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Mathematical Symbols and Abbreviations

Notations Meaning
I. ADL almost distributive lattice.
2. GADL . Generalized almost distributive lattice.
3. POSET partial ordered set.
4. (P <) A set P together with partial ordered relation <.
5. Lub least upper bound (supemum)
6. glb greatest lower bound(infinimum)
LI-L7 the properties of almost distributive lattice
8. Pl-P3 the properties Pseudo-complementation on ADL
9. GI-G6 the properties of generalized almost distributive lattice

10. Iff if and only if
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ABSTRACT

The purpose of this study is an attempt to explore the basic concept of almost distributive
lattice with 0, Generalized almost distributive lattice and pseudo-complementation on
almost distributive lattice with 0 and conceptual difference between lattice, almost
distributive lattice with 0 , generalized almost distributive lattice and pseudo-
complementation on almost distributive lattice with 0 are described. Basic definition,
example lemmas and theorems are given. And it is proved that the pseudo-

complementation * on almost distributive lattice with 0 is equationally defined.

Key words: poset, lattice, almost distributive lattice, Generalized almost distributive
lattice .pseudo-complementation on almost distributive lattice,



Introduction

The concept of ADL was introduced by U.M. swamy and G.C.Rao as an algebra (L,V,A) of
type (2,2,0) which satisfies all properties of distributive lattice except the commutative
of Vand A and the right distributive of V over A . It was observed that any one of
these three properties converts almost distributive lattice in to a distributive lattice.
Latter difficult classes of almost distributive lattices with 0, like pseudo-
complementation on almost distributive lattice with 0, Stone almost distributive lattice

and other concepts were characterized.

In this paper the basic concepts of almost distributive lattice with 0, Generalized almost
distributive lattice and pseudo-complementation on almost distributive lattice with 0 is
introduced with basic definition and examples, we tried to show the basic difference
between them. We proved basic properties, lemmas, theorems and equivalent
conditions. Those lemmas, theorems and equivalent conditions are also proved in step
ways. At last we proved the pseudo —complementation * on almost distributive lattice

with 0 is equatinally defined.



Preliminaries

We recall certain definitions, examples, and results. Certain concepts of lattice & poset

are given. We begin with the following.

Definition: let P be a non —empty set, and let < be a binary relation on P. then < is called

a partial order relation if it satisfies the following condition.

Foralla,bandcinP

1) a<aforallainPi.e < is reflexive
2) a<bandb<a=>a=bie <isanti symmetry

3) a<b&b<c =a<ci.e<istransitive

Definition: A set P together with a partial ordered relation < is called a partial ordered

set. Simply a poset. i.e. (P<)is a poset.
Definition: let (P <) be a poset

1) Pis said bounded below if 3 x € P such that x < a forallainP
2) Pissaid bounded above if 3 x € P Such that a <x forall ain P

3) Pis said bounded if it is bounded below and above
Definition: let (P <) be a poset and let AS P

1) Anelement xin P is called upper bound of A ifas xVaeA
2) Anelement xin P is called lower bound of Aifx< avVaeA
3) Anelement xin P is called least upper bound (lub) or supremum of A if

) x is upper bound for A



I1) If t is another upper bound for A then x < t

4) Anelement xin P is called greatest lower bound (glb) or infinimum of A if

1) xis lower bound for A

I1) If t is another lower bound for A then t < x

Definition: a poset P is called a lattice if every pair of elements a,b in P has both

supermum and infimum.

Remark: Every lattice is a poset but a poset need not be a lattice.

Example: let see the poset 1

Is a poset but not a lattice since inf {c,d} doesn’t exist.

Definition: A system (L,V,A ) is called a lattice if the following condition holds for any a,b
inL

1) Lis non-empty

(Havb=bva



aAb= bAa
{.e. Vand A are commutative
(mavbve)=(avb)ve
aA(bAac)=(anb) Ac
i.e.Vand A are associative.
(vij av(aAb)=a
aA(avb) = a

I.e. absorption law holds.

Remark: 1) In a latticeaVa = aand a A a=a are called idempotent.

I1) The two definition of lattice defined above are equivalent.

Definition: a lattice (L,V,A ) is called distributive lattice if any one of the following

condition holds.

1) aA(bvc)=(aAb)v(anc) forallabandcinL.
1) aV(bAc)=(avb)v(avc)

Definition : let (LV,A ) is bounded lattice and let 0 & 1 be lower and upper bound of L

respectively then

1) we say a is acomplementof bifaAb=0andavb=1

1) a complemented lattice is a bounded lattice in which every element has a

complement.

