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Abstract

MONOMIAL ORDERS AND RING OF MULTIPLICATIVE INVARIANTS
MULUGETA HABTE M
Addis Ababa University, 2018

For a finite group G in GL(n, Z) = Aut(Z"), action of G on Z" (via automorphism) can
be uniquely extended to group algebra of Z" i.e. to Laurent polynomial ring K[X*!]
over some base field K. M. Lorenz in Lorenz (2001) showed that the invariant algebra
K[X*1]9 = R of this multiplicative action has a form of affine semigroup algebra K[M],
provided the group acting is a reflection group. Further he conjured that, if R = K[M]
an affine semigroup algebra, then must G act as a reflection group? Lorenz|(2005). Few par-
tial answer was given, using different restriction and approach. In this dissertation we
showed that the above conjuncture holds, provided G is taken from a class that sat-
isfies certain linearization conditions. We used monomial ordering of Z" intensively
in relation to the initial algebra of invariant rings. Furthermore M. Tesemma and H.
Wang in Tesemma and Wang| (2011), described the initial algebra of invariant rings for
arbitrary lattice (monomial) ordering can be represented using an archimedean order,
giving same initial algebra hence SAGBI, provided the invariant algebra is induced by
action of reflection group. Further confirmed that for the usual lex ordering all the non
reflection groups (4 groups upto conjugacy) in GL(2,Z) do not admit such represen-
tation of initial algebra. We further show that, such representation (via archimedean
order) of initial algebra for multiplicative invariants of any monomial order is possible

if and only if the invariant algebra are induced from action of reflection group.
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Abbreviations and Notation

The following are some of the most frequently used notations in this thesis:
e IN,Z,Q, R, denote the usual sets of natural, integer, rational and real numbers
respectively.
e L - alattice a free Z-module of finite rank (n).
e = to denote a multiplicative ordering on a lattice L (Example Z") .
e () denotes the set of multiplicative orderings on Z".
e GL(n,Z) is used to denote the set of automorphisms of Z".
e G denotes a finite group contained in GL(n, Z).
e By J;; we denote the Kronecker-Delta with

1, i=j.

"o, i)

¢ R multiplicative invariant rings,

¢ R, monic subsemigroup of R with respect to ring multiplication.

vii



Chapter 1

Introduction

Invariant theory is both classical and contemporary research area of mathematics. It
played a central role in 19th century algebra and geometry, yet many of its techniques
and algorithms were practically forgotten by the middle of 20th century. With the fields
of combinatorics and computer science reviving old-fashioned algorithmic mathemat-
ics during the past twenty years or so, classical invariant theory has come to a renais-
sance. We quote from the expository article of Kung and Rota (1984):

"Like the Arabian phoenix rising out of its ashes, the theory of invariants, pronounced dead at
the turn of the century, is once again at the forefront of mathematics. During its long eclipse,
the language of modern algebra was developed, a sharp tool now at last being applied to the very
purpose for which it was invented.”

This quote refers to the fact that three of Hilbert fundamental contributions to modern
algebra, namely, the Nullstellensatz, the Basis Theorem and the Syzygy Theorem, were first
proved as lemmas in his invariant theory papers (Hilbert 1890, 1893) [Strumfels (2008)].
Some of the basic theorems and concepts of computational algebra can be found in 19th
century papers on classical invariant theory. The roots of invariant theory can be traced
back to Lagrange (1773-1775) and Gauss (1801) who were interested in the problem of
representing integers by quadratic binary forms and used the discriminant to distin-
guish between non equivalent forms [Nausel (2007)].

Algebraic invariants, such as the discriminant show up also in algebraic geometry,
when one asks for properties of geometric objects which are invariant under certain
classes of transformations.

In this thesis our concern will be on multiplicative action and the associated invariant
subalgebra (subrings), we study some properties of these rings, using ordering of the
set (lattice) in which the group acts by automorphisms. For its natural course, and
comparison of the multiplicative action to its older and comparatively well studied by
invariant theory researcher, we consider some of the notion of linear actions, as both
share similar mathematical terms, further more some of the question in multiplicative
action are raced from the linear counterpart. But one should not consider multiplicative

action as an extension of the linear, rather a variant, and it does stand on its own.

1.1 Linear Group Action

A linear representation of a group G, is a group homomorphism,

p:G— GL(n,K) (1.1.1)



where K is a field and GL(n,K) is the General Linear group. The number 7 is called
the degree of the representation p. For a finite dimensional vector space V of dimension
n we have, GL(n,K) = GL(V). Where GL(V) is a set containing all invertible linear
transformation (automorphisms) of V. Moreover if p is injective (i.e. monomorphism)
representation, then it is said to be faithful. Furthermore the linear representation of the

group induces a group action on V of the vector space by automorphisms.

Definition 1.1.1. Let X be a non empty set and G be a group the map,
0:Gx X — X satisfying

eox=x  (gg)ox=(go(g ox))

where x € X and g,¢ € G is called a group action on the set X. The set X on which G

acts is called a G-set.

Now consider the linear representation a group G (of degree n) as in equation and

define a map,
0:GxV =V wviap, gou=p(g)(u) VgeGVueV.

with this definition o is a group action on the vector space V' = K". The action of a
group is called faithful, if forany g € G gox = x Vx € X, then ¢ = e where ¢ is
the identity element of G. If p is a faithful representation of G then, the induced group
action on V is faithful. Conversely a group action of G on X by automorphisms also
induces a homomorphism of G into GL(X) (a representation). If the group action is
faithful so is the induced representation. For x € X we define the stabilizer of x in G,
denoted by Stabg(x) = {g € G : gox = x} and is a subgroup known as isotropy sub-
group of G. The orbit denoted by [x] is the subset of X givenby {gox : ¢ € G} isan
equivalence class containing x for the relation (x,y € X, x ~yifdg e G,goy = x),
which is induced by the group action on X. Further more the index of Stabg(x) in G is
equal to the cardinality of its orbit set (i.e. |[x]|).

Let ey, ez, - - - , e, be a basis for V, a vector space over field K and x1,xp,- - - , x,, be the
basis of its dual space V* i.e. (x;(e;) = d;j). The action of G on V can be extended to a
group action on the dual space V*(= Homg (V,K)),

®©:GxX V" —=V* givenby
foreachje {1,2,---,n},

g§Ox;(u) = x]'(g_1 ou) (VueV).

This can be further extended to any T € V* forany g € G,

goT(u)=1(gtou) Yuev,



with these V* become a G-set.

Remark 1.1.2. G acts on V* faithfully if and only if G acts on V faithfully, observe that
forge G

[gou=u<glou=u VueV]le goa=a VYacV"

Let K[x1,x2,- -, x4] = K[X] be a polynomial ring with field K, consider each linear
form in V* as a linear polynomial in the indeterminate (variables) xq,x, - - - , x,, with
this identification, V* C K[X] and we extend the action of G to the polynomial ring
KI[X]. This is done by defining the action of G on the monomials of K[X] and extend it
by linearity to each terms of polynomial f = Y} ; k;x%, where a; = (a;1,4ip, -+ , i) €
7", and k; € K as follows. Let x* be a monomial where a = (ay,a2,--+ ,a,) € 7, and
g€G,

gOX =go(xf' - xy) = (§O )" - (g O xu)™ (1.1.2)

The action of G over the monomials is defined and linearly extended to the polynomial
that is,

n n

§Of=80) ki =} ki(gOx)

=1 i=1

One can easily show that the polynomial ring K[X] is a G-set.

Definition 1.1.3. A polynomial f = Y/ ; k;x* € K[X] is said to be an invariant poly-
nomial under the action of a group Gif Vg € G, g©® f = f. The set of all invariant
polynomials of K[X] forms a subring and is denoted by K[X]% and hence,

KIX]° ={feK[X]: g0 f=f VgeG}

is called the ring of polynomial invariants.

An element ¢ € G is called a pseudo-reflection on V if g acts trivially on a hyperplane
in V or, equivalently, if the n X n matrix g — Iy has rank one, where Iy is the identity
automorphism of V. The group G is said to act as a pseudo-reflection group on V, if G
is generated by elements that are pseudo-reflections on V. Note that pseudo-reflection
¢ in lattice (free module) over rings contained in the real (R) are reflections and ¢ = I,
else are of finite order.

One of the most celebrated result in the invariant theory of the linear action is the
Shephard-Todd-Chevalley Theorem(S-T-C): Nausel (2007) [Theorem 13.16]

Let p : G — GL(n,K) be a faithful representation of finite group G, Then the invariant algebra
K[V1C is a polynomial algebra if and only if p is pseudo-reflection representation.(i.e.o(G) acts

as a pseudo-reflection group on the vector space V ( The action extended to polynomial ring).



1.2 Multiplicative Group Action

The linear representation of a group G induces an action of G on the polynomial ring

K[X], it sends each x; to a K linear combination of the x;s’. Also the monomials,
M= {x":aecZ%}

forms a K basis for the polynomial ring and is a commutative monoid. In multiplicative
action the monomials
{x*:aczZ"},

will have free abelian group structure and the ring over some base field K forms a

group ring structure (Laurent polynomial if M = Z").

Definition 1.2.1. A lattice L is a free Z-module (free abelian group) of finite rank, so
L = Z" where n = rank(L).

The group operation on L is traditionally denoted additively, if a group G acts on L,
via group homomorphism,
v:G — GL(L), (1.2.1)

where GL(L) is the set of invertible Z-linear maps (Z-module automorphisms), in such
cases L is called G-lattice and with appropriate choice of basis for L we have the iso-
morphism of groups,

GL(L) = GL(n,Z)

Further we put L = {Il € L: ¢(I) =1 Vg € G} a G-invariant sub lattice of L. A G-
lattice is said to be effective if the G-invariant sub lattice is L® = 1 and trivial if L® = L.
The action of G on L, extends uniquely to the group algebra of L over a commutative
base ring with unity, written IK[L]. Further L is a subgroup of units of the group al-
gebra, i.e. U(KJL]). Working inside K][L], we pass from the additive notation of L to
multiplication and denote L by L. To do this we write the basis element of K[L] (i.e. L)

corresponding to each lattice point m € L as x™ € L then we have,

ml— oyl and  x7™ = (x™) 71,

x' =1, x
hence,
feKI[L] iswritten f= ) kyx"
meL
For each f € KJ[L] the set {m : 0 # k;, € K} is a finite subset of L is called the support
of f and is denoted by supp(f). A fixed choice of Z-basis {m; : i =1,2,--- ,n} of L or
a fixed isomorphism L = Z" give rise to K- algebra isomorphism K[L] to the Laurent

polynomial ring IK[xfl, xéﬂ, 8 ] = KXEY, via,

Via, x" +— x; = x5,



There for we may think of the representation x™ € KJ[L] of a lattice element m € L as a

monomial in the free variable xfl, xfl, cee, x,jfl.

Definition 1.2.2. The action of G on L (via homomorphism [1.2.1) extends uniquely to
the K-algebra automorphisms of K[L] so,

*:GxK[L] > K[L] gxf= ) k(&) (m)
mesupp(f)

this type of group action is called multiplicative (exponential or integral) action, and the

subalgebra of invariant polynomials,
K[L]® = {f €K[L] : g« f = f VgeG}

is called the multiplicative invariant subring.

For each ¢ € G and via the isomorphism L — L given by m — x", for each m € L one
can identify v(g) € GL(L) hence by a bit abuse of notation we assume y(g) : L — L
is automorphism of monomials. Here L = {x" : m € L} form a K basis to the group
algebra K[L] and hence,

2g)  KIL] - KIL]

is a K algebra automorphism. Further more the multiplicative action of G via the repre-
sentation depend on its image in GL(L). Since a given group can have different repre-
sentation, resulting in different action on L hence invariant subalgebra, we consider G
to be a group contained in GL(L), hence inclusion representation which induces faith-
ful action on the group algebra K[L]. Furthermore the action of arbitrary group G on a
lattice L (via representation) can be reduced to an action of finite group, as long as the
invariant algebra is concerned [Lorenz (2005), proposition 3.3.1]. Hence the multiplica-
tive action is concerned with only finite group. The fact GL(L) = GL(n,Z) for some
isomorphism further allow as to consider these groups to be in GL(n,Z), in such cases
these groups are denote by G and G C GL(n,Z). In fact for a given rank n the number

of finite subgroup contained in GL(n, Z) is finite (up to conjugacy).

1.3 Some Results on Invariant Subrings

In invariant theory two algebraic structures interact, a group G and a set X. Here in
our case X has the algebraic structure a group ring (Laurent polynomial) in the mul-
tiplicative group action case, and polynomial ring in the case of linear action. Most
of the studies are concerned with the algebraic properties of invariant subalgebra and,
identify those inherited from the parent algebra. For example on the linear action we
ask questions like “is the invariant subalgebra a polynomial ring’? ‘if not for which
representation is the invariant algebra a polynomial ring? etc - - -. Observe that these

are very wide questions due to several parameter come to play.



Multiplicative action theory emerged relatively recently and has only been studied sys-
tematically during the past 30 years, beginning with the work of D.R Farkas [Farakas
(1985)] in the 80s’. Prior to Farkas, only a few isolated results on multiplicative invari-
ants, also known as exponential invariants or monomial invariants, were known, notably
in the work of Bourbaki [Bourbaki| (1968)].

1.3.1 The Semigroup Problem

The action of G stabilizes L and hence maps monomials to monomials. Despite some
obvious formal similarities in the basic set up, multiplicative invariant theory and its
linear counterpart exhibit many strikingly different features. For one, other than the
theory of polynomial invariants, multiplicative invariant theory is only concerned with
finite group actions, when studying the invariants of a multiplicative action under an
arbitrary group presentation, one can gather all information by reducing to a suitable
finite group Lorenz (2005) [proposition 3.3.1]. This tells us in particular that multiplica-
tive invariant algebras IK[L]¢ are always affine K-algebras. Another notable feature of
multiplicative actions is the fact that degree of Laurent polynomials is not preserved
under the action (loss of homogeneity) unlike the linear see eq: This is again
in sharp contrast with the classical case of linear actions and causes a great deal of
added difficulty when investigating multiplicative invariants. One of the problem in
the theory of multiplicative action is existence of a variant of S-T-C theorem discussed
in section [§1.1]] of the linear action. Invariant subalgebra of a multiplicative action is a
group ring (i.e. has same structure as K[L]) if and only if the group acts trivially on L
[Lorenz (2005), Corollary 3.4.2]. Hence Lorenz in [Lorenz (2001), Theorem 2.4], which
is a refinement of Faraka’s work [Farakas| (1985), §3], proved that,

Theorem 1.3.1 (Lorenz (2001)). Let G be a finite group acting as a reflection group on L, then
there is a submonoid M of (Z[L)Y, ) whose elements form a Z-basis of the invariant algebra
Z[L]Y. Consequently, for any commutative base ring K, IK[L]9 is isomorphic to the semigroup
algebra K[M].

Lorenz uses tools from Lie algebra (crystallographic root system [§2.6]) to prove, and
gives a way to construct the semigroup M using the weight lattice. He further posed
(conjured) in his book a set of problems about invariant ring of this action among
which, [Lorenz| (2005), §10.2: Problem 5], and we restate,

Conjecture 1.3.2. Let G be a finite group in GL(L). If invariant ring K[L]9 = K[M)] is affine
semigroup algebra then G acts as a reflection group on L.

Further Tesemma [Tesemma| (2004)], gives an alternative proof for[I.3.1]and a partial of
the converse, in which he uses ordering of the lattice Z" = L and initial algebra, which
is highly motivated by Reichstein’s approach on SAGBI bases for ring of multiplicative
invariant [Reichstein (2003)]. The acronym SAGBI stands for Subalgebra Analogue to



Grobner Bases for Ideals.

Before we state Tesemmas’ result, some important definitions will be given as these
definitions are needed for latter use in our work but also allow our reader to grasp the

ideas contained in Z. Reichstein and M. Tesemmas’ work.

Definition 1.3.1. A monomial or multiplicative order on a lattice L = Z", is a total
order =, which is compatible with the group operation of Z", i.e (Z", =) is a totally
order setand Va,b,c € Z"ifa = b,thena+c = b +c.

There are uncountably infinite orders on Z" for n > 2. We denote the set of monomial
orders on Z" by (2 and we write a > b ifa = b and a # b. The term monomial
order is used as these order are used in ordering of the monomials {x?® : a € Z"} of the
Laurent polynomial K[X*!]. Unlike the polynomial ring ordering which by definition
is well ordered, the ordering on IK[X*!] via Z" is not a well ordering, hence division of

polynomials needs extra caution.

Example 1.3.2. The lexicographic order =}, on Z", is given by for a,b € Z",a>= b, if
the first non zero component of a — b is non negative. This gives a multiplicative order
onZ".

For 0 # f € K[X*!], we define the initial degree of f with respect to a fixed =€ ), to be
maxy.{a : a € supp(f)} and denote it in.(f). Note since the supp(f) is a finite subset
of totally ordered Z", the initial degree is a well defined function from K[X*!] \ {0} to
Z". Further for any set T C K[X*],

i, (T) = {in-(f) : 0 # f € T}.

It easy to see that in, (1) = 0, generally this holds for constant polynomials. Let R be a
subalgebra of IK[X*!], and f and f’ non zero polynomials in R,

in. (f.f') = in.(f) +in-(f')

Hence in,. is a monoid homomorphism (iny. : (R,:) — Z"). In particular in, (R) is a

submonoid of Z".

Definition 1.3.3. Let T be a subalgebra of K[X*!] and let {f) } e, be a family of ele-
ments in T such that the monoid in,. (T) is generated by {in. (f1) }ren. If in. (T) is well
ordered under ‘= then T is generated by { f) } e thatis T = K[f) : A € A]. Then the set
{fr}ren is called a SAGBI basis.

