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1) Summary
Ordered trees are trees with a distinguished vertex called the root where the children
of each internal vertex are linearly ordered. K-trees generalize ordered trees in the sense
that ordered trees are 2-trees in which edges between nodes are drawn as double edges. A
class of numbers are introduced which unify many well-known counting coefficients,
such as the Catalan numbers, the Fine numbers and the Central Binomial numbers and
also their generating functions are computed.

The Generalized Catalan numbers count the number of homogeneous ordered k-trees
consisting of n k-cycles. We can prove the 17 most useful Catalan generating function
identities by simple algebraic manipulations. In this project also we use ordered trees and
k-trees to obtain generating function identities involving generalizations of Catalan
numbers, Central Binomial numbers, and Fine numbers.

We give some examples to show possible applications of these identities, like the
Fibonacci polynomials, which is the generalization of Fibonacci numbers, the higher
derivative of Central Binomial numbers, enumerating edges of odd degree and odd out

degree and also show that the ratio of generalized Fine numbers to Catalan numbers is

asymptotic to , for k>2.

(k+1)
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I11) Preliminaries

n
Letn andr be non -negative i ntegers. The B inomial ¢ oefﬁcient( ]is de fined a s
r

n n! n
=—— ,where0O<r<n.Ifr = nthen =0.
r r'(n—r)! r

Theorem 1. (The Binomial Theorem)

Let x and y be arbitrary real numbers, and n an arbitrary non-negative integer then
n n n n—r.,r
(X+y) :Zr=0 r X y

n n n r

Corollary 2. Let x be any real number. Then (1+X)" = Zr_o( ]x

Partitions

A family of subsets Si of a set S is a partition of S if:
Each Si is non-empty.
The subsets are pair-wise disjoint; i.e. Si N Sj =¢ if i# ] ;and

The union of the subsets Si isS;ie. U Si =S, where I denote an index set.
i=l

Each subset Si is a block of the partition.

-

Figure 1: A partition of S
For example, consider the set S ={a, b, ¢, d, e, f, g, h}.
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Then P = {{a}, {b, e}, {c}, {d, g, h}, {f}} is a partition of S.
The subsets B, ={a},B, ={b,e},B, ={c},B, ={d, g,h},and B, = { f } are the blocks of the
partitioning.
Non-crossing partitions

A non-crossing partition of mof the set S= {1, 2, 3,..., n} is a partition
{B,,B,,....,B,} of Ssuchthatifa <b <c¢ < dand a,ceB, and b,d Bj,then i=]j.

For example, let n=8.Then 7 = {{1, 2,5}4,13,4},{6,8}, {7}} is a non-crossing partition
of S. But{{1,2,5},{3,7},{4},{6,8}} is crossing, since3 < 6 < 7 < 8, but the blocks

{3,7}and {6,8} are not equal.

The ordinary generating function for the infinite sequence (a0 , a1 , a2 ,a,,...)1s the power

3
series

_ 2 3
A(X)= 8y T X+ X7 +a X +...

If the generating functions of a sequence{an }n>0 is g(z) , then the generating functions

of the sequence{nan }n>0 IS 29'(2).

A permutation on n-symbols is a one to one mapping of the S= {1, 2, 3, ... n} onto itself.
If o isa permutation on n-symbols, then o iscompletely d etermined by its v alue

o(),0(2),...,0(n). Anelement oes ,where s, iscalledthesymmetric groupon n
symbols, is calledacy cleoforder r if there exists r symbols i,i,,...,i such that
o(iy)=i,00,)=l,...,0(,_)=i,,0(.)=i and c(j)=], V=i, ,...i .

The Lagrange inversion formula

Let f(u)and ®(u) be formal powerseriesinu, with®(0)=0.Thenthereisa
unique formal power series U =U(t) that satisfies u = zd(u) .Further, the value f(u(t))

of f atthat rootu = u(t), when expanded in a power series in t about t = 0 satisfies

I} =~ 1 w(ew)'}.
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A graph G consists of a non-empty set V(QG) of vertices and a list E(G) of unordered
pairs of these elements called edges. A graph G is connected if there is a path between
every two distinct vertices. A cycle is a path with the same end point; it contains no
repeated vertices. A graph is acyclic if it contains no cycles. A connected, acyclic graph

1s a tree.

A path, P, of length n from(xo, Yo )to(x, y) with step set S is a sequence of points in the

plane, (X, Yo ) (X, ¥, )5 (%, ¥, )seees (X0 ¥a ) = (X, y)such t hat all(x,, —X.,Y,, —Y,)€S
These points are called vertices. We define the height of a vertex, to be the ordinate of
that point. We say that a path, P, is positive if each of its vertices has nonnegative height.
Snake-oil Method

This m ethod i sus ed t o solve r ecurrence relations and find an exact f ormula, i f
possible, using generating functions.

Make sure that the set of values o fthe free variable (say ) for which the recurrence

relation is true, is clearly delineated.

Give a name such as f (x), A(X), etc., to the generating function that you will look for.

Multiply both sides o fthe re currence re lation by X", and sum over all values of n for

which the recurrence holds.
Express both sides of the equation explicitly in terms of your generating function.
Solve the resulting equation for the unknown generating function.

(optional) An exact formula for a, can be obtained by expanding the generating function

into a power series.

Riordan Array

AR iordana rrayi sa c ouple of f ormal pow ers eries D :(d(t),h(t));if both
d(t),h(t)e f, , then the Riordan array is called proper. The Riordan array can be identified

with the infinite, lower triangular array (dn,k )n e defined by:

d,, =[t"Jd()(tht) . where d(t)=Y d,t* . hity= 3 ht*.
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A Dyck path of length 2n is a path in two-space from (0, 0) to (2n, 0) which uses
only steps (1, 1) (north-east) and (1, -1) (south-east).Further a D yck path does not go
below the x-axis. A peak ona Dyck pathis a node thatis immediately preceded by a
north-east step and is immediately followed by a south-east step. The height of a peak is
the y-coordinate of the right end point of its up step.

AN AW ALY

Figure 2: The five Dyck paths of length 6.
A Dyck path consists of either the empty path or it consists of an up step, followed
by a Dyck path at height 1, followed by a down step, followed by a Dyck path at height o.
A Fine path is a Dyck path with no peaks at level one.[10]
Notations:
e P : thesetoflegal sequences ofn open and n close parentheses. A parenthetic
expressioni s cal led 1 egal ifeach o penp arenthesis h as a matching cl ose
parenthesis.

e | : the set of dominating sequences of n+1 non-negative integers, (&,); such that

n

a,=n and ) a =i Vi,0<i<n.

1
i=0 i=0

e L, :the set of admissible paths from (0,0) to (n,n) inannxn lattice. A pathis

admissible if it does not pass below the diagonal y=x.

e B, : the set of full binary trees with n internal nodes.[2]

vi
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Section 1. Introduction
This project presents ordered trees and k-trees in order to obtain identities involving

1\/14 -

the generating functions C(z) = z " ( jz” of the Catalan numbers,
o N+

o0

Z[ j 2" of the Central Binomial numbers, and F(z) = 11-V1-4z

\/ 1-41 = 23-+1-4z

of Fine numbers and also we obtain similar identities involving the generating function

B(z)=

C = C(z) of k-trees, B = B(z) of the analog of Central binomial numbers, and F = F(z) of
generalized Fine numbers.

The project starts with some preliminaries to clarify basic concepts central to
understand the relation underlying ordered trees, k-trees and Catalan identities. The
second section provides an introduction to the concept of ordered trees by defining what
it means and showing the relationships between Catalan numbers, Central Binomial
numbers and Fine numbers with their generating functions.

