
 
 
 
 
 

 

 

 

 

Uniaxial Interaction Charts for Fully Encased Composite 

Columns 

By  

Selamawit Dege 

 

 

 

A THESIS SUBMITED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR 

MASTER OF SCIENCE (STRUCTURAL ENGINEERING) 

 

ADDIS ABABA UNIVERSITY  

SCHOOL OF GRADUATE STUDIES 

INSTITUTE OF TECHNOLOGY 

SCHOOL OF CIVIL AND ENVIROMENTAL ENGINEERING 

 

 

 

December 2015 

Addis Ababa, Ethiopia 

 
 

 

 



 

 

 

ii 

STATEMENT OF PERMISSION TO USE 

In presenting this thesis in partial fulfillment of the requirements for a Master of 

Science Degree at Addis Ababa Institute of Technology, I agree that the University 

Library shall make it available to borrowers under rules of the Library. Brief 

quotations from this thesis are allowable without special permission, provided that 

accurate acknowledgment of the source is made. 

My supervisor may grant permission for extensive quotation from or reproduction of 

this thesis when the proposed use of the material is for scholarly purposes. Any 

copying or use of the material in this thesis for financial gain shall not be allowed 

without a written permission. 

 

 

 

 



 

 

 

iii 

ABSTRACT  

Nowadays, steel-concrete composite construction is used to meet performance and 

functional requirements of mid to high-rise structures as well as large span structures. 

These structures acquire the structural and constructional advantages of both the 

concrete and steel. Among composite members is a composite column. A steel-

concrete composite column is a compression member, comprising either a concrete 

encased steel section or a concrete filled tubular steel section. 

The resistance of a composite column to combined compression and bending is 

determined using an interaction curve of its cross-section. Developing interaction 

curves requires rigorous section analysis. For this reason, different practice codes 

incorporated simplified analysis and design procedures. Among which, the Eurcode 4 

provides a simplified method for composite sections and columns satisfying certain 

requirements. According to this method, the axial force-moment interaction curve of 

a composite cross-section is obtained by assuming full plastic stress distribution. 

Furthermore, the Eurocde 4 approximates the entire interaction curve by a polygon 

made up of four or five points on the interaction curve. Despite these simplifications 

and approximations, the analysis of a composite section is yet computationally 

demanding. In addition to this, for composite sections that violate the code 

requirements a more rigorous analysis is mandatory. This has been a major 

disincentive for using composite frames. Despite their advantages, the topic of 

composite columns is given few attentions in the Ethiopian construction industry. 

Moreover, neither design aids nor analysis tool haven’t been developed yet to assist 

structural engineers in analysis and design of composite columns.  

In this thesis, more accurate uniaxial interaction curves are developed for “I” and “H” 

steel sections that are fully encased in concrete. The stress resultants were evaluated 

starting with strain distributions in the ultimate limit states that were adopted from the 

Eurocode 2. The stress-strain laws of materials were taken from Eurocode 2 and 

Eurocode 3. The stress resultants of the concrete and structural steel involved double 

integrals of the stress over the compressed regions of the concrete and structural steel 

section as well as over the tensioned regions of the steel section. These integrals were 
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then transformed into line integrals by using Green’s theorem. Finally, the line 

integrals were solved using Gauss Quadrature which is numerically exact method 

with the adopted material laws. Double counting of the concrete area in compression 

zone which is replaced by the structural steel section and the reinforcement was 

avoided.  

The uniaxial curves developed were verified against the outputs of the software called 

MASQUE. The comparisons indicate that the developed interaction curve is almost 

identical with that of MASQUE output.  

To increase the applicability of this study, especially in the Ethiopian market, a 

computer program UICISEC with a friendly graphical user interface is incorporated.   

Finally, a design example for a column length subjected to biaxial bending was 

carried out according to the Eurocode 4 simplified method. Here, the uniaxial 

interaction curves of this study were utilized.  

 

Key Words: composite column, fully encased composite section, strain distribution 

in the ULS, section analysis, stress resultants, column length 
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1 INTRODUCTION  

1.1 Background 

Nowadays, steel-concrete composite construction is used to meet performance and 

functional requirements of structures. Composite structures acquire the structural and 

constructional advantages of both concrete and steel. Concrete has low material costs, 

good fire resistance and easy to place. Steel has high ductility, high strength-to-

weight and stiffness-to-weight ratios. When properly combined, composite 

construction can yield saving in initial and life-cycle costs. [1] 

A steel-concrete composite column is a compression member, comprising either a 

concrete encased steel section or a concrete filled tubular steel section. In a composite 

column, both the steel and concrete resist the external loading by interacting together 

through bond and friction. Supplementary reinforcement in the concrete encasement 

prevents excessive spalling of the concrete both under normal load and fire 

conditions. 

The resistance of a composite column to combined compression and bending is 

determined using an interaction curve of its cross-section. In a typical interaction 

curve of a column with steel section only the moment resistance undergoes a 

continuous reduction with an increase in the axial load. However, a short composite 

column will often exhibit an increase in the moment resistance beyond plastic 

moment under relatively lower values of axial load. This is because the compressive 

axial load prevents concrete cracking and makes the composite cross-section of a 

short column more effective in resisting moment.  

Most codes of practice such as, the widely used AISC-LRFD, ACI-318 and Eurocode 

4 have incorporated simplified methods for analysis and design of composite 

columns. These provisions are generally extrapolated from either reinforced concrete 

column or steel column design codes. [2] 
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1.2 Statement of the Problem  

The design of a composite column commences by assuming a certain cross-section 

with all the dimensions and material properties defined. Then, an interaction curve 

has to be developed for the assumed section. In EN 1994-1-1:2004 [3], a simplified 

method is provided for the analysis and design of composite column. But, this method 

is applicable for symmetrical sections fulfilling certain requirements. In this method, 

the moment-axial force interaction curve of a cross-section is determined by 

assuming full plastic stress distributions. The evaluation of points on the interaction 

curve this way is computationally difficult. For this reason, the interaction curve is 

further approximated with a polygon made by computing four or five points of the 

curve. Despite these approximations, the determination of the design resistance of a 

section is yet computationally demanding. The capacity of the column length is then 

determined using the interaction curve of its cross-section by accounting for the 

slenderness and member imperfection effects. Finally, the column length is checked 

whether it is capable of resisting the design action effects or not. If the capacity of the 

column length turned out to be inadequate or over designed, another section will have 

to be assumed and the above process is repeated all over again. In addition to the 

above, a rigorous section analysis is mandatory for all other sections that fail to 

satisfy the code preconditions.  

Although high-rise construction is being introduced in Ethiopia, the topic of 

composite frames is often given only a limited consideration up to now. However, 

they can provide optimal solution in medium to high-rise buildings or large span 

structures. It is a customary practice for a structural engineer to design reinforced 

concrete columns regardless of the nature of structures. Together with the multistory, 

larger span for functional space of halls or parking areas may be required. As a result, 

an individual column may be subjected to high axial load and moments. Such cases 

are going to require axial members with high strength and yet with reasonable 

dimensions to serve the architectural purposes. In this scenario, the use of steel-

concrete composite frames may provide the best solution. However, neither design 
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aid nor analyses tool haven’t been developed according to the revised Ethiopian 

building codes yet.  

1.3 Objectives  

This thesis attempts to develop uniaxial interaction curves for “I” or “H” section fully 

encased in concrete according to the Eurocodes.  

In addition, the following are believed to be addressed: 

 To show the design procedure of composite columns according to EN 1994-

1-1:2004 [3] simplified method.  

 To assist structural engineers with the analysis and design of composite 

column.  

1.4 Methodology  

Section analysis for a fully encased composite section that is subjected to a uniaxial 

bending as well as axial force is carried out based on the possible strain distributions 

in the ULS. These strain distributions are taken from EN 1992-1-1:2004 [5], which 

were initial provided for reinforced-concrete cross-sections. Full interaction among 

the concrete, reinforcement and structural steel until failure is assumed. Hence, the 

stress resultants are obtained by summing the contributions of the concrete, 

reinforcement and structural steel. Moreover, the stress-strain relations of the concrete 

and reinforcement steel are adopted from EN 1992-1-1:2004 [5] and that of the 

structural steel from EN 1993-1-1:2005 [6]. The constitutive laws are expressed with 

piecewise defined polynomials. Solutions of the stress resultants of the concrete in 

compression and structural steel which is either in compression or tension involve 

double integrals over their corresponding regions. These double integrals are 

transformed to line integrals along their closed boundaries using Green’s theorem. 

For ease of computation, the line integrals are solved using a numerically exact 

method of Gauss Quadrature.  
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The output of this study is verified using a section analysis program known as 

MASQUE, which is developed by Busjaeger and Quast [7]. 

A computer program with a friendly user interface is also developed to enhance the 

applicability of this study.  

Finally, design example of a composite column length under biaxial bending is 

carried out using the simplified design method of EN 1994-1-1:2004 [3]. The uniaxial 

curves of this study in the stronger and weaker axis are utilized.   

1.5 Scope 

This thesis only addresses uniaxial interaction chart for “I” or “H” sections fully 

encased in concrete. Furthermore, this study is also limited to the following: 

 Only normal strength concrete i.e., from C12/15 to C50/60 is considered. 

 The reinforcement steel grade is limited to S500. 

 The structural steel grade is limited to S275. 

1.6 Application of Results 

This thesis is going to present solution method of concrete encased composite 

sections subjected to axial load and major or minor axis bending in particular for “I” 

or “H” structural steel sections and normal strength concrete. Furthermore, a program 

with friendly user interface is developed to assist structural engineers in analyzing 

composite columns. Evaluation of the capacity of the column length under biaxial 

bending using the uniaxial curves produced in this thesis is shown with example. This 

research is believed to assist the Ethiopian market by providing an analysis tool called 

UICISEC.  
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1.7 Content Organization and Description 

This thesis is organized into six chapters. Chapter 2 provides detailed review of the 

current specification for analysis and design of composite columns according to the 

Eurocode 4, EN 1994-1-1:2004. Additionally, analytical and experimental 

investigation of fully encased composite columns is also reviewed. Chapter 3 presents 

a solution method to a composite section subjected to normal force and uniaxial 

moments in either of the principal axis. Moreover, development of the program 

UICISEC together with its basic features is discussed. Finally, verification of the 

interaction curve developed is included.  In Chapter 4, one application of the output 

of this study is demonstrated with a design example. Chapter 5 summarizes this thesis 

and Chapter 6 presents the recommendations out of this study. 

In the Annexes, the material properties for concrete and the database for 

reinforcement and structural steel class that are used in the program UICISEC are 

listed in tables. Reinforcement bar sizes and structural steel section types are also 

described.   
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2 LITERATURE REVIEW  

2.1 Background 

The necessities for large span and high-rise construction with reasonable construction 

time and cost have made composite structures of steel and concrete construction 

popular.  Among the composite members is a composite column. Until the 1950s, 

structural steel sections were encased in light weight concrete for fire protection. The 

steel columns were analyzed and designed as if uncased. It was not until later on that 

was learned the encasement reduces the buckling length of the steel column and 

hence the buckling load increases. As a result, empirical methods were developed for 

calculating the reduced slenderness. This simple approach was not reasonable enough 

as the encasement also carries its share of axial load and bending moments. [4] After 

many tests that have been carried out, current practices include the contribution of 

concrete and reinforcement bars to resistance. [4] In the case of encased sections, the 

concrete reduces the buckling length of the steel sections and this is also taken into 

account in EN 1994-1-1:2004 [3]. 

