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Abstract

Employing the Q-function formalism, we analyze the squeezing spectrum
and the photon number distribution for the signal mode as well as the quadra-
ture fluctuations, the photon number distribution and the spectrum of the
intensity-difference fluctuations for the signal-idler modes generated in para-
metric oscillators operating below threshold. The Q-function is obtained by
solving the pertinent Fokker-Planck equation applying the method of evalu-
ating the propagator developed by Fesseha [1]. The task of evaluating the
propagator by means of this method essentially reduces to the problem of solv-

ing the pertinent Euler-Lagrange equations.
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1. Introduction

A

o

The nonclassical properties of light 'hz'w’e ‘gc'énera;s;ed*a’ c;n;si(rl:-,:uai)g mtewsf for the
past few years. One of these properties involves squeezing in which the fluctuations in
one of the quadrature components is reduced below the vacuum level at the expense
of enhanced fluctuations in the other component without violation of the Heisnberg
uncertainty principle. Another nonclassical property of light is sub-Poissonian pho-
ton statistics in which the photon number distribution is narrower than the Poisson
distribution.

Oune of the main reasons for the interest in a squeezed light is due to its poten-
tial applications in optical communications and gravitational wave defection, where
signals close to or even below the quantum limit are expected.

Theoretical predictions of the generation of light with nonclassical features in
various physical processes have been made by different authors. It has been shown
that squeezing should be realizable in parametric oscillation {4-13], four-wave mix-
ing [14,15], harmonic generation [16,17], resonance fluorescence [18,19] and the free-
electron laser [20].

Because of the inherent two-photon nature of the interaction, the parametric pro-
cesses have been studied as a source of a squeezed light. In parametric amplification,
a coherent light of frequency 2w interacts with a nonlinear medium and is down con-
verted into two signal photons each of frequency w, or into signal and idler photons

with frequencies wy and w, such that 2w = wy + wy.




The down conversion of a coherent light into a single-mode squeezed light was
predicted for the first time in a parametric amplifier by Takahashi [4]. In order to
increase the gain the parametric medium is placed inside an optical cavity where i
is coherently pumped and becomes a parametric oscillator [21].

A theoretical analysis of quantum fluctuations and photon statistics of the ra-
diation generated in parametric oscillators has been made by a number of authors
applying different techniques. And it has been found that a complete suppression of
the noise at zero frequency in one of the quadrature components of the output signal
mode produced in a degenerate parametric oscillator is possible [31, 32]. In addi-
tion, the spectrum of fluctuations in the intensity-difference of the output signal-idier
modes produced in a nondegenerate parametric oscillator has been found to show a
complete cancellation of the noise at zero frequency [49].

Experimentally, squeezing amounting to a noise reduction of 61% below the vac-
uum level has been achieved in a near degenerate parametric oscillator operating
below threshold [22]. A quantum noise reduction of 69% in the intensity difference of
the signal-idler modes has been observed in a NDPO operating below threshold [63].

In quantum optics, the analysis of a physical system is often carried out using a
c-number formalism. This can be done applying the P-function or the Q-function.
For systems with nonclassical features, the solution of the pertinent Fokker-Planck
equation for the Glauber-Surdashan P-function is highly singular. This is because the
diffusion coeflicient in the Fokker-Planck equation for such systems becomes negative.
On the other hand, we realize that the solution of the Fokker-Planck equation for the
Q-function exists for systems with nonclassical features.

The main objective of this thesis is to analyze the squeezing spectrum as well as




the photon number distribution of the signal mode produced in a DPO and also to
study the quadrature fluctuations, photon number distribution and the spectrum of
the intensity-difference fluctuations of the signal-idler modes generated in a NDPO
using the (Q-function formalism.

The Q-function is expressible in terms of the Q-function propagator and the initial
Q-function, In view of this, the problem of determining the Q-function reduces to
the task of evaluating the Q-function propagator. The Q-function propagator may be
determined using path integral method (2] or by directly solving the pertinent Fokker-
Planck equation. However, we find it to be convenient to evaluate the Q-function
propagator applying the method developed by Fesseha [1].

We would like to point out that in the parametric oscillations considered in this
thesis the pump mode is treated classically and its amplitude is assumed to be con-
stant. This is equivalent to a parametric oscillator operating below threshold. In
addition, we would like to stress that our analysis assumes a single-cavity decay rate
and no other losses such as intracavity absorption of the radiation are included.

The organization of the thesis is as follows. In chapter two, we present a systematic
derivation of general expressions for a two-time correlation function and the photon
number distribution of a single-mode light in terms of the Q-function, and with
the application of these expressions the squeezing spectrum and the photon number
distribution of the signal light produced in DPQ are investigated. In chapter three,
we analyze the quadrature fluctuations as well as the photon number distribution
and the spectrum of the intensity-difference fluctuations of the signal-idler modes
generated in a NDPO. Finally, in chapter four we discuss briefly the main results of

this thesis and make certain remarks of interest.




2. The Degenerate Parametric Oscillator

The realization of a squeezed light generated in a degenerate parametric oscilla-
tor {21-24] and the theoretical explanation given by different authors [25-29] that a
squeezed light can be used o enhance the sensitivity of interferometers beyond the
shot-noise level made the DPO to receive a considerable attention for the past few
years. In a DPO a coherent light of frequency 2w interacts with a nonlinear medium
inside a cavity and is down converted into two signal photouns each of frequency w.

The squeezing properties of the signal mode have been studied by several authors
applying different methods [30-34,43,44]. Milburn and Walls [44] have calculated the
quadrature squeezing of the intracavity signal mode below and above threshold. The
squeezing spectrum of the output signal mode below threshold was determined by
Collet and Gardiner [31] and Yurke [32]. On the other hand, Collet and Walls [33] as
well as Savage and Walls [34] have calculated the squeezing spectrum above threshold.
Experimentally, a squeezing amounting to a noise reduction of 61% below the vacuum
level has been achieved in a near degenerate parametric oscillator operating below
threshold [21].

Several authors have also discussed the statistical properties of the signal mode
[35-43). Vyas and Singh {35,39] have considered both the photon number and photon
count distributions below threshold. Wolinsky [41] has obtained a complete descrip-
tion of the intracavity statistical properties.

Here we seek to analyze the squeezing spectrum and the intracavity photon num-




ber distribution of the signal mode generated by a DPO operating below threshold

for the case in which the signal mode is initially in a vacuum state.

2.1 The Q-function

With the pump mode treated classically, the DPO is described in the interaction

picture by the Hamiltonian (& = 1)
H= —-p—((.z2 — ah) + aI‘T + (L]LI‘,

where a is the annihilation operator for the signal mode, 8 (assumed to be real and
constant) is the amplitude of the pump mode, & is the coupling constant and T is a
heat bath operator representing cavity losses by the signal mode .

Using standard techniques to eliminate the heat bath variables [3], it can be

verified that the equation of evolution for the density operator of the signal mode is

9 _itp 117+ 2 (20pal — af f
at—a[p,H]-}—Q(Zapa —alap — pa a), (2.1a)

where « is the cavity damping rate and
H = % (a?’ - ah) . (2.15)

Substituting (2.1b) into (2.1a), we have

dp _kf

5= ( 2p — ahp ~ pa® + pah) + % (Q(Jcpa]L - (Ljrap — paTa) . (2.2)

Next we derive the Fokker-Planck equation for the Q-function by putting all the

terms in normal ordering. To this end, using the relations

[a,f(rz,(zT)] = :Tf;f (2.3a)




and

[(Li,f((L,(Li‘)} =—-—= (2.3h)

one can easily show that

. ap dp d9%p
a’p = apa + a—— = pa +2—a,-i— 2.4a
p=ap ol o Py (2.4a)
bt d Ot e, g 0P, T
pa alpatl + 5,0 = ¢ o+ 2a 90 T 722’ (2.45)
, 2
20:,0(1]L ~atap — paTa = 2 aLP +a f i + ?fa + 2p. (2.4¢)

daltda dat

Upon substituting (2.4) into (2.2}, one finds

dp _ KB ( Pp +dp dp ) ¥ ( 9p tdp | Op )
L 2l 2L 420 ) 4 7 (2 92449
ot 2 \da? * dal? * * aT * 2\ galda e dal * da" o)

where the density operator is assumed to be in normal order. Therefore, the Fokker-

Planck equation for the Q-function is

2@_:%(32%?_@”&-_& , 99 )%(2 QL -9, 99 +2@).

ot 2 \da?  OJa? 7] da* dorda T Do 5
(2.5)

Using the relations

L0Q _ 9{erQ)

dor o @ (2.60)
and

Q. _ 9@ _

oo " da @ (2:60)

and noting that « and o are independent variables, Equation (2.5) can be put in

the form
0Q(e, 0", t)  [kp > a2 a . d ol g J .
dt B [ 2 (3&2 t Jda*? + 2(90'a * 25_&;01 T3 28&*30’ e




It proves to be convenient to introduce Cartesian coordinates defined by

o =&+ 1y.

It then follows that

0Qz,y,t) _ [(sB+y\ &  [(£B-1\ O ¢ o NI
cagan_[(223) 2, (5 o o]

at 4 Ox? 4 Jy?

