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PRE F ACE 

Methods of conjugate Directions is one of the methods of 

unconstrained function minimization. Studying minimization of 

unconstrained function is useful, since some of the most powerful and 

convenient methods of solving constrained minimization problems (such as 

Lagrange-Method) involve the transformation of the problem into one of 

unconstrained minimization 

Since the main objective of optimization is to minimize 

(or maximize) optimization problems,one shoud have a way of tackling 

unconstrained function minimi zation, and so among the major methods of 

unconstrained function minimization Met hods of Conjugate Directions is 

the one. 

This Seminar is a compilation of the two Seminars I have 

delivered,for the qualification for M. Sc. in Mathematics. Thus in this Seminar 

Paper I have attempted to present the basic definitions a nd properties 

of Methods of Conjugate Directions. 

I have divided the paper into two chapters: 

I - Preliminaries - a review of definitions and properties of 

convex sets and strongly covex functions 

I I - Methods of Conjugate Direct ions discusion on the 

Methods of Conjugate Directions and 

minimization of strictly & stongly convex 

functions. 



C HAP T E RON E 
PRELIMINARIES (REVIEW) 

1.1. CONVEX SETS AND FUNCTIONS 

DEFI NI TI ON 1 . 1 . 1: A set C ~ ~n is said to be convex if and only if 

Ax + (l-A)YEC for each x,y E C and AE(O, 1]. 

Example : ~n is convex. 

DEFINITION 1.1 . 2 : 

DEFINITION 1.1.3: 

a) 

b) 

DEFINITION 1 . 1. 4 : 

A function f: ~n--7IR U{ +oo}, not identically +00, is 

said to be convex if for each X,YE~n and AE(O,l] 

there holds 

f(AX + (l-A)y) ~ A f(x) + (l-A)f(y). 

An (n, n) - matrix A is said to be 

Posit i ve semi definite if and only if 

<Ax,x> ~ 0 n 
V'XE~ , 

Posit i ve definite if and only if 

<Ax,x> > 0 
n 

V'XE~ \{O}. 

Let U~~n be an open set, f:U-- ~. Then 

(i) f is said to be Frechet-differentiable at x E U if 

and only if there exists a 1 inear and cent inuous 

function A:~n --7IR such that 

lim ~f(x+h) -f(x) - A(h)~ = O. 
Ilhll~,h:;tO 

Ilhll 

A is said to be the Frechet-differential of f at x 

and it is denoted by f'(x) = A. 

(i i) f is said to be Frechet-differentiable on U if and 

only if f is Frechet - differentiable at each x E U. 

(iii) The mapping 

f ' :U---7!e(~n , ~) 

is said to be the Frechet - derivative of f . Where 

!e(~n,~) is the set of linear and continuous 



functions from ~n to ~. 

(iv) f is said to be continuous Frechet-differentiable if and only if f ' 

i s continuous. 

LEMMA 1.1.1: Let f ~n ~ be twice continuously 

Freche t-differentiabl e . The n f is convex if and 

only if the matrix flO (x) is positive semi definit e 

for each x E ~n . 

1.2. STRICTLY AND STRONGLY CONVEX FUNCTIONS 

DEFINITION 1.2.1 : 

LEMMA 1. 2.1 : 

COROLLARY 1.2 . 1 : 

A funct ion f: ~n ~ ~ v {+oo} is said to be strictly 

n convex if for each x,y E ~ , X ~ Y and A dO , 1) 

there holds 

f(Ax + (l - A)Y) < A f(x) + (1-1..) f(y). 

Le t f: be twice continuously 

Frechet-differentiable. The n f is strictly convex 

if and only if the matrix f"(x) is positive definite 

for each x E ~n. 

The quadratic function 

1 f(x) = 2 <Ax,x> + <b,x> + c 

is strictly convex if and only if matrix A is 

positive definite . 

CRITERI ON OF HURWITZ: Let A (aoo) .. 1 be asymmetrical 
IJ 1,J= , ... ,n 

matrix. Then A is positive definite if and 

only if det(a .. ). . _ 1 k > 0 
IJ 1, J - , .. . , 

'if k E {1,. . ., n} . 

We now consider a class of functions for which on any nonempty 

closed convex set there always exists a unique point of minimum . 

DEFINITION 1. 2 . 2 : A function f(x) on ~n is said to be strongly com'ex 

if there is a constant a > 0 such that for each 

x, y E ~n, AE(O,l) there holds 

f(Ax + (l-A)y) S A f(x) + (1-1..) fey) - 1..(1-1..) a~x-y~2. (1.2.1). 

Note that astrongly convex function is also strictly convex. 



LEMMA 1. 2. 2. 

LEMMA 1. 2. 3. 

LEMMA 1. 2.4. 

LEMMA 1. 2.5. 

Le t f :lRn----,)/R be t wice cont inuous l y Fr echet-d ifferen t i able. 

The n t he cond ition of strong convexity 0.2.2) is 

equ ivalent to t he condi ti on 

2 2 
milpil :os <f " (x)p , p> :os MIIPII ' M ~ m > 0 

n fo r each x, PE IR . 

(1.2.2) 

If the ma tr ix f" (x ) satisf i es condit i on (1. 2 .2) t hen 

t here ex i sts t he inver se matri x f "-l( x ) whi c h i s bounded . 

If f (x ) i s a twi ce continuous ly diffe r ent i a bl e s trong ly 

n convex f unct i on, t he n f or a ny x EIR t he se t 
o 

y = {x:f (x ) :os f( x )} 
o 

i s c l osed and bounded . 

If f( x ) i s t wi ce cont inuous ly d iffer enti abl e strong l y 

convex func t ion on a c l osed a nd convex se t K ~ IRn , then 

for each xEK, a > 0 a cons t ant, the fo llowing ho lds 

a ) Il x - x. II 
2 

f( x. », :os a < f (x ) -

b) Il x - x. II :os ~ Ilf ' (x ) II, 

c ) o :os f(x) - f ( x. ) :os ~ II f ' (x ) 
2 

1.3. SOME ADDITIONAL INFORMATION 

1.3A. NORM AND ITS PROPERTIES 

DEFINITION 1.3.1. A norm in IRn is defined by 

Ilx II = ..; <x , x>' , 

Properties : n 
For each X,YEIR the f oll owing holds: 

(il I<x, y> I :os Ilxll·ll y ll 

( i il II x + y II :os II x II + II y II 

( i i il III x II - II y II I :os II x + y II· 

1.3B. PROPERTY OF OPERATORS 

(ca uc hy- Buni a kowski 's inequa li ty ) 

(Triangle inequality) 

If F( x ) i s a nonlinear diffe r enti abl e oper ator, then f or a ny 

x, h,YElR
n 

the f o ll owing f ormul a i s valid : 



<F( x + h) - F(x ),y> = <F'( x + 0h )h , y>, ° E[ a , 1 ] . 

Th i s formul a i s call ed Lagr ange ' s f ormul a fo r ope r ato r s . 

In the f o ll owing c hapte r s we s ha ll ha ve ma ny occas i ons of usi ng 

Tayl or' s f ormula wi t h t he r e ma inder te rm i n Lagr ange ' s f orm . I f f(x ) i s 

a twi ce continuous ly di ffe r ent i a ble funct i on in a convex 

n set k ~ ~ , t he n f or any x , x + h E k and aE[a,l] 

f( x + ah) - f( x ) = a < f'( x + a0
1
h),h> 

a nd 

f(x + ah) 

whe r e 01' 02 E [0,1]. 

2 
f( x ) + a < f'( x ) , h> + ~ <f"( x + 0

2
h)h,h) 



C HAP T E R TWO 
METHEDS OF CONJUGATE DIRECTIONS 

2.0. INTRODUCTION 

This c hapter is devoted to the problem of minimization of 

unconstrained function f(x) defined in an n-dimensional Euclidean space 

~n. Accordingly, in this chapter x is always an n-dimensional vector . 

In solving the problem we shall use iterative processes of the type 

Where Pk is a vector determing the direction of motin from point xk and 

a
k 

is a numerical factor whose value determines the length of the s ': ep 

in the direction of Pk. 

In order to get nearer to a minimum point x. (such that f(x.) is 

minimum), one should naturaly move from point x
k 

in the direct ion of 

descent. If point x
k 

is not the point of minimum or a stationary point, 

then there is an infinite number of vectors p which determine the 

direction of descent from point x
k 

and each vector is defined by 

<f ' (x
k

), p> < O. 

This is seen form the following argument. 

Let x = x
k 

+ ap. 

about x
k 

gives 

Expansion of the funct ion in Taylor's series 

2 
a f (x) = f (x

k
) + a<f' (x

k
), p> + 2 < f" (x

kc 
) p, p> 

where x
kc 

= x
k 

+ e(x - x
k

), e E[O,I]. 

If <f'(x
k

), p > < 0 then atleast with small value of a, f(x)<f(x
k

) 

since the sign of the ri ght-hand is determined by a term whi ch is linear 

with respect to a. 

Now we apply methods of conjugate directions to choose the 

direction of the descent and factor a
k

. 

In what follows we use the notation 



2.1. MINIMIZATION OF QUADRATIC FUNCTIONS 

2.1.A .CONJUGATE DIRECTIONS AND THEIR PROPERTIES 

Let us see the problem of minimizing quadratic functions of the 

form 

1 
f( x ) = 2 <Ax ,x> + <b ,x> + C (2.1.1) 

where A is an (n, n)-symmetric, positi ve definite matrix, b is a vector 

and c is a scalar quantity. 

DEFINITION 2.1.1 . Let A be an (n, n)-symmetric matrix . 

vectors (or directions) {PO,P1' 

A se t of n 

p 1} is said n-
to be conjugate with respect to A (or A-orthogonals) 

if <Ap. ,p.> 
1 J 

o for each i "* j, i, j = 0, 1, . . ., n-1. 

THEOREM 2.1.1. Let A be an (n,n)-symmetr ic and positive definite matrix. 

PROOF: 

A set of non zero A-orthogenal vectors {PO,P1' · ·· ,Pn-I} 

is linearly independent. 

