

=a 

2) a A a = a A (a V a) 

=a 

3) a V (a A b) = (a V a) A (a V b) 

= a A (a V b) 

=a 

4) a V (bAa) = (a V b) A (aVa) 

=(aVb)Aa 

=a 

l emma 1.7: 

by (GS) 

by(G6) 

by lemma 1.6(1) 

by (G4) 

by (G3) 

by lemma 1.6(1) 

by(G4) 

by(G3) 

by lemma 1.6(1) 

by (GS) 

for any a,b in G where G is genera lized almost distributive latt ice we have the following 

.1) IfaAb = bthenaVb =a 

2) a V b = b If and on ly If a A b = a 

proof: let a,b EG 

1) suppose a A b = b then a V b = a V (a A b) 

=a 

2) suppose a v b = b then a 1\ b = a 1\ (a V b) 

=a 

conversely let a 1\ b == a ,a v b = (a 1\ b) v b 

=b 

by supposit ion 

by lemma 1.6(3) 

by supposition 

by (G4) 

by supposition 

by(G6) 

Remark: In generalized almost distributive lattice the converse of lemma 1.7( 1) does not 

hold . In example A above we observe thatc V b = but c /I. b = a. 
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converse ly let a J\ b = a ,a V b = (a J\ b) )/ b 

=b 

by supposition 

by(G6) 

Remark: In generalized almost distributive lattice the converse of lemma 1. 7(1) does not 

hold. In example A above we observe thatc V b = but c J\ b = u. 
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Chapter two 

Pseudo - complementation on almost distributive lattices 

Definition: let (L,V,A ,O)beADL with 0 then til e unary opration a ----+ a' is called a 

pseudo-complementation on l if it satisfi es the following condition s. 

(p I ) a A b = 0 => a ' A b = b 

(p2)aAa'=O 

(p3) (a v b)" = a ' A b' 

Example 2. 1: let X be discrete ADl with 0 and with at least two elements say 1,2 other 

than 0 then (Xl,V,A ,0) is ADL where V & 1\ are defined coordinates .now for any XE 

X3 we w rite IXI for the number non-zero entries in X .defined • on X3 as follows ,for any 

XE X3 i=1,2,3 

{

o if X, ,,0 
Xi = 1 if X, = 0 and IX I = 1 andO' = (2,2,2) 

2 if X,=oand Ixl > 1 

Then (Xl/V,II ,0) is ADLwith (0, 0, 0) as 0 element .in thi s case (XJ,V,A ,0) sati sfies (pI) 

and (p2) but not (p3).ifwe take a=( l ,O,O) and b=(O, I ,O)then a' =(0,1,1) and b' = (1 ,0,1) 

but if we see avb=(I ,I ,O) and (a V b)"=(0,0,2) then (p3) is not satisfi ed, 

Exam ple 2.2: let l be ADl with 0 with at least two elements defined 

a' = Of or all in L then L satisfies (p2) & (p3) but not (p I ). If we take 0" b E 

L then 0 1\ b = 0 and O· 1\ b = 0 '* b hence (pI) is not satisfied. 

Example 2.3: let l be bounded distributive lattice with bounds 0*1 now for any a E L 

defined a' = 1 for all a E L.then L satisfies (p I ) & (p3) but not (pI ). 

Remark: (pI), (p2)&(p3) are independent , 
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Example 2.3: let l ={a, b,c, O} be a non-empty set and let V and A is defined by the 

fol lowing tables 

v 0 a b c A 0 a b c 

0 0 a b c 0 0 0 0 0 

a a a a a a 0 a b b 

b b b b b b 0 a b c 

C c a b c c 0 c c c 

And defined x ' = 0 if x '* 0 and O' = a then (Lv,/\,O) is ADL with 0 and x-+ x ' is a 

pseudo-complementation on L. Remember that (L,V,II ) is not a latt ice. 

Proof: for all a & bin L 

1) X A 0 = 0 faT all x in Land x · A 0 = 0 

2) x A x · = 0 for all x in L as x · = Of or x * 0 and 0 A O· = 0 A a = 0 

3) (a v bY = a' 1\ b' that is for any values in the table this proprty hoLds 

Hence, x -+ x ' is a pseudo-complement ation on L. 