In the third section we show the most interesting applications of Catalan identities;
whereas the fourth section is intended to use k-trees, define the generalization of the
Catalan identities and their relationships. Similar to the third section, the fifth section
entails additional applications of the Catalan identities; and asymptotic results are also

discussed as well.
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Section 2. Ordered Trees and Catalan Identities
2.1) Ordered Trees
Ordered trees are trees with a distinguished vertex called the root where the children of
each internal vertex are linearly ordered. An ordered tree can be drawn on a plane without
self -intersections with the root placed on the top and branches sorted from left to right by
their order.

The basic terminology of rooted trees reflects that of a family tree. Let T be a tree with

root V,. Let {VO,VI,VZ,...,Vn}be the path from v, to v, , then:

e The degree of a vertex is the number of edges meeting at the vertex.

e The level of X is its distance (the number of edges separating it from the root of an
ordered tree).

e A node of degree zero is called a leaf. Otherwise it is called an internal node. The
root is the only node at level 0.

e The subtree rooted at v consists of v , its descendents, and all its edges.

e The tree with no edges is called the empty tree.

Below is an example of an ordered tree, T, consisting of a root labeled a, and sub trees

T ={b,e, f,h},T,={c} and T, ={d, g.i, j}

Figure 3: An ordered tree with 9 edges
Leaves: ¢, f, h, 1, ]
of degreel:d,e

internal nodesqof degree 2:b,g
of degree3:a

Level 0 (root): a
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Level 1:b,c,d
Level 2:¢,f, g
Level 3: h, 1, ]
Two (unlabelled) ordered trees are isomorphic iff they are isomorphic graphs and

the isomorphism preserves the root and the order of branches.

Figure 4: Non-isomorphic ordered trees
2. 2) Enumeration of Ordered Trees by number of edges

Let T, (n>0) denote the set of ordered trees with n edges. Ordered trees may be

defined recursively as follows: if t,t,,...t ~ are ordered trees, m> 0, then

Figure 5:

is an ordered tree. The trees t,t,,...t, are subtrees of the distinigushed node called the

root of t connecting them. The roots of the subtrees are children of the root of the tree.[2]
Let T(z) be the generating function ofall ordered trees, according to size (i.e. z

marks edges). Every nonempty tree is of the form shown in figure 6, where the TS are

trees, possibly empty. [3]

=S 1+2T+2°T*+2°T* +...
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Figure 6:
The enumeration of ordered trees on n edges can perform as follows.

Let C, = number of ordered trees on n edges.

Let C(2)= Zanrl be the generating function of C,

n=0
The ne xt 1 llustration s hows t he r elation be tween o rdered r ooted t rees an d C atalan

numbers.

TE.: . :>CO =1

T, = I =C, =1

T, = =C,=2.

Ay

AT AR
B R

=C, =14.
Figure 7: The various possible ordered rooted trees with 0 <n <4 edges

Using this illustration, we conjecture that there are C_ordered rooted trees with n edges.
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o 1 (2n
Theorem 3: The Number of ordered trees on  edges is given by C, = —( j

n+1in
Proof:

Take any ordered tree t. Then partition it into a trivial tree (a tree with no edge) or

non-trivial tree. The trivial tree contributes 1 to the sum. On decomposing the non-trivial

part into left and right children the following recursion is obtained.

Figure 8: Generating ordered trees from another.

Therefore the generating function C (z) satisfies the following recursion.
C(2)=1+12C(z2)’

as u(z) = z(u(z)+1)*, where u(z) =C(z) -1
let ©(z) =(1+2)*

by Lagrangeinversion formula,
1 n- n
u, ZH[Z 1(@(2))

:l[z”"](1+ z)™"
n

1

2n
__( j ... by thebinomial theorem
nin-1

1 (2n
u, =
n+1in
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butu, < C,

1 (2n
soC, =—— O
n+1{n

Therefore the number of ordered trees on n edges is C, and hence the proof is complete.

2. 3) Enumeration of Ordered Trees by number of edges and leaves
The Cycle lemma

A sequence P p,...p of m open parenthesis and n close parenthesis is called
k-dominating, for positive integer k, if for every position i,1<i<m+n, the number of
open parenthesis in Py Py Pj is more than k times the number of close parenthesis.
Examples:

1) The sequence (((())(() is 2-dominating.
2) The sequence (((())(()is 1- dominating but not 2-dominating.
3) The sequence )(((O))((and (O)(O(( are not 1-dominating.
Cycle lemma (Dvoretzky and Motzkin)
For a ny s equence p,p,...p,,, of m o penp arenthesis an dn cl ose p arenthesis,

m>kn there exists exactly m—kn(out of m+n) cyclic permutations

pj IOj+1"'|0m+n p1"'|Oj—1, I<j<m+n
that are k-dominating.
Examples:

1) Of'the 6 cyclic permutations of the sequence )((()( only two are 2-dominating (or

legal prefixes): i.e. ((()() and (()()(
2) Of'the 9 cyclic permutations of the sequence )(((())(( of 6 open parenthesis and 3

close parenthesis,on ly 3a re 2-dominating(o r Ilegalp refixes):1. e.

(OWO), (OO and (OXO( -
Characterization lemma
1) The number of leaves in a (not edgeless) tree t
= the number of () patterns in p (t), where p (t) is legal parenthetic
6
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= the number of corners (i.e. path segments of the forml ) in 1(t),where I(t)
is an admissible lattice path.

= the number of left leaves in b (t), where b (t) is a full binary tree.

= the number of right leaves in b’ (t), where b’ (t) is reflection of b (t).
2) The number of internal nodes in a (not edgeless) tree t

= One more than the number of (((or equivalently))) in p (t),

= One more than the number of E (or equivalentlye—e—e) path segments in 1(t)
= the number of right leaves in b (t).
= the number of left leaves in b’ (t)
3) The number of nodes of degree d in a tree t
= the number of occurrences of d in i (t), where i (t) is dominating sequence
= the number of vertical path segments of length exactly d in I’(t), where 1’ (t)
is reflection of 1 (t).

4) The number of nodes of degree d in all the tree in T,
= the number of occurrences of d in all the sequences in |, .

= the number of occurrences of runs of exactly d(‘s (or equivalently d)’s) in

all the expressions in P, .[2]

Theorem 4. (Narayana)

The number | (k)of ordered trees with n edges and k leaves is
njyn n-1\/n n-1\(n+1
(k)= _1 L +
nlk)ik-1) klk-1){k-=1) n+1{k-1){k

The number of trees in T, with k leaves is equal to the number of legal parenthetic

Proof:

expressions in P, with k o ccurrences of (). (by Characterization lemma), which in turn

equals the number of legal prefixes with n+1 (*s, n )’s, and k ()’s. By the cycle lemma, of

the k pos sible cyclic arrangements of a parenthetic expression beginning with (, ending
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with), and having n+1 (‘s, n )’s, and k ()’s, exactly one is a legal prefix. The total number

n n-1
of such expressions (legal or not) is [k lj(k 1)

(the number of ways to partition both the (‘s and the)’s into k nonempty runs);
n n-1
Thus | (k)= 1 0
kik-1)\k-1

1) Ofthe 5 ordered tree with 3 edges, I,(1) =1 have 1 leaf, I,(2) =3 have 2 leaves, and

Examples:

1,(3) =1 have 3 leaves.
2) Ofthe 14 ordered tree with 4 e dges, I,(1)=1 have 1 leaf, 1,(2)=6 have 2 leaves,

I,(3)=6 have 3 leaves and |,(4) =1 have 4 leaves.

2.4) Catalan Identities
2.4.1) Central Binomial Numbers

n
The central Binomial coefficients ( j are centrally located in even numbered rows in

n

Pascal’s triangle, as figure 9 shows.

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

Figure 9: Pascal’s triangle
Then the first few terms are 1, 2, 6, 20, 70, 243,...