1)) we say that L is relatively complemented if for each a<b in L, the interval

[a,b] is complemented.
Definition: an element m of a lattice L is called

1) Minimal element if a€ L asm then m=a

1) Maximal element if a€ L. m<a then m=a



Chapter one

Almost distributive lattice
Definition : A system (L,V,A,0) of type (2,2,0) is called an almost distributive lattice with 0
or simply ADL with O if for any a,b and c in L it satisfies the following condition
L1) (avb)Ac=(aAc)V(bAc)
L2) an(bvc)=(aAb)Vv(anc)
L3) (avb)Ab=b
L4) (avb)Aa=a
L5)av(aAb)=a
L6)0Aa=0
L7)0va=a

Example 1: let L be a non-empty set and let Vand A be defined by the

following tables

vVi|io |a |b |c 735 o T 1= 5
0 |10 |a |b |C 0 150 (o A (ol M0 )
a |a |a |[a |[A a |0 |a |b |Db
b |b |b |b [B b |0 |a |[b |c
€ |2 = 'bal€ ¢ |0 E [t |¢

Then the system (L,V,A ,0) is ADL with 0

Example 2: let L be a non-empty set and let Vand A are defined as follows for a,b and

aginl

bifa # ag
ag ifa =a,

aifa #ag

bifa=a and a“’:[

avb=[



This is called a discrete ADL with 0 and this is also a relatively complemented in this case
ag is considered as 0 element. Hence system (L,V,A ,a;) is ADL as case a, = 0, the zero

element.

Remark: the system (L,V,A) is not a lattice. If we see from examplel

since (aAb)Ac=bAc=candaA(bAc)=aAc=Db Hence; b# ci.e. the associative
property does not hold hence it is not a lattice .from these fact we can say that an ADL
with 0 may not be a lattice.

Lemma 1.1:

let L be ADL with zero and a EL.Then the following holds.

1) aA0=0
2) aAa=a
3) ava=a . Dog

4) aV0=a V 4 *VI. -~

Proof:

1) Considera A0

an0 = (0va)AaD by (L7)
=0 by (L4)
Hence,a A0 =0
2) Considera Aa
aAa=(0va)Aa by (L7)
=a by (L3)
Hence,aAa=a
3) Considera Vv a
ava=aVv(ana) by Lemma 1.1(2)
=2 by (L5)

Hence,aVa=a

4) Considera Vv 0



avl=av(an0)
=a

Hence,aV0 =a

by Lemma 1.1(1)

by (L5)

Definition : Let L be an ADL with 0. For any aand b in L definesa < b iffaAnb =

a or equivalentlya V b = b then < is a partial ordering on L.

Lemma 1.2:

let Lbe ADL .Then for a and b in L the following holds

1) an(avb)=a
2) (aAb)vb=b
3) av(bAa)=a

Proof: 1) considera A (aV b)

an(avb)=(a Aa)v(anb)
=aV(aAb)
=a

Hence, aA(aVvb) =a
2) Consider(aAb) Vb

(anb)vb=(aAb)V(bADb)
=(avb)Ab
=.h

Hence, (aAb)vb=Db

3) ConsideraV (bAa)

av(baa)=(ana)Vv(baa)

by(L2)
by lemma 1.1(2)
by (L5)

by lemma 1.1 (2)
by (L1)
by (L3)

by lemma 1.1 (2)



=(avb)Aa
=a
Hence,aV(bAa) =a
Corollary 1.1:
Let L be an ADL let a ,b € L then
1) avb=a ifandonlyifaAb=0>b
2) avb=bifandonlyifaAb=a
Proof: 1)
(=) AssumeaVb=a
Now aAb=(avb)Ab
= b
Hence,aAb=b
() AssumeaAb=Db
Now avb= aVv(aAb)
=a

Hence,aVb=a .

2) (=) AssumeaVb=Db

Now aAb =aA(avb)
=a

Hence,aAb=a

(&) AssumeaAb=a

by (L1)
by (L4)

by assumption

by( L3)

by assumption

by (L5)

by assumption

by Lemmal.2(1)



Now avb=(aAb)vb by assumption

=b by lemma 1.2 (2)
Hence,aVb=b

Lemma 1.3:

let L be an ADL with O, let m € L then the following are equivalent.

1) mis maximal with respect ‘<’
2) mvx=mforall x€L

3) mAx =xforall xeL
Proof:
(1)= (2) let mis maximal with respect to’s’ we want to show forall xEL mvVx=m

m<mVX ,Since m is maximal with respect to’s” then by definition of maximality
mvVXx=m

Hence (2) holds

(2) = (3) Let forall xELmV x = m we want to show mAx =xforallx €L

mAX = (mVX)AX by assumpion

= % by (L3)

Hence, MAX =X

(3)=(1)

let mAx=x forallx € L wewantshow that m s maximal with respect' <’
x<mforallme€L by assumption
m is maximal by definition of maximality for any x€ L

Hence ,(1) holds



Theorem 1.1:

let L be ADL with 0.The following holds.

