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Abstract 

Applying the master equation for a single-mode light driven by a single-mode 

coherent light and damped by a single-mode thermal reservoir, we have constructed 

the Fokker-Planck equation for the Q-function. On solving the resulting Fokker­

Planck equation employing the method of evaluating the propagatOl" method dis­

cussed in Ref. [1], we have obtained the Q-function for a single-mode DSV driven 

by a single-mode coherent light and damped by a single-mode thermal reservoir. 

Finally, we have calculated using this Q-function the quadrature fluctuations, the 

mean photon number, the variance of the photon number and the photon number 

distribution. We have also carried out the same analysis for a two-mode DSV driven 

by a two-mode coherent light and damped by a two-mode thermal reservoir. 
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1. Introduction 

In recent years, there has been a considerable interest to investigate the effects of damp­

ing on the statistical and squeezing properties of a single-mode displaced squeezed vac­

uum (DSV) [2-4). Milburn and Walls [2) have derived the Q-function for DSV coupled 

to thermal reservoir and discussed the influence of damping on squeezing. They have 

also analyzed the attenuation of the oscillations in the photon number distribution of a 

DSV coupled to ordinary vacuum [3). Moreover, Schramm and Grabert [4) presented a 

more general treatment of DSV coupled to thermal reservoir based on functional-integral 

method. 

In addition, several researchers have analyzed the statistical and the squeezing properties 

of light [5-18), employing the Fokker-Planck equation [8-16) for the complex P-function 

[8-10), for the positive P-function [12-14) or for the Q-function [11, 15-17J and applying 

the Langevin equations [5, 6, 16, 18) for the annihilation and creation operators. Daniel 

and Fesseha [15J have investigated the statistical and squeezing properties of a Degenerate 

Parametric Oscillator (DPO) coupled to a vacuum reservoir by solving the Fokker-Planck 

equation for the Q-function employing the propagator method developed by Fesseha [1). 

Misrak [16) and Alem [17J have also applied this method for analyzing the statistical and 

the squeezing properties of a Degenerate Parametric Oscillator (DPO) and a Nondegen­

erate Parametric Oscillator (NDPO) coupled to squeezed vacuum reservoirs. 

In this research work, we seek to analyze the statistical and squeezing properties of a 

single-mode as well as a two-mode DSV driven by a coherent light and damped by a 

thermal reservoir employing the propagator method discussed in Ref. [1). In this analysis 

we consider a cavity with a single-port mirror and the driving mode is treated classically, 

with its amplitude assumed to be constant. 

This thesis is organized in two main parts. The first part deals with the statistical and 

squeezing properties of a single-mode DSV driven by a single-mode coherent light and 

damped by a single-mode thermal reservoir. The second part is devoted to the statistical 

and the squeezing properties of a two-mode DSV driven by a two-mode coherent light 

and damped by a two-mode thermal reservoir. In both parts, we first present a sys-
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tematic derivation of the Fokker-Planck equation for the Q-function from the pertinent 

master equation. Then by transforming the Fokker-Planck equation into a Schriidinger­

type equation, we determine the Q-function applying the propagator method discussed in 

Ref.[l]. Furthermore, we obtain the Q-function for a DSV by applying some properties 

. of the coherent state and the squeeze operator. Using the resulting Q-function for a DSV 

driven by a coherent light and damped by a thermal light, we determine for each case the 

quadrature variances, the mean photon number, the variance of the photon number, and 

the photon number distribution. We also consider the special cases of these results at the 

initial time and at steady state. Finally, we present a brief discussion of the main results 

of this thesis. 

2 



2. A Single-mode Squeezed State with Thermal Noise 

We seek to analyze the statistical and squeezing properties of a single-mode displaced 

squeezed vacuum (DSV) driven by a single-mode coherent light and damped by a single­

mode thermal reservoir. 

2.1. The Q-function 

We wish here to calculate the Q-function for the system under consideration by solv­

ing the Fokker-Planck equation employing the p"opagator method [IJ. With the driving 

mode treated classically, a single-mode light driven by a single-mode coherent light and 

damped by a single-mode thermal reservoir is describable in the interaction picture by 

the Hamiltonian 

where a is the annihilation operator for the cavity mode, c (assumed to be real and 

constant) is a parameter proportional to the amplitude of the driving mode and r is the 

reservoir operator. Now using standard techniques [5-7, 16-18]' the equation of evolution 

for the reduced density operator can be written as 

(2.1 ) 

in which 

it = inc (at - a) 

is the Hamiltonian describing the interaction between the driving and the cavity modes, 

I is the cavity damping rate and IT is the mean photon number of the thermal reservoir. 

In view of the fact that 

[p, itJ = inc(pa t - po. - alp + ap), 

Eq.(2.1) can be rewritten in the form 

(2.2) 
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This represents the master equation for a single-mode light driven by a single-mode co­

herent light and damped by a single-mode thermal reservoir. 

Next assuming that the density operator p has been put in the normal order, we wish 

to derive the Fokker-Planck equation for the Q-function. To this end, using the definition 

of the Q-function in terms of the density operator p 

Q(a,t) = .!:.(a I p I a), 
11' 

one can easily see that 
a 1 op 
mQ(a,t) = ;(a I at I a). (2.3a) 

Upon substituting (2.2) into (2.3a), one obtains 

~ Q(a, t) = ~ ((a I at p I a) - (a I pat I a) + (a I pa I a) + (a I ap I a)) 
ut 11' 

+;: (2(a I atpa I a) - (a I aatp I a) - (a I paat I a) 

+2:(n+ 1) (2(a I apat I a) - (0: I atap I 0:) - (0: I pata I a)). (2.3b) 

NolV applying relations (AI-7) discussed in the Appendix for n=m=l, we find 

(2.4a) 

(a I pa I a) = a(alplo:), (2.4b) 

(alpatla) = (:0: + 0:*) (0: I p I a), (2.4c) 

(alapla) = (o~*+o:)(alpla), (2.4d) 

(a I atpa I a) a*a(o: I p I a), (2.4e) 

(0: I aatp I a) (o~* a* + a"a) (0: I P I a), (2.4J) 

(a I paat I a) (:0: a + a"o:) (0: I P I 0:), (2.4g) 
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(0: I hpa) I 0:) ( 
02 o. 0 ) 

= 00 + ~o:' + ,,0:+ 0:'« -1 (0: I p I 0:), 
0:' 0: uo:' uo: 

(2.4h) 

(2.4i) 

(2.4j) 

On substituting relations (2.4) into (2.3b), the Fokker-Planck equation takes the form 

o [_ 0
2 

,0 (' 20) ,0 ( 2,,)] -Q(o:,t)= ,(n+1) . +--. 0:-- +-- 0:-- Q(o:,t). ot 00:'00: 200:' , 200: , 

Furthermore, introducing a new variable defined by 

this equation can be rewritten as 

2" f3 = 0: --, , (2.5) 

(2.6) 

In order to obtain the solution for this differential equation using the propagator 

method, it proves to be convenient to introduce Cartesian coordinates defined by 

f3=x+iy, (2.7) 

so that Eq.(2.6) takes the form 

(2.8) 

Upon replacing 

Eq.(2.8) can be put in a Schr6dinger type-equation 

iii :t I Q(t)) = - [:~ (Tf + 1) (p; + p~) + ~ (Px5; + M))] I Q(t)). (2.9) 

A formal solution for this equation is expressible as 

I Q(t)) = (; I Q(O)), (2.10a) 
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where 

, ( iif) U = exp -Tt (2.1 Ob) 

and 

if q(- 1) (,2 '2) 1 (" ") == - 41l n + Px + Py -"2 pxx + pyy . (2.10c) 

Next multiplying (2.lOa) on the left by (x, y I , we have 

Q(x, y, t) = (:v, y I [; I Q(O)), (2.11) 

in which 

Q(x,y,t) == (x,y I Q(t)). 