A Recurrence relation for the central Binomial coefficients

(2"1C°B (kn + SJ
n

We know that
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[z"]2zC*'B=2[z""]C*'B ...since from identity 2,B(z) =1+ kzB(z)C*"(2)
2 _ —_
:2( (n-1)+2 1}
n-1

)
() D

This is the n™ central binomial coefficients.

Next, we will derive a recurrence relation for the central binomial coefficients
2n
Let B, = then
n
2n+2
Bn+1 =
n+1

_ (2n+2)!
C(n+D)I(n+1)!
_2(2n+1) 2n)!

n+1 n!n!
_ 2(2n+1) B,
n+1
Thus we have the recurrence relation
(n+1)B,,, =2(2n+1)B, ,where B, =1 0

A Generating function for the central binomial coefficients
Let B(z)=)." B,z
=B+~ Bz
=B,+>,  B.,z"

Differentiating both sides with respect to z,

B'(z)=).," (n+DB,,z"
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B'(z)=)." (n+1B, 2"
=>" nB,z"
n=l1
=>" nB,z"
n=0
usin g the above recurrence relation
B'(z)=)~  (n+DB,, 2"
= D" 2(2n+1)B 2"
=2(23 08,2 + Y 82"
=2(2zB'(x) + B(2))
=4zB'(z2) +2B(2))
(1-4z)B'(z) =2B(2)
B'(z) 2
B(z) 1-4z
| ntegrating both sides with respect to z, gives

InB(z)=In +Ink,where k is a constant

1-4z

k
J1-4z
since B, =1,k =1

1

V1-4z

B(z)=

Thus, B(z)=

Hence the central binomial function, B(z), is the generating function for the central

1
1-47

2n
binomial coefﬁcients,( ) is
n

2.4.2) Catalan Numbers
The Catalan function, C(z), is the generating function for the Catalan numbers,

1,1,2,5,14,42,...,

0 1=
C2)= Y ann _1=vl-4z
n=0 22

10
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Generating function for Catalan numbers

Let us derive the generating function C(z) for Catalan numbers using integral

calculus and the generating function B(z).

Let B(z):ZZ’_OGng”

]
- J1-4z

= Z:lo B,z" be the generating function for the Central Binomial coefficients.

integrating the power series with respect to z,term by term,

1 .
© B z""+k,where kis a constant

I\h 47 ” ‘n+l "
——J1-42=" C "' +k ..since —Bz

ARV S
—l\/1—4z =2C(2)+k

2
when z = 0,this yields k :—% ...since C(0)=1

1
2 J1-47 = _1
thus 5 1-4z =2C(2) A
1-+1-4z

= C)=—— 0

A Recursive formula for C,

Next, let us show a recursive formula for C| using the generating function

we have (1-42)% =1+%(—4z)—%%(12j(—42)2 +Ll(jj(_4z)3 -

2 4 6
:1—22—z z2—E 23—z 72t — ...
211 312 4\ 3

1-v1-4z
22

2 4 6
L P el PO g P g PO
22 2\1 312 43

11

we know that C(z) =
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se0sctnc el

since C(z) is the generating function for C,, 5,Cise

2 1(4 1(6
then CO=1,C1=— =1,C,=— =2,C=—| _|,...,
241 3(2 413

1 (2n 1
let C, = thenC _, =—
n+1{n n

C.,  @min-n!'  4n-2
C.., (+DH(M!2n-2)! n+1
: 4n—-2 :
and also the recursive formula C_ = —IC,H, n=1 canbe employedto derive the
n+

1 (2n
explicit formula C, _ﬁ
+

That is
4n -2 C
n+1
_ (4n-2)(4n-6)
~ (n+Dn
_ (4n=2)(4n—-6)(4n—10) C
(n+1Hn(n-1)

n n-1

n-2

n-3

_ (4n—-2)(4n-6)(4n—10)...6.2 C
(n+DHn..3.2
~_(2n-1)(2n-3)(2n-5)..3.1 on
(n+1)!

0

o (@2m)n2”
(n+1)12"n!

12
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(2!
~(n+1)!n!

B 1 (2n
n+1ln

It yields the desired explicit formula
2n
cn:L[ j 0.
n+1{n

2.4.3) Fine Numbers
The Fine function, F(z),

o 1-/1-4z
F()= Y fM=—"7"3"7°
O 5 T

is the generating function for the Fine numbers 1,0,1,2,6,18,57,186,...

by applying Mathematica, we can find the terms of the Fine numbers

infl]= f[z ]=——Y1—4%2

T zx(3-41-4%7)
C1-1—4z
outtl]= (3-+/1-42)z

in[2] = Series[ f[z],{z,0,10}]
out[2]=1+2>+22’ +62* +182° +572° +1862" + 6222* +21202° +73382"° + 0[z]"

=9
1 z z

Figure 10: Recursive construction of Fine trees

then F=1+2°C*+2z'C*+...
B 1
1-z2°C?

13
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2.4.4) ldentities Involving C(z), B(z) and F(z2)

1) C=1+2C*=
1-zC
proof :
nowczl_— V1-4z
22
then1+zC2:1+z(1_2'1_4§+1_4z)
47
_4z+2-2V1-47-4z
4z
_1—\/1—42_C
22
so C=1+2zC*?
C
l—i:zC
C
l—zC:L
C
C= ! 0
1-zC
2)B=1+2zCB
proof:
1422CB =142z “1 42 ! ]
J1-4z
1
1-4z
=B 0

14



3)B = C - C
1-zC- 2-C
proof :
¢ = ¢ by identity 1
1-2C* 1-(C-1)
_C
2-C
from identity 2, B = 1
1-2z2C
C __Vd-0) by identity 1
2-C 2-(1/(1-zC))
1
1-2zC
=>B= ¢ = ¢ U
1-z2C* 2-C
4) C? :;(H 7’C*)
-2z
proof :

from identity1,we get C =1+ zC”
C2(1-22) = (1+2C2)*(1-22)
=1+22C*+2°C*-2z-47°C*-2z7C*

=1+22C*+2°C*-22-42(z2C*)-22(zC*)?
=1+22C*+2°C*-2z-42(C-1)-2z(C -1)’

HK-Tnees & Catalan Jdentities

..since zC*=C-1

=1+22C*+272°C*—22-42C+4z-22C* +42C -2z

=1+2z°C*

15



5)C':BC2
proof :
now C:l_— Vl_42then Cvzl—V1—4Z—2Z
22 222\1-4z2
BCz_ 1 1—2\/1—42 +1—4Z
1- 4z 47°
_2-2J1-41-4z
47°\1-4z
—C' 3
6) BZ(ZC)':C+ZC'
proof :
(zC)':(zl_— \’1—42].
21
1
I i
2| J1-4z
= 1 =B
1-4z
and C'= V14227
27*1-4z
1-1-42 -2z 1-+/1-4z
C'+C=
2z\1-4z 27
1-4z

16
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7) 1+zBC=E
C

proof :

C+zBC*=C+zC' Dy identity 5
=B by identity 6

8) C(1+B)=2B

proof :

from identity 7, we have B=C(1+zBC)
then 2B =2C(1+zBC)

=C(2+2zBC)
=C(1+1+2zBC)
=C(1+B) (by identity 2)
9) F= ¢ , C= F ,ZFC=C-F
1+2C 1-zF
proof :

from figure 10,we have F =%
1-z2°C

B 1

~ (1-2zC)(1+12C)
_ C
1+2C

then F(1+zC)=C
ICF=C-F
F=C(l-2zF)

(by identity 1)

17
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10) Fo—t 2

1-22C*  142z2++1-4z
proof :

from figure 10, we obtain F = ———
1-z2°C
1 1

—2C 1-22((1-VT4z) 22

4
_2+2M)+4z
— 2 D
1++1-4z +2z
11) 1+C=(z+2)F
proof :
1+C=1+1_ZC by identity 1
~2-2C 1+2zC
1-z2C 1+zC
2+2:C-2C-z7°C?
- 1-z°C?

