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ABSTRACT

The solution to the problem of beams and plates on an elastic foundation has been attempted in
the past using various subgrade models developed by many researchers, one of the pioneers
being Winkler. Most recently, a new calibrated and more advanced multifaceted continuum
foundation model has been presented by Worku without neglecting any stress, strain, or

deformation component in the continuum unlike previously proposed models.

The study of interaction between a plate and an elastic medium has useful applications in
geotechnical engineering. This research investigates the use of a generalized continuum subgrade
model of Worku for analyzing circular plates resting on an elastic foundation. The approach
employed is both analytical and numerical. In the analytical work, the governing differential
equations of an axisymmetric circular plate on a homogeneous elastic foundation has been
formulated that incorporates Winkler and Pasternak-type subgrade models. Closed form
particular solutions have been presented for different loading conditions of small and large
circular plates after obtaining a general solution of the differential equations. A math solving
software (i.e. Mathematica) is used to compute the deflections and internal actions in a
spreadsheet program due to the complexity of the functions. In the numerical study a FEM based
software (i.e. PLAXIS 2D) is used to calibrate the analyzed circular plate using the presented
models by seeking adequate agreements with the FE outputs. At last, numerical examples are
solved using these models and compared with PLAXIS 2D for small and large radii circular
plates of some loading conditions. From the plots of the outputs, it is observed that the
generalized models of Worku are suitable and more appropriate than classical models to analyze
circular plates on elastic foundations.

Keywords: Continuum subgrade model, Circular plate, FEM, Mathematica and PLAXIS

software.
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LIST OF SYMBOLS AND ABBREVIATIONS

a : Radius of the plate

D : Flexural rigidity of a plate

DE: Differential Equation

E, : Modulous of elasticity of a plate
E, : Modulous of elasticity of a soil

FEM: Finite Element Method

G : Shear modulous of an elastic medium

G, : Pasternak’s coefficient of the shear layer with a dimension force per unit length

G, : Kerr’s coefficient of the shear layer with a dimension force per unit length
H : Subgrade thickness

h. : Thickness of a plate

k : Modulous of subgrade reaction of an elastic medium

k,. : Horvath’s equivalent modulous of subgrade reaction

k. Kk, : Winkler’s spring stiffness with a dimension force per length cubed

k, : Pasternak’s spring stiffness with a dimension force per length cubed

k., : Kerr’s upper spring layer stiffness with a dimension force per length cubed
k, : Kerr’s lower spring layer stiffness with a dimension force per length cubed

M, : Applied concentrated edge moment

Xi
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MX

M.,

,M, : Bending moments in Cartesian coordinate system

M, : Bending moments in polar coordinate system

P, P, : Applied vertical concentrated loads

%

SSI:

W,

: Load intensity at an interface
: Shear force in polar coordinate system

: Applied distributed transverse load

: Applied concentrated edge load

Soil Structure interaction

: Poisson’s ratio of a plate

: Poisson’s ratio of a soil

: Transverse surface deflection
: Deflection of the plate within the loaded region in Pasternak’s model

: Deflection of the plate outside the loaded region in Pasternak’s model

% : Characteristics size of the circular plate

& : Strain

T : Shear stress

(o}

: Normal stress
: Laplace operator
: Slope

: Diameter of the circular plate

xii
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Chapter One: INTRODUCTION

1.1 Background

Regular use of plates in civil or mechanical engineering works initiated the development of
analytical methods to analyze the foundation and the underlying soil with soil structure interaction.
The key issue in the analysis is modeling the contact between the plate and the soil bed which is a
soil-structure interaction (SSI) problem.

Most static analysis software currently on the market use Winkler's subgrade model to account for
SSl effect, which represents the subgrade using a mechanical assemblage of elastic spring elements
(Worku, 2013). Since the 1950s, multiple-parameter mechanical foundation models have been
introduced in the development of foundation modeling. The main intention of these models was to
improve on the inherent lack of shear interaction among the individual springs of the long-enduring
model of Winkler (1867).

Analytical subgrade modeling follows two approaches; i.e. elastic continuum and mechanical. The
elastic continuum approach idealizes the subgrade as a layer overlying a rigid base characterized
by the elastic parameters of elastic modulus and Poisson’s ratio and the layer thickness. The
mechanical modelling approach idealizes the subgrade as an assemblage of few mechanical
elements like springs, plates in pure bending, plates in pure shear and similar other arrangements.
To this effect, these models introduced additional mechanical elements of one type or another to
interconnect the springs (Filonenko-Borodich, 1950; Hetenyi, 1950; Pasternak, 1954; Kerr, 1964).

However, the improved mechanical models with coupled springs and the continuum-based models
make assumptions to simplify the mathematical work involved in the derivation of the model
compromising the actual conditions in the subgrade. Synthesis of the two approaches has the
advantage of using the strengths of both methods and provides a means of quantifying the

mechanical model parameters in terms of the known parameters of the continuum model.

Recently, by introducing two functions for the horizontal to vertical stress ratio and the vertical

shear stress with depth, Worku (2010) proposed a generalized continuum-based subgrade model.
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This is without neglecting any stress, strain and displacement components, unlike the previous
models. The proposed model has application in the analysis of beams and plates on elastic

foundations. This thesis attempts to show its potential use in the analysis of circular plates.

1.2. Research Problem

Problem is encountered in the analysis of building foundations or geotechnical structures resting
on an elastic foundation. This problem is typically a soil-structure interaction problem. The
commonly used subgrade models such as Winkler's model fall short of ensuring shear interaction
among the springs, whereas FEM based software analyses are uneconomical to solve routine

problems.

For this and related other reasons, the use of generalized subgrade model of Worku has the
potential to eliminate the drawbacks on both sides of the aisle. Moreover, it is important to note
that the purpose of subgrade models is to strike a balance between accuracy and ease of use in
routine geotechnical engineering practice when solving a particular soil-structure interaction
problem. Hence, expressing mathematically a material model for the underlying soil and modeling
the mechanical behavior of a circular plate with Worku’s generalized subgrade model is a

demanding task.

1.3. Objective

The main objective of this study is to demonstrate the potential use of the generalized continuum-
based subgrade model of Worku in the analysis of circular plates on an elastic foundation.
Furthermore, the work aims at using results of the FEM of analysis to calibrate the model of two
levels; Winkler and Pasternak-type. The study uses the Mathematica software to compute the
deflection and the internal actions of the plate due to the complicated nature of the mathematical
formulas. Circular plates of large and small diameter subjected to selected loading conditions are
studied.

1.4. Scope

The analysis is limited to thin circular plates modeled as an axisymmetric plate element i.e. with

rotationally symmetric loads, symmetrical edge conditions and resting on a homogeneous strata.
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The plate is also assumed to be flexible. The study is limited to solid circular plates. This work
does not consider analysis of annular circular plates. Analysis of the plate on the Kerr-type
subgrade model is not covered due to its complexity, and also because Worku (2014) showed that
it can be replaced by an equivalent two-parameter Pasternak-type model.

1.5. Methodology Overview

The study starts by reviewing relevant subgrade models. This is made with respect to both
mechanical-and continuum-based subgrade models that demand a closed form solution for the
differential equations. In addition, pertinent theories and analysis methods of elastic plates is
concisely presented. Having done this, the differential equations of the plate-soil system are
formulated and solved using analytical techniques. Furthermore, a spreadsheet program with the
aid of the Mathematica software is used to determine the deflections, and the internal actions (i.e.
rotations, moments and shears). Calibration of the models was also conducted using the FEM
based software PLAXIS2D. Consequently, the numerical results obtained for the circular plate are
compared with those obtained from the analytical solutions using a generalized continuum-based
subgrade models of Worku. Then the application of the models together with the closed- form
solutions is illustrated on the basis of selected examples.

1.6. Research Overview

The second chapter deals with the review and compilation of existing subgrade models, both
mechanical and continuum, and relevant sections of plate theories as well. The third chapter is
dedicated to the analysis of circular plates on elastic foundations. It includes both the formulation
and solution of the governing differential equations of the plate using single- and two-parameter
subgrade models for different boundary conditions.

In the fourth chapter, comparisons and evaluations are made of the results obtained using Worku’s
generalized continuum-based subgrade models and the FEM outputs. Important conclusions are

drawn, and future works are recommended in the last chapter.
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Chapter Two: MODELS FOR ELASTIC FOUNDATIONS

2.1 Introduction

Subgrade models are primarily foundation engineering applications involving relatively flexible,
plate-like structural elements such as mats (rafts) and base slabs of cut-and-cover tunnels and
water/wastewater treatment tanks where it is desirable or even necessary to model the combined
superstructure, foundation, and underlying ground (which is usually referred to as the subgrade in

such problems) as a single system (Colasanti and Horvath 2010).

In addition, subgrade models have proven to be useful in relatively flexible structural elements in
contact with or embedded in the ground such as slabs-on grade, rigid pavements, and deep
foundations subjected to lateral and/or moment loading. Collectively, these myriad and diverse
applications involving relatively flexible structural elements in direct contact with the ground are
referred to as soil structure interaction (SSI) problems. They reflect situations where a reasonably
accurate assessment of the overall structure-subgrade system requires satisfying not only static
force and moment equilibrium but also a complementary and compatible displacement and

deformation pattern for both the structure and subgrade along their interface(s).

Following these, different subgrade models were developed from both mechanical approach using
assemblages of mechanical elements such as axial springs, tensioned membranes, shear layers, and
flexural layers and other physical elements, and simplified-continuum approach that is based on
the theory of a linear-elastic continuum in an attempt to account for the continuity of deformation.
Due to the resulting complex mathematical problem, however, it is common to introduce

simplifying assumptions (Horvath, 2002).
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2.2 Mechanical Models

2.2.1 Single - Parameter Models

The simplest mechanical foundation model is the equivalent of Winkler’s analytical model that
consists of a single bed of uniformly spaced springs (Horvath, 2002; Worku, 2013), as shown in

Figure.2.1.

Px,y)

Tz

Figure 2.1 Mechanical equivalent of Winkler’s model (Worku, 2013)

In its basic form, Winkler's Hypothesis assumes that the settlement, wo, at an arbitrary point on the
subgrade surface is caused only by the applied vertical normal stress, p, (subgrade reaction) at that
point, and, each spring acts independent of the other and is responsible just for the normal stress
within its tributary area. Furthermore, p(x,y) and wo (x,y) are linearly related. Winkler (1867),

mathematically expressed this as

P(xy)=kw,(xy) 2.1)

Where p(x,y) = applied vertical normal stress or traction at the surface; wo = vertical deformation
at the same point; kw= a constant commonly termed as the Winkler's coefficient of subgrade
reaction with the dimension of force per length cubed; and the variables x and y= Cartesian
coordinates defining the horizontal plane.

Note that Winkler's Hypothesis is a single-parameter subgrade model because only one parameter
(the Winkler coefficient of subgrade reaction, kw) is necessary to define its behavior. This

parameter is often referred to as the "soil spring constant”, because one physical interpretation of




the abstract behavior defined by Eq. (2.1) is a spring (not necessarily linear or elastic but usually
assumed so) that is oriented perpendicular to the subgrade surface. Another physical interpretations
of kwis the unit weight (not density, as is often stated, to be dimensionally correct) of a liquid. For
this reason, the model is also sometimes referred to as the dense-liquid model.

However, the spring analogy is by far the more common and enduring model. Since the springs
act independently, there is no shear coupling or interaction among the springs, whereas there is a
definite load spreading by vertical shear within an actual soil mass. Hence surface displacements
outside any loaded region is considered to be zero. The portion beyond the edges of the foundation
in most materials is also deformed due to inherent occurrence of load spreading (Horvath, 1979,
1983; Kerr, 1964). This is shown in Figure 2.2.
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Figure 2.2 (a) surface deflection of a rigid foundation with uniform or concentrated load on
Winkler’s subgrade model and in the actual soil and (b) & (c) for non-rigid
foundations.




In an attempt to develop a method for determining kw, Vesic considered the bending of an infinitely
long beam, loaded only by a point load and resting on a homogeneous, isotropic elastic half-space
(Horvath, 1983). By equating the calculated value of the maximum bending moment in the beam
with that of an identical beam resting on a Winkler subgrade, Vesic arrived at the relation:

4
k, = 0.65(1 E, . jlzf% (2.2)
-V

Where E and Es are modulus of elasticity of the beam and soil respectively, v is Poisson’s ratio

of the soil and I is moment of inertia of the beam.
There are a number of other relationships for kw, proposed in the past.

2.2.2 Two - Parameter Models

Models of an order higher than Winkler’s model were proposed by Filonenko-Borodich 1950;
Hetenyi 1950; Pasternak 1954 to illustrate the continuous nature of real soils by introducing an
additional element of their own to represent the shear interaction missing in Winkler’s model.
Pasternak’s model uses a pure-shear layer to connect the springs at their heads, whereas the
Filonenko-Borodich (FB) model uses a thin membrane under uniform tension T and Hetenyi’s
model employs a pure-flexural beam to bring about the missing shear interaction. These additional
elements which account for the spring coupling effect bring a second parameter in addition to the
coefficient of subgrade reaction (Horvath, 2002; Worku, 2013). Among these two-parameter

models, Pasternak’s model is presented briefly.

Pasternak’s Model

Pasternak (1954), postulated the existence of shear forces between the springs of the Winkler
model, with these forces producing the coupling effect. Kerr (1964), afterwards proposed a
physical model to produce these shear forces. This physical model consists of an incompressible
layer of unit thickness that deforms in transverse shear only connecting the top of Winkler springs

as shown in Figure 2.3.
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Tz

Figure 2.3 Pasternak’s model (Worku, 2013)

The respective mathematical equation (Horvath, 1989; Worku, 2013), is given by

P(Xy)=k,W, (X, y)-G,VW,(xY) (2.3)
Wherek = spring coefficient per unit area; G = coefficient of the shear element in Pasternak’s
model with the dimension of force per unit length and V= Laplacian operator.
From this, it can be seen that Winkler’s case can be obtained as the limiting case of G, tending to
zero.
2.2.3 Three - Parameter Models

The most widely known three-parameter model is Kerr’s analytical model which introduces an
additional spring bed in order to make the two-parameter models more representative (Kerr, 1964),

as shown in Figure. 2.4.
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Figure 2.4 Kerr’s model (Worku, 2013)

This additional element of the model accounts for the level of continuity of the vertical

displacements at the boundaries between the loaded and the unloaded regions of the soil.

Kerr (1967), considers two linear elastic spring layers interconnected by a shear layer of a unit
thickness. In its basic form, he assumes the plate deflection w is the sum of the upper and lower
spring bed deflections. These parameters are back substituted into Eq. (2.1) and (2.3) and some
mathematical steps are performed.

Then, the respective mathematical equation (Kerr, 1967), is obtained as

[1+|EA] p(x, y)_f_kv2 p(%Y)=kow(x.y)-GVw(xy) (2.4)

ku ku
Wherek,, andk,, = stiffness per unit area of the upper and lower spring beds, respectively; G, =
coefficient of the shear element in Kerr’s model with the dimension of force per unit length and

V? = Laplacian operator.
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2.3 Continuum Models

2.3.1 Reissner’s Model

Reissner (1958), pioneered a continuum subgrade model which is based on an isotopic elastic layer

of thickness H and neglecting the in-plane stresses (in the x,y plane. i.e.o,,o, andz,, are assumed

to be zero) in order to simplify the mathematical work (Figure. 2.5).

Y'A’Z j; Elastic layer Es

1
o B

Figure 2.5 Simplified Elastic Continuum (Worku, 2010)

The remaining stress components satisfy the following system of equilibrium differential

equations.

0 0
or,, _o, Ty, _o, or,, N Ty, N oo, _0 2.5)
0z oz oz 0z oz

Furthermore, stress-strain and the strain-displacement relations were engaged.

W_o M ow T, N W T,
oz E, oz ox G éz oy G

S

(2.6)

The above two equations are solved by subjecting them to the appropriate boundary conditions at

the surface and the base of the foundation respectively.

i. At z=0:u=v=0and oc=-p, and
LAt z=H:u=v=w=o0 2.7)

Where u and v are displacements in the x and y direction.

10
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The resulting partial differential equation is

2 2
_GH Vzpziw—GH Viw (2.8)
12E, H  12E,

p

Where G is the shear modulus of the elastic continuum, p is the contact pressure at the interface

and H is the subgrade thickness.

Horvath extended the concept proposed by Reissner to produce two simpler models that are called
the Winkler-Type Simplified Continuum and Pasternak- Type Simplified Continuum models with
two cases; Young’s modulus varying with depth and the square root of depth for the finite thickness

of Reissner’s continuum (Horvath, 1979).

2.3.2 Horvath’s Winkler-Type Model

A physical model similar to Reissner’s was used, though with a further simplifying assumption
that all stress and strain components except the vertical normal stress (o, ) were equal to zero. The
consequence of this highly simplifying assumption is that o, is constant with depth and equal to

the magnitude p, and the vertical deflection w varies from w, at the surface to zero at a depth equal
to stratum thickness H (Horvath, 1983). Horvath solved the following cases of constant and

variable elastic modulus with depth:

E, = A(Constant with depth) (2.9)
E.=A+Bz (2.10)
E, = A+Bz* (2.12)

Where A= Young’s modulus directly beneath the loaded area, B= the rate of change of Young’s
modulus with depth.

Horvath derived the following Winkler-type simplified continuum model for the case mentioned

above by attempting to satisfy the various elasticity relationship:
A
p= ﬁw =k,w (forE,=A) (2.12)

Where k. = the equivalent modulus of subgrade reaction for a simplified continuum
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B

k, = forE, = A+B 2.13
* =Tn(A+BH)_In(a) COrE=ATEZ) (213)
BZ
kWC =
4KA+BH”)—AM(A+BH“)—A+AM(A”(mrEg:A+Bf5) (2.14)

This enables kw to be evaluated from kwc of elasticity theory, though based on a significantly

simplified continuum model, from known soil parameters Es, and H.

2.3.3 Horvath’s Pasternak-Type Model

Further, Horvath assuming that all horizontal displacements are zero, he came up with another
simplified as a special case of Reissner’s model which itself is already simplified. For a constant

Young’s modulus, Es, the model takes the form (Horvath, 1983).

E w-CGH

_ s 2
p= H w > Vw (2.15)
Due to the equivalence of the above Equation and Eq. (2.3) of Pasternak’s subgrade model this

simplified model is referred to as the Pasternak-type simplified continuum Subgrade model.

2.3.4 Worku’s Generalized Model

A more generalized continuum subgrade model has recently been presented based on a physical
model of an isotropic elastic layer of finite thickness H overlying a rigid half space and without
neglecting any stress, deformation, or strain components, which resulted in a mathematical model
of the same order as that of Reissner, yet with significant improvements in the coefficients (Worku,

2010).
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e

Figure 2.6 Elastic Continuum in the Generalized Model of Worku (Worku, 2010)

In this generalized formulation, he also took into account of the elasticity modulus, Es, and the
shear modulus, G, varying with depth, whereas the Poisson’s ratio is kept constant with depth as

his model is less sensitive to Poisson’s ratio.

He expressed the lateral normal stresses components, o, ando, , in terms of the vertical normal
stress, and the vertical shear stresses, r,,and z,, as products of a function of z and a function of x

and y as given below:

0, (x¥.2)=9,(2), (x ¥.2): 0,(x.2)=9,(2)a,(xY.2) (2.16)

7o (X, Y,2) =1, (2) 72 (X, Y); 7 (X ¥,2) =1, (2) T (X, Y) (2.17)

Where gx, gy, lx and Iy are functions of z, and 7, and 7y are functions of x and y. The pertinent

equilibrium equation in the z-direction without body forces is given by

O-Z,Z +TXZ,X +sz,y = 0 (218)

The applicable stress-strain and strain-displacement relationships are

ow 1
E:m[UZ_V(O-XJrGy)] (2.19a, b)

ou ow 7

ZX_ -

u N W _ Ty
oz ox G oz oy G

And the prevailing and assumed boundary conditions are
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o,(xy,0)=-p
u(xy,0)=v(xy,0)=0; w(x,y,0)=w, (2.20)
u(x,y,H)=v(x,y,H)=w(x,y,H)=0

For reasons of mathematical convenience, the following are also assumed
L.(2)=1,(z)=1,(2) (2.21)

This assumption means that the variation of the two vertical stress components, 7., and 7,,, on

the two perpendicular vertical planes of the stress cube with depth is similar, and is thus quite a

reasonable assumption.

