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PREFACE

Methods of conjugate Directions is one of the methods of
unconstrained function minimization. Studying minimization of
unconstrained function is useful, since some of the most powerful and
convenient methods of solving constrained minimization problems (such as
Lagrange-Method) involve the transformation of the problem into one of

unconstrained minimization

Since the main objective of optimization is to minimize
(or maximize) optimization problems,one shoud have a way of tackling
unconstrained function minimization,and so among the major methods of
unconstrained function minimization Methods of Conjugate Directions is
the one.

This Seminar is a compilation of the two Seminars I have
delivered, for the qualification for M.Sc.in Mathematics.Thus in this Seminar
Paper I have attempted to present the basic definitions and properties

of Methods of Conjugate Directions.

I have divided the paper into two chapters:
I - Preliminaries - a review of definitions and properties of

convex sets and strongly covex functions

IT - Methods of Conjugate Directions - discusion on the
Methods of Conjugate Directions and
minimization of strictly & stongly convex

functions.



CHAPTER ONE
PRELIMINARIES (REVIEW)

1.1. CONVEX SETS AND FUNCTIONS

DEFINITION 1.1.1: A set C ¢ Rn is said to be convex if and only if
Ax + (1-A)yeC for each x,y € C and Ae€[0,1].

n .
Example: R 1is convex.

DEFINITION 1.1.2: A function f:R"—R U{+0}, not identically +w, is

said to be convex if for each x,yeRn and Ae€[0,1]
there holds
f(Ax + (1-2A)y) = A £f(x) + (1-A)f(y).

DEFINITION 1.1.3: An (n,n) - matrix A is said to be

a) Positive semi definite if and only if

<AX,x> =2 0 VxeRn,

b) Positive definite if and only if

<AX,x> > 0 VxeR™{0}.

DEFINITION 1.1.4: Let USRn be an open set, f:U— R. Then
(i) f is said to be Frechet-differentiable at x € U if

and only if there exists a linear and centinuous

function A:R" —R such that
lim |f(x+h) -f(x) - A(h)|
[h|—0, h#0 In]
A is said to be the Frechet-differential of f al x
and it is denoted by f’(x) = A.

= 0.

(ii) f is said to be Frechet-differentiable on U if and

only if f is Frechet-differentiable at each x € U.

(iii) The mapping
£7: U—2(R™,R)
is said to be the Frechet-derivative of f. Where

Q(RH,R) is the set of linear and cont inuous



functions from R" to R.

(iv) f is said to be continuous Frechet-differentiable if and only if f’

is continuous.

LEMMA 154115 let £ : R® —SR be twice continuously
Frechet-differentiable . Then f is convex if and
only if the matrix f"(x) is positive semi definite

for each x € Rn.

1.2. STRICTLY AND STRONGLY CONVEX FUNCTIONS

DEFINITION 1.2.1: A function f:R” —» R U {+®} is said to be strictly

convex if for each x,y € Rn, x # y and A €(0,1)
there holds

f(ax + (1-2)y) < A f(x) + (1-a) f(y).
n

LEMMA T.C:138 Let 1 R — R be twice continuously

Frechet-differentiable. Then f is strictly convex
if and only if the matrix f"(x) is positive definite

for each x € Rn.

COROLLARY 1.2.1: The quadratic function

f(x) = % <AX, x> + <b,x> + cC
is strictly convex if and only if matrix A is

positive definite.

CRITERION OF HURWITZ: Let A = (aij)i §=1 - be asymmetrical
matrix. Then A is positive definite if and
i >
only if det(aij)i,j el 0
Vke {1.: . .,8k.

We now consider a class of functions for which on any nonempty
closed convex set there always exists a unique point of minimum.
DEFINITION 1.2.2: A function f(x) on R" is said to be strongly convex

if there is a constant > 0 such that for each
x, y € R®, 2e(0,1) there holds
FOx + (1-0)y) s A £(x) + (1-2) £(y) - A(1-2) ofx-y|%.  (1.2.1).

Note that astrongly convex function is also strictly convex.



LEMMA 1.2.2.

LEMMA 1.2.3.

LEMMA 1.2.4.

LEMMA 1.2.5.

Let f:R"—5R be twice continuously Frechet-differentiable.
Then the condition of strong convexity (1.2.2) is

equivalent to the condition
n|p|? = <€"(x)p,p> = M|p|>, M=z m > 0 (1.2.2)

for each x,peRn.

If the matrix f"(x) satisfies condition (1.2.2) then

there exists the inverse matrix f _1(x) which is bounded.

If f(x) is a twice continuously differentiable strongly

convex function, then for any xoeRn the set
y = {x:if(x) = f(xo)}

is closed and bounded.

If f(x) is twice continuously differentiable strongly
convex function on a closed and convex set K < Rn, then

for each xeK, 8 > O a constant, the following holds

a)  fx - x| 5 5 < £x) - £x,)>,
£
b x - x| = 7 [
1 , 2
) 0= f(x) - flx,) =+ £ (x) 2

1.3. SOME ADDITIONAL INFORMATION

1.3A. NORM AND ITS PROPERTIES

DEFINITION 1.3.1. A norm in R” is defined by

Properties:
(1)
(ii)

(iii)

x| = v,
For each x,yeRn the following holds:
|<x,y>| = |%]. |v] (cauchy-Buniakowski’s inequality)
I+ vl = |x]| + |v (Triangle inequality)
[l = vl = % + vl

1.3B. PROPERTY OF OPERATORS

If F(x)

is a nonlinear differentiable operator, then for any

x,h,yeRn the following formula is valid:



<F(x + h) - F(x),y> = <F’(x + eh)h,y>, o €[0,1].
This formula is called Lagrange’s formula for operators.

In the following chapters we shall have many occasions of using
Taylor’s formula with the remainder term in Lagrange’s form. If f(x) is
a twice continuously differentiable function in a convex
set k € Rn, then for any x,x + h € k and ae(0, 1]

f(x +.ah) = £(x) = a < £/ (x + aelh),h>

and
ocz
fi(x'#+ oh) = £(x) + o < £ (x),h> + 5 <F'(x + ezh)h,h)

where 91, o, € 0,4 e



CHAPTER TWO
METHEDS OF CONJUGATE DIRECTIONS

2.0. INTRODUCTION

This chapter is devoted to the problem of minimization of
unconstrained function f(x) defined in an n-dimensional Euclidean space
R". Accordingly, in this chapter x is always an n-dimensional vector.

In solving the problem we shall use iterative processes of the type

X = X
k+1 k+akpk
Where Py is a vector determing the direction of motin from point xk and

“k is a numerical factor whose value determines the length of the s*ep

in the direction of Py
In order to get nearer to a minimum point x, (such that f(x,) is

minimum), one should naturaly move from point Xy in the direction of

descent. If point x, is not the point of minimum or a stationary point,

k
then there is an infinite number of vectors p which determine the

direction of descent from point x,  and each vector is defined by

k
<f! > < 0.
£ (xk), p 0

This is seen form the following argument.

Letux = Xy + ap. Expansion of the function in Taylor’s series
about xk gives
az
f(x) = £x ) + «<f7(x), p> + 5= < £"(x )p,p>
where Xee = Xk + o(x - xk), o €[0,1].

If <f’(Xk), p > < 0 then atleast with small value of «, f(x)<f(xk)

since the sign of the right-hand is determined by a term which is linear
with respect to «.

Now we apply methods of conjugate directions to choose the
direction of the descent and factor o -

In what follows we use the notation

fé:= f’(xk) = Vf(xk).



2.1.  MINIMIZATION OF QUADRATIC FUNCTIONS

2.1.A .CONJUGATE DIRECTIONS AND THEIR PROPERTIES

Let us see the problem of minimizing quadratic functions of the

form

f(x) = % <AX,x> + <b,x> + C (2.1.1)
where A is an (n,n)-symmetric, positive definite matrix, b is a vector

and ¢ is a scalar quantity.

DEFINITION 2.1.1. Let A be an (n,n)-symmetric matrix. A set of n
vectors (or directions) {po,pl, o pn—l} is said
to be conjugate with respect to A (or A-orthogonals)

1y <Api’pj> =0 foreach i # j, i, j=20,1,. . .,n-1.

THEOREM 2.1.1. Let A be an (n,n)-symmetric and positive definite matrix.
A set of non zero A-orthogenal vectors {pO,pl,...,pn_l}

is linearly independent.

PROOF : Suppose that
n-1
A.p. =0 , for some scalar A..
=g JJ J
J—
If 1 is any one of the values of j, then multiplying both sides of the
equality by Api , we obtain

B=1
A. <Ap,,p.> =0
j=o J 1A
< o
or Ai Api,pi> 0

because of the conjugacy, all the remaining terms vanish. But since A
is positive definite and pi¢0, then

<Api,pi> 0

which implies, Ai = 0 for each i. Since i is arbitrary,
n=
A.p. =0
i I
implies Aj = 0 for each je{0,1,...,n-1}.
Thus {popl,...,pn_l} is linearly independent. //

Let x, minimizes the quadratic function f(x). Then

Vf(x,) = b + AX, = 0 (2.1.2)



Now given a point Xy and a set of (nonzero) A-conjugate directions

pO’pl""’pn-l’ then since po,pl,...,pn_1 is a basis of Rn point x, can
be represented in the form:
nil
Ky =R S p
0 3§50 9
n-1
or Ky = X, + 0P, (2.1.3)
using equation (2.1.2) we have
nil
b + A(x, + a.p.) =0, i.e.
0 g0 I
nil
or b + Ax. + A a.p, =0
0 j=0 J J
nil
2.+ A a.p. =0
0 j=o J J

Multiplying this equation by p; » we obtain

&P > < Do i.e.
f‘o,p_1 + ai Api,pi Q,ive

e
LR L ik 4 (2.1.4)

<Ap;,p;”>

Thus if a certain system of conjugate directions is known, then the
minimum point of a quadratic function (2.1.1) is easly found by using
formulas (2.1.3) and (2.1.4).