~ (8- 1) 30| Q)

In order to solve this differential equation using the propagator method, we need

to transform it into a Schrodinger type equation. This can be achieved replacing

(aa—,:,%,x,y,é;’(:v,y,t)) by (ihs, 3Py, £, 4, 1Q(1))). One then finds

Ao A1, | A . 5.0
; IQ( )) — [__T_l.pi -+ szi — /\3PIIL' + /\4pyy |Q(f.)) )

di 4
where
A =kB+1,
Ay = KB —1,
Az = £f + %,
Ay =K — %

A formal solution of (2.7) can be put in the form

Q) =U1Q(0),

in which
0= exp (—iﬁt)
and
=5 D252 Napet o+ My

7

(2.8a)
(2.80)
(2.8¢)

(2.84)

(2.9)

(2.10a)

(2.100)




Now multiplying (2.9) by (z,y| from the left, we have
Q(w,y,1) = (=,3101Q(0)), (2.11)
\Vhel'e
Q(3}1 yzt) = (:E:y]Q(t))-
Using the completeness relation

I= / da’ dy' v, <) (=, ¥l

equation (2.11) can be rewritten as

Qavst) = [ de' dy' Qe ', ', 0) Quli'), (2.12)
where
Qx,y, ¢y, 0) = (2,y|Uly", ") (2.13a)
and
Qo) = (2, 5'1Q(0)). (2.13b)

According to Fesseha [1], the propagator associated with a quadratic Hamiltonian

H=ap? + AP+ b(8)pad + b (E)pyd + c(t)E® + (8)§*

is expressible in the form

5325’{:% ia?sc% ‘o N
ﬂt)m'a:g} [f‘z}ayray} exXp [—5/0 [6(#) + &'(t)]) dt’ + 25,

(2.14)

K (23, tle',,0) = [

where S is the classical action, £ is a constant parameterizing operator ordering, and
a and a’ are constants different from zero.
We wish to obtain the Q-function propagator employing this relation. We see

from {2.10b) that b = —As, ¥ = Ag and we recall that for the antistandard form of

8




ordering £ = 1 [1]. Thus, the Q-function propagator associated with the Hamiltonian

(2.10b) can be written as

1

oy [ 6 P8 17 d @817
R P 8 T LA R CCR Ra 2.15
@,y tlesy,0) = e T s | 2r gy | © (219

We now proceed to calculate the classical action. To this end, we note that the

“Hamiltonian function” associated with the quantum Hamiltonian (2.10b) is
H{x,y,pzypy) = —.—4—;03 + i—py — Aspz -+ Aqpyy (2.16)
and hence the corresponding “Lagrangian” is
L = dpy +ypy — H(2,y,pss py).

Using the Hamilton equations

dH
=
Pz
and
_aH
dpy,
one finds
Pe = ="
and
20y — Aay)
=T
so that the Lagrangian takes the form
i(3+A2)" (g — Ay)’
L= — . (2.17)
M Ay

Now applying the Euler-Lagrange equations along with (2.17), one easily gets

F— A2 =0

9




and

j— My =0
The solution of these differential equations can be written as
w(t) = At | Be™ (2.18a)
and
y(t) = DeMst + Be™, (2.18b)
Substitution of (2.18) and their time derivatives into (2.17) gives

4702 4702
I = 3A2 2hat 4 E‘Z —2X4t
N o© N ¢

so that the classical action
T
Se = f L(t)dt
0
takes the form

5= 20 o (e _ 1) 4 2N

E2 (ew?.,\q,T _ 1) )
M 2

Setting 2(T) = 2", y(T) = y", &(0) = 2’ and y(0) = y', one easily obtains from (2.18)

A 2:' _ .’L‘”B’\3T
62‘\3T _ 1

and
P yr _ ‘y"e_)“‘T
T T e2MT
consequently
21‘/\ 3:1‘2 _ 2:8’3}6'\“ + :L.‘262,\3t 2&/\ 1 7 _ 9. ] 6—,\4t + ‘26—2,\41!
SC — 3 ‘ + 4 | Y Y :gi Y ’ (219)
A et — | A2 e—2at — |
where we have replaced (27, 3", T) by (,y,t). It then follows that
2 A4 Ast
%5 _ —r——-—IL/\Se (2.20¢)

du'dr M (et 1)

10




and

925, diderM
Ay'Dy W (e~2Mt — 1)'

(2.200)

Now combination of (2.15), (2.19) and (2.20) results in

1

L[ 2MePst 2\t 72
z,y, ¢y, 0) = =

Q(=z,y,¢2",y",0) [/\1 (ePal — 1) A, (e=2Mt — 1)

m
2/\3 wm _ 2:?:’.1:6'\“ + $262,\3t 2/\4 yiz _ 2y1y8-—,\4t + y26H2’\*t
XEXp [T o2t . | T =2t — |

(2.21a)
This represents the Q-function propagator for the signal mode. Although we are
interested in the case for which the signal mode is initially in a vacuum state, we also

need the Q-function satisfying the initial condition
T I 1 ' 2 ’ 2
Qo(z',y) = —exp | = (@' —20) = (¥ — yo) ] : (2.218)

Thus combining (2.12) and (2.21), we have

1
2.2 2
2

- Az 2 A 2 _ zotus
4A3,\4exp[ ,\lfl—.e‘”a‘)‘l’ - ’\‘2(1_32,\“53;

Az (1 — e=2dat) (1 — e2Mt)

o0 2/\3 e 2Aat P 43 e—at A
X/_OOGXP[_[)\1(1—6"2'\3‘)+1 27+ m x4+ 22, | 2| dx

> 24462 P 4Agete .
<[ o [‘ [Az(l—e%u)“]y +[(A2(1—e2'\4f) R

and using the relation
1
lev) , 7 Pl
/ eP e ! = (E) e¥s (2.22)
—o0 P

Q(ﬂ:,y, t) = "?_FE

one readily gets the result

1 2
2 Az ? —23 (z — woe™)
Qe,y,t) = e.z,m)} exp [

; {Al/\g (1 — 8_2’\3t) (]. — (2/\3 — /\1)8_2’\3t -+ /\1 .

—~2X4 (y — yoe’\y‘f
(20 — et Ny |

11




This can also be expressed as

A(t)

m

Qo e, 1) = ——exp [—B(t)a*a + @ (e + o) + D) + D"‘(t)a*} , (2.23)
where

o, 0

[B + C] 6“2(%”nﬁ)t 1 [B _ O] 6—2(%+:~:B)tj]
2

A(t) =/ B(t) — C*(t)exp | -

(B(t) + C(t)]e ] - [B(t) - c‘(t)]e"‘*‘(%‘“‘})‘] (@2 +ad)|, (2240)
L v — 288 v+ 203 _
B(t) = = , 2.24b
) 2 |7 — B (1 + 6_2(:2[‘Nf3)t) ! ¥+ &3 (1 + e“z(:z[*"‘ﬁ)t) ] ( )
1 i ~ —2kf3 v+ 2&p5 —
Ct) = — — , 2.24¢
(t) 9 _7 _ K/B (1 + eqz(%—nﬁ)t) 5+ H.ﬁ (1 + 8—2(%+Nﬁ)t)— ( )
D) = 5 [(B) + Gl (o = a0) + [B(1) ~ Ce)le™FH) (o] + )]

(2.24d)
We are interested in the case for which the signal mode is initially in a vacuum state

and hence setting o, = o = 0 results in

/B = CA(Y) exp | = B(t)

T

Y B

[R]
D
[wh2
e

Q(er, 0™, ) =

2.2 The squeezing spectrum of the signal mode

Tn this section we seck to determine the squeezing spectrum of the signal mode
employing the Q-function obtained in the previoﬁs section. The squeezing spectrum

is defined by

Si(w) =1 +/ dr €™ (s ad™(t + 7),af*(t) 1), (2.26)

—0G

where

12




a4+ ), a2 (t) 1) = (: o (t+ T)agtt(t) ) — (a5 (2 + (), (2.27a)

. stands for normal ordering and a,?"‘ represents the output quadrature operators for

the signal mode which is related to the input mode by
a2(t) = /7a;(2) — ¢ (2)- (2.27h)
Employing (2.27b) in (2.27a) one can easily verify that for a vacuum input
(@@ (), a0 3 = s as{ 7)) ), (2270

where a; represents the intracavity quadrature operators of the signal mode defined
by

a; = ot (t) + alt) (2.28a)
and
a =i [al(t) - a(t)] . (2.28b)
Then applying (2.28a}, we can write
ot an) ) = (alt+m)a(®) + (ol ¢+ 7)a(®) + (o Bat+7)
a4 )t @) = [(al ¢+ ) + et + )] {10 + (ol
Using the Q-function (2.25), one can easily verify that

(a(t)) = () =0,

so that

Gag(t+ ) an(t) ) = {a(t + r)a(t)) + (¢ +7)a(®) + (al (B)alt + 7))

13




el ¢+ )l 1)), (2.29)
A two-time correlation function is expressible in the Schrodinger picture as

1
I

(atWalt + 7)) = Tr [(LT(O)(L(T),O(L‘)] .