The algorithm used to write an element of T in terms of the SAGBI basis is called
subduction algorithm. Both the above terms, i.e. SAGBI and subduction algorithm are
introduced by Robbiano and Sweedler [Robbiano and Sweedler| (1988)]. For polyno-

mial subalgebra and in the above definition of SAGBI basis the statement "if in.. (T) is



well ordered under =" is the extra condition put for Laurent polynomial subalgebra to
ensure that division of polynomials terminate. These would have been tautology for
the initials subalgebra of a polynomial algebra. If A is a finite set we say T has a finite
SAGBI basis.
Let G be a finite group in GL(n,Z). We now state Z. Reichsteine main theorem [Reich-
stein| (2003)]

Theorem 1.3.3. (Reichsteine 2003). The following are equivalent statements,
1. G acts as reflection group on Z".
2. The monoid A7 (in.. (K[X*)9)) is finitely generated.
3. The invariant algebra K [X*1]9 has a finite SAGBI bases.

Note in this theorem =€ () is arbitrary fixed. Reichsteine used the concept of cones
especially polyhedral cones in his proof, and further Tesemma [Tesemma| (2004) and

Tesemma (2007)], using these proved the following result.

Theorem 1.3.4. (Tesernma 2004). Let = be a monomial order on Z". Then G acts as a reflection
group on Z" if and only if there exist generators fy,- - - , fs in IK[XT1]9 such that the restriction
of the initial map to the monoid M =< f1,-- -, fs >mon 1S injective.

In his proof, Tesemma constructed the affine semigroup M using the semigroup of
the initial algebra of the invariant ring, whenever G acts as reflection group on Z".
While showing the converse the injective initial map on M force K[X*!]9 to have a
finite SAGBI and hence [Theorem [1.3.3], implies G must act as reflection group on Z".
Since the initial map depends on the head term and is a semigroup homomorphism,
with source (domain) the whole IK[X*1]9 the injectivity conditions seems strong while
showing the converse. Hence in chapter 3, we construct a factor semigroup of K[X*1]9
in which the initial map injective condition is removed and a certain restriction on the

finite group G is imposed.

1.3.2 Initial of Invariant Algebra Dependency on ().

The initial algebra of T, a subalgebra of K[X*!] depends on the given multiplicative
order =€ (). we know that there are orders which takes less time and memory (com-
puter) to compute the initial algebra of a given subalgebra using algebra packages. It
is also possible two distinct orders may give the same initial algebra (hence SAGBI ba-
sis) in such cases it would be more efficient to consider the one which consumes less
time and floating memory of computer disregarding other packages short coming. We

consider a class of multiplicative order satisfying certain extra conditions.

Definition 1.3.4. An order =€ Q) is said to be archimedean if fora,b € Z"anda =b >~ 0
then there exist t € IN such that tb > a.

While computing the SAGBI basis of IK[X*!]9 for reflection groups G, Tesemma and
Wang in the article [Tesemma and Wang| (2011), Theorem 4.2] proved the following

result.



Theorem 1.3.5. Let G be a finite reflection group acting on Z" and =& Q). Then there exists
an archimedean order =€ Q) such that

in (K[X19) = in., (K[X*1)9).

further they showed for usual lexicographic order the finite non reflection subgroups
of GL(2,Z) do not admit an archimedean order 3=, such that,

in, (K[X*19) = in., (K[X*9). (1.3.1)

For a finite non reflection group in GL(n,Z) for n > 3 for the usual lex ordering on
Z", can one have an archimedean odering such that equation: holds? or such
representation of initial algebra holds only for invariants of reflection group?. These
problems were posed intrinsically on the same article [ITesemma and Wang|(2011)], and
we investigated, and latter showed that if equation: holds for any multiplicative

order then the invariant algebra must came from a reflection group action.

1.4 Owur Contributions

(SEMIGROUP PROBLEM)

Both Lorenz in [Lorenz| (2001)], and Tesemma in [Tesemmal (2007)], showed that for G
a reflection group the invariant algebra is affine semigroup algebra K[M], Conversely
Tesemma with condition (letting the initial map M — Z" injective), showed the con-
verse also holds. We will show that the forward proves of both are equivalent by cre-
ating a bridge between the two, and show the converse also holds given certain lin-
earization condition on the finite group acting on Z".

In chapter two, we construct the relationship between weight lattice and the im-
age (a semigroup in Z") of the initial algebra of the invariant ring for a reflection group.
These give the relationship on the construction of generators for the affine semigroup
M. Most of the preparation is done in chapter three, which includes constructing monic
semigroup R,, contained in (K[X*!]9,-). We define a monoid isomorphism over the
factor semigroup of R, to the image of initial algebra and try to avoid the effect of
monomial ordering on the semigroup structure. To do that we impose a condition, and
consider finitely generated subsemigroup (linearization) satisfying a number of condi-
tions, which further create equivalence relation on () with finite class, two orders on
the same class are identified as two distinct order giving the same semigroup structure
over the given linearization.

Finally in chapter four, we showed the following equivalence.

Theorem 1.4.1. Let G € GL*(n, Z) such that ([Z]9 = {0}) then the following statements
are equivalent,

1. G acts as a reflection group.



2. R = Z[T] where T =< fy : a € Ag >mon a canonical semigroup representation for
some M (hence for all).

where GL*(n, Z) contains all finite group in GL(n, Z) satisfying linearization condition
(g, a generating set , and M’, factor semigroup associated with the linearization) see
section [§:?? & §:??] . This group (satisfying the linearization conditions) are character-
ized by being contained in a reflection group (Proposition .

REPRESENTATION OF INITIAL ALGEBRA BY ARCHIMEDEAN ORDER

The computational aspect of the initial algebra and representation of a given order by
archimedean order without altering the initial algebra of invariant ring was done, by
Tesemma and Wang, [Theorem: [1.3.5]] for invariants of reflection group. In chapter 4

we show that the converse also holds,

Theorem 1.4.2. Let G be a finite subgroup in GL(n,Z) then the following statements are
equivalent,

1. For each =€ Q) there exists an archimedean order =, such that,
A7 = QYFw

2. G is reflection group.

The main tool we use to show the above equivalence includes, Robbiano result on
characterizing of term ordering for polynomial ring [Robbiano (1985)], with extension
so that it holds on ordering of monomials of Laurent polynomials i.e. on Z". In addi-
tion rational dimension of a given vector or element of IR", which is used for classify-
ing multiplicative order is characterized and utilized. These tools further simplify our
work in representing the initial of invariant ring, Via its interaction of special generator

(depending on the order) of a finite group G contained in GL(n, Z).

Most of the preparation work is done in chapter two and three, both the problem share
monomial ordering of Z", and hence most of the construction or the preparation focus
on (). We advise our reader that all of the proofs involved in term ordering are made
self contained but that dose not mean these results are new. Typically Robbiano theo-
rem and extension of term ordering to Q" and R" exist on different literature [Robbiano
(1985), and [Iesemma (2007)]. But the proofs provided in this thesis are different.
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Chapter 2

Preliminaries

In this chapter, we describe some important characteristics of monomial ordering for
K[X*!], via the multiplicative order of Z", and show its unique extension to Q". Mean-
while after developing tools like, rational dimension of a vector (element) in R", we
revisit L. Robbiano theorem of term ordering on polynomial ring [Robbiano| (1985)].
The rational dimension and Robbianos” theorem help us in characterizing multiplica-
tive orders and also to show the existence of an extension to the real space R”. Further
fundamental domains for the action of a finite group G on Z" and Q" is defined and
discussed in relation with the image of initial algebra invariant subring. In addition
some important theorems about semigroup algebra and semigroup rings is briefly dis-
cussed and some comparison between algebra and semigroup algebra generators is

given.

In the last section, we considered finite reflection groups in GL(n, Z) and show that for
a given =€ (), image of the initial algebra of the associated invariant ring (in,. (R) =
217) is finitely generated semigroup. The semigroup algebra generators of the invariant
ring constructed by Tesemma in [Theorem and Lorenzs’ in [Theorem [1.3.1]], for
finite reflection group are linked [Theorem [2.6.2]]. In fact we show the arbitrary choice
of base for the root system in Lorenz proof is fixed via the multiplicative order. We
show that, a given multiplicative order in () uniquely determine a base for root system

of the reflection group via the initial algebra.

2.1 Lattice ordering

In term ordering of the polynomial algebra IK[X] one uses a total order of the semigroup
7%, and are by definition totally ordered, compatible with the semigroup operation
(addition) and is a well ordered i.e.(0 or (x? = 1))is minimal (least) element. The last
property ensure that the polynomial division stops after a finite steps. But the multi-
plicative order on Z", which induces ordering on the monomials of Laurent polyno-
mial, can’t be at the same time well ordered and compatible with the group operation,

the following note shows why.

Note 2.1.1. If one assumes = is a total order and compatible with the group operation
of Z", then for any nonzero a € Z" compatibility property forces 0 to be between a and

—a. Let us assume 0 > a, then the strict decreasing sequence,

0-a>2a>3a>---,

11



doesn’t terminate, hence there is no least element. Conversely well ordering intern

ruins compatibility with addition.

So well ordering is sacrificed to keep division (equivalently compatibility with the
group operation) as division of polynomials comes a head of question of termination
the division algorithm.

The following proposition shows extension of multiplicative order to Q".

Proposition 2.1.1. For each =€ (), there exists a unique order extension =g to Q", where

=q is a total order and compatible with addition of Q".
Proof. Consider Q" as a module of fraction the free Z module Z", i.e.
n a n *
Q ={;: acZ'reZ}

where Z* = Z\ {0} and, 2 = {(b,t) : (b,t) ~ (a,7)} € Q" is the equivalent class

of the relation ~ on Z" x Z*, given by,
(b,t) ~ (a,r) if ta=rb

Q" is a Z module and we have an embedding,

a ma

7" — Q" an—>1(m)

for m € Z*. Using the fact (b, t) ~ (—b, —t), we can assume,
a
Q”:{;: acZ"reN}.

Define >=q by,

o~ iff taxr1b (2.1.1)

=

b
f

clearly ’=q is a total ordering and if 2 # %, then ta # rb and vise versa. Since = is a
total ordering in Z" so is ’=q. Uniqueness and compatibility with the addition in Q" is

a direct forward. O

Note 2.1.2. For any given =€ () its’ extension to Q" i.e. =g is unique and hence we

employ the same notation = for both.

Definition 2.1.3. A Monoid is a set M, with an associative binary operation x (a semi-
group) which contain identity element. M is called a commutative monoid if axb = b*a
foralla,b € M.

A non empty subset S of a semigroup M is said to be subsemigroup if S is a semigroup
with respect to the binary operation of M. Furthermore an element m € M is said to be
invertible if there exist m’ € M such that m xm’ = m’ x m = e where e is the identity

element of M. A subsemigroup T is called a subgroup of the monoid M if T contains
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the inverse of each of its element, i.e. T is a group. A monoid M is reduced (positive), if
M doesn’t contain invertible elements or the maximal subgroup (with respect to inclu-
sion) is the trivial (identity).

In this thesis, most of the semigroups will be subsemigroups of Z", and these semi-
groups are cancellativei.e. (a+c¢=b+c¢ = a = b) and torison free i.e. (na = nb for
n positive integer a = b) for a,b,c € S. A subsemigroup S of Z" is said to be saturated
if ma € Sfora € Z" and m € IN, implies a € S. For detail on finitely generated com-

mutative monoids of Z", we refer the reader to [Rosales and Garcia-Sanchez| (1999)].

Let =€ ) define the positive set (associated with =),
P={acZ":a>0} PQ={ucQ":u>0}

The following proposition gives some properties of these sets over Z" and Q". Fur-
thermore justify the use of term positive set as most mathematics literature dictates
sum of two positive elements to be a positive element and the whole set is the union of

positive, zero and inverses of the positive elements.

Proposition 2.1.2. Let »= Q) be any ordering then,
1. Z" = PU —Pand PN —P = {0}, (analogously this holds over Q").
2. P is a saturated subsemigroup of Z!" with trivial maximal subgroup ({0}).
3. Q:P =P(Q), whereQ P = {Y!_,ra;: 1, €Q; a; € Pt €N}.
4. For a subspace I of Q" then I is totally ordered and,

Pr={uel:u>0} =PQ)NT,

and I' = Pr U —Pr.

Proof. 1. For 0 # a € Z" then either a > 0 or 0 > a let assume a > 0 since = is
compatible with addition 0 = a+ (—a) > 0+ (—a) = —a, and the fact thatitisa
total order yields

7Z'={acZ":a=>0}U{acZ":0=a}.
clearly,
{aeZ":0=a}={acZ":-a>0}={acZ":—acP}=—P.
which further imply PN —P = {0}. Similarly P(Q) U —P(Q) = Q" and P(Q) N
—P(Q) = {0} over Q.

2. Clearly P is a subsemigroup of Z", and to show P is saturated, Let na € P for
ac Z"and n € IN, suppose a ¢ P, hence 0 > a then by inductiononk = 2,3, - --
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and using addition compatibility of =,
0>=a>--->(k—1)a> ka.

for any k € IN, which implies 0 > na, a contradiction to the fact na € P as
PN —P = {0} by (1) above. Hence a € P and P is saturated semigroup. Further
more 0 # a € Z", then either a or —a is in P (not both). Therefor the only
subgroup of P is the trivial (i.e {0}), and P is positive, saturated subsemigroup of
z".

3. Setting Q" = {2 : a € Z",r € N}, then from the definitions P, P(Q) and exten-
sion eq2.1.1}

; € P(Q) iff acP.

Since 2 = 0 if and only if a = 0, and the fact finite sum, Zf:o ria; ~ %, for some
a € Z"andr € N, implies that Q4P = P(Q).
4. Clearly I' C Q" is totally ordered, and compatible with the addition of subspace
I By (1) I' = PrU —Pr, and further u € Pr then, u € Q" and u = 0, hence
u € TNP(Q). Conversely P(Q) NT C Pr, therefore P(Q) NT = Pr, forI' a
subspace of Q".
O

In part (4) the above proposition one can infer that any subspace of Q" is totally ordered
and P(Q) contains the positive part of each such subspace with respect to the induced
order of Q". Observe that in the proposition P can be replaced by —P and the similar

property holds. In fact P and —P are isomorphic semigroups.

2.2 Rational Dimension of Vectors in R”

The concept of rational dimension is used in classifying the term ordering and in rep-
resenting a given order using some inequalities with finite vectors in R” and the usual

inner (dot) product.

Definition 2.2.1. Let0 # w = (71, -+, vn) € R". The rational dimension of w, denoted
by tdim(w) is the dimension of the vector space spanned by the set {y1,---,y»} C R

over the rationals (Q).

From the definition one can directly infer that for 0 # u € Q", then the rational dimen-

sionis 1 (rdim(u) = 1). Let 0 # w € R” be any element, the subspace (in Q"),
Hy={ueQ": (uw)=0=Q"N{veR": (v,w) =0},

is the maximal rational subspace contained in the hyperplane orthogonal to w in R".
The following proposition give some properties of rational dimension of a vector in IR".
It associates the rational dimension of a given vector to a dimension of the maximal

subspace in Q" contained in the hyperplane orthogonal to the vector in R".
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Proposition 2.2.1. Let w € R", and (, ), be the usual inner product of R". Then,
1. ©im(w) = min(dim(T')), where T is a subspace in Q", such that w € RT.
2. wwim(w) = n —dim(Hy).
3. For0 #r € R, vdim(rw) = wim(w).

Proof. 1. Lettdim(w) = tsincew € R" = RQ", hencet < n.Letw = (1, ,Yn) €
R", then the vector space spanned by {1, 72, -+, 7x } has dimension t and there

exists t linearly independent real numbers {r1,ry,- - - ,1:} over Q such that,

SpanQ{’Yl/ Y2, r’)/n} = SP(ZT’IQ{VL}"Z, ce. ,;f‘t}‘

Without loss of generality let us assume each r; to be a positive real numbers.
Now foreachi=1,2,--- ,nwehave v, = Z]f-:1 ujjr; for some u;; € Q. Hence

T U1 Ui T Uit "
72 Uy U e Upt 9] t -
_ _ _ 11/
w = = =) ru
j=1
Yn Up1 Uy e Ut Ty

where u/ € Q" is the j column of the matrix U = (). Furthermore {w/ o1 C
Q" forms a linearly independent set over the rationals hence over the reals. If
Y giu’ = 0, where g; € Q of which some are non zero. With out loss of gener-
ality assume g1 # 0 then u! = Z] 24 *w/, where q; q] forj=2,3,---,t. Hence

each component of w, i.e. y; = Z]:Z(rlq] +rj)u;j and hence,

{r72 v} € Spang{na; +1i}j

a contradiction to SpanQ{’yl,’yz,- -+ ,7n} has dimension t and cannot be con-
tained in dimension t — 1 space. The vectors {u/ }]t':l are linearly independent.
Setting I' = Spang{w : j = 1,2,---,t} one clearly observes I is of minimal di-
mension and w € RT.

2. Let assume the tdim(w) = ¢, from (1) w = Z]t':l r]-uj , here we emphasis the inner
product is stable over the rationals. i.e. Vu,v € Q" < u,v >€ Q. It is enough to
show that,

ful, 2w} ={ueQ": <u,uj> =0 Vj=1,2-,t} = He.