The procedure of determining point x, by formula (2.1.3) can be
considered as a process of construction of successive points:

Xipq =% toyp;, 1=0,1, ..., n71 (2.1.5)

where the parameter «, are determined by formulas (2.1.4).

DEFINITION 2.1.2: Iterative processes of the type

Xi+1 = xi + aipi R L 0, 1, Vs 8 n-1.

in which @, are determined by formulas (2.1.4) is

called methods of conjugate directions.

It follows that using the methods of conjugate directions one can
solve the problem of quadratic function minimization after performing a

finite number of steps not excceding n.



Formulas (2.1.4) can be transformed as follows:

If X5 is determined by formula (2.1.5), then

<f’ - A ’ /o ! ’ >
fo,pi> <f0 T, S g s fi + fi . pi

= <—-oc0APO = oclAP1 = oci_lAPi_1 + fi’ P>

= - - o - < S+<f’ >

®, <AP0,P1> a1<AP1,Pi> R %y APi_l,Pi/+ f‘.l,pi
= <fi,pi>, due to A-orthogonality of vectors Pgr 2P
Consequently from (2.1.4)
<fi,pi>
(xi S W y 1 = O, 1, ...,n_l. (21.8)

THEOREM 2.1.2: If point X is reached after i - 1 steps while minimizing
the quadratic function (2.1.1) and if P +Pys---Py_q 2re
(non zero) A-orthogonal vectors then

£, PP =0, §=0,1,...,i1L (2.1.7)

PROOF: Since X3 is reached after i-1 minimizing steps, it can be

written as

Xj = Xg b 0Py * 0Py b k@Dt g Py b 0y 4Py g
= Sl YRR R e Y Oy 1Py
=1
=X, ., + o p
ol K= j+1 k'k

where o is a step length in the direction of Py - But since

f!i = Vf(x,) = Ax, +b,
i i i

then using the above we obtain

i=1
f! = Ax, + b = [x o p ] +' b
i i J+1 ij+1 k7k
=1
= Ax.+1 + b+ A Z_ @, Py
k=j+1
121
s f + o AP .
Pl K= g1 kk
Multiplying both sides by pj, we obtain
iil
SEL SOpR> et y P> * a <AP , p.>.
i J j+1 J KEj+1 k k J
But since aj is the step length along the direction p‘j , we obtain

(using (2.1.8))



LS AT T L

J*1 J
and since Py»Pq»--+»P;_q @re A-orthogenals,
lil
« <AP. , p,>=0
kEjer ¢ K7
Hence
<f! . p2 =0, J=0, 1, g L=a LS

If with a certain O =i =n -1 in formula (2.1.5) @, = 0

(i.e. Regq ™ Xi)’ then from (2.1.6) we obtain <f£ , pi> = 0. Combining

this with (2.1.7) we obtain

<f’ > = <f! > = j = sasg da
i P, fi ’ pj 0, J O) 1’ » 1

Thus the fact that the coefficient oy becomes zero means that the
corresponding point Xy provides the minimum of the quadratic function in
the subspace formed by vectors Pg» Pyr---» Py and passing through point Xq:

Finally, not that by (2.1.7) <fi ; pi_1> = 0. This means that the
choice of coefficients o« by formulas (2.1.4) or (2.1.8) corresponds to
choosing oy under the condition

f(xi + aipi) = m;n f‘(xi + api).

2.1B. METHODS OF CONSTRUCTING CONJUGATE VECTORS

Now we turn to the study of methods of constructing conjugate
vectors. Each of these methods determines one or other method of
conjugate directions, which consists in the construction of successiue
approximations to the solution of the problem of minimization of

function (2.1.1) making use of formulas (2.1.5) and (2.1.4) (or (2.1.8)).

REMARKS: 1. The process of constructing conjugate vectors should use
only calculations of the function and its gradient and
should not use the calculation of second derivatives of

the function.

2 For any of the methods of constructing conjugate vectors,
the condition
fl Lopee @ - D2l shoel
i i
is satisfied if and only if fi = 0. Indeed, if this

condition is satisfied, then by (2.1.86) ai = 0 and there



fore in sequence (2.1.5) X5 = xX,. This means that we

+1 i
shall not be able to construct vector Pi4q # P;- The
process will accordingly degenerate (stop) with out

reaching the solution if fi # 0.

Thus for any of the methods of constructing conjugate
vectors, the condition
<f; , P> * 0 if f; # 0 (2.1.8)
must be satisfied.

Taking into account the above remarks, let us turn to the actual
working out of the relations for the construction of A-orthegonal
vectors.

In what follows we use the notations

Pii= Xy ~ X = @p;, €,:= fi+1 - f‘i = aiAPi. (251 99

An arbitrary direction of descent of function (2.1.1) may be chosen to
be vector pO = —Hgfé, where H0 is a symmetric, positive definite matrix.

Let us establish the requirements which vector pk UM [P ol B T
must satisfy inorder to fulfill the conditions of A-orthogenality:
<pk,APj> =0, 0s=sjsk- 1. (2.1.710)
To this end, we make use of the fact that according to the
properties of conjugate directions (see (2.1.7)) in choosing o in
process of (2.1.5) by formula (2.1.6), conditions (2.1.10) and at the

same time also the equality

<f£ ; pj> =0, 0=j3=k-1 (2.1.11)
must be satisfied. If we set
p, = “Hip/ (2.1.12)
k k k il

where Hk is an (n,n) square matrix, then conditions (2.1.10) can be

written in the form:
<f! S = j=k -
fk : HkAPj Ot rOn=il = Ik 1
Comparision of the equalities obtained with (2.1.11) shows that if
(2.1.11) is satisfied, then (2.1.10) will be also be satisfied, provided
matrix Hk satisfies the relations
HAP, =ap, s L= jJg=k~-1
g ¢
where a is an arbitrary constant.
Since according to condition (2.1.5) and the strict convexity of
function (2.1.1) we have 0 < |ai| < w with any 0 = 1 = n - 1, equalities

(2.1.10) and (2.1.11) can be written in the form:



< >imEg > 28 < 3 = i.e.
Pk ; ej akpk . ajAPj akaj pk’APj Ojti.e
<r~k,ej>=0,05jsk—1 (2. 1.13)
and
<f/! , r>=<f! , ap,> = a < , > =0, i.e.
K k%P ¢ il e
4 > = s j= - Ll
<f‘k , rj 0, O J k 1 (2.1.14)
and the condition for determining matrix Hk can be written
as: He,=ar,, 0= j=k-1. (2.1.18)
k™ J

Thus the conditions of A-orthogenality (2.1.10) will be satisfied

if matrix Hk which determines Py by formula (2.1.12) satisfies

equations (2.1.15).
With k < n - 1, the number of vector equations (2.1.15) will be

less than n; it follows that matrix Hk is not wuniquely defined.

Besides, with different values of constant a the system of equations for

defining matrix Hk will also be different. All this suggests the

diversity of algorithms which can be wused to construct conjugate
directions as we have to use various methods of constructing differnt

matrices Hk'

Since equations (2.1.15) must be satisfied with any k = 1,2,..,n - 1,

it is natural to try and construct matrix H by recursive relations

k
(Hk = Hk+1 + AHk-l’ k > 1 where AHk—l is defined below).
Let us write (2.1.15) in the following form:

He, = (H + AH Je, = ar, i.e.
k- J

k™j 1 k-1""j
(Hk_1 + AHk—l)ej =ary, Ok=ij =k — 1, (2.1.186)
But since matrix Hk—l must satisfy the equations
H F2 GOPA I 6 [ ) P

k-1%5 = 23

it follows from (2.1.16) that matrix AH is defined by the following

k-1
conditions:

k=13
AHk-lek—l e Hk—lek—l' (2. 1. 17)
The latter equality will evidently be satisfied if we assume
uT H e VT

"k-1 Yk-1 k-1%k-1 k-1
AHk_l = a ﬁ) = v e S (2.1 18)

k=1"*"k=1 k-1’ "k-1
where u 5 N are unknown vectors. It is necessary that the vectcrs

k-1 k=L



be such that the first of the conditions (2.1.17) is satisfied. i.e.

< > = = = J=sk = o 5

W q o eJ o <vk_1, ej> 0, 0= jJ=sk =2 (2.1.19)
clearly, vectors uk—l’ vk_1 must also satisfy conditions

<uk_1, ek—l> # 0, <vk_1, ek_1> # 0. (2.1.20)

Taking into account (2.1.13) it is clear that conditions (2.1.19) will

be satisfied if we choose u = v =r , conditions (2.1.20) will

k-1 k-1 k-1
also be satisfied since

e > = <p >0 (2.1 24)

Ti-171%k=1 R L
according to the positive definitness of matrix A.
Vectors Uk—l’ Vk_1 can also be chosen by using the follwoing
considerations. If condition (2.1.10) is satisfied, then we have

<AP , P> =< e y —m D> = € .4 P =0, 1.e
k=1 ] ak—l k-1 aj J ak_laJ k=1 J
1
AR 2y P> = <e, ,, r>=0, 0= jsk-2
k=1 3l ak—laj k=1 J
Making use of (2.1.15) we have then
i 2
< > = > = > = < j=k -
ety Ty T e Bt N e 0P =0 O F gk

It follows that inorder to satisfy (2.1.19) we can assume

) R pea
Mot ® Vg ™ By 6y
Ingeneral, if we choose vectors uk_1 and Vk_1 in the form

u =t r "
k-1 10 “k=1 2,k k-1 "k-1’
i

\% =t t H (2: 1.22)

R4 3,% k=loT Cak =1 Tre1

WHOre: By . b pe Se g L

are arbitrary numbers (which can change
with changing k), then conditions (2.1.19) and (2.1.20) (in particular

with tl,k = t3,k =1, t2,k = t4,k = 0) will be satisfied.