Suppose that 

n-1 
[ A.p. = 0 ,for some scalar A .. 

j=O J J J 

If i is anyone of the values of j, then multiplying both sides of the 

equality by Ap. , we obtain 
1 

n-l 
[A. <Ap.,p. > 0 

j=O J 1 J 

or A. <Ap.,p. > = 0 
1 1 1 

because of the conjugacy, all the remaining terms vanish. But since A 

is positive definite and p."*O, then 
1 

which implies, 

<Ap .,p . > "* 0 
1 1 

A. = 0 for each i. Since i is arbitrary, 
1 

n-1 
[A.P. = 0 

j=O J J 

implies A. = 0 for each jE{O,l, ... ,n-l}. 
J 

Thus {POP1'··· ,Pn-l} is linearly independent. II 

Let x. minimizes the quadratic function f(x). Then 

Vf(x.) = b + AX. = 0 (2 . 1.2) 



Now given a po int x
o

' and a set of (nonzero) A-conjugate directions 

PO,P1"" , Pn-1' the n s ince PO ,P1"" ,Pn- 1 is a basis of ~n point x. can 

be represent ed in the fo rm : 

or 

n-1 
L a .p. 

j=O J J 

n-1 
L a.p. 

j=O J J 

usi ng equa tion (2.1 .2 ) we have 

or 

n-1 
b + A( x

O 
+ L a.p.) 

j=O J J 

n-1 
b + AxO + A L a.p. 

j=O J J 

f' + A o 

n- 1 
L a .p. = 0 

j=O J J 

o 

Multiplying this equation by Pi ' we obtain 

<fO' ,Pl' > + a. <Ap. , p .> 
1 1 1 

a. 
1 <Ap.,p. > 

1 1 

0 , i. e. 

0, i. e. 

(2.1.3) 

(2 . 1.4) 

Thus if a certain system of conjugate direct ions is known, then the 

minimum point of a quadratic function (2 . 1.1) is easly found by usi ng 

formulas (2 . 1.3) and (2 . 1. 4) . 

The procedure of de termining point x. by for mul a (2.1.3) can be 

considered as a process of construction of successive points : 

where the paramet er a. are determined by formulas (2 . 1.4). 
1 

DEFINITION 2.1.2: Iterative processes of the type 

(2 . 1.5) 

in which a. are determined by formulas (2.1.4) is 
1 

called methods of conjugate directions . 

It follows that using the me thods of conjugate direct ions one can 

solve the problem of quadratic function minimi zat i on after performing a 

finite number of steps not excceding n. 



Formulas (2.1 . 4) can be transformed as follows: 

If x. is determined by formula (2.1 . 5), then 
1 

<f' - r; + r; - ... -c + C , p . > o 1 1 1 

<-a AP - a AP -o 0 1 1 - a. lAP. 1 + f:, p. > 
1- 1- 1 1 

-aD <APO'P i > - a l <AP 1,Pi > - . . . - ai-1 <APi-1,Pi >+<fi,Pi > 

<fi,Pi >' due to A-orthogonality of vectors PO" " ,Pi' 

Consequently from (2.1.4) 

a. 
1 

<c ,p. > 
1 1 i 

<AP. ,p. > ' 
1 1 

0, l, . .. , n-1. (2.1.6) 

THEOREM' 2.1 . 2 : If point x. is reached after i - 1 steps whi le minimizing 
1 

the quadratic function (2.1.1) and if p ,Pl'" . p. 1 are o 1-

(non zero) A-orthogonal vectors then 

<f: , p.> = 0 , j = 0,1, ... ,i-1. 
1 J 

(2.1.7) 

PROOF: Since x. is reached after i-l minimizing steps, it can be 
1 

written as 

Xi Xo + aOPO + a 1P1 + ... + a j Pj + aj +1Pj+1 + ... + a i - 1Pi - 1· 

x. 1 + a. 1P , 1 + ... + a. 1P , 1 J+ J+ J + 1- 1-

i-1 
= X + \ a P 

j+1 k~j + 1 k k 

where a
k 

is a step length in the direction of P
k

. But since 

f : = Vf(x.) = Ax.+b, 
1 1 1 

then using the above we obtain 

C 
1 

i-1 
= Ax . 1 + b + A L ap 

J+ k=j +1 k k 

= f' + j+1 

i - l 
L. akAPk · 

k=J+1 
Multiplying both sides by p., we obtain 

J 

i-1 
<fi ' Pj > = <fj+1 ' Pj > + L. ak<APk , Pj >. 

k=J+l 
But since a j is the step length along the direction P j 

( us i ng (2. 1. 6 ) ) 

we obtain 



<f' p > = 0 j+1' j 

and since PO'P1,··· ,P i - 1 are A-orthogenals, 

Hence 

<C 
I 

P .> 
J 

p. > 
J 

o , j 

o 

0,1, ... , i-1. // 

If with a certain 0 ~ i ~ n - 1 in formula (2.1.5) a. = 0 
I 

(i.e. x. 1 = Xl')' then from (2.1.6) we obtain <C , p.> = O. Combining 
I + 1 1 

this with (2.1.7) we obtain 

<C 1 ' p .> = <f: , p. > = 0 , j = 0, 1, ... , i. 
1 + J 1 J 

Thus the fact that the coefficient a. becomes zero means that the 
1 

corresponding point x. provides the minimum of the quadratic function in 
I 

the s ubspace formed by 

Finally, not that 

choice of coefficients 

vectors PO' P1"'" Pi and passing through point xo · 

by (2.1.7 ) <C , p . 1> = O. This means that the 
1 1-

a. by formulas (2.1.4) or (2.1.6) corresponds to 
I 

choosing a . under the condition 
I 

f(x . + a.p . ) = min f(x
l
. + ap.). 

1 1 I I 
a 

2.1B. METHODS OF CONSTRUCTING CONJUGATE VECTORS 

Now we turn to the study of methods of constructing conjugate 

vectors. Each of these methods determines one or other method of 

conjugate directions, which consists in the construction of successiue 

approximations to the solution of the problem of minimization of 

function (2.1.1) making use of formulas (2.1.5) and (2.1.4) (or (2.1.6)). 

REMARKS: 1. The process of constructing conjugate vectors should use 

only calculations of the function and its gradient and 

should not use the calculation of second derivatives of 

the function. 

2. For any of the methods of constructing conjugate vectors, 

the condition 

<f: , p . > 0, 0 ~ i ~ n - 1 
I 1 

is satisfied if and only if C O. 
1 

condition is satisfied, then by (2.1.6) 

Indeed, if this 

a. = 0 and there 
1 



f or e in sequence (2.1.5) x. 1 = x .. 
I + 1 

Th is means that we 

s ha ll not be a b le to const r uct vecto r p "::t p . . The 
i +1 1 

process wi ll accordi ng l y degenerate (stop) with Qut 

r eaching the so lution if f : "::t O. 
1 

Thus for any of t he met hods of const ructi ng conjugate 

vector s , t he cond ition 

<C , p. > "::t 0 i f C "::t 0 ( 2. 1. 8) 
1 I I 

must be satisf i ed. 

Taking into account t he above r e marks , l et us t urn t o t he act ua l 

working out of the r e l a ti ons f or the cons truc t ion of A-orthegona l 

vectors . 

In wha t fo llows we use t he notat i ons 

( 2. 1.9) 

An arbitra ry direct i on of descent of func ti on ( 2. 1 . 1) may be chos e n to 

be vector PO = -HTf' o 0' 
whe r e HO i s a s ymmetri c , posit ive definit e ma tri x. 

Le t us es tabli s h the r equirements whi c h vec t or Pk ' 1 ~ k ~ n - 1, 

mus t sati sfy inorder t o fulfill the condit i ons of A-or t hogena l it y : 

<Pk' AP / = 0 , 0 ~ j ~ k - 1. ( 2. 1. 10) 

To this end, we ma ke use of the f act that according t o the 

properti es of conjugat e direct ions (see ( 2 .1. 7 )) in c hoosi ng a.. in 
I 

process of ( 2. 1.5) by f ormul a ( 2 .1. 6 ), cond i ti ons ( 2 .1.10) a nd a t t he 

same time also the equa lity 

<f' , p .> = 0 
k J 

mus t be sat i s fi ed . If we se t 

o ~ j ~ k - 1 ( 2 .1.11) 

(2.1. 12 ) 

where Hk is an (n,n) s quare matri x, then conditi ons ( 2. 1.10) can be 

written in the form : 

<f k ' HkAPj > = 0 , 0 ~ j ~ k - 1 

Comparision of the equaliti es obt a ined with ( 2 .1.11) shows tha t if 

( 2. 1.11) is satisfi ed, the n (2.1 . 10) will be a lso be s atisfi ed, provided 

matri x Hk s ati s fi es the r e lati ons 

HkAPj = apj 0 ~ j ~ k - 1 

whe r e a is an arbitrary cons t ant . 

Since according t o conditi on ( 2. 1. 5 ) and the s tri ct convex i ty of 

function ( 2 .1.1) we have 0 < Ia. . I < 00 with any 0 ~ i ~ n - 1, equa liti es 
I 

( 2 .1 . 10) and ( 2. 1 . 11) can be writ ten in the f orm : 



<r
k 

, e.> <akPk , a.AP. > aka/Pk,AP/ = 0, i. e. 
J J J 

<r
k e. > 0 , 0 ::s j ::s k - 1 (2 . 1.13) 

J 
and 

<f' , r. > <f' , a.p .> a <f' p. > 0 , i. e. 
k J k J J j k J 

<f' , r. > = 0, 0 ::s j ::s k - 1 (2.1.14) 
k J 

and the condition for determining matrix Hk can be written 

as: Hke j = ar . , 0 ::s j ::s k - 1. (2. 1 15) 
J 

Thus the conditions of A-orthogenality (2.1.10) will be satisfied 

if matrix Hk which determines P
k 

by formula (2 . 1.12) satisfies 

equations (2.1.15) . 

With k < n - 1, the number of vector equations (2.1.15) will be 

less than n; it follows that matrix Hk is not uniquely defined . 

Besides, with different values of constant a the system of equations for 

defining matrix Hk wi 11 also be different. All this suggests the 

diversity of algorithms which can be used to construct conjugate 

direct ions as we have to use various methods of construct ing differnt 

matrices H
k

. 

Since equations (2 . 1.15) must be satisfied with any k = l,2, .. ,n - 1, 

it is natural to try and construct matrix Hk by recursive relations 

(Hk = Hk+
1 

+ 6H
k

_
1

, k > 1 where 6H
k

_
1 

is defined below). 

Let us write (2.1.15) in the following form: 

(Hk-
1 

+ 6Hk_
1

)e j 

(Hk-
1 

+ 6Hk_
1

)e j 

ar., i. e. 
J 

ar., 0 ::s j ::s k - 1. 
J 

But since matrix Hk-
1 

must satisfy the equations 

Hk l e . = ar. , 0 ::s j ::s k - 2, 
- J J 

(2.1.16) 

it follows from (2.1.16) that matrix 6H
k

_
1 

is defined by the following 

conditions: 

6H
k

_
1

e
j 

0, O ::s j ::s k - 2, 

6Hk_1e k_1 = ark_1 - Hk- 1e k- 1· 

The latter equality will evidently be satisfied if we assume 

T 
Hk- 1ek- 1 vk- 1 

<vk- 1, ek- 1> 

(2.1.17) 

(2.1.18) 

where u
k

-
1 

' v
k

-
1 

are unknown vectors. It is necessary that the vectc:rs 



be such that the first of the conditions (2 .1.17) i s satisfi ed . i .e. 

