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Abstract

Bernoulli polynomials are named after the Swiss mathematician Jacob Bernoulli (1654 -1705). These

are the class of polynomials {Bn(x)} defined by

zexz

ez − 1
=
∞∑
n=0

Bn(x)
zn

n!
for |z| < 2π.

With Bn = Bn(x), the rational numbers Bn are called Bernoulli numbers.

In 1999, A. P. Veselov and J. P. Ward[28] established an asymptotic representation for Bn(x) and

described several properties of real zeros ofBn(x) for large values of n. Later in 2008, John Mangual [24]

considered another method and discussed the asymptotic real and complex zeros of Bn(x). He precisely

explained the asymptotic complex zeros of Bn(nx) by introducing a curve to which the complex zeros

are attracted as n goes to infinity.

In 2008, Abdulkadir Hassen and Hieu D. Nguyen [15] considered a generalization of Bn(x) called

Hypergeometric Bernoulli polynomials of order N , Bn(N, x), defined by

zNexz/N !

ez − TN−1(z)
=
∞∑
n=0

Bn(N, x)
zn

n!
,

where TN (z) =
∑N
k=0

zk

k! . When N = 2, we obtain the class of polynomials {Bn(2, x)} first considered

by F. T. Howard[21] (with another notation).

In this thesis, we introduce some properties of Bn(N , x) which are analogous to that of Bernoulli

polynomials. We establish an asymptotic formula for Bn(2 , x) and determine their asymptotic zeros.

We briefly explain the behavior of the real and complex zeros of Bn(2, x) for sufficiently large positive

integers n. We prove that the complex zeros of Bn(2 , nz) asymptotically lie on a curve whose equation

is given by

r1e|z| =

{
ey1=(z) : =(z) > 0

e−y1=(z) : =(z) < 0
,

where z1 = x1 + iy1 and z̄1 = x1 − iy1 are roots of ϕ(z) = ez − 1 − z of the minimum modulus

r1 = |z1| = |z̄1|.
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z1

S and 1
z̄1

S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
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Introduction

This thesis report consists three chapters. In Chapter 1, we present several preliminary concepts and

major known results about the Bernoulli polynomials Bn(x). We briefly discuss basic properties of

Bn(x), their relation to the Hurwitz’s zeta function ζ(s, x) and about asymptotic zeros of Bn(n). Also

we present some known results about the hypergeometric Bernoulli polynomials of order N, Bn(N, x).

We discuss some of the alternative definitions and basic properties of Bn(N, x) which are analogous

to that of the Bernoulli polynomials Bn(x).

In Chapter 2, we introduce the first few results of our study. These results are about the properties

of Bn(N, x) which are analogous to that of the Bernoulli polynomials Bn(x). These results will

be discussed mainly under Theorem 2.1, Theorem 2.2 and Theorem 2.6. In the remaining part

of Chapter 2, we discuss some important relations between hypergeometric Bernoulli polynomials

Bn(N, x) and hypergeometric Hurwitz zeta functions ζN (s, x). We present some known results about

series representation of ζ2(s, x) and relations between Bn(2, x) and ζ2(s, x). In fact, we made a little

extension of the region on which these known results are valid.

Chapter 3 consists of the major results of our study. These are the asymptotic real and complex

zeros of hypergeometric Bernoulli polynomials of order 2, Bn(2, x). We briefly explain the results

regarding asymptotic real zeros of Bn(2, x) under Theorem 3.1, Corollary 3.3, Theorem 3.4, Theorem

3.6 and Theorem 3.7. For the complex zeros, we establish an asymptotic representation for the re-

scaled hypergeometric Bernoulli polynomials Bn(2, nz) and we present these results under the several

lemmas stated in Section 3.2. Then we prove Theorem 3.18 which provides a special curve (3.12) in

the complex plane to which complex zeros of Bn(2, nz) approach asymptotically as n goes to infinity.

In Section 3.3, we discuss some interesting curves related to the H-shaped curve we obtained in (3.12),

which are called Szegö curves. Then we state and prove our last result under Theorem 3.24 . Finally,

we conclude our study by giving a brief summary of main results and conclusions of the study in

Section 3.4.

ix



Chapter 1

Review of Preliminary Concepts

In this chapter, we briefly discuss some basic concepts about Bernoulli polynomials Bn(x), which we

some times call classical Bernoulli polynomials. We consider alternative definitions and several inter-

esting properties of Bn(x). Then we explain some known results regarding the real and complex zeros

of Bernoulli polynomials. Finally, we briefly discuss some known results about the hypergeometric

Bernoulli polynomials of order N, Bn(N, x). We describe several approaches for defining Bn(N, x)

which are analogous to that of Bn(x).

1.1 Bernoulli Numbers and Polynomials

Bernoulli numbers and Bernoulli polynomials are named after the Swiss mathematician Jacob Bernoulli

(1654-1705). He introduced these numbers and polynomials in his book Ars Conjectandi, published

posthumously (Basel, 1713). The Bernoulli polynomials Bn(x), as appeared in Ars Conjectandi,

are:

Figure (1.1) shows a list of formulas as written on the book “Ars Conjectandi” of Jacob Bernoulli, in

which Bernoulli numbers and Bernoulli polynomials first appeared in print (1713). The symbol “
∫

”,

an elongated S, is used for “summation” and the open “∞” symbol is used for “=”.

In other words, the Bernoulli numbers Bn first appeared a sum over k of the power kn. Indeed, Jacob

Bernoulli himself calculated these sums up to n = 10, hence the Bernoulli numbers B1, B2, · · · , B10.

The first three of the sums given in Figure (1.1), by using modern notations, are:

n∑
k=1

k =
1

2
n2 +

1

2
=

1

2
n(n+ 1),

n∑
k=1

k2 =
1

3
n3 +

1

2
n2 +

1

6
n =

1

6
n(n+ 1)(2n+ 1) ,

n∑
k=1

k3 =
1

4
n4 +

1

2
n3 +

1

4
n2 =

1

4
n2(n+ 1)2.

In terms of Bernoulli numbers Bn and Bernoulli polynomials Bn(x), we will see that each of these

sums is expressed as:
m−1∑
k=1

kn =
1

n+ 1
(Bn+1(m)−Bn+1) .

Moreover, we obtain the general formula,

m−1∑
k=1

(x+ k)n =
1

n+ 1
(Bn+1(x+m)−Bn+1(x)) .

1



Chapter 1 : Review of Preliminary Concepts

Figure 1.1: Bernoulli numbers and polynomials, as written on the book “Ars Conjectandi” (1713).

A Recurrence Formula

The Bernoulli numbers Bn are defined recursively as: B0 = 1, and

n−1∑
k=0

(
n

k

)
Bk = 0 , for n = 2, 3, 4, · · · . (1.1)

The recursive formula (1.1) generates an interesting sequence of rational numbers {Bn}, the sequence

of Bernoulli numbers. The sequence of Bernoulli numbers {Bn} possess several interesting properties.

By using the formula (1.1), we list the first few Bernoulli numbers as:

B1 = −1

2
, B2 =

1

6
, B3 = 0, B4 = − 1

30
, B5 = 0,

B6 =
1

42
, B7 = 0, B8 = − 1

30
, B9 = 0, B10 =

5

66
, · · · .

Observe that the Bn’s with odd indices are vanishing terms. This is one of the properties of Bn

which Bernoulli numbers possess and we discuss several other properties of Bernoulli numbers later.

Jacob Bernoulli considered the sequence {Bn(x)} of Bernoulli polynomials; they can be defined by a

recursive formula, or by

Bn(x) =
n∑
k=0

(
n

k

)
Bkx

n−k, (1.2)

2



Chapter 1 : Review of Preliminary Concepts

where the Bk’s are the Bernoulli numbers given in the recurrence formula (1.1). Indeed, the Bernoulli

numbers Bn are particular values of Bn(x) with x = 0.

Combining the recurrence formulas (1.1) and (1.2), we obtain an explicit formula for Bernoulli poly-

nomials. That is, the polynomials Bn(x) are expressed explicitly as

Bn(x) =
n∑
k=0

1

k + 1

k∑
j=0

(−1)j

(
k

j

)
(x+ j)n.

Generating Functions

Bernoulli polynomials are also defined by a generating function as

zexz

ez − 1
=
∞∑
n=0

Bn(x)
zn

n!
. (1.3)

If we put x = 0 in (1.3), we get the Bernoulli numbers Bn = Bn(0). That is, the Bernoulli numbers

Bn are defined by generating function as

z

ez − 1
=
∞∑
n=0

Bn
zn

n!
. (1.4)

Appell Sequence Definition

We have a third alternative approach towards the definition of Bernoulli polynomials and numbers.

This is an Appell sequence definition of Bn(x), given by

B0(x) = 1 (1.5)

B′n(x) = nBn−1(x) (1.6)∫ 1

0

Bn(x) dx =

{
1 , n = 0

0 , n > 0
(1.7)

Each of the three definitions, that is, the recurrence formula (1.2), the generating function (1.3) and

the Appell sequence (1.5) - (1.7), generate the same sequence of polynomials. This is the sequence

{Bn(x)} of Bernoulli polynomials whose first few terms are:

B0(x) = 1, B1(x) = x− 1

2
, B2(x) = x2 − x+

1

6
,

B3(x) = x3 − 3

2
x2 +

1

2
x, B4(x) = x4 − 2x3 + x2 − 1

30
,

B5(x) = x5 − 5

2
x4 +

5

3
x2 − 1

6
x, · · · .

The need of studying Bernoulli polynomials Bn(x) is because it helps much for further understanding

of the Bernoulli numbers Bn. Indeed, the Bernoulli numbers Bn are constant terms of the Bernoulli

polynomials Bn(x). That is, Bn(0) = Bn for all n ≥ 1.

3



Chapter 1 : Review of Preliminary Concepts

For positive integers n ≥ 2, the Bernoulli numbers Bn are also given by Bn = Bn(1) . To prove this,

observe that

Bn(1) =
n∑
k=0

(
n

k

)
Bk

= Bn +
n−1∑
k=0

(
n

k

)
Bk.

Then by (1.1), we conclude that Bn(1) = Bn = Bn(0) for all n ≥ 2.

The (classical) Bernoulli polynomials and Bernoulli numbers possess many interesting properties.

Among such properties is that B2k+1 = 0 for all k ≥ 1. To prove this, Tom M. Apostol [2] re-

expressed (1.4) as

z

ez − 1
+
z

2
= 1 +

∞∑
n=2

Bn
zn

n!
.

Then the left hand expression represents an even function of z so that all the odd terms in the right

hand series vanish.

Apostol also used generating functions in [2] and proved several properties of Bn(x). Some of the well

known properties of Bernoulli polynomials are:

• Symmetry Property

Bn(1− x) = (−1)nBn(x) for n ≥ 0. (1.8)

• Difference Equation

Bn(x+ 1)−Bn(x) = nxn−1 for n ≥ 1. (1.9)

• Addition Formula

Bn(x+ y) =

n∑
k=0

(
n

k

)
Bk(x)yn−k. (1.10)

• Raabe’s Multiplication Formula

Bn(mx) = mn−1
m−1∑
k=0

Bn

(
x+

k

m

)
, (1.11)

where m and n are integers with n ≥ 0 and m ≥ 1.

Apostol proved the above properties by using different identities. For instance, he proved (1.9) by

using the generating function (1.3) in the identity

ze(x+1)z

ez − 1
− zexz

ez − 1
= zexz.

The properties (1.8) - (1.11) of Bn(x) are used in proving different properties of Bernoulli polynomials

and Bernoulli numbers. Indeed, in each of these properties of Bn(x), we put x = 0 and obtain the

corresponding properties of Bernoulli numbers.

4



Chapter 1 : Review of Preliminary Concepts

For any positive integer m, we replace x by x+ k in (1.9) and take sum over k from k = 1 to k = m

and get
m−1∑
k=1

(x+ k)n =
1

n+ 1
(Bn+1(m+ x)−Bn+1(x)) .

The particular case when x = 0 yields the sum of the powers kn, the modern form of the sums

appeared in “Ars Conjectandi” of Jacob Bernoulli,

m−1∑
k=1

kn =
1

n+ 1
(Bn+1(m)−Bn+1) .

Moreover, with x = a
d , where a and d are integers, we get a formula for sum of nth powers of m

integers in an arithmetic progression, given by

m−1∑
k=0

(a+ dk)n =
dn

n+ 1

(
Bn+1

(
m+

a

d

)
−Bn+1

(a
d

))
.

Each of the properties (1.8) - (1.11) will be used in the determination of asymptotic zeros of Bn(x).

Later in this chapter, we shall illustrate how people used these properties to obtain other interesting

properties of Bn(x), especially the asymptotic behavior of the real and complex zeros of Bn(x).

1.2 Zeta Functions and Bernoulli Polynomials

The Riemann’s Zeta Function ζ(s)

The Riemann’s zeta function, ζ(s), is defined by

ζ(s) =
∞∑
n=1

1

ns
, for <(s) = σ > 1.

We have an interesting relation between the Riemann zeta function ζ(s) and the Bernoulli numbers

Bn. We illustrate this relation as a consequence of Theorem 1.1 below. Indeed, we consider fur-

ther description of the relation later as particular cases of the Hurwitz zeta function and Bernoulli

polynomials.

Theorem 1.1. For each positive integer m and <(s) = σ > 1−m, s 6= 1 , the Riemann zeta function

ζ(s) is given by

ζ(s) =
1

s− 1
+

1

2
+

m∑
k=2

(s)k−1
Bk
k!
− (s)m

m!

∫ ∞
1

Bm(x− [x])x−s−m dx,

where (s)m = s(s− 1)(s− 2) · · · (s−m+ 1).

In fact, Theorem 1.1 gives an analytic continuation of the Riemann zeta function ζ(s) to the half-plane

<(s) = σ > 1 −m for each positive integer m, except for a simple pole at s = 1. It also enables us

to find some special values of ζ(s). For instance, we easily obtain ζ(0) = − 1
2 . More generally, we give

relations between Bernoulli numbers and ζ(s) by taking the negative integer values s = −n. That

is,

ζ(−n) =
−1

n+ 1
+

1

2
−
n+1∑
k=2

Bk
k!
n(n− 1) · · · (n− k + 2).

5



Chapter 1 : Review of Preliminary Concepts

Also a further simplification yields

(n+ 1)ζ(−n) = −
n+1∑
k=0

(
n+ 1

k

)
Bk.

Finally, we use the definition (1.1) of Bernoulli numbers and obtain

ζ(−n) = −Bn+1

n+ 1
.

Since B2k+1 = 0 for all k ≥ 1, we conclude that ζ(−2k) = 0 for k ≥ 1. This confirms the fact that all

negative even integers are zeros of the Riemann zeta function.

The Hurwitz Zeta Function ζ(s, a)

For a ∈ R such that 0 < a ≤ 1, the Hurwitz zeta function ζ(s, a) is defined by

ζ(s, a) =
∞∑
n=0

1

(n+ a)s
, for <(s) = σ > 1. (1.12)

The particular case when a = 1 reduces (1.12) to the Riemann zeta function

ζ(s, 1) = ζ(s) =
∞∑
n=1

1

ns
.

Note that for a = 1 and n ≥ 2, the Bernoulli polynomial Bn(a) reduces to the Bernoulli number Bn,

that is, Bn(1) = Bn. Therefore, we relate the Hurwitz zeta function ζ(s, a) to Bernoulli polynomi-

als.

For any δ > 0 and <(s) = σ > 1, we have

∞∑
n=1

∣∣(n+ a)−s
∣∣ =

∞∑
n=1

(n+ a)−σ ≤
∞∑
n=1

(n+ a)−(1+δ).

Therefore, the series (1.12) converges absolutely and uniformly in every closed half plane inside the

region <(s) = σ > 1. Hence, the Hurwitz zeta function ζ(s, a) is an analytic function of s in the

region <(s) = σ > 1. Moreover, for any a ∈ R such that 0 < a ≤ 1 and <(s) = σ > 1, we have an

integral representation for ζ(s, a), given by

ζ(s, a) =
1

Γ(s)

∫ ∞
0

xs−1e−ax

1− e−x
dx, (1.13)

where Γ(s) is the Γ-function, Γ(s) =
∫∞

0
xs−1e−x dx.

Indeed, (1.13) is obtained by multiplying Γ(s) to (1.12) and using the fact that ζ(s, a) is analytic

inside the half-plane <(s) = σ > 1.

Remark 1.2. Many authors considered the definition of ζ(s, a) for a real number a, 0 < a ≤ 1.

However, we observed that the series (1.12) converges absolutely and uniformly in the region <(s) =

σ > 1, for any real number a > 0. Therefore, given any real number a > 0, the function ζ(s, a) is

analytic in the half plane <(s) = σ > 1.

6



Chapter 1 : Review of Preliminary Concepts

Analytic Continuation of ζ(s, a)

For analytic continuation of the Hurwitz’s zeta function ζ(s, a) to the left half-plane <(s) = σ < 1,

we consider another representation of ζ(s, a). Consider the contour C, where C is the union of the

curves C1, C2 and C3, as given in Figure 1.2 below.

