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Abstract

Bernoulli polynomials are named after the Swiss mathematician Jacob Bernoulli (1654 -1705). These

are the class of polynomials {B,,(z)} defined by

eZ

ZeT? 0 P
— = ZBn(x)m for |z| < 2m.
n=0 ’

With B,, = B,,(z), the rational numbers B,, are called Bernoulli numbers.

In 1999, A. P. Veselov and J. P. Ward[2§] established an asymptotic representation for B, (x) and
described several properties of real zeros of B,,(x) for large values of n. Later in 2008, John Mangual[24]
considered another method and discussed the asymptotic real and complex zeros of By, (x). He precisely
explained the asymptotic complex zeros of B, (nz) by introducing a curve to which the complex zeros

are attracted as n goes to infinity.

In 2008, Abdulkadir Hassen and Hieu D. Nguyen [I5] considered a generalization of B, (z) called
Hypergeometric Bernoulli polynomials of order N, B, (N, x), defined by

N _xz > n
zVe"® [N! z
= _NTBL(N, 2)
e —Tn_1(2) 7;) (N, o) n!

where Ty (2) = Zi\;o Zk—]: When N = 2, we obtain the class of polynomials {B,,(2, x)} first considered
by F. T. Howard[21] (with another notation).

In this thesis, we introduce some properties of B, (N, ) which are analogous to that of Bernoulli
polynomials. We establish an asymptotic formula for B, (2, z) and determine their asymptotic zeros.
We briefly explain the behavior of the real and complex zeros of By, (2, z) for sufficiently large positive

integers n. We prove that the complex zeros of B,,(2, nz) asymptotically lie on a curve whose equation

e %(2) >0
relz| = o
e R

where z; = x1 + iy; and zZ; = x1 — iy1 are roots of p(z) = e* — 1 — z of the minimum modulus

is given by

r = || = [z
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Introduction

This thesis report consists three chapters. In Chapter 1, we present several preliminary concepts and
major known results about the Bernoulli polynomials B, (z). We briefly discuss basic properties of
B, (), their relation to the Hurwitz’s zeta function ((s, ) and about asymptotic zeros of B, (n). Also
we present some known results about the hypergeometric Bernoulli polynomials of order N, B, (N, x).
We discuss some of the alternative definitions and basic properties of B, (NN, z) which are analogous

to that of the Bernoulli polynomials B, (z).

In Chapter 2, we introduce the first few results of our study. These results are about the properties
of B, (N, z) which are analogous to that of the Bernoulli polynomials B, (x). These results will
be discussed mainly under Theorem Theorem and Theorem In the remaining part
of Chapter 2, we discuss some important relations between hypergeometric Bernoulli polynomials
B, (N, z) and hypergeometric Hurwitz zeta functions {n (s, ). We present some known results about
series representation of (2(s, x) and relations between B, (2, x) and (2(s, x). In fact, we made a little

extension of the region on which these known results are valid.

Chapter 3 consists of the major results of our study. These are the asymptotic real and complex
zeros of hypergeometric Bernoulli polynomials of order 2, B, (2, ). We briefly explain the results
regarding asymptotic real zeros of B,,(2, z) under Theorem Corollary Theorem m Theorem
and Theorem For the complex zeros, we establish an asymptotic representation for the re-
scaled hypergeometric Bernoulli polynomials B,,(2, nz) and we present these results under the several
lemmas stated in Section Then we prove Theorem which provides a special curve in
the complex plane to which complex zeros of B,,(2, nz) approach asymptotically as n goes to infinity.
In Section we discuss some interesting curves related to the H-shaped curve we obtained in ,
which are called Szego curves. Then we state and prove our last result under Theorem . Finally,
we conclude our study by giving a brief summary of main results and conclusions of the study in

Section B.41

ix



Chapter 1

Review of Preliminary Concepts

In this chapter, we briefly discuss some basic concepts about Bernoulli polynomials B,,(x), which we
some times call classical Bernoulli polynomials. We consider alternative definitions and several inter-
esting properties of B, (x). Then we explain some known results regarding the real and complex zeros
of Bernoulli polynomials. Finally, we briefly discuss some known results about the hypergeometric
Bernoulli polynomials of order N, B,, (N, z). We describe several approaches for defining B, (N, x)

which are analogous to that of B, (z).

1.1 Bernoulli Numbers and Polynomials

Bernoulli numbers and Bernoulli polynomials are named after the Swiss mathematician Jacob Bernoulli
(1654-1705). He introduced these numbers and polynomials in his book Ars Conjectandi, published
posthumously (Basel, 1713). The Bernoulli polynomials B, (z), as appeared in Ars Conjectandi,

are:

Figure (1.1) shows a list of formulas as written on the book “Ars Conjectandi” of Jacob Bernoulli, in
which Bernoulli numbers and Bernoulli polynomials first appeared in print (1713). The symbol “ f”,

“w_»

an elongated S, is used for “summation” and the open “oc0” symbol is used for

In other words, the Bernoulli numbers B,, first appeared a sum over k of the power k™. Indeed, Jacob
Bernoulli himself calculated these sums up to n = 10, hence the Bernoulli numbers By, Bs, - - - , Big.

The first three of the sums given in Figure (1.1, by using modern notations, are:
n
1, 1 1

1 1 1 1

1 1 1 1
Zk?’ = Zn‘l + in?’ + an = 1n2(n +1)%

In terms of Bernoulli numbers B,, and Bernoulli polynomials B, (x), we will see that each of these

sums is expressed as:

m—1 1
k" = B, — Bpt1)-
Z n+1 (Bn+1(m) +1)
k=1
Moreover, we obtain the general formula,
m—1 1
P n+1
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Summe Poteffttum,

ﬁl 4 0) Aﬂﬂ +lﬂa
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Figure 1.1: Bernoulli numbers and polynomials, as written on the book “Ars Conjectandi” (1713).

A Recurrence Formula

The Bernoulli numbers B,, are defined recursively as: By = 1, and
n—1 n
> B,=0, forn=23.4,---. (1.1)
im0 \F

The recursive formula (1.1]) generates an interesting sequence of rational numbers {B,, }, the sequence
of Bernoulli numbers. The sequence of Bernoulli numbers {B,,} possess several interesting properties.
By using the formula (1.1)), we list the first few Bernoulli numbers as:

1

1 1
Bi=——, By=-, B3=0, By=——, B;=0
1 2a 2 67 3 3 4 307 5 5
1 1 5
6 42’ 7 ) 8 307 9 ) 10 667

Observe that the B,’s with odd indices are vanishing terms. This is one of the properties of B,
which Bernoulli numbers possess and we discuss several other properties of Bernoulli numbers later.
Jacob Bernoulli considered the sequence {B,,(x)} of Bernoulli polynomials; they can be defined by a

recursive formula, or by

Bp(z)=>_ <Z> Bk, (1.2)
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where the By’s are the Bernoulli numbers given in the recurrence formula (1.1)). Indeed, the Bernoulli

numbers B,, are particular values of B, (z) with z = 0.

Combining the recurrence formulas (|1.1)) and (|1.2), we obtain an explicit formula for Bernoulli poly-

nomials. That is, the polynomials B, (z) are expressed explicitly as

G P (k& ,
Bn(@:ZmZ(*l)J ) @+

J

Generating Functions

Bernoulli polynomials are also defined by a generating function as

= Bu(z)=. (1.3)

If we put = 0 in (1.3]), we get the Bernoulli numbers B,, = B, (0). That is, the Bernoulli numbers

B,, are defined by generating function as

z > z
— :ZBnH. (1.4)

Appell Sequence Definition

We have a third alternative approach towards the definition of Bernoulli polynomials and numbers.

This is an Appell sequence definition of B, (z), given by

By(r) =1 (1.5)

Bl (x) =nB,_1(x) (1.6)
! 1 , n=0

/o B, (z) dz = { 0 . n>0 (1.7)

Each of the three definitions, that is, the recurrence formula (|1.2)), the generating function (1.3]) and
the Appell sequence (1.5)) - , generate the same sequence of polynomials. This is the sequence

{Bn(2)} of Bernoulli polynomials whose first few terms are:

1 1

By(z) =1, Bl(x)zx—i, B2($):$2—$+6,
B(x):m3—§x2+1x B(w):x4—2m3—|—x2—i
3 2 9% 4 30’

5 9 4,9 9 1

The need of studying Bernoulli polynomials B, (z) is because it helps much for further understanding
of the Bernoulli numbers B,,. Indeed, the Bernoulli numbers B,, are constant terms of the Bernoulli
polynomials By, (z). That is, B,(0) = By, for all n > 1.
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For positive integers n > 2, the Bernoulli numbers B,, are also given by B,, = B,,(1) . To prove this,

observe that

By (1) > (Z) B,

k=0
n—1 n
= B.+ ) ( ) By,
=0 \F
Then by (1.1)), we conclude that B, (1) = B, = B,(0) for all n > 2.

The (classical) Bernoulli polynomials and Bernoulli numbers possess many interesting properties.

Among such properties is that Bggiq = 0 for all £ > 1. To prove this, Tom M. Apostol [2] re-

expressed (|1.4) as

z +Z—1+i3 2"
e —1 2 o Tl

Then the left hand expression represents an even function of z so that all the odd terms in the right

hand series vanish.

Apostol also used generating functions in [2] and proved several properties of B, (x). Some of the well

known properties of Bernoulli polynomials are:

o Symmetry Property

B,(1—-2x)=(-1)"B,(z) for n>0. (1.8)

e Difference Equation

B,(xz +1) — Bp(z) = naz" ! forn>1. (1.9)

o Addition Formula

B, (mx) :m”*lnan <x+i) (1.11)

v =

where m and n are integers with n > 0 and m > 1.

Apostol proved the above properties by using different identities. For instance, he proved by
using the generating function in the identity
se(r+1)z Set?
e —1 er—1
The properties - of B, (z) are used in proving different properties of Bernoulli polynomials

and Bernoulli numbers. Indeed, in each of these properties of B, (x), we put = 0 and obtain the

26132

corresponding properties of Bernoulli numbers.
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For any positive integer m, we replace z by « + k in (1.9 and take sum over k from k =1 to k = m

and get
m—1 1
S @+ k)" = —— (Buyi(m +2) — Busa(x)).
P n+1

The particular case when z = 0 yields the sum of the powers k", the modern form of the sums

appeared in “Ars Conjectandi” of Jacob Bernoulli,

m—1

k" = (Bn - B, .
2 nt 1 +1(m) +1)

a
a4

integers in an arithmetic progression, given by

Moreover, with = = where a and d are integers, we get a formula for sum of n'" powers of m

m—1 n

R N TR0}

k=0
Each of the properties (|1.8)) - (1.11]) will be used in the determination of asymptotic zeros of By, (z).

Later in this chapter, we shall illustrate how people used these properties to obtain other interesting

properties of B, (x), especially the asymptotic behavior of the real and complex zeros of B, (x).

1.2 Zeta Functions and Bernoulli Polynomials

The Riemann’s Zeta Function ((s)

The Riemann’s zeta function, {(s), is defined by

[ee]

((3)22%, for R(s) =0 > 1.
n=1
We have an interesting relation between the Riemann zeta function ((s) and the Bernoulli numbers
B,,. We illustrate this relation as a consequence of Theorem below. Indeed, we consider fur-
ther description of the relation later as particular cases of the Hurwitz zeta function and Bernoulli
polynomials.

Theorem 1.1. For each positive integer m and R(s) = o > 1—m, s # 1, the Riemann zeta function

¢(s) is given by

¢(s) = x])z™°"™ dux,

,1 ]{j'
where (8)m = s(s—1)(s—2)--- (s —m—+1).

In fact, Theorem gives an analytic continuation of the Riemann zeta function {(s) to the half-plane

R(s) = 0 > 1 —m for each positive integer m, except for a simple pole at s = 1. It also enables us

to find some special values of {(s). For instance, we easily obtain ((0) = —%. More generally, we give
relations between Bernoulli numbers and ((s) by taking the negative integer values s = —n. That
is,

1 1 n+1 )
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Also a further simplification yields

n+1
(n+1)¢(-n) == (”Z 1) B.

Finally, we use the definition (|1.1)) of Bernoulli numbers and obtain

By
((=n) ==

Since Baogy1 = 0 for all k > 1, we conclude that ¢((—2k) = 0 for k > 1. This confirms the fact that all

negative even integers are zeros of the Riemann zeta function.

The Hurwitz Zeta Function ((s, a)

For a € R such that 0 < a < 1, the Hurwitz zeta function ((s, a) is defined by

o0

((s,a) =) ﬁ for R(s) =0 > 1. (1.12)

n=0
The particular case when a = 1 reduces (1.12)) to the Riemann zeta function

o0

s ) =Cs =Y —

ns’
n=1
Note that for a = 1 and n > 2, the Bernoulli polynomial B, (a) reduces to the Bernoulli number B,,,
that is, B,(1) = B,. Therefore, we relate the Hurwitz zeta function (s, a) to Bernoulli polynomi-

als.

For any § > 0 and R(s) = ¢ > 1, we have

dln+a) =) (n+a)7 <> (n+a)” .
n=1 n=1 n—1

Therefore, the series (1.12]) converges absolutely and uniformly in every closed half plane inside the
region R(s) = ¢ > 1. Hence, the Hurwitz zeta function ((s, a) is an analytic function of s in the
region R(s) = o > 1. Moreover, for any a € R such that 0 < a < 1 and R(s) = ¢ > 1, we have an

integral representation for (s, a), given by

1 oS} xs—le—aw
(s, a) = T0s) /0 T o=z dx, (1.13)

where I'(s) is the I-function, T'(s) = [;~ 2* e~ da.

Indeed, is obtained by multiplying I'(s) to and using the fact that ((s, a) is analytic
inside the half-plane £(s) =0 > 1.

Remark 1.2. Many authors considered the definition of ((s, a) for a real number a,0 < a < 1.
However, we observed that the series converges absolutely and uniformly in the region R(s) =
o > 1, for any real number a > 0. Therefore, given any real number a > 0, the function ((s, a) is

analytic in the half plane N(s) = o > 1.
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Analytic Continuation of ((s, a)

For analytic continuation of the Hurwitz’s zeta function (s, a) to the left half-plane R(s) = o < 1,
we consider another representation of (s, a). Consider the contour C, where C is the union of the

curves C1, Cy and Cs, as given in Figure [I.2) below.