(2 . 1.19) <uk- 1 , e.> = 0, <vk- 1 ' e .> = 0, 0 ~ j ~ k - 2. 
J J 

clearly, vectors uk- 1 ' vk- 1 must also satisfy conditi ons 

<uk- 1 ' ek- 1> '* 0, <vk- 1 ' ek- 1> '* O. (2 . 1. 20) 

Taking into account (2 . 1. 13) it is clear that condit ions (2. 1. 19) wi 11 

be satisfied if we choose uk- 1 = v
k

-
1 

= r
k

-
1 

' conditions (2.1.20) will 

also be satisfied since 

(2 . 1.21) 

according to the positive definitness of matrix A. 

Vectors Uk-I' Vk- 1 can also be chosen by using the follwoing 

considerations. If condition (2.1.10) is satisfied, then we have 

<APk-l' P .> 1 1 1 
r .> 0, i. e. =<-- e r .> <e k- 1 ' = 

J (tk-l k-l' (t. J (tk_l(tj J J 

<APk- 1 ' p .> 1 
r. > 0, 0 j k 2. <e k- 1 ' 

~ ~ -
J (tk_l(tj J 

Making use of (2.1.15) we have then 

T a <e k_1, r j > = <ek- 1, Hk_1e j > = <H
k

-
1
e

k
-

1
, e

j
> = 0, 0 ~ j ~ k - 2. 

It follows that inorder to satisfy (2.1.19) we can assume 

Ingeneral, if we choose vectors u
k

-
1 

and V
k

-
1 

in the form 

T 
uk- 1 t 1,k r k- 1 + t 2 ,k Hk- 1 ek- 1, 

T 
vk- 1 = t 3 ,k r k- 1 + t 4 ,k Hk- 1 ek- 1 (2. 1. 22) 

Where t 1,k' t 2 ,k' t 3 ,k' t 4 ,k are arbitrary numbers (which can change 

with changing k), then conditions (2.1.19) and (2 . 1.20) (in particular 

with tl k = t 3 ,k = 1, t 2 ,k = t 4 ,k = 0) will be satisfied . 

Thus, choosing vectors uk-I' vk- 1 in t he form (2.1.22) we are able 

to construct matrix ~Hk-l by formula (2.1.18) and consequently matrrix 

Hk that the vector Pk which it determines wil l satisfy the conditions of 

A-orthogonality (2.1 . 10). 

To each pair of vectors uk-I' vk- 1 and constant a chosen there will 

correspond their particular matrix ~Hk-l and, consequently, matrix H
k

. 

In other words, with different vectors Uk' v
k 

and constant a we sha ll 

construct different methods of conjugate directions . 



2.1C. GENERAL PROPERTIES OF THE METHODS 

Let us es t abli s h the ge ne ral properties of t he methods of conjugate 

directions , which can be cons tructed in the manner described above. 

THEOREM 2 . 1.3: If matrix HO i s symme tri c and pos itive definite, 

condition (2 . 1.8), i. e. 

< f ~ ,p.> * 0 if f~ * 0 
J J J 

i s satisfied by the methods of conjugate direc tions. 

then 

PROOF: Us ing expressions (2 . 1.18), (2 . 1.22) and the r ecursiue formula 

for matrix H.(H . = H. 1 + 6H. 1) we have 
J J J- J-

-po = H~f'. = (H. 1 + 6H. l)Tf ,. 
J J J J- J- J 

Making use of (2 . 1.18) and (2.1.14) we can write 

6H~ 1f'. 
J- J 

But since 

< HT f' v . 1 e. l' . 1 . J- J - J- J 
<v . 1, e . 1> J - J-

H ~ 1 e. 1 = H ~ 1 ( f '. - f '. 1) J- J- J- J J-

H~ 1f '. J- J 

H~ 1f '. J- J + p . 1 ' J-

then vector - p. can be written in the form : 
J 

T 

- p . H~f '. a. [ I - r j-1 e j-1 1 HT

J
'_

l 
f

J
'. 

J J J J <r . l' e . 1 J- J-

HT f' > <e . 1 . 1 . J-, J - J where a . : = 1 - t4 . 
J , J <v . 1 ' e. 1 J- J-

(2. 1. 23) 

If vector v. 1 satisfies condition (2.1.20) and a. 1t 3 . * - t4 ., with 
J- J- , J , J 

any j = 1, 2, ... factor a. * 0 since 
J 

Suppose that 

t < HT f '. > 4,j e j _1, j - 1 J 
-.:.....::...-"-------='---...::....- * 1. 

<v . l' e. 1> J- J-

factors t3 . and t 4 . are such that 
, J , J 

wi th j ~ 1 

conditions <v. l' e . 1> * 0 and a.*o be satisfied . Then we obtain 
J- J - J 

= H~f~ for 0 ~ i ~ 
1 J 

j - 2, i. e. 



(2. 1. 24) 

Taking into account these equaliti es , we can writ e express ion (2 . 1.23) 

in the following form: 

-p. 
J 

H~f'. 
J J 

Now multiplying both sides 

condition (2.1.14), we obtain 

J- J- H f' 
T 

r· 1 e · 1 1 
<r. l' e. 1> 0 j ' J- J-

of equation (2. 1. 25) 

- <f' p > = a. <f~ H f ' > j ~ O. j' j J J' 0 j , 

by 

But since H is a positive definit e matrix, then for f'.*O, o J 

(2. 1. 25) 

f '. 
J 

and using 

(2 . 1. 26) 

Consequently, if a .*0, then it follows from (2.1.26) that < f ~ , p. >* O. II 
J J J 

REMARK: The successive approximations to the solution of the problem 

of minimization of a quadratic function are the ~ame for 

different methods of conjugat e directions . 

2.10. CONCRETE ALGORITHMS 

Let us now consider formulas which can be used in construct ing 

conjugate direct ions. Each of such formulas determines a method of 

conjugate directions consisting in 

approximations to the solution by formulas 

xk+ 1 = xk + akPk' Pk = - H~fk' k 

constructing successive 

0, 1, .. . , n-1 (2 . 1.27) 

where a
k 

is chosen under the condition f(x
k 

+ akPk) min f(x
k 

+ aPk) 

Now 

Method 1 : 

let us construct two methods: 

Set in (2.1.18) a = 1, uk- 1 
= 

formulas (2. 1. 22) t1 k t4 k= , , 

T 
r k - 1 r k - 1 

<rk- 1,ek- 1> 

a 

T 
r k- 1, vk- 1 

= Hk- 1 e k- 1 

1, t2 k t3 k 0) . 
, , 

T 
Hk_1ek_1ek_1Hk_1 

<Hk- 1ek- 1, ek- 1>' 

(i. e . in 

Then 

(2.1.28) 

Let us study some properties of matrix Hk obtained by this method . 

Properties : (i) Hk is symmetric . 

(ii) Hk is positive definite. 



(iii) H 
n 

-1 
A . 

Proof: (i) Thi s fact is easi ly estab l ishe d by induc t ion. Matrix HO 

i s symmetric. The two matr i ces whi c h fo rm t.HO a r e symmet ri c t oo. 

Therefor, HI is a symmet ri c matri x. 

2, ... , n. II 

Similar a r guments hold for any k = 

(i i) We prove by induct i on. Matri x H i s positive definit e. 
o 

Let Hk be a pos itive def init e matrix. The n for a ny x E ~n 

+ 

But since Hk is a positive def init e , there i s a s qua r e 

Conseque ntly taking into account the s umme try of matrix H
k

, 

<H x x> - <H1/2 H 1/2x x> <H1/2 x H1 /2x> = '. <y,y>', 
k' - k k' k 'k 

s imi lady 

r oot 

we ha ve 

Now using these r e lations and applying cauchy-Buniakowski' s inequa lity 

we conclude that the following holds: 

2 <y,y><z,z> - <z,y> ~ 0 

and this inequality holds only if z = y, i.e. Since Hk is non singular, 

only if x = e
k

. But in this case 

x> = <r
k

, s ince A is pos i ti ve 

definite. 

Thus for any x * 0, we have 

<Hk + 1X, x> = 
2 <y ,y><z ,z> - <z,y> 

<H
k 

e
k

, e
k

> 
+ 

and this proves that our r easoning by induc tion holds. II 

( iii) To show H 
n 

then we have 

He. 
n J 

r. 
J 

-1 
A , since Hk satisfies (2.1 . 15) with a = 1, 

j 0, 1, ... , n - 1 , or making use of ( 2.1.9 ) 



H Ar. = r., j = 0, 1, ... , n - 1. 
n J J 

or (HnA - I)r j 0, j = 0, 1, .. . , n-1 , But s ince r O, r 1 , · · · ,rn- 1 
a r e linearly inde pendent, t hen we have 

H A = I , i. e. 
n 

A- 1 = H . II 
n 

Method 2: Another me thod of cons truc ting Hk i s obt a ined if we t ake 

a = 1 in (2 . 1. 18 ) and choose uk- 1 = vk- 1 = r k- 1 (i .e . in f e rmul as 

( 2 . 1. 22) t 1 k , Then 1 and t 2 ,k = t 4 ,k = 0) . 
T 

r k - 1 e ) 
k-1 <r k- 1, 

( 2. 1. 29 ) 

Le t us see s ome properti es of matri x Hk obta ined by thi s me thod . 

Properties: 

Proof: 

(i) Hk i s not symmetri c 

(ii) H = A- 1 
n 

(i) trivi a l 

(i i) it can be demons trated jus t in the same way as f or 

me thod (2.1. 28). II 

But we can write (2.1.29) in the form: 

k-1 
Hk = HO + I (r . - Hi e i ) 

i=O 1 

T 
r. 

1 

<r. , e . > 
1 1 

(2 . 1. 30) 

From (2.1.9) and (2. 1. 10) , we have <r i ' ek> 0, o ~ i ~ k - 1. 

Consequently, it follows from (2.1 . 30) that 

Hke k = HOek' k = 0, 1, ... , n-1 . 

Thus formula (2.1.29) can be written as follows: 

If HO = I, this formula i s simpler 

T 
r 

He) --:-k_-_1 __ _ 
o k-1 <r k- 1, ek- 1> 

than (2 . 1. 29) . 

(2 . 1.31) 

(2 . 1. :3 2) 

The constructing of methods of conjugate directions can be 

cont inued by choosing various combinations of const ant a and vectors 

uk ' vk by formulas (2.1.22) but we shall not do s o . 

Remark: In each of the me thods treat ed above conditions (2. 1. 20) 

were satisfied by vectors uk , vk · 

For, in me thod ( 2 . 1. 28) ( i . e . in the case V = 
k 

HT 
k 

e
k

) , s ince ma tri x Hk is 



T positive def inite , we ha ve <v
k

' e
k

> = <Hke
k

, e
k

> >a. In method (2.1 . 29) 

(i.e. in the case uk = vk = r k ), it was mentioned by equation (2.1.21). 