Letu € H,, then,

t

0= u,Zr]u] :Z (u,u/),

since (u,w/) € Q and {r; §:1 are linearly independent over Q this implies that,
Vi (u,u/) = 0. Therefor, H, C {u',u?,--- ,u'}+.
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Conversely {ul, u,- -, ut}L C H, is clear. The result in (2) follows from the
fact,

Q" = {ul,v? -, u'}t @ Spang{ul,v?, - ,u'}.

and {u!,u?,- .- ,u'} is linearly independent from (1).
3. Follows from (1), since the linear dependency of the set {rry, 7y, - - - ,rr;} implies
linear dependency of the set {ry,12,--- ,7:} over Q for 0 # r € R.
O

Remark 2.2.2. 1. In proposition the definition of H. depend on the inner
product but the dimension remains same as long as the inner product (, ) is stable
on Q".
2. Vw € R", from proposition[2.2.1] part (2), vdim(w) + dim(H.) = n.

2.3 Characterizing Lattice Ordering

In this section, we give an alternative proof for Robbiano theorem of term ordering
(polynomial ring), with slight change to multiplicative order (on Laurent polynomial
ring). Further the construction of this proof also allow us to show the existence of ex-
tension of multiplicative order to R".

For the above reasons and later use, some important concepts about cones (lattice

cones) is briefly discussed below.

Definition 2.3.1. A subset C of IR” is called a cone (convex cone) if, Zf-:l ric; € C, where
eachr; € Ry and each¢c; € Cand t € IN.

From the definition one can easily infer that a cone is a semigroup in R". The intersec-

tion of cones is again a cone. For X C R" the set,

C = Pos(X) = {Zt:rixi tx; € X, ri € Ry, t € N},
i=1

is the smallest cone in R" containing X, (i.e. for any cone C’ in R" such that X C C/,
then C C C’). Equivalently Pos(X) is the intersection of all cones in R” containing the
set X, in this case C is called a cone generated by X (positive hull over R). If X C Z",
then C is called an integral cone, and if the set X is finite, it is called polyhedral.

Let (R")* be the dual space of R" with the dual pairing (, ). For any cone C in R” the
dual cone of C denoted by CV is defined by,

C'={feR":(c,f) >0 VceC}.

It follows from the definition that C" is a cone and if C polyhedral integral cone then
so is CV [Giinter] (1996), Theorem 2.10]. For a given cone C C R" define a face F of C is
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a subset of the form,
F:=Cnft={ceC:(ce)=0 for someec fCC"}.

Each face of a cone is again a cone and the dimension of a cone C is the dimension of
the subspace generated by C denoted by dim(C). A face F of a cone C of dimension
equal to dim(C) — 1 is called a facets and a face of dimension one is called an edge and

of dimension zero is called a vertex respectively. For 0 # a € IR" a subset,
{ueR": (u,a) >0}

is a half space, and is denoted by H; . Note for any positive real number r one can easily
infer that, H) = H;},. Further a half space is cone in R"”, and is a maximal proper

(# R") cone with respect to inclusion.

Remark 2.3.2. In these remark some important properties of cones in R", are given.
Note that these are nice results which can be found in books dealing about cones and
algebraic geometry,

1. A polyhedral cone C is a closed subset of IR with the usual euclidean norm topol-
ogy. And clearly from the definition it is a submonoid of R"”. Hence C N Z" is a
submonoid of Z".

2. (Gordan’s Lemma) Let C be an integral polyhedral cone, then C N Z" is saturated
and finitely generated monoid [Fulton! (1993), Proposition 1].

3. If a cone C in R" satisfies, C C U!_; W, for subspaces W; C R", then C C W,
for some i. In particular, the subspace generated by C is contained in W;. Here
we use the fact from linear algebra, that any finite dimensional vector space over
infinite field can’t be expressed as a finite union of proper subspaces.

4. Every proper cone C, ie. (C # R"), is contained in a half space H, for some

a € R" (equivalently C¥ is non trivial).

For a semigroup S C Z" we define the rank of S to be the rank of the smallest group
in which S can be embedded. The linear span of S over Q denoted by Spang(S) is the
smallest subspace of Q" containing S, and the din(S) is the dimension of Spang (S). For

further reading on cones (lattice) [Giinter| (1996)].
Example 2.3.3. For =€ () the positive set P is not finitely generated semigroup for

(n > 2)in Z". It has rank and dimension 7. The positive hull over R i.e.

t
R+(P) = {Zriai 1€ R+, a; € P}
i=1

is a convex cone in R” of dimension n.

The proof of following theorem is included as it is previously done in view of char-

acterizing ordering on polynomial rings rather than Laurent polynomial rings. It will
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be used for forthcoming theorem extending the multiplicative order of Z" to R" and
Proposition One can also see the proof in original Robbiano article [Robbiano
(1985)]. Here we give equivalent proof using cones (lattice).

Theorem 2.3.1. (Robbiano 1985) Let =& () be any ordering. Then there exists mutually
orthogonal vectors {wq, wy, ..., ws} C R" with Y7, wim(w;) = n and

wi C RN Hay), (2.3.1)

and for any a,b € Q",

arb — (<a/w1>/ Tty <a/ws>) lex (<blw1>1' Ty <b/w5>)’
where (, ), is usual inner product and =y, is the usual lex ordering in R®.

Proof. We show by induction on the dimension of Q". Forn = 1, take 0 # 7y € R4, then
{7} has rational dimension 1, and satisfies the above conditions vacuously. Suppose
the theorem holds for dimension k < n.

Let = be a multiplicative order on Z" consider the unique extension to Q" and let C be
the positive hull of P in Ri.e.

t
C=R,P(Q)=RyP={) ra;:a,€P,ric Ry} CR"
i=1

then C is a proper cone in R" (since C N Q" = P(Q)) and P is a positive semigroup.
C'={peR":{v,p) >0 V veC}

then C¥ non trivial and let 0 # a € CV,
Claim CV = R«
Suppose there exists 0 # f € R” such that § € C". It is enough to show that

H; = H/.

We show this by contradiction, assume HE # H; then the half spaces H; &Hl}L each

containing C and divide R" in to four open (chamber) compartments A, B, C and D see:
Fig.1.
A={veR": v,a) <0},

(v, B) (v, a)
B={veR":(v,f) <0 and (v,a) >0},
C={veR":(v,) <0 and (v,a) <0},
D={veR":(v,f) >0 and (v,a)

vV, &

v,a) > 0}.

Each chamber has dimension 7 and for any rational point u € B then —u € A and vice
versa, which implies +u ¢ P(Q) C C, a contradiction to the fact P(Q) contain one of
+u for any u € Q" [by proposition (1)]. Hence the chamber A (equivalently B) is
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empty implies both «,  to be orthogonal to the same hyperplane and HE = H;, there
fore p = ra forr € R,.

Set « = wj and [by Proposition (2)] there exists linearly independent set {ulj 1=
1,2,--+,d1} € Q" such that w; = Zf;l rjuy; where, dy = tdim(w; ). Furthermore

Hey =Ho, NQ" ={wyj:j=1,2-,di}= =T

is of dimension n — tdim(w;) = n — dj. Since I' is a subspace of Q", and [by proposition
2.1.2}(4)] = is a total order compatible with addition of I'. By induction there exists
mutually orthogonal vectors {wz, w3, - - - ,ws}, in R(T') such that, Y5, ®dim(w;) = n —
dy and w; C IR(ﬂf;llek), fori =3,4,---,s. Further more Pr = TN P(Q) fora,b € T
anda>=b < a—b =0 < a—b € Pr. There fore

a—b>0 < ((a—b,w), -+ ,{a—Db,ws)) = 0.
now for any a,b € Q" such thata > b if and only if a — b € P(Q) then,
(a—b,w1) >0 else (a—b,w;)=0 & a—becPr.
whence merging the two and R x R®~! = R® one have,

a_b?‘O <~ ((a_b,(,U]>,"',<a_b,(,L)5>) ?lex 0

— ((arw1>/' t /<a/ws>) Zlex (<b/wl>/"' /<b/ws>>'

H,

Fig.1

Definition 2.3.4. In the above proof the positive integer s, gives the type of =, which is

the minimum number of vectors in IR", used for the lex representation of >=.

Example 2.3.5. The usual lex ordering on Z" is type n, and is not archimedean for

n > 1.Sincee; > e; and forany t € IN ey > tep.

Remark 2.3.6. 1. For a fixed inner product (where the rational vectors are stable as

in the proof of proposition 2), the vectors are unique up to positive scalar
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multiple and adding or subtracting any linear combination of {ws, wo, - - -, wk_1}
onwy fork=2,3,---,s.

2. =€ Q) is archimedean if and only if = is type 1. See (Tesemma and Wang, 2011,
Proposition 2.5), In such case there exist w € R” of rational dimension n, such
thata,b € Z" and,

ax=b iff (a,w)>(bw)

We denote archimedean order by =, where w is defined as above. Note that for

non zero real number 7, =, is same ordering as =, .

3. In view of proposition 2.2.1, and theorem [2.3.1) if we set w; = 2;'1;1 rijujj, for

i=1,2,---,s, where d; = t0im(w;), then we have s collection of sets,

i . . _
{{uij}jzl 1= 1,2,- N ,S},

which are mutually orthogonal (i.e (u;;, ug;) = ik (u;j, u;)), and also the n vec-
tors {ui]- :1<j<d i=12---,s} C Q"span R". Further (dy,dy,---,ds)
gives partition type of the order. see [Robbiano|(1985)].

4. Let =€ ) and P is the positive set for =, then a —b € P if and only if a = b,

hence the positive set P uniquely determine = on Z" similarly for Q".

Example 2.3.7. Let =g, be the graded lexicographic order on Z" i.e. a = (ay,a2,--- ,a,)
and b = (bl,bz,' .. ,bn) e Z",

or if

n n
Z”i = Zbi then a =y b
i=1 i=1

using the usual inner producta € Pif (a,(1,1,---,1)) =Y/ a4, >0,0rify} ;a;, =0,
then first non zero a; > 0, we take (a,e;) = a3 > 0, while (a, (1,1,---,1)) = 0 take
wy orthogonal projection of e; to w; = (1,1,---,1). In a similar manner (a,w;) =
(a,wr) = 01ie. Y/ ;4;, = 0and a; = 0, consider a, > 0 and in this case Y.} ,a; = 0
and a; > 0, take the orthogonal projection of e, to w1, w, = (0,1,1,---,1) to get ws,

continuing this way one can evaluate n orthogonal vectors (up to positive multiple),
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which shows =g, is of type n.

Corollary 2.3.2. =< () can be extended to a total order on R" compatible with addition. Such
extensions are not necessarily unique except = is type n.

Proof. By theorem for any =€ Q) there exist vectors {w1, wy, - - - ,ws} € R" where
s < n, and satisfy the lex representation therewith, consider the subspace of R",

L={veR": (vw)=0 Vi=12--,s} ={w,wy - ,ws}*

Lisnon trivialif s < n, now the dim(L) = n — s and consider the vectors {ws1,- -, wn }
generating L, then the lex ordering on (R") by {wy, wy, - -+ ,wy} form a total ordering
compatible with addition of R", further both the associated lex ordering of the vectors
{wi,wy, -+ ,ws} and {w1,wy, - -+ ,wy} give the same ordering on Q". Observe that,
uecQ" (ww)=0 i=12--,sifand only if (w,u;) =0 Vi=1,2,---,sand
1 <j < d;, if and only if u = 0. There fore both order give the same ordering on Q",
hence on Z".

If =€ Q) is type n, i.e. s = n then the extension is unique, since each w; has rational

dimension 1 and mutually orthogonal. O

Note 2.3.8. For a given =€ () we denote its unique extension in Q" and any one of its

extension to R” by the same symbol. i.e. »=. Further we use the notation for =€ () by

{( wr), Gwa), - (,ws)}

where {w1,wy, - -+, ws} is as in the proof of

Further for n > 1 a total ordering on R” compatible with addition are forced to be type

n and hence there is no archimedean order on R” for n > 1.

2.4 Initial Algebra of Invariant rings and Fundamental Domains

In this section we show the relationship between initial algebra of the invariant ring
and image of initial map, a subsemigroup of Z". First let consider examples of initial

algebra for a subalgebra of Laurent polynomial,

Example 2.4.1. Let >~ be the usual lexicographic ordering of Z? with ey =, €2 con-
sider the Laurent polynomial, K[x*1, y*1].
1. Let R = K[fy, f2, f3] be a subalgbra of K[x*!,y*!], where,

fi=x+y+xt+y T +ay+aly!
fr=xy  +xty Fa?
fr=x*y+xly+xly 2
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The initials of this algebra generators are, x> (1) = xy = x(11),  x"-(f2) = xy? =
x(12) and x"-(f3) = x2y = x(>1) and the initial algebra for R is

in.-(R) = Klxy, xy?, x*]

So f1, f> and f3 form a SAGBI basis for R. One can also observe the distribution of
the support of f; for i = 1,2,3, in Z?2, and changing the order may give different
initial algebra but f1, f> and f3 remain SAGBI basis.
2. Let R = K][f1, f2, f3], where
fi=x+x"
o=y +y
fz =xy +x "ty !
If we claim in. (R) = K]x,y|, using the initial of the algebra generators, Then

g=xy ' +yx = fifs — fs € R, but x> = xy~1 ¢ K[x,y], In fact the initial

algebra is not finitely generated and,
in.(R) = @aepKx?

where p = {a € Z2: a =}, 0}, a semigroup of Z?, which is not finitely generated.

The initial algebra of a subalgebra may not be finitely generated algebra, even if the
sub-algebra is finitely generated, (see in the case polynomial algebra [Robbiano and
Sweedler|(1988)]) and also depend on the order.

Definition 2.4.2. (Fundamental Domain for a Group Action) Suppose a group G acts
on a set X, we call a subset F C X a fundamental domain for the action if each G-orbit
in X intersect F in exactly one point. Equivalently Vx € X d¢g€ G gox € F and if

some x1,x2 € F and g € G satisfies x; = g o xo then x; = x».

Note in the equivalent definition the first statement declares that X = Ugcgg(F). Hence
for a finite group acting by automorphism on a finite dimensional vector space over an
infinite field, (In view of the fact a finite dimensional vector space can’t be covered by
union of finitely many proper subspaces.) these fundamental set have equals dimen-
sion to the vector space in which the finite group acts.

For the action of a finite group G in GL(n, Z), let denote the invariant ring IK[X*']9 by
R.ie.

R={feKX"]:gxf=f Vgeg}

Let =€ QY and I # g € G define the following sets,
A ={acZ':axg(a)}  AJQ) = {ueQ :uxg(u)}
and the lead element of each orbits over Z",
A7 ={aecZ":a=g(a) Vg € G} = NgegAg = {max,[b] : be 2"/G}
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where Z" /G is the transverse element for the orbits, further max, [b] is well defined
since [b] is a totally ordered finite subset of Z". In a similarly manner we define analo-

gously for Q",
A7(Q) ={u Q" :u = g(u) Vg € G} = NeegAg(Q).

To each orbit [b] = {g(b) : g € G} define the orbit sum of b (denoted by o(b)) to be
the Laurent polynomial,

o(a) = Z xP (2.4.1)
be|a]

the orbits partitioned Z" any two orbit sum has either identical support (hence equal)
or disjoint. Further more o(b) € R (i.e. invariant polynomial). In fact the collection
{o(b) : b € Z"/G} forms a K basis for the invariant algebra R hence,

R = EBann‘Q]Ko(a) (242)

For any given =€ () the semigroup 2~ forms a fundamental domain for the G action
on Z". This follows from the equivalent definition, i.e. 2~ containing a head term of
each orbit sum. Hence,

in.(R) = K[x*:a € A~

for detail of these relationship see [Tesemma (2007), lemma 2.2.]. In the next proposi-
tion we derive a simple presentation of the set A, in relation to a given =€ (). Here
we need the inner product (, ) to be G-invariant ((hx, hy) = (x,y) for x,y € R" and for

any h € G). We consider the usual inner product (, ) averaged over G i.e.

1
(x,y) = gl Zé(gx,gy) = x"My, (2.4.3)
g€

where |G| is the order of G and M = ‘1@ Yogeq ¢T¢. Note M is a symmetric and positive
definite matrix with entries in Q and hence (u,v) € Q for any u,v € Q". In the next
lemma we give some properties of the G-invariant inner product to elements of G and

vectors in R”.

Lemma 2.4.1. Let (, ) be G invariant inner product and w € R" then,
a) YVheG h'Mh=M ("M =Mh1).
b) Foranyu € Q", (u—gu,w) = (u,w—g lw).
¢) Foranyu € Q", (u,gu—g 'u) =0.
d) Foranyue Q", (u—gu,u) =0 <= gu=u.

Proof. (a) Holds since (hu,hv) = (u,v) for any u,v € Q", implies K’ Mh = M and M
is symmetric, positive definite and non-singular gives (Mh)T = h'M = Mh~! (b) and
(c) follows from (a) and further (u — gu,u — gu) = 2(u — gu,u) and (, ) is positive

definite implies (d). O
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Proposition 2.4.2. Let G be a finite group, and =€ Q) with the above notations,
1. Foreachg € G, Ay is asaturated subsemigroup of Z" with maximal subgroup [Z"])8 =
{aeZ":a=g(a)}.
2.VaeZ"and g € G,
(a) aand —a € Ag if and only if a equivalently —a is in [Z"]3,
(b) a ¢ [Z"]3 either a or —a is in Ag (not both).
3. A7 is saturated subsemigroup of Z", and A7 (Q) = Q4 (A7).
4. C=R,;A; = R;Ay(Q), is a cone in R" and there exist a unique vector (up to positive
scalar multiple) zxé € C € R" such that,

CCH;};:{UGJR”: (v,a5) > 0}.

Further vdim(ag) < n — dim([Q"]$).
5. Forge G veR" ifgu = v then vdim(v) < dim([Q"]¢).

Proof. 1. Clearly Ag is a semigroup, and if na € Ay for somen € N, and a € Z",

then, na — g(na) = n(a — g(a)) = 0, by lemma2.1.2) a — g(a) = 0, hence a € Ag.
That [Z"]8 is maximal subgroup will follow from 2.