In EN 1994-1-1:2004 [3], composite columns are divided into three categories in 

general (Figure 2.1): 

 Concrete encased sections (a) 

 Partially concrete-encased sections ( b and c) 

 Concrete-filled hollow sections (d, e, and f). 
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Figure 2.1: Typical cross-sections of composite columns 1  

Composite columns have the following advantages over reinforced concrete columns 

and steel columns: 

 High load capacity with small cross-section and economical material use 

 Increased stiffness, leading to reduced slenderness and increased buckling 

resistance 

 Possibility of plastic deformation and enhanced ductile behavior 

 High resistance to compressive stresses 

 Reduced risk of local buckling of the steel section 

 Good fire resistance for the case of encased columns 

 Erection of high rise building in an efficient manner. 

                                                 
1 EN 1994-1-1:2004, 62 
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2.2 Analysis and Design of Composite Columns According to the Eurocode 4 

The Eurocode 4, EN 1994-1-1:2004 [3] provision for design of composite columns is 

limited to: 

 Composite columns that is part of steel frame or composite frame; 

 Design of composite columns with cross-sections as shown in Figure 2.1; 

 Limited material strength class of steel grades S235 to S460 and normal 

weight concrete of strength class  C20/25 to C50/60; 

 Limited structural steel contribution ratio,  : 

 0.2 0.9                                                                                                (2.1)  

 
  a yd

pl ,Rd

A f

N                                                                                                   (2.2)
 

Where:  

Aa           is the cross-sectional area of the structural steel section   

 fyd          is the design value for the yield strength of structural steel 

Npl.Rd       is design value of the plastic resistance of the composite section to  

               compressive normal force   

If   is less than 0.2, the column should be treated as reinforced concrete and 

if  is greater than 0.9 the column should be treated as steel column. [4] 

EN 1994-1-1:2004 [3] provides two methods of design of composite columns. These 

are “a general method’’ and “a simplified method’’.  

The general method can be applied for all types of composite columns including 

columns of non-symmetrical or non-uniform cross-sections over the column length.  

The simplified method is applicable for columns of doubly symmetric and uniform 

cross section over the member length.  
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Both methods of design assumed full interaction among the concrete, reinforcement 

steel and structural steel and hence plane sections remain plane while the column 

deforms up to failure.  

2.3 The Simplified Method 

2.3.1 Scope  

To use the simplified procedure of EN 1994-1-1:2004 [3], the composite member has 

to meet the following requirements:  

 The member has to be doubly symmetrical and uniform cross section along 

the length. 

 The relative slenderness   of the column should be less than 2.0. 

 If the longitudinal reinforcement is considered in design, then it should not 

exceed 6% of the concrete area. 

A minimum reinforcement ratio of 0.3% is required to be considered in the 

contribution of resistance of concrete encased sections. [3] 

 For a fully encased steel section (Figure 2.1), limits to the maximum 

thickness of concrete cover that may be used in calculation are: 

zC 0.3h        and      yC 0.4b                                                                  (2.3) 

Furthermore, to maintain the safe transmission of bond forces, for the 

protection of steel against corrosion and to prevent spalling of concrete, a 

minimum cover to the structural steel is required. According to EN 1994-1-

1:2004 [3], this cover should be the maximum of 40mm or one-sixth of the 

flange width of the structural steel section.  

 The ratio of depth (hc) to width (bc) of the cross-section (Figure 2.1), should 

be within the limits 0.2 ≤ hc / bc ≤ 5.0. 
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2.3.2 Resistance of Cross-sections and Members in Axial Compression 

The plastic resistance of encased cross-sections subjected to axial load Npl,Rd  is given 

by equation 2.4. This equation superposes the contribution of the structural steel, the 

concrete and the reinforcement. 

  pl ,Rd a yd c cd s sdN A f 0.85A f A f                                                                                 

(2.4)   

Where:  

Ac           is the cross-sectional area of concrete in the compression zone 

As           is the cross-sectional area of reinforcement bars 

fcd           is design value of the cylinder compressive strength of concrete 

fsd           is design value of the yield strength of reinforcing steel   

A short ideal compression member, which is perfectly straight and loaded centrically, 

can carry as much load as its section capacity. However, columns in reality have 

imperfections. In addition to the axial load, the column must resist the associated 

imperfection moment. Thus, the axial load capacity of the column is reduced than its 

full section capacity due to member imperfections together with the slenderness 

effect. In EN 1994-1-1:2004 [3], the design action effect should satisfy the following 

to meet the stability requirement: 

 
Ed

pl ,Rd

N
1.0

N                                                                                                           (2.5) 

Where:  

NEd          is the design value of the applied axial force 

χ             is the reduction factor for flexural buckling 

In EN 1994-1-1: 2004 [3], the verification of a composite column under axial 

compression is based on the European buckling curves that were initially developed 

for structural steel columns. The initial member imperfections are accounted in these 

buckling curves. Out of the five European buckling curves in EN 1993-1-1:2005 [6], 
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only curve a,b and c are adopted for composite columns (Figure 2.2). This is due to 

the fact that concrete reduces the effective buckling length of the steel section. 

The relevant buckling curves for different cross-sections of composite columns are 

given in Table 2.4. For concrete encased sections buckling curve b and c are adopted 

for bending about the major and minor axis respectively.  

The value of χ is based on the relevant buckling mode given in EN 1993-1-1:2005 [6] 

in terms of the relevant relative slenderness  .  

 

Figure 2.2: European buckling curves for composite columns 


  

 
 

22

1
1.0                                                                                             (2.6) 

          
2

0.5 1 0.2                                                                                    (2.7)   

The imperfection factor α is given in Table 2.1 corresponding to the appropriate 

buckling curve. 
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Table 2.1: Imperfection factor 

European bulking curve a b c 

Imperfection factor α 0.21 0.34 0.49 

 

The relative slenderness for the plane of bending is given by: 

 pl ,Rk

cr

N

N
                                                                                                             (2.8)    

Where:  

Npl,Rk       is the characteristic value of plastic resistance to compression 

Ncr          is the elastic critical force for the relevant buckling mode  

The characteristic squash load Npl,Rk  is evaluated as in stated by (2.4) but instead of 

the  design strength,  the characteristic values of strength of materials are used.  

  pl ,Rk c ck s sk a yN 0.85A f A f A f                                                                          (2.9)            

Where: 

fck            is characteristic value of the cylinder compressive strength of concrete at  

               28 days 

 fsk           is characteristic value of the yield strength of reinforcing steel 

fy             is nominal value of the yield strength of structural steel 

The critical buckling load Ncr is evaluated by Euler’s formula, in which the flexural 

rigidity of the column is computed taking in account of the reduced stiffness of the 

concrete due to cracking. 

 


2

eff
cr

2

EI
N

L
                                                                                                     (2.10)         

Where: 

L             is the buckling length of the column 

(EI)eff           is the effective flexural stiffness of the composite cross-section 
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By reducing the stiffness of the concrete, the characteristic effective flexural stiffness 

is calculated based on the gross cross-section of the concrete.  

    a a s s e cm ceff
EI E I E I K E I                                                                              (2.11)         

Where: 

Ia            is second moment of area of the structural steel section 

Is             is second moment of area of the steel reinforcement 

Ic             is second moment of area of the un-cracked concrete section 

Ecm          is secant modulus of elasticity of concrete 

Ke           is a correction factor to account for a reduced stiffness of concrete due to  

               cracking and in EN 1994-1-1:2004 [3] the recommended value is 0.60. 

The long term effects of sustained loads should also be accounted on the effective 

flexural rigidity of the column. In EN 1994-1-1:2004 [3] the modulus of the concrete is 

further reduced to Ec,eff  and the effective flexural rigidity is evaluated by (2.11). 



  
  
  

cm
c,eff

G ,Ed
t

Ed

E
E

N
1

N

                                                                                        (2.12)         

Where: 

Φt           is the creep coefficient according to EN 1994-1-1:2004, 5.4.2.2 

NG,Ed            is part of NEd that is permanent 

If the increase in the first order bending moments as a result of creep deformations is 

not more than 10%, creep and shrinkage effects can be neglected.  

2.3.3 Local Buckling of Steel Members, Second Order Effects and Member 

Imperfections 

For compression members, local buckling of the structural steel has to be checked 

first. According to EN 1994-1-1:2004 [3], the effects of local buckling may be ignored 

for composite sections fulfilling a specified depth to thickness ratios as stated in 

Table 2.2. Otherwise allowance should be made to account for the reduction of the 

ultimate capacity as a result of local buckling. For sections completely encased in 
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concrete satisfying at least the minimum concrete cover code requirements, local 

buckling need not be checked. 

Table 2.2: Maximum values (d/t), (h/t) and (b/tf) with fy in N/mm2 2  

 

For member verification, second order effects due to both the global ( P  ) and 

local ( P  ) deformations have to be considered while determining the action 

effects.  According to EN 1994-1-1:2004 [3], the evaluation of internal forces should 

be based on the design effective flexural stiffness (EI)eff,II. 

     o a a s s e,II cm ceff ,II
EI K E I E I K E I                                                                (2.13)  

 

 
                                                 
2 EN 1994-1-1:2004, 63 
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Where: 

Ke,II         is a correction factor which should be taken as 0.5 

 Ko          is a calibration factor which should be taken as 0.9  

The influence of second order effects may be neglected for braced and non-sway 

frames:  

 If the relevant action effects increase by less than 10% of the first-order 

analysis results due to deformations of a member. This condition is assumed 

to be fulfilled if the following criterion is satisfied:  

  
Ed

cr
cr , eff

N
10

N                                                                                        (2.14) 

Where: 

αcr           is the factor by which the design loading would have to be      

               increased to cause elastic instability       

Ncr,eff            is the critical normal force for the relevant axis and corresponding  

               to the effective flexural stiffness with the effective length taken as  

               the column length 

 If the elastic critical load is determined with (EI)eff,II. 

If the above conditions are not satisfied, second-order analysis shall be carried out. 

Second order effects may also be allowed approximately by amplifying the maximum 

first order design moment within the column length with factor k: 


 

 Ed

cr ,eff

k 1
N

1
N

                                                                                                   (2.15) 

The equivalent moment factor, β, is given in Table 2.3 for different types of moment 

distributions along the column length. In Table 2.3, r is the ratio of smaller to the 

larger end moments. 
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Table 2.3: Factors β for the determination of moments to second order theory 3  

 

Imperfections in composite frame may arise due to lack of verticality of columns, 

lack of fit between members, effect of residual stresses in steel section and 

temperature gradient within the structure. [4] 

In EN 1994-1-1:2004 [3], the geometrical and structural imperfections are considered 

by equivalent geometrical imperfections (initial bows) as given in Table 2.4, where L 

is the column length. This eccentricity is allowed locally in verification of members 

only. The initial bow is assumed to occur at the mid length of the member. Hence, 

multiplying the geometrical imperfection by the design axial force gives the 

imperfection moment. Furthermore, the imperfection moment is amplified to account 

for the second order effects if the frame is susceptible to secondary effects. Therefore, 

the column length must have sufficient capacity to resist the design moment plus the 

imperfection moment for a given design axial load.  