Thus, in accordance with the r esul ts of c hapte r 2 . 1C, cond ition (2.1 . 8) 

is satisfied by the me thods di sc ussed, i .e. the methods are guarant ed to 

be non degenerated. 

Le t us now derive formulas direct ly applicable t o the calculation 

of vectors Pk def ined by differ ent matri ces H
k

. This is eas ily done by 

using formula (2 . 1.25). Since r k- 1 = ak- 1 Pk- 1' we ha ve from (2 . 1. 25) 

(2. l. 33) 

<Hafk' e k- 1> 
(3 = 

k <Pk- 1, ek- 1> 
(2. l.34) 

a) Conside r Method 1 , in which matri x Hk is constructed by us ing 

vector vk- 1 
T Hk-

1 
e

k
-

1
. Then us ing (2 . 1. 11) a nd (2.1 . 2.4) we obtain 

<Hafk' e k- 1> 
ak = 1 - H f ' f' > - f " < a k' k <Pk- 1, k-1 > 

But from (2 . 1.25), because of (2 . 1. 11) and (2 . 1.14), we obtain 

<Ha f k , ek- 1> = <Hafk' f k> 

and the n using this equation a nd (2 . 1. 35) we find that 

(2 . l. 35) 

(2. l. 36> 

(2.1.37) 

Comparing formulas (2 . 1.34) and (2.1 . 37) and taking into account 

(2. l. 36) and 
1 

(2 . l. 38) we have ak - 1+(3' 
k 

Consequently, formula (2.1 . 33) which det ermines vec tor Pk ' in the case 

T 
where in construct ing matrix Hk we use vector vk- 1 Hk- 1 e k- 1, can be 

written in the form 

(2 . l. 39) 

were a
k 

is determined by one of the formulas (2 . 1.35) or (2.1.37), 

b) Consider Method 2 , in which matrix Hk is constructed by using 

vectors uk- 1 = vk- 1 = r k- 1, In this case t4 k = a , the refore, from , 
(2 , l. 23) a = k 

1 and from (2 , 1.33) we obtain 

(2, l. 4a) 

where 



<Hafk' ek- 1> 
(3 = 

k <Pk- 1, e k- 1> 

If we use equa l i ti es (2. 1. 36), (2. 1.38) a nd (2.1.26)((2.1.26) has the fo rm 

<Pk' f k> = - <Hafk ' f k» t he n fo r determ i n i ng coefficient (3k one of t he 

fo llwing formul as can be obta ined : 

(3 = ­
k 

<Haf k ' f k> 

<Haf k_1 ' f k-1> 

<H f' f ' > 
o k' k ( 2 .1. 41) 

Express i ons (2. 1. 39) a nd (2 . 1. 4a) whi c h dete rm i ne vector Pk in 

t he ir turn ca n be gi ven the form Pk = -H~fk ' wher e Hk depe nds on t he 

coeffici e nts 8k a nd (3k ' 

The s impl es t f ormul a fo r ca l c ul a ting A-or t hogena l vec t or s can be 

obta ined by c hoos ing Ha I in (2 . 1. 4a) . I n t hi s case 

p = -f' + 
k k (3kPk- 1 , k = 1, 2, . .. n- 1, Pa - f O' (2 . 1. 42 ) 

wher e (3k i s de t e rmined by one of t he fo llwo ing fo rmul as : 

<f' ek- 1> <f ' , f' > <f' f ' > 

(3k 
k' k k k' k (2 . 1 , 43) 

<Pk-1 ' f' > <Pk- 1 
f ' > <f k- 1, f k- 1> k-1 k-1 

Me thod (2. 1. 27) in whi ch conjugate vec t or s a r e cons truc t ed by 

(2. 1.42) and (2. 1.43) i s wide ly known as the met hod of conjugat e 

gradi ents. 

EXAMPLE: Minimi ze f( x
1

, x
2

) 

po int (a, a) T, 

Solution: f( x ) = ; <Ax , x> + <b,x> , wher e A = [~ ; ] b = (1, -1 ) T 

x = (xl ' x
2

) E ~2. Clearly A i s s ymme t r i c a nd s ince 

4 > a, I~ ;1= 4 > a , t he n <Ax, x> > a Vx E ~ ~ {a} , i.e. 

f( x ) is s tri c tly convex func ti on. 

Now we use me thod (2 . 1. 27) in whi c h conjugat e vec t or s a r e constructed by 

f ormulas (2 . 1.42) and (2 . 1.43), i. e . 

xk+1 = xk + akPk , k a ,l 

whe r e 



Iteration 1: 

f(x) = Vf( x) = [ af , af ]T 
aX

1 
aX

2 
He nce 

f ,Tf , 
k k 

f ,T f' 
k-1 k- 1 

f' = f'(x ) (l, _ 1)T where x = (O,O)T is a starting point. But 
00 0 

si nce fO = (l , -l)T '* (O,O)T, then Xo = (O,O)T is not a minimum point. 

And since then 

Po = - fO = (-l , l)T 

T
f

, 
Po 0 
- T- -
POAPO 

(-l,l)(l,-1)T 

T T T (0,0) + 1. (-1,1) = (-1,1) . 

1, 

But since f1 = f' (xl) 
T T T 

(-1,-1) '* (0,0) , then x l = (-1,1) is not a 

minimum point. Infact we have f(x
1

) =-1. 

Interation 2: 

where 

But then 

and 

f,Tf,T 
1 1 

f , Tf,T 
o 0 

T (-1,-1)(-1,-1) 

(1 , -l)(l,-1)T 

T 
(0,2) , 

(0,2)(1,-1)T 1 

P-~-A-P 1 - -( -0 '-, 2-)--'[""'~-'-~='J'--(-0-, -2-) T = 4' 

T 1 T T 

2 
2 

1. 

( -1, 1) + 4 (0 ,2) = (-1, 3/2 ) . 

Since f~ = f'(x
2

) = (O,O)T, then x. = x
2 

= (-1,3/2) T is a mini mum 

point such that 

f(x.) = -5/ 4 < -1 = f(x
1

) . 

Even if we don't know the point (-1, 3/2)Tto be minimum , we will 

not be able to move from thi s point, since 



f' 
2 

T 
(0 ,0) , /3

2 

f/T fl 
2 2 

f/T fl 
1 1 

T 
.. P2 = -f2 + /32 P1 = (0,0) . 

(O,O)(O,O)T 
2 ° 

This shows that ther e is no conjugate direction to r educe f furt he r a nd 

hence x
2 

i s a minimum poi nt . 

2.1E SUMMARY 

We have considered a general schem of constructi ng methods of 

conjugate direc t ions and on its bas i s obtained concerete algorithms. 

Any of these methods make it possi bl e to find the minimum of a 

strictly convex quadratic function after a number of steps in 

process (2 . 1.27) not excedding n . 

If algorithms are judge by the amount of cal c ul a ti ons periteration, 

then algorithms (2.1. 39) and (2.1. 40) s hould certai nly be perfered. 

These methods are specially easy to implement if the c hoi ce. 

made . 

HO = 1 is 

The diffe r ence in properli es of algorithms tells cons iderably when 

they are used for mini mization of non quadratic function; this will be 

discussed in the next section . 



2.2. MINIMIZATION OF ARBITRARY FUNCTIONS 

2.2A. CONSIDARATIONS ABOOUT THE APPLICABILITY OF THE METHODS 

DEFINITION 2.2.1: Iterative processes of the type 

xk+l = xk + <XkPk' Pk = -H~fk' k = 0, 1, ... , (2 . 2 1) 

in whi ch vector Pk (or matrix H
k

) is constructed by algorithms 

of chapter 2.10 and the value of <Xk i s chosen on condition t hat 

f(xk + <XkPk ) = mi n f(x k + <XPk) , 
<X 

is called met hods of conj ugate directions. 

Suppose theat we intend to use process (2 . 2.1) for the minimization 

of an arbitrary (not quadratic) convex function f(x). In this case, 

ma trix f"(x) will have different eleme nts at different points of 

sequence (2.2 . 1); by virtue of this fact vectors PO' ... , Pk constructed 

by any of the methods of chapter 2 .10 wi ll not be conj ugate (f " (x) -

orthoge nal) . Howe ver, if t he intial point xo is in a close 

ne ighbourhood of the minimum point, x.' of a s mooth convex funct ion 

f(x), then at any point of this r egion mat ri x f"(x) is close eno ugh to 

mat rix f"(x.), i.e . the quadratic function 

q.>(x) = ~ < f"(x.)(x- x.), x- x.> + f(x.) 

i s a good approxi mation to the function f(x). 

To see this consider Taylor's series expansiev of f(x) abo ut its 

minimum point, x •. 

f(x) = f(x.) + <f'( x. ), x - x. > + ~ < f"(x.)(x - x.), x - x. > + 

But since f'(x.) = a and t he terms involving hi gher derivatives will be 

dominated by the quadratic terms then f(x) approaches the quadratic 

function q.>(x) , in the cl ose ne ighbour hood of x • . 

Further more, if the mat ri x f"(x.) is positive def inite, then q.>(x) 

will have its minimum at x.. Thus, we can expect that the properties of 

vectros PO' ... , Pk determined by met hods of chapter 2. 10 will be c l ose 

e nough to the propert i es of conjugate vectors (f" (x.) orthegenal) and 

therefore the methods of chapter 2.10 prove sufficiently effective 

inminimizing non quadrat ic funct i ons too. But in general the methods 

will no mor yield the r esult after a finite number of steps since the 

conditions 



<f"(x.)p., p. > ==O, i:#j 
1 J 

will not be strictly sati s fi ed with a ny ini t i a l po in t xO' 

Note that the condition unde r whi c h pa r ame nte r a
k 

i s c hose n can be 

written also in the form: 

<f' P > == 0 
k+1' k 

The objective of this section is to substanti a t e the conve rge nce of 

methods of conjugate directions in the minimi zati on of nonquadra ti c 

funcitons and to obtain bounds on the rate of converge nce . 

2. 2B. THEOREM ON CONVERGENCE OF THE METHODS 

In what follows we shall assume that f(x) i s a strongly convex 

twice continueusly differentiabl e func ition, i .e . the conditions 

(2 . 2.3) 

n are satisfied for all x, y E R , and that a symme tri c , pos itive definit e 

matrix has been chosen as HO i . e. 

(2 . 2 . 4) 

for all y ERn. 

DEFINITION 2.2.2: A matrix Hk is said to be r estored aft e r afini te 

number of ste ps, say n, if with any ~ == 0, 1, . . . , 

H~n== HO where HO is symmetric and pos itive definite 

matrix. 

Processes of type (2.2.1) can be r ealized either with rest oration 

of matr i x Hk after afinite number of steps, or with out such a 

reinitialization. 

REMARK: If a process wi th restoration of matrix Hk after a finite 

number of steps is being ralized, then for any of the methods 

of conjugate directions the condition 

lim II f' (xk ) II == 0 
k-400 

is fulfi lIed. 

