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Abstract

Applying the master equation for a single-mode light driven by a single-mode
coherent light and damped by a single-mode thermal reservoir, we have constructed
the Fokker-Planck equation for the Q-function. On solving the resulting Fokker-
Planck equation employing the method of evaluating the propagator method dis-
cussed in Ref. [1], we have obtained the Q-function for a single-mode DSV driven
by a single-mode coherent light and damped by a single-mode thermal reservoir.
Finally, we have calculated using this Q-function the quadrature fluctuations, the
mean photon number, the variance of the photon number and the photon number
distribution. We have also carried out the same analysis for a two-mode DSV driven

by a two-mode coherent light and damped by a two-mode thermal reservoir,
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1. Introduction

In recent years, there has been a considerable interest to investigate the effects of damp-
ing on the statistical and squeezing properties of a single-mode displaced squeezed vac-
uwum (DSV) [2-4]. Milburn and Walls (2] have derived the Q-function for DSV coupled
to thermal reservoir and discussed the influence of damping on squeezing. They have
also analyzed the attenuation of the oscillations in the photon number distribution of a
D5V coupled to ordinary vacuum [3]. Moreover, Schramm and Grabert [4] presented a
more general treatment of DSV coupled to thermal reservoir based on functional-integral

method.

In addition, several researchers have analyzed the statistical and the squeezing properties
of light [5-18], employing the Fokker-Planck equation [8-16] for the complex P-function
[8-10], for the positive P-function {12-14] or for the Q-function [11, 15-17) and applying
the Langevin equations [5, 6, 16, 18] for the annihilation and creation operators. Daniel
and Fesseha [15] have investigated the statistical and squeezing properties of a Degenerate
Parametric Oscillator (DPO) coupled to a vacuum reservoir by solving the Fokker-Planck
equation for the Q-function employing the propagator method developed by Fesseha [1].
Misrak [16] and Alem [17] have also applied this method for analyzing the statistical and
the squeezing properties of a Degenerate Parametric Oscillator (DPO) and a Nondegen-

erate Parametric Oscillator (NDPO) coupled to squeezed vacuum reservoirs.

In this research work, we seek to analyze the statistical and squeezing properties of a
single-mode as well as a two-mode DSV driven by a coherent light and damped by a
thermal reservoir employing the propagator method discussed in Ref. [1]. In this analysis
we consider a cavity with a single-port mirror and the driving mode is treated classically,

with its amplitude assumed to be constant.

This thesis is organized in two main parts. The first part deals with the statistical and
squeezing prop‘erties of a single-mode DSV driven by a single-mode coherent light and
damped by a single-mode thermal reservoir. The second part is devoted to the statistical
and the squeezing properties of a two-mode DSV driven by a two-mode coherent light

and damped by a two-mode thermal reservoir. In both parts, we first present a sys-




tematic derivation of the Fokker-Planck equation for the Q-function from the pertinent
master equation. Then by transforming the Fokker-Planck equation into a Schrédinger-
type equabtion, we determine the Q-function applying the propagator method discussed in
Ref.[t]. Furthermore, we obtain the Q-function for a DSV by applying some properties
“of the coherent state and the squeeze operator. Using the resulting Q-function for a DSV
driven by a coherent light and damped by a thermal light, we determine for each case the
quadrature variances, the mean photon number, the variance of the photon number, and
the photon number distribu'ﬁon. We also consider the special cases of these results at the
initial time and at steady state. Finally, we present a brief discussion of the main results

of this thesis.




2. A Single-mode Squeezed State with Thermal Noise

We seek to analyze the statistical and squeezing properties of a single-mode displaced
squeezed vacuum (DSV) driven by a single-mode coherent light and damped by a single-

mode thermal reservoir.

2.1, The Q-function

We wish here to calculate the Q-function for the system under consideration by solv-
ing the Fokker-Planck equation employing the propagator method [1]. With the driving
mode treated classically, a single-mode light driven by a single-mode coherent light and
damped by a single-mode thermal reservoir is describable in the interaction picture by

the Hamiltonian

A

H = ihe(al — &) + a'T + al',

where @ is the annihilation operator for the cavity mode, ¢ (assumed to be real and
constant) is a parameter proportional to the amplitude of the driving mode and I' is the
reservoir operator. Now using standard techniques [5-7, 16-18], the equation of evolution
for the reduced density operator can be written as
dp i, .~ itan mnba aan - ot abmn e
—a—i = E[p,H’] + %E(Qa*pa — aalp — paat) + %(ﬁ-{- 1)(2apat — atap — pata), (2.1)

in which

-

H' = ihe(al — a)

is the Hamiltonian describing the interaction between the driving and the cavity modes,
v is the cavity damping rate and 7 is the mean photon number of the thermal reservoir.

In view of the fact that
[p, H') = ihe(pat — pa — ap + ap),
Eq.(2.1} can be rewritten in the form

0 _

5 = —e(pal — pi - alp+ap) + %ﬁ(zafﬁa _aatp — paah)

a A

-l-%(ﬁ-l— 1)(2apat — atap — pata). (2.2)




This represents the master equation for a single-mode light driven by a single-mode co-

herent light and damped by a single-mode thermal reservoir.

Next assuming that the density operator p has been put in the normal order, we wish

to derive the Fokker-Planck equation for the Q-function. To this end, using the definition

of the Q-function in terms of the density operator p
1 .
Qevt) = (] | 0,

one can easily see that
d 1 Op
= )= — — .

Upon substituting {2.2) into {2.3a), one obtains

aJ £ b o o .

S0t == ((a|ap| o) = (o] pit | @) + (| fi | o) + (o | 4 | )
$i . 2ot -
o (ol afpa] @) — (o | ad'p | o) — (o] pad’ | o)
o (@ 1) (2er | apat | o) — (| lip | o) (| fiala | ).

Now applying relations (A1-7) discussed in the Appendix for n=m=1, we find

(adtpla) = a*(als]a),

(2.3a)

(2.4d)

(2.4e)

(2.4)

(2.4g)




(o | apat | o) = —_ai—“lr aa*-{-ia—}-a*a—l (a| p]e) (2.4h)
do*da  Jo* do ’

(a]dlap|a) = (aa +aa—1>(a[ﬁ]a), (2.4%)
(o | paté | @) = (%a%—a*a—l) (a] p]e). (2.45)

On substituting relations (2.4) into (2.3b), the Fokker-Planck equation takes the form

3} . 92 v 0 > Y d 2e
EQ(a’t) B [7(n + l)aa*aa + 2 do (a ) t3 2 da (a - ?)J )

Furthermore, introducing a new variable defined by

IB:O‘_*: (25)

this equation can be rewritfen as
2

d _ d . 70
20(0,1) = [+ D+ T2+ Db Qlent) (2.6

In order to obtain the solution for this differential equation using the propagator

method, it proves to be convenient to introduce Cartesian coordinates defined by
B ==z +1y, (2.7)
so that £q.(2.6) takes the form
d o o7 7 (0 7,
t) = 1 — 2,
G = 1oy (Tr )+ 1 (oot gov)] 0t 29
Upon replacing
a 9 A A
(%: %:x}y}g(xayat)) by (%p:v: Epy: T, Y ’ Q(i») b
Eq.(2.8) can be put in a Schrédinger type-equation
9, Y, ORI N AP
ihse | QW) = = | (4 1) (524 8,) + 5 (B2 + D) | Q). (2.9)
A formal solution for this equation is expressible as

| Q) = U | Qo)) (2.10a)

9




where .
N  H
U = exp (—%t) (2.100)

and

A VY= 2 Voia on o
H o= (@4 1) (5 + By,) — 5 (B +58) - (2.10¢)

Next multiplying (2.10a) on the left by {z,y [, we have
Q1) = (z,y | U | Q(0)), (2.11)
in which
Qz,y,1) = (=, ¥ | Q(¢)).
Using the completeness relation for two-dimensional position eigenstates

I:f da'dy’ | ', 4"} ",y |,

one can express (2.11) as

Qw%ﬂ=/cﬁwQ@%H%%®%wjm, (2.124)
where
Qz,y,t]2,y,0) = (z,y | U | 2",y") (2.126)

1s the Q-function propagator and

Qol(2',9,0),= (2", 3" [ Q(0)) (2.12¢)

is the initial Q-function. According to Fesseha [1], the propagator associated with a

quadratic Hamiltonian

N
H = Z (a0} + bi(1)ps&; + c;(1)&2) (2.13)
i=1

is expressible as

N . 9 L
i 0*5. 2
Kz, o, ooy, t | 27, 25, 0, 2y, 0 :H —

( ) y ey ) l 13223 00 N}) 2%561‘33(85

j=1

X exp § — —{/ dt' y bt ¢, (2.14)
ﬁ o j=1
where S, stands for the classical action, ¢ is a constant parametrizing operator ordering

and is equal to ; for the antistandard form, ¢; is a constant different from zero. Employing

6




(2.13) for § = 1,2 in (2.10¢) with (£, 22, p1, B2) = (2, 7, Pz, By), we see that b,(2) = b,(t) =
—2. Thus the Q-function propagator corresponding to the Hamiltonian (2.10c) has the

form

T RS, 1P i 925,13 iS.
. # \.”. ! — ¢ ¢ ‘ ° — . 2.
Q@,y,t12%y.,0) [271"?1 B:B’a:v} [2ﬂ'ﬁ By’ay} exp{ A + Qt} (2.15)

We shall now proceed to calculate the classical action. To this end, we note that the

Lagrangian corresponding to the quantum Hamiltonian (2.13) is given by
N
L= Z :i:.fpj - H("vl: T2y TNy D1y P2,y -"1pN)' (2'16)
j=1