 

 

                                                 
3 EN 1994-1-1:2004, 69 
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Table 2.4: Buckling curves and member imperfections for composite columns 4  

 

                                                 
4 EN 1994-1-1:2004, 70 
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2.3.4 Resistance of Cross-sections and Members under Axial Load and Uniaxial 

Bending 

The ultimate capacity of a cross-section subjected to axial load and bending moment 

is determined from the moment-axial force interaction curve of a particular section. In 

a steel beam-column interaction curve, the moment resistance reduces with increasing 

axial load. However, in a composite beam-column, the moment resistance increases 

up to the balanced point for a lower value of axial compression. This is due to the 

pre-stressing effect of the compressive force which prevents excessive cracking of 

concrete.  

According to the simplified method of EN 1994-1-1:2004 [3], the points of the 

interaction curve can be determined by assuming a full plastic stress distribution 

known as rigid-plastic approximation. The structural steel section and the reinforcing 

steel bars are assumed fully plasticized either in tension or compression with the 

stress ordinates equal to their design yield strengths. For the concrete, a rectangular 

compressive stress of 0.85fcd that is distributed uniformly between the most 

compressed face and the plastic neutral axis is assumed. 

Initially several plastic neutral axis positions in the direction of bending are assumed. 

Then, the corresponding values of moment and axial load are evaluated from the 

resulting stress blocks. Finally, the equilibrium conditions are checked.  

In the simplified method, the interaction curve is further approximated by a polygon 

made by connecting four or five points of the interaction curve. For bending about the 

major axis, it is sufficient to know four of these points shown in Figure 2.3. For 

weaker axis bending however, additional point between A and C shall be determined 

as the polygon bulges from the curve significantly. 

Point A (Figure 2.3) represents the plastic axial load capacity of a composite section 

as given by equation (2.4). 

A pl ,RdN N            and      AM 0                                                                          (2.17) 
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Point B is the plastic moment resistance of a section. 

BN 0       and     B pl ,RdM M                                                                              (2.18) 

 

Figure 2.3: Simplified interaction curve and corresponding stress distributions5  

Point C corresponds to the same plastic moment resistance as point B but with 

resultant axial compression force. For concrete encased sections: 

 C pm,Rd c cdN N 0.85* A * f

     

and     C pl ,RdM M                                            (2.19) 

Point D is a balanced point representing the maximum moment carrying capacity of a 

composite section. For concrete encased sections: 

D pm,RdN 0.5* N

                      

and     D max,RdM M                                             (2.20) 

The depth hn (Figure 2.3) is proportioned in a way that the stress distribution of type 

C provides the same value of moment as type B.  It is assumed that the resulting 

resistance to axial force Npm.Rd is due to the concrete only. This can be seen by adding 

up the stress distributions in B and C, with regard to the equilibrium of forces, i.e. the 

resulting axial force. 

                                                 
5 EN 1994-1-1:2004, 66 
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Member resistance that is subjected to axial load and bending moments is determined 

from its cross-section capacity curve including the influence of Imperfections.  

According to EN 1994-1-1:2004 [3], a member must satisfy the following: 




 Ed Ed
M

pl ,N ,Rd d pl ,Rd

M M

M M
                                                                                     (2.24)   

Where:  

MEd          is the greatest of the end moments and the maximum bending moment     

                within the column length, calculated including imperfections and second  

                order effects if necessary                                   

Mpl,N,Rd    is the plastic bending resistance taking into account the normal force NEd,  

               given by µdMpl,Rd.; 

Mpl,Rd           is the plastic bending resistance, given by point B in Figure 2.3.  

 

The factor αM is a correction factor for the unconservative assumption that the 

rectangular stress block for concrete extends to the plastic neutral axis. For steel 

grades up to S355,

 

M  is 0.9 and for steel grades S420 and S460 M is 0.8.  

In EN 1994-1-1:2004 [3] the value of µd greater than one is recommended only if the 

bending moment MEd depends directly on the action of the design normal force NEd. 

This is the case for example, if the moment is resulted from eccentrically applied 

design normal force. Otherwise an additional verification shall be performed 

according to EN 1994-1-1:2004, 6.7.1(7) [3]. This clause states that for composite 

compression members subjected to bending moments and normal forces resulting 

from independent actions, the partial factor γF for those internal forces that lead to an 

increase of resistance should be reduced by 20%. 
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2.3.5 Resistance of Members under Axial Load and Biaxial Bending 

The verification of composite column subjected to biaxial bending is based on 

separate check in each of the principal axis as shown in Figure 2.4. Imperfections are 

accounted only in the plane on which failure is likely to occur. If this plane is not 

apparent, then separate checks is required in each of the planes. [3] 

 

Figure 2.4: Design of column length under axial load and biaxial bending 6  

The column must satisfy the following conditions for the stability within the column 

length and ends: 




y ,Ed
M ,y

dy pl ,y ,Rd

M

M
  and  


z ,Ed

M ,z
dz pl ,z ,Rd

M

M
                                                           (2.25)   

 
 y ,Ed z ,Ed

dy pl ,y ,Rd dz pl ,z ,Rd

M M
1

M M
                                                                                  (2.26)   

Where: 

Mpl,y,Rd and Mpl,z,Rd      are the plastic bending resistances for bending about the y-y  

                                 and z-z plane respectively 

My,Ed and Mz,Ed            are the design bending moments including second-order effects   

                                 and imperfections about the y-y  and z-z  plane respectively  

                                                 
6 EN 1994-1-1:2004, 71 
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As mentioned above, it may not be obvious in which plane failure is anticipated. In 

this case, equations (2.25) and (2.26) are checked twice by taking the imperfections 

one at a time in both planes. First it is checked whether the moment capacity 

dy pl ,y ,RdM  is sufficient to resist the design moment My,Ed  about the y-axis plus the 

imperfection moment. But on the other axis dz pl ,z ,RdM  is checked if it is capable of 

resisting the design moment Mz,Ed  about the z-axis. Finally, the capacity of the 

column length is verified if it can resist the biaxial moment with equation (26). The 

reverse is repeated, taking the member imperfection about the z-direction only. The 

column length must satisfy all the conditions in both the cases.  

2.3.6 The Influence of Transverse Shear Force 

If the design shear force Va,Ed of the steel section exceeds 50% of the design shear 

resistance Vpl,a,Rd of the steel section, then the influence of this shear force on the 

resistance to axial force and bending should be considered. According to EN 1994-1-

1:2004 [3], the influence of shear is accounted by using reduced steel strength for the 

web by (1- ρ)fyd  in the shear area Av.  

For simplification the design shear force VEd may be assumed to act on the structural 

steel section alone. However, the design shear force on the steel section should not 

exceed the shear resistance of the steel section. If this is not the case and  VEd  is 

greater than Vpl,a,Rd , then the design shear force may be distributed between the 

structural steel Va,Ed  and the reinforced concrete Vc,Ed. The design shear force on the 

reinforced concrete is verified with the same approach as for reinforced concrete 

members according to EN 1992-1-1:2004 [5]. 

Unless there is a more accurate analysis to determine the shear distributed between 

the concrete and steel, in EN 1994-1-1:2004 [3] the following is recommended: 

 pl ,a ,Rd
a ,Ed Ed

pl ,Rd

M
V V

M
                                                                                                 (2.27)   

 c ,Ed Ed a ,EdV V V                                                                                                     (2.28)   
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Where: 

M pl,a,Rd       is the plastic moment resistance of the steel section 

The design plastic shear resistance Vpl,a,Rd  of the structural steel section is computed in 

the same way as for steel sections given in EN 1993-1-1:2005, 6.2.6, [6]. 

 yd
pl ,a ,Rd v

f
V A

3
                                                                                                      (2.29)   

The shear area, Av, for rolled I or H sections is given by: 

    v a f w fA A 2bt t 2r t                                                                                    (2.30)    

Where: 

b             is the overall breadth 

h             is the overall depth 

hw           is the depth of web 

tf              is flange thickness 

For class 1 or 2 steel cross-sections, the reduction factor, ρ, is evaluated by: 


 

   
 

2

Ed

pl ,a ,Rd

2V
1

V
                                                                                                  (2.31)    

After reducing the yield strength of the web, the moment-axial load interaction curve 

can be evaluated in the same way using the simplified method. 
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2.4 Analytical and Experimental Investigation of Concrete Encased 

Composite Columns 

As reviewed, EN 1994-1-1:2004 [3] is suitable only for the analysis and design of 

composite columns fulfilling certain requirements. The simplified method is thus 

based on certain assumptions. Aside from aforementioned simplifications, different 

properties of the composite columns are not sufficiently considered.  

 E. Ellobody et al. [8] carried out analytical study on eccentrically loaded concrete 

encased steel composite columns along their major plane. They developed a nonlinear 

3-D finite element model (FEM) that considered the inelastic behavior of constituent 

materials of the composite column. The effect of confinement to the concrete by the 

steel flanges and the transverse reinforcement was also accounted. To reveal the bond 

behavior, the interface between the structural steel and concrete, the concrete and 

transverse reinforcement, the concrete and longitudinal reinforcement and the 

longitudinal reinforcement and the transverse reinforcements were modeled. The 

initial geometrical imperfection was also comprised in the model. 

E. Ellobody et al. [8] adopted the work of Sheikh and Uzumeri [9] and Mander et al. [10] 

for reinforced concrete column to model the confined concrete. The composite 

columns were divided into highly confined concrete, partially confined concrete and 

the unconfined concrete zones (Figure 2.5). Chen and Lin [11] evaluated the 

confinement factors for the highly and partially confined concrete zones. 

Mander et al. [10] expressed the confined concrete compressive strength and the 

corresponding confined strain in terms of the lateral confining pressure. This pressure 

was determined approximately having known the confinement factors for the highly 

and partially confined concrete as given by Chen and Lin [11]. Depending on the steel 

section shape and the spacing between the transverse reinforcements, the confinement 

factor varied from 1.10 to 1.97 for highly confined concrete and 1.09 to 1.50 for the 

partially confined concrete.  
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Figure 2.5: Finite element model of concrete encased steel composite column 
7  

E. Ellobody et al. [8] verified the developed FEM against the test results by Al-Shahari 

et al. [12], SSRC Task Group 20 [13], and Morino et al. [14]. Good agreement was 

obtained with the test results with mean value of axial capacity from the finite 

element analysis (FEA) to the axial capacity from test ratio was 0.95. 

E. Ellobody et al. [8] extended their work to parametric study of columns having 

different eccentricities, overall cross-section dimensions, structural steel sections, 

concrete strength and structural steel yield strength. Square and rectangular columns 

were considered in the parametric studies and the details of the studied columns can 

be found in the journal. From this study, it was observed that increase in the structural 

steel strength was significant for the columns with small eccentricities. For the 

                                                 
7 Ehab Ellobody, Ben Young, Dennis Lam, Eccentrically loaded concrete encased steel composite columns, 57 



 

 

 

26 

columns with higher eccentricity, the increase of the yield strength of the steel was 

significant when the columns were encased in normal strength concrete. 