Using the completeness relation for two-dimensional position eigenstates 

1= 1: dx'dy' I x',y')(x',y'l, 

one can express (2.11) as 

Q(x,y,t) = 1: dx'dy' Q(x,y,t I x',y',O) Qo(:v',y', 0), (2.12a) 

where 

Q(x,y,t I x',y',O) = (x,y I [; I x',y') (2.12b) 

is the Q-function propagator and 

Qo(x',y',O),= (x',y'l Q(O)) (2.12c) 

is the initial Q-function. According to Fesseha [1], the propagator associated with a 

quadratic Hamiltonian 

,v 

if = L (ajp] + bj(t)pjXj + Cj(t)xD 
j=l 

is expressible as 
,v [. [PS] ~ 

[((xI,:r2, ... ,x,v,t I X~,.1;~, .. ·,:C;v,O) = IT --':,; 0 'oc 
27rn x· X· j=1 J < J 

{
's t ,v } 

xexp \c -( 10 dt'f; bj(t') , 

(2.13) 

(2.14) 

where Se stands for the classical action, ( is a constant parametrizing operator ordering 

and is equal to t for the antistandard form, aj is a constant different from zero. Employing 

6 



(2.13) for j = 1,2 in (2.l0c) with (:h,X2,Pl,P2) = (x,y,Px,{iy), we see that bx(t) = by(t) = 

- f. Thns the Q-function propagator corresponding to the Hamiltonian (2.lOc) has the 

form 

(2.l5 ) 

vVe shall now proceed to calculate the classical action. To this end, we note that the 

Lagrangian corresponding to the quantum Hamiltonian (2.13) is given by 

N 

L = LXiPi - H(Xl,X2, ... ,XN,Pl,P2, ... ,PN). 
j=l 

Applying the Hamilton's equations 

along with the classical Hamiltonian 

one can easily verify that 

. DH 
xi = Dpj' 

iii (2. ) 
Px = n + 1 -:;x + x , 

py = n ~ 1 (~y + y) . 
Hence the Lagrangian (2.16) in this case takes the form 

L(x,x,y,y,t) = '((n
i! 1) [(X + ~x r + (y + ~y r] . 

NolV employing the Euler-Lagrange equations 

along with(2.19), one readily gets 

2 
"I 0 x - 4x = , 

2 
"I 0 y - 4 Y = . 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

The solution of these equations satisfying the boundary conditions x(O) = x', yeO) = y', 

x(T) = x" and yeT) = y" can be written in the form 

(2.21a) 
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in which 

11= 
(X' - x" e?T) 

e"YT - 1 

(2.216) 

(2.22a) 

(2.22b) 

On substituting Eqs. (2.21) and their time derivatives into (2.19) and taking into account 

(2.22), there follows 

L = iii,",! e"Yt [X12 - 2x'x"e~T + x"2e'tT + y'2 - 2yly"e~T + yll2e"YT] 
n + 1 (1 _ e"YT)2 , 

so that the classical action 

takes the form 

s = ~ [xl2 - 2x'xe~t + x2e'tt + y'2 - 2ylyert + y2e"Yt] 
C n + 1 e",t - 1 ' 

(2.23) 

where (XI,y",T) has been replaced by (x,y,t). Now combination of (2.15) and (2.23) 

leads to 

Q(x,y,t I x',y',O) = [( )t )] 
7r n + 1 1 - e--yt 

[
_x12 e-'tt + 2xe- rtx' _ x2 _ y12e-"Yt + 2ye-~ty' _ y2] 

X exp . 
(n + 1)(1 - c"Yt) 

(2.24) 

This represents the Q-function propagator for a single-mode light driven by a single-mode 

coherent light and damped by a single-mode thermal reservoir. 

Next we proceed to calculate the initial Q-function (2.12c). Since the quantum system 

under consideration is initially in a DSV state, we need to evaluate the Q-function for a 

DSV. We recall that a single-mode DSV is defined as 

where the squeeze parameter r is taken for convenience to be real and positive, A is a 

complex parameter, and it is the annihilation operator. The density operator for this 

system is then expressible as 
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so that the Q~function takes the form 

Applying the Backer~Hausclorff identity 

which holds for [A, [A, Bll '" [B, [A, Bll '" 0, we have 

and 

Thus introducing (2.27) into (2.25), we obtain 

in which 

Q(cZ,O',r) '" .!.e-'\·"(O' 1 e'\a1e-,,'a Ir')(r 1 e-,\a1e,,'a 1 0'), 
7r 

(2.25) 

(2.26) 

(2.27 a) 

(2.27b) 

is a single~mode squeezed vacuum state. On applying the property of the coherent state 

(AI) discussed in the Appendix, this expression can be rewritten as 

I . . ,\" ,'I 
Q(O'*, 0', r) '" - exp[-A'A+A'O'+AO"J(O' 1 e- a 1 r)(r'l e-,a 10'). 

7r 
(2.28) 

Next we proceed to evaluate (0' 1 e-,\'a 1 r). Inserting the completeness relation for 

single~mode coherent states 

into this expression, we see that 

(2.29) 

so that employing the relation 

(2.30) 

we have 

(0' 1 e-'\'u 1 r) '" e+>'a 1: d; ((31 r) exp [-~(3*(3 + (0'* - A*)(3] . (2.31 ) 

9 



Now we proceed to determine the explicit form of the function ((3 I r). To this end, 

we note that 

((3 I r) = ~* ((3 I atS(r) 10), 

where 

S(r) = eHa2-(a t )2) 

is the single-mode squeeze operator. Inserting the identity operator 

in the above expression, we get 

so that taking into account the relation [5, 6, 21] 

we have 

(3*((3 I r) = cosh(t·)((3 I S(J')at I 0). 

Again inserting in this expression the identity operator 

we note that 

,8*((3 I r) = cosh(r)((3 I S(J')atSt(1')S(1') 10). 

and using the relation 

S(J')atSt(1') = at cosh(J') + asinh(r), 

we see that 

(3*((3 I 1') = cosh2 (1')((3 I at 11') + cosh(1') sinh(J')((3 I a I 1'). 

In addition, applying (AI) and (A4) discussed in the Appendix, one can rewrite this as 

8 (1 ) 8(3* ((3 I J') = - 2(3 + (3* tanh(1') ((3 I r). 
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The solution for this equation is 

((31 r) = ](((3,1') exp { -~(3*(3 - ~(3*2 tanh(r)} , (2.32([ ) 

where 

(2.32b) 

But 

Hence from (2.32b) and (2.33), we see that 

](((3,1') = (0 11') = ]((1') 

and (2.32a) can be rewritten in the form 

((311') = ]((1') exp { -~,B*(3 + _~(3*2 tanh (1') }. 

Applying the normalization condition for ((3 11'), we get 

so that upon carrying out the integration nsing the relation 

1: d?: exp [-A(3*(3 + B(3*2 + C(32 +b(3 + d(3*] 

1 {Abd + Bb
2 + Cd

2
} 

= J A2 _ 4BC exp A2 _ 4BC ' (2.34) 

one easily obtains 

]((1') = y'sech(I')' 

Hence expression (2.32a) takes the form 

((311') = y'sech(1') exp { -~(3*(3 - ~(3*2 tanh(1') } . (2.35 ) 

On substitnting (2.35) into (2.31), there follows 

--\" V _1 • 1= d
2 

(3 { * 1 *' * *)} (a I e all') = sech(r) e ,'" '" _= -;-exp -(3 (3 - -:;/ tanh(r) + (a - A (3 

and upon carrying out the integration with the help of (2.34), we readily get 

(a I e-'\',; 11') = y'sech(I') exp {-~a'a - ~(a* - A? tanh(1')}. (2.36) 

11 



Taking into account (2.36) and its complex conjugate along with (2.28), we obtain the 

well-known Q-function for a single-mode DSV 

(2.37) 

In order to calculate the Q-function (2.12a) nsing (2.24) and (2.37), we see from (2.5) 

and (2.7) that 
f 26' I . I 

a = - + 'v + ly, 
1 

so that taking into account this relation along with (2.37), one can easily find 

Q( 
I I) sech(r) 

x ,Y ,r = 
1[ 

- co:~~r) (y12 - i(A* - A) - C* ; Ay) l 
Now substituting this and (2.24) into (2.12a), we obtain 

[ 
sech(r) ] [ _Xl - y2 e

r (2C: (A* + A))2 Q x,y,t = exp ---
( ) 1[2(n + 1)(1 - e-,I) (n + 1)(1 - e-,I) cosh(r) ~( 2 

e-
r (A*_A)2] 

+ cosh(r). 2 

X elxl exp - + X'2 100 {( 1 e
r 

) 

-00 (n + l)(e')'l - 1) cosh(r) 

2xeT er 4c: + - - - A* + A Xl ( 
-,f ) } 

(n+ l)(e,1 -1) cosh(r) (1 ( )) 
X elyl exp _ + e yt2 100 {( 1 -r ) 

-00 (n+1)(e'YI-1) cosh()') 

+ ((n + ~r(:: -1) + C:~~:7') (A* - A)) y/}, 
so that on carrying out the integration and taking into account (2.7) along with (2.5), the 

Q-function is found to be 

Q(a*, a, t) = G~t) exp [ - A(t)a*a + B(t)(a*2 + ( 2
) + C(t)a + C*(t)a*], (2.38) 

where 

(2.39a) 
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-le-~' tanh l' 
) 

2 
B(t = 2 2 ' 

(n + 1)2 (I - e-~') sech r + 2(n + l)e-~' (1 - e-") + e-2~' (2.39b) 

2c: (=) = Crt) = "7(A - 2B) 1 - e 2 + (AA* - 2B,\)e 2 , (2.39c) 

, 2 2 [-ACC* - B (C
2 + C*2)] 

G(t)=vA-4Bexp A2_4B2 . (2.39d) 

Expression (2.38) represents the Q-function for a coherently driven single-mode DSV 

damped by a single-mode thermal noise. 

