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ABSTRACT

This study is broadly divided into two parts,

The first deals with a set of useful results in non-relativistic
quantum mechanics that prove to be useful in a variety of contexts.
Although elementary, they have remained obscure for a long time. The

advent of quarkonium spectroscopy has basically revealed their importance.

The second part considers the quantum discontinuity phenomenon. Its
origin is carefully traced. Two original partially exactly solvable models

are proposed that exhibit such a phenomenon.
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PROLOGUE

Non-relativistic quantum mechanics has been the basis of our under-
standing of physics at the micro level. In a wide variety of situations,
such as in atomic and condensed matter physics it, indeed, provides the
correct description of physical reality. More often than not problems
can not be solved exactly. Frequgnt1y, we do not quite know what are the
precise interactions involved in various situations. In such cases, coupled
with rich mathematical techniques and theorems plus semi-classical and
intutive reasoning one can still recover a working description of the
problem in hand. Although our comprehension of relativistic system is not
equally advanced, Schrodinger theory, in the form of the binding limiting
situation, provides a valuable guide towards further progress. In field
theory, scattering theory, nuclear and sub-nuclear physics where exact

forces are hard to pin point this Timiting knowledge comes in very handy.

The developments in particle physics that began in the seventies has
teft non-relativistic quantum mechanics with an enhanced role. We now
believe that hadrons are bound states of quarks. Mesons are bound states
of a qd type where q could be one of the six possible varieties of quarks.
It seems that the new mesons can be thought of as such bound states with
the quarks moving non-relativistically. Much as we approach the positro-
nium problem, we can approach the qd problem. However, the relevant poten-
tial function is not clear. But based on the data on masses, life times,
decay modes, etc. one can often try to establish classes of potentials
that can be relevant. The outcome has been a reapraisal of established
techniques and an effort towards finding new applications of such techni-

ques. Thus, one now finds that elementary quantum mechanical results like



the Feynmann-Hellmann theorem and the Virial theorem can have very power-
ful consequences. A major aim of this work is to present a study of such
techniques and combine them with the notion of scaling, sum rules, general
normalization techniques and the intimate relationships between seemingly
unrelated binding potentials. The first four chapters are devoted to

techniques of such a general nature in non-relativistic quantum mechanics.

As mentioned eérlier, approximation techniques occupy a very central
place in quantum mechanics. A very important and valuable such technique
is bound state perturbation theory. Basic to it is the assumption of the
existence of a suitable small parameter expansion. The vital and natural
inquiry relates to the validity of such expansions. Such studies have led
to the realization that sometimes energy can be a discontinuous function
of such parameters. If that happens, the system can display what is known
as quantum discontinuity. Quantum discontinuity models have been studied
to a limited extent analytically and more readily via numerical means.
The second major aim of this work is to propose some original and analy-
tically solvable models of such a phenomenon. Chapter 5 is devoted to

such a. study.



CHAPTER 1

THE FEYNMANN-HELLMANN AND VIRIAL THEOREMS AND THEIR APPLICATIONS[1]

In this chapter we discuss theFeynmann-Hellmann theorem, the Virial
theorem and related theorems which have recently gained a wide-ranging
application particularly in the field of quarkonium physics[1}. Additional

applications of these theorems will be indicated.

2.1 The Feynmann-Hellmann Theorem[2]

The variation of an energy eigenvalue with respect to a prameter is
equal to the expectation value of the variation of the Hamiltonian with

respect to that parameter in the corresponding state.

1.e., sE

!
= <l l i (1.1)

where a is any parameter upon which the Hamiltonian depends.

Proof: The time-independent Schrodinger equation is given by
H(2) 11> = E;{»2) 11> (1.2)
let <Citi>=1 (1.3)

pre-multiplying (1-2) by <il we get
<At H{(A) 1i > = E () (1.4)
differentiating this with respect to 1 yields:

3i \ .. aH | . . 3i _ 3E;
<a_):EH(A) |1>+<1|3—i|1>+<1“'||'a—i>—‘371 (1.5)

Using (1-2) this reduces to




B (B 1>+ il B e iy 22k (1.6)

or
Ea < ili >+ <13y =2k

Using (1-3) this reduces to

This provés the theorem.

Applications:

(a) Consider a two body interaction in which the potential energy is

central and is independent of the reduced mass(u).

i.e., H(n) = T(u) + V(r) (1.7)
=-%—i v + V(r)

differentiating this with respect to » we get

2
L (R -R LI YT CVERTON (1.8)
using {1-1) this yields

oE, 1

—t =

<T>:
o o - i< (1.9)

(E;- <V(r) >) =

This is a result which could have been anticipated. It shows that an

energy level decreases as the reduced mass increases.

(b) Consider a monotonically increasing potential

Vi(r) >0, r>0 {1.10)



The classical turning point is given by

V(rh) = E (1.11}
therefore,

N dV(r,) ar,
B0 D w0

in reference to (1.9) this yields:

—€¢ 0 (1.12)

which is an obvious result that reveals that the classical turning point

decreases as the reduced mass increases.

(c) Killingbeckf3] uses the Feynmann-Hellmann theorem to calculate some
useful expectation values. He considers a one dimensional anharmonic

oscillator probiem.

0% + ux%y + ax®™y = Ey (1.13)
where m 1is a positive integer

using (1.1) this gives

2 ok
I X o, > = (1.14)

He argues that the use of this theorem for numerical calculations of
such expectation values has advantage over methods used prior to this.
(Earlier methods connect different energy levels). Varying the reduced
mass by a small amount a, i.e., wu*ta, u + 24 , etc. a good estimate
to the variation of an energy eigenvalue with respect to the reduced mass

could be obtained, giving rise to a good estimate of the expectation value
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of (1.14). He employs a general eigenvalue equation of the form

F(E,u,2) = 0 (1.15)
with which
(aF/ou)
ay o 2 " E

Further applications of this theorem will be indicated in the sequel.

2.2 The Virial Theorem and Related Theoremsf1,4]

In classical mechanics, for motion in a bounded region of space, if
the potential energy is a homogeneous function (of degree k) of the
coordinates, and if the kinetic energy is a quadratic function of veloci-
ties, a simple relation holds between the time averages of these quanti-
ties.

i.e.,

2T = kV (1.17)

In this section we derive 2 general relation from which a quantum analo-
gue of the classical virial theorem and some other theorems will be

deduced.

Consider the reduced radial Shrodinger equation
2 2
g; u(r) + {E-V{r) - 31%%%%?—}u(r) =0 (1.18)

where u(r) satisfies

w 2
J [u(r))dr=1, u(r)=rR(r), v, (r,0,6)=R (r)¥; (e,¢)
Equation (1.18) could be conviniently rewritten as:

“u'(r) = L({r) u{r) (1.19)



where

2
L(r) = %; CE-V(r) - 2 ;*izh ) (1.20)
u

Multiplying (1.19) by r%u'(r) and integrating from o to = (where gq is

to be chosen as is required), we get:

- (e)u(r)dr = émrqu'(r)L(r)u(r)dr (1.21)
using u'(r)u'{r) = % é% [u'(r)]? and u{r)u'(r) = % é% [u(r)1? in this,
we obtain:

- P+ ST ()] e =
= LT £-q S ()] - et L () [u(e) T dr (1.22)

Partially integrating the left-hand side of (1.22) using
dlu{r)u'(r}] = {[u'(r)]2 + u(r)u"(r)ydr and omitting the upper limit
contributions of the integrated terms, which vanishes for bound state

problems, we obtain

FLut (r) 1% - gt u(r)u (r) [+ g émrq"1 L{r)}[u{r)]dr
- 9(q-1) £* ¥ u(r)u' (r)dr =

=r%u(r)u"(r) - <qr¥ T L(r) + P9 L(r) > (1.23)
Lol
Integrating the last term of the left-hand-side of this by parts, we obtain:
(et (1) 1E-qr® (e (r) - 9L 9200 ()% - u(r)ut (el

= - <2qr7t L{r) + PIL"(r) + 919:1%59321 rd73 (1.24)

To evaluate the left-hand-side of this we use

+1

UE(P) _—W} azl‘ﬁ (1.25)



and (1.24) takes the form

(2241)a; bg;29= " Qard T L(r)+rd L'(r) + ﬂig:lléﬂ:gl ras > (1.26)

q

This is the required generalized virial theorem, It holds for q > - 2z,

because for ¢ < - 2% the integrated terms diverge at the origin,

In what follows, we shall see some important relations derivable from

{1.26) and some applications of these relations would be indicated.
(a) Ifwesetq=12=0 in (1.26) we obtain

)y = 20 AV
<L'Y(r)> +z < r> (1.27)

2
aO
making use of u'(o) = R{o0), u,(r) » (x+1)a,r* for r + o and

R{o) = Y4n ¥, (0), the following expression for the ground state wave-

function at the origin is obtained from (1.27).