Upon expanding the density operator in normal ordering and introducing the com-

pleteness relation

I= f T el (2.30)

the above expression can be put in the form

(el (Ba(t + 7)) = / 5?1 3" Cr(t) T [aT (0)&(7’)|a)(a|aTl(U)am(0)].

{,m

Now applying the identity

d

la) {ex|a™ = (n' + (—}E;;)n (|} (), {2.31)

we have

(al (B)a(t + ) = f % > Cimlt) @™ (a N % ) - [af(g)a(f)la)(a@

Im

or

(a;T (Da(t+ 7)) = fcﬁa Q (a*,a + —é%’t) Tr [aT (0)a(7)|a) (a]] . (2.32)

We note that
7r [l ©)a(r)ladel] = o Tra(r)p(0)] = & Tr [&(0)o(r)],

in which

14




Therefore one can write that

Tr [af(o)a(rna)(a]] = / XA QO A7), (2.33)

where Q(A\*, A, ) reduces to

QO A7) = —exp [(A — )]

s

at the initial time. Substitution of (2.33) into (2.32) leads to

(ajf(t)a(t + 7)) = /dzoz A Q (a*, o+ %,t) o QN A7) A (2.34a)

Tt can also be established in a similar manner that
'i' 2 2 P (9 * s
(a'(t+7)a(t))= [ dadAQ o’ at %,t a QN A1) A (2.34b)

(aT(t + T)an(t)) = /d%c d*X Q (a*,a + %,t) ot QA A T) AT, (2.34c)

{a(t + T)a(t)) = /dzos *X Q (a*,a + %,t) a QA% A1) A (2.344)

s0 that combination of (2.29) and (2.34) yields

‘ d |
(tar(t + 1), au(t) ) = /d2a A Q (n*,a--}- a;,t) (a+a") QA AT) (A X7).
(2.35)

Replacing (e, o, a,, o5, 1) by (A, A%, o, o*,7) in the Q-function (2.23), we have

¢i(r)
2

QA N, 7) = A1) oo [—B’(T)A*,\ + (X2 X%) + D'(1)A + D™ ()X

7
where A/, B', C" and D' are described by expressions (2.24) with {ag, 05, 1) replaced

by (@, a*, 7). It then follows that

[ Er 000 = A1) [2 0 x)en BN
$ 5 0) + D D’*(T)A*]

15




or

/(F/\ O£ 3Q0, A7) = [8‘; BD”‘] f@ exp [—B'(r)A"A
+C’§T) ()‘*2_1_)‘2) +D'(T)/\+DH‘(T)/\{| )

In view of the relation

d2 exp |iad8+be'z+cd2jl

T oxp[aX A+ bAT + eA2FdA +eX) = vt 1 (2.36)
T — dbe

we find that

B'D D”‘+ (D'2+D"2
A'exp l BT )

o o 9
d?. * AF =
/ A+ 7) [an * an*] Bi_C"”

Now performing the differentiation and using the explicit forms of A', B', ¢, D" and
D™, one gets

/ EX 0+ A0 A7) = e (07 (o 4 o), (2.37)

so Llisl combination of (2.35) and (2.37) leads tn

(ot r)m(d)s) = c~(Feeil / o Q (W*,n’ + -dd?:g (o + ™ + 2007).
| (2.38)
We recall that
(A) = Tr (pHA®D)

expanding the density operator in normal ordering and introducing the completeness

relation (2.30), one can write that

(A) = / d;‘”‘ > Cn(t) Tr [|a Walal'am Aal a)].

fym

On account of the relation (2.31), this expression takes the form

(2
(/:l) = /l_" Q@ (a*,a+ “aa?)t) An (a0, (2.39)

16




where A, (a*,a) is the c-number equivalent of fi((ﬂL,a) for the normal ordering.

Therefore, in view of (2.39), expression (2.38) can be put in the form
G ayt 4 1), a() ) = e ()l 4 @2 4 2aTa) (2.40)
so that applying the Q-function (2.25), we have

(aJf2 +a® + QaTa) = +/B(t) — C*(1) / dzTa (o + o + 200" — 2) exp [~ B(t)o"a
c 2, 2
+ —é—tl (™ +« )]

% — a_é — T exp [-B(t)a*a

((LTZ + a® + Zana,) = 2/ B*(t) — C*t) [ 0 d 1] d*a

+ @ (a*2 + a'z)] .

Upon carrying out the integration with the aid of the relation (2.36), we get

foy paogty a2 9. )lﬁ
(V4 df 4+ 200a) =2/ B? - C 50 9B 1 Wi

and using the explicit furing of B aml € from (2.24). we find

263 [1 — e~ (r+2e0)]

T2 4 .2 T 9
al® +af + 2t} =— (2.41)
{ a thet) P
Finally substitution of (2,41) into (2.40) results in
2B 1 — e O
Car(t+7),a(t):) =~ [7 Tond ]e (§+x8)r (2.42a)
Following a similar procedure, one can readily verify that
281 — ~(y—260)
G as(t +7), aa(t) 2} = wpll=e | (3=t} (2.425)

v —2kf

Now setting 7 = 0 and recalling that

(Aar)® =14 ai(t), ai(t) 1),

17




with a similar expression for (Ady)?, we see that

23 [1 g~ (¥ 2]

Ag)i=1- 2.43
( a’l) ~ + Qhﬁ ( Cl',)
and
20 {1 — e~0r29)1]
Aay)? =1 : 2.43b
(Aaz)” =1+ po Yo (2.43b)
At steady state (¢ — oo) these expressions take the form
Aw) = —L— 2.44
( al) P 21‘5;6 ( CL)
and
Agy)? = —L— 2.44b
(Bar) = — (2.419)
and at threshold (k8 — T), we see that
, 1
(A = 5 (2.450)
and
(;:s-f--;)Q 3 OC. [72.436)

auations (2,43), (2.44) andd (2,45} rcpresent the variances of the quadrature oper-
ators. We note from these equations that the fluctuations in the first quadrature is
below the&vacuum level with eulanced fluctuations in the second quadrature. This
verifies that the signal mode is in a squeezed state.

Anwar and Zublary [43] have evaluated the variances of these two quadrature
operators with the DPO coupled with a squeezed vacuum. When r set equal to zero,
the results they obtained reduce to (2.43) and (2.45). In addition, the variances
described by (2.43) and (2.45) are in a complete agreement with the results found by

Milburn and Walls [44] and Lugiato as well as Strini [45].

18




Now combining (2.26), (2.27c) and (2.42), we put the spectrum of the quadratures

fluctuations as

2 I = —(y+2u0)t o0 Iy
Si{w) =1~ “Fy [7 T ;ﬁiﬂ ] f dr e~ (FHmptiv)s (2.464)
and
9y [1 — e~ —2rB)t oo s
Sy(w) =1+ i [7_; i ] / dre~(F-rpti)T, (2.460)

Then applying the stationarity property for the integral (2.46a), we have

. 1 - —(r+2xB)t 0o . 00 ) )
Sl(w) 1 Zhﬁfy [ e ] {f dr 6“(%+Nﬁ+lw)’r 1 / dr e-—’(%-’rﬁﬁ-‘l&})‘r
0 0

4+ 2x3
so that
8By [1 — e~ (2] _
wy=1- . 2.47
)= e @y (Ba1e
Similarly for the second quadrature operator, onc finds
8k L — e~ (2]
Siw)y=1 . 2.47b
)= e ke (2470
Al steady state (£ — co) expressiolls (2.47) take the form
—2:0)? 2
(v 4+ 266)* + (Zw)?
and
(v +2608)° + ()
L = 214 b
92((4)) ('T N 2“‘.,1'3)2 + (2&))2 ( S )
and at threshold (f»ﬂ — %) these reduce to
, w?
Si{w) = e (2.4%a)
and
2 2
Y rw
Sy(w) = R (2.490)
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Expression (2.49) is the squeezing spectrum of the signal mode at steady state and at
threshold. From (2.49a) we note that the squeezing spectrum is a Lorenzian with a
width of 2. Moreover, one can see that at w = 0, there is a complete suppression of
the noise in the first quadrature with infinitely enhanced fluctuations in the second
quadrature. The results given in expressions (2.48) and (2.49) are in a complete
agreement with the results obtained by Collet and Gardiner {31} .

An experiment, demonstrating the generation of a squeezed light in a DPO oper-
ating below threshold has been performed by Wu et al. [21]. At a fixed frequency w

they have obtained a maximum noise reduction of 61% relative to the vacuum level.