Thus, choosing vectors u in the form (2.1.22) we are able

k-1" k-1
to construct matrix AHk—l by formula (2.1.18) and consequently matrrix
Hk that the vector pk which it determines will satisfy the conditions of

A-orthogonality (2.1.10).

To each pair of vectors uk-l’ Vk—l and constant a chosen there will
correspond their particular matrix AHk_1 and, consequently, matrix Hk.
In other words, with different vectors u v, and constant a we shall

k> 'k
construct different methods of conjugate directions.



2.1C. GENERAL PROPERTIES OF THE METHODS

Let us establish the general properties of the methods of conjugate

directions, which can be constructed in the manner described above.

THEOREM 2.1.3: If matrix HO is symmetric and positive definite, then
condition (2.1.8), i.e.

SfLop L g §f £ 5% 0
Jr Ty J

is satisfied by the methods of conjugate directions.

PROOF : Using expressions (2.1.18), (2.1.22) and the recursiue formula
for matrix H.(H, = H, , + AH, ,) we have
b | Big J=1
-p. = H?fﬁ = (H, , + AH, )Tfﬁ - HT £ + AH? £
J J'J J-1 g=1" " J N i J=1"]
Making use of (2.1.18) and (2.1.14) we can write
i T T
T o e . oL te P+t H. " e, . |€e, B, .F>
AHE gt wiad TdednTimblogal §F o _[ Bid S+t )1 J-l] g1 Jg=1 J
=17 < > < >
SRS vj—l’ej-l vj_1 ; ej_1
T T
But since |5 (o = ARG (PRI . 2 S
J-1"J4-1 =1 J-1
T il
= Hudp i) =a H vt
J~1"J Jg-1 J=1
T
= H. fl. i . »
J-15 " Py
then vector:= pJ can be written in the form:
r eT
p = =ma, | 1o A0 g e (2.1.23)
3 J, dJ J 3-1'%4-1 J J
e,y HT_lfC>
where 8.,:= 1 - t4 . <vJ ’ g J
J s §-1° €51
If vector v, satisfies condition (2.1.20) and «,. ,t. . # - t ., with
J-1 J-1°3.,J 4,
any J = 1,2y ... factor aj # 0 since
T ke rey HT £>
Ad JSW L J 4 g
<v e > ;
4 bl R
Suppose that factors t3 3 and t4 4 are such that with j = 1
conditions <Vj-1’ ej_1> # 0 and ajto be satisfied. Then we obtain

H? . = HTfC for 0= 1 = J=2, 1.6
0511 i ¥



T T i
B =nH " = ... = H; L= H, T (2.1.24)
0 J [ty J=Z"J = 4

Taking into account these equalities, we can write expression (2.1.23)

in the following form:
eT
-p. = e =45 |1 - _Q:l__éll_

J J J J <Fj_1, j-1

. Hij' (2.1.25)

Now multiplying both sides of equation (2.1.25) by fs and using

condition (2.1.14), we obtain

=<fr Py = 8. <Pl HefrS , JB 0. (2.1.26)
J pJ % 0 J J

But since HO is a positive definite matrix, then for f&*O, <f3, H0f3> > 0.

Consequently, if 6J¢0, then it follows from (2.1.26) that <f3, pj>¢ Q.. £/

REMARK: The successive approximations to the solution of the problem
of minimization of a quadratic function are the same for

different methods of conjugate directions.

2.1D. CONCRETE ALGORITHMS

Let us now consider formulas which can be used in constructing
conjugate directions. Each of such formulas determines a method of
conjugate directions consisting in constructing successive

approximations to the solution by formulas

o e L _ o
Xerl = X ¥ 4P P = kak’ k=00, 1, o, n=d (2.1.27)
where a is chosen under the condition f(xk + akpk) = m;n f(xk + apk)
Now let us construct two methods:
- ! N it =T
Method 1: Set in (2.1.18) a = 1, W =T Vi1 = Hk—l e 1 (i.e. in
formulas (2.1.22) tl,k = t4,k= i i t2,k = t3,k = 0). Then
T T
¢ g H e © H
Ho=H_, +M _ =H_ + <§ : : . - f;l kel LS 1ek 1). (2.1.28)
k-1’ "k-1 k-1"k-1' "k-1

Let us study some properties of matrix Hk obtained by this method.

Properties: (i) Hk is symmetric.

(ii) Hk is positive definite.



(T W =t
n

Proof: (i) This fact is easily established by induction. Matrix HO

is symmetric. The two matrices which form AHO are symmetric too.

Therefor, H1 is a symmetric matrix. Similar arguments hold for any k =

2 PR o AR

(ii) We prove by induction. Matrix Ho is positive definite.

Let Hk be a positive definite matrix. Then for any x € R"

2
<rk,x> <erk,
ey B O & SR ¥ 2 >~ He
"k %k Kk’ ®k”
<H, x,x><H, e - <H e x>2 <r x>2
N k k7k’ k k 'k’ " k’
Hey: ey T C”
: ; e e . 1/2
But since Hk is apositive definite, there is a square root Hk
Consequently taking into account the summetry of matrix Hk’ we have
4 1/2 1/2 12 172 _. .
<H x,x> = <H " "H x> = <H""x,H %> = <y, y>;
similarly
)% 172 172 .
/<H ﬁ’ b Al <Hk ek, Hk ek> = i Kz Z>,
/4 172 172 L
<erk, X> = <Hk ek, Hk X2p =0 <2, 9>,

Now using these relations and applying cauchy-Buniakowski’s inequality

we conclude that the following holds:

2 2
< - < cal— T >< > - < >

<Hkx x> erk’ k erk,x VY, y2<2,2 z,y =0
and this inequality holds only if z =y, i.e. Since Hk is non singular,
only if x = €y But in this case

= - T < > i i it

<rk, x> <rk, ek rk, Ark 0, since A 1is positive
definite.
Thus for any x # o, we have

2 <r &
> ath ’
<Hk+1x, b s <y,y><§ z <z;y> P <k . > 0
k “k* k Tk %k

and this proves that our reasoning by induction holds. //

(iii) To show Hrl = A 1, since Hk gsatisfies (2.1.15) with a = 1,

then we have

He,=r,, j=0,1, ..., n-1, or making use of (2.1.9)



HoOAT,, =orr . cde= 10 A ametan- = 1.
n J J
or CH A =-=L)r =10, J'= 00 1550 00 nelwBat Bince i s, voisl
n 9 0’1
are linearly independent, then we have
HA=1, i.e.
n
Al=H.
n
Method 2: Another method of constructing Hk is obtained if we take
a =1 in (2.1.18) and choose e Ve W P g (i.e. in fermul
(2.1.22) tl,k = t3,k = 1 and tz,k = t4,k = 0). Then g
Tk-1
My =He g 8y S H g * g B ) T Wl
k-1 k-1
Let us see some properties of matrix Hk obtained by this method.
Properties: (1) Hk is not symmetric
(11) H = A"]
n
Proof: (1) trivial

(ii) it can be demonstrated just in the same way as for

method (2.1.28). //

But we can write (2.1.29) in the form:

k-1 r?

From (2.1.9) and (2.1.10), we have <ri, ek> = 10: .10 = = ko= 1
Consequently, it follows from (2.1.30) that

erk = HOek’ k= 0,71, ..., n=1, (2.1.31)
Thus formula (2.1.29) can be written as follows:
r‘T
Hk = Hk_l + (r‘k_l = HOek—l) <k_17e>. (21.::"2)
k-1 “k-1
If H, = I, this formula is simpler than (2.1.29).

0
The constructing of methods of conjugate directions can be

continued by choosing various combinations of constant a and vectors

U s Ve by formulas (2.1.22) but we shall not do so.
Remark: In each of the methods treated above conditions (2.1.20)
were satisfied by vectors uk " vk.
For, in method (2.1.28)(i.e. in the case V, = HT e. ), since matrix H is

k k "k k

n—i

as

29)



positive definite, we have <vk, ek> = <HEek, ek> >0. In method (2.1.29)

(i.e. in the case e, = v, = rk), it was mentioned by equation (2.1.21).
Thus, in accordance with the results of chapter 2.1C, condition (2.1.8)
is satisfied by the methods discussed, i.e. the methods are guaranted to

be non degenerated.

