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Abstract

This work is concerned with maximization and minimization problems of functionals associated
with solutions of elliptic differential equations depending on functions which belong to classes
of rearrangements. We prove existence and uniqueness results, and present some features of
optimal solutions.

We also discuss maximization and minimization of the energy integral associated with solutions
to partial differential equations with coefficients depending on a suitable source or well. Under

suitable geometrical conditions on the domain €2 we find the optimal configurations.
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Basic Notations

Q: is bounded smooth domain in RY

|E|: Lebesgue measure of measurable set £

e F,G: the classes of rearrangements

o C5°(Q): space of smooth functions with compact support in 2
e F,G: the closure of F,G respectively

e [ (Q): the space of non-negative p-integerable functions

o L(€2): the space of non-negative essentially bounded functions
e H'P(Q): a Sobolev space

o Hy"(Q): the closure of C5°(Q)

e Y p: Characteristic function of the measurable set F

e — : Weak convergence

e u*: Steiner symmetric rearrangements of function u

e u”: Schwarz symmetric rearrangements of function w

g #Z 0: g is not identically zero
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Chapter 1

Introduction

1.1 Motivation

We describe some problems that can be solved by using our optimization results.

e Heat diffusion. Let Q C R? be the region occupied by a body surrounded by a thermostat

regulated at a zero temperature, and let D be a region inside the body where heat is produced
at a constant density, say C'. The corresponding heat equation is the following

ou

P ot

u(z,0) = ug(x), wu(z,t)=0 on 92 x (0,T).

= KAu+ Cxp(x) in Qx(0,7),

where u represents the temperature at the point x € {2 and time ¢, p is a constant depending on
the thermal characteristics of material. K is the (constant) diffusion coefficient (depending on
the material under consideration), and xp(x) is the characteristic function of D. In a steady

state situation we have % = 0, so the problem becomes

—Au = %XD, u(z) =0 on 0.

C _ . . .
If % =1, the corresponding energy integral is

By changing the shape and location of D without changing the measure | D|, we shall investigate
the maximum and the minimum of I(D). This corresponds to the maximum or minimum

quantity of heat accumulated inside the plate.
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For some materials the diffusion coefficient K is not a constant: if it depends on the power of

the gradient |Vu[P~2, 1 < p, the corresponding equation (in the steady state situation) is
—Apu = XD,

where Apu =div(|Vu[P~?Vu), the p-Laplace operator. The density of the heat produced may

depend on some power of u. In this case the term yp must be replaced by xpu?™t, 1 < ¢ < p.

e Equilibrium of a membrane. Let Q C R? be the region occupied by a uniform elastic
membrane fixed at the boundary 92 and subject to a uniform load (say of density one) on a

region D C ). The corresponding equation is the following
—Au = xp(x), u(r)=0 on 0,

where u represents the deformation of the membrane at the point . The corresponding energy

integral is

By changing the shape and location of D without changing the measure | D|, we shall investigate
the maximum and the minimum of /(D). In other words, we investigate the location of the

loads through 2 so as to maximize or minimize the global deformation of the membrane.

e Vibration of a membrane. Let Q C R? be the region occupied by a uniform elastic
membrane fixed at the boundary 02 (as in the previous case). The vibration of the membrane

is described by the hyperbolic equation
0w
g(x)w =Aw, w(z,t)=0 on 002 x (0,T),
where g(z) > 0, w = w(x,t) represents the deformation of the membrane at the point z and
time ¢, and Aw is the spatial Laplacian. A classical method for solving this problem is the

following: we seek for a solution of the form w(x,t) = v(t)u(x). The equation becomes

g(x)i(t)u(r) = v(t)Au(z),

that can be written as
ot)  Au(z) )
o(t)  g(x)u(x) '

Therefore we must solve the two equation

—v=Av, —Au= \gu.

The solution of the first equation is easy, provided one knows the value of X\. This value must

be found from the second equation, that is
—Au=Agu in Q, u=0 on 0.

