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Abstract

The measurement of B(E2) values, meanlives and energies of excited states in nuclei are most
active areas of nuclear structure physics. In this work, the asymmetric rotor model of Davydov-
Filippov (DF) has been employed to study the reduced transition probabilities, meanlives and
energies of excited states in the rotational excited state band even-even nuclei of lanthanide and
actinide series, which comprises of 57 nuclides. The E2-transitions ranging up to 12" spin states
have been studied, in detail, in the spectra of nuclei whose mass number ranges as 150<=A<=190
and A>=228, and for those the first excited state 2* and the second excited state 2" gamma band
energies are available. In data calculations, experimental and theoretical methods have been
employed. The best input parameters for these approaches have also been determined. These input
parameters comprise of energy involved in transitions, internal conversion coefficient, half-life,
intrinsic quadrupole moment Qo and nuclear asymmetric parameter y. The reduced transition
probability B(E2), meanlives and energies of excited states have been calculated by making use of
the most recent available experimental data, for input parameters. Comparison of the calculated
results of B(E2) values, meanlives and energies with the corresponding most recent experimental
data shows a very good agreement, including high angular momentum states. Both the empirical
and experimental B(E2) values usually increase with spin, for low-lying states, within a rotational
ground state band. This work has determined, particularly, the B(E2) values for rotational nuclear
excited states of which no work has been done so far. Moreover, this work has incorporated many

nuclides and transitions for which neither experimental nor theoretical values are available.

Keywords: Nuclear Structure, Asymmetric Rotor Model, Reduced Transition Probabilities, Half-

Life, Meanlives, Energy of Rotational Excited States, Asymmetric Parameter.
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CHAPTER 1. Introduction

The work reported in this thesis presents the systematic study of the properties of rotational excited
levels in the deformed even-even nuclei covering the heavy mass regions (150 <= A <= 190 and
A >=228) in the framework of Asymmetric Rotor Model (ARM) of Davydov and Filippov. There
IS an assumption that a rigid triaxial shapes with fixed shape parameters § and y can be considered
as an approximation to the actual nuclear wave functions, but this has been turned out to be very
useful and is well supported by new data obtained from heavy ion experiments (Davydov &

Filippov, 1958).

Our interest in this study is based on the expectation that it may provide a reasonable
phenomenological description of a nucleus in some domain of angular momentum. The striking
success of empirical relation over the other existing approaches in describing the B(E2) values of
gamma-ray cascades has contradicted the axial symmetry in the nucleus at lower spins. There is a
remarkable point here that till now there is no sound theoretical argument against the triaxial shape

of the nucleus around y = 20° (Davydov & Filippov, 1958; Parveen & Harish, 2015).

A knowledge of approximate values of meanlives etc. is of great importance to the experimentalists
(Rudigier, 2013). The study of B(E2) absolute values for the transitions depopulating 2* state of
the gamma vibrational band had confirmed low lying levels as collective in nature, contradicting
Zawischa et al. view point (Zawischa, Speth, & Pal, 1978). We have also employed the model
dependent intrinsic quadrupole moment Qo in plotting our systematics which reflects the

asymmetric spirit of the model in true sense.



Low-lying levels of the deformed even-even nuclei have been predicted by several
phenomenological nuclear models. Davydov and Filippov, using ARM have derived the
expressions for the reduced electric quadrupole transition probabilities, taking into account the
interaction of rotation with gamma vibrations. Mc Gowan compared B(E2)pr values with

experimental ones and found a good agreement (Davydov & Filippov, 1958).

It was suggested that (DeMille, Kavanagh, Moore, Weaver, & White, 1959) the agreement may
be improved if the Bohr-Mottelson vibration-rotation interaction and a centrifugal stretching
correction, analogous to the type used in molecular spectra are introduced. The Davydov-Filippov
model seems to be particularly useful for nuclei in the transition region, between rotational and

near harmonic modes of collective excitation.

A change of nuclear shape in excitations leads to some interaction of rotational motion with beta
and gamma vibrations. Qualitatively (Demille et al., 1959; Varshney, 1982), the nuclei are
deformed away from spherical shape because the nucleus is not rigid structure and the nucleons
outside the closed shells can set up tensions in the closed shell core, thereby establishing
polarization of the nucleus. If the forces between the external nucleons and the core are repulsive,
there is a tendency to polarize the core by pushing the equatorial plane towards the center of the

nucleus to form a prolate spheroid.

On the other hand, (Demille et al., 1959; Varshney, 1982), if the forces are attractive, the
polarization is accomplished by pulling out the equatorial plane to form an oblate spheroid.
Experimentally the resulting deformation is observed as a quadrupole moment. Other observed

rotational bands, besides the ground state rotational bands, in even-even nuclei can be explained



by the hydrodynamic picture of the nucleus provided by the collective motion. These bands are

formed from the coupling of the nuclear rotations to different vibrational oscillations.

The simplest such oscillations deform the nuclei away from spheroidal shapes (y = 0). Such type
of oscillations can be described as a temporary deviation from axial symmetry and are called
gamma (y) vibrations. The symmetry around z-axis is no longer maintained during such vibrations.
For gamma vibrations K has a value 2. Rotational states are then added to this state to give a set
of levels for which | = K, K+1, K+2 etc., where K is the projection of total angular momentum I,

on the body fixed 3-axis.

Quadrupole vibrational motion can also take place in a plane parallel to z-axis. Such motion
produces deformation () hence are called beta () vibrations. In this, there is no change of shape
of a cross-sectional cut through the equatorial plane of the nucleus, only an expansion and
contraction of the circularly shaped nuclear surface takes place. For this set of rotational states K
= 0 and the nucleus has at all times the same basic shape as the ground state, but with an added
time dependent oscillatory change in the magnitude of its deformation parameter (B). The
rotational states thus formed have spins as the ground state band i.e., | = 0, 2, 4 etc. (Varshney,

1982).

The observable rotational motion is possible, if the nucleus is pictured to be a fluid drop or to have
any form with a definite surface. This rotational effect can be either rigid in which case particles
actually move in circles around the axis of rotation or wavelike in which case particles perform
oscillatory motions and only the geometrical shape of the drop changes. Such wavelike rotations

are observed only in deformed nuclei, because the apparent motion is solely a surface phenomenon.



The observed moments of inertia for deformed nuclei are smaller than those for rigid rotors. They

are, however, larger than expected for purely wavelike surface motion (Varshney, 1982).

Thus the apparent rotational motion is intermediate between rigid rotation and wave like surface
motion of constituent particles. According to the collective model (Davydov & Filippov, 1958;
Varshney, 1982), moment of inertia of nuclei can be determined from the energies of their
rotational states. Rotational energy levels of an axially symmetric nucleus can be described by the
three constants of motion: I, the total angular momentum: K, the projection of | on the nuclear
symmetry axis: and M, the projection of | on a space fixed axis. For a wavelike rotation, there can
be no rotation about the symmetry axis. The quantum number K is, therefore, a constant for each

set of rotational levels and represents an intrinsic angular momentum for that band.

Davydov and Filippov (Davydov & Filippov, 1958) assumed the nuclear deformation parameter 3
and the non-axiality parameter y permanent to some degree which were dynamic in Bohr-
Mottelson model. Furthermore, they assumed deformations in both the elongation parameter § and
the asymmetry parameter y. Excitation of the lower energy levels is caused from rotation of the
whole structure, and the gamma-vibrations have been described as the states of anomalous

rotational band of the non-axial rotor in the ARM.

The ARM is capable of making predictions for any nucleus for which the first and second 2* energy
states are known (Davydov & Filippov, 1958). The level structure predicted by ARM for y = 0° or
60° is same as of the asymmetric rotor of Bohr-Mottelson model. Thus, ARM appears to provide

a somewhat more general description of the nucleus than by other collective models.



In the present work, we have employed the most common method for the calculation of the non-
axiality parameter y using E2* values, and make use of most recent experimental data. The most
important part of this work is the estimation of B(E2) values, meanlives and energies of rotational
bands. The obtained results are compared with experimental data and an excellent agreement has
been observed. The experimental data for input parameters are taken from the Table of Isotopes

(Firestone, 1999) and, Atomic Data and Nuclear Data Tables (Raman, Nestor & Tikkanen, 2001).

The importance of this work lies in the estimation of B(E2) values, meanlives of rotational as well
as gamma bands and the beta band head energies in respect of deformed even-even nuclei
belonging to heavy mass regions, since the measurement of B(E2) values, meanlives and energies
of excited states are one of the most active areas of nuclear structure physics. A knowledge of
approximate values of meanlives predicted by us is also of great importance to the researchers

(experimentalists).

Objectives

The General Objective is:
» To investigate and compute some properties of rotational nuclear excited levels of even-
even nuclei using Asymmetric Rotor Model (ARM)
The Specific Objectives are:
» To estimate the electric transition probabilities B(E2) values,
» To predict meanlives of rotational excited nuclear states, and

» To calculate energies of rotational excited states of even-even nuclei



CHAPTER 2. Nuclear Structure Theory

Nuclear physics is the study of atomic nuclei. From deuteron to uranium, there are almost 1700
species that occur naturally on earth. In addition, large numbers of others are created in the
laboratory and in the interior of stars. The main force responsible for nuclear properties comes
from strong interaction (Samuel, 2004). However, both weak and electromagnetic interactions also
play important roles. For these reasons, nuclear physics serves as an important platform where
basic properties of subatomic matter can be examined and fundamental laws of physics can be

studied.

However, nuclear physics lacks a coherent theoretical formulation (Krane, 1988) that would permit
us to analyze and interpret all phenomena in a fundamental way. Much of what we know about
nuclear structure comes from studying not the strong nuclear interaction of nuclei with their
surroundings, but instead the much weaker electromagnetic interaction. That is, the strong nuclear
interaction establishes the distribution and motion of nucleons in the nucleus, and we probe that
distribution with the electromagnetic interaction. In doing so, we can use electromagnetic fields
that have less effect on the motion of nucleons than the strong force of the nuclear environment;

thus our measurements do not seriously distort the object we are trying to measure.

The atomic nucleus is not a single object but a collection of species ranging from hydrogen to the
actinides (Casten, 1990), and displaying an unbelievably rich and fascinating variety of
phenomena. The nucleus is extremely small, namely about 102 to 103 cm in diameter, and can
contain up to a couple of hundred individual protons and neutrons that orbit relative to one another

and interact primarily via the nuclear and Coulomb forces.



The structure of the nucleus determines the time-averaged distributions of charge and matter in the
nucleus (Hodgson, Gadioli & Gadioli, 1997), and these strongly affect the way the nucleus interact
with other particles. The charge distribution is mainly determined by the arrangement of the
protons, and the matter distribution by that of the neutrons and protons combined. The charge and
matter distributions can be measured by analyzing the way various particles are scattered by the

nucleus.

The charge distribution is most conveniently studied by using a probe that interacts only with the
charge (Krane, 1988), and in this respect the electron is ideal. The electromagnetic interaction is
well understood, so studies of electron elastic scattering by nuclei have yielded accurate charge
distributions. It is not so easy to determine the matter distribution. Neutrons are suitable in
principle, as they interact with both the neutrons and the protons, but since they cannot be
accelerated one must use secondary neutron beams which have low intensity and a rather poor

energy resolution.

Any distribution of electric charges and currents produces electric and magnetic fields that vary
with distance in a characteristic fashion (Krane, 1988). It is customary to assign to the charge and
current distribution an electromagnetic multipole moment associated with each characteristic
spatial dependence - the 1/r? electric field arises from the net charge, which we can assign as the
zeroth or monopole moment: the 1/r2 electric field arises from the first or dipole moment: the I/r*

electric field arises from the second or quadrupole moment, and so on.

The magnetic multipole moments behave similarly, with the exception of the monopole moment:

as far as we know; magnetic monopoles either do not exist or are exceedingly rare, and thus the



magnetic monopole field (<1/r?) does not contribute. Electromagnetic theory gives us a recipe for
calculating the various electric and magnetic multipole moments, and the same recipe can be
carried over into the nuclear regime using quantum mechanics, by treating the multipole moments
in operator form and calculating their expectation values for various nuclear states. These
expectation values can then be directly compared with the experimental values measured in the

laboratory (Krane, 1988).

The simplest distributions of charges and currents give only the lowest order multipole fields. A
spherical charge distribution gives only a monopole (Coulomb) field: the higher order fields all
vanish. A circular current loop gives only a magnetic dipole field. Nature has not been arbitrary in
the construction of nuclei, if a simple, symmetric structure (consistent with the nuclear interaction)
is possible, then nuclei tend to acquire that structure. It is therefore usually necessary to measure
or calculate only the lowest order multipole moment to characterize the electromagnetic properties

of the nucleus (Krane, 1988).

Another restriction on the multipole moments comes about from the symmetry of the nucleus, and
is directly related to the parity of the nuclear states. Each electromagnetic multipole moment has
a parity, determined by the behavior of the multipole operator when r — - r. The parity of electric
moments is (-1) b, where L is the order of the moment (L = 0 for monopole, L = 1 for dipole,

L = 2 for quadrupole, etc.): for magnetic moments the parity is (-1) “** (Krane, 1988).

Since the discovery of the atomic nucleus and the subsequent identification of the neutron and
proton as its primary constituents, a longstanding goal has been that of deducing nuclear properties

from those of these constituents (Frank, 1978). Unfortunately, a typical nucleus, being composed



of many nucleons, possesses several hundred degrees of freedom that may be specified in a variety
of ways. It is the hope of the theorist that a proper method of specification will leave him with only

a handful of coordinates that need be actively considered.

The discovery of nuclear fission in 1939 and its subsequent interpretation in terms of the surface
and Coulomb energies of a deformed, charged liquid droplet, indicated that individual nucleons
were capable of taking part in large scale cooperative phenomena (Frank, 1978). As experimental
techniques were refined, evidence for low energy collective behavior began to accumulate,
particularly in nuclei far removed from shell closures. Anomalously large quadrupole moments

and electric quadrupole transition rates were observed.

The low energy spectra of many nuclei were found to contain sequences of levels resembling the
rotational and vibrational bands known to occur in the excitations of molecules. Such discoveries
emphasized the importance of taking the nuclear collective degrees of freedom into direct account.
Aage Bohr recognized that collective coordinates, used to specify the shape and orientation of the
nuclear surface, could be treated as dynamical variables (Frank, 1978). In particular, he studied
the lowest order (quadrupole) surface vibrations of a liquid droplet about a spherical equilibrium
shape, introducing the intrinsic coordinates (j, v, 6i) as a means to specify an arbitrary quadrupole

surface.

The three Euler angles, 6, serve to orient a set of body-fixed (BF) principal axes within the nuclear
droplet, while 3 and y describe the appearance of the surface to a BF observer, B is a measure of
the overall deformation from sphericity, and the angle y describes the rotational asymmetry about

the BF z-axis (Frank, 1978).



The building blocks of nuclei are neutrons and protons, two aspects, or quantum states, of the same
particle, the nucleon (Samuel, 2004). Since a neutron does not carry any net electric charge and is
unstable as an isolated particle, it was not discovered until 1932. The only charged particles inside
a nucleus are protons, each of which carries a positive charge of the same magnitude, but opposite
in sign, as an electron, since only positive charges are present, the electromagnetic force inside a
nucleus is repulsive and the nucleons cannot be held together unless there is another source of

force that is attractive and stronger than Coulomb force.

Both gravitational and electromagnetic forces are infinite in range and their interaction strengths
diminish with the square of the distance of separation (Samuel, 2004). Clearly, nuclear force
cannot follow the same radial dependence, else nucleons in one atom would have felt the attraction
of those in nearby atoms. Being much stronger, it would have pulled the nucleons in different
nuclei together into a single unit and destroy all the atomic structure we are familiar with. In fact,
nuclear force has a very short range, not much beyond the confine of the nucleus itself, in marked

contrast to the fundamental forces that were familiar at the time.

Nucleons interact with each other through two-body interactions (Samuel, 2004). That is, the force
between nucleons acts only between a pair of them at a time. The absence of one-body terms in
the potential can be seen by contrasting with atomic electrons. In an atom, the electrons are bound
to a central electrostatic potential provided by the protons in the nucleus. As a result, there is a
force acting on an electron even in cases where it is the only one present, such as the hydrogen
atom. This is not true for nuclei, as there is no external source to provide a force on the individual

nucleon. The only one-body operator in a nuclear Hamiltonian is the kinetic energy arising from

10



the motion of each nucleon. On the other hand, it is not possible to rule out completely three-body

and higher particle-rank terms in the nuclear interaction.

Protons and neutrons are the lowest energy bound states of quarks and gluons. When we put two
or more of these particles together, they interact, scatter and sometimes form bound states due to
the strong interactions. If one is interested in the low-energy region where the nucleons hardly get
excited internally, we can treat the nucleons as inert (non-interacting), structureless elementary
particles, and we can understand many of the properties of the multi-nucleon systems by the

nucleon-nucleon interactions (Samuel, 2004).

If the nucleons are non-relativistic, the interaction can be described by a potential. Since the
fundamental theory governing the nucleon-nucleon interactions is Quantum Chromo Dynamics
(QCD), the interactions shall be calculable from the physics of quarks and gluons. Nonetheless,
the problem is quite complicated and only limited progress has been made from the first principles
so far. Therefore, the approach we are going to take is a phenomenological one: One first tries to
extract the nucleon- nucleon interaction from the nucleon-nucleon scattering data or few nucleon
properties, and then one tries to use these interactions to make predictions for the nuclear many-

body system (Samuel, 2004).

The atomic nucleus is a very complex system (Casten, 1990; Heyde, 1999; Jean, James & Michel,
2005; Nazarewicz, 1998), and a theoretical study is confronted with some severe basic problems.
The nucleon-nucleon interaction acting inside the nucleus as an effective force is not well
understood yet. Actually, the nucleon-nucleon interaction is not one of nature’s basic forces, but

it is the result of the strong force that acts between the quarks of which the nucleon is composed.

11



At low nuclear excitation energies however, quarks do not seem to play an explicit role in

determining the nuclear structure properties.

The nuclear force is at first glance a mysterious one (Casten, 1990) since it has few if any
recognizable consequences in macroscopic matter (i.e., everyday phenomena). And, in fact, the
exact nature of this force is still largely unknown. Nevertheless, it is remarkable how much we can
learn about it from a few simple empirical facts. We have already stated that the very existence of

nuclei implies a new force, the strong interaction that can overcome the Coulomb repulsion

between protons.

Nuclei are extremely small, and for all practical purposes, the nuclear force can be neglected when
considering atomic and molecular phenomena (Casten, 1990). These two facts tell us that the
nuclear force must be short range. So, the nuclear force is predominantly attractive and short range.
A more general characteristic of the nuclear force is charge independence, which means that the
p-p, n-n, and p-n forces are equal. The concept of the proton and neutron as merely two states of

the same particle, the nucleon, leads to the concept of isospin, which is similar to intrinsic spin.

The properties of the simplest bound nuclear system, the deuteron, tell us still more about the
nuclear force (Casten, 1990). The nonzero quadrupole moment of the deuteron is our first
indication of the tendency of the proton-neutron interaction to lead to nonspherical nuclear shapes.
Moreover, it is an indication that the nuclear force cannot be completely described by a spherically
symmetric central potential. In the particular case of the deuteron the finite quadrupole moment is

evidence for tensor forces that couple a spin dependent component to a central potential.

12



The Pauli principle is of fundamental importance to nuclear structure (Casten, 1990). It is essential
in determining which nuclei are stable, that it provides a justification for the idea of independent
particle motion in a dense nucleus. It explains why all even-even nuclei have 0" ground states, why
the low-lying states of these nuclei increase in energy with spin, why most low lying negative
parity states have odd spin, and, remarkably, the entire systematic of where collectivity, phase

transitions, and deformation occur in nuclei.

The Pauli principle embodies the notion that no two identical nucleons can occupy the same place
at the same time. More formally, no two nucleons can have identical quantum numbers because
nucleons are fermions. In this second form it plays an important role in proton-neutron systems
where the two nucleons can be treated as two states of the same nucleon. Many applications of the
Pauli principle, however, are best expressed in terms of a generalized mathematical formulation
of it that the nuclear wave function must be totally antisymmetric totally meaning antisymmetric
in all coordinates, spatial, spin, and isospin (i.e., that the wave function must reverse its sign if all

these coordinates are interchanged) (Casten, 1990).

Just as we learn about atoms by studying their excited states, we study nuclear structure in part
through the properties of nuclear excited states (Krane, 1988). And like atomic excited states, the

nuclear excited states are unstable and decay rapidly to the ground state.

Nucleons in a nucleus do not behave like classical particles, colliding like billiard balls (Krane,
1988). Instead, the wave behavior of the nucleons determines the properties of the nucleus, and to
analyze this behavior requires that we use the mathematical techniques of quantum mechanics.

From a variety of scattering experiments, we know that the nucleons in a nucleus are in motion
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with kinetic energies of the order of 10 MeV. This energy is small compared with the nucleon rest

energy (about 1000 MeV), and so we can with confidence use nonrelativistic quantum mechanics.

The internal structure of the atomic nucleus varies greatly and often suddenly with the number of
constituent protons and neutrons (Caprio, 2003). These changes in structure are associated with
corresponding changes in the nuclear excitation spectrum and in the decay properties of the excited
states. The predominant undertaking of the field of nuclear structure physics is to extract from
observed properties of the ground and excited states of the nucleus an understanding of the physical
structure of these states and to develop a comprehensive theoretical description of the nuclear

system.

In principle, all the properties of a nucleus are contained in the nuclear Hamiltonian (Hodgson et
al., 1997). Unfortunately, however, we do not know the nuclear Hamiltonian, and even if we did
know it, the mathematical difficulties of obtaining its Eigen functions and eigenvalues would be
inseparable. Even if these could be overcome, the amount of information we would obtain would

be unmanageable with the technology in hand.

A nuclear state (Hodgson et al., 1997) is normally in its state of lowest energy called the ground
state. It can also exist in many states of higher energy called excited states. Each nuclear state is
characterized by its structure that is by the arrangement of its nucleons and the coupling of their
spins. This can be described in various ways. In principle, of course, the nucleus is completely
specified by its total wave function. Except for the very lightest nuclei this is, however, far too
complicated an object to be accurately estimated. It is thus usual to express the structure of a

nucleus in terms of nuclear models.
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The structure of nuclei is a fingerprint (Neugart & Neyens, 2006) of how protons and neutrons in
these many-particle systems interact in order to form a bound nucleus. Fundamentally, the
behavior of the aggregate nuclear system is entirely determined by the interaction of its
constituents, but it is largely impossible to deduce even the most basic structural behavior of the
system directly from the intrinsic properties of these constituents. This limitation arises in part
since the underlying interactions of protons and neutrons in the nuclear medium are not entirely

understood.

Consequently, there is a need for phenomenological models of nuclear structure, which require
some degree of empirical input regarding the properties of the nuclear system in order to make
predictions of further properties (Neugart & Neyens, 2006). These models serve at the least to
provide a rough conceptual understanding of the properties of nuclei and ideally can allow detailed

quantitative descriptions to be obtained.