The axial load and moment obtained from the finite element analyses (FEA) in the 

parametric study were compared with the unfactored design axial force and moment 

according to the Eurocode 4 simplified design method. The axial loads obtained from 

FEA and Eurocode 4 were almost the identical with mean values of axial load of FEA 

to axial load of Eurocode 4 ratio were 1.02 and 0.99 for the square and rectangular 

columns respectively. On the other hand, the calculated design moments were 

considerably higher than the FEA with the mean values of ratio were 0.73 and 0.75 

for the square and rectangular columns respectively.  However, unlike the FEA, it 

was not clearly realized that the effects of yield strength of the structural steel in 

relation to the concrete grade using the Eurocode 4.  

Mirza S.A. and Lacroix E.A. [15] compared the strength determined from 150 physical 

tests of rectangular concrete encased steel composite columns available in the 

published literature with the strength calculated from selected computational 

procedures, the ACI 318-02, AISC-LRFD and Eurocode 4 (CEN 1994). The tested 

columns were encased in normal density- normal strength concrete reinforced with 

longitudinal bars and transverse ties. The columns were pin ended and subjected to 

short term loads that produced pure axial force, axial force combined with equal and 

opposite end moments either in the major or minor axis, or pure bending moments. 

The computed strengths according to the codes were unfactored. The Eurocode 4 

simplified method was used to compute the axial load-bending moment interaction of 

the cross-sections and the columns capacity.  

The tested strengths were divided by the computed unfactored capacities to obtain 

normalized strength ratio. The strength ratios were taken as bending moment ratios 

for columns that were subjected to pure flexure and for all others were axial load 

strength ratios. 

With the Eurocode 4 simplified method, the column strengths were computed more 

accurately with an average strength ratio of 1.04 and a coefficient of variation 0.15.  
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The different end eccentricities, slenderness ratio (the column length to depth ratio), 

structural steel contribution ratio, longitudinal steel contribution ratio and 

characteristic compressive cylindrical strength of the concrete that were used in the 

tests didn’t affect the strength ratios pronouncedly. However, the various hoop 

volumetric ratio of the tested columns resulted in increased strength ratio. This was 

because the Eurocode 4 do not account for the increase in strength of the concrete due 

to the confinement by the transverse reinforcement.  
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3 UNIAXIAL INTERACTION CHART FOR I-SECTION FULLEY 

ENCASED IN CONCRETE 

3.1 Background 

Fafitis [16] computed the interaction surface of an arbitrary reinforced concrete section 

under axial load and biaxial bending. Analytically exact method based on Green’s 

theorem was applied to transform the double integrals of the concrete stress fields to 

line integrals along the boundaries of the concrete in the compression zone. 

Sousa and Muniz [2] proposed a procedure for the analysis of polygonal composite 

cross-sections that employs Green’s theorem for evaluation of cross-sectional 

properties.  

In this thesis, a uniaxial interaction curve is developed for fully encased rectangular 

composite cross-sections.  The section analysis for a given cross-section starts by 

assigning a particular strain distribution in the ULS. The stress fields are then 

determined using constitutive laws of materials. The stress-strain laws of materials 

are defined with piecewise polynomial functions. The stress resultants of a section are 

derived by summing the stress resultants for each of the materials i.e., the concrete, 

reinforcement and structural steel. Green’s theorem is used to transform the area 

integrals of the stress fields of the concrete in compression and structural steel either 

in tension or compression to line integrals along the corresponding boundaries of 

materials. The transformed line integrals are solved numerically by Gauss 

Quadrature. 

3.2 Basic Assumptions 

The major assumptions made in this study are: 

 There is full interaction among the concrete, reinforcement and structural 

steel until failure occurs. The strain in bonded reinforcement and structural 

steel, whether in tension or compression is the same as the surrounding 

concrete. Hence, plane sections remain plane after deformation.  

 The tensile strength of the concrete is neglected. 
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3.3 Constitutive Laws of Materials 

The stress-strain laws of the materials are described with piecewise defined 

polynomial functions.  

For design of a cross-section, parabolic-rectangular stress-strain relation is 

recommended in EN 1992-1-1:2004 [5]. The parabolic part is a second degree 

polynomial while the rectangular portion is a constant function (Figure 3.1).  




  
    

   

n

c
c cd

c2

f 1 1

  

for    c c20                                                                                                (3.1a) 

 c cdf

                            

for     c2 c cu2

                                   

                                (3.1b) 

Where: 

n              is the exponent according to EN 1992-1-1:2004 

c                   is compressive strain in the concrete 

c2           is the strain at reaching the maximum strength 

cu2          is the ultimate compressive strain in the concrete  

For normal strength concrete, the values of n, c2  and cu2

 

can be found in Annex A. 

 

Figure 3.1: Parabolic-rectangular stress-strain relation of concrete under compression 8  

                                                 
8 EN 1992-1-1:2004, 35 
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EN 1992-1-1:2004 [5] provides two types of stress-strain relations for reinforcing steel 

as shown in Figure 3.2. In this study the bilinear relation, which doesn’t limit the 

strain after yielding, is adopted and it is expressed as: 

 

Figure 3.2: Idealized and design stress-strain diagrams for reinforcing steel 9 

 s s sE

 

for   s sd0                                                                                                                                         (3.2a) 

 s sdf

                                                                                                                  

(3.2b) 

Where: 

 s                   is the strain in the reinforcing steel 

 sd            is the yield strain in the reinforcing steel  

The stress-strain relation for the structural steel is taken from EN 1993-1-1: 2005 [6] 

(Figure 3.3) and is given by: 

 a a aE

 

for   a yd0                                                                                                                                      (3.3a) 

 a ydf

                                                                                                                 

(3.3b) 

 

                                                 
9 EN 1992-1-1:2004, 40 
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Where: 

a                  is the strain in the structural steel 

yd           is the yield strain in the structural steel 

 

Figure 3.3: Bi-linear stress-strain relationship for structural steel 10  

3.4 Strain Distributions in the Ultimate Limit State 

Section analysis of a cross-section that is subjected to axial load and bending 

moments starts with assumed strain distribution in the ULS. Then, using stress-strain 

relationships of the constituent materials, the stress fields are determined. The stress 

fields are integrated over the respective regions of the materials in the cross-section to 

obtain their resultants. 

The possible strain distributions in the ULS are shown in Figure 3.4, which is adopted 

from EN 1992-1-1:2004 [5]. A section that has reached its ultimate capacity fails by 

either crushing of concrete or rupture of the steel in tension. Hence, a strain 

distribution in the ULS has to pass either through the concrete strain limit cu2

 

or the 

concrete pure compression limit c2  or the reinforcing steel tension strain limit ud . 

The limiting values of strain in compression or tension at the ultimate load have to be 

known. In EN 1992-1-1:2004 [5] the crushing strain cu2  of the most compressed 

concrete fiber is kept to 3.5‰ for normal strength concrete. The characteristic rupture 

strain uk  of the most tensioned steel fiber depends on the ductility class of the 

                                                 
10 EN 1993-1-1:2005, 39 
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reinforcement or the structural steel. According to EN 1992-1-1:2004 [5] 25‰, 50‰ 

and 75‰ may be used for Class A, Class B and Class C reinforcing steel respectively. 

In this thesis the ultimate strain in the steel is held to 25‰ and for determining 

capacity of a section, the factored strain ud  is kept uk0.8

 

which is equal to 20‰. 

The strain distributions in the ULS can be divided into five regions as shown Figure 

3.4. 

 The first region (1) represents when the section is under tension. The section is 

subjected to axial tension and small bending. The neutral axis lies outside the section 

in all the cases. The most tensioned steel fiber has reached ud . In this region, a 

section fails by rupture of steel. 

 

                                                   

  c2 cu2 ch' (1 / )h   

Figure 3.4: Possible strain distributions in the ultimate limit state  

The second region (2) embodies when some portion of the section is under 

compression, but the concrete has not yet reached its crushing strain. The section in 

this case is subjected to axial tension or compression and bending. The most 
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tensioned steel fiber has reached ud . Failure mode is still by the rupture of most 

strained steel. 

The third region (3) represents when the most compressed fiber reaches cu2  and the 

strain in the most strained steel in tension is less than ud  but greater or equal to its 

yield strain  sd . The section is subjected to axial compression and bending. A section 

in this region fails by crushing of concrete. 

The fourth region (4) depicts when the strain in the most strained steel in tension is 

below its yield strain. The section fails by crushing of concrete. 

Finally the fifth region (5) represents when the section is under compression. All the 

strain profiles pass through point C (Figure 3.4).  

3.5 Stress Resultants 

After the material stress-strain laws defined and a particular strain distribution in the 

ULS is known, the stress resultants can be determined. These resultants, i.e. the axial 

load and moments, are determined by integrating the stresses over the corresponding 

regions of materials in the cross-section. Solving the integrals involves evaluation of 

double integrals of the stresses of the concrete and the structural steel. The 

reinforcements can be assumed as discrete points. Therefore, their contribution can be 

directly determined by multiplying the stress by the area of the reinforcement along 

the same fiber. 

3.5.1 Cross-Sections Subjected to Axial load and Major axis Bending 

The stress in the concrete or structural steel is a function of the normal strain  .  

 c f ( )                                                                                                     (3.4) 

 a f '( )                                                                                                    (3.5) 

All the possible strain distributions in ULS have to pass through one of the points A, 

B or C (Figure 3.4). Having known which of these points a certain strain distribution 



 

 

 

34 

crosses and from strain compatibility, the entire strain profile can be described in 

terms of cu2 ,c2  or ud . 

For a particular strain distribution shown in Figure 3.5, the strain  at a distance   

from the neutral axis can be expressed as follows:  


  cu2c                                                                                                               (3.6) 

Where: 

Ψ            is the distance from the neutral axis 

c             is the depth from the most compressed fiber to the neutral axis 

 

Figure 3.5: Arbitrary cross-section under axial load and major axis bending 

In finite element analysis, columns are modeled as a line element represented at its 

geometrical center. Therefore, the action effects obtained from structural analysis of a 

system refer to centroids of columns. For this reason, Ψ is described in terms of a 

coordinate system referring to the centroid of a section. As can be seen from Figure 

3.5: 

    maxz c Z                                                                                                        (3.7) 
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And replacing Ψ in equation (3.6) with (3.7), the normal strain can be expressed in 

terms of z as: 

 
 

 
 max

cu2

z c Z

c                                                                                             (3.8) 

Hence, the stress in the concrete or structural steel is also a function of z: 

          c maxf f z c Z g z                                                                       (3.9)  

          a maxf ' f z c Z h z                                                                    (3.10)  

Equation (3.10) describes the stress in structural steel either in tension or 

compression. 