Let us now derive formulas directly applicable to the calculation

of vectors Py defined by different matrices H This is easily done by

K’

using formula (2.1.25). Since Feo1 = %1 Pr-q’ e have from (2.1.25)
P, = ak(HOfﬂ - kak—l) (2. 1:23)
<H.£!, e >
g = 2_9_5__EE_1; (2.1.34)
Pr-1' k-1
a) Consider Method 1, in which matrix Hk is constructed by using
A . ;
vector VEig ™ Hk—l € 1 Then using (2.1.11) and (2.1.2.4) we obtain
B by 4020 e ot (2.1.35)
k <H0fk, fk> - <pk_1, fk_1>
But from (2.1.25), because of (2.1.11) and (2.1.14), we obtain
< 4 s 4 /5 .1.36>
HO fk, ek_1 Hofk, fk (2.1.36
and then using this equation and (2.1.35) we find that
< g
8, = - el (2.1.27)
k <H0fk, fk>~<pk_1, fk—1>
Note also that <f'k » P> = <fk » B> - <fk+1 y P> = = <ep , pk>.(2.1.38)
Comparing formulas (2.1.34) and (2.1.37) and taking into account
R | - 3
(2.1.36) and (2.1.38) we have ak = T—I—Ek. Hence akBk = 1 ak.
Consequently, formula (2.1.33) which determines vector Py in the case
. ) . R ;
where in constructing matrix Hk we use vector vk_1 = Hk-lek—l’ can be
written in the form
p, = -0 Hyfp + (1 - 8, )P4 (2.1.39)
were 9. is determined by one of the formulas (2.1.35) or (2.1.37).

k

b) Consider Method 2, in which matrix H is constructed by using

k
vectors uk_1 = vk_1 = Pk-l' In this case t4,k = 0, therefore, from
(2.1.23) Bk = 1 and from (2.1.33) we obtain
pk = Hofk + kak—l (2.1.40)

where



< /
. Hofk, ek_1>

B, =
<
SRy Ry
If we use equalities (2.1.36),(2.1.38) and (2.1.26)((2.1.26) has the form
<pk, fk> = - <Hofk, fk>) then for determining coefficient Bk one of the
follwing formulas can be obtained:
o <H0fk, ek—1> " <H0f‘k " fk> i <Hofk, fk> T
. Wy * ey “otk1 » Tk1” . ol Tt

Expressions (2.1.39) and (2.1.40) which determine vector Py in

their turn can be given the form Py = —HEf&, where Hk depends on the

coefficients ak and Bk.
The simplest formula for calculating A-orthogenal vectors can be

obtained by choosing HO =1 in (2.1.40). In this case

P = ~EL ¥ Bp 0 k=1, 2, ... 01, py= . (2.1.42)

where Bk is determined by one of the follwoing formulas:

<fk, ek—1> <f‘k , fk> <fk,fk>
Bk = _<p—f’> = —W >= <F F N (2. 143)
k=1’ “k=1 k-1 k-1 k-1, k-1

Method (2.1.27) in which conjugate vectors are constructed by

(2.1.42) and (2.1.43) 1is widely known as the method of conjugate

gradients.

i LomtP 2 E .
EXAMPLE: Minimize f(xl, x2) = 2x1 + %5 + 2x1x2 + X4 s starting from
point (O, O)T,
Solution: f(x) = % <Ax, x> + <b,x>, where A = [é ; ] b = (1,-1) T

xi= (%, ; xz) € Rz. Clearly A is symmetric and since

4 2

o By Aonis

‘= 4 > 0, then <Ax, x> > 0 Vx € R Q{O}, i.e:

f(x) is strictly convex function.
Now we use method (2.1.27) in which conjugate vectors are constructed by
formulas (2.1.42) and (2.1.43), i.e.

X =X + «

K+1 x TPy = 01

where



flel prI
=-f +8 = -, B = 7PN o - Y
Py k © PxPk-10 Po 0Pk T ST o ' o Ten -
k-1"k-1 PPy
Iteration 1:
af af I T
f(x) =V(x) = | —, —— =l ¥ 2%, 1, Bx, # 2%, = 1)
axl 6x2 il 2 il 2
Hence
fé = f'(xo) = (1,—1)T where X, - (O,O)T is a starting point. But
since fé = (1,—1)T # (O,O)T, then Xy = (O,O)T is not a minimum point.
And since then
S LU TR T i
Py = fO = (-1,1)
e
s Bt PO (-0 -
L) Wit 1 (-1,1)74 2], _ T AL
pOAPO 5 2]( 1;1)
¥y Sl 5o
SRT0 R ) LA D LA R
But since fi = f’(xl) = (-1,—1)T # (O,O)T, then X, = (—1,1)T is not a
minimum point. Infact we have f(xl) = -1.
Interation 2:
fg " RgurNa Py
R
, P18y el el B
| o (1,-1)(1,-1)
0 "0
But then
p, = -(-1,-0" + 1-1,1)7 = (0,27,
and
4.
g Pifo _0,20(1,-1)7 al
- N 4 2 T 7
pLAP, (0,2)[2 2](0,2)
o Yol QAL
= 1,07 + L 0,27 = (11, 320,
Since fé = f'(xz) = (O,O)T, then x, = X, = (—1,3/2)T is a minimum

point such that
Flxg) = =Bk =1i= f(xl).
Even if we don’t know the point (-1, 3/2)Tto be minimum, we will

not be able to move from this point, since



T
£1 = £ (x, )05 (0)OND 18y S S DU 000

2 T 2 ’

— =4 i
P, = f2 + szl = (0,0)".
This shows that there is no conjugate direction to reduce f further and
hence X, is a minimum point.

2.1E SUMMARY

We have considered a general schem of constructing methods of
conjugate directions and on its basis obtained concerete algorithms.
Any of these methods make it possible to find the minimum of a
strictly convex quadratic function after a number of steps in
process (2.1.27) not excedding n.

If algorithms are judge by the amount of calculations periteration,
then algorithms (2.1.39) and (2.1.40) should certainly be perfered.
These methods are specially easy to implement if the choice. HO =1 is
made.

The difference in properlies of algorithms tells considerably when
they are used for minimization of non quadratic function; this will be

discussed in the next section.



2.2. MINIMIZATION OF ARBITRARY FUNCTIONS

2.2A. CONSIDARATIONS ABOOUT THE APPLICABILITY OF THE METHODS

DEFINITION 2.2.1: Iterative processes of the type

! Y P -
Xl X + ®P P = kak’ k=0, 1, :.sy (2.2,1)

in which vector Py (or matrix Hk) is constructed by algorithms

of chapter 2.1D and the value of . is chosen on condition that

f‘(xk + pk) = m;n f‘(xk + apk),

is called methods of conjugate directions.

k

Suppose theat we intend to use process (2.2.1) for the minimization

of an arbitrary (not quadratic) convex function f(x). In this case,

matrix f’’(x) will have different elements at different points of
sequence (2.2.1); by virtue of this fact vectors Pgr Py constructed
by any of the methods of chapter 2.1D will not be conjugate (f"(x) -

orthogenal). However, 1if the intial point X0 is in a close

neighbourhood of the minimum point, x,, of a smooth convex function

f(x), then at any point of this region matrix f"(x) is close enough to

matrix f"(x,), i.e. the quadratic function

1
p(x) = 5 < Elac M=), x-3.> 4 fix.)
is a good approximation to the function f(x).

To see this consider Taylor’s series expansiev of f(x) about its

minimum point, x,.

£ (se) benf(em). < i, ) i % =i > % L EPIR )R = Sep il o8 = Mo Lo
But since f’(x,) = 0 and the terms involving higher derivatives will be
dominated by the quadratic terms then f(x) approaches the quadratic
function ¢(x), in the close neighbour hood of x,.

Further more, if the matrix f"(x,) is positive definite, then ¢(x)
will have its minimum at x,. Thus, we can expect that the properties of
vectros Pyr -+ Py determined by methods of chapter 2.1D will be close
enough to the properties of conjugate vectors (f"(x,) orthegenal) and
therefore the methods of chapter 2.1D prove sufficiently effective

inminimizing non quadratic functions too. But in general the methods

will no mor yield the result after a finite number of steps since the

conditions



<f"(x*)pi’ pj> =0, d.#j

will not be strictly satisfied with any initial point x

o
Note that the condition under which paramenter o is chosen can be
written also in the form:
<t =
ey + P> = O

The objective of this section is to substantiate the convergence of
methods of conjugate directions in the minimization of nonquadratic

funcitons and to obtain bounds on the rate of convergence.
2.2B. THEOREM ON CONVERGENCE OF THE METHODS

In what follows we shall assume that f(x) is a strongly convex

twice continueusly differentiable funcition, i.e. the conditions
2 " 2
mly| = <f"(x)y,y> = M|y|®, M=m > 0 (2.2.3)

are satisfied for all x, y € Rn, and that a symmetric, positive definite

matrix has been chosen as HO i.e.

2 2
mO"y" < <H0y,y> = MOHy" ’ MO z my > 0 (2.2.4)

for all y € R".

DEFINITION 2.2.2: A matrix Hk is said to be restored after afinite
number of steps, say n, if with any £ = 0, 1, ...,
H€n= HO where HO is symmetric and positive definite
matrix.
Processes of type (2.2.1) can be realized either with restoration
of matrix Hk after afinite number of steps, or with out such a

reinitialization.

REMARK: If a process with restoration of matrix Hk after a finite
number of steps is being ralized, then for any of the methods

of conjugate directions the condition
lim [f'(x )] =0 (2.2.8]
k
k—

is fulfilled.
The fulfilment of condition (2.2.5) for astrictly convex function
means that any of the methods discussed in chapter 2.1D, if realized

with restoration of matrix H after afinite number of steps, converges

Kk
to the solution x,.

28



However, if process are realized with out restoration of Hk’ then
their convergence must be substantiated. Besides, it is also necessary

to eastimate their rate of convergence.

