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PREFACE 

This paper is produced as a requirement in paniai fulfillment of the Master of 

Science degree in mathematics al Addis Ababa University. Il compiles all 

presentation I made on the examiners board. 

Today the aggregate of subjects ca lled optimiza tion is a captivating merge of 

heuri stic and rigor theory and experiment truly it can be studied as a branch of pure 

mathematics, 

Yet has a wide range of appl ications in almost any branch of science and technology. 

The paper aucmpls to forward some issues on solution arbeS! route network and 

dClcnnination of number of services to be operated onto these routes 

The paper comprises of three chapters organized in order of dependence one on the 

other. 

The first chapter introduces basic definitions and examples on network and the 

need for central temlina l that seem simple although they are crucial importance as 

serving as the basis of optimum route network . The second chapter deals with the 

solution of best route network. 

The third chapter where the theme of the paper commences makes a survey of 

determination of nu mber of services to be operated onto the best routes. Optimization 

is often characteri zed as the sciences of determining the ' best' so lutions to certain 

mathematically defined problems which are mostly models of physica l rea lity. Il also 

involves the investigation of optimal conditions for problems. 

I wan t to express my deepest gratitude to my advisor and instructor D.r Mobin 

Ahmad who cultivated me not only academically but a lso in other social aspects. 

strongly appreciate his excellent behavior both in the class and advising at hi s office. 

His constnlctive comments, advises and provision of materials like books, journals on 

social affairs are extremely invaluable . Having D.r Mobin Ahmad as my advisor and 
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instructor really made me happy. Also I am grateful to a\l my friends for lhelr moral 

and material support. 

ADEM MOHAMMED 

. 
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C ha pler I. ccntrallcrmina ls and route network 

1.1. Introduct ion ; \Vhv we need central terminals? 

The need for location of central tennina! is of vital importance for finding the 

best routing system in a network. A tenninus docs not facilitate in evolving 
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a fQute grid with high utility. However, by acting as ajunction of various routes ,it 

provides opportunities to the indirect demand for changing routes. The idea of a 

terminal in a network ,as such , is in contradiction to the idea of optimal route 

network. This can further be explained by the fael that each route has to pass a l least 

one termina l. This results in the lengthening offaulcs as compared to when we have 

direct routes. Having a Icnninus is highly advantageous from the management poinl 

of view, since it facilitates smoother operation of the transport company, help to keep 

track of buses and acts as a center for assigning different buses to various routes 

depending upon the demand. Furthermore, a temlinus acts as a center for submitting 

tariffs, a central station for providing necessary 

facilities for staff and passengers like facilities of inquiry, 

drinking water, canteen, medicine and genera l store etc. 

Wh ile selecting a location for terminus one has to sec that it offers best prospects for 

spreading routes spann ing network in all directions and that preferably Icsser number 

of passengers have to change routes. The later considerat ion implies that a tennina l 

should be on routes having higher utilities. A terminus should offer belter scope for 

generating circuit routes through it. 

The difficulty arising in tenninus location can be visualized if one notes that the 

problems of optional location of terminus and an optional route network arc highly 

interrelated. Routes can not be detemlined with out having a predctemlined temlini 

locations and a set of tennini locations cannot be evaluated without having optional 

route legend. Before selecting a terminus, and route network in tum we do not know 

what rOlltes wi ll have to be added in the future and wha t terminals will be connected 
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1.3. What is a network? 

Definit ion: A network(or li near graph)consists of a set of arcs(or edges 

links)connecting various pairs of the nodes. Each arc has a specified orientat ion 

(d irection). Consequent ly the network is sa id to be directed. A simple notat ion serves 

to descri be a directed network: Number the points I ,2, ... ,p and designate an arc 

stating al node i and ending at nodej by (ij).Assume there is onl y one arc (ij )and call 

an item trave rsing (ij) a unite of now along that arc. The network is bipanite if the 

nodes can be panit ioned into two groups G1 and G2• 

1.4. Elements of a network(network representation of a project) 

It is always poss ible to break up the entire project into a number of distinct, well 

defined jobs or tasks(called activities).The beginning or end of each such activity 

consti tutes an event of the project. 

Event 

In thc network diagram, an act ivity is represented by arrows while events are 

represelllcd, usually, by circles, as shown in thc fi gure 1.1. 