Figure 1.2: The key-hole contour C

Define I(s, a) by a contour integral over C, as

I(s, a) =
1

2πi

∫
C

zs−1eaz

1− ez
dz. (1.14)

Then ζ(s, a) is expressed in terms of I(s, a) as given in Theorem 1.3 below.

Theorem 1.3. If a ∈ R, a > 0, then the function I(s, a) defined in (1.14) is an entire function of s.

Moreover, if <(s) = σ > 1, then we have

ζ(s, a) = Γ(1− s)I(s, a). (1.15)

The proof of Theorem 1.3 appears in several books of analytic number theory. We may refer to the

book by Tom M. Apostol [1].

Remark 1.4. The expression (1.15) extends the analyticity of ζ(s, a) to the left half plane <(s) =

σ < 1. Clearly, I(s, a) is entire and Γ(1 − s) is analytic in C \ {1, 2, 3, · · · }. Thus, (1.15) implies

that ζ(s, a) is analytic in the left half plane <(s) = σ < 1. Thus, by combining (1.12) and (1.15),

we conclude that ζ(s, a) is analytic in the whole complex plane except for a simple pole at s = 1 with

residue 1.

Fourier Series Representation of ζ(s, a)

Now we discuss a Fourier series representation of the Hurwitz zeta function ζ(s, a). We state Hur-

witz’s Formula in which we extend the value of the parameter a to be any positive real number. Also

we reproduce the proof here since we may use some concepts in the proof later for the case of Bernoulli

polynomials.

Theorem 1.5 (Hurwitz’s Formula). If a ∈ R, a > 0 and s ∈ C such that <(s) = σ > 1, then we have

ζ(1− s , a) =
Γ(s)

(2πi)s

∑
|k|≥1

e2πika

ks
. (1.16)

7
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Proof. Let IN (s, a) be defined by a contour integral as

IN (s, a) =
1

2πi

∫
C(N)

zs−1eaz

1− ez
dz,

where C(N) is the annulus given in Figure 1.3 below.

Figure 1.3: The contour (annulus) C(N)

Then we get limN→∞ IN (s, a) = I(s, a), where I(s, a) is as given in (1.14). On the other hand,

we evaluate IN (1 − s, a) explicitly by using residue calculus. Clearly the poles of the integrand are

z = 2πik for all k = 0,±1,±2, · · · among which only k = ±1,±2, · · · ,±N lie inside C(N). Thus by

the residue theorem we have

IN (1− s, a) =
1

2πi

∫
C(N)

z−seaz

1− ez
dz

= −
∑

0<|k|≤N

Res

(
z−seaz

1− ez
; z = 2πik

)
.

Then by calculating residues at z = 2πik and letting N →∞, we obtain

I(1− s, a) =
∑
|k|≥1

e2πika

(2πik)s
.

Finally, we use this expression of I(1− s, a) in (1.15) and complete the proof.

Note that the Hurwitz formula gives a series representation of the function ζ(1 − s, a) in the region

<(s) = σ > 1. If we replace 1− s by s in (1.16), it becomes

ζ(s , a) =
Γ(1− s)
(2πi)1−s

∑
|k|≥1

e2πika

k1−s for <(s) = σ < 0.

Moreover, by using an appropriate trigonometric identity, we obtain

ζ(s, a) =
2Γ(1− s)
(2π)1−s

∞∑
k=1

sin
(
2πka+ πs

2

)
k1−s , for <(s) = σ < 0. (1.17)

8
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Relations between ζ(s, a) and Bn(x)

To determine the relationship between the Hurwitz’s zeta function ζ(s , a) and Bernoulli polynomials

Bn(x), we use negative integer values s = −n in ζ(s , a). For a positive integer n, put s = −n so that

Γ(1− s) = Γ(1 + n) = n!. Then (1.15) becomes

ζ(−n, a) = n! I(−n, a).

Now applying the Residue Theorem to the contour integral (1.14) of I(s, a), we get

I(−n, a) = Res(
z−n−1eaz

1− ez
; z = 0).

To calculate this residue, we use the series in (1.3) for Bn(a). Then we obtain an important relation

between ζ(s, a) and Bn(a), given by

ζ(−n+ 1 , a) = − Bn(a)

n
, for n > 1 , a > 0. (1.18)

Now combining (1.16) (with s = n, n > 1) and (1.18), we get a Fourier series representation for

Bernoulli polynomials. Therefore, for any real number a > 0 and positive integers n > 1, the Bernoulli

polynomials Bn(a) are given by

Bn(a) = − n!

(2πi)n

∑
|k|≥1

e2πika

kn
. (1.19)

Moreover, by taking the term (i)−n in to the series, we express (1.19) as

Bn(a) =
−2n!

(2π)n

∞∑
k=1

cos
(
2πka− πn

2

)
kn

. (1.20)

Further, a simple trigonometric identity yields

B2n(a) = (−1)n+1 2(2n)!

(2π)2n

∞∑
k=1

cos (2πka)

k2n

and

B2n+1(a) = (−1)n+1 2(2n+ 1)!

(2π)2n+1

∞∑
k=1

sin (2πka)

k2n+1
.

Since Bn(1) = Bn for all n ≥ 2, we put a = 1 and get a formula relating Bernoulli numbers Bn and

Riemann’s zeta ζ(s). That is,

B2n = (−1)n+1 2(2n)!

(2π)2n
ζ(2n).

1.3 Asymptotic Zeros of Bernoulli Polynomials

By the word ”asymptotic zeros”, we mean zeros of Bn(x) for sufficiently large positive integers n. The

need to study asymptotic zeros is because zeros of Bn(x) possess an interesting behavior when n tends

to infinity. In 1999, A. P. Veselov and J. P. Ward[28] established an asymptotic representation for

9



Chapter 1 : Review of Preliminary Concepts

Bn(x) inside large intervals of the real line. They described several properties of real zeros of Bn(x)

for large values of n. Later in 2008, John Mangual [24] considered another method and discussed

asymptotic real and complex zeros of Bernoulli polynomials. He precisely explained the asymptotic

complex zeros of Bn(nx) by introducing an H-shaped curve to which the complex zeros are attracted

as n goes to infinity.

In this section, we discuss some known results about asymptotic zeros of Bernoulli polynomials. We

carefully review the method used by Veselov and Ward[28] as well as that of John Mangual [24] because

we apply it later to determine the asymptotic zeros of hypergeometric Bernoulli polynomials of order

2.

The Asymptotic Real Zeros of Bn(x)

Now we re-express the Fourier series (1.20) of Bn(x) as

Bn(a) =
−2n!

(2π)n

[
cos
(

2πka− πn

2

)
+
∞∑
k=2

cos
(
2πka− πn

2

)
kn

]
.

If we let Qn = −2n!
(2π)n , then we obtain

Bn(a)

Qn
= cos

(
2πa− πn

2

)
+Rn(a),

where Rn(a) =
∑∞
k=2

cos(2πka−πn2 )
kn . Clearly, Rn(a) → 0 uniformly as n → ∞. Therefore, for suffi-

ciently large n, we have Rn(a) ≈ 0 so that

Bn(a)

Qn
≈ cos

(
2πa− πn

2

)
.

By using the asymptotic notation ’little o’, we write Rn(a) = ◦(1) as n→∞ so that

Bn(a)

Qn
= cos

(
2πa− πn

2

)
+ ◦(1) as n→∞. (1.21)

The asymptotic formula (1.24) is very important for describing asymptotic zeros of Bernoulli polyno-

mials. Similar results were obtained in [8]. We use these results and discuss asymptotic real zeros of

Bernoulli polynomials.

Veselov and Ward [28] used (1.24) and described the asymptotic behavior of real zeros of Bn(a).

Indeed, the asymptotic formula (1.24) is derived for 0 < a ≤ 1. However, they extended it to large

values of a by using the relation between Bn(a) and ζ(s, a). In particular, for 0 < a ≤ 1 and any

integer m > 1, they used the functional equation

ζ(s, a) = ζ(s, m+ a) +
m−1∑
k=0

(k + a)−s.

Their conclusion is that (1.24) holds for all a such that 0 < a < n
2πe which is obtained as the

consequence of the following theorem.

10
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Figure 1.4: Graphs of cos a and sin a as compared to Bn(a) (n = 26, n = 27)

Theorem 1.6. Let n be any positive integer and 0 < a < αn where α < 1
2πe . Then the Hurwitz zeta

function satisfies the inequality∣∣∣∣ζ(−n, a)

Qn
− sin(2πa− 1

2
πn)

∣∣∣∣ < C1n
− 1

2 (2πeα)
n

+ C22−n,

where Qn = 2 Γ(1+n)
(2π)1+n , C1 and C2 are constants which are independent of n. In particular, for 0 < a <

n
2πe , we have the asymptotic behavior

ζ(−n, a)

Q(−n)
= sin(2πa− 1

2
πn) + o(1) when n→∞.

Theorem 1.7. For any constant c > 1
4πe there exists m0 (depending on c ) such that

ζ(−m, a) < 0,

for any m > m0 and a > m
2πe + c logm.

From Theorem 1.7, we conclude that ζ(−n, a) 6= 0 for all n larger than some fixed positive integer

m0 and a > n
2πe + c log n. Then by using the relation between ζ(−n, a) and Bn(a) given in (1.18),

we determine a certain large interval of the real line outside of which Bn(a) do not vanish. This in

turn helps to determine the largest possible root A(n) of Bn(a). In general, the following theorem

summarizes the major results obtained in [28]. For x ∈ R, we use the notation bxc to represent the

largest integer less than or equal to x.

Theorem 1.8. Let N(n) be the number of real roots of Bn(a)and let A(n) be the largest root. Let α

be any constant such that α > 1. For n sufficiently large,

n

2πe
− 1

2
< A(n) <

n

2πe
+

α

4πe
log n. (1.22)

11
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and

1 + 4bn− 2

4πe
c < N(n) <

2n

πe
+ α log n. (1.23)

The roots of Bn(a) in the interval −bn−2
2πe c < a < 1 + bn−2

2πe c are simple and close to the half-integer

lattices

a = 0, ±1

2
, ±1, ±3

2
, ±2, ±5

2
, · · · if n is odd

and

a = ±1

4
, ±3

4
, ±5

4
, ±7

4
, · · · if n is even.

In Theorem 1.8, the authors [28] described several properties of asymptotic real zeros of Bn(a). For

a Bernoulli polynomial Bn(a) of large degree n, they approximated the maximum number of its real

zeros N(n), and the largest possible real zero A(n). For sufficiently large positive integers n, the real

zeros of Bn(a) are close enough to roots of either

cos
(

2πa− πn

2

)
= 0

or

sin
(

2πa− πn

2

)
= 0.

It is by this asymptotic relation to trigonometric functions that Veselov and Ward [28] illustrated

many asymptotic behaviors of the real zeros of Bernoulli polynomials. Clearly, cos(2πa− 1
2πn) = 0 if

and only if 2πa− 1
2πn = (2k+1)π

2 . Therefore, the roots of Bn(a) are asymptotically approximated to

be

a =
m+ 1

4
+
k

2
,

where m and k are integers. If n is odd, then a = m
2 + k

2 = m+k
2 . Hence the asymptotic real zeros of

Bn(a) are near the half-integers a = m+k
2 . Similarly, if n is even, then a = q

4 + k
2 = q+2k

4 where q is

an odd integer.

Alternative Approach to Asymptotic Real Zeros of Bn(a)

John Mangual [24] considered asymptotic zeros of the re-scaled Bernoulli polynomials Bn(na). He

also used the Fourier series representation (1.19) to investigate asymptotic real zeros of Bn(a) but

the method is quite different. It is another method for how to extend the asymptotic formula (1.24)

to larger values of a. Now we discuss this method and how the asymptotic real zeros are deter-

mined.

Any real number a > 0 can be expressed as a = bac+ {a}, where bac is an integer and 0 ≤ {a} < 1 is

the fractional part. Moreover, Bn(na) is expressed as

Bn(na) = Bn({na}) +Bn(na)−Bn({na}).

Then to get asymptotic representation for Bn(na), it suffices to establish asymptotic representations

for Bn({na}) and Bn(na)−Bn({na}) separately. Clearly, an asymptotic representation for Bn({na})
is easily obtained from (1.19). That is, for sufficiently large n, we obtain

Bn ({na})
Qn

≈ e2πina ± e−2πina,

12
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where Qn = −2n!
(2π)n . Mangual also used Stirling’s formula for n! and expressed Qn as

Qn = −2
( n

2πe

)n√
2πn

(
1 +O

(
1

n

))
.

Lemma 1.9. Let a be a positive real number such that 0 ≤ a < 1
2πe . As n approaches infinity,

Bn(ma)−Bn({ma}) approaches nmn−1

∫ a

0

mxn−1 dx.

This convergence is uniform in the interval [0 , ε], for 0 < ε < 1
2πe .

We refer to the paper by Mangual [24] for a proof of Lemma 1.9. By replacing m by n, we obtain the

important conclusion

Bn(na)−Bn({na}) −→ nnan as n→∞.

Moreover, we express this in an appropriate way as

Bn(na)−Bn({na})
Qn

−→ (2πea)n√
2πn

as n→∞.

Combining asymptotic representations of Bn({na}) and Bn(na)−Bn({na}) yields

Bn (na)

Qn
−→ e2πina ± e−2πina +

(2πea)n√
2πn

as n→∞.

Since 0 ≤ a < 1
2πe , it follows that (2πea)n√

2πn
→ 0 as n→∞. Thus, for sufficiently large values of n, we

have
Bn (na)

Qn
≈ e2πina ± e−2πina.

Therefore, the asymptotic real zeros of Bn(na) are approximated by the roots of

e2πina ± e−2πina = 0.

Indeed, the asymptotic real zeros of Bn(na) are the roots of e2πina + e−2πina = 0 if n is even and the

roots of e2πina − e−2πina = 0 if n is odd.

Remark 1.10. If we replace a by na in the result obtained by the previous method, then the real zeros

of Bn(na) are asymptotically given by the roots of cos
(
2πna− πn

2

)
= 0 or sin

(
2πna− πn

2

)
= 0. This

is equivalently expressed as

e2πina−iπn2 ± e−2πina+iπn2 = 0.

Moreover, considering cases when n is even or odd, we obtain the asymptotic real zeros of Bn(na) are

approximately the roots of e2πina ± e−2πina = 0. Therefore, the method used by Veselov and Ward in

[28] and that John Mangual used in [24] yield the same results regarding the asymptotic real zeros of

Bn(na).

Asymptotic Complex Zeros of Bn(z)

For complex zeros of Bn(z), Mangual [24] also considered properly re-scaled polynomials Bn(nz)

when n is sufficiently large. He investigated the location of asymptotic complex zeros of Bn(nz) in the

complex plane by a curve to which these zeros approach when the values of n goes to infinity.

13
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Bn(a)

Qn
= cos

(
2πa− πn

2

)
+ ◦(1) as n→∞. (1.24)

So we have some relation between the zeros of Bn(a) and that of cos
(
2πa− πn

2

)
when n is sufficiently

large. Let cn(z) and sn(z) represent the nth Taylor polynomials of the cosine an sine functions,

respectively. That is,

cn(z) =
n∑
k=0

(−1)k
z2k

(2k)!
and sn(z) =

n∑
k=0

(−1)k
z2k+1

(2k + 1)!
.

For large n, the complex zeros of Bn(nz) are related to the zeros of either of the polynomials of cn(nz)

or sn(nz). In Figure 1.5, zeros of c60(60z) are indicated by ‘×’. The solid curve indicated in the figure

is |φ(wz)| = 1, where φ(wz) = zwe1−wz for w = ±2πi. We will explain about this curve later in

Chapter 3, Section 3.3.

Figure 1.5: Zeros of the nth Taylor polynomial of the cosine function, for n = 60

For a complex number z = a+ ib, we use addition formula (1.10) and express Bn(z) as

Bn(z) = Bn(a+ ib) =
n∑
k=0

(
n

k

)
Bk(a)(ib)n−k.

This formula will be used for extending the method used for the real case above to the case of

complex variables. The following lemma is the complex version of Lemma 1.9 and its proof is given

in [24].

14
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Lemma 1.11. As n approaches infinity,

Bn(na+ inb)−Bn({na}+ inb) approaches nn
∫ a

0

n(x+ ib)n−1 dx.

From Lemma 1.11, we conclude that for sufficiently large positive integers n, we obtain the approxi-

mation

Bn(na+ inb)−Bn({na}+ inb) ≈ nn ((a+ ib)n − (ib)n) .

Therefore, the asymptotic zeros of Bn(na+ inb)− Bn({na}+ inb) are approximated by the zeros of

(a+ ib)n − (ib)n.