Then, he finally obtained the following relation between the vertical deflection and the contact

stress at the surface:

G1 K L E GL
2 L, — =2 V(X y) = W (X, Y ) 2V 2.22

g

Where the terms in the coefficients are definite integrals given by
H H H
=Jgdz; K, =J.g I, dz; K, =_[Izdz
0 0 0
H
L= I foo-(foaz)  Jee
H — —
) {Dg " dZ_Ug . dZLH }dz (2.23a-)

1, (z _na(x¥.2) 7 (*y2)
e (XY)  Te(XY)

Equation (2.22) is the generalized mathematical model for the elastic subgrade. It is important to
note that the maximum order of the governing differential equation of a (non-homogeneous)

isotropic elastic subgrade is two occurring on the surface deformation, wo, and the surface traction,
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p. The coefficients in Eq. (2.22) are determined by evaluating the definite integrals in Eq. (2.23)
with the aid of Eq. (2.16) and (2.17). Note that the soil moduli, E and G may generally vary with

depth in the above formulation.

Worku (2010, 2013), Showed that this new model is a generalization of most existing continuum
models; it reduces to the level of Reissner’s (1958) model when the horizontal stress components
in the continuum are dropped; to the level of Kerr and Rhines (1967) or Vlasov and Leont’ev
(1966) if the horizontal deformation components alone are neglected. And it further reduces to
other Kerr, Pasternak and Winkler-type simplified-continuum models as well which will be dealt

with in the subsequent sections.

2.3.4.1 Winkler-Type Continuum Model

The generalized continuum model reduces to a Winkler-type model if the vertical shear stress

components alone are neglected (Worku, 2010). i.e.

7,=7,=0 (2.24)

Xz yz

Because of this assumption, the equilibrium equation of (2.18) for the vertical direction reduces to
0,,=0 (2.25)

Eq. (2.18) implies a constant vertical normal stress with depth, o, (x,y)=—p(x,y). Introducing
this relation into Eq. (2.19a) and applying the boundary conditions appropriately, the Winkler-type

subgrade model is obtained as:

p =k, W (2.26)

w o

Where, k,=the coefficient of subgrade reaction with the dimension of force per length cubed in

Winkler’s model and given by

1
[ — (2.27)
J' 9(2) dz
2 E(2)
And where g(z):l—v[gx(z)+ gy(z)] (2.28)
[ =)



This result shows that disregarding the vertical shear stress components alone suffices to arrive at
a Winkler-type subgrade model without the need to omit the lateral normal stresses unlike what
was done by Horvath (1983).

Eq. (2.26) can also be obtained directly from Eq. (2.22) provided that L, and K vanish which

again require that 1, is zero. Thus, the type of model sought is obtained with kw given by 1/Kg. i.e.

K =G (2.29)

W H
J.gdz
0

2.3.4.2 Pasternak-Type Continuum Model

Pasternak-type continuum models are supposed to evolve from Eq. (2.22) when the second term
on the left-hand side vanishes. Nevertheless, neither neglecting the horizontal normal stresses nor
the lateral strains (ko-at rest condition) succeeds to do so. Hence, Worku made the next logical

simplifying assumption of zero horizontal deformations (Worku, 2010).

u=v=0 (2.30)
This assumption yields the following relationship between the horizontal and vertical normal
stresses:
6. =0,=— 0. =ko (2.31)
X y 1_\/ z 0~z *

Where k, = lateral earth-pressure coefficient for at-rest condition.

It has to be noted that the assumption of zero lateral displacement is not identical to assuming at-

rest condition, because this assumption is not limited to merely meane,, =&, =0, but also affects

all the shear strain components as can be observed from Equations (2.19b).

The vertical shear stress components are represented as in Eq. (2.17). The pertinent combined

stress-strain and strain-displacement relationships of Eq. (2.19) reduce to

W _a W T, OW_ Iy (2.32)
oy




v\ 2
Where a, = 1;’—2" (2.33)
-V

With these relationships and applying the boundary conditions, Worku came up with the model;

X 110, XX

o =i[iwo LW, + LyWOYWJ (2.34)

Where

F H o~ Hl G
LE:J.idz; L :Iﬁdz, Ly:J. Y —dz
0 Es 0 Eslzx 0 Eslzy (235a'b)

sz(z):(lexdz)zzo—jlzxdz; izy(z):( IZydz)Zzo—Ilzydz

Eq. (2.34) does not involve a second derivative of p. This shows that neglecting the lateral
deformations alone suffices to arrive at this lower order DE.

Furthermore, with 1, =1, =1,, L andL, in Eq. (2.35a) become identical and the model takes the

y

form
p= i[iwo + LVZWOJ (2.36)
Le Lo
Where again,
TG
L=L =L = Z” dz 2.37
' ’ '(|). Eslz ( )

Eq. (2.36) is similar in form and order to Eq. (2.3), so that one may refer to it as the generalized

Pasternak-type continuum model.

2.3.4.3 Kerr-Type Continuum Model

Equation (2.22) is the mathematical model for the elastic subgrade, in which no major
simplifying assumptions are made a priori except Eq. (2.21). The differential equation (DE)
with constant coefficients is similar in form and order to Kerr’s mechanical model

(Kerr, 1964). Thus the generalized continuum model is a Kerr-type model given by (Worku, 2010):
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K, L GL
P | Ly 2 VPp= S v
EK, K, K, KK

(2.38)

This formulation shows that the highest possible order of the DE is only two
occurring with respect to both the surface deformation and the surface traction, unlike reported in
some previous works, where derivatives of still higher order were used (Hetenyi
1950, Kerr and Rhines 1967). This model may thus be regarded as the generalization of continuum
models from which the existing simplified continuum models and other new ones can be easily

derived.

2.4 Synthesis of Mechanical and Continuum Models

From the existing direct mathematical analogy between corresponding mechanical and continuum
models presented earlier, equivalence of coefficients of like terms can be sought so that the
resulting equations yield the mechanical model parameters in terms of the definite integrals defined
in Eq. (2.23), which, in turn, involve the continuum parameters E, G, and the layer thickness H.

Thus, this synthesis is beneficial to exploit the strength of both approaches (Worku, 2013).

2.4.1 Winkler’s Mechanical Model with the Winkler-Type Continuum Model

Comparing the coefficients in Eq. (2.1) of Winkler’s mechanical model with Eq. (2.12) of
Horvath’s Winkler-type continuum model, the following equation for ky is obtained (Worku,
2013);

k, =— (2.39)

Similar synthesis of Eq. (2.1) with the generalized Winkler-type continuum model of Worku Eg.

(2.27), the resulting expression is;
k,=— (2.40)

This equation is a generalized form of expression in terms of the continuum parameter. The definite

integrals involved in this expression and defined in Eq. (2.23) is evaluated once the functions

9,(z) and g, (z)are specified.
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Worku (2010, 2014), stated that the variation for the ratios of the lateral-to-vertical normal stress

components with depth Zx and Zx under circular and rectangular regions subjected to uniformly

o (o2

z z

distributed loads can be represented by an exponentially decaying function. Similarly, the
distribution of the vertical shear stresses can be expressed using a bilinear function. Hence based

on curve fitting to plot data, relations for g and I, are obtained as;

g(z):l—v[gx(z)+gy(z)}:1—1.6ve’(3'962’H)

| (2)= 52/3H,0<z/H <06 (2.41)
27 2.35-2.252/H,06 <2/ H<1

Then substituting for g(z) from Eq. (2.41) into Eq. (2.23) and evaluating the definite integral,
Eq.(2.40) will take the following form:

E

The layer thickness H in the above equation is eliminated by using the substitution y, =H /B .

And can be equivalently expressed as;

S — (2.43)
(1— O.4v) X.B
Where B = width of the plate under consideration. And yw = the calibration factor for Winkler’s

model.

2.4.2 Pasternak’s Mechanical Model with the Pasternak-Type Continuum Model

Comparing the coefficients in Eq. (2.3) of Pasternak’s mechanical model with Eq. (2.15) of
Horvath’s Pasternak-type continuum model, the following expressions for kp and G, are obtained
(Worku, 2013);

_E g _CH

=i Gy=— (2.44)

Worku (2014), pointed out that because of the neglected lateral deformations, the generalized
Pasternak-type model is obviously less accurate than the generalized Kerr-type model. For this

reason, better expressions for the Pasternak model parameters are presented in section 2.4.4.
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2.4.3 Kerr’s Mechanical Model with the Kerr-Type Continuum Model

Equating the corresponding terms in Eq. (2.4) and (2.38) one obtains the following expressions for

Kerr’s model parameters (Worku, 2014);

Ly H E . L,H E.
Mo =L L) T LR
( g gl Mgl g) ( gl g) (2.45)
L 2
gl

M CT I A

Similarly substituting Eq. (2.41) into Eq. (2.23) and evaluating the definite integrals, Eq. (2.45)
takes the following form.

E _ E

Ke, = ;K
“ (0.46-0.18v)H" ™ (0.54-0.26v)H
_(0.33—0.15vj

(2.46)

*10.14-0.11v

The layer thickness H in the above equation is once again replaced by x=H / B . Hence, Eq. (2.46)
can be equivalently expressed as;

E , F

k 1
“ (0.46-0.18v) ,B" " (0.54-0.26v)z,B

G, - 0.33-0.15v G.B
0.14-0.11v

(2.47)

Where B is as defined previously and yk = the calibration factor for Kerr’s model.
2.4.4 The New Kerr-Equivalent Pasternak-Type Continuum Model

According to Worku (2014), the Kerr-equivalent Pasternak parameters are better established by

seeking equivalence of performance to the Calibrated Kerr model parameters stated in Eq. (2.47).

For the two mechanical models shown in Figure. 2.7, with the corresponding relations in Eq. (2.3)
and (2.4) to yield equivalent results, they have to exhibit identical shear interaction (i.e. Gk must
be equal to Gp) and their surface deflection under the action of the same system of loading must

be equal, i.e.

W, =W, +W, (2.48)
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Figure 2.7 Pasternak’s and Kerr’s model (Worku, 2013)

Z

T %

Where w, = is the surface deflection in both models, and wy and w, are the deflection in the upper

and lower spring beds, respectively, of the Kerr model shown in Figure. 2.4.
The surface pressure in Eq. (2.3) can be expressed as:
P=p,+ Py (2.49)

Where pp = is the surface pressure shared by the Pasternak spring bed and p, is the pressure

attributed to the shear layer as shown in Figure. (2.3).

Similarly, the pressure sharing in the Kerr model of Fig. (2.4) can be written as:
P=Ppy+P (2.50)

Where p, = as defined above and p, is the pressure carried by the lower spring bed of Kerr’s

model. Since the upper spring layer of Kerr’s model directly transfers the entire contact pressure

to the shear layer and the lower spring bed, the pressure shared by this layer is identical to p. i.e.

P, =P (2.51)
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Substituting Eq. (2.49) and (2.50) into Eq. (2.48) together with the definition of a linear spring, the

following expression is obtained:

P— Py :£+ P— Py (252)
k k k

P u

Dividing Eq. (2.52) by p and rearranging, one obtains:

kku kkI

e (2.53)
Kiw + 77Ky

p

Where 7 = ; for most actual cases the value of 7 is close to unity.

1-(py ! p)
To obtain the normalized equivalent Pasternak spring coefficient, the expressions of k, and kj of
Eq. (2.45) are inserted into Eq. (2.53) resulting in

— k L,*H
Kp=—"—= —— (2.54)
(E/H) K, L Ly +n(K Ly —K L L)
For 7 =1this equation simplifies to:
— k
kpoe - H (2.55)
(E/H) K,

Likewise, the normalized shear parameter for the replacement Pasternak model in Eq. (2.45) can
be written as:
G Lg,2

Gp=—>P =
" (GH) KK, LH

(2.56)

Thus, the replacement Pasternak model is fully established with the two Pasternak parameters, kp
and Gp, found as in Eq. (2.55) and Eq. (2.56).

With the introduction of the evaluated definite integrals defined in Eq. (2.23) and additional
observations, from the plots of the respective normalized forms, linear relationships are fitted.
This, together with the introduction of the calibration factor, leads to the Kerr-equivalent Pasternak

model parameters:
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. (0.4v+0.67)E
P 7,B (2.57)
(1.36v+2.28)Gy,B

G, =
Thus, the syntheses made in this section shows that the various constants in the mechanical models
can be determined from the soil properties of the corresponding simplified continuum models, the

foundation size and a calibration factor, which is mainly dependent on the foundation-subgrade
relative rigidity.

23

——
| —



Chapter Three: PLATES ON ELASTIC FOUNDATIONS

3.1 The Classical Plate Theory

3.1.1 Introduction

A plate is a flat structural element with dimensions that are large compared to its thickness and is
subjected to loads that cause bending deformation in addition to stretching. The thickness is usually
constant but may be variable and is measured normal to the middle surface of the plate (Reddy,
2007; Szilard, 2004) (see Figure. 3.1).

In most cases, the thickness is no greater than one-tenth of the smallest in-plane dimension.
Because of the small thickness, it is often not necessary to model them using 3D elasticity
equations. Simple 2D plane stress theories can be developed to study the deformation and stresses

in plate structures that are subjected only to in-plane loading.

ransverse load

middle surface of plate

Figure 3.1 A plate subjected to a transverse loading (Szilard, 2004)

On the other hand, plate theory is concerned mainly with transverse loading. One of the differences
between plane stress and plate theory is that in the plate theory the stress components are allowed
to vary through the thickness of the plate, so that there can be bending moments, as shown in
Figure. 3.2 (Charles, 2003; Kelly, 2007).
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DY
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Figure 3.2 Stress distribution through the thickness of a plate and resultant bending
moment (Charles, 2003; Kelly, 2007)

Geometrically, a plate is said to be thin if its thickness to length and width ratio, h/B, remains less
than 1/20, otherwise, the plate is said to be thick. A thin plate is usually regarded as a body bounded
by two surfaces of small or zero curvature and the distance between these surfaces, the thickness

of the plate, being much smaller than the other dimensions.

3.1.2 Basic Assumptions of the Elastic Theory of Thin Plates

The classical plate theory is one in which the displacement field is based on the Poisson-Kirchhoff
hypothesis for the flexure of thin plates. The following assumptions allow us to reduce the
elasticity equations to one differential equation describing the plate-bending problem in the
analysis section (Kelly, 2007; Reddy, 2007).

(i) The plate material is linear elastic and follows Hooke's law.

(i) The plate material is homogeneous and isotropic. Its elastic deformation is characterized
by Young's modulus E and Poisson's ratio V' .

(iii) The thickness of the plate is small compared to its lateral dimensions. The normal stress in
the transverse direction can be neglected compared to the normal stresses in the plane of
the plate.

(iv) The mid-plane is a “neutral plane”: The middle plane of the plate remains free of in-
plane stress/strain. Bending of the plate will cause material above and below this mid-plane
to deform in-plane. The mid-plane plays the same role in plate theory as the neutral axis
does in the beam theory.

(v) Line elements remain normal to the mid-plane: Straight lines perpendicular to the mid-
surface (i.e., transverse normal) before deformation remain straight after deformation.
Even if they rotate, they still remain perpendicular to the middle surface after deformation.
This is similar to the Bernoulli’s “plane sections remain plane” assumption of the beam

theory (Kelly, 2007; Reddy, 2007) (see Figure 3.3).
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undeformed

line element remains
perpendicular to mid-surface

Figure 3.3 Assumptions of plate theory (Kelly, 2007; Reddy, 2007).

(vi) Vertical strain is ignored: Line elements lying perpendicular to the mid-surface
(transverse normal) do not change length during deformation (i.e., they are inextensible),

so that &, :Z—': = 0 throughout the plate. Again, this is similar to an assumption of the beam

theory (Kelly, 2007; Reddy, 2007) (see Figure 3.4).

Figure 3.4 Undeformed and deformed geometries of the edge of a plate under Kirchhoff

assumptions for rectangular plates (Kelly, 2007; Reddy, 2007).

(vii) The deflection w of the plate is small compared to the plate thickness. The curvature of the
plate after deformation can then be approximated by the second derivative of the deflection
w.

(viit) Loads are applied in a direction perpendicular to the center plane of the plate.
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3.2 Governing Equations of Plates on Elastic Foundation

In this section the differential equation (DE) of a rectangular plate on an elastic foundation when
subjected to a transverse load is concisely presented. Having done this, the derivation for the
flexural rigidity of a plate D is formulated. Consequently, the moment-displacement and shear

force-displacement relations are articulated.

The governing equations were derived using a semi-inverse method in which the form of the
displacement field is assumed using the Kirchhoff hypothesis. The chosen displacement field
contains, while satisfying the Kirchhoff hypothesis, three functions (u,, v,, W, ) that represent the
displacements of a point on the mid plane of the plate in the three coordinate directions. Then the
equations governing (Uo, Vv,, W, ) are defined using the dynamic version of the principle of virtual
displacements. And the plate is assumed to be made of an orthotropic material with principal

material coordinates coinciding with the plate coordinates. (Reddy, 2007). In addition, the
following derivations are solely taken from this book.

= For alaminated plate that are symmetrically disposed, the constitutive equations are given
with the laminate stiffness coefficients Aj; and Djj defined by

N — (k)

Ah' = kZ:Qij (Zk+1 - Zk )’ Dij = %kz‘,aij(k) (23k+1 - Zsk) (3-1)

= For a symmetrically laminated plate composed of multiple isotropic layers, the laminate

stiffness coefficients are as defined in Eq. (3.1) with

— & = (& E* — ) = (K
Qn :sz 1-v2’ le :Qze =0
k
— . VE' <0 =m0 = ® EX
Q, = li k2 v Qu =Qs =Qq = 2(1+v,) (3.2)

= For homogeneous plates (i.e. for plates with constant Ajj and Djj), the equation of motion

can be expressed in terms of displacements (uo, v,, W, ) as
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o%u, 0w, o°w, o°u, L ow, o’w,
NN

ox>  ox  ox Ox ay oy Oxoy
2 2 2 T aNT 2
+A568u20+8v0+8w6w oW, O°W, _8NXX+ Xy :Ioauzo (3.3)
oy~ oOxoy OX oy @ OX 8y OX oy ot
A 82 6 A +8 W, oW, 8W 82
° axay ot ox ay X axay
2 2 aNT ONT 2
A, 6u0+8woawo +A, o’u, awa w W :Ioauzo (3.4)
OXoy  OX Oxoy oy? ay 8y OX oy ot
o'w, o'w, o'w,
_Dlly_z(Dlz +2D66)8X26y2 - D22 ay4 - p(x,y)
oMT, M7, F*MT o (ot o)
- 2X+2 ~+ 2y N(UO,VO,W)+CI(X,Y)=|O—20—|2—2 20+ 20
OX 0yOX oy ot ot” | ox oy
Where Nxx, Nxy, Nyy are thickness integrated forces; t is time and | is moment of inertia
= For isotropic case, we have
A, =A,=A A,=VA 2A,=(1-v)AandD, =D,, =D, D, =vD, 2D, =(1-v) D with
A=E/(1-v*)and D = A */12.
Then equations (3.3), (3.4) and (3.5) reduces to
62 82v ONT_ ONT,
o |_ Xx X =0
2’u, 82 ([oNT, ONTy
2+ =0
o'w, o'w, o'w,
D117+2(D12 +2D66)8X2—ayz_ D22 W-’- p(X,y)
(3.8)

IMT *MT o’M’
=q(x,y)- aMZXX+2 Y+ 2
OX 0y OX oy
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Finally, the equation of equilibrium governing the linear bending of isotropic plates on an elastic
foundation experiencing small strains and small displacements (neglecting the thermal effects) will

have the following form according to Reddy (2007):

0 84WO
8X4 + aXZaYZ + ay4

[a Wy, 0w ]+ p(xy)=a(xY) 39

Using the Laplace operator V?, Eqg. (3.9) can be expressed as

DV*w, + p(x,y)=a(xy) (3.10)

Where V* =V?V? is the biharmonic operator; W, =Ww, (X, y) or w, (r,&)= the transverse deflection;

q(x, y): the distributed transverse load; p(x, y) is the reaction of the elastic foundation and
D = the flexural rigidity of the plate (and the derivation for this follows).

i . . . E,z . .
For pure bending of plates of uniform thickness, if stresses o, =?p (where R is the radius of

curvature of the plate after bending) are distributed over the edges of the plate parallel to the y-
axis (Figure 3.5), the curvature of which in planes parallel to the xz-plane is /R and in the

perpendicular direction is —v, /R (Timoshenko, 1951).