Figure 1.2: The key-hole contour C

Define I(s, a) by a contour integral over C, as

1 s—1_az
I(s, a) / SaER (1.14)
C

T 2mi 1—e?
Then ((s, a) is expressed in terms of I(s, a) as given in Theorem below.
Theorem 1.3. Ifa € R, a > 0, then the function I(s, a) defined in is an entire function of s.
Moreover, if R(s) = o > 1, then we have

C(sy,a) =T(1—9)I(s, a). (1.15)

The proof of Theorem appears in several books of analytic number theory. We may refer to the
book by Tom M. Apostol [I].

Remark 1.4. The expression extends the analyticity of ((s, a) to the left half plane R(s) =
o < 1. Clearly, I(s, a) is entire and T'(1 — s) is analytic in C\ {1,2,3,---}. Thus, implies
that ((s, a) is analytic in the left half plane R(s) = o < 1. Thus, by combining and ,
we conclude that ((s, a) is analytic in the whole complex plane except for a simple pole at s = 1 with

residue 1.

Fourier Series Representation of ((s, a)

Now we discuss a Fourier series representation of the Hurwitz zeta function (s, a). We state Hur-
witz’s Formula in which we extend the value of the parameter a to be any positive real number. Also
we reproduce the proof here since we may use some concepts in the proof later for the case of Bernoulli

polynomials.

Theorem 1.5 (Hurwitz’s Formula). Ifa € R, a > 0 and s € C such that R(s) = o > 1, then we have

F(S) eQﬂ'ika

(2mi)® oL ks

((1—s,a)= (1.16)
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Proof. Let In(s, a) be defined by a contour integral as

1 s—1_az
In(s, a) / S dz,

:Tm C(N) 1—e?

where C(N) is the annulus given in Figure below.

Figure 1.3: The contour (annulus) C'(N)

Then we get limy_00 IN(S, a) = I(s, a), where I(s, a) is as given in . On the other hand,
we evaluate Iy (1 — s, a) explicitly by using residue calculus. Clearly the poles of the integrand are
z = 2mik for all k = 0,%+1,+2,--+ among which only k = £1,+2,--- | £N lie inside C(NN). Thus by
the residue theorem we have

1 580z

IN(1=5,a) = 5 oy T dz

—S,az
= — Z Res(”;z:%m'k:).
1—¢?

0<|k|<N

Then by calculating residues at z = 27ik and letting N — oo, we obtain

eQﬂ'ika
I(1- = —_—
A=s0)=>, (2mik)®
|k|>1
Finally, we use this expression of I(1 — s, a) in (L.15)) and complete the proof. O

Note that the Hurwitz formula gives a series representation of the function (1 — s, a) in the region
R(s) = o > 1. If we replace 1 — s by s in (|1.16)), it becomes

1‘\(1 _ S) e?ﬂika
iy Z R for R(s) =0 < 0.
|k|>1

C(S’ a) =

Moreover, by using an appropriate trigonometric identity, we obtain

_2(1-s) i sin (2rka + %)

C(s, a) = G R , for R(s) =0 < 0. (1.17)

k=1
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Relations between ((s, a) and B,(x)

To determine the relationship between the Hurwitz’s zeta function (s, a) and Bernoulli polynomials
B, (z), we use negative integer values s = —n in ((s, a). For a positive integer n, put s = —n so that
I['(1—s)=T(1+n)=mnl Then (1.15) becomes

¢(—n, a) =nlI(—n, a).

Now applying the Residue Theorem to the contour integral (1.14)) of I(s, a), we get

—n—1_,az
I(—n, a) = Res(l_i:z ; 2 =0).

To calculate this residue, we use the series in (|1.3) for B,(a). Then we obtain an important relation

between ((s, a) and B, (a), given by

C(fnJrl,a):an(a), forn>1, a>0. (1.18)
n

Now combining (1.16) (with s = n,n > 1) and (1.18), we get a Fourier series representation for
Bernoulli polynomials. Therefore, for any real number a > 0 and positive integers n > 1, the Bernoulli

polynomials B,,(a) are given by

n! e27rika
B, (a) = ——~ 1.19
(a) Gl o (1.19)
|k|>1
Moreover, by taking the term (z)~™ in to the series, we express (1.19)) as
—2n! X cos (2rka — )
By (a) = 22 1.20
W= (1.20)

Further, a simple trigonometric identity yields

Bon(a) = (—1)"+1 2(2n)! i cos (2rka)

2n 2n
(2m) — k
and
2(2n 4 1)! <= sin (27ka)
_ n+1
Bapyi(a) = (=1)"F (2r)2n+1 Z E2n+1

Since B, (1) = By, for all n > 2, we put a = 1 and get a formula relating Bernoulli numbers B,, and

Riemann’s zeta ((s). That is,

Ban = (-1 22 2,

1.3 Asymptotic Zeros of Bernoulli Polynomials

By the word ”asymptotic zeros”, we mean zeros of B, (x) for sufficiently large positive integers n. The
need to study asymptotic zeros is because zeros of B,,(x) possess an interesting behavior when n tends

to infinity. In 1999, A. P. Veselov and J. P. Ward[28] established an asymptotic representation for
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B, (x) inside large intervals of the real line. They described several properties of real zeros of B, (x)
for large values of n. Later in 2008, John Mangual[24] considered another method and discussed
asymptotic real and complex zeros of Bernoulli polynomials. He precisely explained the asymptotic
complex zeros of B, (nz) by introducing an H-shaped curve to which the complex zeros are attracted

as n goes to infinity.

In this section, we discuss some known results about asymptotic zeros of Bernoulli polynomials. We
carefully review the method used by Veselov and Ward[28] as well as that of John Mangual[24] because
we apply it later to determine the asymptotic zeros of hypergeometric Bernoulli polynomials of order
2.

The Asymptotic Real Zeros of B, (z)

Now we re-express the Fourier series (1.20]) of B, (z) as

—2n! ™m >, cos (2mka — Z)
Ba(o) = G [cos (2mka— 1)+ ——2—22|.
k=2
If we let Q,, = %, then we obtain
B,
(a) = cos (27m — %) + R, (a),
where R, (a) = > po, ws(zifﬂ Clearly, R,(a) — 0 uniformly as n — oo. Therefore, for suffi-

ciently large n, we have R,,(a) ~ 0 so that

B,
Q(na) 2 COS (27m — %) .

By using the asymptotic notation ’little o’, we write R,,(a) = o(1) as n — oo so that

Bn(a)

n

= cos (27ra - %) +0o(1) as n — oc. (1.21)

The asymptotic formula ([1.24) is very important for describing asymptotic zeros of Bernoulli polyno-
mials. Similar results were obtained in [8]. We use these results and discuss asymptotic real zeros of

Bernoulli polynomials.

Veselov and Ward [28] used (1.24) and described the asymptotic behavior of real zeros of By (a).
Indeed, the asymptotic formula (|1.24) is derived for 0 < a < 1. However, they extended it to large
values of a by using the relation between B, (a) and ((s, a). In particular, for 0 < a < 1 and any

integer m > 1, they used the functional equation

—

m

C(s,a)=C((s, m+a)+ i(k%—a)_s

k=0

Their conclusion is that (1.24) holds for all a such that 0 < a < 5 which is obtained as the

consequence of the following theorem.

10
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Figure 1.4: Graphs of cosa and sina as compared to B, (a) (n =26, n = 27)

Theorem 1.6. Let n be any positive integer and 0 < a < an where o < ﬁ Then the Hurwitz zeta

function satisfies the inequality

— 1
sema) sin(2ra — =mn)| < Cin~ 2 (2mea)” + Co27™,

Qn 2
where Q,, = %, C1 and Cy are constants which are independent of n. In particular, for 0 < a <
5, we have the asymptotic behavior

1
= sin(27a — §7m) +o(1) whenn — oco.

Theorem 1.7. For any constant ¢ > 4—71re there exists mgy (depending on ¢ ) such that
¢(—m, a) <0,

for any m > mg and a > 5= + clogm.

From Theorem we conclude that ¢((—n, a) # 0 for all n larger than some fixed positive integer
mo and a > 5% + clogn. Then by using the relation between ((—n, a) and B, (a) given in ,
we determine a certain large interval of the real line outside of which B, (a) do not vanish. This in
turn helps to determine the largest possible root A(n) of B, (a). In general, the following theorem
summarizes the major results obtained in [28]. For € R, we use the notation |z] to represent the
largest integer less than or equal to x.

Theorem 1.8. Let N(n) be the number of real roots of By(a)and let A(n) be the largest root. Let o

be any constant such that o > 1. For n sufficiently large,

n 1 n o
— =< A < — 4+ —1 . 1.22
2re 2 (n) 2me + 4me ogn ( )

11
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and
n—2 2n
1+4] | < N(n) < —+ alogn. (1.23)
dre e
The roots of By(a) in the interval —|%=2] < a < 1+ [2=2] are simple and close to the half-integer
lattices
a=0 :t1 +1 j:§ +2 :I:§ if n is odd
- ) 27 9 27 ) 2)
wnd 1,3 5 7
=, S 2 D .
a I T I if n is even

In Theorem the authors [28] described several properties of asymptotic real zeros of By, (a). For
a Bernoulli polynomial B, (a) of large degree n, they approximated the maximum number of its real
zeros N(n), and the largest possible real zero A(n). For sufficiently large positive integers n, the real
zeros of By, (a) are close enough to roots of either
oS (27ra — ﬂ) =0
2
or
sin (27ra — @) =0.
2
It is by this asymptotic relation to trigonometric functions that Veselov and Ward [2§] illustrated
many asymptotic behaviors of the real zeros of Bernoulli polynomials. Clearly, cos(2mwa — %ﬂn) =0 if
and only if 2ma — %7‘(‘71 = w
be

. Therefore, the roots of B, (a) are asymptotically approximated to

m+1 k

- + -,
4 2

where m and k are integers. If n is odd, then a = 3 + g = T”T““ Hence the asymptotic real zeros of

q+2k
1

B, (a) are near the half-integers a = ’”TH“ Similarly, if n is even, then a = § + g = where ¢ is

an odd integer.

Alternative Approach to Asymptotic Real Zeros of B, (a)

John Mangual [24] considered asymptotic zeros of the re-scaled Bernoulli polynomials B, (na). He
also used the Fourier series representation to investigate asymptotic real zeros of Bj,(a) but
the method is quite different. It is another method for how to extend the asymptotic formula
to larger values of a. Now we discuss this method and how the asymptotic real zeros are deter-

mined.

Any real number a > 0 can be expressed as a = |a] + {a}, where |a] is an integer and 0 < {a} < 11is

the fractional part. Moreover, B, (na) is expressed as
B, (na) = B,({na}) + B,(na) — B,({na}).

Then to get asymptotic representation for B, (na), it suffices to establish asymptotic representations
for B, ({na}) and By, (na) — B,({na}) separately. Clearly, an asymptotic representation for B, ({na})
is easily obtained from (|1.19). That is, for sufficiently large n, we obtain

~ ,
@n

Bn ({na}) ~ 627Tina + 6727Tina

12
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where Q,, = 2% . Mangual also used Stirling’s formula for n! and expressed Q,, as

@n"
Qn=—2 (226)”\/%@“9 (i)) .

Lemma 1.9. Let a be a positive real number such that 0 < a < ﬁ As n approaches infinity,

B, (ma) — B, ({ma}) approaches nm"_l/ ma" ! dx.
0

1

This convergence is uniform in the interval [0, €], for 0 < e < 5—.

We refer to the paper by Mangual [24] for a proof of Lemma By replacing m by n, we obtain the

important conclusion

B, (na) — B,({na}) — n"a" asn— co.

Moreover, we express this in an appropriate way as

B, (na) — B,({na}) R (2rea)™

as n — o0.
Qn 2mn

Combining asymptotic representations of B, ({na}) and B, (na) — B, ({na}) yields

B, (na) . (2mea)™

Qﬂlnaie—}n’zna_i_
Qn 2mn

as n — oQ.

Since 0 < a < ﬁ, it follows that % — 0 as n — oo. Thus, for sufficiently large values of n, we

have
B, (na)

@n

Therefore, the asymptotic real zeros of By, (na) are approximated by the roots of

~ 627rzna + 6727mna.

e27rzna + 6—27rma =0.

—2mina — () if p, is even and the

Indeed, the asymptotic real zeros of B, (na) are the roots of €27 4 ¢

roots of 27ine — e=2mina — () if n is odd.

Remark 1.10. If we replace a by na in the result obtained by the previous method, then the real zeros
m™n

of By (na) are asymptotically given by the roots of cos (27ma - 7) =0 orsin (27Tna — %) =0. This

18 equivalently expressed as

ina—iZIn —oni jIn
emea 3 e 2mina+i’y =0.

Moreover, considering cases when n is even or odd, we obtain the asymptotic real zeros of By(na) are
approximately the roots of €27 4+ e~27ina — (. Therefore, the method used by Veselov and Ward in
[28] and that John Mangual used in [2]|] yield the same results regarding the asymptotic real zeros of
B, (na).

Asymptotic Complex Zeros of B,(z)

For complex zeros of B, (z), Mangual [24] also considered properly re-scaled polynomials B, (nz)
when n is sufficiently large. He investigated the location of asymptotic complex zeros of B, (nz) in the

complex plane by a curve to which these zeros approach when the values of n goes to infinity.

13
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By (a)

n

= cos (27ra - %TL) +0o(1) as n — oc. (1.24)

So we have some relation between the zeros of By, (a) and that of cos (27ra — %) when n is sufficiently

large. Let c,(z) and s,(z) represent the n!" Taylor polynomials of the cosine an sine functions,
respectively. That is,
n R
@) = YD G
k=0
For large n, the complex zeros of B, (nz) are related to the zeros of either of the polynomials of ¢, (nz)
or s, (nz). In Figure [I.5] zeros of c9(60z) are indicated by ‘x’. The solid curve indicated in the figure
is |p(wz)| = 1, where ¢(wz) = zwe'~"* for w = +27i. We will explain about this curve later in
Chapter 3, Section [3.3]

n 2k+1

and sn(z):I;)(f km.

w bt

bt /'r; x

» r’f x
y ¢

b

- .
* | X
x| +
x| X
kS I;‘
=

5
Ed

X 1
X et
x| B3
) 12
b =
k4 {
) [x
<\ /s

P

Figure 1.5: Zeros of the n'® Taylor polynomial of the cosine function, for n = 60

For a complex number z = a + ib, we use addition formula (1.10) and express B, (z) as

B, (z) = By(a+ib) = Z (:) By.(a)(ib)" ",

k=0
This formula will be used for extending the method used for the real case above to the case of

complex variables. The following lemma is the complex version of Lemma [1.9] and its proof is given

in [24].