The functions g (z) and h (z) are described with piecewise defined functions that are 

expressed in equations (3.1a) and (3.1b) for the concrete and for that of structural 

steel with equations (3.3a) and (3.3b). Substituting the expression for the normal 

strain in the above equations with equation (3.8), the stress in the concrete can be 

expressed as: 




   
    

   

n

max cu2
cd

c2

( z c Z )
g( z ) f 1 1

c*
 

for  
   
 

 max
cu2 c2

z c Z
0

c
            (3.11a) 

 cdg( z ) f

                                                  

for  
   
 

 max
c2 cu2 cu2

z c Z

c
     (3.11b) 

And the stress in the structural steel is given by: 

   
 max

a cu2

z c Z
h( z ) E

c
 

for  
   
 

 max
cu2 yd

z c Z
0

c                            (3.12a) 

 ydh( z ) f

                   

                                                                                         (3.12b) 

The stress resultants of the concrete in the compression zone of area, A, are given by: 

  c A
N g z dA                                                                                                     (3.13)  

  yc A
M zg z dA                                                                                                  (3.14)  
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Where: 

Nc           is the axial force carried by the concrete 

Myc          is the moment resisted by the concrete about the y-y plane  

z             is the lever arm of the concrete to the geometrical center 

The structural steel contributions are evaluated as: 

  a A'
N h z dA'

                                                                                                   (3.15)   

  ya A'
M z' h z dA'

                                                                                             (3.16)  

Where: 

Na           is the axial force carried by the structural steel 

Mya          is the moment resisted by the structural steel about the y-y plane 

A′            is the area of structural steel either in tension or compression 

z′             is the lever arm of the structural steel to the geometrical center 

The reinforcement bars are assumed as discrete points and their contributions are: 




 
bN

s sj sj
j 1

N A
                                                                                                        (3.17)  




 
bN

ys sj sj sj
j 1

M Z A                                                                                                   (3.18)  

Where: 

Ns           is the axial force carried by the reinforcements 

Mys          is the moment resisted by the reinforcements about the y-y plane  

Asj           is the area of reinforcements at coordinates Ysj and Zsj 

σsj           is the stress in the steel at coordinate Ysj and Zsj 

Zsj           is the lever arm of the reinforcements to geometrical center   

Therefore, the stress resultants of the cross-section can be determined by summing 

the contribution of concrete, reinforcement and structural steel. 
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  x c s aN N N N                                                                                                  (3.19) 

  y yc ys yaM M M M                                                                                           (3.20)   

Where: 

Nx           is the axial force carried by the cross-section 

Mz            is the moment resisted by the cross-section for bending about the y-y plane  

3.5.2 Cross-Sections Subjected to Axial load and Minor axis Bending 

A similar procedure used for major axis bending is applied to evaluate the stress 

resultants of a section subjected to axial load and minor axis bending. 

 

Figure 3.6: Arbitrary cross-section under axial load and minor axis bending 

From Figure 3.6, the strain at distance ψ is: 

 


  
 

  max
cu2 cu2

y c Y

c c                                                                             (3.21) 

The stress in the concrete or structural steel is a function of the normal strain  and 

hence it is also a function of y. 

          c maxf f y c Y g y                                                                    (3.22)  

          a maxf ' f y c Y h y                                                                    (3.23)  
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The functions g(y) and h(y) are piecewise defined material laws for the concrete and 

structural steel respectively. 




   
    

   

n

max cu2
cd

c2

( y c Y )
g( y ) f 1 1

c*
 

for  
   

 
 max

cu2 c2

y c Y
0

c
            (3.24a) 

   cdg y f

                                                  

for 
   

 
 max

c2 cu2 cu2

y c Y

c
      (3.24b) 

And the stress in the structural steel is given by: 

     
 max

a cu2

y c Y
h y E

c
  

for  
   

 
 max

cu2 yd

y c Y
0

c                             (3.25a) 

   ydh y f

        

                                                                                                   (3.25b) 

The force and moment carried by the concrete under compression are: 

  c A
N g y dA                                                                                                    (3.26)  

  zc A
M yg y dA                                                                                                 (3.27)  

Where: 

Nc           is the axial force carried by the concrete 

Mzc          is the moment resisted by the concrete about the z-z plane 

y             is the lever arm of the concrete to the geometrical center 

The contributions of the structural steel are: 

  a A'
N h y dA'

                                                                                                  (3.28)   

  za A'
M y' h y dA'

                                                                                             (3.29)  

Where: 

Na           is the axial force carried by the structural steel 

Mza          is the moment resisted by the structural steel about the z-z plane  

y ′           is the lever arm of the structural steel to the geometrical center 
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And the contributions of reinforcements are: 




 
bN

s sj sj
j 1

N A
                                                                                                        (3.30)  




 
bN

zs sj sj sj
j 1

M Y A                                                                                                    (3.31)  

Where: 

Ns           is the axial force carried by the reinforcements 

Mys          is the moment resisted by the reinforcements about the z-z plane  

Ysj           is the lever arm of the reinforcements to geometrical center   

Thus, the capacity of the cross-section is: 

  x c s aN N N N                                                                                                  (3.32) 

  z zc zs zaM M M M                                                                                            (3.33)   

Where: 

Nx           is the axial force carried by the cross-section 

Mz            is the moment resisted by the cross-section for bending about the z-z plane  

3.6 Solution of the Stress Resultants of the Concrete and Structural Steel 

As realized in section 3.5, the stress resultants of the concrete and structural steel 

necessitate solving double integrals over their respective regions in compression and 

in tension. The evaluation of these integrals is computationally difficult. By applying 

Green’s theorem, a particular double integral over an area A can be transformed to 

line integrals along several lines L that enclose the area  A.  

Let A be a closed bounded region in the yz-plane whose boundaries L consists of 

finitely many smooth curves. If P and Q are functions that are continuous and have 

continuous partial derivatives  p / z
 

and  Q / y
 

everywhere in a domain 

containing A, Then: [17] 

         A L L
Q / y P / z dydz Pdy Qdz                                                        (3.34)   
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From the Figure 3.5, the compressed region A of the concrete is bounded by “1-2-3-

4-1” and that of the structural steel is bounded by “a-b-c-d-e-f-g-h-a”. The structural 

steel in tension is “h-i-j-k-l-m-n-a-h”. The stresses of the concrete and the structural 

steel are reducible with respect to the y and z. Hence, Green’s theorem is applicable 

for solving the stress resultants.  

Fafitis 
[16]

 tailored Green’s theorem to be applicable for reinforced concrete sections 

subjected to axial load and biaxial bending. His work can be extended to serve 

analysis of composite sections in this study.  

Let P(y, z) is equal to zero, let “r” and “s” be nonnegative integers and Q be: 

 
  r 1 s1

Q y z f z dy
r 1                                                                                        (3.35)  

In equations (3.35), f (z) is the stress either in concrete or structural steel as has been 

defined in section 3.5.  

With the above definitions of P and Q, equation (3.34) becomes: 

   
 r s r 1 s

A L

1
y z f z dydz y z f z dz

r 1                                                             (3.36)   

If f(z) is equal to g(z), the stress resultant of the concrete Rc over the compressive 

zone is reduced to the line integrals: 

 
  r 1 s

c L

1
R y z g z dz

r 1                                                                                      (3.37)   

For r=0 and s=0, the left-hand side of equation (3.37) represents the axial load Nc. 

  c L
N yg z dz                                                                                                    (3.38)   

For r=0 and s=1, the left-hand side of equation (3.37) represents the bending moment 

Myc. 

  yc L
M yzg z dz                                                                                                 (3.39)   

If f(z) is equal to h(z), the stress resultant of the structural steel Ra either in tension or 

compression zone is reduced to the line integrals: 
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 
  r 1 s

a L'

1
R y z h z dz

r 1                                                                                     (3.40)    

For r=0 and s=0, the left-hand side of equation (3.40) represents the axial load Na. 

  a L'
N yh z dz                                                                                                    (3.41)   

For r=0 and s=1, the left-hand side of equation (3.40) represents the bending moment 

Mya. 

  ya L'
M yzh z dz                                                                                                (3.42)   

In a similar way the stress resultants of a section subjected to minor axis bending and 

axial load can be transformed to line integrals along the boundaries of the compressed 

concrete, compressed structural steel and tensioned structural steel. Thus the axial 

load and moment carried by the concrete are: 

  c L
N zg y dy                                                                                                    (3.43)   

  zc L
M zyg y dy                                                                                                (3.44)   

And that of the structural steel are: 

  a L'
N zh y dy                                                                                                   (3.45)   

  za L'
M zyh y dy                                                                                                (3.46)   

The stresses in the materials are expressed with polynomial functions. Therefore, the 

line integrals from equation (3.37) to (3.46) are definite integrals. Even though such 

integrals are explicit, it is preferred to solve them numerically to facilitate 

computation. Among the many numerical methods is Gaussian Quadrature, which 

yields exact solution of the definite integration. In the above line integrations, the 

highest degree of the integrand is third order. Consequently, it is sufficient to use 

three points Gaussian quadrature to solve the line integrals exactly. 

The sides of the compressive zones of the concrete or structural steel and the sides of 

the tensile region of structural steel can be defined with Y-Z coordinates whose origin 
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is at the geometrical center of the section. For example from Figure 3.4 the integral 

along the side “1-2” of the concrete is: 

 
 

2

1

z
r 1 s

c1

z

1
R y z g z dz

r 1                                                                                      (3.47)   

The domain of integration in equation (3.47) is from [z1, z2]. But in three-point 

Gaussian Quadrature, the domain of integration is [-1, 1] in the form as below: 

   




 
31

i i1
i 1

f x dx w f x                                                                                        (3.48)   

Where:  

f(x)          is a polynomial function 

wi            is gauss weights 

xi             is gauss points 

All the line integrals from equation (3.37) to (3.46) are out of the domain [-1, 1]. 

Therefore, it is necessary to transform these integrals onto this range using change of 

variables. If we let the following be:  

 
 2 1 2 1z z z z

z u
2 2   and                                                                                     (3.49)   


 2 1z z

dz du
2                                                                                                        (3.50)   

Thus, equation (3.47) can be rewritten as: 





       
1

r 1 s2 1 2 1 2 1
c1

1

1 z z z z z z
R y z g u du

r 1 2 2 2                                               (3.51)   

Likewise, all the line integrals can be restated to fit in the Gauss Quadrature domain. 

Once this is done, the solutions of the integrals can be determined directly with 

simple arithmetic. Thus, for a section subjected to major axis bending, the stress 

resultants of the concrete are: 
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   


  
3

c i iL
i 1

N yg z dz y w g z                                                                             (3.52)    

   


  
3

yc i iL
i 1

M yzg z dz y w G z                                                                         (3.53)  

  G( z ) zg z                                                                                                         (3.54)  

And the stress resultants of the structural steel are: 

   


  
3

a i iL'
i 1

N yh z dz y w h z                                                                            (3.55)   

   


  
3

yc i iL'
i 1

M yzh z dz y w H z                                                                        (3.56)   

H( z ) zh( z )                                                                                                         (3.57)  

Similarly for a section under minor axis bending and axial force, the stress resultants 

of the concrete are: 

   


  
3

c i iL
i 1

N zg y dy z w g y                                                                            (3.58)    

   


  
3

zc i iL
i 1

M zyg y dy z w G y                                                                        (3.59)  

    G z yg y                                                                                                       (3.60)  

And that of the structural steel are: 

   


  
3

a i iL'
i 1

N zh y dy z w h y                                                                            (3.61)   

   


  
3

zc i iL'
i 1

M zyh y dy z w H y                                                                       (3.62)   

   H y yh y                                                                                                        (3.63) 

For three points Gauss Quadrature the gauss number and gauss weights are as follow: 
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Table 3.1: Gauss numbers and weights for three points Gaussian Quadrature 

Gauss Number Gauss Weight 

z1/y1 z2/y2 z3/y3 w1 w2 w3 

3
5  

0 3
5  

8
9  

5
9  

8
9  

 

The concrete area that is replaced by the reinforcements or structural steel section in 

the compression zone is accounted by applying force and moment reduction. For the 

area replaced by the reinforcements, these are obtained by directly multiplying the 

area of the reinforcements at a particular fiber by the stress in the concrete in that 

same fiber. Integrating the stress in the concrete over the regions of structural steel in 

the compression zone provides the reduction for the area displaced by steel section.   