2.3 The photon number distribution

Next we wish to calculate the photon number distribution for the signal mode
applying the Q-function (2.25). To this end, the photon number distribution for a

cingle-mode light 1s defined as
Pln) = (n.kp(ai,a)}n}. {2.50}

Introducing the completeness relation (2.30) twice in this expression one can wrile

« e 2
Py = [ £ C2 el @86

o yess |- (L5 EE) | etetah i, e

L[ o &8

n! w®

Pn) =
where we have employed the relations

{(nle) = e'%g'

5
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and

_map”
(Bln) = e

Now expanding the density operator in normal ordering, we have
d2 l2 _ i =
P(n) = —Zj Ointt) [ 22 22 oy ex - (5"—“—;”53)] (olat'am15)

or

20{ 2 ] ey *
P(n Z C!m /"d;""" d_ ( JB n. ﬂﬂm exp [_' (&_*;_ﬂﬁ>} (Q’Iﬁ)

Im

so that application of the relation

(a]B) = exp [_ (%E_@) o ﬁ]

-

vields

P(n) = —E Cim(t) /

Then rewriting (2.52) as

(F [} Lffj

(o Bt fm exp(—aa — f7f 4 o7 Bl (2.52)

Z Grm(t)/ oo exp[—ota + A /‘% g gm

"Im

X exp[—B'B+a B+ A8 Nxers =0

one can put the photon number distribution in the form

P(n) = !Z Craa(1) 8,\*“8,\" [/—a exp [—a"a + A"a]

itm

(25 g n ]

aa*m

A=At=0

Now performing the integration over f§ with the aid of (2.36) leads to

Z C 2n. /d'la- « [_ = + \*a] am [6'\0“]
! (¢ GAIAn T o explmaaty Jdam

21
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and upon differentiating with respect to o, one finds

82?1 m d‘za s * s *
] Zn Cin(t) e EyerIn [ /T a™exp[-a"a+ Ao+ Aa ]]

A=A =0

or

—izc (t)LG ,\"‘E— P [—afe + XNa + Ao
Tl 2 U gyeaae |1 oN R N

Next on integrating over «, we obtain

327:. 8!6,\")\

I m
P(n) = }jg C‘m(t)a)\*“a,\“ [A N ],\=,\*:0

and differentiating [ times with respect to A, we find

6271 slam A
TL‘ Z Ctm t) a,\xna\n [/\1/\ 8’\ /\],\zl\":o * (2'53)

{m
Expression (2.53) can also be put in the form

07 [QOA", A, e ]
Po) = oxman !

A=A*=0

(2.54)

where

QA A1) Z Crm (AN (2.55)

I'm

FEmploying the Q-function (2.25) in (2.54), one can then write the photon number

distribution for the signal mode as

\/—_ﬁame‘(p [(1-B)rat+s C (o + )]

Pln) = o Do

(2.56)

a=a*=0

Now, expanding the exponential functions in power series, we have

—-Blata = (1 _ B)I *
(1-B} — lz ——11—(0’ 03)1,
=0

—il A
=2 o m\2)
k=0
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and

o m
S 1OV am
m!\ 2
m=0

so that (2.56) takes the form

\/m i (1 _ B)Iclk+m gm ((‘t‘!+2ka'*l+2m)
n!

P(n) = oktm L1 1 ! dardarr

L k,m=0 a=c*=0

or

m @ 1— B Ick+m ar al+2.‘-’ o a*l-{-?m

nl Qktm el [l ) dan Jorn
l,k,m=0 a=a*=0
On account of the relation
N a™ _ m! g (2.57)
dzr (m—n)l '

the above expression takes the form

VB =7 i (1— BYCH™ (I + 2)! (I 4 2m)! ol+2k-ngetstm—n
oktmpl 1! (14 2k — n)! (14 2m — n)!

Lk m=0 a=a*=0

(2.58)

P(n) =

n!

We note that (2.58) is different from zero if

{4+ 2k —n=20

and

[+2m-—n=~0

From these equations we see that

and

[ =n— 2k,
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Hence, Expression (2.58) reduces to

VB - (% n!?*(1 - B)yr- 2k
P(n) = =50 g, — ok (2.59)
k=0

Since (n — 2k)! is defined for zero or positive integer, we see that

n—2k>0

so that

k<

SIE

Therefore, one can put {2.59) in the form

VBT (R [z]: nl?(1 — B)r-2 (2%

nl L T ERE(n — 2k)

P(n) = (2.60)

where [n] = 2 (for even n) and [n] = %51 (for odd n}. This equation represents the
photon number distribution for the signal mode. In the absence of cavity damping

(4 = 0), one finds from (2.24b) and (2.24c)
B=1

and

C = — tanh(xft).

then, substituting these values into (2.60), in the absence of cavity damping the

photon number distribution takes the form

0 for odd n
P(n) = - (2.61)
nltanh™(xft) _  tanh™(xG8)HZ(0 .
27{ 3N 2 cosh(k@t) — n! 2" COS]!(Nﬁif_)l for even n

The probability of finding odd number of photons is zero due to the fact that the

signal photons are generated in pairs.
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Next we seek to obtain the photon number distribution in terms of the mean

photon number at steady state. To this end, we express the mean photon number as

n= /dza aa”Qa,a,t) —1

so that application of (2.25) results in

B

H L

n =

At steady state (2.24b) and (2.24c) take the form

2 2
v — 2(#8)
PSR AR, S A 2.62
B +2 — (k)2 (2.62a)
and
&fy
C=-——0. 2.62b
7= () (2020
Therefore, at steady state the mean photon number is put in the form

ss = % (%> '

In terms of the mean photon number at steady state, (2.62) can be rewritten as

Tiss-

B=1——7——
s + 2

and

V20,20, + 1)

¢ 3iigs -+ 2

so that in view of these expressions (2.60) takes the form

\/g i fn] 72| 2?'_?«53 +1 g
b = " J , 2.63
) (3iiss + 2)7t2 ; kP (n — 2k} ( 2bss ) )

This is the intracavity photon number distribution of the signal mode at steady

state. The form of the intracavity photon number distribution obtained by Vyas and
Singh [35], applying the positive P-function, is different from (2.63). However, both

distribution functions have identical values.




3. The Nondegenerate Parametric Oscil-
lator

The nondegenerate parametric oscillator is a quantum optical system which pro-
duces a two-mode squeezed light. In a NDPO a pump photon of frequency w interacts
with a nonlinear medium inside a cavity and is down converted into highly correlated
signal and idler photons with frequencies w; and wy such that w; + wy = w. This
phenomenon for the first time was observed in parametric amplification by Burnham
and Weinberg [46] and later by Friberg et al. [47].

A theoretical analysis of quantum fluctuations in intensity difference and quadra-
ture components for signal-idler modes has been made by a number of authors for
the past few years [49,52,54-56,58,61]. The spectrum of the intensity-difference fluc-
tuations in the signal-idler modes for equal cavity decay rates has been calculated for
below threshold by Reynaud et al. [49]. On the other hand, taking into considera-
tion different cavity decay rates and intracavity losses Lane et al. [61] have analyzed
the spectrum of intensity-difference fluctuations. In addition, Reid and Drumoned
have obtained the spectrum of quadrature component-difference fluctuations above
threshold [52].

Due to the strong correlation between the signal and idler modes it has been
shown that the intensity-difference fluctuations is below the shot-noise level. This

“has been confirmed experimentally by Heidmann et al. [50] and Debuisschert et al.

(63).
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Several groups have also analyzed the photon statistics of the signal-idler modes.
The mean and the variance of the photons have been calculated by Collet and Laudon
[53] and photon counting statistics has been analyzed by Vyas [59)].

In this chapter we wish to analyze the intracavity fluctuations in the quadra-
ture components as well as the photon number distribution and the spectrum of
the mntensity-difference fluctuations for the signal-idler modes generated in a NDPO

operating below threshold.

3.1 The Q-function

With the pump mode treated classically, the NDPO in the interaction picture is

described by the Hamiltonian (% = 1)

A

A = iry(ab— alol) + Tl + afT, 4 0T + 51T, (3.1)

where & is the coupling constant, a(b) is the annihilation operator for the signal (idler)
mode and [y, Iy are heat bath operators and «, is the amplitude of the pump mode.