Applying the Hamilton’s equations
oH

Ty = — 2.1
’LJ‘ apJ? ( 7)
along with the classical Hamiltonian
H = _il = e 2 Z L 9
= = F D (:+7,) — 5 (e + o), (2.18)
one can easily verify that
-k (2 +w
Pz = | 7‘ ;
_ith (2, 4
Py = T+1 'Yy ¥y
Hence the Lagrangian (2.16) in this case takes the form
) . ik AT .Y V2
g = = (a4 1) 4 (54 1)) >
(%,2,9,9,t) Af(ﬁ+1)[m+21 + y+2y (2.19)
- Now employing the Euler-Lagrange equations
d 0L 9L
—a——5— =0 2.2
dt 87,3 B:r:j (2.20)
along with(2.19), one readily gets
2
z— %x =},
2
LA

The solution of these equations satisfying the boundary conditions z(0) = ', y(0) = v/,

2(T) = 2" and y(1') = y" can be written in the form
2(t) = Aelt 4 Be?", (2.21a)

7




y(t) = Ce?’ + De" 3¢, (2.21b)

in which .
(2:1 _ a:ﬂezT)

A=— P (2.22a)
_ (y.r - ynegT) ..
C == (2.220)

On substituting Egs. (2.21) and their time derivatives into (2.19) and taking into account
(2.22), there follows

. . z x
zfi’y e'yt [1,12 . 2-’8’3}”6‘22‘ + wﬂ‘ZefyT + y12 _ 2y1y1r62'1‘ + yu‘ze'yT

b ET (1— Ty

1

so thaf the classical action
T
Se = / L(t) dt
0

takes the form

lSrc =

i [3"’2 — 2w'wedt 4 2% 4y — 2y'yedt 4 yzeth } (2.23)

n 1 evt —1
where (2”,3”,T) has been replaced by (z,y,t). Now combination of (2.15) and (2.23)

leads to

Qe 13400 = ||

- _1 - _z
—ae " 4 2pem7tn’ — 2% -y e L ye Ty — yQ}

x“p[ @+ 01—

(2.24)

This represents the ()-function propagator for a single-mode light driven by a single-mode
coherent light and damped by a single-mode thermal reservoir.

Next we proceed to calculate the initial Q-function (2.12¢). Since the quantum system

under consideration is initially in a DSV state, we need to evaluate the Q-function for a

DSV, We recall that a single-mode DSV is defined as
N ea L &2_312
[ A7) = prdl=A aez( ) | 0,

where the squeeze parameter r is taken for convenience to be real and positive, A is a
complex parameter, and & is the annihilation operator. The density operator for this

systemn is then expressible as
o f a2
b= RPN (‘12—“' ) 1 0)(0 | emg(az-(aiﬁ)e—(,\&r-«,\'a)’

8




so that the Q-function takes the form
Q) = Lo i3 (7)o | TEE) vt ) o)
Applying the Backer-Hausdorff identity
eATB e’ieBe"%[’i’BJ, (2.26)
which holds for {4, [A, B]] = [B, [A, B]] = 0, we have
A=A L —gATa Aal A (2.97a)

and

pAE-AED =B -aal At (2.276)
Thus introducing (2.27)} into (2.25), we obtain
) ]. * ~ Y A *n
Qo o,7) = —e 7 Mar | M r)(r | N | ),

in which

is a single-mode squeezed vacuwmn state. On applying the property of the coherent state

(A1) discussed in the Appendix, this expression can be rewritten as
‘ 1 . , . R
o™ o, r) = —~ exp [=X A+ Mot Ao {a | e | ) (r | e | o). (2.28)

Next we proceed to evaluate (o | e™*'® | r). Inserting the completeness relation for

f=/_wd25|ﬁ><ﬁl

o T

single-mode coherent states

into this expression, we see that

e 0 = [~ Levita pyp o, 2:29)
so that employing the relation
(o] B) = e Psleats™d), (2.30)
we have
e = ek [T e | g @ )] (23]




Now we proceed to determine the explicit form of the function (4 | »). To this end,

we note that

B1r) = é:(ﬁ | afs() | 0),

where

S(r) = 5% -(")
is the single-mode squeeze operator. Inserting the identity operator
I =8(r)S'(r)
in the above expression, we get
(B17) = 5:(8 1)1 ('S(r) | 0),
so that taking into account the relation [5, 6, 21]
St(r)a'S(r) = @t cosh(r) — @sinh(r),

we have
BB | ) = cosh(r){B | S(r)at | 0).
Again inserting in this expression the identity operator
1=Ss10)8(r),
we note that
(B | r) = cosh(r)(B | S(r)alS'(r)S(r) | 0).

and using the relation
S(r')&TS1(7') = @' cosh(r) + dsinh(r),
we see that

B {plry= cosh?*(r)(B | at | ) + cosh(r) sinh(r){B | & | 7).

In addition, applying (A1) and (A4) discussed in the Appendix, one can rewrite this as
d
apr

Blr)=- Gﬂ +5 tanh(r)) (8| r).

10




The solution for this equation is
‘ 1,
(B|r)=K(B,r)exp {—éﬁ‘ﬁ — 5[)’”2 tanh(r)} , (2.32a)

where

K(B,)=(817) (2.320)

pr=0"
But
@1n)] =1 | e ]y = (0] 1), (2.33)

’B-lr_—_o ﬁi:o

Hence from (2.32b) and (2.33), we see that
K(8,) = (0] r) = K(r)
and (2.32a) can be rewritten in the form
! % 1 %2
{(f|r)y=K(r)exp —:‘2—,8 8+ —55 tanth(r) o .
Applying the normalization condition for (8] r), we get

1K) [ L e {~s8- 56+ tanh(r)} -1,

o0
so that upon carrying out the integration using the relation

foo %éexp [~ABB+ BB + CH + b8 + ]

oo

(2.34)

1 Abd + B + Cd?
Jar—aBo P\T az_4BC |’

one easily obtains
K(r) = /scch(r).
Hence expression (2.32a) takes the form
(817) = 3eh0) exp {5878~ 367 tanh(-r)} . (2.35)
On substituting (2.35) into (2.31), there follows |

(e | e~ [ r) = y/sech(r Pl /;00 d—:rﬁexp {—ﬁxﬁ - %ﬁ*g tanh(r) + (" — ’\x)ﬂ}

and upon carrying out the integration with the help of (2.34), we readily get

V) = : l"‘ozf-lof‘— *)% tanh(r X
(a ] ™% | r) = v/sech(r) exp{_ga 2( A%)* tanh( )} (2.36)

11




Taking into account (2.36) and its complex conjugate along with (2.28), we obtain the
well-known Q-function for a single-mode DSV

sech(r) exp {_ Lo — A J? _I [(o" = X)2 4 (= A)? ta.nh(?‘)} . (2.37)

Q(O.'*,Ct’,‘l‘)- = 9

In order to calculate the Q-function (2.12a) using (2.24) and (2.37), we see from (2.5)
and (2.7) that

/

2e )
o = = a2l iy,
v

so that taking into account this relation along with (2.37), one can easily find

_COZI'I;‘) (y'2 LN - ) - (13—;\)2) }

Now substituting this and {2.24) into (2.12a), we obtain

o) = [ e | s (2~ (M5)
+c;;;,,) ()]
x/ dz’ eﬂcp{ ( T+ 1) efyt —1) cosi(r)) o
9z ¢ 2 e [de
' ( GO 1) coshlr) (T(’”’\))) }
/ dy' GYP{ ( 7+ 1) evt . 1) cozl—lzr)) v

2y e ¥ we T ,
+ ((ﬁ-]— et~ 1) + cosh(r) (A" /\)) Y }’

so that on carrying out the integration and taking into account (2.7) along with (2.5), the

Q-function is found to be
Qe a,t) = S exp [—A(t)a a+ Bt) (o™ + o)+ C(t)a+C (t)aJ, (2.38)

where

= o 2., —yt
At) = @ -|—21) (1 e ")sech™ +e | (2.39)
(7 + 1)2 (1 — e~7)* sech®r + 2(7 + 1)e=7t (1 — e77t) 4 e~ 2t

12




—se " tanhr

B(t) = 2 2 H
(W4 1)2(1 — e=7) sech®r + 2(7 4 1)e~7* (1 — e77t) 4 =2
2 —t _ —qt

C(t) = =(A - 2B) (1 - e—zl) + (AN~ 2BA)e
v

G(t) = VA? —4B%exp

—ACC - B(C? + C*)
AT 4B |

(2.39b)
(2.39¢)

(2.39d)

Expression (2.38) represents the Q-function for a coherently driven single-mode DSV

damped by a single-mode thermal noise.