=F(2+2C-2’C?)
=F(2+2(C-12C?))
=FQ2+21)
=(2+2)F

(by identity 10)

(by identity 1)

18
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12) 2(z+2)F* - (1+22)F +1=0
proof :

C
1+:zC

from identity 9,we get F =

+1

C 2
2(z+2)F? —(1422)F+1=2(z+2)| —— | —(1+2z
( ) ( ) ( )(1+zcj ( )1+zC

2°C*+22C* -C-22C-2C*-22°C* |
(1+2C)°
_—7’C*+2C*-C-22C o
(1+2C)°
_Z 8 é)fzc +1 (by identity 1)
+z
_ —(2’C*+1+2:20) "
(1+2C)°
=-1+1

1

13) BC =F +3zBCF
proof :
F +3zBCF =F(1+3zBC)
~ 1+3zBC
T 1-7°¢C?
_ 1+2zBC +1zBC
- 1-7°C?
- —?jzzzif (by identity 2)
_ B(1+z0)
~ (1-zC)(1+zC)
B
~1-12C
=BC (by identityl) O

(by identity 10)

19
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14) F +2BC =3BF
proof :
by identity 13,we have BC =F +3zBCF
then 2BC =2F(1+3zBC)
=2F(1+2zBC+12zBC)
=2F(B+1zBC) (by identity 2)
=2BF(1+zC)
F+2BC=F +2BF(1+zC)
=F(1+2B(1+2zC))
=F(1+2B+2BzC)
=F(B+2B) (by identity 2)
=3BF 0

1
15) ——=BC +2(BC)’
14 (5%

proof :

BC +2(BC)’ = BC(1+zBC)
B-1
2

1+B
=BC(——
( 5 )

=BC(1+ ) by identity 2

B
=—C(+8B
S C+B)

- gzs by identity 8

= B?

we know that the generating function of B = —
-4z

1
1-4z

then B? =

Hence

L BC +z(BC) 0
z

20
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16) B'=2B?
proof :
from identity 2,B = then B' = —2(ZC) :
1-22C (1-2zC)

=2B.B’ by identity 1&6 0

17) F'=2zBCF?
proof :

22\
from identity 10, F = 12 > then F'Z%
1-z°C (1-2°C7)

=F?(22C’ +22°CC")

=F?(22C* +22°CBC?) (by identity 5)
= F’zC*(2+21CB)

= F?2C*(1+1+2zBC)

= F22C2(1+B) (by identity 2)
=F22CC(1+B)

=F*zC(2B) (by identity 8)
=2zBCF*

21
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Section 3. Some Applications of Catalan Identities

Fibonacci polynomials
Fibonacci pol ynomials are a p olynomial s equence w hich ¢ an be considered as a

generalization of the Fibonacci n umbers. T he F ibonacci num bers a re r ecovered by
evaluating the Fibonacci polynomials at x=1.
Definition: The Fibonacci polynomials are defined recursively by,
FX)=LF(X)=x,and F,(X)=xF,(X)+F,_,(x) forn>2.

The first few Fibonacci polynomials are

FX)=1L F(X)=x F(X)=x>+1, F,(xX) =X’ +2x, F,(X) =x* +3x* +1, F,(X) = X’ + 4x’ + 3x
Then the degree of F, is n—1.

1) Prove that 3 x"F,,, (4/%) = ZTO(injziJFN“ (X)
=
Proof:
First let us show that ) " F,_,(x)z" :ﬁ, D X' (402" :ﬁ
and Z;sz”(x)Zk - 1—(2J:2Z)z+z2 '

Let > " F (2" =F(x,2) then F(x,2)=F(0)+Y." F (2"

=F(0+F0z+Y." F (07"

by snake-oil method
D R0z =3 xF 0"+ F (02"
F(x.2)-l-xz=xz2)." F()z""'+2°)." F_ (02"
=xz)." F.,(02"+2*) " F (07"

=xz(F(x,2)-1)+ 2°F(x, 2)

1

= F(X,2)=———
(x.2) 1—xz—2*

22
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and
let > X"F,(4/X)2" =G(x,2) then G(x,2)=F(4/x)+>  X"F, (4/z"
=R/ 0)+XF,(4/x)2+) " X"F, (4/%)2"
From the above definition, we obtain
X"F,, (4/x)=x"4/xF (4/x)+ X"F,_,(4/x)
Then by snake-oil method

2:;2 X" I:n+1 (4/ X)Zn = z:=2 X" 4/X |:n(4/X)Zn +Z:O=2 X" Fni1 (4/X)Zn

G(x,2)—F (4/x) - xzF,(4/x) = ﬂzw_z X"F,(4/)z2" X722 X R (402"
X n= n=

G(x,2) e 42y X"F L (4/02" XY X"F, (4/%)2"
X n= n=

G(x,2)—1-4z=42(G(x,2) - F,(4/x))+ X’ 2°G(X, 2)

1
= 6(X,2)=———
(*.2) 1-4z-x*2°
and
IEt ZFZKH(X)ZK =H(Xa Z)athen H(Xa Z): Fl(x)+ZF2k+1(X)Zk
k>0 k>1

=R+ KXz +z Fyen (02"

k>2
by snake —oil method we obtain,

Z Fyen (07 :Z XF,, (X)2° + Z Fy, (02"

k>2 k>2 k>2
H(x,2)-1-(x* +D)z=x2) F, (X2 + 2> F,,(x)z"" ..since F,(x) = x> +1
k>2 k>2
k k
=X2) P2 +2) .2
k>1 k>1

=xz(F,(0)2+F, (02’ + ()2’ +..)+ 2(H(x,2)-1)
= Xz (XF, ()2 + F, ()2 + XF; ()2 + F,()2° + XF,(X)2° + F, ()2 +..)
+2(H(x,2)-1)
H(x,2)(1-2) - (1+X*2)= x2(XF,(X)2 + F,(X)2 + XF,(X)2* + XF,(X)2* + F,(x)Z*

+XF, ()2’ + XF ()2’ + F,(X)2” +...)

23
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=xz(XF,(X)2 + F,(X)2 + XF,(X)2* + XF, ()2 + F,(X)2* + XF, (x)Z’
+XF,(X)Z° +XF, ()2’ + F,(X)2° +...)

=x2(F,(X)2+ F,(X)2° + F,(X)Z’ +...+ XF,(X)Z + XF; (X)2* + XF,(X)Z" +...
+XF(X)2° + XF(X)Z° +...+ XF,(X)Z° +...)

3

—xz[l—F(x) SR04 Xz’ FR(0+ Xz F(x)+}

:xz( Z e (02 j ...since F,(x) =X
-z -2
Xz 1
=Xz X)Z
(I—Z l_ZZkZI: k+1() ]
ZX
=XZ| —+—(H(X) -1
(l—z 1- z( ()= )]
1-2
so H(x,2)=
(x.2) 1-2z+ 2> =Xz
1-2
Therefore F, (x .k
Z e (X2 oo T (*)
1 0 0 |
4 0 0
15 1 0
56 8 0
2n+2
Let A=(a) = =210 45 1
n.k Jn k=0 n—2k

792 220 12
3003 1001 91
11440 4368 560

Recall that: The generating function of
C=1+2+22"+52° +142* +422° +...
=C'=1+42+152> +562° +2102* +...,.C* =14+22+52> +147° + 427" +...,
C°C’=C"=1+4z+147° +482° +1652* +
by identity 5, we get C'=BC”
so the generating function of the first column of A = (amk )n,kzo is C'=BC”.
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By Riordan array,
d(z)=BC* and zd(z)h(z)=2z"+82’ +452* +2202° +1001z° +...
=27 (1+82+452° +2202° +1001z* +...)
=2’ (1+42+152° +567° +2102" +..)(1+42+142° + 482° +1652" + ..)
=7’BC’C*
= h(z)=zC*
and d(z)(zh(z))" = BC’ (z.zC“)n =z>"BC*"

then the generating functions of the columns of the matrix A=(a,,), ., With

2n+2
a, :[ k} are BC?,z°BC®,z*'BC",z°BC" ,....

n-2
thus the identities can be written in matrix form as
) 1 0 0 ]
R 4 0 0 R0 ]
xF,(3) 15 1 0 F,(X)
XF ()| |56 8 0 F.(x)
X'F, (%) |=|210 45 1 F, (X)

792 220 12
3003 1001 91
11440 4368 560

introducing generating functions in z in the column yields.