Until the mid-1970s the two principle strains of nuclear structure theory were embodied in the
shell model and the collective model pioneered by Aage Bohr and Benjamin Mottelson. In nuclei
far from closed shells where the shell model is either intractable or unreliable, one normally takes
recourse in other theoretical frameworks. One of the significant and most fruitful of these
approaches can be called geometrical or collective models, which bypass the shell model by taking
a more macroscopic approach of assigning a specific shape to the nucleus and examining the

rotations and vibrations of such a, generally non-spherical, shape (Casten, 1990).

The shell model is generally considered the fundamental nuclear model (Casten, 1990;

Nazarewicz, 1998). Historically, it was the first model to have considerable, detailed success. Of
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course, this is not accidental. The shell model works best for light nuclei. More fundamental to the
shell model's central position in nuclear physics is that it provides a well-defined procedure for the
calculation of basic nuclear observables. Since the shell model is the only broadly applicable
microscopic model available, it is the standard against which others are compared. A collective

model that can be shown to be inconsistent with the shell model is discarded with little delay.

Many features of nuclei indicate that the nuclear motion does not consist of only the simple single
particle excitations (Liu, 2010). Instead, there are a few typical effects that imply a collective
motion, where all or at least a large part of nucleons in a nucleus move coherently with well-
defined phases. Two important types of the collective motions are the surface vibration of the
nuclear shape that is a motion of nucleons from one region of the nuclear sphere to another one

and the rotation of the entire nucleus.

The assumption of a non-spherical macroscopic nuclear shape is a phenomenological or ad hoc
one, while the enormous successes of the collective model, its demonstrated predictive power, and
the numerous progeny it has produced over in the last years leave little doubt that it aptly describes
the nuclear structure of perhaps the majority of nuclei, one is left with an uneasiness about the
apparent incompatibility of an independent particle picture such as we have been discussing and
the clearly collective and coherent motion involved in macroscopic rotations and vibrations (Liu,

2010).

From the observed properties of nuclei over a large mass range, A, it can be seen that there are two
major types of collective nuclear behavior (Liu, 2010). Firstly, in the region of A < 150 the nuclei

are known as vibrational since they vibrate about a spherical equilibrium. In the region 150 < A <
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190 and also A > 220 is rotational. They are known as rotational nuclei due to their non-spherical
shape at equilibrium. Opposed to the spherical shape of the rotational nuclei, these nuclei are
ellipsoidal; either a prolate ellipsoid (Figure 2.1 (a)) or of oblate form (Figure 2.1 (b)) but will

always be symmetric about both semi-major and semi-minor axis.

a=bhb<c a=h>c
(a) (b)
Figure 2.1. a) A prolate ellipsoid, defined by the semi-major axis, c, being greater than the semi-

minor axis. b) An oblate ellipsoid is defined by the semi major axis, ¢, being smaller
than the semi-minor axis.

The most obvious characteristic of non-spherical nuclei is that they can undergo rotations about
an axis perpendicular to the symmetry axis (Liu, 2010). They can, of course, also vibrate and,
moreover, rotations can be superimposed on vibrational motion. It has been shown by the study of
even-even nuclei in the regions A <= 150 and A >= 190 that the properties of their excited levels
can be accounted for by considering the rotational motion of non-axial (non-axially symmetric)

nuclei or nuclear vibrations.
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A new collective theory of the behavior of nuclei has been developed by Davydov and Filippov
(DF) taking into account possible violations of the axial symmetry of the nucleus (Pearson, 2008).
This violation affects the rotational spectrum of the axial even-even nucleus, and some new
rotational states with total angular momenta of 2, 3, 4, ... appear. A deformed nucleus has a
rotational degree of freedom. For even-even nuclei, the 0" state is always the ground state. Then,

the next states are I"= 2*, 4%, 6, 8", ...; on symmetry grounds.

Even-even nuclei are known to have 0" ground states and several low-energy integer spin states
(Allmond, 2007). The transition strengths between these levels are sufficiently strong and well
established to support the view that most nuclei are collective. While the full and true structure of
these nuclei is not known, the structure is clearly dominated by low spin degrees of freedom. To
establish a reference frame in which we can discuss and compare data, models of adiabatic

rotations are by far the most useful.

The asymmetric rotor model of Davydov- Filippov (DF) has been employed to study the reduced
transition probabilities, meanlives and energies of excited states in the rotational excited state band
even-even nuclei of lanthanide and actinide series. Basic nuclear properties of excited nuclear
states such as excitation energy, angular momentum (spin) and parity can be measured using
conservation laws and electromagnetic selection rules (Paddy, 2003). In addition, the
determination of decay probabilities of nuclear states (i.e. their lifetimes) gives direct information
on the make-up of the initial and final states and can reveal highly collective, deformed structures

within the nucleus.
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2.1. Nuclear Angular Momentum

It is necessary to consider the basic properties that define nuclear quantum states. Those properties,
which for stationary states can be measured experimentally, are constants of the motion
(Nemirovskii, 1963). In stationary states, the nucleus obviously possesses a definite energy.
However, a theoretical interpretation of nuclear-level spectra is an extremely hard task. As is
known, in a central field the constant of motion is the angular momentum; in the nucleus, it is the
total angular momentum representing the sum of the orbital momenta and the spins of all the
nucleons. In non-spherical nuclei the angular momentum projection onto the nuclear symmetry

axis is conserved.

In classical mechanics as well as in quantum mechanics (John & Victor, 1979), the angular
momentum of a system is conserved if the equations of motion are invariant under rotations of the
coordinate system which is used to describe the motion. This is true of any isolated system, such
as a nucleus. It is not true of a system subject to external forces, such as an applied electric or
magnetic field, which distinguishes one direction in space from all others. Angular momentum
plays a critical role (Nouredine, 2009) in the description of molecular rotations, the motion of
electrons in atoms and the motion of nucleons in nuclei. Thus, the quantum theory of angular

momentum is a prerequisite for studying molecular, atomic and nuclear systems.

To describe the interplay between the motion of the particles and the collective rotation, consider
an axially symmetric deformed nucleus rotating around the x-axis, with orbiting valence nucleon

as shown in Figure 2.2. The total angular momentum, I, of the nucleus is given by (Obed, 2011)
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=R+ (2.1)

where R is the angular momentum generated by the collective rotation of many nucleons (core)

around the x-axis, and J is the intrinsic angular momentum that is generated by the valence nucleon.

If there are more than one valence nucleons, the intrinsic angular momentum of the valence
nucleons J is represented as the sum of the angular momenta of the individual valence nucleons

(Obed, 2011), i.e.

A
=) i (2.2)
=1

i
The total angular momentum of a nucleus is formed from the sum of the individual constituents’
orbital angular momentum and spin angular momentum (Alex, 2005). Since neutron and proton
spins are half-integral, and orbital angular momentum is integral, it follows that | is half-integral
for odd - A nuclei, and integral for even - A nuclei. The total angular momentum may be composed
of the sum of orbital and intrinsic spins, or it may be composed of the sum of the angular momenta
for two or more nucleons. The projection of the total angular momentum I on to the symmetry axis
is K, and is the same as the projection of J. The projection of the angular momentum j;, of a valence

nucleon is Qj, thus

A
K=o (23)
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» Symmetry axis

Figure 2.2. Schematic of the coupling of the collective angular momentum R, and the intrinsic
angular momentum of valence nucleons J. The projection of the total angular
momentum I, on to the symmetry axis is K.

The projection of the total angular momentum on to the rotational axis is given by

L, = {10+ 1) - KZ}h (2.4)

and it is known as the aligned angular momentum.
2.2. Nuclear Models

The nucleus with its constituents, protons and neutrons, constitutes the core of an atom (Serkan,
2009). Nuclei exhibit quantized states similar to atoms. However, the excitation energy of nuclei

is far greater than atoms, ranging from keV to MeV, and the excitation pattern is different. Due to
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the complexity of the nucleus, models are needed to explain of their structure. Models have to be
consistent with observed quantum properties of the nucleus and they have to have predictive
power. Usually, one of the models is dominant for that particular region compared to the other

models.

Nuclear models are developed to interpret specific features observed in nuclei in different mass
regions (Obed, 2011). A good model is the one that could predict most of the features that nuclei
exhibit. Usually in order to describe all features exhibited by all nuclei, more than one nuclear
model is needed. The reason for this is that every nuclear model has its own limitations or
shortcomings. The spherical shell model, for example, is only applicable to magic nuclei or nuclei
near closed shell (i.e. near-spherical nuclei) and fails for nuclei whose particle number of protons
Z and neutrons N are located far away from magic numbers. To predict features observed for nuclei
located far away from shell gaps other models are needed. Up to the present there are varieties of
nuclear models that one can use, but the applicability of the model rests on how the model relates

to the physical properties of the nucleus.

There are two complementary approaches to describe the nucleus (Heyde, 1999; Thomas, 2009).
The first is a microscopic approach, where nucleons are treated as independent particles moving
in a central potential arising from the interaction of each nucleon with all other nucleons. One of
the simplest such models is the so called Fermi gas model in which the nucleons are considered as
non-interacting particles in a 3-dimensional square well potential. This model can be seen as

predecessor of the successful shell model.
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The second is a macroscopic approach where the nucleus is treated like a macroscopic (or
geometric) object. One of the earliest nuclear models, the liquid drop model, belongs in this
category. There, the nucleus is described similar to a drop of an incompressible liquid. The
observed masses and binding energies can be well deduced from it. In this model the nucleus has
a surface and a shape and excitations can be described in terms of collective vibration and rotation.

These ideas are also essential in the collective model by Bohr and Mottelson (Heyde, 1999).

Nuclear structure is generally explained on the basis of two nuclear models (Varshney, 1982), the
shell model and the collective model. In the shell model one performs detailed calculations with
specific potentials and residual interactions to explain not only general features displayed by nuclei
over fairly wide regions but also to explain and predict properties of individual nuclei. In the
collective model one considers quantized fluid with certain properties and subjects it to certain
boundary conditions in order to predict gross characteristics which depend upon most of the

nucleons in a system.

Generally, in order to test the validity of such models, a survey of selected nuclear properties like
binding energies, excitation energies, nuclear moments, transition probabilities etc. is done. It is
well known that different nuclear models are applicable to different regions of mass number with
varying degree of success in explaining different nuclear properties. The collective model was a
result of two major works: the liquid drop model for describing nuclear fission, which was
developed largely by A. Bohr and initiated the possibility of deformation, and the observation of
large electric quadrupole moments in nuclei by J. Rainwater. These two works provided the basis

for the Bohr collective model (Varshney, 1982).
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Historically (Irving, 1962), the liquid drop model was the first model developed to describe the
nuclear properties. It describes the bulk properties (binding energies) and collective phenomena,
such as vibrations and rotations of the nucleus. The idea came mainly from the consideration that
nuclear forces exhibit a saturation properties and from the fact that the nucleus has a low
compressibility and a well-defined nuclear surface. The binding energy per nucleon as a function
of mass number A is found to be fairly constant (= -8.5 MeV) (Beiser, 2003), which indicates the

saturation properties of nuclear force.

Binding energy per nucleon, MeV

Mass number, A

Figure 2.3. Binding energy per nucleon as a function of mass number. The peak at A =4
corresponds to the exceptionally stable 5He nucleus, which is the alpha particle.
The binding energy per nucleon is a maximum for nuclei of mass number A =
56. Such nuclei are the most stable.

Many different models have been proposed to interpret experimental phenomena in nuclear
physics (Irving, 1962; Shaohua, 2010). Roughly, these models can be classified into two main
types: the shell model and the collective model, which describe single nucleon motions and

collective motions of nucleons in a specific nucleus, respectively.
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2.2.1. Nuclear Shell Model

The shell model forms the basis for various theoretical models (Obed, 2011). This model was first
developed in the 1940s and many unsuccessful attempts were made in constructing a nuclear
potential that will fit the observed properties of the nuclei. Mayer, Haxel, Jensen and Suess further
developed this model in 1949 by introducing a spin-orbit interaction in the nuclear potential. It
now accounts very well for the observed nuclear properties such as nuclear transitions, spins and

parities of the states.

The shell model is also called a single-particle model because it treats the nucleons individually.
The occurrence of so-called magic numbers (N or Z is equal to 2, 8, 20, 28, 50, 82, 126, ...) has,
from the experimental point of view, been one of the strongest motivations for the formulation of
the nuclear shell model. The shell model proposes that (Obed, 2011) a valence nucleon moves in
an attractive potential well created by the other nucleons in the nucleus. The most often discussed
potential wells are an isotropic harmonic oscillator, infinite or finite square well and Woods-Saxon

potential.

The Shell model of the nucleus originated from the theoretical attempts to explain the extra
stability of certain nuclei having nucleon numbers equal to the magic numbers (2, 8, 20, 28,50, 82,
126, ...), which are analogous to the inert gases in atomic physics. This model is based on the
mean field approximation, where each nucleon is assumed to move independently in a potential
that represents an average interaction with the other nucleons in the nucleus. Unlike the atomic
case where the central mean field is provided by the Coulomb field of the heavy nucleus at the

center of mass, in the nuclear case the mean field is produced by the nucleons themselves (Obed,
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2011). This model was capable of explaining not only the magic numbers but also many other

nuclear properties such as spin, magnetic moment and energy levels.

The spherical shell model was first introduced by Mayer and Jensen (Shaohua, 2010). Evidence of
the existence of nuclear shells has been observed experimentally in many aspects, such as nuclide
abundance, neutron and proton separation energies, and the a-decay energies. For example, sudden
drops are seen in neutron and proton separation energies at certain numbers of neutrons or protons,

like 50, 82, and 126 for neutrons. These numbers are known as magic numbers.

The first job was to find an appropriate potential that would reproduce these corresponding magic
numbers correctly. This goal was not fulfilled until Mayer and separately Jensen found that the
proper potential like the harmonic oscillator potential must include the spin-orbit interaction, a

term of 1.§ with the opposite sign and much larger magnitude than the spin-orbit interaction of

electrons in atoms. A realistic finite potential, the Woods-Saxon potential, with spin-orbit coupling
is widely used in the form of (Shaohua, 2010),

U Usld 1 .
u(r) = —or—Ro] $ols2 8 {—r—RO]} 1.8 (2.5)

1+exp[—— ro rdr 1+eXp[_a

A typical set of parameters is Ug = [-51 + 33(N — Z)/A] MeV, Uis = —0.44Uo, a = 0.67 fm, and Ro

= roAY with ry = 1.27fm.,

The spin-orbit interaction results in individual energy levels to split in such a way that at magic

numbers, 2, 8, 20, 28, 50, 82, 126, are large gaps in the energy spacings. It is easy to understand
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that nuclei in the shell model have a spherical shape. The Woods-Saxon potential (Obed, 2011) is
an intermediate between the harmonic oscillator and square well potentials and represents a more

realistic shape of the nucleus.
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Figure 2.4. A comparison of one-dimensional harmonic oscillator potential, square well
potential and Woods-Saxon potential.

Besides its ideal reproduction of magic numbers, the shell model has been used to successfully
interpret nuclear properties in more ways than one, such as the magnetic dipole moments, the
electric quadrupole moments, the spin-parity assignments of ground states of odd-A nuclei, the
isomer distributions, and the y-ray transition probabilities. The shell model can also be used to
predict and interpret excited states as well. Excited states are often calculated by considering
nucleons outside a specific magic or doubly-magic core as single particles. It is assumed that
nucleons up to the closed major shells or sub-shells are too tightly bound to contribute to nuclear

excitations (Obed, 2011).
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However, despite its success, the shell model still has some limitations because it simply treats
nucleons as independent particles (Obed, 2011), moving in a spherical mean potential produced
by themselves. Even after including the pairing effect, the residual interaction and the possibilities
of the configuration mixture, the shell model still cannot predict or interpret some features and
phenomena of nuclei, such as larger quadrupole moments observed in nuclei far away from magic
numbers, and certain distinguishing properties in low-energy excitations or high-energy

excitations.

2.2.2. Nuclear Collective Models

The shell model, as described above, has been quite successful in explaining nuclei close to the
magic numbers (Obed, 2011). However, while moving away from the closed shells, some simple
and systematic features start to show up, which could not be understood in terms of shell model.
These include large ground state quadrupole moment, enhanced E2 transition probabilities rotor
like energy spectrum etc. These observations suggest that in these nuclei, such large effects can
arise through a coherent participation of all the nucleons. To understand the collective features

away from the closed shells, Aage Bohr and Benjamin Mottelson had developed Collective model.

One of the most characteristic empirical facts of nuclear systematics is that the shell model picture
of nearly independent particle motion under the influence of weak residual interactions in simple
configurations breaks down as one adds more and more valence nucleons past magic numbers
(Casten, 1990). Simply put, the residual interactions among a growing number of valence nucleons

build up to such an extent that they obliterate much of the underlying shell structure.
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The shell model wave functions become a poor first-order approximation to the real nuclear wave
functions (Casten, 1990). In short, they no longer serve as the most appropriate basis states. In
general, in a physical system, one always searches for some suitable set of basis states such that
the realistic wave functions are dominated by one or a few components and any admixtures of
basis states can be treated as relatively small perturbations. This is not to say that the shell model

cannot provide a valid microscopic description of such collective excitations.

Many nuclear phenomena indicate that the nuclear motion does not consist of only the simple
single particle excitations (Shaohua, 2010). Instead, there are a few typical effects that imply a
collective motion, where all or at least large parts of nucleons in a nucleus move coherently with
well-defined phases. Nearly all nuclei with neutron numbers at mid shell between two major magic
numbers show some degree of collective behaviors. Two important types of the collective motions
are the surface vibration of the nuclear shape that is a motion of nucleons from one region of the

nuclear sphere to another one and the rotation of the entire nucleus.

The first step of the collective model was made by Bohr and Mottelson in the 1950s (Shaohua,
2010). One important Hamiltonian of a collective motion including vibrational motions, rotational

motions and their interactions, namely the rotation-vibration model, is given by

Heon = Frot + Hyib + Huib ot (2.6)

In even-even nuclei, strong indicators for the collectively rotational motions are, for example, the

ratios of the lowest 4" to 2* state energies and the large 2* state electric quadrupole moments.
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Evidence of the rotational and vibrational motions is shown in Figure 2.5 (Shaohua, 2010), where

the ratios of the first 4" to 2" level energies are shown.
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Figure 2.5. E (4+): E (2+) of yrast bands of even-even Zr and Mo isotopes.

2.2.2.1. Bohr - Mottelson Model

The most striking evidence of the collective phenomenon in nuclei was provided by the existence
of rotational bands in the nuclear spectra observed in the Coulomb excitation studies (Varshney,
1982). The Coulomb excitation studies also revealed the systematic occurrence of strong E2
transition in nuclei outside the rotational regions. The low energy spectra of even-even nuclei
outside the rotational regions could be interpreted, at least qualitatively, in terms of quadrupole

vibrations about a spherical equilibrium.

Large values of quadrupole moments can be obtained if the nuclei are assumed to be deformed so

that they have permanent non-spherical shapes. Rainwater noted that the many number of protons
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in nucleus can give large value of electric quadrupole moments as a result of the polarizing action
of one or more loosely bound nucleons on the remaining nucleus, which is the basic of collective

behavior (Varshney, 1982).

Bohr-Mottelson have developed a single model called the unified model. It is an extension of shell
model. In this model the shell model potential is assumed non-spherical (Varshney, 1982). The
energies of the single particle in this non-spherical potential are calculated, and the distortion
which gives the minimum energy is taken as the actual distortion. The long range correlations are
replaced by the assumption of a permanently distorted potential. The model necessarily represents

the collective effects of the nucleons in the nucleus. This model is a symmetric rotor type.

Bohr and Mottelson (Demille et al., 1959; Shaoshua, 2010) have shown that even-even nuclei with

spheroidal shapes may be expected to exhibit rotational states with energy levels given by
h2
Erot= 35 1(1+1), 1=0,2,4,6, ... (2.7

where 3 is the effective moment of inertia and | the total nuclear angular momentum.
2.2.2.2. Asymmetric Rotor Model

The models we have discussed so far incorporate excursions from axial symmetry that are both
small and dynamic (Casten, 1990). Certainly, such an approach accounts reasonably well for the
deviations of most well-deformed nuclei from the properties of the pure axial rotor. However, there

have long been indications that larger and possibly permanent (static) asymmetries also occur.
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Naturally, this would lead to more radical departures from the energy and transition rate
expressions we have considered. In fact, in certain limiting cases of large asymmetry, new
selection rules appear. In another sense, however, such models for larger asymmetry are extensions
of the small excursions from axiality dealt with so far, and their predictions go over into the latter

asy — 0°.

The asymmetry parameter y of ARM determines the deviation in shape of the nucleus from axial
symmetry and it varies between 0 and n/3. When the asymmetry parameter vy is equal to zero, the
energy spectrum is found to be identical to an axially symmetric nucleus and the ARM model

produces the symmetric rotor “y -band” (non-staggered) energies (Parveen & Harish, 2015).

The deviation of axial symmetry of even-even nuclei (i.e., as the asymmetry parameter y increases)
only slightly affects the rotational spectrum of the axial nucleus; however, a few new rotational
energy states with spin 2, 3, 4, etc. may be visible. This effect becomes large when the asymmetry
parameter y = 20°. The nucleus gets more deformed with increase in y and finally the nucleus

becomes triaxial near y = 30° (Parveen & Harish, 2015).

Bohr and Mottelson (Bohr & Mottelson, 1998) have developed the hydrodynamic model in a
completely general fashion restricting the treatment to axial symmetry when they considered the
coupling of the odd nucleon to the core. Bohr-Mottelson model was unable to explain the very
large deviations from the rule for B(E2) branching ratios. This leads Davydov and Filippov take a
quite different path in extending the collective vibrations of spherical nuclei to the deformed
region. Davydov and Filippov postulated the existence of the triaxial nuclei, that is, nuclei with

fixed B and y-deformations. They calculated the energy spectra and B(E2) transition probabilities
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resulting from the asymmetric rotator. Although some physicists have been skeptical of such
hypothesis on theoretical grounds, the fact is that the calculations with the Davydov-Filippov

model have led to quite impressive agreements with experimental data.

The best known model of fixed stable asymmetry (triaxiality) is that of Davydov and co-workers
developed around 1960 (Casten, 1990). Here, the potential \V/(y) is envisioned to have a steep, deep

minimum at a particular value of y so that the nucleus takes on a rigid shape with that asymmetry.

A general form of the Hamiltonian for nuclear collective motion can be written as (Casten, 1990;

Hassan, Hadi & Akpan, 2017; lkot, Sobhani & Hassanabadi, 2017; Yigitoglu & Dennis, 2011)

LS NP P B IO NN
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in which, intrinsic deformation coordinates are denoted by f (departure from the spherical shape),
vy (departure from axial symmetry) and Ik (k = 1, 2, 3) the operators of the total angular momentum

projections in the intrinsic reference, and B is mass parameter.