2.2. Quadrature Fluctuations 

The squeezing properties of a single-mode radiation is described by two quadrature 

operators defined by 

, '('1 ') az = 1, a - a . 

These two operators al and a, obey the commutation relation 

and the variances of al and a2 are expressible as 

c," (' ') ('2) (')2 az = a2, a2 = az - a2 , 

where 

(al) = (at) + (a), 

(a2) = i ((aI) - (a)), 

(a{) = -I + 2(aal ) + (W) + (a2), 

(a;) = -1 + 2(aal ) - (at') - (a2). 

(2.40a) 

(2.40b) 

(2.4la) 

(2.4Ib) 

(2.4le) 

(2.41d) 

(2.4le) 

(2.41f) 

\Ne recall that the mean value of an operator A(al , a, t) is expressible in terms of the 

Q-function as 

(2.42) 
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in which Aa( a", a, t) is the c-number equivalent of the operator A( at, h, t) for the anti nor­

mal ordering. Applying (2.42), one can rewrite relations (2.41) in terms of the Q-ful1ction 

(2.38) in the form 

(hi) ; 1: (Fa(a* + a) exp [-Aa'a + B (a-" + ( 2
) + Ca + C"a"] , (2,43a) 

(<12) = i~; 1: d"a(c/ - a) exp [-Aa'a + B (a*" + ( 2) + Ca + C*a*], (2.43b) 

-1 + G 100 
d2a(a- + a)2 exp [-Aa"a + B (a*2 + a") + Ca+ C*a-], 

'if ~OO 

(2.43e) 

_ -1- G 100 
d2a(a* _ a)" exp [-Aa"a + B (a'" + a") + Ca + C*a"]. 

7r -00 
(2.43cZ) 

Employing the relation 

o 
a exp[(lQ + b,B] = ;:;-- exp[aa + b,B], 

ua 
(2.44) 

we can express (2.43) in the form 

(2.45a) 

iG ( 0 0 ) JOO 2 [ . (2 2) ] -;- Oc" - oe -00 cZ a exp -Aa-a + B a" + a + Ca + C"a" , 

(2,45b) 

= _1+
G

(<>o +~)2JOO cZ"aexp[-Aa"a+B(a*2+a2)+Ca+C*a*], 
1f uc'" uC ~OO 

(2.45e) 

-1 + ; (o~* - :J 21: cZ"a exp [-Aa*a + B (a*2 + a") + Ca + C*a*]. 

(2.45d) 

On carrying out the integration employing relation (2.34) and then performing the differ­

entiation, one can easily obtain 
, C* + C 

(al) = A-2B' 

(
' ) _ -i(C' - 0) 
a2 - A+2B ' 

14 
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from which follows 

2 
(&;)=_1+(11,)2+ A-2B' 

(,2) (' )2 2 
(/2 = -I + ([2 + A + 2B' 

t.. '2 2 
([1 = -1 + A _ 2B' 

,2 2 
t..a z = -I + A + 2B' 

so that substitution of the explicit values of A(t) and B(t) from (2.39) leads to 

t..&~ = (! + 2n) (1 - e-") + e-,t (cosh 21" + sinh2r). 

(2.46c) 

(2.46d) 

(2.47(/) 

(2.47b) 

This result is in complete agreement with the result of Milburn and Walls (2J, for a 

squeezed vacuum coupled to a thermal reservoir. 

A single-mode radiation is said to be in a squeezed state if either 

or 

without violating the uncertainty principle (5-13,16, 17J 

A light mode for which 

is said to be in a minimum uncertainty state. As we can see from (2.47) 

and 

A' { :s; 1, fo.r o:s; t:s; ~In [1 + 2i (1- e-
2
,)] 

u~ . 
2: 1, otherwise 

Therefore, the cavity mode under consideration is in a squeezed state for 

a :s; t :s; ~ In [ 1 + 2~ (1 - e -2,) ] . 
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We will consider now certain special cases of the quadrature variances described by 

(2.47.) 

A. We see that for t = 0 

which are the known results for the quadrature fluctuations of a single-mode DSV. 

B. At steady state, we have 

which represent the quadrature variances for the superposition of a single-mode coherent 

and thermal light. 

2.3. The iVlean and Variance of the Photon Number 

Here we wish to determine the mean and variance of the photon number. 

a. The Mean Photon Number 

The mean photon number is defined in terms of the annihilation and creation operators 

as 

(n) = (at(t)a(t)). (2.48) 

Now employing (2.42), one can express the mean photon number as 

and using (2.44) this equation can be rewritten in the form 

G' iY (" (n) = -1 + : acac' J -00 (Pa exp [-Aa'a + B (a*2 + a 2
) + Ca + C*o:*] . 

Upon carrying out the integration with the aid of (2.34) and then performing the cliffer-

entiation, one can easily obtain 

, 1 AC' + 2BC 12 A 
(n) = A2 _ 4B2 + A2 _ 4B2 - 1. (2.49a) 
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Taking into account (2.39) this expression can be put in the form 

, 40:
2 ( _",-)2 20:, _"'- ( _"'-) 

(n) = '12 1 - e 2 + -::;-(), + ),)e 2 1 - e 2 

+n (1- e--Y') + (1),12 + sinh2 
1') e--Y'. (2.496) 

b. The Variance of the Photon Number 

The variance of the photon number is also defined by 

or, one can wri te this as 

(2.50) 

On applying (2.42), we have 

so that in view of (2.34) and (2.44), this takes the form 

On differentiating and taking into account (2.49a), we get 

W(i)a t2 (t)) = 2 + (ill + 2(n) (1 + 1 B) _ (1 _ 1 ) 2 
A-2 A-2B 

Consequently, the variance of the photon number becomes 

( ) ( )

2 
,2' 2 1 2 1'1n = (n) - 1 - - - 2 

A- 2B 4 A- 2B 

2B(t) (C_C*)2 ( 2B )2 
+ A2 _ 4B2 A + 2B + 2 A2 - 4B2 ' 

(2.51a) 

the explicit form of which is 
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NolV we consider some special cases of Eq.(2.51b). 

A. We note that at t = 0 

and hence (2.51b) reduces to 

vVriting ), in polar coordinates as 

we see that 

or 

Hence (2.53a) can be rewritten in the form 

6ii2 = (ii) [cosh(2r) - cos (2q1) sinh(21')J + sinh2 r [cos(2q1) sinh(2r) + IJ 

This is the variance of the photon number for a single-mode DSV. 

If ,\ = 0 in (2.53b), we see that 

(2.51b) 

(2.52) 

(2.53b) 

This shows that the photon statistics for a single-mode squeezed vacuum (SV) is super-

Poissonian. 

Upon setting l' = 0 in (2.53b), we obtain the variance of the photon number for a 

single-mode coherent light 
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B. We note that at steady state 

and hence (2.51b) takes the form 

6oh2 = (h) + n2 + 8£22 n. 
1 

(2.54a) 

(2.546 ) 

This shows that the photon statistics for the superposition of a single·mode coherent and 

thermal light is super-Poissonian. 

By setting n = 0 in (2.54b), we get the result which holds for coherent light 

(2.55a) 

Moreover, by setting £ = 0, we get the variance of the photon number for thermal 

light 

(2.556) 

2.4. The Photon Number Distribution 

The photon number distribution for a single-mode light is expressible as [11, 15, 16J 

(2.56a) 

Taking into account (2.38) along with (2.56a), we obtain 

P(n, t) = ~ ao:~:;o:n exp (Do:*o: + B (0:*2 + 0:
2
) + G*o:* + G0:11",=,,=o' (2.566) 

where 

D(t) = 1 - A(t). 

By expanding the exponential function in power series, we have 

(2.56c) 

On performing the differentiation applying the relation 

(2.57) 
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expression (2.56c) takes the form 

ott) D'Bm+ICk(C")' (s+2m+t)! 
P(n, t) = --;-;! L s!m!l!k!t! (s + 2m + t - n)! 

s,m,f,k,t 

(s + 21 + k )! *,.2m+, ,+21+k I + ,)Ia a , (s+21+k-n. ,,'~o~O 

so that on using the condition 0" = 0' = 0, this expression becomes 

O(t) D'Bm+ICk(c")' (s+2m+t)! (s+21+k)! 
P(n, t) = -.-1- L I Illkltl (+ 2 + t _ )1 ( + 21 + k _. )I"s+2m+t,nO,+21+k,n. n. 1 k s.m. . . . s m n . s n . 

s,m" ,t 
(2.58a) 

We note that 

s = n - k - 21, 

t = 21- 2m + k. 