Lemma 1.12. As n approaches infinity,

Bn({na}+ inb) approaches
−
(
nO

{
n

1
2n (1 + 1

n )
})n

(2πie)n
(Tn(2πnb) + Tn(−2πnb)) ,

where Tn(x) =
∑n
k=0

xk

k! .

Proof. We use (1.10) and (1.19) for Bn({nx}) as:

Bn({nx}+ iny) =
n∑

m=0

(
n

k

)
Bm({nx})(iny)n−m

=

n∑
m=0

n!(iny)n−m

m!(n−m)!
.
(−m!)

(2πi)m

∞∑
|k|≥1

e2πiknx

km
.

Then multiplying both numerator and denominator in the first summation by (2πi)n−m and writing

the second sum for k = −1 and k = 1 explicitly, we have

Bn({nx}+ iny) =
−n!

(2πi)n

n∑
m=0

(−2πny)n−m

(n−m)!

(
e2πinx + (−1)me−2πinx +O

(
1

2m

))

=
−n!

(2πi)n

{
e2πinx

n∑
m=0

(−2πny)n−m

(n−m)!
+ (−1)ne−2πinx

n∑
m=0

(2πny)n−m

(n−m)!
+

n∑
m=0

(−2πny)n−m

(n−m)!
O
(

1

2m

)}

=
−n!

(2πi)n

{
Tn(2πny) + Tn(−2πny) +

1

2n
O (Tn(±4πny))

}
.

Observe that
∣∣e2πinx

∣∣ = 1 and

1

2n
Tn(4πn|y|) =

1

2n

n∑
k=0

(4πn|y|)k

k!
<

n∑
k=0

(2πn|y|)k

k!
= Tn(2πn|y|).

Since 1
2nO (Tn(±4πny))→ 0, we apply Stirling’s formula.

Theorem 1.13. As n approaches infinity, the complex zeros of Bn(nz) approach the H-shaped curve

whose equation is given by

2πe|z| =

{
e2π=(z) : =(z) > 0

e−2π=(z) : =(z) < 0
. (1.25)

Proof. For sufficiently large n, we need to have

Tn(2πinz) −→ e2πinz uniformly in the disk
1

2π
D,
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where D = {z ∈ C : |z| < 1}. For this we use Dieudonné’s Estimate

n!(enz − Tn(nz)) =
zn

1− z
(1 + λn(z)),

where λn(z)→ 0 as n→∞, uniformly in 1
2πD. This enables us to conclude that

Tn(±2πnb)→ e±2πnb as n→∞.

Therefore, for sufficiently large positive integers n, Lemma 1.12 implies

Bn({na}+ inb) ≈ −
[
nO

(
n

1
2n

(
1 +

1

n

))]n(
e2πnb + e−2πnb

(2πie)n

)
.

On the other hand, for sufficiently large n, Lemma 1.11 implies

Bn(na+ inb)−Bn({na}+ inb) ≈ nn ((a+ ib)n − (ib)n)

= nn(a+ ib)n
(

1−
(

ib

a+ ib

)n)
.

Thus, noting that Bn(na+ inb) = Bn({na}+ inb) +Bn(na+ inb)−Bn({na}+ inb), we use b = =(z)

and obtain the approximation

Bn(nz) ≈ −
[
nO

(
n

1
2n

(
1 +

1

n

))]n(
e2πn=(z) + e−2πn=(z)

(2πie)n

)
+ nnzn

(
1−

(
i=(z)

z

)n)
.

Hence the complex zeros of Bn(nz) are asymptotically the same as the roots of

e2πn=(z) + e−2πn=(z)

(2πie)n
+ zn = 0.

Therefore, the asymptotic complex zeros of Bn(nz) are approximately the roots of

e2πn=(z) + e−2πn=(z) + (2πiez)n = 0.

If =(z) = b > 0, then e−2πnb → 0 as n → ∞. Hence, (2πiez)n = −e2πnb so that we get (2πe|z|)n =

e2πnb. Thus, 2πe|z| = e2πb. Similarly, if =(z) = b < 0, we get 2πe|z| = e−2πb. Thus, the zeros of

Bn(nz) are asymptotically the roots of the equation

2πe|z| =

{
e2πb : b > 0

e−2πb : b < 0
.

Remark 1.14. The curve in the complex plane whose equation is given by (1.25) is the H-shaped

curve given in Figure 1.6 below. That is, for sufficiently large positive integers n, the complex zeros

of Bn(nz) approximately lie on the curve

2πe|z| =

{
e2π=(z) : =(z) > 0

e−2π=(z) : =(z) < 0
.
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Figure 1.6: The roots of B100(z) = 0 via Mathematica

1.4 Hypergeometric Bernoulli Polynomials of Order N

From the generating function definition of Bernoulli polynomials, several generalizations were made

by different authors. Among these are the polynomials called Generalized Bernoulli Polynomials of

order µ, Bµn(x), given by

zµexz

(ez − 1)
µ =

∞∑
n=0

Bµn(x)
zn

n!
.

Another generalization of Bernoulli polynomials is the polynomials {An(x)} introduced by F. T.

Howard [19], given by

z2exz/2

ez − 1− z
=
∞∑
n=0

An(x)
zn

n!
.

Several authors considered similar generalizations of Bernoulli polynomials. We may refer to the papers

[20], [9], [15] and [10] for some other related concepts to generalization of Bernoulli polynomials.

In this thesis, we focus on the generalization made by Abdulkadir Hassen and Hieu D. Nguyen in

[15], the class of Bernoulli polynomials of higher order called Hypergeometric Bernoulli polynomials

of order N.

Definition 1.15. For any integer N ≥ 1, hypergeometric Bernoulli polynomials of order N , Bn(N, x)

are defined as:

zNexz/N !

ez − TN−1(z)
=
∞∑
n=0

Bn(N, x)
zn

n!
, (1.26)

where Tm(z) = 1 + z + z2

2! + ...+ zm

m! =
∑m
k=0

zk

k! .

In particular if we put N = 1 in (1.26), it reduces to the classical Bernoulli polynomials Bn(x) and

when N = 2 it represents the polynomials An(x) considered by Howard.

If we put x = 0 in (1.26), we get a sequence of rational numbers {Bn(N)}, where Bn(N, 0) = Bn(N).

The numbers Bn(N) are called hypergeometric Bernoulli numbers of order N and these are generated

by

zN

N !(ez − TN−1(z))
=
∞∑
n=0

Bn(N)
zn

n!
. (1.27)
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Analogous to that of classical Bernoulli polynomials, we have several approaches for defining hyperge-

ometric Bernoulli polynomials. Accordingly, the hypergeometric Bernoulli polynomials Bn(N, x) are

equivalently defined by a recurrence formula as

Bn(N, x) =
n∑
k=0

(
n

k

)
Bk(N)xn−k. (1.28)

The hypergeometric Bernoulli polynomials Bn(N, x) are also defined in terms of an Appell sequence

with zero moments as

B0(N, x) = 1 (1.29)

B′n(N, x) = nBn−1(N, x) (1.30)∫ 1

0

(1− x)N−1Bn(N, x) dx =

{
1/N : n = 0

0 : n > 0
. (1.31)

Hassen and Nguyen proved the equivalence of these different definitions of hypergeometric Bernoulli

polynomials. They proved this equivalence in [15] and we reproduce their proof here with a little

rearrangement of steps.

Lemma 1.16. If the sequence of polynomials {Bn(N, x)} is given by the generating function (1.26),

then the Bn(N, x)’s satisfy the recurrence formula (1.28).

Proof. We use (1.26) and (1.27) together with the power series of ez as

∞∑
n=0

Bn(N, x)

n!
zn =

( ∞∑
n=0

Bn(N)
zn

n!

)
exz

=

( ∞∑
n=0

Bn(N)
zn

n!

)( ∞∑
n=0

xn

n!
zn

)

=

∞∑
n=0

(
n∑
k=0

Bk(N)

k!(n− k)!
xn−k

)
zn.

Then comparing the coefficients of zn, we obtain (1.28).

Lemma 1.17. Suppose {Bn(N, x)} satisfy the Appell sequence given in (1.29) - (1.31). Then the

sequence {Bn(N, x)} is generated by G(x, z), where

G(x, z) =
zNexz

N !(ez − TN−1(z))
.

Proof. Suppose Bn(N, x) satisfy (1.29), (1.30) and (1.31). Let G(x, z) be given by

G(x, z) =

∞∑
n=0

Bn(N, x)
zn

n!
.

Differentiating with respect to x and by (1.30), we have

∂

∂x
G(x, z) =

∞∑
n=1

B′n(N, x)
zn

n!

=
∞∑
n=1

nBn−1(N, x)
zn

n(n− 1)!

18
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= zG(x, z).

Then we obtain G(x, z) = exzg(z) for some function g of z. If we multiply both sides by (1− x)N−1,

then we use (1.31) so that

g(z)

∫ 1

0

(1− x)N−1exz dx =

∫ 1

0

(1− x)N−1
∞∑
n=0

Bn(N, x)
zn

n!

=
∞∑
n=0

zn

n!

∫ 1

0

(1− x)N−1Bn(N, x) dx

=
1

N
.

Using integration by parts N − 1 times, we get∫ 1

0

(1− x)N−1exz dx = −1

z
− N − 1

z2
− · · · − (N − 1)!

zN−1
− (N − 1)!

zN
+

(N − 1)!(ez − 1)

zN

=
(N − 1)!(ez − TN−1(z))

zN
.

Hence g(z) = zN

N !(ez−TN−1(z)) so that we get

G(x, z) =
zNexz

N !(ez − TN−1(z))
.

Theorem 1.18. The generating function (1.26), the recurrence formula (1.28) and the Appell se-

quence definition (1.29) - (1.31) of hypergeometric Bernoulli polynomials are equivalent.

Proof. Since two of the equivalences are proved in the preceding lemmas, we need to prove only the

third equivalence. Suppose Bn(N, x) are generated by (1.26). Then we show that the Bn(N, x)’s

satisfy each of the equations (1.29), (1.30) and (1.31).

Now differentiating (1.26) with respect to x, we get

z
zNexz

N !(ez − TN−1(z))
=
∞∑
n=1

B′n(N, x)

n!
zn.

Again we use (1.26) for the left hand expression and then after re-indexing we obtain

∞∑
n=1

Bn−1(N, x)

(n− 1)!
zn =

∞∑
n=1

B′n(N, x)

n!
zn.

Then comparing coefficients of zn for n = 1, 2, 3, · · · , we conclude that (1.30) holds.

To prove (1.29), observe that exz in (1.26) is expressed as

exz =
N !(ez − TN−1(z))

zN

∞∑
n=0

Bn(N, x)
zn

n!

=

(
N !

zN

∞∑
n=N

zn

n!

)( ∞∑
n=0

Bn(N, x)
zn

n!

)

=

( ∞∑
n=0

zn

(N + 1)n

)( ∞∑
n=0

Bn(N, x)
zn

n!

)
,

19



Chapter 1 : Review of Preliminary Concepts

where the Pochhammer symbol (α)m is given by (α)m = α(α+ 1)(α+ 2) · · · (α+m− 1).

Then using the power series of exz, we have

∞∑
n=0

xn

n!
zn =

∞∑
n=0

(
n∑
k=0

Bk(N, x)

k!(N + 1)n−k

)
zn.

Then comparing coefficients of the series, we get

xn

n!
=

n∑
k=0

Bk(N, x)

k!(N + 1)n−k
.

Now assuming x 6= 0, we take n = 0 and get B0(N, x) = 1 which proves (1.29).

Finally, to prove (1.31), we multiply (1.28) by (1− x)N−1 and integrate as∫ 1

0

(1− x)N−1Bn(N, x) dx =
n∑
k=0

(
n

k

)
Bk(N)

∫ 1

0

(1− x)N−1xn−k dx.

The integral on the right hand is similar to that of the Beta function

B(p, q) =

∫ 1

0

xp−1(1− x)q−1 dx.

On the other hand, we use the Γ− function and express B(p, q) as

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
=

(p− 1)!(q − 1)!

(p+ q − 1)!
.

Thus we use this with p = n− k + 1 and q = N , and obtain∫ 1

0

(1− x)N−1Bn(N, x) dx = (N − 1)!
n∑
k=0

(
n

k

)
(n− k)!

(N + n− k)!
Bk(N).

But by (2.6), the sum on the right hand side vanishes for n > 0. When n = 0, we note that B0(N) = 1

and hence the right hand side reduces to 1
N and this proves (1.31).

Remark 1.19. We obtained an interesting analogy between hypergeometric Bernoulli polynomials and

classical Bernoulli polynomials. The three alternative definitions; (1.26), (1.28) and (1.29) - (1.31)

of Bn(N, x) are analogous to the three definitions of Bn(x) given in (1.3), (1.2) and (1.5) - (1.7),

respectively. Indeed, it is this interesting relation between Bn(N, x) and Bn(x) that motivated us to

study more analogous properties of these new class of polynomials.
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Chapter 2

Hypergeometric Bernoulli Polynomi-

als of Order 2

Hypergeometric Bernoulli polynomials of order 2, Bn(2, x), are the particular case of hypergeometric

Bernoulli polynomials Bn(N, x) defined in (1.26) with N = 2. That is, we define Bn(2, x) by a

generating function as

z2exz/2

ez − 1− z
=
∞∑
n=0

Bn(2, x)
zn

n!
. (2.1)

The corresponding numbers Bn(2) = Bk(2, 0) are called hypergeometric Bernoulli numbers of order

2. These are the sequence {Bn(2)} of rational numbers generated by

z2/2

ez − 1− z
=

∞∑
n=0

Bn(2)
zn

n!
. (2.2)

2.1 Some Properties of Hypergeometric Bernoulli Polynomi-

als of Order 2

In this section, we discuss our results consisting of some properties of hypergeometric Bernoulli poly-

nomials. We state and prove two important properties of Bn(2, x) which are analogous to those of

the classical Bernoulli polynomials given in (1.9) and (1.10).

Now we state and prove one property which holds for the general case Bn(N, x). This is an addition

formula for Bn(N, x) which is analogous to the property (1.10) of the classical Bernoulli polynomials

Bn(x).

Theorem 2.1 (Addition Formula). For hypergeometric Bernoulli polynomials of order N , we have

an addition formula

Bn(N, x+ y) =
n∑
k=0

(
n

k

)
Bk(N, x)yn−k. (2.3)

Proof. Replacing x by x+ y in the generating function (1.26), we get

∞∑
n=0

Bn(N, x+ y)

n!
zn =

zNe(x+y)z/N !

ez − TN−1(z)
=

zNexz/N !

ez − TN−1(z)
eyz

=

( ∞∑
n=0

Bn(N, x)

n!
zn

)( ∞∑
n=0

yn

n!
zn

)

=
∞∑
n=0

(
n∑
k=0

Bk(N, x)

k!

yn−k

(n− k)!

)
zn.
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Then equating the coefficients of zn of both sides, we get

Bn(N, x+ y)

n!
=

n∑
k=0

Bk(N, x)

k!

yn−k

(n− k)!
.

Hence (2.3) automatically follows from this last equation.

Analogous to (1.9) of the classical Bernoulli polynomials, we establish a difference equation for hyper-

geometric Bernoulli polynomials of order 2.

Theorem 2.2 (Difference Equation). For each n = 2, 3, 4, . . ., hypergeometric Bernoulli polynomials

of order 2, Bn(2, x), satisfy the equation

Bn(2, x+ 1)−Bn(2, x) = nBn−1(2, x) +

(
n

2

)
xn−2. (2.4)

Proof. We use the identity
e(x+1)z

ez − 1− z
− (1 + z)exz

ez − 1− z
= exz.

By multiplying z2

2 to both sides of this identity and using (2.1), we get

∞∑
n=0

Bn(2, x+ 1)−Bn(2, x)

n!
zn −

∞∑
n=0

Bn(2, x)

n!
zn+1 =

1

2

∞∑
n=0

xn

n!
zn+2.

Re-indexing sums and since Bn(2, x+1)−Bn(2, x)−nBn−1(2, x) = 0 for n = 0 and n = 1, we obtain

∞∑
n=2

Bn(2, x+ 1)−Bn(2, x)− nBn−1(2, x)

n!
zn =

1

2

∞∑
n=2

xn−2

(n− 2)!
zn.

Finally, we equate coefficients of zn and get

Bn(2, x+ 1)−Bn(2, x)− nBn−1(2, x)

n!
=

1

2

xn−2

(n− 2)!
for all n ≥ 2.

Thus, we obtain

Bn(2, x+ 1)−Bn(2, x)− nBn−1(2, x) =
n(n− 1)

2
xn−2 for all n ≥ 2.

Remark 2.3. The property (2.4) can be extended to the general case for Bn(N, x). That is, for all

n ≥ N , we have

Bn(N, x+ 1)−
N−1∑
k=0

(
n

k

)
Bn−k(N, x) =

(
n

N

)
xn−N . (2.5)

In this case, the identity to be used is

e(x+1)z

ez − TN−1(z)
− TN−1(z)exz

ez − TN−1(z)
= exz.