DEFINITION 2.2.3: We say that a sequence (xk) converges to a point x,
at a super linear rate if the inequality

"xk+1 N x*” = qk”Xk = X*"
is satisfied, where q — 0 as k — .

REMARKS: 1. In what follows for simplicity we shall often in

using vectors and parameters r Rl w e 5 0 .
© P €n+i’ " €n+i’ “€n+i’ T€n+i’

B§n+i etc. 1i=0, 1, ..., n-1 omit index &n and operates
with ri, f;, ei, ai, Bi etc. Note that this is done only
to simplfy the written form and the real index is
&n + 1,

2. In what follows we shall use the notation: g = o(h) if and
only 1f g — 0, for each g, heRn.

h

Let us now formulate the theorem whose contents are the main result of

this section.

THEOREM 2.2.1: For the minimization of function f(x) which satisfies
conditions (2.2.3) let there be applied process (2.2.1)

in which the construction of matrix H  is performed by

k
one of the methods of chapter 2.1D ((2.1.28), (2.1.29),

(2.1.32)) with restoration fo H after n steps. If the

k
value of o is chosen under the condition that the minimum
of the function be in the direction of Py then the

sequence (xEn) whatever the initial point X chosen

converges to the solution at a supper linear rate.

PROOF: Suppose that it is not true, 1i.e. assume that for the
iterative processes described the condition:

ﬂxk+1 - %,] & A"xk =% (2.2.8)

is satisfied with any k were A > 0 is a constant. But, wusing the

inequality |x - X, | = % "f&+1”, 8 > 0 and the expression

k+1
£ GO = I8 G0 = £ (xy] = Mlx %, (2.2.7)

Lo Tad



which hold for a function which satisfies condition (2.2.3), we find
that condition (2.2.6) is equivalent to:

EMERIA (2.2.8)
where 8 > 0 is a constant.

Now then studying the properties of process (2.2.1) and assumming
that condition (2.2.8) is fulfilled we find that the following estimates
hold:

C"f&” = "Pk” < N"f&" (2.2.9)
where C,N are constants independent of k, C > 0 and
<ey, rj> = O(Hei”"rj"), 1"« 3, 08§, Jsn~1. (2,2.10)
(The proof that these estimates hold for different algorithms will be
given in the next subsection)
Now then using Lagrange’s formula:
<f' (%, +r, ) = %% )y'r>=<f"(x +'8pr, )r,,r >, 06€l0,1], %, r,;, ', €R
i i i 3 i < D ol ik 1 J
we obtain

e ip >l Pliix ar YiAPllge ). (s> Sttt 40p. P, P> = <£" p.,p.> =
1 J e i 5 i e LSl e 17 J

= EEY#fE = )pg, e > =i<flir. . r > ¢ <FY = £ e, >
e le i e i el i ic’ i J
i.e. e, P> & <Pl op i asisRetip. w8 + L(f- £V Y., > (2.2.11)
g e R i gl i Ttk | J
where x, = x, + 6r,,0€[0,1].
ic i i
If "Pi" — 0, then because of the uniform continuity of second
derivatives of f(x) on (closed and bounded) set S = {x:f(x) = f(xo)} we

have |f! - f;" —> 0 and it follows from (2.2.11) that, if (2.2.10) is

1¢
satisfied, estimates

stiry, = oe eyl + ocfe Il D
e 4, ‘084, Jsn~1
hold too.
Under conditions (2.2.3) (or using (2.2.7))

”ei” = "f£+1 - fi” =< M[]xi+1 - xi” = M“ri", consequent ly "ei" and ”ri”
are of the same order of smallness. Taking this into account, we have

<fir,,rp> = o(frylfrs, 1 #3 0=1, g=n-1. (2.2. 12)
If estimates (2.2.12) are fulfilled, then there are vectors

r, ® e tal L IR, e r r AL L (2.2.13)
where |w.| = 0(|r.|), such that

i |
L T : (2.2.14)

en i, rj> =0, % g, 0=, J=n=1

But since vectors Fi’ i=0,1, ..., n-1, with sufficiently large §

"7



= . - n
N Y e P is abasis of R.
o 1 n-1

Let ZEn be the minimum of the quadratic funciton

are linearly independent (in R") then r

1
QX)) = <L Nolifo B8Ny S oph L = .
£n £n 2 f‘g (x xEn)' X x€n> . fEn
n-1
let us writ t - - I SOL
ite vectors z&:n x&:n izoairi. (2.2.15)

since ’ Z = /7 " L = . s
e’ ( En) fE + f&n Zen XEn) 0, then using (2.2.15) we obtain

N1 o
f\ll =_f[
i% %4 En i €n’
Hence, taking into account (2.2.14), we get
R 0 e B R
a, fEnrl rl <f§n’ ri>
<fé Ty >
i.e ai ~ g cAo=m0. 1, y Bo= 1
" >
f.Enr\i’r‘i
t & IRt T 20 = el A
Bu fE ,rl fO fl * fl f1+1 + f1+1, ri>
= L= - - &
e0 e1 s ei ¥ f1+1’ | SR
= >=< >- - i £ =
O,r epry> <ei,ri>, since, by (2.2.2),<fi+1,ri> 0
i-1
= —<e,,r,> -Z<e., r.>.
g % i
J=0
Hence, having in mind estimates (2.2.10), it follows that
i=1
_<fén, pyaenigy, 7> +jzg O("ej“”ri") (2.2.18)

Remarks: 1. According to conditions (2.2.8) and (2.2.9) all of the
UL Pn—l are of the same order of smallness

2. Since |e.| = M|r,|, vectors e,, ..., e are of the same
i i 0 n~1

vectors r

order of smallness.

Taking into account the above remarks the equalities (2.2.16) can be

written in the following forms:

-<f’ v = <er S et d O(HP.HZ), i'=0, 1,7..., n=1.
i R | i

€n’
Further, taking into account (2.2.13), we find that
n_ = " > = <(f" no_pen S+<f" 5
<f€n i+ Ty <f€n(ri+wi)’ ry (fic+f§n fic)ri,ri + fEnwiPi

n " " " = 2
= K4 DA > HORUEL ~ER Jr e r > + <Bh w0y > . <oy, 0,3 + 0, (fry]

&n e e i 025k | )

iple]



Thus

, = 2

5r <f€n,ri> _ <eyry> 4 oCfr, ™)
i e o -

e T el e <egry> + 0 (ry|

By (2.2.3) and (2.2.11), we have

38 " 2 -
g, Wepare <ficri,ri> > m"riu it Lvea0n 113 ; eni=q (2.2.17)
consequently, as €—w (i.e. as "ri"-ao)
ai—al, L B0t ol pes, W= 1, (2.2.18)
n=1
Since X(€+1)n_x§n = X€n+n~ XEn o =._ ry, we have, from (2.2.15),
i n-1 _
b - = - - - = -
(€+1)n z&n (x(§+1)n x&n) (Zén Xgn) izg(ri airi)'
Hence, taking into account (2.2.13) and (2.2.18), we obtain
"x(§+1)n ¥ ZEn” =iz O(HPi”)
or using (2.2.8) and (2.2.9), we obtain
"x(E+1)n - zEn” = O('fgn”)' (2.2.19)
) L ) my
since ZEn xEn = (fin) fEn and taking into account (2.2.19), we have
= - 1g = " =i ’
¥&+1)n ~ *en © (ZEn xgn) i (x(§+1)n Zgn) . (fEn) fgn ¥ Men
where ”nEn” = O(”fén")'
It follows that there is a sequence of matrices
=1 ’ " il
DgnfEn > (fgn) such that g
X(E+1)n i XEn - —Dgnfgn ’
(we can take, for instance, that
Dol = X
ol Tpy i B ARELD ey T
&n &n <f€n’ f€n> &n
Equality (2.2.20) shows that sequence (xin)’ € = 0, 1,

converges at asuper linear rate to the solution.
Thus assuming that condition (2.2.6) is satisfied and taking

estimates (2.2.10) and (2.2.9) to be satisfied, we have demonstrated

that for (xgn) inequality

”x(€+1)n - %] 5 AEn“xEn— Xy | (2.2.21)
Where Agn—eo as £€—w, holds. However, if condition (2.2.6) holds, the
inequality (2.2.21) can not be satisfied. Thus we have come to

contradiction. This means that condition (2.2.6) can not be fulfilled
for process (2.2.1). It follows that the sequence (xgn) converges to

the solution at a super linear rate. //

2Q



2.2C. STUDY OF PROPERTIES OF DIFFERENT ALGORITHMS.

Weturn now to the proof of the validity of estimates (2.2.9),

(2.2.10) for different methods of conjugate directions with restoration

of matrix Hk after n-steps, assuming that inequality (2.2.6) (or (2.2.8))
isfulfilled.

The fact that for any of these methods the estimates hold is
established by induction; it is demonstrated that estimates (2.2.9),
(2.2.10) take place with i # j, i,j = 0, 1, and then supposing that
these estimates take place with 0 = i, j =t < n - 1 we prove that they
remain valid also with 0 = i, j =1 + 1.

THEOREM 2.2.2: If inequality (2.2.6) (or(2.2.8)) 1is fulfilled, then
estimates (2.2.9), (2.2.10) are valid for method (2.1.28)
(compare chapter 2.1D) with restoration of matrix H

k
after n steps.