In view of these results, we see that 

,,-21 00 00 Dn-k-21 Bm+ICk(C*)21-2m+k 

P(n, t) = n!O(t) k~~21 ,; ~ (n _ k - 21)!(21- 2m + k)!l!m!k!' 
(2.58b) 

This represents the photon number distribution for a single-mode DSV driven by a single­

mode coherent light and damped by a single-mode thermal reservoir. 

Next we consider some special cases of interest for the result described by (2.58b). A. 

At t = 0, we see from (2.39) that 

A(O) = 1, 

1 
B(O) = -2" tanh(l'), 

C(O) = ,\ * + ,\ tanh(r), 

0(0) = sech l' exp [ _ ,\ * ,\ _ ~ (,\*2 + ,\2) tanh( r)] . 
I-Ience using the result D(O) = 0, we have 

n-21 00 00 Bm+ICk(C*)21-2m+k 
P(n,O) = n!O(t) L L L (n _ k _ 21)!(21- 2m + k)!l!m!k!Ok+21,n 

k=2m-2f m:::;O /=0 

and on account of the fact that k = n - 21, we note 

_ I' [n) [n) Bm+lcn-21(c*)n-2m 

P(n,O) - n.O(t),~ ~ (n _ 2m)!l!m!(n _ 21)!' 
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(2.59a) 

(2.59b) 

(2.59c) 

(2.59d) 



in which [n] = ~ for even nand [n] = ";1 for odd n. In view of (2.59), this expression 

takes the form 

P( ) sech(r) (,., 1 ('*' '2) 1 ( )] (tanh(r))" n,O = I exp -,' ,\ - - " +" tan 1 r 
n. 2 2 

( ) 

,,-2m ( ) ,,-21 
'l- (-l)mn! ,\'+A'anh(,) 'l- (-l)'n! ,I+';"anh(,) 

"" Jt 'anh(,) "" J,. 'anh(r) 

X ~ m!(n _ 2m)! ~ l!(n - 2l)! .' 
m=o {=o 

so that on applying the Hermite polynomial defined by 

n 

( ~ (-Wn! ( )"-2m 
H" x) = ~ I( )1 2x , m. n- 2m. 

111::::0 

we obtain [5,25] 

( ) 

2 
tanhn(r) 1 2 .\ + .\* tanh(r) 

P(n,O) = I h( ) exp [-.\*.\ - - (.\* + ,\2) tanh(1')] Hn 
n.2n cos l' 2 V2 tanh(r) 

which is the well-known photon number distribution for a single-mode DSV. 

B. We note that at steady state (2.39) reduces to 

A(oo) = 1/(n-+1), (2.60a) 

B(oo) = 0, (2.60b) 

C(oo) = 2c:h(n- + 1), (2.60c) 

G(oo) = [1/(n+1)]exp{-4c:2h2(n+1)}, (2.60d) 

so that (2.58b) takes the form 

n-21 

P(n) = n!G L 
k=2m-2f 

Dn-k-2Ick (C*)21-2 m +k 

"" "" Om -I ~ ~ (n - k - 21)!(21- 2m + k)!l!m!k! ' 

00 00 

and then taking into account m = -I = 0, we see that 

(2.61 ) 

Applying the Laguere polynomial defined by 

(2.62) 
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we can rewrite (2.61) as 

(
_C

2
) P(n) = DnG!:" D 

and taking into account (2.60), we get 

(2.63) 

This expreSSlOn represents the photon number distribution for the superposition of a 

single-mode coherent and thermal light. This result has been established by Mollow and 

Glauber [20J and Lachs [26J. 

If n = 0 in (2.60), then we see that A( 00) = 1 and D( 00) = O. Hence (2.61) takes the 

form 
n C2k 

P(n) = GL (n _ k)!(k!)2 n !On,k 
k=O 

and in view of the result n = k, there follows 

so that on taking into account (2.60) for n = 0, we get 

(2.64) 

This distribution function referred to as the Poissonian distribution, represents the well­

known photon number distribution for a single-mode coherent light. 

Furthermore, setting c = 0 in (2.60), we have C( 00) = O. Then (2.61) becomes 

so that using the result k = 0, we obtain 

P(n) = GD". 

Finally, on taking into account (2.60) for c = 0, we have 

rrt 

P(n) = (n + 1)n+1 ' (2.65) 

which is the well-known photon number distribution for a single-mode thermal light. 
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3. A Two-mode Squeezed State with Thermal Noise 

Vie wish here to analyze the statistical and squeezing properties of a two-mode DSV 

driven by a two-mode coherent light and damped by a two-mode thermal reservoir. 

3.1. The Q-function 

With the driving mode treated classically, a two-mode light driven by a two-mode co­

herent light and damped by a two-mode thermal reservoir is describable in the interaction 

picture by the Hamiltonian 

where cl(b) is the annihilation operator for the cavity mode a (mode b), ca(cb) (assumed 

to be real and constant) is a parameter proportional to the amplitude of the driving 

mode a (mode b), ra and rb are the reservoir operators. It can be verified applying the 

standard techniques [5-7,16-18] that the equation of evolution for the density operator of 

this system has the form 

where 

ap i[AVI]+,a_(2AtAA AAtA AAAt) " = t p, I L -na a pa - aa p - paa 
ut I~ 2 

+ '"(- + 1)(2A AAt AtA A AAtA) "2 na apa - a ap - pa a 

+ ,b nb (2bt ph - bbt p - phbt) 
2 

+ ~b(nb + 1)(2bpbt - btbp - pbtb), (3.1 ) 

is the Hamiltonian describing the interaction between the driving and the cavity moCles, 

ha, ,b) are the cavity damping rates and (na, nb) are the mean photon numbers of the 

two-mode thermal reservoir. Taking into account the commutation relation 

Eqs.(3.1) can be rewritten as 
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ap ("I" 'I' ") ("I " 'I' " at = -ca pa - pa - a p + ap - cb pb - pb - b p + bp) 

+'''-(2'1'' "I' '''1)+ la(_ +1)(2'''1 'I" "I') 2na a pa - aa p - paa 2 na apa - a ap - pa a 

+ Ib nb (2blpb - al;ip - pbbl) + Ib (nb + 1)(2bpbl - blbp - pbtb) (3.2) 22· 

This is the master equation for a two-mode light driven by a two-mode coherent light and 

damped by a two-mode thermal reservoir. 

We now proceed to obtain the Fokker-Planck equation for the Q-function. To this end, 

we assume that the density operator Nal,a,bl,b,t) has been put in the normal order. 

Taking into account the definition of the Q-function in terms of the density operator 

p(itl, it, bl, b, t) for a two-mode light 

Q(a,(3,t) = ~(a,(31 P 1 (3, a), 
IT 

along with (:3.2), the time evolution of the Q-function is expressible as 

~ Q(a,(3,t) = c~ [(a, (3 1 alp 1 (3, a) - (a,{31 pat 1 (3,a) 
ut 1r 

+(a,(31 pa 1 (3,a) + (a, (3 1 itp 1 (3, a)] 

Cb ['t 't +1r2 (a,(3lbpl(3,a)-(a,(3lpb 1 (3, a) 

+(a,(31 pb 1 (3,a) + (a,{3' bp 1 (3, a)] 

+ ~a;a [2(a,{31 alpit 1 (3,a) - (a,{31 aalp 1 (3, a) 

-(a,(31 paal 1 {3,al 

Ibnb [ 'I ' "I + 21r2 2(a,(31 b pb 1 (3, a) - (a, (3 1 bb p 1 (3, a) 

-(a, {3 1 pbbl 1 (3, a] 

+2~2(na + 1) [2(a,(31 apal 1 (3, a) - (a,(31 alap 1 (3, a) 

-({3, a 1 palit 1 (3, a) 1 

+2~2(nb + 1) [2(a,{31 bpbl ' ,8, a) - (a, (3 1 blbp 1 (3, a) 

-((3, a 1 pblb 1 (3, a)] . (3.3a) 
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On applying relations (2.4) for a two-mode system Eq.(3.3a) reduces to 

o [ 0
2 

0
2 

otQ(a,(3,t) = ,a("ifa + 1) oa-oa + 'b(nb + 1) 0(3*0(3 

+ 'fa ~ (a* _ 2ca) + 'a!!-. (a _ 2ca) 
2 oa' ,a 2 oa ,a 

+ ,b ~ ((3* _ 2Cb) + 'b!!-. ((3 _ 2Cb)] Q(a (3 t). (3.3b) 
2 0(3* ,b 2 0(3 ,b ' , 