Activi 

Event 

Event 

Event 

TIlcrefore the basic clements of a project network arc 

Activities and Event 

Fig. 1.1 

Activity 



1.5. Techniques of pro ject mana2ement 

C PM (cri ti cal path method )and PERT (programme evaluation and review 

technique) arc techniques ofprojccl management useful in the basic managerial 

functions ofpianning, scheduling and controll ing a project 

. The planning part of a project involves the breaking of the project into several smaller 

tasks or jobs that mllst be executed in order to complete the venture of the project. The 

gross requirements of manpower, materia l and equipment arc dctcnnincd in this phase. 

The estimates of costs and durations [or the various jobs are also made in the planning 

stagc. 
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The scheduling of a project deals with the fixing of the various jobs or tasks in the time 

order in which they have to be pcr[omled. The manpower and material 

requirements needed at thi s stage are found. The expected times of completion of 

cach orthe jobs are also ca lculated at this stage. 

The con trolling part of the project begins wi th a review of the difference between the 

schedule and the actual perfomlance after the project has been stated. 

The critical path method (CPM) and program eva luation and rev iew technique (PERT) 

Were developed by two difTerent groups during 1956·1958 almost simultaneous. The 

deve lopment orthese techniques revolutionili zed the entire field of project management. 

CPM and PERT are basicall y time oriented methods in the sense that bOlh of them lead to 

the detemlination ofa time schedule for the project. Both the methods are similar in most 

orthe aspects and hence are often (colJecl'ively) refTered to as "project management 

techniques". The most important difTerence between CPM and PERT is that the lime 

estimates for the difTerent activities or jobs are assumed to be deterministic in CPM , 

while they are taken as probabilistic in PERT. It is important to note that neither CPM 

nor PERT is a decision making technique. They will only aid the decision-maker 

especially by ca ll ing attent ion to places where deci sions are necessary. 



The use of project network and the identification o fthc critical path and the acti vity 

slacks are the common features of both CPM and PERT. The primary difTerence between 

PERT and CPM is that PERT employs statistically related time estimates whereas CPM 

uses a single va lue time estimate fo r each of the activities. Thus PERT can be in projects 

where there is uncertainty regardi ng the durations of the various acti vities. This is the 

main reason for ils wider use in research and development type of projects for which 

there is litt lc or no prior experience. On the other hand, CPM is more useful for projects 

where background of experiencc is available to estimate the duration of various activit ies 

(operations) wi th some degree of certainty. This is the reason why CPM has been widely 

lI sed in the constnlction (like houses, highways bridges) and the manufacturing projects. 

PERT starts with the same network diagram as CPM but uses three time estimates 10 

approximate the timc fo r each acti vity. The three time estimales generall y used arc the 

optimislic lime, the pessimistic time and the most likely time. These three times can be 

easily guessed by the person in charge of the project. An important feature of PERT is 

thai the probability rules can be applied to fi nd the chances of completing the projecls by 

any given date . 

chapter II. Optimum Network 

2.1. Finding the critica l pa lh. 

Once the network ofa project is complete the plan ner can estimate how long it 

will take to complete Ihe project. Obviously the time for completing the entire project 

is not the sum of the individual operation times since S0111e operation can be done 

simulmneously. 

In fact Ihe tOlall ime for completion of tile project will be govemed by a particular set 

of operations known as cri tical operations and the chain formed by these critical 

operation in the project network is called the critical path. This is the origin of the 

name critica l path method. 
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Example 2.1. consider the following network. 

~---+O 
\ ___ 13Sd~'~------"'~-->\ 2 days 

3 days 

days days 

1 day 4 

Fig. 2.1 

Tht,; shortest possible time that 'will take for the complet ion o f the project is 

dctcnnincd by that series of activities which occupies the longest lime in the project. 

The various series of activit ies (path) in the example arc given below. 

Path defined by Total time required Is the path 

Nodes (days) cri tical? 

1-2-5 3+2~5 NO 

1-3-2-5 2+5+2=9 Yes 

1-3-4-2-5 2+1+3+2=8 0 

It can be secn that the shortest possible lime for completing this project is 9 

days corresponding to the path )-)-2-5. 
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Thus the activities 1,3;3,2;and 2,5 arc called the critical activuics, and the path 1-3-2-

5 is called the critical path. 

Once the critica l path is found onc can gel meaningful answers to such questions 

as: 

How long the project take? 

Can the cantract (or scheduled) completion date be met? 

Iflherc is a delay in one operation (activity) will it dela y the entire project? if so by 

how much time? what is the economical way to speed up the project? 

2.2. Algorisrn for finding the critical path . 

To find the critical path onc has to find the smallest possible time for completing 

the project. For this two quantities onc known as the earliest stating lime and the other 

known as the latest completion times are defined. 