JLU—
;? M;

/l7

Y

Figure 3.5 Bending moment in one perpendicular direction (Timoshenko, 1951).
If hy denotes the thickness of the plate and M, the bending moment per unit length on the edges
parallel to the y-axis, the moment of inertia per unit length Iy is given by

1+h ]

I
Y12

(3.11)
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And the bending moment is given by the equation

Ez  El
M, = [o,2dA= [ pRz d—=2 (3.12)

Then the relation between M, and R can be derived as

1M, 12Mm,
R E,|I, Eh}

pry

(3.13)

For two bending moments (M, and M, on the edges parallel to the y- and x- axes, resp.) in the

perpendicular directions (Figure 3.6), the curvatures of the deflection surface are obtained by

superposition.

— —— —— }kpi‘x
77 M
//
/|//f(f e =
Y M-

Figure 3.6 Bending moments in two perpendicular directions (Timoshenko, 1951).

The curvatures in planes,1/R, and 1/R, , parallel to the coordinate planes zx and zy respectively

are
1 12 (M,-v,M,)
R1 E h 3 p
X plzp (3.14)
R, ENh’ (M, -v,M,)
pp

Solving for M, andM,, we find
Eh?®
Mlzp—Pz[in LJ
12(1-v,2)\R "R,

E.h?
|\/|2=p—p2 i_{_vpl
12(1-v?)\R, "R

For small deflections the following approximation can be used for the curvatures as given as

(3.15)
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2 2
1__ow,. 1 __ow (3.16)

Then the flexural rigidity of the plate D is expressed as
Eh’
p-p
= (3.17)
2
12(1-v,’)
Where Ep is an elastic modulus of the plate and V,, is Poisson’s ratio of the plate

Hence, using Eg. (3.15) and (3.16), the moment-displacement relations for an isotropic

homogeneous plate in the Cartesian rectangular coordinate system can be obtained as

o]
2 (3.18a-h)

2 2
My:_D(V"(aavgo}aayvgoj
X

And the shear force-displacement relation is deduced from the general equations of equilibrium of

stress components of a small rectangular element and compatibility conditions with valid

approximations. Then after, the derivation follows from the Figure 3.7.

9xy) 90y 0.+% 4

_
|
|
]
ﬁ=|=a
i

_1

/ R
? S “‘rrI |/M+
1N

N HTT

i H:Dh.a;ﬂﬂp

p(xy) P(xy)
— —
dx dx

v 4

Figure 3.7 Stress, flexural moments and shearing forces acting on a plate element in the x-z plane.
(Timoshenko, 1951; Selvadurai, 1979).

The twisting moment Myy induced by the shear stresses z, is given by
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O°W,
Oxoy

From the moment of equilibrium of the element about the y- axes we have (neglecting higher-

M, =-2(1-v,)D

Xy

(3.19)

order terms), we have

oM
2 —%+QX =0 (3.20)
oy OX

Then the shear force-displacement relation in reference to Eq. (3.18a), (3.19) and (3.20);

3 3
Q,=-D| Lo OW (3.21)
OX OXoy

3.3 Analysis of Thin Circular Plates on an Elastic Foundation

3.3.1 Introduction

Circular plates are found in manhole covers, closures of pressure vessels, pump diaphragms,
clutches, and turbine disks, to name a few. In addition, circular raft foundations for cylindrical
structures such as nuclear reactors, tower silos, cylindrical water reservoirs and storage tanks are

often analysed as circular plates resting on an elastic half space (Reddy, 2007).

Nowadays, the theory of plates and shells on elastic foundations occupies a prominent place in
contemporary structural mechanics. As a result, it is of interest to study the flexural behaviour of
circular plates on elastic media. The state of rotational symmetry (or axisymmetry with respect to
the z-axis, which is taken normal to the plane of the plate with the origin at the center of the plate)

exists and the deformation is independent of the angular coordinate (i.e. all variables are only
functions of the radial coordinate r and,u,, the angular displacement is identically zero.) only

when the boundary conditions, material properties, and loading are also rotationally symmetric.

Consequently, the problem is reduced to a one-dimensional one (Reddy, 2007; Szilard, 2004).

Therefore, the analysis of circular plates considering linear, static bending with axisymmetric loads

and edge conditions is dealt with in this section.
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3.3.2 Basic Governing Equations in Polar Coordinate

The equations governing circular plates is obtained using transformation relations between the

polar coordinates(r,&)and the rectangular Cartesian coordinates (x, y)(Reddy, 2007). To illustrate

this, we consider the Poisson equation

Vau=f (3.22)

Where f is a specified function of position, U is a governing function in a two-dimensional

domain with a source f andv?is 2D Laplace operator.
Using the translation relation, see Figure (3.8)
X=rcosf,y=rsiné@ (3.23)

0 oro 000 0 oo 000
_—— ) —=——t—— (324)
X oxor oxo0' oy dyor oy o0

Where [from r? =x*+y? and Eq. (3.24)]

or X ar _y 00  sin@ 00 cosd

—=—=00S0, —===siInf, —=—, — _
oX r oy r oX r oy r (3:25)

Figure 3.8 Transformation between rectangular and polar coordinate systems (Reddy, 2007).

Hence,

2:cos@ﬁ——smgi, gzsin¢9£+—cowi (3.26)
OX or r 06 oy or r o6
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The second derivatives with respect to x and y are computed using the above relations and chain

rule of differentiation as follows:

OX

0? 0 0 sin@ 0 (a}
— =C0s
OX or oX r 06

, 0% sinf@ 0 sin20 & sin260 & sin®@ o
=C0S" 00—+ —- t———t
or r or r oo r° 060 r° 00

* ., +c03292+sin29 ol _sin20i+c0320 ol
oy? o> r o r o8 r* 08 r* 08

Adding Eqg. (3.27) and (3.28) in the polar coordinate system, we get

2
vzzv.vzlﬁ(rﬁ}+i25—z
ror\ or) r°oé

Using this transformation relation of the Laplace operator, Eq. (3.9) becomes

1o0( o 1 6% ||16( ow 1 0w,
DI=—|r= |+=— || ==—| r=—= |+ ==—2 |+ p(r,0)=q(r,0
{r ar( arj r? 6«92}{r ar( or ] r? 862} p(r.0)=a(r.0)

But for axisymmetric deformation, w, =w, (r), and Eq. (3.30) reduces to

{2l oo

This is the governing equation which can also be rewritten as

o trata(rSe ]t pn-acr)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Again using the transformation relations and curvatures in the radial and tangential direction in

reference to Eq. (3.16),

(3.33)




Where K. :}{31 and K,,z}{22

Eq. (3.18a-b) and (3.21) can be expressed in polar coordinate while noting to Eq. (3.27) and

(3.28) as
oft(1%)
dr? r r
1 W,
:_D(v o j] (3.34a-c)
d(1d
Qf“Da(‘a( v

3.3.3 Formulation of the Differential Equations of the Circular Plate

In this section, the differential equation (DE) of a circular plates on an elastic subgrade is
formulated for a single parameter and two parameter subgrade models. And the following
procedures and formats of the subsections to formulate the differential equations and analytical

solutions of the circular plate are taken from Degu (2008).

3.3.3.1 Single- Parameter (Winkler’s) Subgrade Model

In this model, support is provided by a bed of uniformly spaced springs as shown in Figure 3.9. A
plate supported along its entire length by such an elastic medium is considered to formulate the
DE of the plate.

D_ /SIS /////\//’/z;/// LSS S S

kw

P A A A ~

Figure 3.9 Winkler’s mechanical model
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The governing equation in Eq. (3.32) can be considered as the governing differential equation of

Winkler’s subgrade model with p(r): kWWO(I’) (Reddy, 2007).

Dd | d[1d( d
Tdr{ dr[r dr(r ;\rloﬂ}*kw""o(rﬁq(f) (3.35)

3.3.3.2 Two- Parameter (Pasternak’s) Subgrade Model

For this model a shear layer with parameter G, which represents the stiffness of the vertical shear

interaction, is introduced to improve the shear interaction between spring elements (Figure 3.10).

ﬂ/ r ot

GIIIIII IIIIII]II.JI[IIIIIIII
P X

Rigid Base
Figure 3.10 Pasternak’s mechanical model

Transforming the reaction of the elastic foundation given in Eq. (2.3) into polar coordinate, we
have

p(r)=k,w,(r)-G,vew,(r) (3.36)

Substituting Eq. (3.36) into the expression (3.32) in place of p(r) and taking note of Eq. (3.29),

we obtain the governing DE for Pasternak’s subgrade model as

Dd [ d[1d( dw, aw,)
TE{rJ[F@(r & H}NPW( )- . dr( i j—q(r) (3.37)
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3.3.4 Analytical Solution to the Differential Equations of the Circular Plate

Fundamental solutions of Eq. (3.35) and (3.37) for different possible loading conditions are sought

using Fourier and Hankel integral transforms in this section.

3.3.4.1 Plates on Winkler’s Subgrade Model

The circular plate is assumed to be subjected to a loading distributed symmetrically with respect
to the center o. It can be regarded as consisting of wedge shaped elements, each of which is

deformed in the same manner (Hetenyi, 1979; Selvadurai, 1979).

v' The deformation of the cross section is restrained on account of the continuity of the
material in the circumferential direction.

v Thus, opposing moments act on the sides of each wedge element. (Figure 3.11)
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Qr + dQrdr/dr

qu
Qr e —ar+ dardr/dr
o Mr{_ l T ::j Mr + dMrdr/dr .
¢ ‘ | !
\: 2 p(r) \

Figure 3.11 A circular plate showing an infinitesimal element and a figure showing flexural
moments and shear forces subjected to an axisymmetric external load and supported by

a contact stress q(r)which is axisymmetric resp. (Selvadurai, 1979).

The infinitesimal element is acted upon, per unit length of its sides, by bending moments M, and
shearing forces Q, in the radial and bending moments M, in the circumferential direction, while
unit areas of its upper and lower surfaces will be subjected to a distributed loading g and a

distributed reaction of the foundation p, respectively. Other force components vanish on account
of the assumed symmetry of the loading (Hetenyi, 1979).

Equilibrium of the moments in the radial plane,

dMm M M
M =0 —r4 v 0 _0Q = 3.38
E . =0, ar + ; . Q =0 ( )

Equilibrium of the forces in the vertical direction,

ZFZ=O, %+%+q—p=0 (3.39)

Substituting from equations (3.34 a-c) into expression (3.38), we get the shear force as

(o]

3.40
dr? +r dr?  r? dr (3.40)

Q --

I:)[d?’wo 1d’w, 1 dwoj
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And substituting Eq. (3.40) into (3.39), the DE of bending of the plate is obtained as

d*w, +gd3wo _ideo +idW0 ~g-p (3.41
dr* rdr® r*dr® rdr D A1)

When the distributed loading q is eliminated by a change in the dependent variable because there

is no distributed load applied on top of the plate, Eq. (3.41) becomes equivalent to scattered form

of Eq. (3.35). (.i.e. undergoing the biharmonic operator, V*and dividing by D.)

d*w, +gd‘°’w0 _1dw, QLdw kg ”
dr* rdr®* r2dr® r*dr D (342)

Introducing a differential operator,

“odr® rdr '
Then Eq. (3.42) can be written as
2 2
d—2+li d V\zl" +1dw° + KWy =0 (3.44)
dr® rdr){ dr r dr D
_ K,
Letting & = & D Eq. (3.44) reduces to
2 4
AW, +R'w, =0 (3.45)

Where % is the characteristic size of the circular plate-soil system, which with the use of Eq. (3.17)

can be expressed as

[k, (1-v,%)
EPhP3

(3.46)

Rigorous solutions of DE of this type can be derived in form of power series, which are expressible
in terms of Bessel functions because these functions utilize problems presenting axial symmetry.

The details to the solution of Eqg. (3.45) is provided in Appendix B.
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Thus, the general solution to Eq. (3.45) is
w, = Az, (kr)+ Az, (r)+ Az, (Ar)+ Az, (Ar) (3.47)

Where A1 to A4 are open constants and, z, (Ar), z, (Ar), z,(r) and z,(%r) are four independent

solutions of the governing equation for an argument Ar. These functions are infinite series
solutions of modified Bessel equations. Due to the lengthy nature of these functions, they are
provided in appendices A and B.

Using the notations stated in Appendix A, Eq. (3.47) can also be expressed as:
w, = aber (&r)-+bbei (&r)+cker(%r)+dkei(Zr) (3.48)

Where a to d are open constants and ber, bei, ker and kei are first and second kind solutions of

modified Bessel equations, respectively.

With the aid of Eq. (3.34a-c) the corresponding internal actions are derived as

_AIZZ (Kr)—Azzl(Kr)+ A324 (Kr)—AAZ3(7lI’) 1
M, =-D%*| 1
—F(l—vp){ﬁazl (Rr) + Az, '(Rr) + Az, '(Rr) + Az, '(Rr) |
vy {AZ, () = Az, (Rr) + Az, (Ar) - Az, (r))}
M, =-Dx*| 1 (3.49a-c)
+F(1_V") {Az, '(Rr)+ Az, '(Rr) + Az, "(Ar) + Az, '(Rr)}
Qr = _DKS [Aizz I(xr) - Azzl '(Kr) + Asz4 I(xr) - A4zs I(7“')]
The slope can also be obtained from the differentiation of the deflections as
0 = d;:f’ = 1[AZ (i) + Az, () + Az, (Ar) + Az, '(Ar)] (3.49d)
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3.3.4.1.1 Large Plates

I. Circular Plate under Central Concentrated Load with Free End Condition

A sketch of such a plate is shown in Figure 3.12. The deformed subgrade is qualitatively given in
Figure 3.13.

z, wa(r)

Figure 3.12 A circular plate on an elastic foundation and subjected to a central concentrated load
(Reddy, 2007).

Figure 3.13 The actual deflection shape (Hetenyi, 1979).

The four constants, A1 to A4, in the general solution of Eq. (3.48) can be found by introducing the
following boundary conditions for the solid circular plate as stated by Hetenyi (1979), Reddy
(2007) and Timoshenko (1951).

I. For r=o0, w,=0

ii. For r=0, w,must be finite

ii. For r—o, aw, =0 (because wo is maximum)
dr

iv. For r 0, Qrzz_—P
r
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Now, in order to determine the integration constants in equation (3.47 or 3.48), the above

boundary conditions are employed.

v" Boundary condition (i) leads a or A1=0 and b or A>=0 because the asymptotic values of ber
and bei are infinite as it can be seen from Eq. (A-23) and (A-24), Appendix A.

v Boundary condition (ii) requires ¢ or A4 to be zero because ker(O) is undefined or it becomes

infinitely large at the origin referring to Eq. (A-29), Appendix A.

Hence the solution, Eq. (3.48) reduces to

w, =d kei (Ar) or w, = Az, (%r) (3.50)

v" Boundary condition (iii) gives

moeon_ 23] Fogoey 1 1G]

r-o  dr 1!1!3 mr 5F
x
3
T

—_— e |+ ...=0
4 2 2
1= 1=
A A

Thus, boundary condition (iii) is satisfied.

v Boundary condition (iv) is applied to find the last constant d or As.

Referring to Q, from Eq. (3.34c)

9 __D(d3w0 1d°w, 1 dwoj —P

dr? +F darz 2 dr ) 2xr

d(d’w, 1ldw,) -P
——D— 5 += —
dr\ dr r dr 2xr

In reference to Eq. (A-26, A-27 and A-28), kel (Xr) is derived as (when limited to the first terms

i.e. with Az coefficient.)
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kei (Zr) = —bei (Xr){log (%Jﬂ/} —%ber(?&r)

%) %)
ber (Zr) :1—2— and bei (Zr) _\2)
2121 11!

d

2 2
Hence, _[d Wo +l dw, j _Zh in a similar manner done for boundary condition (iii) .i.e.
r

dr? r dr r

applying the limit of differentiation.

: T . -P
Equating the value of boundary condition (iii) with this one forany r, Q, = oot
T
the constant as:
d= iz
27DR

Substituting kei (r) into Eq. (3.50), we have;

W, = 27;[;2 {—bei (Kr){log [%) - 7/} —%ber (Kr)}

Equivalently,
P
W = 5o = (M)
Where
i| N, (&rfi) =N, (ar=i
z,(Rr)=1z,(&r)+ [ ( >2 ( )J:—Ekei(xr)
T

2

:dDK

, We get

(3.51)

(3.52)

(3.53)

(3.54)

The deflection at the origin (r=0) is obtained by substituting the power series for ber and bei

functions provided in (A-21) and (A-22),
W=
" 8DR?
Where, D and #% are as defined in Eq. (3.17) and Eq. (3.46) respectively.

(3.55)

The corresponding slope, radial and tangential moments, and shear forces applying Eq. (3.34a-c);
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P " Vo,
Mr :—W|:Z3 (7&[‘)+sz3 (xr):|

o 1 (3.56)
MG :—W{FZ:;'(?LI‘)—%VI)ZJ(KI’)}

P 1, (A
Qrz—ﬁ[z3 (7Lr)+Fz3 (7‘»r)—r—zz3 (Kr)}

Il.  Circular Plate under Uniformly Distributed Load with Free End Condition

Adopting the method of Hetenyi (1979), the effect of this loading at arbitrary point is dealt with
as follows considering three cases.

a) When point c is under the loading

The solution for this case can be obtained by integrating the solution obtained above for a central

concentrated load (see Figure 3.14).

i

<,

ey

D4 )

_—
W
=
v
—

-+ oxP-bpe

kw

z

Figure 3.14 An axisymmetric circular plate under uniformly distributed load when point c is under

the loading
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C

27rD7LZL[Z3 (r) dr+jz (Zr)d

4ﬂDﬁ[%0aﬁmem]

(3.57)

Where J1 is Bessel function of first kind (with an order of one) expressed as:

i(‘l)n o ]

niT'(n+2)

(3.58)

Referring to appendix A; (A-33, A-34 and A-35), the slope and internal actions are obtained

as
B dwc q
dr 4ﬂDx3
M. 47r7l3
—— 1 v,
V —1
47[%3
. q
Q. Ak’ (xz _1)
+ J

r

,(%a) ——J (Ka)] (mo(m)—%Jl(Kb)ﬂ

R +r+1l-v

ia)+ = = J,(%a)
2.2
— 1—
)+ AT +r2+ V’)Jl(Xb)

r

“Rri+r+1)y -1
)+( = v, J,(%a) (3.59)

(—7L2r2 +r +1)vp -1

Ab)+ = J, (Ab)
)+(7L2r—:1)J1(Xa)—m\]o (%b)

Where Jo is Bessel function of first kind (with an order of zero) expressed as

(3.60)
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b) When point c is to the left of the loading

The solution for this case proceeds in a similar manner (see Figure 3.15) and is obtained as

T
%JL q
D4 = s ; . vt
A
=~
kw |l % =
=~

S S /S v

zZ

=
A A LA A

Figure 3.15 An axisymmetric circular plate under uniformly distributed load when point c is to
the left of the loading.

(3.61)

The slope and internal actions,
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1 1
o= HKJO(Kb)—FJl(Kb)j—[mo(Ka)—FJl(Ka) }
—% R’ +r+l-v ]
L T(1-vp)\10(7m)+ " 3,(%b)
“ Arxd 202 _p_1
i +z(l—vp)\]0(7ia)+7L ' r2 i J,(%a)
r r i
—% (—Kzr2+r+1)vp—1
g | T D) . J, () (362)
tArk®| 5 Ar—r-1)v -1
—?(vp—l)Jo(Ka)+( > )V J,(%a)
~x(x2r2 -1 292 _ 5,2 _
( )JO(Xb)+—2r7‘ ALy (am)
Q _ q r2 r3
©oArk x(atrel 2323
+ ( - )Jo(Ka)+ 5 J,(%a)

¢) When point c is to the right of the loading

The solution is obtained similarly as (Figure 3.16)

dr

I p—

\/\_
\/\_
\/l:\* -

_ :ks\

kw Wo

z
Figure 3.16 An axisymmetric circular plate under uniformly distributed load when point c is to

the right of the loading
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(3.63)
~_ 9
W, = — [J,(a)-J,(%b)]
The corresponding slope and internal actions;
6, -9 (m (ra)-13 (Xa)j—(m (1) -2 3, (b)
© 47D ° rt ° rt
—% R +r+l-v ]
q T(1—vp)\10(xa)+ > L J, (%a)
M =
©o4rR’| % Arl—r—1+v
+?(1—vp)Jo(Kb)+ ) |
_ ~RrP+r+l)v, -1
] Tx(vp—l)Jo(Ka)+( > v, J,(%a) (3.64)
" 4nn s Ari—r-1)v, -1
—?(vp—1)Jo(xb)+( > )V, J, (%b)
—R(R%r* -1 292 _ 5,2 _
QJO(MHMJI(M)
Q 3 q r.2 r3
© Ak’ R (R4l 252 _
) L ) PR35 )

r r

3.3.4.1.2 Small Plates

In this section the general method of solution by superposition proposed by Hetenyi (1979) has

been applied to solve the problem of a small circular plate when subjected to the following different
loading conditions.
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I.  Circular Plate under a Central Concentrated Load with Free End Condition

A circular plate subjected to a concentrated central load (see Figure 3.17).