Then we multiply both sides by xN

N ! and then use (1.26).
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Recall that Hassen and Nguyen [15] established a recurrence formula for hypergeometric Bernoulli

numbers Bn(N). For the particular case when N = 2, we use the above results and provide an

alternative expression.

Corollary 2.4. The Hypergeometric Bernoulli numbers of order 2, Bn(2), are given by a recurrence

formula as: B0(2) = 1 and

n−2∑
k=0

(
n

k

)
Bk(2) = 0 for n ≥ 3. (2.6)

Proof. Since n ≥ 3, we put x = 0 in (2.4) and get

Bn(2, 1) = Bn(2) + nBn−1(2).

On the other hand, we put x = 1 in formula (1.28) (with N = 2) and get

Bn(2, 1) =
n∑
k=0

(
n

k

)
Bk(2)

= Bn(2) + nBn−1(2) +

n−2∑
k=0

(
n

k

)
Bk(2).

Then combining these two expressions of Bn(2, 1), we obtain the desired result.

Remark 2.5. For the classical Bernoulli numbers, we know that B2k+1 = 0 for each k = 1, 2, . . . . But

this doesn’t hold in the case of hypergeometric Bernoulli numbers. Observe that each of B3(2), B5(2)

and B7(2) is nonzero. Also we know that Bn(1) = Bn(0) = Bn. However, Bn(2, 1) 6= Bn(2, 0) =

Bn(2), which is different from the classical case.

Next, we give one of our results regarding properties of Bn(2, x). The following is a more general

form of the difference equation (2.4).

Theorem 2.6. For any positive integer m, we have

Bn(2, x+m) =
m∑
k=0

(
m

k

)
B(k)
n (2, x) +

n!

2

m−1∑
k=0

m−1−k∑
j=0

(
m− 1− k

j

)
(x+ k)n−2−j

(n− 2− j)!
, (2.7)

where B
(k)
n (2, x) = n(n− 1) . . . (n− k + 1)Bn−k(2, x) is the kthderivative of Bn(2, x).

Proof. We prove this by using induction on m. If m = 1, then m − 1 = 0 so that k = j = 0 in the

double sum of the right side. Therefore the corollary holds for m = 1 because (2.7) reduces to (2.4).

Now assume that (2.7) is true for m. To prove that it also holds for m+ 1, we replace x by x+m in

(2.4) and use our induction hypothesis as follows.

Bn(2, x+m+ 1) = Bn(2, x+m) +B′n(2, x+m) +
n!

2

(x+m)n−2

(n− 2)!

=
m∑
k=0

(
m

k

)
B(k)
n (2, x) +

n!

2

m−1∑
k=0

m−1−k∑
j=0

(
m− 1− k

j

)
(x+ k)n−2−j

(n− 2− j)!

+
m+1∑
k=1

(
m

k − 1

)
B(k)
n (2, x) +

n!

2

m−1∑
k=0

m−k∑
j=1

(
m− 1− k
j − 1

)
(x+ k)n−2−j

(n− 2− j)!
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+
n!

2

(x+m)n−2

(n− 2)!
.

Observe that the last term is the value of the double sum when k = m and j = 0. Also for any two

positive integers q and r, we have the identity(
q

r

)
+

(
q

r − 1

)
=

(
q + 1

r

)
.

Now by using this identity and appropriate re-indexing of the above sums, we get

Bn(2, x+m+ 1) =
m+1∑
k=0

(
m+ 1

k

)
B(k)
n (2, x) +

n!

2

m∑
k=0

m−k∑
j=0

(
m− k
j

)
(x+ k)n−2−j

(n− 2− j)!
.

Note that this last expression is identical to (2.7) with m replaced by m + 1. Therefore, (2.7) holds

for m+ 1 whenever it holds for m.

2.2 Hypergeometric Hurwitz Zeta Functions of Order 2

Abdulkadir Hassen and Hiew D. Nguyen also considered a generalization of Hurwitz zeta function

called Hypergeometric Hurwitz zeta functions of order N , ζN (s, a). They defined ζN (s, a) in [16]

and discussed the basic properties including its relation to the hypergeometric Bernoulli polynomials

Bn(N, x). Now we give the definition of ζN (s, a) for the particular case when N = 2.

Definition 2.7. For a real number a such that 0 < a ≤ 1, the hypergeometric Hurwitz zeta function

of order 2, ζ2(s, a), is defined by

ζ2(s, a) =
1

Γ(s+ 1)

∫ ∞
0

xse(1−a)x

ex − 1− x
dx. (2.8)

For any real number a such that 0 < a ≤ 1, Hassen and Nguyen showed in [16] for the general case

that the integral in (2.8) converges absolutely and uniformly in the right half-plane <(s) = σ > 1. In

other words, ζ2(s, a) is analytic in the region <(s) = σ > 1.

Note that many of the proofs in [16] are done for a ∈ R such that 0 < a ≤ 1. In this section, we

consider different properties of ζ2(s, a) by making a little change to the parameter a. We reproduce

some of the proofs given in [16] by noting that it holds for any positive real number, a > 0.

Lemma 2.8. For any real number a > 0, the integral in (2.8) converges absolutely and uniformly in

every closed subset of the right half-plane <(s) = σ > 1.

Proof. Let a > 0 and α be such that 0 < α < 1 < a + α. Then there exist R > 0 such that

ex ≥ eαx + 1 + x for all x ≥ R. Also ex − 1− x > x2

2 for x > 0. Then for <(s) = σ > 1, we have

|ζ2(s, a)| ≤ 1

|Γ(s+ 1)|

{∫ R

0

∣∣∣∣ e(1−z)xxs

ex − 1− x

∣∣∣∣ dx+

∫ ∞
R

∣∣∣∣ e(1−z)xxs

ex − 1− x

∣∣∣∣ dx
}

≤ 1

|Γ(s+ 1)|

{∫ R

0

e(1−a)xxσ

x2/2
dx+

∫ ∞
R

e(1−a−α)xxσ dx

}
.

Note that in the last expression, the first integral is finite and the second integral converges because

1− a− α < 0.

24



Chapter 2 : Hypergeometric Bernoulli Polynomials of Order 2

Next we establish a series representation for ζ2(s, a) and its relation to hypergeometric Bernoulli

polynomials of order 2. The proof of Lemma 2.9 is given in [16]. However, we put the proof here by

noting that the proof holds for any real number a > 0. Also the particular case N = 2 results in a

simpler expression.

Lemma 2.9. For a > 0 and σ = <(s) > 1, we have

ζ2(s, a) =
∞∑
m=0

µm(s, a)

(m+ a)s+1
,

where

µm(s, a) =
m∑
k=0

(
m

k

)
(s+ 1)k
(m+ a)k

.

Proof. Since (1 + x)e−x < 1 for all x > 0, the integrand in (2.8) can be expressed as

xse(1−a)x

ex − 1− x
=

xse−ax

1− (1 + x)e−x

= xse−ax
∞∑
m=0

[
(1 + x)e−x

]m
= xs

∞∑
m=0

(1 + x)me−(m+a)x.

Using this in (2.8) and by Lebesgue’s Convergence Theorem, we get

ζ2(s, a) =
∞∑
m=0

1

Γ(s+ 1)

∫ ∞
0

xs(1 + x)me−(m+a)x dx.

Now let

fm(s, a) :=
1

Γ(s+ 1)

∫ ∞
0

xs(1 + x)me−(m+a)x dx.

Then we express the binomial term (1 + x)m as

(1 + x)m =
m∑
k=0

(
m

k

)
xk

and rewrite ζ2(s, a) as ζ2(s, a) =
∑∞
m=0 fm(s, a), where

fm(s, a) =
1

Γ(s+ 1)

m∑
k=0

(
m

k

)∫ ∞
0

xs+ke−(m+a)x dx.

Furthermore, we use the substitution u = (m+ a)x and the definition of Γ-function to conclude

fm(s, a) =
1

Γ(s+ 1)

m∑
k=0

(
m

k

)
Γ(s+ 1 + k)

(m+ a)s+1+k

=
1

(m+ a)s+1

m∑
k=0

(
m

k

)
Γ(s+ 1 + k)

(m+ a)kΓ(s+ 1)

=
1

(m+ a)s+1

m∑
k=0

(
m

k

)
(s+ 1)k
(m+ a)k

=
µm(s, a)

(m+ a)s+1
.
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Analytic Continuation of ζ2(s, a)

Similar to the classical case, we consider analytic continuation of ζ2(s, a) to the left half-plane σ =

<(s) < 1. For this, we define a function I2(s, a) by contour integral as

I2(s, a) =
1

2πi

∫
C

(−w)s+1e(1−a)w

ew − 1− w
dw

w
, (2.9)

where C is the contour given in Figure 2.1 below.

Figure 2.1: A key-hole contour C (Alternative type)

We take the circle in the figure to be of small radius 0 < δ < r1 so that all zeros of ϕ(w) = ew−1−w lie

outside of the contour C. Hence the integral in (2.9) converges for any complex number s. Therefore,

for any real number a > 0, I2(s, a) represents an entire function of s. In terms of the curves C1, C2

and C3, we express I2(s, a) as

I2(s, a) = I21(s, a) + I22(s, a) + I23(s, a), where

I21(s, a) =
1

2πi

∫ δ

∞

e(1−a)xe(s+1)[log x−πi]

ex − 1− x
dx

x
,

I22(s, a) =
1

2πi

∫
|w|=δ

(−w)s+1e(1−a)w

ew − 1− w
dw

w

and I23(s, a) =
1

2πi

∫ ∞
δ

e(1−a)xe(s+1)[log x+πi]

ex − 1− x
dx

x
.

For a > 0 and <(s) = σ > 1, it follows that I22(s, a) → 0 as δ → 0. Thus, letting δ → 0 yields

I2(s, a) = I21(s, a) + I23(s, a). Therefore,

I2(s, a) =

(
e(s+1)πi − e−(s+1)πi

2πi

)∫ ∞
0

xse(1−a)x

ex − 1− x
dx.

Moreover, by using (2.8) for the integral in this expression, we get

I2(s, a) =
sinπ(s+ 1)

π
Γ(s+ 1)ζ2(s, a).

Finally, by using the functional equation Γ(1 − z)Γ(z) = π
sin(πz) , we obtain (2.10) which extends

ζ2(s, a) to the left half-plane.

Theorem 2.10. For any real number a > 0 and σ = <(s) > 1, the function I2(s, a) defined by 2.9 is

entire and we have

ζ2(s, a) = Γ(−s)I2(s, a). (2.10)
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Relations between ζ2(s, a) and Bn(2, a)

For integer values s = n, we have I21(n, a) = −I23(n, a) so that I2(n, a) = I22(n, a). Then, (2.9)

becomes

I2(n, a) =
1

2πi

∫
|w|=δ

w(−w)n−1e(1−a)w

ew − 1− w
dw.

Here observe that the integrand has removable singularity at w = 0 when n > 1. Then Cauchy’s

Theorem implies that I2(n, a) = 0 for all integers n > 1. When n ≤ 1, we use the Residue Theorem

and the generating function of Bn(2, a) and get

I2(n, a) = 2(−1)n+1 1

2πi

∫
|w|=δ

w2e(1−a)w/2

ew − 1− w
dw

w2−n

= 2(−1)n+1 1

2πi

∫
|w|=δ

( ∞∑
k=0

Bk(2, 1− a)

k!
wk

)
dw

w2−n

= 2(−1)n+1B1−n(2, 1− a)

(1− n)!
.

Therefore, by using integer values of s in (2.9), we obtain

I2(n, a) = 2(−1)n+1B1−n(2, 1− a)

(1− n)!
.

Replacing n by 1 − n and a by 1 − a, we use this expression of I2(s, a) in (2.10). Therefore, for any

real number a < 1 and n = 2, 3, · · · , we have

ζ2(1− n, 1− a) =
2(−1)n

n(n− 1)
Bn(2, a). (2.11)

Note that (2.10) extends ζ2(s, a) analytically to the left half-plane σ = <(s) < 1. Next, we show that

the function ζ2(s, a) is analytic in the whole complex plane except for two simple poles, at s = 0 and

s = 1.

Theorem 2.11. The function ζ2(s, a) is analytic on the entire complex plane except for two simple

poles at s = 1 and s = 0 whose residues are

Res (ζ2(s, a) ; s = 0) = −2B1(2, 1− a) , and

Res (ζ2(s, a) ; s = 1) = −2B0(2, 1− a).

Proof. Clearly, the integers m ≤ 0 are simple poles of Γ(s) with residue

Res (Γ(s) ; s = m) =
(−1)m

|m|!
.

Then we evaluate the residue at m = 0 and m = 1 as

Res (ζ2(s, a) ; s = m) = lim
s→m

(s−m)ζ2(s, a) = lim
s→m

(s−m)Γ(−s)I2(s, a)

=
(−1)−m

m!
I2(m, a) =

(−1)−m

m!
2(−1)m+1B1−m(2, 1− a)

(1−m)!

= −2B1−m(2, 1− a) , for m ∈ {0, 1}.
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2.3 Series Representation of Hypergeometric Bernoulli Poly-

nomials of Order 2

The function ϕ(z) = ez − 1 − z appears in the generating function of Bn(2, a) given in (2.1) as well

as in the definition (2.8) of ζ2(s, a). The roots of this function are basic quantities for the series

representation of ζ2(s, a) and Bn(2, a). Hassen and Nguyen discussed in [14] several concepts related

to the roots of ϕ(z) = ez − 1 − z. Now we briefly discuss some known results about the roots of

ϕ(z) = ez − 1− z and how to use these roots to establish a series representation for Bn(2, a).

Now let zk = xk + iyk = rke
θk , for k = 1, 2, 3, · · · , be the zeros of ϕ(z) = ez − 1 − z which lie in

the upper half of the complex plane and such that 0 < r1 < r2 < r3 < · · · . As proved in [?], we

have

2πk +
π

4
< yk < 2πk +

π

2
,

for each root zk = xk + iyk of ϕ(z). We reproduce this result by making a little change to the lower

bound of the interval as shown in Lemma 2.12 below.

Lemma 2.12. Let zk = xk + iyk = rke
θk be zeros of ϕ(z) = ez − 1− z which are located in the upper

half-plane.

i) For each k = 1, 2, 3, · · · , the imaginary parts yk satisfy the inequality

2πk +
π

3
< yk < 2πk +

π

2
.

Moreover, there is exactly one zero zk with imaginary part in the stated interval, and there are

no other zeros elsewhere in the complex plane.

ii) Both {xk} and {yk} are increasing sequences. As k → ∞, the yk’s grow faster, nearly expo-

nentially while the growth of xk’s is logarithmic. Moreover, the yk’s increase in such a way

that ∣∣∣yk+1 −
(

2π(k + 1) +
π

2

)∣∣∣ < ∣∣∣yk − (2πk +
π

2

)∣∣∣ .
Proof. Suppose z = x+ iy is a zero of ϕ(z) = ez − 1− z with y > 0. Then the equation ez − 1− z = 0

is equivalent to the system of two equations

ex cos y = 1 + x

ex sin y = y.

We have y > 0 and y
sin y = ex > 0 which implies sin y > 0 so that y must lie in the interval

2kπ < y < (2k + 1)π for some k = 1, 2, 3, · · · . Also cos y > 0 for otherwise, we get x < −1 so that

y = ex sin y < e−1, which is a contradiction because y > 2π > e−1. Thus, 2kπ < y < (2k + 1/2)π.

Further, from the above system of equations, we get x = −1 + y cot y and x = log
(

y
sin y

)
so that

−1 + y cot y − log

(
y

sin y

)
= 0.

Let f(y) = −1 + y cot y − log
(

y
sin y

)
. Then we consider the roots of f(y) which are the yk’s of our

zk = xk + iyk. From elementary calculus, we see that f(y) is strictly decreasing on the interval
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2πk < y < 2πk + π
2 . Then f(y) = 0 for at most one y in this interval. Moreover, we have

f
(

2πk +
π

3

)
> 0 and f

(
2πk +

π

2

)
< 0.

Therefore, f(y) has exactly one root in 2πk + π
3 < y < 2πk + π

2 .

From Lemma 2.12, we get

(6k + 1)
π

3
<

yk
sin yk

<
(2k + 1/2)π√

3/2
.

Then we use the relation x = log
(

y
sin y

)
and the fact that the logarithm is increasing in its domain to

conclude that xk > 0 for each k = 1, 2, 3, · · · . This is true for all the roots in the upper half plane and

the other roots are exactly the z̄k’s, the complex conjugates. Indeed, z̄k’s lie in the right half plane

whenever zk’s do.

Also observe that θk = tan−1
(
yk
xk

)
. But the growth of xk’s is logarithmic when compared to the

growth of the yk’s so that y1
x1

< y2
x2

< y3
x3

< · · · . Moreover, the function h(t) = tan−1 (t) is strictly

increasing to π
2 . Note that we have

√
3

2 < sin(yk) < 1 and

yk = sin(yk)exk .