Example 2.4: let (R, +, 0) be a commutative regular ring. to each a E l let aO be the 

unique idempotent elemen t in R such that an = aOR. and defin ed for any a and b in R 

1) a A b = aOb 

2) a V b = a + ( l _aO)b 

3) a· = Lao 

Then (R, V,A ,0) Is AD l w ith O. And" is a pseudo-complementation on R 

Proof: let a 1\ b = 0 we want to show: a' 1\ b = b 

But by the property of a & b defined in the problem a /\ b :::; aOb hence by our assumpt ion 

a /\ b :::; 0 ===> aOb :::; 0 then consider a· /\ b 

19 



" 

a' 1\ b = (1- aO) 1\ b 

= (1 - aO)O b 

= (1- aO)b 

= b - aOb 

=b 

Hence, a 1\ b = 0 => a' 1\ b = b 

Also for any a E L we want to show: a 1\ a ' = 0 

Consider a 1\ a'then a 1\ a' = a 1\ (1- aO) 

= aO(L . 0) 

=0 

Hence, a 1\ a' = 0 for any a E L 

as a' = (1 - aO) 

as a 1\ b = aOb 

as a R = aoR 

by commutative ring 

as from assumption (lob = 0 

by defi nation 

by defin it ion 

aO is idempotent 

In similar way (a V b)' :;;: a' 1\ b' as a result· is a pseudo-complementation on R. 

Remark: in case of distributive lattice with 0 it is well known that an element a' 

sa ti sfying the property (pI) & (p2) is unique if it exists and (p3) is a consequence of (pI ) 

& (p2) and hence, t here can be at most one pseudo-complemen tat ion .However; in ADl 

with 0 there can be several pseudo-complementation consider the following example. 

Example 2.5: let eX V,A ,0) be a discret e ADL with a .for any x*Oin X define 

a' = (0 if a*,O 
x i f a = 0 

Then. is a pseudo-complementation on X here with each x*' 0 in X we obtain a pseudo­

complementation on eX V,I\ ,0) 

Proof: 

(1) leta /\ b = 0 we want show that a' 1\ b = b since it is a discrete ADL 

a 1\ b = 0 If a = 0 then 
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a ' A b ; (0') A b 

=aJ\b 

;b 

as a ;;: 0 

by fu nction define 

Blc it is discrete leta /\ b ;;: bifa '* 0 

(2) for a E X we wa nt show a /\ a' ;;: 0 

Consider a /\ a ' case 1: if a ;;: 0 

Case 2: if a '* 0 

a/\a ' =01\0' 

;;: Ol\x 

; 0 

al\a' = 31\ 0 

; 0 

as a ;;: 0 

by the function defined 

ble it is di screte a" b;;: 0 ira ;;: 0 

by the function defi ned 

by definition of ADL 

(3 ) le t a &b E X we want show that (a v b)' ; a ' A b' 

Conside r (a V b)' case 1: if a '* a 
(a v b)' ; a' by de fini tion o f discertc as a vb;;: a 

;0 

case 2: if a ; 0 (a v b)' ; b' 

;0 

from case 1 a ' ;;: O&b' ;;: 0 

sincea '* 0 

as it is discerte a v b ;;: b 

as b '* 0 

a'Ab' ;OAO ; O 

from case 2 a' ;;: x as a:;: 0 & b' :;:: 0 as b '* 0 a ' 1\ b' ;;: x 1\ 0;;: 0 

Hence, (a v b)' ; a' A b' 

Therefore eX V,/\ ,0) be a discrete ADl with 0 and· is a pseudo-complementation 

on X. 

l emma 2.1: 

let l be ADl with 0 and * be a pseudo-comple mentation on l then for any a • b in L 

we have the following. 

1) O' is maximal 

2) If a is maximal then a' ;;: 0 

3) 0"; 0 

4) a' A a ; 0 

5) a" J\ a = a 
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6) a' = a' " 

Proof: (1) 

for any aEl 0 II a = 0 by (l6) 

O'l\a=a by definition Pseudo-complement From the above O' is maximal by 

definition of maximality 

(2) suppose a is maximal if a S a V a' and hence a = a v a' because a is maximal it 

hold Then a' = (a v aor ;;; a' 1\ a" 

=0 

Hence a' == a 

by definition of pseudo-complementation 

(3) From lemma 2.1(1) we proved that O' is maximal & from lemma 2.1(2) we also 

proved that the complement of a maximal element is ze ro then from these two 

concepts we conclude that 0" = 0 

(4) From the concept of ADL a II b:;:: 0 irfb II a = 0 then since it is a pseud o· 

complementation we have that a 1\ a' = 0 then from the two concepts we get that 

3'I\a= 0 

(5) Since it is pseudo-complementation we have that a /\ a' = 0 and from lemma 2.1(4) 

we have a' 1\ a = 0 then from this a" /\ a = a 

(6) From lemma 2.1(5) we have a" /\ a = a then a" = a" V a by coro llary 1.1 

a'" = (a" va)' Complementing the equation 

=a"' /\a ' 