14
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Lemma 1.11. As n approaches infinity,

a
Ba(na+ inb) ~ By({na} + inb) approaches " [ (e + )" d.
0

From Lemma [1.11] we conclude that for sufficiently large positive integers n, we obtain the approxi-
mation

B, (na + inb) — B, ({na} + inb) = n" ((a +ib)"™ — (ib)").
Therefore, the asymptotic zeros of B, (na + inb) — B, ({na} + inb) are approximated by the zeros of
(a+ib)™ — (ib)™.

Lemma 1.12. As n approaches infinity,

B ("O {nﬁ(l " %)D (T (270b) + T, (—27nb))

B, ({na} + inb) approaches @)

where Tp,(z) =Y}, IITI'C

Proof. We use (1.10) and (1.19) for B, ({nz}) as:

B,({na} +iny) = > (Z) B ({na})(iny)" ™™

m=0
n n|(lny)nfm (77’)1') 0 627rikn:z:
Z m!(n —m)!" (2mi)™ Z km

m=0 \’f\Zl

Then multiplying both numerator and denominator in the first summation by (274)"~™ and writing

the second sum for £ = —1 and k = 1 explicitly, we have
_ —nl s (=2mny) " (o omi 1
Bn — minT 71 m minT .
({nz} + iny) Gl mZ: =)l (e +(=1)"e +0 5
—n! oring = (—2mny)" " Comine = (2TRY)™ " (—2mny)m ( 1 )
_ : e2min + (71)”6 Tinx + ol —
(2mi)m { 7; (n—m)! mz=o (n—m)! mz=o (n—m)! 2m
—n! 1
= ﬁ {Tn(QTmy) + T (—2mny) + 27(9 (Tn(i47rny))} :
Observe that |e*™"*| =1 and
L L5~ (mnly)* S @mnfy)"
k=0 k=0
Since %O (T, (£47mny)) — 0, we apply Stirling’s formula. O

Theorem 1.13. As n approaches infinity, the complex zeros of By, (nz) approach the H-shaped curve

whose equation is given by

drels| = 2™ §(2) >0 195
mell = e 2™ L §(z) <0 (1.25)

Proof. For sufficiently large n, we need to have

2minz

1
T,.(2minz) — e uniformly in the disk Q—D,
i

15
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where D = {z € C: |z] < 1}. For this we use Dieudonné’s Estimate

nl(e"* —Ty(nz)) = lz_”z(l + An(2));

where A, (z) = 0 as n — oo, uniformly in 3-D. This enables us to conclude that
T, (£27nb) — 2™ as n — oo.
Therefore, for sufficiently large positive integers n, Lemma [1.12] implies
B, ({na} + inb) ~ — {n@ (n (1 + i))]n (W) .
On the other hand, for sufficiently large n, Lemma [1.11]implies
By (na+inb) — B,({na} +inb) =~ n"((a+ib)" — (ib)")

- v (1- (22))

Thus, noting that B, (na + inb) = B, ({na} + indb) + B, (na + inb) — B, ({na} + ind), we use b = J(z)

and obtain the approximation

1 n 2mnS(z) —2mnI(z) - n
B,(nz) =~ — {n(’) (nm <1+1>)] (6 +‘e ) Lo (1_ <Z\Y(Z)> )
n (2mie)n P

Hence the complex zeros of B,,(nz) are asymptotically the same as the roots of

ean%(z) 4 e—27m%(z)

n
= 0.
(2rmie)" e

Therefore, the asymptotic complex zeros of By, (nz) are approximately the roots of
eQTrnS(z) + e—27rn§?(z) + (27T'i€2)n —=0.

If 3(2) = b > 0, then e72™% — 0 as n — oo. Hence, (2miez)"” = —e?>™ so that we get (2me|z|)" =

27nb 27b —27b

e*™b Thus, 2me|z| = e*™. Similarly, if $(z) = b < 0, we get 2me|z| = e . Thus, the zeros of

B, (nz) are asymptotically the roots of the equation

orelz| e2mt . ph >0
welz| =
e 2 . ph <0

O

Remark 1.14. The curve in the complex plane whose equation is given by is the H-shaped
curve given in Figure below. That is, for sufficiently large positive integers n, the complex zeros

of By, (nz) approzimately lie on the curve

e?ﬂ%(z)
2me|z| = -
e

16
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Figure 1.6: The roots of Bygo(z) = 0 via Mathematica

1.4 Hypergeometric Bernoulli Polynomials of Order N

From the generating function definition of Bernoulli polynomials, several generalizations were made
by different authors. Among these are the polynomials called Generalized Bernoulli Polynomials of

order u, B (z), given by

oHeTz f: B#( )Zn
—_— = T)—.
(e -1y ~ &

Another generalization of Bernoulli polynomials is the polynomials {A,(x)} introduced by F. T.
Howard [19], given by

22 /2 > 2"
e#—1—z ;An(x)ﬁ

Several authors considered similar generalizations of Bernoulli polynomials. We may refer to the papers

[20], [9], [15] and [I0] for some other related concepts to generalization of Bernoulli polynomials.

In this thesis, we focus on the generalization made by Abdulkadir Hassen and Hieu D. Nguyen in
[15], the class of Bernoulli polynomials of higher order called Hypergeometric Bernoulli polynomials
of order N.

Definition 1.15. For any integer N > 1, hypergeometric Bernoulli polynomials of order N, B, (N, )

are defined as:

zNe?# /NI Nt z"
2 Y _NT B (N, ) 1.26
T = L B (1.26)

where Tp,(z) = 1+z+§+.--+% =2 kw0 %

In particular if we put N = 1 in (|1.26)), it reduces to the classical Bernoulli polynomials B, (z) and
when N = 2 it represents the polynomials A, (x) considered by Howard.

If we put = 0 in ([1.26)), we get a sequence of rational numbers { B, (N)}, where B, (N, 0) = B, (N).
The numbers B, (N) are called hypergeometric Bernoulli numbers of order N and these are generated

by

N

Nl (e — Tn_1(z

7 = ;Bn(N)H. (1.27)

17
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Analogous to that of classical Bernoulli polynomials, we have several approaches for defining hyperge-
ometric Bernoulli polynomials. Accordingly, the hypergeometric Bernoulli polynomials B, (N, z) are

equivalently defined by a recurrence formula as

Bu(N, z) = zn: (Z) Bi(N)z"*. (1.28)

k=0
The hypergeometric Bernoulli polynomials B, (N, ) are also defined in terms of an Appell sequence

with zero moments as

Bo(N, z) =1 (1.29)

B! (N, z) =nB,_1(N, x) (1.30)
1 N1 o) do — 1/N : n=0

/0(1 )Y IBu(N, z) d { 0 om0 (1.31)

Hassen and Nguyen proved the equivalence of these different definitions of hypergeometric Bernoulli
polynomials. They proved this equivalence in [I5] and we reproduce their proof here with a little
rearrangement of steps.

Lemma 1.16. If the sequence of polynomials { B, (N, z)} is given by the generating function ,
then the B, (N, x)’s satisfy the recurrence formula .

Proof. We use (1.26) and (1.27) together with the power series of e as
= Bn(N7 CE) n = z" Tz
> B0 - (Sami)
n=0 n=0
(Lo (S 5)
n=0

n=0
= > < kl(:( ;i)lxn_k> 2"
n=0 \k=0 ’
Then comparing the coefficients of 2", we obtain (|1.28]). O

Lemma 1.17. Suppose {B,(N, z)} satisfy the Appell sequence given in - . Then the
sequence { B, (N, x)} is generated by G(x, z), where

B ZNea:z
Ni(e —Tn1(2)

Proof. Suppose B,, (N, z) satisfy (1.29), (1.30) and (1.31). Let G(z, z) be given by

G(z, 2)
o0 Zn
G(z,2) = »_ Bn(N, z) .
n=0
Differentiating with respect to x and by (|1.30]), we have
2G(x z) = i Bl (N x)ﬁ
Ox ’ B — " )

n=1
= ian,l(N, x)

n=1

n(n —1)!

18
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= 2G(z, 2).
Then we obtain G(x,z) = e*?g(z) for some function g of z. If we multiply both sides by (1 — z)V 1,
then we use ((1.31)) so that
1 1 0 L
g(z)/ (1—2)VN1e® dx = / 1=V Bu(N, 2)—
0 0 n=0 n
2" [ N—1
= > = | 0-2)N'B,(N,z) dz
n! Jo
n=0
_ 1
= ¥
Using integration by parts N — 1 times, we get
1
_ 1 N-1 (N-1)! (N—1)! (N-1)l(e*—1)
N—-1 _xzz _
/0(1—32) e dx = ST e T N1 N + N
(N DN = Tya(2)
N
N
Hence g(z) = M= 5y SO that we get
ZNexz
Gz, z) = .
( ) N!(ez —TN,1(Z))
O

Theorem 1.18. The generating function , the recurrence formula and the Appell se-
quence definition - of hypergeometric Bernoulli polynomials are equivalent.

Proof. Since two of the equivalences are proved in the preceding lemmas, we need to prove only the
third equivalence. Suppose B, (N,z) are generated by (1.26). Then we show that the B, (N, z)’s

satisfy each of the equations ([1.29)), (1.30) and (1.31).

Now differentiating (1.26)) with respect to z, we get

N

Tz OOB/N
e :Z n( ’x)zn'

Nier — T (2))

Again we use ([1.26)) for the left hand expression and then after re-indexing we obtain

nlNSC n
Z (n—1)!

B'N:E

n

M

Then comparing coefficients of z" for n = 1,2,3,--- , we conclude that (1.30] holds.

To prove ([1.29)), observe that e*# in ([1.26)) is expressed as

R — N!(ez _TNfl(z)) iBn(Na l’)i

I
/
%2
M2

4
2%
N——
3
I\gL
@
2
=
&
‘N
— 3
N——
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where the Pochhammer symbol («),, is given by (), = a(a+ 1)(a+2) - (a + m —1).

Then using the power series of e*#, we have
"~ Bi(N,z
k n
z".
S (3 )
Then comparing coefficients of the series, we get
n

BkN.’L‘
k'N+1

Now assuming x # 0, we take n = 0 and get By(N, x) = 1 which proves ([1.29).
Finally, to prove (1.31)), we multiply (1.28) by (1 —z)V~! and integrate as

/01(1 )N 1B, ( i( ) /01(195)N135"’c dz.

0

The integral on the right hand is similar to that of the Beta function

1
B(p, q) =/ 2P (1 —2)? " da.

0
On the other hand, we use the I'— function and express B(p, q) as

L(p)T(g) — (p—Dg—1)!
Fp+q)  (p+qg—1)! °

Thus we use this with p =n — k+ 1 and ¢ = N, and obtain

! = B " (n (n—k)!
/0 (1= a2)N ' By(N,z) do= (N - 1)1y <k> mBk(N).

k=0

B(p. q) =

But by (2.6)), the sum on the right hand side vanishes for n > 0. When n = 0, we note that Bo(N) =1
and hence the right hand side reduces to % and this proves (|1.31]). O

Remark 1.19. We obtained an interesting analogy between hypergeometric Bernoulli polynomials and
classical Bernoulli polynomials. The three alternative definitions; , and -
of B, (N, x) are analogous to the three definitions of By, (x) given in , and - ,
respectively. Indeed, it is this interesting relation between B, (N, x) and B,(x) that motivated us to

study more analogous properties of these new class of polynomials.
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Chapter 2

Hypergeometric Bernoulli Polynomi-
als of Order 2

Hypergeometric Bernoulli polynomials of order 2, B,,(2, x), are the particular case of hypergeometric
Bernoulli polynomials By, (N, x) defined in (1.26) with N = 2. That is, we define B, (2, z) by a

generating function as
o0

e ZB (2, 7). (2.1)

Z—1—2z

The corresponding numbers B, (2) = B(2, 0) are called hypergeometric Bernoulli numbers of order

2. These are the sequence {B,,(2)} of rational numbers generated by

o {2_ =Y B (22)

n=

2.1 Some Properties of Hypergeometric Bernoulli Polynomi-
als of Order 2

In this section, we discuss our results consisting of some properties of hypergeometric Bernoulli poly-
nomials. We state and prove two important properties of B,(2, x) which are analogous to those of
the classical Bernoulli polynomials given in ) and (L.10).

Now we state and prove one property which holds for the general case B, (N, x). This is an addition
formula for B,,(N, x) which is analogous to the property of the classical Bernoulli polynomials
B, (z).

Theorem 2.1 (Addition Formula). For hypergeometric Bernoulli polynomials of order N, we have

an addition formula

Bu(N,x+y) =Y (’;) Bu(N,)y" . (2.3)

Proof. Replacing by x + y in the generating function ([1.26]), we get
i B,(N,z+vy) , 2Nelzty)z /N zNe® /NI
2 =
n! e —Tn_1(z) e*—Tn_1(2)

> B,(N,z) , T

- (£ (2 5)
n=0 n=0

>\ [~ Bi(N, z - N

- Z<Z k(k! )(3—/@!)2'

n=0 \k=0

n=0
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Then equating the coefficients of z™ of both sides, we get

B,(N,z+vy) z": Bi(N,z) y"*

n! = k! (n—k)!

Hence (2.3) automatically follows from this last equation. O

Analogous to (1.9)) of the classical Bernoulli polynomials, we establish a difference equation for hyper-

geometric Bernoulli polynomials of order 2.

Theorem 2.2 (Difference Equation). For each n = 2,3,4, ..., hypergeometric Bernoulli polynomials

of order 2, B, (2, x), satisfy the equation
Bn(2, 2+ 1) — Bp(2, ) =nBp_1(2, ) + <Z> "2, (2.4)

Proof. We use the identity
e(w-‘rl)z (1 +Z)6ZZ B

ef—1—2z e*—-1—2z

By multiplying % to both sides of this identity and using 1) we get

rz

S BH(Z’J"J’_l)_Bn(Q’ 37) n - Bn<2’ $) n+1l __ 1 - x" n+2
2 n! D P e D D TR

Re-indexing sums and since By, (2, z+1) — B, (2, ) —nB,_1(2, ) = 0 for n = 0 and n = 1, we obtain

=, B,(2 1) — B,(2, ) — nBp_1(2 1N g2
3 (2, z+1) (2,2) —n 1(7$)Zn:72 z o
n! 2 (n —2)!
n=2 n=2
Finally, we equate coefficients of z™ and get
B, (2 1) — B,(2 —nB,_1(2 1 an2
nZ o) = B2 z) —nBua(Zw) 1 = for all n > 2.
n! 2(n—2)!
Thus, we obtain
n(n B 1) n—2
B,(2, 2+ 1) — Bp(2, 2) —nB,_1(2, ) = —5 2 for all n > 2.