2.2. Quadrature Flucfuations

The squeezing properties of a single-mode radiation is described by two quadrature

operators defined by

These two operators d; and &, obey the commutation relation
[@1, 8] = 21

and the variances of @; and @, are expressible as

where

(2.40a)

(2.406)

(241e)
(2.410)

(2.41¢)
(2.41d)
(2.41e)

(2.417)

We recall that the mean value of an operator A(&T,&,t) is expressible in terms of the

Q-function as

(/1) = /00 dPa Qo™ a,t}A a*, o, t),

—00

13

(2.42)




in which A,(o, ) is the c-number equivalent of the operator /1(&*, a, t) for the antinor-
mal ordering, Applying (2.42), one can rewrite relations (2.41) in terms of the Q-function

(2.38) in the form

{ay) = g] ol + o) exp [-Aa"a + B (a"‘z + o8+ Ca+ C "], (243a)
T Jooo
(G2) = sy d*a(a” — @) exp [-Ac’a + B (@ +o®) + Ca+C*a*], (2430)
T —0G
(@4 = —1+ 9/ d*ala” + a)? exp [~Aa"a + B (a? +o¥) + Ca+ C*a7],
T Jco
2.43¢)
(62) = —1 - éf d>afe” — a)? exp [—Aa*a + B (a"2 +a?) + Ca+ Crar].
TS oo
(2.43d)
Employing the relation
d
a explea + bf] = 30 explea + 6], (2.44)
we can express (2.43) in the form
G/ d J I _ ,
(@) = . (ac* + a) / d*or exp [—Aa"‘a + B (o:"‘2 + az) + Co+ C”‘a'"‘] ,
(2.450)
G (0 J i , , .
(dg) = % (ac’-‘ — 5;) / %o exp [~Aa*a + B (a"‘z + OL'Q) + Co + C”"a”‘} ,
(2.45b)
a2 G a a 2 e 2 * x2 2 = x
(al):ﬁ1+; 0c"+55 daexp[—flaa+B(a‘ —!—a)+0a+0a],
(2.45¢)
A2 G a a : « 2 * *2 2 ko
(az):ﬁl+? 5 90 daexp[~—Aa'a+B(a +0:)—I—Ca'+0a].
(2.45d)

On carrying out the integration employing relation (2.34) and then performing the differ-

entiation, one can easily obtain

. O HC
(@) = - —5 5 (2.46a)
o —{C* = C)
— 2‘




A_ 2B’
(2) = 1+ () +
2 LY X
from which follows
. )
Ay = -1+,
9
22
At ==1+ 0

so that substitution of the explicit values of A(t) and B(t) from (2.39) leads to

A& = (1+42m) (1 —e™) + e ¥ (cosh 2r — sinh 2r) ,

Ady = (1+2r) (1 - e ) + e " (cosh 2r + sinh 27) .

(2.46¢)

(2.464d)

(2.47¢)

(2.47b)

This result is in complete agreement with the result of Milburn and Walls [2], for a

squeezed vacuum coupled to a thermal reservoir.

A single-mode radiation is said to be in a squeezed state if either
Ady <1< Ady
or
A > 1 > Aag

without violating the uncertainty principle [5-13, 16, 17]
Ad1Aéz > 1.

A light mode for which
A&]A&Q — l

is said to be in a minimum uncertainty state. As we can see from (2.47)
Ady > 1, for£ 2 0

and

<1, for0<t<infi+ L1 —e?
A&l - — ey [ 27 ( )]
> 1, otherwise

Therefore, the cavity mode under consideration is in a squeezed state for
D<t<—i—ln 1—|—~£—(l—e_2’")
sts7 o

T

15




We will consider now certain special cases of the quadrature variances described by

(‘2.47.)
A. We see that for t =0

2r

Ad? = e,
AazHe ,

which are the known results for the quadrature fluctuations of a single-mode DSV,

B. At steady state, we have
Ad = A& =m+ 1,

which represent the quadrature variances for the superposition of a single-mode coherent

and thermal light.

2.3, The Mean and Varlance of the Photon Number

Here we wish to determiine the mean and variance of the photon number.

a. The Mean Photon Number

The mean photon number is defined in terms of the annihilation and creation operators

as

() = (@ (B)a(t)). (2.48)
Now employing (2.42), one can express the mean photon number as
A & « 2 * * =2 2 e
(n):—l+; da(aa)exp[—Aaa+B(a +a)—]—0a+6'a'],
- 00
and using (2.44) this equation can be rewritten in the form

G 2 ==} | |
(fy = =1+ ;80830* d* o exp [—Aa*a+ B (a"2 +a?) +Cat C"‘a*‘] _

Upon carrying out the integration with the aid of (2.34) and then performing the differ-

entiation, one can easily obtain

A

AC™ +2BC1?
M TIYY::

(7) = ’_—_——A‘Z 5 — L. (2.49a)

16




Taking into account (2.39) this expression can be put in the form

N 4e? _m\? 2e, . ot ot
(,,,)_7—2(1—6 ) FO ) (1-e¥)

47 (1= ™) + (JA]* + sinh?r) e7. (2.49b)

b. The Variance of the Photon Number

The variance of the photon number is also defined by
AR? = (A?) — (A)?
or, one can write this as
AR = (@(2)aP (1) — (3)? - 3(3) — 2. (2.50)
On applying (2.42), we have
A20 A 12 G % 5 e 2 - «2 , 2 . %
(a*(t)a (t)):;{_— Falo*a)? exp [~Ac”a + B (o +o®) + Ca+ C™a7],

so that in view of (2.34) and (2.44), this takes the form

: . G o
a2 (H)al(t)) =
(a°(t)a" (1)) T AL 5000 exp

AC*C + B(C** 4 C?)
A 4B '

On differentiating and taking into account (2.49a), we get
(@()a()) =2+ A +2a) (1 + ! S 2
A--2B A-2B

28 O —*\? 2B 2
+ . +2 = .
Ar - 432 \ A1+ 9B A? 452

Consequently, the variance of the photon number becomes

2 1 2 2
A2 — ~ _ = “2
AR7 = (7) (A — 9B 1) 4 (A — 2B )

2B(t) (C-C"\’ 2B \*
2| ——= 2.51a
T _ip <A+ZB) * (AL@?) ’ (2:514)

the explicit form of which is
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AP =) [1—e™(1—e?)+2r (1 —e™)]

+2e72" cosh?(r)sinh?(r) — (A* — A)?e™ 2" cosh(r) sinh(r)
2

~ (é—e“" (1—e?) —m(l- e-"rt)) . (2.515)

Now we consider sore special cases of Eq.(2.51b).
A. We note that at £ =0
(A) = |A]* + sinh®(r) (2.52)

and hence (2.51b) reduces to
AR? = (A)e™™ + 2cosh®rsinh?r — (A — A)? cosh(r) sinh(r) — 1} (1—e)’. (253q)
Writing A in polar coordinates as
/\ = l/\lﬂié,

we see that

A% 4 AT = 9[A% cos 24

or

A% 4 A% = 2c0s 2¢ ((#) — sinh*(r)) .
Hence (2.53a) can be rewritten in the form
AR® = (A1) [cosh(2r) — cos(24) sinh(27)] -+ sinh? r [cos(2¢) sinh(2r) + 1] (2.530)

This is the variance of the photon number for a single-mode DSV.

If A =0in (2.53b), we see that
AR® = (1 + cosh(2r)) sinh® r = 2 ((3)* + (7)) .

This shows that the photon statistics for a single-mode squeezed vacuum (SV) is super-
Poissonian.
Upon setting » = 0 in (2.53b), we obtain the variance of the photon number for a

single-mode coherent light




B. We note that at steady state

2
By =7+ (2.540)
v
and hence (2.51b) takes the form
AR = (3 404 o 2.54b
At ={h)+7 —I—?n. (2.546)

This shows that the photon statistics for the superposition of a single-mode coherent and
thermal light is super-Poissonian.

By setting 7 = 0 in (2.54b), we get the result which holds for coherent light
AR = (7). (2.55¢)

Moreover, by setting € = 0, we get the variance of the photon number for thermal
light
AR? =7 + 75 (2.55b)

2.4. The Photon Number Distribution

The photon number distribution for a single-mode light is expressible as [11, 15, 16]

Pln,t) = = aa?j;a” (Q(o7, a, 1)) L (2.564)
Taking into account (2.38) along with (2.56a), we obtain
Pn,t) = gz%?ji—— exp (Do*a + B (of‘2 + o) + Ca* + Cal \ (2.56b)
nt do” da at=a=0
where
D(t)=1- A(%).
By expanding the exponential function in power series, we have
it DsBMHOKOE g7
Fme) = ( | s;;:k .s!m!lc!;c!(t? : Bi*"a ,+2 ' ;an o at=a=0 #%0
On performing the differentiation applying the relation
O o e, (2.57)

gz (m—n)l
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expression (2.56¢) takes the form

G(t) Z D B™HOH O (s + 2m 4 ¢)!

Pin,t)=
(. 8) STmllkt " (s +2m + ¢ — n)!

symLlLkyt

(5 '+' 21 + k)' axs+2m-{-tas+2[+k
(3 + 20+ k — n)' ar=a=0

so that on using the condition o = o = 0, this expression becomes

?

G(#) 5 DBmHCH O (s+2m+t) (s+ 20+ k)
!

= 63 2m 1'163 y N
Pont) == L StmllklD (s + 2m + £ — n)l (s + 20 + k — n)] - Homenteraieh
(2.58a)
We note that
s=n-—Fk -2l
t=21-2m+ k.
In view of these results, we see that
n—2 )
Dn- —k- 2(Bm+lclk(cix)2[ ~2m+k
= nl . .58
Pln,t) = niGid Z 2 2 ol 2 (2.586)

This represents the photon number distribution for a single-mode DSV driven by a single-
mode coherent light and damped by a single-mode thermal reservoir.
Next we consider some special cases of interest for the result described by (2.58b). A.

At ¢t = 0, we see from (2.39) that

AQ0) = 1, (2.594)
B(0) = —% tanh(r), (2.59)
C(0) = A + Atanh(r), (2.59¢)
G(0) = sech 7 exp [H AA - % (,\ +4?) ta,nh(r)J . (2.594)

Hence using the result D(0) = 0, we have

n-2{ o o 3
Bm+lck(c*)21—2m+k
P(n,0) =nlG(t) ) > (= T 2D)1(2l = m & Bl e

¢}

k=2m-21 m=0 (=

and on account of the fact that & = n — 2/, we note

{n} [n] _ N\ 1—
, Bm-{-!cn 2[(03)1; 2m
P(n,0) = nlG(1) ) Z (= 2m)llml(n — 20))"

m=0 {=
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in which [n] = 2 for even n and [n] = 5% for odd n. In view of (2.59), this expression

takes the form

P(n,0) = sech(r) exp [ AA — = (/\" + A ) tanh(r)] (tan;(,.))n

n!