Po

/L[S,
EREEEEE TN

( kni 3 %1 : Wo
ATy ST,
I
Z
(a) (b)

Figure 3.17 (a) and (b) axisymmetric loading of a small circular plate subjected to a concentrated
load at center and the actual deflection curve of the circular plate resp. (Selvadurai,
1979).

Where P, = concentrated vertical load.

According to Hetenyi (1979) and Selvadurai (1979), the following boundary conditions are stated:

I. For r =0, wo must be finite
ii. For r=a, M, =0
iii. For r=a, Q, =0

Iv. For r =0, Iri£r0127err+R) =0

v Boundary condition (i) requires A4 to be zero because Ker(0) is undefined for small values of
Ar .

Hence, the general solution of deflection reduces to

w, = Az, (Ar)+ Az, (Ar)+ Az, (kr) (3.65)
v" Applying boundary condition (ii), (iii) and (iv) into the expression Eq. (3.34a and c), and
solving for Ar, A2 and As, we get
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P i’

A= 0
[zl (Ra)z,(ka) -z, (ka)z,(Ra) —(1;; : j[z4'<xa>z2 (ra)+2,(1a)z, '(xa)]}
A=A 1
z,(a)z,(ka) -2, (1 a)z,(%a) +( . ][(z;(m»z +(z,(Ra)*]
|:222 I(K a) Z, (7{' a) - Z4l(x a) Z, (x a) + (l;;p j[ZA'(K a) Z '(K a) - Zzl(x a) Zg '(7& a)]}
A=A

1—1/p

Aa

zl(Xa)z;aa)—zl'(m)zzaa){ j[(z;(xa»%(z;(Xa»Z]

(3.66)

Wherez, '(%a), z,'(Xa), z,'(Aa)and z,'(Xa)are first derivatives of the functions defined in

Appendix B, (B-23a-d).

The deflection for different r will be evaluated using an Excel sheet, the slope and corresponding

internal actions;
0. = x[Alzl (Ar)+ Az, (Ar)+ Ay z (Kr)]
[ Az, (kr)- Az, (Ar)+ Az, (&r)
—E(l—vp){Alz1 "(Ar)+ Az, (Rr)+A, z, '(Kr)}
LT (3.67)
Vo (AZ, (Rr) - Az, (Ar)+ Az, (r)}
+%(1—Vp){A121 (Ar)+ Az, '(Rr)+ Az, (7r)}
Q =-DA°[ Az, '(Ar)- Az, '(Ar)+ Az, "(kr)]

M, =-D#?

M, =-Dx?

Il.  Circular Plate under a Concentrated Edge Load with Free End Condition

A circumferential load of q, that is uniformly distributed per unit run along the edge is considered
(see Figure 3.18)
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Figure 3.18 (a) and (b) axisymmetric loading of a small circular plate subjected to a concentrated

edge load and the actual deflection curve of the circular plate resp. (Selavdurai, 1979).

According to Hetenyi (1979), Reddy (2007), Timoshenko (1951) and Selvadurai (1979), the
following boundary conditions can be stated.

i. For I":O, dWO =O
dr

ii. Forr=0,Q =0

iii. Forr=a, M, =0
iv. Forr=a, Q =-q,

v Boundary condition (i) is similar with boundary condition (iii) for a concentrated loading and

the same procedure is followed that necessitate, Az or ¢ = 0 to be satisfied.

o_@... [uogg]w} @ S

limcker (&r)=—
=0 ) 2!2!3 2121 ZL
A A
(%) | 45)
+Z 2 + 2 =0
4 12 21212
A A

Thus, boundary condition (i) is satisfied.
v Boundary condition (ii) requires d or A3 = 0 because kei(0) is undefined for Eq. (A-26) from
Appendix A.
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Hence, the general solution of the deflection reduces to
w, = Az, (Ar)+ Az, (Ar) (3.68)
v Applying boundary condition (iii) and (iv) into the expression Eq. (3.34 a and c), we have;

E h’ Y L v . .
0:_12(#;)(% Az (ha)+ 1Az (Ra)+ (A (Ra)+ RAz, (Kﬁ))j (3.692)
Similarly,
—q ——Ep—hs(xmz "(Ra)+ A,z ”(7&a)+1(7£2A&z "(Ra)+ 1Az, (Ka))j
©12(1-v,) ' ? a ' ? (3.69b)
—%(le'(Xa)+7&Azzz'(7La))
From (3.69a) and (3.69b) for integration constants, we get
1-v, .
Al—_q"x z,(xa)+ o (%a)
B . . 1- N2 N2
K 2 (ra)z, (ka) -2, (%a)z, (¥a)+ x;p (z) (k) +(2.) (2)
-V .
z,(Ra)+ ®z, (Ra
Az=_cﬂ(°7” () r2_ (32) (3.70)

z,(%a)z, (xa)-z, (%a)z, (ka)+ K;/p [( z, )2 (ra)+(z, )2 (Ka)}

The deflection for different r will be evaluated using a spread sheet program, the slope and

corresponding internal actions;
6, = R[Az '(Ar)+ Az, '(kr)]

M, = -D#’ |:A122 (Ar) — Az, (7r) —%(1—‘/;,) {Az,'(Rr)+ Az, '(Kr)}}
. (3.71)
M, =-Dx? [vp {Az,(Rr)— Az, (kr)} +F(1_Vp) {Az,'(kr)+ Az, '(Kr)}}

Qr = -Dx’ [Aizz '(7(.[‘) - Azzl I(xr)]
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I11.  Circular Plate under a Concentrated Edge Moment with Free End Condition

A circumferential moment of M, that is uniformly distributed per unit length along the edge is
considered (see Figure 3.19).

Mo i Mo
S wasassssses T — “%w
(% 2 5 % % 3h¢ | | |
Y /o S/ | |
z ¢ ¢ |
() (b)

Figure 3.19 (a) and (b) axisymmetric loading of a small circular plate subjected to a concentrated

edge moment and the actual deflection curve of the circular plate resp. (Selavdurai,
1979).

The boundary conditions stated by Hetenyi (1979) and Selvadurai (1979) are:

dw

i. Forr=0, —=0
dr

ii. Forr=0, Q =0

iii. Forr=a, M, =M,

iv. Forr=a, Q, =0

v Since boundary condition (i) and (ii) are the same with the previous case. The general solution
will have the same form:

w, = Az, (kr)+ Az, (Kr) (3.72)

v" Applying boundary condition (iii) and (iv) into the expression Eq.(3.22 a and c¢) and solving
for A; and Az, we get

MR 2, (Aa)
A= . . 1—Vp N2 N2
z,(%a)z, (ka)-z, (%a)z,(ka)+ s [(zl) (Ka)+(zz) (Ka)} 673
A - M, i z, (Ra)

1-v
+ p

z,(%a)z, (ka)-z, (%a)z,(ka) - [(zl')2 (xa)+ (zz')2 (Xa)}
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Likewise, the deflection for different r will be evaluated using an Excel sheet and the

corresponding internal actions i.e. radial and tangential moments, and shear forces have the same

form with that of the previous loading condition.

3.3.4.2 Plates on Pasternak’s Subgrade Model

As in Winkler’s model, the circular plate is assumed to be subjected to a loading distributed

symmetrically with respect to the center.
The formulated governing differential equation (3.37) can be rewritten as

dw, 2d°w, 1d*w, 1dw,| G,|[d’w, 1dw, | K,
oy - —0 o4 o _P oy =2 |+—Lw (r)=q(r 3.74
{dr4 rdr® r®> dr® r® dr} D{dr2 rdr} D o(r)=a(") (3.74)
) . . d> 1d .
With the use of a differential operator, A, = WJFFE' Eq. (3.74) can also be written as
2 2 G 2 k
4 1dfdw, Ldw) B dw Ldw) %, _9d (3.75)
dr® rdr){ dr r dr D| dr r dr D D

Recall, we deduced the following expressions in Eq. (3.34)

= The radial moment per unit length in the plate

2 v
M, =-D d_V\2/0+_de0
dr r dr

= The tangential moment in the circumferential direction in the plate

d?w, ldwoj

M,=-D|v +
¢ (pdr2 rodr

= The radial shear force per unit length in the plate

2
o -_pd (d w0+1dw0]
r

drl dr? dr

The homogeneous form of Eq. (3.75) with the use of a differential operator, A, , can be expressed

as

r (o]

A, (1)~ 228, (1) + 2w, (1) =0 (3.76)
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The roots of equation (3.76) will give the argument of the modified Bessel functions.

G K
d4—3"d2+3"=0 (3.77)

Substituting d? = n, a quadratic equation with the following format is obtained.

Thus, the roots are given by

G G,) 4k
dpsa =% % Epi (Bpj _Fp (3.78)

There are three possible cases of the general solution of equation (3.77) depending on whether

G >4k DorT>1 G’ =4k DorT=10rG, <4k DorT<1 The details to this problem is dealt

within Appendix C.

Where T is a parameter which depends both on the parameters of the subgrade and the flexural
rigidity of the plate. And it is expressed as

G 2
T=["r (3.79)
ApD

Letting %":% where %: %, EQ. (3.75) becomes

2 2 G 2
9 1ddw, 1dw, ) B, dw, 1dw ) w,_ g (3.80)
dr r dr dr r dr D| dr r dr D

Case |

i. sz <4k,Dor T <1

P

G\ 4k
J Y Is a complex number, so Eq. (3.78) can be re-written as

The term —-£
&
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w553

Hence, the complementary solution is given as
w, (r)=B,u, (r/1)+B,v,(r/1)+B,f,(r/1)+B,g,(r/1) (3.81)

Where

U, (r/1)=Red, (Var /1) = [ (Narn)+g, (\/—rll)}
(r/)=Im3, (Jar/)- [ (VA 11)-3 (ﬁr/lﬂ

fo(r/|)=ReHol(ﬁr/|)=—[Ho<l>(JEr/|)+Ho<2>(\/d:r/|ﬂ

g, (r/1)=ImH,| (\/_rll)=—[ o(l)(\/arll)—Ho(z)(x/d:rllﬂ

(3.82a-d)

Where d and d are introduced constants for the root. Ho(l)and HO(Z) are conjugate complex

functions of Hankel’s functions.

From Eqg. (3.81) the slope, bending moments and shearing forces can be obtained applying the

expressions of Eq. (3.34a-c).

The following can be deduced from recurrence relation by Hildebrand (1962) as presented in
Appendix A, Eg. (A-33);

0, :—%[Bluo'(rll)+ B,v,'(r/1)+B,f,'(r/1)+B,g,'(r/1)]

5 [BY, (r/1)=Byu, (r/1)+B,g, (r/1)-B,f,(r/1)]
M= —IF(l—vp)[Bluo'(r/I)+Bzvo'(r/l)+Bsgo'(r/I)+B4fo'(r/l)]
Vo[ BY, (r/1)=Byu, (r/1)+B,g, (r/1)-B,f,(r/1)]
o=y +IF(1—vp)[Bluo'(r/l)+Bzvo'(r/I)+BSQO'(r/I)+B4fO'(r/l):l
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Q =—|23{Blv0'(r/I)—Bzuo'(r/I)+ B,g,'(r/1)—B,f,'(r/1)}

Collecting similar terms for each function derivatives;

1{Bl[ul(rll)cos§—vl(r/I)sin5]+ 82[ul(r/I)sin§+v1(rll)cosé]+]
' I

N B,[ f,(r/1)coss—g,(r/1)sing |+B,[ f,(r/l)sin5+g,(r/1)coss|

! (1=v,)(uy(r/1)cos s —v,(r/1)sin 5)}

Bl[(uo(r/I)cosZé—vo(r/I)sin 25)—;

+B,| (U, (r/1)sin25+v, (r /1)cos 25) I(1—vp)(u1(r/I)sinéjtvl(rll)cosé)}

r

| (1=v, )(f,(r/1)coss—g, (r/1)sin 5)}

+B, | (f,(r/1)cos25 v, (r/I)sin 25)—;

+B, _( f,(r/1)sin25 + go(rll)coszci)—lF(l—vp)( f.(r/1)sing + gl(rll)cosé)}

Bl[vp(uo(r/I)00325—v0(r/I)sin 25)+|F(1—vp)(u1(r/I)cosé—vl(rll)sin 5)}
+B, _vp(uo(rll)sin 26+v0(r/I)c0525)+IF(1—vp)(ul(r/I)sin 5+v1(r/I)c055)}
+B

3

_vp (f,(r/1)cos25-v,(r/1)sin 25)+|F(1—vp)(fl(r/I)cosé—gl(r/I)siné)}

+B, _vp(fo(rll)sin 26 + go(r/I)c0525)+|F(1—vp)( f,(r/1)sing + gl(rll)cos5)}

D{Bl[ul(rll)coswvl(r/I)sin3§]+ B, [u, (r/1)sin35+v,(r/1)cos35 | }

RAE +B,[ f,(r/1)cos35—-g,(r/1)sin35]+B,[ f,(r/1)sin35+g, (r/1)cos35 ]
(3.83a-d)

Where

5—10051[— G J
2 [4k D

Case Il

.. 2
ii. G,"=4kDorT=1
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Substituting sz = 4k, D in the homogeneous form of Eg. (3.80), the root becomes

d1,2,3,4 =1
Then the complementary solution is given by
w, (r)=A, 3, (r/1)+AHO(r)+AJd, (r/)+AH (r ) (3.84)

From Eqg. (3.84) the slope, bending moments and shearing forces can be obtained applying the

expressions of Eq. (3.34 a-c).

The following can be deduced from recurrence relation by Hildebrand (1962) as presented in

Appendix A, Eqg. (A-33);
6, = AJ, (r/D+AHY (r1)+AJ, (r/+AH® (r11)
LD (A (/1) = AHS (/1) + A, (/1) = AHP (r11)]
Cr —IF(l—vp)[A&JO'(r/I)+AzHo(l)(r/I)+A3Jo'(r/I)+A4Ho(2)(r/l)}
LD Vo AJo (r/1) = AHL (r/1)+ A, (r /1) = AHP (r11)]
o +'F(1—vp)[AJO'(r/|)+A2H0<1>(r/|)+AgJo'(r/|)+A4HO<2>'(r/l)}
Qr=—|23{AJO'(r/|)—A2HO<1>(r/|)+A3J0'(r/|)—A4HO<2>'(rll)}
Collecting similar terms for each function derivatives;

0, :—%[AlJl(r/|)+A2H1<1)(r/|)+A3Jl(r/|)+ A4Hl(2)(r/I)]

" ) A{Jo(r/|)—IF(1—Vp)(Jl(r/I))}+A2[Ho(l)(r“)_'F(l_Vp)(Hl(l)(r“))}

- +A{Jo(rll) I(1—vp)(.]1(r/|))}+A{Ho(z)(rll)—I(1—vp)(Hl(2)(r/I))}

r r
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5 A[vao(r/I)+IF(1—vp)(Jl(r/I))}+A{vao(l)(r/I)+ | (1—vp)(Hl(1)(r/I))}

.
M, =—— |

2 +A{vp\]0(rll)+IF(l—vp)(Jl(r/I))}+A4 [vao(z)(r/I)+—(1—vp)(Hl(2)(r/I))}

r

Q =—|23{A1J1(rll)+ AH (/1) + A, (r 1)+ AH (/1)
(3.85a-d)

Case I
iii. sz >4k Dor T >1
Since sz > 4ka, all the roots are real.

The roots,

And then introducing constants d and d , the complementary solution for the homogeneous

equation is given by
w, (r)=A, 3, (Var 1)+ AzHo(l)(\/ar/I)+A3JO(\/d:r/I)+A4HO(2)(\/d:r/I) (3.86)

From Eg. (3.86) the slope, bending moments and shearing forces can be obtained applying the
expressions of Eq. (3.34 a-c).
The following can be deduced from recurrence relation by Hildebrand (1962) as presented in

Appendix A, Eq. (A-33);

0= AJ, (Nar 1)+ AHY (JHr/l)+A3Jo'(\/a_r/|)+A4Ho<2> (\/Erll)

D [AIJO(ﬁ”')‘AzHo(l)(*/d_r“)MsJo(\/d:rll)—A4Ho<2>(\/d:rnﬂ
M=)

_F(1_Vp)[Ai.]o'(\/ar/I)+AZHO(l)(\/ar/I>+ AJ, (VAr )+ AH,® (\/d:ruﬂ
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vp[Al\]o(\/Erll)—AzHo(l)(\/d_r/I)+A3Jo(\/d:rll)—A4Ho(2)(\/d:r/I)}
My=-=
! '( )[AlJ (Var 1)+ AR (Var 1)+ A, (\/_rll)+AH (\/—rll)}

Q =—|23{AJO'(JEr/|)—A2HO<1>' (JEr/|)+A3JO'(\/d=r/|)—A4HO<2>‘ (\/dzrll)}

Collecting similar terms for each function derivatives;

1 AlJl(\/d_r/I)cos5+ AZHl(l)(\/Er/I)cos5

o h +A3Jl(\/§rll)cosé+A4H1(2)(\/a_rll)sin5
A[Jo(Jd_r/I)00325—%(1—%)(Jl(\/d_rll)cosé)}
5 +A2_ (J_rll)cosza—l( - )( (\/_rll)cosﬁ)}
M,=-—1 &
| +A3_ (\/_rll)cosw——(l v )( ((r/l)cos&)}
+A,| H (\/_rll)sm2§——(l v) (\/_rll)smé}
A{vao(Jd_r/I)00525+|F(1—vp)(.]1(«/ar/I)cosﬁ)}
5 +A2_v Ho(l)(\/d_rll)cosz5+l(l—v )(Hl(l)(\/arll)cosé)}
M,=——1{ =
I +A3_ (\/_rll)c0525+ (1 v )( (\/_rll)cosé)} (3.87a-d)
+A4_ (\/_rll)sm25+ (1-v )( (\/_rll)sméﬂ

5 A&\Jl(\/d_rll)c0535+AZH0 (\/d_rll)c0535
“E +A3J1(J§r/|)cos$5+A4H1<2)(\/§r/|)sin35

3.3.4.2.1 Large Plates
I. Circular Plate under a Central Concentrated Load with Free End Condition

A sketch of such a plate on Pasternak’s subgrade model is shown in Figure 3.20.

( )
{ 0 J
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Figure 3.20 A circular plate on an elastic foundation and subjected to a concentrated load at center.

Where P = concentrated load over the circular area
r = the distance to the origin of the polar coordinate

The pertinent boundary conditions for the solid circular plate are

. For r=o0, w,=0

ii. For =0, W, must be finite

dw, 0
r

iii. For r=0,

P
i r—>0 Q=
iv. For Q 221D

Case 1 (G,* <4k Dor T <1)
The general solution is as given in Eq. (3.59)
w, (r)=B,u, (r/1)+B,v,(r/1)+B,f,(r/1)+B,g,(r/I)
v" Boundary condition (i) leads B and B to be zero because the Bessel functions present in u, (r/1)
andv, (r /1) tend to infinity as r — o (refer Appendix A, Eq. (A-9)).
v" Boundary condition (ii) requires B4 to be zero since ¢, (r /I) has a resemblance to

H,® («/ar /1 ) and is undefined. (refer to Appendix A, Eq. (A-17)).