O

Remark 2.3. The property can be extended to the general case for B, (N, x). That is, for all
n > N, we have
N1/ n
B,(N,z+1)— B,_i(N, z) = z" N, 2.5
( ) kZ:O (k) (N, =) ( N) (2.5)

In this case, the identity to be used is

e(erl)z TN_l(Z)BIz

Tz

e? —Tn_1(z) e*—=Tn_1(2)

Then we multiply both sides by % and then use .
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Recall that Hassen and Nguyen [15] established a recurrence formula for hypergeometric Bernoulli
numbers B, (). For the particular case when N = 2, we use the above results and provide an
alternative expression.

Corollary 2.4. The Hypergeometric Bernoulli numbers of order 2, B,(2), are given by a recurrence
formula as: By(2) =1 and

n—2

3 <Z> Bi(2) =0 forn>3. (2.6)

k=0

Proof. Since n > 3, we put z =0 in (2.4)) and get
B,(2,1) = B,(2) + nB,_1(2).

On the other hand, we put = 1 in formula (1.28)) (with N = 2) and get

Bu(2,1) = Z(Z) Bi(2)

k=0

By(2) + nBn_1(2) + nz_: <n> Bi(2).

=0 \F
Then combining these two expressions of B, (2, 1), we obtain the desired result. O
Remark 2.5. For the classical Bernoulli numbers, we know that Bag+1 = 0 for eachk =1,2,.... But

this doesn’t hold in the case of hypergeometric Bernoulli numbers. Observe that each of Bs(2), B5(2)
and B7(2) is nonzero. Also we know that B, (1) = B,(0) = B,. However, B,(2, 1) # B,(2,0) =

B, (2), which is different from the classical case.

Next, we give one of our results regarding properties of B,,(2, ). The following is a more general
form of the difference equation (2.4).

Theorem 2.6. For any positive integer m, we have

m m—1m—1—k n—2—j
Bu(2, m+m) =) <m> BW(2, z) + %' > (m - k) (Gl (2.7)

izo \ K k=0 j=0 J (n—2-5t"
where B,(lk)(Q, r)=n(n—1)...(n —k+1)B,_x(2, z) is the k" derivative of B, (2, ).

Proof. We prove this by using induction on m. If m = 1, then m — 1 = 0 so that k = 7 = 0 in the
double sum of the right side. Therefore the corollary holds for m = 1 because (2.7) reduces to (2.4]).
Now assume that is true for m. To prove that it also holds for m + 1, we replace by  + m in
and use our induction hypothesis as follows.

B.(2,z+m+1) = Bn(2,x+m)+32(2’x+m)+j (n—2)!
i <m> B, 2)+ 2 mi mi—k (m o k> =
= w2, x — . Y
2\ & 2 & = j (n—2—j)!
m+1 | m—1m—k —1—k k n—2—j
+Z<m>3ﬁ><2,x>+’;' (m. )Wg)‘
=1 k—1 k=0 j=1 J— 1 (TL e '])
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E (m + m)n—2
2 (n—2)!
Observe that the last term is the value of the double sum when & = m and j = 0. Also for any two

positive integers ¢ and r, we have the identity

b))

Now by using this identity and appropriate re-indexing of the above sums, we get

m+1 m m—k —2—3

m+1 n! m—k\ (z+k)" >

Bu(2, m+m+1) = Z( X )Bﬁf)@xHQZZ( . )Uz?)'
k=0 k=0 j=0 J 7

Note that this last expression is identical to (2.7 with m replaced by m + 1. Therefore, (2.7 holds

for m + 1 whenever it holds for m. O

2.2 Hypergeometric Hurwitz Zeta Functions of Order 2

Abdulkadir Hassen and Hiew D. Nguyen also considered a generalization of Hurwitz zeta function
called Hypergeometric Hurwitz zeta functions of order N, (n(s, a). They defined (n(s, a) in [16]
and discussed the basic properties including its relation to the hypergeometric Bernoulli polynomials
B, (N, z). Now we give the definition of (x (s, a) for the particular case when N = 2.

Definition 2.7. For a real number a such that 0 < a < 1, the hypergeometric Hurwitz zeta function
of order 2, (5(s, a), is defined by

1 o8 xse(l—a)w
= dz. 2.
G2(s, @) I'(s+1) /0 e —1-z " (28)

For any real number a such that 0 < a < 1, Hassen and Nguyen showed in [I6] for the general case
that the integral in (2.8]) converges absolutely and uniformly in the right half-plane %(s) = ¢ > 1. In

other words, (2(s, a) is analytic in the region R(s) = o > 1.

Note that many of the proofs in [I6] are done for a € R such that 0 < @ < 1. In this section, we
consider different properties of (2(s, a) by making a little change to the parameter a. We reproduce
some of the proofs given in [I6] by noting that it holds for any positive real number, a > 0.

Lemma 2.8. For any real number a > 0, the integral in converges absolutely and uniformly in
every closed subset of the right half-plane R(s) = o > 1.

Proof. Let a > 0 and « be such that 0 < @ < 1 < a + . Then there exist R > 0 such that
e >e® 4+ 14+zgforallz > R. Alsoe®* —1—1xz > ”—22 for x > 0. Then for R(s) = ¢ > 1, we have

1 R oo
Gl ol < o {/0 o+ [ dx}

1 R (1—a)z,.0 00
/ € 5 x d:rJr/ el—a—a)zpo g 4
IT(s+1)[ | Jo x2/2 R

Note that in the last expression, the first integral is finite and the second integral converges because
l—a—-—a<0. O

e(l—z)wxs 6(1_z)m$8

et —1—=x et —1—=x
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Next we establish a series representation for (s(s, a) and its relation to hypergeometric Bernoulli
polynomials of order 2. The proof of Lemma is given in [16]. However, we put the proof here by
noting that the proof holds for any real number a > 0. Also the particular case N = 2 results in a
simpler expression.

Lemma 2.9. Fora >0 and 0 = R(s) > 1, we have

o) = 3 L)

s+17
m=0 (m + a)
where
m
m (S =+ 1)k
pn ) = (k) )
k=0
Proof. Since (1 + x)e™® < 1 for all z > 0, the integrand in (2.8)) can be expressed as
xse(lfa)z _ rSe—aT
e —1—x  1—(l+z)e*
= g Z [(1+ z)eﬂ”}m
m=0

(1 + x)mef(era)w'

I
g(n
M8

0
Using this in (2.8)) and by Lebesgue’s Convergence Theorem, we get

- 1 > S m_ —(mr+a)x
CQ(s,a)ZM/O (1 + x)me” (mTOT gy
m=0

3
]

Now let . -
- __ - 5(1 m _—(m+a)x dr.
(s, a) F(s+1)/0 z*(14+x)"e x
Then we express the binomial term (1 + x)™ as
I4+az)™= Z (m) zk
k=0 \ K

and rewrite (a(s, a) as Co(s, a) =Yo7 fm(s, a), where

(T;) /OO xs+ke—(m+a)x dr.
0

Furthermore, we use the substitution u = (m + @)z and the definition of T'-function to conclude

1 " (m\ T(s+1+4k)
Sl ) F(+1)Z<k>(m+)+

k=0

1 m
b = o) 2

0

1 (m\ T(s+1+k)
 (m+a)t? kZ:;) <k> (m+a)kT(s+1)

. 1 ™ m (S+ 1)k

= (m_’_a)erlkz_;](k) (m+a)k
Um(sva)

(m + )+t
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Analytic Continuation of (,(s, a)

Similar to the classical case, we consider analytic continuation of (5(s, a) to the left half-plane o =

R(s) < 1. For this, we define a function I(s, a) by contour integral as

1 (—w)*tlel=aw gy
I - B e A 2.
2(s, @) 27Ti/c e —1—w w’ (29)

where C'is the contour given in Figure [2.1] below.

Figure 2.1: A key-hole contour C (Alternative type)

We take the circle in the figure to be of small radius 0 < § < 71 so that all zeros of p(w) = e¥ —1—w lie
outside of the contour C. Hence the integral in (2.9) converges for any complex number s. Therefore,
for any real number a > 0, I5(s, a) represents an entire function of s. In terms of the curves C7, Cy

and Cs, we express I2(s,a) as

Is(s, a) = I51(s, a) + Ixa(s, a) + I23(s, a), where

; ( ) 1 /5 e(l—a)me(s+1)[10gx—7ri] dr
s, a) = — —
2 2mi ). et —1—ux z’
1 —w s+16(17a)w dw
O
T Jjw=s €Y —1—-w w

and Irs(s, a) =

1 /oo e(l—a)xe(s+1)[10gac+7ri] dx
§

2mi et —1—=x T

For @ > 0 and R(s) = ¢ > 1, it follows that Is2(s, a) — 0 as 6 — 0. Thus, letting 6 — 0 yields
Iz(s, a) = I»1 (s, a) + Ix3(s, a). Therefore,

dr.

e(s+1)7ri _ e—(s+1)7ri /OO xse(l—a);c

(s, o) = (

e*—1—=x
Moreover, by using (2.8) for the integral in this expression, we get

i 1
(s, a) = T 165, )
Finally, by using the functional equation I'(1 — 2)['(z) =
Ca(s, a) to the left half-plane.
Theorem 2.10. For any real number a > 0 and o = R(s) > 1, the function Is(s, a) defined by is

entire and we have

we obtain (2.10) which extends

T
sin(mz)?

Ca(s, a) =T(—s)Ix(s, a). (2.10)
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Relations between (,(s, a) and B,(2, a)

For integer values s = n, we have Is1(n, a) = —I3(n, a) so that Iy(n, a) = Ixa(n, a). Then, (2.9)

becomes L)
1 o \n— —a)w
Ir(n, a) / w(zw)"" e dw.
|lw|=68

" 2mi e —1—w
Here observe that the integrand has removable singularity at w = 0 when n > 1. Then Cauchy’s
Theorem implies that Iz(n, a) = 0 for all integers n > 1. When n < 1, we use the Residue Theorem

and the generating function of B, (2, a) and get

1 w2e(l=Dv /2 dy
I = 2(-1)"t—
2(n; @) (=1) 27i /|w_5 ev —1—w w2
1 X Bi(2, 1 —a) dw
= 92(—1 n+l_ — ) k
(=1) 27ri/ _ (Z k! w) w2—n
lwl=6 \ =0
_ 2(_1)n+1 Blfn(Q, 1-— (1)

(1 —mn)!
Therefore, by using integer values of s in (2.9)), we obtain

n+1 Blfn(27 1-— a)

Ir(n, a) = 2(-1) d—n)

Replacing n by 1 —n and a by 1 — a, we use this expression of I5(s,a) in (2.10)). Therefore, for any
real number a < 1 and n = 2,3, ---, we have

2(=1)"

Cg(l—n,l—a):m

B,(2, a). (2.11)

Note that extends (2(s, a) analytically to the left half-plane ¢ = R(s) < 1. Next, we show that
the function (a(s, a) is analytic in the whole complex plane except for two simple poles, at s = 0 and
s=1.

Theorem 2.11. The function (2(s, a) is analytic on the entire complex plane except for two simple

poles at s =1 and s = 0 whose residues are

Res (Ca(s, a); s
Res ((2(s, a); s

0)=-2B1(2,1—a), and
1) = —2By(2, 1 — a).

Proof. Clearly, the integers m < 0 are simple poles of I'(s) with residue

Res (T(s); s=m) = ﬂ

Im|!
Then we evaluate the residue at m =0 and m =1 as
Res (Ca(s, a); s=m) = lim (s —m)a(s, a) = lim (s — m)T'(—s)I2(s, a)
S—m S—m
= = +1B1-m(2,1—4a)
= X7 T — X ) g_qymtiZlzmi\® - 7
L2 ms @) = I 2(=) 1—m)!

= —2B1_n(2,1—a), form e {0,1}.
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2.3 Series Representation of Hypergeometric Bernoulli Poly-

nomials of Order 2

The function ¢(z) = e* — 1 — z appears in the generating function of B, (2, a) given in as well
as in the definition of (2(s, a). The roots of this function are basic quantities for the series
representation of (5(s,a) and B, (2, a). Hassen and Nguyen discussed in [14] several concepts related
to the roots of p(z) = ¢ — 1 — z. Now we briefly discuss some known results about the roots of

p(z) = e* — 1 — z and how to use these roots to establish a series representation for B, (2, a).

Now let zp = x5, + iyp = rpel*, for k = 1,2,3,---, be the zeros of p(z) = €* — 1 — z which lie in
the upper half of the complex plane and such that 0 < r < 73 < r3 < ---. As proved in [?], we
have

™ ™
2k + — 2k + —
7'1'-1—4<yk<71'-|-27

for each root zp = zy + iyk of v(z). We reproduce this result by making a little change to the lower
bound of the interval as shown in Lemma [2.12] below.
Lemma 2.12. Let 2z, = xp +iyp = e be zeros of ¢(z) = e* — 1 — z which are located in the upper

half-plane.

i) For each k =1,2,3,---, the imaginary parts yy satisfy the inequality
27rl<:+g<yk < 27rk+g.

Moreover, there is exactly one zero zj, with imaginary part in the stated interval, and there are

no other zeros elsewhere in the complex plane.

ii) Both {x1} and {yi} are increasing sequences. As k — oo, the y;’s grow faster, nearly expo-
nentially while the growth of xy’s is logarithmic. Moreover, the yi’s increase in such a way

that

‘yk+1 — (27T(k +1)+ g)’ < ‘yk - (27r/€ + g)} )

Proof. Suppose z = x + iy is a zero of ¢(z) = ¢* — 1 — z with y > 0. Then the equation ¢* —1—2z =0

is equivalent to the system of two equations

e“cosy=1+ux

e’siny = y.
We have y > 0 and sigy = €¥ > 0 which implies siny > 0 so that y must lie in the interval
2k <y < (2k + 1)m for some k = 1,2,3,---. Also cosy > 0 for otherwise, we get x < —1 so that

y = e®siny < e~ !, which is a contradiction because y > 27 > e~!. Thus, 2k7 < y < (2k + 1/2)7.

Further, from the above system of equations, we get x = —1 4+ y coty and x = log (sigy) so that

—1+4+ycoty — log (siy) =0

Let f(y) = =1+ ycoty — log (Sigy) Then we consider the roots of f(y) which are the yx’s of our

2 = xp + tyg. From elementary calculus, we see that f(y) is strictly decreasing on the interval
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21k <y < 2mk + 5. Then f(y) = 0 for at most one y in this interval. Moreover, we have
f<27rk+g) >0 and f(27rk+g) < 0.