This represents the Fokker-Planck equation for a two-mode DSV driven by a two-mode 

coherent light and damped by a two-mode thermal reservoir. In addition, introducing 

new variables defined as 

and 

one can rewrite Eq.(3.3b) as 

2ca 
a, = a-­,a 

(3, = (3 _ 2Cb, 
,b 

(3.4a) 

(3 .4b) 

(3.5) 

In order to solve (3.5) applying the propagator method [1], it proves to be convenient to 

introduce Cartesian coordinates defined by 

a, = x + -iy, (3.6a) 

(3, = u+ -i-v, (3.6b) 

so that Eq.(3.5) takes the form 

,a ( 0 0) ,b ( 0 0)] +2 oxx+ oy
y +2 ouu+ovv Q(x,y"u,v,t). (3.7) 

Upon replacing 
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Eq.(3.7) can be put in a Schriidinger type-equation 

D ' 
iii Dt I Q(t)) = H I Q(t)), (3.8a) 

where 

if Z/a(_ 1) (,2 '2) la (" ") = - 41i no + Px + Py - 2 PxX + Pyy 

Z/b(_ 1) (,2 '2) ~(b (" ") 
- 41i nb + Pu + Py -:2 PuU + PvV (:3.8b) 

is the quantum Hamiltonian. A formal solution for (3.8a) is expressible as 

I Q(t)) = (; I Q(O)), (3.9a) 

in which 

(3.9b) 

On multiplying (3.9a) on the left by (:v, y, u, v I , we obtain 

Q(x,y"u,v,t) = (x,y,u,v I (; I Q(O)), (3.10a) 

where 

Q(x,y,u,v,t) = (x,y,u,v I Q(t)). (3.10b) 

Employing the completeness relation 

_ " . I I I J I I I J I I I 1
00 

1- -00 dxdydudv Ix,y,u,v)(x,y,u,v I, 

one can rewrite (3.lOa) as 

Q(x,y, ", v, t) = 1: dxldy'du'dv' Q(x, y, u, v, t I Xl, yl, Ul, VI, 0) Qo(xl, y', u', VI, 0), 

(3.lla) 

in which 

Q(x,y,u,v,t I x',y',u',v',O) = (x,y,u,v I (; I x',y',u', v') (3.llb) 

is the Q-function propagator and 

Qo(x', y', ,,', v', 0), = (:v', yl, Ul, VI I Q(O)) (3.llc) 

is the initial Q-function. Now comparison of (2.13) and (3.Sb) ShOll'S that bx(t) = by(t) = 

- ~" and bv(t) = bv(t) = -If. Hence the Q-function propagator (2.14) associated with the 

Hamiltonian (3.8b) takes the form 
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I I I 

( I 
I I I ') [i fY Se ] '2 [i [P Se ] '2 [i fJ2 Se ] '2 

Q ;r,y,u,v,t x,y,1!,V,O = 21fnox'ox 21fnoy'oy 21fn ou'ou 

[ 
i 0

2 
Se ] ~ { iSe la + Ib t} 

X --- exp -+ . 
21f n ov'ov n 2 

(3.12) 

The classical Hamiltonian corresponding to the quantum Hamiltonian (3.8b) is ex­

pressible as 

H 'Ia (- ) (2 2) ~fa ( ) = - 4n na + 1 Px + Py -:2 pxx + PyY 

'Ib (c- ) ( 2 2) Ib ( ) - 4n nb + 1 Pu + Py -:2 Puu + Pu V (3.1:3) 

and upon applying Hamilton's equations (2.17), one can easily obtain 

Px = c-
t -x + X , 
'n ( 2 ) 

na + 1 la 
(3.I<1a) 

(3.14b) 

in (2. ) Pu = _ -u + 1! , 
nb + 1 Ib 

(3.14c) 

in (2. ) Pu = -v + v . 
nb + 1 Ib 

(3.1<1d) 

Taking into account (3.13) and (3.14) along with (2.16), one can easily verify that 

+ ~fb (~n + 1) [ (u + ~bu r + (v + ~b v r] , 
so that in view of (2.20) and (3.15), we have 

2 
.. la 0 x- -x = , 

<1 
12 . 

jj - : y = 0, 

2 

it - Ib 1! = 0 
<1 ' 

2 
.. Ib 0 v - -v = . 

4 

The solution for this differential equation can be put in the form 
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.:tat '1!!. t y(t) = Ce' + De-' , (3.16b) 

2b. 11l. u( t) = Ge ' t + Fe - , t, (3.16c) 

Th 2b. v(t)=He,t+Ke-,t, (3.16d) 

so that when these results are inserted into (3.15), there follows 

and hence the classical action 

takes the form 

Applying the boundary conditions x(O) = x', x(T) = x", y(O) = y', y(T) = y", u(O) = u' , 

u(T) = u", v(O) = Vi and v(T) = v" to (3.16), one can easily get 

A= 

C= 

Ci = 

(X' - x"e~T) 

e"YaT - 1 

(y' _ y" elf-T) 

e-laT - 1 

CUI - u" elfT) 

e"YbT - 1 

v' - vile 2 T ( :!b.) 
H = --"----"-e"y,T - 1 . 

Hence combination of (3.17) and (3.18) leads to 

Sc =ih [X/2 - 2x'xe~t + x2e"Ya t + y'2 - 2ylye~t + y2e"Yat] 
no + 1 e"Ya t - 1 

~ [U12 _ 2u'ue:{ft + u2e"Ybt + VIZ _ 2v've:{ft + v2e"ybt ] 
+ nb + 1 e"Yb t - 1 ' 

(3.18a) 

(3.18b) 

(3.18c) 

(3.18d) 

(3.19) 

where we have replaced (x",y",u",v",T) by (;c,y,u,v,t). Now taking into account (3.19) 

along with (3.12), one readily obtains 
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(x'e-~t _ X)2 + (yle-~t _ y)2 

(na + 1 )(1 - e-'Yat) 

(3.20) 

This expression represents the Q-function propagator for a two-mode light driven by a 

two-mode coherent light and damped by a two-mode thermal reservoir. 

Now we proceed to calculate the initial Q-function (3.11c). At t = 0 we have a 

two-mode DSV in the cavity. From the definition of a two-mode DSV state 

the density operator p is expressible as 

(3.21 ) 

where a(b) is the annihilation operator, r is the squeeze parameter (taken to be real and 

positive) and ,\ and Tf are complex parameters. Applying the definition of the Q-function 

for a two-mode DSV 

Q(a,(3,r) = -;(a,(31 p 1 (3, a), 
1r 

we see that 

where 

1 r) = e"(ab-afPj 1 0,0) 

is a two-mode squeezed vacuum state and 

is a two-mode squeeze operator. Taking into consideration the Bakker-Hausdorff identity 

(2.26) and (B1) discussed in the Appendix, one can rewrite the above Q-function as 
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q( 0:, ,8, r) = -\ exp [-..\ * ,\ - r(17 + ..\0:* + ..\ *0: + 17(3* + 1((3] 
1f 

(:3.22) 

Now we proceed to determine the explicit form of (0:, (3 I e-A'ue-·,'b I "). Using the 

completeness relation for two-mode coherent states 

we can write 

\'. 'b 100 

d
2

0:1 ([2(31 * * (o:,(3le-' ae-ry 11')= --exp[-..\ 0:1-Ti(3d(0:,(31(31,0:1)(0:1,(31 11-), 
-00 1r 1f 

(3.23) 

so that taking into account relation (2.30), one easily obtains 

l °Od20:1J2(31( (31) {I. (. '*) x -00 --;- --:;- 0:1, 1 r exp - 20:'; 0:1 + 0:* - A 001 

-~(3~(31 + ((3* - 1]*)(31}' (3.24) 

Next we wish to evaluate (0:1,(31 I r). We note that 

Inserting the identity operator 

we get 

(001,(3111') = .2..(0:1,(31 I Sab(l')S~b(l')atSab(r) 10,0), 
ai 

so that taking into account the relation [5] 

we see that 

0:~(0:1,(31 I") = cosh(1')(C/1,(31 I Sab(r)a t I 0,0). 