1) (aAb)va=aiffan(bva)=a

2) (bAa)vb=DbiffbA(avb)=b

3) (aAb)=(bAa)iff(aAnb)va=a

4) (avb)=(bva)iffan(bva)=a

5) (aVvb) = (bVa)iff the supremum of a and b exist in Land isa Vv b

Proof:

(1)

(=)let(aAb)va=a wewantshowthat : aA(bva)=a

Consider

aA(bva)thenaAn(bva) =(aAb)Vv(ana) by (L2)
= (aAb)Vva by lemma 1.1(2)
=a by assumption

Hence,aA(bva)=a

(<) Let an(bva) =a wewantshowthat (aAb)va=a

Consider

(aAb)vathen(aAb)va =(aAb)Vv(ana) by lemma 1.1(2)
=aA(bva) by (L2)
=a by assumption

Hence, (aAb)va=a

10



(2)
(=)let(bAa)vb=b w.s.t bA(avb)

Consider

bAa(avb)thenbA(avb)=(bAaa)v(bAb)
=(bAa)vb
=b

Hence,bA(avb)=b

(=)letbAa(avb) =b wewantshowthat (bAa)vb=Db

Consider
(bAa)vbthen(bAa)vb=(bAa)Vv(bAb)
=bA(avb)
=b

Hence, (bAa)vb=Db

(3)

(=) letfaAb) = (bAa) wewantshowthat (aAb)va=a

Consider

(aAb)vathen(aAb)va =(anb)Vv(aAa)
=(bAa)Vv(ana)
=(baa)va
=a

Hence, (aAb)va=a

() let (aAb) va= we wantshow that (aAb) = (bAa)

Consider

bAaathenbAa=bA[(aAb)Val
=[bA(aAnb)]v(bAaa)
=(anb)Vv[aA(bAa)]
=an[bv(bAaa)]

11

by (L2)
by lemma 1.1(2)

by assumption

by lemma 1.1(2)
by (L2)

by assumption

by lemma 1.1(2)
by assumption
by (L2)

by (L3)

by assumption
by (L2)

asbA(aAab)=aAb

by (L1)



=aAb by (L5)
Hence, (aAb) = (bAa)

(4)
(=)let(avb) =(bva) wewantshowthat aA(bva)=a
Consider
aA(bva)thenaAn(bva)=aA(avh) by assumption
=a by lemma 1.2(1)
Hence, aA(bva)=a

(&) let aA (bva) =a wewant show that (avb) = (bVva)
Consider

avbthenavb=[aA(bva)]v[bA(bva)] by assumption & lemma 1.2(1)

=(avb)a(bva) by (L2)
=[(avb)Ab]v[(avb)Aa] by (L1)
=bva by (L3)& (L4)

Hence, (avb) =(bVva)

(5)
(=) let
(aVv b) = (bVa)we want show that the supremum of a and b existin Landisavb
foranyaandbinLa<avbandb<aVb

Hence a V b is upper bound for aand b let t be other upper bound foraandb

We went to showaVvb <t

(avb)at=(@At)V(bAL) by (L1)
=aVb because by assumption t is upper bound for a and b

aVb < thence a Vv b exist and is least upper boud for aand b

Lemmal.4:
let Lbe an ADL with 0 foranya,b &c € L
(avb)Ac=(bva)Ac

12



Proof:

for a,b&c € Lwe have (aAc) <cand (bAc) <c

(avb)Ac=(@Ac)v(bAac) by (L1)
=avb asa<candb=c

Similarly

(bva)Ac=(bAac)v(anc) by (L1)
=bAa asa<candb<c

Then if the supreumum of a and b exist and is equaltoaVv bthenavb=bVva

Hence, (avb)Ac=(bva)Ac

Lemma 1.5:

The binary operation A is assocative

Proof:

(aAb)Ac=(@Ab)A[cv(an(bAac)] by corolary 1.1
=[(a/\b)/\c]\/[(a/\b)/\(a/\(b/\c))] by (L2)
=(aAb)v[aan(bAc) asaAb<c&@aAb)=aA(bAc)
=aA[bv(bAc)] by (L2)
=aAb by (L2)
=aA(bAc) by corolary 1.1

Hence, A is assocative.