(2.2 . 5) 

The fulfilment of condition (2.2.5) for astrictly convex func tion 

means that any of the methods disc ussed in chapte r 2 . 1D, if real ized 

with restoration of matrix Hk after afinite number of ste ps , conve r ges 

to the solution x •. 



However, if process are r eal i zed wi t h out r estor at i on of H
k

, the n 

their convergence must be subs tantiat ed . Bes ides , i t i s a l so necessary 

to eastimate their rate of conve rge nce . 

DEFINITION 2.2.3: We say that a s equence (x
k

) conve r ges t o a po in t x. 

at a super linear rat e if the inequa lity 

REMARKS: 1. 

2. 

~ Xk+1 - x. ~ s qk ~xk - x.~ 
is satisfi ed, whe r e qk ~ 0 as k 00 . 

In what follows for s impl ici ty we s ha ll oft e n in 

using vectors and parame t e rs rc . , f' e a 
",n+1 E;n+i' E;n+i' E;n+i' 

(3c . etc . i = 0, 1, .. . , n-1 omit index E;n and ope rat es ",n+1 

wi th r i' fi' e i , ai' (3i etc. Note t ha t thi s i s done only 

to si mplfy the written form and the r eal index i s 

E;n + 1. 

In what follows we s hall use the nota ti on: g o(h) if and 
g n 

only if h ~ 0, for each g, hE~ . 

Let us now formulate the theorem whose content s are the ma in r esult of 

this section. 

THEOREM 2.2.1: For the minimization of func tion f(x) whi c h satisfies 

conditions (2.2.3) let there be appli ed process (2 . 2 . 1) 

in which the construct ion of matri x Hk i s performed by 

one of the methods of chapt er 2.1D ((2.1. 28), (2.1. 29), 

PROOF: 

(2.1.32)) with restoration fo Hk afte r n steps. If the 

value of a
k 

is chosen under the condition that the minimum 

of the function be in the direction of Pk' the n the 

sequence (xE;n) whatever the initial point Xo 

converges to the solution at a suppe r linear rate. 

chosen 

Suppose that it is not true, i . e. assume that for the 

iterative processes described the condition: 

~ Xk+1 - x. ~ ~ A ~xk - x. ~ 
is sat isfied with any k were A > 0 is a constant . 

(2.2 . 6) 

Eu t , us i ng t he 

inequality ~xk+1 - x.~ s ~ ~ f~+l ~ ' ~ > 0 and the expression 

Ilf' (x) II = Ilf ' (x) - f' (x. 11 S Mllx -x. 11 (2.2 . 7) 



which hold for a function whi ch satisfies condition (2.2.3), we find 

that condition (2 .2.6 ) is equival ent to : 

(2. 2.8 ) 

where 0 > 0 is a constant. 

Now then studying the properties of process (2 . 2.1) and assumming 

that condition (2.2.8) is fulfilled we find that the following esti mat es 

hold: 

C~f~~ s ~rk~ s N ~f~ ~ (2. 2 .9) 

where C,N are constants independent of k, C > 0 and 

<e i' r / = 0 ( II e i IIII r j II ) , i * j, 0 S i, j S n - 1. ( 2. 2. 10) 

(The proof that these estimates hold for different algorithms will be 

given in the next subsection) 

Now then using Lagrange's formula: 

<f'(x. + r.) - f'(x.), r. > 
I I I J 

<f"( x . + Br.)r.,r. >, BE[O,ll, 
I I I J 

we obtain 

r. E fRn 
J 

<e ., r.> 
I J 

<f'(x.+r.) - f '( x.), r > = <f"(x .+Br.)r.,r.> = <C' r.,r. > 
I I 1 j III J IC I J 

= « C'+C' C')r . ,r.> = <C'r . ,r.> + <C' - f" )r r > 
1 lC 1 1 J 1 1 J 1 ic i' j 

i.e. <e. ,r.> = <C' r.,r. > = <C'r.,r.> + « C'- C' )r., r. > 
1 J lC 1 J 1 1 J 1 IC 1 J 

(2.2.11) 

where x . = x. + Br., BE [0, 11 . 
lC 1 I 

If Ilr i II ~ 0, then because of the uniform continui ty of second 

derivatives of f(x) on (closed and bounded) set S = {x:f(x ) S f(x
O

)} we 

have IIC' - C'II ~ 0 and it follows from (2.2.11) that, if (2 .2. 10) i s 
lC 1 

satisfied, estimates 

i * j, 0 S i, j S n - 1 

hold too. 

Under conditions (2.2 . 3) (or using (2 . 2.7)) 

Ileill = Ilfi+1 - fill S Mllxi+1 - xiii = Mllri ll, consequently Ileill and Ilrill 

are of the same order of smallness. Taking this into account, ",e have 

<C'r. ,r.> = oqr1.llll rJ. II ), i * j, 0 S i, j S n - 1. 
1 1 J 

If estimates (2.2 . 12) are fulfilled, then there are vectors 

r. = r. + w. 
1 1 I 

i = 0, 1, n - 1, 

where ~W i~ = O(~ri~)' such that 

<f~ r. > - 0 . * . 0 S· J. .,n l, r. - ,I J , 1 , 
J 

S n - 1. 

(2.2.12) 

(2.2.13) 

(2 . 2.14) 

But since vectors r
i

, i = 0, 1, n - 1, with sufficiently large ~ 



are linearly independent (in ~n) the n r r r is a basls of ~n . 
0 ' I ' n-l 

Let ZEn be the minimum of the quadra ti c f unci t on 

(()(x) = <f ' x - xc
n

> + ~ <f " (x ) f 
r (n' ~ 2 (n - x(n ' x - x(n> + (n ' 

n-l 
let us write vectors Z - x - \ a r 

(n (n - i ~O i i ' 
(2 . 2.15 

since cp '( Z(n) = f~n + f~n(Z(n - x(n) 

n-l 

0, then us ing (2.2 .15 ) we obtain 

L a .f~ r. 
i=O 1 ~n 1 

Hence, t aki ng into account (2.2.14), we ge t 

i. e . 

a . < f~ r., r. > = 
1 ~n 1 1 

a. 
1 

< f~ ,r. > 
~n 1 

<f" > C r., r. 
~n 1 1 

i 0, I, ... , n - 1 

But <f~ ,r.> 
~n 1 

<f' - f ' + f' -o 1 1 
f ' + f ' r . > i +l i+l ' 1 

f ' > e . . I' r. 1 + 1+ 1 

- <eo,r. >- <e
1
,r. >- . .. -<e.,r. >, s ince , by (2 .2.2), <f : l,r. >= 0 

1 1 1 1 1+ 1 

i-I 
= - <e. ,r. > - \ <e . , r . >. 

1 1 j~O J 1 

Hence , hav ing in mind esti mat es (2 . 2 . 10), it follows tha t 

i-I 
-<f~, r. > = <e., r. > + L Oq e . llllr·ll) 

~n 1 1 1 j=O J 1 
(2 .2 .16) 

Remarks: 1. According to conditions (2 . 2 . 8) and (2 . 2 . 9) all of the 

vectors r O' . . . , r n- 1 are of the s ame order of s ma llness 

2. Since Il ei ll ~ Mllrill, vectors eO' .. . , e n- 1 are of the same 

order of smallness. 

Taking into account the above remarks the equaliti es (2. 2.16) can be 

written in the following forms : 
2 

- < f' r > = < e., r. > + 0 ( II r. II ), i = 0, 1 , .. . , n -1 . 
(n' iI I 1 

Further, taking into account (2 . 2.13), we find that 

<f~ r ., r. > = < f~ (r.+w.), r. > = « f~ +f~ -f~ )r. ,r. > + <f~ w.r. > 
~n 1 1 ~n 1 1 1 lC ~n l C 1 1 ~n 1 1 

2 
= <f ~ r.,r. > + « f~ -f~ )r. , r . > + <f~ w.,r . > = <e . ,r . > + 0l( ~ rl' ~ ) l C 1 1 ~n lC 1 1 ~n 1 1 1 1 

?Q 



Thus 

a . 
1 

< f~ , r. > 
.."n 1 

<f" > c r., r . 
.." n 1 1 

= 

By (2.2 . 3) and (2. 2 .11) , we have 

<e . ,r . > = < f~ r. ,r . > > mll r 112 l' 
1 1 l C 1 1 - i' 

consequently, as i;~ (i .e. as II r ill~ ) 

a i -71, i = 0, I, . .. , n - 1. 

n- l 

0 , I, ... , n -1. (2.2.17) 

(2.2. 18) 

Since x (i;+l)n-xi;n = xi;n+n- xi;n = xn - Xo = i~o r i' w have, f ro m (2.2. 15 ) , 

n-l 
x(i;+I)n - zi;n = (x (i;+I)n - xi;n) - (zi;n - xi;n ) =.L (r i -

1=0 
He nce , t aking into account (2.2 .13) a nd (2.2. 18 ) , we obtain 

II X(i;+l)n - Zi;n ll =.L O( lI r ill ) 
1 

or using (2.2.8) and (2 .2 .9), we obt a in 

Ilx(i;+1)n - zi;nll = O( Ifkn ll )· (2.2. 19) 

s ince zi;n - xi;n = -(f~n)-lfkn a nd taki ng into acco unt (2.2.19 ) , we have 

X(i;+l)n - xi;n = (zi;n-xi;n) + (x (i;+I)n - Zi;n ) 

where 117li;n ll = oqfkn ll). 

It follows tha t ther e is a sequence 
D- 1fl (f" -1 

-7 ) such that i;n i;n i;n 
_D- 1[, x xi;n (i;+1)n i;n ~n 

(we can t a ke , for ins tance , that 

D -1 = (f" ) -1 + Z i;n - x ( i; + 1) n ( f ~n) T. ) 
i;n i;n <fkn ' f kn> .." 

of 

Equality (2.2.20) s hows tha t sequence (Xi;n) , i; = 0, I , 

converges at asuper linear rat e t o the so lut i on . 

mat r ices 

Thus assuming that conditi on (2 . 2. 6) i s sat i sfied and taking 

estimates (2.2.10) and (2 . 2 . 9) to be sat i s fi ed, we have de monst r ated 

that for (xi;n) inequality 

(2.2.21) 

Where Ai;n ~ as i;~, holds . 

inequality (2 . 2.21) can not 

However , if condition (2.2 . 6) holds, t he 

to be sati s fi ed . Thus we have come 

contradiction . This means that cond it i on (2.2.6) can not be f u lf i lled 

for process (2. 2.1). I t f ollows t hat t he sequence (xi;n ) conver ges to 

the solution at a supe r linear r ate. II 

?Q 



2.2C. STUDY OF PROPERTIES OF DIFFERENT ALGORITHMS. 