The critical path is dctemlined in two phases. in the first phase we start our 

ca lculations from the start node and move towards the end node by making use of the 

earliest completion time. In the second phase we begin our calculallons from the end 

node and move towards the start node by using the latest completion time. 

We wi ll first see the first phase calculations. 

Let Es1 denote the earliest starting time of a II activities emanating from event 

(node) i. 

Conventionally the stating time of the project is taken as zero that is ES1=O. If tlJ 

represents the dur;nion of the activity (iJ) the earlier start ing time Esj can be obtained 

as: 

ES)=max (ESi+I, ) .......... (2 .1) for all incoming aclivitics (iJ) . 
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thi s equation shows that ESj a l any node j can be computed only if ESi corresponding 

to all incoming act ivity (ij) arc computed. The values o f ES1 arc generally in 

rectangle ,0 I ,in the network. For illustration cons ider the network shown in the 

figure 2.2. TIle duralion oflhe acti vities (ij) arc shown above the arcs connecting the 

nodes I and j . the values of £S.=O is shown in the square above in the fi gure 2.2. 

By moving (0 node 2. we obtain 

ES2 = E 1 + 112 = 0 + 2 = 2; since there is onl y one incoming activity 

.namely (1 .2) for node. thi s value o f 2 is shown in the square assoc iated with node 2. 

We nex t consider node 3 to obtain ES). 

ESJ = E52+ {2J=2 +3 =5. After cnlcring this va lue in the square associated with 

node 3 we move to node 4. 

since there are two incoming activities ,namely (2,4) and ( .4) mnode 4, we have 



ES, = max (ES,+t,.) 

i = 2,3 

= max (2+3,5+2)=7. in a similar manner 

ES, = max (E ,+(15) 

i=3,4 

- max(5+3,7+5)- 12 

ES6 = max (E5, + 1,.6) 

i=4,S 

= max(7+4, 12+ 1)= 13 

ES, = max (ES,+I,j) 

i=3,5,6 

=max(5+9, 12+8,13+5)=20 

the entering oflhesc values orES, in the squares associated with the respective 

nodes completes the fi rst phase of cornpUiations. 

To carry oul the second phase of computions; 

LeI Lei denote the latest completion time for all the activities coming into the node i 

.Ifn denotes the number of the end node , Len= ESn will be the staning point for 

these calculations. The general ru le for computing Lei of an y node is: 

LC,=min (Lei· Iy) .............. (2.2) for all oul go ing activities (ij) .these values arc 

emeTed in a triangle assocaitcd with the node i as shown in the figure 2.2. 

By using LC,=min(LC,·t iJ)' we obtain 

LC,=ES,=20 

LC,=LC,-.. ,=20-5= 15. 

LC,=Olin(LCj-I,,) 

j=6,7 

= min(LC,-I",LC, -I,,) 

=min(20-8,15-1 )= 12 

LC,=min(LCj-",) 
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j=5,6 

=min( 15-4,12-5)=7 

LC,=min(LCj-I,,) 

j=4,5,7 

=min(20-9,12-3,7-2)=5. 

LC,=min(LCj-I,,) 

=min(7-3,5-3)=2 . • nd finall y 

LC,=LC,-112=2-2=O 

this completes the second phase calculations. 

the results of tile two phases of calculations can now be used \0 ident ify 

the critical path. 

the rule is that any activity ( i. j) satisfying the following the three conditions 

will be the critical path. 

1.ES; = LC; 

2.ES j = LC j (2.3) 

3.ESj - ES; = LC j - LC; 
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These conditions actually denote that there is no slack(or Ooat)time 

between the earl iest stating time and the latest starting time oC the activity. 

Hence this activity must be a criti cal activity. An application of equations (2.3) to the 

nelwork of figure 3.2. gives (1,2),(2 ,3),(3,4),(4,5)and (5 ,7) as Ihe crilic.1 activities. 

Hence Ihe crilic.1 p.lh 1-2-3-4-5-7. 



IJ 

2.3 Findine the criticall'ath in PE RT. 

In PERT the lime estimates for to ,IP and 1m arc given (or each of the activities of 

the project. The expected times of completion of the various activities orthe project 

arc calculated and the critical path based on the expected time is determined by 

where 

............ . .. (2.4). 

1.0 -optimistic lime 

1m - the most likely lime 

tp - pessimistic time 

(I - 10 )2 
and the variance 0t = p 2 ...... (2 .5) 
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1fT denotes the shortest time 

necessary for completing the whole project , the expected value and the variance arT 

are found from the relations (by assuming the critical activities 10 be statistically 

independent ): 

T'=expcclCd value ofT =sum of the expected time of 

Completion of critical 

activ ities. and 

02 =variancc ofT=5UI11 of the variances of completion times of criti ca l 

activi ti es. 