—%m n—2{
1 ( l)mrﬁ A*+A tanh(r) " z (—l)ln’ A+A* tanh;r))
% +/ & tanh(r) Z: v/ % tanh(r)
ml(n — 2m)! M(n—20i

T om=o =0

so that on applying the Hermite polynomial defined by

n
2

Hn(ﬂl) = Z %(gm)n—'m’

m=o

we obtain [5,25]

2
tanh™(r) 1/, 2 A + A* tanh(r)
= ——————exp |—A"A— = (A" + A?) tanh(7)| |H,, ,
nl2" cosh(r) e*cp[ 2 ( + ) anb(r )} ( 2tanh(r)

which is the well-known photon number distribution for a single-mode DSV.

P(n,0)

B. We note that at steady state (2.39) reduces to

Alco) = 1/@+1), (2.60a)
B(co) = 0, (2.600)
Cloo) = 2e/y(@m+1), (2.60¢)
Glco) = [/(m+ 1)]exp {—de/y*(m+ 1)}, (2.60d)

so that (2.58b) takes the form

n—2{ o oo 2-2m+k

- —k— 210k (C’)
= fT m.

Pn)=nlG Zz(nwk NGl — 2 + B lmlkl ™™

k=2m-2{ m=0 [=0

and then taking into account m = —! = 0, we see that
n pr—k 2k
P(n) = GZ( C nl. (2.61)

Applying the Laguere polynomial defined by

Loa) = Z_t_lbf_ ] (2.62)




we can rewrite (2.61) as

P(n) = D"GL, (‘52)

and taking inko account (2.60}), we get

P = e ) & () (269

This expression represents the photon number distribution for the superposition of a

single-mode coherent and thermal light. This result has been established by Mollow and
Glauber [20] and Lachs [26].
If 7w = 0 in (2.60), then we see that A(co) = 1 and D{co) = 0. Hence (2.61) takes the

form

Pln)=G Zn: ——02;"—2"73!511,/:
= (n— B)I(K)

and in view of the result n = &, there follows

G an
P(n):g(lﬂ,

so that on taking into account (2.60) for @ = 0, we get

P(n) = S [_452] . (2.64)

n! ¥*

This distribution function referred to as the Poissonian distribution, represents the well-
known photon number distribution for a single-mode coherent light.

Furthermore, setting € = 0 in {2.60), we have C(co) = 0. Then (2.61) becomes

1

n[Dn.—
P(n) = z I(U

so that using the result & = 0, we obtain
P(n)=GD".

Finally, on taking into account (2.60) for € = 0, we have

P(n) = CENE f’;n ol (2.65)

which is the well-known photon number distribution for a single-mode thermal light.
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3. A Two-mode Squeezed State with Thermal Noise

We wish here to analyze the statistical and squeezing properties of a two-mode DSV

driven by a two-mode coherent light and damped by a two-mode thermal reservoir.

3.1. The Q-function

With the driving mode treated classically, a two-mode light driven by a two-mode co-
herent light and damped by a two-mode thermal reservoir is describable in the interaction

picture by the Hamiltonian

H = ihea(d! — &) + ihiey (bt - B) + a'T, + art + btry + 0rf,

A

where @(b) is the annihilation operator for the cavity mode a (mode b), €,(¢5) (asswuned
to be real and constant) is a parameter propbrtional to the amplitude of the driving
mode ¢ (mode 4), I'; and I’y are the reservoir operators. It can be verified applying the
standard techniques [5-7, 16-18] that the equation of evolution for the density operator of

this system has the form

L= 2]+ %‘-‘-ﬁa(zé*ﬁ& — aa'p — paal)
KT ——
572016 ~ BbTp — phi")
22 + 1)(2bab" — b1bp - pb'E), (3:1)

where

is the Hamiltonian describing the interaction between the driving and the cavity modes,
{(Va» 7) are the cavity damping rates and (7,,7;) are the mean photon numbers of the

two-mode thermal reservoir. Taking into account the commutation relation
(5, H] = ihea(ptt — pa — atp + ap) + ihen(pb — pb — Bt + ),

Fgs.(3.1) can be rewritten as
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ot
i, (20'pa — adtp - pait) + T:(m, + 1)(24pa" — dtap — pata)
+%m(25fﬁé — abtp — pbbhy + %(m F1)(2hpht — Bthp — pBtE).  (3.2)

This is the master equation for a two-mode light driven by a two-mode coherent light and
damped by a two-mode thermal reservoir.

We now proceed to obtain the Fokker-Planck equation for the Q-function. To this end,
we assume that the density operator ﬁ(&f,&,f)*,@,t) has been put in the normal order.
Taking into account the definition of the Q-function in terms of the density operator

plat, a, ?)T, b, t) for a two-mode light
1 .
Q(a?/@}t) = ;(azﬁ | P l IB)O[):

along with (3.2), the time evolution of the Q-function is expressible as

0 (1 81 ats N
500 8,6) = 25 [(, 8|45 ] B,0) = (B | il | B,0)

HewB | pit | Br0) + (o, B | 5 | B, )]
+55 (@B 1851 B,0) — (o, 8| BT [ B,)
(e B 1 961 B0 + (e, 1831 B,

Yalla
Q2

(2 B | d'p0 | B,0) — (o, 8 | 42'5 | B, )
(0, | pait| 8,0
F 25 (200, | B5b | B,0) — (e8| 8645 | 5,0
(e B 1 3B | B,
o+ 1) [2e B | apat | B,0) = (e 8 | alap | B, o)
(8,0 ] pi'a] B,a)]

+og(m + 1) 2 B B30 [ B,0) — (o 81 155 | B0

Ir?

+

—(B,a| b | B, (3.3a) -
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On applying relations (2.4) for a two-mode system Eq.(3.3a) reduces to

d* 9*
( ﬂ t)~ [’Yﬂ(n’ﬂ'i_l)aaa +7\5(n’b+1)()ﬂx()ﬁ

+"](_aa *_zsa +'7_a£ a_28“
2 9o \* Ya 2 da Ya

za_ﬁ*@"@) 2aﬁ(ﬁ‘g§f)}Q(“’ﬁ’ﬂ' (530

This represents the Fokker-Planck equation for a two-mode DSV driven by a two-mode

5,
at

coherent, light and damped by a two-mode thermal reservoir. In addition, introducing

new variables defined as
284

o = o — 3.4a
1 ” (3-4a)
and
2e .
fr=p8—-—, (3.4b)
Yo
one can rewrite Eq.(3.3b) as
b o? 9? Ya O,
a —_ﬂ l “ n N 1
g0 ut) = Wit ) gag ”’(””“)aﬁ;aﬁl Ty P
Yo O a
+"/_ ’Yb 161 Q(aliﬁll ) (35)

2 E)o:l 2 ofehy ot 2 OP

In order to solve (3.5) applying the propagator method [1], it proves to be convenient to

introduce Cartesian coordinates defined by
o =z + 1y, (3.6a)

B =u+ v, (3.60)

so that Eq.(3.5) takes the form
g Ya 2 o 92
e =[5m0 (g + ) + 5001 (754 )

Yo (O, O N (0, .0
+2(8$1+3y)+2(8uu+ u)} Qz,y,,u,v,t). (3.7)

Upon replacing
i, ot

{0 8 d 9 ;
(_a_lj: }')E: 5{;) '5"5:‘%9’)“:U:Q(m:ypu)v?t)> by ( p:r:; fpy; Tpu, hpva 1’37 3 U’ U l Q(t)))

25




Eq.(3.7) can be put in a Schrodinger type-equation

zﬁ,—-— Q) = H | Q) (3.8a)
where
= =T 1) (524 8) — 2 a4 3,0)
—%(nb + 1) (B2 + 52 - g’* (Puti -+ Pu?) (3.80)

is the quantum Hamiltonian. A formal solution for (3.8a) is expressible as

| QW) = U | Q(0)), (3.94)
in which X
0 = exp (—%t). (3.90)
On multiplying (3.9a) on the left by (x,y,u,v |, we obtain
Qz,y,, w0,y = {z,3,u,0 | U | Q(0)), (3.10a)
where
Qz,y,u,v,8) = (2,3, u,v | Q@) (3.106)

Employing the completeness relation

(o o]
I :/ de'dy'du’dv’' | ',y o', 0 (2w v,

o

one can rewrite (3.10a} as

)
Q(w,y,u,v,t) = / dm’dy'du'd-v’@(w,y,u,v,t l 3",} y’sulﬁvfio) Qﬂ(mlzyl:ufavlao)b
—c0

(3.11a)
in which
Q(z,y,u,v,t ) ',y ', v, 0) = (2, y,u,v | U | 2,9, 4/, v) (3.118)
is the Q-function propagator and
Qola'y 0", 0), = (&, 3/, ', | Q(O)) (3.1

is the initial Q-function. Now comparison of (2.13) and (3.8b) shows that b.(f) = b,(¢) =
—2 and b,(t) = b,(t) = —2. Hence the Q-function propagator (2.14) associated with the
Hamiltonian (3.8b) takes the form
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1 L . . L
o s N AN _ i BZSC ? ? azscjl?{ 2 825’3}2
Ao,y uvt | &,0,0,0) = {zm a:v’a:r;J [%—h 3ydy| |27k oo

i S 1 [iSe et
— £y 3.12
8 {271‘75, Bv’av] exp{ R T } (3.12)