On applying the the identity operator 
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in this relation, we have 

and using the relation 

we readily get 

Thus employing relation (A4) discussed in the Appendix, one can rewrite this expression 

as 

O~i (0:1,(3111') + G(31 + o:~ tanh(I')) (0:1,(31 11') = 0 

The solution of this equation has the form 

in which 

1((0:';,0:1,(31,1') = (0:1,(31 17,)1 . 
iJi=::O 

In view of the fact that 

expression (3 .26b) takes the form 

Taking into account (3.26a) and (3.26c), we have 

(0:1,(3111') = 1((o:~,O:l,1')exp{ -~(3;(31-(3;0:~tanh(r)}. 

Following the same procedure, one can also verify that 

(a1, (31 11') = 1(((3:, (31,1·) exp { -~o:~ 0:1 - (3;a~ tanh(r) } , 

so that comparison of (2.7a) and (2.7b) leads to 
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(3.25). 

(3.26a) 

(3.26b) 

(3.26c) 

(3.27a) 

(3.27b) 



Now upon dividing both sides of this equation by exp [-~ara, - ~,6;,6d , we can write 

from which follows 

(3.28a) 

and 

(3.28b) 

Substitution of (3.28) into (3.27) gives 

so that applying the normalization condition for (a",6, I 1'), we have 

and on carrying out the integration applying (2.34), there follows 

K(r) = sech(r). 

Hence expression (3.26a) takes the form 

so that when (3.29) is inserted into (3.24), we get 

(a,,61 e-A'"e-,,'b 11') = sech(r') exp {-~c/a - ~,6*,6} 

100 d2a, d
2,6, [* (1*(1 (* \') 

X ---- exp -a,a, - 1-'11-" + a - A a, 
-00 1f 7r 

+ (,6* - 7)*),6, - a~f3~ tanh(r)] 

and on carrying out the integration, one finds 

(a,,61 e-'\'"e-ry'b 11') = sech(l')exp {-~a*a - ~,6*,6 - (a* - '\*)(,6* -7)*)tanh(I')}. 

(:3.30) 

On substituting (3.30) along with its complex conjugate into (3.22), we obtain the well­

known result for the Q-function of a two-mode DSV 
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sech
2

(1') { 2 2 
Q(a, a',f3,f3', 1') = 1[2 exp -la-AI -1f3-1)1 -(a-,\)(f3-1))tanh(l') 

- (a* - A') (f3' -1)') tanh(I')}. (3.31) 

Next to calculate the Q-function (3.l1a) using (3.20) and (3.31), we see from (3.4) and 

(3.6) that 
, 2£a I . I 

a = -+x +tV, 
fa 

f3' 2cb I . I 
= fb +U +W, 

so that (3.31) can be rewritten in terms of x', V', U', v' as 

( '* ') 2 (' .) 2 + A ~" + 7] ~lJ 

1 ~* ,4ca~~* 4c~ h -- A +,' - - 7] + 7] - - tan I' 
2 fa '(b 

-~(A' - A)(7]' - 7]) tanh(I')} 

{ 
t2 [\* 4ca (, * 4Cb) J 1 X exp - x +,. + ,\ - fa + (' + 7] - -:;; tanh l' ,r 

12 [ , 4cb (, * ,4c~ ] I 

-u + llJ + 7] - -:;; + ~. +,' - fa/ anh l' U 

-V'2 + i [A' - A - (1)' -7]) tanh I'J y' 

_vt2 + i [7]' -lJ - (A' - A) tanh(1')] v' 

_2(X I
U ' + V'V') tanh(I') }. 

Taking into account (3.lla), (3.20) and (3.32), we obtain 
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[ 2ue-~t ( . 46b ) 

+ (nb + 1)(1 _ e-1'b t ) + 1)' + 1) - --:y; 

+ (X +,\ - ~:) tanh(j') - 2x' tanh(r)] u'} 

100 d ' { 71b(l - e-1'b
t
) + 1 12 

X V exp - v 
-00 (nb + 1 )(1 - r'b t ) 

[ 
2ve-~t 

+ (nb + 1(1- r1'bt) + i (1)' -1)) 

-i (,\* - ,\) tanh(r) - 2y' tanh(r)] V} 
Upon carrying out the integration and taking into account (3.4) and (3.6), the Q-function 

is found to be 
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+Cz(t)f3 + C;(t)f3* + D(t)(af3 + a*f3*)J, (3.33) 

where 

(na + 1)(1 - e-~a')sechZ(r) + e-~a' 
A,(l) = F(t) , 

-e-!ha+~b)'tanh( ,.) 
D(t) - --~--"--'-- F(t) , 

F(t) = (na + 1)(nb + 1)(1 - e-~a')(1- e-~b')sech2(r) + e-hah)' 

+(nb + 1)e--1a'(1- e-'Ybt ) + (na + l)e-'Yb'(1- e-~a'), 

1 1 +A1.\*e-j'7at - DJ)e-'i'Yb', 

C2(t) = ~bb Az (1- e-ht) - ~aa D (1- e-bat
) 

3.2. Quadrature Fluctuations 

(3.34a) 

(3.:l4b) 

(3.34c) 

(3.34d) 

(3.34e) 

(3.:34f) 

(3.34g) 

The squeezing properties of a two-mode light are described by two quadrature opera­

tors defined as [5J. 

so that these two quadrature operators satisfy the Commntation relation 
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The variances of these two quadratures are given by 

in which 

(Cn = -1 + ~ ((at') + (a 2
) + (&t') + (&2)) + (aat) 

+(&&t) + (ab) + (a&t) + (atb) + (atbt), 

(CD = -1- ~ ((at') + W) + (bt') + (b2
)) + (aat) 

+(bbt) - (ab) + (att) + (atb) - (aW). 

(:U5a) 

(3.35b) 

We recall that the mean value of an operator A(at , bl , ii, b, t) is expressible in terms of the 

Q-function in the form 

(3.36) 

where Aa(a,a*,{J,(3*,t) is the c-number equivalent of the operator A(iil,bt,ii,b,t) for the 

anti normal ordering. Then taking into account (3.33), the above expressions can be put 

in the form 

+C2(3 + D(a(3 + a*(3*)], 
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+C;[3* + C2,B + D(a[3 + a'(3*)], 

(C' 2) K JOO J2 a J2 [3 ( * [3* [3)2 2 =-1-- -- a -a+ -
2 -00 7r 7r 

X exp[-Ala*a + CIa + Cia' - Az[3*(J 

so that employing relation (2.44), we have 

Now upon carrying out the integration applying (2.34), we get 

(C't) = K { (~ + ~ + ~ + ~) J2 (AIA2 - DZ) DCi DC[ DC:; DC2 

[
A[C2C; + A2C[C; + D(CICZ + C~C2)] } 

x exp A[A
2 

_ DZ ' 
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so that upon differentiation, we have 

(6) = _1 ((AI + D)(C2 + 0;) + (Al + D)(CI + C;)) 
I V2 AIAz - DZ ' 

(62) = -1 + (6 )2 + Al + A2 + 2D 
I I AIA2 _ D2 ' 

(62) = -1 + (6 )2 + Al + A2 - 2D 
2 2 AIA2 _ D2 ' 

from which follows 

to.C' 2 = Al + A2 - 2D _ 1 
2 A A 2 • I 2 - D 

(3.37a) 

(3.37b) 

(3.37 c) 

(3.37d) 

(3.38a) 

(3.38b) 

On substituting the explicit values of AI(t), A2 (t)andD(t) from (3.33) into (3.38), we 

readily get 
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or 

All 
6C~ = 2(1 + 271a) (1 - e-~at) + 2(1 + 271b) (1 - e-~") 

+~ (e--ra
' + e--r,') cosh(21') - e-~ba+~')' sinh(21'), 

All 
6Ci = 2(1 + 271a) (1- e--ra') + 2(1 + 271b) (1- e-~") 

+~ (e-~a' + e-Albt ) cosh(21)) + e-hA1a+-r,)' sinh(2r). 
2 

A two-mode light is said to be in a squeezed state if either 

without violating the uncertainty principle 

A light mode with 

is said to be in a minimum uncertainty state. From (3.39), we see that 

and for 'fa = Ib = " 

6C\ { :::: I, for 0 :::: t < ~ In [1 + ~~';:: 1 . 
> 1, otherwise 

(3.39a) 

(3.39b) 

Therefore, the light mode under consideration is in a squeezed state for the time interval 

0:::: t < -In 1 + . 1 [ l_e-
2r

] 

I' na + nb 

Next we consider some special cases of the result described by (3.39). 

A. At the initial time (t = 0), expression (3.39) reduces to 

ACA 

2 _ e2r 
Ll 2 - , 
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which is the wen known result for the quadrature variances of a two-mode DSV. 

B. At steady state, we get 

which indicates that the superposition of a two-mode coherent light and a two-mode ther­

mal light is not in a squeezed state. 