2. (a)Ifaand —aarein Ay thena —g(a) = 0and —a —g(—a) = —(a—g(a)) = 0,
but = is a total order implies a — g(a) = 0 and +a € [Z"]S.
(b)Ifa ¢ [Z"]8 thena—g(a) # 0 givesa—g(a) 0 < 0> —(a—g(a) =
—a —g(—a)) implies a or —ais in A,.

3. A7 is saturated follows from (1) (i.e. The finite intersection of saturated subsemi-
group is saturated). With Q" = {2 : a € Z",r € IN} then,

€A (Q) «— a—g(:):a_rg(a)ko Vgeg

where the middle equivalence is from (3)] therefore 27 (Q) = Q. (A7).
4. Let =€ Q) then by theorem,there exists, {wy, wy, - -+ ,ws} C R" such that,
ax=0 if ((awi), (aw), -, (aws)) = 0
u € Ag(Q),if u—g(u) = 0, hence,
((u—g(u),wr), (u—g(u),wy), -, (u=gu),ws)) Zpx 0
by lemma [2.4.1(2)],
({w, w1 — g7 H(w1)), (w, w2 — g7 (w2)), -+, (w,ws — g7 (ws))) Ftex 0

Letky = mini{i : w; — g~ (w;) # 0} and set ay = wy, — g~ (wy,) then we claim
that (a) C = R A, € H, and (b) ay € C holds.
8
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(a) Toshow C =R A, CHY.
g
Letu € A¢(Q) then u — gu = 0 hence (u, ucé) > 0 and for

i<k, (u—g),w) = uw —g w) = (u0) =0

now consider v € Ry Ay = C then, v = Zle r;u; where r; € Ry and u; €
Ag(Q) and

{
(v, ag) = Z;ri<ui, tg) >0
=

implies v € H, and the claim holds.
8

(b) Since ay = wy — g~ (wy) # 0 implies (g, ay) > 0 therefore ag € C. Finally

the rational dimension is in general less than or equal to n — dim([Q"]¢)
since u € [Q"]¢ implies (u, ag) = 0.
5. Assume tim(v) = t then by [proposition M]v = ):§:1 riw/ where u/ € Q"

the fact g fixes v implies

t

0=v—g(v)= Z;”j(uj —g(u)
b=

and r;’s linearly independence over Q implies Vj u/ — g(u/) = 0, therefore rdim(v)
dim([Q"]?).
(]

Remark 2.4.3. If = is of type n (as in the usual lexicography order) then each w;

1
8

’HD% N Ag(Q) contains a subsemigroup of A, of dimension n — 1 containing the maxi-

can be chosen in Q". Hence a, € Q" and H, is rational hyperplane. Furthermore

mal subgroup [Z"]8 of A,.

2.5 Semigroup Algebras

Definition 2.5.1. Let K be a field a K-algebra A is called a semigroup algebra if there
exist a submonoid M C (A, -) such that the elements of M forms a K basis of A.

In general for a given semigroup (S, *), and a ring R the semigroup ring
R[X:S] ={f:S — R|f,afunction supp(f) finite}

where support of fis {s € S: f(s) # 0}, for f,¢ € R[X : S| addition f + g is defined
point wise i.e. foreachs € S (f+g)(s) = f(s) + g(s), multiplication f.g, for each
s €8S fg(s) = Y, f(r)g(t). These semigroup ring R[X : S], will have quite a
number algebraic properties inherited from the semigroup S, and vise versa, for detail

on commutative semigroup ring and algebraic properties relating R[X : S] to S see,
[Gilmer|(1984)].
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One can easily observe for R a domain S commutative cancellative and torsion free
monoid, the semigroup ring R[X : S], the set (multiplicative monoid) {x° : s € S},
forms an R basis i.e. R[X : S] = @scsRx°. The Laurent polynomial ring over a field K

is semigroup algebra generated by
M =< xlilz te /xnil > mon = (Zn/ +)

For affine semigroup algebras associated with finite generated semigroups of Z", see
[Ene and Herzog (2012), §5]. Some of the main result associated with semigroup alge-

bra and their multiplicative monoid is listed below for future references.

Remark 2.5.2. 1. If Mis finitely generated commutative monoid. Then M is isomor-
phic to a submonoid of the additive group Z" for some r € N if and only if M is
both cancellative and torsion free [Rosales and Garcia-Sanchez (1999), Corollary
3.4].

2. Let K[M] be a semi group algebra then;
e K[M] is finitely generated (affine) K-algebra if and only if M is a finitely
generated monoid.
e K[M] a domain if and only if M is cancellative and torsion free. [Gilmer
(1984), Theorem 8.1]

For a given sub algebra R of IK[X*!], it is not apparent from the algebra generators to
decide whether R is affine semigroup algebra. If there exists an affine semigroup M C
(R, ), such that K[M] = R, then the semigroup generators are automatically algebra
generator but the algebraic relation among the generators is in such a way two power
product of these generators (‘'monomials’) are equal. i.e. if M =< ¢1,92,° -+ , 8t >mon
then,

t
M= {Hgfl ta; € ZZO}'
i=1

and any algebraic relation would have the form (if any),

t t
[Ts =T1s?
i=1 i=1

Hence with some ordering on the generators can be identified as a semigroup in Z% ,,

since M is conciliative and torsion free.

Example 2.5.3. Consider example 1, R is an affine semigroup algebra, with semi-
group generators

81 =f1+3f3+6

g2 =f2+3f3+6

g3 =f3+3

Observe that g1g> = g3 is the algebraic relation. Clearly f;, f> and f3 dose not have
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such simple algebraic relation, rather

fifs— B +3ffs+3fafs+6fi+6f+9f+9=0
8182 =83 < (fi+3f3+6)(f2+3f3+6) = (f3+3)°

hence their power product (monomials formed by the products { f1, f2, f3}) forms linear
dependence. In this case M =< ¢1,82,83 >mon=< (2,1),(1,2),(1,1) >on semigroup
generated by support of the initial algebra generators for the usual lex ordering. Latter
in chapter four we show that R is an invariant algebra of a reflection group and describe

how these semigroup generators are constructed.

2.6 Reflection Groups and Root System

Let E = R” be the Euclidean space, and (, ), be usual inner product define a reflection
either with respect to a hyperplane or a non zero vector. For a given hyperplane H C E,
Let L be a line through the origin that is orthogonal to H (E = H @ L), then define sy

by,
X, if x € H,
su(x) =
—x, ifxel,

equivalently give 0 # o« € R" and H, = {x € R" : (x,a) = 0} then,

X, if x € Hy,
s,x(x){ ¢

-, ifx=u,

One can easily observe that 0 # k € R, Hy, = H,, and s;, = s,. The automorphism

have a form,
2(x,a)

) a Vx e R"

se(x) =x—

Furthermore (s,(x),s,(y)) = (x,y), i.e. s, is orthogonal, s> = I i.e. involution. A group
G C GL(n,R) is said to be an euclidean reflection group if G admits a generator set Rg,
consists of reflections only.

Here our concern is subgroups of automorphism of a lattice L = Z" i.e G C Aut(L) =
GL(n,Z), in case of reflection group we consider the finite euclidean reflection group
which admits G-stable (invariant) lattice L (G C GL(n,Z)), such reflection group are
usually referred as Weyl groups in the literature.

Definition 2.6.1. A subset ® of an euclidean space IR", is called a root system in IR" if,
1. @ is finite, spans IR" and doesn’t contain 0.
2. If & € @, then the only multiple of a in ® is +a.
3. If & € P, the reflection s, leave ® invariant. i.e. for p € &, s,(B) € P.

4. (Crystallographic property) If o, p € ®, then 2(%3:;‘)) cZ.

Let ¢ € G be a reflection and L be a G stable lattice then the submodule {a € L : g(a) =
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—a} = Zug is one dimensional and is a direct summand of L and hence L/Za, is
torsion free. Note a, is atomic element of L. [ € L is said to be atomic element if the one

dimensional semigroup generated by [ is saturated in L.

Theorem 2.6.1. Let G be a finite euclidean reflection group and L be G stable lattice in R",
and {0} = [R")9 = {v € R" : v = g(v) Vg € G} (i.e. G acts effectively) then the set

Og = {j:zxg D Sa, € Rg} C L.

where Rg = {g € G : g reflection} and each wq is an atomic element in L forms a root

system.

Proof. (1) Clearly ®g is finite and doesn’t contain 0. since sp = I ¢ Rg further [R"]Y =
{0} implies that ®5 = {v € R" : (v,4) = 0Va € Pg} = [R")Y = {0} therefor &g
spans R".

(2) follows directly from the definition of ®g.

(3) For a, B € ®g then sy, s € Rg and saspsy = s, () fixes the hyperplane s,(Hg) and
sends s,(B) to —s,(B) hence s () € Rg is a reflection therefore, s,(B) € Pg. Further
more s, (B) is atomic follows from the fact s, is lattice automorphism and sends atomic
elements to atomic.

(4) For o, p € ®g C L are chosen to be atomic and

so(p) = p— 7Ll
whence,
B—sa(B) = 2<f’a0;>a €L
2(p )

and « being atomic in L implies € Z. therefor ®¢ forms a root system in R".  [J

(aa)

The study of root system in axiomatic structure came from the study of reflection
groups, using the orthogonal vector a of each reflection s, in the group. Note that
not all euclidean reflection group admit crystallographic root system, which is a conse-

quence of G being contained as a subgroup of Aut(L).

Definition 2.6.2. A subset A of a root system @ is called a base or fundamental system if,
1. Ais a basis of R".

2. Eachroot B € ®, can be written as

,B = Z ka“r

aeA
with integral coefficient k,’s all non negative or all non positive.

Each o« € A is called a simple roots and the associated reflection s, is called simple re-
flections. From the definition we have that the cardinality of A is n (A form a basis for
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R"), and the expression for 8 is unique. We consider the set
Ot ={Bed:k, >0 Vae A}
to be the positive roots, and the negative roots are given by,
O ={BeD:k, <0 Vae A} =—-0"

For a given root system a base exists, [Humphreys| (1980), Theorem 10.1], and each
a, B € A, in such base satisfy (B, a) < 0. [Humphreys|(1980), lemma 10.1.1].

Let v € R” be called a regular element if v € R" \ UycoHy, equivalently the G orbit

length of y equals |G|, other wise it is called singular. For regular v,
7 (7) = {a € ®: (y,a) >0},

and ® = &1 () U —DT (7). Further « € & (1) is called decomposable if x = By + Bo,
for some B1, B2 € ®T (1), else a is called indecomposable. The set of A(7y) of indecom-
posable elements of () forms a base of ® and every base of ® is obtained in this
manner [Humphreys|(1980), Theorem” 10.10.1].

The hyperplanes H, for « € & partitions the regular elements of R” in to finitely
many 7 dimensional regions by the equivalence relation that y; ~ 7, if both 7 and
72 are on the same side of each hyperplane H, for « € ®. Equivalently 7 and 7,
form the same positive root (O (y1) = @ (y2)) for the root system ®. The connected
component (equivalent class) of R" \ U,coH, are called (open) Weyl chambers, from the
above argument one can see a 1 — fo — 1 correspondence between a base (equivalently

a positive root) to a Weyl chamber. For a given regular element -y the equivalent class,

={veR":v~ 9}
={veR": (v,a) >0 Vaecd(y)}
={veR": (v,a) >0 Vaec Ay)}

is a Weyl chamber. Furthermore G is generated by the simple reflectionie. G =< s, :

a € A >. For any given base A of a root system ® the lattice,
Q = BpenZu

is called the root lattice. The crystallographic property of ® implies that Q is G stable
and Q C L. Further more the lattice,

P={ueR":u—g(u)cQVgeg}

is called the weight lattice. For a given base A\ of the root system @, let Ag = {g, : & €
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A} be the simple reflections and set,

Pr={uecR":u—g(u)ecQ gu€ g}
2(u, )
(o, )
2(u, )

()

where the third equality above is due to the fact each & € ® are atomic element of

={ueR":

xeQ Vae A}

={ueR": €Z Yac A}

L which contains the root lattice Q. Clearly from the definitions P C P*, conversely
using the fact that G =< Ag >, any ¢ € G is finite product of the simple reflection,
g =818 - g Foru € p*setting h = g1g2 - - - g¢+—1, then,

2(u, ar)
(ot ar)

u—g(u) = u—h(u) + ()

2(u,nr)
(o)

a; and a; is atomic), hence by induction one have that u € P and P = P*.

where g = g4, € Ag and h(a;) € Q and its coefficient

2(u,04)
(e ar)
For a given base A = {aq, a2, -+, &, } of a root system P the weight lattice P is given

by

€ Z, (since u — g(u) =

where {uy,uy,- -+, uy} are called the fundamental weight and satisfies,

2<1/l]',06i>

(oi, ;)

=06 <= uj—gi(u)=70n; 1<ij<n

One notes that the fundamental weights are always singular element of R". Further

L C Psince for a € L and each simple reflection g, € Ag wehavea — g,(a) = 2<§xa£‘>> S
L and each « € A is atomic implies 2<§f;f‘>> € Z therefore a € P. Hence every § invariant

lattice is sandwiched between the root and weight lattice [Kane|(2001), Proposition 9.5].

In the above few paragraphs we describe how the weight lattice of a given root system
can be constructed using the simple roots (equivalently simple reflection). In the fol-
lowing theorem we show that the image of initial algebra for the invariant ring i.e. A~
the fundamental set will have a strong relation with the weight lattice. In doing so we
create a link between the profs of and intrinsically.

Theorem 2.6.2. Let G C GL(n,Z) be a finite reflection group acting effectively (i.e. [Z"]9 =
{0}). Let =€ Q be any and (, ) be G invariant inner product then,
1. &, ={a € ®:a =0} forms a set of positive roots for the root system P of G.
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2. Let A7 be the base (simple roots) for the positive root @y (from 1) then,

A7 ={acZ":a=g(a) Vgeg}
={aecZ":a>g(a) VgEAg}

g< Ui, Uz, - , Uy >m0ng Q+Q[>;/

where Ag is the simple reflections and {uq,uy, - - - , uy } is the fundamental weights with
respect to A7,

3. Let A; be the smallest positive integer, such that a; = Aju; € Z" then A7 is saturated
subsemigroup with critical generators {ay,--- ,a,}. i.e. for any b € A~ there exist

some positive integer n, such that n,b €< aj, ap, -+, an >mon.

Proof. (1) Let So be the semigroup generated by ®,. then S¢ C P positive set of = on
Z", hence Sg is positive and n dimensional semigroup (spanq(®) = n = spany (P )).
Now set Sp =< a: & € A >y, for A C Py is the minimal generators for S¢. For any
B € @ then either B € ®. C Sg¢ hence,

HTSYAN
else if B ¢ @, then —p € P, so in this case § have an expression with non positive

integer coefficient with respect to A. Therefore
q> = ©>; U —®>; 7

which shows @, form a positive roots and in this case A form a base (indecomposable
elements). We denoted the simple roots associated with = by A~.

(2) Let AE = {91,82,-+ ,gn} be the simple reflection associated with the base A” =
{ay,a,- -+, &, } and set,

A*={acZ":a>gi(a) (Vi)l <i<n}.
foranyi,1 <i<mnandae€Z",

a=gi(a) <= a—gi(a)=0
2<a, {Xi>
(oi, ;)

<~ (a,qa;) >0

ai =0

where the last equivalence is due to the fact a; > 0 and fork € Z,ka; = 0 <= k €
IN>g then,
A*={aeZ":(a,n;) >0 1<i<n}.

clearly 27 C A* by the definition of 2”7 and conversely let b € A* we need to show
that for each g € Gb — g(b) = 0 since G =< g : g € A7 > (i.e. generated by the
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simple reflections). Let ¢ = []/_; s, where a; € /A7, be the minimal (number of simple
reflection used to represent g) length representation of ¢ with respect to the simple

reflections (non consecutive 4; and a; can be the same simple root). Now,

b_2<b,l11> g — 2<b, a2>

g(b) - <111 a1> 1 <a2 a2> gﬂl(”Z)
~ 2(b,a3) ~2(b,a,)
<Fl3,ﬂ3> 8a18az (113) <ar’ ar> 8a,18a, 8a, 4 (11,,).
hence,
2(b,a 2(b,a
b- g(b) B <1<11 a11)> a1+ <512 1122>> gﬂl(aZ)
2<b, LZ3> 2<b, ar>
<a3, as) 8a18a; (a3) (ay,ar) 8118, a4 (ay).
since, b € A*,
2<br ai>

> ; 7).
) = 0 (Va; € A7)

There for it is enough to show foreachi,1 <i <r—1,

808 8a;(8ix1) =0 == ga,8a, " &a;(Ai11) € P

Observe that G permutes and stabilize ® by [Humphreys| (1980), Lemma 10.2.B] (for
a € A the simple reflection 0, permute the positive roots other than «) in particular
for B € A such that a # B then 0, (B) = B — 2&;{"‘;0& and (B,«) < 0 shows that o, (p)
is a positive root. Moreover if 0, () is negative root for « simple and 7y a positive root

implies & = 7.
Now a; > 0 simple root hence positive and g,, (12) is a negative root implies a2, = a
the same simple root and ¢ = [17_; s, = [1/_3 g4, contradict the minimality of repre-

sentation hence g,, (42) is positive root. Suppose for some t, 3 < t <r

8a18ay * - 'gat—l(at) <0

then by [Humphreys| (1980), Lemma 10.2.C] there exists some index s and 1 < s < ¢
such that,

Em8ay* 8a 18 = m&ar " Eas18as1 " 8ara
again this contradict the minimality of the representation for g therefor for each 1 <
1<r—1,
8m&n -+ &u;(8it1) € P
hence b € 27 and A* = 217. Observe that

2(a, ;)

A = A = {acZ":
{ (i, i)

ENZO (VZ) 1§1§TZ}
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Let {uy,up, -+ ,u,} C Q", such that

2<Mj, 0(1‘>
<0€i/ 0‘1’>

clearly {uq,uy,- -, u,} are the fundamental weight associated with the positive roots
®. which shows that,

QV; g< Uy, U, -+, Un >mong Q+Ql>;'

(3) follows from (2) Note < uy,up, -+ , Uy >mon=PN{u € Q" : (u,a;) > 0vV1 <i < n}
where P is the weight lattice and Q4 (A7) = Q4 < uy, Uz, -+ , Un >mon - O
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Chapter 3

Linearization of Invariant Rings via ()

3.1 The Setup

Let G be a finite group in GL(n,Z) C GL(n,R), in the previous chapter we have shown
that the action of G on Z" can be uniquely extended to a multiplicative action on the
group ring IK[X*!] (Laurent polynomial algebra). The multiplicative invariant ring
lK[Xil]g =: R is always an affine algebra. In section [, we define for a given

=€ (), a semigroup (image of the initials of invariant ring)

A7 ={aeZ": ax=gla) Vgeg}
= {max.{b € [a]} € Z" : a € Z"|G},

which also forms a fundamental domain for the G action on Z". Let 2 denote the
image of initial algebra of R with respect to usual lex ordering (=j.y) i.e. A = A7k,
Observe that 27 for any =€ () contain a single element from each orbits (head term
of the associated orbit sum with respect to ’=). We use elements of 2 instead of ar-

bitrary transverse set to denote the orbits and orbit sum. Hence the invariant ring in
equation will have the form,

R = @,aeqKo(a)

2( is both a subsemigroup of Z" and also a transverse set (fundamental domain for the
G action on Z"). Moreover the action of G on Z" is assumed to be effective, therefore
the semigroup 27 is positive, n dimensional and saturated subsemigroup of Z" for any
=€ Q. Further {o(a) : a € A} is totally ordered by any =€ Q) via the corresponding
head term of the orbit sums in 27 which give an ordering on R. In the remaining
sections of this chapter we exploit this property to define a monic subsemigroup of R

and linearization of G via a finite generated subsemigroups of 2~.