Corollary 1.2:
let Lbe ADLwithOthenaAb=bAawhenevera<b

Proof: we have when a < b then by corollary 1.1
aAb=a & avb=b or bAa=a & bva=b

aAb=a =bAa hence aAb=bAawhenevera<b

Theorem 1.2:

let L be a distributive ADL with 1thena A 1 = a iff L is bounded fora € L

Proof: suppose a A 1 = a we want show that Lis bounded

13



Consider

1vathen 1va=1v(aAl) by assumption
=(1va)Aa(lvl) by (L2)
=(va)al by lemma 1.1(3)
=1 by lemma 1.2(3)
Also consider
OAathenOAa=0A(anl) by assumption
=(0Aa)Al by lemma 1.5
=0A by (L6)
=0 by(L6)

Hence, Lis bounded

Conversely assume L is bounded we want show thataA 1l = a

Consider
aAlthenanl=aA(1Vva) as Lis bdd with 1
=(aAnl)v(ava) by (L2)
=(anl)va by lemma1.1(2)
=3 by Imma 1.2(1)

Hence, anl =a

Definition: A system (G,V,A) is called a generalized almost distributive lattice in short

GADL if it satisfies the following axioms.

Gl)(aAb)Ac=aA(bAc)
G2)aAn(bvc)=(aAb)Vv(aAc)
G3)av(bAac)=(avb)Aa(avo)
G4)an(avb)=a

14



G5)(avb)ra=a
G6) (aAb)vb=b

Example A: let G={a,b,c} define the binary operation V & A on G as follows .

V [ia |b |e Ala [b [c
a.:la b |3 a [a |a |c
b |b |b |b b |a [6.]¢€
G |ies e e £ [al |as]e

Hence, the system (G, V,A) is a generalized almost distributive lattice.

Example B: let G={a,b,c} define the binary operation V & A on G as follows .

Wala lb (€ Ala |b |c
a |a [a |a a |a |a |[c
b |a |b |b b |b |b |c
G Alte wlie: | € Culb b |e€

Hence, the system (G, V,A) is a generalized almost distributive lattice.
Remark: A generalized almost distributive lattice need not be an almost distributive
lattice. If we see example A is not almost distributive lattice for(cvb)Ab # b, butitis

GADL. From such condition we see that GADL need not be ADL.

Lemma 1.6:
for any a,b in G where G is generalized almost distributive lattice we have the following

1) ava=0
15



2) aha=a
3) av(aAb)=a
4) aV(aAb)=a

proof:1) ava=((ava)Aa)Vva by (G5)
=a by(G6)
2) ana=aA(aVva) by lemma 1.6(1)
=a by (G4)
3) av(aAb)=(ava)A(avb) by (G3)
=aA(aVvb) by lemma 1.6(1)
=a by(G4)
4) av(bana)=(avb)A(aVva) by(G3)
=(avb)Aaa by lemma 1.6(1)
=a by (G5)
Lemma 1.7:

for any a,b in G where G is generalized almost distributive lattice we have the following
d)ifaAnb=bthenavb=a

2) avb=bifandonlyif aAb=a

proof: let a,b €G

1) supposeaAb=bthenavb=aVv(aAb) by supposition
=a by lemma 1.6(3)

2) suppose aVb=b then aAb=aA(aVDb) by supposition
=3 by (G4)

converselyletaAb=a ,avb=(aAb)Vvb by supposition
=b by(G6)

Remark: In generalized almost distributive lattice the converse of lemma 1.7(1) does not

hold. In example A above we observe thatc Vb = but c A b=a.

16



converselyletaAb=a ,avb=(anb)Vvbh by supposition

=h by(G6)
Remark: In generalized almost distributive lattice the converse of lemma 1.7(1) does not

hold. In example A above we observe thatc Vb = but c A b = a.

17



Chapter two

Pseudo —complementation on almost distributive lattices

Definition: let (L,V,A ,0)beADL with 0 then the unary oprationa — a* is called a

pseudo-complementation on L if it satisfies the following conditions.

(pl) aAb=0=a"Ab=0b

(p2) ana* =0

(p3)(avb)'=a"Ab’

Example 2.1: let X be discrete ADL with 0 and with at least two elements say 1,2 other
than 0 then (X3,V,A,0) is ADL where V & A are defined coordinates .now for any X€

X3we write | X| for the number non-zero entries in X .defined * on X *as follows ,for any

Xe X?i=1,2,3
0 ifXp#0
X; ={1if X; = 0and |X| = 1and0" = (2,2,2)
2 if Xi=oand |x| > 1

Then (X ,V,A,0) is ADLwith (0, 0, 0) as o element .in this case (X*,V,A,0) satisfies (p1)
and (p2) but not (p3) .if we take a=(1,0,0) and b=(0,1,0)then a* =(0,1,1) and b" =(1,0,1)
but if we see avb=(1,1,0) and (a V b)*=(0,0,2) then (p3) is not satisfied.