The classical Hamiltonian corresponding to the quantum Hamiltonian (3.8b) is ex-

pressible as

Ya
H = “%(na +1) (p% + py) Y (Pzﬂf + pyy)
;}:(nb + 1) (P2 +8)) — = (pute + puv) (3.13)
and upon applying Hamilton’s equations (2.17), one can easily obtain
ih 2
y = T —& y 3.14
P ﬁa+1(%”$> (3:140)
th 2
= — 3.14b
Py EC‘H(%yﬂ;), (3.14)
th 2
Py = il , 3.14
p 1 (%u+u> (3.14¢)
ik 2
Po = — . 3.14d
P ﬁ;,+1(%“+”> (3.14d)

Taking into account (3.13) and (3.14) along with (2.16), one can easily verify that
_ i s 12 g g )
L= {(3‘+ 52) + (5+5) }

+;T(%Eﬁ+—1) [(u + 7-2%)2 +(v+ ?2%)2] , (3.15)

“so that in view of (2.20) and (3.15), we have

2
i
—deg =,
x 4"5
2
Ve
yme—O,
2
u—’—%u: )
2
Yo
-y =0
v 41}

The solution for this differential equation can be put in the form
2(t) = Ae Tt + Be™ 7, (3.16¢)

27




y(t) = Ce 't + De 5, (3.166)

N

u(t) = Ge?' + Fe 7, (3.16¢)
o(t) = He®' + Ke™ 74, (3.16d)

so that when these results are inserted into (3.15), there follows

I = ?’h’)’a -ya (A). +C2) _|_ h’

e (G* + H*
Gru bt 1)° mr e (@)

and hence the classical action
T
S, = f L{t)dt
0

takes the form
1h

ik
(M +1)

T (. +1)

(e —1) (A*+C%) + (e®” —1) (G* + H?) . (3.17)

Applying the boundary conditions 2(0) = 2/, 2(T) = 2", y{0) = ¢/, y(T) = ¥", u(0) = o/,
w(T) = u", v(0) = v and v(T) = v to (3.16), one can easily get

(e
A=— AT ] (3.18a)

IaT

=yt
C=— o B (3.180)

( —u’e T)
G= — e (3.18¢)

( vne—f-T)
H= e (3.184)

Hence combination of (3.17) and (3.18) leads to
g ik 2% _ 9plpe Tt 4 glevat 4. yl2 - Qy"yelzgt n y26'yqt
Com,+1 evat — |

L ih w? — Qulue®t £ ylemt 4y — Iplpe it 3 plet | (3.19)

g+ 1 et — 1

where we have replaced (2", y",u”,v", T) by (z,y,u,v,t). Now taking into account (3.19)

along with (3.12), one readily obtains
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1
oYU, f.’" L Y —
Q(lay) u, v, IL,y,U,U,O) L,T-Z(T_ia + 1)(ﬁb + 1)(1 . e_%t)(l . ew.%t)]

Jo—dae N2 ~day
X exp _(we — 0) + (e v)
(T + 1)(L — e~ at)

we H —u 2—!— ve 2t p)’
_( (7 + 1))(1(— e=Wt) ) - (3.20)

2

This expression represents the {Q-function propagator for a two-mode light driven by a
two-mode coherent light and damped by a two-mode thermal reservoir.
Now we proceed to calculate the initial Q-function (3.11c). At ¢ = 0 we have a

two-mode DSV in the cavity, From the definition of a two-mode DSV state
|7, A7) = gl =Ata nbt—nta r(ab-athh) 10,0),
the density operator p is expressible as
5= el =Ata bl —nta  r(ab-atht) 10,0)(0,0 | e—r(aé—&léf)e—(/\a'—ra)eu(nﬂf—q*a)) (3.21)
where 4(b) is the annihilation operator, r is the squeeze parameter (taken to be real and
positive) and A and 7 are complex parameters. Applying the definition of the Q-function

for a two-mode DSV
1 R
Q(a}ﬁﬂ‘) = F(aaﬁ I P | ﬁ)a)a

- we see that
1 ~ s Fy L 5 s i * =
Q(CY,,B,?‘) — '—2<a,ﬂ ' e)\a’—,\ aeﬁb'—n @ IT)(T l e—(,\af_)\ a)e—(nbf_r) a) [,B,CY),
s

where

shathl
, T‘) — er(ab albt) l 0,0)
is a two-mode squeezed vacuum state and
Sab(f') — 6r(&5—»afﬁt)

is a fwo-mode squeeze operator. Taking into consideration the Bakker-Hausdorff identity

(2.26) and (B1) discussed in the Appendix, one can rewrite the above Q-function as
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1 a %* x - * *x
Qa, B,7) = — exp[=A"A—n"n+ A + X+ 38" + 77 f]

m
x{e, 3 | e~ Namnh Fr)(r | el gt | 8, ). (3.22)
Now we proceed to determine the explicit form of {o, 8 | g~ Nigmn'h | 7). Using the

completeness relation for two-mode coherent states

{ 2/ o d2ﬁ1 |181:0fl)<051:)31 B

T

we can write

e " 0 d2 2
mﬁlf*%”bhdzf‘ LR o [N — Bl e 8] By ea) e, 1 7),

(3.23)

so that taking into account relation (2.30), one easily obtains

wa o af 1¥ ]'x
(oo |57 1) = exp | —Gaa - 376

d*a; d? 1, .
Xf 0(1 fl(alaﬁll )exp {—-50’1‘0’1‘{*(&8—/\*)&

7
~ABB =) (20
Next we wish to evaluate (a1, 81 | ). We note that
(o0, 81 7) = =By | 68(7) [0,0)
Inserting the identity operator
I'=8u(r)Sy(r),
we get
(00,8017} = om0 | SIS (1)) 1 0,0),
so that taking into account the relation [3]
SI (1)@t u(r) = &t cosh(r) — bsinh(r),
we see that
aj{ay, By | ) = cosh(r) (e, 1 | Sw(r)at | 0,0).
On applying the the identity operator
I =8l Sulr),
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in this relation, we have
i (o, Bi | 1) = cosh(r){an, B | Su(r)alST, (1)Sa(r) | 0)
and using the relation
Sas(r)alSt, (r) = &' cosh(r) + bsinh(r),
we readily get
ai(aa, By | ) = of cosh*(r){eu, B | ) + cosh(r) sinh(r)(en, B | B | 7).

Thus employing relation (A4) discussed in the Appendix, one can rewrite this expression

as
0 1 . .
55;<a1’ﬁ1 | ) + (5,61 + o tanh(r)) (o, B1 [y =0 (3.25).
1 .
The solution of this equation has the form
_ 1, . q ¢
(o, B | 7} = K(of, o, Py, 7) exp {-Eﬁfﬂz — Bl tanh(r)} , . (3.264q)
in which
K’(aﬁl.‘?ala/@hr) = (alaﬁl l 7‘)15*—0' (3265)
re
In view of the fact that
(Ct‘l,ﬂll'?') e = (Ci’l,g ' Bﬁrsamgt]]‘),ﬁ‘_o = (al,O I 6_6137|7‘) o= (aL,O I 7'),
expression (3.26b) takes the form
K(aj, o, p1,7) = {aq,0 | r) = K(og, 01,7) (3.26¢)
Taking into account {3.26a) and (3.26¢), we have
E3 l 3 £ 3 X v
(o, f1 | ) = K{af,0n,7) exp {~§ﬁ1ﬂ1 — Brof ta,nh(-r)} . (3.27a)

Following the same procedure, one can also verify that
(e, By | ) = K(B],P1,7)exp {—éa‘{al - freq tanh(-r)} , (3.27b)
so that comparison of (2.7a) and (2.7b) leads to
K(B:,Br,7)e 3% = K(al, o, 7)e"2P1A,
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Now upon dividing both sides of this equation by exp [-%a’i‘al - %ﬁ{‘ﬂl] , We can write

KB Bur) _ K(ohonn) _ ey

e 3B B e~ oo
from which follows
K(B7, Bu,r) = K(r)e™s9iP (3.284)
and
K(a},en,7) = K(r)e o1, (3.286)

Substitution of (3.28) into (3.27) gives

(0,61 | ) = o) exp { ~Jaien = Lc6s — i sanh(r) |

so that applying the normalization condition for {ay, 3 | 7}, we have

< droy &*f . . . s
KOP [~ 2 ep (—ajas = 151 = (07 + Brow) tank(r)] =
and on carrying out the integration applying (2.34), there follows
K(r) = sech(r).
Hence expression (3.26a) takes the form
I, [ ..
(1,81 | r) = sech(r)exp {—505{&1 - §ﬁ1ﬂ1 — o] tanh(r)} , (3.29)

so that when (3.29) is inserted into (3.24), we get

(0, | 3% 1) = seeh(r) exp { ~ o~ 575

xf 14 h exp[—efon — BB+ (& = A ) e
oo T
+(B" —n7) B — o B tanh(r)]
and on carrying out the infegration, one finds
~ATA, —nth 1 % 1 %
(@, | 7 fe™ " | 1) = sech(r)exp { —ga@ = S — (o = N} (67— y7) tanh (1)
(3.30)
On substituting (3.30) along with its complex conjugate into (3.22), we obtain the well-

known result for the Q-function of a two-mode DSV
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sech’(r)

o, 0™, 3,87, 1r) = 5 oXp { ~la= A =18 3" — (« = A) (B — n) tanh(r)

— (o™ = XY (B —7") tanh(r)}. (3.31)
Next to calculate the Q-function (3.11a) using (3.20) and (3.31), we see from (3.4) and
(3.6) that

, 2g,
o =

+ '+ 1y,

Ya
2 .
ﬂl — “ch 3 ' + Z'U’,
vb
so that (3.31) can be rewritten in terms of 2/, 3/, %/, v as

1 ()‘*4_,\ — 48")6* +n - iﬁ) tanh r
2 Ya b
1 * k.