Weturn now to the proof of the validity of estimates (2 . 2.9), 

(2 .2. 10) for different methods of conjugate direct i ons with r es oration 

of matrix Hk after n-steps, assuming that inequa lity (2.2 .6) (or (2.2.8) ) 

isfulfi lIed. 

The fact that for any of these methods the esti mat es hol d is 

es tablished by induction; 

(2 . 2.10) take place with 

it i s de monstrated t hat esti mates (2 . 2.9) , 

i "* j, i,j 0, I , a nd the n s upposing t hat 

these estimates take place with 0 ~ i, j ~ L < n - 1 we prove that the y 

r emain valid also with 0 ~ i, j ~ L + 1. 

THEOREM 2.2.2: If inequality (2 . 2. 6) (or(2.2 . 8)) i s fulfill ed, t he n 

estimates (2 . 2.9), (2 .2. 10) ar e valid for me thod (2.1.28) 

(compare chapter 2.10) with r estor ation of mat ri x Hk 

after n steps. 

PROOF: If restoration of matrix (2. 1.28), i. e. 

T 
r k - 1 r k - 1 
<r k - 1 , e k - 1> 

T H 
k- l k-l 

T 
<Hk- 1 ek- 1, ek- 1> 

is performed after a finit e number of steps, t hen with any k mat r ix Hk is 

bounded: 

II Hk II ~ L, L < (Xl (2.2 .22 ) 

T th O b (2 2 2) <H f' f' > = - <p f' > 0 o see IS, y .. , k k' k+l k' k+l 

There fore 

<Hk (fk+1 - f k), f k+ 1 - f k> 

= <Hkfk, f k> + <Hkfk+1, f k+1>· (2.2.23) 

since Hk is positive definite (comp . c ha pter 2.10), we obtain, 

(2.2.2) and (2 . 2.23), <Hkek , ek> ~ <Hkfk, f k> - <Pk' f k+1 - ek> 

from 

Hence , according to (2 . 2 . 17) 

<Hkek , e k> ~ a: Ilr k 112 . 

1 
<Pk' ek> = a

k 
< e k , r k>· 

(2.2 . 24) 

Taking into account mor e ove r that Ile k ll ~ Mll rk ll , we obtain from 

(2. 1. 28) that 



Using condition (2 . 2. 4) we obta in t hat a
O

: = a~n s a < 00 and on t h 

s trength of this it follows f r om t he r ecursive i nequality for II Hk+ 1 11 that 

es timate (2.2.22) hold f or H~n+1( =: H1) ' On t his ground we s hall prov 

be low by induction that ac . S a < 00 wi t h a ny i 
."n+l 

1, . .. , n- 1. Taki ng 

t hi s into account we find tha t (2.2 . 22 ) ho l ds. 

Le t us prove now that with i 1 t he fo ll owi ng r e l atio ns ho l d: 

<r 1, eO > = 0, <e 1, rO> = o Q r1 1111 r oll), 

C1~fi~ S ~r1~ S N1 ~ f i ~ (2.2.25) 

whe r e the constants N1, c
1 

are indepe ndent of k and c
1
> O. The fi r st of 

these estimates is found as foll ows: 

<r 1, eO> = <a 1P1,eO> = - a 1<H1f 1, eo> = - a 1< f i' Hl 0>' 

But, using (2.1.15), we obtain H
1
e

O 
= r

O
' th r efore <r

1
, 0> 

-a
1
< fi' rO> = 0, us ing (2 . 1.14). Fur t he r, usi ng (2.2 .11) we obtai n 

< e l' r 0> = < f 1 c r 1 ' r 0 > = = < r 1 ' eO> + 0 Q r 11111 ro ll) = 0 Q r 1 II II r oll) . 

Le t us now show that the estima t es ho ld f or Ilr 1 11 . 

( 2 . 1.28), taking into account (2 . 2.2) and (2.2.23) , t hat 

It fo ll ows f r om 

<H f' f' > = 
1 l' 1 

<Hf'f' > + o l' 1 

f ' 2 < l,rO> 

<r o' eO> 

- <H f' f' > -
H f , >2 

< OeO' 1 
- 0 l' 1 <HO eO, eO 

H f' >2 < OeO' 1 

<HOeO' eO> 

<H f' f' > + < f ' > = <H f' f ' > o l ' 1 PO ' 1 0 l' 1 ' 

Then <H f' f' > = 
1 l' 1 

<HOfi' fi ><HOfO;fO> 

<HOfO,fO> + <HOfi,fi > 

1 

Using estimate (2.2.7) we deduce that f or a funct i on whi ch sat i sfies 

(2.2.3) 

2 2~ 
m(l + H)(f(X) - f(x.)) s Ilf '( x ) 11 S m (f( x) - f (x.)). 

Taking into account estimates (2 .2. 4) and (2 .2 . 26 ) we have on set 

So:= {x:f(x) S f(xO)}' 
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d
1
(f1 - f.) 

d2 ( f o f.) 

whe r e d1, d2 are constants independent of ~. 

To s ee this , from (2 . 2.4) we obtai n <H f ' f' > M Il f ' ll o l ' 1 :S O l and 

<HOfl' f ' > MO ~ fl ~ 2 
Ther efore, H ' 1 :S --_= 

< OfO' fa > 2 
mo Il fa II 

1 1 

But from (2 . 2.26) Ilf
1
' 112 1 (f ) 2M2 2 

:S 1 1 - f . ' 11: = m and 12 ( f 0 - f.) :s II fa II ' 

Hence 
<Hof1' f1> 
<H f' f ' > o 0' 0 

By virtue of this, 

<H f' f' > 
1 l' 1 

1 
1 (f -f )and t her efor e , 
20 · 

wher e a 1 : = mo/ [l +:~J > 0 is independent of ~. 

MO II f 1 112 MO 11 (f 1 - f. ) 
--- < 

mo~fa~2- m
0

1
2

(f
O

- f.) 

i. e. 

d
1
(f

1
-f.) 

d
2

(f
O

- f.) 

f
1
-f. 

0 <-- < 1 
fO-f. 

(2.2.27) 

Le t us use now inequality (2 . 2.27) in order to esti mate the value 

of parame ter a~n+l ' Since, by Tayl or' s seri es expansion , 

i. e. -

32 

2 
a

1 
2 < f 1cP1,P1 > 

<f 1'P1> 

2 
mllp111 



IIp111 = IIHlll1 !S Lilflll; taking these estimates int o acco un t , we ha ve 

<f l 'P1 > a1 11fl l12 
a 1 

~ - ~ 
2 

M L 211fll12 Mllp111 
a > O. At t he same ti me it 

follows from (2.2 . 27) that IIp111 ~ a111f111· Using thi s e stima t e we o b t 2. in 

tha t 
<f l 'P1 > <Hll.f l > 

a !S - = !S 
1 2 2 

mllp1 11 mllp1 11 

Lil f
l l1

2 
L 

ma711fll12 

- - = : a < 00. 
2 

ma l 

Thus we find that 

whe re constants N1 : = aa1 ,C
1

:=aa
1 

are inde pe nde nt of~. Thus esti mates 

(2 .2 . 25) hold. 

Suppose that the estimates 

< r i ' e / 0 ( II r i IIII r )I ), i * j, 0 !S i, j !S T < n - 1, (2.2 . 28 ) 

whe re constants N., C. >0 are inde pende nt of ~ , hol d. Le t us s ho w that 
1 1 

s imilar estimates take place also with 0 !S i , j !S T + 1 

<f' l,r .> = <f'. l,r .> + <e . 1 + . . . + e ,r .>, O!S j < T. (2.2 . 30 ) 
T+ J J+ J J+ T J 

According to condition (2 . 2 . 8) and e stima t e s (2 .2. 29 ) qua n ti t ies 

Ilf~+lll, Ilf~ II and Ilr i II with any 0 !S i < T are of the same o rde r of 

s ma llness . Taking this into account and us ing cond itions (2.2.2 ) a nd 

(2 . 2.28) we find according to (2 . 2 . 30) that 

<f~+l ' r/ = oqf~+l llllr)l) = oqr)l), 0 !S j < T. 

si nce <f' r > 0, according to (2.2 . 2), we obta in f ina lly 
T+1' T 

<f' 1 ' T+ 
2 

r . > = 0 q r .11 ), 
J J 

o !S j !S T. ( 2 . 2 . 3 1) 

Let us estimate now the quantity < HT+1f~+1 , f~+l >' usi ng fo rmula 

(2 . 1 . 28) and taking into account (2 . 2.23) we obta in f o r a ny 0 !S j !S T: 

f ' 2 <r ., 1> 
<H f' f' > = <H f' f' > + J T+ 

j+1 T+1' T+1 j T+1' T+1 <r . , e.> 

<H. e . , f' 1>2 
J J T+ ~ 

<H. e . ,e .> 

1 
<H.e., e. > 

J J J 

1 
<H.e., e. > 

J J J 

J J J J J 

<Hf ' f' >< H. e . e.> - <H. e . , f' 1>2 ] 
j T+1' T+1 J J' J J J T+ 

, , H f' f' > + <H f ' f ' ><H f ' f ' > 
<HjfT+1' fT+1 >< j j+1 ' j+1 j T+ 1' T+ 1 j j' j 



- <H f' f, >2 H f' 2 - < .. , f' > + 2<H.f'. f' ><H f' f' >J. j j+1' • J J .+1 J J+1' .+1 j j' .+1 

On the right-hand side of this in equality the difference bet ween the 

first and the third terms of the numerator, by Cauchy-Buni akows ki' s in 

equality, is nonnegative. Taking into account est imates (2.2.31), 

(2 . 2.24) and (2.2.22) and that a
j

, j ~ • is bounded , we obtain that the 

rat io of the last two terms of the numerator to the denominator i s of 

<H. 1f ' 1,f' 1> ~ J+ .+ .+ 

<H f' f' >< H f' f' > 
j .+1' H1 j j' j _ oQf:+1112) . 

<H.e . , e .> • 
J J J 

Estimates (2 . 2 . 29) imply that there are constants a. independent of 
1 

~ s uch that <H.f~, f. > 
J J J 

- <p . ,f .> ~ a.llf'. 11
2

. Making use of thi s fact 
J J J J 

and of (2.2.22) we have 

<H f' f' > ~ j+1 .+1' .+1 

where a. > a and is independent of ~ (by (2 . 2.29)). 
J 

(2.2 .32 ) 

It was noted in the preceding subsection that for processes wi th 

res toration of Hk as k~ we have II f jell ---*J . Therefore, it follows fro m 

inequalities (2 . 2 . 32) , taking into account that matrix H k i s pos itive 

definite, that if with any ~ we have <H f ' f' > ~ a j+11If~+1 112 j T+1' T+1 

where a .>0 and is independent of ~,then there is aconstant a . 1 >0 such 
J J+ 

that with any ~ we shall have <H j+1 f~+1' f T+1 > ~ 3+1 11 ~+1 1 . But in 

es timating the quantity <H
1
f' 1,f' 1> we find, since T+ T+ 

< HOf~+1' f~+1 > ~ ma Ilf~+1112, 
t hat there is a constant a1 such that <H1f~+1,f~+1 > ~ a 1 ~ f~+1 ~ 2 wi th any 

~. Taking this into account, our argument by induct i on shows that 

there is a constant aT+1 independent of ~ and such t hat <HT+1f~+1 ,f~+1 > 

> a Ilf' 112 We establ ish now just as we did above that - T+1 T+1 . 