Example 2.2: Let L be ADL with 0 with at least two elements defined
a" = 0for all in L then L satisfies (p2) & (p3) but not (p1). If we take 0 # b €
LthenOAb =0and0° Ab=0#b hence (p1)is not satisfied.

Example 2.3: let L be bounded distributive lattice with bounds 0#1 now for any a € L

defineda® =1 for all a € LthenL satisfies (p1) & (p3) but not (p2).

Remark: (p1), (p2)&(p3) are independent.

18



Example 2.3: let L={a,b,c,0} be a non-empty set and let v and A is defined by the

following tables

V10 [a |b |c AlG @ |b Je
0 |0 |a |b |e o|lolo|o |oO
a |a |[a |a |a a |lola b [b
b (b [b [b |b b |0 |a |b |lc
€ K& |@  Lbiwlie € [o e leillc

And defined x* = 0 ifx # 0 and 0" = a then (L V,A,0) is ADL with 0 and x— x" is a

pseudo-complementation on L. Remember that (L,V,A) is not a lattice.
Proof: for all a & bin L

1) xAO0=0forallxinLandx*A0 =0
2) xAx'=0forallxinLasx' =0forx#0and0A0"=0Aa=0
3) (avb)* =a*Ab'that is for any values in the table this proprty holds

Hence, x — x" is a pseudo-complementation on L.
Example 2.4: let (R, +, 0) be a commutative regular ring. to each a €L let a’ be the

unique idempotent element in R such that aR = a’R. and defined foranya and b in R

1) anb =a’
2) avb=a+ (1.a%b
3). a%=41a"

Then (R,V,A,0) Is ADL with 0. And * is a pseudo-complementation on R
Proof: leta A b = o we want to show:a* Ab=Db

But by the property of a & b defined in the problem a A b = a’bh hence by our assumption

aAb =0 = a’ = 0 then considera’” Ab

19



a*Ab=(1-=-a%Ab

=(1-a"b
= (1-a%b
=b-a’
=b

Hence,aAb=0 = a"Ab=0b

Also for any a € L we want to show : aAa’

ConsideraAa‘then aAa®=aA(1-2a°

=412

=0

Hence,aAa’' =0foranya €L

asa' =(1-2a%
asaAnb=a’h
asaR = a"R
by commutative ring

as from assumption a’b = 0

=0
by defination
by definition

a? isidempotent

In similarway (aVb)* =a"Ab’ asaresult*isa pseudo-complementation on R.

Remark: in case of distributive lattice with O it is well known that an element a*

satisfying the property (p1) & (p2) is unique if it exists and (p3) is a consequence of (p1)

& (p2) and hence, there can be at most one pseudo-complementation .However; in ADL

with 0 there can be several pseudo-complementation consider the following example.

Example 2.5: let (X V,A,0) be a discrete ADL with 0 .for any x#0in X define

5 {oifaio

xifa=0

Then * is a pseudo-complementation

complementation on (X V,A,0)

Proof:

on X here with each x# 0 in X we obtain a pseudo-

(1)letaAb =0 wewant show that a* Ab = bsinceitisa discrete ADL

aAb=0 Ifa=0then

20



a*Ab=(0")ADb 95 a=1
=aAb by function define
=b B/c it is discrete leta A b = bifa # 0

(2) for a € X we wantshowaAa*' =0

ConsideraAa’case l:ifa=0 aAa"=0A0" asa=0
=0AX by the function defined
=0 b/citis discrete aAb=0ifa=0

Case2:ifa#0 aAa"=aAl by the function defined

=0 by definition of ADL

(3) leta &b € X we want show that (avb)' =a"Ab’
Consider (aV b)* case 1:ifa # 0

(avb)'=a’ by definition of discerteasaVvb = a
=0 sincea# 0
case 2:ifa=0 (avb) ' =b’ asitis discerte avb=b
=0 asb#0
fromcasel a* =0&b" =0 a*Ab'=0A0=0

fromcase2a’* =xasa=0 & b*=0asb#0 a"Ab’=xA0=0
Hence, (avb)*=a"Ab’
Therefore (X V,A,0) be a discrete ADL with 0 and * is a pseudo-complementation
on X.
Lemma 2.1:
Let L be ADL with 0 and * be a pseudo-complementation on L then for any a ,binl
we have the following.
1) 0%is maximal
2) If ais maximal thena® =0
3) 0" =0
4) a*Aa=0