—5 (" =) =) tanh(r‘)}

, de, . 4 ;
X exp { -z +[,\"‘ +A— ° + (r]"‘ +7— ﬂ)ta,nh r};z:
Va “To

, de, :
__.ufz + I}Ix .+. T] — ﬁ _|_ ()'r‘ + ,\ — 6>tanh T}u
Yo Ya

—y? +i[A* — A — (" — ) tanh 7]y’

—v? 44 [p* — g — (A" = A) tanh(r)] v’

—2(z'v' + y"v') tanh(r) } (3.32)
Taking into account (3.11a), (3.20) and (3.32), we obtain
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sech®(r)

Uy, wv,8) = Lr‘l(m + 1), + 1)1 — e=mat)(1 — e~wt)

—z? . y? _? g2

et D0 =) T (7t DL = e

<o |,

. . 24, 2ep, 4et  d4e?
= (A“/\ - (AT A) = (" )+ 2 + *f)

a ’Y a I

(77 A +nh - g?(A“ + A}~ (Tf +n) + 85‘166) ta,nh(-r)]

a Ya Vb

o0 Aa(l— e ) +1
dz' exp { — "
X/_co me‘(p{ (ﬁa-l—].)(l—e_'ﬁlt)r

. Ja
Qze” 2t

+[ +(/\*+\—45“>
(o + 1)(1 — e77) T

+(n +n—%) tanh(s )} }

o0 Te(l —e ) +1
d ! _ a 2
X]_ v e"p{ (Fa + (1 — e %et)”

de"jzit
*[( Iyl ——

—i{(n" — 1) ta,nh(r)] y’}

°«0 _ o1t
X/ du,exp{ ol =) 41,

+1(A"=A)

Ty + 1)(1 — e‘“fb‘)
oL AR (S @)
it ey T TS,
. 450, } ’
+ ()\‘ + ) tanh(r) - 22 ta,nh(r)} u }
Ta

0 l—e™ )41
d’ ! ( I2
* [m v exp{ (nb n 1)(1 — e~ 'ybt)

ove” 7!
gl e -
(7 + 1(1 — e~t)

+i(n"—n)

—2{A* — A) tanh(r) - 2y’ ta,nh(r)} -v'}.

Upon carrying out the integration and taking into account (3.4) and (3.6), the Q-function

is found to be
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where

Q(al a"ﬁ,ﬁ!‘}t) =

K(2)

T2

exp [—Ai{()a"a + Ci{t)a + Cra™ — A ()36

+Ca(t)B + C5(8)B" + D(tHaf + o 7],

(75 + 1)(1 — e~ ™*)sech®(r) + e~ "t

i = 0 ’
(M + (1 — e sech?(r) + e
D) = —e‘%(""”'““')‘tallh(r)

F{t) ’
F(t) = (7ta + V{7 + D(1 — e (1 — e™")sech?(r) + o~ (Tab )t
+(75 + l)e“fat(l — ™M) 4 (7, + 1)6_‘7“(1 ety
1 _ 28(1 ‘*%"Yat 266 —qubt
Ch(t) = % A (1 e ) ” D (1 . )
+A1)\*e_é'"fﬂt - Dne—%%t,

z 2
Ch(t) = %Az (l — 6"%“’”) - ;aD (1 — e"%""‘t)

—!—Agn"e_%"""t — D)\e_%"’“t,
—A1CC5 — ACCT — D(C1Cs + C5C3)

K(t) = [AlAg — Dz] exp [ A, D
142 ~

3.2. Quadrature Fluctuations

|

(3.33)

(3.34a)

(3.34b)

(3.34¢)

(3.34d)

(3.34¢)

(3.341)

(3.349)

The squeezing properties of a two-mode light are described by two quadrature opera-

tors defined as [5].

C‘I:%(&T+&+Ef+?}),
ézzﬁ(af—amhﬁ),

so that these two quadrature operators satisfy the Commutation relation

[Cy, Ca) = 2i.
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The variances of these two quadratures are given by

AC? = (CH — (Cy)?, (3.35a)
ACT = () — (o), (3.356)

in which

We recall that the mean value of an operator fi(&f, fﬁ, a, I;, t) is expressible in terms of the

Q-function in the form
(A) = f PadB Qe o, B, 8% 1) Ala, o™, B, B 1), (3.36)

where A, (e, o, 3, 8%,t) is the c-number equivalent of the operator A(&T, bt &b, t) for the
“antinormal ordering. Then taking into account (3.33), the above expressions can be put

in the form

o d?
o)) \/_/(aﬂ(+a+ﬁ+ﬁ)
x expl—Aja o+ Cra+ Cla™ — A876 + O3 57

+C2f + D(eff + o™ 7)),

. iK Jza dzﬁ
=%/ — (@ —atf =)
X exp[——Ala*oz + Cra+ Cla™ — Af” [3 + 367

+Caf + D{af + o )],

36




Q——Lkﬁf fafﬁa+— “H B+ B
x exp[—Aro"a + Cra+ Cla™ — A7
+C38° 4 CoB + D(af + o™ 87)],

(é2) :—1-—/ L
X exp|— Ao+ Cra+ Cla™ — Ax87f3
+C558% + Coff + D(aff + &7 57)],

so that employing relation (2.44), we have

(m_£(3+a+a+a)
VTANOCE T 90, T a0y T Ay

?T exp[—Ala*a + C’la + Of(.‘tfx — Agﬂxﬂ + 02,8
+C28" + D(af + o8],

T T S R

Gy = - -

(C) ‘¢§<ac? ac; T ac: acg)

d2 d? ) )
X / Ladh exp[—Aie’a+ Cra+ CTa” — AB70 + Cof

+C58° + Diaf + o 7)),
) & 8 ay

) K
(Ch) =145 (&ﬁ+aa*}%;+a@

x/ E2EP expl— Ao+ Cra+ Cla™ — Af°8

+C2B + C38" + D(af + a*f7)],

. K79 9 9 d\’
o P . _
(Co) = -1 Q(Mﬁ o¢, " acy a@)

© P g2 |
x/ iﬁ%ﬁamwmwa+cm+cT*mAﬁw

T

+Cof + C387 + D{af + o7 57)).

Now upon carrying out the integration applying (2.34), we get

() = K {(a+a_Fa+a)
YT B (A, — DY) L \ACT T ac, T aC; T aC,

Xw%m@@+%aq+ma@+w@q}

AlAg — D2
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(C‘) A {(3_3+3H3)
2 B AA,— DY) L \OC; ~ ac; T ac; T ac,
m@@+maq+ma@+@@q}
Ay Ay — D2 ’

<o |

(CH=-1+ - a+_a+ak%ay
v 2(AA:— D) \OC; ~ 9Cy T aC; T ACh

&@®+%@@+ma@+@@q}

XeXp[ AA; — D?

N K 9 0 59_0)2
(€)= -1 2Mﬁh—Dﬂ{<mﬁ ac, T ac: ~ ac;

ArCyCs + AsChCE + D(C1Ca + CC5)
X exp A, — D ,

so that upon differentiation, we have

(C) 1 A1+ D)(Cr + C5) + (A2 + D)(Ch + CF)
1 _\/ﬁ( AIAQ—D?*

Ay b (A= D)(Cy = C5) + (A — D)(C1 = C7)
(Ch) = —= 5
V2 AA,— D
- A A+ Ay, +2D
ey — _ 2 1
( 1) l+(01) + A1A2__D2 )
A a A+ A —2D
2N~ 1 2, Ot A
() = =1+ (G4 B
from which follows
. AL+ Ay +2D
2 1 2
AT e
Al AyAqy — D2 '
2 A+ Ay, —2D
AP =22 7.
¢, A1A, — D2

).
)

(3.37a)

(3.376)

(3.37¢)

(3.37d)

(3.38a)

(3.386)

On substituting the explicit values of A,(t), Ay(t)andD(t) from (3.33) into (3.38), we

readily get
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ACT = %(1 +2m,) (1 — e7™*) 4 %(1 +2m3) (1 — ™)

+% (e77 + ™) cosh(2r) — e~ slvt )t ginh(2r), (3.39a)
ACS = %(1 +2m,) (1 — e + %(1 +27) (1 — ™)

—[—% (e + e7™") cosh(2r) + e~ 2t ginh(9r), (3.39b)

A two-mode light is sald to be in a squeezed state if either
ACy <1< AG

or
ACL 21> A,
without violating the uncertainty principle
ACIAC: > 1.
A light mode with
ACIAC, =1
is said to be in a minimum uncertainty state, From (3.39), we see that

ACy,>1, fort >0

and for v, = v =,
. 1 ) Rt e
AC’l < 1, fOIOSt<‘Tln[1+Ha+ﬁ'b:|

> 1, otherwise

Therefore, the light mode under consideration is in a squeezed state for the time interval

1 1 o p2r
05t<_h{1+ © J.
¥ - L

n, + 7y
Next we consider some special cases of the result described by (3.39).

A. At the initial time (¢ = 0), expression (3.39) reduces to

AC? = e,




which is the well known result for the quadrature variances of a two-mode DSV.

B. At steady state, we get
ACY=AC? =7, + 7y + 1,

which indicates that the superposition of a two-mode coherent light and a two-mode ther-

mal light is not in a squeezed state.