Using standard techniques to eliminate the heat-bath variables [3] we find equation
of evolution for the density operator to be

%‘g =ip, H'] + 74 [Zapai — afap — paTa] + %[25PbT - bh’P - prb], (3.2)

where

Kot §

H = igvy,(ab— anbT). (3.3)

Applying (3.3) expression (3.2} can be put in the form

%g— = —r.{pab — ,e:mr,]tbJr —abp + (LTbT[)) + ’yﬂ(Qa,oaJr - (I,JI-(I,,D — pafa)

_I_A/b(gbpb]‘ - bfbp — prb). (3.4)
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To obtain the Fokker-Planck equation for the Q-function one should put all terms in
expression (3.4) in normal ordering. To this end, we note that @ and b are independent

operators and p = p(e, b, a,]t, bjf,t) so that applying the relations (2.3), we have

paT=a1p+%§,
Tt

pb bp+0b,

Oyt _ yt02 . O

9" =% 3¢ Bati

It then follows that

tof = affp 4l 22 4 4122 Pp. 5
pa'd! =aldlp 4 a + b 8(505' (3.5a)
Similarly
dp dp p
bp = pab+ —Fa + b+ : 3.5b
CPPET T el abTaal (3:5)
In view of expression {2.4c), one can write
9%p ap ()p
2bpb! — blbp — pblo = 2L 4 5125 . 2Ry 4 3 3.50
’ e ab’rab ot " (35
so that substitution of (3.5) along with (2.4c) into (3.4) leads to
dp &*p d*p dp ap i@p T@p] [ &p
L _ 2Py, +b . |2
at ="V | Gadh " gatont T ot pal T 5a] "% |*9atoa
dp  Op } [ dp t9p | Op ]
+ ol 2 et 2| + ol o4 b2 3.6
Bal 17 Cantos T 34)

All terms in this expression are in normal ordering (assuming that p is also in normal
ordering}. Now upon replacing each operator by its c-number equivalent, the Fokker-

Planck equation takes the form

aq 3*Q 9*Q) N 862 8@

ot~ 900 T oarap T 95"

Lp+allep i) 4 [2 79

a3 Jo* 0o
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920 8Q 80
ap-op T o " 0B

where () 1s the c-number equivalent for a{b). Recalling that «, a*, 8 and 3* are

a d
ot ggovk QQ} + { B+ QQ] (3.7)

independent variables and applying the relations (2.6), we can put (3.7) in the form

aQ [ 9@ *Q | 9(aQ) 3(/3Q) N Q) | (B Q) &Q
I [Ba8ﬂ+8a*(')ﬁ* 96 T 9 T 0p 1 o ]*7“ [zaa*aa
@) , 3a@)] | [, 0°Q | HBQ)  9pQ)

"0 1 o ]+fb [Zaﬁ*aﬂ o5 T 66}
9Q(e, a, %, B,1) o o a FIR .
b1 = [’”“ (a 55t oarip T o5 ® 6+8ﬁ“ T ﬂ)

) , &
+'7“( darda T 9o +aa“‘> ”*’( 9508
bt + )| Qe a0 (38)

Introduciﬁg Cartesian coordinates defined by

a =z +iy (3.94)
and

B = zy + 1y, (3.96)

the above Fokker-Planck equation can be put in the form

BQ(mIaﬂ:‘z:\yl}y?:t) — [jﬁ 82 82 + ks ( 82 + 82 )
at T2 \ 922 8J1 2 9yl

_l_ﬁ:’Yo o _82 )-I-K» (3 +a i_i)
2 \Oz102,  Oyr0y2 To Oy 2T B o i y2 (')yg

7] d d 9
+ Ya (E)Tf“ + a_ylyl) + % (8 L + 5 B )] w1, T2, y1, Y2, t)- (3.10)

Assuming equal cavity damping rates for both the signal and idler modes (v, = v =

v), we have

BQ(581,$2,y1,y2,t) - l:z ( 62 62 8'2 82 ) L % ( 82

ot da? + dy? + da? + dy3 2 \Jz10z,
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& >+K (8
Oy 0y fo 31

d
+ 35—t

d
dy

Jiy

J
— 2+ i

d d

Fy2

a
%2’1 - aTlez - “.C*E;yl

)J Q(wl’a"‘l:yl;y‘zgt)-

dz1

(3.11)

In order to obtain the solution of this differential equation applying the propagator

method, we introduce the transformation defined by

so that with the aid of the relation

one readily obtains

It then follows that

d

Ty =1+ u,

Typ=1 — U,

n=v+ty,

2

Il
<
!
s

dez 8

Ju

8331

Qo Qo
Q3c§j|Q> SIQJ ﬁatm

<
~

N 83:1 3:1:

8$1

o

Q2
=

o & Pl

9
ou’

82
+ gﬁxau] !

| da?
F o

+ Ju?
o

82
a gawau} ’

| Jv?
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82
+ ay* * Zavay] ’

(3.124)

(3.120)
(3.12¢)

(3.124)

(3.13)

(3.14a)
(3.148)
(3.14¢)

(3.14d)

(3.15a)
(3.156)

(3.15¢)




# 1fer & 0 -
7 =1 Lo * o~ 2] (3:154)
0 1
G A [a—" N 5‘] : (8.15¢)
i* 1] 8% &?
== == 1. 3.1
Oy, 4 [302 329’4 (8-15)

Then combining (3.11), (3.12), (3.14) and (3.15), we find

AQ(z,y,u,v,t) [ ( d* d* a* a? ) N KYo (iz d?

Y w2 topr e Tanr) T s \an T op

du?  Guv? T\ 8" Byy ou" " By Fo \ 9z’ ByJ
) d
—%u — %v)} Qz,y,u,v,1)

ot

0Q( w0, t) _ [(rut2r) (& #N _(rn-2) (8, P
ot - 8 frl ayz 8 du? dv?

ad ad ad
+ (K7 + ) (8_3’ + ()% ) - (K% =~ ) (aw E’Ev)] Q(z,y,u,v,t).  (3.16)

: ; . ap 8.8 8 & o gAY L fa A A A A
Now 1epla,cmg (ﬂz,y,u,ﬂ,gg,a—y,ﬂ,a,Q(l,'f,U,U,t)) by ( nY,u,v pr:zp_;azpu:?’pu:

[Q(¢))), Equation (3.16) can be put in the form

d'%?)) : [ o (B2 +5,) p2 (p + 85} + ids (Bod ++ i)
~ Ay (Butt + $o9)} Q) (3.17)
where
At = Ky, + 27, (3.184)
A = kY. — 29, (3.18b6)
Az = KYe F | (3.18¢)
Ay =K7Y — . | (3.184)
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The solution of (3.17) is expressible as

A

Q@) = UQ(0)), (3.19)
in which
U = exp(—iHt) (3.20)
and
B = =i (34 32) 465 (7 72) = Yo i+ 2ud) + (a4 nd). (321)

Multiplying (3.19) by (@, y,«, v| from the left, we have
Q(;l:,y,u,v, t) = (131:9':11’)”: I(AJIQ(O»

and introducing the four dimensional completeness relation for the position eigen-

states

= /dﬂ;dy’dufdv’lvtaulaa:,:?t)(miaylaurﬁvlla (322)

we obtain

Qlz,y,u,v,t) :/d:v'dyldu‘dv'Q(a:,y,u,v,t|:v',y',u',v',O)Qo(m‘,y',u',v’), (3.23)

where
Qof,y s, ) = (&3, u,v'[Q(0)) (3.24)
and
Q(z,y, w, vty u’,vl,O) = (n:,y,u,‘vlﬁ]v',u',y',x’). (3.25)

Next we wish to find the Q-function propagator (3.25) applying the method we

employed in section 2.1. The propagator for a quadratic Hamiltonian of the form

H = azps + aypy + @upu + aypy + bo(t)ped + by ()P 5 + bu(8)Putt + bu(t)pud
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+ ()32 + y (£)§% + cu(t)i? + e, (8)0?

is expressible as [1]

Kz uvt|”£' " t) = _i__@zSc : iaz‘s'c : iﬂf)zS’c d 1825’0 :
U T I T e D 2m Qy'dy | | 2m OWdu] |27 Q'O
£
X exp {—5/ [bx(t‘)+by(t')+bu(t')+bu(t')] (lt'+iSc]. (3.26)
0

Since from (3.21) by = b, = —A3, b, = b, = Ay and recalling that & = %, the

Q-function propagator associated with the Hamiltonian (3.21) can be written as

PSP SN[ SR
o A — (A=)t HE_ a -Sc _5_ ¢ __?__ c
Qe,yswv,tle,y,w,v,0) = e [?,W(’?;u'arv] [271'83;'83; o Ou'du

3 8253 % iS5,

We now proceed to get the classical action. To this end, we note that the “Hamil-

tonian function” associated with the quantum Hamiltonian (3.21) is

A DY
H = =2 (0 7y) +i72 (0 + 23) = A (ot + i) + M (pute - pov) - (3.28)

and hence the corresponding “Lagrangian” is
L = ipg + ypy + ipy + vp, — H. (3.29)

Applying Hamilton’s equation

. 0H
¢ = ap:
one readily gets
4' ". .
Dy = iz :\tAgﬂb),
4y + Asy)
p?f - ’\1 i

di{u — Agu
Du = __(A_‘*l,
2
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Py = _4&(0 - /\.lT))l
Az

Hence, employing these expressions along with (3.28) in (3.29), one gets

[(& + As2)* + (3 + Aaw)?] — % [(& — Aau)* + (5 — Aaw)?] (3.30)

2z

L=%2
Ap

Upon using {3.30) and the Euler-Lagrange equations, we obtain

d 2
£ — Az =0,

ﬂ—Agy”—“O,
i — Au = 0,
§— Av =0.