But from the above Lemma, we have yk → 2πk+ π
2 as k →∞ so that sin(yk)→ 1 as k →∞. Hence,

yk → exk as k →∞. In general, we put the following remark which summarizes approximate locations

of zeros of ϕ(z) = ez − 1− z.
Remark 2.13. If zk = xk+iyk is a root of ϕ(z) = ez−1−z, then its complex conjugate z̄k = xk−iyk
is also a root of ϕ(z) = ez − 1− z. We usually list all the roots in pairs as {zk, z̄k}. Moreover,

• All the zeros zk = xk + iyk and z̄k = xk− iyk of ϕ(z) = ez − 1− z lie inside the right half-plane.

• The arguments θk of zk are such that θ1 < θ2 < θ3 < · · · < π
2 and eventually grows to the value

θ = π
2 .

• As k increases, all the quantities xk, yk and θk increase. In addition, we have yk < exk and

eventually, yk → exk as k →∞.

Note that we have two roots of ϕ(z) = ez − 1− z with minimum modulus. These are z1 = x1 + iy1 =

r1e
θ1 and z̄1 = x1 − iy1 = r1e

−θ1 and the approximate values of x1, y1, r1 and θ1 (as calculated by

Mathematica) are given by

x1 = 2.0888, y1 = 7.4615, r1 = 7.7484, θ1 = 1.2978. (2.12)

That is, z1 ≈ 2.0888 + i 7.4615 and z̄1 ≈ 2.0888− i 7.4615. Moreover, we list the first few approximate

values of zk = xk + iyk = rke
θk as follows.

29



Chapter 2 : Hypergeometric Bernoulli Polynomials of Order 2

k xk yk rk θk

1 2.0888 7.4615 7.7484 1.2978

2 2.6641 13.879 14.132 1.3812

3 3.0263 20.224 20.449 1.4223

4 3.2917 26.543 26.747 1.4474

5 3.5013 32.851 33.037 1.4646

6 3.6745 39.151 39.323 1.4772

7 3.8222 45.447 45.608 1.4869

Also we plot the first few zk’s as indicated in Figure 2.2 below.

Figure 2.2: Plots of some roots of ϕ(z) = ez − 1− z

Series Representation of ζ2(s, a) and Bn(2, a)

Now we illustrate how we use the roots of ϕ(z) = ez − 1 − z to construct a series representation for

ζ2(s, a). Consider a semicircular contour CR given in Figure 2.3.

Define IR(s, a) by the contour integral as

IR(s, a) =
1

2πi

∫
CR

(−z)s+1e(1−a)z

ez − 1− z
dz

z
. (2.13)

Let CR1 be the half circle of radius R, CR2 be the inner key-hole contour and CR3 be the segment of

the imaginary axis from −iR to iR, shifted to the left in order to avoid the keyhole. Then the contour

CR is the union of CR1
, CR2

and CR3
. We choose R = (2m+ 1)π for some positive integer m so that

none of the zeros of ϕ(z) = ez − 1 − z lie on the contour CR. Also we take a small δ > 0 so that all

zeros of ϕ(z) lie outside the keyhole. For any zero zk of ϕ(z) = ez − 1 − z, there exist R such that

zk lies inside the contour CR. Note that for any R > 0, only finitely many zk’s lie inside the closed

contour CR.

Lemma 2.14. Let I2(s, a) and IR(s, a) be as defined in (2.9) and (2.13), respectively. For any real
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Figure 2.3: Semicircular key-hole contour CR

number a > 0 and <(s) = σ < 0, we have

lim
R→∞

IR(s, a) = I2(s, a).

Proof. We express IR(s, a) as IR(s, a) = IR1
(s, a) + IR2

(s, a) + IR3
(s, a), where

IR1
(s, a) =

1

2πi

∫
CR1

−(−z)se(1−a)z

ez − 1− z
dz,

IR2
(s, a) =

1

2πi

∫
CR2

−(−z)se(1−a)z

ez − 1− z
dz and

IR3
(s, a) =

1

2πi

∫
CR3

−(−z)se(1−a)z

ez − 1− z
dz.

Then for <(s) = σ < 0, we claim that IR1(s, a) → 0 and IR3(s, a) → 0 as R → ∞. If z is on the

curve CR1
, then z = x+ iy = Reiθ for some θ such that −π2 < θ < π

2 . Then assuming R to be large,

we have
R− 1

R
|z| ≤ |1 + z| ≤ R+ 1

R
|z|.

Then we have |ez − 1− z| > ex − (R− 1) and hence∣∣∣∣ zse(1−a)z

ez − 1− z

∣∣∣∣ ≤ Rσe(1−a)x

ex − (R− 1)
=

Rσe−aR cos θ

1− (R− 1)e−R cos θ
.
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Thus, for <(s) = σ < 0, we obtain

|IR1(s, a)| = 1

2π

∣∣∣∣∣
∫
CR1

−(−z)se(1−a)z

ez − 1− z
dz

∣∣∣∣∣ ≤ 1

2π

Rσ+1e−aR cos θ

1− (R− 1)e−R cos θ
(π).

Then noting that a > 0, cos θ > 0 and σ + 1 < 1, we conclude IR1
(s, a)→ 0 as R→∞.

Now let z = iy be on CR3
. Then, we have∣∣∣∣ zse(1−a)z

ez − 1− z

∣∣∣∣ ≤ Rσ

|1− (R− 1)|
= Rσ−1.

Thus, since <(s) = σ < 0, we get

|IR3(s, a)| = 1

2π

∣∣∣∣∣
∫
CR3

−(−z)se(1−a)z

ez − 1− z
dz

∣∣∣∣∣ ≤ 1

2π
Rσ−1(2R) =

1

π
Rσ.

Thus, |IR3
(s, a)| → 0 as R →∞ because σ = <(s) < 0.Therefore, since both IR1

(s, a) and IR3
(s, a)

converge to zero, we conclude that IR(s, a)→ IR2
(s, a) as R→∞. On the other hand, when R→∞,

the key-hole CR2 becomes identical to the key-hole contour C of I2(s, a) given in Figure 4. Therefore,

lim
R→∞

IR(s, a) = I2(s, a) , for <(s) = σ < 0.

Theorem 2.15. Let zk and z̄k be the roots of ϕ(z) = ez − 1− z for k = 1, 2, 3, . . .. Then for any real

number a > 0 and <(s) = σ < 0, we have

ζ2(s, a) = (−1)sΓ(−s)
∞∑
k=1

(
e(1−a)zk

z1−s
k

+
e(1−a)z̄k

z̄1−s
k

)
. (2.14)

Proof. For the contour CR above, only finitely many zk’s lie inside CR, say z1, z2, . . . , zM and their

respective complex conjugates. Then with F (z) = −(−z)se(1−a)z
ez−1−z and by the Residue Theorem, we have

IR(s, a) = −
M∑
k=1

Res
(
F (z) ; z = zk

)
+Res

(
F (z) ; z = z̄k

)
.

The residue of F (z) at each zk is calculated as

Res (F (z) ; z = zk) = −(−zk)se(1−a)zk lim
z→zk

z − zk
ez − 1− z

= −(−zk)se(1−a)zk
1

ezk − 1

= −(−zk)se(1−a)zk
1

ezk − 1− zk + zk

= (−zk)s−1e(1−a)zk .

Thus, the function IR(s, a) is expressed as

IR(s, a) = (−1)s
M∑
k=1

(
e(1−a)zk

z1−s
k

+
e(1−a)z̄k

z̄1−s
k

)
.

Moreover, M →∞ when R→∞. Therefore,

I2(s, a) = (−1)s
∞∑
k=1

[
e(1−a)zk

z1−s
k

+
e(1−a)z̄k

z̄1−s
k

]
.

Finally, using this expression of I2(s, a) in (2.10), we obtain the desired result.
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Corollary 2.16. Let zk = xk + iyk = rke
iθk be the zeros of ϕ(z) = ez − 1 − z that lie in the upper

half-plane. For each positive integer n and any real number a < 1, the hypergeometric Bernoulli

polynomials Bn(2, a) are given by

Bn(2, a) = −n!

2

∞∑
k=1

[
ezka

znk
+
ez̄ka

z̄nk

]
. (2.15)

Further, the Bn(2, a)’s are equivalently expressed as

Bn(2, a) = −n!
∞∑
k=1

exka cos (yka− nθk)

rnk
. (2.16)

Proof. Since (2.14) holds for all s such that <(s) = σ < 0 and a > 0, we use s = 1 − n for positive

integers n > 1. Then by replacing a by 1 − a in (2.14) and using the relation between ζ2(s, a) and

Bn(2, a) given in (2.11), we conclude (2.15). Moreover, we use the fact that

ezka

znk
+
ez̄ka

z̄nk
= 2<

(
ezka

znk

)
.

Therefore, (2.16) follows automatically from (2.15).

Some Inequalities Involving Bn(2, a)

Next we establish some inequalities related to the hypergeometric Bernoulli polynomials Bn(2, a). If

we put a = 0 in (2.16), we get a series expression for hypergeometric Bernoulli numbers Bn(2),

Bn(2) = −n!

∞∑
k=1

cos (nθk)

rnk
. (2.17)

Hassen and Nguyen established in [14] an inequality for Bn(2), given by

|Bn(2)| < n!

rn1
. (2.18)

They mentioned that (2.18) proves Howard’s conjecture [21] noting that 7 < r1. From the series

(2.16), observe that ex1a < 1 for a < 0. Hence we conclude that

|Bn(2, a)| ≤ |Bn(2)| , for any real number a ≤ 0.. (2.19)

Also combining (2.18) and (2.19), we obtain

|Bn(2, a)| < n!

rn1
, for any a < 0.. (2.20)

Observe that since (2.16) is derived only for a < 1, we can’t use it for positive real numbers a > 1.

However, we use the general recurrence definition (1.28) for Bn(2, a), a ∈ R.

Theorem 2.17. For every real number a, the polynomials Bn(2, a) satisfy

|Bn(2, a)| < er1|a|
n!

rn1
. (2.21)

33



Chapter 2 : Hypergeometric Bernoulli Polynomials of Order 2

Proof. Using the definition (1.28) (with N = 2) and (2.18), we have

|Bn(2, a)| ≤
n∑
k=0

(
n

k

)∣∣Bk(2)an−k
∣∣

<
n∑
k=0

(
n

k

)
k!

rk1
|a|n−k =

n!

rn1

n∑
k=0

(r1|a|)n−k

(n− k)!

≤ n!

rn1

∞∑
k=0

(r1|a|)k

k!

= er1|a|
n!

rn1
.
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Chapter 3

Zeros of Hypergeometric Bernoulli

Polynomials of Order 2

In this chapter, we present the major results of our study. First, we briefly discuss our results

regarding asymptotic real zeros of the hypergeometric Bernoulli polynomials of order 2, Bn(2, x).

Also we use another (alternative) method and describe asymptotic real zeros of the properly re-scaled

polynomials Bn(2, nx). Finally, we extend the second method to complex variables and briefly discuss

the asymptotic complex zeros of Bn(2, nz). In both cases, we use the method applied in determining

asymptotic zeros of the classical Bernoulli polynomials by making suitable modifications.

3.1 Asymptotic Real Zeros of Hypergeometric Bernoulli Poly-

nomials of Order 2

In this section, we shall make use of the series (2.16) to derive an asymptotic formula for the hyperge-

ometric Bernoulli polynomials of order 2, Bn(2, a). Moreover, we use the asymptotic representation

and describe several concepts regarding the asymptotic real zeros of Bn(2, a).

Theorem 3.1. Let z1 = x1 + iy1 = r1e
iθ1 be the zero of ϕ(z) = ez − 1− z of minimum modulus and

let Qn = − n!
rn1

. For any real number a < 1, Bn(2, a) is expressed asymptotically as

Bn(2, a)

Qn
= ex1a cos (y1a− nθ1) +O

(
2−n

)
. (3.1)

Proof. For each k = 1, 2, 3, . . ., let zk = xk + iyk = rke
iθk be the roots of ϕ(z) = ez − 1 − z. Then

from Lemma 2.12, we have 2πk < rk < 6πk so that there exist λk > 1 such that

rk = 2πkλk.

Also r1 < r2 < r3 < · · · so that 1 < λ1 < λ2 < · · · < 3. Then we express (2.16 ) as

Bn(2, a) = −n!
∞∑
k=1

exka cos (yka− nθk)

(2πkλk)n

=
−n!

(2πλ1)n

∞∑
k=1

exka cos (yka− nθk)

(kλk/λ1)
n

=
−n!

rn1
[ex1a cos (y1a− nθ1) + ρn(a)] ,

where

ρn(a) =

∞∑
k=2

exka cos (yka− nθk)

(kλk/λ1)
n .
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From Lemma 2.12, we conclude that yk < exk and |exk − yk| → 0 as k →∞. Since a < 1, exka < exk

so that exka < yk, for sufficiently large values of k. Also since λk
λ1
> 1 and yk < 2πk + π

2 < 3πk, there

exist a positive integer M such that

|ρn(a)| ≤
M∑
k=2

exka

(kλk/λ1)
n +

∞∑
k=M+1

1

kn−1
.

Moreover, we have

∞∑
k=M+1

1

kn−1
≤

∞∑
k=2

1

kn−1
=

1

2n−1

∞∑
k=2

1

(k/2)n−1

<
ζ(n− 1)

2n−1
<

2ζ(2)

2n
, for all n > 3.

Therefore, ρn(a) = O (2−n) and this completes the proof.

Remark 3.2. The asymptotic formula (3.1) enables us to approximate the asymptotic negative real

zeros of Bn(2, a) by the zeros of the function f(a) = cos (y1a− nθ1). That is, when n is sufficiently

large, the real zeros of Bn(2, a) are also (approximately) zeros of cos (y1a− nθ1).

Clearly, cos (y1a− nθ1) has infinitely many real zeros while Bn(2, a), being a polynomial, has always

a finite number of zeros (what ever large integer n is). Therefore, given a certain large (fixed) positive

integer n, we can not say every zero of cos (y1a− nθ1) is approximately a zero of Bn(2, a). However,

given any zero α of cos (y1a− nθ1), we assume n to be large enough (we can assume n as large as we

wish) so that α is also (approximately) a zero of Bn(2, a).

Before presenting more results of our study, we would like to explain the meanings of some ambiguous

mathematical terms or statements we may use in this section or through out this chapter. We often use

terms or phrases such as “sufficiently large n”, “asymptotically equal (the same)”, “approximately

equal” , or we may use the approximation symbol “ ≈ ” in some expressions. These mathematical

terms or phrases will be used in the following sense.

The functions Bn(2, a) and cos (y1a− nθ1) are asymptotically the same (or, approximately

equal for sufficiently large n) means: for any ε > 0, there exist a real number R > 0 such

that |Bn(2, a)− cos (y1a− nθ1)| < ε, for all n ≥ R.

When we say “the real (or, complex) zeros of Bn(2, a) and that of cos (y1a− nθ1) are approximately

the same”, it means: if α and β are zeros of Bn(2, a) and cos (y1a− nθ1), respectively, then |α−β| < ε.

In particular, we may write Bn(2, α) ≈ 0 when α is approximately a zero of Bn(2, a), where the word

“approximately” is in the sense introduced above.

Corollary 3.3. Let n be a sufficiently large positive integer.

(i) For each integer m ≤ 0 (not less than all zeros of Bn(2, a)), there are at least two real zeros of

Bn(2, a) in the open interval Im = (m, m+ 1).

(ii) If αR, 0 < α < 1 is a zero of Bn(2, a), then αk = α − 2πk
y1

is also (approximately) a zero of

Bn(2, a) for all k = 1, 2, 3, · · · (provided that −k is not less than all real zeros of Bn(2, a)).

(iii) Bn(2, m) 6= 0, for all integers m ≤ 0.
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Proof. i). Let b, c ∈ R be such that b < c < 1 and K be the interval K = [b , c]. As a consequence of

Theorem 3.1, we have∣∣∣∣Bn(2, a)

Qn
− ex1a cos (y1a− nθ1)

∣∣∣∣→ 0 uniformly for all a ∈ K, as n→∞.

Therefore, for sufficiently large positive integers n, the real zeros of Bn(2, a) are approximated by the

roots of

cos (y1a− nθ1) = 0.

But cos (y1a− nθ1) = 0 if and only if y1a− nθ1 = kπ + π
2 , for some k ∈ Z.

Thus, for large values of n, the real zeros of Bn(2, a) are approximately given by

a =
nθ1

y1
+
kπ

y1
+

π

2y1
, k ∈ Z,

where y1 ≈ 7.461 and θ1 ≈ 1.298, as given in (2.12).

Let m ≤ 0 be any non-positive integer. Then we fix any (sufficiently large) n and determine the

number of integers k such that

m < a =
nθ1

y1
+
kπ

y1
+

π

2y1
< m+ 1.