3.3. The Mean and Variance of the Photon Number

Here we wish to determine the mean and variance of the photon number for a two-
mode DSV driven by a two-mode coherent light and damped by a two-mode thermal

reservoir.
a. The Mean Photon Number

The mean photon number for a two-mode light is defined by

(2) = (Na) + (), (3.40)
where
o = &1 (2)&(21) (3.41a)
and
Ay = 0T(1)b(¢) (3.410)

are the photon number operators for mode a and mode b. Taking into account (3.36},
one can write the mean photon number of mode a in terms of the Q-function (3.33) in

the form

() = —1+/Lt)/ o dzﬁ ")

x exp[—Aiaa+ Cra + Cla™ — A 878
+Cof + C58° + D(af + o™ %) (3.42a)

and employing (2.44), one can express this as
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i o a? © dtad*B
(fa) = —1+ K(t) 55, ]

e T
x exp[—Aja’ e + Cra -+ Cla™ — A, 578

+Cof + C37 + D(t)(eB + o™ F7)].

(3.420)
Upon performing the integration applying (2.34), we have

() = —1 + KX J* o A1CRCs + ACLCY + D(C1Chy + C103)
@ = (AiA; — D2)aC;aC,  » ArAg — D2 ’

so that on carrying out the differentiation, there follows

AyCr 4+ DCy |

(nﬂ) = A1A2 _

Az
1. 3.43
AyAy — D? (343)

Following a similar procedure, one can also show that

-}

(ﬁ)— A1C;+DC1 2
T TAA, - D2

Taking into account (3.34), one easily obtains

A1
— 1. 3.44
AAy — D2 (3.44)

) e (o)

a

(o) =

g (1= e o (JA]® + sinh®(r)) e (3.45)
and

4 w,\? 2 N
oy = 2 (1-e2) 42 e (1-e#)
+7 (1 —e7™) + (lnl2 + sinh?(r)) e™™* (3.46)
Substituting (3.45) and (3.46) into (3.40) the mean photon number becomes

N 5
(R) =

o) e ()

’Yb

5 et (17
7, (1 —e7 ™) + (I,\|2 + sinh*(r)) e™™¢

+t (1 — ™) + (|n]” + sinh?(r)) e ™. (3.47)

41




b. The Variance of the Photon Number

The variance of the photon number for a two-mode light is expressible as
ARY = AR+ ARE + 2 ((Rafts) — (Pa) (Fs)) - (3.48)

We now proceed to calculate the variances of the photon number for mode ¢ and mode

b. One can write (A2} in terms of & and al as
(72) = 1 + (a2a1?) - 3(aat) (3.49)

and employing the -function (3.33), one can write this as

(72 = 1 +K,(t)f°° Lad’p

(cz?‘a*? — 3aa’)

o T T

x exp{—Ara"a+ Cra+ Cla™ — Ay 570
+Ca8 + C38* + D(aff + o™ 87)],

so that applying (2.44) and upon carrying out the integration, we get

K(t) (82 ? 0 a)

A . U T A .
(fg) = Y idA, — oy \aczace e, ack

A x Cx 4+ D(C1Cy + C5C5
Xexp[ 10202 +A2Cj;1/i2"‘_ Dg 1 2+ 1 2)] (350)

Upon performing the integration and taking into account (3.43), one readily obtains

A A A :
A2V L s N2 g 27 2 2 . 2 .
() = =1 () = (Ra) +20ha) o + 25 T (A1A2 ~ D

It then follows that

A A A 2
22 g s _o_ M A Ar -
Ana =1 (na> (l 2A1A2 — 1)2> + 2A1A2 — 2 (A}Ag - D2> ) (351)

Taking into account {3.34), one easily finds

ARZ = (i) [27, (1 — e7"") + 27" sinh®r + 1] — [ (1 — e7%) + e sinh’ r]”.
(3.52)

Following a similar procedure, we obtain

Afg = () [2m (1 — ™) + 2 sinh®r + 1] — [7 (1 — ¢™ ) + e sinh? 1’]2 (3.53)

i

and
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(Pafip) = (g ){Tap) -~ [e";—(“’”"”’)‘cosh(r) sinh(r)}

X [——e"%h"”b)* cosh(r) sinh{r) + Beuts (1 - e_j?gt) (1 - e‘:g”)

YaTb

.. %, _ w
FOTT + Ap)e 2let i S 4 e (1 —c %t)

Q

2¢4, % —Jag by
—!-%(/\ + Ae™ 2 (l—e 2)}

(3.54)

On account of (3.51), (3.52), (3.53) and (3.54), the variance of the photon number (3.48)

takes the form

AR? = AR+ ARZ — 2 [@—%(%4-%)1 cosh(7) sinh(r))]

X [—e“%(ﬁaﬂb)tcosh(?‘) sinh(r) + Beacy (1 — 6":%”) (1 — 6_12&")

e Y
+(A™p* + ,\n)e—%(%ﬂb)t T

264 (7 + n)e_%&t (1 —e”
A/a

28(, - _1ay —:glt
+2O7 4 0e (1—e )J

Now we consider special cases of the result described by (3.55).
A. At t = 0, we see that

ARZ = (JA]* ++ sinh®r) cosh(2r) — sinh?r,

Ahf = (]77|2 + sinh? 7') cosh(2r) — sinh* 7,
and hence
AA? = Aﬁf 4- Aﬁg

cosh(r) sinh{r)

-2 o) (a) [A*n* + An — cosh(r) sinh(r}] .

This represents the variance of the photon number for two-mode DSV.

When A = n = 0 in (3.56-58), we have
ARE = sinh? r + sinh? r = (f,)* + (R),

AR} = sinh*r 4 sinh® r = () + ()

43

ta
zr)

(3.55)

(3.56)

(3.57)

(3.58)




and

. . cosh®r

AR = (R) + (o) + () + 2——

sinh®r

This is the variance of the photon number for a two-mode SV.

Upon setting 7 = 0 in (3.56-58), we obtain the result which holds for coherent light
AR = AP = (R,),

ARE = [l? = ()

and
AR? = (7).
B. At steady state, we note that

. 8¢e? 4e> , 82
AR =TTy Tk = () T+ 2Ty (3.59)

a fyﬂ 23

: 8e7 4g? , 8
AR} = T2 4T+ 2Ty + —b = (Ry) + 72+ Ty (3.60)

T T b

and
a2 A 2, =2 822 _ Sﬁgm
AR = (R) + 7, + 1 + — R + ?—715. (3.61)
a b

This shows the photon statistics for the superposition of two-mode coherent and thermal
light is super-Poissonian.

When ¢, = &, = 0 in (3.59-61}, we get

and

in which

(RY = Tig + s

This represents the variance of the photon number for two-mode thermal light

Again when 7, = 71, = 0 in (3.59-61), we see hat

4e?

_72

22
Ang

= (ﬁu)a
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AR = =8 = {7
b 752 )
and
4e? g%
AR? = “a + il ().

"%
This is the variance of the photon number for a two-mode coherent light.

3.4. The Photon Number Distribution

We seck here to obtain the joint probability of observing m photons of mode @ and n
photons of mode . The photon number distribution for a two-mode light is expressible

in terms of the Q-function as [17]

2 g g*m ‘ . ot Bl
nlml darrdar OF O™ Qe 0 5, 5, t)e ) e

P(m,n,t) =

so that taking into account {3.33}, we obtain

K:(t) 3271 a‘lm 7

Pl ) = ml e o 5™
x exp [Pia”a + Cla™ + Cra+ Pf™ B+ O3 5% + Cof
D (" + ) , (3.62)
a*=q=0*=0=0
in which
Pt) =1 — Ay(t), (3.63)
Po(t) =1 — Asf2). (3.64)

Upon expanding the exponential function in (3.62) in power series, we have
ot ps PC*thCvk *(D£+j a2n aZm
P(m,n,t) = 0] Z 110 By 2%. : Ao
sipttlglkN 5! da*mdam "0 g™

nlm!
slp!t)'?!k’liilj

X (a*s+t+3 as+p+nﬁ*q+1ﬂ ﬂq-f—k-l-z)

ar=o=0*=04=0

and on performing the differentiation using relation (2.57), one gets
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P( z)—fxﬂ ) PYCICY PICEC' D (s+t+5)l  (s+p+i)
() = SpUElQRULT (s +itj—n)i(s+p+in)

2,060,k

(q+h+i)l  (g+1+))
(g+k+i—m)(g+I+7—m)

% (a*s-}-t—f-j—nas-i-p+i-11ﬁ*q+l+j—mﬁq-}-k-}-i—m)

at=a=0*=0=0 '
Now application of the condition o* = o = §* = = 0 leads fo

Plmnyy < KOy HOICIHCICIDY (s tidi)l b phi)

nim! ooy slpltlglkilsty! (s+t+7—n)(s+p+i—n)

(¢4 k + i) (g4 1+ 7)! s » |
(Q‘-I-k-f-z—-m)' (‘1+1+3—m)l stpFinVstitjn

X 5q+k+i,m§q+l-}-j,m)

so that on using the conditions
s+p+i—n=710,

s+t+5—n=20

g+k+1—m=0,

g+i+7—-—m=0,
we have

p=n—38—1,

t=n—s5—7,
k=m—gq-—z,
l=m-—-q-—7.

Taking into account this results, we get

- m [ [ s m—gq—i
k Cn E icxn §— _?PQ‘O q—
P{m,n,t) = n!S?' Z Z E Z B

g fear s — slgleljl(n —s = )l(n— s —j)!

O D )
(m—q—-){m—g—7)¥

(3.65)
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where

[r] = min[m - ¢,n — s).
This expression represents the photon number distribution for a two-mode DSV drivea
by a two-mode coherent light and damped by a two-mode thermal Light.

Next we wish to consider special cases of the result described by (3.65).