Therefore, f(y) has exactly one root in 27k + Z <y < 27k + J. O

From Lemma [2.12] we get
oY (2k+1/2)7

s
3 " sin Yk V3/2

(6k+1)
Then we use the relation z = log (ﬁ) and the fact that the logarithm is increasing in its domain to
conclude that zp > 0 for each kK = 1,2,3,---. This is true for all the roots in the upper half plane and
the other roots are exactly the Z’s, the complex conjugates. Indeed, zj’s lie in the right half plane
whenever z;’s do.
Also observe that 6, = tan™! (z—i) But the growth of x;’s is logarithmic when compared to the
growth of the yi’s so that £ < £ < % < ... Moreover, the function h(t) = tan—! (t) is strictly

T

increasing to 5. Note that we have @ < sin(yx) < 1 and

yr = sin(yg)e™ .

But from the above Lemma, we have y — 27k + 5 as k — oo so that sin(yx) — 1 as k — oo. Hence,
yr — €% as k — oo. In general, we put the following remark which summarizes approximate locations
of zeros of p(z) =e* — 1 — z.

Remark 2.13. If z;, = xp+iyg is a root of p(z) = e —1—z, then its complex conjugate Zy, = xp —iyx

is also a root of p(z) = e* — 1 — z. We usually list all the roots in pairs as {z, Zi}. Moreover,
o All the zeros zr, = xy +iyx and Zy, = x — iy of p(2) = €* — 1 — z lie inside the right half-plane.

o The arguments 0y of zj are such that 01 < 0y <03 <--- < 3 and eventually grows to the value

6=1.

o As k increases, all the quantities xy, yr and 0y increase. In addition, we have y, < e** and

eventually, yr — €** as k — oo.

Note that we have two roots of ¢(z) = e¢* — 1 — z with minimum modulus. These are z; = z1 +iy; =
rie?t and z; = 1 —iy; = rie” % and the approximate values of 1, y;, r1 and 6; (as calculated by

Mathematica) are given by
xp = 2.0888, y, = T7.4615, 1 =7.7484, 6; = 1.2978. (2.12)

That is, z1 ~ 2.0888 4+ 7.4615 and z; ~ 2.0888 — i 7.4615. Moreover, we list the first few approximate

values of 2z, = x, + iy, = rie* as follows.
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Tg Yk Tk Ok
2.0888 7.4615 7.7484 1.2978
2.6641 13.879 14.132 1.3812
3.0263 20.224 20.449 1.4223
3.2917 26.543 26.747 1.4474
3.5013 32.851 33.037 1.4646
3.6745 39.151 39.323 1.4772
3.8222 45.447 45.608 1.4869

N O Ot R W N =

Also we plot the first few 2;’s as indicated in Figure below.

Figure 2.2: Plots of some roots of p(z) =e* —1—z

Series Representation of (y(s, a) and B, (2, a)

Now we illustrate how we use the roots of ¢(z) = e* — 1 — z to construct a series representation for

¢a(s,a). Consider a semicircular contour Cg given in Figure

Define Ir(s, a) by the contour integral as

1 _\st+1,(1—a)z d
Ir(s, a) / ) e T dz (2.13)
Cr

21 e —1—=z z

Let Cr, be the half circle of radius R, Cr, be the inner key-hole contour and Cr, be the segment of
the imaginary axis from —¢R to ¢R, shifted to the left in order to avoid the keyhole. Then the contour
Cr is the union of Cg,, Cr, and Cr,. We choose R = (2m + 1)m for some positive integer m so that
none of the zeros of ¢(z) = e* — 1 — z lie on the contour Cr. Also we take a small § > 0 so that all
zeros of p(z) lie outside the keyhole. For any zero zx of ¢(z) = e* — 1 — z, there exist R such that
zi lies inside the contour C'g. Note that for any R > 0, only finitely many zj’s lie inside the closed
contour Cg.

Lemma 2.14. Let I5(s, a) and Ig(s, a) be as defined in (2.9) and (2.13), respectively. For any real
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Figure 2.3: Semicircular key-hole contour Cgr

number a > 0 and R(s) = o < 0, we have

lim Ir(s, a) = Ix(s, a).
R—o00

Proof. We express Ir(s, a) as Ig(s, a) = Ig, (s, a) + Ir,(s, a) + Ir,(s, a), where

1 _(_N\sp(l—a)z
IR1<57 a)zi/ L dz,
2mi cr, €~ 1—-=2

1 _(_Z)se(lfa)z
I = J N,
R, (s, a) 57 /CR2 1, ¢z and

1 _(_N\Sp(l—a)z
IR3(57 a) = Tm/ % dz.
Cry (& z

Then for R(s) = o < 0, we claim that I, (s, a) — 0 and Ig,(s, a) — 0 as R — oo. If z is on the

curve Cr,, then z = x + iy = Re for some 6 such that = < 0 < 5. Then assuming R to be large,
we have

R-1 R+1
[l < 142 < el
Then we have |[e* —1 — z| > e® — (R — 1) and hence
Zse(lfa)z Rae(lfa)x 7 Ro’efaRcosG
e#—1—z| " e —(R—1) 1—(R—1)e Reost’
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Thus, for R(s) = o < 0, we obtain

1
21

|IR1(57 (l)| = (W)

e —1—z

/ —(—z)e(i-0)2 z‘ B 1 Ro+1e—aRcosd

Cr, 211 —(R—1)e fcost
Then noting that a > 0, cosf > 0 and o + 1 < 1, we conclude Ig, (s, a) — 0 as R — oc.
Now let z =iy be on Cg,. Then, we have
1-a)z R°
(B—1)]

25l

=R

<
e#—1—z|" |1-

_(_N\Sp(l—a)z
/ i ) M dx
Cry e#—1—2z

Thus, |Igr,(s, a)] = 0 as R — oo because 0 = R(s) < 0.Therefore, since both Ig, (s, a) and Iy, (s, a)

Thus, since R(s) = o < 0, we get

1

1 1
IR, (s, a)] = — < —R'2R) = —R°.
21 2T ™

converge to zero, we conclude that Ir(s, a) = Igr,(s, a) as R — co. On the other hand, when R — oo,

the key-hole Cg, becomes identical to the key-hole contour C' of I5(s, a) given in Figure 4. Therefore,

lim Ig(s, a) = Ix(s, a), for R(s) =0 < 0.

R—o0

O

Theorem 2.15. Let 2z and Zi be the roots of p(z) =e* —1—2z for k=1,2,3,.... Then for any real

number a > 0 and R(s) = o < 0, we have

> e(l—a)zk e(l—a)ik
Ca(s, a) = (—1)51"(—3)2 ( — + —— ) . (2.14)

k=1 2k 2

Proof. For the contour Cr above, only finitely many zi’s lie inside Cg, say z1, 22, ..., 2y and their
(—z)Peima)z

—=—1—— and by the Residue Theorem, we have

respective complex conjugates. Then with F'(z) =

Ir(s, a) = — ZR@S(F(Z); z=2z) 4+ Res(F(2); z=%).
k=1

The residue of F(z) at each zj is calculated as

. _ _ s _(1—a)zr 12 = Rk
Res(F(2); z=2) = —(—z)%™ Zhﬁnzlk pra——
(a)ze 1
e*r — 1

1
et —1 — 2z + 2z
_ (_Zk)s—le(l—a)zk'

= —(—z)%

— _(_Zk)se(l—a)zk

Thus, the function Ir(s, a) is expressed as

M/ o(1—a)z (1—a)z
s e e
(s, ) = (10 Y (o + e )

1—
k=1 2k 2k

Moreover, M — oo when R — oo. Therefore,

> (1—a)zk (1—a)zy
s e e
Ir(s, a) = (_1) Z |: = T —oi=s :|

k=1 2 2

Finally, using this expression of I5(s,a) in (2.10), we obtain the desired result. O
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Corollary 2.16. Let z, = xp + iyp = rre’% be the zeros of p(z) = € — 1 — z that lie in the upper
half-plane. For each positive integer n and any real number a < 1, the hypergeometric Bernoulli

polynomials B,(2, a) are given by

n! <X [esra g2k
Bn(2,a) = — % . 2.15
=53 |+ (2.15)
k=1
Further, the B, (2, a)’s are equivalently expressed as
2. e®k% cos (ypa — nby)
B,(2, a) = —n! . 2.16
)= 3 R 210

k=1

Proof. Since (2.14)) holds for all s such that R(s) = ¢ < 0 and a > 0, we use s = 1 — n for positive
integers n > 1. Then by replacing a by 1 — a in (2.14)) and using the relation between (5(s, a) and
B, (2, a) given in (2.11]), we conclude (2.15]). Moreover, we use the fact that

Therefore, (2.16) follows automatically from ([2.15)). O

Some Inequalities Involving B, (2, a)

Next we establish some inequalities related to the hypergeometric Bernoulli polynomials By, (2,a). If

we put @ = 0 in (2.16)), we get a series expression for hypergeometric Bernoulli numbers B, (2),
= cos (nby,)
B,(2) = —n! —_—. 2.17
(2) n ,}_1 TZ ( )

Hassen and Nguyen established in [T4] an inequality for B, (2), given by

n!
1Ba(2)] < . (2.18)
1
They mentioned that (2.18)) proves Howard’s conjecture [2I] noting that 7 < r;. From the series
(2.16)), observe that e*1* < 1 for a < 0. Hence we conclude that

|Bn(2,a)] <|Bn(2)|, for any real number a <O0.. (2.19)

Also combining ([2.18) and (2.19)), we obtain

|
1Bn(2,a)| < =, for any a < 0.. (2.20)
1
Observe that since (2.16) is derived only for a < 1, we can’t use it for positive real numbers a > 1.
However, we use the general recurrence definition (1.28)) for B, (2,a), a € R.
Theorem 2.17. For every real number a, the polynomials By, (2, a) satisfy
|
1Bn(2, a)| < emlal ™2 (2.21)

n
1
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Proof. Using the definition (1.28) (with N = 2) and ([2.18]), we have

[Bn(2,a)] < | Br.(2)a" "]

n\ k! . n! < (rq|a|)—*
(1) o= 2
(

k=0
S )t
- = k!
_  _rilal n! _
T
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Chapter 3

Zeros of Hypergeometric Bernoulli

Polynomials of Order 2

In this chapter, we present the major results of our study. First, we briefly discuss our results
regarding asymptotic real zeros of the hypergeometric Bernoulli polynomials of order 2, B, (2, x).
Also we use another (alternative) method and describe asymptotic real zeros of the properly re-scaled
polynomials B,,(2, nz). Finally, we extend the second method to complex variables and briefly discuss
the asymptotic complex zeros of B, (2, nz). In both cases, we use the method applied in determining

asymptotic zeros of the classical Bernoulli polynomials by making suitable modifications.

3.1 Asymptotic Real Zeros of Hypergeometric Bernoulli Poly-
nomials of Order 2
In this section, we shall make use of the series ([2.16) to derive an asymptotic formula for the hyperge-

ometric Bernoulli polynomials of order 2, B, (2, a). Moreover, we use the asymptotic representation

and describe several concepts regarding the asymptotic real zeros of B, (2, a).

Theorem 3.1. Let z; = x1 + iy, = r1e'% be the zero of p(z) = €* — 1 — z of minimum modulus and
let Qn = —f—i . For any real number a < 1, B, (2, a) is expressed asymptotically as
1
B, (2
"C(Q’a) =¢e"%cos (y1a —nby) + O (27") . (3.1)
n

Proof. For each k = 1,2,3,..., let 2z = x + iy = rie'% be the roots of o(z) = e* —1—z. Then
from Lemma we have 27k < r; < 67k so that there exist Ay > 1 such that

T = 27T]€)\k
Alsor; <rg <rz<---sothat 1 <A\ < Ay <---< 3. Then we express (2.16|) as

2. e®k% cos (ypa — nby)
B,(2,a) = -n!
( ) kZ:l 2wk )™

B —n! i ek cos (yra — nby)
(27‘(’)\1)" (k)\k/)\l)n

k=1
= % [e
1

xr1a

cos (y1a — nb1) + pp(a)],

where

_ 2. e®+% cos (ypa — nby)
=L T A
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From Lemma we conclude that y, < e** and |e"* — yi| — 0 as k — oo. Since a < 1, e*+% < ek
so that e®*% <y, for sufficiently large values of k. Also since i—’f > 1 and y, < 27wk + 5 < 3wk, there

exist a positive integer M such that

A =1
<y — :
‘pn(a” — Z (k)\k/)\l)n + Z kn_l
k=2 k=M+1

Moreover, we have

oo

1 =1 1 — 1
Z knfl S Z knfl = 2n71 Z (k/Q)nfl
k=2 k=2

k=M+1 =
< ¢ —1) < 2(2) , forall n> 3.
gn—1 on
Therefore, p,(a) = O (27") and this completes the proof. O

Remark 3.2. The asymptotic formula (3.1) enables us to approximate the asymptotic negative real
zeros of By, (2, a) by the zeros of the function f(a) = cos(y1a —nby). That is, when n is sufficiently

large, the real zeros of B, (2, a) are also (approzimately) zeros of cos (y1a — nby).

Clearly, cos (y1a — nb1) has infinitely many real zeros while By (2, a), being a polynomial, has always
a finite number of zeros (what ever large integer n is). Therefore, given a certain large (fixed) positive
integer n, we can not say every zero of cos (y1a — nby) is approximately a zero of By (2, a). However,
given any zero « of cos (y1a — nby), we assume n to be large enough (we can assume n as large as we

wish) so that « is also (approxzimately) a zero of B, (2, a).

Before presenting more results of our study, we would like to explain the meanings of some ambiguous
mathematical terms or statements we may use in this section or through out this chapter. We often use
terms or phrases such as “sufficiently large n”, “asymptotically equal (the same)”, “approximately
equal” | or we may use the approximation symbol “ &~ ” in some expressions. These mathematical

terms or phrases will be used in the following sense.

The functions By, (2, a) and cos (y1a — nf;) are asymptotically the same (or, approximately
equal for sufficiently large n) means: for any ¢ > 0, there exist a real number R > 0 such
that | B, (2, a) — cos (y1a — nb)| < ¢, for all n > R.

When we say “the real (or, complex) zeros of By(2, a) and that of cos (y1a — nby) are approrimately
the same” , it means: if o and § are zeros of B, (2, a) and cos (y1a — nfy), respectively, then |a— 3] < e.
In particular, we may write B, (2, o) &~ 0 when « is approximately a zero of B, (2, a), where the word
“approximately” is in the sense introduced above.

Corollary 3.3. Let n be a sufficiently large positive integer.

(i) For each integer m < 0 (not less than all zeros of B, (2, a)), there are at least two real zeros of

B, (2, a) in the open interval I,, = (m, m+1).