3.2 Monic Subsemigroup of R

In this section we will construct a multiplicative subsemigroup of R containing only
monic members of R for any given ordering >=€ (). Let us associate a function to each
=c Qvia 2,

Definition 3.2.1. Let =€ ) and define,

(=) A—=A" a— ¢ =)(a) =[a]NA” Vac?, (3.2.1)
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the map ¢ (=) is called =-associated function (where 2 = A7),

Since for each orbit there exist exactly one maximal member with respect to = the
above map is well defined. We use ¢ in place of ¢ (=) if the particular order is arbitrary.

Further some of the immediate properties of ¢ (=) is given in the lemma below,

Lemma 3.2.1. Let =€ Q) and ¢ is the associated function equation{3.2.1)then the following
holds,

1. ¢(0) = 0 [In fact forany a € [Z"]9 ¢(a) = al.

2. VacAandn € N, ¢p(na) = n¢g(a).

3. ¢ is bijective map (hence ¢~ exists).

4. Yaed o(a) =o(¢(a)).

Proof. 1. Follows from the fact that [0] = {0} and for any a € [Z"]Y, the orbit
[a] = {a} contain a single element.
2. By definition a ~ ¢(a) both are in the same orbit then so is na ~ n¢(a), the
property once follow from the fact 2 and 2~ are saturated subsemigroup of Z"
and are transverse set (fundamental domain) for the G action on Z".
3. Holds since both set contain a single element from the equivalent class i.e. orbits.
4. Follows from the definition of orbit sum in equation{2.4.1]
O

Remark 3.2.2. 1. In general ¢ is not a semigroup homomorphism but the above
lemma [3.2.1)(2) shows that, ¢ restricted to any ray (subsemigroup of 2 gener-
ated by a single element) is a semigroup homomorphism. Further ¢(a +b) #
$(a) + ¢(b) implies that the product o(a)o(b) is associated with at least two dis-
tinct orbit sums in R contributing head term i.e. with o(a+b) = o(¢(a+ b))
and o(¢(a) + ¢(b)). Note all properties of lemma holds for ¢~!. But since the
product o(a)o(b) has only finitely many such orbits sums appearing as a head
term, which we try to characterize in order to study the factor subsemigroup of
R in later sections.

2. The use of 2 as a source (domain) for the = associated function could be any
transverse set Z"|G. Since each orbit has a unique representation in the transverse
set 2~ for any =€ (), one can take ¢(3=) = f.f. ! where f. : Z"|G — A~
and fi, : Z"|G — A = A7 and hence the source (domain) use of 2 is for its
convenience as it () is both a transverse set and a semigroup. Note that for any
ac€Z"/Gwehave [[a]NA] NA7 = [a] NA7 = ¢(a).

Definition 3.2.3. 1. Let f € R then f has a unique representation,

f= 2 kqo(a)

lZEAf

where k, € Kand Ay = {a € ™ : k; # 0} is a finite subset of 2 is known as the
support of f in R.
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2. Let =€ Q) then the support of f is totally ordered via the image of =-associated
function. i.e. A; ={¢(a): ac€ Af} C A7 and,
(a) o(a) is said to be the lead orbit sum of f with respect to 3= if

9(a) = max. {p(b) : b e As)

we denote the lead orbit sum by (ay,=) € Af or simply by ay if the = is
implicit.
(b) f is said to be monic with respect to 7= if K,y = 11i.e. the lead orbit sum

has a unit coefficient.

Here the definition for support of f € R, an invariant polynomial is based on the orbit
sums rather than the usual terms of the Laurent polynomial ring. As one can observe
that if x? is a term in f € R then if b € [a] the term x? exists in f with exactly the same
coefficient. This implies that the orbit set [a] is in the support with common coefficient.
Observe that in this definition of support, we have a contracted (one element for each

orbit sum) notation for support of polynomials in the invariant ring.

Theorem 3.2.2. For =€ Q) define the set R, to be the set of monic members of R with respect
to %= then, with the ring multiplication, Ry form a subsemigroup of (R, ).

Proof. Clearly 1 € R;. and let f, g € R;. then, f = o(as) + fi and g = o(ag) + g+ where
fi, &t € Rare the tail of f and g with respect to »=. Further ¢(ays) = ¢(a) Va € Af and
¢(ag) = ¢(b) Vb € Ay which implies,

P(ag) +¢lag) = p(a) +¢(b) Ya € Af, Vb € A,.

hence it is enough to show that the product of two monic orbit sum is a monic. Let
Pplag) =c ¢(ag) = d € A~ then,

o(c)-o(d) = )3 o(x +y),

x€[c]ye[d]>x+yeA”

since x +y = ¢+ d if and only if x = c and y = d further 2~ is totally ordered together
imply that o(c + d) is the lead orbit with coefficient unity. Further,

fg =o(plag) + ¢lag)) + (fg): € R
thus R, is a subsemigroup of R. 0

For any order ‘> the orbit sums {o(a) : a € 2} C Ry, are contained in the monic
semigroup R, and is totally ordered. f € R can be a monic for some multiplicative
order and may fail for others so to remove these type of polynomials we define the

following,
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Definition 3.2.4. Let {R.. }, cq be the family of monic subsemigroups of R, define
Ry =0N.ca Ry,
a subsemigroup R to be a monic subsemigroup. For f € R, define,
Af(d) = {a € Af:o(a)leadorbitsumof f forsome =€ Q}

the dominant orbit sums of f.

R, is a monic subsemigroup of R without prescribing to any particular multiplicative
orders. This does not mean f € R, will have a unique lead orbit sum rather f will
be monic for any given order with possible different lead orbit sum. Hence definition
of dominant orbit sum A (d) may contain more than one elements. i.e. f is monic in
finitely many ways. In general invariant polynomials with all of the coefficient 1 will

appear in R;,,. More over we have the inclusion of semigroup, for any =€ (),
R, CR. CR

{o(a) : a € A} C Ry;. In the coming sections we use the multiplicative order on the
monic semigroup Ry, since it contains monic polynomials for any given =€ Q.
Let consider =€ (), define a congruence (an equivalence relation compatible with the

semigroup operation of R,,) < on R, by,

f,.sERy fZg if (afrﬁ):(agfk)-

i.e. two elements f,g € Ry, are equivalent if they have the same lead orbit sum with

respect to the given =. This congruence will be used in the following theorem.

Theorem 3.2.3. For =€ Q) then,

Y

R,/ 3 =

Proof. Let
Ry — A" fr— o(f) = plag)

Here we use ay for (ay, =) to simplify notation and for any f, ¢ € R, we have

fg=o(plas) +(ag)) + (f8): € Ru

where a¢ and ag are the elements in A¢ and A, respectively such that,

pla) =max{p(a) :a € A}

plag) = max{p(a) :a € Ag)
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this implies f = o(as) + fi and ¢ = o(ag) + g+ by lemma 3.2.1}4, o(as) = o(¢(af))
similarly for ¢ and,

¢(f8) = ¢(o(d(ar) + ¢(ag)) + (f&)t)
= ¢(ag) + ¢(ag)
= ¢(f) + ¢(g)-
Since {o(a) : a € A} C R, implies ¢ is epimorphism and the isomorphism at once
follows from the fact that the kernel congruence of ¢ is the same as S ie. ¢(f) = ¢(g)
ifand only if f 3 g for f, g € R,,. We denote the isomorphism by ¢ and R,/ 3 by M~

for simplicity. Hence
P M7 = A7,

and y([f]) = ¢(f) for [f] € M~. =

In the above 2 is used for notational purpose does not play any role in the isomor-
phism. The semigroup epimorphism ¢ is the initial map (restricted to R,,;) associated
with =€ (), and the congruence collect those elements of R,, which shares the same

lead orbit sum.

Note 3.2.5. Observe for =€ (), transverse elements T C R,, of M7 form a K basis
for R. The semigroup structure of M7~ depend on 21~ via the isomorphism hence on
=€ Q. To characterize semigroup structure of R, one have to look invariance on 2~ or

subsemigroup of A~ over =€ Q.

3.3 The Linear Semigroup

The isomorphism in theorem and note confirms that for =€ () a transverse

set T C Ry, of the factor subsemigroup M~ exists and,
R = @se7Ks
the element of T that form a K basis for R. One can considers the set,
{o(a) :a €A} (3.3.1)

which forms a set of transverse element for M7 any given order and is contained in
R,,. But this set is often not closed under ring multiplication. Further more for two
distinct order the product,

o(a)o(b),

for a # b € A can have distinct lead orbit sum. In this section we define a finitely
generated subsemigroup S of 27 via 2 and the function ¢ : 20 — 27, in such a way
that the product of orbit sums corresponding to the generators of S gives every possible
elements in the set equation{3.3.1} as a lead orbit sum for different multiplicative order.

Those ordering in () giving the same lead orbit for the products will latter be classified
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as equivalent orders. Before defining this semigroup lets consider the following termi-
nologies.
A finitely generated, and positive subsemigroup S of Z" is said to be simplical if there

exist r linearly independent elements {uj, up, - - - ,u,} C Q" such that,
SC <u1/ ug, - /ur>mon - Q-i—s (332)

where r is the dimension spang(S). For some minimal A; € IN one have Aju; = a; is
in the generator set of S fori = 1,2, - - ,r and the generators {a;, ay, - - - , a,} are called
the critical generators of S.

Let G be finite group in GL(n,Z) and 217 and 2 are the semigroup of head term the
orbits associated with = and the usual lex respectively. Let (, ), be the G-invariant

inner product (averaged usual dot product over G). Then,

Definition 3.3.1. Let2; = (aj, ap, - - -, a;)

subsemigroup of 2 satisfying,

o C A be aminimal, simplical and saturated

1. a,b € A; (a,b) > 0 and non of the critical generators of 2; can be written as a
sum, a+ b and (a,b) > 0in 2.
2. For any a € 2 there exists =€ () such that,

p(a) € (p(ar), p(az), -+, p(ar)), == AT

where ¢ is = associated function.

The minimal (with respect to inclusion) is taken among semigroup satisfying the other
conditions of the definition. One observes that if this semigroup 2|, exists then every,
a € A if not contained in 2, then must appear as element of 2~ for some =€ (). Note
the generating set of the semigroup 2/ are strictly the image of generators of 2; via ¢.

Now we give some properties of such semigroups enforced by the criteria in definition

B3I

Proposition 3.3.1. Let G admits such a semigroup 2; satisfying definition then,
1. The semigroups A; = AT for any =€ Q.

2. The semigroup A7 is n dimensional.

Proof. 1. From the definition of 2; and 2|7, we have generating sets,

{aiti=12-,t} =AUy {P(a):i=12,--,t} =2A7

and since ¢ preserve orbits both the above set associate to the same orbit sums,
ie.

{o(a;) =o(¢p(a;)) :i1=1,2,--- ,t}.

Hence the semigroup isomorphism follows from the fact ¢ (3=) : 2; — A" relates
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the head terms of the product the orbit sumsin {o(a;) : i =1,2,--- ,t}.

o(a)" = [ To(g(a)"

t t
=1 i=1

-

=1 i=1

Since both 2; and A7 are totally ordered (in 2 and 27 respectively) and the
lead orbit sum of products of orbit sums generated by {o(a;) = o(¢(a;)) : i =
1,2,--- ,t} are uniquely identified depending the multiplicative orders, we have
¢1(>=) : % — AT one to one correspondence.

2. Let denote the set containing all possible generator of the semigroup 2 for some
=€ (), by X hence,

YS={acZ':a=¢(=)(a), a €Uy, =€O}=Up_[a].
is a finite subset of Z" and hence there are finitely many semigroups of the form,

(¢(a1), ¢(a2),- -, p(ar)),,, = A7, 3= Q. (3.33)

But since 2l is n dimensional definition 2, 2l is contained in union of finitely
many isomorphic semigroups. Each such semigroup must be of dimension n.
Here we use the fact Q" = spang(2A) cannot be contained in the union of finitely
many proper subspaces, at least one of spang () must have dimension 7 and
hence all have dimension 7 follows from isomorphism in (1).

O

Let /5 denotes semigroups in Z" which are of the form eq The fact that 2 is a

fundamental domain for G action on Z" implies,

7" = Ugegg(m)-

Further 2 is contained in finite union of elements of /5, together with each ¢ € G sends

semigroups of the form Eq to some semigroup in /5. Therefore,
Z" = Usey, S. (3.3.4)

In the following lemma and the coming section we characterize, which type of elements
(orbits) are a must to appear in the generating set of 2 for any ;=€ Q). Let us denote

the set containing the generators 2~ by %, and
Yy ={aeZ":a=¢(=)(a), a €Uy, =€} =Ui4[a]. (3.3.5)

The irreducibility of elements in A~ often depends on the multiplicative order =€ Q.
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But there are irreducible elements irrespective of the order. In lemma|3.3.2we consider
irreducibility of elements in 2~ for every =€ () forces these elements to be in X;. Fur-
ther in sectionwe show singular elements of 2~ will be always contained in 2] for
any =¢c Q).

Lemma 3.3.2. Let a € Z" such that for any =€ Q [a] N A7 = ¢(a) is irreducible in A~
then [a] C %.

Proof. Let assume a € 2.

Claim: a in the generating set of ;.

Suppose not, then a ¢ 2; since a is irreducible in 2 implies it is irreducible in 2.
From definition (2) there exist =€ Q) such that ¢(a) € A7. But since ¢(a) is
irreducible in 27 implies ¢(a) € 91; the generating set for 7 a contradiction since
Ql?l = {¢(b) : b € Ay}. Therefor [a] NA* = ¢(a) € Ql;”, for any =€ ) and hence
[a] C X% O

The proof of the following theorem is given at the end of section 3.4 which needs some

preparation,

Theorem 3.3.3. Let a € Z" be a singular element i.e. G, # {1} then for each =€ Q),

Proof. The proof depend on the properties of multiplicative order associated map and
stabilizer subgroups and is given by corollary O

3.4 Decomposition of 27 via Isotropy Subgroups

Let =€ Q) define the following relations on 2~ for a,b € A7,

alshb lf Ga C G,
a~sb if Go=Gp, [<—=]aSsbADbSsa

Clearly < is reflexive and transitive (a pre-order). It is neither symmetric nor antisym-
metric on 27, while the relation ~; is an equivalence on 2~ further let denote A7/ ~;
the set of equivalent classes for ~; then, the following lemma gives some important

properties of the above relations,

Lemma3.4.1. 1. A7/ ~; |isfinite (at least 2) and < is a partial order on the equivalence
classes (i.e. A7/ ~).
2. Fora,b e A7, Gaip = GaNGp.
3. For a € 27 the equivalent class [a]~, is a semigroup.
4. Fora,bc A7, a+b <S;aanda+b s b, inadditionifa S;bthena+b ~; a.

Proof. 1. Since § is a finite group it has finitely many subgroups hence stabilizer

(isotropy) subgroups, of which G and {I} exist therefore A7/ ~y; has finitely
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many classes (at least two). These two classes are (A7)° = [0]., = [Z"]Y the
trivial class and (A7), = {a € A~ : G, = {I}} the regular class for any non trivial
G. The other classes are determined by singular elements. Clearly <; satisfies the
antisymmetric property on the equivalence classes (see the equivalence definition
of ~;). The set (A7 / ~s, <;) is partially ordered with unique maximal (A7)° and
minimal (2A7)s.