The solution of this equation is quite complicated (Sukomal, 1973). Different nuclear models use
different approximations to solve this Schrodinger equation. Davydov and Filippov have assumed
fixed values of B and y for the rotating nucleus that is the intrinsic structure of the nucleus remained
unchanged during rotation called the adiabatic approximation. The Schrodinger equation in this

case can be written as
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1y = Ey (2.9)
8BBZ sm2 y -3 k)

Here k denotes the nuclear fixed axis (1, 2, 3). For the asymmetric rotor, k is not a good quantum

number. The eigenfunctions can be written as a sum over the various values of k,

b = ) gl (IKMI> (2.10)
k

where gl:(y)’s are the various amplitudes.

For a given I, K runs over all even integers less than or equal to I, except for the odd I, where K=0
is excluded. Consequently, there are no | = 1 states and | = 3 has a fixed value of K, namely 2. The
subscript I indicates that for other values of | there are more than one states, corresponding to
different allowed values of K. Thus, there is one 0" state, two 2* states, one 3" state, three 4" states,

two 57 states, and so on.

Solving for the angular momentum matrix elements in explicit form the following equation arises

and its solutions give the energies for the various states (Sukomal, 1973):

1
8ik+2(32731) F5 [~ K)(I — K= DA + K+ DI + K+ 2)]2 + gi[2(31 + Tz) J3(1? +1-K?) + 43, 3,K?

( =) 313,33] + ghos ($2-31) S3[I+ KA +K-DI-K+1)(I-K+ 2)]% =0 (2.11)
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Where 3,3, and 35 represent the moment of inertia for the three axes, refer Eqn. (2.26) for their
explicit form. The determinant of the coefficients of gk's must be zero for a solution. For | = 2, the

following equation emerges which has two roots giving two energies for this spin value,
()2-2() (ST1+3714335%) + 2 [S72+37 4631371+ 8(37 14371 3511 = 0 (2.12)

v = 0°, corresponds to the axially symmetric case and J3,;=3, = J,and J; = 0 for this case. The

roots of the above equation for this situation turns out to be of the form
hZ
E; = = I(I+1) forK=0 (2.13)

2.3. Nuclear Shapes and Deformations

Many nuclei, particularly those away from the closed shells, are appreciably deformed, and this
affects many of their properties (Hodgson et al., 1997). Therefore, there is a need for a convenient

way of defining the deformation, and then go on to see how it affects the measurable properties.

The nuclear shapes and deformations have been interesting topics to the nuclear physicists, since
the identification of nucleus. The highly complicated nature of structure and properties of nuclei
may be one of the reasons for this (Girija, 2012). Moreover, shape is one of the fundamental
properties of nuclei. Till date, no theory is developed to describe the nuclear structure and
properties completely, since the knowledge about the forces which shape the nucleus is very
limited. The configuration dependent forces present inside the nucleus are mainly the nuclear force

between nucleons and Coulomb force between protons.
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The shell effects and pairing correlation also contribute to the determination of nucleonic
configuration. The atomic nuclei exhibit spherical, quadrupole and higher order multipole
deformed shapes, even though the quadrupole deformed shapes are mostly discussed. Due to the
interplay between single particle and collective degrees of freedom, the coexistence of different

shapes at the same spin and similar energies is also not rare (Girija, 2012).

Nuclei having spherical shape in their ground state are few in number. The deformed nuclei are
classified into prolate, oblate and tri-axial. Prolate and oblate nuclei are axially symmetric. If the
third axis of the nucleus is longer than the others, the nucleus is prolate and if it is shorter, the
nucleus is oblate. For triaxial nuclei, the three axes are different. In nature, prolate nuclei dominate
over oblate ones. It is found that 86% (Girija, 2012) of the even-even nuclei are prolate in the

ground state and triaxial shapes are very rare for them.

The effect of Coulomb repulsion between protons is to deform the nucleus more into an elongated
shape than to a flattened shape. The difference in the volume element of the collective coordinates
between prolate and oblate shapes is pointed out to be another reason for the prolate dominance
over oblate shape. The spin-orbit coupling potential between nucleons plays a role favoring stable
prolate shape for nuclei. The shell structure of nuclei is also responsible for the variety of shapes,
depending on the position of Fermi level between two closed shells. Prolate shape occurs just after

closed shells and towards the end of closed shells, oblate shape is observed (Girija, 2012).

Nuclear deformation is characterized by two collective parameters, the deformation parameter 3
and the triaxiality parameter y (Girija, 2012). The deformation parameters  and y of the collective

model (Singh et al., 2011) are basic description of the nuclear equilibrium shape and structure. It
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has been shown by the study of even-even nuclei in the regions A <=150 and A >=190 that the
properties of their excited levels can be accounted for by considering the rotational motion of non-

axially symmetric nuclei or nuclear vibrations.

Properties of excited states: energy levels, spins, values of the electric multipole transitions,
average values of electric multipole moments etc. are determined by the shape of nucleus and the
nuclear deformability. The shape is a fundamental property of the nucleus and, while the majority
of nuclei are thought to be axially symmetric, triaxial deformation has been a subject of much

recent interest in nuclear structure studies (Nadirbekov & Yuldasheva, 2014).

The presence of triaxial deformation at or near the ground state has been studied extensively in the
past (Obed, 2011), primarily via Coulomb excitation of stable nuclei, without reaching definitive
conclusions for any region of the nuclear chart as the nuclei involved are more commonly viewed
as y-soft rather than as rigidly triaxial. The excitation spectra of even-even nuclei in the energy
range < 2 MeV show characteristic band structures that are interpreted as vibrations and rotations
of the nuclear surface in the geometrical collective model first proposed by Bohr and Mottelson

and elaborated by Faessler and Greiner.

The collective model, extends the liquid drop model by including motions of the whole nucleus
such as rotations and vibrations. The collective model emphasizes the coherent behavior of all of
the nucleons. The moving nuclear surface may be described quite generally by an expansion in
spherical harmonics. This model is based on the concept of a nuclear surface defined by the surface

coordinate R in the (6, ¢) as (Malin, 2016; Obed, 2011)

37



Short axis

Qo

Prolate

Intermediate axis

Long axis

Oblate

Figure 2.6. Various nuclear shapes in (8 - y) plane. On the top left is shown the principal axes of
intrinsic frame.

R(6, ¢) = Ro[1 +X, 03, Y2u(6, )] (2.14)

where Ro is the radius of the spherical nucleus. The ay,, represent the expansion of any general

function of the angels (6, ¢) in terms of the complete set of spherical harmonics Y, (6, ¢), A is

multi-polarity of the shape oscillations, and p is the projection of A.

The X =0, 1 terms are called as monopole mode and dipole mode, respectively. These monopole
and dipole terms can be discarded based on the arguments of incompressibility and translational
symmetry, respectively. Considering A = 2 term in the expansion and making suitable
transformation to intrinsic frame with axis 1, 2 and 3, the five coefficients of a,, reduces to two
real independent deformation parameters a,, and a,, = a,_, for axially symmetric quadrupole

deformation (Obed, 2011).
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Nuclear shape is usually specified in terms of the two nuclear deformation parameters  and y. The
B parameter represents the extent of quadrupole deformation, while y gives the degree of axial
asymmetry. Nuclear triaxiality is associated with the breaking of axial symmetry of the quadrupole
deformation (Nadirbekov, 2016; Nadyrbekov & Bozarov, 2017). These two parameters can be

expressed in terms of the Hill-Wheeler (David & John, 1953) co-ordinates § and vy as:
1 .
02,0 = Beosy, 0z = EBSHW (2.15)

such that,

D leaul? = @ + 208, = (2.16)
T

B represents the extent of quadrupole deformation, while y gives the degree of axial asymmetry.

The expression for the radius, Eqn. (2.14), using the spherical harmonics Y2 oand Y2, « in the

intrinsic frame can be written as:

R(6, ¢) = Ro [1 + a0 Y20(6, §) + az2Y22(6, §) + az—, Y2-2(6, ¢)] (2.17)
R(0, ¢) = Ro[1 + B \/% (cosy (3c0s?0 — 1) + /3sinysin?Acos2¢)] (2.18)
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Increment in length 6r = R(6, ¢) - Ro along the three body fixed axes can be written (From Eqgn.

(2.13)) as,

Rk = Ro \/g Beos(y — 2?ﬂk) (2.19)

where, k=1, 2, 3.
Two distinct axially symmetric shapes are possible for different orientations in space, viz,

> Prolate Shapes: for y = 0°, 120° and 240°

> Oblate Shapes: for y = 60°, 180° and 300°

In Figure 2.6, we have shown nuclear shapes in the B — y plane for A = 2. In this figure, Lund
conventions have been used (Obed, 2011). y = 0° (-60°) correspond to collective prolate (collective
oblate), whereas the y = 60° (-120°) describes the non-collective oblate (non-collective prolate). If
the value of y is not a multiple of 60°, then triaxial shapes occur. Due to discrete symmetries, the

interval 0° <y < 60° is sufficient to describe all the quadrupole shapes.

Therefore, the parameter 3, related to the quadrupole deformation, is a measure of the deviation of

the nuclear shape from spherical. The larger 8 is the more quadrupole deformation a nucleus has.
Since oy, = \/% Bsiny vanishes for the axially symmetric quadrupole deformation, the parameter y

describes the departure from axial symmetry. Further, for axially symmetric shapes, the only
remaining ay, can be simplified as a,,= ;. Without going into details, it is known that in the (B,

v) plane = 0° — 60° is sufficient to describe all ellipsoidal shapes. The different 60° sectors only
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correspond to a different labeling of the three principal axes. The z-axis is chosen as the symmetry
axis here. The nucleus is a prolate ellipsoid for y = 0° or an oblate ellipsoid for y = 60°. If 0° <y <

60°, the nucleus is expected to be triaxial with maximum triaxiality at y = 30° (Shaohua, 2010).

The nuclear parameter 3 can be either positive or negative for axially symmetric nuclei (Shaohua,
2010). In this case, the positive B corresponds to prolate while the negative to oblate. In addition,
one can obtain the relationship between B and the electric quadrupole moment in quadrupole

deformations as

3
Qo= = eZR3B (2.20)
Therefore, the nucleus is prolate (or oblate) if its Qo is positive (or negative). The Qo is called the
intrinsic electric quadrupole moment, to differentiate the experimental (or laboratory) electric
quadrupole moment Q, which can be measured experimentally. In the unified model, the

relationship between these quantities is expressed as

_ 3K2-I(1+1)
Q(l) = (I+1)21+3)

Qo (2.21)

for different levels with spins .

The electric quadrupole moment is a measure of the deviation from spherical symmetry of the
nuclear charge density distribution inside the nucleus, and it has the dimensions of area and is

measured in m? or barns (Alya'a, 2016). Then the Q(l) is an important property of nuclei and from
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the quadrupole moment we can determine whether the nucleus is spherical Q(l) = 0, deformed

oblate Q(I) < 0 or prolate Q(I) > 0 shapes.

The Qo can be derived from the B(E2) value and given by

161 1
2

Qo= [==B(E2)] (2.22)

2.4. Nuclear Rotation and Moment of Inertia

An interesting feature of nuclear structure is deformation. It has been known for a long time, that
heavy nuclei with many valence nucleons of both kinds tend to take on a static prolate axially
symmetric quadrupole deformation in their ground state. Regular rotational excitation bands are
beautiful evidence of this fact. Excitations and behavior of deformed even-even nuclei can be very

successfully described using collective models (Bohr & Mottelson, 1998).

A collective excitation is characterized by the movement of a large number of nucleons. Rotation
is a typical example of collective degree of freedom in nuclei (Bohr & Mottelson, 1998). The shape
variation of nuclei can be considered as another collective degree of freedom. Since nuclear
deformation is a collective property, only collective models can successfully describe the behavior
of deformed nuclei. One cannot define collective rotation around a symmetry axis, since such a

rotation would change only a trivial phase factor in the wave function.

Such an unchanged wave function is in contrast to collective rotation (Bohr & Mottelson, 1998).

Instead, collective rotation is characterized by small angular momentum contributions from a large
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number of particles, i.e., the wave functions of these particles change slowly with increasing
angular momentum. This implies that only deformed nuclei can rotate collectively and if the

nucleus is axially symmetric, the only possible rotation axis is perpendicular to the symmetry axis.

For collective rotation of a nucleus (Girija, 2012),

LZ
Hrot = 23 (2.23)

where 9 is the moment of inertia and L is the collective angular momentum, which equals the total
angular momentum | (total spin) in pure collective rotation. The simple collective model prediction
for the energy dependence of the rotational levels of an axially symmetric nucleus is given by

(Girija, 2012; Gregory, 1965):
_nh?
Ei=23 I(1+1) (2.24)

Since only deformed nuclei exhibit rotational spectra, it should be possible to determine
deformation from the occurrence of rotational bands. The moment of inertia can also be extracted
from measured rotational bands. A rotational band is a group of closely spaced states differing in
angular momentum slightly. In deformed nuclei, the valence particles add their spin to the angular

momentum due to rotation.

Numerous experiments (Yuri, 2005) have shown that many nuclei have electric quadrupole
moments much greater than predicted by the shell model. Large quadrupole moments of nuclei are

caused by the deviation of these nuclei from spherical symmetry. Indeed, if a nucleus has the form
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of an ellipsoid, then its electric quadrupole moment will be proportional to the amount of

deformation.

Nuclei with all nucleon shells filled are spherically symmetric (Yuri, 2005). If a nucleus has one
or a few nucleons above the closed shells, these nucleons can deform the nucleus via their
interaction with the core. It was theoretically proved that one nucleon above the closed shell could
have lower energy if its potential well was not spherical. Therefore, the nucleus consisting of a
core with closed shells and an additional nucleon (or nucleons) can achieve a state with lower

energy if the core becomes non-spherical.

Two types of collective motions of nucleons can be observed in nuclei (Yuri, 2005). First, there
are the vibrations of the nucleus, namely the vibration of its shape, which is not accompanied by
changes in density because nuclear matter is in fact incompressible. Non-spherical nuclei can
vibrate as well as spherical ones. The energy spectra of many nuclei have levels of a vibrational

origin. The properties of such levels are predicted by the collective model of a nucleus.

Another type of collective motion of nucleons is the rotation of non-spherical nuclei. If the rotation
of a non-spherical nucleus is rather slow, as it is in many cases, then such rotation will not
substantially influence the motions of separate nucleons inside the nucleus and the possible small
vibrations of the nuclear surface. Under these conditions the rotational energy can be explicitly
extracted from the total energy of a nucleus (Yuri, 2005). In other words, the energy spectrum of
a non-spherical nucleus comprises, besides the levels of a stationary nucleus, also the levels of its
rotation. The intervals between the rotational levels turn out to be small compared to those for the

levels of a stationary nucleus (one-particle levels).
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If the nucleus takes the shape of a rotational ellipsoid, then such a quantum mechanical system can
rotate only around the axis perpendicular to its axis of symmetry. Indeed, rotation of the nucleus
around its axis of symmetry does not alter its orientation in space, thus its states are not
distinguishable and the energy of a system does not change (Yuri, 2005). Any rotation about an
axis that is inclined at a definite angle to the axis of symmetry can always be represented as a result
of rotations about the axis of symmetry and the axis perpendicular to the axis of symmetry. Since
a change in the spatial orientation of a nucleus takes place only in the second case, a rotation of a
non-spherical nucleus about an arbitrary axis becomes, in fact, a rotation about the axis

perpendicular to the axis of symmetry.

A spherical nucleus cannot rotate, so it has no rotational degrees of freedom. This statement also
concerns any spherically symmetric quantum system whose states are indistinguishable upon
spatial rotation. Further from closed shells, the accumulating p-n interaction strength leads to
additional configuration mixing and deviations from spherical symmetry even in the ground state,
and so we now turn to consider nuclei with stable and permanent deformations (Casten, 1990;
Samuel, 2004). The lowest applicable shape component is a quadrupole distortion. There can also

be octupole and hexadecapole shapes in the nuclear deformation.
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Figure 2.7. Experimentally observed energy ratios for excited states in rotational bands in even-
even nuclei.

The experimental evidence on the rotational spectra of even-even nuclei is shown in Figure 2.7.

This gives the ratio of the measured excitation energies of the excited states to the energy observed

for the first excited, 2, states in these nuclei.

> 2.23<E(4) E(2) < 3.33: Deformed Region
v 3<E (4+)/ E (2+) < 3.33: Rotation Region
v 24<E (4+)/ E (2+) < 3: Transition Region
v 2<E (4+)/ E (2+) < 2.4: Vibration Region
> 182<E (4+)/ E (2+) < 2.23: Spherical Region

> 100<E (4)/E(2)<1.82: Magic Region
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The most important property distinguishing non-spherical from spherical nuclei is the presence in
non-spherical nuclei of rotational energy levels (Alex, 1997). Whereas the general features of the
rotational spectra, for example, the ratios of the energies, the values of the spins and parities, the
symmetry of the states, etc. are entirely determined by the rotational nature of the levels, the
absolute values of the rotational energies, that is, the magnitudes of the moments of inertia, depend

essentially on the internal structure of the nuclei.

A detailed comparison of the observed excitation spectra of deformed nuclei with the predictions
of the rotational model in which the nucleus is regarded as an axially symmetric rotator has shown
that, although the rotational model does reproduce well the features of the rotational spectra for
many nuclei, there is, nevertheless, disagreement between the observed picture and the predictions
of the simple rotational model for certain nuclei. Attempts to explain the discrepancy by including

corrections for the non-adiabaticity of the rotation have been unsuccessful (Alex, 1997).

Davydov and Filippov have shown that the difficulties can be removed if the assumption of axial
symmetry of the deformed nuclei is discarded (Davydov & Filippov, 1958). They developed a
theory of non-axial nuclei, in which the fundamental assumption is that the deformed nucleus is a
triaxial ellipsoid whose rotation determines the spectrum of the collective excitations of the
nucleus. This theory has made it possible to describe the principal features of the spectra of the

excited states of most even-even nuclei.
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In the adiabatic approximation, when the rotational motion can be separated from the vibrations
of the nuclear surface and from the one particle motion, the shape of the nucleus can be assumed
fixed; then the Hamiltonian describing the rotation of an even-even nucleus can be written in the

form (Alex, 1997)

2
H, = E h—l2 (2.25)
r 23](1 kr )
kr

where li are the projections of the total angular momentum operator along the principal axes of

the ellipsoid and 3y, are the moments of inertia about the principal axes, given by
~  — 2 qin2 2T
Ik =4Bp°sin (y-?k) (2.26)

These three moments of inertia of the nucleus are assumed to be all different. The rotational energy
operator Eqn. (2.25) acts only on the Euler angles and is the Hamiltonian operator of a rigid non-

axial rotator (asymmetric top).

The operator H; and the commutation relations Eqn. (2.25) for the projections Il of the total
angular momentum along the principal axes are invariant under the transformations of the group
D (See Appendix A) consisting of the three rotations through an angle of 180° about the axes
(Alex, 1997). The Hamiltonian commutes with all the operations of the group D2. Since each
element of the group D> forms a class of the group, and the number of classes of a group is equal
to the number of irreducible representations, there are in all four one dimensional irreducible

representations of the group D-.
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It is well known (Alex, 1997) that there is a close connection between the eigenfunctions of the
stationary states and the irreducible representations of a group of transformations which commute
with the Hamiltonian. The energy states of the system can be classified according to the irreducible
representations corresponding to these states. It is clear that the degeneracy of an energy level
coincides with the dimensionality of the representation, that is, with the number of basis functions
of the representation. All these functions belong to the same energy value. Thus, knowing the
irreducible representations of the symmetry group according to which the stationary state wave
functions transform, we can find certain properties of these functions without solving the

Schrodinger equation.

In the case under consideration, all the irreducible representations of the group D, are one-
dimensional, and so the energy states of the corresponding physical system are non-degenerate
(Alex, 1997). Since there are four irreducible representations in all, the stationary-state wave
functions can be classified by their symmetry properties into four types. Those states which belong
to the irreducible representation are unchanged under the action of any of the operations of the
group D2. These states are called fully symmetric states, and the representation corresponding to
them is called the fully symmetric representation. Usually, the ground state of the system belongs

to the fully symmetric representation.

The wave functions of the collective motions in even-even nuclei depend only on the spatial
coordinates of the nucleons. Since the spins of two identical nucleons in the same one-particle
(orbital) state have opposite orientations, the coordinate wave function will be symmetric. In as
much as the spatial coordinates of the nucleons are interchanged by the operations Rj’(x), the wave
function describing the rotation of the nucleus must belong to the fully symmetric representation
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of the group D2, since only in this case will the wave function of the collective motions be

transformed into itself, with the same sign, under any operation of the group D2 (Alex, 1997).

It should be noted that the nucleus is not a rigid body (Obed, 2011), and measured moments of
inertia are less than rigid body values at low spins. This is due to the effects of the pairing
interactions, which make the nucleus behave like a superfluid. Experimental moments of inertia
are larger than those of the corresponding irrotational flow of a superfluid, showing that the nucleus
is somewhere between these two extremes. As the nucleus rotates, it is found that the moment of

inertia changes as a function of spin.

Rotational energy spectra can be discussed in terms of three spin-dependent moments of inertia,
which are related to the zero-, first- and second-order derivatives of the excitation energy with
respect to the aligned angular momentum. The overwhelming success of the rotational model
leaves little doubt that it is fundamentally correct (David, 2010; Heyde, 1999). But in formulating
the model one does not really face up to the question of exactly how the nucleus is supposed to
rotate. As we shall see, the moment of inertia is very sensitive to the character of the rotational
motion. A major goal of any rotational theory must therefore be to predict this parameter

successfully.

2.5. Internal Conversion Coefficient

A competing process to gamma-ray emission in the decay of bound nuclear states is internal
conversion where an atomic electron emitted (Paddy, 2003). Here the electromagnetic (EM) field

of the nucleus interacts with an atomic electron and the energy released by the nuclear decay is
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transferred to the electron causing it to be ejected from the atom. The electron is released with a
kinetic energy equal to the energy difference between the nuclear states minus the atomic binding
energy for the electron shell from which it was emitted. Experimentally, electron conversion
coefficients are very useful as they are dependent on the multipolarity of the transition and can

thus give information on the spin and parity of nuclear states.

Internal conversion coefficients (ICC) convey important information about the atomic nucleus
(Kibedi, Burrows, Trzhaskovskaya Nestor & Davidson, 2007). Through comparison of
experimental ICCs with corresponding theoretical values, multi-polarities and mixing ratios of
nuclear transitions are determined. As well as nuclear structure research, knowledge of accurate
coefficients is needed in, for example, the determination of total transition rates (required for the
normalization of decay schemes), Mossbauer spectroscopy (CEMS), or nuclear reaction

calculations.