(i) If aR, 0 < a < 1 is a zero of By(2, a), then a, = o — 2;—1]“ is also (approxzimately) a zero of
B,(2, a) for all k =1,2,3,--- (provided that —k is not less than all real zeros of By, (2, a)).

(iii) Bn(2, m) # 0, for all integers m < 0.
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Proof. i). Let b,c € R be such that b < ¢ < 1 and K be the interval K = [b, ¢|]. As a consequence of
Theorem |3.1] we have
B, (2, a)

Qn

Therefore, for sufficiently large positive integers n, the real zeros of B, (2, a) are approximated by the

— 1% cos (y1a — nby)| — 0 uniformly for all a € K, as n — oo.

roots of

cos (y1a — nby) = 0.

But cos (y1a —nb1) = 0 if and only if yya — nby = kr + 7, for some k € Z.

Thus, for large values of n, the real zeros of B, (2, a) are approximately given by
nb; kw T
T
where y; &~ 7.461 and 6; ~ 1.298, as given in (2.12).

keZ,

Let m < 0 be any non-positive integer. Then we fix any (sufficiently large) n and determine the

number of integers k such that

nb; kw T
m<a=—+—+-—<m+1
Y1 Y1 241

Solving this inequality for k, we get

bo(m) < k < by(m) + %

where by, (m) = Lm=nf1

— % But 2 < y—ﬂl < 3 so that we have at least two integers k1 and ko between
the real numbers b, (m) and b, (m)+%-. Therefore, we have at least two real roots of B, (2, a) between

m and m + 1, namely

nb; ki s
ag=—+—+—
Y1 Y1 211
and
nl;  kow T
[

oo 2
ii). By (3.1, the negative real zeros of B, (2, a) are asymptotically the same as zeros of f(a) =
cos (y1a — nby). For cos (y1a — nby), if S is a zero, then so is § — 2;—1'“ because f(a) = cos (y1t — nby)

is a periodic function of period p = 377; For € > 0, since « is a zero of B, (2, a) and n is arbitrarily

large, we have ‘a— 2;—1’“ - (B- 2;—1’“) = |a — B| < e. Therefore, for each k = 1,2,..., a — 2;—1’“ is
(approximately) a zero of B, (2, a).

iii). Assume B, (2, m) = 0 for some integer m < 0. Then by (i), a1 = m — %’ as = m — i—’; and
az = m are consecutive zeros of B, (2, a). But m — ‘;—’f <m-1<m-— i—f < m. Thus, as = m — i—f is

the only zero of B,,(2, a) between m — 1 and m. This is a contradiction to (7). Therefore, no integer
m < 0 can be a zero of B, (2, a). O

Theorem 3.4. For each integer m > 0, let Bﬁm)(Z, a) be the m'" derivative of B, (2, a).

i) For every real number a < 0, the m*" derivative of B,,(2, a), By(,m)(27 a), is expressed asymptot-
ically as
B (2, a)

0 =" % cos (y1a — (n—m)6y) + O (27"). (3.2)
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1) For sufficiently large n, if « is a real zero of By(lm)(Q, a), then

0
a=ay— % for some real zero ag of By (2, a).
1

Proof. For each positive integer m, ([1.30) implies
B (2, a)=n(n—1)---(n—m+1) By_m(2, a).

On the other hand, for any real number a < 1, we use (3.1]) and obtain

Bh-m(2, a)
Qn—m

where Qp—m, = —m—. Note that (2r; ) = - ecause m 1s fixed. Now eliminating
here Q —n=m)!  Note that (2r1)™0(27") = O (2~") b is fixed. Now eliminati
1

Bn—m(2, a) between the two equations, we get

=e"%cos (y1a — (n —m)h) + O (2*(”*’”)) ,

B{™(2, a)

= em1e — (n—m)f1) +2m0 (27).
0 e" *cos (y1a — (n —m)by) +2™0O (27")

To prove (ii), let n be large enough. By (i), the real zeros of B,gm)(Q, a) are approximated by roots of
cos (y1a — (n —m)fy) = 0.

That is, a real number a < 1 is a zero of BY™ (2, a) if

(n—m)6, =wk =
Q= — .
Y1 v 25

But from Corollary oy = "y—(il + g—f + 5,; is a real zero of B, (2, a). Therefore,

nb, wk T mo,
a = —+—4—-—
Y1 y1 o 23 Y1
m01
= aqg— —.
Y1

O

Remark 3.5. Suppose n is sufficiently large and a < 1. By using the derivative formula and
Theorem we determine a relation between asymptotic real zeros of By, (2, a) and that of B,—1(2, a).
That is, if B,—1(2, a) =0, then B, (2, a4+ %) ~ 0. In general, for every positive integer m > 0, we
have

By (2,0) =0 = B,(2,a+ m??) ~ 0.
Next, we illustrate how to determine the positive real zeros of hypergeometric Bernoulli polynomials
of order 2. Note that since the series is derived for real numbers a < 1, every consequence of

this series is valid only for real numbers a < 1.

To determine the real zeros of B, (2, a) in the interval 1 < a < oo, we fix any positive integer m and
consider real zeros of B, (2, a +m) for 0 < a < 1. For this, we first establish an asymptotic formula

for B, (2, a +m), where 0 < a < 1 and m is any positive integer.
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Theorem 3.6. Let a € R be such that 0 < a < 1. For any positive integer m, we have

B, (2, m n
(QcH—m) =" |1+ 21" cos (y1a — nby + mby) + O (27"), (3.3)
where 0] = arg(1 + z1) and @, = —%

Proof. For each positive integer m, we use (2.7 of Theorem and get
m m n m—1
B,(2,a+m) = B,Sk) 2, a)+ a+ k)" 2+ P(m,a),
@atm =3 (7)o (7) Sws ot s rona
where P(m,a) is a polynomial of degree n — 3, given by
RS mf ( 1k> (z + k)n—2
—92_ "
2 & = (n—2—j)!
By using a trigonometric identity for cos (y1a — (n —m)61), (3.2) can be expressed as
B (2, a)
Q@n

Now we take the sum over k, from k =0 to k = m to get

B2 at+m) _ {~(m\ B @a) o3 n
@ - ;(1@) 0. Tzl Toe™)

= €% [cos (y1a — nby) ¥ cos(kfy) — sin (y1a — nby) 5 sin(k6,)] + O (27") .

= e"%cos(y1a —nby) Z( )7’1 cos(kb)

k=0

™ (m
—e"%sin (y1a — nbq) Z ( ) i sin(kf;) + O (27).
i—o \ K
Noting that z; = r1e"1, we have
2 — 2
2i

28+ 2k

¥ cos(kfy) = 5

and  r¥sin(kf;) =

Moreover, from the binomial sum formula we have

i(?) = (1+2)" and Z() =(1+z)"

k=0

Then using these relations in the above expression, we get

Bn(Q,CQG;L‘f' m) — %1% o (y1a7n91) <(1+Zl) ;(1+21) >
—e“1%sin (yr1a — nb) <(1 +2)" 2—2 (1+ Zl)m) +0(27")

= en e {R () R((142)"™) = S () S (14 2)™M )+ O (277
= R (exla (1+21)" ei(yla_"el)) +0 (2_") .
Finally, by letting 8] = arg(1 + 21) we obtain

B, (2, a+m)

0 e" |14 2| cos (yra — nby + mby) + O (277).
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Theorem 3.7. Let m be any positive integer. For a fixed large n, the real zeros of By (2,x) in the
interval I, = (m, m+ 1) are given by
0’ 2n6 k
ale)m+7“+”+”,
() 2y, (1

for appropriate integers k such that m < a < m+1. Moreover, there are exactly two such values of k.

Proof. Let a be any real number such that m < a < m + 1. Then there exists an a,, such that
0 < am < 1anda=a,,+m. Then (3.3 implies
Bn(2, a)
Qn

Thus, for sufficiently large n, real zeros of B, (2, a) are approximated by the roots of

— eT1am |1 + zllmCOS (y1am —nb + m@'l) + O (2_”) .

cos (y1a, — nby +mby) = 0.

That is, Bn(2, a) = B, (2, am +m) = 0if y1a, —nby +mby = 7k + T, where k is an integer. Solving
for a,,, the zeros a = a,, + m are given by
0" 2n0 k
a= <1—1)m—|—n 1+W+L,
Y1 2y Y1
for appropriate integers k such that m < a <m + 1.
Now we need k € Z such that
0, 2nb k
m<@_1yw_nﬁw+ﬂ<m+L
(1 2y1 (7

For this we solve for k to get

mb; — nd 1 mby — nd 1
171_,<k<171_,+&
T 2 us 2 0w
Observe that & lies in an interval of length £-. Since 2 < £ < 3, we conclude that there are two
integers k; and ko, hence two real zeros, a; and ag, of B,(2, a) in the interval I,, = (m, m+ 1).
Indeed, these zeros are given by
< 0] ) 2nb, +m 7wk
am(l-2L)mt ———+ —
Y1 2y (1

and

04 2n6 k12
a2%<1—1>m+n1+ﬂ-+ﬂ-l.
(1 2y1 (0

3.2 Asymptotic Complex Zeros of Hypergeometric Bernoulli
Polynomials of Order 2
In this section, we establish asymptotic formula for B, (2, z) through an alternative method different

from the one we used in the previous section. Then we briefly describe the asymptotic real and complex

zeros of the properly re-scaled hypergeometric Bernoulli polynomials of order 2, B,,(2, nz).
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In Chapter 2, we have seen that several properties of (a(s, a) which are proved for 0 < a < 1 in [I6]
also hold for any real number a > 0. We obtain similar results for the case when a is a complex

number. Now we begin by a series representation of B, (2, z).

Series Representation of B, (2, z)

Let z = a + ib be a complex number such that R(z) = a > 0. The hypergeometric Hurwitz zeta
function of order 2, (2(s, z), is simply defined by replacing a by z in . The following statement is
an extension of Lemma from real to a complex variable and the proof is the same.

Lemma 3.8. Given z = a+ b € C with R(z) = a > 0, the hypergeometric Hurwitz zeta function
Ca(s, 2) converges absolutely in the half-plane R(s) = o > 1. Moreover, the convergence is uniform in

the closed region R(s) =0 > 140, for any § > 0.

Now let z be any complex number such that %(z) > 0. As a consequence of Lemma we conclude
that (a(s, z) represents an analytic function of s in the region R(s) = o > 1. Moreover, we extend
the analytic continuation process discussed in Lemma and Lemma and obtain an extension
of formula to the complex values of a. That is, for z = a + ib € C with R(z) = a > 0, we
have

gy 2D
G(1 ' ?) n(n—1)

Similarly, the series representation established in Theorem [2.15] holds for complex values of a. That

B,(2,1—2z) for integers n > 1. (3.4)

is, for R(s) = o < 0 and z such that R(z) = a > 0, we have

e (1—2)zp (1—2)zg
‘ ). (35)

(s, ) = (DT (S + s
k=1 \ Zk “k
where zj, and z;, are zeros of p(z) = €¢* — 1 — z. For any z € C with £(z) < 1, we combine (3.4)) and

(3.5) and obtain

[ 2Rz Zrz
Bn(2, 2) = —— (e _ 4 > : (3.6)
1 \ “k 2

If z = a + ib with R(z) = a < 0, then R(nz) = na < 0 for any positive integer n. Thus,

B, (2, nz) = — 5

n 21’7/

n! oo eZknz eik nz
- +
k

) for z € C with R(z) < 0.
k=1

Lemma 3.9. Let 2, = x, + iy, = rpe'¥* k = 1,2,--- be the zeros of p(z) = € — 1 — 2. For any
z € C such that R(z) <1 and —1 < $(z) < 1, we have

= e cos (i — nfly)
€”*% cos (ypz — nby
B, (2, z) = —n! E .
pa Tk

Proof. Let z € C with R(z) < 1 and —1 < () < 1. Then with 2, = xy + iy = rge’® and

Zr = o) — iy = rre” % we use (3.6) as follows.

n! <62kz ezkz) nl i - (6zy;‘z N eiykz>
_ - _Z e -
n =N n > n
2 =\ z 2 — 2y Zk
| . .
- € (el(ykz—n9k) + e—l(ykz—TL@k))
2 T
k

k=1
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xkz

cos (yrz — nbg) .

= ,nlz

The Asymptotic Real Zeros of B, (2, na)

We illustrate how the method used by John Mangual in [24] is applicable to the case of the hypergeo-
metric Bernoulli polynomials of order 2, B, (2, na). This is an alternative method to the result about
real zeros that we obtained in Section Indeed, we extend this method to the asymptotic complex
zeros of B, (2, nx).

Lemma 3.10. For any real number a < 0 and a sufficiently large n, B, (2, na) is expressed asymp-

totically as

1 n ein(ylafel) + efin(ylafﬁl) 1
_ 1/2n - .
B, (2, na) [n@ (n <1 + n>)] [ (et —wra)” +0 <r?>} . (3.7)

Proof. Clearly, if a < 0, then na < 0 for any positive integer n. Then by using (3.6) and Theorem

B} we get

[ zZpna Zrna
n. e €
B,(2, na) = -5 { — T — }
—1 L %k %k
n! | ez1na eilna o e?kna eikna
- Ty n >n n
2 k4 4 =k zy
nl ein(ylafel) +efin(y1a791) o 1
o 2 (rie—1a)” )

Then by using Stirling’s estimate for n!, we obtain

B [TLO (n1/2n (1 + %))]n ez‘n(yla—Ql) + e—in(yla—el) 1
(rie=®1a)” 7?

1

=

n zn 1a—01 —in(yr1a—61
— |nO [ nt/? 1—|—l v L ety i +0 .
n (ryet-ma)”

Corollary 3.11. For sufficiently large positive integers n, the negative real zeros of B,(2, na) are

B, (2, na)

en

O

approzimated by the roots of the equation
cos(nyia —nby) = 0.

That is, the negative real zeros ay, of By(2, na) are given by

0, —2k+1)%
o = M, fork=1,2,3,---.
Y1
Proof. For large values of n and a < 0, we have na < 0 so that (3.7) implies that the negative real

zeros of B, (2, na) are approximated by the roots of

ein(ylafel) + efin(ylafﬂ)

(rlellea)n

=0.
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Therefore, the negative real zeros of B, (2, na) are approximately given by the roots of

ei(yla—91) 4 e—i(yla—el) = 0.