2. Clearly Ga NGp € Gatp conversely let h € G and h ¢ G, N Gy, and consider two
cases,

e }1 fixes one without loss of generality let 1 € G, and I € Gy, then,
h(b) #b < h(a+b) =a+h(b) #a+Db,

hence h ¢ G, (note that A~ is cancellative).

e /1 fixes none a # h(a) = a/and b # h(b) = b/. Sincea > a/ = 0 #
a—a/ > 0 and similarly 0 # b — b/ > 0, implies (a —a/) + (b — b/) # 0 and
a'+b =h(a+b)#a+bhenceh ¢ G, p.

therefore G, C Ga N Gy, which implies G, = Ga N Gp.

3. Leta € A~ then [a]., = {b : b ~; a} = {b : G, = G,} hence G, = G, and
(2) implies G, = Ga N Gp = G, there fore for a,b € [a]., then,a+ b ~; aand
a+b € [a]., hence a semigroup.

4. Follows from the fact G, N Gp C Ga|Gp, and G, N Gy = G, if Ga C Gy, respectively.

O

For the equivalence class (semigroups) in 27| ~; in view of (3) and (4) of above lemma
we define the semigroup [b]~, is said to be a face (or boundary) semigroup of [a]., if

to be,

s

Ga € Gp. Further the closure semigroup of [a]., denoted by [a]

~

{beA”|g(b)=b Vge g}

Theorem 3.4.2. Leta € A7,

L [a]., = Ngeq,g(A7) = [Z"]% NA” = Tpy)_ < v [b]~..
2. ifu € [a] __is irreducible, then it is irreducible in A~.

~

Proof. 1. Follows from the fact A~ is a fundamental set i.e. u,g(u) € A~ then u =
g(u). Therefore u € Ngeg, (A7) then u € A~ and u € ¢(A7) Vg € G, hence
u = g(u) for each g € G,. The other equalities are directly forward from the
definition of closure semigroup. i.e. it contains [a] ., and all of its face semigroup.

2. Letu € [a] ~y be irreducible and there exist b, c € A7, such that u = b + c then

Ga € Gu = Geip- Hence G, C Gy, and G, C Ge. This forces both b, ¢ € [a]ws a
contradiction. There for u is irreducible in 2A~.

O]

Remark 3.4.1. 1. (27)° is independent of =€ ). Observe that ¢ is identity on
(27)°. [lemma [3.2.1]].
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2. |A7/ ~g | doesn’t depend on the particular order.

Theorem 3.4.3. Let a € 2 be singular and =€ () then,
1. [a]~, () = [¢(a)]~, (A7).
2. The restriction ¢ : [a] . (A) — [p(a)] ., (A7) is semigroup isomorphism and is order
preserving (A| ~s— A7 | ~s).

Proof. Each g € G be considered us a semigroup homomorphism on [a], i.e.
g:lal~. = 2" ([a]~, €A/ ~)

is a semigroup automorphism. Define a relation on G by g,/ € G for any u € [a].

S

g~h if g(u)=h(u) [& g=nh(onla].,)]

and g(u) = h(u) then g7'h € G, = G, = GVt € [a].,, hence
h(t) = g(t) which show the equivalence of both definition. Clearly ~ is an equivalence
on G. Foreach ¢ € G g¢([a]~,) = [a]~, and also if g([a]~,) N h([a]~,) # @ then

g ~ h (e ifv =h(u) = g(u) for u,u’ € [a]., then u = u’ since [a]., C A is in

Note for u € [a].

s

S

the fundamental domain). Hence there are |[a]| = [G : G,| disjoint semigroup in Z",
isomorphic to [a]., and G permutes these semigroups.

The first part of the theorem once follows from the fact that for any =€ Q) then A7
contains one of these |[a]| semigroup. Furthermore (¢) preserves orbit implies [¢p(a)]~,
the corresponding semigroup and for any h € {g € G : g¢(a) = ¢(a)} one has u €
[a]~,, h(u) = ¢(u) there for we have,

The second part follows from the above isomorphism and G, C Gy, imply hG, C hGy
and hence the same h mapping [a]., — [¢(a)]~, maps the corresponding boundaries

(face) semigroup to both,

¢=h:lal . =[p@a)]..

S

Furthermore hG,h ™! = G), = Q¢(a) C hGph™ = G = g¢(b) hence ¢ preserves the

partial order <; i.e.
[a]~, Ss )bl > [p(a)]~, Ss (A7) [p(b)]~..

O

From the above theorem the = associated function ¢ is a monomorphism on each class

determined by a singular elements. In addition,

Corollary 3.4.4. Let a,b be singular elements in A and =€ Q) then the associated function

restricted to [a] , + [b]

singular elements of A~ is contained in AT for any =€ Q)

. equals h for some h in G. Furthermore [a]. C ;. (Hence each

~
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Proof. By the above theorem (3.4.3 ¢ restricted to [a] %[(,b(a)]Ns and [b]__ & [p(b)]...

semigroup homomorphism i.e.

p=h on [a].,(Vh)he{teG:t(a)=¢(a)} =T,
¢=g on [bl.,(Vg)ge{tcG:tb)=0¢(b)} =T,

Now T, N Ty, # @ in fact |T, N Tp| = |Garp| > 1 with [T, N Tp| = |Gayp| = 1ifa+Db

become a regular element. Hence there exist i € G such that h € T, N T, and therefore,

Note h depend on the given order =€ (). Since both T, and Ty, depend on ¢ hence =.

For the second statement of the corollary, let u € ENS and be irreducible then u is
irreducible in 2 by theorem W further ¢(u) is irreducible in [$(a)]_ since ENS =

[¢(a)].., hence therefore in A~ for any =€ Q) by lemma m [u] C %;. That is each

irreducible element u of [a] -, is contained in 2l,; the generator for 2, hence 2, contain

[a] .. Therefor every singular points of 21~ is contained in A7 O

In 2| ~; the sum [a]., + [b]., C [a+ b]., and this inclusion can be strict. If a+ b

_ are contained in [a] , and

is singular element then the critical generators of [a + b]

[b]

~

~gt

Example 3.4.2. Let G be the 2-reflection (fix n — 2 dimensional subspace instead of n — 1
of usual reflection) group in GL(3, Z) given by,

1 0 0 -1 0 O -1 0 O
Sy = —1 0 ;s Sy = 1 y Sz = -1 01, 13
0 -1 0 0 -1 0 0 1

For the usual lex ordering
A={(x,yz)€Z: x>0,y >0} \FUP.

where F; = {(x,0,z) € Z3 : x > 0,z < 0}and F, = {(0,y,2z) € Z3 : y > 0,z < 0}
are the two dimensional semigroups see fig.3 of example The decomposition of
2( via isotropy subgroups,

Al ~s= {led]~,, [ea] v, [es]~,, {0} = [0],, 2o}

One can easily verify for 1 <i # j <3, e¢; + e;is regular element and hence [e¢;], +

[e]']Ns = <ei/3j>mon - [ei +€j]~s =2,. and
Qll = <€1/ €2, e3>mon
Further more the semigroups [¢;], is permuted by G to [—e; = gj(e;)]~, for i # j. For
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any =€ () the semigroup 2~ contain exactly one of these two semigroup, and
Z‘l = {j:el, :i:f?z, :|:€3}.

3.4.1 Existence of The Linear Semigroup for 2~

Definition 3.4.3. For G a finite subgroup of GL(11, Z) the semigroup 2 defined in

is called the linear semigroup associated with A=,

Note from the definition if the generators of A7 for some =€ () is known then
for any other order the generators are uniquely identified via ¢. Before we proceed to
associate linear semigroup to the semigroup of the invariant ring, we provide for which
finite subgroup G in GL(n,Z) the linear semigroup exist. In the previous two sections
we have shown that semigroup Qlf defined inhas the following property,
e It has dimension 1 (Proposition [3.3.1).
e Contains all the singular points of A~ (Corollary .

From section[3.4we have that each class determined by singular elements are boundary
(face) semigroup for the n dimensional class of regular elements (A7).. Hence the
irreducible singular element (if exist) contribute often the critical generators for the
linear semigroup.
Clearly the existence of linear semigroup defined in for arbitrary finite group is
non trivial matter. specially when there is no definitive common characteristics among
these groups. Hence for our work we employ a certain additional condition on the
linear semigroup and this give a common characteristics for those group admitting the
extra condition.
Let 2; satisfy definition[3.3.1and further for each =€ () the associated map ¢ preserves
‘angle’ (with respect G invariant inner product) between each critical generators of 27,
ie.

(aa)) = (9(a), pla) 1<ij<n. (3.41)

where {aj,ay, - - - ,a,} are the critical generators of ;.

Definition 3.4.4. Let G be a finite group in GL(n, Z) we say G admits linearization, if
there exist a linear semigroup 2, (as in definition 3.4.3) and the critical generators of 2;
satisfies equation for any =€ Q).

If G admits linearization, then we say 2; is the lex associated linearization of G. We
denote all finite groups in GL(n,Z) which admits linearization by GL*(n,Z). Note
from proposition for each =€ Q) we have isomorphisms ¢;(=) : %, — Qlf hence
for a given finite group admit linearization then 2 an isomorphic copy of 2; and its
generators are uniquely identify by the generators of 2; (i.e. 2Ly).

From this section onward unless otherwise expressed all the finite group G considered
admit linearization. Note that case of finite groups in GL(2,2Z) all 13 of them (up to
conjugacy) admit linearization (see annex-1). And we have a characterization of those

finite groups of GL(n, Z) which admits linearization,
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Proposition 3.4.5. Let G be a group in GL(n,Z) then the following are equivalent,
1. G admits linearization, (G € GL*(n,Z.))
2. There exist a reflection group G* in GL(n, Z) such that G is a subgroup.

Proof. (1 = 2) Assume G admits linearization, consider the generators 2 = {a; :
1 <i < t} and let assume the critical generators to be {a; : 1 <i < n} = 23;. Now for

each i there exist a semigroup T; € /s such that,
o NTi contains {a;:j#i}

i.e. the semigroups 2; and T; share (n — 1) dimensional semigroup. One should note
such T; is unique as both are isomorphic and simplical. There exist af € T;, (a} = ¢(a;)
for some =€ ). Then by

(ai,aj) = (aj,a;) Vj#i

from which,

aj—ar€{aj:j#it"
the orthogonal complement is one dimensional and setting a; — aj = A;w; where w; €

Z" is atomic element and hence A; is minimal positive integer. Let u; € Q" such that

Aiu; = a; since i is arbitrary we can construct the set {uy, up, - - - ,u, } and we have,
Q[l < Ui, Uz, , Up >mon

define a reflection,
14]', if ] 7§ i

ui — wi, ifj:i

gi(uj) =

Observe that g;(a;) = gi(Aiu;) = Aij(u; —w;) = af and for j # i gi(a;) = a;, further
gi(w;) = —w;. Consider the reflection group generated by {g; :i =1,2,--- ,n} denote
it by G*. Both G and G* permutes transitively the fundamental weyl chamber (for G*)
and 2, for the lex associated linearization of G each element of G is identified as an ele-
ments of G* as two automorphism which agree on n dimensional simplical semigroup
are identical.

(2 = 1) Let G* be a reflection group containing G take the minimal order G* which
contain all ¥; of G as singular members and act effectively on Z" which is possible
knowing the fact there are finitely many reflection group in GL(n, Z) by assumption G

is contained in reflection group. Then for =}, € () we have that,

Since 2l; is finitely generated and simplical further more (a;, a]-> > (0, these is due to the
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fact the critical generators of 2, is contained in the dual (weight lattice) of simple root
associated with =, (i.e. A, ) of G*. The simple root satisfy (w;, w;) < 0 [see section:§
2.6]. Clearly 2, satisfies the definition[3.3.Tjwhere the minimality is imposed by the way
G* is selected (minimal order). Further more since G* permute transitively 2(; and each
order =c () gives Qlf which is uniquely identified by ;. This further implies there
exist some ¢ € G* such that g(2;) = QLT hence the angle condition equation holds
as each ¢ € G* preserves the invariant inner product, therefore G admits linearization.

O

Example 3.4.5. Let G = {£I} C GL(n,Z) then G € GL*(n,Z)

Here for the usual lex ordering (e; > e > - - - > e,) we have that
A={acZ":a=(—I(a))} ={a€Z":a>0}

which is the positive set of the lex ordering P. The usual inner product is G invariant
and one can easily find,

A =<ey, e, ,8n >mon

Note for any a € A givenby a = (ay,ay,- -+ ,a,) € Z" let,

1, ifa; >0
ri =
-1, ifa; <0

then the lex ordering with rie; > roep = - -+ > rye, gives,
o
ac A7 =< e, ez, ey >mon -

Both semigroups are isomorphic and 2; satisfies all the conditions of definition [3.3.1]
and there for %, is the lex associated linearization of G.

3.5 Branching and Linearization of R

In this section we give a relation between the subsemigroup of Z" and invariant ring
R for a finite group in GL*(n,Z), which we developed in the previous sections of this
chapter. We employ two important semigroup isomorphism in the profs of theorems
and proposition First let us define linear (unit degree) orbit sums,

Definition 3.5.1. Let G be a group in GL*(n,Z) and 2; =< a : ™Ay >0 be the lex
associated linearization of G. Define o(a) for each a € R to be a unit degree (linear)

orbit sum in R.

The linear orbit sum definition though given via the lex linearization does not depend

on the orders rather each order give different head term of the linear orbits (specifically

Q[;). The isomorphism given in proposition 3.3.1]i.e. ¢;(3=) : % — A7 which relates
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the head term of the lead orbit sum of products of linear orbits is called for. Note that,

Ho(az)n

i=1

can have different lead orbit sum depending on the order so ¢, plays a key role in
recording these properties.

For =€ () the factor semigroup M7 of R, restricted to 27 (see theorem gives a
subsemigroup of M7 which is isomorphic to 27" and generated by the equivalent class

of {o(a),a € Q(;l} i.e. the linear orbit sums.
<a: Ql; >mon—< [0(a)]<:a € Ql;l > oni= M7 C M7 (3.5.1)
Mf is a finitely generated semigroup. The lead orbit sum of product of linear orbit

sums in relation to singular generators has the following properties.

Proposition 3.5.1. Let S C U,y such that there exist [ # ¢ € G and g(a) = aVa € S and
¢ be any singular element in gy, then the product of linear orbit sums o(c)" [T, 0(a)™ for

1q, N non negative integer has a unique lead orbit sum for any =€ Q).

Proof. This follows from the fact that ¢ is semigroup isomorphism on [a]., foralla € S
and [c], to any 27 (=€ Q) by corollary Note that b = ), a is singular element
and for any =€ () we have,

¢ : [b]~, + [cl~, = [p(b)]~, + [p(c)]~, S AT C A7

is a semigroup homomorphism preserving orbits. i.e.

() naa+nee] = [p()_ naa+nee)] = [na Y ¢(a) + ned(c)].
acs ac$S ac$
There for the lead orbit sum of the product o(c¢)" [T,c5 0(a)" is unique. O

In the above proof one should know that the lead orbit sum is unique but the head term
of the lead orbit for a given order varies. In view of the above proposition collecting
=€ () which gives the same lead orbits for the product of linear orbit sum in one class
seems viable, as our work is to use the ordering to study the semigroup structure of R.

Hence we define,

Definition 3.5.2. Let =1 and =, be in (), define »=; and ’=; give G-equivalent semigroup
structure on the linear orbit sums if each product [T,c50(a)", where S C 2, and 7,

non negative integers has the same lead orbit sum for both orders.

The following theorem gives a criteria when the order associated function ¢ restricted
to 2; become semigroup homomorphism and its relation to ¢;(>=). Note ¢; as in theo-
rem need not preserve orbits i.e [u] and [¢;(=) (u)] need not be the same orbit but

when it does one has,
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Theorem 3.5.2. Let =€ Q) then the following are equivalent,
1. (=) : A — AT, preserves orbit. i.e. [u] = [¢1(=)(u)], Vu € ;.

2. ¢y(=) = ¢ (on ).
3. 3¢ € Gsuchthat g = ¢;(=) on 2.

Proof. 1. (1 = 2)Letdenote ¢ (=) by ¢; since A~ is a fundamental set and for any

u € 2 [u] = [¢(u)] = [¢(u)] and the fact ¢p(u), ¢;(u) both represent same orbit
in 27 implies ¢;(u) = ¢(u)Vu € ;. Hence ¢ is a semigroup homomorphism
(on ).

2. (2 = 3) Let first show ¢; () N g(A) = ¢1(2A;) N g(2A;). Clearly ¢; () Ng(A )
¢1(A;) N g(2A;) and the reverse inclusion follows from the fact if ¢;(t) = g(I) an
2l is a fundamental set force t = [ € 2.

Furthermore since Z" = Uscgg(2),

$1(A;) = g(2A;) foreachg € G,andforg #h € G g(A;) Nh(A;) C g(A) Nh(A),
has dimension at most # — 1. Since the dimension of ¢;(2;) is 1, there exist ¢ such
that ¢;(2;) N g(2;) has dimension n. Since ¢;(= ¢|y,) preserve orbits and two
isomorphisms agreeing on n dimension are the same, hence for any a € 2; one
have ¢;(a) = g(a). There fore g = ¢; on ;.

3. (3 = 1) Clear since each g in G preserves orbit.

Observe that for two orders =1, =2€ Qif ¢; (=1, =2) : Ql?l — Q[fz given by

¢1(a) <P1(?1,%22 $2(a) (V)a €Ay

which is linearly extended i.e.