2 m dv '
! ¥ 0o (o)) = 2—nﬁ2 <d_r"> (1.28)

(b) Choosing q =1, 249 Eq.(1.26) yields
2L {r)> = - <ri'(r)> (1.29)

using (1.20) this reduces to

E-<V(r)> =<T> =2 <r Wy (1.30)

This is the quantum mechanical analogue of the classical virial



theorem. We now come to mention some of its applications.

For power-law potentials, i.e.,

Vir) = ar’ (1.31)
equation {(1.30) gives
_2E
<V(r)> = =
or, (1.32)
<1y = 2k
vt2

For a Tinear potential this yields:

_1 |2
<ry=3<v> = (1.33)

Choosing q = 2, ¢ ¥ q in Eq.(1.26) the following relation for

Coulomb potentials is obtained

Z 3 e(z+1)h% 1
<r> ac * it <t‘> (1.34)

using (1.34) this reduces to:

2
<rd = 3_1 ; tatl)h (1.35)
2<r > 2uA

For other choices of q spatial moments of higher order could be
obtained in terms of those already found, and it is possible to find
the coefficients a, for linear potential and Coulomb potential using

(1.26).

In some recent papers of A.K. Common[5] and A. Khare[6] theorems

of this section are used to prove theorems giving bounds to the kinetic
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energy of a quarkonium system and mass dependence of the Hamiltonian of a

quarkonium system respectively.

(a} If m is the common mass of quark-antiquark and if T(m) is the
kinetic energy of the quarkonium system with suffixes corresponding to the
particular state the system is in, the following theorems give bounds to

the kinetic energy of any state of a quarkonium system.

Theorem[5a]
IR ORE RS PRESNRT g¥<0,r>o
2
ii) T(m)ﬁ%(%)%i, if d—‘i(r%)_{(),r)o (1.36)
1, dv . <I/r> d 2dy
iii)  T(m) > 5 < qp 2 <ifre>? f i (r dr) >0, r>o

Proof: Using the virial theorem:

Lo 2y AV
T(m) = 5 é r u{r) dr‘dr (1.37)
we have:
<r> < - 2t(m) = 17 [<-r]u¥(r )& gr (1.38)
dv

partially integrating this, using ¢ = ar

= [<r> - rJu?(r)dr, we obtain:

<y <g¥,> 2T(m) = - 1 [<r> -r*Ju?(r )dr'd Y odr (1.39)
Q
We know that ér [<r> - r'u?(r')dr' ——> 0 and is non-negative for

small r. Therefore (1.36)(i) 1is proved.

Srmat me ey TR T g T .
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Simitarly,

2, ,d¥ : . © 2 2 1 dv
e g = 2T(m) <> = L [ede™> - <edvrJu™(r) (5 ) dr
sTr<e®> - <roet T (e drt Sk SYar (1.40)

and with a similar argument (1.36)(ii) could be easily proved. To prove
(1.36)(i11), we use:

1

<& Qv

1 _ ¢l L, 1 1 2 2 dV
dr> - 2T{m) <F2> =/ [rz -7 <r2>]u (r) (r )dr

partially integrating this reduces to

<& <d"> 2 1(m) <ko> = §1 i &> - T, G enae T e (1.41)

It could be verified that the integration over r' yields a negative value

for small r. With this the proof of (1.36)(ii11) follows easily.

(b) 1In [5b], simple bounds relating T_ and ju, (0)| are derived,

where u, (r) satisfies ju '(r)] <1uy'(0)] for gv > o0, If ufs(r) has

a unique maximum at r = r then u. ' (r) >0 for r<r, and ui;(rﬁ <o

3’

for r > r,. Hence,

12 i ® i = . 1 ® t
u, 5 (r)dr < u, (o) {3 u15(r) dr u15(°) {3 uis(r)dr (1.42)

and

The final result follows from u15(o) =0, u,(r)

u . {r) is positive in the range of integration. Using é% u1s(r) dr =

d 1
= qr ([ 2(m7h dr - {é% u2(r) 1 # dr, we get:
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o0

12 ' - *° t 3
{3 u,f{r)dr < u (o) ¢ 2/ u (r)u, (r)dr;
o0 1 o
<2hy o) dru t2(r) 17 [/ dru 2(r)]%
1s !‘3 1s !.3 1s

Let !r3u1§(r) dr =B, 1 u1§(r)dr = 1-8 and follow the same line of
] r
3
argument and we will obtain:

2

=1l e 2 2B Wy, s ey
Ty =5 Uy, (rYdr< & u ()17 (67 + (1-8)7 )
or,
4h
2 1 4y dy
T.8m  Lugledl ™ for gr2o (1.43)

Similar simpler bounds can be derived in the same way.

{c) A. Khare[6] proves the following theorem for mass independent

potential using both the virial theorem and the Feynmann-Hellmann theorem:

d2

. Yy > dyv
Theorem: If iz < 0, ar > 0, then
d ¥ <
o (Mo<T, >y 3 0 ‘ (1.44)

where T 1is the kinetic energy and 12 is to refer to a state of angular
momentum ¢ and with one node in its reduced radial wavefunction uy(m,r)

including the origin.

Proof: Using the virial theorem:

[

Em) =5 /7 utmr)(2v(r) + v g—:{]dr (1.45)

and the Feynmann-Hellmann theorem
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BE!ITI) _ 1 o -y dv _ <TI>
- = - —2'5 é u .(mkr‘) Y‘a—rj = "“‘rﬁ" (1'46)

adding these two we get:

3k 1 = 2 - o ¥
E + 3m el S (r){2v - 2r dr] dr (1.47)

As we shall see in chapter 3 (sec.3.2}, for all nodeless wavefunctions

ug {m,r), the function

- r 1 21 i
G(r) = p [ dr uli(r ,m) (1.48)
satisfies ‘ G{r}) > 0 provided %% > 0. Hence,
2. 1 P - = oap~ V3 B (A3
p- [E+3m am] 2 p= <T>12 3m am(m < T>11 )

* L (&Y
el (G - Yyar

. a2
- é G.(r)r dr2 dr
2
S0, it S22 00 oy (1.49)

which proves the theorem.

The foregoing examples coroborate our emphasis on the application of
the theorems of this chapter in recent studies peculiar to quarkonium

physics.
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CHAPTER 2

QUANTUM MECHANICAL SUM RULES AND BOUND STATE NORMALIZATION[1]

Sum rules and normalization techniques are widely applied in quantum
physics. A1l the associated techniques can not be exhausted in such a
study. Therefore, we restrict ourselves to some general remarks on quantum
mechanical sum rules and exhibit the derivation of certain classes of sum
rules. In this chapter, we also develop an elegant technique of normalizing

bound state wavefunctions.

2.1 Quantum Mechanical Sum Rules[1,7]

We make a general remark on the sum of squares of the transition
matrix elements of an operator and derivations of sum rules weighted by
energy and squares of the transition energy are shown. Moreover, we give
a few illustrations of the very powerful and unexpected results of quantum

mechanical sum rules.
Given an operator 0 we easily see that

100F > =z <1 0ind<n]0ti> = z|<il|0 1n>12 =|<ij 01> f +

all states n

. 2
L J<i10|n>| (2.1)
nFi
We use (2.1) to derive the following sum rules.
a) Energy weighted sum rules are generated by the double commutator

[[H,0],0%], where H is the Hamiltonian. The expectation value of

this double commutator in a state [i> is:
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<HIE[H,0],0%]14> = = (<i1[H,0TIn> <n]O* |i> - <i10* n> <n|[H,0]11>

1

25 (E;-E,) 1<il0In>|% (2.2)

Consider a one-dimensional problem:

2
He= 2+ y(x), 0=0(x) (2.3)
__dh, d0 , dO
the commutator [H,O]-——2u P * wmP! (2.4}

and the double commutator is given by:

2 .
[[H,0],0%3= -—f} %% ] (2.5)

Therefore, {2-2) takes the form

2 2
A1 1> = Br (€ -E,) 1<i 10N> | (2.6)

For 0(x) = x (2-6) gives the famous Thomas-Rieche-Khun[8] sum rule

which Heisenberg[9] used in developing his commutation relations.

i.e., 2y : (En-Ei)1<i[XIn>|2=1 (2.7)

Pl

b) Sum rules weighted by the square of the transition energy are genera-

ted by I[H,O]lz.