The variance ofT will be useful in finding the chances (probabili ty) of completing the 

whole project within a specified period. 

Example: 2.3. 

As an example of how the cri tical path is found in PERT. Consider the network 

shown in the figure 2.3 below. 

The estimates of to. tm and lp are shown in lhis order for each of the activities on the 

lOp of the arcs denoting the respective activities. Expected limes of completion of 

various activities are found by using equation (2.4) . 



Thus if tij denotes the expected lime of completion of the activity(i j),we obtain 

,12 

11.2=( 1 +4(2)+9)/6=3 

12)=( 1 +4(4)+7)/6=4 

12.4=(2+4(4)+ 12)6=5 

1, .4=O(dummyaclivity) 

1,.,=(2+4(3)+4)/6=3 

1,.,=(6+4(8)+ 16)/6=9 

I,.s=( 4+4(6)+8)/6=6 

4.,=(3+4(5)+7)/6=5 

.1,,=(0.5+4(1)+ 1.5)/6=1 

1,.,=(5+4(7)+ 15)/6=8 

1,.,=(3+4(5)+ 13)16=6 

4, 8 

,3,4 

Fig. 2.3 

6 

0.5, 1.0,1.5 ,,5. 13 

5 

6,8, 16 
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Similarly the variances of the various acti vilics can be obtained as: 

52 t1.2=(9-1 )' 16'=16/9 

52t2)=(7- 1)' 16'=1. Similarly 

52 t, .,=25/9 
, 

o- t3,4=O(dummyactivity) 

02 t3.,=1/9. 02 t3,,=25/9 

02 4 .,=419 

02 •. =4/9 
~.' 

02 t,.,=1/36 

02 t,.,=25/9 

02t,;.,=25/9. 

Fig. 2.4. 

4 
5 

5 6 

5 

3 

16 

6 

6 

8 

Figure 2.4 shows the same network with the expected time tij indicated on the lOP of 

the arc indicating the activity (ij) 



The critical path (which has the largest expected total time for completion or the 

project)can be identified to be 

1-2-4-5-7. 

The expected time of completion of the whole project can be obtained as: 

T =t 1,2+t2.4 +t.,,+t,,7=3+5+6+8=22. 
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If there is more than one path giving the same value of the largest expected total time 

of completion. the path having the largest value of variance has to be taken as the 

critical path. 

The variance ofT can be computed as: 

&2 T= L021
i
,j = 02

1 1.2 +02
12,4 +0214.5+ 02t 5,7 

=(9_1)'/62 +(12_2)2/62 +(8_4)' /62 

+(15_5)2/62 

= 1/36(64+ 1 00+ 16+ 100) 

=280/36 

If Si denotes the shortest possible time to complete lhe event (node) i, the mean 

Sj and the variance 02Si can also be found . If one path exists that lead to event i , we 

take Sj to correspond to the path having the largest va lue of S i .Aga in if two or morc 

paths have the same value of Si then the one with largest value of &2 SI is selected 

since it reflects greater uncertainty and hence more conservative results. Thus in the 

present case, we obtain 

SI =0 

S2=fl ,2=3 



S4 ~ rl ,2 +'2.4 =8 

S5 =71,2 +72,4 + '4,5 =14 

S, =1" +l2 4 + 74 5+1 =15 . , • s .• 

, 
0"1· = 0 

U6 2=&2 11.2+&2 12.4+ 62 14,5+ 5
2'5,6= 181/ 136 

CF7 2=&2 I 1.2+&2 '2,4+ &2 14,,+ &2 15,7 =70/9 

The variance for each acti vity and for the entire gives the manager 

additional information about variations in job and project times that he can anticipate. 

He will be therefore able to plan for and cope with such variation. 
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chapter lIl. DETER~ll An ON OF N M8 ER OF SE RVlCES TO 8 E 

OPERATED ONTO RO n : . 
3. 1 .lnlroduction: In view of developments the varied demand pancms for 

various routes, a time comes when it becomes necessary to study the system a fresh . 

The task is to make best utilization the existing fl eet of size. 

In designing the work ing of a bus transport system we have to find solutions to 

problems namely ;fleet size. allocation oft'rips of routes and scheduling buses. 