Z nap1(a)  ¢(=1, =2 2 Z napa(a) S C Ay

acs aces

then we have isomorphisms of semigroup homomorphism,
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If any two preserve orbits then so is the other. The following corollary of theorem 3.5.2]

gives a relation between two G-equivalent orders,

Corollary 3.5.3. =1, =€ ), give G-equivalent semigroup structure on the linear orbit sums
if and only if there exists g in G such that g(A7") = AT,

Proof. Follows from theorem note [T,es0(a)™ S C Ay has the same lead orbit

sum for both order implies
4)1(%1, %2) : Qlfl — Ql?z 4)1(a) — 4)2(3) ac Q‘gl-

preserves orbit and conversely. O

The fact /5 has finitely many semigroups of the form Qlf further imply we have finitely
many G-equivalent ordering on the linear orbit sums. Let define equivalence relation
on () by,
F1,72€ Q  mimg iff 3gE€G g(ATN) = AT

two ordering are equivalent if and only if they form the same G-equivalent semigroup
structure on the linear orbit sums. Let ()y denote the collection equivalent classes of
~g.

Definition 3.5.3. The natural number || (the number of equivalent classes) gives the

number of branching of R, in to distinct isomorphic factor semigroup generated by

the class of linear orbit sums.
In view of these facts

Zn g U;egﬂf

we have
Z" C Ugeg U g7y (35.2)

1=

where Ql%i] i=1,---,|Qy|is a semigroup for some order =€ [’~;]., where

Q‘P = {[kl]NW [?2]~¢/ Ty [%\Q,p\]wp}

Let =1, =2€ [=i]~ , then we know these two order form G-equivalent semigroup struc-

ture on the linear orbit sum, but the relative ordering of the linear orbit sum can be
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different in Mf but the product of the linear orbits (much of our concern) always gives
the same lead orbit sum for both. Hence same semigroup structure, i.e. =1, >=» are two
distinct ordering over the same semigroup (determined by linear orbit sums).

Further more following proposition gives the number of branching of Ry,.

Corollary 3.5.4. Let G be a finite group in GL*(n, Z) and G* be the minimal reflection group
containing G then,

Q| =167 : 6]

Proof. Let 2; be lex associated linearization of G and G* be the reflection group con-
structed in the proof of [Proposition 3.4.5]. Since each chambers are associated to a
unique element of ¢ € G* where 2, is contained the fundamental chamber associated
to I. Let {g(%;) : g € G} is given collection of chambers permuted (transitively) by G
and if there are no more chambers then G = G*. Hence we have 1 = |Qy| = [Gx : G],
else if there exist any T a chamber such that T ¢ {g(2;) : ¢ € G} then for any
g€ G g(T) ¢ {h() : h € G}. Observe that, if forsome h € G h(T) = g(2))
then there exist a unique 1’ € G* such that /'(2;) = T and hence hh' = g, there for
W = h~l¢g € G, which forces T € {g(2;) : ¢ € G} a contradiction. Therefore there
are [G* : G] distinct semigroup in which G permutes each transitively hence the corol-

lary. O

Since we employ strict convexity on A7, (i.e. (a,b) > 0fora,b e Qlf) for the effective
action of G, |G||Qy| > 2.

Example 3.5.4. Let G C GL(2,Z) be the group of order 3 generated by
0 -1
1 -1

A={(x,y) €2 2x>yAx>—y}

For the usual lex with e = e,

The irreducible elements of 2 are {(1,2),(1,1),(1,0)} U{(a+ 1, —a)|a € N}. Let con-
sider order = to be lex with e; = e,

A7 = {(x,y) € Z* 2y>xAy>—x}

with irreducible elements of A~ are {(2,1),(1,1),(0,1)} U{(—a,a+1)la € N}. If ¢ is
the associated map for =, $((1,2)) = (1,2) = (1,1) + (0,1) ¢((a+1,—a)) = (a,2a +
1) =a(1,1) 4+ (a+1)(0,1), showing the possible linear orbit sum to be o(e; +e2) =
xte2 4 x4 + x~2 and o(e;) = x 4+ x2 + x~ 172, indeed for any order ¢((1,1)) and
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¢((1,0)) are irreducible in 217, hence
X = {iel, +e,, i(el + (:‘2)}

this gives six possible semigroups for 27 for any ;=€ () of which G permutes each three

giving two branching.

Example 3.5.5. Continued from for the usual lex ordering
A =< e1,e2, - ,8n >mon
The semigroups associated to non G-equivalent ordering are
<ey,xer---,Een >mon
up to G permutation hence R, has 2"~! branching.and hence,
Y ={xeli=1,2,--- ,n}.

The linear orbits sums are o(e;) = x% + x~ % for 1 < i < n. These are algebraically

independent and the semigroup with the ring multiplication given by
< 0(31)/ 0(32)/ Ty, U(En) >mon= M_7

is isomorphic to any one of the above sub semigroups of Z". One can easily deduce
that each of ¢ (=) are a reflection (up to G translation). If we define g; to be a reflection
fixing the hyperplane generated by {e; : j # i} for any =€ Q then ¢(’=) : % — AT
equals ¢ € G* where G* is the reflection group generated by {g; : i € {1,2,--- ,n}}.
The invariant algebra over some field K properly contain R 2 K[M_] for n > 2.

For n = 3, the semigroup associated to non G-equivalent order are [()y| = 4 and

291(2A1),82(2A41), g3(2;), 2, more over the fundamental domain (for lex) can be given by

A =2 U((e1 —e3) +881(Ar)) U ((e1 —e2) +g2(A)) U ((e2 — e3) + g3(2A1))

As a K algebra the invariant ring is generated by the linear orbit sums and any one
of from each pair {o(e; +¢j),0(e; —e;) : 1 < i < j < 3}. Observe that these are
the two possible lead orbit sums of o(e;)o(ej). The same lattice points are used for
the decomposition of 2, Further R has a direct sum module representation with T =
K[M;j], Then,

R =T® (®i<ici<zo(ei —¢;)T)

each module in the above has trivial intersection.

Let {ay,a2,- -+ ,a,} be the critical generators then the linear orbit sum associated are

algebraically independent, observe that for any (I1, I, - - -, 1) € IN%, the linear product
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associate it self to a unique (up to the branch) lead orbit sum and any finitely many of

these are K independent.
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Chapter 4

The Main Results

4.1 The Semigroup Problem

The semigroup problem stated in the conjuncture was first raised and partially
done by M. Lorenz in his article [Lorenz (2001)]. He used the concept of Lie algebra
to show, and later on his book [Lorenz (2005),§: 10.2] gave a detailed layout of this
problem including many suggestions and possible alternative approach. Further M.
Tesemma, (a Phd student of Lorenz) in his PhD thesis, [Tesemma) (2004)], work on the
same problem dropping the technical lie algebra which is more or less associated to the
reflection groups and is not that much of a tool for the converse. Hence he used mono-
mial ordering and SAGBI basis which was studied by Z. Reichstein [Reichstein! (2003)]
a bit earlier. He later compiled with some additional condition in article [Tesemma
(2007)], in which theorem is proved. In the first section of this chapter we give a
proof of semigroup problem for multiplicative action with some restriction on G i.e.(G
in GL*(n,Z).

4.1.1 Linearization Associated with Reflection Group

In chapter three Theorem we have constructed a monic semigroup R,; and showed
that for any given order =€ (),

where the map;
@: Ry — A7

given for 0 # f € Ry, by,

¢(f) = max,.{¢(a) : a € supp(f)}

Note that the map ¢ is similar to the initial map of Tessema’s work in [Iesemmal|(2004)
and [Tesemma|(2007)], except we have restricted the source (domain) to the monic semi-
group R,,. The congruence () collect all monic polynomials of R, which share the
same lead orbit sum for »=. In section [ theorem we have associated a given
order to the positive roots of the root system of a given reflection groups. Further we

have,

Theorem 4.1.1. Let G in GL*(n, Z) be a finite group, then the following are equivalent,
1. G is reflection group.
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2. For each =€ Q, ¢ (=) is semigroup homomorphism.
3. Qg =1.
4. A = A; ( Hence U is finitely generated).

Proof. (1 = 2)Let G be a reflection group, then for = € (), by theorem[2.6.2]
A=A ={acZ":a % g(a) 1<i<n}

where {g; : i = 1,2,--- ,n} = Agl"", are the simple reflections associated with the

simple roots (base) A7k of the positive roots associated with =, i.e.

P, ={aecd:a=, 0}

lex

Let {uy,uz,- -+ ,un}, be the fundamental weight associated with base A7, Further,
A=<ag,a, - ,ay -, a SuonS< U, U2, , Uy >mon

where a; = Aju; for 1 < i < n are the critical generators of 2. Now consider the
decomposition A/ ~y of 2, the critical generators are {a; : i = 1,2,---n} and for
any i the simple reflection g; fixes a; for all j # i. Since for any =€ () the associated
function ¢ is semigroup homomorphism on the equivalent class (generated by singular
elements) (semigroups). Let

n

h; = Za]-

j#i
Following corollary [3.4.4] then ¢ is a semigroup homomorphism on the # dimensional
semigroup, (h;) + (a;) forany i = 1,2, -, n. Further more since G, = {g;, I} N Ga, =
{I} hence there exist a unique & € G such that h = ¢. Therefor ¢ is semigroup isomor-
phism for any =€ Q.
(2 = 3) Let for each =€ () the map ¢ : 2 — 2~ is a semigroup homomorphism, hence
the restriction ¢ : 2, — A is a semigroup homomorphism and by theorem there
exist g € G such that ¢ = ¢ on 2l;. Since = is arbitrary and lex ~ %= imply |Qy| = 1.
(3 = 4) By definition ; C % and |Q)y| = 1, decomposition of Z", eq ie.

Q i
Z" C Ugeg U gl

We have Z" C Ugeg <(?;) hence 2, is a fundamental set for the G action on Z". Since
there is no proper inclusion between two fundamental sets we must have 2; = 2.
Hence 2, finitely generated.
(4 = 1) This once follows from forward proof of proposition i.e. constructing the
reflection group from ;.

O
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4.1.2 Canonical Semigroup Representation

Fix order class [=;] € Q) for any two =1, =2€ [=], then 2[?1 = g(%?z) for some g € G.
Furthermore Mfl and /\/lf2 have the same lead orbit sum for each product of the linear
orbit sums. The set {o(a) : a € 2} contain identical class representative for both the
factor semigroup. Let define,

M ={[(@)]i: [o(a)li = Neeylo(a)lz,  ¢(a) € AT I =€ (=]}

~

to be the factor semigroup associated with the class order [’=;] € ()y. Here the filtration
removes f in R,, with dominant lead orbits Af(d) more than one. In particular if =€
[=i] and {¢(a;) : 1 < j < n} are the critical generators of 27 If f € [0(a;)];, then f does
not contain any of the other orbit sum associated with the critical generators, a; # a;

for 1 <i < n. Further more f have a form

t
f=o(aj) + Z nro(a)
k=n+1
where a; for n +1 < k < t are the non critical generators of 22(? dominated by o(aj).
One can construct multiplicative order (of type n) givenby {(,ay) = wi : 1 <k < n}in
any order give the same linearization semigroup with different ordering on the critical

generators. Any class representation of M’ is a representation for M/ for =€ [=;].

Example 4.1.1. In examplewe have [()y| = 2. Fig 2. illustrates the two semigroups
G permutes s and s’. Hence Qy = {[=s], [=¢]} for =€ [=] (taking usual lex), The
product of linear orbits,

o(e1 +ex)o(er) ~s 0(2e1 + e2)

while for any =€ [=y]
o(er +ex)o(er) ~g o(e1 + 2e)

note that
o(e1 +e2)o(e1) = 0(2e1 +e2) +o(e1 +2e2) +3

R is not generated by the linear orbits as a K algebra.

Corollary 4.1.2. If G acts as a reflection group the lead orbit sum of the product of linear orbits
is unique, and conversely for G in GL*(n,Z) the lead orbit sum of the product of linear orbit

sums is unique then G reflection group.

Proof. Since G is reflection, it has a single branching, and the semigroup isomorphism
¢1(=) : A — AT, between the linearization of G preserves orbits for any =€ Q. which
implies the lead orbit sum of products of linear orbits is unique. Conversely if the
product of the linear orbits give a unique lead orbit sum, then we have ¢, : 2; — Qlf,
which relates the lead orbit of the product of linear orbit sums, preserve orbit for any

=¢c (). Hence Flex™ ¢ F s there for ()y, contain a single class and hence G is reflection
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group. O

Definition 4.1.2. Let S be a semigroup and T a subsemigroup of the factor semigroup
of S (§ = S/ ~) for some congruence ~. a semigroup St C S is a canonical semigroup

representation of T, if St = T and
T ={[s]~:s €S}

Lemma 4.1.3. If T C R,, is a canonical semigroup representation of M’ (the factor semigroup
associated with the order class [3=;]), then T is also a canonical representation of MJ Y] where j

runs over each order class in ().

Proof. Let T be the canonical semigroup representation of M, Since M is finitely gen-

erated by the class of linear orbit sums, i.e.
([o(@)ila ey, =M
Then T is finitely generated and have the form,

T=(fa:acUy) CRpy

mon —

Here for each a € 2A,;, we have f, € [0(a)];, and has a unique lead orbit sum o(a).
Since each factor semigroup M is generated by the class of linear orbit sums, and are
isomorphic to each other. Difference appear due to lead orbit sum for product of linear
orbit sums i.e. (the branchings). Hence we have f, € [0(a)]; € M/. Since all share
the same linear orbit sum, and the fact each semigroup Qlf are isomorphic, we have for

any S C %dg;. The products

[1f: &]]e(a)

acs acs
gives the same lead orbit sums for any given =€ (). i.e. under a given order f, and
o(a) behaves identically in the factor semigroup associated to the order. There fore T is

also a canonical representation of M/, for all [3= j] associated factor semigroup. O
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Note in the above lemma linear orbit sums {o(a) : a € Ay} = {o(P(a)) : a € Ay} are

the same also,

But the orbits [Y!_; n;a;] and [YF_; ni¢(a;)] need not be same, unless ¢; preserve it.
which further imply the orders are G equivalent on the linear orbit. Note the semi-
group generated by the linear orbit sums, though may not be canonical still contain a

transverse element for any factor semigroup M".

Example 4.1.3. Continued, Let T =< o(e1 + €2),0(e1) >mon is a canonical semi-
group representation for both M* and M?, note o(e; +e;), 0(e;) are algebraically inde-
pendent and the semigroup s, s’ are freely generated by two elements, but Z[T] C R.

Lemma 4.14. Let M =< o(a) : a € Ay >yon and G a finite group in GL*(n, Z) then the
following statement are equivalent,

1. |Q] = 1.

2. M forms a K-span of R.

3. K[M] =Klo(a) : a € Ag].

Proof. (1 = 2)|Qy| =1, then for any =€ (), and theorem[3.2.3]

R,/ 3 =M~ 15 o 2A

M is a subsemigroup of R, generated by the linear orbit sums, now consider the iso-
morphism ¢ : 2 — M7 and define the set

M ={¢(a)NM:ac U}

It is enough to show, for each a € 2, ¢(a) N M, is non empty, the result follows from
3.2.5, (i.e. M* form a transverse element for M7). 2 is generated by {a; : a; € ngl} =
{a;j:i=1,2,--- ,t}, forany b € 2 and its representation b = Y| _; n;a;, then,

t
[Jo(a)" €c(b)nM
i=1
Hence M forms K span for R.
(2 <= 3)Clear, since M C KJo(a) : a € ] and R = K[M] C K[o(a) : a € 2Ay] C R.
(3 = 1) M C Ry, and for any =€ Q) restricting ¢ in the proof of to M C Ry, we

have the isomorphism,

1%

M/~ =A7
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where ~,

t t t t
my = [Jo(a)" ~me=TTo(a)" iff Y mg(a)=) kip(a)
i=1 i=1 i=1 i=1
which is the kernel congruence of the presentation 27 (ie. N/ — 27 map each
(n1,n2,-++,n;) — Yi_ymp(a;)). Further that M/ ~, is finitely generated and well

ordered (via 91?) and the kernel congruence finitely generated. Let,
kerw = {((n1,na,--- ,n¢)i, (ka, ko, - -+ ,ke)i) 11 =1,2,3,-- -k} (4.1.1)
be the minimal generating set then these corresponds to the set
{(mj,m?):i=1,2,--- ,k.}

where m; = [T'_; o(a;)" and m} = []._; o(a;)% and m; — m* € R = K[M] since both
m; and m; are monic with the same lead orbit sum, m; — m} has a unique monomial
expression as a product of o(a) : a € g, by the minimality of kernel generators m
There for the set {o(a) : a € A} forms a SAGBI bases for R by G acts as a
reflection and || = 1. O

Note in here though we did not explicitly stated that on the semigroup M, ¢ acts as
initial map (in,.) and is a semigroup epimorphism, with finitely generated kernel con-
gruence. The map is injective if QLT is free semigroup (generated by only critical gen-
erator) in general. Other wise not injective on M, as two distinct product of the linear
orbit sums giving identical lead orbit sum implies two distinct way representation of
the same element of Ql?, while the two product are often different on the next theorem

these is ratified by special construction of canonical semigroup.

Theorem 4.1.5. The following statements are equivalent for G € GL*(n, Z) such that ([Z)9 =
{0})
1. G acts as a reflection group.
2. R = Z[T] where T =< f; : a € Ay >uon a canonical semigroup representation for
some M (hence for all).