5) a®"Aa=a
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6) a. — a.al

Proof: (1)
foranya€lL O0Aa=0 by (L6)

0*Aa=a by definition Pseudo-complement From the above 0 is maximal by

definition of maximality

(2) suppose a is maximal if a<aVva® and hence a=aVa" because a is maximal it

hold Then a*=(ava®)'=a'Aa" by definition of pseudo-complementation
=0

Hencea®' =0

(3) From lemma 2.1(1) we proved that 0* is maximal & from lemma 2.1(2) we also
proved that the complement of a maximal element is zero then from these two

concepts we conclude that 0** = 0

(4) From the concept of ADL aAb=0iffbAa=0 then since it is a pseudo-
complementation we have that aAa® =0 then from the two concepts we get that

a"Aa=0

(5) Since it is pseudo-complementation we have thata Aa® = 0 and from lemma 2.1(4)

we have a*Aa = 0thenfromthisa™ Aa=a

(6) From lemma 2.1(5) we have a"" Aa =a thena'* =a'"Vva by corollary 1.1

a*** = (a"" va)" Complementing the equation
=a""Aa’ by (P3)
=a' by lemma 2.1(5)
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Lemma 2.2:
Let L. be ADL with o and * pseudo-complementation on L, Then for any a,b € L we have

the following,

(1) a* = 0if and only if 2™ is maximal
(2)a* <0’

(3) a*Ab*=b*Aa’
(4)a<b=>b"<a’

(5) a* < (aAb)*andb’ < (aAb)’
(6) a* <b*eb™ <a™

(7)a=0ea"=0
Proof: (1)

(=) assume a* = 0 we want show that a™ is maximal

0)'=0 by lemma 2.1(1)
(a)*" is maximal from the above step& assumption a* =0
(&) assume (a)** = is maximal we went show that a*=0

Since (a)™ = is maximal then ((a))" =0 by lemma 2.1(2)

a*=0 by lemma 2.1(6)

(2) a=avl by lemma 1.1(4)
a® = (aV.0)" complementing both side of equation

a =a N’ by (p3)

a'=0° as it is Poset

(3) at='0%,b*<0° by lemma 2.2(2)

Therefore, a* Ab* =b"Aa’

(4) Assume a < b we want show thatb® € a’

weknow a<b=b=avb by defination

y
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b*=(avb)*
=a"Ab’
=b'Aa’

b*=b*Aa’

Hence, b* <a”

(5) From the definition of ADL(L4)
a=av(aAb)
a'=(av(@Ab))
at=a"AlaAb)*
a'<(aAb)’

andsinceaAb<bandaAb<a
b*<(aAb)’
a*<(aAb)’ and b*<(aAb).

Hence, a* < (aAb)'and b*<(aAb)".

(6) a- 5 bt . b" S a"

(=) Assume a* < we want show b™* < a™
an S bo ::> blt s all
L] -w
Conversely, let b <a

Since brLa = 2" sb™

s

a*=a
a-lm S b".

a’<sb’

(7)a=0ea"=0
(=) Let a = 0 we want show that a>=(

we have 0" =0.

att=0
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we want show that

complementing both side

by (p3)
by lemma2.2(3)

as it is a poset

by (L4)
complementing both side

by (p3)

as it is poset

by lemma 2.2(4)
by lemma 2.2(4)

by lemma 2.2(4)
a’<sb’
by lemma 2.2(4)
by lemma 2.1(6)

by above step
by lemma 2.1(6)

by Lemma 2.1(3)

by assumptiona = 0



Hence,a™ = 0
(<) Assume a™* = 0 we want show thata = 0

From the definition of ADLwe have 0 =0 Aa

0=0Aa by (L6)
=a"Aa by the assumption
=a by Lemma 2.1(5)
Hence, a = 0.

Lemma 2.3:
Let L be an ADL with 0 and * a pseudo- complementation on L, then for any a,b € L

the following are equivalent.

(1) aAnb=0
(2)aAb=0
(3)a”" Ab™ =0
(4) anb™ =0
(5) Proof: (1=>2)

Assume a A b = 0. we want show thata™ Ab =10

From assumption aAb=0 = a’Ab=b by (p1)
Then considera™ A b

a*Ab=a""Aa’Ab by substitution

=0Ab by Lemma 2.1(5)

=0 by (L6)

Hence, a*"Ab=0.