RO |

R (x)
ix”FnH(é)z“:[BCz z’BC®  z'BCY  z°BC" ] Eig (%)

L

so the right hand side of (**) becomes

> (Z"?BCT R, (x) = (z"BCTF,,, (X)
o n=0

=BC?> F,,,, (X)(2°C*)"
n=0

25



1-z°C*
1-(2+x*)2°C* +(2°C*)’
1-2°C*
(1-22C*)? —x22’C*

2

2

from identity 3 we get 1-zC°’ :% L (REE)

=C+/1-4z
rationalize the numerator of the left hand side of (***)

2
that is (1-2C*) 2 — e\ 4z
1+zC

1-2°C* =C+/1-4z(1+2C?)
=C>/1-4z by identity 1
S (@BC ), (9 =BC? — CYI-4
=0 (C \/E) -xz°C
Ji-4z
(1-42)-x7*
1 Ji-4z
-4z (1-42)-x*7?
~ 1
C1-47-X22

© 2 (2n+2
Therefore Y X"F,.,($)=>"
n=0 n_2k

k=0

szkJrl (X)

2n-1
2) Show that| z" | zBF =§( : j+%Fn_1,where the (F, ).,

HK-Tnees & Catalan Jdentities

by (%)

are the Fine numbers.

First let us find the generating function counting all blocks of odd size

Figure 11.
26
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If we fix 1 in a block of size 3, i.e. where i and j are another two elements in a block,
then we need the rest also non-crossing partitions. Since we have z’ for three elements
and C’ for the remaining partitions.

Then the generating function for the total number of non-crossing partitions, where 1
is in a block of size 3 isz’ C*. But we may have also any element instead of 1 in a block
of size 3 and similar argument as above gives us the same generating function holds for
either 1 or2 or... nis in a block of size 3.

Thus t he ge nerating function for the t otal number of bl ocks of size 31 s given by

%Z(Z3 C?)' .Similarly we can find the generating function for the total number of blocks

of size 5 is given by %Z(ZSCS)'.

So the generating function counting all blocks of odd size is

2(zC)'+z ()’ +2 (<))’ +...

3 5
=7[(zC)'](1+(zC)* +(zC)* +...)
|
=17[(zC) ]1—22C2

=zBF by identity 6 and 10
from identity 14,we have (k+1)BF =kBC+F

ZBF =LZBC +LZF
k+1 k+1

k 1
72"12BF =——[2"1zBC +——[z"zF
2] k+1[ ] k+1[ ]

k n-1 1 n-1
=——[z2""IBC+——[z"]F
k+1[ ] k+1[ ]

k (k(n—l)H] 1
=— +—F
k+1

kn+s
- since [2"]BC® =
k+1 n-1 n

27
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k (kn=k+1 1
B +—F
k+1 n-1 kK+1
set k =2, we get

. 2(2n-1 1
[2"]zBF =— +=F [
30 n-1) 3

3) Show that the expected number of peaks over fine paths of length 2n is g

Proof:
Let A(t,z) be the bivariate generating function for Dyck paths with a t marking each

peak and z marking each up step.

non-empty
dyck path
dyck path
Z
Figure 12.
= At,2)=1+z(A1-1+1)4
by implicit differentiation,we have
%:Q(H ZA* =714+ 7tA)
ot ot
oL _0A oA

=22A——-7—+7IA+2t—
ot
:%(22/1—z+zt)+zl
ot

a—/1(1—2zﬂ.+z—zt)=z/1
ot

04 _ ZA(t,2)
ot 1-2zA(t,2)+z—-1zt

28



oA) zZA(1,2)
(Bflﬂ_i—2zlﬂJ)+z—zU)
~z,C
1-2:C°
zC
1-1-4z

=22 )

3 zC
C1-(1-1-42)
zC
J1-4z)
= zCB (%)

HK-Tnees & Catalan Jdentities

..since A(l,z)=C

And let T(t,z) be the bivariate generating function for Fine paths with a t marking each

peak and z marking each up step.

Figure 13.
= T(t,2)=1+z(2-DT

by implicit differentiation,we have

a—T:§(1+MT —1zT)
ot ot
=zT %+ z/lﬂ—zﬂ
ot ot ot

ﬂ(l—z/ljtz):zT@
ot ot

oar _ IT(t,z)  0At,2)
ot 1-zAt,z2)+z ot
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(ﬂj _IT(L,2) (a/l(t,z)j
ot tzl_l—z/l(l,z)+z ot )

__ T ac .since T(l,z)=F, A(1,2)=C andby *
1-2C+z
_ 7’BCF
1-z(C-1)
2
:LCF2 ...by identity 1
1-2(zC")
=7°BCF.F ..by identity 10
=7°BCF?
:gzch = (*%)
from identity 10 ,F = = F'=22C+C) _»0ppe
1-z°C (1-z°C?)
(**) becomes (a—Tj g
ot )., 2
ny [OT |-
'] | —| ==[z"]F'
[2°] (6t1_1 2[ ]
:lnﬁ
2
ne [OT
[2"] (&J 0
Hence the expected number of peaks over fine paths of length 2n :F—M:E

n
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n !
4) Prove that d B= emt B>

n

n!
proof :
Method 1)
Let us applying the principles of mathematical induction
for n=1
%B =B'=2B’ ...by identity 16

!
and right hand side becomes %B”” =2B’

=it is true for n=1

k !
Assume it is true for n=Kk,that is :—kB :%k')'BZ“l
z !
k+1 |
we want to show that it is true for n=k +1,that is d —B= @+ D) ok
dz*" (k+1)!
k+1 k
now d_le:i d—kB
dz* dz\ dz
!
:di((zk—k') Bz"“j ... from the assumption
z !
_i (2k)| 1 2k+1
dz| k! \J1-4z

_(2k)'i ( 1 j2k+1
k! dz| V1= 4z

2K 22k +1)

= k' (m>2k+3

_ 2(2k +1)! k+1
k!(M)Z(kH)H k+1

_ (2k +2)! g2+
(k+1)!

So it is true for n= k+1

d" o _ 0

Hence B
dz n!

BZYHI

n
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Method I1)
We know that B=
1-4z
182%:283 :2!BZ.I+1
a2 (Vi-4z)
_ @Dl
1!
2 |
a :i(igj:i 2|43z =@l
dz dz\ dz dz ( /1_4Z) (/1_42) 2!
2D
2!
d_3 :i i :i 4.3 _ 6.5.4 _6.54B’ :@82,3”
dz’ ~ dz\dz’ dz ( /_1-42)5 ( /—1_4Z)7 o 3!
_ 2
3!

dn B: (2n)' Bz.n+1
dz" n!