= a' 

22 
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Lemma 2 .2: 

let L be ADL with 0 and· pseudo-complementation on L, Then for any a, bEL we have 

the following, 

(I) a' = 0 if and only if a" is maximal 

(2) a' ,; 0' 

(3) a' 1\ b' = b' 1\ a' 

(4) a ,; b => b' ,; a' 

(5) a' ,; (a 1\ b)' and b' ,; (a 1\ b)' 

(6) a' ,; b' '" b" ,; a" 

(7) a = 0 '" a" = 0 

Proof: (1) 

(==» assume a' = 0 we want show that a" is maximal 

(0)' = 0 by lemma 2.1(1) 

(a)" is maximal from the above step& assumption a' = 0 

(¢=) assume (a)"' = is maximal we went show that 

Since (a) " = is maximal then ((a)'')' = 0 

a' = 0 

(2) a = a V 0 

a' = 0 

by lemma 2.1(2) 

by lemma 2. 1(6) 

by lemma 1.1(4) 

a' = (aVo)' complementing both side of equation 

a'=a'/\O' 

a' :$ O' 

(3) a' ,; 0' , b' ,; 0' 

Therefore, a' /\ b' = b' II a' 

(4) Assume a :$ b we want show tllat b' :5 a' 

we know a :5 b => b = a V b 

by (p3) 

as it is Poset 

by lemma 2.2(2) 

by defination 
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b ' = Ca v b)' 

::;:. a' A b' 

=b'/\a ' 

b' = b' A a' 

Hence, b' :5 a' 

(5) From the definition of ADL{L4) 

a = a V Ca A b) 

a' =(avCaAb))' 

a' = a' A Ca A b) ' 

a'sCaAb)' 

and since a A b :5 b and a /I. b :5 a 

b' S Ca A b)' 

a' S Ca A b)' and b' S Ca A b)' . 

Hence, a' S Ca A b)' and b' S Ca A b)' . 

(6) a'S b' .. b" < " _a 

complementing both side 

by Ip3) 

by lemma2.2(3) 

as it is a poset 

by Il4) 

complementing both side 

by Ip3) 

as it is poset 

by lemma 2.2(4) 

by lemma 2.2(4) 

(=:))Assume a':5 we want showb" :5 a" 

a' :5 b' ~ bO

' ::;; a" 

Conversely, let b" Sa" 

Since bO
• < a" ::;;::::> a"' :5 boo. 

a' = a'" 

a'" :5 boo . 

a' :5 b' 

(7) a = 0 .. a" = 0 

(::::)) let a = 0 we want show tltata" = 0 

we have 0" = 0 . 

a" = 0 
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by lemma 2.2(4) 

we want show that a' :5 b' 

by lemma 2.2(4) 

by lemma 2. 1(6) 

by above step 

by lemma 2.1(6) 

by lemma 2.1(3) 

by assumption a = 0 
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Hence, a" = 0 

(¢::) Assume a" = 0 we want show that a = 0 

from the definition of ADl we have 0 = 0 1\ a 

0= 0 Aa 

== a" 1\ a 

=a 

Hence, a = O. 

Lemma 2.3: 

by (L6) 

by the assumption 

by Lemma 2.1(5) 

Let L be an ADL with 0 and * a pseudo- complementation on L, th en for any a, bE L 

the following are equivalent. 

(1) a A b = 0 

(2) a" A b = 0 

(3) a" A b" = 0 

(4) a A b" = 0 

(5) Proof: (1==>2) 

Assume a 1\ b = O. we want show that a" 1\ b :::; 0 

From assumption a A b = 0 ==> 

Then consider a" II b 

a" 1\ b :;:: a" 1\ a' 1\ b 

Hence, a" 1\ b = 0 . 

= 0 A b 

=0 

a' A b = b by (p 1) 

by substitution 

by Lemma 2.1(5) 

by (L6) 

(2~3) Assume a" 1\ b = 0 we want show that a" 1\ b" = 0 

Consider a" 1\ b = 0 

a" 1\ b :;:: 0 ~ b 1\ a" = 0 since a 1\ b = 0 (::) b /\ a = 0 

b' l\a" = a" 
by (p 1) 

Then consider a" 1\ b
O

• 

2S 
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a"lIb" ~ b' lIa"lIb" 

~ a" II b' II b" 

~ a" II 0 

~O 

Substitution 

aA b l\c=bl\3J\C 

by lemma 2.1(5) 

by lemma 1.1(1) 

(3~4) Assume a" 1\ boo ;:: 0 we want show that a 1\ boo = a 
Consider a" 1\ b Oo ;:: a 