3.3. The Mean and Variance of the Photon Number 

Here we wish to determine the mean and variance of the photon number for a two­

mode DSV driven by a two-mode coherent light and damped by a two-mode thermal 

reservou'. 

a. The Mean Photon Number 

The mean photon number for a two-mode light is defined by 

(3.40) 

where 

(3.41a) 

and 

(3.41b) 

are the photon number operators for mode a and mode b. Taking into account (3.36), 

one can write the mean photon number of mode a in terms of the Q-function (3.33) III 

the form 

(3A2a) 

and employing (2.44), one can express this as 
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+C2(3 + C;(3* + D(t)(a(3 + a*(3*)]. (3.42b) 

Upon performing the integration applying (2.34), we have 

so that on carrying out the differentiation, there follows 

(3.43) 

Following a similar procedure, one can also show that 

, IAICi+DClI2 A1 
(nl) = AIA2 _ D2 + AIA2 _ D2 - l. (3.44) 

Taking into account (3.34), one easily obtains 

(3.45) 

and 

(') 4cl (1 _2>.,)2 + 2cI ( * + ) -2>., (1 _2>.,) nl=-z -e 2 -TJ TJe 2 -e 2 
II II 

+nl (1 - e-~b') + (ITJlz + sinh2 (r)) e-~b'. (3.46) 

Substituting (3.45) and (3.46) into (3.40) the mean photon number becomes 

(n) = 4c2~ (1 _ e-,*') z + 2C:a (,\* + ,\)e-'*' (1 _ e-,*') 
la ,a 

+4c:l (1 _2>.,)2 + 2C:I ( * + ) _2>., (1 _2>.,) --:;- -e 2 -TJ TJe 2 -e 2 
II ,I 

+na (1 - e-~"') + (1,\1 2 + sinhZ(r)) e-~a' 

+nl (1 - e-~b') + (lTJ12 + sinh2(r)) e-~b'. 
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b. The Variance of the Photon Number 

The variance of the photon number for a two-mode light is expressible as 

(3,48) 

We now proceed to calculate the variances of the photon number for mode a and mode 

b. One can write (h~) in terms of a and at as 

(3.49) 

and employing the Q-function (3.33), one can write this as 

(h~) = 1 + K(t) 1: d:O: (; (o:Zo:*2 - 30:0:*) 

X exp[-AIO:*O: + CIO: + C~o:* - Az(3'(3 

+Cz,8 + C;(3* + D(o:(3 + 0:*(3*)], 

so that applying (2,44) and upon carrying out the integration, we get 

(3.50) 

Upon performing the integration and taking into account (3.43), one readily obtains 

It then follows that 

6h~ = -1- (ha ) (1- 2 AIA:~ DZ) + 2 AIA:~ DZ - (AIA:~ D2) Z (3.51 ) 

Taking into account (3.34), one easily finds 

2 
6r1~ = (Ila) [2na (1 - e-~a') + 2e-"'a'sinh2 r + 1]- rna (1- e-"'at) + e-"'a' sinh2 r] . 

(3.52) 

Following a similar procedure, we obtain 

and 
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x [-e-~ha+1'b)tcosh(r)sinh(r) + ~~6 (1- e-~t) (1- e-~t) 

+(.\*1)* + '\1))e- H1'.+'Yb)t + ~a (1)* +1))e-~t (1 - e-~t) 

+ 2;66 (A* + AV~t (1 - e-~t) ] . (3.54) 

On account of (3.51), (3.52), (3.53) and (3.54), the variance of the photon number (3.48) 

takes the form 

x [-e-H1'.h)tcosh(r)sinh(r') + 8;':;66 (1- e-~t) (1- e-~t) 

+(A*1)* + A1))e-~h.h)t + :;: (I)' + 1))e-~t (1 - e-~t) 

+ ~6(A* + ,\)e-~t (1- e-~t)] . (3.55) 

Now we consider special cases of the result described by (3.55). 

A. At t = 0, we see that 

6h~ = (/A/' + sinh"2 r) cosh(2T) - sinh4 r, 

and hence 

6h2 = 6h~ + 6rl~ 
cosh(r)sinh(T) •. . 

-2 (ha)(rl6) [A 1)* + A1) - cosh(r)slllh(r)]. 

This represents the variance of the photon number for two-mode DSV. 

When A = 1) = ° in (3.56-58), we have 

A ,2 . 1 4 . h' (')2 (') Dna = sm 1 r + Sill r = na + na , 
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(3.57) 

(3.58) 



and 

This is the variance of the photon number for a two-mode SV. 

Upon setting 1" = 0 in (3.56-58), we obtain the result which holds for coherent light 

and 

B. At steady state, we note that 

and 
.2 (.) -2 -2 S.5~_ 86~_ 

~n = n + na + nb + -2 na + -2 nb· 
1a 1b 

(3.59) 

(3.60) 

(3.61 ) 

This shows the photon statistics for the superposition of two-mode coherent and thermal 

light is super-Poissonian. 

When 6 a = 6b = 0 in (3.59-61), we get 

and 

in which 

This represents the variance of the photon number for two-mode thermal light. 

Again when na = nb = 0 in (3.59-61), we see hat 
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and 
2 2 

A ,2 _ 4ca 4Cb _ (') 
un - 2 + 2 - 12 . 

fa fb 

This is the variance of the photon number for a two-mode coherent light. 

3.4. The Photon Number Distribution 

We seek here to obtain the joint probability of observing m photons of mode a and It 

photons of mode b. The photon number distribution for a two-mode light is expressible 

in terms of the Q-function as [17] 

1f2 ;Y" 82m I 
P(m,n,t) = -'-'8 . 8 813"'813 (Q(a*,a,f3*,f3,t)e"'''+iJ'iJ) , 

n.n~. a",n an '" m 
a*=a=/3*=f3=O 

so that taking into account (3.33), we obtain 

JC (t) 82
" 82m 

P (m n t) = --7---:c-- -=-~,-:-:-
" n!m! 8a*"8a" 8f3*m8f3m 

X exp [Ha*a + Cia* + C\a + P2f3*f3 + C;f3* + C2 f3 

+D (a*f3* + a*f3*)]I"'=,,=iJ'=iJ=O' (3.62) 

in which 

PI(t) = 1 - AI(t), 

P2(t) = 1 - A2(t). 

Upon expanding the exponential fnnction in (3.62) in power series, we have 

JC(t) ~ PICicit p:]C;C;1 Di+j 82n 82m 

P(m, 12, t) = -'-I ~ n.m. s!p!t!q!k!l!i!j! 8a*"8an 8f3*"'8f3m 
s,p,t,q,k,l,i,j 

X (a*,+t+i a,+p+if3*Q+I+j f3 q+k+i) I 
o:*=a=f3*=f3=O 

and on performing the differentiation using relation (2.57), one gets 
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JC(t) 
P(m,n,t) = -'-I L 

n.m. 
s,p,t,q,k,f,i,j 

PtCiC;'P:jCfq'Di+i (s+t+j)! (s+p+i)! 
s!p!t!q!k!l!i!j! (s + t + j - n)! (s + p + i - n)! 

(q + k +i)! (q + I + j)! 
x (q + k + i - m)! (q + I + j - m)! 

Now application of the condition cr* = cr = (3* = (3 = 0 leads to 

JC(t) ~ 
P(m,n,t) = -'-I L., n.m. 

s,p,t,q,k,l,i,j 

so that on using the conditions 

we have 

PlCrer' P:jC~C:/ Di+i (s + t + j)! s + p + i)! 
s!p!t!q!k!l!i!j! (s + t + j - n)! (s + p + i - n)! 

(q + k + i)! (q + I + j)! 
x (q + k + i _ m)! (q + I + j _ m)!Os+p+i,nOs+t+j,n 

x Oq+k+i,,,.Oq+'+i,n,, 

s + p + i - n = 0, 

s+t+j-n=O 

q + k +i - m = 0, 

q + I +j - m = 0, 

p = n - s - 'I, 

t = n - s - j, 

k = m - q - i, 

1= m - q-j. 

Taking into account this results, we get 

JC(t) n ". [rJ [rJ pscn-s-ic*n-s-j pqcm-q-i 
P(m n t) = _ ~ ~ ~ ~ 1 1 1 2 2 

" n!m! L., L., L., L., s!q!i!j!(n - s - i)!(n - s - j)! 
$::::0 q::::O 1=0 )=0 

qm- q- i Di+i(m!j2(n!)2 
x (3.65) 

(m - q - i)!(m - q - j)!' 
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where 

[1'J = min[m - q, n - sJ. 

This expression represents the photon nnmber distribution for a two-mode DSV driven 

by a two-mode coherent light and damped by a two-mode thermal light. 

Next we wish to consider special cases of the res nit described by (3.65). 