The fi rst article on bus schedules is by Foulkes Prager and Warner (1954) in 

which they tried to schedule buses on the min imum wailing criterion. Since then 

severa l researchers have been conducted concerning routing and scheduling of school 

buses, public transport facilities like buses . aeroplanes ,railway trains; heavy 

vehicles like trucks ,coal carriers ,cargo carrying ships, military tankers . An overview 

of bus scheduling problems and their overall relationship can be obtained in the view 

by Wren (1983).Yang and Wilkinson ( 1970) are first to devise a computer program 

for routing buses. Other promising works are by Saha (1970)Shaw( 1970) Lampkin 

and Saalmans (1967) Pate1(1970) 1sh01ac1(1972) ,Gavish ( 1978). 

For the sake of completeness we explain here thc tennino logics we onen use: 

For city road network G =(N,A), 'N' is a set of nodes on ci ty road layout and ' A' is 

the set of road links connecting these nodes. 

' Demand Matrix ' means the matrix showing demand of passengers between all paIrs 

of nodes in the network. 

' Routing a bus' means specifying a chain of nodes which a bus has to cover. 

' scheduling a bus ' means specifying a list of trips a bus operate . A trip can be 

designated by starting place, ending place, starting lime and ending ti mc.' A trip on a 

routc' signifies that a bus starts at onc end of the route . travcls to the other and then 

travels back to the original place. 
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3.2. Basic Assumptions And Commuters Expec tations For Dcveloll ing 

Model And Solution methodology. 

3.2.1. Basic assumptions for developing model and so lu t ion Olelhodology. 

20 

1. Every entry in demand matrix is a static represelltation of the passenger flow 

between the corresponding origin and dcstimHion node pair (actually the 

demand matrix gives the passenger flow between all node pai rs, in a matrix 

form ). With this assumption we arc separat ing the dynamic nature of the 

demand in the transportation network. The same can be achieved by making a 

less general assumption like, the demand in un iformly distributed over a period 

of time example .a day, a month etc. 

2. For ordinary routes, unlike circuit routes, the operation ora trip compri ses 10 

and from journey of the bus on the roule Ihal is ,terminus 10 terminal and back 

to terminus. This ensures availability of bus at terminus for further alloca tions. 

On the so- called circuit roule. the buses travel in directionnlly(either clockwise 

or antic1ockwise) to travel a trip. 

3. All the indirect demand travels up to the tenninus lying on thei r respecti ve 

routes and from there catches another routes (or other routes) leading to the ir 

destination .We, therefore, do not assume any changeover of place other than 

the terminal . 

3.2.2. Commuters' Expectations for developing model 

And Solut ion methodology. 

a) . A passenger should get a bus within a reasonable period that is the waiting time 

at the stop should be low. 

b) . A passenger should be able reach his destination by a direct bus that is without 

having to changeover. 
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c). A passenger should be able to travel to his destination by the shan possible 

route so that he has to travel less ,has to pay less and reaches faster. 

21 

h is obvious that it is not possible to meet all these objectwes squarely as they arc 

conflicting each other. 

.If every passenger wants to get a bus as soon as he comes to a bus stOP, 

numerous trips will have to be operated . Since the neet is limited in size, it Will 

have to be distributed over fewer routes .Idea of fewer routes is to make the routes 

zig-zag to connect as many places as possible to avoid changeover of passengers 

from onc route to another. This means the passengers may have to travel longer and 

may not be able to travel along the shortest route . We see that though the wai ting 

time is reduced (expectation(a) fulfilled) by operating high frequency bus service 

on one route ,this in reduction in the total number of routes, which can be operated 

.Though changeovers are reduced (expectation(b)fulfilled) the passengers have to 

travel morc( expectation( c)unsatisfied). 

If routes should take the passengers di rectly to their destination along 

shortest distance (expectation(c) fulfilled) ,then large number of routes will have to 

be operated requiring higher number of passengers changing over routes . 

. Moreover, with limited fleet , less number of trips can be run on a large number of 

routes and the waiting time at stops will increase (expectation(a) violated . 

From the above discussion we see that most important features of service offered 

to public are: 

I .To sati sfy maximum possible demand. 

2.To minimize waiting time. 

3.To minimize the travel time or travel distance. 

3.3. Concept of 'Ut ilih" of a Rou le . 

In general, utility ofa route oR' is a function of both the demand sall sfi ed on 

route ' R' and the distance, which the demand travel s on the route ' R· . 

Mathematically, 
UT(R) = I{I (D(R). SIR)) .. ................... .. (3.1.) 
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where UT(R)~Uti lity ofroute' R' 

DCR) =Demand satisfied on route ' R· . 