Therefore the proof is complete.
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Section 4. k-Trees and Generalized Catalan Identities
4.1) k-Trees

The graph consisting of two nodes joined by an edge is a 2-tree, and a 2-tree with
n+1 nodes is any graph obtained by joining a new node to any two nodes already joined
in a 2-tree with n nodes [9]. k-trees generalize ordered trees in the sense that ordered trees
are 2-trees in which edges between nodes are drawn as double edges.

A k-tree is constructed from a single distinguished k-cycle, an elementary k-sided
cycle, by repeatedly gluing other k-cycles to existing ones along an edge. More than one
cycle can be glued to a non-terminal or internal edge. If K is any nonempty subset of {2,
3,4,...},then a k-tree is obtained in similar way using k-cycles with k € K.

An edge of the distinguished k-cycle is designated as a root and all children of the
internal edges are shown in order in the plane containing the distinguished k-cycle. If an
internal e dge has more t han one c hild, w e gl ue t he c ycles t o t he i nternal e dge w ith
diminishing size. If all cycles of a k-tree have the same number of sides, say k, we refer
to it as a homogeneous k-tree. [6]

For example, we obtain the three 3-trees below using two 3-cycles(i.e. n =2 and k = 3)

YAV VAR VAN

Figure 14: The three 3-trees consisting of two 3-cycles

Then the number of 3-trees consisting of 2 triangles is C,; =3.

and we obtain the twelve 3-trees shown below using three 3-cycles(i.e. n = 3 and k= 3)

@N

NN

[>T

Figure 15: the twelve 3-trees on three cycles.

Then the number of 3-trees consisting of 3 triangles is C,, =12.
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4.2) Generalized Catalan Identities

4.2.1) Generalized Catalan Numbers
Let the generating function of k-trees be

C@)=3C,7"
n=0

Where C |, = the number of k-trees with exactly n k-cycles.

If we begin with a distinguished k-cycle and construct an ordered k-tree recursively
by attaching another k-cycle to one of the k edges of the distinguished k-cycle as shown

below.

Distinguished

k-cycle

Figure 16: Recursive construction of k-trees
Then we obtain a functional relation

1

C(Z)=1+ch(2) = m

where 1 counts the empty tree consisting of only the distinguished edge.

C(z)=1+zC*(2) as u(z)= z(u(z)+1)k , Where u(z)=C(z2)-1
let d(z)=(1+2)"
choosing f(u(z))=(1+u(z)) =C°(2)
by Lagrange inversion formula, we have

[2"]1C°(2) =[2"1(1+u(z)) =[2"]f (u(z))

=%[u“]f @) (W)
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- %[u”‘1 Is(1+ u(z))sf1 (1+ u(z))kn

- %[u”‘](l +u(2))""
kn+s—1
=£[ j ...by the binomial theorem
nin-1
s (kn+s
“kn+sin
Hence the generating function C(z) :Z C, 2" satisfies the recurrence relation
n=0
C(z)=1+zC*(2)
and
[2"C*(2) s (kn+s
z 2)=
kn+s{n

If we let s = 1, we obtain sequnces of numbers given by

C 1 (kn+1) 1 kn
"“kn+iln ) (k-Dn+1in

This is called the Catalan numbers.

4.2.2) Analog of Central Binomial Numbers
Let

B(z) =i B, 2"
n=0

where B, = the number of k-trees with n k cycles in which exactly one edge in the

whole tree 1s colored red.

A functional relation
B(z)=1+kzB(z)C"'(2)

can be obtained recursively as shown below.
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_ D@

Figure 17: recursive construction of B (z)

kn
% Show thatB , = ( j, where B, , is the total number of edges in k-trees with n
, n ,

k-cycles.
Proof:

. kn+s
Now by lemma 5,we have [z"|C°B=
n

[z"]kzBC*" =k[z"']BC*"

:k(k(n—l)+k—1]
n-—1
(kn—lj
=k
n-1
B kn
“|n

Hence the proof is complete.

4.2.3) Generalized Fine Numbers

22 1+2zC
1-+1-4z
then F = 22

1+Z(1—\/1—42)
22

1-1-4z 2
21 3-+/1-4z
1-1-4z

= which is the generating function of the Fine numbers.

23-41-42)’
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Figure 18: recursive construction of fine trees

The Fine numbers F, are the coefficients of z" in the Maclaurin series of

1-1-4z
z(3—+/1-4z2)

The first few terms of the fine numbers are 1, 0, 1, 2, 6, 18, 57,...

F(2) =

Let F , be the number of k-trees on n k cycles with even number of cycles glued to
the distinguished edge. A functional relation for its generating function
o0
F(2)= Y Fn’kzn
n=0
is obtained recursively as shown above.

F(z)=1+2’C** " 4+ 2'C*D 4 2°Co* 4.,

I S by geometric series
_l_zzcz(k—l)
+2

4.3) Generalized Identities Involving C (z) , B (z) and F (2)

Using the functional relations,

1
HC=1+2C* = ——
) 1—zC*!
proof:
from figure 16, we get C=1+ zC*
= E: ch—l
1-—=zC""
1
= 0
1-zC*"
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2)B=1+kzBC*" ... from figure 17 0
1 .
3) F :W ... from flgure 18 U
C F
4) F= ;C= ;C—F=zFC*'
) 1+zC*! 1-zFCH?
proof :
from identity 3, we have F :%
B 1
(1+2C")(1-2C*")
C o
= ...by identity 1
1+zC*" d /
then F + FzC*'=C
C-F=FzC""
F=C(1-FzC*?)
F
S {
1-zFC*?
5)B - C __ C
1-(k—DzC*  k—(k=1)C
proof :
from identity 1,we get C —1=zC"
C ~ C
1-(k-1zC* 1-(k=1)(c-1)
3 C
k+C-kC
B C
k—(k-1)C
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and from identity 2,B =1+kzBC*"

jB:;
1-kzC*!
c  (Va-zch)
k—(k-DC  k—(k=1(1/(1-2C*"))
p— 1 p—
S 1-keC
6) crlo L —(1+2°C*)

1-2zC
proof :

from identity 1, we get C =1+ zC*
C*(1-22C**)=(1+12C*)*(1-2zC*?)

HK-Tnees & Catalan Jdentities

..oy identity 1

=1+2zC* +2°C* —2z2C*? —47°C* 2 -27°C**

=1+22C* +7°C* —22C*? —42C*?(2C*)-22C* 2 (2C*) ?

=1+2zC* +72°C* —22C*? —4z2C**(C-1)-22C**(C-1)?
=142zC* +2°C* —2zC*? —42C*"' +42C** —22C* +42C*"' —2zC*

=1+z°C*

7) C'=BC*
proof :
from identity 1,we have C =1+ zC*
C'=C"+zkC*'C'
Ck
T 1-zkC
=C'B

= C'
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8) (zC)'=C(1+zBC*")=B(2C - B)

proof :
fromidentity 7wehave C'=BC*
(zC)'=zC'+C
=7BC*+C
=C(1+zBC*™")
and C+zBC*=C+B(C-1) (by identity 1)
=C(1+B)-B

and by identity 2, B=1+kzBC*"

= 1+zBC*" +(k—1)zBC*"
B-(k-1)zBC*'=1+zBC*"
B(1-(k—-1)zC*")=1+2zBC*"

from identity 9, g:1+(k —-1)zBC*"

B
l-—=—(k-1)zBC*!
c (k-1)

B
2——=1-(k-1)zBC*!
C (k=1)

B(2—E) =1+zBC*"
C
2C-B

B( )=1+zBC*"

B(2C -B)=C(1+zBC*™")
=(zC)' 0

9) g:1+(k—l)zBC“

proof :

1+(k-1)zBC*" =1+kzBC*" —zBC*"
=B-zBC* ..oy identity 2
=B(1-zC*")

=— ..oy identity 1 0
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10) kB=C(1+(k-1)B)
proof :
C
k—(k-1)C
Bk—BC(k-1)=C
Bk =C(1+(k—1)B) 0

from identity 5,wehave B =

11) 1+C =(zC** +2)F
proof :

1+C:1+1;

Ck—l

_2-z2C""(1+2C"
1-zC*' [ 1+zC*!

by identity 1

2+2zC*" —zCH! - 2C*D
- 1-z*C**D
=(2+2C*" = 2?C**MF ..by identity 3
=(2+2C**(C-zC*)F
=(2+2C*2)F ..oy identity 1
=(2+12C*?)F 0

12) 2(2C*? +2)C*?F? —(1+22C**)F +1=0

proof :

from identity 4,we get F =——
d g 1+zC*!