(2=>3) Assume a”* Ab = 0 we want show that a®* Ab*" =0

Considera* Ab =0
a*Ab=0= baa" =0 sinccaAb=0ebAa=0

b*Aa™ =a" by (p1)

Then considera** A b™
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At AbT =btAa™ AL Substitution

=a"Ab’ADb™ aAbAc=bAaAc
=a" Al by Lemma 2.1(5)
=0 by Lemma 1.1(1)
(3=>4) Assume a** Ab™* = 0 we want show thataAb™ =0
Considera™ Ab™ =0
a”" Ab” =0 assumption
aAa” Ab" =0 asaAa =a"
a AaAb" =0 aAbAc=bAaAc
anb™ =i by Lemma 2.1(5)
Hence, aAb™ =0.
(4=>1) Assume a Ab** = 0 we want show thataAb =0
ConsideraA b
aAb= aAb™ Ab by Lemma 2.1(5)
=0Ab by assumption
=0 by (L6)

Hence,aAb=0.

Lemma 2.4:

Let L be an ADL with 0 and let * be a pseudo-complementation on L.Then for
anya, b € L following holds.

1) (aAb)*" =a" Ab™

2) (anb)' = (bAaa)

3) (avb)'=(bva)

Proof:
(1)leta,binL then
a” Ab" A(aAb)” =a"A by (p3)
=a"A(@aAb)” by lemma 2.2(6)
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=['v@Ab)T by (p3)

=(aAb)” by lemma2.2(6)
(AN B E ST IAIIT R it im0 S MR s b3 v i s ovs abnnd ki peksoen ol
and consideraAb A (aAb)”

then aAbA(aAb)' =0 by (p2)
a“AbA(aAb)' =0 by lemma 2.3 (1= 2)
bAa” A(aAb)' =0 asaAbAc=bAaAc
b*™* Aa"™ A(aAb)' =0 by lemma 2.3 (1= 2)
(@aAb)*Aa™ Ab™ =0 asaAb=0iffbAra=0
(aAb)*" Aa" Ab™ = a" A b" by (p1) then

2" AD™ S (AAD) s s aon s sxs O

hence; from ¢ and w we conclude thata™ Ab™ = (aAb)™

(2) consider (aA b)*

(aAb)' = (aAb)™ by lemma 2.1(6)
=(@a"Ab")" by lemma 2.4(1)
=/(b™Aa*") by lemmaz2.4(4)
=(baa)™ by lemma 2.4(1)
=(baa) by lemma 2.1(6)

hence, (aAb)* = (bAa)’

(3) consider (aV b)*
(avb)' =a'Ab’ by (p3)
= (b*Aa") by lemma 2.2(4)
=(bva)’ by (p3)

hence, (avb)* = (bva)’

Theorem 2.1:

let (L,V,A,0) be ADL with O. Then a unary operation *L—Lisa pseudo-

complementation on L if and only if the following equations hold.
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1) ana*=0

2) a”®va=a"

3) (avb)*=a"Ab’
4 (aAb)” =a"A
5) 0"Aa=a

Proof: (=)

b-.

Assume * is a pseudo-complementation on L. we want show that property

1-5 in the theorem satisfies. i.e

(1)aAa® =0
(2)a”va=a"
(3)(avb)' =a’

A Db’

(4) (anb)” =a"Ab"

(5) 0*Aa=a

Since * is a pseudo-complementation on L. then by definition of pseudo-

complementation we have the following

(p1) aAb=0=a"
(p2) ana" =0
(p3) (avb)'=a'A

Ab=Db

bi

Then from the definition of pseudo-complementation 1&3 are satisfied

Hence,5 holds.

Hence,4 holds.

Hence,2 holds.

Ona=0

0*Aa=a

(a Ab).. - a.o A bot
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by (L6)
by (p1)

by lemma 2.4(1)
by lemma 2.1(5)

by definition of poset

by definition of poset



Conversely assume property 1-5 in the theorem satisfies. i.e.
()ana’ =0
(2) a®*va=a"
(3)(avb)'=a'ab’
(4) @Ab)” =a™ ADb™
(5) 0"Aa=a

we want show that * is a pseudo-complementation on L.
holds.
(pl)aAb=0=a"Ab=b
(p2)ana* =0
(p3)(avb)'=a"Ab’
(p2)&(p3) are true from property 1&3 of our assumption.
We wanttoshow aAb=0=2a"Ab=b
leta&b € L suchthataAb =0
then b=b"Ab
=0"Ab" ADb
=(a"Aa")"Ab" AD
=(ava’)" Ab"AD
=[(ava’)Ab)]" AD

=[(aAb) V(@ Ab)]" Ab

= [(0) v (a* Ab)]""by assu
=(a"Ab)”" Ab
=a"" Ab" ADb
=a"""Ab
=a'Ab
Hence, aAb=0=a"Ab=b then (p1) holds.