Hence, a 1\ b O

' ;;. 0 . 

a"lIb"~O 

al\a " l\b"=O 

a" II a II b" ~ 0 

a II b" ~ 0 

(4~1) Assume a /\ bO
• ::;; 0 we want show that a 1\ b ;:: 0 

Consider a 1\ b 

a II b ~ a II b" II b 

~ 0 II b 

~O 

Hence, a /\ b = 0 . 

l emma 2.4: 

assumption 

as a 1\ a" = J" 

al\bl\c ::;; bl\al\c 

by l emma 2.1 (5) 

by lemma 2.1(5) 

by assumption 

by (l6) 

Let l be an ADL with 0 and let · be a pseudo-complementation on LThen for 

anya, bEL following holds. 

1) (all b)"~a" lI b" 

2) (a II b)' ~ (blla)' 

3) (aVb)'~(b va)' 

Proof: 

(I) let a . b in L then 

a" lib" II (a II b)" ~ a" l1 

~ a" II (a II b) " 
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; [a ' v (a A b) T 

; (a A b)"' 

by (p3) 

by lemma2.2(6) 

(a A b)" ' :5 a" A b" ... ...... .......................... . .................................... (1 

and consider a 1\ b 1\ (a 1\ b)' 

t hen aAb A (a A b)"; O by (p2) 

a" A b A (a A b)" ; 0 

b A a " A (a A b)" ; 0 

b" A a" A (a A b)" ; 0 

by lemma 2.3 (l = 2) 

as a /\ b 1\ c = b 1\ a 1\ c 

by lemma 2.3 (l = 2) 

(aA b)"Aa " Ab" ; O asa A b ; Oi ff bA a; O 

(a A b)"' A a" A b" ; a " A b" by (p l ) then 

a " A b":5 (a A b)" ' ..... ... .. ............. .................. ............. ..... ............ .......... ..... . ... ... w 

hence; from a and w we con clude that a" 1\ b" = (a 1\ b)" 

(2) co nsider (a A b)" 

(a A b)" ; (a A b)" " by lemma 2.1(6) 

; (a" A b'T by lemma 2.4( 1) 

; (b" A a " )" by lemma2.4(4) 

; ( b A a)" " by le mma 2.4( 1) 

; ( b A a)" by lemma 2.1(6) 

he nce, (a A b)" ; (b A a) ' 

(3) consider (a V b)" 

(a v b)" ; a' A b' 

; (b' Aa' ) 

; (b va)" 

hence, (a v b)" ; (b v a)" 

Theorem 2.1: 

by (p3) 

by lemma 2.2(4) 

by (p3) 

let ( L,v,/\ ,0) be AD l with O. Then a unary operation * : L --+ L is a pseudo-

complementation on L if and only if the following equations hold. 
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1) a/la' = 0 

2) a" Va:;: a" 

3) (a V b)' = a' /I b' 

4) (a/lb)"= a" /l b" 

5) 0' /I a = a 

Proof: (=» 

Assume • is a pseudo-complementation on L. we want show tha t property 

1--+5 in the theorem satisfies. i.e 

(1) a /I a' = 0 

(2) a" Va = a" 

(3) (a V b)' = a' /I b' 

(4) (a /I b) " = a" /I boo 

(5) 0' /I a = a 

Since • is a pseudo-complementation on l. then by definition of pseudo· 

complementation we have the following 

Ip1) a /I b = 0 => a' /I b = b 

Ip2) a /I a' = 0 

(p3) (a V b)' = a' 1\ b' 

Then from the definition of pseudo-complementation 1&3 are sati sfi ed 

Hence,S holds. 

Hence,4 hold s. 

Hence,2 holds. 

O/la=O 

O'l\a=a 

(a 1\ b)" = a" 1\ boo 

a"J\a;::a 

< 00 a_a 

a" va:;:a" 
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by Il6) 

by Ip1) 

by lemma 2.4( 1) 

by lemma 2,1(5) 

by definition of poset 

by definition of poset 
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Conversely assume property 1-J5 in the theorem sa tisfi es. i.e. 

(1) a/la'; 0 

(2) a" Va; a" 

(3)(a V br ; a ' /I b' 

(4) (a /I br' ; a" /I b" 

(5) 0' /I a ; a 

we want show that • is a pseudo-complementation on l. i.e. the following 

holds. 

(pl) a /I b ; 0 = a ' /I b ; b 

(p2) a /I a' ; 0 

(p3)(a v br; a'/lb' 

(p2)&(p3) are true from property 1&3 of our assumption. 