There fore, we have 

<f' > T+1,PT+1 
2 

MllpT+1 11 

~ -
<f ' p > T+1' r+1 

m Il pT+1 11 
2 

L 
~ --2-

ma
T

+ 1 



NT+11If~+111 ~ Ilr T+111 - aT+11IHT+l~+111 ~ CT+ 11I f~+1 11 
Let us show now that 

where II 11j II = 0 qr)). 

r.+11., 0 ~ j ~ T 
J J 

(2.2 .33) 

(2 .2 .34 ) 

Multiplying both sides of formula (2.1.28) bye. we obtain 
J 

H 1e. = He. + 
s + J s J 

r <r "e.> 
s s J 
<r , e > 

s s 

<H e , e .>H e 
s s J s s 
<H e , e > 

s s s 
(2.2.35) 

If we assume that with a certain s, j+1 ~ S~T, equalities H e . = r. + ~. 
s J J J 

take place where II~jll = oqr)), then using estimates (2.2.28), (2.2.24), 

(2.2.22) and taking into account that all of the quantities Ilr II are of 
s 

the same order of smallness we also have by (2. 2.35) that H e - r +11 
s+l j - j j' 

where II11
J
.11 = oqrJ.IP · But H. 1 e. = r., and we establish by induction 

J+ J J 

that equalities (2.2.34) hold true. 

Taking into account (2.2 .34) we have 

<r 1,e.> 
T+ J 

-a <H f' e > 
T+1 T+1 T+1' j 

-a <f' r ~ > T+1 T+1' j · Tl j . 

Therefore by (2 . 2 . 31), we find that 

2 
<r T+1,e/ = oqrjll ) + oqf~+lllllrjIP, 0 ~ j ~ T. 

In equalities (2.2 .8 ) and (2 .2.33 ) show that IlrT+111 is of the same 

order of smallness as Ilf~+lll and consequently as Ilr), 0 ~ j ~ T. It 

fo 11 ows that 

(2.2.36) 

Taking this into account we establish in a manner analogous to that used 

before with i = 1 that also 

2 
<eT+1,r j > = O(~rT+1~ ) 0 ~ j ~ T. (2.2 . 37) 

The relations (2.2.33), (2.2.36) and (2.2.37) show that estimates 

(2.2,28 ) and (2.2 .29) realy take place with T+1 too. 

Thus it has been established that estimates (2 . 2.9), (2 .2. 10) ho ld 

for method (2.1.28) if it is assumed that process (2.2.1) is realized 

with restoration of matrix Hk after afinite numbe r of steps. II 

THEOREM 2.2.3: If inequality (2.2.6) (0r(2 . 2 . 8)) is fulfilled, then 

estimates (2 .2.9), (2 .2. 10) are valid for method (2.1.29) 

(comp. chapter 2.1D) with restoration of matrix ~\ afte r 

n steps . 



PRROF: If mat r i x (2. 1. 29), i. e. 

T 
r 

H - H + (r - H e) k-l 
k - k-l k-l k-l k-l <r k- l' e k- 1> 

is restored after afinite number of steps, then with any k the ma rix Hk 

has a bound . This follows from inequality 

<HTf' f' 
1 l' 1> <H f' f' > ~ Ilf'112 o l' 1 mO 1 . 

Making use of these relations and r easoning as in studying m t hod 

(2.1.28 ) we establish that estimates (2.2.25) hold and then assuming 

that esti mates (2.2.28) and (2.2.29) hold we demonstrat e that esti mat 

(2 . 2.3 1) holds. 

Furt her we have that, using (2.1.30) (comp. chapter 2. 10), 

T T <f' l,r. >< r . - H.e . ,f' 1> 
+ L 

T+ 1 1 1 1 T+ 
<H f' f' > = <H f' f' > 

T+1 T+1' T+1 0 T+1' T+l . 0 <r., e. > 
1= 1 1 

Using estimates (2 .2. 17), (2.2.31) and the fact that Hk has a bound 

and taki ng into account that all the quantities Ilrill, Ileill,llf~+1 11 ar of 

the same order of smallness we find that 

<H!+lf~+l,f~+l > ~ mO~f' ~2 + 0(~f~+1~2). 
Consequently with sufficiently sma ll values of Ilf~+111 (i. e. with 

suff iciently large ~) we have 

<HT f' f' > Ilf' 112 T+1 T+l' T+1 ~ aT+1 T+1 

where a 1 > 0 and is independent of~. This being so, we find that 
T+ 

Us ing equalities H e. = H e. + (r - He) s+ lIS 1 S S S 

<r ,e. > 
s 1 

<r , e > 
s s 

, i + 1 ::s s ::s T, 

taking into account estimates (2.2.28), (2.2.17), the fact that Hk has a 

bound and reasoning as we did in studing (2.1.28), we ascertain ha 



matrix HT+1 satisfies equations (2.2.34) and conseque ntl y s im 

(2 . 2. 36) and (2 . 2 . 37) remain valid . 
s 

This completes the proof that our r eas oning by induc t ion hol ds . II 

REMARK: The study of method (2 . 1.32) is carri ed out in a s im i ] a r way. 

2.2D. FURTHER STUDY OF THE RATE OF CONVERGENCE 

1 . Suppose now that matrix f" (x) besides conditi ons (2.2.3) 

satisfies Lipschitz condition: 

(2.2.38) 

n 
wher e xl' x2 E ~ and R > 0 is aconstant. 

In t hi s case it is possible to obtain a more precise bound on the r at 

of convergence of sequence (x~n). 

To make refering more convenient, we s hall g ive the d i f f r ent 

relations which hold if (2.2.3) does (many of the m wer e oft n us d 

befor e ) : 

m~x - x.~ S ~f/(x)~ S M~x - x.~ (2.2.39) 

d 1 [f ( x ) - f ( x. ) 1 s II f I (x) 112 s d
2 

[ f ( x ) - f ( x. ) 1 (2.2 .40) 

(the constants d
1 

and d
2 

are independent of the c hoi ce of point x ) 

m II r k II s II e k II s Mil r k II ( 2. 2. 41) 

Let x , y be arbitrary points such that 

f(y) s f(x). (2.2 . 42 ) 

Then making use of (2.2.40) we establish that 

II f I (y) II s CII f I (x) II. (2 . 2 43 ) 

Her e and further on in this subsection C denotes various constant s (not 
n 

equa l to zero) which are independent of the choi ce of points x, y E ~ . 

If (2.2.42) is satisfied we have by (2.2.39) and (2 . 2. 43) 

(2.2.44) 

2. Suppose that for the i terati ve processes be ing s tud ied t he 

following estimate holds: 

~fkn+i~~fkn+i+1~ s ~~~fkn+j~ ,Os i < j S n - 1. (2.2.45) 

Here and further on, ~~ will denote differ ent variabl es tending to ze r o 

a s ~~. 

In what follows we shall I imi tour s e lves to t he st udy of he 

properties of method (2 . 1.28). However, the r esults obtai ned (lemma 

2 . 2 . 1, theorem 2.2.4) hold also for othe r a l gor it hms of conjuga e 

directions . 



LEHMA : 2 . 2 . 1: Let process (2 . 2.1) be used for t he minimization of h 

twice continuously diffe r entiabl e function f(x) wh i ch 

also satisfies conditions (2.2.3) and (2.2.38); in thi s 

process the construct ion of matr ix Hk is p rformed by 

formula (2 . 1. 28 ). Then if in eq ualities (2.2 . 45) hold, 

estimates (2 .2.9 ) a l so hold and mor e ove r 

t = min {i,j} , i "* j, O:s i,j :s n - 1. (2.2 . 46) 

PROOF : This lemma is proved in the same way as esti mates (2. 2 .9) a nd 

(2.2.10) form me thod (2.1. 28 ) in Theorem 2 . 2.2; only th or'd r 

of smallness of some quantiti es is determined maore precise ly. 

There fore, we shall concentrate only on the c ha nges i nvolv d. 

With i = 1 

< > < > + <r (f" - fc")r
O

>' e 1,rO = r 1,ea l' 1c 

Taking (2.2 . 38) into account, we obtain 

II f 1c - fOc l1 = Ilf"( x1+8r 1) - f"(xO+8ra ) II 

By (2 .2 .44) and (2.2 . 39), we have 

~ rk ~ :s ~xk-x*~ + ~xk+1-x*~ :s C~f~ ~. (2.2.47) 

Using (2.2.47) and (2.2 . 43) we establi s h that ~r1~ :s C~fi~ :s C~f~~. 

Taking into account also that Ilrall ~ qf~ 1 1 we obtain IIr111 :s qra ll· 

Consequently, ~flc-fOc II :s qr a II· Usi ng t hi s we find that 

2 
l<e 1,ra > 1 :s Ilr1111Iflc-focllll rall:S qroll Ilr1 11· 

suppose that estimates (2 .2.9 ) and (2 . 2.46) hold with a :S i,j :S T < n-1. 

Then since <fj +1,rj> a, we have 

I<f ' r ·> 1 = l<e T +·· · + e . l' r· > 1 
T+ l' J L J+ J 

(2.2.48) 

Hence using (2.2.47), 

I <f ' 1 ' r. > I :S q r · ll llf '· ll llf'·+l ll · 
T+ J J J J 

(2.2 . 49) 

If (2.2.45) is satisfied, then Il fj llll fj+1 11 :S i\t; ll f~+l ll · Making use of 

this i nequality we obtain from (2.2.49) that 



s ince <f~+l' > - 0 we final l y obtain r - , 
L 

o !: j < L . 