S(R) =Distancc, the demand OCR) has to travel on route ' R·. 

A service level measure should improve as more demand is satisfied and decrease 

as the passengers are PUlto the inconvenience of traveling morc . in c the demand 

sat isfied is between each pairs of nodes lying on the route, the equation( 1) should 

be rewritten in the fo llowing generali zed [cml, 

NN~_I NNRR 
UT(R) ~ z.... L '-I D(NSET(R, T). SET(R, J» 

,., ,-,., L S(NSET(R, L), NSET(R, L+ I» 

.............. (3.2) 

'~ I 

Where NSET CR. n is the symbol number representing 

The node in the Jlh position. 

NNRR = Number of nodes covered by the rOllte ' R'. 

Route 'R' is a sequence of nodes. 

D(I,J) ~ Demand between nodes <I) 10 node (J). 

S,(l, J) ~ Distance between nodes (I) and (J) along route' R'. 

,-, 
Here SR (I , J) = l: S(L, L + I) and S (L, L + I) ~ distance between adjacent nodes (L ) 

,-, 
and (L + I). For illustration we consider a sequence of nodes {IR} forming a route' It · 

as in the following figure .The total number of nodes in the route ,N 'R=N. 

Fig 3.1. 

).-__ ....l....4·· ······ ......®-(0 
(N-I.N) 



• 

, I 
I 

A trip on route' R' mentioned above implies that the bus starts from (I) goes to 

(2) ,then to (3) and so on, and reaches finall y to (N) and then this route IS traver cd 

backward by the bus. 
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At (I) some passengers enter the bus, with the inversion of getting down at cert3m 

other nodes on the route ' R·. example (2) .(3) ..... ( ).When the bus comes to node 

(2) ,passengers with origin ( I land dest ination (2) that is O( 1.2) pa sengers get down, 

whi le passengers D(2,3) ,0 (3 ,4) ..... . D(2,N) en ter the bus with the intension of 

getting down at nodes (3).(4) . .... . (N) respeclively (Nole: All these passengers will 

have to travel along the route 'R' .The passengers' liking for this route decrease if thi s 

route takes longer time and distance to carry passengers from their respective origins 

to their respective destinations). 

Therefore at each node (1) two events occur: 

. Passengers having destination (I), with origins as nodes preceding (I) in route 

'R', get down. Mathematically this can be represented as, 

I -I I 

o ( I.!) + 0 (2.1) + ... +0 (1-1 .1) = L D(J,I) = L D(J,I) as 0 (1. 1) = 0 ........... (3.3) 
J_I )-\ 

2. Passengers having origin (I) and destination as any of the nodes following ( I) in 

route 'R', get in. Mathematically this can be represented as, 

N " 
0(1.1+ I) +0(1,1+2)+ ... +O(I,N) = L D(I.J) = L D(I.J ) as O(I. !) = 0 .......... (3.4) 

) _/.1 )_1 

In any route a single road connects the adjacent nodes. This link of road has a fixed 

distance. The distance between nodes (I) and 0). on the route' R' ,can be calculated as 

below: 

1ft!) precedes (1); 
J-I 

S.(1.1) =S(I,I+ I) +S(I+ 1.1+2)+ ... +S(J-2.J-1 )+S(J-I .J) = L (L. L + I) .............. (3 .5) 
Lo l 

If (1) precedes (1) ;S, = S(J. J+ I) +S(J+ 1. 1+2) + .. . + (1-2.1-1 ) +S(1-I,I) 

I- I 

= L S(L. L+ I) .............. (3.6) 

L-' 



\ 
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As (1) and (N) are the first and the last nodes respecti vely In the route ' R', the length 

of the route 'R' in SR (I,N). 

3.4. Direct and Indirect demand for a Roul e. 

Definition: Direct demand of route ' R' comprises the number of passengers (I.e. 

demand )whose origins and destinations both lie on the route ' R' . 

Many time some passengers can not get a direct route from their origin to thei r 

destination and therefore ,have to change routes to reach their destinations. It is 

assumed that all passengers ,whose destinations do not be on route ' R' under 

consideration, travel up to the tcnninus lying on the rOllte. Similarl y some passengers 

whose origins do not be on the route ' R' travel by other rOlltes and reach the tenninus 

lying on the route under consideration. From thi s Icnninus they travel along the route 

10 reach their destinations which lie on the route 'R' we therefore define ;indirect 

demand of route 'R' from their origins to their destinations. 