Consider

CHITH,0] F 11> = 2 <il [H,0] m><nI[H,011 1> = (£, -£,)1<i 101031 (2.8)
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For 0= x, [H0]% =5 (4y(x)) (2.9)
Therefore, (2.8) reduces to:

E-<¥, =% 5 (E,-E) 1<itxin>f (2.10)

The right hand side of (2.10) is positive. According to the Feynmann-

Hellmann theorem, the left hand side is -1x%%i. Therefore, %gi <0, in
agreement with (1.9}).
Invoking the virial theorem (1-30), (2.10) reduces to:
2 2
£, E(Ej-Eq) I<ilx(n> 1= <ixv'id (2.11)

These examples illusrate some of the interesting consequences of sum rules.

2.2 Bound State Normalization

Quantum mechanical states of a system are vectors in the Hilbert
space which are normalizable either to unity or to Dirac's delta function.
Therefore, the need of normalizing a state function is obvious. In this
section, we develop a technique via which normalization of bound states
of a system is easily attained. An illustrative example will also be

discussed.,

Keeping 2u = ﬁz, the Schrodinger equation for a symmetric potential

in one-dimension could be written as:

o"(x) + [E-V(x}] ¢(x) = 0 (2.12)
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where 6(x) is subject to either of the two boundary conditions:

¢(0)

i
1]

0, ¢'(0) =1 (odd) (2.13a)
or

${0)

I

1, ¢'{(0) =0 (even) (2.13b)

and

6(x) ~T;T:::> 0. If we write:
o 2
1=/ Le(x)] dx (2.14)
the normalized eigenfunction ¥(x) = a¢(x) could be expressed as:

b(x) = o e(x) (2.15)

The foregoing argument on one dimensijonal symmetric potential problem
could be extended to three dimensional central potential problems. The
reduced radial wavefunction in three dimensions satisfies boundary condi-

tion (2.13a) and its normalization condition is:
U(r) = o (r)/’1 (2.16)

According to (1.28) the Schrodinger wavefunction at the origin is

given by

v(0) = u'(o0)//aT

or

\P—‘

(o)1 = (2.17)

o
=
—
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The left-hand side of (2.17) is associated with decay width in particle
physics. Therefore, (2.17) displays an important application of evaluation

of the normalization integral.

To develop our technique, let:

§; = 3%
¢ o (2.18)

differentiating (2.12) with respect to E yields
6"+ o+ (E=¥)$ = O (2.19)

multiplying (2.12) by & and (2.19) by ¢ and taking their difference we

obtain

02 = ¢" 6 - 8"e =[5¢'- 4 01 (2.20)
Therefore, [ = [$¢1-$‘¢]E° (2.21)

With either of the two boundry conditions the contribution at the lower

limit is zero. To compute the contribution at infinity let:

¢ (x,E) = C,f (x,E) + c,f,(x,E) (2.22)

where pin f, (x,E) = 0 (2.23)
X

and vim f,(x,E) = t (2.24)
x>

The constants Cy and C, depend on energy. For an energy eigenvalue E,

C,{(E,) =0 (2.25)
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and $(E,) = C,(E)F, (%,E,) (2.26)

for large values of x,

XE) = X §(XE )= o)
¢(X’En) Y3 {CZ(E) fZ(X’E)}EzEn . Thus, ¢(X’En) fQ(X’Eﬂ) dE IE=En(2°27)
and : = dC, (E)
I, = CilE,) =% k=En W(F,,f) (2.28)
207 2°1 1°2 '

Since the Schrodinger equation does not involve first derivative, the
Wronskian is independent of x. This enables us to evaluate the Wronskian
ih (2.28) for any value of x. wé will come shortly to its evaluation, One
thing to note is that the product of a divérging function f, and fy, which

dies out for large x,gives finite result.

Now, we want to have alternate expressions of (2.28) for even-parity

and odd-parity solutions. For even-parity solutions:

¢ (0,E) = ¢ f (0,E) + C, f,(0,E) =1 (2.30)
and
¢'(0,E) = ¢, f/(0,E) +C, f1(0,E) =0 (2.31)
From which
C,.= = T, (0,E)/M(f,, f,) (2.32)
and

o= f1{0,E) /7 W(f,,f ) (2.33)
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Therefore,

dCpe _ of! (0,E) £(0,E)3F
E - aE / w(fz 9f1) - HZ (2'34)

From (2.33), the vanishing of C, at an even eigenvalue E, implies that

e
f;(O,Ee) =0 (2.35)
Therefore, 1 _
9929! i} 8f1(0aE)| / W(f,,f,) (2.36
dE E=E, 3E E=E,

If we evaluate the Wronskian at the origin for even parity eigenvalues we

obtain:

W(f, ) = - £.(0,E ) (0,E) (2.37)

Therefore, combining (2.28), (2.32), (2.36) and (2.37) we get:

af, (0,E)
I, = ———— /£ (0,E) (2.38)
A P ©
e

which is the normalization integral for even-parity bound state.

Similarly, for odd-parity bound states

$(0,E)

C,oFy (0,E) + C,0f, (0,E) =

I
<o

(2.39a)

and

o (0,E) = Cpofi(0,E) + C, f (0,E)

1]
[e]

(2.39b)
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i.e., C10(E) = fz(O,E)/ w(fz,fi) (2.40)
Czo(E) =-f1(0,E)/N(f2,f1) (2.41)
and
dCyq (E) _ a1 (0,E) ol
E ———;E———/M4+ f1(0,E) EE/HZ (2.42)

The vanishing of C,  at an odd-parity eigenvalue E, implies that:

f (0,E,) =0 (2.43)
and

dc, (E) _ afy(0,E)

, = JM(f ,f. ) (2.44)
de E=E, sE £=E, 20

Evaluation of the Wronskian at the origin gives:

W(F,,fy) = £,(0,E )F;(0,E,) (2.45)
Therefore,

- 3f1 (O:E) /f;(O,EO) (2.46)

[+
3 E -
E=E,

As an illustration of the use of the technique we have developed,

consider a linear potential

V{x) = |x] (2.47)

To solve for the Schrodinger equation in the region (0, = ) it is
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suitable to cast the equation to a complex plane. The solution to a gene-

ral second order differential equation
w'(z) + p(z) w'(z) + q(z) w(z) = 0 (2.48)

could be obtained using power series method provided the functions W(z),
p(z) and q(z) are regular at a point z . The recursion relation one will
obtain is:
(3 p w _(k)r 3q w)
k=o n-k

o _ksg__n-k k#1 k (2.49)

W
" (ntl) (n+2)

where P,» ,» W, are the '™ coefficients of the expansion.

The Schrodinger equation corresponding to (3.48}), for 2u = h? s
p"(x) - {x-E) v (x) =0 (2.50)
which has the form of Airy's equation
w'{z) - zw(z) = 0 (2.51)

Comparing this with (2.48) and (2.49), two independent solutions

w,{z) and wz(z) could be obtained, where

1
—
-
=

— -

——
=)
St

|
(=]

w, (o) = (2.52)
wi{o) =0 , w;(o) =1 {2.53)

The general solution of this equation is the Airy's function

A (z) = A (o)w, (2) - A;(O)WZ(Z) (2.54)
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where
Ai(0) = 113 r(2) and Aj(o) = 13t r(d) (2.55)

and 1t converges for |z] + =

Therefore, the damped solution of (2.50) is:

£ (x,E) = A (x-E) (2.56)

Referring to (2.35) and (2.43) the energy eigenvalues are specified by

the zeros of Airy's function. Namely,

I

A;(-Ee) 0 (for even-parity solutions) (2.57)

and
A.(-E )

1 o

0 {for odd-parity solutions) (2.58)

H

Thence, the normalization integral for even parity solutions is:

AY(-E.)
[ = - ¢ 2.59
S W EN (2.59)
But
AY(x-E) - (x-E) A,(x-E) =0 (2.60)
Therefore,
I, = E, (2.61)
Similarly, _AS(-Eg)
L= gy = ¢ (2.62)

From which the probability density at the origin for this potential

in three dimensions yields
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le(o) I” = 1/4n (2.63)

Further applications of this normalization technique will be indicated

in Chapter 4.
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CHAPTER 3

SCALING PROPERTIES OF THE SCHRODINGER EQUATION AND MASS DEPENDENCE OF THE
SCHRODINGER WAVEFUNCTIONS[1]

A suitable scale of measuring a quantity depends on the system for
which that quantity is to be measured. Each problem in quantum mechanics
has a scale appropriate to it. For instance, the oscillator length and
the Bohr radius are length scales corresponding to the harmonic oscillator
and the hydrogen atom problems respectively. While rescaling the Schrodinger
equation according to a specific problem the scales of all dynamic varia-
bles associated with the problem will change accordingly. Moreover, the
wavefunction itself depends on the parameters (such as mass, coupling
constant, etc.) involved in the scale of the problem. This chapter is
devoted to the scaling properties of the Schrodinger equation, in particu-
lar, for power-law potentials and to mass dependence of the Schrodinger

wavefunctions.