In the simplest way (Kibedi et al., 2007) the ICC is defined as

== (2.27)
Iy
where ICE and Iy are the electron and y-ray intensities, respectively. The ICE represents the

number of electrons ejected from an atomic shell (K, L1, L2, ....), a major shell (L, M, etc.), or the

sum of all shells (total), or can be the intensity of the electron-positron pairs.

The internal conversion coefficient depends on the atomic number of the emitting nucleus (Z), the

transition energy (Ey), the transition multi-polarity (zL) and, in the case of internal conversion, the
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atomic shell involved (Kibedi et al., 2007). Often the ratio of different ICCs, for example aK/aL
or alL1/al2, was used to determine the multi-polarity and/or the mixing ratio. Internal conversion
coefficients also can be deduced from the intensity of x-rays or Auger electrons, which are emitted
as the atomic vacancies are filled. There are a number of techniques developed to measure internal
conversion coefficients, which usually require the knowledge of the intensity of two radiations,

including conversion electrons, y-rays, x-rays, p-rays, etc.

For many of the E2 transitions the total internal conversion coefficients, ar, have been deduced
by combining the reduced E2 electromagnetic transition probability, B(E2), obtained from
Coulomb excitation with the half-life of the level, T, ,, from lifetime measurements. The basic

formula of the so called CEL method is defined by (Raman et al., 2001) as:

2.829x1011+E7 ® (keV)
B(E2)T(e2b2)

Ty /2(ns)*(L+ar) = (2.28)
Bricc has been primarily developed (Kibedi et al., 2007) to help Evaluated Nuclear Structure Data
File (ENSDF) evaluators to calculate conversion coefficients using the best available theoretical
data. The ENSDF (Kibedi, Burrows, Trzhaskovskaya, Davidson, & Nestor, 2008), is a computer-
based file system, which is maintained by the National Nuclear Data Center at Brookhaven
National Laboratory. The content of the file is regularly updated by the Network of
Nuclear Structure and Decay Data (NSDD) network. For each isotope the ENSDF file usually
contains a number of data sets. Each data set refers to a particular reaction or decay mode of a

nucleus. The adopted level and gamma-ray properties are given in the adopted data set.
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Conversion coefficients can be easily obtained at the Brlcc web interface at Bricc-ANU. This
interface also allows to generate chart of conversion coefficient (or ratios of conversion
coefficients) vs transition energy, which can be useful to explore the sensitivity of ICC values to
multi-polarities. A silent version of the code, BrlccS has also been developed to provide an easy
and simple way to obtain conversion coefficients from computer programs running on various
operating systems. Brlcc was developed in an ANU — NNDC (National Nuclear Data Center) -
Petersburg — ORNL (Oak Ridge National Laboratory) collaboration for the International Network

of Nuclear Structure and Decay Data (NSDD) Evaluators (Kibedi et al., 2008).

The total internal conversion coefficient has been calculated using online software known as Bricc
v2.35 (conversion coefficient calculator), specifically Rplcc was used (Australian National
University, 2011). The internal conversion coefficient is the ratio of the electron emission rate to
the gamma emission rate. They are known to depend on four parameters: (1) the charge of the
decaying nucleus, (2) the energy of the nuclear transition, (3) the atomic subshell out of which the

orbital electron is ejected and finally, (4) the multi-polarity and parity of the nuclear transition.

The size of the electron conversion coefficient increases with (a) decreasing transition energy, (b)
increasing Z of the nucleus and (c) increasing multipolarity (Paddy, 2003). Internal conversion
coefficients provide important information about the atomic nucleus. Through comparison of
experimental values with corresponding theoretical ones, multi-polarities and mixing ratios of
nuclear transitions are determined. As well as nuclear structure research, knowledge of accurate

coefficients is needed, for example, in the determination of total transition rates.
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CHAPTER 3. Electric Transitions of Rotational Nuclear States

3.1. Introduction

In rotational model, electromagnetic transitions between two members of a band can take place by
a change in the rotational frequency and, hence, the spin, without any modifications to the intrinsic
state. We shall concentrate here on electric quadrupole (E2) transitions, as these are the most

commonly observed intra-band transitions (Samuel, 2004).

As is well known (Davydov & Filippov, 1958), measurements of the transition probabilities
between electric rotational nuclear states in a nucleus yield important information on the nature of
the excited states. In particular, for elucidation of the nature of the second excited state of spin 2
in an even-even nucleus one may study the relative probability for transition from this level directly
to the ground state or to the first excited state with a spin of 2. It has been assumed in a number of
investigations that the first two spin 2 levels observed experimentally refer to one-phonon and two-
phonon vibrations of the nuclear surface. In this case, transition from the second state to the ground

state can take place only as a result of violation of the oscillator approximation.

One of the fundamental properties of the nuclei is their shapes (Akkoyun, Bayram & Kara, 2015).
Nuclei with magic numbers of neutron and proton have a closed shell. Nuclei with neutron (N) or
proton (Z) numbers far from a magic number generally have deformed shape. The simplest
deformations are called quadrupole deformations where the nuclei can either take an oblate or a

prolate shape.
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The reduced electric quadrupole transition probability (B(E2)1) includes nuclear information
about energy of low-lying levels of nuclei. The first excited states of the even-even nuclei are 2°.
So, the transition from this state to the 0" ground state is important. It is highly related to nuclear

quadrupole deformation parameter (), mean lifetime (1) and electric quadrupole moment (Qo).

Accurate calculations of B(E2)1 values represent a challenge for nuclear theory (Pritychenko,
Birch, Singh & Horoi, 2013; Pritychenko, Birch & Singh, 2017). Therefore, it is warranted to
explore nuclear systematics for realistic estimates of collectivities in even-even nuclei. The
deformations of nuclei are important for understanding their shapes (prolate, oblate etc.) and
structures. The lifetimes of the levels are useful for determining the energy levels in nuclei. So,
there is much attention in B(E2)?1 value. The reduced electric quadrupole transition probability is
measured, experimentally, by inelastic electron scattering, muonic x-ray measurement, Mdssbauer

spectroscopy, Coulomb excitation, lifetime measurement or resonance fluorescence.

Even-even nuclei are known to have 0" (zero angular momentum and even parity) ground states
and several low-energy integer spin states (Bohr & Mottelson, 1998; James, 2007). The transition
strengths between these levels are sufficiently strong and well established to support the view that
most nuclei are collective. While the full and true structure of these nuclei is not known, the
structure is clearly dominated by low spin degrees of freedom. To establish a reference frame in
which we can discuss and compare data, models of adiabatic rotations are by far the most useful.

To first order this is the best starting point for viewing selection rules and transition strengths.

The quantity B(EL), is known as the reduced transition probability and it is unique to the structure

of a specific nucleus (James, 2007). For quadruple transitions (which is the dominant mode for
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collective nuclei), it is common to use B(E2)’s to test and compare models, and it is done in units

of e2.b? (where 1b = 100 fm?) or in units of w.u. (where e2.b? = (5.94x10 %A% w.u.).

The aim of this particular work is to apply the Davydov-Fillipov model for calculating the values
of the reduced electric quadrupole transition probability B(E2) for the rotational excited ground
band states even-even nuclei of lanthanide and actinide series. We have employed the model
dependent intrinsic quadrupole moment Qo in plotting our systematics which reflects the

asymmetric spirit of the model in true sense.

3.2. Methods

The experimental transition probabilities in units of e2.b? is related to the experimental mean-life

by the expression (Raman et al., 2001; Varshney, 1982)

0.08162

B(E211+2—>I)exp = m

3.1)

where Ey is the energy involved in the transition and is expressed in MeV, T is the mean-life of
the excited state in Ps, and ar are the total internal conversion coefficients (calculated using Bricc
online software named Brlcc v2.3S Conversion Coefficient Calculator (Australian National

University, 2011)).

Mean-life of states can be calculated from half-life using the well-known relations T1/> = In2/A and

T = 1/A (Marton & Marton, 1963), where A is the decay constant. From these relations we obtained

T=TuwfIn2 0r Tyz=1n2* T (3.2)
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Using these relations, we can rewrite the experimental transition probability as

0.0566

B(E2:I+2—1)exp = Ey5(1+ar)Ty/,

(3.3)

This experimental formula has been derived to incorporate the half-life rather than the mean-life

of rotational excited states to compute the values of B(E2).

Using Eqn. (3.1), we can rewrite the experimental mean-life as

T= 0.08162
Ey® (1+ar)B(E2:1+2-])exp

(3.4)

The electric quadrupole transition probabilities for transitions inside the ground state rotational

band between two states of spin I and I’ are described by the following empirical formula

(\Varshney, 1982):

5e2Q3
32T

—72gin2
B(E2:1 - I)epmp = (2100]10)2{1+ 20y (35)

9-8sin2(3y)]1/2

where (2100|I'0) are Clebsch-Gordon coefficients in the notation (2Jmm’|J’m”) (See Appendix

A).
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For transition between two states of ground state rotational band, the Clebsch-Gordon coefficients

have the form

3 (1+1)(+2)

‘M2 —
(2100]1'0)" = 2 (21+3)(21+5) (3.6)
in decay or de-excitation from I+2 — 1.
Hence,
) _15e2Q§ (I+1)(I+2) 3-2sin3(3Y)
B(E2:1+2 - I)emp_ 64T (21+3)(21+5)¢ [9—85in2(3y)]1/2} 3.7)
where Qo is the intrinsic quadrupole moment given by (Raman et al., 2001)
16m B(E2)111/2
Q = TT[ e? ] (38)

where B(E2)1is the reduced electric quadrupole moment transition probability between the 0*
ground state and the first 2* state in even-even nuclides. The B(E2)7values are basic experimental

quantities that do not depend on nuclear models.

The intrinsic quadrupole moment can also be given by

3

Qo =ﬁZR02B (1+ 0.16B) (2.9)

1
to second order in 3, and where Ro = 1.2 As fm.
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There are four common methods used for evaluating the non-axiality parameter y. These methods
are: a) from the energy ratio E2*'/ E2*, b) from the energy ratio E4*/ E2*, ¢) from the energy ratio
E2"/ E4* or E6", d) from the values of E2*, B(E2: 2* — 0%) and model dependent Qo. In this
research, we have employed the most widely used method (a) to calculate the asymmetry
parameter y, which is used in our empirical calculation. The asymmetry parameter is evaluated
from the ratio of two band head energies E2*'/ E2* (Gupta, Varshney & Gupta, 1982; Parveen &

Harish, 2015; Singh et al., 2013; Varshney et al., 2011),

o 9 _ 8sin?3y)| #?
where E2"= Py Il + fl — LBBZ and
+_ 9 _ 8sin?(3y) h?
E2" = Sn2GT) ll - /1 — ]—4882 (3.10)

So that we can write for the asymmetric parameter as

=y (-Gl @1

where m is the energy ratio E2"/E2*.

3.3. Result and Discussion

In this section the B(E2) values computed have been tabulated and figured. Table 3.1 gives
asymmetric parameter calculated results and energy ratio 4/ 2*, Table 3.2 gives B(E2) values for

transition from rotational level 2* to 0" ground state rotational band, and Table 3.3 gives values

59



for transitions between 2*— 0, 4"—

ground state bands for the 57 lanthanides and actinides series, included in this study.

2", 6=

4* 8" —

Table 3.1. Calculated results of asymmetric parameter y

6%, 10"'— 8", and 12*— 10" rotational

S/No. Nuclide Energy (keV) 4+ 2% Asymmetric
2* 2" 4+ Parameter (y)
1. 120Sm 333.863 1193.84 773.238 2.316034 20.42°
2. 152Sm 121.7817 1085.84 366.4795 3.009315 13.23°
3. 134Sm 81.976 1440.04 266.76 3.254123 9.54°
4, 152Gd 344.2789 1109.20 755.3958 2.194139 19.76°
5. 154Gd 123.0714 996.26 371.005 3.014551 13.86°
6. 156Gd 88.9666 1154.15 288.1799 3.239192 11.05°
7. 158Gd 79.51 1187.14 261.44 3.28814 10.32°
8. 169Gd 75.26 988.40 248.52 3.302153 10.98°
9. 12§Dy 334.58 1027.04 747.04 2.232769 21.98°
10. 156Dy 137.83 890.50 404.18 2.932453 15.42°
11. 138Dy 98.918 946.32 317.139 3.20608 12.79°
12. 1e0ny 86.788 966.17 283.8236 3.270309 11.89°
13. 182py 80.66 888.16 265.665 3.29364 11.96°
14, 181Dy 73.392 761.82 242.23 3.300496 12.30°
15. Le0Fr 125.8 854.40 389.9 3.099364 15.07°
16. L2y 102.04 900.72 329.61 3.230204 13.3°
17. Ll Er 91.4 860.25 299.44 3.276149 12.9°
18. 1eCEr 80.577 785.91 264.991 3.288668 12.68°
19. Le8Er 79.804 821.17 264.089 3.30922 12.36°
20. 170Fr 78.591 934.03 260.131 3.309934 11.53°
21. 166vh 102.37 932.38 330.5 3.228485 13.09°
22. 168yb 87.73 984.00 286.551 3.266283 11.85°
23. 170Yb 84.25474 1145.72 277.44 3.292871 10.80°
24. 172Yb 78.7427 1465.88 260.268 3.305297 9.27°
25. 17%Yb 76.471 1633.97 253.117 3.309974 8.66°
26. 178Yb 82.13 1260.89 271.7 3.30817 10.18°
27. 1ECHf 158.5 809.96 470.3 2.967192 17.23°
28. 1681 f 124 875.94 385.6 3.109677 14.79°
29. 170Hf 100.8 961.30 321.99 3.194345 12.81°
30. 172Hf 95.22 1075.29 309.24 3.247637 11.81°
31. 17%Hf 90.985 1226.77 297.38 3.268451 10.85°
32. 17eHf 88.351 1341.31 290.18 3.2844 10.24°
33. 178Hf 93.18 1174.63 306.619 3.29061 11.20°
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34, 182wy 100.106 1221.40 329.4267 3.290779 11.38°
35. 184w 111.208 903.31 364.056 3.273649 13.84°
36. 186wy 122.33 737.96 396.34 3.239925 15.94°
37. 18005 132.3 870.44 408.9 3.090703 15.29°
38. 1820 127 890.61 400.4 3.152756 14.84°
39. 18405 119.8 942.87 383.77 3.203422 14.05°
40. 18605 137.159 767.48 434.088 3.164852 16.51°
41. 18805 155.021 633.02 477.94 3.083066 19.16°
42. 1290s 186.718 557.98 547.854 2.934125 22.28°
43. 228Th 57.759 968.38 186.823 3.234526 9.76°
44, 230Th 53.2 781.38 174.1 3.272556 10.40°
45, 232Th 49.369 785.25 162.12 3.283842 10.01°
46. 2320 43.498 926.72 143.351 3.295577 8.68°
47. 2300 45.242 957.90 149.476 3.303921 8.71°
48. 2380 44.91 1060.27 148.41 3.304609 8.25°
49. 238py 44.08 1028.54 145.96 3.311252 8.30°
50. 240Pu 42.824 900.32 141.69 3.308659 8.23°
51. 242py 44.54 1102.00 147.3 3.30714 8.07°
52. 24Pu 46 1015.00 156.9 3.41087 8.53°
53. 24 Cm 42.965 1020.76 142.348 3.313115 7.849
54. 2¢6Cm 42.852 1124.26 142.01 3.313964 8.23°
55. 248Cm 43.38 1131.00 143.8 3.314892 7.88°
56. 250Cf 42.722 1031.85 141.885 3.321123 8.16°
57. 252Cf 45.72 804.80 151.73 3.318679 0.580

+  +
Figure 3.1 gives the graphical representation of experimental energy ratios (4 /2 ) for rotational
excited ground state bands (refer Table 3.1 for the experimental values of 2* and 2*). These energy
ratios are very important in determining the observed excitation spectra of deformed (rotation,

transition and vibration), spherical and magic region.
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Figure 3.1. Experimental energy ratios for rotational excited ground state bands in even-even

nuclei.
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The experimental reduced transition probability values are either extracted from half-life data

using the derived relation (Eqn. (3.3)) or which are taken from references (Raman et al., 2001) and

(\Varshney, 1982) are presented along with the experimentally calculated B(E2) values obtained

from the Davydov-Fillipov model.

Table 3.2. Reduced transition probability B(E2) values for 2*—0 transition, intrinsic
quadrupole moment (Qo), nuclear deformation parameter () and internal conversion
coefficient (ICC).

S/No | Nuclide | Experime B(E2) Values B(E2) Values Qo* | Deform | ICC
ntal Present Work Previous Work ** ation
B(E2) . — . — Parame
Values * Experi | Empiri | Experime | Empiri ter
mental cal ntal cal
*k*k (B)*
1. | 39sm |0.270(30) |0.271 0.252 0.274 (6) | 0.265 3.684 | 0.1931 | 0.0408
2. | 122sm |0.692(6) |0.696 0.662 0.670 (15) | 0.657 590 |0.3061 |1.17
3. | 23Sm |0.872(5) |0.854 0.850 0.922 (40) | 0.911 6.620 | 0.3410 |4.93
4. | 122Gd |0.334(14) | 0.347 0.311 0.394 (26) | 0.368 4.09 |0.206 0.0399
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5. | 154Gd |0.778(7) |0.768 |0.743 |0.770(16) | 0.760 |6.25 |0.3120 |1.20
6. | 156Gd |0.928(5) |0.934 |0910 |0.914(10) |0.918 |6.830 |0.3378 |3.92
7. 158Gd |1.004(5) |1.010 |0.980 |0.994 (10) | 0.948 |7.104 | 0.3484 |6.00
8. | 169Gd |1.050(6) |1.035 |1.020 |1.030(10) | 1.015 |7.265 | 0.3534 | 7.42
9. | 154Dy |0.478(13) | 0.476 | 0.447 490 |0.237 |0.0467
10.| 136py |0.742(40) [0.748 |0.702 |0.753 6.107 | 0.2929 | 0.85
11.] 158py [0.932(5) |0.942 [0.895 |0.980(70) |0.969 |6.844 |0.3255 |2.85
12.] 18Dy [1.026(11) | 0.979 |0.991 |0.998(60) |0.961 |7.18 |0.3387 |4.68
13| 162py [1.070 (11) | 1.045 |1.030 |1.089(30) | 1.061 |7.33 |0.3430 |6.21
14 T¢py [1.120(5) |1.125 |1.080 |1.140 1.095 |7.503 |0.3481 |9.00
15 160Fr | 0.876 (20) | 0.865 |0.830 |0.840 (40) | 0.795 |6.63 |0.304 | 1.27
16.| 1&g |1.002(6) |1.175 |0.960 |0.976(49) | 0.933 |7.097 |0.3222 |2.76
17.] 6%y [1.090 (6) |1.174 |1.044 |1.150(70) | 1.135 | 7.402 | 0.3333 | 4.21
18.| 16gr |1.166(5) |1.477 |1.120 |1.122(40) |1.076 |7.656 | 0.3420 |6.89
19.| 188g [1158(10) | 1.157 |1.114 |1.170(40) |1.150 |7.63 |0.3381 |7.16
20.] 170gr |1.164(10) | 1.176 |1.124 |1.185(30) |1.160 |7.65 |0.3363 |7.62
21| 18yp, |1.048(31) |1.033 |1.001 |1.05(150) | 1.010 |7.25 |0.315 |2.98
22| 168yp | 1.116(30) |1.167 |1.105 |1.080(50) |1.050 |7.49 |0322 |5.44
23] 170y |1.158(13) | 1.141 |1.130 |1.040(20) | 1.010 |7.63 |0.3258 |6.39
24| 172y, |1208(7) |1.225 |1.180 |1.186(56) |1.160 |7.792 | 0.3302 | 8.40
25 17&yp |1.188(6) |1.174 |1170 |1.148 1130 | 7.727 [0.3249 |9.50
26.] 176yp | 1.060 (19) | 1.075 |1.030 | 1.050 1030 |7.30 |0.305 |7.08
27| T6eHf |0.700 (20) | 0.691 | 0.660 | 0.86 593 |0.250 |0.646
28.] T68Hf |0.860 (23) | 0.850 | 0.815 | 0.836 657 |0.275 | 157
20.] 70Hf |1.060 (12) | 1.025 |1.020 |1.26 73 0301 |3.47
30.] 122Hf |0.894(33) | 0.872 |0.862 |0.928 670 |0276 |4.35
31| 1Z3Hf |0.976(31) | 0.892 |0.950 |0.935(44) 0932 |7.00 |0286 |522
32| T76Hf |1.054(10) |1.070 |1.025 |1215(35) |1.20 |7.28 |0.2953 |5.87
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33] TZ8Hf |0.964(6) |0.948 |0.933 |0.998 0980 |6.961 | 0.2803 |4.74
34| 182w [0.840(8) |0.829 |0812 |1.029(11) |1.02 |650 |0.2503 |3.96
35| 184w |0.756 (13) | 0.737 |0.720 |0.667 (12) |0.660 |6.16 |0.2362 |257
36.] 8w |0.700(12) | 0.716 |0.660 |0.669(9) |0.660 |593 |0.2257 |1.784
37| %0s |0.720(8) |0.711 | 0.680 60 |0226 |1.456
38 1820s |0.772(35) | 0.780 |0.730 | 1.702 622 |0234 |1.700
39.] 18%0s |0.646(16) | 0.620 |0.616 |0.569 570 |0213 |2.13
40| 180s |0580(10) | 0587 |0550 |0.63(6) |0.630 |540 |0.2000 |1.271
41| 18ps |0510(5) |0.492 |0.460 |0568(6) |0.580 |506 |0.1862 |0.810
42| 190s |0.470(6) |0.484 |0.442 |0.496(4) |0510 |4.86 |0.1775 |0.420
43] 228Th | 1412 (24) | 1410 |1.380 |1.41 842 |0.2301 |153.2
44| 23°Th | 1.608 (10) | 1.638 | 1560 |1.60(400) | 157 |8.99 |0.2441 |228
45| 232Th | 1.856 (10) | 1.705 |1.810 |1.850(80) | 1.82 |9.66 |0.2608 | 327
46 234y |2132(20) | 2.021 | 2087 |2030(90) |1.98 |10.35 |0.2718 | 713
47 28y |2322(15) | 2160 |2.276 |2320(80) |2.27 |10.80 | 0.2821 | 589
48 238y |2418(20) | 2498 | 2370 |2.380(50) |2.33 | 11.02 | 0.2863 | 610
49| 238py | 2522(17) | 2438 |2475 | 2520 1126 |0.2861 | 787
50.] 2i0pu | 2.604 (30) | 2.645 |2550 |2.530(70) | 247 | 11.44 |0.2891 | 905
51| 232py | 2680 (16) | 2.728 |2630 |268(110) | 263 | 1161 | 02917 | 748
52| 23%pu | 2.736 (16) | 2.766 |2.684 |2770(70) | 271 | 11.73 | 0.2931 | 640
53 23%Cm | 2934 (17) | 3.791 | 2.882 12.14 |0.2972 | 1050
54. 2i6Cm | 2988 (19) |3.040 |2930 |3.010(90) | 294 |12.26 |0.2983 | 1064
55.] 248Cm | 2.998 (19) | 3.036 | 2.950 298 | 1228 |0.2972 | 1002
56.] 250Cf |3.200 (16) | 3.183 | 3.150 127 10299 | 1274
57.] 252cf |3.340 (11) | 3.355 | 3.260 12.95 | 0.304 | 917

* Taken from adopted value of Reference (Raman et al.,
(Varshney, 1982), and *** are extracted from experimental equation (3.3).