PROOF: If restoration of matrix (2.1.28), i.e.

r rT H e eT H

k-1 "k- k-1 k-1 ®k-1"k-1
o ® By * e A R

ket Sk-121d < e Ly, €L

is performed after a finite number of steps, then with any k matrix H is

k
bounded:
|H [ =L, L <o (2.2.22)
To see this, by (2.2.2), <kak, fk+1> = —<pk, fk+1> =0
There fore
SHep, o> = < (B = b fy = 02
= <kak, fk> + <kak+1’ fk+1>' (B2 28)
since Hk is positive definite (comp. chapter 2.1D), we obtain, from
(2.2:2) andi(2.2.28), <erk, ek> = <kak, fk> = -<pk, fk+1 - ek>
hex Lelyl
= <pk, ek> = OT < ek, r‘k>,
Hence, according to (2.2.17)
m 2
<He,, e> = &—-"rk" ; (2.2.24)

, we obtain from

Taking into account more over that "ek" = M"rk|

(2.1.28) that



2 2 2
L e o Y T
EA S e

2 2
mir, | mr, |
Using condition (2.2.4) we obtain that a.:= . = a« < w and on the

0 &n

strength of this it follows from the recursive inequality for "Hk+l“ that

estimate (2.2.22) hold for HEn+1(=:H1). On this ground we shall prove

below by induction that «. . = « < @ with any i = 1, ..., n-1. Taking

En+i
this into account we find that (2.2.22) holds.
Let us prove now that with i = 1 the following relations hold:
<ry, e5> =0, S8y, ro> = O(”rlnﬂr
Co el = Jry | = N |£7] (2.2.28)

o).

where the constants Nl’ c, are independent of k and c1> 0. The first of

these estimates is found as follows:

< > =< > = = - Z
rl, e0 oclpl,e0 a1<H1f1,eo> o 1< fl, H1e0>.
But, using (2.1.15), we obtain H, e

I* therefore <r,, e >

il ~ Yl ¢ A
= —a1< fi, r0> = 0, using (2.1.14). Further, using (2.2.11) we obtain
<€ r0> = <flcrl,r0> il TN 0("r1””r0“) 7 0("P1H"P0")-
Let us now show that the estimates hold for ”rln. It follows from
(2.1.28), taking into account (2.2.2) and (2.2.23), that
<fi,r0>2 <H0e0, fi>2
<H . f!.,Ffi>s" <H Flfa st -
111 (GRflde <r0, e0> <H0eo, e0>
2 2
/ />
= GHIf . Syt <H0e0,f1> =SH far £1> — <Hoe0,f1
O el <H0 eo,eO @l 1 <H0fo,f0> + <H0f1,f1 >
s o 1 _pt ’ - ’ ’ < ’ = < ’ ’s
But since <H0e0, fi> <H0(f‘1 fo), f1> <H0f1,f1> + po,f1> Hof‘l,f1 :
P A Al T LI e
i (0 R 1
Then ]I, 1> = LI AL A = <H f!,f!> ——7.,
el xI T | ¢ T e
GH Pl eogh <H £ S0 0 I |
g i S i
00" 0

Using estimate (2.2.7) we deduce that for a function which satisfies
(2.2.8)

2 _ o

m(1 + I%)(f(x) - £lx,)) = £ (x)|° = e 1R six.)). | (2.2.48)

Taking into account estimates (2.2.4) and (2.2.26) we have on set

S := {x:fx) = £x. )k,
¢} 0
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’ e a2 ;
<H0f1,f1> < MO"flu 5 dl(fl - f,) dl
4 ’ i /2 —d(f - f b =
Hoforfo? mo [ €41 %0 T el Ay

where dl' d2 are constants independent of €.

To see this, from (2.2.4) we obtain <H f’, f’> = MO”fi" and

5 it |
’ / ~ /! 2
1 1 <Hofp, £1> Myleil
T = . Therefore =<
<SH fomples 12 A O R L e
000 mO"fOH 00’ "0 mOMfOH

TE oM
But from (2.2.26) “flﬂ =< ll(fl - f*), 11:= T and lz(fo L f*) < "f.(,)I'Z,

2
M€ M1, (f -f,)
1,:= m(1+2). Thus oo ad e and therefore S 1P QT
2 M £ L, (f,-fy) 2 12
o mo”fo” m012(f0_f*)
L dl(fl_f*)
dz(fo-f,)
2 b :
where d1:= Mol1 et > @) d2:= mol2 = mom(l + ﬁ) S0
fl_f*
i > > - -
And since fo f1 fy we get 0 < fl £y < fo - GO O - TP o T < fo'fﬁ < 1
/ 7 12 AN
<H0f1,f1> Mouflu dl(f‘1 ) d1
Hence T TS =< 5 =< T F=F) = g
0700 m o[ £4] A iy 2
0" 0
By virtue of this,
<H SR e m
A OEiloa 0 el e
<H,f],f1> = T+, 2 ch I£11° = a, I£1]°. (2.2.27)
92 %
dl
where a ,:= m. /|1 +-=| > 0 is independent of &£.
i 0 d2

Let us use now inequality (2.2.27) in order to estimate the value
Since, by Taylor’s series expansion,

2
41
= /7 e " >
fo = £g ¥ WSE0P> * 5 < H PPy

<f1,p1>

of parameter a§n+1'

then - <f',p1> = a1<f1p1,p1>, e, 2 =

"—‘_. — a -
1 <f1p1,p1> il

But using (2.2.3) and the fact that - <fi,p1> = <H1fi,fi> > 0 we obtain

B P> <7, P,>
_—ll_s_as—- 11

] e -
Mlp, | nfp, |

2
Now by (2.2.27), we have - <f; [£1]” and by (2.2.22),

1,py> = <H,f1,f> = a

1 il 1|
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"p1” = “Hlfi” = L"fi”; taking these estimates into account, we have

/ /12
ot P12 e o2l i
a, = 5 = 53— 3 = o 2 0 At the same time it
Mip 7 M L%e]] ML
follows from (2.2.27) that “p1” > al”fi"' Using this estimate we obtzin

! 3 { 4 / /7 2
<£1,p,> " <H,f7,f71> L"flﬂ L 4
that o.= - = = = =: a < o

1 2 2 T 2 i
nlp, | n|p, | mary €7 | may

1
Thus we find that

N IELl = alleg] = gl = ayloy| = « 2 €] = e, ]£5]

where constants N1:= aal,C1:=aa1 are independent of &. Thus estimates
(2.2.25) hold.
Suppose that the estimates
<rjep> = O(HPi””rj”), o g 0, ) Semigon el (2.2.28)

Ci el = Iry |l = N i, 0= i =< (2.2.29)

where constants Ni’ Ci>0 are independent of €&, hold. Let us show that

similar estimates take place also with 0 =i, j=1 + 1

’ > = /7 < s
<fr+1’rj <fj+1,rj> + <ej+1 et B er,rj>, 0% 3<% T (2.2.30)

According to condition (2.2.8) and estimates (2.2.29) quantities

I£2.. 1, If2] and |r.| with any O = i < T are of the same order of
T+1 T il

smallness. Taking this into account and using conditions (2.2.2) and
(2.2.28) we find according to (2.2.30) that
S ST By ™ O("f%+1"”r3”) = O(HPJH), o N
since <f‘fc+1 jap s 0, according to (2.2.2), we obtain finally
/ g 2 :
S L O(Hrj” I (2.2.31)
Let us estimate now the quantity <Hr+1fr+1 . ft+1>. using formula

(2.1.28) and taking into account (2.2.23) we obtain for any O = j = T:

o Sl >2 <H.e ., £’ e
<H. £ PrURgE Coghamt fpat SA.TL L IREL) RO ) T
B o 6 o S A SRTEl T4l <rj,ej> <Hjej’ej>
§ B oungRE [#<H £7 £r. ><H.e;,e;> - <H.,e, f’ >2]
e Vi el o o o i

1 ’ /’ 7 7 / ’

= e ATl { q < B, et SHLF o X >XB £ 1>

" <H.e,e> [ <ijr+1’ fre1” ijJ+1 fJ+1 Fes1t T rel LYY S
b6 L



152 2
=<H. £ ,f <Hf'v £ 5 3 gtH § f £ g
J J+l 33 Tl . ijJ+1’f ><ijj’ Frel-

On the right-hand side of this in equality the difference between the
first and the third terms of the numerator, by Cauchy-Buniakowski’s in
equality, 1is nonnegative. Taking into account estimates (22310

(2.2.24) and (2.2.22) and that aj, J = T is bounded, we obtain that the

ratio of the last two terms of the numerator to the denominator is of

’ ’ 2
the order of O(MP I£: o oC[f:,,I7). Hence

<H A S I
7 ; T+1’ T+l Js
9
HJ+1fT+1’f l> <H.e.,e> ”f +1”
i v

v

Estimates (2.2.29) imply that there are constants a; independent of

’ ’ 2 . M
¢ such that <ijj’ fj> = _<pj’fj> > aj"fj” . Making use of this fact

and of (2.2.22) we have

<HL JEES B i J“fJ” <H.f f
s > e A ST AR /7 ; ’ >
Jl m+l M LHrJ” | T+l
- 0(”f’+1” TR T s FELP S O(”f'+1“ ) (2.2.32)

where éj > 0 and is independent of £ (by (2.2.29)).