Hence, W, (T) reduces to

w, (r)=B,f,(r/1) (3.88)
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v" Boundary condition (iii) is satisfied only if Bs=0. (refer to Appendix A, Eq.(A-8)).

v Boundary condition (iv)

_J_ (J’r/|) (J_rll)——J (Vr/1)

+i£3Nl(JEr/|)+i—JO(JEr/|)—i131(Jd_r/|)
Q =-D r r

|22 Jo(Vdr/1)+ }/j (JErn)—%
‘/_ (J_rll) *I/g N, (Vr /1)

Evaluating each argument with

P
4 ka sin26

Then, the general solution of the deflection becomes

P
4 ka sin28

w, (r)= f(r/1)

The corresponding slope and internal actions applying Eqg. (3.83 a-d);

P {_E(Jl(ﬁr“)”’\‘l(r“))}

0 =——o
" 4JkDsin2s| |

o [ f,(r/1)cos26—g,(r/1)sin26

Me=2sinze —(1—vp)(ﬁ{ fl(r/|)0055_gl(rll)Sin5}j

5 v, (f,(r/1)cos25-g,(r/1)sin25)

Mo =Zsin2s +(1—vp)(ﬁ{ fl(r/|)C055_g1(rll)sin5}]

Q = [ f,(r/1)cos35—g,(r/1)sin35 ]

4I3|n 20

NO(\/ar/I)leicszl(\/d_r/I)

271D

(3.89)

(3.90)

(3.91)
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Case Il (G,* =4k, Dor T =1)

The general solution is

w, (r)=A, 3, (r 1)+ AHS (r 1)+ A, (r/1)+AHP (/1)

v Boundary condition (i) leads A; and As to be zero.

v Boundary condition (ii) requires A4 to be zero.

The reduced deflection would be

w, (r)=AHY(r/1) (3.92)

v" Boundary condition (iii) will be satisfied like the case in Winkler’s subgrade model.
v Boundary condition (iv) gives the same constant with Winkler’s subgrade model for

concentrated load.

P
A, = i Do (3.93)
Thus,
W, (r) = ————H 9 (r /1) (3.94)
4,/k,Dsin26
The corresponding slope and internal actions;
[ o)



= -1
0, =————| —~H,"(r/I }
' 4«/szin25[| c(r/)

5 r/I)cosZ5 H,” (r/1)sin 26
M, =—
4sin25 | — ( '(r/1)coss—H, (r/I)sm&}j
- (3.95)
5 vp(H0 (r/1)cos25 —Hg' (r/l)sm25)
6= 5 -
4sm25_ (1 v, r/I{ (r/1)coss—H, (r/l)smé}j
-P r
= r/l)cos3o — H r/l)sin36
< 4Isin2§— ( Jcos ( Jsi ]
Case Ill (G,* >4k, D or T >1)
The general solution is as given in Eq. (3.86)
w, (r)=A, 3, (Var /1)« AR (Jdr /1) +AJ, (\/—rll)+AH (\/_rll)
v Boundary condition (i) leads A1 and As to be zero.
v Boundary condition (ii) requires A4 to be zero.
The reduced deflection would be,
w, (r)= AH, (Jdr/1) (3.96)
v’ Like the previous cases, boundary condition (iii) is satisfied.
v’ Likewise boundary condition (iv) gives,
P
R — 3.97
& 4,/k,Dsin26 (3.97)
Then,
P
w, (r)=———H " (Jdr/I 3.98
(1) 4.Jk,Dsin25 ° ( ) (599

The corresponding slope and internal actions are;
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- 4@Psm25{ o (\/_r“)}

Ho® (VAT /1)cos 26~ Hy® (Var /1 Jsin2s
Mr=4sin25__(1—vp)(\/alr/ { (\/_rll)cosé H,{ (\/_rll)smé}j
_vp(Ho(l)(\/Er/I)cosz5—HO(Z)(\/Er/I)sinM)

(3.99)

P
°" 4sin26 +(1—vp)(ﬁ{ (J_rll)cos5 H,' (\/_rll)smé}j
Q = i s_i:25 :Hl(l)(Jd_r/I)cossé— Hl(z)(\/ﬁrll)sin 35}

Il.  Circular Plate under a Uniformly Distributed Load with Free End Condition

A circular plate subjected to a uniformly distributed load (see Figure 3.21).

—a——a—

q

”PII)‘%///////|/J'////”/”//”/” r
|

G | | | ] ] ]

’\
ST T

Figure 3.21 A circular plate on an elastic foundation and subjected to uniformly distributed load.

™~

Where g = uniformly distributed load over the circular area with radius a

Note: Adopting the method used by Hetenyi(1979) to derive the general expression for the
deflection of the plate would be difficult, in most cases, to evaluate the integrals involved. So, a

different approach will be implemented here in.
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Case | (G,* <4k Dor T <1)

In order to find the solution of the differential equation, a Fourier-Bessel Integral called Hankel’s

Integral will be used.

The pair of intergrals represented by a Fourier-Bessel Integral (Hankel’s transfrom) is as

0

f(r):ImJo(mr)F(m)

0

= Forr<a, f(r)=P, p=q(forour case)

= Forr>a, f(r)=0

F(m)= Pj:rJ0 (mr)dr +0]§ rJ, (mr)dr
J,(ma)

s ()= PaTJ0 (mr)J,(ma)dm

0

F(m)=Pa

Similarly we can express the load as

q(r)=$TJO(\/Er/|)J1(\/§r/|)dr —q,for |r|<a (3.100a)

q(r)=$TJO(\/Er/|)J1(\/§r/|)dr=o,for|r|>a (3.100b)

The deflection (wo) in a similar manner to satisfy the equilibrium equation according to
VanCauwelaert (2003), Piessens (2000) and Hankel Transform (2007);

w, :Z—:TA(r)JO(\/ar/I)Jl(\/gr/I)dr (3.101)

0
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Where A(r) is a function of the integration variable

Introducing Eq. (3.100a) and (3.101) into Eq. (3.75) derives;

JO(JEr/|)J1(ﬁr/|)

G
(r“ +2 P2 +1]
D

Since it is very difficult to express the solution as a real expression, it will be computed numerically

dr (3.102)

O 8

by varying r and Gp so as the internal actions.

Case Il (G,* =4k Dor T =1)

Similarly the load for this case is expressed as

q(r)=$IJo(r/I)Jl(r/I)dr:q, for |r|<a (3.103a)
0

a(r)= [ 3,(r11)3,(r11)ar =0, forlr]>a (3.103)
0

The deflection (wo) in a similar manner to satisfy the equilibrium equation,

o0

W =2—qu(r)J0(r/I)Jl(r/I)dr (3.104)

Where A(r) is a function of the integration variable

Introducing Eqg. (3.103a) and (3.104) into Eq. (3.75) derives;

w, =2 jJ°(”')Jl(a“)dr (3.105)
T, (. .G,
POl +26pr +1

Then, wo will be computed numerically by varying r and Gp so as the internal actions.

Case Ill (G,* >4k, D or T >1)

The load for this case is expressed as
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q(r):ql—aTJo(\/ﬁr/l)Jl(JEr/l)dr=q, for |t|<a (3.106a)
q(r):%TJO(\/Er/I)Jl(\/Hr/I)dr:O,for|r|>a (3.106b)

The deflection (wo) in a similar manner to satisfy the equilibrium equation,

woZETA(r)JO(\/ﬁrll)Jl(JErll)dr (3.107)

T 0
Where A(r) is a function of the integration variable

Introducing Eq. (3.106a) and (3.107) into Eq. (3.75) derives;

Jo(ﬁrll)Jl(ﬁa/l)

G
(r“ +2Pr? +1j
D

Then, wo will be computed numerically by varying r and G, so as the internal actions.

" dr (3.108)

@y
w =]

3.3.4.2.2 Small Plates

In order to analyse the circular plate subjected to the different external loading conditions, the

loaded and unloaded regions of the plate are examined separately. (See Figure 3.22)




Considering these two regions :
The DE necessary to express the boundary conditions of the plate itself and the foundation under
the plate (i.e.the loaded region, region a) is the deflection w1(r) governed by a fourth order DE.

DV*w, (r)-G,V?w,(r)+kw, (r)=q, For0<r<a

Which can also be rewritten as;

2 2 2
df 1d)(dhw 1dw) Gpfdw tdw | ko (3109)
dr? rdr )l dr? r dr D| dr? r dr D

Since the spring bed in the unloaded region (region b) undergoes no deformation, the DE required
to express the boundary conditions for the deflection outside the plate wo(r) is of second order.
This specifically means a plate terminated by a free edge which reflects a soil subjected to

horizontal shear forces.

—G, VW, (r)—kw,(r)=0, for a<r<o (3.110)
Which can be rewritten as;
d*w, 1dw
_Gp[ dr22 +F drzijka2 ~0 (3.111)

Hence, the solution to Eq. (3.109) will be the homogeneous solutions, Eqg. (3.81), (3.84) and (3.86).
Similarly, the solution to Eq. (3.111) is given by modified zero order Bessel functions of first kind
and second kind (lo and K,) respectively. These functions are selected because lo’s value is finite
at the origin and asymptotic value of K, tends to zero.

w, (r)=B;l, (ar)+BK, (ar) (3.112)

Where

lo(r) & Ko(r) are as defined previously in Appendix A Eg. (A-19 and A-20).
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I. Circular Plate under a Central Concentrated Load with Free End Condition
Such a plate subjected to a concentrated load is shown in Figure 3.23.

Po
hpw////////f//////ff///
L[ T 0]

| HE
kp
Z

|
1(7) S
w2(r,

Figure 3.23 Axisymmetric loading of a small circular plate subjected to a concentrated load at

center.

Where Py = concentrated vertical load.

The pertinent boundary conditions are;

i. Forr=0 M _g
r
.. -P
ii. For r -0, = 0
Qn 271D

iii. For r=0, w,=0
iv. For r=a, w,=w,

v.Forr=a, M, =0

e g G(dw dw)
Vi . dr dr

Case | (G,* <4k ,Dor T <1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the

plate) are as given by (3.81) and (3.112).

v Condition (i) & (ii) necessitate Bs and B4 to be zero because the Hankel functions present

on f,(r/1)andg,(r/l)are undefined for r=0. (refer Appendix A Eq.(A-17))
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Hence, the general solution of plate deflection reduces to
W, (r)=B,u,(r/1)+B,v,(r/1) (3.113)

v' Condition (iii) requires Bs to be zero because |, tend to be infinite for infinite value of r.
(refer to Appendix A, Eq. (A-19)).

So, the general solution of the deflection beyond the edge of the plate reduces to
w, (r)=BsK, (ar) (3.114)
v" Applying boundary condition (iv);
Bu, (a/1)+B,v, (a/I) =Bk, (ca) (3.115)
From this,

_ Bu,(al/l)+Byy,(a/l)
° k, (ca)

(3.116)

v Applying boundary condition (v);

M, =—|22{[Blvo(r/I)—Bzuo(r/I)}—IF(l—vp)[Blu0 '(r/1)+ By, '(r/I)]}
L, D B,[u, (r/1)cos25 v, (r/1)sin 25]—';(1—vp)[ul(r/I)cos5+v1(rll)sinb‘]
r E

+B, [ u, (r/1)sin 25+v0(r/I)cosZé]—lF(l—vp)[ul(r/I)sin S+vy(r/1)coss ]

y ()_0__2 Bl[uo(all)cosw—vo(a/I)sin25]—&(1—vp)[ul(a/I)cosé+vl(a/I)siné}

2

+B, [ u, (a/1)sin25 +v, (a/1)cos 25]—!;(1—vp)[ul(all)sin S+v,(a/l)coss |
(3.117)

v Boundary condition (vi),

Q. :—%{Blvo '(r/1)=Byu,'(r/1)}

Qu =—%{Bl[ul(r/I)cos3§—vl(rll)sin35]+ B, [u; (r/1)sin35+v, (r/1)cos3s |}
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Q. (a)= —%{Bl[ul(a/I)cosS&—vl(a/I)sin 36]+B,[u, (a/1)sin35+v, (a/1)cos 35 ]} (3.1182)

Gp[%—%}:Gp —aBle(aa)+} Bl(ul(a/I)cos.,é—vl(all)siné) (3.118h)
dr dr I +B, (u, (a/l)sins+v, (a/l)coss)

Equating these two equations (3.118a) and (3.118b), we will have

_%{Bl[ul(all)cosw—vl(a/I)sin 35|+ B, [ u, (a/1)sin35 +v, (a/ ) cos 35|}

B, (u,(a/l)coss—v,(a/l)sins) (3.119)
+B, (u,(a/l)sins+v, (a/l)coss)

1

=G, [aBekl(aa)jtl—{
Substituting B, into Eq. (3.119), we get an equation with constants B, and B, only. Then solving

this equation simultaneously with Eg. (3.118) which also have the same constants, we obtain;

p[[u0 (a/1)sin 28 +v, (a/1)cos 25]—;(1—vp)[ul(all)sin S+v, (a/l)cos 5]}
B=—

_(uo(all)cosw—vo(all)sin 25)—;(1—vp)(ul(a/I)cosé—vl(all)sin 5)}

ul(a/I)sm5+\2/1(a/I)c055_Vo(a“)—
kpl aoKO (aoall)
G

p

u, (a/1)sin35+v, (a/)cos35 +

(AR
(u, (a/1)sin 25+v0(all)c0325)—;(1—vp)(u1(afl)sin §+v1(a/I)cos§)}<

u(a/l)coss-v,(all)sins
k12
G

p

K, (eall)

u, (a/l)cos35 —v, (a/l)sin35 + a, K, (aall)
o' 0 o]

u,(al/l)
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p[[uO (a/1)cos 28 —v, (a/1)sin 25]—;(1—vp)[ul(a/I)cos5—vl(all)sin 5]}

B, = ———
(uo(a/l)c0325—vo(all)sin25)—;(1—vp)(u1(all)cosé—vl(all)sino“)}x
u, (a/1)sin36 +v, (/1 )cosag + (/s (alljeoss o)y Kafasall) |
kI oKy (a,all)
G
kl4- I "
(uo(a/l)sin25+v0(a/I)00325)—a(l—vp)(ul(a/I)sin5+v1(all)cos5)}<
. u,(al/l)coss—v,(all)sino K,(a,all
u, (a/1)cos35 v, (a/1)sin35 + w(a/1) kplzl( ) —uo(a/I)M
L Gp
5 _ Bu,(a/l)+By,(all)
T K (aeall)

(3.120)

The deflection for different values of r will be evaluated using a spreadsheet program, the slope
and corresponding internal actions in a similar manner like in Eq. (3.83 a-d):

6, :—%{Bl[ul(r/I)cos5—v1(rll)sin5]+82 [u,(r/1)sing +v, (r /1)cos 5 |}

5 Bl[(uo(r/I)cosZ&—vo(r/I)sin25)—';(1—vp)(ul(rll)cosé—vl(r/I)siné)}
Mr:__z
! +82[(uo(r/I)sin25+vO(r/I)c0325)—|F(1—vp)(ul(rll)sin5+v1(r/I)cos5)}
B, vp(uo(r/I)c032§—vo(r/I)sin25)+l(1—vp)(ul(r/I)cosé—vl(rll)siné)_
MHZ_EZ r )
| +B, vp(uo(r/l)sin25+v0(r/I)00325)+|F(1—vp)(ul(r/I)sin5+v1(rll)cos5)}

Q :—I—S{Bl[ul(r/I)c0535—v1(rll)sin35]+ B, [ul(r/I)sin3§+vl(rll)c033§]}
(3.121)
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Case Il (G,* =4k, Dor T =1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the

plate) are as given by (3.84 and 3.112).

v Condition (i) & (ii) necessitate Az and A4to be zero.

Hence, the general solution of plate deflection reduces to

w (r)=AJd, (r/1)+AJd, (r/1)

v" Condition (iii) applies for wz(r) which is the same as case I.

v" Applying boundary condition (iv) gives,
Ad,(a/)+AJd, (a/l)=BK, (xa)
From this,

AJ,(a/l)+AJ, (a/l)

B =
° K, (ca)

v Applying boundary condition (v) stated in case one,

a

v Boundary condition (vi),

_IBS{AlJl(a/I)cos35+ Ale(a/I)cos35} =

G, {—aBakl(aa)%[AiJl(a/I)cos§+ ASJl(a/I)cosé]}

A{JO(a/I)cosZ5—{;(1—vp)(Jl(a/I)cosd)}

+A{JO(a/I)cosZ5—|—(l—vp)(Jl(all)cosd)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

Substituting B, into Eq. (3.126), we get an equation with constants A and A, only. Then solving

this equation simultaneously with Eg. (3.125) which also have the same constants, we obtain;
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a

p{\]o(a/l)cosw—l(1—vp)(J1(a/I)cosd)

J

_Jo(all)cosw—;(1—vp)(J1(a/I)cosé)}x

3, (a/1)cos 36 + Jl(a{(||)20036—J0(a/I)
P

GP

k I<—

‘Jo(all)cosw—;(1—vp)(J1(a/I)c035)}x

J,(a/1)coss
k12

GP

J,(a/l)cos3s5 + J, (a/)

a

K, (a,all)
oKy (a,all)

K, (a.all)
oKy (a,all)

p{\]0 (a/l)c0525—|(1—vp)(Jl(a/I)cos5)}

A3=_

'Jo(a/l)cosza“—;(l—vp)(Jl(a/I)cosé)}x

Jl(all)COS35+‘]l(a/kll)2COS5_
p

G

p

kI -
'Jo(a/l)cosw—;(1—vp)(Jl(a/I)cos§)}x

J,(a/l)coss
k12
G

p

J,(a/l)cos35 + -J,(all)

A3, (al1)+ A, (all)

B p—
° K, (e,all)
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The deflection for different values of r will be evaluated using a spreadsheet program, the slope

and corresponding internal actions in a similar manner like in Eg. (3.85a-d):

:_%{Ai\]l(\/arll)cos&+ Ang(\/Er/I)cow}

A{JO(\/Er/I)cosZﬁ—I—(l—vp)(Jl(\/d_r/I)cosé)}
M =_—
o Jdr/1)cos25 -~ (1-v Jdr/1)cos
[ ( /|) 26 (1 )( ( /|) 5)} -
MQZ_E AI[VPJO(\/_r/I)cos25+ (1-v,)J (\/_r/I)cosé}
* +A3[VPJO(\/_r/I)c0325+ (1-v,)J (\/—rll)cosé}

_IBS{AiJl(\/Er/I)c0535+ Ang(\/d:r/I)cos%}

Case Ill (G,* >4k D or T >1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the
plate) are as given by Eqg. (3.86) and (3.112).

v Condition (i) & (i) necessitate A2 and A4to be zero because Hankel functions are undefined

forr=0.

Hence, the general solution of plate deflection reduces to
w(r)= AJ, (Var/1)+ A3, (Var /) (3.129)

v Condition (iii) applies for wz(r) which is the same as case |.
v Boundary Condition (iv) gives

AJ,(Vdarl)+ A, (ﬁa/l): B.K, (a) (3.130)

From this,
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AiJo(\/aa/I)+A3JO(\/ga/I)

K, (a)

B, = (3.131)

v Applying boundary condition (v) stated in case one,

A[Jo(ﬁa/I)cosZcS—l(l—vp)(Jl(«/Ea/I)cos&)}
M,,(a)=0=- (3.132)

{ (\/_a/I)COSZc?——(l v )( (\/—all)cos§)}

v Boundary condition (vi),

—IEB{AlJl(«/Ea/I)cos%Jr ASJl(\/Ea/l)COS?)é'}:
G, {—aBekl(aa)%[AiJl(\/aa/I)cos5+ ASJl(\/Ea/I)cowﬂ

(3.133)

Substituting By into Eq. (3.133), we get an equation with constants A and A, only. Then solving

this equation simultaneously with Eg. (3.132) which also have the same constants, we obtain;

p{JO(\/Ea/I)cosw—;(1—vp)(J1(\/§a/I)cos§)}

A= |
_Jo(\/aall)cosw—a(l—vp)(Jl(\/aa/I)cosé)}x
Jl(\/gall)cos35+Jl(ﬁkalli)cosa (\/_all)m

G

p

k14—

(\/_all)cosw—(l )2 (\/_all)cosé)}

J; NCER cos§ /1
Jl(\/aall)cos35+ ( kplz) (\/_a/|)0”<(?;ia/)l)
L Gp
(7 )



B, =

The deflection for different values of r will be evaluated using a spreadsheet program, the slope

p{Jo(\/Ea/I)coszé—;(1—vp)(Jl(«/aa/I)cos§)}

‘Jo(\/aall)cosw—;(1—vp)(Jl(\/aa/I)cos5)}x
_ Jl(\/ﬁall)cosé

k,I?
G

p

Jl(\/d:all)cos35+ (\/_a“)aall)

k14—

: (\/_all)c0525—(1 v )( (J_au)cos&ﬂ

Jl(\/aall)cosﬁ
k,I?
G

p

Jl(\/d_all)cos35+

AJO(JEMI)+A3JO(ﬁa/I)

K, (,all)

and the corresponding internal actions in a similar manner like in Eg. (3.87 a-d):

0 —%{AiJl(«/Er/I)cosé+A3Jl(\/d:rll)cosé}

A2, 1)cos20 - Ha-v, )3 (4 1)coso)
[, (ar 1)cos2— 4, 0 V1 o)

A0, (VT 1100520 + (14, )3, (VT 11osa |

+A3[VJ (Var/1)oos2s+-(1-v,)3 (\/_rll)cosé}

:_|_3{A1J1(«/Er/|)00535+ Ale(\/d_rll)COS?ﬁ}
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Il.  Circular Plate under a Concentrated Edge Load with Free End Condition

A circumferential load of q, that is uniformly distributed per unit run along the edge is

considered (see Figure 3.24).