3.7 Development of the Program 

As have been discussed in section 3.4, all the possible strain distributions in the ULS 

are classified into five regions for ease of calculation and programming. Having a 

particular strain distribution, the corresponding stress resultants yield a point on the 

interaction curve. To facilitate evaluation of many more of such points on the 

interaction curve, an algorithm is developed. Furthermore, to increase the 

applicability of this study a Matlab program with a friendly graphical user interface 

called UICISEC is integrated. 

3.7.1 Qualitative Flowchart 

For a particular neutral axis located at c distance from the most compressed fiber of a 

cross-section (Figure 3.5), the corresponding strain distribution category can be 

known. The limiting neutral axis depth for a particular region can be described in 

terms of the ultimate strains in steel and concrete as well as the cross-sectional 

dimensions. For different values of c, the entire curve is evaluated. A general 

representation of this process is shown on Figure 3.7 for the case of normal force 

major axis bending interaction. In the flowchart, the subscripts “1-5” indicate the 
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Input cross-sectional 

parameters 

Calculate Nx1, My1 

c≤0 

 

Calculate Nx2, My2 
 

c≤hc 
Calculate Nx3, My3 

Calculate Nx4, My4 Calculate Nx5, My5 

stress resultants in which regions of strain distribution they are computed.  Similar 

procedure is adopted for developing minor axis bending interaction curves. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.8: Qualitative flowchart 
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3.7.2 Limitations 

The developed program has the following limitations: 

 It is developed for uniaxial charts. 

 Normal strength concrete is considered according to EN 1992-1-1:2004 [5]. 

 The grade of the reinforcement is limited to S500. 

 The grade of structural steel is limited to S275. 

 The database for the size of reinforcement is as stated in Annex D. 

 The types of structural steel that are included in the database are all groups of 

HEA, HEB, HEM and IPE sections according to the European 

standardization. 

 The web reinforcements are ignored in the calculation of major axis bending 

and axial load interaction. However, they are accounted in evaluation of the 

section capacity for minor axis bending. This is reasonable enough as these 

reinforcements lie on the farthest side from the geometrical center and they 

have higher lever arms for bending about the weaker plane. 

 The same concrete covers to the structural steel on the top and bottom sides 

or on the left and right sides are assigned. 

 The same concrete covers to the reinforcement on the top and bottom layers 

or on the left and right side layers are assigned. 

 Material properties and partial safety factors for materials are adopted 

according to EN 1994-1-1:2004 [3]. 

 The effect of confinement to the concrete by the flanges of the structural steel 

section or the transverse reinforcement is not considered. 

 The influence of transverse shear on the strength of the web of the structural 

steel section is ignored. 
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3.7.3 Material Properties and Partial Safety Factors 

The material properties for concrete, reinforcement and structural steel are taken 

according to EN 1994-1-1:2004 [3]. In EN 1994-1-1:2004, 3 [3], unless specified 

exclusively, the material properties of concrete and reinforcement are adopted from 

EN 1992-1-1 [5] and that of structural steel from EN 1993-1-1 [6].  

The modulus of elasticity of the structural steel Ea is taken as 210Gpa. EN 1994-1-

1:2004, 3.2 [3] allows the modulus of elasticity of the reinforcement to be taken equal 

to the value of structural steel.  However, in this study it is kept 200Gpa. 

The partial safety factors of materials used are: 

αcc=0.85 is factor to account for long term effects on the compressive strength and of 

unfavorable effects resulting from the way the load is applied. 

γc = 1.50  is the partial safety factor for the concrete. 

γs = 1.15  is the partial safety factor for the reinforcement. 

γa = 1.10  is the partial safety factor for the structural steel. 

Therefore, the design values of material strength can be determined by dividing their 

characteristics strength by the corresponding safety factors. 

3.7.4 Sign Convention 

Axial compression is taken as positive and axial tension is taken as negative. 

Counterclockwise moment is positive while clockwise moment is taken as negative. 

3.7.5 Data Base for Strength Class and Size of Materials 

In this study, only encased sections in normal strength concrete are considered. The 

strength class of concrete with their respective properties can be found in Annex A. 

The strength class and size of the reinforcement are listed in Annex B and Annex D 

respectively.  

In Annex C and Annex E, the strength class and structural steel section types together 

with their geometrical properties are listed respectively. The structural steel types are 
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taken according to the European standardization [18-21] for groups of HEA, HEB, HEM 

and IPE sections. There are ninety sections in total.  

3.7.6 The Graphical User Interface 

To advance the practice of this program, a friendly graphical user interface is 

incorporated. The material strength class, size of reinforcement bars, type of 

structural steel sections and cross-sectional dimensions are inputted by the user of 

UICISEC. To assist in understanding of what the variables of the dropdown boxes or 

static boxes are referring to, a side view of a typical composite cross-section with 

description of these variables is integrated.  

As can be seen in Figure 3.8, the interaction curve is plotted in the same window 

where the cross-sectional parameters and material types are defined. The kind of 

curve that is plotted is activated by the push buttons, which are lying on the left 

bottom corner of the window. The” Nx-My” push button activates the plotting of major 

axis bending and normal force interaction curve. On the other hand, the” Nx-Mz” push 

button initiates the plotting of minor axis bending plus normal force interaction curve. 

A data cursor tool is available, which lies on the right top corner of the window, to 

enable reading of points on the curve accurately. However, only points that have been 

calculated by the program can be read. Intermediate values between points can be 

obtained by interpolating.  
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Figure 3.8: The graphical user interface of UICISEC 
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3.8  Verification 

Points on the interaction curve are validated with the output of section analysis 

software called MASQUE, which was developed by Busjäger and Quast [7]. The 

verified cross-section is shown in Figure 3.9. Several points on the interaction curves 

are checked.   

 

Figure 3.9: Verified section 

The section is made of strength class of concrete C30/37, reinforcement S500 and 

structural steel S235. 

As shown in Figure 3.9, there are four corner reinforcement of Ø20.  
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For a given cross-section and material properties the ultimate resistance Ru (Nu, Myu, 

Mzu) on the interaction surface is determined that is associated with a given initial 

force vectors Ri (Ni, Myi, Mzi). The ultimate resistance is obtained iteratively until the 

convergence criteria given in the program is meet. [19] 

Comparison of the output of this study and MASQUE are summarized in Table 3.2 

and Table 3.3 for the minor axis bending and major axis bending interactions with the 

normal force respectively. Values of the ratio of R to Ru that are very close to 1 are 

obtained for both the cases.  

Table 3.2: Comparison for minor axis bending   

From Thesis (UICISEC) MASQUE Ratio 

Ni 

[kN] 

Mzi 

[kNm] 

Nu 

[kN] 

Mzu 

[kNm] u

R

R
  

4737.00 0.00 4638.78 0.0007 0.9793 

3972.00 80.27 3960.91 80.46 0.9972 

3544.00 117.10 3537.09 116.872 0.9981 

3138.00 143.60 3135.55 143.488 0.9992 

2643.00 165.80 2648.3 166.109 1.0019 

2197.00 179.50 2203.91 180.065 1.0031 

1520.00 195.90 1528.18 196.919 1.0052 

1204.00 196.70 1211.68 197.937 1.0063 

688.70 194.60 693.295 195.848 1.0064 

0.00 186.74 0.00096 188.182 1.0077 

-478.20 178.50 -471.089 175.86 0.9852 

-934.90 153.00 -912.583 149.351 0.9761 

-1399.00 114.50 -1348.13 110.335 0.9636 

-1795.00 70.51 -1729.81 67.9513 0.9637 

-2352.00 0.00 -2269.64 0.0000 0.9650 
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Table 3.3: Comparison for major axis bending 

From Thesis (UICISEC) MASQUE Ratio 

Ni 

[kN] 

Myi 

[kNm] 

Nu 

[kN] 

Myu 

[kNm] u

R

R
  

4737.00 0.00 4638.78 0.0007 0.9793 

3612.00 201.10 3629.27 202.062 1.0048 

3247.00 263.40 3263.08 264.724 1.005 

2823.00 330.00 2837.71 331.659 1.0051 

2457.00 384.10 2469.98 386.098 1.0052 

2042.00 442.70 2052.92 445.060 1.0053 

1661.00 489.20 1669.58 491.694 1.0051 

1317.00 516.20 1323.58 518.761 1.0050 

1109.00 521.00 1113.99 523.319 1.0045 

795.00 514.90 797.764 516.891 1.0039 

323.40 483.40 324.314 484.746 1.0028 

0.00 446.30 0.0938 447.1666 0.0938 

-305.00 400.90 -301.958 396.846 0.9899 

-681.60 346.30 -650.185 330.278 0.9538 

-1062.00 267.80 -1020.83 257.417 0.9612 

-1425.00 196.60 -1364.96 188.322 0.9579 

-1601.00 161.10 -1532.81 154.243 0.9574 

-1903.00 99.61 -1821.17 95.3385 0.9570 

-2352.00 0.00 -2269.64 0.0000 0.9650 
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4 DESIGN EXAMPLE 

One application of this study is demonstrated with a design example for a column 

length subjected to biaxial bending using the EN 1994-1-1:2004 [3] simplified method. 

The uniaxial interaction curves of UICISEC are utilized.  

The cross-section, which has been verified in Chapter 3, 3.8, is used in this example. 

This section is proportioned to meet the requirements of EN 1994-1-1:2004 [3] for 

using the simplified method as reviewed in Chapter 2, 2.3.1. First, the capacity of the 

column length is examined independently for each axis of bending. Then, the 

capacity of column length is verified for the biaxial bending.  

For simplification, the long term effects of creep and shrinkage are not considered. 

The sectional parameters and material type of the cross-section are: 

Cross-section parameters:  

The variables describing the cross-sectional parameters are shown in Figure 4.1 

labeled:  

hc=500mm, bc=300mm, Cz=50mm, Cy=60mm, ez=30mm, ey=30mm, Ast=220, 

Asb=220.    

The structural steel type is IPE 400: The section properties can be found in Annex E. 

Materials 

Strength class of concrete C30/37, reinforcement S500, structural steel S235 

Column length (Buckling length) =5.0m 

Design values of action effects from first order analysis 

NEd=1500.0kN 

The maximum moment about the y-y plane is My,max=150.0kNm 

The maximum moment about the z-z plane is Mz,max=50.0kNm 
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Figure 4.1: Cross-sectional parameters 

4.1 Resistance of the Column Length for Major Axis Bending  

Cross-section capacity  

All the cross-sectional parameters are inserted in the GUI of UICISEC as shown in 

Figure 4.2. 