3.1 Scaling Properties of the Schrodinger Equation

For power-law potentials, the mass dependence of energy levels,
distance scales and wavefunctions follow from elementary rescaling
operations. In this section, we discuss the scaling properties of such
potentials, The logarithmic potential falls into this category because it
is a suitably chosen 1imit of a power-law potential. In addition, the
kinetic energy, potential energy and total bound state energy are

related in a simple fashion for such potentials.

Consider V(r) = ar¥ (-2<v<e«) {power-law) (3.1)
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(3.2)

and V(r) = CIn(r/r,) (logarithmic)
It follows that
sl ety e gl wet o L (3.3)
Integrating this Vfrom r' =1 to r' =r yields:
vin arYT D = Chn(r/e,) (€ = va), (3.4)
v

which shows that the logarithmic potential is a 1imiting case of power-law
potential.

From (1.30), the kinetic energy, potential energy and total bound
state energy are related as

<T> =E-<v>=3<rPo=pvcvs (3.5)
which yields {T>= ng {for power-law) (3.6)
and T> =

] P

(for logarithmic) (3.7)
To see the mass and coupling strength dependence it is suitable to
cast the reduced radial Schrodinger equation:

2

2
Bur(e) + L€ - ar - HEE qu(r) = 0

(3.8)
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in a dimensionless form. In a dimensional system where C = 1 ([L]=[T],

where C is the velocity of light),

[21=[h1" (27" (3.9)
Using a scale transformation
o
+v
(o) re° (3.10)
(such scaling arguments appear in {10-15])
and with u(r) = w(e) (3.11)

where o is a dimensionless variable, Eq.(3.8) takes on the following

dimensionless form

w'(e) + [E-sgn(x) ¢° W—“)J (o) = 0 (3.12)
where = (—1 ZuIAI) 2/2”( ) (3.13)

sgn{x) = a/jal , and ¢ and , are dimensionless.

Consequent to (3.10) and (3.13) the dependence of level spacings
and quantities involving dimensions of length could be related to the

parameters in these equations. From (3.13), level spacings are scaled as:

h? v, 7+
AE « (z_u) /2 +v N +V
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which indicates that AE = (%)* for harmonic oscillator and

8 E={a]*r - (for Coulomb potential). These results are readily confirmed

since the exact solutions to these problems are well known. Similarly,

v .
8E « (a2/u)° for linear potential.

Equation (3.14) indicates that aE increases as wu increases, for
singular potential and that it decreases as u increases for non-singular
potentia]s,'For pure power-law potential, which is not shifted by coordi-
nate tram.§lation, the foregoing results hold for the eigenvalues them-

selves.

According to {3.10) lengths are scaled as
T
L=[ulrl ]l 7R (3.15)

The probability density at the origin, a quantity of paramount significance
in particle physics phenomenology, has dimensions of inverse volume. Its

scale is

[oto) 12« (upp)®/?* (3.16)

For a linear potential this yields |y (o)|” « u|a], which agrees with

Eq.(1.28).

Our scaling argument ensures that the form of (3.16) will not change

for any fixed o away from the origin. i.e.,

011" = (uiap )2 (3.17)
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We will come to additional applications of the scaling arguments of

this section in Chapter 4.

3.2 Mass dependence of the Schrodinger wavefunctions

An important class of applications concerns the dependence of obser-
vables on mass[23]. In this section we shall show that for any potential
which is monotonically increasing for x> o0, the probability that a bound
particle lies within a fixed distance from the origin is an increasing
function of u. Or, the probability flows inward across any arbitrarily
chosen boundary when w» is increased. Probability also flows inward when
the potential strength is increased. We start with one dimensional symme-
tric potential and make the usual extension to the three dimensional

central potential. In terms of the wavefunction u(x), normalized according

to:

£ Tu(x)] dx = 1 | (3.18)
We have P(R)=s" dx[u (0] (3.19)
So that 0<P(R) <1 and P'(R) >0 (3.20)

We want to demonstrate that for symmetric potentials satisfying

Vi{x) >0, x>0 (3.21)

R
the function G(R)=% 3%%Fl = 7 dx u(x)éﬂﬁ%l (3.22)



Satisfies G(R) >0, 0<RK = (3.23)

For both even-parity and odd-parity ground states. Consider the Schrodinger

equation in the form

u"(x) = - %h% [E - V(x)]u{x) (3.24)

and apply u(x)g% to obtain:
u(e) 2 < - 2re -y +u ]’ (3.25)
This is further simplified using £q.(1.9) as

a(x)2908) = 2 u(x) -<I0u(0]° + ZIv00-El(0EL  (3.26)
Subtracting %g x (3.24) from this and integrating from 0 to R we get:
au R = 2
f dx[u — - y" ] h2 s dxEV-<WIlu(x)] (3.27)
0

For both even - and odd-parity solutions partial integration of the left-

hand-side yields:

u(R) %ﬁl u'(R) Mﬂ 12 ({R dx[V - <»J[e(x)1°<0  (3.28)

where the inequality is a consequence of (3.21).

The function
6'(R) = u(Rr) 2R} (3.29)
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Vanishes only for u(R) = 0 or B%;F = 0, To check whether an extremum

of G is a minimum or a maximum, we evaluate G"(R) and using {3.28) it could

be inferred that

G"(R) >0 if u(R) = 0 {minimum} (3.30)
and
G"(R) < 0 if "‘—“—g;Rl = 0 {maximum) (3.31)

From its definition, G(R) vanishes for both R = 0 and R ==, Since
the ground state wavefunctions (u(r)) are nodeless, (3.23) is established
because a minimum of G(R)} occurs at nodes of u(R) and G{R) can become

negative in (0 < R < =) only if it has a minimum,

The proof just concluded for odd-parity case directly establishes
(3.23}) in three dimension for the S-wave ground state. Applying the same
arithmetic to the Schrodinger equation of the form (1.18) for the three
dimensional arbitrary values of angular momentum ¢. We shall see in
Chapter 4 that the inward flow of probability could be established for

excited states as well, for specific potentials.

In a precisely parallel argument a similar result for the variation
of P{R) with the potential strength could be attained. To this end, let
V(x) » kV(x) in the Schrodinger Eq.(3.24) and substitute - for & in

subsequent steps. Analogous to (3.28) you will obtain

u(r) 2LARL gy 28(R) 2 R gy - i3 Iru(x)]"< 0 (3.32)

I h? o
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The discussion following (3.28) applies, mutatis mutandis, to the present

case and shows that 3%%3) 2> 0, under the same conditions for which

22131) 0.

R TR

Specific applications of the results of this chapter will be elabora-

ted in the next chapter.
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CHAPTER 4

RELATIONS AMONG POWER-LAW POTENTIALS AND APPLICATIONS[1,16]

In our previous discussions we have encountered two types of power-
law potentials, One class contains potentials of the type ar¥(-2<v < o)
that are singular at the origin. The other class contains potentials with
v > o. They are well behaved at the origin but rise infinitely as r » »,
Pairwise relations exist between these two classes of potentials., The
best known example is the duality noticed between the Coulomb and oscilla-
tor problems a long time ago by Shwinger[17]. We would explore this type
of connection or duality in detail in this chqpter. Other applications of

the procedures developed in the preceding will also be pointed out.