2001), ** Taken from Reference
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Table 3.3. Reduced transition probability B(E2) values for various transitions of the present
work (experimental and empirical), and the previous (experimental and empirical)

data.
S/No. | Nuclide | Transition Present Work Previous Work *
State Experimental | Empirical Experimental Empirical
**
2" —0* 0.270 0.252 0.274 (6) 0.265
42 0.520 0.360 0.521 (39) 0.391
1. 130Sm | 6*—4" 0.397
8" —6" 0.415
10" —8" 0.426
12" —»10" 0.434
2" —0* 0.696 0.662 0.670 (15) 0.657
4+ 2% 1.010 0.946 1.03 (1) 0.938
2. 152Sm | 6*—4" 1.181 1.042 1.16 (2) 1.00
8*—6* 1.372 1.100 1.41 (7) 1.19
10*—8* 1.525 1.120 1.54 (14) 1.78
12" —10" 1.140
2" —0* 0.854 0.850 0.922 (40) 0.911
4+ 2% 1.199 1.215 1.18 (3) 1.30
3. 134Sm | 6" —4" 1.428 1.340 1.31 (4) 1.30
8" —6" 1.559 1.400 1.54 (15) 1.56
10*—8* 1.539 1.440
12" —»10" | 1.381 1.464
2" —0* 0.347 0.311 0.394 (26) 0.368
4*2° 0.645 0.444
4. 192Gd | 6" —4" 0.951 0.489
8" —6" 0.512
10" —8" 0.526
12" —10° 0.536
2"—0" 0.768 0.743 0.770 (16) 0.760
4+ 2% 1.204 1.061 1.18 (4) 1.086
S. 14Gd | 64" 1.395 1.170 1.36 (5) 1.17
8 —6" 1.529 1.223 1.50 (5) 1.40
10*—8* 1.749 1.260
12" —»10" 1.280
2" —0* 0.934 0.910 0.915 (10) 0.918
4*2° 1.316 1.293 1.29 (2) 1.32
6. 156Gd | 6" —4" 1.470 1.424 1.47 (3) 1.36
8*—6* 1.598 1.491 1.61 (11) 1.65
10*—8* 1.568 1.532
12* —10*" | 1.495 1.560
2"—0* 1.010 0.980 0.994 (10) 0.948
4+ 2% 1.470 1.400 1.37 (11) 1.361
7. 128Gd | 6" —4" 1.540
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2* 0" 0.865 0830 0.840 (40) 0.795
4 0° 1.237 1.184 1.17 (6) 114
15. 160pr [ 6" 4" 1.352 1.304 1.36 (12) 1.25
8 6" 1523 1.365 1.17 (28) 1.49
10°—8" | 1508 1.400 1.09 (55) 1.43
12* 510° | 1.480 1.430
2" 0" 1175 0.960 0.976 (49) 0.933
4527 1.370
16. 162pr 6" 47 1510
8* 56" 1.580
10°>8" 1.620
12F 510° 1.650
2* 0" 1.174 1.044 1.150 (70) 1.135
40" 1.383 1.500 1.40 (13) 162
17. 164pr [ 674" 1.640
8 6" 1.831 1.720 1.83 (13) 2.06
10°—>8" | 1.903 1.770 2.97 (12) 2.05
12" 5107 | 1411 1.800 1.20 (9) 1.84
2" 0" 1177 1.120 1.122 (40) 1.076
4 0° 1.690 1.600 1.69 (11) 157
18. 166pr 6747 1.465 1.760 1.60 1.66
8 6" 1.982 1.850 1.85 (11) 1.98
10°—>8" | 2.009 1.900 2.10 (2) 1.99
12° 510" | 2.040 1.930 1.97 (15) 1.79
2" 50" 1.157 1.114 1.170 (40) 1.150
40" 1.755 1.600 1.67 (10) 1.64
19. 168Er [ 6" 4" 2.415 1.750
86" 1.929 1.840 2.10 (18) 2.04
10°—>8" | 1.661 1.885
12* 510" | 1.849 1.920
2" 0" 1.176 1.124 1.185 (30) 1.160
4 0° 161 1.55 (4) 1.66
20. 1708 [ 674" 1.770
8" 6" 2.075 1.850 2.21 (16) 2.06
10°—>8" | 1.790 1.902 1.83 (12) 2.11
12° 510° | 2.097 1.940 2.12 (10) 1.92
2" 50" 1.033 1.001 1.060 (150) 1.010
40" 1.475 1.430 1.47 (5) 1.45
21. 166vh [ 64" 1575 1.580 157 (6) 155
8" 6" 1.747 1.650 1.75 (2) 1.84
10°>8" | 1650 1.700 1.65 (109) 1.84
12° 510" | 1.451 1.724 1.46 (102) 1.64
2* 0" 1.167 1.100 1.080 (50) 1.050
4527 1.540
22. 168yp  [67—4" 1.700
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8" 56" 1.770
10°—8* 1.820
12F 510 1.850
2" 50" 1.141 1.130 1.040 (20) 1.010
4727 1.610
23. 170vb | 674" 1.770
8" 6" 2.039 1.853 1.61 (14) 1.79
10°'—8° | 1.993 1.904 2.03 (13) 1.84
127 >10° | 1.496 1.940 151 (12) 1.68
2" 507 1.225 1.180 1.186 (50) 1.160
4 0° 1.716 1.683
24, 172vh | 6" 4" 1.825 1.854
8" 6" 2.179 1.941
10°'—>8* | 2.073 1.994
12F 510" | 2.392 2.030
2" 50" 1.743 1.170 1.148 (56) 1.130
4 0F 1.622 1.670
25, 174y | 6" 4" 2.126 1.840
8" 6" 2.237 1.920
10'>8* | 1.956 1.972
12F 5107 | 2.117 2.010
2" 507 1.075 1.030 1.050 1.030
407 1.580 1.473
26. 176vh | 674" 1.730 1.622
8" 6" 1.740 1.700
10°'—>8° | 1.860 1.744
12F 510" | 1.800 1.780
2" 507 0.691 0.660 0.86
4 50° 1.062 0.940 1.10 (7) 1.165
27. 166Hf [ 674" 1.110 1.040 1.14 131
8" 6" 1.340 1.084 1.38 (56) 1568
10°'—8" | 1.370 1.113 1.42 (99) 1.44
12F >10° | 0.840 1.133 0.84 (64) 1.26
2" 507 0.850 0.815 0.836
4507 1.145 1.164 1.14 (13) 1.138
28. 18Hf [ 6" 4" 1.304 1.280 1.28 (13) 1.24
8" 6" 1.390 1.340 1.42 (15) 1.47
10°—8° | 1.421 1.380 150 (21) 1.42
12F 510" | 1.784 1.400 1.59 (4) 1.27
2" 50" 1.025 1.020 1.26
4507 1.430 1.453
29, 170Hf [ 6°—4" 1.446 1.600
8" 6" 1.665 1.700
10°'—>8° | 1.726 1.720
12 >10° | 1.581 1.751
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2t —0* 0.872 0.862 0.928
4* 2% 1.232
30. 72Hf | 6" —4" 1.360
8" —6" 1.420
10*—8* 1.460
12 —»10" 1.485
2" —0* 0.892 0.950 0.935 (44) 0.932
4*2° 1.350
31. 17ahr (6" 4" 1.500
8*—6" 1.560
10*—8* 1.600
12* —»10* 1.630
250" 1.070 1.025 1.215 (35) 1.20
4* -2 1.464
32. 176HF [ 674" 1613
8" —6" 1.700
10*—8* 1.734
12 —»10* 1.765
2" —0* 0.948 0.933 0.998 0.980
4*—2* 1.333
33 T 1.300 1.470
8" —6" 1.408 1.540
10*—8* 1.527 1.580
12+ —»10* 1.523 1.610
27507 0.829 0.812 1,029 (11) 102
4* 2% 1.203 1.160 1.235 (90) 1.714
34, 182y [ 64" 1.208 1.280 122 (13) 177
8" 6" 1.278 1.340
10*—8* 1.246 1.374
12+ —-10* 1.173 1.400
2" 0" 0.737 0.720 0.667 (12) 0.660
4 2% 0.998 1.030 0.954 (9) 0.946
35, 184y (674" 1.201 1.135 1.24 (13) 102
8*—6* 1.482 1.200
10*—8* 1.803 1.220
12* —»10* 1.242
2t 0t 0.716 0.660 0.669 (9) 0.660
4+ 2" 0.905 0.943 0.892 () 0.945
36. 186w [ 6" 4" 1151 1.040 136 ) 1.05
8*—6" 1.100 1.090
10*—8* 0.941 1.120
12+ —-10* 1.183 1.140
2*—0* 0.711 0.680
4t 2% 1.159 0.970
37. | 18%0s [6'—4"  |0.938 1.070
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8 6" 0.377 1.120

10°—8" 1.150

12" 5107 1.170

2" 0" 0.780 0.730 1.702 ()

4507 1.043
38. 18205 [ 4" 1.150

8°—6" 1.203

10°>8" 1.240

12F 5107 1.260

2* 50" 0.619 0.626 0.569 ()

40" 0.846 0.880 0.84 (26) 0.774
39. 18405 [ 4" 0.970

8* 6" 1.014

10°—8" 1.040

12" 5107 1.060

2" 0" 0.587 0.550 0.63 (6) 0.630

40 0.846 0.780 0.90 () 0.904
40. 18605 [ 6" 4" 1.164 0.860 1.16 () 1.02

8" 56" 1.096 0.900

10°—>8" | 1.203 0.920

12* >10° | 1.084 0.940

2" 0" 0.492 0.460 0.568 (6) 0.580

40" 0.774 0.660 0.79 () 0.841
41. 18805 [ 6" 4" 0.841 0.722

8 6" 0.918 0.760

10°—8" | 1.220 0.780

12" 5107 0.800

2* 50" 0.484 0.442 0.496 (4) 0.510

40 0.620 0.630 0.62 () 0.774
42. 19005 [6" 4" 0.664 0.700 1.03() 0.94

8" 56" 0.827 0.730

10°>8" | 0.759 0.750

12F 107 0.760

2" 0" 1.410 1.380 141

4 0° 2.033 1.970 172 (7) 1.96
43. 228Th [ 64" 2.165

8" —6" 2.270

10°—8" 2.33

12" 5107 2.370

2* 50" 1.638 1.560 1.60 (400) 157

4 0° 2.222 2.230 2.29 (7) 2.26
44, 230Th [ 6" 4" 2.460

8" 6" 2572

10°—8" 2.640

12F 107 2.700
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750" | 1.705 1.810 1.850 (80) 182
4*—2* 2.466 2.600
45. | 22Th [6"—a" 2802 2.840
8" —6* 2.918 2.980
10*—8* 3.068 3.060
12 —»10" 3.113 3.110
2*—0* 2.021 2.087 2.030 (90) 1.98
4*—2* 3.000
46. 21y 64" 3.280
8*—6" 3.440
10"—8* 3.530
12* —»10* 3.600
2"—0* 2.160 2.276 2.320 (80) 2.27
4*—2* 3.094 3.250
a7, 26y 67547 | 3.338 3.600
8*—6* 3.410 3.750
10*—8* 3.163 3.850
12" —-10" | 3.535 3.920
2*—0* 2.498 2.370 2.380 (50) 2.33
4* 2% 3.400
48. 238y [ 674" 3.730
8" —6" 3.900
10"—8* 4,010
12* -10* 4.080
250" 2438 2475 2520 ()
4* 2% 3.540
2. | 2y [6547 3.900
8*—6" 4.080
10*—8* 4.200
12* —-10" 4.260
2*—0* 2.645 2.550 2.530 (70) 2.47
4* 2% 3.650
50. | 20pu 64" 4.020
8*—6" 4.210
10*—8* 4.320
12* —»10* 4.400
250" | 2728 2.630 2.68 (110) 263
4*2° 3.760
51. | 22pu 64" 4.140
8*—6" 4.340
10*—8* 4.450
12* —»10* 4,540
2" —0* 2.766 2.684 2.770 (70) 2.71
4* -2 3.830
52. | 2Mpy [6"a7 4.220
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8"—6" 4.420
10*—8* 4.540
12+ —10° 4.620
20" 3.791 2.882
4+ —2* 4.120
53. 28Cm | 6°—4" 4.540
8*—6" 4.750
10*—8" 4.880
12* —10* 4.960
250" 3.040 2.930 3.010 (90) 2.94
4+ —2* 4.200
54, 28Cm | 6'—4* 4.620
8" —6" 4.830
10*—8* 4.960
12+ —10° 5.05
20" 3.036 2.950 3.000 2.98
4 2* 3.663 4.210
55. 28Cm | 6" —4" 5.153 4.640
8*—6" 6.034 4.860
10*—8* 3.908 4.990
12* »10" | 4.881 5.080
250" 3.183 3.150
4+ -2+ 4.500
56. 250Cf | 674" 4.960
8*—6" 5.190
10*—8* 5.330
12* —10° 5.42
250" 3.355 3.260
4+ —2* 4.650
57. 252¢f | 6" —4" 5.120
8" —6" 5.360
10*—8* 5.510
12* —10* 5.600

* Taken from adopted value of Reference (Raman et al., 2001) and ** are extracted from

experimental equation (3.3).

In the following two figures below, we are going to show the relationship between the input

parameters employed in this particular study for computing the experimental B(E2) values.
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Figure 3.2 illustrates the relationship between the energy involved in the transition, the total
internal conversion coefficient and half-life of six transitions for selected nuclides of lanthanide
series, while Figure 3.3 demonstrates the energy involved in the transition, the total internal

conversion coefficient and the half-life of six transitions for selected nuclides of actinide series.
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Figure 3.2. Comparison of energy involved in the transition (Ey), the total internal conversion
coefficient (ar) and half-life (T12) of the transitions for lanthanide nuclides.
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Figure 3.3. Comparison of energy involved in the transition (Ey), the total internal conversion
coefficient (ar) and half-life (T1) of the transitions for actinide nuclides.
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In this study, the half-life of nuclear excited state rather than mean-life has been employed in
computing the experimental reduced transition probabilities, extracted from experimental
equation. This is so, because usually experimental half-life of states will be provided in literatures
rather than meanlives. We have never seen any report of B(E2) values calculated employing half-
life. Moreover, this method of computing considered being a new approach in estimating the
reduced transition probabilities. In addition, this formula has given due emphasis of the significant
figures to make the obtained result as much accurate as possible. Therefore, the result obtained in
this computation could be compared to the previous works that employed mean-life instead of

half-life, because it is possible to convert mean-life to half-life and vice versa.

Moreover, the other point that makes this work somewhat peculiar is that the most recent and
updated experimental data of energies and half-lives have been employed. This may also bring
difference when compared to the calculated B(E2) values of previous works. Therefore, we can
say that this work may not be accurately compared to others’ work because the differences may
arise due to the mentioned reasons. There is no experimental data reported for higher transitions
except for 2*— 07 transition to compare with the current computed data, except the report of

(\Varshney, 1982).

The experimentally calculated B(E2) values are evidently seen to depend, inversely, upon the
transition gamma energy to the power of five, the total internal conversion coefficient and half-
life of the rotational excited state (See Eqn. (3.3)). It is easily observed that the total internal
conversion coefficient is inversely proportional to the transition gamma energy (See Figure 3.2
and Figure 3.3). This is because the internal conversion coefficient decreases as the gamma energy
get increases, keeping the atomic number same. This could be easily verified from the calculated
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values of the coefficient using Bricc online software. It is also possible to observe from the
experimental half-life of the rotational excited states that the half-life get decreases while the

transition gamma energy increases, as the nuclear spin increases.

It is also easy to observe that the limiting factors of the experimentally calculated B(E2) values are
the input parameters in the denominator. The numerator part has no effect since it is a constant

number for each transition.

It has been seen that the experimental B(E2) values get increases until the transition 6*— 4" for
most cases and decreases for higher transitions. This may be ascribed to the difficulty in
determining the exact ICC values for transition gamma energy greater than 400 keV using the
Bricc software. The transition gamma energy get increases for higher transitions and are observed
to be greater than the mentioned value especially for the rare earth series. Therefore, for the rare

earth series, there is a difficulty in determining the exact value of ICC at higher transitions.

The ICC values are also known to depend upon the charge of decaying nucleus, the gamma energy
of the transition, the atomic subshell out of which the orbital electron is ejected and the multi-
polarity and parity of the nuclear transition. Therefore, it is important to take in to consideration

all these parameters in order to have a full description of the transition magnitude.

In the case of the theoretical (empirical) calculations, it can be seen from the corresponding
formula that the B(E2) values are proportional to the square of the intrinsic quadrupole moment
(Qo). This in turn is directly proportional to the elongation deformation parameter B (see Eqn.

(3.9)). So in these empirical calculations both the asymmetric parameter y and the elongation

75



parameter B have been employed. Actually, these two input parameters are so important in

determining the actual nuclear deformation properties.

In this empirical calculation, we do observe that the first factor consisting Qo and the factor in
parenthesis remain constant (See Eqn. (3.5)) for a nuclide under consideration since the Qo and y
parameters are constant regardless of the transition for a specific nuclide. Therefore, the limiting
factor for different transitions is the nuclear spin dependent part. The empirical values are seen
getting increase as the nuclear spin, | increase (See Table 3.3). The difference in the increase
between successive transitions will actually decrease. So we do observe that the empirical values

of B(E2) increases as transition state increase.

We also observe that for the nuclides with the same atomic number (isotopes) the asymmetric
parameter increases as the mass number increases when the excitation energy (2%) get increase (for
most nuclides) even though the second excitation (2*) also do have power to determine the value
(See Table 3.2). So we see that the empirical value of B(E2) increases (slowly) as the nuclear spin
for transition states increases. For higher transition states, this increase gets much slower in

opposition to the decrease in experimental values.

This present study reveals, by comparing the percentage difference between the available
experimental data and the present experimentally calculated result, that the percentage difference
is very less except for 182Er (17.27%) and for 242Cm (29.2%). For most nuclides, the percentage
difference value lies below 3%. When the empirical result is compared to the experimentally
calculated result we obtained less percentage difference as well, and for most cases, the value lies

below 4%. Finally, the comparison between the present empirically obtained result and the
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previous empirical data is found to be less except for 1820s (26.1%), and for most cases, it is less
than 5%. This comparison show that the present study is in good agreement with the experimental

available data and the reported, previous works, in literatures as well.

It can be seen that at high spin transitions the experimentally calculated B(E2) values seem closer
to the available experimental data for the actinide series. This may be so, because the excitation
energy of higher transitions will not exceed the limiting value (400 keV) of Bricc software. For
the actinide series, the computed ICC values are more exact when compared to the rare earth ones,

at higher spin transitions.
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CHAPTER 4. Meanlives of Rotational Nuclear States

4.1. Introduction

The measurement of lifetime (or equivalently the transition rate) of nuclear levels has been an
important branch of nuclear physics (Ralph, 1962). In fairly recent years much time and effort has
been devoted to determination of these level lifetimes. Several reasons exist for this; one is the
possibility of using lifetime measurements to clarify nuclear level schemes. For example, if some
simple picture of the nucleus is used to predict transition rates, such as the single particle model,
the transition rates obtained from lifetime measurements can be then compared with these single
particle predictions any rate which goes against the trend may indicate a wrong level schema

assumption.

Practically all E2 transition rates in medium and heavy nuclei are enhanced over the predicted rates
by up to several orders of magnitude (Ralph, 1962). If a supposed E2 lifetime measurement leads
to a retarded transition rate, then the multipolarity of the y-ray and hence the assumed level schema
may be wrong. Alternatively, the unusual transition rate may be tied up with other quantum

numbers.

Another reason for lifetime measurements is the necessity of knowing transition rates for
comparison with nuclear model predictions (Ralph, 1962). All theories of the nucleus must predict
or explain properties of nuclei such as excited level schemes and y-ray transitions between these
levels. The transition rates are inversely proportional to the lifetimes of the levels, so the

measurements of these lifetimes are often the easiest and quickest test of the model.
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Historically (Ralph, 1962), these transition rates were among the first properties of nuclei to be
predicted and are still an essential part of any general nuclear theory. Many modern theories are
very successful in some regions, but less so in others, examples are the rotational model, applying
to nuclei far from closed shells, and the non-axial rotor theory (the Davydov-Filippov model)

applying to nuclei near closed shells.

There exist many modern techniques for measurement of lifetimes (Ralph, 1962), such as
scattering of charged particles, direct nuclear recoil methods, Coulomb excitation, resonance
fluorescence, etc. Perhaps the simplest in concept is the delayed coincidence method, in which the
time difference is measured between a radiation leading to an excited level and a radiation which
de-excites the level. This method became more important with development of modern
photomultiplier and scintillator techniques. Most recent work has used a fast-slow coincidence
arrangement similar to that of Bell, Graham and Petch. Currently, microwave techniques are being
developed for application to lifetime measurements, but the fast-slow technique is most widely

used.

Atomic nuclei are known to exhibit a variety of shapes (Smith, Durell, Phillips & Urban, 2012)
whose deviation from sphericity can be well described as combinations of quadrupole and higher-
order multipole deformations. Quadrupole deformations are the most common and may be
expressed in terms of the parameters B and y. Axially symmetric prolate deformations with the
rotation axis perpendicular to the symmetry axis correspond to y = 0°, while y = 60° describes an

axially symmetric oblate shape and y = 30° describes a maximally triaxial nucleus.
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The shape that a particular nucleus takes up results from a delicate balance between the collective
(macroscopic) and single particle (microscopic) energies and is therefore dependent on both the
atomic number Z and the neutron number N (Smith et al., 2012). Also, because nuclear rotation
perturbs the microscopic structure of the nucleus, it may be that the shapes favored by a particular
nucleus will change with the nuclear spin I. This threefold sensitivity of the nuclear shape, to Z,

N, and I, provides a severe test of current theoretical approaches to low-energy nuclear structure.

The measurement of the mean lifetimes of rotational states provides the means to probe the nuclear
shape at intermediate to high spin, since the electric quadrupole transition matrix elements in a
rotational band are simply related to the magnitude of the quadrupole deformation of the intrinsic
nuclear state (Smith et al., 2012). Before the advent of large arrays of high-purity Ge detectors,
most of the experimental information on the shapes of the neutron rich nuclei had been limited to

low spins.