Then, the My-Nx interaction is plotted (Figure 4.3).  
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Figure 4.2: Inputted parameters 
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Figure 4.3: My-Nx interaction curve 
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Design of the column according to the simplified method of EN 1994-1-1:2004 

Once the section capacity is determined, the design of the column length is done by 

using the EN 1994-1-1:2004 simplified method.  

 The effective flexural stiffness 

As mentioned at the beginning of this chapter, the long term loading effects on the 

flexural rigidity of the column is not considered in this example. Hence, the effective 

stiffness is computed considering the short term loading. 

The effective flexural rigidity for bending about y-y axis is: 

 

 

   

   

a y,a s y,s cm cy,eff

3 4
y,a

22 3 4
y,s

3

3 3 4 3 4
c

3 4 3

y,eff

EI E I E I 0.6E I

I 231,300*10 mm

I 2*628mm * 220mm 60,790.4*10 mm

300mm * 500mm
I 231,300*10 60,790.4*10 mm 2,832,909.6*10 mm

12

EI 210Gpa *231,300*10 mm 200Gpa *60,790.4*10 mm

  



 

   

   

 

 

4

3 4

9 9 9 2 9 2
y,eff

                0.6*33Gpa *2,832,909.6*10 mm

(EI) 48.573*10 12.158*10 56.092*10 kNmm 116.823*10 kNmm



   

                 

The second moment of area of structural steel is obtained from Annex E, E.4. 

 The critical buckling loads  

 
 

2 2 9 2
y,eff

y,cr ,eff 22

EI *116.823*10 kNmm
N 46,120kN

L 5000mm

 
    

 The imperfection moment  

For buckling about the y-y axis, the member imperfection is given in Table 2.4, 
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o

L 5.0m
e 0.025m

200 200
    

And the imperfection moment is: 

y,Im p o EdM e * N 0.025m*1500kN 37.5kNm    

 Second Order moments 

As stated in Chapter 2, 2.3.3, second order effects can be neglected if the following is 

satisfied: 

y,cr ,eff EdN 10N

46,120kN 10*1500kN 15,000kN



 
 

Hence, the second order moment can be ignored. 

The total design moment is: 

y,Ed y,max y,Im pM M M 150.0kNm 37.5kNm 187.5kNm     

 Check for the capacity of the column length 

In addition to the design moment from first order analysis, the column length must 

have a sufficient capacity for the imperfection moment.  

The available resistance to flexure is limited to the plastic moment resistance Mpl,Rd  

unless it is justified that the design bending moment MEd depends directly on the 

action of the axial force NEd. In this example the maximum resistance for moment is 

limited to Mpl,,Rd (Figure 4.4). For the design axial load, the corresponding moment 

capacity is taken from the interaction curve as shown in Figure 4.4. 
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Figure 4.4: Design for axial force and major axis bending 
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Mpl,y,Rd  is obtained by interpolating between the nearby points on the interaction 

curve. Thus: 

dy pl,y,RdM 446.3kNm   

For stability check, the column length must satisfy the following: 

y,Ed m dy pl,y,RdM M    

In EN 1994-1-1:2004 [3], the factor M  is needed to account for the unconservative 

assumption made while evaluating the interaction curve by rigid plastic assumption. 

The concrete in the compression zone is assumed to resist a stress of 0.85fcd constant 

over the depth from the plastic neutral axis to the most compressed concrete fiber. 

However, in this study the points on the interaction curve are computed beginning 

from the actual strain distributions through the cross-section. As a result, this factor 

can be omitted. Therefore: 

y,Ed dy pl,y,RdM M

187.5kNm 446.3kNm

 


 

Hence, the column length has sufficient capacity with the assumed initial cross-

section to resist the design action effects.       

4.2 Resistance of the Column Length for Minor Axis Bending  

Cross-section capacity 

The cross-sectional inputs are as shown in figure 4.2. 

Then, the Mz-Nx interaction is plotted and it shown in Figure 4.5.  
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Figure 4.5: Mz-Nx interaction curve 
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Design of the column according to the simplified method of EN 1994-1-1:2004 

 The effective flexural stiffness 

The effective flexural rigidity for bending about z-z axis is: 

 

 

   

   

a z,a s z,s cm cz,eff

3 4
z,a

2 3 4
z,s

3

3 3 4 3 4
c

3 4 3 4
z,eff

EI E I E I 0.6E I

I 13,180*10 mm

I 2*628mm* 120mm 18,086.4*10 mm

500mm* 300mm
I 13,180*10 18,086.4*10 mm 1,093,733.6*10 mm

12

(EI) 210Gpa *13,180*10 mm 200Gpa *18,086.4*10 mm

 

  



 

   

 

 

   

3 4

9 9 9 2 9 2

z,eff

             0.6*33Gpa *1,093,733.6*10 mm

EI 2.768*10 3.617*10 21.656*10 kNmm 28.041*10 kNmm



   

                 

The second moment of area of structural steel is obtained from Annex E, E.4. 

 The critical buckling loads  

 
 

2 2 9 2
eff

cr ,z 22

EI *28.041*10 kNmm
N 11,070kN

L 5000mm

 
    

 The imperfection moment  

For buckling about the z-axis, the member imperfection is given in Table 2.4, 

o

L 5.0m
e 0.0333m

150 150
    

And the imperfection moment is: 

z,Im p o EdM e * N 0.0333m *1500kN 50.0kNm    

 Second Order moments 

Second order effects can be neglected if the following is satisfied: 
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y,cr ,eff EdN 10N

11,070kN 10*1500kN 15,000kN



 
 

Hence, the second order moments have to be considered. As reviewed in chapter 2, 

2.3.3, the second order moments can be accounted by amplifying the first order 

results. 

 The amplification factor k is evaluated as:

 
Ed

cr,eff

k 1
N

1
N


 


 

The moment factor   is obtained from Table 2.3. For both the first order moment and 

the imperfection moment 1.0  .  

Therefore:

 

imp

1
k 1.16 1

1500
1

11,070

  


 

The total design moment is: 

z,Ed z,max z,Im p ) 1.16M k(M M 0.0kNm 50.0kNm) 116.0kN( m5     

 Check for the capacity of the column length 

Limiting the maximum resistance for moment to Mpl,z,Rd, the capacity of the column to 

minor axis bending is checked. 

For the design axial load, the corresponding moment capacity is taken from the 

interaction curve of Figure 4.6. Mpl,z,Rd  is obtained by interpolating between the 

nearby points on the interaction curve. Thus: 

dz pl,z,RdM 186.6kNm   

The column length must also satisfy the following: 

Ed,z dz pl,Rd,zM M

116.0kNm 186.6kNm

 


 

Hence, the column length has sufficient capacity with the assumed initial cross-

section to resist the design action effects.    



 

 

 

64 

 

Figure 4.6: Design for axial force and minor axis bending 
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4.3 Resistance of the Column Length for Biaxial Bending 

For biaxial bending, the column length must satisfy the following conditions other 

than the separate check for uniaxial bending carried out in section 4.1 and 4.2: 

y,Ed z,Ed

dy pl,y,Rd dz pl,z,Rd

M M
1

M M
 

 
 

As reviewed in Chapter 2, 2.3.5, the member imperfection is taken one at a time in 

each plane of bending and checked. 

Taking the initial bow in the y-y axis: 

187.5kNm 58.0kNm
1

446.3kNm 186.6kNm

0.73 1

 

  

Taking the initial bow in the z-z axis: 

150kNm 116.0kNm
1

446.3kNm 186.6kNm

0.96 1

 

  

Hence, the column length has sufficient capacity to resist the axial load and biaxial 

moment. 
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5 SUMMARY AND DISSCUSSION  

The EN 1994-1-1:2004 [3] provides simplified procedure to evaluate the interaction 

curve of a composite section fulfilling certain requirements. This method is based on 

some assumptions and approximations. Regardless of these simplifications, the 

evaluation of the capacity of a cross-section is yet demanding and this has been a 

constraint to use composite frame systems. High-rise construction is being introduced 

in Ethiopia in recent times and many more are expected to be built. Composite 

systems may provide optimal solution with regard to such constructions. However, 

neither design aid nor analysis tool is developed until now according to the revised 

building codes.  To this end, this thesis proposed a solution method for computing the 

uniaxial interaction curves for “I” or “H” sections fully encased in concrete.   

In this study full interaction among the component materials of the cross-sections and 

plane sections remain plane after deformation were assumed.  

The section analysis commences from a particular strain distribution in the ULS. The 

possible strain distributions in the ULS were adopted from EN 1992-1-1:2004 [5]. 

Having a particular strain distribution in the ULS, the stress in the materials was 

found using the stress-strain relationships. The constitutive laws of the materials were 

described with piecewise defined polynomial functions. For the concrete, a parabolic-

rectangular stress-strain relation was taken according to EN 1992-1-1:2004 [5]. For the 

reinforcement steel and structural steel, bi-linear stress-strain relations were adopted 

according to EN 1992-1-1:2004[5] and EN 1993-1-1:2005 [6] respectively.  

The stress resultants of the cross-section were obtained by summing the contributions 

of the concrete, reinforcement and structural steel. Evaluation of the stress resultants 

of the concrete and structural steel required evaluation of double integrals over their 

respective regions. These integrals were transformed into line integrals along the 

boundaries of the concrete in compression and the structural steel either in 

compression or tension. For ease of computation, the line integrals were solved using 

three-points Gauss Quadrature, which is an exact method for the assumed stress-

strain relationships of the materials.  
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The reinforcements are assumed as discrete points and thus, their stress resultants 

were obtained by directly multiplying the stress along a fiber by the corresponding 

area of the reinforcements.  

Double counting of the concrete area that is replaced by the reinforcements and 

structural steel was avoided.  

The developed interaction curves were verified with the output of MASQUE [7]. A 

sample cross-section was used for both plane of bending interactions with the normal 

force. Almost exact results were obtained. 

To facilitate the evaluation of points on the interaction curve for different types of 

composite cross-sections, an algorithm was developed. To advance the applicability 

of this study, a Matlab program with a graphical user interface called UICISEC was 

incorporated. The database of UICISEC is limited to normal strength concrete, 

reinforcement grade up to S500 and that of structural steel up to S275. The database 

for the reinforcement sizes and structural steel sections are listed in the Annexes.  

A design example for a column length that was subjected to a biaxial bending was 

carried out according to the EN 1994-1-1:2004 [3] simplified method. This method is 

based on the uniaxial interaction curves in both planes of bending. Hence, the 

uniaxial plots of UICISEC were utilized. In EN 1994-1-1:2004 [3], the factor M  is 

included in the stability check of a member to accounts for the unconservative 

assumption during the evaluation of the interaction curves with the simplified 

method. This assumption was that the concrete in the compression zone resists a 

stress of 0.85fcd which is constant over the entire depth up to the plastic neutral axis. 

Depending on the structural steel grade, M  has a value of 0.9 or 0.8. This factor is 

multiplied with the available resistance for flexure. However, in this study the points 

on the interaction curves were computed starting with the actual strain distributions in 

the ULS throughout the cross-section. As a result, this factor can be omitted in the 

verification of a column length using the curves of UICISEC. 