4.1 Relations Among Power-Law Potentials

The Schrodinger equation

h” u"{r) + [E~ ar¥ - iﬂl—ﬂlﬁz]u(r) =0 (3.8)

m 2ur?

is related to another equation which is similar in form. To find out the

related Schrodinger-1ike equation we introduce a new length variable:

z = po VY o (4.1)

where © 1is a power to be determined, and use the transformation

o~ [1+0/v]/2

u(r) = z v(z) (4.2}
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With this (3.8} takes the form

he, 5 -2 2 [VA #1) Y 2 [{Vv)+1)
P %) (z2 V"(Z)+£; [1-(YA)2322 " v(z)}
Ry [%/,4]
+{E-AZ‘)-2—2(£—+2—1)-.22 "y v(z) = o (4.3)
nz

Multiplying this by (% )2 2’ we find:

EZ 22{6/v+1]+v

: v(z) + )+ E)

A L) () - a-On

yv(z) =0 (4.4)

The choice (4.2) has ensured that this last equation contains no first

derivative. The freedom of choice we have over v enables us to require
2[¥ +1]+9% =0 (4.5)

with which we recover a Schrédinger-like equation,

2%2 v'(z) +[E- iz¥ - ﬂi%mz] v(z) = 0 (4.6)
where X ]
E=- (%), d=-e@®) (4.7)
and .
a41) = e(een)(%)°- 2 (1 - (W) (4.8)
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Completing the square on both sides of {4.8) we solve for % in terms

of o. For u regular at the origin we have

u, (r) - Y rs o (1.25)

and the choice
it 3 o= - (M) (4.9)

ensures that

vilz) -z (4.10)

is also a solution regular at the origin. Fréom(4.1) & (4.5) we have:

2 = p1/URR) o e (4.11)

This indicates that for -2 <v < « the point r = 0 maps into z = 0 and

the point r = « maps intoz = =,

The relation between the equations (3.8) and (4.6) is of a special
interest. As it is transparent from {4.5) this relation connects the
bound-state spectrum of an infinitely rising potential (v > 0) with that

of a singular potential (-2 <9< 0).

4,2 Applications

But for a few exceptions, we focus almost entirely on power-law

potentials.
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The Infinite Square Well: An infinite square well of width R corres-

ponds to the v+« 1limit of a power-law potential provided the coupling

strength is given by R™"

m o .0, r<R
V(r) = DN (v/R)” = (0 Lsn (4.12)

According to (3.13) the dependence of its eigenvalues on mass and well
width is given by
.
E = WiE (4.13)
Which behaves as the kinetic energy of a particle of mass u in a box of
length R. This result was to be expected as this is the only energy scale

one can construct for this problem.

The following two examples are additional applications of the scaling
arguments of Chapter 4. The probability density |¢(0);2 is of interest
in leptonic decays of massive neutral vector mesons v° which are 351

bound states of a quark and an antiquark. The decay width is given by:

r(ve> et 27) = 1610° o® o (0} 12 /12 (4.14)

where o 1is the fine structure constant, e is the quark charge in units
of the proton charge and M, is the vector meson mass. Using (3.16) we
have
r{v»> ety } « 9—2(11|?‘| )3/2+v 2
0 , /m, (4.15a)}

. e; 11--{1+2\J')/‘.2+\JM|3/2+\J,\)> -1 (4.15b)

-
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In the second expression binding energies are neglected., For v > -1,
the scale of M, will be set by w for the low-lying levels because %?
does not grow with increasing » according to (3.14), we therefore

assume M = 2(2u) + small binding corrections for constituents of mass 2u.

The second example to which the scaling law (3.15) may be applied
is the transition matrix elements of electric and magnetic multipole
operators and sizes of bound states with given quantum numbers. The elec-

tric multipole matrix elements scale as
@ PEin> « U (4.16)

while magnetic multipole matrix elements behave as:

-1
MMy n> = LUy (4.17)
Since radiative widths are given by
« 2i¢1 1 2
r (Ej or Mj) P, | <n'| E5 or M;in>] (4.18)

with pY: A€ » we find:

c=-[2j (140} (249) 2{j+1)/{2+v)
u | 2]

r{€j) = (4.19)

and

~[23{1+v)+3v42]/(2+v) 2(j4+2)/2+0)
P(Mg) = ow o (4.20)

For potentials less singular than the Coulomb potential near r = o

(i.e., for v> - 1), the relative importance of higher multipoles
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decreases with increasing u. It is amusing that for -2 <v< -~ 1 the

rapid growth of P, = aE with u can lead to an increasing prominence
of high multipole transitions in the limit of large u. For any power v

in the interval -2 <v < =, an increase in the coupling constant increases

the importance of high muttipole transitions.

The Logarithmic Potential: Rewriting irl 1in terms of the potential

energy (3.14) we arrive at:

v U 1+2/y

1/
MO 32 u/m2)) : (4.21)

aE e[ -

Which shows that the energy levels vary more slowly than any power of u
for a potential varying more siowly than any power of r. Clearly, such a
potential is the logarithmic potential and we want to verify that it
supports energy levels which are mass independent. In Chapter 3, we have
shown that the logarithmic potential is the v » o T1imit of a power-law
potential. In fact, v = o sﬁpports no bound state. However, if one
rescales the Schrodinger equation by the transformation (3.10) while
keeping v =0 , it is possible to determine the form of the potential

supporting such a transformation.

Let V{ir) = 2U(r) (4.22)

where U is dimensionless. The rescaled Schrodinger equation reads:

(o) + L) - UIGE ity - 2 Jye) =0 (a.23)
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The dimensionless energy eigenvalue is simply:

e = E/a (4.24)

The eigenvalue differences are independent of v, if and only if under

a scale transformation w=+ou

I ne 43 -
U(o[mm 1) = U("[W] }+f(o) (4.25)

Differentiating this with respect to o and v and separating variables,

we find

U(r} = en(r/r ), flo) = -42no (4.26)

Thus, for logarithmic potential the level spaéings are independent of
u[18]. It is only the parameter A that sets the scale of the spacings
as shown by (4.24).

To establish the uniqueness of the logarithmic potential in generat-
ing such a mass independent level spacing we will show in a different way
that the Schrodinger equation can be scaled only for power-law and loga-

rithmic potentials. Writing the Schrodinger Hamiltonian as:

9,(a+1)h2
2u¥‘2

(4.27)

H = (p%/an) + V(r) +

Consider the effect of a scale change for which

r+ kr and p + p/k (4.28)
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The rescaled Hamiltonian is:

2
H(K) = (p*/2uk?) + V(kr) + Fipzig® (4.29)

The most general condition upon which the eigenvalues of H and that

of B(k) are identical except for possible change in scale and shifts in

the zero of energy suggests that H(k) be a linear function of H so as

to preserve the quadratic dependence on momentum, and hence V(r) must be

a linear function of V{kr)

V(r) = AV(kr} + B (4.30)

This is the condition upon the scaling behaviour of the potential

that ensures the desired scaling properties of the Schrodinger equation.

Consider an infinitesimal scale transformation and Taylor expand

(4.30)} about k

Rewriting this

We see that it
(4.32) yields:

1. We thereby obtain:

V{r) = A[V(r) + (k-1) rV'(r)}+8 (4.31)

dv 1 dr.
V(1-A)-8  (k-1) r (4.32)

admits two possible solutions. For A+ 1, integration of

In[V(1-A)-B] _ 1
1-A k-1

2nr + const. (4.33)
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Which is a power-law potential, and for A - 1 integration of (4.32) yields

B
(k-1)

V(r) = - In(r/r,) (4.34)

which 1is a logarithmic potential. This shows that the logarithmic poten-
tial is unique in generating level spacings that are independent of mass
because the Schrodinger equation exhibits the desired scaling behaviour

only for power-law and logarithmic potentials.

In Ref.[18] the dimensionless levels ¢ have been calculated numeri-
cally in the logarithmic potential (for JTif‘EEi??? =1) and a comparison
between three potentials {(V==-1// , V= fnhr and V¥ = r) is made where
for ali the three, the comformity of the Feynman-Hellmann theorem {1.9) is
verified and that the levels spread apart as u is increased, for the
singular potential. For the linear potential, on the other hand, the Tevels
are packed together as u is increased. The Togarithmic potential repre-

sents an intermediate situation where the level spacing is mass-independent.

Bound-State Normalization: We apply normalization techniques of Chapter 2

to specific cases of interest.