4.2. Methods

When the ratio of the experimental B(E2) values to the empirical B(E2) values versus y-values are
very close to unity the empirical B(E2) values may be used (Varshney, 1982) for the prediction of
meanlives for those transitions where neither the experimental B(E2) values nor the meanlives are

known.

Using Eqn. (3.1) we can rewrite the mean-life as

0.08162
Ey5(1+oat)B(E2:1+2-Dexp

T= (4.1)
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Thus, the experimental mean-life can be rewritten replacing the empirical reduced transition

probability by the experimental as,

T - 0.08162 (42)

Ey° (1+ar)B(E2:1+2-D)emp

This is an empirical relation used in this study to predict the meanlives of the transitions.

4.3. Result and Discussion

In this section, the energy ratio and B(E2) values ratio are figured, and the empirical meanlives
computed, using Egn. (4.2), have been tabulated. Table 4 gives meanlives for transitions between

2*— 0" 4" - 2", 6> 4", 8"—= 6", 10"— 8", and 12*— 10" rotational excited nuclear states.

In this particular study we have selected rotational nuclides. The nuclear rotational states are

determined by the energy ratio E4/E>, as shown in Figure 4.1 (refer Figure 3.1 as well).
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Figure 4.1. Energy ratio E4/E for nuclides.
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The ratio of the experimental B(E2) to the empirical B(E2) values versus y-values are shown in

the Figure 4.2. It can be seen that the ratio is, in most cases, very close to unity.
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Figure 4.2. Ratio of experimental to empirical B(E2) values versus y-values: a) 2*—0",
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Table 4. Experimental and empirical meanlives of transitions.

Nuclide Theoretical Meanlives Experimental Meanlives
2*—> 0" |4"—>2" | 6> |8 — |10* 12* 2*—> 0" |4"—>2" | 6> |8 — |10* 12*
4* 6* -8 | - 4* 6* -8 | -
10* 10*
120Sm | 75.02 1360 ([6.15 |3.60 [252 [212 |69.83 9.38 202 |- - -
1225m | 2121.14 | 88.76 16.50 | 5.66 |2.71 |1.55 |[2019.77 |83.24 1457 {455 |[199 |-
124Sm | 4374.11 | 24456 | 34.86 | 9.48 |3.78 | 1.89 |4356.94 |248.14 |32.75|851 |354 |201
122Gd | 52.18 1529 (701 |4.16 |295 |[223 |46.74 1053 | 361 |- - -
124Gd | 1768.48 | 73.97 1341 (461 | 220 |1.28 |[1711.04 |65.21 11.2513.69 |159 |-
126Gd | 3270.81 [ 164.10 | 2353 [6.68 |[2.81 |[1.52 |3188.36 | 161.44 |22.80 | 6.23 |2.74 | 1.59
128Gd | 3744.24 [ 223.81 [29.88 | 753 |[2.75 |[1.31 |[363559 | 21352 |23.08|7.36 |2.67 |141
169Gd | 3936.07 [ 262.89 |34.97 (853 [3.05 [1.39 [3880.85 |- - - - -
134py | 41.61 1042 (461 | 276 [1.99 (149 |39.10 8.66 333 (193 (173 (134
126py | 1263.48 | 55.49 10.81 (3.95 |1.96 |1.20 |1187.34 |42.70 1197 | 3.17 |[1.28 |0.77
128py | 2501.13 [ 109.39 |16.24 [ 4.88 |2.16 |[1.26 |[2394.87 | 103.87 | 13.13|4.18 |2.03 | 1.23
189py | 2944.90 | 154.84 | 21.10 [5.69 |[2.27 |[1.21 [2922.90 | 148.60 |26.83 |4.95 |2.25 | 1.28
162py |3219.09 | 195.71 |25.81 |6.48 [239 |1.12 |3173.93 | 190.44 |26.55|6.06 |2.27 |1.17
16tpy | 3549.19 [271.66 |37.32(9.40 [3.45 |[1.63 |3448.04 | 289.98 |39.24]10.39 | 3.30 | 1.70
189Er | 1374.96 | 48.64 [8.07 | 273 [135 |0.87 |1325.84 |46.60 |7.79 [245 |1.26 |[0.84
L82Er | 2044.02 | 83.72 11.85 (343 | 149 |0.87 |1687.95 |- - - - -
18%Er | 235249 | 114.17 [15.15|3.97 [155 |0.78 |2120.76 | 124.07 |- 3.74 | 144 |1.00
L6CEr | 2719.23 | 179.42 [24.61[6.49 [259 |1.37 |2625.70 [ 170.24 | 29.60 | 6.06 |2.45 |1.30
188Er | 2773.95 | 179.92 [23.07 | 544 [1.88 |0.86 |2712.27 | 164.47 |16.74 | 5.19 |2.14 |0.89
179Er | 2809.69 | 190.17 [24.47 [5.82 [2.01 [0.89 |2728.14 |204.00 | - 519 |214 |0.82
1%8yb | 1822.28 | 78.55 11.21(3.27 | 140 |0.78 |[1788.94 | 76.32 11.25{3.09 |[1.44 ]0.92
18yb | 2217.06 | 133.70 | 18.78 | 5.28 | 2.24 | 1.25 | 2120.76 | - - - - -
17%vb | 2301.98 | 144.49 | 18.84 (471 |1.75 |0.86 | 231553 |- - 429 |[1.67 | 111
172yb | 2430.61 | 178.82 | 23.55 [ 5.67 |1.99 |0.88 |2380.45 |176.01 |23.95|5.05 [1.90 |0.75
17%vb | 2540.61 |201.10 | 26.63 [ 6.39 | 2.29 |1.00 |2582.42 |207.75 |23.08 |548 |[231 |0.95
176yb | 2624.45 | 170.95 | 21.58 | 5.19 | 1.86 | 0.87 | 2539.14 | 158.70 | 20.20 | 5.05 |1.73 | 0.85
YSSHf | 75106 |2751 |5.40 |215 [1.25 |0.96 |717.02 |24.24 |[505 |1.73 |1.01 |[1.30
188Hf | 1329.22 |51.01 [866 |2.99 [150 |0.96 |1284.00 |51.94 |[851 |2.89 |1.46 [0.75
179Hf | 1720.23 | 87.83 14.07 [ 452 220 |1.32 |[1731.23 |89.45 1558 | 462 |[2.19 |1.46
172Hf | 2260.97 | 119.76 | 17.01 | 4.85 [2.07 | 1.14 |2236.18 | - - - - -
17%Hf | 2215.29 | 128.01 |17.48 |4.87 [2.04 |1.13 |2394.87 | - - - - -
178Hf | 2153.19 | 129.95 | 17.37 | 448 [1.75 | 0.88 | 2063.05 | - - - - -
178Hf | 2169.65 | 112.02 | 14.29 | 3.65 [1.44 |0.76 |2135.19 | - 16.16 | 4.00 |[1.49 |0.81
182w | 2015.85 | 92.61 11.34 ({276 | 0.99 |0.46 [1975.05 |89.45 11.83 1290 |[1.10 |0.55
184w | 1846.19 [66.97 |8.24 [205 |0.79 |0.40 |1804.81 |69.25 |[7.79 |1.66 [053 |-
180w | 1606.50 [50.35 |6.38 [1.60 |0.61 |0.30 |1494.63 |5251 |[5.77 |159 [0.72 |0.29
1890s | 1194.09 [46.49 |847 [335 |2.01 |[148 |1154.16 | 3895 |9.67 |9.96 |- -
18205 | 1239.63 | 4566 |7.22 |249 |148 |146 |117291 |- - - - -
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18%0s | 1699.20 | 63.70 |8.89 | 250 |1.03 |0.54 |1708.15 |66.36 |- - -

1860s |1334.99 4140 [591 [1.74 [077 [047 [1262.36 [38.23 [437 [1.43 [059 [0.40
1880s 108837 [32.78 [520 |[1.69 [086 |0.67 |1024.31 [27.99 [4.47 [1.40 [055 |-
1990s [570.99 [ 2001 [356 [1.24 [069 |- 52370 [20.34 [3.75 [1.10 [0.68 |-
2281 | 582.74 | 24053 |82.09 [ 31.03 | 14.50 [8.06 |584.29 [236.60 |- - - -
230Th [ 536.14 | 23855 | 84.4830.77 [ 1357 [7.03 [510.71 [239.49 |- - - -
2321y [ 45762 |219.93 |88.73 | 33.77 [14.99 [ 7.92 [497.73 [236.60 | 90.89 | 34.63 | 15.00 | 7.94
234U 351.75 |186.45 | 93.90 | 41.41 [ 19.41 [10.22 [ 36356 |- - - - -
236y [ 312.72 [167.30 | 76.76 [ 31.23 | 13.69 | 6.88 | 337.59 |178.89 | 83.68 | 34.63 | 16.74 | 7.65
238y [300.65 |160.42 |75.77 [ 30.75 [ 1372 [ 6.83 [292.87 |- - - - -
238py [ 24525 |[132.95 [ 66.98 | 28.40 [ 12.31 [5.97 [255.36 | - - - - -
280py [ 23871 |[13152 [69.24|30.75 | 13.85 [ 6.87 | 236.60 |- - - - -
242py [ 23053 |124.64 | 61.59 | 26.02 | 11.40 [ 563 |227.95 |- - - - -
284py [ 22473 [ 11549 |57.35 2337 [11.03 [ 4.99 |22362 |- - - - -
284cm [ 178.94 [99.19 [54.15 [ 24.63 - - 139.94 |- - - - -
286cm [ 17671 | 97.46 | 53.81 [ 24.27 | - - 17457 |- - - - -
288cy [ 17469 [ 96.37 | 52152339 [13.08 [5.25 [17457 |[11253 [47.61]19.04 | 1356 | 5.48
250cf [138.88 [ 76.90 |43.69 [2152]- - 14138 |- - - - -
252cf [ 13319 |[7164 |- - - - 132.73 | - - - - -

The experimental meanlives shown in this table are computed from half-lives of the transition

states from table of Isotopes (Firestone, 1999) using the well-known relation,

T=-L (4.3)

In2

In this study, the meanlives of rotational excited ground band states of even-even nuclei of rare
earth and actinide series have been computed by making use of the empirically calculated reduced
transition probabilities. This is because, as can be seen from Figure 4.2, the empirically calculated

reduced transition probability ratio is very close to unity.

As clearly seen, from Figure 4.1, the energy ratio for almost all nuclides under the study fall beyond

2.5 where this is the rotational deformed region. So that almost all the nuclides considered in this
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study are rotational in nature where nuclear deformation is highly observed, and that the

asymmetric rotor model assumed to work best.

The meanlives of the transitions are dependent inversely upon the transition gamma energy (to the
power of five), the total internal conversion coefficient, and the empirical reduced transition
probability (See Eqn. (4.2)). The empirical reduced transition probability in turn is proportional to
the square of the intrinsic quadrupole moment (Qo) (See Eqgn. (3.7)). The intrinsic quadrupole
moment, in turn, is directly proportional to the elongation deformation parameter § See Eqgn. (3.9)).
So in these empirical calculations both the asymmetric parameter y and the elongation parameter

B have been employed.

The empirical reduced transition probabilities calculated are in a very good agreement (Biniyam
& Chaubey, 2017), especially for lower transitions. There is a difficulty in determining the total
ICC values for transition gamma energy greater than 400 keV using the Bricc software. The
transition gamma energy get increases for higher transitions and are observed to be greater than

the mentioned value especially for the rare earth series.

We have found a very good agreement except for 129Sm & !22Gd at 4*— 2" and 6"— 47

transitions, ">¢Dy & '530s at 8*— 6" transition, '2°Dy, '53W & '520s at 10*— 8 transition, and

156

2eDy at 12"— 107 transition. In these nuclides, the percentage difference is found to be large, in

most cases greater than 40%. This large percentage difference observed in these nuclides may be

attributed to the fact that most of these nuclides are not in a rotationally deformed category.
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The percentage difference between the empirically calculated meanlives and experimental data
available, in most cases, is found to be around 5%. This percentage difference get increases as the
level of the transition get higher. This percentage difference could be attributed to the fact that the
total internal conversion coefficient could not be computed for the transition gamma energy greater
than 400 keV. This may be the real cause, for most cases, since the large percentage difference is

observed for those transitions where the transition gamma energy is beyond the mentioned value.

It is observed that the percentage difference observed in actinide series is very small. This may be
due to a smaller transition gamma energy than the minimum expected value in the Bricc online

software.
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CHAPTER 5. Energy States in Non-Axial Nuclei

5.1. Introduction

The energy levels of non-spherical nuclei corresponding to collective excitations not involving
violation of axial symmetry of the nuclei were investigated on basis of the generalized nuclear
model proposed by Aage Bohr and Benjamin Mottelson (Davydov & Filippov, 1958). It was
shown that the rotational-vibrational energy of collective nuclear excited states is a function of
only two parameters, viz., of the frequency of nuclear surface vibrations and of the ratio of the
equilibrium deformation to the zero vibration amplitude. It seems natural to inquire to what extent
these results are applicable if one takes into account possible violation of axial symmetry of the

nucleus.

The problem of violation of axial symmetry of nuclei has been qualitatively treated in a number of
papers. Recently it has even become usual to ascribe nuclear excited states to the so called vy-
vibrations. This type of assignment is usually based on the spin values of these levels and on the
large probability of electromagnetic transitions which confirms the collective nature of the levels.

No quantitative theory of y-vibrations has been proposed (Davydov & Filippov, 1958).

In the present paper, we investigate energy levels corresponding to rotation of the nucleus, which
does not involve changes of its internal state. It will be shown that violation of axial symmetry of
even-even nuclei only slightly affects the rotational spectrum of the axial nucleus although some
new rotational states with total angular momenta of 2, 3, 4 ... do appear. If the deviations from

axial symmetry are small these levels lie very high and are not excited. As the deviations from
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axial symmetry are increased some of the additional levels become much lower. Thus, for example,
the ratio of the second excited state with spin 2 to the first state (which also exists in axial nuclei),

varies from infinity to two (Davydov & Filippov, 1958).

In recent years (James, 2007) the problem of the prediction of the nuclear rotational energy levels
has attracted considerable interest. One of the main reasons is that the development of the high
resolution solid state y-detector has made it possible to follow the rotational bands of high spin.
The new results showed that the energies of high spin rotational states deviate from the well-known

rule of rigid rotor, namely

_ hZI(1+1)
EI‘Ot_ 25

(5.1)

where 3 is the effective moment of inertia and | is the nuclear spin.

Irrotational moments of inertia were introduced by Davydov and Filippov following the lead of A.
Bohr in his original paper (James, 2007). It was extensively developed later. The Davydov and
Filippov model directly correlates the inertia tensor to the E2 quadrupole tensor, via the parameters

B and y, by
%, = 4Bp2sin?(y — kz?“), k=1,2 3, (5.2)

where B is the irrotational flow mass parameter and the dependence on vy gives the ratios of the

components of the inertia tensor according to irrotational flow.
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Irrotational flow is an idealization of nuclear rotation but it is more realistic than rigid flow. In
comparison, the present triaxial rotor model assumes the electric quadrupole tensor and the inertia
tensor are independently parameterized. Fitting to data reveals that these parameters are strongly

correlated.
5.2. Methods

The Hamiltonian of the asymmetric rotor model (ARM) can be written as (Davydov & Filippov,
1958; Demille et al., 1959; Horacio, 1960; Moore & White, 1960; Parveen & Harish, 2015; Singh
etal., 2007; Yan, Vogel, von Brentano & Gelberg, 1993; Yuvraj et al., 2013)
R . 2
= 2
4BB* & asin2(y - 50)

H (5.3)

where B is the mass parameter, 3 is the nuclear quadrupole deformation parameter, y varies
between 0 and 7/3 and determines the deviation of the shape of the nucleus from axial symmetry,
and the I, are operators of the projections of the nuclear angular momenta on the axes of a

coordinate system connected with the nucleus.

According to Eqgn. (5.1), for y # 0 or n/3 the nucleus should be regarded as an asymmetric top. In
stationary states of the asymmetric top not one of the projections of the total angular momentum
onaxes 1, 2, 3 of the body-fixed coordinate system has a definite value and hence the energy levels
cannot be specified by the values of K = Is. Each value of the total angular momentum in the

asymmetric top corresponds to 21+1 different energy levels. These levels can be classified with
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respect to the irreducible representations of group D2 (See Appendix A). Thus, the energy levels

of an asymmetric top split up into four types of levels that correspond to the four irreducible

representations of group Da.

In virtue of the symmetry conditions imposed on the wave function in even-even nuclei of the 21+1

different levels only those energy levels with a given | can exist which correspond to a completely

symmetric representation of group D». Rotation states of the required symmetry will not exist if |

= 1. Two such states will exist for | = 2, one for | = 3, three for | = 4, two for | =5, four for | = 6,

etc.

h2

If the energy is expressed in units of A = YT the energy of two levels of the required symmetry

are, for | = 2, defined by the expression

9(1— /1—§Sin2(3y) 9(1+ /1—§Sin2(3y)
€1(2) = : ) = :

sinz@3y) | 2 SinZ(3y)

The energy of a level with angular momentum | = 3 is given by

18
Sin2(3y)

£3) =

The three spin 4 energy levels are the roots of the third degree equation

640
Sin*(3y)

3 90 2 48 ) _
Sin2(3y)€ +Sin4(3y)127+2681n (3y)]€

[27+7Sin2(3y)] =0

(5.4)

(5.5)

(5.6)
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The roots of this equation have been computed using wolfram Mathematica equation solver, online
software (Stephen, 2017) and the solution has not been presented in this study because it is so

lengthy.

The two spin 5 energy levels are given by the formula

_ 45-9,/9-8Sin2(3y) _ 45+ 9,/9-8Sin2(3y)
&(®) = sin23y) &(5) = Sin2(3y) (5.7)

The energy levels of states possessing an angular momentum equal to 6 and 8 are defined by a

fourth and fifth degree equation respectively.

The following simple relation between the spin 2 and spin 3 energy levels follows from Eqgn. (5.4)

and Egn. (5.5) as

€1(2) + €22) =€) (5.8)

In the frame work of the rigid triaxial rotor model (Varshney, 1982), nuclear deformation
parameters B and y are extracted from both level energies and E2 transition rates in even-even
nuclei. The rigid triaxial rotor model considers the nucleus as a rigid rotor with rigid triaxial

asymmetry as specified by  and y.

In this particular calculation as well, we have employed the most widely used method to compute

the asymmetry parameter y, which is evaluated from the ratio of two band head energies E>"'/ E*,
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(Singh et al., 2013; Varshney et al., 2011), as we have considered and showed in chapter three by

Egn. (3.9) and Eqgn. (3.10).

The energies calculated are considered in two different units. The first is in an energy unit of A=

2
42? discussed in section (5.2) above. The second is in a unit of keV. It is possible to convert the

hZ
4BR2

energy calculated in a unit to keV unit by considering the following empirical relation.

The hydrodynamic relation relates E2" with moment of inertia Jo and asymmetric parameter y for

asymmetric nucleus (y # 0) as (Singh et al., 2012)

+,__§§i 9-,/81-72Sin2(3Yy)
B2 = 2o 4Sin2(3y) (5.9)

where Jo = 4Bf?

Now we can rewrite Eqgn. (5.9) to fit the energy unit we have considered in section (5.2) above as

follows

h2 = 8 E3 (5.10)
4Bp 6 o /81—7251n2(3y)
sin2(3y)
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And we have approximated this equation as,

h? ES

4B 4 /81—7251n2(3y)

Sin2(3y)

(5.11)

This empirical relation is used for this particular energy calculations and help us to convert the

hZ

energy unit (A = YT

) in to a convenient energy unit of keV.

5.3. Result and Discussion

In this section, we will present the calculated asymmetric parameter y values in Figure 5.1, and the

h2
4Bp2

calculated band energies in a unit of (A = ) in Figure 5.2. The empirical energy calculations,

inaunit of A, is tabulated in Table 5.1, and the corresponding energies converted to a unit of keV

is tabulated in Table 5.2.

25
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Figure 5.1. Mass number versus asymmetric parameter .
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Figure 5.2. Energy (in a unit of A) versus asymmetric parameter y.

Table 5.1. Calculated band energies (in a unit of A) of rare earth and actinide series.