2(zC* 2 +2)C*°F? —(1+22C*?)F +1
C

1+zC*!

2
j —(1+2zck-2)L+1

=72(zC*? +2 Ck‘z(
( ) 1+zC*!

_’CH™7? +22C* —(C+22C*")(1+2C*")

+1
(1+zC*"y?
_ ’C*?+2:C*-C-12C* -2:C%" -27°C*? o
(1+z2C*1y?
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_—7’C*?+zC*-C-2zC"!

- (1+zC* 1y
_-7’C*? —1-2:C" T
~ (1+zCFY?
—(22C2k’2 +1+2zCk") |
N (1+zCK "y "
=—1+1
=0
13) BC =(k+1)zFBC*"' +F
Proof :
BC = F(1+(k+1)zBC*")
k-1
= (k;r_l)zzziik_l)ﬂ ..oy identity 3
_ keBC*'+zZBC* +1
- 1— 22C2(k—l)
k-1
=% ..oy identity 2
_ B(+zC*")
(1-zC*")(1+zC*™h)
B B
1-zC*!
=BC ...by identity 1

14) F +kBC = (k +1)BF
proof :
by identity 13, we have BC = (k +1)zFBC*" + F
kBC =k ((k +1)zFBC*" +F)
=KF ((k+1)zBC* +1)
=kF (kzBC*" +1+zBC*™")
=kF(B+zBC*")
=kFB(1+zC*™")

42
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then F +kBC = F +kFB(1+2C*")
=F (1+kB(1+2C*™")
=F(1+kB+kBzC*™")

=F(B+kB) ..oy identity 2
=(k+1)BF 0
15) B'=kB’C*?
proof :
from identity 2, we have B =;k_l
1-kzC
1
B'=—————k(C""+z(k-1)C*’C"
(1-kzC*")? ( (=D :
=B’kC*?(C+2(k-1)BC*) ... by identity 7

— B%kC**C (1+ 7ZkBC*' — ch“)

= B’kC**C(B-zBC*™) ..by identity 2
= B’kC**CB(1-zC*™")
_ B3kC“Cé by identity 1
=kB’C*? 0
16) F'=2zBC*°F?
proof :
1 ' (22c2(k—1))|
NOW F :W then F :(I_ZZC:—ZWI))Z

=F?(22C°*" +2(k -1)z°C*7C)
=F?(22C**" +2(k -1)2°C*”BC*) ..by identity 7
=F?(22C** " +2kz’C** B -22°C*B)
= F?22C**"(1+kzC*'B-2C*'B)
=2F’zC**VB(1-2C*™")
= 2FzzCZ(k‘”Bé ..by identity 1

=27BC* 7 F? 0
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Lemmab.
s kn+s
[z"]C (Z)B(Z){ " ]

Proof:

Let us consider lattice paths from (0,0) to (n,(k—1)n+5s) in the plane.Given any such

path we can split it into two subpaths at the point where the original path visits the line

y =(k—=1)x for the last time as shown below.

C

Figure 19: An example of partition of a path into B(z) and copies of C(z)
The first part is counted by B (z) [11] and the second part is counted by C(z) [7].Since

a+b
the total number of paths from (0,0) to (a,b) is ( b jand the path that is counted by

C(z) can be further subdivided up to s Catalan paths. Hence the generating function of the
Number of lattice paths from (0,0) to (n,(k—1)n+s) (0,0) is C*(z)B(z) and

kn+s
[z”]CS(z)B(z):[ 3 ) 0
Lemma 6.
H - -
. _&s+2(k—Di(nk+s-2i
[2']C (Z)F(Z)_i:O nk +s—2i ( n-—2i j
Proof:
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n S n S 1 - .
[2"]C°(2)F(2)=[Zz"]C (Z)W ...by identity 3
:[Zn]iCS(Z)(ZzCZ(k*“)i ...since %:ix”
i=0 X W

— [Zn ]z Z2icS+2(k71)i (Z)
i=0

— [Zn—zi ]i Cs+2(k—1)i (Z)

)

NS

J s+2(k—1i (n—=2hk+s+2(k—1)i
= (N=2D)k +s+2(k-1)i n—2i

(by the generalized catalan number)

EJ s+2(k=Di (nk+8—2ij

= nk+s—2i n—2i

so the proof is complete.

45



HK-Tnees & Catalan Jdentities

Section 5. Additional Applications and Asymptotic Results
5.1) Enumerating Edges of Odd Degree
Let O,, be the total number of edges of odd degree among all k-trees withn k-
cycles,

and let O(z) be the corresponding function, that is,
O(z) =) 0,,2"
n=0

Observation: All non-distinguished edges of odd degree in k-trees have even out degree.
I) the generating function for the total number of edges of odd degree at

Level | =0 among all k-trees is

2C' () + 2’ C** V() +...

2C*'(z _ _
:ﬁ by geometric series
=2C" ' (9F(2) by identity 3

IT) the generating function for the total number of non-distinguished edges of odd degree
at level 5 among all k-trees is obtained recursively as sh own in figure 20.In addition to

the five C, shown in the figure, we can attach two C, at each of the five non-terminal

edges of the unique path. Hence, the generating function for the total number of non-
distinguished edges of odd degree at level 5 among all k-trees is  2°z°C"(z)F(z).
In general, the generating function for the total number of non-distinguished edges
of odd degree at level | >1 among all k-trees is
k-1'z'C"(2)F(2)
Hence the generating function for the t otal number of non -distinguished e dges o f odd

degree among all k-trees is

i(k—l)'z'Ck'(z)F(z)
_ (k=DzC"(2)

1-(k-1)zC*(2)
_ (k-DzC*(2)
~ 1-kzC*(2)+2C*(2)

F(2)

F(2)
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_(k=1)zC*(2)

"~ C-kzC¥(2)

_ (k-DzC*(2) F(2)
C(1-kzC*'(2))

=2(k-1)C*"(2)B(2)F(2) ...by identity 1

F(2) ..oy identity 1

Combining I and II we obtain:
0(z) = zC* ' (2)F (2) + 2(k -1)C* " (2)B(2)F (2)
=2C"()F(2)(1+(k-1)B(2))
=2C**(2)F(2)C(1+(k-1)B(2))

=kzC**(2)F(2)B(2) ... by identity 10
_ kzc“(z)( F(Z)TE(IZ)C(Z)] .. by identity 14

k k?

=——2C"*(2)F(2)+ zB(2)C*(2)
k+1

k+1

Figure 20: The unique path of 3-cycles to a terminal cycle at level 5.
Therefore, the total number O, of edges of odd degree among all k-trees with n k-cycles
is:

2

0,, =[z“](kch“(z)F(z)+ K

+1 k+1 B (Z)J

k+1 k+1
47
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2

- (1 e @F @)+ (12 1BIC ()

k+1 k+1

n-1
ok {iJ k—2+2k-Di ((n=Dk+k-2-2i . k? (k(n=1)+k-1
T k+1 & (n—Dk+k—-2-2i n—1-2i k+1 n-1

(by lemma 5 and lemma 6) O

Example:
1) The total number of edges of odd degree among the twelve 3-trees

Consisting of three 3-cycles in figure 16 is:

)

5.2) Enumerating Edges of Odd out degree
Let u,, be the total number of edges of odd out degree among all k-trees with n k-cycles

and let
u(z) = Zumkzn
n=0

be the corresponding generating function.