D // / /
Gp| |

SERLL:

—

//

qe a } a
|

\A
Figure 3.24 Axisymmetric loading of a small circular plate subjected to a concentrated edge load.

The following boundary conditions can be stated according to VanCauwelaert (2003) and
Selvadurai (1979);

i. Forr=0, %:O
dr
ii. Forr=0, Q,=0
iii. Forr=o, w,=0
Case | (G,* <4kDor T <1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the
plate) are as given by Eq. (3.81) and (3.112).

v Condition (i) & (ii) necessitate Bs and B4 to be zero because the Hankel functions present

on f,(r/1)andg,(r/l)are undefined for r = 0. (refer Appendix A Eq.(A-17))

Hence, the general solution of plate deflection reduces to

W (r)=Bu, (r/1)+B,v,(r/l) (3.136)
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v" Condition (iii) requires Bs to be zero because I, tend to be infinite for infinite value of r.
(refer to Appendix A, Eq. (A-19)).

So, the general solution of the deflection beyond the edge of the plate reduces to
w, (r)=B,K, (ar) (3.137)
Again the following boundary conditions are stated to determine the constants.

iv.  Forr=a, M,,=0, M,-bending moment obtained from W, (r)

v. Forr=a Q,=G {dd%_%} +0, , Q,, -shear force obtained from w(r)

vii Forr=a, w,=Ww,

v Boundary condition (iv)

M., :—IBZ{[Blvo(r/l)—BzuO(r/I)]—I;(l—vp)[Blu0 '(r/1)+ By, '(r/l)]}

5 B, [u, (r/1)cos25 -v,(r/1)sin 25]—1(1—vp)[u1(rll)cosé+v1(rll)sin 5]
M - D r

rl 2

+B,[u, (r/1)sin 26+v0(r/I)cosZ(S]—IF(l—vp)[ul(r/I)sin S+v,(r/1)coss ]

y ()_0__2 Bl[uo(all)cosw—vo(a/I)sin25]—!;(1—vp)[ul(a/I)cos(5+v1(all)sin5]

|2

+B, [ u, (a/1)sin 25+v0(a/I)cosZ&]—é(l—vp)[ul(a/I)sin5+v1(all)c055]
(3.138)
v Boundary condition (v),
D . .
erz—I—S{Blvo (r/1)=Byu,'(r/1)}

Q. =—IBS{Bl[ul(r/I)cos3§—vl(rll)sin35]+ B, [, (r/1)sin35+v, (r/1)cos35 |}

Q.(a)= —%{Bl[ul(a/I)cos35—v1(all)sin 35]+B,[u,(a/1)sin35+v, (a/ I)cos 35 |}

(3.139)
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G [%_dwl 1| B,(u,(a/1)coss-v, (a/l)sins)
L dr dr |

e § = - = .139b
}qu Gp[ aBl (o) + +Bz(u1(a/I)sin§+v1(all)cos§)“+q° (3:1390)

Equating these two equations (3.139a and 3.139b), we will have

_%{Bl[ul(all)c0336—vl(all)sin 35|+ B, uy (a/1)sin35 +v, (/1) cos 35 |}

y 1| B,(u,(a/l)coss—v,(a/l)sin5) (3.140)
R s l(Ota)jL_LBz(ul(a/I)sin5+v1(all)cos5)] ’

I
v Boundary condition(vi) gives,
B,u,(a/1)+B,v, (a/l)=B:K, (xa) (3.141)
From this,

B,u,(a/1)+B,v,(a/l)
K, (aa)

B, = (3.142)

Substituting B into Eq. (3.140), we get an equation with constants B;and B, only. Then solving

this equation simultaneously with Eg. (3.138) which also have the same constants, we obtain;

——
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q, {[uo (a/1)sin 28 +v, (a/ 1) cos 25]—;(1—vp)[ul(all)sin 5+v1(all)cosﬁﬂ

B, =

[ R
(u, (a/1)sin 25+v0(a/l)c0325)—|—(1—vp)(ul(all)sin 5+v1(a/I)c035)}<

B,=—

:(uo(all)c0325—vo(all)sin 25)—;(1—vp)(u1(all)cos§—vl(a/I)sin 5)}

ul(all)sin5+\2/1(all)cos5_VO(a“) K, (a,all)
k| a, Ky (a,all)
G

p

u, (a/l)sin35 +v, (a/ ) cos 35 +

a

a/I)cos§—2vl(a/I)sm6_UO(a/I) K, (eall)
k| a, Ky (a,all)
G

p

u, (a/1)cos35 —v, (a/l)sin35 + (

9, [[uo (a/l)cos 25 —v, (a/1)sin 25]—;(1—vp)[ul(a/I)cosé—vl(all)sin 5]}

B, =

k 1<-

:(uo (a/1)cos 25 —v, (a/I)sin 25)—;(1—vp)(ul(a/ I)cos v, (a/ I)sin 5)}

a/I)sm§+\2/l(a/I)cos§_Vo(a”) K, (a,all)
k| oKy (a,all)
G

p

u, (a/1)sin35 +v, (a/1)cos35 + g

_(uo (a/l)sin 25 +v, (a/I)cos 25) ! (1-v,)(u, (a1)sin 5+v1(all)cosd)}<

a

ul(a/I)00335—vl(a/I)sin35+ul(a/|)0085_2\/1(a/|)3|n5—uo(all) K, (a;a/1)
K, o, K, (e,all)
GP
Bu, (a/1)+B,v, (a/l)
(et (3.143)
( )|
L )




The deflection for different values of r will be evaluated using an excel sheet and the corresponding

internal actions in a similar manner like in Eq. (3.83 a-d):

¢9r=—%{Bl[ul(rll)cosé—vl(r/I)sin5:|+82[ul(rll)sin5+v1(r/I)cos5]}
B{(uo(r/I)c0325—v0(r/I)sin25)—';(1—vp)(ul(rll)cos5—v1(r/I)siné)}
M =-5=
! +52{(uo(r/l)sin25+vo(r/I)cosZé)—IF(l—vp)(ul(rll)sin5+v1(r/I)cosé)}
_— B, vp(uo(r/I)cosz5—v0(r/l)sin25)+|F(1—vp)(u1(rll)cos5—v1(r/I)sin5)
Y +B, vp(uo(r/I)sin25+v0(r/I)c0525)+|F(1—vp)(ul(r/I)sin5+v1(r/I)c055)}

Q =—|—3{Bl[u1(r/I)cos35—v1(rll)sin35]+ B, [u, (r/1)sin35+v, (r/1)cos35 |}

Case Il (G,* =4k ,Dor T =1)

(3.144)

The general expression for the displacement of the plate itself and outside (beyond the edge of the

plate) are as given by Eq. (3.84) and (3.112).

v Condition (i) & (ii) necessitate Az and A4to be zero.
Hence, the general solution of plate deflection reduces to
w (r)=AJ,(r/1)+AJ, (r/1)

v" Condition (iii) applies for wz(r) which is the same as case I.

v Applying boundary condition (iv) stated in case one,

|
a

D

M,l(a)zoz_l_z{/s{ao(au)

v Boundary condition (v),

(3.145)

(1—vp)(J1(a/I))}+A{Jo(a/l)—!;(l—vp)(\ll(a/l))}}

(3.146)
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er(a):—%{Ai\]l(all)+A3Jl(a/I)}:Gp{—aBekl(aa)+%[A1Jl(a/I)+Ang(a/I)ﬂ+qo

v Boundary condition (vi) gives,

From this,

AJ, (@1)+ AJ, (al1) = B,K, (za)

J
B, =

(1) +AJ, (/1)

K, (ca)

(3.147)

(3.148)

(3.149)

Substituting By into Eq. (3.147), we get an equation with constants A and A, only. Then solving

this equation simultaneously with Eg. (3.146) which also have the same constants, we obtain;

qo[Jo(a/')

I
a

(1_Vp)(‘]1(a“))}

I
a

2.)
kI

I
a

2.()-

(1w, ) (3 ()

(1w, )3 (1)

J.(all)

J(@)+J,(a/l)+

84

‘]1

-J,(all)

(all)

2
k,|

G

p

-J,(all)

K, (eall)
a, Ky (a,all)

oK, (a,all)

K, (eall)
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a

a3, (a/1) 1 (1%, ) (. (a1)

K, (a,all)
oKy (a2l 1)

[Jo(all)—;(1—vp)(Jl(a/I))}x Jl(a/I)+1k(a|£|)—J0(a/I)

k1<—

Ad, (a/1)+AJ, (all)
B, =
K, (a,all)

(3.150)

The deflection for different values of r will be evaluated using an excel sheet, the slope and the

corresponding internal actions in a similar manner like in Eq. (3.85 a-d):

6, == (AL (r 1)+ AL, (r /1)
D | |

M, == AL - Haew )0 [ a [ =L av e | -

M, =—|22{A1[vp\]o(r/I)+IF(1—vp)Jl(r/I)}LA{vao(r/I)+l(1—vp)J1(r/I)

"
Q =~ AL (r/)+ A (r/1)
Case Ill (G,* >4k D or T >1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the
plate) are as given by Eqg. (3.86) and (3.112).

v Condition (i) & (ii) necessitate Az and A4to be zero.

Hence, the general solution of plate deflection reduces to

Wl(r)zA_lJO(\/Er/I)+A3JO(\/gr/I) (3.152)
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v" Condition (iii) applies for wa(r) which is the same as case .

v Applying boundary condition (iv) stated in case one,

A{J0 («/Ea/l)cosZé—l(l—vp)(Jl(«/aa/I)cosé)}
M, (a)=0=-— (3.153)

{ (J_a/l)cosza——(l v )( (\/_all)cosé)}

v Boundary condition (v),

_%{Aijl(\/aall)cos35+ A3J1(\/§all)cos35}:

. _ (3.154)
G, {—aBﬁkl(aa)ﬁ[A&Jl(\/aa/I)c035+ ASJl(\/aa/I)cosdﬂmo
v Boundary condition (vi) gives,
Ad, (Vda/l)+ AJ, (\/a_all): B,K, (aa) (3.155)
From this,
AJ, (Vaa/1)+ AjJO(\/Ea/I)
B, = (3.156)
K, (aa)

Substituting By into Eq. (3.154), we get an equation with constants A and A, only. Then solving

this equation simultaneously with Eg. (3.153) which also have the same constants, we obtain;
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qo[Jo(\/d:a/I)COSZcS—;(1—vp)(\]l(\/§a/|)cosé)}

:JO(\/aa/I)cosM—;(l—vp)(Jl(\/aa/I)cow)}x

Jl(\/gall)00535+ Jl(\/gkilli)cosg (\/_all) X ?aa:/)l)}
GP

| (\/_all)c0525—(1 v)( (\/_all)cos5)}

Jl(\/aall)cossm‘]l(\/aa”)wsg (J_a/|) (“a”)}

k,I?
G

p

K (aa/l)

g, {Jo (\/aall)cosw—;(1—vp)(\]1(\/d_a/|)cos5)}

B, =

Jl(\/d—a”)costrJl(«/aa/I)cosé (J_all) K, (a,all) }

‘Jo(\/aall)cosw—;(1—vp)(Jl(\/aa/I)cosé)}x

Jl(Jd:a/|)cos35+Jl(ﬁkj!)cow 3, (Vaart ) K‘Z‘aa;'/)l)}
Gp

(2= o) o o

kpl2 Ko (a.all)

G

p

AlJO(\/Ea/I)+A3JO(\/§a/I)

K, (e,all)
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The deflection for different values of r will be evaluated using an excel sheet, the slope and the

corresponding internal actions in a similar manner like in Eq. (3.87 a-d):

:_%{AJl(Jar/I)cos5+ Ang(\/gr/I)COScS}

AI[JO(«/Er/I)cosZ&—l(l—vp)(Jl(\/Er/I)cosé)}

r |2 { (\/_rll)c0325——(1 v )( (\/_rll)COSé‘)} 158
5 Ai[vao(\/_r/I)coszé+ (1-v,)J (\/_rll)cosd}
0T +A3[VDJO(\/_r/I)00525+ (1-v,)J (\/_rll)cosﬂ

Q =—|23{AJ1(Jd_r/I)cos3§+ Ale(Jd:r/l)cosw}
I11.  Circular Plate under Concentrated Edge Moment with Free End Condition

A circumferential moment of Mo that is uniformly distributed per unit length along the edge is

considered (see Figure 3.25).

- [ Mo
(.\ a ; a )
D\ prrrz777 VAT AT A A .

Gp | | | ‘ |

Wiz S
W2(F

N
-~

/

z

Figure 3.25 Axisymmetric loading of a small circular plate subjected to a concentrated edge
moment

The prevailing boundary conditions to determine the constants in reference to Selvadurai (1979)

are;
i. Forr=a, M, =M,

ii. For r=a, er:Gp[d(:\rl ddV”
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iii. Forr=a, w,=Ww,
Case | (G,* <4k ,Dor T <1)

The general solution obtained i.e. Eq. (3.81) and (3.112) for the deflection of the plate itself and
outside the plate holds true for this loading condition too.

v Boundary condition (i), is similar to loading (I1) using boundary condition (iv) but equal to M.

5 B, [, (a/1)cos25 -v, (/1)sin 25]—1(1—vp)[u1(a/I)cosé+vl(all)sin 5]
M, (a)=—= | =M

" +B,[u, (/1)sin25+v, (a/I)cosZé]—é(l—vp)[ul(a/I)sin5+vl(afl)cos(3] 0

(3.159)

v Boundary condition (ii), which is similar to boundary condition (v) of loading (l1);

_IEB{Bl[ul(a/I)cosSé—vl(a/I)sin 35]+B,[u, (&/1)sin36 +v, (a/ 1) cos35 ]}

1[Bl(u1(all)cos§vl(a/I)siné) ” (3.160)

—Gp[—aB6k1(aa)+|' +B, (u,(a/l)sins+v, (a/l)coss)

v Boundary condition (iii) likewise; boundary condition (vi) of loading (Il) gives the same
expression for Be. Then solving for By and B>,
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-M, | [u,(a/1)sin35 +v, (a/1)cos35 |+

k,I?
G

p

u, (a/1)sin 5+v1(a/I)cosé_V .

kI

(u, (a/1)cos25 —v, (al1)sin 25)

a
u,(a/l)sins+v,(all)coss
i I?

G

p

—;(l—vp)(ul(all)sin S+v, (af

u, (a/1)sin3s +v, (a/1)cos3s +

(u, (a/1)sin25 +v, (a/ 1)cos 25)

ul(a/I)cos35—v1(a/I)sin35+ul(a/I)C055_2\/1(a/|)S|n5_uo(a/|)M
Q aoKO(aoa/I)
i G,
u,(a/l)coso v, (a/l)sind K, (e,all
M [ (a1)00s30 e eosaa HFU I ) Sl T
G

p

! (1-v, )(u, (a/1)cos 5 —v, (a/ I)sin 5)}

vo(all)—12 -

K, (epall)
a, K, (a,all)

I)cos&)}x

(1 (&l 1) cos25 v, (al 1)sin 26) ~ _

u(a/l)sins+v;(a/l)coss
k,I?
k124" %

p —

u,(a/1)sin35 +v, (a/1)cos35 +

a

u, (a/l)cos35—v, (a/l)sin35 +

k,I?
G

p

ul(a/I)cosé—vl(a/I)sin5_u

| (1-v,)(u, (a/1)cos 5 v, (a/1)sin 5)}

v,(all) Kl((xoall) ~
° o, K, (a2l 1)

(u, (a/1)sin 25 +v, (a/I)code)—l(l—vp)(ul(all)sin 6+vl(all)cos5)}<

(3.161)
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Therefore, the slope and corresponding internal actions are similarly evaluated using Eq. (3.83).
Case Il (G,* =4k Dor T =1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the
plate) are as given by Eq. (3.84) and (3.112).

v Applying boundary condition (i),
I

A{JO(a/l)——(l—vp)(\]l(a/l))}

a

|\/|,1(a)=—|—2 | =M, (3.162)
+A, [JO € I)—g(l—vp)(\]l(a/l))}
v Boundary condition (ii),
D 1
—F{Aal(w|)+ AJ,(all)} =G, [—asekl(aa)+I[AJl(w|)+ Ang(a/I)ﬂ (3.163)

v' Boundary condition (iii) likewise; boundary condition (vi) of loading (Il) gives the same

expression for Be. Then solving for A1 and As.

3, (al)
k 12

P

G,
A = L |

K, (e,all)
a, K, (aall)

J(all)+ —Jy(a/l)

o

kI

{Jo(all)

{Jo(all)

|
a

|
a

(1_Vp)(‘]1(a“))}x

(1_Vp)(‘]1(a“))}x

3,(al)+3, (/1) -3, (al1)

J,(all)
kI

p

G

p

J(a/l)+

_‘Jo(a”)

K, (aall)
a,K, (aall)

K, (e all)
a,K, (apall)
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3, (all K, (c,all
M, || 3, (a/1)+ k(lz) —Jo(a/I)aKE‘E’aaa/)l)
Gp
A, = L il

3, (al1)+ 3, (al1) -3

k I74—

K, (a,all)
(a“)a Ko (a2 /1)

(3.164)

Therefore, the slope and corresponding internal actions are similarly evaluated using Eq. (3.85).

Case Il (G,” >4k D or T >1)

The general expression for the displacement of the plate itself and outside (beyond the edge of the

plate) are as given by Eqg. (3.86) and (3.112).
v Applying boundary condition (i),

A{J0 (\/Eall)cos 25—1(1—vp)(\]1(\/5a/|)cos5)}

Mrl(a):—l—z :Mo

{ (\/_all)c0525——(1 v )( (\/—all)cosé)}

v Boundary condition (ii),

—IES{AJl(JEW|)c0335+ Ale(x/ga/I)cos?xS}
Gp[—aBle(aa)Jr%[AlJl(\/aa/I)cos5+A3J1(\/d:all)cos5ﬂ

(3.165)

(3.166)

v" Boundary condition (iii) likewise; boundary condition (vi) of loading (Il) gives the same

expression for Bs. Then solving for A; and As.
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M, Jl(ﬁan)cossmJl(ﬁ:li)cosa —Jo(\/E_au)m
A=—"h i
_Jo(\/aall)cosw—;(1—vp)(J1(«/aa/I)cosé)}x
Jl(x/gall)cos35+ Jl(\/gkilli)wsa_Jo(\/d:all)az(ég?;i;;)l)
L Gp
1?4
i (\/_all)cosw——(l v)( (\/_all)cosa)}
Jl(«/aall)cos35+Jl(\/aki/l!)COS5—Jo(x/d_a/I)om
Gp
M. Jl(JEa/I)cOssmjl(ﬁélli)cow (J’a/l)m
A = - O
Jo(\/aall)cosw—;(l—vp)(Jl(\/aa/I)cosd)}x
Jl(ﬁwl)cossa+Jl(ﬁli/|!)C055 (\/_all)a . ‘Z‘Qa;'/)l)
L Gp
ol {-
(«/_all)cosw——(l v)( (\/_all)cosé)}
Jl(«/aall)Cos35+Jl(\/ali/|!)COS5 (J'all)om
Gp

(3.167)

Therefore, the corresponding slope and internal actions are similarly evaluated using Eq. (3.87 a-

d).
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Chapter Four: NUMERICAL ANALYSIS

4.1 Introduction

In this chapter, numerical studies and evaluations of circular plates are made for Winkler and
Pasternak-type subgrade models derived using Worku’s generalized approach. The results
obtained are compared with FEM (PLAXIS 2D) model outputs as applied to circular plates of
large and small radii subjected to the loading conditions treated in the previous chapter. The
procedures and formats of this chapter are similar to those of Degu (2008) established for analysis

of beams.