It was noted in the preceding subsection that for processes with
restoration of Hk as k—w we have ”fi”—ao. Therefore, it follows from
inequalities (2.2.32), taking into account that matrix H K is positive

definite, that if with any € we have <H.f’ g

JimEl el 1Il

where 6j>o and is independent of &,then there is aconstant 6j+1 >0 such

that with any € we shall have <Hj+1fr+1’fr+1> > J+1 “r+1 ﬁ .But in
estimating the quantity <H1f 1,f’ 1> we find, since
“Hofre1s Tou® = Bolfy +1“
that there is a constant 6 such that <H1f’+1,f' e 1”f'+1“ with any
£. Taking this into account, our argument by induction shows that
there is a constant a 41 independent of € and such that <H +1f;+1 f%+1>
> |£2 N We establish now just as we did above that
r+1 T+1
’ ¢ >
S+l CrerPrer” obiin, ;5 B . W
2 - e - s Sl R | "2 maZ
ML M"pr+1“ pr+1 T+1

There fore, we have



NT+1“f‘;,’+1“ * ||r“r,'+1” i a‘r+1”Hr+1f-;:+1” = C-L—+1||f-lr+1” (2.2.33)
Let us show now that

H_L_+1 ej = rj+nj, - N (2.2.34)

here =0 (fr.|[).
where |n;| = 0 (fr|
Multiplying both sides of formula (2.1.28) by e. we obtain
J
< > <
PS PS,,eJ Hses, eJ>HSe

- _ s
Hs+1ej - Hsej d <r . 6> <He , e > g (2.2.35)
S S S s ]

If we assume that with a certain s, j+1 = s=t, equalities He, = r, + 7,

S J J J
take place where "%j" = O(HPJ"), then using estimates (2.2.28), (2.2.24),
(2.2.22) and taking into account that all of the quantities ”rS" are of

the same order of smallness we also have by (2.2.35) that HS+1 ej =r. .+,
J459

where "nj" = O(HPJH). But Hj+1 e‘j = rj, and we establish by induction

that equalities (2.2.34) hold true.
Taking into account (2.2.34) we have

<r e 2l = | S <H f/ .,e> = -« 4074 r.+n.>.
165 J

o T+l T+l T+ s R o e J

Therefore by (2.2.31), we find that

2 ’ .
R s O(Hrj” ) + 0(”f1+1"“rjﬂ), 0s j=st

In equalities (2.2.8) and (2.2.33) show that |r is of the same

r+1”
¢ QEETYE SE S DT

order of smallness as Hf;+1" and consequently as "rjl

follows that

2 :
e SO o(fr_,,I “rj”) =0(fr_, I, 0=J=7 (2.2.36)

Taking this into account we establish in a manner analogous to that used

before with i = 1 that also
2 A
<e_ rj> = O("rT+1” D (= N (2.2.37)

The relations (2.2.33), (2.2.36) and (2.2.37) show that estimates
(2.2,28) and (2.2.29) realy take place with T+1 too.

Thus it has been established that estimates (2.2.9), (2.2.10) hold
for method (2.1.28) if it is assumed that process (2.2.1) is realized

with restoration of matrix Hk after afinite number of steps. //

THEOREM 2.2.3: If inequality (2.2.8) (or(2.2.8)) is fulfilled, then

estimates (2.2.9), (2.2.10) are valid for method (2.1.29)

(comp. chapter 2.1D) with restoration of matrix Hk after

n steps.



PRROF: If matrix (2.1.29),  Dse.,

(
Hod Hpol # N k-1
k= By *(ne g - Hegeey) Mt B
is restored after afinite number of steps, then with any k the matrix Hk
has a bound. This follows from inequality
I £ HiM|r B
H,y = I ] + ” “"2+ il ﬂ““
m"rk" m"rk”
5 : B VA <r0,fi>
With i = 1, <H1f1,f1> = <H0f1,f1> + (po - HO eO) <r0, e0>'

i . 2.2) *% > = '>'m
But since by (2.2.2) o f1> a0<p0,f1> 0, then
T

’ ’ ’ ’ ’ 2
<H 9, £9> = <H f],£1> = mg|£]]

Making use of these relations and reasoning as in studying method
(2.1.28) we establish that estimates (2.2.25) hold and then assuming
that estimates (2.2.28) and (2.2.29) hold we demonstrate that estimate
(2.2.31) holds.
Further we have that, using (2.1.30) (comp. chapter 2.1D),
T T <f;+1’ri><ri - Hiei,f’ >

GHY 9. £ wrB? s et Bt SoF T+
T+1 T+l T+1l” T 0 T+l T+l 125

Using estimates (2.2.17), (2.2.31) and the fact that Hk has a bound

% kel TG
TR

and taking into account that all the quantities ”ri”, "ei|,“fé+1" are of
the same order of smallness we find that

kg i /

<HT+1fT+1’ T+1

a2 T
>z mg |7 + o(f£r 7).
Consequently with sufficiently small values of ”f%+1” (i.e. with

sufficiently large £) we have

T 7 7 7 2
<H1:+1fr+1’f1:+1> " a1:+1"f1:+1l|
where st > 0 and is independent of €. This being so, we find that
%= a'["f']_ z a > 0 and CT+1||f-;:+1l| = I|PT+1" = N-r+1|lf-t+1“
<rg,e.>
i iti = - L R e 0 Y -
Using equalities Hs+lei Hsei + (rs HSeS) <rs, es>

taking into account estimates (2.2.28), (2.2.17), the fact that H _has 2

bound and reasoning as we did in studing (2.1.28), we ascertain that



matrix HT+1 satisfies equations (2.2.34) and consequently estimates
(2.2.36) and (2.2.37) remain valid.

This completes the proof that our reasoning by induction holds. //
REMARK: The study of method (2.1.32) is carried out in a similar way.
2.2D. FURTHER STUDY OF THE RATE OF CONVERGENCE

i Suppose now that matrix f"(x) besides conditions (2.2.3)
satisfies Lipschitz condition:

J£"(x,) - £ (x| = R[x, - x|, (2.2.38)

where xl, x2 € Rn and R > 0 is aconstant.

In this case it is possible to obtain a more precise bound on the rate

gn)'

To make refering more convenient, we shall give the different

of convergence of sequence (x

relations which hold if (2.2.3) does (many of them were often used

before):

mfx = i £ (x)] s Hjx 5%, ] (2.2.39)

d [f(x) - £x,)] = ||f'(x)|j2 = d,[f(x) - f(x,)] (2.2.40)

(the constants d1 and d2 are independent of the choice of point x)

m”rk" = "ek” =< M"rk” (2.2.41)
Let x, y be arbitrary points such that

fily).= £x). (2.2.42)
Then making use of (2.2.40) we establish that

[£° ()| = C|£’ (x)]. (2.2 43)

Here and further on in this subsection C denotes various constants (not
equal to zero) which are independent of the choice of points x, y € Rn.
If (2.2.42) is satisfied we have by (2.2.39) and (2.2.43)
ly = %] = Clx - x4]- (2.2.44)
2. Suppose that for the iterative processes being studied the

following estimate holds:
PR IR A i (2.2.45)

I enes HEEneienl = Aelfens !

Here and further on, Ag will denote different variables tending to zero
as £—w.

In what follows we shall limit our selves to the study of the

properties of method (2.1.28). However, the results obtained (lemma

2.2.1, theorem 2.2.4) hold also for other algorithms of conjugate

directions.



LEMMA:2.2.1: Let process (2.2.1) be used for the minimization of the
twice continuously differentiable function f(x) which
also satisfies conditions (2.2.3) and (2.2.38); in this
process the construction of matrix Hk is performed by
formula (2.1.28). Then if in equalities (2.2.45) hold,

estimates (2.2.9) also hold and more over

2
|<P£n+i ? egn.,.‘j)I & C||r€n+t|| |IPEn+t+1"’
L =mincel, g, 4% J, 05 1. 98n =1 (2.2.46)
PROOF : This lemma is proved in the same way as estimates (2.2.9) and

(2.2.10) form method (2.1.28) in Theorem 2.2.2; only the order
of smallness of some quantities is determined maore precisely.

There fore, we shall concentrate only on the changes involved.

With i =1

<e1,ro> = <r1,e0> + <r1, (flc - fc)r0>.

Taking (2.2.38) into account, we obtain
"f;c - facn = "f"(x1+9r1) - f"(x0+9r0)ﬂ

SR("xl—x | + Ir, | * vl s R(ZHPO" + "r1"). Since x,-X. = ro,uen 2.1

ol 1 ol 1 %0
By (2.2.44) and (2.2.39), we have
"Pk" x "Xk—x*" i3 "Xk+1-x," = C”f&”. (2.2.47)

Using (2.2.47) and (2.2.43) we establish that |r | = C|f}| = C|f].

Taking into account also that ”ron > C”fé“ we obtain ”rlu = C"row
Consequently, "f;c-fac" =< C"rou. Using this we find that

" " 2
<] = Ie l1Eg£aclIngl = Clrgl?iry I

suppose that estimates (2.2.9) and (2.2.46) hold with 0 =1i,j = 7 < n-1.