A route having high indirect demand suggests its inability to promote direct 

travel. On the other hand the route is giving some service to certain ' indirect' 

passengers by offering them transportation to and from the temlinus. The measure 

for this service level for route 'R' is called ' Deficient ' ut ility ora route ' R' . 

Analogues to utility of route 'R' (eqn. ), Deficient ut ility ora route 'R' is defined 

as the cumulative number of indirect passengers traveling per unit di stance of the 

route. Mathematically, 

"NO D'(NSET(R,I), NS£T(R , J)) 
DUT(R) = I J-' ..... . ................ (3 .7) 

I S(NS£T(R,L), NSET( R, L + I)) 
L·' 

Where NSET(R, l) is the symbol number represent ing 

the node in the JLh position or the ind irect demand and 

D'(I,l) is indirect demand from terminus ( I) to node (J) lying on 

the route ' R'. 
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I 

4 

Example on the utility function s (number of services to be operated on to the 

routes) of the routes. 
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Consider the network shown in the rigure (3.2) below, which is some what arti fi cial. 

3 

5 

.fig 3.2. 



o = 

I 

Consider the demand matrix as: 

Oest.J • 2 3 

Orig.1 + 
0 10 50 

2 0 0 20 0 

3 0 0 0 0 

4 0 

5 0 0 50 0 

Different possible routes between nodes (1) and (3) can be 

R, ~ {( 1 ),(3)) 

R, ~{ ( 1 ),(2) ,(3)) 

R, ~ {(I), (4), (2), (3)) 

R. ~ {( I ) , (2) , (3), (5)) 

R, ~{(I), (4), (2), (5), (3)) 

We evaluate the util ity functions ofthc routes: 

ur (R ) ~ 0(1,3) ~50 
, S(I ,3) 

ur (R,) ~ { 
0 (1,2) 0(1,3)} 0(2,3) 

S(I,2) + S(I ,2) + S(2,3) + S(2,3) 

~ {!Q + 50} + 20 ~55.00 
1 2 1 

ur (R,) 

4 

10 

10 

o 

o 

5 

= + + + + 
{

0(1 ,4) 0(1,2) D(I ,3) } { 0(4,2) 0(4,3) } 
S(I,4) S(I,4) + S(4,2) S(I,4) + S(4,2) + S(2,3) S(4,2) S(4,2) + S(2,3) 

+ 0(2,3) 

S(2,3) 

{
I 10 50} {I I} 20 ~ 1+2+3 + 1+'2 +1 ~4.2 

26 
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UT (R.) ={D(I,2) + D(I ,5) + D(I ,3) } 
S(I,2) S(I,2) + S(2,5) (1,2) + S(2,5) + S(5,3) 

+{D(2,5) + D(2,3) } + D(5,3) 
S(2,5) S(2,5) + S(5,3) S(5,3) 

- -+- + - + -+- + - =101 7 _{ IO 10 50} {IO 20} 50 
1 23 1 21 . 

UT (R,) 

= 

+ + '+ ' 
{ 

D(I,4) D(I ,2) D(I 5) D(I 3) } 

S(I~ ~~+~~~~+~~+S~S(I~ +~~+S~~+S~~ 

+{ D(4,2) + D(4,5) + D(4,3) } 
S( 4,2) S(4,2) + S(2,5) S( 4,2) + S(2,5) + S(5,3) 

+{ D(2,5) + D(2,3) }+ D(5,3) 
S(2,5) S(2,5) + S(5,3) S(5,3) 

={~+!!>.+ 50 + 50}+ {~+!+!}+{!!>.+ 20}+ 50 =93 .7 
1 1 3 41 2312 I 

The above calculations show that route R.s has the highest utility. It may be 

not iced that more demand is satisfied by Rs but the di stance traveled is comparatively 

more. 
It is not easy to evaluate the sensi ti vi ty of the utility function with respect to 

routes. Since sensitivity of the utility with respect to demand alone does nol have any 

signi fi cant importance, to maintain the meaning of the concepl of util ity as a whole, it 

is necessary to consider variation of demand and variation of distance between nodes 

for various routes. 
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Fig. 3.3 

Consider fig.( 3.3 ). The nodes (I) and (2) arc connected by three routes R,. R, and 

R) of lengths Dl(R,), OI(R, ), OI(R» respectively. Irthe objective is 10 find a roule 

joining the two nodes alone and there is no other node or nodes to be covered by the 

routc joining nodes (1) and (2), then this is a tri vial problem and the route R' wi th 

minimum length (OrR,) should be chosen. Since the demand 0 (1,2). Will always be 

same irrespective of the routes, there is no gain by choosing a route other than the 

shortest one. 