A. At t = 0, we see from (3.34) that 

ez(o) = "1' + A tanh(1'), 

D(O) = - tanh(1'), 

JC(O) = sech2(7') exp [-A'A - ry*ry - (A*II* + All) tanh(r)J. 

Hence using the result PI (0) = P2 (0) = 0, one can rewrite (3.65) in the form 

(3.66a) 

(3.66b) 

(3.66c) 

(3.66d) 

(3.66e) 

K(t) n m min[m-g,n-s] min[m-q,n-s] Cn-s-ic*n-s-j Cm-q-i 
P(m, n, 0) = _ '\" '\" '\" '\" lIZ 0, 

n!m! L.. L.. L.. L.. s!q!i!j!(n - s - i)!(n - s - j)! 
$::::0 q::::O 1=0 ):::::0 

and in view of the fact that s = q = 0, we have 

e;m-q - i Di+i(m!j2(n!)2 0 
x (m _ q _ i)!(m _ q _ j)! q 

P( n 0) = JC(O) mi,,(m,n] min(m,,,] e~-iet-je;,-ie;m-j Di+i(m!)2(n!)2 (3.67) 

m" n!m!~'; i!j!(n - i)!(n - j)!(m - i)!(m - j)! . 

N ow set ting 

p = min[m,nJ 

and 

q = max[m, n], 

one can rewrite (3.67) as 

.( D)' ( D)J I P (-1)' -- q! P (-1)1 -,...,. q! 
P(m n 0) = p. JC(O) Ie 12n l e rIm '\" G,G, '\" G

, 
(, 

" q! 1 2 ~ i!(p _ i)!(q - i)! ~ j!(p _ j)!(q _ j)! 
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Upon letting 

k = p - i 

and 

1= p - j, 

this can be rewritten as 

I 
P(m, n, 0) = P;JC(0)D2P(0) 1 C1 1

2
,,-2P I C2 1

2m- 2P 

q. 

x~ (_l)k(p+(q_p))! (_C1C2)k 
L., k!(p - k)!(q - p + k)! D 
k~O 

P (_l)l(p+(q_p))! ( C:C;) I 
x ~ l!(p -I)!(q - p + I)! -~ , 

so that on applying the general Laguere polynomial defined by 

we have 

P(m, n, 0) = ~:K:(0)D2P(0) 1 C1 1
2
,,-2P

I C2 12m-
2p I£~-p ( _ C'/;2) 12 

Thus on substituting (3.66) into (3.68a), we get 

P(m, n, 0) = p! tanh
2p

(r) 1,\ + IJ* tanh(r) 1
2n - 2P IIJ +,\* tanh(r) 1

2m
-

2p 

q! cosh 2(r) 

X exp [-,\*,\ - T(1) - (,\IJ + '\*1)*) tanh(r)] 

x I£rp (,\*,\ +IJ*1) + ,\IJcoth(r) + '\ytanh(r'))1
2

, 

which is the well-known photon number distribution for a two-mode DSV [27]. 

B. At steady state, we have from (3.34) that 

D(oo) =0, 
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(3.68a) 

(3.68b) 

(3.69a) 

(3.69b) 

(3.69c) 

(3.69d) 



K( co) = (na+q)("b+1) exp [ ~it':~I) - ~H~ea;+1) 1 
and (3.65) takes the form 

(3.6ge) 

(3.69]') 

K(t) n m. min{m-q,n-s] min[m-q,n-s] PiCf-s-ic;n-s-j PiC;n-q-i 

P(m, n) = n!m! ~ ~ 8 ~ s!q!i!j!(n - s - i)!(n - s - j)! 

G:;m-q-j (m!?( n!)2o;,_j 

X(m _q -i)!(m- q _j)!' 

so that taking into account i = -j = 0, we get 

Upon set ting 

n-s=k 

and 

m- q = I, 

one can rewrite expression (3.70) as 

Taking into account the Laguere polynomial (2.62), we readily get 

P(m n) = JCpnpm[, (IGlI2 ) £. (IG212 ) 
, 1 2 n PI m Pz 

and substitution of (3.69) gives 

P(m n) - a b exp a _ b IT" n;'" [4c:
2 

4c:
2 1 

, - (na + l)n+1 (nb + l)m+1 I~(na + 1) --d(nb + 1) 

or 

P(m,n) = P(m)P(n), 

where 
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(:3.70) 

(3.72a) 

(3. 72b) 

(3.72c) 

(3.73) 



represents the probability of observing n photons of the superposition of mode (L thermal 

and coherent light and 

P(m) = (nb :Lm+, exp ['d(~~~ 1)] £m Clnb(~~t+ 1)) (3.74) 

is the probability of observing 171 photons of the superposition of mode b thermal and 

coherent light. Hence at steady state the photon number distribution turns out to be 

the product of the photon number distributions corresponding to two superpositions of 

single-mode coherent and thermal light. 

If na = nb = 0, we see that Pl(OO) = P2(00) = 0 and (3.71) takes the form 

n 'IC 12k m. 'IC' 12/ 
( ) -' '\' n. 1 8 '\' m. 2 8 

P m,n = JC ~ (n _ k)!(k!)2 n,k ~ (171 -1)!(l!)2 m,/' 

Applying the result 

k=n 

and 

1= m, 

we get 

the explici t form of which is 

P( ) _ (4c~h;)"(4cU~d)m [_ 4c~ _ 4ci] 
m, n -, ,exp 2 2' 

n. m. ~/a Ib 
(3.75) 

This represents the photon number distribution for a two-mode coherent light and is the 

product of two Poisson Distribution functions. 

Finally, for Ca = Cb = 0, we see that Cl (00) = C2 ( (0) = 0 and (3.71) turns out to be 
n p n- k , m pm-/, 

P(m, n) = JC {; (n _\)!~~!)28k t; (m ~ 1)~;!)28/ 
and in view of the fact that 

k = I = 0, 

we obtain 

so that taking into account (3.69) for Ca = Cb = 0, one can easily obtain 

(3.76) 

This also represents the photon number distribution for a two-mode thermal light. 
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4. Conclusion 

We have obtained the Fokker-Planck equation for the Q-function from the master equation 

of a single-mode light driven by a single-mode coherent light and damped by a single-mode 

thermal reservoir. We have solved the resulting Fokker-Planck equation employing the 

propagator method developed by Fesseha [lJ. The main task of obtaining the Q-function 

propagator for a quadratic Hamiltonian of any order applying this method essentially 

reduces to the problem of determining the classical action. 

The Q-function has been used to calculate the quadrature fluctuations, the mean photon 

number, the variance of the photon number and the photon number distribution for a 

single-mode DSV driven by a single-mode coherent light and damped by a single-mode 

thermal reservoir. VIle have also carried out the same analysis for a two-mode DSV driven 

by a two-mode coherent light and damped by a two-mode thermal reservoir. 

It has been found that at steady state the quadrature variances in both the single and 

the two modes cases are the products of the qnadrature variances associated with thermal 

and coherent light modes. We have also seen that squeezing occurs for very short times 

and as time increases the degree of squeezing decreases and eventually the light mode 

would not be in a squeezed state. Furthermore, we have seen that at steady state the 

photon statistics in both cases is super-Poissonian. 

Finally, we would like to point out that at steady state the photon number distribution 

in the two-mode case is the product of the photon number distributions corresponding to 

two superpositions of single-mode coherent and thermal light. 
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Appendix 

We recall that 

an I a) = an I a) (AI) 

and 

Then employing the Bakker-Hausdorff identity (2.26), we see that 

or 
1 * ... t I a) = e-'''' "'e",a 10). (A2) 

Now applying (A2), we note that 

( 
fJ 1 ) k fJn-k _ + _0'* e-ta*O' eaat 10) 

fJa 2 fJan k 

It then follows that 

(
fJ 1 .)" at" I a) = fJa + 2"a' I a). (A3) 
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Employing the same procedure, we get 

(A4) 

so that we have 

at" 10:)(0: 1= (:0: + o:)' 10:)(0: ,. (A5) 

One can also establish that 

( 
8 )n 

10:)(0: 1 a" = 00:' + 0: 10:)(0: 1 . (A6) 

With the help of (A5) and (A6), we can show that 

(
0 )"(8 )m 

= 00:' + 0: 00: + 0:' 1 0:)(0: I, 
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so that 

(A7) 

Employing (A2) once more, we see that 

{J" 
{Ja*n I a) 

{In 

{Ja*n I a) ( 1) n n _1"',, "at I 0) -- Q' e 2 e 2 . 

Hence 
{J" ( l)n 

{Ja*n I a) = -2 an I a). (AS) 

Following the same procedure, one can easily verify that 

(A9) 
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