S/No Nuclide Spin States
2+ 2+' 3+ 4+ 4+' 4+" 5+ 5+'

1. 150Sm 5.12 18.29 | 2341 |15.86 |31.90 |69.31 38.77 | 78.29

2. 152Sm 4.45 39.69 |44.13 |14.67 |50.30 |155.70 |57.48 |163.19
3. 154Sm 4.23 7422 | 7845 |14.05 |84.26 |293.95 |91.14 |301.12
4. 152Gd 5.04 1931 | 2436 |15.79 |32.48 | 7352 39.49 |82.29

5. 154Gd 4.49 36.37 |40.86 |14.79 |47.14 | 14237 |54.35 |149.97
6. 156Gd 431 55.89 |60.19 |14.29 |66.06 |220.62 |73.12 |227.85
7. 158Gd 4.27 63.75 |68.01 |14.16 |74.12 |251.38 |80.82 |259.25
8. 180Gd 4.30 56.57 |60.87 |14.28 |66.76 |223.32 |73.79 |230.58
9. 134Dy 5.30 16.29 | 2159 |1599 |31.05 |60.91 37.49 | 70.44

10. 156Dy 4.62 29.86 |34.48 |15.08 |41.07 |116.25 |48.34 |124.08
11. 18py [ 442 [42.30 [46.72 |1460 |52.75 [166.23 |59.97 |173.61
12, 160py  [4.36 [48.58 [52.94 [14.43 [58.86 |191.42 |66.02 |198.69
13. 182py 4.36 48.04 | 5240 |1445 |58.35 |189.21 |65.49 |196.52
14. 184Dy 4.39 4555 |49.93 |1451 |55.89 |179.25 |63.09 |186.57
15. 160Fr 4.59 31.15 | 3574 |15.00 |42.36 |121.21 |49.51 |129.18
16. Le2Er 4.45 39.29 |43.74 |14.68 |49.92 |154.09 |57.10 |161.61
17. Le4Er 4.43 4162 |46.05 |14.61 |52.13 |163.49 |59.32 |170.91
18. 160Er 4.41 43.00 |47.41 |1457 |53.45 |168.97 |60.64 |176.39
19. 168Er 4.39 4513 | 4952 |1451 |55.64 |17745 |62.69 |184.91
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20. L70Fr 4.34 5151 |55.85 |14.38 |61.60 |203.26 |68.86 |210.38
21. 166Yb 4.44 4049 | 4493 |14.65 |51.04 |158.94 |58.24 |166.39
22. 168Yb 4.36 48.90 |53.25 |14.43 |59.13 |192.71 |66.32 |199.95
23. 17%Yb 4.29 58.40 |62.70 |14.25 |68.50 |230.73 |75.58 |237.90
24. 172Yb 4.22 78.47 |82.68 |14.02 |88.33 |311.05 |95.33 |318.09
25. 17%Yb 4.19 89.61 |93.80 |13.93 |99.66 |355.17 | 106.36 | 362.63
26. 178Yb 4.26 6545 |69.71 | 1415 | 7545 |258.97 |82.49 |266.07
27. 1$§Hf 4.78 2445 |29.24 | 1541 |36.32 |94.45 43.58 |102.59
28. 181 f 4.57 3224 |36.81 |1495 |43.34 |125.71 |50.51 | 133.54
29. 179Hf 4.42 4218 |46.60 |14.60 |52.61 |165.77 |59.85 |173.13
30. 72Hf 4.35 49.20 |53.56 |14.42 |59.55 |193.81 |66.62 |201.16
31. 174Hf 4.30 57.88 |62.18 |14.26 |68.01 |228.61 |75.07 |235.81
32. 1;§’Hf 4.26 64.70 |68.97 |14.16 |74.76 |25591 |81.76 |263.07
33. 178Hf 4.32 5447 |58.79 |1432 |64.61 |21497 |71.74 |222.19
34. 182w 4.33 5282 |57.14 |1435 |63.06 |208.30 |70.13 |215.59
35. A 4.49 36.47 |40.97 |1479 |47.20 |142.84 |54.44 | 150.38
36. 186W 4.66 28.12 |32.78 |15.18 |39.46 |109.26 |46.77 |117.13
37. 1?203 4.61 30.33 |34.94 |15.06 |41.49 |118.15 |48.76 | 125.93
38. 18205 4.57 3204 |36.62 |14.97 |43.11 |124.92 |50.33 |132.75
39. 18%0s 451 3546 |39.97 |14.83 |46.24 |138.81 |53.50 |146.37
40. 1?205 4.71 26.39 |31.10 |1528 |37.97 |102.27 |4525 |110.27
41. 18805 4.98 20.34 | 2532 |15.71 |33.17 |77.70 40.25 |86.33

42. 1290s 5.34 1596 |21.29 |16.01 |30.95 |59.52 37.31 |69.16

43. ZggTh 4.24 71.01 | 7525 |14.09 |81.00 |281.16 |87.97 |288.29
44, 239Th 4.27 62.79 |67.06 |14.18 |72.90 |248.23 |79.88 | 255.44
45, 232Th 4.25 67.60 |71.86 |14.13 |77.63 |267.52 |84.61 |274.67
46. 234U 4.19 89.22 |93.41 |13.93 |99.02 |354.05 |105.97 | 361.07
47. 236U 4.19 88.61 |92.80 |13.94 |98.43 |351.63 |105.37 |358.64
48. 238U 4.17 98.51 |102.68 | 13.88 |108.33 | 391.20 | 115.19 | 398.22
49. Zggpu 4.17 97.35 |101.52 | 13.88 | 107.15 | 386.57 | 114.04 | 393.58
50. 2¢%Pu 4.17 98.98 | 103.15 | 13.87 |108.80 | 393.09 | 115.66 | 400.10
51. ZgiPu 4.16 102.85 | 107.02 | 13.85 | 112.69 | 408.45 | 119.50 | 415.58
52. 2¢4Pu 4.18 9228 |96.46 |13.91 |102.11 |366.29 | 109.01 | 373.31
53. 24 Cm 4.15 108.84 | 112.99 | 13.82 | 118.68 | 432.47 | 125.45 | 439.52
54. Zgng 4.17 98.98 |103.15 | 13.87 |108.80 | 393.09 | 115.66 | 400.10
55. 2¢8Cm 4.15 107.79 | 111.94 | 13.83 | 117.55 | 428.32 | 124.40 | 435.30
56. 230cf 4.17 100.67 | 104.83 | 13.87 | 110.41 | 399.93 | 117.33 | 406.84
57. 252Cf 4.23 73.62 |77.85 |14.06 |83.55 |291.65 |90.54 |298.73
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Table 5.2. Calculated empirical band energies (in keV) of rare earth and actinide series.

S/No. | Nuclide | Energy Spin States

(keV) | 2* 2" 3* 4+ 4* 4+ 5* 5"
1. | 159sm | Expt. [333.96 | 1193.84 | 1504.57 | 773.37

Emp. 333.87 | 1193.04 | 1526.90 | 1034.23 | 2080.55 | 4519.80 | 2528.50 | 5106.02
2. 1325m | Expt. 121.78 | 1085.84 | 1233.86 | 366.48 | 1371.74 1559.62

Emp. 121.78 | 1086.47 | 1208.26 | 401.63 | 1377.08 | 4262.57 | 1573.63 | 4467.65
3. 134Sm | Expt. 81.98 | 1440.04 | 1539.19 | 266.82 | 1664.82 1804.99

Emp. 81.98 | 1439.17 | 1521.15 | 272.48 | 1633.73 | 5699.55 | 1767.08 | 5838.67
4. 192Gd | Expt. 344.28 | 1318.42 | 1692.41 | 755.40 | 1550.16 1861.58

Emp. 344.28 | 1317.93 | 1662.20 | 1077.40 | 2216.41 | 5017.20 | 2695.04 | 5615.99
5. 124Gd | Expt. 123.07 | 996.26 | 1127.80 | 371.00 | 1263.78 1432.59

Emp. 123.07 | 995.91 | 1118.98 | 404.91 | 1291.01 | 3898.63 | 1488.20 | 4106.72
6. 156Gd | Expt. 88.97 | 1154.15 | 1248.01 | 288.19 | 1355.42 1506.86

Emp. 88.97 |1154.05 | 1243.02 | 295.10 | 1364.11 | 4555.89 | 1509.92 | 4705.17
1. 158Gd | Expt. 79.51 | 1187.14 | 1265.52 | 261.46 | 1358.47 1481.42

Emp. 79.51 |1187.61 | 1267.12 | 263.82 | 1380.96 | 4683.34 | 1505.65 | 4829.96
8. 180Gd | Expt. 75.26 |988.40 | 1057.54 | 248.52 | 1147.78 1261.07

Emp. 75.26 | 989.07 | 1064.33 | 249.64 | 1167.27 | 3904.70 | 1290.11 | 4031.55
9. 24py | Expt. 334.34 | 1027.04 | 1334.19 | 746.78 | 1442.28 1739.60

Emp. 334.58 | 1027.63 | 1362.21 | 1008.67 | 1959.26 | 3843.14 | 2365.94 | 4445.08
10. | 2¢py | Expt. 137.77 | 890.50 | 1022.08 | 404.19 | 1168.47 1335.56

Emp. 137.83 | 891.21 | 1029.05 | 450.01 | 1225.58 | 3469.23 | 1442.54 | 3702.69
11. | 138py | Expt. 08.92 |946.32 |1044.60 | 317.14 | 1163.75 1314.78

Emp. 08.92 |947.12 |1046.04 | 326.80 |1181.20 | 3722.10 | 1342.79 | 3887.39
12. | &py | Expt. 86.79 |966.17 | 1049.10 | 283.82 | 1155.84 1288.66

Emp. 86.79 | 967.30 |1054.09 | 287.41 | 1171.89 | 3811.23 | 1314.45 | 3956.00
13.| 182py | Expt. 80.66 |888.16 |962.94 | 265.66 |1060.99 1182.76

Emp. 80.66 |888.04 |968.70 |267.05 |1078.62 | 3497.74 | 1210.68 | 3632.81
14.| 18Dy | Expt. 73.39 | 761.82 |828.19 | 242.23 |916.00 1024.64

Emp. 73.39 | 762.28 |835.67 |242.81 |935.44 | 3000.05 | 1055.85 | 3122.50
15. | 8%Er | Expt. 125.80 | 854.40 | 987.30 | 389.90 1316.70

Emp. 125.80 | 853.83 |979.63 |411.17 | 1161.03 | 3322.64 | 1357.03 | 3541.11
16. | %2Er | Expt. 102.04 | 900.72 | 1002.06 | 329.62 | 1128.11 1286.22

Emp. 102.04 | 900.22 | 1002.26 | 336.44 | 1143.86 | 3530.73 | 1308.38 | 3702.93
17.| 6%Er | Expt. 91.38 |860.25 |946.40 | 299.43 |1058.48 1197.46

Emp. 91.40 |859.67 |951.07 |301.81 |1076.77 | 3376.82 | 1225.27 | 3530.09
18. | 6SEr | Expt. 80.58 | 785.91 |859.39 | 264.99 |956.23 1075.28

Emp. 80.58 | 785.54 |866.11 | 266.26 |976.60 | 3087.17 | 1107.85 | 3222.73
19. | Er | Expt. 79.80 |821.17 |895.79 | 264.09 |994.75 1117.57

Emp. 79.80 |820.57 |900.38 |263.81 |1011.63 | 3226.58 | 1139.79 | 3362.09
20. | 17Z9Er | Expt. 78.60 |934.03 | 1010.54 | 260.15 | 1103.33 1236.61

Emp. 78.59 |933.50 |1012.09 | 260.58 |1116.29 | 3683.53 | 1247.87 | 3812.60

96




21.| 55yb | Expt. 102.37 | 932.38 | 1039.14 | 330.48 | 1162.74 1327.85

Emp. 102.37 | 933.81 | 1036.18 | 337.83 | 1177.18 | 3665.88 | 1343.29 | 3837.59
22.| 1%8yb | Expt. 87.73 |984.00 |1067.15|286.55 |1171.36 1302.30

Emp. 87.73 |984.73 |1072.46 | 290.60 | 1190.79 | 3880.87 | 1335.65 | 4026.65
23.| 7%yb | Expt. 84.25 | 1145.72 | 1225.35 | 277.43 | 1329.31 1459.75

Emp. 84.25 | 1145.90 | 1230.16 | 279.62 | 1344.02 | 4527.15 | 1482.92 | 4667.86
24. | 72yp | Expt. 78.74 | 1465.88 | 1549.15 | 260.27 | 1657.79 1778.86

Emp. 78.75 | 1465.95 | 1544.69 | 261.88 | 1650.20 | 5811.14 | 1780.92 | 5942.54
25. | 7%yb | Expt. 76.47 |1633.97 | 1709.42 | 253.12 | 1805.40 1926.00

Emp. 76.47 ]1636.71 | 1713.18 | 254.37 | 1820.14 | 6486.93 | 1942.59 | 6623.31
26. | 178yb | Expt. 82.14 |1260.89 | 1336.38 | 271.85 | 1435.50 1558.34

Emp. 82.13 | 1261.79 | 1343.92 | 272.83 | 1454.53 | 4992.28 | 1590.31 | 5129.28
27. | 1SSHf | Expt. 158.64 | 809.96 | 1007.16 | 470.46 | 1332.41 1418.90

Emp. 158.50 | 810.44 |968.94 | 510.66 | 1203.81 | 3130.39 | 1444.44 | 3400.26
28. | 1S8Hf | Expt. 124.10 | 875.94 | 1030.93 | 385.92 | 1216.50 1386.38

Emp. 124.00 | 875.54 |999.54 |406.04 |1176.90 | 3413.45 | 1371.54 | 3626.16
29. | 79Hf | Expt. 100.80 | 961.30 | 1087.59 | 321.99 | 1227.30

Emp. 100.80 | 962.05 | 1062.85 | 333.03 | 1200.05 | 3781.19 | 1365.25 | 3949.01
30. | 172Hf | Expt. 95.22 |1075.29 | 1180.87 | 309.24 | 1304.66 1462.88

Emp. 95.22 |1076.04 | 1171.26 | 315.29 | 1302.40 | 4238.67 | 1456.92 | 4399.37
31. | 172Hf | Expt. 90.99 |1226.77 | 1336.48 | 297.38 | 1448.85 1658.41

Emp. 90.99 | 122555 | 1316.54 | 301.91 | 1440.01 | 4840.74 | 1589.49 | 4993.20
32.| 175Hf | Expt. 88.35 | 1341.31 | 1445.79 | 290.18 | 1540.30 1727.80

Emp. 88.35 | 1340.77 | 1429.12 | 293.44 | 1549.15 | 5303.05 | 1694.17 | 5451.42
33.| 178Hf | Expt. 93.18 | 1174.63 | 1268.54 | 306.62 | 1384.46 1533.15

Emp. 93.18 | 1175.66 | 1268.84 | 309.04 | 1394.48 | 4639.89 | 1548.38 | 4795.80
34.| 8w | Expt. 100.11 | 1221.40 | 1331.12 | 329.43 | 1442.84 1623.51

Emp. 100.06 | 1221.14 | 1321.21 | 331.67 | 1457.98 | 4816.06 | 1621.39 | 4984.63
35.| 18w | Expt. 111.22 | 903.31 | 1005.97 | 364.07 | 1133.85 1294.94

Emp. 111.21 | 902.80 | 1014.01 | 366.00 | 1168.28 | 3535.62 | 1347.63 | 3722.40
36. | 18w | Expt. 122.63 | 737.96 | 862.28 | 396.55 | 1006.73 1197.30

Emp. 122.33 | 737.58 |859.91 |398.20 | 1035.21 | 2866.00 | 1226.90 | 3072.64
37.| '80s | Expt. 132.11 | 870.44 | 1022.85 | 408.63 | 1196.83 1405.55

Emp. 132.30 | 870.87 | 1003.17 | 432.28 | 1191.35 | 3392.53 | 1400.07 | 3615.79
38.| 1820s | Expt. 126.89 | 890.61 | 1039.04 | 400.29 | 1190.30 1399.47

Emp. 127.00 | 890.42 | 1017.42 | 415.90 | 1197.88 | 3471.21 | 1398.42 | 3688.67
39.| 18%0s | Expt. 119.77 | 942.87 | 1080.97 | 383.68 | 1224.99 1428.15

Emp. 119.80 | 942.37 | 1062.17 | 393.95 | 1228.65 | 3688.35 | 1421.57 | 3889.29
40. | 180s | Expt. 137.16 | 767.48 |910.47 | 434.09 | 1070.48 1275.61

Emp. 137.16 | 767.73 | 904.89 | 444.52 | 1104.77 | 2975.15 | 1316.37 | 3208.09
41. | 880s | Expt. 155.02 | 633.02 | 789.98 | 477.94 | 965.65 1180.86

Emp. 155.02 | 633.15 | 788.17 | 489.00 | 1032.74 | 2419.03 | 1253.23 | 2687.61
42. | 1920s | Expt. 186.72 | 557.98 | 756.02 | 547.85 | 955.37 1203.86

Emp. 186.72 | 558.10 | 744.82 |559.82 | 1082.52 | 2081.71 | 1304.97 | 2419.11
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43.| 228Th | Expt. 57.77 1968.38 |1022.54 | 186.84 | 1091.05 1174.52

Emp. 57.76 1967.61 |1025.37 |191.96 |1103.71 | 3831.11 | 1198.64 | 3928.20
44. | 230Th | Expt. 53.23 | 781.38 |825.66 |174.11 | 883.60 955.04

Emp. 53.20 |781.93 |835.14 |176.64 |907.86 |3091.17 |994.74 | 3180.94
45.| 232Th | Expt. 49.37 | 78525 |829.60 |162.12 |890.10 960.24

Emp. 49.37 | 785.03 |834.40 |164.02 |901.45 |3106.48 | 982.50 | 3189.47
46. | 233U | Expt. 43.50 |926.72 |968.43 | 143.35 | 1023.77 1090.89

Emp. 43.50 |926.75 |970.24 |144.74 |1028.48 | 3677.51 | 1100.74 | 3750.48
47.| 2350 | Expt. 45.24 |957.90 | 1001.50 | 149.48 | 1058.80 1127.38

Emp. 45.24 |957.02 |1002.26 | 150.54 | 1063.03 | 3797.61 | 1137.99 | 3873.33
48. | 238U | Expt. 44.92 |1060.27 | 1105.71 | 148.38 | 1168.00 1232.00

Emp. 4491 |1061.13 | 1106.04 | 149.48 | 1166.86 | 4213.81 | 1240.77 | 4289.43
49. | 238pu | Expt. 44.07 |1028.54 | 1069.93 | 145.94 | 1125.75

Emp. 44.08 |1028.73 | 1072.81 | 146.71 | 1132.26 | 4084.95 | 1205.06 | 4159.02
50. | 23%Pu | Expt. 42.82 |900.32 | 1030.55 | 141.69 | 1076.22

Emp. 42.82 |1016.90 | 1059.72 | 142.54 | 1117.70 | 4038.37 | 1188.19 | 4110.41
51.| 2¢2pu | Expt. 44.54 |1102.00 147.30

Emp. 44.54 |1100.74 | 1145.28 | 148.25 | 1206.01 | 4371.23 | 1278.90 | 4447.50
52.| Z¢Pu | Expt. 44.20 | 1015.00 155.00

Emp. 46.00 |1015.24 | 1061.24 | 153.07 | 1123.40 | 4029.78 | 1199.24 | 4106.96
53.| 24iCm | Expt. 4297 |1020.76 142.35

Emp. 42.96 |1126.13 | 1169.10 | 143.04 | 1227.89 | 4474.53 | 1297.99 | 4547.49
54.| 23Cm | Expt. 42.85 | 1124.26 | 1165.48 | 141.99 | 1219.95

Emp. 42.85 |1017.56 | 1060.41 | 142.63 | 1118.43 | 4041.00 | 1188.97 | 4113.09
55. | 288Cm | Expt. 43.40 | 1131.00 143.80 | 1222.00

Emp. 43.38 | 1125.56 | 1168.94 | 144.42 | 1227.52 | 4472.72 | 1299.08 | 4545.61
56. | 239¢cf | Expt. 42.72 |1031.85 | 1071.37 | 141.88 | 1123.00

Emp. 42.72 |1032.48 | 1075.20 | 142.21 | 1132.35 | 4101.74 | 1203.37 | 4172.63
57.| 232cf | Expt. 45.72 |804.80 |845.70 | 151.74 |900.30

Emp. 45.72 | 795.81 |841.53 |151.99 |903.14 |3152.49 |978.69 | 3228.97

In this particular work, we have used an updated experimental data of energies for excited states.

The important and determining parameter, the asymmetric parameter y of the DF model, for energy

calculation, has been calculated using Eqn. (3.10) and shown in Figure 5.1. We have used Eqn.

(5.4) through Eqgn. (5.7) to calculate the theoretical excitation energies in a unit of A, and the

corresponding results are shown in Figure 5.2, and tabulated in Table 5.1. These energies have

been converted to a unit of keV, utilizing Eqn. (5.11), and the results have been tabulated in Table
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5.2 for the 57 nuclides of rare earth and actinide series. We have seen, from Figure 5.1, that the
values of the asymmetric parameter vy is to a certain extent scattered for the mass region 150 < A
< 190 (rare earth), and almost similar values are obtained for the mass region 228 < A < 252

(actinide series).

The Experimental data used in this study have been taken from (Firestone, 1999; Nuclear Data
Sheet, 2017). We could not find a similar research works on this particular topic to compare our
results with. In addition, due to this reason, we have compared our calculated results only with the
available experimental ones. For the 4° and 5" we couldn’t find, even, the appropriate available
experimental data to compare with, and so that these empirically calculated results could be taken

as the estimated values of the respective band energies.

This present study reveals, comparing the percentage difference between the experimental data
and the results obtained from empirical calculations, that the percentage difference is very small
for approximately all nuclei included in this study except for 123Sm, 122Gd and 122Dy. For these
particular nuclei the percentage difference obtained is greater than 30%, for total angular
momentum of 4 and greater, but for lower angular momentum the empirical calculations have

perfectly matched the available experimental data.

The large percentage difference in these particular nuclides may be ascribed to the fact that these
nuclides are not in a rotationally deformed region (Refer to Table 3.1). This comparison shows
that the present empirical calculation is in an excellent agreement with the available experimental

data.
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CHAPTER 6. Conclusion

The B(E2) values for the ground state band of the even-even deformed nuclei in the rare earth and
actinide regions have been investigated. This investigation reveals that the Davydov- Filippov
(DF) model predictions are closer to the experimental values for higher transitions, thus giving
support to the idea that the nuclear shape tends to become triaxial with higher angular momentum.
Therefore, it is possible to say that, from the result obtained, there is a strong agreement between
the experimental, extracted from experimental equation, and empirically estimated B(E2) values
in the lower transitions than higher transitions in the experimental versus experimental, empirical
versus experimental and empirical versus empirical for the present work and the previous works

considered in this study.

The B(E2) values usually seen to increase with spin for low-lying states within a rotational excited
band. For lower transitions, especially for 2*— 07, the result obtained is in a very good agreement
with the available experimental data and the reported works so far. Therefore, it is possible to infer
the result obtained for the transitions could also be a go for result. In addition, if this is the case
the theoretically (empirically) obtained results can be used to estimate the half-life or mean-life of
rotational excited states of which neither the mean-life nor half-life has been experimentally not

reported yet.

Mean-life predictions have been made for the 57 rotational nuclear excited states in the ground
state band of the rare earth and actinide series. We have compared our empirical predictions of
meanlives with the respective recent experimental values, if known, and have found a very good
agreement. Moreover, a good agreement, at higher transitions, have been found for the rare earth
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series. In general, the percentage difference increases as the transitions get higher. So, we observe
that the predicted meanlives are observed to be in a very good agreement, especially at lower
transitions, and that the asymmetric rotor model could be helpful in predicting the probable

meanlives of rotational nuclear excited even-even ground state band.

The calculations of energy values for the ground and gamma band rotationally excited states of
the even-even deformed nuclei in the rare earth and actinide regions have also been considered.
We have compared our empirical calculation of energies with the respective recent experimental
values, and have found an excellent agreement. This investigation shows that empirical energy
calculations are very closer to the experimental values, thus giving support to the idea that the
asymmetric rotor model of Davydov- Filippov (DF) is effective for rotational nuclear excited state

in energy calculations.

Therefore, we observe that the calculated empirical energies are in an excellent agreement
especially at lower spins for all nuclides considered in this particular study, and that the asymmetric
rotor model could be helpful in calculating the rotational nuclear excited even-even ground and

gamma band energy states.

Generally, we have found from our present investigations that the Davydov- Filippov (DF) model
predictions for the B(E2) values, meanlives and rotational excited state energies are very close to
the recent available experimental data, thus giving support to the idea that the nuclear shape tends
to become triaxial and is capable of making predictions for any nucleus in the region of mass
number in the rare earth and actinide nuclei considered in this study for which the first and second

2" energy states are known.
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Appendix

Appendix A: Rotation and Angular Momentum

Angular momentum is as important in classical mechanics as in quantum mechanics (Nouredine,
2009). It is particularly useful for studying the dynamics of systems that move under the influence
of spherically symmetric, or central, potentials, V() = V(r) for the orbital angular momenta of

these systems are conserved.

One of the cornerstones of Bohr’s model of the hydrogen atom (where the electron moves in the
proton’s Coulomb potential, a central potential) is based on the quantization of angular momentum.
Additionally, angular momentum plays a critical role in the description of molecular rotations, the
motion of electrons in atoms, and the motion of nucleons in nuclei. The quantum theory of angular

momentum is thus a prerequisite for studying molecular, atomic, and nuclear systems.