On the other hand consider fig. (3.4 ). 

R, 

Fig .3.4 o 
Irol (R,)=OI (R,), 0 (1 ,2)<0 (1.3); as there is no road connecting nodes (2) and 

(3), this is again a trivial problem and R2 is always a better choice. 
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3.5. App lication OrScrvice Level Measure: 

The following discussion introduces some additional symbols and gives better 

insight into the concepts of utility of a route ' R' namely T(R). This discussion also 

illustrates the procedure for comparing routes through an example. For computational 

purpose, each node has to be assigned a certain number (section 3.3). This number 

will be referred to as the 'node symbol number' henceforth. A route, therefore , will be 

represented by a sequence ofnumhcr corresponding to the sequence of nodes lyi ng on 

the route. 

Let NSET (R, I) denote the node symbol number of the node in lhe Jth position on 

(heroule ' R' , 

Consider the network shown in the figure 3.2. 

Data available; Demand matrix showing demand between each pair of nodes, 

Distance Matrix (Distances of links are shown in the figure) 

Terminus-node (I), 

Terminal-node (3). 

Objective: To analyze sensitivity ofulility funct ion with respect 10 various 

routes 

and varied demand 

To find best route between terminus and terminal for a fixed demand pattern. 

Consider routes R, ={( I ),(3)} 

and R, ={(I),(2),(3)} 

D(I,3) 
We have, UT(R,) = S{I,3) 

D(I,2) D(I,) D(2,3) 
And UT(R,) = S{I,2) + S(I,2) + S(2,3) + S(2,3) . 

D 
Case I : IfD(I ,2)=0 (1,3) = 0(2,3) =0 (say) then UT (R,) =1 =0 

D D D 5 
and UT(R,) =-+-+-= - D . 

- I 2 I 2 



Q 

Implies 
UT(R,) _ 
UT(R, ) - 2.5 

UT(R,) 
UT(R

2

) >1, we say that route Rz is better than RI . 

Th . UT(R, ) . . . 
e ratio UT( R

I

) III case I (VIZ., 2.5) IS more than that in case II (viz., 1.5). Under 
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such circumstances we say that the choice of route Rz in case I is at a better advantage 

than that in case II. 

C ase U1: IfD( 1,2) ~ D(I,3) ~ D" (say) 
4 

4D" 
Then UT (R,) ~ - ~ 4D" 

I 

D' 4D" D" 
and UT(R,) ~ -+-+-~4D" 

I 2 I 

=> UT(R, ) ~ I 
UT(R,) 

Here we say that selecting route Rz as compared with foute Rh is as good a 

decision as selecting route R\ as compared with route Rz· 

Discussion: Selecting of Rz implies 0 (1,3) passengers have to travel more by a 

distance of 1 unit (Ref. Fig. (3 .2» .Bul thi s guarantees direct route facility for the 

passengers between nodes (2) and (3). We say Ihal we arc ofTering services D( I ,2)and 

D(2,3) passengers at the cost afbesl possible service to DC 1,3) passenge rs. 

In case III we are indirectly assumi ng that the resulting di scomfort to D (1,3) by 

selecting R2 is exactly balanced by the added service to the passengers D( 1,2) and 

D(2,3). 

Case IV .If D (1 ,2) ~ D(2,3) ~ D~,3) ~ D'''(say) 

Then UT (R,) ~ 5D"'. 

and UT (R,) ~ D'" +% D'" + D'" ~% D''' . 



a 

Implies UT(R,) ~~< l. 
UT(R, ) \0 

Here we say that route R2 is a bad choice as compared to route Rio 
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A ' III 'f UT(R,) , S In case . 1 I , then even slight increase in values of both UT (RJ) and 
UT(R, ) 

UT(R2)' Since, now the amount of discomfort to which the passengers between node 

(1) and node (3) are subjected on route R2 is morc as compared with the service 

offered to passengers between nodes ( I) and (2) and (3). This is so, as no demand is 

added to 0(1,2) and 0 (2,3), Hence R, is a better choice as compared with R" The 

same will result with a drop in O( I ,2) +0(2,3), 

On the other hand, a slight increase in D( 1,2)+0 (2,3) wil l render route R2 as a 

better choice. Now, we are, indirectly, giving more weight to the service offered 10 

the additional passengers on route R2 as compared to the weight assignment to the 

discomfort caused to D(I ,3} passengers. The same will result \ t\): rop is ili 

demand 0(1 ,3), ) 
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