Solving this inequality for k, we get

bn(m) < k < bn(m) +
y1

π
,

where bn(m) = y1m−nθ1
π − 1

2 . But 2 < y1
π < 3 so that we have at least two integers k1 and k2 between

the real numbers bn(m) and bn(m)+ y1
π . Therefore, we have at least two real roots of Bn(2, a) between

m and m+ 1, namely

a1 =
nθ1

y1
+
k1π

y1
+

π

2y1

and

a2 =
nθ1

y1
+
k2π

y1
+

π

2y1
.

ii). By (3.1), the negative real zeros of Bn(2, a) are asymptotically the same as zeros of f(a) =

cos (y1a− nθ1). For cos (y1a− nθ1), if β is a zero, then so is β − 2πk
y1

because f(a) = cos (y1t− nθ1)

is a periodic function of period p = 2π
y1

. For ε > 0, since α is a zero of Bn(2, a) and n is arbitrarily

large, we have
∣∣∣α− 2πk

y1
− (β − 2πk

y1
)
∣∣∣ = |α − β| < ε. Therefore, for each k = 1, 2, . . ., α − 2πk

y1
is

(approximately) a zero of Bn(2, a).

iii). Assume Bn(2, m) = 0 for some integer m ≤ 0. Then by (ii), a1 = m − 4π
y1

, a2 = m − 2π
y1

and

a3 = m are consecutive zeros of Bn(2, a). But m− 4π
y1
< m− 1 < m− 2π

y1
< m. Thus, a2 = m− 2π

y1
is

the only zero of Bn(2, a) between m− 1 and m. This is a contradiction to (i). Therefore, no integer

m ≤ 0 can be a zero of Bn(2, a).

Theorem 3.4. For each integer m ≥ 0, let B
(m)
n (2, a) be the mth derivative of Bn(2, a).

i) For every real number a < 0, the mth derivative of Bn(2, a), B
(m)
n (2, a), is expressed asymptot-

ically as

B
(m)
n (2, a)

Qn
= ex1arm1 cos (y1a− (n−m)θ1) +O

(
2−n

)
. (3.2)
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ii) For sufficiently large n, if α is a real zero of B
(m)
n (2, a), then

α = α0 −
mθ1

y1
for some real zero α0 of Bn(2, a).

Proof. For each positive integer m, (1.30) implies

B(m)
n (2, a) = n(n− 1) · · · (n−m+ 1)Bn−m(2, a).

On the other hand, for any real number a < 1, we use (3.1) and obtain

Bn−m(2, a)

Qn−m
= ex1a cos (y1a− (n−m)θ1) +O

(
2−(n−m)

)
,

where Qn−m = −(n−m)!

rn−m
1

. Note that (2r1)mO (2−n) = O (2−n) because m is fixed. Now eliminating

Bn−m(2, a) between the two equations, we get

B
(m)
n (2, a)

rm1 Qn
= ex1a cos (y1a− (n−m)θ1) + 2mO

(
2−n

)
.

To prove (ii), let n be large enough. By (i), the real zeros of B
(m)
n (2, a) are approximated by roots of

cos (y1a− (n−m)θ1) = 0.

That is, a real number α < 1 is a zero of B
(m)
n (2, a) if

α =
(n−m)θ1

y1
+
πk

y1
+

π

2y1
.

But from Corollary 3.3, α0 = nθ1
y1

+ πk
y1

+ π
2y1

is a real zero of Bn(2, a). Therefore,

α =
nθ1

y1
+
πk

y1
+

π

2y1
− mθ1

y1

= α0 −
mθ1

y1
.

Remark 3.5. Suppose n is sufficiently large and a < 1. By using the derivative formula (1.30) and

Theorem 3.4, we determine a relation between asymptotic real zeros of Bn(2, a) and that of Bn−1(2, a).

That is, if Bn−1(2, α) = 0, then Bn

(
2, α+ θ1

y1

)
≈ 0. In general, for every positive integer m > 0, we

have

Bn−m (2, α) = 0 ⇒ Bn(2, α+
mθ1

y1
) ≈ 0.

Next, we illustrate how to determine the positive real zeros of hypergeometric Bernoulli polynomials

of order 2. Note that since the series (2.16) is derived for real numbers a < 1, every consequence of

this series is valid only for real numbers a < 1.

To determine the real zeros of Bn(2, a) in the interval 1 ≤ a <∞, we fix any positive integer m and

consider real zeros of Bn(2, a + m) for 0 < a < 1. For this, we first establish an asymptotic formula

for Bn(2, a+m), where 0 < a < 1 and m is any positive integer.
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Theorem 3.6. Let a ∈ R be such that 0 < a < 1. For any positive integer m, we have

Bn(2, a+m)

Qn
= ex1a |1 + z1|m cos (y1a− nθ1 +mθ′1) +O

(
2−n

)
, (3.3)

where θ′1 = arg(1 + z1) and Qn = − n!
rn1

.

Proof. For each positive integer m, we use (2.7) of Theorem 2.6 and get

Bn(2, a+m) =
m∑
k=0

(
m

k

)
B(k)
n (2, a) +

(
n

2

)
m−1∑
k=0

(a+ k)n−2 + P (m, a) ,

where P (m, a) is a polynomial of degree n− 3, given by

P (m, a) =
n!

2

m−1∑
k=0

m−1−k∑
j=1

(
m− 1− k

j

)
(x+ k)n−2−j

(n− 2− j)!
.

By using a trigonometric identity for cos (y1a− (n−m)θ1), (3.2) can be expressed as

B
(k)
n (2, a)

Qn
= ex1a

[
cos (y1a− nθ1) rk1 cos(kθ1)− sin (y1a− nθ1) rk1 sin(kθ1)

]
+O

(
2−n

)
.

Now we take the sum over k, from k = 0 to k = m to get

Bn(2, a+m)

Qn
=

m∑
k=0

(
m

k

)
B

(k)
n (2, a)

Qn
+

r2
1r
n−2
1

(n− 2)!
O
(
an−2

)
+O

(
2−n

)
= ex1a cos (y1a− nθ1)

m∑
k=0

(
m

k

)
rk1 cos(kθ1)

−ex1a sin (y1a− nθ1)

m∑
k=0

(
m

k

)
rk1 sin(kθ1) +O

(
2−n

)
.

Noting that z1 = r1e
iθ1 , we have

rk1 cos(kθ1) =
zk1 + z̄k1

2
and rk1 sin(kθ1) =

zk1 − z̄k1
2i

.

Moreover, from the binomial sum formula we have

m∑
k=0

(
m

k

)
zk1 = (1 + z1)

m
and

m∑
k=0

(
m

k

)
z̄k1 = (1 + z̄1)

m
.

Then using these relations in the above expression, we get

Bn(2, a+m)

Qn
= ex1a cos (y1a− nθ1)

(
(1 + z1)

m
+ (1 + z̄1)

m

2

)
−ex1a sin (y1a− nθ1)

(
(1 + z1)

m − (1 + z̄1)
m

2i

)
+O

(
2−n

)
= ex1a

{
<
(
ei(y1a−nθ1)

)
< ((1 + z1)

m
)−=

(
ei(y1a−nθ1)

)
= ((1 + z1)

m
)
}

+O
(
2−n

)
= <

(
ex1a (1 + z1)

m
ei(y1a−nθ1)

)
+O

(
2−n

)
.

Finally, by letting θ′1 = arg(1 + z1) we obtain

Bn(2, a+m)

Qn
= ex1a |1 + z1|m cos (y1a− nθ1 +mθ′1) +O

(
2−n

)
.
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Theorem 3.7. Let m be any positive integer. For a fixed large n, the real zeros of Bn(2, x) in the

interval Im = (m, m+ 1) are given by

a ≈
(

1− θ′1
y1

)
m+

2nθ1 + π

2y1
+
πk

y1
,

for appropriate integers k such that m < a < m+ 1. Moreover, there are exactly two such values of k.

Proof. Let a be any real number such that m < a < m + 1. Then there exists an am such that

0 < am < 1 and a = am +m. Then (3.3) implies

Bn(2, a)

Qn
= ex1am |1 + z1|m cos (y1am − nθ1 +mθ′1) +O

(
2−n

)
.

Thus, for sufficiently large n, real zeros of Bn(2, a) are approximated by the roots of

cos (y1am − nθ1 +mθ′1) = 0.

That is, Bn(2, a) = Bn(2, am +m) = 0 if y1am−nθ1 +mθ′1 = πk+ π
2 , where k is an integer. Solving

for am, the zeros a = am +m are given by

a =

(
1− θ′1

y1

)
m+

2nθ1 + π

2y1
+
πk

y1
,

for appropriate integers k such that m < a < m+ 1.

Now we need k ∈ Z such that

m <

(
1− θ′1

y1

)
m+

2nθ1 + π

2y1
+
πk

y1
< m+ 1.

For this we solve for k to get

mθ′1 − nθ1

π
− 1

2
< k <

mθ′1 − nθ1

π
− 1

2
+
y1

π
.

Observe that k lies in an interval of length y1
π . Since 2 < y1

π < 3, we conclude that there are two

integers k1 and k2, hence two real zeros, a1 and a2, of Bn(2, a) in the interval Im = (m, m + 1).

Indeed, these zeros are given by

a1 ≈
(

1− θ′1
y1

)
m+

2nθ1 + π

2y1
+
πk1

y1

and

a2 ≈
(

1− θ′1
y1

)
m+

2nθ1 + π

2y1
+
πk12

y1
.

3.2 Asymptotic Complex Zeros of Hypergeometric Bernoulli

Polynomials of Order 2

In this section, we establish asymptotic formula for Bn(2, z) through an alternative method different

from the one we used in the previous section. Then we briefly describe the asymptotic real and complex

zeros of the properly re-scaled hypergeometric Bernoulli polynomials of order 2, Bn(2, nz).
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In Chapter 2, we have seen that several properties of ζ2(s, a) which are proved for 0 < a ≤ 1 in [16]

also hold for any real number a > 0. We obtain similar results for the case when a is a complex

number. Now we begin by a series representation of Bn(2, z).

Series Representation of Bn(2, z)

Let z = a + ib be a complex number such that <(z) = a > 0. The hypergeometric Hurwitz zeta

function of order 2, ζ2(s, z), is simply defined by replacing a by z in (2.8). The following statement is

an extension of Lemma 2.8 from real to a complex variable and the proof is the same.

Lemma 3.8. Given z = a + ib ∈ C with <(z) = a > 0, the hypergeometric Hurwitz zeta function

ζ2(s, z) converges absolutely in the half-plane <(s) = σ > 1. Moreover, the convergence is uniform in

the closed region <(s) = σ ≥ 1 + δ, for any δ > 0.

Now let z be any complex number such that <(z) > 0. As a consequence of Lemma 3.8, we conclude

that ζ2(s, z) represents an analytic function of s in the region <(s) = σ > 1. Moreover, we extend

the analytic continuation process discussed in Lemma 2.10 and Lemma 2.11 and obtain an extension

of formula (2.11) to the complex values of a. That is, for z = a + ib ∈ C with <(z) = a > 0, we

have

ζ2(1− n , z) =
2(−1)n

n(n− 1)
Bn(2 , 1− z) for integers n > 1. (3.4)

Similarly, the series representation established in Theorem 2.15 holds for complex values of a. That

is, for <(s) = σ < 0 and z such that <(z) = a > 0, we have

ζ2(s, z) = (−1)sΓ(−s)
∞∑
k=1

(
e(1−z)zk

z1−s
k

+
e(1−z)z̄k

z̄1−s
k

)
, (3.5)

where zk and z̄k are zeros of ϕ(z) = ez − 1− z. For any z ∈ C with <(z) < 1, we combine (3.4) and

(3.5) and obtain

Bn(2, z) = −n!

2

∞∑
k=1

(
ezkz

znk
+
ez̄kz

z̄nk

)
. (3.6)

If z = a+ ib with <(z) = a < 0, then <(nz) = na < 0 for any positive integer n. Thus,

Bn(2, nz) = −n!

2

∞∑
k=1

(
ezknz

znk
+
ez̄knz

z̄nk

)
for z ∈ C with <(z) < 0.

Lemma 3.9. Let zk = xk + iyk = rke
iθk , k = 1, 2, · · · be the zeros of ϕ(z) = ez − 1 − z. For any

z ∈ C such that <(z) < 1 and −1 < =(z) < 1, we have

Bn(2, z) = −n!
∞∑
k=1

exkz cos (ykz − nθk)

rnk
.

Proof. Let z ∈ C with <(z) < 1 and −1 < =(z) < 1. Then with zk = xk + iyk = rke
iθk and

z̄k = xk − iyk = rke
−iθk , we use (3.6) as follows.

−n!

2

∞∑
k=1

(
ezkz

znk
+
ez̄kz

z̄nk

)
= −n!

2

∞∑
k=1

exkz
(
eiykz

znk
+
e−iykz

z̄kn

)

= −n!

2

∞∑
k=1

exkz

rnk

(
ei(ykz−nθk) + e−i(ykz−nθk)

)
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= −n!
∞∑
k=1

exkz

rnk
cos (ykz − nθk) .

The Asymptotic Real Zeros of Bn(2, na)

We illustrate how the method used by John Mangual in [24] is applicable to the case of the hypergeo-

metric Bernoulli polynomials of order 2, Bn(2, na). This is an alternative method to the result about

real zeros that we obtained in Section 3.1. Indeed, we extend this method to the asymptotic complex

zeros of Bn(2, nx).

Lemma 3.10. For any real number a < 0 and a sufficiently large n, Bn(2, na) is expressed asymp-

totically as

Bn(2, na) = −
[
nO

(
n1/2n

(
1 +

1

n

))]n [
ein(y1a−θ1) + e−in(y1a−θ1)

(r1e1−x1a)
n +O

(
1

rn1

)]
. (3.7)

Proof. Clearly, if a < 0, then na < 0 for any positive integer n. Then by using (3.6) and Theorem

3.1, we get

Bn(2, na) = −n!

2

∞∑
k=1

[
ezkna

znk
+
ez̄kna

z̄nk

]

= −n!

2

[
ez1na

zn1
+
ez̄1na

z̄n1
+
∞∑
k=2

ezkna

znk
+
ez̄kna

z̄nk

]

= −n!

2

[
ein(y1a−θ1) + e−in(y1a−θ1)

(r1e−x1a)
n +O

(
1

rn1

)]
.

Then by using Stirling’s estimate for n!, we obtain

Bn(2, na) = −
[
nO

(
n1/2n

(
1 + 1

n

))]n
en

[
ein(y1a−θ1) + e−in(y1a−θ1)

(r1e−x1a)
n +O

(
1

rn1

)]
= −

[
nO

(
n1/2n

(
1 +

1

n

))]n [
ein(y1a−θ1) + e−in(y1a−θ1)

(r1e1−x1a)
n +O

(
1

rn1

)]
.

Corollary 3.11. For sufficiently large positive integers n, the negative real zeros of Bn(2, na) are

approximated by the roots of the equation

cos(ny1a− nθ1) = 0.

That is, the negative real zeros αk of Bn(2, na) are given by

αk =
θ1 − (2k + 1)π2

y1
, for k = 1, 2, 3, · · · .

Proof. For large values of n and a < 0, we have na < 0 so that (3.7) implies that the negative real

zeros of Bn(2, na) are approximated by the roots of

ein(y1a−θ1) + e−in(y1a−θ1)

(r1e1−x1a)
n = 0.
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Therefore, the negative real zeros of Bn(2, na) are approximately given by the roots of

ei(y1a−θ1) + e−i(y1a−θ1) = 0.

Hence cos(ny1a − nθ1) = 0. Alternatively, note that when a < 0, we have na < 0 for any positive

integer n. Then replacing “a” by “na”, the asymptotic formula (3.1) becomes

Bn(2, na)

Qn
= enx1a cos (ny1a− nθ1) +O

(
2−n

)
.

Therefore, the negative real zeros of Bn(2, na) are asymptotically given by the roots of of the equation

cos (ny1a− nθ1) = 0. Hence, the negative real zeros αk of Bn(2, na) are given by αk ≈
θ1−(2k+1)π2

y1
.

Remark 3.12. Note that Lemma 3.10 holds only for a < 0 so that Corollary 3.11 gives only the

negative real zeros of Bn(2, na). To determine the asymptotic positive real zeros of Bn(2, na), let a

be any real number such that 0 < a < 1. Then na > 0 for any positive real number n and we express

it as

na = {na}+ bnac ,

where bnac is the greatest integer such that bnac ≤ na and 0 ≤ {na} < 1 is the fractional part.

Moreover, we express Bn(2, na) as

Bn(2, na) = Bn(2, {na}) +Bn(2, na)−Bn(2, {na}).

Then, to get asymptotic representation for Bn(2, na), we establish asymptotic representation for both

Bn(2, {na}) and Bn(2, na)−Bn(2, {na}).