The solutions for different loadings supported by Pasternak’s foundation are expressed in terms of
the coefficients of the elastic spring stiffness, Kp, and stiffness of the shear layer, Gp. As these
coefficients are dependent on the plate and soil parameters, various solutions of the deflection with
the loading types are obtained. Hence the case to be considered for practical applications should

be selected.

4.2 ldentification of the Different Solution Cases for the Two-Parameter
Subgrade Model

Among the different solution cases that ascended in the previous chapter under the circular plates
on a two parameter subgrade, the case which represents most or all real cases should be chosen.
This observation can be made by plotting the parameter, T, against another selected parameter
combining all factors influencing T for selected values of thickness of the stratum, H. T is a
function of Gy, Ep, h, vp, G and H. The following dimensionless stiffness factor or relative rigidity

of the soil-plate system as suggested by Rajapakse and Selvadurai (1991) can be used to see the

2)
E,*| 2
K, =—— 2 4.1)

' G

effect of these parameters.

Where a is the radius of the plate.
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This relation is introduced because it is best to observe the effect of the above listed factors on
the parameter T for various relative values of stratum thickness, rather than the characteristic of

the plate-soil system.

Then combining Eq. (4.1) with the relationship for T in Eq. (3.79), one obtains

T — p (42)
4K D

r

The soil and plate properties taken to identify the case, and for illustration purpose of all the

examples are as shown in the following table. (Table 4.1)

Table 4.1 Soil and Plate Properties (Bowles, 1997; Das, 2007 and EBCS-2, 1995).

Soil parameters Plate Property
Es(KN/m?) Hs Plate type RC
Soft Clay 15,000 0.4 Ep (Gpa) 25
Medium Stiff 30,000 0.3 Vp 0.2
Clay
Stiff Clay 80,000 0.25 hp(m) 0.15
Loose sand 20,000 0.3 ¢ (m) 20
Medium Dense 40,000 0.25
Sand
Dense Sand 81,000 0.2

Taking these values the effect of relative rigidity on T can be observed with the help of an excel
sheet. And the plot of T against K, for various relative values of stratum thickness with respect to

the radius of the plate are shown in Figure 4.1.
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Figure 4.1 Effects of Krand Hon T

From the above plot of T against K, for four relative stratum thicknesses on different soil types, it
can be concluded that it is suitable to consider case three .i.e. T >1 for almost all practical
purposes. For the reason that, the occurrence of T less than the limiting value 0.8 is pronounced in
a very soft soils which are unfit to bear the load of any foundation. And also the likelihood of the
other two cases to take place is less as compared to the case three. Hence, the solutions developed

for this case are used for the illustration of Pasternak’s model.

4.3 Determination of the Calibration Factor for Winkler-Type and
Pasternak-Type Subgrade Models

It is stated previously that Winkler and Pasternak type of models of Worku are sensitive to the
stratum thickness, H as do all other simplified continuum models. Hence, it is vital to calibrate
them with respect to this parameter in order to avoid their dependence on the soil thickness with
the aid of FE-based (PLAXIS 2D) software.

In order to calibrate these two models the first thing to do is to obtain the optimum mesh size of
the PLAXIS so that a sufficiently accurate result is achieved. This is attained by plotting the
average mesh size against the maximum deflection and taking the average mesh size which gives
approximately a constant deflection as shown in Figure 4.2. And Figure 4.3 shows PLAXIS plot

of the mesh with fine global coarseness of the grid for the chosen geometry, with two clusters.
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deflection(mm)
w

v

0 0.2 0.4 0.6 0.8 1 1.2
1/avg ele.size(1/m)

Figure 4.2 Effect of mesh size on deflection

Figure 4.3 Plot of the mesh with significant nodes
It can be seen that the average element size which results in a more or less constant deflection is

about 1.25m.
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The next step will be calibrating the Winkler and Pasternak type models considering the loading
conditions used to analyze the plate in the previous chapter. For the illustration purpose, typical
graphs are presented for large and small circular plates separately when subjected to concentrated
central and edge loads, and uniformly distributed loadings. To undertake the calibration, a selected

soil type is taken for various relative thickness of stratum, y =H /¢, where ¢ is the diameter of
the circular plate. Note that in the above expression ¢ is taken instead of B since the reference

parameter for circular plates is its diameter.

Then the maximum deflection is plotted against y and the value of y that gives a deflection in
agreement with the PLAXIS output is identified for both models. Note that these values are
selected corresponding to the intersection point of the asymptotic line drawn to the PLAXIS plot
and the graphs of the models to be calibrated. This is illustrated in Figure 4.3 and 4.4 for a large
circular plate on a typical soil under a central concentrated and distributed loadings, and for a small

circular plate, under a concentrated central and edge loading cases, respectively.

14
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Wmax(mm)
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Figure 4.4 Determination of ¢ using (a) central concentrated load and (b) uniformly distributed

load for large circular plates.
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Figure 4.5 Determination of y using (a) central concentrated load and (b) concentrated edge load

for small circular plates.

And this whole process is repeated for numerous values of relative rigidity desired to cover any
possible practical range for the four loading conditions stated. Finally, the best fitting trend is
established (for both models) between y and the characteristic size of the circular plate — soil
system, &, on different soil types for the ranges of values observed from the above graphs. These

plots are presented in Figures 4.6 to 4.13.
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4.3.1 Best Curve fittings for y Determination

4.3.1.1 Winkler’s Model

8 8
; Soft clay ; Medium stiff clay
6 6
[ ) [ ]
5 —.—.—.—.—.—.—.—.—.—. 5 _._._._._._._.— o o e
x4 =4
3 X= -0.1646y + 5.0877 3 x =-0.0786y + 5.0453
® Winkler's Model @® Winkler's Model
2 2
1 Linear (Winkler's 1 Linear (Winkler's
Model) Model)
0 0
4.21E-01 4.24E-01 4.27E-01 4.29E-01 4.32E-01 4.64E-01 4.66E-01 4.69E-01 4.72E-01 4.75E-01
;\F(KS/D)A% 7\F(KS/D)’“4
8 . 8
Stiff clay Loose sand
7 7
6 6
] °
=4 =4
x =-0.0853y + 5.0435 x =-0.1987y + 5.1016 _ ‘
3 ® Winkler's Model 3 ® Winkler's Model
2 2
1 Linear (Winkler's 1 Linear (Winkler's
Model) Model)
0 0
5.89E-01 5.93E-01 5.96E-01 6.00E-01 6.04E-01 4.18E-01 4.21E-01 4.24E-01 4.26E-01  4.29E-01
A=(Ks/D) A=(Ks/D) %
8
8 0
; Medium dense sand 7 Dense sand
6 6 S
© o o o o o o 520 e
> [}
=4 X =-0.0676y + 5.0355
3 X= -0.0654y +5.0342 ® Winkler's Model 3 ® Winkler's Model
2 2
Linear (Winkler's 1 Linear (Winkler's
1 Model) Model)
0 0
495601  4.98E-01 502601  5.056-01  5.08E-01 6.16E-01 6.20E-01 6.24E-01 6.28F-01  6.32E-01
A=(Ks/D) % A=(Ks/D) %4

Figure 4.6 Calibration of Winkler’s model for a central concentrated loading on large circular
plates for weak to strong soils.
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8 8
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Figure 4.7 Calibration of Winkler’s model for uniformly distributed loading on large circular plates

for weak to strong soils.
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8 8
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Figure 4.8 Calibration of Winkler’s model for a central concentrated loading on small circular
plates for weak to strong soils.
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Figure 4.9 Calibration of Winkler’s model for a concentrated edge loading on small circular

plates for weak to strong soils.

104

——
| —



4.3.1.2 Pasternak’s Model
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Figure 4.10 Calibration of Pasternak’s model for a central concentrated loading on large circular

plates for weak to strong soils.
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Figure 4.11 Calibration of Pasternak’s model for uniformly distributed loading on large circular

plates for weak to strong soils.
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From the above curves of y versus the characteristic size of the circular plate-soil system (%), it

can be seen clearly that:

= Almost all points lie on a horizontal band and the plots of both models show consistent
trend irrespective of the loading type.

= Pasternak’s model exhibits much lower values of y compared to Winkler’s model.

= From the slopes we can conclude that both models are less sensitive to the variation of the

characteristic size of the circular plate-soil system % .

The recommended values of y for large and small circular plates subjected to different loading

conditions on weak to strong soils are summarized in Table, 4.2 and 4.3.

Table 4.2 Recommended values of y for large circular plates

Recommended values of y for large circular plates on different soil types for the
respective loading conditions
Central Concentrated Load Uniformly Distributed Load
Soil Type
Winkler’s Pasternak’s Winkler’s Pasternak’s
Model (yw) Model (yp) Model (yw) Model (yp)
Soft Clay 5.03 0.69 577 1.22
Medium Stiff Clay 5.01 0.64 5.72 1.16
Stiff Clay 4.99 0.61 5.7 1.14
Loose Sand 5.02 0.67 5.75 1.19
Medium Dense
Sand 5 0.63 571 1.15
Dense Sand 4.99 0.61 5.7 1.14
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Table 4.3 Recommended values of y for small circular plates

Recommended values of y for small circular plates on different soil types for the
respective loading conditions
Central Concentrated Load Concentrated Edge Load
Soil Type Winkler’s Pasternak’s Winkler’s Pasternak’s
Model (yw) Model (yp) Model (yw) Model (yp)
Soft Clay 6.02 2.38 6.48 2.37
Medium Stiff Clay 5.99 2.36 6.42 2.26
Stiff Clay 5.97 2.34 6.38 2.23
Loose Sand 6 2.36 6.45 2.35
Medium Dense
Sand 5.98 2.35 6.4 2.25
Dense Sand 5.97 2.34 6.38 223

As the Figures 4.3 and 4.4 show, the models suggested by Worku are sensitive to thickness of the

stratum. Hence, for an actual stratum withH > y¢, it is recommended to take the calibration

factors given in Table 4.2 and 4.3. However, the actual depth can be taken as it is for smaller

thicknesses.

4.4 Calibration of Model Parameters

As stated above, the calibrating parameter takes the form
H=y¢ (4.3)

Where H is the thickness of the stratum, ¢ is the diameter of the circular plate and y is established

from the calibration of both models as recommended in Table, 4.2 and 4.3.
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a) Winkler’s subgrade model

With the insertion of Eq. (4.3) into the Winkler —type continuum model of Worku, Eq. (2.43) and

with the recommended y values for this model, we have;

ES
“Eom o

b) Pasternak’s subgrade model

With the insertion of Eq. (4.3) into the Kerr equivalent Pasternak—type continuum model of
Worku, Eg. (2.57) and with the recommended y values for this model, one obtains

_ (0.4v+0.67)E,
X9

k

p

. G, = (1.36v+2.28)G 7,4 (4.5)

4.5 lllustrative Examples

In this section, Winkler and Pasternak type models will be compared with the FE-based PLAXIS
2D results for selected loading conditions and for circular plates of large and small radii. The plate
is classified by adopting the classification of beams proposed by Hetenyi (1946) with some

adjustments.

i.  Small circular plates: Z¢ <z /4 , X is the characteristics size of the circular plate
ii.  Intermediate circular plates: 7 /4 <A¢ <7

iii.  Large circular plates: ¢ > 7

Circular plates which satisfy the requirements of class 11 can be classified as small plates according

to Selvadurai (1979). Hence, in this work, small circular plates are treated under this class.

4.5.1 Large Plates

The numerical examples for large plates are carried out for different types of soils subjected to
loads concentrated at center and uniformly distributed. The soil is represented by the models
presented above and by PLAXIS 2D. The comparisons are conducted graphically in terms of

deflection, moment and shear. These plots are presented in Figure 4.15 to 4.26 for the soil
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parameters presented in Table 4.1, plate properties shown in Table 4.4 and the recommended y
values in Table 4.2. In advance to these plots, modeling of the circular plate in PLAXIS 2D with
the calculation cases given Table 4.4 is presented in Table 4.5 with a typical input and output
formats. And also outputs of the deformed mesh and the effective mean stresses are presented in

Figure 4.14 for a typical loading.

Table 4.4 Calculation cases for large plates

Soil
Thickness
Plate Dimensions and Properties H) Loading
Modulus of elasticity, E, | 25(GPa) Vertical concentrated, p 100(KN)
Poisson's ratio, vp 0.2 120(m) | Uniformly distributed, g | 40 (KN/m?)
Thickness, hp 0.15 (m) Radius of loaded region, a 5(m)
Plate diameter, ¢ 20(m)

The plate rests on a very thick soil deposit and large thickness of this soil is used in the PLAXIS
2D software for such larger plates, so as to compare the two models together with the PLAXIS
itself. And as it could be observed from Figure 4.4 (a) and (b), Winkler type model gives a
deflection in agreement with the PLAXIS for greater  values, i.e., at larger thickness of the soil.
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Table 4.5 Modelling of a circular plate in PLAXIS 2D

PLAXIS MODELLING FOR ANALYIS OF CIRCULAR PLATE PROBLEMS

INPUTS

Model Dimensions
(Xmin, Ymin) (0,0) (Xmax, Ymax) (60,120)

Soil and Plate Data Sets Parameter

Soil Data Sets Parameter Plate Data Sets Parameter
Element 15-nodded Material model Axisymmetric

Material model Linear elastic Material type Elastic
Es (KN/m?) 80000.00 EA (KN/m) 3.75E6
s 0.2 El (KNm2/m) 7031.00

H (m) 120 Vp 0.2

r(m) 10

Plate Loading
Load system Point load A Vertical force (KN/m) 100
Load system Distributed loads A~ Vertical force (KNm?/m) 40

OUTPUTS (at certain radii)

For Central Concentrated Load

r (m) 0 2 4 6 8 10
Deflection (mm),uy ~ -5.591 -1.755 = -1.109 -0.918 -0.775 -0.641
Moment (KNm/m),  75.064  -5.453  -0.354 -0.094 0.015 0.055

M
Shear (KN/m), Q  1389.252 -1.565  -0.455 -0.0445 -0.0425  0.216
For Uniformly Distributed Load

r (m) 0 2 4 6 8 10
Deflection (mm), uy -4.8 -4.7 -4.0 -2.6 -1.9 -1.7
Moment (KNm/m), -0.742 -0.912  -2.254 1.326 0.345 0

M
Shear (KN/m), Q 0.002 -0.31 -0.833 -0.453 -0.21 -0.134
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Figure 4.14 Overview of the deformed mesh and contour line representation of the effective
mean stresses

45.1.1 Central Concentrated Load

Since the problem is axisymmetric, for all loading conditions, only the right half section of the

loaded plate is considered to present the deflection and internal actions.
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Figure 4.17 Response of a large circular plate on stiff clay subjected to central concentrated load
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Figure 4.18 Response of a large circular plate on loose sand subjected to central concentrated load
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Figure 4.20 Response of a large circular plate on dense sand subjected to central concentrated load




4.5.1.2 Uniformly Distributed Load
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Figure 4.23 Response of a large circular plate on stiff clay subjected to uniformly distributed load
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As the figures 4.15 to 4.26 show, usage of the recommended calibration factors for the respective
loading conditions gave similar maximum deflections for both models with that of the FE method
of solution. Although in the case of relatively weak soils for a central concentrated load, both
Winkler’s and Pasternak’s models underestimated the maximum deflection slightly by an amount

of 4% and 1.7% respectively.

And there is a different condition in the case of medium dense and dense soil types where there is
small deviation in the magnitudes of deflection between Winkler’s model and PLAXIS results.
These discrepancies are pronounced when moving from center to some ranges of radiuses. This
may be attributed to the calibration factor which is obtained based on only the maximum

deflection.

Noteworthy is also to observe that variations in the magnitudes of deflection in Winkler’s model
around the edges decrease as the stiffness of the soil increases as compared with the
Pasternak’s model and the PLAXIS itself.

In all cases of the internal actions, Pasternak’s model shows a close convergence to the FE based
analysis than Winkler’s model. This can be noticed in the case of weaker soils where the bending
moments show a little discrepancy for a small range of radius in Winkler’s model. However, in all
the cases, the shear force diagrams of both models are in good agreement with the finite element

result.

For uniformly distributed type of loading, the deviations in the maximum deflection for Winkler’s
model may amount up to 5% while it is insignificant for Pasternak’s model in the case of weak
soils. Unlike the central concentrated load the deviations encountered in the deflection under the

loaded region for both models becomes negligible as the soil stiffness increases.

As far as the bending moments are considered, there is a very little divergence with the FE results
whereas the shear values are practically equal with the FE for Winkler’s model. The bending
moment and shear force diagrams of Pasternak’s model for this type of loading are not included
due to the difficulty of deriving the mathematical solutions. However, one can expect even a much

better agreement.
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The reason why the deflection is not approaching zero around the edges like all large plates is that,
a large thickness of the soil is considered as compared to the plate radius to be classified as large.

This discussion holds true for the case of central concentrated loading too.

In summary, it is apparent from all the plots, Winkler's model exhibits underestimation of the
deflection with increasing distance from the center. This is the result of the missing shear
interaction in the soil. And this variations can result to an unsafe design. However Pasternak’s
model fares excellently giving results almost identical to those of PLAXIS 2D as the stiffness of
the soil increases.

4.5.2 Small Plates

Plots of deflection, moment and shear force for small plates subjected to a concentrated load at
center and at edge are presented in this section for different types of soils. The comparisons are
made for Pasternak -type model, Winkler -type model and PLAXIS 2D. These plots are presented
in Figure 4.27 to 4.38. The soil parameters and the recommended y values presented in Table 4.1
and 4.3 are used respectively. Though the radius of the plate and loaded region is different and it
is given in Table 4.6.

Table 4.6 Calculation cases for small plates

Soil
Thickness
Plate Dimensions and Properties H) Loading
Modulous of elasticity, Ep, | (25) GPa Vertical concentrated, po | 100 (KN)
Poisson's ratio, vp 0.2
21(m)

Thickness, hp 0.15 (m) Edge load, do 100 (KN/m)
Plate diameter, ¢ 3(m)

Unlike the large plate problem, a smaller thickness of the soil is used in the PLAXIS 2D software.

This is because of the smaller diameter of the plate.
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4.5.2.1 Central Concentrated Load
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Figure 4.27 Response of a small circular plate on soft clay subjected to central concentrated load
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Figure 4.28 Response of a small circular plate on medium stiff clay subjected to central

concentrated load
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Figure 4.29 Response of a small circular plate on stiff clay subjected to central concentrated load
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Figure 4.30 Response of a small circular plate on loose sand subjected to central concentrated load
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Figure 4.31 Response of a small circular plate on medium dense sand subjected to central

concentrated load
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As far as the maximum deflection is concerned, excellent agreements of both models with the
PLAXIS 2D are observed. For the case of weak soils, however, the maximum deflections are once
again underestimated in both models for the concentrated central loading. And the divergence for
this soil type may aggregate to 4.4% and 2.5% for Winkler’s and Pasternak’s model respectively
as compared to the PLAXIS result. In addition, a similar trend in the variation of the deflections is

observed for both models as the case of large plates.

Considering the maximum bending moments of both models, the differences are almost negligible
than those of the maximum deflections. And the shear forces are practically the same for both
models and the FE outputs.

For the case of concentrated edge loading, unlike the previous loading conditions, the maximum
deflection for weaker soils is slightly overestimated by both models. The deviation for Winkler’s

model is up to 2.4% whereas for Pasternak’s model is nearly 1.2%.

Regarding the internal actions, the deviations are almost negligible for the bending moments and

the shear force values are in good agreement with the FE results for both models.
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Chapter Five: CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

Application of the generalized continuum foundation models developed by Worku in the analysis

of large and small circular plates has been studied and presented in this research. The results

obtained after calibration are compared with FE-based PLAXIS 2D results. From the foregoing

analyses, the following conclusions may be drawn:

X/
L X4

X/
L X4

Among the different solution cases that ascended in the derivation of a closed form
solution on a two parameter subgrade model, case Il (.i.e.T >1) is of practical
significance for almost all problems.

In almost all cases, Pasternak’s model gives consistently close results with the
PLAXIS 2D outputs than Winkler’s model. Nevertheless, in the case of weaker
soils, the deflections computed by Pasternak’s model shows close convergence
with that of Winkler’s model. And the maximum deflections are underestimated
by both models.