A.1) General Formalism of Angular Momentum

Let us now introduce a more general angular momentum operator  that is defined by its three

components ., J,, and J, , which satisfy the following commutation relations (Nouredine, 2009):

[Tx: Ty 1= ihizv [ij Tz] = ihjxv [Tz: jx] = ihjya or equivalently by T X T = ihi (A1)

Since J,, J,, and J, do not mutually commute, they cannot be simultaneously diagonalized; that is,

they do not possess common eigenstates. The square of the angular momentum
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Pl (A2)

is a scalar, hence it commutes with J,, ], and J,;:

[TZ' Tk] =0, (AB)

where k stands for x, y, and z.

A.2) Matrix Representation of Angular Momentum

The formalism of the previous section is general and independent of any particular representation.
There are many ways to represent the angular momentum operators and their eigenstates. In this
section we are going to discuss the matrix representation of angular momentum where eigenkets
and operators will be represented by column vectors and square matrices, respectively. This is
achieved by expanding states and operators in a discrete basis. We will see later how to represent

the orbital angular momentum in the position representation (Nouredine, 2009).

Since J? and ], commute, the set of their common eigenstates {| j, m>} can be chosen as a basis;

this basis is discrete, orthonormal, and complete. For a given value of j, the orthonormalization

condition for this base is {j’,m’ | j,m ) = 8 i8m’ m» and the completeness condition is expressed

by
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+)
z my<jm| = 1 (A.4)
=

where T is the unit matrix. The operators j? and j, are diagonal in the basis given by their joint

eigenstates

j',m'| 2 |j,m> = h2j0+1)8j’j8m’m' (A.5)
<jl; m,nz | ],m> = 1;lrnsj'jsm’m (A.6)

Thus, the matrices representing j2 and |, in the {| j, m>} eigenbasis are diagonal, their diagonal

elements being equal to h2j(j+1) and hm, respectively.

Now since the operators J, do not commute with J,, they are represented in the {| j, m>} basis by

matrices that are not diagonal:

GLm'|Jg 1, m> = byjG + 1) — m(m + 1)818 me (A7)

We can infer the matrices of J,, and J,, from

Telim> =2 (440 1m> =2 [JG—m)G+ m + D] jm+ D+/G+m)(G—m+ D] j,m—

Dland Jy [jm> = (s ) [j,m)
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= > [/G—mG+m+ Dljm+1-/G+m)G—m+D]jm— DI, m'| Ty |, m>

= 2WiG+ D= mm + Dy, meat+iG+ D = m(m — Dy, o] 8 (A8)

GLm'(Jylj, m> =L ViG+ 1D —m@m+ D8, 4y -/iG+ 1) —m(m — D8, 4] 85 (A9)

2i

A.3) Geometrical Representation of Angular Momentum

At issue here is the relationship between the angular momentum and its z-component; this relation
can be represented geometrically as follows (Nouredine, 2009). For a fixed value of j, the total

angular momentum J may be represented by a vector whose length, as displayed in Figure A, is

given by 1,/j(j + 1) and whose z-component is <J, > = hm. Since J, and ]y are separately

undefined, only their sum [+ ]Ay2 =32 - [,%z, which lies within the xy plane, is well defined.

J- J-
NSIVENY)
— — mh
3 .
Jy Jxy
/ ;
T
— —mhl- — —
—h/j(j+1)

Figure A. Geometrical representation of the angular momentum T: the vector T rotates along the
surface of a cone about its axis; the cone’s height is equal to Mh, the projection of Jon
the cone’s axis. The tip off lies, within the J; Jxy plane, on a circle of radius hy/J(J + 1).
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A.4) Representation of the Rotation Operator

The rotation operator is given by (Nouredine, 2009)
R(a, B,Y) = Ry(0) Ry(B) Ry (y) = e712/Me~1Fly/eiVla/h (A.10)

implies that its properties are determined by the algebraic properties of the angular momentum

operators Jy, Jy, J,- Since R(a,B,y) commutes withJ? we may look for a representation of

R(a, B, ) in the basis spanned by the eigenvectors of j2and J,, i.e., the | j, m) states.

From (A.10), we see that J2commutes with the rotation operator, [J2, R(a, B, v)] = 0; thus, the total

angular momentum is conserved under rotations
J?R(e, B,Y) 1J, m> = R(e, B, ¥) J?1 j, m> = j(j+1) R(a B, ¥) | j, m> (A11)

However, the z-component of the angular momentum changes under rotations, unless the axis of

rotation is along the z-axis. That is, when R(a, B, ) acts on the state | j, m>, we end up with a new

state having the same j but with a different value of m:

j j
R@BY) [hm> = > [m GmR@B m> = > bI (@B ]jm> (A12)

m'=—j m'=—j
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DY, (a,B,¥) = <j,m'| R(a, B,¥) | j,m> (A.13)

These are the matrix elements of R(a, B,y) for the | j, m> states; Dgl),m(a, B,v) is the amplitude
of | j,m’'> when | j,m) is rotated. The rotation operator is thus represented by a (2j+1) x (2j+1)

square matrix in the {| j, m>} basis. The matrix of DO (o, B, y) is known as the Wigner D-matrix
and its elements Dgl),m(oc, B,y) as the Wigner functions. This matrix representation is often

referred to as the (2j+1)-dimensional irreducible representation of the rotation operator R(a, B, y).

Since | j, m) is an eigenstate of J,, it is also an eigenstate of the rotation operator elz/M pecause

eicx]Z/hl i, m) = eiocm/hl i, m.

We may thus rewrite (A.13) as

0 i’ -
D (a,B,y) = esim’armnm g0 (@) (A.14)

where
a0, (®) = <j,m'| e/ j,m) (A.15)

This shows that only the middle rotation operator, e B ]Y/h, mixes states with different values of

m. Determining the matrix elements Dgl),m(a, B,v) therefore reduces to evaluation of the quantities

2, ().
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A general expression of dgl),m(ﬁ), called the Wigner formula, is given by the following explicit

expression:

VG +m)!(G—m)!j+m)![—m)!
G-m—-K!'G+rm—-KkK!'G—m)!(j+m'—m)!k!

dgl)’m(ﬁ) — z (_1)k+m'+m
k

2j+m-m'-2k

* COS (§> (sin g)m'_m”k (A.16)

The summation over k is taken such that none of the arguments of factorials in the denominator

are negative.

We should note that, since the D-function Dgl),m(a, B,v) is a joint eigenfunction of j? and J;, we

have

2p0 (@BY)=i(+Dh? p (o By) (AL7)
) _ )]

Jsz/m(aﬁ B, Y) =hm Dm'm(a' B, Y) (A18)
Doy, (@B V) =hyGEMGFm+ D p . (@BY) (A.19)

A.5) Properties of the D-functions

We now list some of the most useful properties of the rotation matrices. The complex conjugate

of the D-functions can be expressed (Nouredine, 2009) as
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D (B Y] =<j,m'| R(a, B, y)|j,m>" = <j,m | R (e, B, )|}, m’

Dm’m

=,m|R(a,B,y) |jm = D ,( Y, —B, —a)

We can easily show that

b (@B =D ™ (@B y)=p)  (~y.~B

The D-functions satisfy the following unitary relations:

D Do @ BV Dy (@ B1) = B 1

m

D ooy @B po, (@ BY) = 8, ¢

m

since

(A.20)

(A.21)

(A.22)

(A.23)

Z[fok(a. B Y] Do (2 B.Y) = Z Gk [ R7 (e, B, ) [j, m> <, m| R(a, B, )1, k>

= <]rk |§_1(a' B'Y) ’R(O(, B!Y)l]'k,> = <]'k | j'k,> = 8k, kr

From (A.15) we can show that the d-functions satisfy the following relations:

0); - 0);
dm’m(‘r[) = (_1)] mSm'—m, dm’m(o) = 8m', m

(A.24)

(A.25)
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Since d]m,mare elements of a unitary real matrix, the matrix d9 (B) must be orthogonal. We may

thus write

drn B = o BT = ) (=B (A25)
and

ot = CD™ g B = DY@ (27

The unitary matrices DO form a (2j + 1) dimensional irreducible representation of the SO(3) group.

A.6) Rotation Matrices and the Spherical Harmonics

In the case where the angular momentum operator Jis purely orbital (i.e., the values of j are integer,

j = 1), there exists a connection between the D-functions and the spherical harmonics Yim (6, ¢).

The operator R(a, B,y) when applied to a vector |¢>pointing in the direction (6, ¢) would generate

a vector |F’)>along a new direction (6’, ¢”) (Nouredine, 2009).:

I’> =R(a B, y) [P (A.28)

An expansion in terms of | |, m>> and a multiplication by < |, m | leads to
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<1,m|F7>=Z<1,m|’R(a,3,y)|1,m'><l,m’|F> (A.29)

ml

orto
- 0 \
Vi (0,0 = D D (@B, Y) Vi (8,0) (A.30)
ml
since
Lm|= Y, (0, ) and <Lm’' [t = Y, (0, ¢) (A.31)

In the case where the vector T is along the z-axis, we have 6 = 0; hence m’= 0. The Y;,(0, ¢) is

given by
* 21+1
Vim0, 0) = |55 S (A.32)
We can thus reduce (A.30) to
* _ (D * . 21+1 (l)
Ylm(Ba (I) = Dm O(O(: B' Y)YIO(Os (P) N Dm O(O(' B' Y)v (A33)
Orto
) - 4T *
Do (@ BY) = |55 Yim(B: @) (A.34)
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This means that a rotation through the Euler angles (a, 3, y) of the vector ¥, when it is along the

z-axis, produces a vector ¥' whose azimuthal and polar angles are given by p and a, respectively.

Similarly, we can show that

)
Doy (VB 0) = == Yiin(B, @) (A35)
and
® _
Dy (0,8, 0) = Pi(cos 6) (A.36)

where Pi(cos 0) is the Legendre polynomial.

We are now well equipped to derive the theorem for the addition of spherical harmonics. Let (6,
) be the polar coordinates of the vector I with respect to the space-fixed X, y, z system and let (6°,
¢’) be its polar coordinates with respect to the rotated system x’, y’, z’; taking the complex

conjugate of (A.30) we obtain

) ) (1) * *
Yim (8,9 = ) [0, @BV Vi (0,0) (A.37)
For the case m = 0, since  Y;,(0’, ¢”) = % Pi(cos 8") (A.38)
andssince from (A.35),  [peo. (a B, Y)]° = /2‘1‘% i (B, ) (A.39)
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we can reduce (A.37) to

21
/ 1 Pl(cose>—z /21 (B Y (6, ) (A.40)

orto

P(cos®’) =

lm (B Y)Ylml(e (P) (A41)

m/

A.7) Transformation between Bases: Clebsch—Gordan Coefficients

Let us now return to the addition of Tl and TZ. This problem consists in essence of obtaining the

eigenvalues of ?2 and j, and of expressing the states | j, m > in terms of |j;,j,; my, m, >. We
should mention that | j, m » is the state in which ?2 and J, have fixed values, j (j + 1) and m, but in

general not a state in which the values of le and TZZ are fixed; as for | j;, j,; my, m, », it is the state

A 2 A 2 4
in whichj, ,J, ,J1,,and ]ZZ have fixed values (Nouredine, 2009).
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The {|j1,j2; my, m, >} and {| j, m >} bases can be connected by means of a transformation as
follows. Inserting the identity operator as a sum over the complete basis | j;,j,; m;, m, >, we can
write

j1 j2

> =7 > s mamy)> s ma,mg ) m)

mp=—j; My=—j;

= z <11:12F myq, m; |j,m> | j1,J2; My, m2> (A.42)

mymp

where we have used the normalization condition

J1 ]2
Z z | j1,j2; My, my ><j1:jzi m;, m,| =1 (A.43)

m;=—j; Mp=—j2

since the bases {| j;,j,; my, m, >} and {| j, m >} are both normalized, this transformation must be
unitary. The coefficients < jy,j,; my, m, | j, m >, which depend only on the quantities j;, j,,m;, m,,
and m, are the matrix elements of the unitary transformation which connects the {| j, m >} and

{lj1,j2; my, m, >} bases. These coefficients are called the Clebsch-Gordan coefficients.

The problem of angular momentum addition reduces then to finding the Clebsch—Gordan

coefficients< j;,j,; my, my | j, m >. These coefficients are taken to be real by convention; hence

Cjrjzs my,my | j, m>=j,m | jy,j; my, my) (A.44)
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Using normalization condition (A.43) and the orthonormal basis <j’,m’ | j,m ) = 8;7j 6m’m We can

infer the orthonormalization relation for the Clebsch - Gordan coefficients:

Z <]"» m’ | ji,j; my, my > <11:jzi my, M, |j,m> = 5]", j8m', m (A.45)

mqmp

and since the Clebsch—Gordan coefficients are real, this relation can be rewritten as

Z <j1,j2; mq, My |]-/,m/ >< jlsz; mq, mp I]'m> = Sj’, j8m’, m (A46)

mjmy

which leads to

. . 2
Z Gujzs mym, [j,m>" =1 (A.47)

mjpm;

Likewise, we have

j
Z Z (g jzs m'y,m'; [ m <y, jgs my,my [jm ) = Sm!, myOm), m, (A-48)
j

e

and, in particular,

ZZ (jurjzs my,my | j,m ¥ =1 (A.49)
m

j
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A.8) Calculation of the Clebsch—Gordan Coefficients

First, we should point out that the Clebsch—Gordan coefficients corresponding to the two limiting
cases where j; = my,m; =jy;j = j;+jm=j;+jandm; = —j; =, my; =—j,, j = j +

jo,m = —(j; + j,) are equal to one (Nouredine, 2009):

Sjniz juiz 1Gr+32), G +iz2) 2> =1,

(jvjz =i =iz 1G1 +i2), —G1 +i2)> =1 (A.50)

These results can be inferred from (A.42), since|(j; +j2), (1 +i2) », and |1 +j2), —G1 +2)

have one element each:

|Gy +32), G1 +i2) 2 = vz iz 1Gr +i2), G + 22 iz juiz? (A51)

1G1 +32), (1 +i2) > = $juiz —iu =iz 1G1 +i2), =G1 + 3221 i1 iz =i =iz (A.52)

where |(; +j2), (1 +i2) 2, 1G1 +i2), —G1 +2)2, L jvd2; 1,322 and | ju,j2; —js, —jp> are all

normalized.

The calculations of the other coefficients are generally more involved than the two limiting cases

mentioned above. For this, we need to derive the recursion relations between the matrix elements

of the unitary transformation between the {| j, m>} and {| j,j,; m;, m,>} bases, since, when j;,j,

and j are fixed, the various Clebsch—Gordan coefficients are related to one another by means of
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recursion relations. To find the recursion relations, we need to evaluate the matrix elements

{j1,j2; my, my| 34| j,m > in two different ways. First, allow 4 to act to the right, i.e., on| j,m >:

Guojzs my,my|ie|jmD> =h/GFm)G £ m+ 1)<y, jp; my, my|jm+1> (A53)

Second, make j; = ji4++ J.+ actto the left, i.e., on <jy,j,; my, my:

Cinrjas ml,m2|ji|j,m> = h\/(h +my)( Fmy + 1) jp,jp; my F1,my|j,m

+ h\/(jz +my)(, Fmy + 1) {jg,jp; my,m, F1]j,m> (A.54)

Equating (A.53) and (A.54) we obtain the desired recursion relations for the Clebsch—Gordan

coefficients:

VGFm)G+m+ D)<y, jz; mymy|jm+ 1> = /[y £ m) Gy F my + 1)<y, jp; my F

1, m,|jm> + \/(jz +my)(j, F my + 1) <jg,jp; my,m, F1]j,m> (A.55)

These relations, together with the orthonormalization relation (A.47), determine all Clebsch—
Gordan coefficients for any given values of j;,j, and j. To see this, let us substitute m; = j; and

m = j into the lower part of (A.55). Since m, can be equal only to m, =j - j; — 1, we obtain

V2iiniz in G- = D=1 =G —i+i1 + DGz +7 —i0*niz o G — i)l i (A.56)
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Thus, knowing <y, jz; j1, G — j1) |3,j >, we can determine <y, jp; j1, G — j1 — 1)]j,j — 1.

In addition, substitutingm; =j;, m=j-1and m, =] - j; into the upper part of (A.55), we end up

with

V2i<iniz in G = il = V2iiSniz Gi— .G — j)lii— D+

\/(jz +i—j1+ DG -+ + D <jniz in (- —DIiji—- D (A57)

Thus knowing < j1,iz2; ju, G — jolijvand < jiizin G — ji — D]j,j — 17, we can determine

<inizzGi—1),G — jOlij — 1. Repeated application of the recursion relation (A.55) will

determine all the other Clebsch—Gordan coefficients, provided we know only one of them:

$uizs i G — jOl.j»- As for the absolute value of this coefficient, it can be determined from

the normalization condition (A.46). Thus, the recursion relation (A.55), in conjunction with the
normalization condition (A.46), determines all the Clebsch—Gordan coefficients except for a sign.

But how does one determine this sign?

The convention, known as the phase convention, is to consider < j;,j2; j1, G — j1)|]j,j» to be real

and positive. This phase convention implies that

$1,jz; My, my|j,m > = (—=1)71724j,,j;; my, my|j,m> (A.58)
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Hence,

Gpojz my,my|j,m> = (=1)717924jy,j,; —my, —my| j, —m > = {j,,jy; —my, —mylj,—m > (A.59)

Note that, since all the Clebsch-Gordan coefficients are obtained from a single coefficient

<juiz i G = jUli.j”, and since this coefficient is real, all other Clebsch-Gordan coefficients

must also be real numbers.

Following the same method that led to (A.55) from < jy,j,; my, m,|J4|j, m >, we can show that a

calculation of < jy,j,; my, m,|J4|j, m F 1 leads to the following recursion relation:

JGFm+ DG £ m)<y, iz my,my|jm> = /Gy £ m) Gy Fmy + 1)<y, jp; my F

L,myljm F>+/(z £ my+ D, Fmy + 1)<y, jp; my,my F1|jmF 1D (A.60)

We can use the recursion relations (A.55) and (A.60) to obtain the values of the various Clebsch—
Gordan coefficients. For instance, if we insert m; =j;, m, =j, —1,j =j; +j,, and m =j; + j,into

the lower sign of (A.55), we obtain

njzin Gz = DI Gr+i), Gy +ja — D> = [ 22— (A.61)

j1+i2
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Similarly, a substitution of m; =j; — 1, m, =j,, j =j; +j,, and m =j;+ j,into the lower sign of

(A.55) leads to

Cndzs G = Dyi2l Gr+iz), Grtiz — 10 = 1 (A.62)

j1+i2

We can also show that

m

<j, 1; m,OIJ,m>=m,

¢j,0; m,0|jm> =1 (A.63)
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Appendix B: The Solution of Eqn. (5.4)

The roots of this equation have been computed using Wolfram Mathematica (online software).
Mathematica is the creation of Stephen Wolfram, a theoretical physicist who has made important
contributions to mathematics and computer science. Wolfram describes Mathematica as "the
world's only fully integrated environment for technical computing.” At the heart of Mathematica
IS a computer algebra system, that is, a system for doing algebraic manipulations symbolically
(and therefore exactly). However, Mathematica also incorporates floating point (or finite
precision) computation, arbitrary precision arithmetic, graphics, and text processing. It is also a

programming environment.

Mathematica has many capabilities, such as the fact that one can write programs made up of
Mathematica commands. The simplest way to use Mathematica, though, is as an interactive
computing environment (essentially, a very fancy graphing calculator). You enter a command and
the Mathematica kernel (the part of the software that actually does the computation) executes it

and returns the result.

The three spin 4 energy levels are the roots of the third degree equation

640

- e t smir[27+26SIn? BV - 5

- +
Sin2(3y) Sin*(3y)"

[27+7Sin?(3Yy)] = 0, this equation can be

given in a simpler form as

€3-90csc? (3y) + 48€ (26Sin%(3y) + 27) csc* (3y) — 640 (7Sin?(3y) + 27) csc* (3y) =0
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The solution of this equation is given using the Mathematica software as follows:

Solve cubic equation ax*3 +bx*2 +cx +d =0

Cubic equation solver, ax*3 +bx*2+cx+d=10

C
L ]

Walframalpha [ (=]

Added Aug 1, 2010 by Rita the dog in Mathematics
Solves the cubic polynomial ax*3 + b2 + cx + d = 0, with user entered coefficients. Plots y = ax"3 + "2 + cx+ d

a)

G0
sin*i3 )

Q0 48 .
1% + —— x4 — (27 + 26 sin®(3 y1) x + —
sin“(3 y) sin*(3 )

(27 + 7sin®(3y)) =0

Root plot:

2000

1000 /\

—1000

— 2000

—=3000

b)

Figure B. Cubic equation solving procedures using wolfram alpha (Mathematica software): a)
User entered coefficients form, and b) Root plot.
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Appendix C: Internal Conversion Coefficient Calculator

Z (atomic number or symbol)

y-energy (in keV)

Uncertainty

Enter {optional) uncertainty in energy as x or
+X-y
Multipolarity

o Uncertainty

Enter {optional) uncertainty in & as x or +x-y

Show Subshealls D Data Set | BrlccFO A

Calculate Rasat

Figure C. Bricc v2.3S conversion coefficient calculator, input parameters feeding form.
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Appendix D: Evaluated Nuclear Structure Data File (ENSDF) Database

NUCLIDE ground state Relational ENSDF
Nucide| Symbol Z N A Zrange Nrange Arange ZNA ZNA Dec;::’ﬂ;gf‘ da""t';':j;‘:t =
e ol T eeOOOeeOOO St AT i
[ More fields - Q-values, separation energies, atomic masses, radius International Nuclear
Structure and Decay Data

LEVELS mpicio o the AEA
auspices of the IAEA
Plot Examples

[ Energy <keV £

[] Decays B.R.| %< | | /| Only Ground State and Metastables [isospin l:l 1 Ground States T1/2
O Hafife 36868 | fs [<Tip< 77624 | y | stave O[] Clescorder| | nf any EE
— 3 Moang ratio vs A
(] More fields - nuclear moments 4 Dekved-n radial
More examples ...

U GAMMAtransions (] DECAY radiation enitedtytodaugher  Proviousquers

O Energy SkeV = i Type

[ Final level <keV < J order delayed

L] More fields : conversion coefficients, multipotarity, mixing ratio Energy < kel = only |2 n::z;se .

Intensity <%<

Orderby:7,A
On Oap Daw Oarey Oaem Oss Osp Or O av O O7ie Oer Op Oa e [Hisd
tegft UeF Oey e Oee Oem  Os

PLOTTING

Xads: None | Y &0s] None

@ ﬁ y 4 ‘ B email: nds_contact-point@iaea_org
Reset Search

Plot Show Chart  Guide

Ground State Levels Gammas | Decay Radiation
Figure D. Relational ENSDF database maintained by the International Nuclear Structure and
Decay Data Network under the auspices of the IAEA.
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