Proof. (1 = 2) Suppose G acts as a reflection group for a given order =€ (), we have
that,

-
A7 =< my,mp, - My, Mt > mons

eachi =1,2,3,--- m; = Aju;, where A; are the smallest positive integer so that A;u; €
Z", and the set {uy,uy,- -+ ,u,} is the fundamental weight associated with the simple

roots {wy, wy, - -+ ,w, } = A7 (simple root associated with »=) and,

. n
A7 =< uq, U, -+ , Uy >mon NZ",
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(see for the construction of 2~ in [ 6, Theorem ) Setting m; = Y;_; Ajju; where
Aji are non negative integers for j = n+41,n+2,--- ,t non critical generators of 27,

then the semigroup generators of R are given by

n
HU Aji '< 0 Z)\ﬁui) = 0(77’1])
i=1

Here the fact that fm]. is indeed in R, is not a trivial matter, G acts trivially on P/Z"
where P is the weight lattice takes a crucial fact, see reduction lemma [Lorenz (2001),§2.3]
or [Tesemma (2007), Corollary 3.6]. Note {o(m]-) :j=1,2,---,t} are the linear orbit
sum. For the non critical generators (if exist) m i for n +1 <1 < 't, there exist a positive

integer n; such that,
n n
n]m] = an)\]‘iui = Z;timi
i=1 i=

where each ¢; is a non negative integers this gives the algebraic relation of the genera-

tors,
n] = Hfml

Hence,
J -
T =< fmlrfmzr' e /fmt > mon™ A7 =< my, Mo, -+, Mt >pon

Therefore T is canonical semigroup representation of R,/ 3 for any =€ Q.

(2 = 1) By lemma T is a canonical semigroup representation for M’ implies
that T is a canonical semigroup representation for all factor semigroup M/ associated
with the order class [=j] € Qp. Further R = Z[T], it is enough to show |Q,4| = 1.
Assume [Q)g| > 1, there exist factor semigroup M’ and M/ isomorphic but distinct. Let
*=1x be in the order class determining M. Hence there exist o(c) € {0(a)|a € 2} such
that o(c) is not in any class of M. Take the branching orbit sum (the minimal product
of linear orbit sums, which doesn’t appear as a lead orbit in M 29 ced \ 20)),
then for any finite set {f;} U {o(c)} where f;’s are from distinct classes of M' are K

independent. Hence,
o(c) & Kspan {f;}

For any representation (not necessarily semigroup) S of M’ by elements of R,,. we
have then,
o(c) ¢ Kspan S

But since T is a canonical semigroup representation of M’, and o(c) ¢ K[T], is a con-
tradiction, to fact Z[T]| = R. Therefor |()y| = 1. O

From the above lemma one can conclude that R is as a K algebra generated by the

linear orbit if and only if G acts as a reflection group (equivalently |()y| = 1), Further
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in the construction of semigroup,

< fmlrfmzr' o /fmt > mon

The fact that lead orbit sum for each f,, is the linear orbit sum o(m;), there for supp(f,) C

{mj:j=1,2,---,t}. Hence each semigroup generator are K linear combination of the

hnear orbit sums. There exist an affine transformation,

fm uyp U - Uy o(my) uq
fma Uy Uy - Uy o(my) Uy

- + ,
fome upg  Up e Ugt o(my) Uy

sending linear orbit sum to the semigroup generators and vise versa.

0 -1 -11
Example 4.1.4. Let G be a reflection group generated by {s = ( 1 -1 ) b= ( 0 1 > b

Here the reflections are {t, s, st} with the root system
b = {iel, te,, :|:(€1 + 62)}

Usual lex ordering give the positive roots, ®* = {e1, ey, €1 + €2}, giving a base, {e1, e},
the G invariant inner product (averaged the usual dot product over G) is associated
2
-1
each root is 2, we have the dual (weight) lattice generated by {u; = (%, %), Uy = (%,

-1
with the matrix M = ( ) ) ie. <ab>=a'Mbfora,b € Z? since the norm of

)}

WIN

Hence
2[ < 1/[1, 1/[2 >m0n mZ =< ml (2 1) (1,2), mS — (]., 1) >mon,
here m; = 3uy, my = 3up and m3 = u; + up and we have semigroup generators,

fr =o(u1)® = o(m1) +30(m3) + 6
fr =0(u2)® = o(my) + 30(m3) + 6
f3 =o0(uq1)o(uz) = o(ms) +3

/\

R = ZI[T], where T =< f1, f2, f3 >mon= 2 and the linear orbits also generate R as a Z
algebra.
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4.2 Archimedean Ordering and Initial Algebra R,

The initial algebra of a given subalgebra depend on the monomial orders. There are
monomial orders which demands less time and smaller spaces (data) compared to
other orders. Nowadays the computation of Grébener basis for Ideals, and SAGBI basis
of an algebra is done via softwares (Algebra package) like SAGE, SINGULAR,- - -. The
efficiency of these package among the other technical parameters, is measured based
on the time consumption and the required floating space (memory) for a given task.
While computing a SAGBI, or Grébener basis one uses a monomial orders. In certain
cases two different order may give the same basis but may take or consume different
time and/or space to arrive the same output. Some algebra may allow a certain class
of orders to represent initial algebra acquired by any monomial order. In the case of
multiplicative action the invariant ring R for G reflection group is one such algebra al-
lowing archimedean order representation for any =€ Q.

One way to categorize an order in Z" is using its type (i.e. the minimal number of
vectors in IR used to represent the order), or within fixed type, the partition can be
used See [§2.3] remarks]. Here type of order especially type one, (archimedean) or-
der is considered. One can easily see the computational efficiency to the other ex-
treme type typen, for a given two integer points, while a single check is enough for the

archimedean the latter (type n) may need up to n check ups in a loop.

4.2.1 Archemedian Order and Automorphisms of Z"

In the article [Tesemma and Wang| (2011)] M. Tesemma and H. Wang, gave a detail
characterization of archimedean orders, in addition here we use properties developed
in [§2.2]] on rational dimension of a given vector in R". We continue the same nota-
tion within. Further more proposition [2.4.2) which relates a positive set associated with
each ¢ € Gi.e. (Ay) is used intensively.

Computing the initial algebra of a given invariant ring soon or latter end up with inter-
section A, of some automorphisms in G. Hence we analyze the relationship of a given
g € G to a given order and vise versa. In the coming lemma the archimedean order for

any ¢ € G and A, of a reflection ¢ to any =€ (), is characterized.

Lemma 4.2.1. Let [ # g € G, Then,
1. If =€ Q) is type 1 (archimedean) then, H, N Q" = H,Xé = [Q"]$. Further taim((xé) =
n — dim([Q"]%), where H, = {v e R": (v,ag) = 0}.

2. If g acts as reflection in G with g(+w) = Fw, where w is the normal vector, then

1

Xg

= rw forr € Ry and w 3= 0. In general zxé € Rw, for any =€ Q.

Proof. 1. Let = be type 1, then there exist w € IR" of rational dimension n and
==1>=,, Where,
u=v iff (uw)>(v,w).
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Foranyu € Q" (u,w) = 0if and only if u = 0. Hence ag

where tx;, is as in proposition then

Ag(Q) ={ueQ": (uuay) >0}

=ray =w— ¢ Hw),

For u € Q",
(u—g(u),w) =(w,ay) =0 <= u—g(u) =0 < uel[Q"]

Further if v € Hay, then (v, &) = 0, imply v € [Q"]3. There for by proposition
.2, wim(ag) =n — d1m([Q”] ).

2. Let g acts as a reflection then for any u € Q"

B (u,w)
g(u)=u 2<w,w>w
henceu — g¢(u) =2 << >>w and for any =€ (), one of the two normal vectors is in
the positive set P of =. Let w >~ 0 then,
uc A Q) <= u—g(u) =0 < 2<<;'v‘:’>>w =0 < (uw)>0
Further if {w;, - -+, ws} is the lex associated representation of = then (xg = wy —
g Y wy) = wp — g(wy) = 2<<w" W>>w Hence setting r = 2<<°""’W>> > 0,and ay = rw

for any = (provided w > 0). Therefor, for g reflection Dég admits only two vector
ie. aé € Rw.
Ul

Let =€ (), and G be a finite subgroup of GL(n,Z), and let {w,w>, - - - , ws} be the lex

associated vectors to = such that,
uc P(Q) — (<u/ a)1>/ <ur (U2>, Tty <ll, w5>) ?‘_lex 0 (421)

where (, ) is G invariant inner product as in and P(Q) = {fu € Q" : u = 0} is
positive set of = with respect to Q". For each g € g

Ag(Q) ={ueQ":u’=g(u)}
={ueQ":u—g(u) >0} ={ucQ":u—g(u) € P(Q)}
={ueQ": ((u—g(u),wi), -, (u—-g(u),ws)) =ex 0}
={ueQ": ((ww —g H(w)), -, (u,ws — g (ws)) =pex 0}

S

where the last equality is by lemma 2. Further more there exist 0451{ as in proposition
2.4.2)4 such that, Ry (Ag) C HY,. For each ¢ € G we have that,
8

{ueQ": <u,0c;,> >0} CAg(Q) C{ucQ": <u,0c§> >0}
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Now from the definition of 247 (Q) and above inclusion,

(N{ueQ": (u,ai,) >0} C ) A¢(Q)

g€g g€g

—A7(Q) € N{ueQ": (ual) >0}

g€g

From Proposition@él,b foreachg € G ay € Ry (P), hence
IR+<‘X§ g€ g>mon C le
Further let A, C {ag : ¢ € G} =: ®F, be the minimal set such that

N {ueQ" :(ua)>0}= () {ueQ": (ua) >0}

wed aEN,

Note that in general A, C R”, and is the minimal set needed to generate the polyhe-

dral cone R, (wé : § € G)mon- Further we have the relations,

(N {ueQ":(ua)>0} CA(Q)C () {uecQ": (ua)>0} (4.2.2)

DLGA> lXGAk

Since 207 (Q) is n dimensional each of the two bound are also n dimensional.

4.2.2 Representation of Initial Algebra by Archemedean Order

For two distinct orders =, ='€ (), we say both give the same initial algebra on R if and
only if

l.Tlﬁ (R) = l.Tl>r_/(R)
which is equivalently express by the image of initial algebra map which gives the equal-
ity of the fundamental domain associated with these orders. i.e. A7 = 2~ [Tesemma

and Wang| (2011), Lemma 3.2(ii)]. In such case both will have same SAGBI bases, the

following theorem give the converse of [Tesemma and Wang|(2011), Theorem 4.2].

Theorem 4.2.2. Let G be a finite subgroup in GL(n,Z) then the following are equivalent,
1. For each =€ Q) there exist an archimedean order =, such that

A7 = A7 equivalentlly in, (R) = in.,(R)

2. G is reflection group.
Proof. (1 = 2) Let consider the lemma,

Lemma 4.2.3. Let G be a finite subgroup of GL(n,Z) and for =€ Q) there exists an archeme-
dian order =, such that A7 = A7« then for each a, € A there exist af € Ay andr € Ry

such that zx}l = mg’ (hence have same rational dimension).
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Proof. By [proposition[2.4.2} 3]
A7(Q) = Q+A” = QA7 =A™ (Q)

Let A, and A, be the minimal sets for G associated to the orders > and =, . Let
consider the cones (inQ"),

T={uecQ": (u,océl{) >0, Vaél, SVAYS

N={ueQ": (ua) >0 a] € A, }

L={uecQ": (u,aé) >0, zxé €N}

Here we have the inclusion and equality of cones (from eq follows that)
TCA™(Q)=2"(Q)=NCL

where the second equality is due to the fact each ¢ in G have only one inequality to
check, ie. Ag(Q) = R (4;(Q))NQ" = {u € Q": (u,ay) > 0} and lemmafi2.1)1.
Further taking the positive hull of each over the reals, same inclusion as above persists
and the cone R (N) and R (L), need not be closed subset of R". Taking the closure of
these cones with the euclidean topology,

Ri(N) C{o€R": (0,a8) > 0,28 € A} =R:(N) =N

Similarly
Ry(L) S {oeR": (v,a5) >0, a5 € A} =R, (L) =L

SinceTC NCLand T = Lwehave N = L furthermore LNQ”" =Land NNQ" =N
implies L = N. Since the rationals, Q" is dense over R”, the finite set A,  and A,
are minimal, i.e. there isno A C A, such that {v € R" : (v,a3) > 0, a5 € A} =L,
this will contradict the minimality over Q" of A.. Since the cones N = L. i.e. both
polyhedral cones are finite intersection of half spaces, implies for each a} € A, there
existay’ € A, and r € Ry such that o = rag. Further both sets A, and A have

equal number elements. O

(proof of theorem) Let >=€ () be an order of type 7, each w; in the lex representation of
>= are all in Q". Then,
Pf ={rzeR": g€ G} CQ"

By the lemma
A (Q) =A(Q)=N=L={uecQ": (uay) >0 agecA,}
In this case R4 (N) = N and hence Ry (217) = N is finite intersection of half spaces of

rational hyperplanes, by Gordans’” lemma ([Glinter| (1996) 4, lemma 3.4] and or [Fulton
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(1993),Proposition 1]) 27 = Z" N N is finitely generated saturated subsemigroup of
Z. Hence Reichstein [Reichstein (2003), theorem 1.6], G is reflection group.

(2 = 1) Let G be a reflection group and =€ (), be any order and let ® be the root
system of G, by lemma 2. For each g € Rg,ﬂéé = r¢wg where wg = 0 and r > 0.
where Rg contains all reflection in G. Hence {ag : § € Rg} = *®], where = x is
to denote the equality is up to positive scalar multiple. Here CID; is the positive root

associated with »=. Now,
A7(Q) ={uecQ": (uwg) >0 VYw, € DS}

There exists A, = {wy,wy, -+, W}, the associated base for CID;:. Following theorem

2.6.2,
QV;(Q) = {u cQ": <uzwi> >0 Vw; € A#} =Q4 <uy, -, Uy >mon

where {uy, 1y, - -+ ,uy,} is the associated fundamental weight to /A,.. Now consider w =
Y 4 viu; where for each i ; € Ry and the set {y1,72,--,7n} is Q independent

(hence tdim(w) = n), then we have
Of = o (w).
There for the archeamedian order associated with w give the same chambers and,
Y7 = QYFw

hence the proof. O

Example 4.2.1. Let G be the 2-reflection (fix n — 2 dimensional subspace instead of n — 1
) group in GL(3,2Z)

0 0 -1 0 O -1 0
Sx=10 -1 0 |sy,=]10 1 0 f[s:=]0 —-120 I
0 0 -1 0 0 -1 0 0

Consider lexicography order {ey, e, e3} then we have,

1
8

i—sx(e;) 0 2 2e3
—syler) 200 0 2e3)
i—sz(e;)) 2e 2e 0

N, . € €1 () €3
e
€
e

where zxé See the plot fig 3, If there exist w with rational dimension 3, then {w —

si(w)i = x,y,z} and the fact Wim(w — s;(w)) = 2 and H,,_, () will have dimension
1 which shows that the two dimensional faces F; = {(x,0,z) € Q" : x,z > 0} and
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\

Fig.3

F, = {(0,y,z) € Q" : y,z > 0}, can’t be contained in {u € Q" : (u,w — s;(w)) >

0 i=x,y,z}. Note interchanging e, <+ e¢; which is different order give same 217.
1
Example 4.2.2. Let G be a reflection generated by ¢ = [0 —1 | here the as-
. 200
sociated inner product possess M = E(ng +1I) = 510 2 1| and the usual lex
0 31

o

ordering e; > e; > e3 we have the ® = {+(0,1,0)} and w = (0,1,0) =, 0 hence
R, (A7) = {veR>: (v,(0,1,0)) >0} = {(x,y,z) e R®: 2y +z >0}

take any w € Ry (A7) of rational dimension 3, with the G invariant inner product
system or take M~ 'w for the usual inner product system, gives the same initial algebra

for the invariant ring.
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Appendix A

Annex-1
A.1 Linearization of non-reflection groups in GL(2,2Z)

Here we give the linearization, for all non trivial finite group of GL(2,Z). We will use
the same notation as in the book, Lorenz|(2005), § 1.10.1, table 1.2. The reflection groups

have a unique branching hence, we only investigate the non reflection groups,

d:—10 s:Ol,andle_l
0 1 10 1 0

Fig 4, below gives the hyperplane associated with each of the reflection formed, by
{s,d, x}. All of the linearization semigroups lie on the intersection half spaces bounded

by these (hyperplanes) lines. We also give a canonical ordering = of type 1, so that

X = Olezs = Hd

y = 2x|Hys

Fig.4 hyperplanes of reflections {s,d, x}.

the semigroups 21” has simple presentation. There are only four such groups (up to
conjugate) these are, {Gy =< x >,Gg =< sd >,Gg =< x%> >,G19 =< x> = —[ >} each

cyclic group of order 6,4,3 and 2 respectively. The G-invariant bilinear form (x,y) =

m=(2 %)

for Gy and Gy, and M = I, for the other two, used for defining the canonical order.

xT My, where
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Group Gy Gs|Go Gio
Generators X sd|x? 3 =-D
Linear O’S 0(2e1 +e2),0(e1 +e2) o(e1),0(e1 +e2) o(e2),0(er)

7 {o1=(,2e1 + ), {o1=(,e1), {1 =(,e1),
p2=(,e1+e2)} p2=(,e1+e2)} p2=(,e2)}
A7 TU[(2,3)+s(T)] TU[(1,2)+s(T)] | TU[(1,—1)+ —d(T)]
T=<(21),(1,1)> | T=<(1,0),(1,1) > | T=<(1,0),(0,1) >
o=, =) € <s,x>=G < s,d|x? >= GGy <d,—d>=Gs
Branching O’S 0(2e1 + 3ep), o(e1 + 2e7), o(e1 +e2),
0(3e1 + 2¢7) 0(2e1 + ep) o(e1 —ep)

Table 1. linearization of non-reflection groups in GL(2,Z).

In table 1, ¢; (=, ='), refers to the semigroup homomorphism A7 — Qlf/ for any two
=, ='€ Q. Note each of this fall in to some reflection group in which the group is
embedded. i.e. Gy — G1,Gs — Go, Gy — G4 and Gy — Gs. Further more the invariant

algebra is given by

R = K[f,g] ® hK[f,g]

where f, ¢ are the linear orbit and / any one of the two branching orbit sum (the two

possible lead orbit sum for the product of linear orbits fg.) (Branching O’S, on Table 1).
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