Therefore * is a pseudo-complementation on L.
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i.e. the following

by lemma 2.1(5)
by assumption (5)
by lemma 2.1(5)
by assumption (3)
by assumption (4)
by (L1)

mption aAb =0
by (L7)

by assumption (4)
by lemma2.1(5)
by lemma2.1(6)




Theorem 2.2:
let (L,v,A,0) be ADL with 0. Then a unary operation *:L — L is a pseudo-

complementation on L if and only if the following equations hold.

1) a*Ab=(aAb)'Ab
2) 0"Aa=a
3) 0" =0
4) (avb)*=a"Ab’
Proof:
(&) Assume that * satisfies the given equation 14 i.e.
1) a*Ab=(aAb)'ADb
2) OAha=a
3) 0" =0
4) (avb)'=a"Ab’
we want show that * is a pseudo-complementation on L i.e. the following
holds.
(pl)aAb=0=a"Ab=b
(p2ana*=0
(p3)(avb)* =a"Ab’
let a&b € L suchthata Ab = 0 we need toshowa"Ab=Db
then considera® Ab
a*Ab=(aAb)"Ab by assumption (1)
= 0" Ab by our assumption we consider aA b=0
=b by assumption (1)
Hence,aAb=0=>a"Ab = bthen (p1) holds.
Consider aAa’ thenaAa® = 0 by lemma 2.1(4)
Hence,(2) holds. And (p3) holds from assumption (4)
Therefore * is a pseudo-complementation on L.

(=) Assume *isa pseudo-complementation on Li.e. the following holds.
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(pllaAb=0=a"Ab=b
(p2ana* =0
(p3)(avb)'=a"Ab’
we want show that * satisfies the given equation 1-4 i.e.
1) a*Ab=(aAb)'Ab
2) 0hna=a
3) 0" =0
4) (avb)'=a"Ab’
Since * is a pseudo-complementation on L.thenaAb=0=a"Ab=b
then consider (aAb)*Ab
(aAb)* Ab=0"Ab from assumption we letaAb =0
=b by theorem 2.1
a*Ab=(aAb)'Ab above result and our assumption

Hence, (1)holds.

OAha=0 by (L6)
0*Aa=a by (p1)

Hence, (2) holds.
0" =0 by lemma2.1(3)

Hence, (3) holds.

Same is true for (4) by our assumption. Hence; * satisfies the given equation
1-4.

Theorem 2.3:

let L be a relatively complemented ADL with 0 and with maximal element m,.
For any a in L define a* to be the complement of a in [0, aV mg] then * is a
pseudo-complementation on L.

Proof: let a&b in L if aA b = 0 then we want showthataAb=Db

a*Ab = (ava’)Ab by definition of relative complement

= (aV mg) A b by the defination givenaVva' = aVvmg
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=moAb as my is maximal
=b as my is maximal
Hence,a"Ab=b
since mg is maximal aA a® = 0 by definition of a* then (avb) Aa* Ab* = 0 now
conside(av b) v (a*Ab")
(avb)v(a*Ab*) =((avb)va')A((avb)Vvb’)

= (b vV(av a‘)) A(aVv(bVvbY)) by lemma 1.4
=(bv(avmg))A(aVv(bvm)) asava'= avmp
=(avb)vm, by lemma 1.1(4)

there fore (avb)' = (a"Ab")

Hence,*is a pseudo-complementation on L.

32



Reference

[1] D.Frink pseudo-complementation in semi-Lattice ,DukaMath).29,505-514(1962).
[2] G.Birkhoff, Lattice theory, Amer. Math. Soc. Collog. Publ. XXV, providence, U.S.A.
(1967).

[3] G.C. Rao,Almost Distributive Lattices,Doctoral Thesis (1980),Dept.of Mathematics,An
dhra University, Visakahapatnam.

(4] G.Grater, Lattice theory : First Concept and Distributive lattice, W.H. Freeman and
Company,sanfrancisco,(1971).

[5) S.Burris, Sankappanavor H.P; A course in universal Algebra,Springer Verleg(1981).
[6] U.M. Swamy,G.C. Rao, G. Almost distributive lattice, Journa. Aust. Math. Soc (Series
A) 31 77-91 (1981).

(7] U.M. Swamy,G.C. Rao, G. Nanaji Rao, Pseudo-complementation on an almost
distributive lattice,Southeast Asian Bull. Math. 24 95-104 (2000).

[8] Yayenabeba Sirgue, Graduate seminar report on Almost distributive lattice , A.A.U.

(June 2008).

33

&