Then since <f’, r.> = 0, we have

J+1J
2
|<f%+1 : pj)' = |<er+"'+ €y rj>| < c"rj" "rj+1", 0=j<t (2.2.48)
Hence using (2.2.47),
|<€24q rj>| 3 C"rj"“f3""f3+1". (2.2.49)
If (2.2.45) is satisfied, then "f&""f3+1" < Agnf;+1". Making use of

this inequality we obtain from (2.2.49) that

<€, 8 21 = Agleyllg, 1 029 <



! = inally obtain
since <fr+1’ rT> 0, we finally

7 ’ . 0 = .j < (2250)
|<fr+1’ Fj>| = Ag”rj""f1+1”
using estimates (2.2.24), (2.2.80) and (2.2.22) we obtain also:
. f! >2 <f’ r >2
Bfy s Fgp” w4 4 AE"f' 1“2, 0% J=ET . (2. 2.81)
> = 2 T+
RATRS n|r;|
2
Vi s s s f\l f_
[<H £ O H 5 g Al 171 50 | —
>
ey I

\%

Taking into account that Hrj” C"f&“, 0 = j = t and using (B.2:47 ),

(2.2.43) we obtain

Irs 1 = clgil = CNfsu = C"rj”, 0=j=1i=r (2.2.83)
Making use of (2.2.53) we have
2
TN A

i
Ir |
Using (2.2.51),(2.2.52) and (2.2.54) we establish in the same way as for
method (2.1.28) that
’ 7 / 2
W Frer Fran® = B ol

Let us show now that

Hr+1ej = rj + nj,r+1’ =j=z (2.2.55)
2
ere In; 0= c ] FLLFELUP LI (2.2.56)
e [n. = _— =, = J<T, m =0 2.2:96
L VL e o
Indeed,
rs<rs,ej> <es, Hsej>Hses
Hs+1ej - Hsej Y, e>  <He, e ’ (2.2.57)
s> .78 s s’ s
we have Hj+1ej = Pj’ using estimates (2.2.46), which hold by assumption

with 0 = 5,j = 7, (2.2.22), (2.2.24), (2.2.41) and taking into account

LA l“i| =C, 0 =1 =17, we obtain with s = j+1:

R >H. .
I S 141 J+1eJ>HJ+1ej+1“ _ "<ej+1, PJ>HJ+19J+1N 5 ”Pj“ UPJ+1"
KH, 0. 8, - ‘

J+1eJ+1 e‘J+1> <Hj+1ej+1’ eJ'+1> Ilrj+1”

Not i = .
ing also that, by (2.1.13), <Fj+1’ ej> = 0 we obtain from (2.2.57):
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B “n- ;
HJ-+2<{J T j,i+2 L ][rJ.+1"

Suppose that with acertain j+1 < s = T we have

by =y Iyl 5o ] =

Then because of the same conditions used with s = j+1 we have:

e Hephoegl Irglhrgal _ sot Il
<HSeS, es> ”Ps” v=j+1 “PV"
2
Irgrg epl Iyl
T %7 I

using these estimates in (2.2.57) we establish that

I LN L

v=j+1 “Pv“

I, cugl =cC

s+l j J * nJ,S+1’ J

Thus, by induction, (2.2.55) holds.
We can prove now that estimates (2.2.46) hold with i = T+1.

Making use of (2.2.55) we have

<rT+1, ej> = % <Hr+1fr+1 , ej> = _ar+1<fr+1’ Pj+nj,r+1>' (2.2.58)
By (2.2.83) and (2.2.43), we have
”rv” 2 C]f% > C”f;+1”, O=v=r1 0s=vs=r (2.2.59)

Taking this into account and using (2.2.56), we obtain

2
el = Cle P

J+1“. Using this inequalities and also

estimates (2.2.48) in (2.2.58) and taking into account that @ b S €,
T+ ’
we find that

o
IA
~

2
l<r‘-17+1’ eJ‘>I = C”PJ” llrj+1ll’ 0= (2.2.860)

Further,

<e r.> =<pr
T+1’ +1’ ej> + £p

J
By (2.2.59) and (2.2.47),

1 (f‘”(xT+1 + 6T+1 rT+1) - f”(xj+9jrj))rj>
(2.2.61)
Ieeil = cle ], 0=

Consequently, using (2.2.38) we have

IA
o

f"(x_ .+0 = P =
"G Oratrea) = G ) = Rl - ) Iy I+l < o .
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using this estimate and (2.2.60) in (2.2.61) we obtain:

ro| = cle e R EES

‘<e-,;+1’ J j+1” ’

Thus it has been established that estimates (2.2.89) and (2.2.46) hold.

Theproof of the lemma is completed. //

THEOREM 2.2.4: Let f(x) be a twice continuously differentiable
function and matrix f"(x) satisfies (2.2.3) and (2.2.38).
If f(x) is minimized by algorithm {(2.2.1), (2.1.28)},
then with any suffeciently large &€ the following

estimate holds:

% (ev1yn x| = Clxen, gl Ixgnall (2.2.62)
PROOF: By (2.2.39), estimate (2.2.62) is equivalent to
I£01 = cleqllggl- (2.2.63)

Suppose that estimate (2.2.63) with sufficiently large & does not hold.
Then there must exist an infinite subsequence (Em) such that for

corresponding points the following inequalities hold:

IEolIE11 = Agpl£n

without loss of generality, it can be assumed that the subsequence (€m)

: Agm—ao as gm—em. (2.2.64)

coincides with the whole sequence & = 0, 1, ... Taking into account
(2.2.43) if (2.2.64) holds, estimates (2.2.45) hold too. Consequently,
if we assume estimates (2.2.64) to be satisfied, then the requirements
of theorem 2.2.4 provide for the fulfilment of the condition of lemma
2:25 15 Thus, if (2.2.84) is fulfilled, the estimates (2.2.9) and
(2.2.46) hold.

Taking this into account we have

’ 2 :
|<f, rJ.>| =Tlda e R Sapys Tyl S C“rj" IIPJ+1I" 0s=J=n-a

Now in a way analogous to that used in establishing (2.2.50) we can show

that

5 Ag—eO, 0E" Jesinge 1. (2.2.85)

Let us demonstrate now that if (2.2.45) holds, then the system

€2, v 2| = agles] e,

Ty “» T q is linearly independent. Note first of all that due to
estimate (2.2.9), it follows from (2.2.45) that

||r'i||||r‘i+1|| =< Agur‘J”, 051 < J=n-1 (2.2.66)

Making use of (2.2.66) and (2.2.41), estimates (2.2.46) can take the

following form

a1



<epe | = Aghry eyl = aghny | legl A,

0=1i#Jj=n-1l (2.2.87)
r.
Let ;i' = ! and suppose that there is atleast one index je{0,1,...,n-1}
I L
n-1 _
such that B, # 0 and ¢:= Z B.r., then
J Y O g |
i=0
<p,e.> =B, <r.,e> +  <ro,e > 1, 120,1,...,0-1,
(pJBJJJiZJBllJ J
. <p,e >| = <r., e.>|- Arine [ (2.2.868)
or <ol = 1185y epl=| L By<Fy el
d
But since |B.| > O for at least one index je{0,1,...,n-1}, then by

(2.2.17) and (2.2.41) we have

L ; 8]
B<r, e>| =]—<r, e>] =2 — m|r |* =c|r.| = Cle.|.
Ul J "P_” J J Hr." J J J
J J
With i = j making use of (2.2.67) we have
By <Foepl = 18 (Tg s =2 lg 1l 1. 2 —0 as &—m.

Using the inequalities obtained in (2.2.68) we have with sufficiently

large & |<gp, ej>] = C"ej", i.e.

le| = C > 0. (2.2.69)
Hence by contrapositive, it follows that the system of vectors
PO""’rn-l is linearly independent. Besides, if wo, Feleos wn-l is a
system biorthogonal to PO, - S rn—l’ then with sufficiently large & we
have
"P1""W1” ="C, 0 =Y Shn=1 (2.2 701
Finally, under conditions (2.2.65) and (2.2.70) we obtain that the
system of vectors fé, Tor =+o0 Tpg is also linearly independent.
To see this, suppose that
n-1 n=l
f'=Zaw=Z<f',r>w
i : i
i=0 i=0

Then by (2.2.65) and (2.2.70) we obtain
IEal = Caglepll-
Since Ag——ao and §é—, the last inequality can not be satisfied with

sufficiently large €. Hence, it follows that the system fn’ ro, &I rn—l

is linearly independent.
Thus having assumed that estimate (2.2.62) doesnot hold with any

€ = EO (where EO is a certain sufficently great number), we have proved
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that a system of n+1 vectors fn’ PO’ s 9% Pn—l in R is linearly

independent. However, this is impossible. Thus the initial assumption

was wrong, i.e. estimate (2.2.62) holds. Thus the theorem is proved. //

2.2E. SUMMARY

Thus we have made it clear that all of the methods studied in
chapter 2.1D can be applied for minimization of non quadratic functions.
The rate of convergence of methods of conjugate direcions was

established. The sequence considered was (xEn)’ i.e. We considered as

one iteration a unified group of n usual iterations of the process

Xenr Xens1® 0 Xgnen-1°

Using the results obtained, we now compare the properties of
different algorithms in the minimizaiton of nonquadratic functions.
The results of theorem 2.2.4 (estimate (2.2.62)) show that the rate

of convergence of sequence (Xgn) depends considerably on the properties

of matrix H

€n’
If, as &—m,
Hgn——a (fén)_l, (2.2.71)
X -X
then "gn-'-—l*” —3 0
"xgn_x*“

and the rate of convergence increases. This fact is practically of the
greatest interest for algorithms having the property that in minimizing

a quadratic function we have
e e (2.2.72)
n

Algorithms (2.1.28) and (2.1.29) belong to methods of this group. If in

implementing one of such algorithms condition (2.2.71) is fulfilled,

then, by the above considerations, it is expedient not to restore matrix

Hk'
The most effect methods of the class of methods of conjugate

directions from the view point of the rate of convergence in the

minimization of strictly convex functions should be methods that have

property (2.2.72).

In methods of conjugate directions the step length is chosen under

the condition that the minimum of the funcition is in the direction of

motion. //
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