An analysis tool like UICISEC can be very appealing to structural engineer as it 

facilitates the effort of providing safety and economy in structural systems. With 
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proportioning and designing structural systems, come the associated iterative design 

procedures. For steel-concrete composite columns, these are very time taking and 

inflexible progression. Furthermore, as the code analysis procedure is for sections 

proportioned in a certain way only, this also puts another constraint to the designers. 

All together with unsuitable analysis tools, it left the use of composite section under 

question. Hence, it is believed that for encased composite section at least, this study 

alleviates these problems in some way.  
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6 RECOMMENDATION 

This thesis addressed the section analysis problem for fully encased rectangular 

composite sections by providing a solution method and software that enables to plot 

the uniaxial curves. Furthermore, a biaxial design example is done to show the one 

application of this study. The design was carried out according to the Eurocode 4, 

which is adopted by the new Ethiopian building code for the design of composite 

structures. Designers can use the software in analyzing and designing composite 

columns. 

A generic program for the analysis of arbitrary composite sections that are subjected 

to biaxial bending and axial load can be developed. Furthermore, the confinement 

effects by the flanges of steel sections and by the transverse reinforcements on the 

concrete ultimate crushing strain as well as strength can be incorporated. The 

influence of the transverse shear on the strength of the web of steel section can also 

be integrated.  
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ANNEX 

Annex A Strength and Deformation Characteristics for Normal Strength 

Concrete 

Strength classes for concrete 

Class 12/15 16/20 20/25 25/30 30/37 35/45 40/50 45/55 50/60 

fck 

(Mpa) 

12 16 20 25 30 35 40 45 50 

fck,cube 

(Mpa) 

15 20 25 30 37 45 50 55 60 

fctm 

(Mpa) 

1.6 1.9 2.2 2.6 2.9 3.2 3.5 3.8 4.1 

Ecm 

(Gpa) 

27 29 30 31 33 34 35 36 37 

Ԑc2 

(‰) 

2.0 

Ԑcu2 

(‰) 

3.5 

n 2.0 
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Annex B Strength Class of Reinforcement 

Class S300 S400 S500 

fsk  (Mpa) 300 400 500 

Annex C Strength Class of Structural Steel 

Class S300 S400 S500 

Fyk  (Mpa), t≤40mm 300 400 500 

Annex D Size of Reinforcement bar 

Diameter of bar 

(mm) 

    Area 

(mm2) 

6 28.3 

8 50.3 

10 78.5 

12 113.0 

14 154.0 

16 201.0 

18 254.0 

20 314.0 

22 380.0 

24 452.4 

26 531.0 

30 707.0 

32 804.2 

34 908.0 

40 1257.0 
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Annex E Type of Structural Steel Section 

 

Figure E.1: Cross-sectional designation of structural steel  
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E.1 HEA Groups 

Type Nominal dimensions Area Section properties 

HEA b  

(mm) 

h 

 (mm) 

tw  

(mm) 

tf  

(mm) 

r 

(mm) 

Aa 

(cm2) 

Iy 

(cm4) 

Iz 

(cm4) 

HEA 100 100 96 5.0 8.0 12 21.2 349.2 133.8 

HEA 120 120 114 5.0 8.0 12 25.3 606.2 230.9 

HEA 140 140 133 5.5 8.5 12 31.4 1,033 389.3 

HEA 160 160 152 6.0 9.0 15 38.8 1,673 615.6 

HEA 180 180 171 6.0 9.5 15 45.3 2,510 924.6 

HEA 200 200 190 6.5 10.0 18 53.8 3,692 1,336 

HEA 220 220 210 7.0 11.0 18 64.3 5,410 1,955 

HEA 240 240 230 7.5 12.0 21 76.8 7,763 2,769 

HEA 260 260 250 7.5 12.5 24 86.8 10,450 3,668 

HEA 280 280 270 8.0 13.0 24 97.3 13,670 4,769 

HEA 300 300 290 8.5 14.0 27 112.5 18,260 6,310 

HEA 320 300 310 9.0 15.5 27 124.4 22,930 6,985 

HEA 340 300 330 9.5 16.5 27 133.5 27,690 7,436 

HEA 360 300 350 10 17.5 27 142.8 33,090 7,887 

HEA 400 300 390 11 19.0 27 159.0 45,070 8,564 

HEA 450 140 440 11.5 21.0 27 178.0 63,720 9,465 

HEA 500 300 490 12.0 23.0 27 197.5 86,970 10,370 

HEA 550 300 540 12.5 24.0 27 211.8 111,900 10,820 

HEA 600 300 590 13 25.0 27 226.5 141,200 11,270 

HEA 650 300 640 13.5 26.0 27 241.6 175,200 11,720 

HEA 700 300 690 14.5 27.0 27 260.5 215,300 12,180 

HEA 800 300 790 15 28.0 30 285.8 303,400 12,640 

HEA 900 300 890 16 30.0 30 320.5 422,100 13,550 

HEA 1000 300 990 16.5 31.0 30 346.8 553,800 14,000 
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E.2 HEB Groups 

Type Nominal dimensions Area Section properties 

HEB b  

(mm) 

h 

 (mm) 

tw  

(mm) 

tf  

(mm) 

r 

(mm) 

Aa 

(cm2) 

Iy 

(cm4) 

Iz 

(cm4) 

HEB 100 100 100 6 10 12 26.0 449.5 167.3 

HEB 120 120 120 6.5 11.0 12 34.0 864.4 317.5 

HEB 140 140 140 7.0 12.0 12 43.0 1,509 549.7 

HEB 160 160 160 8.0 13.0 15 54.3 2,492 889.2 

HEB 180 180 180 8.5 14.0 15 65.3 3,831 1,363 

HEB 200 200 200 9.0 15.0 18 78.1 5,696 2,003 

HEB 220 220 220 9.5 16.0 18 91.0 8,091 2,843 

HEB 240 240 240 10.0 17.0 21 106.0 11,260 3,923 

HEB 260 260 260 10.0 17.5 24 118.4 14,920 5,135 

HEB 280 280 280 10.5 18.0 24 131.4 19,270 6,595 

HEB 300 300 300 11.0 19.0 27 149.1 25,170 8,563 

HEB 320 300 320 11.5 20.5 27 161.3 30,820 9,239 

HEB 340 300 340 12.0 21.5 27 170.9 36,660 9,690 

HEB 360 300 360 12.5 22.5 27 180.6 43,190 10,140 

HEB 400 300 400 13.5 24.0 27 197.8 57,680 10,820 

HEB 450 300 450 14.0 26.0 27 218.0 79,890 11,720 

HEB 500 300 500 14.5 28.0 27 238.6 107,200 12,620 

HEB 550 300 550 15.0 29.0 27 254.1 136,700 13,060 

HEB 600 300 600 15.5 30.0 27 270.0 171,000 13,530 

HEB 650 300 650 16.0 31.0 27 286.3 210600 13,980 

HEB 700 300 700  17.0 32.0 27 306.4 256,900 14,440 

HEB 800 300 800 17.5 33.0 30 334.2 359,100 14,900 

HEB 900 300 900 18.5 35.0 30 371.3 494,100 15,820 

HEB 1000 300 1000 19.0 36.0 30 400.0 644,700 16,280 
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E.3 HEM Groups 

Type Nominal dimensions Area Section properties 

HEM b  

(mm) 

h 

 (mm) 

tw  

(mm) 

tf  

(mm) 

r 

(mm) 

Aa 

(cm2) 

Iy 

(cm4) 

Iz 

(cm4) 

HEM 100 106 120 12 20 12 53.2 1,143 399.2 

HEM 120 126 140 12.5 21 12 66.4 2,018 702.8 

HEM 140 146 160 13 22 12 80.6 3,291 1,144 

HEM 160 166 180 14 23 15 97.1 5098 1,759 

HEM 180 186 200 14.5 24 15 113.3 7,483 2,580 

HEM 200 206 220 15 25 18 131.3 10,640 3,651 

HEM 220 226 240 15.5 26 18 149.4 14,600 5,012 

HEM 240 248 270 18 32 21 199.6 24,290 8,153 

HEM 260 268 290 18 32.5 24 219.6 31,310 10,450 

HEM 280 288 310 18.5 33 24 240.2 39,550 13,160 

HEM 300 310 340 21 39 27 303.1 59,200 19,400 

HEM 320 309 359 21 40 27 312.0 68,130 19,710 

HEM 340 308 395 21 40 27 315.8 76,370 19,710 

HEM 360 307 432 21 40 27 318.8 84,870 19,520 

HEM 400 307 478 21 40 27 325.8 104,100 19,340 

HEM 450 306 524 21 40 27 335.4 131,500 19,340 

HEM 500 306 572 21 40 27 344.3 161,900 19,150 

HEM 550 305 620 21 40 27 354.4 198,000 19,160 

HEM 600 305 620 21 40 27 363.7 237,400 18,980 

HEM 650 305 668 21 40 27 373.7 281,700 18,980 

HEM 700 304 716 21 40 27 383.0 329,300 18,800 

HEM 800 303 814 21 40 30 404.3 442,600 18,660 

HEM 900 302 910 21 40 30 423.6 570,400 18,450 

HEM1000 302 1008 21 40 30 444.2 722,300 18,460 
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E.4 IPE Groups 

Type Nominal dimensions Area Section properties 

IPE b  

(mm) 

h 

 (mm) 

tw  

(mm) 

tf  

(mm) 

r 

(mm) 

Aa 

(cm2) 

Iy 

(cm4) 

Iz 

(cm4) 

IPE 80 46 80 3.8 5.2 5.0 7.64 80.1 8.49 

IPE 100 55 100 4.1 5.7 7.0 10.3 171 15.9 

IPE 120 64 120 4.4 6.3 7.0 13.2 318 27.7 

IPE 140 73 140 4.7 6.9 7.0 16.4 541 44.9 

IPE 160 82 160 5.0 7.4 9.0 21.9 869 68.3 

IPE 180 91 180 5.3 8.0 9.0 23.9 1,317 101.0 

IPE 200 100 200 5.6 8.5 12.0 28.5 1,943 142.0 

IPE 220 110 220 5.9 9.2 12.0 33.4 2,772 205.0 

IPE 240 120 240 6.2 9.8 15.0 39.1 3,892 284.0 

IPE 270 135 270 6.6 10.2 15.0 45.9 5,790 420.0 

IPE 300 150 300 7.1 10.7 15.0 53.8 8,356 604.0 

IPE 330 160 330 7.5 11.5 18.0 62.6 11,770 788.0 

IPE 360 170 360 8.0 12.7 18.0 72.7 16,270 1,043.0 

IPE 400 180 400 8.6 13.5 21.0 84.50 23,130 1,318.0 

IPE 450 190 450 9.4 14.6 21.0 98.82 33,740 1,676.0 

IPE 500 200. 500 10.2 16.0 21.0 115.5 48,200 2,142.0 

IPE 550 210 550 11.1 17.2 24.0 134.4 67,120 2,668.0 

IPE 600 220 600 12.0 19.0 24.0 156.0 92,080 3,387.0 
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