Hence cos(nyia — nf1) = 0. Alternatively, note that when a < 0, we have na < 0 for any positive
integer n. Then replacing “a” by “na”, the asymptotic formula (3.1]) becomes
B, (2, na)
Qn

Therefore, the negative real zeros of B, (2, na) are asymptotically given by the roots of of the equation
6-(2kDF

Y1

= "% cos (ny1a —nby) + O (277).

cos (ny1a — nby) = 0. Hence, the negative real zeros ay, of By, (2, na) are given by oy, ~

Remark 3.12. Note that Lemma holds only for a < 0 so that Corollary gives only the
negative real zeros of By (2, na). To determine the asymptotic positive real zeros of By, (2, na), let a
be any real number such that 0 < a < 1. Then na > 0 for any positive real number n and we express
it as

na = {na} + |nal,
where |na] is the greatest integer such that |na| < na and 0 < {na} < 1 is the fractional part.

Moreover, we express By, (2, na) as
Bn(27 na) = Bn(zﬂ {na}) + Bn(27 na) - Bn(2a {na})

Then, to get asymptotic representation for By (2, na), we establish asymptotic representation for both
B, (2, {na}) and B, (2, na) — B, (2, {na}).

Clearly, we have 0 < {na} < 1 so that the series (2.16) holds for B, (2, {na}). Therefore, it remains
to establish an asymptotic formula for B, (2,na) — B, (2, {na}).
Lemma 3.13. Let a be any real number such that 0 < a < 1. For sufficiently large positive integer

m, we have

,_.

B,(2, a+m) — n(a+ k)" (3.8)
k=0

Proof. We use the difference equation (2.4)) repeatedly as follows.

-1
B,(2,a+ 1) — B,(2,a) =nBp_1(2, a) + %a"*

-1
Ba(2,a+2) = Bp(2, a+1) =nBy_1(2, a+ 1)+ %(a 12

-1
B.(2,a+m)—B,(2,a+m—1)=nB,_1(2, a—&—m—l)—i—%(a—i—m—l)
Then adding both sides we get
m—1 (n_ 1)
B, (2, a+m)— ];)an 12, a+ k) + T(CH_k)n—?

The right-hand sum is a polynomial, say P(z). By using definition of B,,_1(2, a+k), we get B, (2, a+
m) — Bp(2, a) = P(x), where

m—1

P(z) = Z nB,-1(2, a + k) +
k=0

nin —1)

5 (a 4 k)n—Q
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Ju
H

m—1 n-— m—

n (”‘v @)(a+ k)19 D N gy

k=0 =0 k=0
Clearly, the leading term of P(z) is the sum consisting of n(a + k)"~!, and it is when j = 0. We
express the term for j = 0 separately and get

m—1

P(z) = Z nla+ k)" 14+ Q(x),

k=0

where
n—

Q(x)=<g> Z(a+k"2+n:jzol j(nl) (2)(a + k)19

Observe that the polynomial Q(x) is of degree n — 2. Also we can express P(z) as

Jj=

m—2
P(z)=nla+m—1)"" 1—|—Zna+k" L Q(a).
k=0

For large values of |z|, the polynomial P(z) is dominated by its leading term. That is, for any € > 0,
there exist R > 0 such that |P(z) — 2" | <, for all || > R. Thus, for large values of m such that
|z| = |a +m — 1] > R, we conclude

m—1
nla+ k)"
k=0

Therefore, since m is assumed to be sufficiently large, we conclude
m—1

B,(2,a+m) — NZnaJrk
k=0

O

Lemma 3.14. Let a be any real number such that 0 < a < 1. For sufficiently large positive integer

n, we have

B, (2, na) — B,(2, {na}) = n" /Oa naz" "t d. (3.9)

Moreover, for 0 < § < 1, the convergence is uniform for all a in the interval [0, 1 —].

Proof. Clearly, we write na = {na} + [na] and 0 < {na} < 1. For a sufficiently large positive integer
n, we replace a by {na} and m by |na] in (3.8)) and get

[na]—1

Bu(2,na) — Bu(2, {na}) ~ Y n({na}+k)""

1

Now we consider the right hand side expression. Let a be any real number such that 0 < a < 1 and
consider the function f(x) = 2"~! on the interval {{T} , a}. The sum on the right-hand side is the
lower sum of f, L(f,P), corresponding to the partition

n

:kaz“wmﬂ}.
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Here Az, = % and the upper sum U(f,P) is the sum from z; = %

Now noting that f(x) is increasing on the interval {{’;—a} , a}, we get

t0 X|na| = a.

()

n

U(FB) = L) = Flotan) ~ fa0) =

Since 0 < @ < 1 and n is large, U(f,P) — L(f,P) — 0 as n — oo. Therefore, the above Riemann
(lower) sum converges and hence it converges to the integral of f from zy = % to T |,e = a. Also

since n is large, we use xg ~ 0 and conclude

lna]—1

Z <{na}n+k)n_li — /Oaf(x) dx as n — oo.

k=0

Therefore, for sufficiently large n (or, when n — o0), we conclude that
B, (2, na) — B,(2, {na}) — n" x / nz"! dz.
0

Moreover, if 0 < § < 1, then for every a in [0, 1 — §], we have

a" "l — ({na})n_l <a" ' <(1-6)""".

n
Therefore, the convergence is uniform in the interval [0, 1 —4]. O

Corollary 3.15. Let a € R be such that 0 < a <1 and n be sufficiently large positive integer. Then

the re-scaled hypergeometric Bernoulli polynomial B, (2, na) is given by
B, (2, na) =~ B,(2, {na}) + n"a™.

Moreover, the asymptotic positive real zeros of B, (2, na) are approximately given by the roots of the
equation

cos (y1na — nby) = 0.

Proof. Clearly, B, (2, na) = Bn(2, {na})+ Bn(2, na) — B,(2, {na}) and we use (3.9) for B, (2, na) —
B, (2, {na}). To prove the second assertion, first we use (2.15) and get

| z1{na} z1{na}
B2, fnah) == [+ w0 ()]

2 4 k24 )

For a sufficiently large positive integer n, Stirling’s estimate and Lemma [3.13] yields

B,(2,na) = Byp(2, {na})+ B,(2,na) — B,(2, {na})

O(pt/2n (141 n z1{na} z1{na} 1

O D))" et et 1)L
2em 27 zr ry
1 n e~ |na] e~ [na|
~ _ O 1/2n 1 - - n .
[n (n + n 2 (zrel—1a)” + 2 (zrel -7y +a

Since ’e_zl L"“J| = |e‘51 L”‘ZJ| = e @1lna) 5 0 as n — oo, we have

1 " 1 1
~ 1/2n - n
Bn(27 na) |:TLO <TL <1 + n>>:| |:2 (Zlellea)n + 2 (21617210’)” +a :| .
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Thus, the real zeros of B, (2, na) are approximated by the roots of

-1 -1

n 3 n " = 0'
2 (el ma)" | 2 (ze-may ¢

Then multiplying 2161_Z1“|n to both sides, we get
—2R (2" H1) + 2 |azlel_21“’n =0.

Further simplification of this expression yields

riet T ¢ — cos (y1na — nby)] = 0.

Thus, we get a™ = cos (y1na —nby). But since 0 < a < 1, we conclude that a™ — 0 as n — oo.

Therefore, for sufficiently large n, we obtain

cos (yyna — nby) ~ 0.

The Asymptotic Complex Zeros of B, (2, nz)

For any z = a + ib € C, we also express B, (2, nz) = B,(2, na + inb) as
B, (2, nz) = B,(2, {na} + inb) + B,(2, na +inb) — B, (2, {na} + ind).

Similar to the previous case, we establish asymptotic formulas for B, (2, {na} +inb) and B, (2, na+
inb) — By (2, {na} + inb) separately and obtain an asymptotic formula for B, (2, na + inb). First we
establish an asymptotic formula for B, (2, {na} + inb).

Recall that the Taylor polynomials of the exponential function e”, T,,(z) = >_}_, %T, appeared in the
asymptotic formulas of the classical Bernoulli polynomials. Now we prove a statement analogous to
Lemma [[.T2 of the classical case.

Lemma 3.16. Let z1 = x1 +iy1 and zZ; = x1 — iy1 be the two roots of ¢(z) = e* — 1 — z with the
minimum modulus r1 = |z1| = |z1|. If z = a + b is any complex number such that 0 < R(z) =a < 1,

then for sufficiently large positive integers n, we have

B (2, {na} + inb) ~ — [n@ (n1/2" (1 + ;))} ' (T" (iz1nb) + T, (ﬁl”b)) . (3.10)

(r1€)

Proof. Since {na} € R and 0 < {na} < 1, we use (2.15)) for B,, (2, {na}) and the addition formula
[2.3)) as follows.

B, (2, {na} + inb) Z ( ) (2, {na}) (inb)"™™

=0

z1{na} zi1{na} 1
RS o)
2 o 0 (n—m)! 4 Z] ah
nf ez1{na} z”: zzlnb 21;{na} n (ii1ﬂb)n7m .\ n (inb)nimo <1
2 = A= (n—m)! = (n—m)! rit
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2 n m

a0 gmte Gy
_ " l 7 T, (Zzlnb) + E T, (ZZlTLb) + v Z mo (T )

m=0

nlex1{na}

n
2rf

) X 1
[el(yl{"‘l}_”el)Tn (iz1nb) + e~ twilnal=n00 (7 np) + T—n(’) (T, (Tlnb))} .
1

Observe that ei(yl{”“}*"elw =1 and e*'{"¢} < ¢®1 for any n. Also we have

1

—T, (rinb) < T, (rinb) = Ty, (|z1| nb) .

1

Thus, when n is sufficiently large, we use Stirling’s estimate and conclude that

B2, {na) ~ — [n(’) <n1/2" <1+ i)ﬂ” (T,L (iz1nb) + T, (izlnb)> .

(rie)”

O

Next, we extend the method we used for the real case and establish an asymptotic formula for
B, (2, na+inb) — B,(2, {na} + inb).
Lemma 3.17. Let z = a + b be any complex number such that 0 < a < 1. For sufficiently large

positive integers n, we have
B,(2, na+inb) — B,(2, {na} +inb) ~ n" /Oa n(zx +ib)" " da. (3.11)
Moreover, B, (2, na+ inb) — B, (2, {na} + inb) is asymptotically expressed as
B, (2, na+inb) — B, (2, {na} + inb) = n"(a + ib)".

Proof. By addition formula (2.3) (with N = 2), we get

B, (2, na+inb) — Bp(2, {na} + inb) = Z (”) (Bm(2, na) — B (2, {na})) (inb)""™.

m=0 m

As shown in the proof of Lemma we see that

|na]—1

Bu(2, na) — Bn(2, {na}) = mn™t 3" (W>ml.

n
k=0

Then noting that B, (2, na) — B, (2, {na}) = 0 when m = 0, we get

B(2, na +inb) — By(2, {na} +inb) = Y Z<n> =1 (W}”f) (i)

m
k=0 m=1 \'" n
[na]—-1 n n { }+k m—1
= pn! Z ( ) m <na ) ()" ™
k=0 m=1 \"" n
B . lnal—1 n—1 (n _ 1)! {na} +k m " o
- " m!(n—l—m)!< n > (ib)
k=0 m=0
|lna]—1 n—1 m
- n 1) <{na}+k> R
k=0 m=0 \ n
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In this last expression, the inner sum is a binomial sum so that
n—1 m n—1
-1 k 1 k
m=0 m n n
Thus, we obtain

|na]—1

B, (2, na+inb) — B,(2, {na} +inb) = n" Z (WJrib)n

k=0 "
[na]—-1 n—1
o Z {nal +k . 1
— mn" Xn 2 <n + Zb E

The right-hand side corresponds to a Riemann (lower) sum of f(z) = (z + ib)"~!, on the interval

{% , a} with respect to the partition

p_{xk_{”“}*’“:

n

k_0,2,~~~,Lnaj}.

(Note that f is complex-valued function of the real variable 2. The lower sum of f over a partition P
of the real interval is in the sense that |f(zx)| treated instead of f(xy)).

Therefore, for sufficiently large n,
B, (2, na+inb) — B,(2, {na} +indb) =~ n" /Oa n(x +ib)" ! da.
Finally, a simple integration yields
B, (2, na+inb) — B,(2, {na} +inb) =~ n"(a+ib)".

O

Theorem 3.18. Let z1 = 1 + iy and zZ; = x1 — iy1 be the two zero of p(z) = e* — 1 — z with the
minimum modulus r = |z1| = |z1|. For sufficiently large values of n, the complex zeros z = a + ib of

B, (2, nz) asymptotically lie on the curve
et 1 J(z)=b>0
rielz| = { () . (3.12)
SN

Moreowver, describes the asymptotic complex zeros of By (2, nz) and it represents the H-like
shaped curve given in Figure below.

Proof. Let z = a + ib be such that 0 < a < 1 and suppose n is sufficiently. Clearly, T,,(z) — e* as

n — oco. By using Dieudonné’s estimate (see [24]), we conclude that

. 1
$#10% yniformly for z in —D

T1

where D = {z € C: |z] < 1}. Then combining (3.11) and (3.10)), we obtain

1 noroizinb izZ1nb
B, (2, na+inb) ~ — [n@ (nl/Zn (1 n n))} {64_6 o

(rie)”

T, (iz1nz) — e

)
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Figure 3.1: The complex zeros of B, (2, nz) (for n = 200)

Thus, the complex zeros of B, (2, nz) are approximately the roots of
et Bt 4 (1 e) = 0. (3.13)
Case 1. 1f 3(z) = b > 0, then €*1™® — 0 as n — oo. Hence (3.13) becomes e?*1"* + (zr1e)" = 0.
Therefore, the zeros z of B, (2, nz) satisfy the equation
rielz| = |ei51b| = el if 3(2) =b > 0.

Case 2. Suppose J(z) = b < 0. Then €1 — 0 as n — oo so that (3.13) reduces to e'*17 + (z211e)" =
0. Thus, the zeros of B,(2, nz) satisfy

rielz| = ’e”lb‘ =e ¥t if Y(z)=b<0.
Finally, we combine Case 1 and Case 2 and obtain (3.12)). O

Observe that (3.12]) describes a curve in the complex plane. Indeed, it is analogous to (1.25) of the
classical Bernoulli polynomials. From the two cases considered in the proof of Theorem [3.18] we

express (3.12) alternatively as
|zz161_izlb‘ =1,ifQ(z)=b<0

and

}zilel_iglb’ =1,if3(z)=b>0.

3.3 Geometry of Curves Related to z; and z;

The Taylor polynomials of the function e*, T, (z), are given by

n Zk
To(z) =) TR
k=0
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The zeros of T,,(z) have an interesting asymptotic behavior. As n — oo, the zeros of T,(z) go to co
since e* has no complex zeros. However, if we rescale by a factor of n, the zeros of T,,(nz) approach

the curve ’zel_z} =1.