We want to show a A b ;:: 0 => aO /I. b ;:: b 

let a&b E L such that a A b ;:: 0 

then b ; b" /I b by lemma 2. 1(5) 

;:: 0' /I. bOO A b by assumption (5) 

; (a ' /I a'")" 1\ b" /I b by lemma 2.1(5) 

; (a V a'r ' 1\ b" /I b by assumption (3) 

; [(a va') 1\ b)]" 1\ b by assumption (4) 

; [(a /I b) V (a' /I b))" /I b by (ll) 

; [(0) V (a' /I b))" by assumption a /I b ; 0 

; (a ' /I b)" 1\ b by (L7) 

; a' " /I b" /I b 

; a'" /I b 

;:: a' II.b 

by assumption (4) 

by lemma2.l (S) 

by lemma Z. l (6) 

Hence a /I b ; 0 = a ' /I b ; b then (pl) holds . 
• 

Therefore. is a pseudo-complementation on l. 
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Theorem 2.2: 

let (L,V,A ,0) be ADl with O. Then a unary operation *: L --+ L is a pseudo­

complementation on l if and only if the following equations hold. 

1) 

2) 

3) 

4) 

a' A b = Ca A b) ' A b 

O'l\ a ;:: a 

0" = 0 

Ca v b)' = a' A b' 

Proof: 

(<==) Assume that· satisfies the given equation 1-+4 i.e. 

1) a' A b = Ca A b) ' A b 

2) 0 A a = a 

3) 0" = 0 

4) Ca V b)' = a' A b' 

we want show that· is a pseudo-complementation on l i,e. the following 

holds. 

(p1) a A b = 0 ~ a' A b = b 

(p2 a A a' = 0 

(p3) Ca V b)' = a' A b' 

let a&b E L such that a II b ;:: a we need toshow a ' 1\ b ::;; b 

then consider a' 1\ b 

a' A b = Ca A b)' A b by assumption (1) 

:;;: O' 1\ b by our assumption we consider a /I b ;:: 0 

Hence, a 1\ b ;:: 0 ::::::::> a' 1\ b ;:: b then (pI) holds. 

Consider a 1\ a' then a 1\ a' ;:: 0 by lemma 2.1(4) 

Hence,(21 holds. And (p3) holds from assumption (4) 

Therefore . is a pseudo-complementation on l. 

by assumpt ion (l) 

(::::::::» Assume. is a pseudo-complementation on l i.e. the following holds. 
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(pl)a A b ; 0 => a ' A b ; b 

(p2 a A a' ; 0 

(p3) (a v b)' ; a' A b' 

we want show that · satisfies the given equation I--t4 i.e. 

1) a' A b ; Ca A b) ' A b 

2) 0 A a ; a 

3) 0"; 0 

4) Ca v b)' ; a' A b' 

Since· is a pseudo·complementation on l. then a 1\ b = a ~ a' /\ b = b 

then consider (a II. b)' /\ b 

(a 1\ bY /I. b ::;: O' 1\ b from assumption we let a /\ b ::;: 0 

Hence, (l)holds. 

Hence, (2) holds. 

Hence, (3) holds. 

;b by theorem 2.1 

a' II b = (a /\ b) ' /\ b above resu lt and our assumption 

o Aa; 0 

O'l\a:=a 

0" ; 0 

by (l 6) 

by (pI) 

by lemma2.l(3) 

Sa me is true for (4) by our assumption. Hence; .. satisfie s the given equation 

1~4. 

Theorem 2.3: 

let l be a relatively complemented ADl with 0 and with maximal element mo ' 

For any a in l define a' t o be the complement of a in [0, aV mol then· is a 

pseudo-complementation on L. 

Proof: let a&b in l if a/\ b ;:: 0 then we want show that a' II. b = b 

a' 1\ b ;;: (a va ' ) /\ b by definition of relative complement 

== (a V 1110) /\ b by the defination given a V a' :;:: a V 1110 
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= mo /\ b 

=b 

Hence, a' /\ b = b 

as mo is maximal 

as mo is maximal 

since mo is maximal a/\ a' = 0 by definition of a' then (aV b) /\ a' 1\ b' = 0 now 

considelav b) V Ca' A b') 

lav b) V Ca' A b') = CCa V b) Va') A CCa V b) vb') 

= (b V Ca va ' )) A Ca V Cb vb ' )) 

= (b V C a V mo)) A Ca V Cb V mol) 

= Ca V b) V mo 

there fore Ca V b)' = Ca ' A b') 

Hence,*is a pseudo-complementat ion on l. 
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by lemma 1.4 

asava'=avmo 

by lemma 1.1(4) 
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