Harmonic Oscillator: Consider the radial Schrédinger equation of the

harmonic oscillator problem (with 2u = h?)

ie., o"(r) - (r®-E) ¢(r) = 0 ~(4.35)

Which has the form of the Weber parabolic cylinder equation:

Sulid - (5 awix) = 0 e

/
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Whose asymptotic solution is the parabolic cylinderical function[19]:

U(a,x) = cos ﬂ(% + %)Y1 - sinn(% + %)Yﬁ (4.37)

where

v /T sec H(%-i- %) y /T cos H(}; + %)
17 1 Y1 Tos——q4
23/ 2%y T+ 3)

1 Y2
/25 N%+%)

2/ 2 ‘i
Y, = <7t {1+{a - %) %! + {a-4)a- %)%T LY

2 3
= /4 X 7,X?
y, = &€ axt(a-3) g v (a3 -9 .0
Using the WKB approximation,[24] the solution of (4.36) is:
w(x) - X3 Xl (4.38)
_ 2
ie., ula,x) -x" 2 gx

Comparison of (4.1) and (4.2) shows that the solutions of (4.1)

which are damped” at infinity are:

f (rsE) = U(- E/2, r'2)

r.E/Z -k e'r‘2/2 (4'39)

-

the eigenvalue condition is

£ 0,E) = 0 (2.44)
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which according to (5.40) yields:
E =4n-1, n=1.2,.. (4.40)
and the normalization integral (3.47) gives:

[ - % 56{23) (4.41)

A similar result can of course be obtained using the properties of Hermite

polynomials[20].

Coulomb Potential: Consider the reduced radial Schrdédinger equation

of the hydrogen atom

-p? d°® 2{ 2+1)R% 2
(B L HEUE LI e =0 (4.42)

Upon choosing h* = 2y, Ze? =1 and K® = - E=E,, this could be

simplified as:

LORNC TS 213;11) o(r) = 0 (4.43)

using a scale transformation

r=ko , ¢(r)= o) (4.44)

this could be changed to the Whittaker equation

o"(0) = (5 = 5= Y e(P) =0 (4.45)
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k = S p = s 4 46
i P = m - ( ‘ )

Using the transformation

wio) = 092”2 4(0) (4.47)

and further substituting

2k =c¢c~-2a, 2m=c¢-1 (4.48)
this could be related to the confluent hypergeometric equation

pw' (o) + (c- o) w'(p) - aw(e) =0 (4.49)

and the solutions are related as[21],

pm+15 _o/2
ﬁ“m(P) = o e 1Fi{m-k+i; 2mtl; o) (4.50)

where (Fy(a;bje) is the confluent hypergeometric function

for 2= 0 we have:

- kr

o (r) .re 1 F3(1- ﬁ:; 2,2kr) {4.51)

ks

This representation in terms of Whittaker functions eases the evaluation
of asymptotic solutions. The decomposition of the asymptotic solution

into damped and unbounded parts, according to (1.23) - (1.25) yields

coefficients
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- iT/2(g)
1 1 ie
= - 7 + = = e ———a
C{E) = o 1(1+ 50 K17 1K) (4.52)

; 1
—iT/2(5%)
e1 2k

. _ie %
C,(E) 2kr(1- 3 k) (4.53)
with [19]
1
f, (r,E) - (2krf e (4.54)
_1
f(rE) - (2kr) Zkg kr (4.55)

using the relation .

F(1- 5;) = (4.56)
2 e sin ()

the vanishing of C,(E) at energy eigenvalues yields

1 _ =
2]( =n 3 n 1,2,--- (4-57)
So that

E =-— (4.58)

A brief calculation of the normalization integral using (1.29) and
dropping a phase factor e!™ , which the normalization of the wavefunction

will take care of, yields:

I, = 2n° (4.59)

which could also be obtained by elementary means[22].
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Mass Dependence of the Schrodinger Wavefunctions: As an application

of the result of Chapter 3 to power-law and logarithmic potentials we

prove the following theorem:

Theorem: For power-law or logarithmic potential, the function

6(R) = ¢ & /R arfu(r)]® = /R dr u(r) 2L (3.22)

i}  is non-negative for 0 { R <K =

ii) vanishes only at radial nodes of the wavefunction for any bound

state.

We use equations (3.10), (3.11) and (3.18) and we further define a

Scaled transformation

1

(o) = (T (o) (4.60)

Which is independent of uw and a1 and which satisfies

" Ta(e)1%de = 1 (4.61)

With this one obtains:

(r) - 1 d 2
aua: T 2w(2 + vyul(r) ar (rfu(r)]") (4.62)
d 2

2u(2 +v)
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This proves the theorem, since v > - 2,

The v+o 1imit and the v+« Timit of (4.63) give results corres-
ponding to logarithmic potential and an infinitely deep well respectively

as was explained in Chapter 3.

Thus, the probability that a particle lies within a spherical shell
of radius R can not decrease as the mass n is increased. The result (4.63)
shows that probability does not flow past nodes in the reduced radial
wavefunction, A similar statement holds for variations of the coupling

strength A. Using (4.60) we can show that:

2
-1 _@ » 2 o _ Rlu{r)]
GR) =7 Fhp & [ulrdldr= s 20 (4.64)

For S-wave square well potential G(R) is non-negative but it does not
vanish at the nodes of the wavefunction{23]. However, as is required by
(4.30) it has minima at these points. To derive a result analogous to
(4.63), for within the well, with:

-V, , 0<r<a

vir) = o (4.65)
0 , adr<e-

We use
u{r) = Asinkr, o< r<a,k=2u(EtV,) (4.66)

Where the dependence of A on k is obtained using boundry conditons

and
u(r) = Be K", a<r (e (4.67)



Where

and

Within the well, we find

Thus,
G(R)

Integrating the first term

we find that:

G(R)

Where o

Using the expressions

for o < r < a. Hence,
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- K =k cot ka

A% = 2K/1 + aK
au _ ,u(r) dA . ru'(r), dk
2% T  Tw

dr u{r)

by parts, using 2 dk[m(k =5 5%

«R[u(r)]’ + 8 F drfu(r)1’

=L
2k

(4.68)

(4.69)

(4.70)

(4.71)

1
Zk

(4.72)

(4.73)

for A and K it could be verified that

>0

a , B

G(RY>0 for R<a

(4.74)

(4.75)

It could be shown, using results of Chapter 3, that G(R) > 0 for

R>a as well.

nodes of the reduced radial wavefunction.

Equation (4.72) shows that G(R) doesn't vanish at the
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The most general class of potentials for which G{R) > 0 for all
bound states, or for all s-waves has not yet been characterized, but it
is expected that such potentials be monotonically increasing functions of
coordinates and have some degree of smoothness. For example, it is shown
in [23] that for a finite square well nested within an infinite sqaure

well G(R) could become negative for an s-wave level.

These are only some of the applications of the techniques developed
in the preceeding chapters. These techniques have proved to be extremely

important in describing bound states of quarkonium.
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CHAPTER 5

QUANTUM DISCONTINUITY

A quantum discontinuity may occur when the energy of a quantum

particle is not a continuous function of some relevant coupling parameter.

This phenomenon is intimately linked to the behaviour of the Rayleigh
Schrodinger perturbation expansion as a function of such a coupling cons-
tant. We therefore, begin by reviewing some basic features of Rayleigh

Schrodinger perturbation theory (RSPT).

Suppose the total Hamiltonian H of a single bounded particle can be

decomposed as

H=H +V (5.1)
For book keeping purposes let us rewrite (5.1) as

H= H0 + Y (5.2)

where the continuous parameter A will finally be set equal to unity.

Here H0 is the part whose eigenvalue problem is assumed to be exactly

solvable [n®> being its eigenkets and eﬁ the corresponding eigenvalues.

It is next assumed that to each such pair |n°> and > there is an

eigenket {n> and eigenvalue ¢ of H that may be expanded in a pertur-

n

bation series
In> = (0% + ani>+,  +akptkds o, (5.3)

e = sa +Aer(]n+.”+ Ak agk) + .. (5.4)
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As A grows from zero to one, one then assumes that {n®> develops smoothly

into In> and € into < . Inthe same maner we expect that if A is

n

reduced from one to zero one smoothly recovers the set ez,;rﬂ°)> from the

corresponding set ", [n>. The superscript on each term gives the power

of (the matrix element} V that it is expected to come out proportional

to. A term with superscript k is called the kth order term or the kth
order correction, The power of the book keeping index A does the same
job. One hopes that as k increases the corrections get smaller, RSPT
provides a systematic means of computing successive corrections. Its details
which we skip here[l7,25] reveal that for it to work, a necessary condition
is

AE|W|<<1.