Clearly, we have 0 ≤ {na} < 1 so that the series (2.16) holds for Bn(2, {na}). Therefore, it remains

to establish an asymptotic formula for Bn(2, na)−Bn(2, {na}).
Lemma 3.13. Let a be any real number such that 0 < a < 1. For sufficiently large positive integer

m, we have

Bn(2, a+m)−Bn(2, a) ≈
m−1∑
k=0

n(a+ k)n−1. (3.8)

Proof. We use the difference equation (2.4) repeatedly as follows.

Bn(2, a+ 1)−Bn(2, a) = nBn−1(2, a) +
n(n− 1)

2
an−2

Bn(2, a+ 2)−Bn(2, a+ 1) = nBn−1(2, a+ 1) +
n(n− 1)

2
(a+ 1)n−2

...

Bn(2, a+m)−Bn(2, a+m− 1) = nBn−1(2, a+m− 1) +
n(n− 1)

2
(a+m− 1)n−2.

Then adding both sides we get

Bn(2, a+m)−Bn(2, a) =
m−1∑
k=0

nBn−1(2, a+ k) +
n(n− 1)

2
(a+ k)n−2.

The right-hand sum is a polynomial, say P (x). By using definition of Bn−1(2, a+k), we get Bn(2, a+

m)−Bn(2, a) = P (x), where

P (x) =

m−1∑
k=0

nBn−1(2, a+ k) +
n(n− 1)

2
(a+ k)n−2
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=
m−1∑
k=0

n
n−1∑
j=0

(
n− 1

j

)
Bj(2)(a+ k)n−1−j +

n(n− 1)

2

m−1∑
k=0

(a+ k)n−2.

Clearly, the leading term of P (x) is the sum consisting of n(a + k)n−1, and it is when j = 0. We

express the term for j = 0 separately and get

P (x) =
m−1∑
k=0

n(a+ k)n−1 +Q(x),

where

Q(x) =

(
n

2

)m−1∑
k=0

(a+ k)n−2 + n
m−1∑
k=0

n−1∑
j=1

(
n− 1

j

)
Bj(2)(a+ k)n−1−j .

Observe that the polynomial Q(x) is of degree n− 2. Also we can express P (x) as

P (x) = n(a+m− 1)n−1 +
m−2∑
k=0

n(a+ k)n−1 +Q(x).

For large values of |x|, the polynomial P (x) is dominated by its leading term. That is, for any ε > 0,

there exist R > 0 such that
∣∣P (x)− xn−1

∣∣ < ε, for all |x| > R. Thus, for large values of m such that

|x| = |a+m− 1| > R, we conclude

P (x) ≈
m−1∑
k=0

n(a+ k)n−1.

Therefore, since m is assumed to be sufficiently large, we conclude

Bn(2, a+m)−Bn(2, a) ≈
m−1∑
k=0

n(a+ k)n−1.

Lemma 3.14. Let a be any real number such that 0 < a < 1. For sufficiently large positive integer

n, we have

Bn(2, na)−Bn(2, {na}) ≈ nn
∫ a

0

nxn−1 dx. (3.9)

Moreover, for 0 < δ < 1, the convergence is uniform for all a in the interval [0 , 1− δ].

Proof. Clearly, we write na = {na}+ bnac and 0 ≤ {na} < 1. For a sufficiently large positive integer

n, we replace a by {na} and m by bnac in (3.8) and get

Bn(2, na)−Bn(2, {na}) ≈
bnac−1∑
k=0

n
(
{na}+ k

)n−1

= nn × n
bnac−1∑
k=0

(
{na}+ k

n

)n−1
1

n
.

Now we consider the right hand side expression. Let a be any real number such that 0 < a < 1 and

consider the function f(x) = xn−1 on the interval
[
{na}
n , a

]
. The sum on the right-hand side is the

lower sum of f , L(f,P), corresponding to the partition

P =

{
xk =

{na}+ k

n
: k = 0, 2, . . . , bnac

}
.
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Here ∆xk = 1
n and the upper sum U(f,P) is the sum from x1 = {na}+1

n to xbnac = a.

Now noting that f(x) is increasing on the interval
[
{na}
n , a

]
, we get

U(f,P)− L(f,P) = f(xbnac)− f(x0) = an−1 −
(
{na}
n

)n−1

.

Since 0 < a < 1 and n is large, U(f,P) − L(f,P) → 0 as n → ∞. Therefore, the above Riemann

(lower) sum converges and hence it converges to the integral of f from x0 = {na}
n to xbnac = a. Also

since n is large, we use x0 ≈ 0 and conclude

bnac−1∑
k=0

(
{na}+ k

n

)n−1
1

n
−→

∫ a

0

f(x) dx as n→∞.

Therefore, for sufficiently large n (or, when n→∞), we conclude that

Bn(2, na)−Bn(2, {na}) −→ nn ×
∫ a

0

nxn−1 dx.

Moreover, if 0 < δ < 1, then for every a in [0 , 1− δ], we have

an−1 −
(
{na}
n

)n−1

< an−1 < (1− δ)n−1
.

Therefore, the convergence is uniform in the interval [0 , 1− δ].

Corollary 3.15. Let a ∈ R be such that 0 < a < 1 and n be sufficiently large positive integer. Then

the re-scaled hypergeometric Bernoulli polynomial Bn(2 , na) is given by

Bn(2 , na) ≈ Bn(2, {na}) + nnan.

Moreover, the asymptotic positive real zeros of Bn(2, na) are approximately given by the roots of the

equation

cos (y1na− nθ1) = 0.

Proof. Clearly, Bn(2, na) = Bn(2, {na}) +Bn(2, na)−Bn(2, {na}) and we use (3.9) for Bn(2, na)−
Bn(2, {na}). To prove the second assertion, first we use (2.15) and get

Bn(2, {na}) = −n!

2

[
ez1{na}

zn1
+
ez̄1{na}

z̄n1
+O

(
1

rn1

)]
.

For a sufficiently large positive integer n, Stirling’s estimate and Lemma 3.13 yields

Bn(2, na) = Bn(2, {na}) +Bn(2, na)−Bn(2, {na})

= −
[
nO

(
n1/2n

(
1 + 1

n

))]n
2en

[
ez1{na}

zn1
+
ez̄1{na}

z̄n1
+O

(
1

rn1

)]
+ nnan

≈ −
[
nO

(
n1/2n

(
1 +

1

n

))]n [
e−z1bnac

2 (z1e1−z1a)
n +

e−z̄1bnac

2 (z̄1e1−z̄1a)
n + an

]
.

Since
∣∣e−z1bnac∣∣ =

∣∣e−z̄1bnac∣∣ = e−x1bnac → 0 as n→∞, we have

Bn(2, na) ≈ −
[
nO

(
n1/2n

(
1 +

1

n

))]n [
1

2 (z1e1−z1a)
n +

1

2 (z̄1e1−z̄1a)
n + an

]
.
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Thus, the real zeros of Bn(2, na) are approximated by the roots of

−1

2 (z1e1−z1a)
n +

−1

2 (z̄1e1−z̄1a)
n + an = 0.

Then multiplying
∣∣z1e

1−z1a
∣∣n to both sides, we get

−2<
(
zn1 e

n−z1na
)

+ 2
∣∣az1e

1−z1a
∣∣n = 0.

Further simplification of this expression yields

rn1 e
n−x1na [an − cos (y1na− nθ1)] = 0.

Thus, we get an = cos (y1na− nθ1). But since 0 ≤ a < 1, we conclude that an → 0 as n → ∞.

Therefore, for sufficiently large n, we obtain

cos (y1na− nθ1) ≈ 0.

The Asymptotic Complex Zeros of Bn(2, nz)

For any z = a+ ib ∈ C, we also express Bn(2 , nz) = Bn(2 , na+ inb) as

Bn(2 , nz) = Bn(2 , {na}+ inb) +Bn(2 , na+ inb)−Bn(2 , {na}+ inb).

Similar to the previous case, we establish asymptotic formulas for Bn(2 , {na}+ inb) and Bn(2 , na+

inb)−Bn(2 , {na}+ inb) separately and obtain an asymptotic formula for Bn(2 , na+ inb). First we

establish an asymptotic formula for Bn(2 , {na}+ inb).

Recall that the Taylor polynomials of the exponential function ex, Tn(x) =
∑n
k=0

xk

k! , appeared in the

asymptotic formulas of the classical Bernoulli polynomials. Now we prove a statement analogous to

Lemma 1.12 of the classical case.

Lemma 3.16. Let z1 = x1 + iy1 and z̄1 = x1 − iy1 be the two roots of ϕ(z) = ez − 1 − z with the

minimum modulus r1 = |z1| = |z̄1|. If z = a+ ib is any complex number such that 0 < <(z) = a < 1,

then for sufficiently large positive integers n, we have

Bn (2, {na}+ inb) ≈ −
[
nO

(
n1/2n

(
1 +

1

n

))]n(
Tn (iz1nb) + Tn (iz̄1nb)

(r1e)
n

)
. (3.10)

Proof. Since {na} ∈ R and 0 < {na} < 1, we use (2.15) for Bm (2 , {na}) and the addition formula

(2.3) as follows.

Bn(2 , {na}+ inb) =

n∑
m=0

(
n

m

)
Bm (2 , {na}) (inb)

n−m

= −n!

2

n∑
m=0

(inb)
n−m

(n−m)!

[
ez1{na}

zm1
+
ez̄1{na}

z̄m1
+O

(
1

rm1

)]

= −n!

2

[
ez1{na}

zn1

n∑
m=0

(iz1nb)
n−m

(n−m)!
+
ez̄1{na}

z̄n1

n∑
m=0

(iz̄1nb)
n−m

(n−m)!
+

n∑
m=0

(inb)
n−m

(n−m)!
O
(

1

rm1

)]
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= −n!

2

[
ez1{na}

zn1
Tn (iz1nb) +

ez̄1{na}

z̄n1
Tn (iz̄1nb) +

1

rn

n∑
m=0

(ir1nb)
n−m

(n−m)!
O
(
rn−m

)]

= −n!ex1{na}

2rn1

[
ei(y1{na}−nθ1)Tn (iz1nb) + e−i(y1{na}−nθ1)Tn (iz̄1nb) +

1

rn1
O (Tn (r1nb))

]
.

Observe that
∣∣ei(y1{na}−nθ1)

∣∣ = 1 and ex1{na} < ex1 for any n. Also we have

1

rn1
Tn (r1nb) < Tn (r1nb) = Tn (|z1|nb) .

Thus, when n is sufficiently large, we use Stirling’s estimate and conclude that

Bn(2, {na}) ≈ −
[
nO

(
n1/2n

(
1 +

1

n

))]n(
Tn (iz1nb) + Tn (iz̄1nb)

(r1e)
n

)
.

Next, we extend the method we used for the real case and establish an asymptotic formula for

Bn(2 , na+ inb)−Bn(2 , {na}+ inb).

Lemma 3.17. Let z = a + ib be any complex number such that 0 < a < 1. For sufficiently large

positive integers n, we have

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) ≈ nn
∫ a

0

n(x+ ib)n−1 dx. (3.11)

Moreover, Bn(2 , na+ inb)−Bn(2 , {na}+ inb) is asymptotically expressed as

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) ≈ nn(a+ ib)n.

Proof. By addition formula (2.3) (with N = 2), we get

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) =
n∑

m=0

(
n

m

)(
Bm(2 , na)−Bm(2 , {na})

)
(inb)

n−m
.

As shown in the proof of Lemma 3.13, we see that

Bm(2, na)−Bm(2, {na}) = mnm−1

bnac−1∑
k=0

(
{na}+ k

n

)m−1

.

Then noting that Bm(2, na)−Bm(2, {na}) = 0 when m = 0, we get

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) =

bnac−1∑
k=0

n∑
m=1

(
n

m

)
mnm−1

(
{na}+ k

n

)m−1

(inb)
n−m

= nn−1

bnac−1∑
k=0

n∑
m=1

(
n

m

)
m

(
{na}+ k

n

)m−1

(ib)
n−m

= nn
bnac−1∑
k=0

n−1∑
m=0

(n− 1)!

m!(n− 1−m)!

(
{na}+ k

n

)m
(ib)

n−1−m

= nn
bnac−1∑
k=0

n−1∑
m=0

(
n− 1

m

)(
{na}+ k

n

)m
(ib)

n−1−m
.
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In this last expression, the inner sum is a binomial sum so that

n−1∑
m=0

(
n− 1

m

)(
{na}+ k

n

)m
(ib)

n−1−m
=

(
{na}+ k

n
+ ib

)n−1

.

Thus, we obtain

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) = nn
bnac−1∑
k=0

(
{na}+ k

n
+ ib

)n−1

= nn × n
bnac−1∑
k=0

(
{na}+ k

n
+ ib

)n−1
1

n
.

The right-hand side corresponds to a Riemann (lower) sum of f(x) = (x + ib)n−1, on the interval[
{na}
n , a

]
with respect to the partition

P =

{
xk =

{na}+ k

n
: k = 0, 2, · · · , bnac

}
.

(Note that f is complex-valued function of the real variable x. The lower sum of f over a partition P
of the real interval is in the sense that |f(xk)| treated instead of f(xk)).

Therefore, for sufficiently large n,

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) ≈ nn
∫ a

0

n(x+ ib)n−1 dx.

Finally, a simple integration yields

Bn(2 , na+ inb)−Bn(2 , {na}+ inb) ≈ nn(a+ ib)n.

Theorem 3.18. Let z1 = x1 + iy1 and z̄1 = x1 − iy1 be the two zero of ϕ(z) = ez − 1 − z with the

minimum modulus r1 = |z1| = |z̄1|. For sufficiently large values of n, the complex zeros z = a+ ib of

Bn(2, nz) asymptotically lie on the curve

r1e|z| =

{
ey1b : =(z) = b > 0

e−y1b : =(z) = b < 0
. (3.12)

Moreover, (3.12) describes the asymptotic complex zeros of Bn(2, nz) and it represents the H-like

shaped curve given in Figure 3.1 below.

Proof. Let z = a + ib be such that 0 < a < 1 and suppose n is sufficiently. Clearly, Tn(z) → ez as

n→∞. By using Dieudonné’s estimate (see [24]), we conclude that

Tn (iz1nz) −→ eiz1nz uniformly for z in
1

r1
D,

where D = {z ∈ C : |z| < 1}. Then combining (3.11) and (3.10), we obtain

Bn(2, na+ inb) ≈ −
[
nO

(
n1/2n

(
1 +

1

n

))]n [
eiz1nb + eiz̄1nb

(r1e)
n + zn

]
.

48



Chapter 3 : Zeros of Hypergeometric Bernoulli Polynomials of Order 2

Figure 3.1: The complex zeros of Bn(2, nz) (for n = 200)

Thus, the complex zeros of Bn(2, nz) are approximately the roots of

eiz1nb + eiz̄1nb + (zr1e)
n

= 0. (3.13)

Case 1. If =(z) = b > 0, then eiz1nb → 0 as n → ∞. Hence (3.13) becomes eiz̄1nb + (zr1e)
n

= 0.

Therefore, the zeros z of Bn(2, nz) satisfy the equation

r1e |z| =
∣∣eiz̄1b∣∣ = ey1b , if =(z) = b > 0.

Case 2. Suppose =(z) = b < 0. Then eiz̄1nb → 0 as n→∞ so that (3.13) reduces to eiz1nb+(zr1e)
n

=

0. Thus, the zeros of Bn(2, nz) satisfy

r1e |z| =
∣∣eiz1b∣∣ = e−y1b , if =(z) = b < 0.

Finally, we combine Case 1 and Case 2 and obtain (3.12).

Observe that (3.12) describes a curve in the complex plane. Indeed, it is analogous to (1.25) of the

classical Bernoulli polynomials. From the two cases considered in the proof of Theorem 3.18, we

express (3.12) alternatively as ∣∣zz1e
1−iz1b

∣∣ = 1 , if =(z) = b < 0

and ∣∣zz̄1e
1−iz̄1b

∣∣ = 1 , if =(z) = b > 0.

3.3 Geometry of Curves Related to z1 and z̄1

The Taylor polynomials of the function ez, Tn(z), are given by

Tn(z) =

n∑
k=0

zk

k!
.
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The zeros of Tn(z) have an interesting asymptotic behavior. As n → ∞, the zeros of Tn(z) go to ∞
since ez has no complex zeros. However, if we rescale by a factor of n, the zeros of Tn(nz) approach

the curve
∣∣ze1−z

∣∣ = 1.

Figure 3.2: The complex zeros of T100(100z) along with the curve
∣∣ze1−z

∣∣ = 1

In Figure 3.2, the complex zeros of T100(100z) are indicated by ‘dots’ whereas the solid curve is the

graph of
∣∣ze1−z

∣∣ = 1. In general, for sufficiently large n, the complex zeros of Tn(nz) are uniformly

distributed around the the curve
∣∣ze1−z

∣∣ = 1 with |z| ≤ 1. The curve
∣∣ze1−z

∣∣ = 1 was first introduced

by Gabor Szegö in 1924.