The solutions for these equations can be written

x = Ae™t + Be M, (3.31a)
y = Ge'st + He M, (3.31b)
u == CeMt 4 De™Mt, (3.31¢)
v = BeM! - Fe~M (3.31d)

respectively. Then substitution of these expressions along with their time derivatives

into {3.30) leads to

812 82
L — '3 A2 FAR ALY i |
(2 ey - %

. (D% 4 F?e™t, (3.32)

" Now employing (3.32) in the relation

T
S, = / L(t)dt
#]
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and carrying out the integration, the classical action takes the form

5= BT 1) (a2 467+ B ) (P4 FY) ()
A1 2

Setting

[2(0), y(0),(0), v(0)} = [3;!: y’a u:, Ur]

and

" H I
U U

[‘T'(T)? y(T): u(T)a U(T)] = [;E” v Y

from (3.31), one easily finds

62‘\3T _ 1

f H
w —u e MT
D=—-|—7v7-77"F71,

! H /\ET
— e
G=— {u__] :

6-—'2,\4T _ l

i "noo_
o o — " e=MT
T T emtT — 1 |

On account of these expressions the classical action (3.33) can then be written as

_ 4 {(7" - ‘"‘3‘3'\”)2 (y' - yeAat)Q} + 470y [(ta' — ue—’m)2

A e2hat _ | e2dat _ 1 s e—2ht _ ]

Se

L e ] (3.31)

e—?;\.ﬂt _ 1

where we replaced (2", 3", ", v", T) by (2,y,u,v,t). Now applying (3.34), we have

B'ZSC 3 a')SC 3 —8'E'A3 6,\3n5 (3 35 L)
de'dx  Oy'doy N et 1 e
and
20 20 _8;. ~at
a ASC a ASc . SL \4 e (3'355)

e dow Ay e~2Mt ]
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so that combination of (3.27), (3.34) and (3.35) leads to

' ' ! 4 16).3/\4
Ay tle,y,w,v, 0 = | T ey (1 = ew)]

—4As 2 12 =2A - \
x > 2T T —=2A3t _— 2¢J.‘ Ast 2 12 —2/\3t . 2 !, —MAat
exp /\1(1~e‘2'\3‘)(1’ + z'%e T xe +y°+ye y'ye )
—4)
pbwrme o Gl AL S 2”"“6"“)] . (330)

Equation (3.36) is the Q-function propagator for the signal-idler modes. Although we
are interested in the case for which the signal-idler modes are initially in a vacuum

state, we also need the Q-function satisfying the initial condition

Qula,B) = g exp [— o' — | — |8 - ﬁolzJ

or, in terms of the Cartesian variables (3.9)
Qo(w1, 25, ¥1,¥5) = % exp [(—24 = w10)’ = (2 = 20)" = (v} = 110)" = (v — v’ -
This can also be expressed in terms of 2/, ¥, v’ and v’ such that

fd:r;'l dely dy dysy Qu(27, 25,11, ¥3) = /d:c' dy' du’ dv' Q.(z',y, W, v'),

where

Qo(2’, ¢, 0, v") = | exp [<2(2" — 20) — 2(y' — wo)® — 2(v’ — u,)?) — 2(v' — v,)%]

(3.37)

and J is the Jacobian of the transformation given by




so that using (3.12) one finds |J| = 4. Consequently, we see that

4
Qo2 ', v") = — oXp [—2(=' - 20)? = 20y — 40)? — 20 — uo)?)? — 2(v" —v,)?].

(3.38)
Now substituting (3.36) along with {3.38) into (3.23), we have

64)s Ay — sz 2
Uy vt = LT‘UHM (1 —e?%) (1~ 32'\”)] P (1\1 (1 —e72%t) o

X /_: dz’ exp {— (j\_{—:(:il_,\ji;{% ~ 2) 2" 4 exp (Al (81/\3_821“) + 4:1:0) :v’]
X exp ( ~ (Ii)\zixag) - 2‘313) /_ Z dy’exp {— ( /\l_él\ji_z:;) - 2) y”

+ exp ( " (81)\3_6;223 ) + 4y0) y'] exp (,\2 (_141\4;’;1t). — 2153)

X /_ : du' exp [— (%————Az—(i)‘je:: :j y — 2) u” + exp (——"—/\2 ?lf\ie:;\i ) + 4u«>) 'U:’]

8)\46'\“

and carrying out the integrations with the aid of the relation (2.22), we find

Qlz,y,u,v,t) = 1629,
O OET R F (22 — Ae e g + (2h — Ag)e?Y

“‘1)\3 [($ Rl xae_Aat)z + (y - yoe_'\st)z]
X exp

A+ (2X3 — Ap)e2et |

—4A [(“ - uoﬁ’\“)2 + (v - voe"é‘)z]
Ay + (2hg — Ag)e?het

+

Applying the inverse of the transformation described by (3.12) one can put the Q-

function in the form

Q’(,B 2 y y t): 16/\3/\4
FLERIDIDY T 22 A+ (20 — AemPo [Ag + (244 — M)

—s {(:1:1 +w2 — (e + "320)3_’\35)2 +(y1—y2 — (o — y?o)e_/\‘}t)?]
,\1 - (2/\3 _ )\1)8*2"3‘

X exp
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2
— A4 [(%1 — 2y — (210 — 20) 6’\3‘)2 + (‘3!1 +y2 — (o + yzo)ﬁ'\‘*t) ]

3.39
/\2 —+ (2/\4 - /\2)62‘\41 ( )

+

It can be easily verified that the Jacobian of the inverse transformation is J = }; We

can then write

/d:v dy du dv Q(z,y,u,v,t) = ]d:vi dzy din dys Q(y, 22,11, ¥2, 1),

where
1
Q(z1, zn ¥,y t) = EQI(:EIaﬂ:‘Z:yl:y?: t). (3.40)

Now taking into account {3.9), (3.39) and (3.40), we get

Qe 1) = %S—) exp [~ B(t)(o" e+ B7B8) + C(t)(af + " B7) + D(t)ar + E(t)B
+ D (¥)a” + E* ()5, (3.41)
where
A(t) = [B(t) — C¥(t)) exp [~ (6™ + ae™) (e, + B 10)

+ (b — ae™) (el + o38)] (3-420)
B(t) = b+aq, (3.420)
Clt)y=b—a, (3.42¢)
D(t) = (be™ + ae™!) of — (be™! — ae™™) B, (3.42d)
E(t) = (M 4 ac™™) B7 — (beMt — ae ™) o, (3.42¢)

with
T aA (2,\3/\--3 A et (3.430)

and

A4

b= /\2 + (2/\4 b /\2) 62'\”'

(3.435)
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Since we are interested in the case for which the signal-idler modes are initially in a

vacuum state, setting o, = o = 4, = 3 = 0 in (3.41), yields

B2(t) — C2(t)

T2

O, By 1) = [ ] exp [~ B(t)(@"a + BB) + C)(ef + ")) (3.4

Applying (3.44) the Q-function for the signal mode only is expressible as

Qe oty = [FUZC v [ 28 oxpi-(oypes + Cjes

+ C(t)a™ 8]

with the aid of the relation (2.36), one then finds

Qoo 1) = -71? {P”U_)thj@ﬂfl} exp [_ (@B‘%@) a*a] . (3.45)

3.2 Quadrature squeezing of the signal-idler modes

In this section we wish to study the quadrature tluctuations of the signal-idler
modes. To this end, we define the intracavity quadrature operators for the signal-

idler modes as

1 :
Cy = E(&l -4 [)1) (346(1)

and

1
Cg == ﬁ((bg + bg), (3466)

where (a1, a2) and (b1, by) are the quadrature operators for the signal and idler modes
defined according to (2.28b), respectively. Then one can easily verify that the vari-

ances of these quadrature operators are expressible in the form
2 _ 1 2, 1 2
(Acr)” = §(Aal) + ‘g‘(Abl) + {a, by) (3.47a)
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and

(Acs)? = %(Aag)z + %(Abg)'z (an, ba),s (3.476)
in which
(Aar) =1 +2(afa) + (@) + (@) ~ (@) — (al)* — 2(eT)(a), (3.430)
(Aao)t =1 +2(af ) = (@)~ (@) + (@) + (al)? = 2(aT)(a), (3.180)
(a1,br) = (ar1b) — (er){bs) (3.48¢)

with similar expressions for (Ab)?, (Ab)? and (as, by).

Applying the Q-function for the signal mode only (3.45), we can write

=[P [ - (B0,

1= [E55) 5 ol ()

and
da = B*(t) - 6‘2(:‘,)] d*c e [__ B(t) — C’z(t)) a"‘a] 3
ol = [ Zo ] [ 5 e 10y 1
so that on account of the relation (2.36), we find
(a) = (@®) =0 (3.494)
and
fy_ B B
(ata) = B0 — %) 1 (3.496)
Similarly, one finds
(al) = (al?) =0 (3.49¢)

In view of the above results, expressions (3.48a) and (3.48b) take the form

(Aar)? = (Aay)? = BT(E)E_(%T@ Y (3.50)
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Since the Q-function for the idler mode is identical to that of the signal mode, we sce

that

(Aby)? = (Aby)? = BT(E)B_()"T) ~ 1. (3.51)

Employing (2.28a) in (3.48¢) and taking into account the results (3.49a) and (3.49c),

we have

(ar, b} = {(a+ab)(o +61))

and using the Q-function (3.44), we can then write that
() = (8= ) [ 22 Lol )(p 4 By expl-Blara+ 078) + Olop
+ 7).
Replacing C' by C' in the exponential part, we can put this integral in the form
(a1, b1) = (BX(t) — C*(1)) / djr (e 4 a)e-BOE") [aac 4 %}