Moreover, one also hopes that small perturbations (A << 1) lead to small
modifications in the unperturbed function and energy. It is also generally
expected that as x»o , In>» |n°> and: ¢ » ¢ smoothly. The most
crucial assumption RSPT makes is the validity of the expansions like
(5.3), (5.4) themselves. For example, ¢,() should be an analytic function
of 1 in a non-zero domain surrounding a= o in the complex a-plane. In
some cases such an expansion may not exist even. The bound states of a
very weak attractive potential do not come out of doing perturbations on
free particle states. They simply can't. A power series expansion obviously
implies that physics with V » ot and V- 0" could at most be marginally
different. We shall dwell further upon this point in detail in the seduei.
For the moment let us point out an elementary example. A weak attractive

potential in 1-d necessarily supports at least one bound state but a weak

repulsive potential simply can't. The bound state of a shallow square well
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is e= - mv?a%/2h%., This is certainly not the first (or second) term
in a power series in V. Were this the case this formula would have to
give us the correct result for either sign of V, but a state with <o

for a repulsive potential is clearly impossible.

Many many interesting questions thus arise, concerning, for example,
the energy expansion (5.4). Let us note some of these. Firstly, does such
an expansion converge? If it does, then does it always converge to the
correct eigenvalue? More explicitly, can it ever converge to a wrong
eiéenva]ue? Is such an expansion merely asymptotic so that upto a
certain order it converges to the desired result but then deviates away
from it. Then can it converge or diverge but be not asymptotic to the
correct eigenvalue? Can it diverge and yet be uniquely summable to the

correct result via some known mathematical theorems?

Such questions have been frequently asked in the last 15 years or
so and using specific models many authors have searched for the answers.
A possibility like convergence to a wrong limit is certainly extremely
disturbing particularly in the context of quantum field theory where
perturbation theory is perhaps the only known way of making systematic
calculations. Hence, it becomes a matter of supreme importance to know
what kind of theories can be expected to possess such undesirable
features. A further discussion of such theories is certainly beyond our

scope[29,30].

We now come to a brief resumé of various studies alluded to in

the last paragraph.
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also independent of g just as ¢ (g) is but it does not vanish.

efg)=-2, gto (5.7)
Hence, gim e (g) =-2 % ¢ (0) = ¢(0) =0 (5.8)
gro

the 1imit being taken for real values of g. Note that for all such values
of g, ¢ (g) 1is well defined since H_(g) is bounded below and has a well
defined purely discrete spectrum. This implies that the Rayleigh Schrodin-
ger perturbation series is not asymptotic (but is term by term well defined
and non-vanishing). Thus, the question whether it converges or not is

really irrelevant.

Calogero also provides an extremely simple recipe to manufacture other
models that display the same phenomenon that Hi(g) do. He introduces a
real function ¢(x), regular for all real values of x and divergent (say
proportionally to a power) as x * * =, Define a Hamiltonian

de

Ho=p®+ g+ o%(x) (5.9)

For any #(x), so defined, this Hamiltonian is clearly bounded below and
has a purely discrete spectrum. One then sees that the ground state

energy ¢ vanishes provided ¢(f =) = F = with

v{x) = exp s ¢(x)dx (5.10)

as the admissible ground state function. Simple examples arising out of

such a construction are disucssed in his work. Further examples arising
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The system is said to display quantum discontinuities.

In his models the occurence of discontinuities is accompanied by a

loss of normalizability by the associated wavefunctions.

Moreover, in all his models the limiting process forces the subsidi-
ary wells to grow infinitely wide. Their minima recede to infinity and
their depths remain fixed or diverge. Hence, prior to the discontinuous
jump, there appears a tendency amongst a group of levels to accumulate

near the minimum of the relevant subsidiary well.

In short, under the Timiting process one witnesses a discontinuous
behaviour of the energies, a loss of normalizability by the wavefunctions
and a marked convergence of levels near a suitable minimum. Analytically,
usually the discontinuity of only a single level per potential is deducible

in the examples of Calogero.

Recently, a solvable and a very instructive model that illustrates
the discontinuity phenomenon has been proposed{31]. In it the disconti-
nuous behavior of any finite set of lowest lying levels can be deduced
analytically. The associated wavefunctions tend to disappear entirely in

the 1imiting process and no accumulation a la Calogero materializes.

The Calogero models essentially deal with the perturbations of an
oscillator. Varma and co-workers[32] focussed attention on a class of
problems that represent polynomial perturbations of a Coulomb problem.

Such problems were first introduced by Killingbeck[33] and are relevant
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to atomic physics and quark confinement theories. Killingbeck's motivation
was agin to explain the failure of RSPT under suitable conditions. To be
more precise Saxena, Srivastava and Varma, utilizing the numerical Hill
determinant technique considered the Hamiltonian

2
H=B.loar +2% ¢, ogrge

and estabiished the discontinuous behaviour of the 2= o Tlevels in the
» » 0 limit. Their studies were extended by Pandey and Varma[34] to
Hamiltonians involving two coupling constnats with

2
H=E. % + 2ur + 227 y?

2
They again found discontinuities when » and A were made to vanish
suitably., Specifically, the eigenvalue spectra were shown to possess dis-
continuities whenever the associated potential functions possess different

number of minima in the two limits A*o , u*o* and A20, u+o,

Our aim is now to propose a model of the above class where the dis-
continuities can be deduced analytically and be rationalized in terms of
the normalization characterstics of the associated functions. Specifically,
we consider a slight variation of the generalized Killingbeck potential
deployed by Pandey and Varma[34] in which the Coulomb term is made repul-

sive. We write the relevant radial equation as

R"+§-R' +[5..§._up- azpz-ﬂ:;zil]ﬂ=0 (5-11)
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Here we have used Coulombic units and a dimensionless radial variable o

such that
r=ye, Y= meh:2 y €% %y s R = thh (5.12)
and the associated Killingbeck potential is
V(o) = % +up+t a?p? (5.13)
It is readily seen that as o + o ,
R -o (5.14)

and as p » » , the dominant assymptotic behaviour is

- ap?h

R~e (5.15)
We therefore try a solution of the form
R(e) = o (o) exp(eo - 2227 (5.16)

Substituting (5.16) in (5.11) we find for v, the equation
v'(p)tLp/o+ ZB-ZGP]V'(D)+B=+32-“(P+l)+-%?3 - (ut2aB)plv(e) = 0  (5.17)

Where p=28+42 (5.18)

The yet unspecified parameter & can now be chosen to eliminate the linear

term in the square bracket multiplying v. Thus, we set

W= - 2aB (5.19)
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For ¥(p) we try the power series solution

v(e) = I a o" (5.20)

With a, # o so as to guarantee the correct Timiting behaviour of R(p)
near the origin, Substituting (5.20) in {5.17) we now have the three-term
relation with successive co-efficients

n{ntp-1)a + [8(p+2n-2)-2]a__, + [c+8%-a(p+2n-3)ja _,= O (5.21)

-1

It immediately follows that v will be a polynomial of degree k provided

a, +0(56.22), a,,,=0(5.23) and a = 0 {5.24)

k k+2

where k=0,1,2, ...
Conditions (5.22) - (5.24) readily imply that for such solutions
e = - B2+ a(p+2k+l) (5.25)

But, for such solutions to materialize the linear and quadratic couplings
have to be constrained by the condition a, = o (5.23). Through a repeated
use of the recursion relation (5.17) and remembering that the overall
scale of v is immaterial {i.e., a, can be set equal to one) we arrive,

instead of (5.23), at the determinantal condition



60

gp-2 1.p 0

2ka B{p+2)-2 2.(ptl) 0

0 2(k-1)e B(pt+d)-2 3(p+2) 0
. 0

_ o (5.26)

k(ptk-1)

2a g(p+2k)-2

The structure of this determinant is such that there always appear (k+1)

. . . (i)
real roots 8,, B, ..., B, corresponding to polynomial solutions vk] of

degree k with energies

2
e = - (8K ) + o (pt2k+l) (5.27)

With i=10, 1, 2, ..., k. Each solution corresponds to a suitable value

of the ratio wau.

In the following we will be interested in the limits w+o , a0,

We learn that such a 1imit can be approached in a manner that allows 8
to be held at any fixed value that can be arbitrarily chosen. In this

Timit we also see that geometrically we have a potential well with a far

off minimum located at o . = |g,| and where the well depth is
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2

Under the limit of interest to us the depth remains

V. o #-82=. L)

min a

fixed and the minimum recedes to infinity.