Definition 3.19 (Standard Szegö Curve). Let φ(z) = ze1−z. The curve S in the complex plane

defined by

S =
{
z ∈ C :

∣∣ze1−z∣∣ = 1 and |z| ≤ 1
}

is called Standard Szegö Curve.

In other words, the standard Szegö curve S is the set of all points z ∈ C such that∣∣ze1−z∣∣ = 1 and |z| ≤ 1. (3.14)

Remark 3.20. By using generating functions, we define the polynomials Tn(z) as

ezw

1− w
=
∞∑
n=0

Tn(z)wn.

Observe that the denominator of the generating function is ψ(w) = 1 − w and the only root of ψ(w)

is w = 1. Moreover, the function φ(z) = ze1−z is a particular case of φ(wz) = zwe1−wz with w = 1.

On the other hand, we have ϕ(w) = ew− 1−w in the denominator of the generating function (2.1) of

Bn(2, z) and the zk’s are the roots of ϕ(z). Also we have φ(zkz) = zzke
1−zkz as a particular case of

φ(wz) = zwe1−wz with w = zk. Therefore, being motivated by such interesting relations, we consider

different curves related to φ(zkz) = zzke
1−zkz, where the zk’s are the roots of ϕ(w) = ew − 1−w and

investigate how such curves are related to the asymptotic complex zeros of Bn(2, nz).

Recall the roots zk = xk + iyk = rke
iθk and z̄k = xk − iyk = rke

−iθk of ϕ(z) = ez − 1− z discussed in

Chapter 2. Although there are infinitely many roots, we used only the roots with minimum modulus,

z1 and z̄1, for describing the asymptotic zeros of Bn(2, z). These two roots of ϕ(z) helped us to

determine the curve described by (3.12). Moreover, the location of the points z1 and z̄1 in the
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complex plane are related to the upper and lower openings of the H-shaped curve shown in Figure

3.1. Therefore, we are interested in studying more about curves related to z1 and z̄1.

Definition 3.21 (Szegö Curves). Let zk = xk + iyk be the zeros of ϕ(z) = ez − 1 − z with modulus

|zk| = rk. The curves 1
zk
S in the complex plane defined by the equation

1

zk
S =

{
z ∈ C :

∣∣zzke1−zkz
∣∣ = 1 and |z| ≤ 1

rk

}
are called Szegö Curves.

In particular, we consider the Szegö curves 1
z1
S and 1

z̄1
S. Note that 1

z1
S is described as the set of

points z ∈ C such that

|φ (z1z)| = 1 and |z| ≤ 1

r1
. (3.15)

Similarly, 1
z̄1
S is given by the equation

|φ (z̄1z)| = 1 and |z| ≤ 1

r1
. (3.16)

The Szegö curves 1
z1

S and 1
z̄1

S are roughly sketched as shown in Figure 3.3. We define regions Gz1
and Gz̄1 to be the interior points of the curves 1

z1
S and 1

z̄1
S, respectively. Since φ(z) = ze1−z is a

conformal map in the unit disk B(0, 1), we see that both φ (z1z) and φ (z̄1z) are conformal in the disk

B(0, 1
r1

).

Figure 3.3: The Szegö curves 1
z1

S and 1
z̄1

S

Note that (3.15) is obtained when z is replaced by z1z in (3.14). Similarly, if z is replaced by z̄1z in

(3.14), we get (3.16). Therefore, the curves 1
z1

S and 1
z̄1

S are obtained from the standard Szegö curve

S by a stretch (dilation) with 1
r1

and rotation by ±θ1.

Observe that each of the equations (3.14) - (3.16) consists of two conditions. For instance, (3.15)

consists of the equation |φ (z1z)| = 1 and the restriction |z| ≤ 1
r1

. Clearly, the equation |φ (z1z)| = 1

by itself represents an unbounded curve in the complex plane. Let Γz1 be the unbounded curve
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determined by |φ (z1z)| = 1. That is,

Γz1 = {z ∈ C : |φ (z1z)| = 1} . (3.17)

Then 1
z1
S ⊆ Γz1 . Indeed, 1

z1
S is the portion of Γz1 that lies in the closed disk B̄

(
0, 1

r1

)
. Equivalently,

1
z1
S can be described by the equation

|φ (z1z)| = 1 and < (z1z) ≤ 1. (3.18)

That is, 1
z1
S is the portion of Γz1 that lies in the closed half-plane < (z1z) ≤ 1. In other words, (3.15)

and (3.18) define the same curve, the Szegö curve 1
z1
S.

Note that the curve Γz1 divides the complex plane into three different open regions. We denote these

regions by Gz1 , G+
z1 and G−z1 , where

1. Gz1 is the interior of the Szegö curve 1
z1
S, given by

Gz1 =

{
z ∈ C : |φ (z1z)| < 1 and |z| ≤ 1

r1

}
. (3.19)

2. G+
z1 is the unbounded region given by

G+
z1 =

{
z ∈ C : |φ (z1z)| < 1 and |z| > 1

r1

}
. (3.20)

3. G−z1 is the unbounded region given by

G−z1 = {z ∈ C : |φ (z1z)| > 1} . (3.21)

For the function φ (z̄1z), we replace z1 by z̄1 in equations (3.17), (3.19), (3.20) and (3.21) to define

Γz̄1 , Gz̄1 , G+
z̄1 and G−z̄1 , respectively. Clearly, z1 = x1 + iy1 lies in the upper half-plane H+ while

z̄1 = x1 − iy1 is in the lower half-plane H−. Hence 1
z1
∈ H− and 1

z̄1
∈ H+. The regions Gz̄1 , G+

z̄1 and

G−z̄1 are shown in Figure 3.4 below.

Next, we describe some relations between the Szegö curves 1
z1
S and 1

z̄1
S.

Lemma 3.22. The curves 1
z1
S and 1

z̄1
S intersect each other at exactly two points. Moreover, their

point of intersections are on the real axis.

Proof. The two curves intersect at point z if |φ(z1z)| = |φ(z̄1z)|. But z = x+ iy satisfies this equation

if
∣∣e1−(x1+iy1)(x+iy)

∣∣ =
∣∣e1−(x1−iy1)(x+iy)

∣∣. From this, we get ey1y = e−y1y which implies y = 0.

Observe that the line joining the two common points of 1
z1
S and 1

z̄1
S, Lz1, z̄1 , is the real axis. Hence

Lz1, z̄1 divides the complex plane into the upper half-plane H+ and lower half-plane H−. Indeed, we

express these half-planes as:

H+ = {z : |φ (z1z)| > |φ (z̄1z)|}

and

H− = {z : |φ (z1z)| < |φ (z̄1z)|} .

Now we define several regions related to 1
z1
S, 1

z̄1
S and Lz1, z̄1 .
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Figure 3.4: The Szegö regions Gz̄1 , G+
z̄1 and G−z̄1

Definition 3.23. Consider the Szegö curves 1
z1

S and 1
z̄1

S. We define Szegö regions Dz1 and Dz̄1 as

Dz1 = Gz1 ∩H− and Dz̄1 = Gz̄1 ∩H+,

where Gz1 and Gz̄1 are the sets of points inside the curves 1
z1

S and 1
z̄1

S, respectively.

We define a region D1 to be the union of Dz1 and Dz̄1 . That is,

D1 = Dz1 ∪ Dz̄1 .

The Szegö curves 1
z1

S and 1
z̄1

S intersect each other at two points, say P and Q, which are on the real

axis. The Szegö regions Dz1 and Dz̄1 and the boundary of their union, ∂D1 = ∂Dz1 ∪ ∂Dz̄1 , are shown

in Figure 3.5 (a) and (b), respectively.

Figure 3.5: The Szegö regions Dz1 and Dz̄1 and their boundaries

Clearly, both Dz1 and Dz̄1 are open sets, each exclude the boundary points. For Dz1 and Dz̄1 , we have

Dz1 ∩Dz̄1 = ∅ and they have a common boundary, namely, the line segment PQ on the real axis. The
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closure of D1, D̄1 = D̄z1 ∪ D̄z̄1 , represents all points of the colored regions in Figure 3.5 (a) together

with the boundary points. Indeed, the boundary set ∂D1 includes the outer boundary points and

points of the segment PQ. The boundary of the region D1, ∂D1, is the the curve given in Figure 3.5

(b). Observe that Gz1 ∩ B
(

1
z1
, δ
)
6= ∅ for any δ > 0. Therefore, the set Dz1 is an open non-empty

subset of the region Gz1 . Moreover, the regions Dz1 and Dz̄1 can be expressed as

Dz1 = {z ∈ Gz1 : |φ(z1z)| < |φ(z̄1z)|}

and

Dz̄1 = {z ∈ Gz̄1 : |φ(z̄1z)| < |φ(z1z)|} .

Note that D1 ⊆ G1 = Gz1 ∪ Gz̄1 but D1 6= G1 because G1 contains the line segment PQ. However,

their closures are equal, that is, D̄1 = Ḡ1.

Next, we establish a special property of z1 and z̄1 relative to all the other zeros of ϕ(z) = ez − 1− z.
In fact, this is one of our results which we think is new in our study.

Theorem 3.24. If zk = xk + iyk = rke
iθk is any zero of ϕ(z) = ez − 1 − z with yk > 0 and

|zk| = rk ≥ r2, then 1
zk

lies inside the region Dz1 . More generally, for any zk such that |zk| > r1, we

have 1
zk
∈ D1 = Dz1 ∪ Dz̄1 .

Proof. Let zk = xk + iyk = rke
iθk be as given in the hypothesis. For each k ≥ 2, we have

∣∣∣ 1
zk

∣∣∣ =
1
rk

< 1
r1

showing that 1
zk
∈ B(0 , 1

r1
). This shows that 1

zk
6∈ Ḡ+

z1 . Now consider the function

φ (z1z) = zz1e
1−z1z. If we evaluate |φ (z1z)| at z = 1

zk
, then noting that xk ≥ x2, yk ≥ y2 and rk ≥ r2

for all k ≥ 2, we get∣∣∣∣φ(z1
1

zk

)∣∣∣∣ =
r1

rk
e

1− (x1xk+y1yk)

r2
k ≤ r1

r2
e

1− (x1x2+y1y2)

r22 for all k ≥ 2.

Then using the values of x1, y1, r1, x2, y2 and r2 given in (2.12), we get

r1

r2
e

1− (x1x2+y1y2)

r22 < 1.

Thus,
∣∣∣φ(z1

1
zk

)∣∣∣ < 1 and
∣∣∣ 1
zk

∣∣∣ < 1
r1

so that 1
zk
∈ Gz1 . Moreover, since yk > 0, we have 1

zk
∈ H−.

Hence, 1
zk
∈ Dz1 . On the other hand, if we assume yk < 0, then we evaluate |φ (z̄1z)| at z = 1

zk
and

get 1
zk
∈ Dz̄1 . Therefore, 1

zk
∈ D1 = Dz1 ∪ Dz̄1 for each k ≥ 2.

3.4 Summary of Results and Conclusion of the Study

Analogous to the classical Bernoulli polynomials, the hypergeometric Bernoulli polynomials of order

2, Bn(2, a), possess interesting asymptotic behavior. For any real number a < 0, Bn(2, a) and

the respective mth derivative B
(m)
n (2, a) have asymptotic representations given by (3.1) and (3.2),

respectively. Consequently, for sufficiently large positive integers n, the negative real zeros of Bn(2, a)

are approximately the same as the roots of cos (y1a− nθ1) = 0, where z1 = x1 + iy1 = r1e
iθ1 is the

zero of ϕ(z) = ez − 1− z with minimum modulus.

For positive real numbers a > 0, we established an asymptotic representation in (3.3) which is given

for Bn(2, a+m) for any integer m. Then we described the asymptotic positive real zeros of Bn(2, a).

These are given in Theorem 3.6 and Theorem 3.7 in terms of the root z1 of ϕ(z) = ez − 1− z.
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In order to determine the asymptotic complex zeros of Bn(2, a), we established asymptotic formulas

for the re-scaled polynomials Bn(2, na). We obtained asymptotic representations for the case when

na is real as well as for the complex variable case. These are given an (3.8), (3.9), (3.10) and under

respective Lemmas and Corollaries in Section 3.2. For sufficiently large positive integers n, the complex

zeros of Bn(2, nz) are illustrated by using a curve in the complex plane. These asymptotic complex

zeros are precisely described by an H-shaped curve whose equation is given by (3.12) as proved in

Theorem 3.18.

The polynomials Bn(2, x) and the classical Bernoulli polynomials Bn(x) have many analogous prop-

erties. In particular, their asymptotic real and complex zeros are given by slightly similar H-shaped

curves. We can make several conclusions about analogous results obtained regarding the asymptotic

zeros of Bn(x) and those of Bn(2, x).

Remark 3.25. For the polynomials Bn(x) and Bn(2, x), we have:

I In the case of Bn(x), we have ϕ1(z) = ez − 1 in the generating function (1.3) of Bn(x) and

the two roots of ez − 1 = 0 with minimum modulus are w1 = 2πi and −w1 = −2πi. John

Mangual proved that points of the H-shaped curve described by (1.25) are accumulation points

of the complex zeros of Bn(nz) as n→∞.

I Similarly, we have ϕ(z) = ez−1−z in the generating function (2.1) of Bn(2, x) and z1 = x1+iy1

and z̄1 = x1 − iy1 are the roots of ez − 1− z = 0 with minimum modulus.

Note that (1.25) and (3.12) are similar except that the former involves the roots w1 = 2πi and

−w1 = −2πi of ϕ1(z) = ez − 1 while the latter consists of the roots z1 = x1 + iy1 and z̄1 = x1 − iy1

of ϕ(z) = ez − 1− z.

Now consider the roots z1 = x1 + iy1 = r1e
iθ1 and z̄1 = x1 − iy1 = r1e

−iθ1 of ϕ(z) = ez − 1 − z.
In several asymptotic formulas of Bn(2, a) given in Section 3.1 and Section 3.2, we used z1 and

z̄1, especially the imaginary part y1 and the argument θ1 were the determining quantities in each

asymptotic formula of Bn(2, a). In Section 3.3, we considered the two curves related to the standard

Szegö φ(z) = ze1−z, |z| ≤ 1. These are the Szegö curves 1
z1
S and 1

z̄1
S given by

φ(z1z) = zz1e
1−z1z and φ(z̄1z) = zz1e

1−z̄1z, for |z| ≤ 1

r1
.

We discussed some interesting properties of these Szegö curves and some related regions of the complex

plane. In Theorem 3.24, we obtained an important result regarding the special properties that z1 and

z̄1 have as compared to all the other roots zk of ϕ(z) = ez − 1− z.
Remark 3.26. The two Szegö curves 1

z1
S and 1

z̄1
S (defined by 3.15 and 3.16) have an interesting

relation to the asymptotic zeros of Bn(2, nz). In our future study, we focus on these two Szegö curves

and try to illustrate that the boundary of the Szegö region D1 = Dz1 ∪ Dz̄1 (Figure 3.5 (b)) is a zero

attractor for Bn(2, nz) as n → ∞. That is, the boundary points of D1 are accumulation points for

the zeros of Bn(2, nz) as n→∞.

This method of studying asymptotic zeros of polynomials is possibly extendable to the hypergeometric

Bernoulli polynomials of arbitrary order, Bn(N, x),

zNexz/N !

ez − TN−1(z)
=
∞∑
n=0

Bn(N, x)
zn

n!
,
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where TN (z) =
∑N
k=0

zk

k! .

If {zk, z̄k} are the roots of ϕN (z) = ez − TN−1(z), then we expect some similar properties for z1 and

z̄1 as obtained in Theorem 3.24 (or, some more zk’s with such a dominating property). We also have

corresponding Szegö curves 1
zk
S and 1

z̄k
S as well as related regions in the complex plane analogous to

those discussed in Section 3.3 for the particular case when N = 2.

Some Problems for Future Works

In our future works, we would like to consider more concepts related to the asymptotic representations

and asymptotic real and complex zeros of hypergeometric Bernoulli polynomials of order 2, Bn(2, x)

as well as for the general case, Bn(N, x).

I We consider hypergeometric Bernoulli polynomials of order N = 3 and establish similar asymp-

totic formulas for Bn(3, x). We try to apply the methods discussed in Section 3.1 and Section

3.2 to determine the asymptotic real and complex zeros of Bn(3, x). If possible, we extend these

methods to the hypergeometric Bernoulli polynomials of arbitrary order, Bn(N, x).

I We consider and go through details of the Szegö curve analysis (the concepts discussed in Section

3.3). We try to use the dominating properties of z1 and z̄1 (the properties given in Theorem

3.24) to determine the asymptotic real and complex zeros of Bn(2, x). Then we extend the

method to the general case for Bn(N, x); to determine the asymptotic real and complex zeros

of Bn(N, nz) in terms of the dominating zeros of ϕN (z).

I We are interested in studying other concepts related to hypergeometric Bernoulli polynomials;

such as integral representations and integral asymptotics of Bn(2, x) as well as for the

general case Bn(N, x).
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