Then the total number of edges of out degree 1 among all k-trees with n k-cycles is
n[z"](z2C*(2))
:[z“](z(zC"*l(z))') let a, <> g(z)then na, <> z9'(2)

Similarly,1 tc anbe s hownt hatt he total num berof e dgesof out degree

2m+1(m > 0) among all k-trees with n k-cycles is:

n 2m+1~ (2m+1)(k-1)
e @)

_ [Zn ][Z (zzm+1c(2m+1)(k1)(z)),J

2m+1
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[Zn] 7 Zch(2m+1)(k71)(Z)+ 22m+1(k _l)C(2m+l)(k71)71(Z)C|))

(
=[z"] z(zzmc”m“xk*l”(z)(c +2(k—1)BC* ))) ..by identity 7

[2"]( "™ 'Cem R er ) () C (B - zBCk“)) ..by identity 2

(
(
=[2"](22™'Cm T (2)C (14 2(k - 1)BC )
(
[2"](22™'cem e (2)CB (1-2C+ )
=[2")(22™'CCm I (2)B(2)) ..byidentity 1
Therefore,
U(z)=zB(z)C**(2)+ 2’ (k-1)B(z)C**(2) +...
=2B(2)C**(2)(1+ 2 (k—-DC**(2) +...)

= zB(z)C“(z)[%J ...by the geometric series
= 7B(2)C**(2)F(2) ... by identity 3
=2C"*(2)B(2)F(2)

- ch(z)( F(Z)TE(IZ)C(Z)j ... by identity 14

1 k-2 k k-1
=1 zC" " (2)F(2) +m zB(z)C"(2)

Therefore, the total number u,, of edges of odd out degree among all k-trees with n k-

cycles is:

i 1 k2 ko k-1
Un,k_[z ](kHzC (z)F(z)+k+lzB(z)C (z)j

n-1 1 k-2 k k-1
=[z ](mc @F @)+ ——B()C (Z)j

1 n-1 k-2 k n-1 k-1
= (21 @F @)+ (2 1BC" ()

n-1
1 %:J k—2+2(k=Di ((n=Dk+k-2-2i . k (k(n-1)+k-1
Ck+1 & (n—Dk+k-2-2i n—1-2i K+1 n—1

(by lemma 5 and lemma 6)
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Example:

1) The total number of edges of odd out degree among the twelve 3-trees

Consisting of three 3-cycles in figure 16 is:

oL

=22

5.3) Asymptotic Results

Theorem 7.

. F 4 1 (2n 0
lim—*=—,where C, =—— and[z"]F =F,
e Co 9 n+1\n

proof :
1 Lz(n —1)}
lim St fjp 20

n—om Cn n—>c0 1 2n
n+1{n

B n+l
o= 4n-2
1
T4

Recall that: The first few terms of the Fine numbers and the Catalan numbers are

1,0,1,2,6,18,57,186,622,... and 1,1,2,5,14,42,132,429,... respectively, then

R R ( FE_LFE 2F_6
c, C 'c, 2’c, 5°C, 14
F_I8F _57T K _186 K 622
C, 42°C, 132°C, 429°C, 1430

n

as n — oo, the sequence{g} is increasin g and bounded.

Then let limi = (exists)

n—oo n
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Now by identity 11, we get 1+C =(z+2)F

C=2F+zF -1
then by snake —oil method

Y Cz"=2> Fz"+z) Fz"-1

n=0 n=0 n=0
C,+>.Cz"=2F +2) Fz"+ > Fz" -1
nx1 nx1 n=0
1+>.Cz2"=2+42> F 2"+ > F 2" -1
nx1 nx1 n=0

C,=2F +F_,fornx>1

n-1°

Cn 2 Fn Fn—l
|=—n==Tn,
Cn Cn Cn
1 — 2Fn + anl Cn—l
Cn Cn Cn—l

thus lim1=2 limi+ lim Foy

lim —=
n—w n—w Cn n—w Cnfl n—ow Cn
1=21+1/4
I =4/9
Hence limi = i [
n—oo Cn 9
Theorem 8.
F
lim —X :Lz, for k>2
n—o Cmk (k+1)
proof :

From lemma 6 we have

o2k (nk +5-2i
71 )F (@)= —Snﬁ(:_;'(nnt; ']
{

J —1)i(nk —2i nk
Lettings =0, we have F , = 2k D_' _|and C_ :;
= Nk—=2i { n-2i (k=1)n+1

NS

n
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From the generalized Catalan number, we have

s s (kn+s
[Z]C°(2) = ( j

kn+s{ n

. R 1 2(k-1(kn=2Y) 1 4k-1)(kn-4
lim—==lim| ——— +— +...
~eC . ™ C, kn-2{n-2 ) C , kn-4\n-4

:th[Zi(k—l_)[kn—_ziD

e Co L kn=2i {(n—-2i

:Hm(k—1)n+1(2i(k_1_)(kn—_ziD

N [knj kn—2i {n—2i
n

=2i(k—1)lim(k_1+1/n) ((1=1/n)...A=(2i-1/n))
oo (kn (k(k=1/n)...(k—=2i/n))
n
. k-1
=2i(k=1) K2
(k—1y?
:2| k2i+1
0 2
then lim—"“=>"2i (k mll)
n—oo K o1 k
2(k—1)" & i
- L (9
k ;kz
$i_1,2.3 4,
= k2| k2 k4 k6 k8
1 2 3 4 S 1 2 3 4
let S :F+F+F+F+... then F=F+F+F+W+,,,
g+ t t . 2 1.3

1 1 1 1 1 2 3
= F+F+F+F+... + F‘i‘F‘FF‘F...
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2
(28]
k®—1

Fn,k_z(k—l)z( k T_ 2k
K2-1)  (k+1)

so * becomes lim

n—oo Cn K k

. Fox 2k
Therefore lim——=—+——, for k>2 0
e Co (K+D)

Corollary 9.
C k¥

llm n+1,k _lim n+Lk

n—o ka n—o Cn,k - (k_l)k_1

Proof:
BJ2(k_1)i nk —2i {%IJ 2(k =i ((n+1)k —2i
Now F,, =3 22 pen =y 26D |
= nk—2i | n-2i T (n+Dk=2i\ n+1-2i
Dk —2i
(2(k—1)i/(n+1)k—2i)((n+) _ ']
LT n+1-2i
lim——==1lim T
o e T k- Di/nk—2i)|
(2(k=Di/n I)[n—zi J

) N ((k=(2i+1=k/n))(k=(2i +1=(k =1)/n))...(k = (2i + 1=k + (k +1)/n)))
o n(1-Qi+D/nn*! (k=D +k=1/n)((k=1)+k=2/n)...((k=1)+k—(k-1/n)))
SRS

:1' =
o (k=1 (k=1

k Dk
and an:; " then C ,,, = 1 (n+1)
O (k=Dn+1{n O (k=D(n+D)+1{ n+1

53



HK-Tnees & Catalan Jdentities

[kn+kj/

(kn+k —n)
hm n+1k _n- n

o ( j/(kn n+1)

e n* ((k+k/m)(k+(k =1)/n)...(k +(k = (k=1)/n)))
> n(1+1/n)n* (((k D+k/n)((k- 1)+(k—1)/n)...((k—1)+(k—(k—2))/n))

k
:}‘gg (k _l)k—l
kk

F C “
Hence lim -2 — fim —mik _ K - 0
e Fn,k o Cn,k (k_l)
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