It is now expedient to turn to some simple illustrative cases.

i)  k = o: Here we have the results

(o) =2 5 % . & 5.28
B . " 0 (5.28)
o) = L% ¢ a(p1) (5.29)
v{e} = 1 (5.30)

We have zero radial node solution (n. = o). The depth of the well

{as « » o) is very nearly - [B(°)]2 and the above level is situated
almost at the bottom of the well. The exact value of g{®, i.e., the
ratio L is for us to choose and thereby one specifies the precise
manner in which o, » » o. As o and u are switched off from their
infinitesimal values in the stipulated manner, the state must change
abruptly and the associated energy with it, to conform to the dictums of
the residual repulsive Coulomb potential that has no negative levels. A

controllable discontinuous energy jump is in clear evidence. Were one to

consider the state of angular momentum 2, (say ¢, >> 1) and n.=o

then this state's energy would be heading for the bottom of the well as

aror anpd wu>o ., It follows that the levels with n_= o0 and 2 < g,

would 1ie still lower than the level we are focusing on. Thus, prior to
the discontinuous jump an accummulation of levels near the minimum of the

well a la Calogero is also in clear evidence.
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Upon first glance a rather disturbing feature seems to emerge. As

s u+o and 8% remains fixed the radial function

(0)
R(p) + o et? (5.31)

seems to be non-normalizable. But it is readily seen that a repulsive
Coulomb potential does indeed have such a non-normalizable formally exact
negative energy solution. Clearly it does not belong to the physical
Hilbert space. Now turning the argument around it seems rather natural to
argue that upon the switching on of the infinitesimal couplings o ,u.a
particle in the Hilbert space of a repulsive Coulomb potential looses all
memory of this state and begins to behave as if it started out in a state
outside this space. This situation is obviously untenable., Hence, the

above line of reasoning must be erroneous. Indeed it is!

We have paid no attention to the normalizability of the state function.

In a traditional quantum situation the overall scale of a wavefunction is
not important. But here, it is. For simplicity consider the n. = o0, 2 =0

case, The function in hand is

2 y
R(e) = N ezp—{m/2 = N e-%(pz— o N e e-%(p_zm)2

Hence, the normalization integral is

- on2 L - 2
I =N e’ g pzeﬁﬂ(o 2/0) o

Clearly, in the limit o« » o, the dominant behaviour of N will be

dictated by the factor e"¥* . Hence, as w+o ,N »o. The normalized
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function simply disappears everywhere!

Thus, the quantum discontinuity in hand can be understood in terms
of the disappearance of the state itself as « 1is switched off. As long

as « ¥ o, the system stays in this state. At « = 0 such a state is no

more available. At « = o0 we must go back to the Schrodinger equation and
solve the problem of the repulsive Coulomb potential. Clearly therefore

at o= p, the system does not have a dual choice of states. In. the.same manner
when an infinitesimal o 1is switched on the system would jump into the
entirely new configuration that emerges naturally via the Schrodinger

equation of the full problem.

It is also possible to understand the entire situation geometrically.
As soon as o is switched on, a new potential well emerges whose depth
and location of the minimum is specified above. If « + o in the manner
specified, the minimum recedes to infinity while the depth remains fixed.
The probability function recedes towards infinity accordingly. When « is
zero the far away well abruptly disappears and with it the state. Although
the picture is intutively clear, it is indeed gratifying that we have been
able to verify the fact in a quantitative manner. This is one important
advantage our procedure has over the exhaustive numerical studies of

Pandey and Varmaf34]j. Besides, we have demonstrably learnt that the scale

of a wavefunction that can normally be ignored can indeed play a fundamen-
tally important role. Had this role been not available we would have been

forced into the awkward explanation that we attempted in the begining.

Eq.(5.29) seems to suggest that the energy a(°%a) could be formally

thought of to have an expansion in powers of a with the first term as the
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zeroth order term and the second as a first order term, the other terms
being identically zero. In view of our explanations above it should be
evident that such is certainly not the case. The first term does not have
the status of a zero order term and is not recovered in the limit o= o,
The same holds for the wavefunction of (5.31) which has a term by term
finite and a convergent expansion in o, Such term by term finite and
convergent expansions have thus nothing to do with Rayleigh Schrodinger

perturbation theory.

We have for clarity envisaged a 1imit o« >0 s u=+o" such that the
well depth remains fixed as the well recedes to infinity. This restriction
can be removed without affecting the conclusions at all. For example, we
could allow 8 to grow indefinitely (see Eq.(5.19)) in the process. The
discontinuous jumps would grow larger accordingly. On the other hand we
could let a=+o*, w=+o0" such that &+ o*. Repeating the analysis we
again find that although there is no jump in energy, the limiting wave-
function has nothing to do with the corresponding wavefunction of a repul-
sive Coulomb problem. The reader can easily convince himself that this
includes the interesting possibilities of the well depth going to zero
with the Tocation remaining fixed or moving inwards towards r = 0. In all
cases the normalized wavefunction always disappears. We see here the
interesting possibility of no discontinuity in the energy function still
accompanied by an abrupt change in the wave function. As far as we know

such a scenario has not been reported before,

So far we have considered the k = 0 case which led to only n. = o

solutions with ¢ unrestricted. This has enabled us to exhibit most of

the principal features of our results that we wish to discuss. Some
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correspond to just one set of couplings but different node numbers. Again

we shall not furnish the straight forward but lengthy details here.

Next, we would like to point out another related model of the dis-

continuity phenomenon. It involves a potential of the type

v(p) = E;‘l + up + vp? + a%pH (5.50)
Setting R{p) = o exp[Be - 2033 ]v{r) (5.51)

we find that the function v satisfies the equation

v [E 428 - 2020w+ o4 g2+ BETZ - (e A(peallo - (r4280)0%0v = 0

Selecting Y= - 28x  and by setting V=1 a, " we obtain the following
=0
four term recursion relation
n(ntp-1)a_ + [B(p+2n-2)-2]a _, + [e+8%la__, - [u+A(p+2n-t)la_ 5 = 0 (5.53)

clearly v will be a polynomial of degree k provided

a, $0, a,,, = a,,,% 8,,, =0 (5.54)

Using (5.54) in {5.53) we immediately find that for v to be a polynomial

of degree k we must have

o= - a(p+2k+2) (5.55)

Thus, for k = 0 the requirements turn out to be

w=-2a(pt2) ... (5.56) g = (5.57)

RIS



e = -8% ,,, (5.58) and  v(p) =1

The required quadratic coupling is v= -
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il
p

{5.59)

Ao Thus’ aS A-)o’ V(p)+2/p

and ez -82, A discontinuous jump must obtain as A is switched off.

Similarly in the 1imit x»*o , we obtain for the k = 1 case, the

following set of results

(1) =
a) >
e =
Vi (o)
b) g 2
O
LM
o
(0}’
V% (o)
c) (1)
o
N
o

1

2
T AR AR
- F‘*z- + (p)[§ - 421

= 1 -@D (so that n. = 1}

h-I1%Y

‘/‘sz'/ﬁ—(pﬂ)k

ot emB ey [T,

1+/A2—Ep (nr_=o)

- 2, pipi)a
8

pt2

= - 5 _ _ plpti)a
(p+2)? PP

- b _

= 1 +p(p+2) p (nr = o)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

For higher k the algebra becomes increasingly tedious. Moreover, one

cannot determine beforehand as to how many exact solutions will obtain at a

given k value.
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EPILOGUE

The foregoing exposition has considered some elementary techniques in
bound state theory. The results discussed are elementary. Their implications
have been seen to be powerful and illuminating. It can be hoped that as the
field of quarkonium spectroscopy develops, the general approach based on
Feynmann~Hellmann theorem, virial theorem, etc., would find more and more
applications. The relationship amongst power-law potentials also continues
to find new and powerful applications (see, e.g., [35]). Another useful
~technique that we could not consider due to lack of space and time is that

of semiclassical reasoning. The interested reader is referred to [1].

Our work shows the importance of worrying about the normalization
factors. As we have seen in the last Chapter, in it, lies the key to the
understanding of the quantum discontinuity phenomenon. An important chal-
lenge in this field is to propose a realizable model of such a phenomenon,
We believe that the variation of the Killingbeck mode]l that we have consi-
dered, allows us to achieve such a goal. A Wigner crystal provides the
basic two-dimensional repulsive Coulomb interaction. A magnetic field per-
pendicular to the plane can generate an r? potentiai. An electric field in
the plane generates a linear r term with an angular dependence. Thus, the
whole potential is not separable as such. But if we focus attention in a
narrow angular range in a suitable direction we may find "pockets" where
the electrons may be trapped and display the desired phenomenon upon a
suitable tuning and variation of the applied fields. This deserves to be

tested by experimentalists.
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