X /dg?ﬁexp [-BA™ 8+ C'8 4+ C™p]

so that integration over 8 using (2.36) yields

. . o . i a e ZE
b)) = 2 s (_ =y —Bata .
(ala 1) (B (t) C (t))/ T (0" +a )6 l:ac; + 30##] B

Differentiating with respect to C”, C'* and replacing (C’,C"*) by (C'er,C'x), one then

finds

(@, by) = [C(B ;"; 02)] f "i‘”(a2 +20%a + o) exp [_ (‘82 - 02) a*o:] . (3.52)

The result of carrying out this integration, taking into account (3.49), leads to

20(1)

(ar, ) = B - 1) (3.53)
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Similarly one readily verify that

20(t)

(a2, b2) = “B - C) (3.54)

Finally, combining (3.47), (3.50), (3.51), (3.53) and (3.54), we have

(Ae) = g=cw !

and
2 _ 2 .
(Be) = 5y 70w

so that using the explicit forms of B(t) and C(¢) from (3.42b) and (3.42c) along with

(3.43), we arrive at

-+ H%E—Z(wﬂ:‘m)t

(Bar)t = = B (3.55a)
and
— "2("l"—"""‘."cn}’l
(Acy)? = 1 ’;’f — (3.55b)
At steady state (3.55) takes the form
(Aey)? = - ij (3.560)
and
(B = - _VM . (3.560)
When the amplitude of the pump mode ~, — 2, we find
(Ac)® = é« (3.57a)
and
(Acy)? — oo0. (3.57b)




Equations (3.55), (3.56) and (3.57) show that for ¢ > 0 the fluctuations in the
first quadrature is below the vacuum level with enhanced fluctuations in the sec-
ond quadrature. This indicates the signal-idler modes in a NDPO are in a squeezed
state. Furthermore, from these results we also note that the Heisnberg uncertainty

principle is not violated.

3.3 The photon number distribution of the signal-idler modes

Next we seek to obtain the photon number distribution for the signal-idler modes
applying the Q-function obtained in section 3.1. To this end, we generalize Expression

(2.54) for a two-mode light as

IS ANl (I CRAN N Ll
Pevm) = (1) Do darn O I

n!

a":a:ﬁ":ﬁ:[}

so that in view of (3.44) the photon number distribution for signal-idler modes can

be put in the form

BH — O] o [R(t){a*a+3* B)+C (1) (B +a*5*)]
P(n’n) = [ () 12 ( )J - a *na naﬁ*na n (358)
n: 44 o ﬁ a':a:ﬁ“:ﬁ:ﬁ,
in which
R(t) = 1 — B(t). (3.59)

Upon expanding the exponential functions involved in expression (3.58) in a power

series, we have

nl? R m!

P(-n,-n):[Bz(t)—Oz(t)] O RHGCTT ()
ik {,m=0

a'ln [a*i+kak+rrlﬁ$i+[ﬁl+rrl]
aa*naanaﬁ*naﬁn

X

atz=a=Ft=p=0
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so that performing the differentiation using the relation (2.57) leads to

iy L [BO-CHO] & [ BHOOTOk+m)! (14 m)!
(n,n) = nl? e ARl (k4 m—n)! (T4 m = n)!
(i + k) (i + D! sithon kdbmen geitie 1+m_n}
H n m—n Q=i n 3.60
(1, + E— n)' (l -4 {— n)'a @ /6 /8 at=a=F*=F=0 ( )
This expression is different from zero provided that
E+m—n=0,
l+m—n=20,
t+k—n=20,
t+l—n=20
It then follows that
i =m, (3.61a)
1 = 11 — M. (3.61(3)

Substitution of (3.61} into (3.60) yields

P(n,n} = [B*1) — C*(1)] Z [——T—Z—L-H] RH=m (0P (4)

| m! (n —m)!
Finally, noting that (n — m)! is defined for m < n and using (3.59), this expression

can be put in the form

P(n,n) - [Bz(f) - Cz(t)] Z [mr—(?:}:':'m—){J [1 - B(t)]2(n—m)c'2m(t). (362)

This is the photon number distribution for the signal-idler modes generated in a
NDPO. In the absence of cavity damping, (3.43a) and (3.43b) reduces to

|
i = l_l_ 6—K’]'ot
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and

. 1
14 enet

so on account of these relations (3.42a) and (3.42h) take the form
B(t)=1
and
C(t) = —tanh{rv,t).

Therefore the photon number distribution (3.62) turns out to be

_ [tanh"™(k70t) :
P(n, n) = {W} . (363)

This expréssion is identical to the photon number distribution of a two-mode squeezed

vacuum [60]

3.4 The spectrum of the intensity-difference fluctuations

Here we wish to calculate the spectrum of the intensity-difference fluctuations of
the signal-idler modes. To this end, the spectrum of intensity-difference fluctuations

is defined as

Suw) = f_ T dr eI 1), T3H(E)), (3.64)
where
(I3t + 1), 132)) = ({3 5t + T)IF()) — (I3 (¢ + 7)) (I3 (1)) (3.65a)
and
14(8) = ) ()oue(t) — Bl (£)bone(t), (3.656)




in which @y (beyt) is the operator describing the output signal (idler) mode and is

related to the input mode according to

tout = 1/ 27a(t) — ain(t). (3.65¢)
Combining (3.65) and the relation
la(t +7),af ()] = 6(r),

it can be easily shown that the output intensity-difference fluctuations for a vacuum

input is expressible as
(I(t+r), 190) = 47 [(ad (8)al (24 7)a(t 4+ r)a(t) = (T @B+ )b(e 4 7)a(n)
+(ot (T (@ + )0+ )b — (T @)al @+ )ale + 16|
+298(r) [(al @Wa(t+ 1)) + BT + 7)) = 497 [{al (¢ + )alt +7)
(ol (¢ + )bt + )] [(el (ae)) — (o1 ()02))] -
so that in view of the fact that
(al (Da(t)) = (T (p(2)),
the above equation reduces to
(I (t4+7), 1(0) = 497 [{al (©)aT (¢ + 7)a(t + T)a(®)) = (T ()T (¢ + 7)b(2 + 7)a(t))
+(bF (1)1 (¢ + )0l + () — (8T (B)al (¢ et +7)b(0))]
+248(r) [(af(t)a(t 7))+ 0T )t + 1-))] . (3.66)
Now making use of (3.66) one can express (3.64) as
Suw) =t [ dr e ifaany) + 2 el + plown)], e
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in which
Fit 4 1) = (al ()l (t + )a(t + )a(t)) — (aF (6T (& + )bt + 7)a(t))

ot @bt + et + o)) — o (Wal (¢ + T)at + 7)b(2)). (3.68)

Applying a similar method we used in section 2.2, one can easily verify that the

two-time correlation functions involved in (3.68) are expressible as
(aT(t)aT(t + 7)a(t + T)a(t)) = /dza &8 &) d*n Q ( B o + 3 *,ﬂ + 82‘ )
X "o (AMA=1) Q(A", 9", A, n,T) (3.69a)
(al ()81 (¢ + 7)b(t + 7)a(t)) = /r12a B & &y Q ( B+ 83* B+ é%—t)
x ofe (' —1) Q77 A0, 7) (3.696)
ot N S PN N . d d
Gt +T)b(E+ 1)) = | da d*B A d7y Q { o7, 57, a—!—a ‘ﬁ+5ﬂ—*’i

X ﬁxﬂ (W*U - 1) Q(A*:W*:/\:Tl‘af) (3690)

and

(b’f() (t+ 7)a(t + 7)b(8)) = fdﬁadzﬂd%\dzncg( ,ﬁ”a—[— 9 -, B+ 82 )

X BB (XA —=1) QA7 A, 7), (3.69d)

where Q(A*, 7™, \,n,7) is the Q-function for the signal-idler modes which takes the

form
Qo(A* 0™ A m) =exp [—|A —of* — [n — B[]

at 7 = 0. Thus combination of (3.68) and (3.69) yields
; 2. Jig g d
(f(t+7))=fdadﬂ(l)\dzr]Q( ﬂaf-l-a*,ﬁ-l- 95 )
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x (aa—8°8) (A = 2"n) Q(\, %, A, m, 7). (3.70)

RepfﬂCiﬂg (a*a &, /6*: /Ba (.1’:, o, 18:) ﬁoa t) by (’\*: /\) 7}'*, B C}f*, a, ﬁ*a ;8) T) in expression

(3.41), we have

QU A7) = A exp BRI 4 n) + €Y + A7)

+D(T)A + E'()gp + D)X + EX ()07, (3.71)

where A’y B', C", D' and E' are given by expressions (3.42) and (3.43) with (o, o, 53, B0, 1)

replaced by (o*, o, 8%, 3, 7). It then follows that

&) &y

/dZ/\ 0 (A A —177) QO A 0™, )—A’/ A ey Zptn)exp [ BOVA
vig i

+07n) + C'(0n 4+ A7) + DA+ By + DA+ B (3.72)