Figure 3.2: The complex zeros of T109(100z) along with the curve |zel_z| =1

In Figure the complex zeros of T100(100z) are indicated by ‘dots’ whereas the solid curve is the
graph of |zelfz| = 1. In general, for sufficiently large n, the complex zeros of T}, (nz) are uniformly
distributed around the the curve |261*Z| = 1 with |z] < 1. The curve |261*Z| = 1 was first introduced
by Gabor Szegé6 in 1924.
Definition 3.19 (Standard Szegd Curve). Let ¢(z) = ze'=*. The curve S in the complex plane
defined by

S={zeC: |zelfz| =1and || <1}

1s called Standard Szegé Curve.

In other words, the standard Szeg6 curve S is the set of all points z € C such that
|ze'™*| =1 and |2] < 1. (3.14)

Remark 3.20. By using generating functions, we define the polynomials T, (z) as

0
Zw
e

— = > To(z)w".

=0

Observe that the denominator of the generating function is ¥(w) = 1 — w and the only root of (w)

=2 is a particular case of p(wz) = zwel W% with w = 1.

is w = 1. Moreover, the function ¢(z) = ze
On the other hand, we have p(w) = e¥ —1 —w in the denominator of the generating function of
B, (2, 2) and the z;,’s are the roots of p(z). Also we have ¢(zyz) = zzxe' ~*** as a particular case of
d(wz) = zwel =% with w = 2. Therefore, being motivated by such interesting relations, we consider

1—2zkz

different curves related to ¢(zz) = zze , where the zi’s are the roots of p(w) =e* — 1 —w and

investigate how such curves are related to the asymptotic complex zeros of By (2, nz).

Recall the roots zj, = xp + iy = rre’® and 2, = 2, — iyp = rrpe” % of p(2) = e* — 1 — 2z discussed in
Chapter 2. Although there are infinitely many roots, we used only the roots with minimum modulus,
z1 and z;, for describing the asymptotic zeros of B, (2, z). These two roots of ¢(z) helped us to
determine the curve described by . Moreover, the location of the points z; and Z; in the
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complex plane are related to the upper and lower openings of the H-shaped curve shown in Figure
Therefore, we are interested in studying more about curves related to z; and Zz;.
Definition 3.21 (Szeg6 Curves). Let z; = xy + iyg be the zeros of p(z) = €* — 1 — z with modulus

|zi| = ri. The curves iS in the complex plane defined by the equation
1 1—zpz 1
—S=492€C: |zze' ™| =1 and |2| < —
2k Tk

are called Szegé Curves.

In particular, we consider the Szego curves ?118 and %S. Note that %S is described as the set of
points z € C such that
1
|p(212)] =1 and |z| < —. (3.15)
T

Similarly, ?lIS is given by the equation

1
|p(z12)] =1 and |z| < o (3.16)

The Szegd curves % S and % S are roughly sketched as shown in Figure We define regions G,

and Gz, to be the interior points of the curves 711 S and 2—11 S, respectively. Since ¢(z) = ze! =% is a
conformal map in the unit disk B(0, 1), we see that both ¢ (z12) and ¢ (Z;2) are conformal in the disk
B(0, L.

9 1

Figure 3.3: The Szeg6 curves i S and 2—11 S

Note that (3.15]) is obtained when z is replaced by z1z in (3.14)). Similarly, if z is replaced by z;z in
1) we get 1) Therefore, the curves i S and % S are obtained from the standard Szegd curve
S by a stretch (dilation) with % and rotation by +6;.

Observe that each of the equations (3.14) - (3.16]) consists of two conditions. For instance, (3.15))
consists of the equation |¢ (z12)| = 1 and the restriction |z| < % Clearly, the equation |¢ (z12)] =1

by itself represents an unbounded curve in the complex plane. Let I',, be the unbounded curve

o1
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determined by |¢ (z12)| = 1. That is,

I,,={2€C:|¢(z2)|=1}. (3.17)

zZ1 -

Then LS CT,,. Indeed, iS is the portion of T',, that lies in the closed disk B (0, %) Equivalently,
iS can be described by the equation

|p(z12)] =1 and R(z12) <1 (3.18)

That is, Z—llS is the portion of I',, that lies in the closed half-plane # (z1z) < 1. In other words, l]
and (3.18) define the same curve, the Szegd curve iS.

Note that the curve I',, divides the complex plane into three different open regions. We denote these

regions by G.,, G}, and G, where

z1?

1. G, is the interior of the Szegd curve i& given by
1
G, =492€C:|p(z12)] <land 2] < —». (3.19)
1

2. G+1 is the unbounded region given by

z

1
Gl = {z e€C:l¢p(z12)] <1 and |z| > r}' (3.20)
1

3. G, is the unbounded region given by

G, ={z€C:|p(zn12)] > 1}. (3.21)

For the function ¢ (Z;2), we replace z; by Z; in equations (3.17), (3.19), (3.20) and (3.21)) to define
Iz, Gz, G;—"l and Gz, respectively. Clearly, z; = x1 + iy, lies in the upper half-plane HT while

Z1 = o1 — iy1 is in the lower half-plane H~. Hence 711 € H™ and % € HT. The regions G, G;fl and

G, are shown in Figure below.

Next, we describe some relations between the Szeg6 curves %S and 2—118.
Lemma 3.22. The curves %S and 5—118 intersect each other at exactly two points. Moreover, their

point of intersections are on the real axis.

Proof. The two curves intersect at point z if |¢(212)| = |¢p(Z12)]. But z = x + iy satisfies this equation

if [el=(@tiv(atw) | = |el=(@—w)(@+iv) | From this, we get e¥1¥ = e~%¥ which implies y = 0. O

Observe that the line joining the two common points of Z—llS and %& L., z,, is the real axis. Hence
L., s divides the complex plane into the upper half-plane H* and lower half-plane H~. Indeed, we

express these half-planes as:
HT = {z:|¢(212)] > |6 (212)]}
and

H™ ={z:]¢(z12)] <o (212)}.

Now we define several regions related to %S, %S and L, 3.
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. . . . + —
Figure 3.4: The Szegé regions Gz, G3, and G,

Definition 3.23. Consider the Szego curves % S and % S. We define Szegé regions D,, and Dz, as
]D)Zl = Gzl NH™ and Dgl = Ggl N H+,

where G, and Gz, are the sets of points inside the curves i S and 2—11 S, respectively.

We define a region D1 to be the union of D,, and Dz, . That is,

D, = D,, UDs,.

The Szeg6 curves % S and % S intersect each other at two points, say P and @, which are on the real
axis. The Szego regions D,, and Dz, and the boundary of their union, 0Dy = dD,, U 0Dz, , are shown
in Figure (a) and (b), respectively.

Figure 3.5: The Szegé regions D,, and Dz, and their boundaries

Clearly, both D,, and Dz, are open sets, each exclude the boundary points. For D,, and Dy, , we have

D, ND;, = () and they have a common boundary, namely, the line segment PQ on the real axis. The
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closure of Dy, D; = D, UD;,, represents all points of the colored regions in Figure (a) together
with the boundary points. Indeed, the boundary set 0D includes the outer boundary points and
points of the segment PQ. The boundary of the region D, 8Dy, is the the curve given in Figure
(b). Observe that G,, N B (i , 5) # () for any 6 > 0. Therefore, the set D,, is an open non-empty

subset of the region G,,. Moreover, the regions D,, and D3, can be expressed as

D., ={z € G, : [¢(z12)] < [d(212)[}
and
Dz, ={z € Gz, : |9(212)] <[d(212)]} -
Note that D; € G; = G,, UG, but D; # G; because G; contains the line segment PQ. However,

their closures are equal, that is, D; = G;.

Next, we establish a special property of z; and z; relative to all the other zeros of p(z) =€* — 1 — z.
In fact, this is one of our results which we think is new in our study.

Theorem 3.24. If z, = x), + iyr = e is any zero of ¢(z) = € — 1 — z with y,, > 0 and
|zx| = rk > 1o, then i lies inside the region D,,. More generally, for any z such that |zi| > r1, we
have i eD; =D, UDs3,.

Proof. Let z, = x1, + iy, = rpe'?* be as given in the hypothesis. For each k > 2, we have ’i‘ =
i < % showing that i € B(0, %) This shows that % ¢ GI. Now consider the function
¢ (212) = zz1e2 %1%, If we evaluate |¢ (z12)| at z = 2, then noting that zy > 2, Y. > yo and 1, > 7o

Zk7
for all k > 2, we get

(%)
2k

Then using the values of x1, y1, 71, T2, y2 and 79 given in (2.12)), we get

@1epty1vg) (z122+y1Y2)
Ty 1= ry 1= 3
= —e "k < —e T2 for all k > 2.
Tk 2

(z1w2+y1y2)
L TR e
"2 < 1.

T2
Thus, qb(zli)‘ < 1 and ‘i

Hence, i € D,,. On the other hand, if we assume y;, < 0, then we evaluate |¢ (z12)| at z = i and

get i € Ds,. Therefore, i €Dy =D,, UD;, for each k > 2. O

< % so that i € G,,. Moreover, since y; > 0, we have i e H™.

3.4 Summary of Results and Conclusion of the Study

Analogous to the classical Bernoulli polynomials, the hypergeometric Bernoulli polynomials of order
2, Bn(2, a), possess interesting asymptotic behavior. For any real number a < 0, B,(2, a) and
the respective m!”* derivative Bﬁlm)(Z, a) have asymptotic representations given by and ,
respectively. Consequently, for sufficiently large positive integers n, the negative real zeros of B, (2, a)
are approximately the same as the roots of cos (yia — nf1) = 0, where z; = 1 + iy, = r1e’% is the

zero of p(z) = e* — 1 — z with minimum modulus.

For positive real numbers a > 0, we established an asymptotic representation in (3.3)) which is given
for B, (2, a+m) for any integer m. Then we described the asymptotic positive real zeros of B, (2, a).
These are given in Theorem and Theorem in terms of the root z; of p(z) =e* —1— 2.
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In order to determine the asymptotic complex zeros of B, (2, a), we established asymptotic formulas
for the re-scaled polynomials B, (2, na). We obtained asymptotic representations for the case when
na is real as well as for the complex variable case. These are given an , , and under
respective Lemmas and Corollaries in Section[3.2] For sufficiently large positive integers n, the complex
zeros of By, (2, nz) are illustrated by using a curve in the complex plane. These asymptotic complex

zeros are precisely described by an H-shaped curve whose equation is given by (3.12]) as proved in
Theorem [3.18

The polynomials B, (2, ) and the classical Bernoulli polynomials B,,(x) have many analogous prop-
erties. In particular, their asymptotic real and complex zeros are given by slightly similar H-shaped
curves. We can make several conclusions about analogous results obtained regarding the asymptotic
zeros of By, (z) and those of B, (2, x).

Remark 3.25. For the polynomials B, (x) and B, (2, x), we have:

» In the case of B,(x), we have p1(z) = €* — 1 in the generating function of Bn(z) and
the two roots of e — 1 = 0 with minimum modulus are wy = 27 and —wy; = —27wi. John
Mangual proved that points of the H-shaped curve described by are accumulation points

of the complex zeros of By, (nz) as n — oo.

» Similarly, we have ¢(z) = e* —1—z in the generating function of Bn(2, x) and z1 = x1+iy1

and Zy = x1 — iyy are the roots of e* — 1 — z = 0 with minimum modulus.

Note that (1.25) and (3.13) are similar except that the former involves the roots wi = 2mi and

—wy = —27i of p1(z) = e — 1 while the latter consists of the roots z1 = x1 + iy1 and zZ; = 1 — iy
of p(z) =e* —1—z.

Now consider the roots 21 = x1 + iy; = e’ and 2, = x; —iy; = rie” of p(z) = e* — 1 — 2.
In several asymptotic formulas of B, (2, a) given in Section and Section we used z; and
Z1, especially the imaginary part y; and the argument 6; were the determining quantities in each
asymptotic formula of B, (2, a). In Section we considered the two curves related to the standard
Szegd ¢(z) = ze! 7%, |z| < 1. These are the Szegd curves %S and %S given by

s 1
1—z12 2127 for ‘Z| < .

T1

d(z12) = zz1€ and  ¢(Z12) = zzie' ™

We discussed some interesting properties of these Szego curves and some related regions of the complex
plane. In Theorem we obtained an important result regarding the special properties that z; and
Z1 have as compared to all the other roots z; of p(z) =e* — 1 — z.

Remark 3.26. The two Szegé curves %S and %S (defined by and |3.10) have an interesting
relation to the asymptotic zeros of Bp(2, nz). In our future study, we focus on these two Szegd curves
and try to illustrate that the boundary of the Szegé region Dy = D, UDs, (Figure (b)) is a zero
attractor for B, (2, nz) as n — oo. That is, the boundary points of D1 are accumulation points for

the zeros of B, (2, nz) as n — oo.

This method of studying asymptotic zeros of polynomials is possibly extendable to the hypergeometric

Bernoulli polynomials of arbitrary order, B, (N, x),

2Ne®? /NI > 2"
—— = Bn(N, x)—,
e —Tn_1(2) nz::o (N, ) n!
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where Ty (z) = Z,ICV:O 2—’?

If {zk, zi} are the roots of on(z) = e* — Tn_1(z), then we expect some similar properties for z1 and
Z1 as obtained in Theorem (or, some more zy’s with such a dominating property). We also have
corresponding Szego curves iS and %S as well as related regions in the complex plane analogous to

those discussed in Section[3.3 for the particular case when N = 2.

Some Problems for Future Works

In our future works, we would like to consider more concepts related to the asymptotic representations
and asymptotic real and complex zeros of hypergeometric Bernoulli polynomials of order 2, B, (2, =)

as well as for the general case, B, (N, x).

» We consider hypergeometric Bernoulli polynomials of order N = 3 and establish similar asymp-
totic formulas for B, (3, ). We try to apply the methods discussed in Section and Section
to determine the asymptotic real and complex zeros of B, (3, x). If possible, we extend these
methods to the hypergeometric Bernoulli polynomials of arbitrary order, B, (N, x).

» We consider and go through details of the Szegd curve analysis (the concepts discussed in Section
3.3). We try to use the dominating properties of z; and z; (the properties given in Theorem
to determine the asymptotic real and complex zeros of B, (2, z). Then we extend the
method to the general case for B, (N, x); to determine the asymptotic real and complex zeros

of B, (N, nz) in terms of the dominating zeros of ¢y (z).

» We are interested in studying other concepts related to hypergeometric Bernoulli polynomials;
such as integral representations and integral asymptotics of B, (2, z) as well as for the

general case B, (N, ).
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