For both large and small plates, the discrepancies in deflection pronounced in
Winkler’s model are increased with distance from the center. These differences are
attributed to the end conditions and the assumption made in developing the model.
Furthermore, to the calibration factor, which is obtained based on only the
maximum deflection.

Considering the internal actions of both large and small plates, the divergences in
the moment are small for both models. And the shear forces are practically equal
with the FE outputs. This implies that shear force is little affected by the model
used.

Treating a small plate with a different loading condition (i.e. concentrated edge
load) using the respective calibration factor, has shown similar trend of the results
with the large plates subjected to the other loading conditions.

Because of the excellent results obtained when Pasternak’s subgrade model is used,

the incorporation of this model into FE based structural software is encouraged.
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This will eliminate the complications in developing the analytical solutions for
different loading types.

¢ The calibrated value of the stratum thickness for Winkler’s model has shown that
the depth of influence for circular plates is large unlike the usually assumed one in

2D problems such as beams.

Finally, it should be noted that Winkler's model may not provide as reliable estimates of the
response of the foundation-soil system as Pasternak’s model. This is a result of the missing shear

interaction in the soil attributed to the use of a single parameter (i.e. soil spring constant).

The calibrated Pasternak model better represents the real physical problem than the calibrated
Winkler model because it directly accounts for shear interaction from the outset. And this study
shows that the New Kerr-Equivalent Pasternak model is attractive and more appropriate for the

analysis of circular plates.
5.2 Recommendations

Since this study is limited to the analysis of thin solid circular plates modeled as an axisymmetric
problem (i.e. with rotationally symmetric loads and edge conditions resting on a homogeneous

stratigraphy), the following can be suggested for future works.

%+ This work can be used as a good basis to analyze axisymmetric circular plates on a three
parameter subgrade model.

¢+ Analysis of circular plates on elastic foundation could be better extended to other types of
boundary conditions and loads to see the different effects in the soil structure interaction.

+ Different cases of studies can be made by treating the plate as thick, annular, resting on
non-homogeneous soil and extending the problem to a three-dimensional one.

%+ Moreover, conducting numerical illustrations for the loading condition (i.e. concentrated
edge moment) using the solutions developed in this study is recommended since it has not

been covered.
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Appendix A

Gamma Functions and Properties of Bessel Functions

I.  Gamma Functions (Helpful relations)

[(P+1)=pI(p) (A-1)
I'(n+1)=n! (A-2)
C(n+p+1)=(n+p)! (A-3)
C'(n+1) =—7/+}+1+1+...+1 (A-4)
r(n+1) 1 2 3 n

y:!im(l+%+%+...%—log nj:0.5772157 (A-5)

Il. General Bessel functions

Consider the differential Bessel equation
Xy +xy'+(x* —p®)y =0
The Complete solution for x = r is given by
w=al, (r)+bN,(r)
a) Bessel functions of first kind in terms of infinite series

‘SN (n+p+1) (A-6)
()
J_"(r)znz_:;nll“(n—erl) (A7)
Special case
) )
()= ———~— (A-8)
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In particular,

r2 I,4 r.6
J =1-— - A-
O(r) 22+24(2|)2 26(3|)2 + ( 9)
b) Bessel functions of second kind in terms of infinite series
J -J
N, (r)=Y,(r)=-2 (r)cc:rgy(sz))) (") , for p not an integer (A-10)
J -J
N, (r)= LILT(]) i (r)CZTrY(T:z)) (") , p is an integer (A-11)
Special case
1103,(r) a3_(r)
N - P — p A-12
In particular,

No(r)zg ['09(éj+7}]o(r)+ T —H(l+%j+%(1+%+%)._ (A-13)

c) Bessel functions of third kind in terms of infinite series

H,Y(r)=3,(r)+iN_(r) (A-14)
H,”(r)=3,(r)=iN,(r) (A-15)
Asymptotic values
i|r-Z_P7
H,® = ie( ) (A-16)
r
il rE_P7
H,® = 2, ) (A-17)
zr
I1l.  Modified Bessel functions

Consider the differential Bessel equation

Xy "+xy'=(X* +p*)y=0
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The Complete solution for x = ris given by
w=cl (r)+dK_(r)
a) Modified Bessel functions of first kind in terms of infinite series
[ J2n+p
1, (r)=i *J, 3
D( Z n+ p)

Special case

| =

2n
:Z n|2

n=0

b) Modified Bessel functions of second kind in terms of infinite series
T . os . . .
Kp(r):Elp 1[Jp(lr)+|Np(|r)}
IV.  Ber and Bei functions

sl GGG

n=0 ! 2121 4141 6l6!

oG GG G

~ [(2n+1)!]2 111 3131 5151

Asymptotic values of ber and bei

= For high values of the argument

3, () 3, (V) _ o (£1)

ber(r) = = cos| ———=

bei(r);J"(\/_)_ (r ') e“”; (\/f_ Zj

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)




V. Ker and Kei functions

ker (Ar) = k°(mﬁ)+2k°(w__i> (A-25)
kei (Ar) = (Kr«/_) . (Kr«/_) (A-26)

Where

ko(r\/i_)=[ber(r)+ibei(r)]{log%ﬂ/ﬁ%}ri (;j (;j (1+ 1)

A-27
313! 2 3 ( )
2 4
2 5
- - r | .\ 2 2 1
ko(rJ—_l):—[ber(r)—lbel(r)][logiﬂx—lZ}—lm— Sio1 (HE)
6
)
+i 2 (1+1 lj+ (A-28)
313! 2 3
Asymptotic values for ker and kei
= For high values of the argument
ker (Ar) = T gl j (A-29)
2Rr
kei (Ar)=— 7 e 7lr’fsm( j (A-30)
2Rr
VI.  Recurrence relations
(rJZH
r):i(_l)n 2 IOg(Lj—F(nJrl) (A-31)
- niT"(n+1) 2) I'(n+1)
r 2n
A3, (r) &, . (2) ry I'(n+1)
=> (-1 —log| = A-32
op nzz(;( )n!F(n+1) Og(2j+r(n+l) ( )
( ]
l 150 J




Y, (ar)-

{—aYl(ar),(y—J,N,k,H(l), H(Z))}

aY,(ar),(y=1)

J, (rt
_[JO (rt)dr = 1(tr ) n-even

d p
EJP(rt)=th71(rt)—?Jp(rt)
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Appendix B

General Solution of Plates on Winkler’s Subgrade Model

The governing homogeneous differential equation for the deflection of a circular plate is given by

2 2
d—2+li d V\ZI" +1dw° +kWW° =0 (B-1)
dr° rdr){ dr r dr D

fk
Letting & = 4 BW , this equation reduces to

APw +Ew =0 (B-2)

Putting Ar = Yar, Eqg. (B-2) can be transformed into the following to have the form of modified
Bessel equation.

AW, —w, =0 (B-3)

Note: By property of linear operators Lw, = L, L,w, and if LL,w, =L, w,, the two operators L1

and L, are commutative (Boas, 1966).

AW, —w, =0
=(A*-Dw, =0
=(A, -D(A, +D)w, =0

Let (A, —1)=L, and (A, +1)=L,andany L =L,L,w, =0 can be taken as the resolved component.

So, Eq. (3) can in turn be resolved as
L (A =DAW,+w)=00r A (AW, +W,)—(Aw,+W,)=0
i. (A +D(A,w,—w,))=00r A (AwW,-W)+(Aw,—-w)=0
The solution for Eq. (B-2) is the sum of; A, w, +w, =0andA,w, —w, =0.

Hence the solution for A w, +w, =0 is given by the solution of Bessel equation:

d®w, 1dw,
+ +w, =0

AW, +W, = —
O dr® rodr °
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Multiplying this equation by r? we get,

r2w, "+ rw, '+ r’w, =0 (B-4)
This equation has the form of Bessel function; x*y"+xy'+(x* — p?)y =0

Such type of DE is solved by assuming a series of the form according to Boas (1966) and
Hildebrand (1962):

y=w, = > ax"*, Method of Frobenius
n=0

We have,
y=w, =a,X""+a,x""? +..= ianxn+s (B-5a)
n=0
W, =sa,r’+(s+1)ar°+(s+2)a, :i n+s)a,x"** (B-5b)
=s(s—1)a,r'?+(s+1)ar ' +(s+2)(s+1)a, i n+s)(n+s—-1)a,r"?* (B-5c)
n=0

Substituting Eq. (B-5a-c) into Eq. (B-4) and tabulating the coefficients of powers of ‘r’ for the

Legendre equation,

re rs r*2 rne
r’w" s(s-1)a, s(s+1)a, | (s+2)(s+1)a,.... (n+s)(n+s-1)a,
' sa, (s+l)a, | (s+2)a, ..... (n+s)a,
r2w - S a, ,

The total coefficient of each power of r must be zero. From the coefficient of r® we get

(s —s+s)a, =0, since a, #0 by hypothesis, s> =0. Hence, s=0=p.

For s = 0, coefficient of r**!in the table gives, a, =0.
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We can use the general formula given by the last column because the first two columns in the table

do not contain the as-2 term.
(n+s)(n+s-1)a,+(n+s)a,+a, , =0
Fors=0, n(n—1)a, +na, =-a, ,, we find that
n

a
a,=——2forn>2
n

Sincea, =0, this gives all odd a’s equal to zero. For even a’s it is convenient to replace n by 2n;

a2n—2
a = —
" (2n)y
__aO :_i_ aO __&_ ao
S TP Py

=a,r’ 1—[£jz+1(£j4—i[£j6+ (B-6)
° 2) 4\2) 36\2)

Choose arbitrary value for a,.i.e.a =1,

Then w is called Bessel function for first kind and zero order, and written Jp(r) as previously
defined in Appendix A, eg. (A-6).

The general solution is expressed as
w, (r)=2°"T(1+p)J, (r) (B-7)
Though for p =0, using (B-7) from Appendix A,

W, (r)=J,(r) (B-8)
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In order to find the second linearly independent solution of Bessel’s equation, we use Neumann’s
function (Weber’s function) defined in Appendix A, Eq. (A-10).

But for our case since p is an integer, J(r) and J_, (r)are linearly independent (Van Cauwelaert,

2003). So, the second solution is as defined previously in Appendix A, Eq. (A-11).

Applying de L’Hospital rule

o, (r) _ ad_, (r)
*~~cos(zp)-J,(r)zsin(zp)-—2"
0P op _
No (r) wcos(zp) (B-9)

Then we can use Eg. (A-12) from Appendix A.

Computing the derivatives of J | (r) andJ_, (r) , from Recursion relation, Appendix A, the second

solution can be rewritten in the following form since J., is the same as Jp for p = 0. (Hildebrand,

1962).
)
No(r):g (Iog(%jﬂ/}] (r)+g( 1) p(n) 2 (B-10)
Where; o ):%%:1+_+ +%,(n21)
Thus,

No(r)zg (Iog(%jﬂf)lo(rﬁ T %(H%}L YET (1+%+%)... (B-11)

Where y is as defined in Appendix A, Eq. (A-5).
Therefore, the complete solution of A, w, +w, =01is

w, =aJ, (r)+bN,(r) (B-12)

0
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d’w, 1dw,
> -w, =0,
dr r dr

Similarly, the solution forA,w, —w, =0 =

is derived multiplying by r?;

2
2 4 "W, +r aw, _ r’w, =0 (B-13)

r
dr? dr

Eq. (B-13) differs from Bessel’s equation only in the sign of r? in the coefficient of w, is thus
transformed into modified form of Bessel’s equation by substituting ir =t to the equation
(Hildebrand, 1962).

d’w, . dw,

t2 5 >+t 5 o +t2W0 =0, Bessel’s equation form (B-14)
r r

Hence, the general solution is of the form w, =Z | (t) or in terms of the original variable r,

w, =Z(ir)

0

w, =cJ, (ir)+dN (ir) (B-15)

(o]

As previously done, p = 0 (i.e. both the first and second kind Bessel functions are zero order).

W, =cJ, (ir)+dN, (ir) (B-16)
Alternatively,
w, =cl_ (r)+dK (r) (B-17)

0o

Where, | (r) and K (r)are as defined in Appendix A, Eq. (A-18 and A-20)

Note: I and J are of similar terms but I | s are all positive.

For p=0,
w, =cl, (r)+dK,(r) (B-18)

0

Therefore, the complete solution will be the sum of Eq. (B-12) and (B-16) with original variable,
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w, =al, (ixr\/ﬁ)Jr bN, (ikr\/ﬁ) +cl, (ikr\/—_i) +dN, (ixr\/—_i) (B-19)
Where a, b, c and d are open constants.

By introducing the following functions, the solution can be expressed in real function of argument
g

) L))
J, ar—i -J, A+
) A
i[No(Xr\/ﬁ)—No(Xr\/—_iﬂ
z,(Rr)=1z,(%r)+ > (B-20a-d)
I/ +i Ary/-i
24(Kr):22(Kr)+N°( r\/ﬁ);No( rﬂ)
If the argument is denoted by r and applying Eq. (A-9) of Appendix A,
)G G
a(r)=1- 22!2 ’ f!z B (23!2 ’
)G G
2 2 2
2= 1 *5f e "

_a(n)_2 " _(r) _e@)(rY,e®)(r)" 21a
z,(r)= 5 ”[Rﬁlog 5 zl(r)}Rl_(zj 37 (2] R [2) (B-21a-d)
24(r):22—(r)+3[RZ+Iog7—rzl(r)},R2=@(£j4—@[£)8+@(£ju...

2 V4 2 21 (2 41 \ 2 61" \ 2
Then the general solution will be
W, = Az (Ar)+ Az, (Ar)+ Az, (Rr)+ Az, (Ar) (B-22)
{ 157 }



Where A; to A4 are open constants and, z, (&r), z,(Ar), z,(&r) and z,(Ar) are four independent

solutions of the governing equation for an argument Ar applying Eq. (A-21, A-22, A-25, A-26,
A-27 and A-28) from Appendix A.

Note:
z,(Ar)="ber(Zr)

z, (Ar) =—bei(ir)

i[No(Kr\/i_)— NO(Kr\/—_i)} 2

z,(Rr) =1z, (Ar)+ =——kei (Ar)
r 2 o u (B-23a-d)
N, (Ar/i )+ N, (Ar/—i
2, (Ar) =2, (Ar)+ (i) N ):-Eker(xr)
2 Vs
With these notations, the above general solution Eq. (B-22) can be expressed as:
w,, = aber (Zr)+bbei (Ar)+cker (#r)+ dkei (xr) (B-24)
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Appendix C

General Solution of Plates on Pasternak’s Subgrade Model

The governing homogeneous differential equation for the deflection of a circular plate is given by

2 2 G 2 k
d_2+li d \/\2/0 +l% __P d_W20+1% +_pW0 =0 (C_l)
dr° rdr dr r dr D| dr r dr D

This equation with the use of a differential operator, A, , can be expressed as
4 GP 2 p
AW, (1) =57 AW, (1) + 5w, (1) =0 (C-2)

In reference to Boas (1966), the differential operator can be split into a product of two operators

of second order as
(A2 —d)(A2~d,)w,(r)=0 (C-3)
According to Spiegel (1971), resolution of Eq. (C-3) by means of characteristic equation
[a,D"+aD""+..+a,,D" +a, |®=0,&=e™, m-constant
One can then obtain
a,m"+am"* +..+a, =0... Characteristic equation
Factoring this equation, as a,(m—m,)(m—m,)...(m—m_ ) =0 , we get the roots as mz, my.
Consequently, for a homogeneous linear DE of order 4, the characteristic equation writes:
m*+2m?+1=0

Following this, the roots of equation (C-2) will give the argument of the modified Bessel functions.

G k
d*—d? 4L =0 (C-4)
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Solving for this equation,

Let,
d?=n
k
n“——2n+-L=0
D

Thus, the roots are given as

G G YV 4k
dogs =% % T (_pj -—+ (C-5)

There are three possible cases of the general solution of equation (C-4) depending on whether

2 2 2
G,2<4k,D, G,2=4k D or G,? > 4k,D.

Previously on the Winkler’s subgrade model we have

Now let
kK _1
D I
Eqg. (C-1) becomes
2 2 G 2
d_2+li d V\zlo +1% __Pr d_W20+ldﬂ +£::O (C_G)
dr* rdr){ dr r dr D| dr r dr |

Then the three cases;
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Case |

H 2
. G, <4k D
G\ 4k, . .
The term E” —F" is a complex number, so Eq. (C-5) can be re-written as

s =iJ§[%i{%(%J D (c7)

Introducing the algebraic relationship from the algebra of complex numbers,

\/mzi{ %(r+y)+sign(z)im}

Eq. (C-7) will have the form,

d1,2,3,4 =% 2 i 2 (C-8)

Hence, the complementary solution is

W, (r)=Byu, (r/1)+B,v, (r/1)+B,f,(r/1)+B,g,(r/1) (C-9)
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Where

uo(rll)=ReJO(\/arll)=E[Jo(\/d_rll)+\]o(\/§rll)}
(F1)=Im 3, (dr /1) [(\/_rll) (\/Ernﬂ
fo(rll)zReHo(l)(\/arll)z—[Ho(l)(\/d_rll)JrHO(Z)(\/d:r/I)}
g, (r/1)=ImH,(Jdr /1) = [J”(«/Er/l)—HO(Z)(\/d:r/I)}

(C-10 a-d)

Bessel functions of first kind and third kind of zero order are selected because Jo(\/arll)&

Jo(x/grll)remain finite as r—0 and tend to infinity as r—oofrom the functions

e cos(r/I)ande" sin(r /1) which have a resemblance to behaviour ofu,andv, .

(1)(Jd_rll)&HO(Z)(\/Er/I)have a resemblance to the functions e cos(r/l)and
e "'sin(r /1) indicating that they tend to zero asr — oo, thus f, (r /1) and g, (r/1). f,(r/l) has

a singularity of the type (r/I)2 log(r/1) as r —>0andg, (r/l)tend to zero asr —oo.

Note: d and d are introduced constants for the root expressed as

gl _Co, [[Co) %
2| "D "\(D) D
- - :
gl G [[Co) 4k
2| "D D) D

And H Jand H ?) are conjugate complex functions of Hankel’s functions as defined previously

in Appendix A, Eq. (A-14, A-15, A-16 and A-17) for zero order.
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Case |l
i. G,2=4k,D
Substituting sz = 4k D in the homogeneous form of Eq. (C-6)
dy,z4 =1 (C-11)
Then the complementary solution is given by
w, (r)=A, 3, (r/1)+AHY (r 1)+ A (r/1)+AH (r /1) (C-12)
Case Il
i G,?>4k,D

. ) .
SinceG,” > 4k D, all the roots are real. Applying the algebra of complex numbers the roots are,

116G G Y 4k
d,,, =+ 5| =2+, =] ——2 C-13
1,2,3,4 2 D [ j D ( )

Hence, the complementary solution for the homogeneous equation is
w, ()= A, J, (Var 1)+ AZHO@(JEr/l)+A3JO(ﬁr/|)+A4HO<Z>(Jd:r/|) (C-14)

Note: d and d are as defined in case one.

An alternative way to find the roots of Eq. (C-2)
G k
Substituting E" byzl—l- and B" by Il“ we have

di—2l g2+t g (C-15)

|2 *
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Where T and | are simply symbols chosen to represent the ratio of shear modulous to the

characteristic size of the soil-plate system.
The explicit solution depends on the value of T.

Solving for this equation,

Let,
d’=n
n2—2—Tn+1:0

The roots of this quadratic equation are given by
n, = HT +r? —1]

Thus, the roots are given as

=+ T +4T2-1 (C-16)

d1,2,3,4

!
I
There are three possible cases of the general solution of equation (C-15) depending on whether
T>1T=1orT<1.

Then the three cases;

Case |
i. T<1

The term T2 -1 is a complex number, so Eq. (C-5) can be re-written as
=1

T+i(1-T7)

dl,2,3,4

L
|
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Introducing the algebraic relationship from the algebra of complex numbers

diosa = (\/1—”- ] (C-17)

Hence,
(C-18)
1+T . 1-T
d,=,—-I,|—
2 2
Case Il
i T=1

Substituting T =1in the homogeneous form of Eq. (C-6)

dipsqe =1 (C-19)
Case Il

i. T>1

SinceT >1, all the roots are real. Applying the algebra of complex numbers the roots are

(C-20)
And then
=T +T?%-1
Ay =T+ (C-21)
d, =T -T2-1

The solution, the deflection, for these representation of the three cases is the same as alternative

one. Note that this alternative is added for simplicity of the representation of the cases

165

——
| —