) d (2 . 2 . 22) we obtain a lso : 
usi ng es timates (2.2 . 24), (2 . 2.50 an 

f' >2 <H.f'. L+1 
J J !: ~~~ f~+ 1 ~ 2, 0 !: j !: 

L , 

<H.e . , e.> 
J J J 

I
<H f' f' ><H.f'.,f' +1> ~cllf~+1 11 2 1I fj + 1 11 

j j+1' L+1 J J L < ~ 
-~~<~H;'-j-e':"'j --=, ~e-j~> ~--- - II r )I 

Taking i nto account that II r . 11 ~ C II f '.11, 0 !: j !: L and us i ng 
J J 

(2.2.43 ) we obtain 

~ri~ s C~fi~ s C ~ f~~ s C ~ r . ~, 0 s j s i S L. 
J 

Maki ng use of (2.2 .53) we have 

~~~f~+ 1~2~f~+ 1~ !: ~ ~f' + ~2, 
Ilr .11 ~ L 1 

J 

o !: j !: L. 

(2.2.50) 

(2 . 2.51) 

(2.2.52) 

(2 . 2.47) , 

(2.2.53) 

(2.2.54) 

Using (2.2 .51), (2.2.52) and (2 . 2.54) we establish in the same way as for 

me t hod (2 .1 . 28) that 
2 

H f ' f ' > > a II f ' II < L+1 L+1' L+1 - L+1 L+1 . 

Let us show now that 

H 1 e . = r . + 1) j , L+ l' 0 !: j !: L 
L+ J J 

2 
L Ilr)l Ilr j +1 11 

Where 111) j , L+ 111 s C L 0 s j < L, II1)L L+1 11 , 

Ilr vii , 

Indeed , 

v=j +1 

r <r , e.> 
s s J 

H 1e. = H e. + > s + J s J <r, e s s 

<e , H e .>H e 
s s J s s 

<H e , e > 
s s s 

(2 . 2.55) 

= 0 ( 2 . 2 . 56) 

(2 . 2 . 57 ) 

we have H. 1e. = r . , using estimates (2 . 2.46), which hold by assumpti on 
J + J J 

wit h 0 S s ,j S L, (2.2.22), (2.2.24), (2 . 2 . 41 ) and taking i nto a ccount 

t hat I ~i l S c, 0 siS L, we obt a in with s = j +1 : 

II < e . l' H . 1 e . > H. 1 e . 1 II J + J+ J J+ J + 
<Hj+1ej+1,ej+1> 

Not ing al s o that, by (2 . 1.13), <r . l' J + 

39 

e j > = 0 we obtain from (2.2 . 57) : 



He . = r . + 1) . . + 2 ' 1/ 1)J. J. + 2 1/ !O j +2 J J J,I , 

I/r j l/
2

1/rj +1 1/ 
C ---.:~--=--

//r j+l 1/ 

t hat with acertain j+1 < s !O T we have Suppose 

s-1 
He . = r .+1) . s ' //1)J. s l/ !O C [ 

//r j //
2 // r j + 1 // 

s J J J, , v=j+1 I/r vii 
Then because of the same condi t i ons used with s = j+1 we have : 

// <es ' H e .>H e // s J s s 
<H e , e > 

s s s 
!O C 

// r j l/2//rj+1// 

I/rsl/ 

s-1 I/r)l2 1/ rj+1 // 
= C [ 

v=j+1 I/ r vii 

// r <r , e.> // //rj//21/rj+1 1/ 
s s J !O C ~"----_=---_ 

<r s ' es > I/rs// 

using t hese es Ima es In . . t · t . (2 2 57 ) we es t a blish tha t 

rj + 1'J j ,s+1' 

Thus, by induction, (2.2. 55 ) ho l ds . 

We can prove no w t hat es tima t es (2.2. 46) hold with i T+1. 

M king use of (2.2.55 ) we have 

<r l' e > = -a <H f ' T+ j T+1 T+ 1 T+ 1 e.> =-a <f' r+1) > (2 .2.58) J T+ 1 T+ 1 ' j j, T+ 1 . 
By (2 . 2 .53) and (2.2. 43) , we ha ve 

(2.2 . 59 ) 

Taking this into account and us ing (2 .2 .56) , we obt a in 

Us ing this inequa lities and also 

es timates (2 .2. 48) in (2.2.58) a nd t aking into account that a !O C, 
T+1 we find that 

Further , 
(2 . 2 . 60) 

<e l' r .> = <r l' e .> + <r l ' (f"( x 1 + 9 r ) - f"(x.+9 .r . ))r .> T+ J T+ J T+ T+ T+ 1 T+ 1 J J J J 
By (2 .2 .59) and (2 . 2.47), (2 . 2.61) 

I/ r T+d !O C/l r )I, O!O j !O T. 

Consequently, using (2.2 . 38 ) we have 

C/lr .1/. 
J 
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using this est imate and (2 . 2.60) in (2.2.61) we obtain: 

l<e
T

+1 , rj > 1 s c~rj~2~rj+1~' 0 S j S T . 

Thus it has been established that estimates e2.2.9) and e2.2 . 46) hold. 

Theproof of the lemma is completed. II 

THEOREM 2.2.4 : Let fex) be a twice continuously different iabl e 

function and matrix f"ex) satisfies e2.2.3) and e2.2 .38). 

If fex) is minimized by algorithm {e2 . 2 . 1), e2. 1. 28)}, 

then with any suffeciently large ~ the following 

estimate holds: 

~Xe~+l)n-x*~ S C~x~n+1-x*~ ~x~n-x*~. e2.2 .62 ) 

PROOF: By e2 .2 .39) , estimate e2.2.62) is equivalent to 

e2.2.63) 

Suppose that estimate e2 .2 .63) with sufficiently l arge ~ does not ho ld . 

Then ther e must exist an infinite subsequence e~ ) 
m 

s uc h that for 

corresponding points the following inequalities hold : 

e2 .2.64 ) 

without loss of generality, it can be assumed that the s ubsequence e~ ) 
m 

coinc ides with the whole sequence ~ = 0, 1, Taking into account 

e2. 2. 43) if e2. 2. 64) holds, estimates e2. 2. 45) hold too. Consequently, 

if we assume estimates e2.2.64) to be satisfied, then the r equirements 

of t heorem 2 .2 . 4 provide for the fulfilment of the condition of l emma 

2.2. 1. Thus, if e2.2 .64) is fulfilled , the esti mates e2.2.9) and 

e2.2. 46) hold. 

Taking this into account we ha ve 

I < f ~, r / I = I < e n -1 + ... + e j + l' r / I S q r) 211 r j + 1 II, 0 S j S n - 2 . 

Now in a way analogous to that used in establishing e2.2.50) we can show 

that 

I <f~, r / I S A~llf~llllr)l, A~--*l, 0 S j S n - 1. e2.2.65) 

Let us de monstrat e now that if e2. 2. 45) holds, then the system 

... , r 1 is 1 inearly independe nt. n-
Note first of all that due to 

esti mate e2 .2 .9), it follows from e2.2.45) that 

e2.2.66) 

Making use of e2.2.66) and e2.2 .41), estimates e2.2.46) can take the 

following form 

L11 



o !S i *- j !S n-l. (2 . 2 . 67) 

r. 
Le t r. 

1 : 
___ 1_ a nd suppose that there is atleast one index j E{O, 1, . .. ,n-l} 

Ilr II 
n-l 

s uch t hat B . *- 0 and ~: = [ ~.r . , then 
J i =O 1 1 

-
< ~ ,e . > 

J 
~j <r.,e. > +) ~ 

J J i ttj i 
<r . , e .> 

1 J 
i, j = 0, 1, ... ,n-l. 

or, I < ~, e .> I ~ II ~ .<r . , el l -I .~. ~. <r . , e .> II . (2 . 2.68) 
J J J 1 1 J 

1 J 

But since I~jl > 0 for at l east one index jE{O, 1, . . . ,n- i}, then by 

(2. 2 .17 ) a nd (2 . 2 . 41) we have 

~. 
I~. < r . , e .> 1 =I ---J- < r., e .>1 ~ 

J J J II r .11 J J 
J 

I ~ · I 2 
_J mllr .11 
Ilr .11 J 

J 

With i = j making use of (2 . 2.67) we have 

I ~ i <r i ' el l !S ~ I ~ 1]1 IIII j II = ~ I ~ III j II, ~ -i) as s~· 
Us ing t he inequa lities obtained in (2 . 2 . 68) we have with s uffi c i ently 

l a rge S I < ~, el l ~ C!l e )j, i.e. 

(2.2 .69) 

He nce by contraposit i ve, it follows that the sys t em of vec t or s 

r O"" , r n- 1 i s linearly independent . Bes ides, if tjJO' . . . , tjJn-l i s a 

s ystem bi orthogonal to r
O

' .. . , r
n

-
1

, then with suffici ently l ar ge S we 

ha ve 

II r . IIII tjJ . II !S C, O!S i !S n- l . 
1 1 

(2 .2 . 70) 

Fina lly, under conditions (2 . 2 . 65) and (2.2.70 ) we obt a in t ha t t he 

sys t em of vec tors f', r , ... , r 1 is also linearly independent. 
n 0 n-

To see this , suppose that 

n-l 
f' = [ a. tjJ . 

n i =O 1 1 

n-l 
\ <f ' ,r .> tjJ . . 

i ~O n 1 1 

The n by (2.2 . 65) and (2 . 2 . 70) we obt ain 

Ilf ' ll !S CAc ll f' II · n .., n 

Since AS-i) and s~, the l as t inequa lity can not be sat i sfi ed wit h 

s ufficiently large S. Hence , it f o ll ows t ha t t he syst em fn' r o ' . . . , r n- 1 

i s linearly independent . 

Thus having as s umed t hat es timate (2 . 2 . 62) doesnot ho ld wi h any 

S ~ S (wher e S is a ce r ta in s uffice nt l y gr eat numbe r ) , we have pr oved 
o 0 
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that a system of n+1 vectors f~, r O' 

independent. However, this is impossible. 

was wrong, i.e. est imate (2.2.62) holds. 

2.2E. SUMMARY 

r n-1 in IR
n 

is linearly 

Thus the initial assumption 

Thus the theorem is proved. II 

Thus we have made it clear that all of the methods studied in 

chapter 2. 1D can be applied for minimization of non quadratic functions. 

The rate of convergence of methods of conjugate direcions was 

establ ished. The sequence considered was (x~n)' i .e . We considered as 

one iteration a unified group of n usual iterations of the process 

Xc . ."n+n-1 

Using the results obtained, we now compare the properties of 

different algor ithms in the minimizaiton of nonquadratic functions. 

The r esults of theorem 2.2.4 (estimate (2.2.62)) show that the rate 

of conve rgence of sequence (X~n) depends considerably on the pr'operties 

of matrix H~n' 

If, as ~--700, 

then 

H (f " )-1 
~n ----7 ~n ' 

Ilx~n+1-x. II 

Ilx~n -x. II 

(2 . 2.71) 

and t he rate of convergence increases . This fact is practically of the 

greates t interest for algorithms having the property that in mI nimizing 

a quadratic function we have 

H = A -1 . (2.2 . 72) 
n 

Algorithms (2.1.28) and (2.1 . 29) belong to methods of this group . If in 

implementing one of such algorithms condition (2.2 . 71) is fulfilled, 

then, by the above considerations, it is expedient not to restor'e matri x 

The most effect methods of the class of methods of conjugate 

directions from the view point of the rate of convergence in the 

minimization of strictly convex functions should be met hods that have 

property (2.2.72). 

In methods of conjugate direct ions the step length is chosen under 

the condition that the minimum of the funciti on is i n the direction of 

mot ion. II 
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