A. At t =0, we see from (3.34) that

A(0) = A5(0) =1, (3.660)
C1(0) = A* 4 7 tanh(), (3.665)
C5(0) = 7= + Atanh(r), (3.66¢)
D(0) = — tanh(r), (3.66)
K(0) = sech?(r)exp [—A*A — y*p — (A" + An) tanh(r)]. (3.66¢)

Hence using the result P;(0) = P»(0) = 0, one can rewrite (3.65) in the form

m  min[m—g,n—s] minfm-q,n—s]|

P(?n n, 0 ZZ Z Z: C’f’_s_"C;m—s“jcgt—q—i .
nlm' slghiljlin —s — )l{n—s— ) °

s=0 ¢=0 i=0

=17 DI (ml)2(nl)?
(m—q—-lm-qg-j"

and in view of the fact that s = ¢ = 0, we have

K(0) Z[”f] mz["’f O““’C"“”"O;" {Cpmd D (t)? (n')f

P(m,n,{)) Tl n~z (n ]) ( —z)[(m-—j).

(3.67)

Now setting

p = min[m,n]

and

q = maz[m,n),

one can rewrite (3.67) as

P(m,n,0) = pm K(0) | Gy 1| ¢y [ Zp: (~1)! (—of)c?) q! i (—'1)3 (_“O%) q!.

g! — illp—ijl{g—i)! 7 slp—s)Hq—7)
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Upon letting
k=p-2

and
l:pﬁja

this can be rewritten as

!
P(m,n,0) = %K(O)Dgp(o) | Cy 2] ¢y [P

DA () (GG
><Zk'-(p—/‘f)l(q—zﬂrk)! (_ D )

k=0
sty !
« Z =D'(p+ (g —p))! (_01‘02) |
Mp—Dig—p+ D! D
so that on applying the general Laguexe polynomial defined by

3y =3 L0

— il(n — ) (e + z)
we have
' 2
P{m,n,0) = f' K(0)D™(0) | Cy ["~%| Cy P2 L3P (_ C}?) (3.684)
!
Thus on substituting (3.66) into (3.68a), we get
[ tanh®™
P(m,n, U) _ p_ ?:1,1'111“2 (7') | /\ ‘l" n* tanh(’f‘) |2n—2pl 7 + )\x ta,nh(r) |2m—2p
q! cosh®(r)
X exp [—A"A —n*n — (A + A*p") tanh(r)]
X |£27P (A*X -+ ' + A coth(r) + X*n” tanh(r))]”, (3.68b)
which is the well-known photon number distribution for a two-mode DSV [27].
B. At steady state, we have from (3.34) that
Ai(o0) =1/(Ra +1), (3.69¢)
Az(oo) =1/(m + 1), (3.69b)
D(es) =0, (3.69¢)
Ci{c0) = 28, /7a(7a + 1), (3.69d)
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Coloo) = 2e/ (M + 1), (3.69)

1 4e? 462 . .
K(20) = G P |~ — et (3.691)

and (3.65) takes the form

n m minfm—gn-s] min[m—gn—s PSC" S_,C*n_s_quc,m_q_i

() = n'mf ZZ Z Z slglilil{n — sl— i)!(nz—i — !

s=0 g=0 i= i=0
Cym=17 (m!)2(nl)26; _;
(m—q =) m—q-j)l
so that taking into account i = —j =0, we get
K, n P‘s C 2n—-2s Pq sy 2m—2g N2(n2
Plm,n) = 422) ZZ | 1. ’]J (ml) (n1)" (3.70)
ntml e slg!((n = 8)1)? ((m = q)t)’
Upon setting
n—gs==%k
and
m—q= lJ

one can rewrite expression (3.70) as

) n P bk ICII?JC m P?’n—l IC |21
P - S SN L PN N S 7
(mm) = K(09) 2 G i ™ 2 o = i ™ (3:0)
Taking into account the Laguere polynomial (2.62), we readily get
2 1 12
P(m,n) = KPP L, (4] L Ical (3.72a)
Py Py
and substitution of (3.69) gives
e g 42 4g?
j=1¢ — a b _ a _ b
(m,n) (755 -+ 1)L (7 4 1)mt? P [ V@, + 1) i+ 1)}
4g? 4e?
XLy | ——2— V. ——b—) 3.72b
( Vana(Ta + 1)> ( Toms(T + 1) (3.720)
or
P(m,n) = P(m)P(n), (3.72¢)
where
o —4g? —4¢g?
P(n) = « e Lo | ———— ], 3.73
= G e [vf(ﬁa + 1)] (»fzm(m ¥ 1)) e
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represents the probability of observing n photons of the superposition of mode ¢ thermal

and coherent light and

g

P(m) = -————exp {—__ﬁ;—J L, (ﬁ___—_ﬁ_eﬁ_) (3.74)
(@ + 1)t (s + 1) Tor(% + 1)
is the probability of observing m photons of the superposition of mode b thermal and
coherent light. Hence at steady state the photon number distribution turns out to be
the product of the photon number distributions corresponding to two superpositions of
single-mode coherent and thermal light..
It 7, = m, = 0, we see that Pi(oco0) = .Pg( oo) = 0 and (3.71) takes the form
n m m G 2!

P(m,n) = )LZ( n IOI ()2 RLZ C _llc)i(l,

Applying the result

k=n
and
l=m,
we gef,
follln |O |2m
‘P(m7 n’) nr m] 3
the explicit form of which is
42 43" (4e ';r 4et  de?
P(m,n) = ( ?{l ) 6/ b) exp [H’Y_2_ ?2{1 : (3.75)
: a [

This represents the photon number distribution for a two-mode coherent light and is the

product of two Poisson Distribution functions.

Finally, for g, = g5 = 0, we see that () (oo) = (3(00) = 0 and (3.71) turns out to be

n Pn. L m sz lm1
P(m,n) = A,Z L' c&Z (m =D
and in view of the fact that

k=1=0,

we obtain

P(m,n) = KPP,

so that taking into account (3.69) for £, = g5 = 0, one can easily obtain
. Tk &

P(m,n) = 4 b :

( ) ) (ﬁ-a + l)n-{-l ('ﬁb -+ I)m+1

This also represents the photon number distribution for a two-mode thermal light.

(3.76)




4. Conclusion

We have obtained the Fokker-Planck equation for the Q-function from the master equation
of a single-mode light driven by a single-mode coherent light and damped by a single-mode
thermal reservoir. We have solved the resulting Fokker-Planck equation employing the
propagator method developed by Fesseha [1]. The main task of obtaining the Q-function
propagator for a quadratic Hamiltonian of any order applying this method essentially

reduces to the problem of determining the classical action.

The Q-function has been used to calculate the quadrature fluctuations, the mean photon
number, the variance of the photon number and the photon number distribution for a
single-mode DSV driven by a single-mode coherent light and damped by a single-mode
thermal reservoir. We have also carried out the same analysis for a two-mode DSV driven

by a two-mode coherent light and damped by a two-mode thermal reservoir.

It has been found that at steady state the quadrature variances in both the single and
the two modes cases are the products of the quadrature variances associated with thermal
and coherent light modes. We have also seen that squeezing occurs for very short times
and as time increases the degree of squeezing decreases and eventually the light mode
would not be in a squeezed state. Furthermore, we have seen that at steady state the

photon statistics in both cases is super-Poissonian.

Finally, we would like to point out that at steady state the photon number distribution
“in the two-mode case is the product of the photon number distributions corresponding to

two superpositions of single-mode coherent and thermal light.
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Appendix

We recall that
a" o)y =a" | o)
and
abl—c*a
10).

fa) =e

Then employing the Bakker-Hausdorff identity (2.26), we see that

!a) — 8—%0;'&6&&76«.::'& | 0)
or
[a) = e @ gd! [ 0).
Now applying (A2), we note that
i) = ebeeds | )
—Llote " ait
- dar 10)
d —Llo*a ol ad! ) ~late
= % (8 2 aa““l IO)) — % (6 )
a 1 * —Llota 8?1—1 adl
= (a—a+§a)e A | 0)
(') 1 " 2 Loty 3“”2 Al
= (a_a+§a) e 2 o2 [0)
a 1 = k —-er‘a a"_l' aﬁi
= (5;“*‘ 50’) e 2 Do —F ]0)
Atn a 1 . " I -
al la) = (a_a + ia"‘) emzotagad! | 0)

It then follows that
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aan—l

eod! | 0)

(AL)

(A3)




Employing the same procedure, we get

o a ] n
(a|a" = ((?a* +§a> (o | .

i [aja| = e e At [0)(0] e
o 8?1 adil ata
= e () [0)(0 | e
d ot ! aal a*d
= 2o Z e 001
a —ater an 1 ol i
— o (e7) (e Y 10)0] e

an 1
Ba”'

(™) 10){0 ] &

k an!.

e “#) ] 0)(0 ] e

an.k

—* o cmf ot
0]e

" |a)(a| =

¥

(ga+e) e

_ (a%“‘) o e [0y e
( ) e
(24

50 that we have
" afa = (4= +°) lallal.

One can also establish that

ja)ala = (5= +a) la)al.

With the help of (A5) and (A6), we can show that

it | o |7 = (a%m) A" | a{ac|

= (Z+a) (L +e) 1a0al
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(A6)




so that

Employing (A2} once more, we see that

a I Lata ait

o™ ) = Ba*"e e 0)

ar 1 i n_—rtote od
S |a) = (—§> atem 7 el | 0}.

Hence

o AL
ola = (-3) e

Following the same procedure, one can easily verify that

ai:a(o‘l - (__;)"a,‘n(a A
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A fT an v -
a | a)a]a —(aa*-]-o:) (3a+a> | a){e ] .

(A7)
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