Expressing this equation in the form

. . g d?
2 2 ) % * ) # - _

X [A’f— exp(— BN A+ D'A + D*X%)
dz?] LV ! ! fy % LA
X ?exp(——Bnn—l-(O/\-i—E)n-F(C‘/\ + E™ W)

and integrating over 5 applying (2.36}, we get

. 0? a9 Alexp[E'E® /B
2,\ *y x At * — _
/ EX g (A=) QA7 0, 7) [anan* aEfaEf*} B

) B? - (7Y |, ¢ LN
X/ - exp{—(—B—ﬁ—-))\A-i-(D'+~B;E')A+(D'+~B7E’>,\J

so that performing the integration over A leads to

[ en—m @oe ) = | 57 G P
n nn ALA LT = aDaD  QFEGgE™| B2
X exn B’ (DI*DJ + EI*E’) + Cl (DIEI + DI*EH)
P | pm o B2 (2 '

48




After carrying out the differentiation, one then finds

. . . . Df*Df . Ef*Ef BI . ,
/dz)‘ d*n (NN —17n) QN A0, 7) = {W] exp [mw' D

}

+EI*E,) + BI2 CI‘Z

(DIE! + DI*EI*)J .
Now employing the explicit forms of B/, C, D', F’ along with their complex conjugate

in this expression, we obtain
[ @ oox—n) QU A ) =N W grg). ()

and substitution of (3.73) into (3.70) yields

(e ) = 0o [ 8 2p @ (o870t 5ot o)

x [a2a? + B25% — 20 af"B] . (3.74)
On account of the relation (2.39), this can be expressed as
(f(t + 7)) = M=) [(af?az) + (6122 — 2(ala bTb)] .

Noting that
(11L2a2 = azah —4a a]L + 2,
aTa bszaafbbTh—aaT—bbT-{—l
and recalling that the Q-function for the signal and idler modes are identical, the
above expression can be put in the form

(f(t 4 7)) = 2ethe7Ra)7 [{a‘zah — 2a ai) —~{a afb bT) + 1} : (3.75)

Next applying the Q-functions (3.44) and (3.45), one can write that

{a 2412 _ 94 a]t) = [32(”13;5)0 (t)] /d:ra[(aa*)g — 20a” | exp (~Fe'a)
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and

(a alb bJr B(t) — ]/i— aa® exp[—B(t)a*a] / — BB
x exp[-B(1)f"8 + C(t)aff + C(t)a 7]

or

(a*al? — 2 a,f):[B?(t)—OZ(t)Haﬁ a] da

B 32 + QW ——exp (-Fa"a)  (3.76)

and

(a ald bJ[} = — [B*(t) — C*(¢)] / % aa” exp[—B(t)a"a} -a%

x [ L8 cpl-BOF S +0Was + C)ap
=[] [aaee] gy e[ ["ﬂ—f@] ool

Bt )
PO L] [ emiera, o

where
B? _ 02

F= B

After carrying out the integration and then the differentiation involved in ( 3.76) and

(3.77), we get

2al? — 94 of 2B%(1) 2B(t) a
N T G0 O e (N
and
B(t) + C*(¥)
(a ot 5hy = TROEEOR (3.780)
Now combining (3.75) and (3.78), we have
(ft+ 7)) = 262 L-250) 4 (3.79)

B2ty = C2(1)
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so that in view of this result, expression (3.67) takes the form

1-28B
B2 _ (2

Sy(w) = 8+* { + 1} /;00 dr e7(=dmd)T 4 9y [((LT(f)(L(t)) -t (bT(t)b(t))] :
(3.80)
Noting that

(ol (8)a()) = (6 (D)0(0))

and using (3.49b), one can write
” ]. - ?.B o0 — iw—, ) T B
.Sd(&)) = 8’72 [m + 1] f-m dr e ( M) + 47 [m - ljl . (381)

Employing the stationarity property for the integral, we put (3.81) in the form

Sy(w) = 847 [ 12— 232 n I} [/ dr e—(iw=Astda)r +/ dr e—-(Hiw—-A;—{-/\g)‘r]
B — C o 1]

B
+ 4y [Bz —7 1] (3.82)

so that integration over 7 results in

B 1-28 323
Se(w) = 4y [‘35’5"“_*"6‘:2‘ = 1] + {W + 1} W, (3.83)

where we have replaced Az and Ay by their explicit forms. Combining (3.42b}), (3.42c)

and (3.43), one finds at steady state

B 49% — 2(ky,)*

5= T ey
and
2KYoY
C = il
4y? — (”’3%)2

so that the expression for the spectrum reduces

o« 8(k,)2y? 1
Si{w) =S, — [72 ypwty BT (3.84a)
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where

1 2(570)27
S, = m (3845)

is the frequency independent term representing the contribution of the shot-noise
from each mode. Thus to quantify the degree of reduction below the shot-noise level

we define the ‘normalized’ intensity-difference fluctuations spectrum

5 Sa(w) '

Sa(w) = g (3.85)

Then combining (3.84) and (3.85), we obtain
S ! 86
Sd((d) = m (3 )

This is a simple inverted Lorenzian with a width of 4y. We observe that at zero
frequency there is a perfect noise suppression in the intensity difference for the signal
and idler modes.

Our result assumes no additional cavity losses beyond those corresponding to the
equal transmitivities at the output mirror. This is in complete agreement with the
result obtained by Reynaud et al. [49]. For the case in which additional losses are
included, Lane et al. [61] have indicated that perfect suppression of the noise is no
longer possible as one of the pair of photons may be lost other than through the
output mirror.

The prediction of noise suppression in the intensity difference has been confirmed
experimentally by Haidmann et al [50] for a NDPO operating above threshold. In
this experiment a maximum noise reduction of 30%-5% is observed at a frequency of
8MHz. The noise reduction is limited due to other losses inside the cavity and various
detector inefliciencies. In refinement of this experiment Debuissechert et al [63] have

reported an improved quantum noise reduction of 69% in the intensity difference.
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4. Conclusion

We have analyzed the statistical and squeezing properties of the signal and the
signal-idler modes produced in parametric oscillators. In addition, we have studied
the spectrum of the intensity-difference fluctuations for the signal-idler modes. Our
analysis has been carried ou$ using the Q-function obtained applying the method of
evaluating the propagator developed by Fesseha [1].

We have calculated the quadrature fluctuations and the squeezing spectrum for
the signal mode produced in a DPO operating below threshold. Expression (2.45)
shows that at steady state 50% squeezing of the signal mode inside the cavity can
be achieved when operating near threshold. However, the result described by (2.49)
indicates that it is possible to obtain 100% steady-state squeezing in the output signal
mode at zero frequency and at threshold.

We have also obtained the photon number distribution of the signal mode. The
time dependent as well as the steady state forms of the photon number distributions
described by expressions (2.60) and (2.63) indicate that there is a finite probability
of finding odd number of photons inside the cavity. This is due to the fact that,
although the signal photons are generated in pairs, there is a possibility for an odd
number of photons to pass through the output mirror. However, in the absence of
cavity damping, the probability of finding odd number of photons is zero as can be
easily seen from expression (2.61).

On the other hand, our analysis shows that the intracavity mixed radiation of
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the signal-idler modes is in a squeezed state. Moreover, expression (3.57) shows that
50% suppression of the noise below the vacuum level can be achieved in the first
quadrature at steady state and at threshold with infinitely enhanced fluctuations in
the second quadrature. These results are valid for equal cavity decay rates and in
the absence of other losses.

We have also determined the photon namber distribution of the signal-idler radi-
ation inside the cavity. In the absence of cavity damping, this result is found to have
the same form as the photon number distribution of a two-mode squeezed vacuum
[60]. Unlike the case of the signal mode produced in a DPO, we see from expres-
sions (3.62) and (3.63) that there is a finite probability of finding n-signal and n-idler
photons, where n can be an even or an odd number. This is a consequence of pair
generation of signal and idler photons and the assumption of equal cavity decay rates.

The other interesting nonclassical property that we found in the signal-idler ra-
diation is a 100% reduction of the noise below the shot-noise level exhibited in the
output spectrum of the intensity-difference fluctuations of these modes. The scaled
steady-state spectrum of the intensity-difference fluctuations (3.86) is found to be a
simple inverted Lorenzian with a width of 4y . We have also seen that there is a
petfect cancellation of the noise in the output intensity difference at zero frequency.
However, these results are not realistic since the analysis assumes no additional cavity
losses beyond those corresponding to the equal transmitivities at the output mirror,
When additional losses are included, the correlation between the signal and idler is
no longer perfect since one of the pair of photons may be lost other than through
the output mirror. In that case there is no complete suppression of the noise at zero

frequency {61,62].
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Finally, we would like to point out that one major task in this thesis has been to
determine the solution of the pertinent Fokker-Planck equation for the Q-function.
And this has been done by transforming such equation into a Schrodinger-type equa-
tion and then evaluating the associated Q-function propagator applying the method
developed by Fesseha [1].

This method can be used to evaluate the propagator associated with a quadratic
Hamiltonian of arbitrary form. The task of evaluating the propagator using this
method essentially reduces to the problem of solving the pertinent Euler-Lagrange
equations. We therefore maintain the standpoint that this method provides a conve-

nient means of solving second order partial differential equations.
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