2
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This is a well understood eigenvalue problem. There is a sequence of positive values A\, (with
An — 00 as n — 00) such that for each A, the previous boundary value problem has a nontrivial

solution w,. The vibration of the membrane is described by the sum
u(z, t) = ay cos(VAt)uy (z) + ag cos(V Aot Juy(z) + as cos(VAst Jus(z) + - --

The values of the constants a,, depend on the initial conditions. The values of A,, depend on the
geometry of ) and on the function g. It is well known that the eigenfunction uy(x) is positive
in 0, whereas, all other eigenfunctions u, (x), n > 2, are sign changing. We concentrate on the
first eigenvalue A;. Assume

g(x) =1+ xp,

where D C Q. Then, A\; depends on the shape and location of D (we suppose {2 fixed). We
investigate the maximum and the minimum of A\;(D) when D C 2 varies with the condition

that | D] is fixed. Clearly )\ is related with frequency of the vibration of the membrane.

e Chemical equilibrium. Let Q C R3 For 1 < g < pand 1 < a < g we consider the

reaction-diffusion equation

0
a—? = Aju+ Ayu+ g(z)u®t, z e,

where u represents a concentration of some chemical substance at the point x and time ¢,

a—1

Apu+ Agu represents the spatial diffusion, whereas g(x)u is related to a source or a loss of

the chemical substance. In the steady state situation we find the elliptic problem
—Ayu—Agu=g(x)u*" in Q u(z)=0 on 9N

Note that the same equation describes other phenomena in bio-physics [20], plasma-physics
[44], and models of elementary particles [3]. We investigate the maximum and the minimum
of the energy integral associated with the solution u to this problem as g varies in a class of

rearrangements.

1.2 Background

A basic tool in this work is the notion of rearrangement of a measurable function. If f and g
are real functions defined in bounded domains  C RY and D C RM respectively, we say that

f and g are rearrangements of each other if and only if |Q2|=|D| and

{zeQ: fz) > B} =|{ye D:gly) > B} VBeR.
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As usual, if F is a measurable set in RY we denote by |E| its N-Lebesgue measure. Similarly,
if F'is a measurable set in RM we denote by |F| its M-Lebesgue measure.

We shall use functions that are non-negative. Given fy(z) > 0, we denote by F the family
of all functions f(x) which are rearrangements of fy(z). It is well known that all functions
f € F have the same distribution function pf(¢). As a consequence, recalling the definition of
Lebesgue integral, all functions f € F have the same integral. For this reason, the notion of
rearrangement of functions is old as that of the notion of Lebesgue integral.

In applications, this notion is used in many contexts. For example, assume one wants to orga-
nize the location of some objects over a wood table. Changing the position of these objects,
the total load remains unchanged. However, the inflection of the table depends not only from
the total load of the objects but also from their distribution.

Another interesting example is the following. Assume one has a fixed quantity of food to be
distributed in a large park to feed wild animals. A different distribution of the food may give
different results concerning the benefit of the animals. A similar example concerns the distri-
bution of a fixed quantity of pesticide in order to battle against damaging animals.

For the mathematical theory on rearrangements we refer to the papers by Burton [4] [5], the
paper by Burton-McLeod [6], the paper by Alvino-Lions-Trombetti [2] and references therein.
For problems concerning optimization of the energy integral related to the Laplacian we refer
to [4, 5] (Maximization), and to [6] (Minimization).

For problems concerning optimization of the principal eigenvalue related to the Laplacian we
refer to [11] and [13].

For problems concerning optimization of the principal eigenvalue related to the p-Laplacian we
refer to [17] and [10].

The theory of the (p,q)-Laplacian is relatively recent. For a survey we refer to [34] and ref-
erences therein. As far as we know, there are no papers concerning optimization in classes of
rearrangements for (p, ¢)-Laplace problems except [29]. Optimization problems for the princi-
pal eigenvalue related to rigid obstacles are discussed in the paper [23]. Optimization problems

for the energy integral related to rigid obstacles are discussed in [30].

1.3 Plan of the work

In Chapter 3, we shall investigate two problems. Let Q C R be a bounded smooth domain and
let go(x) be a non-negative bounded function defined in 2. We assume go(x) > 0 in a subset
of positive measure. We denote by G = G(go) the corresponding class of rearrangements.

Moreover, we denote by G the closure of G in the weak* topology of L>((2).
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First, we consider the boundary value problem
—Aju=gu’', u>0 in Q wu=0 on 99, (1.1)

where l <g¢<p, ge€¢g, ue H&’p(Q). The energy integral corresponding to the solution of
problem ((1.1)) is defined as
I(g) = / gul dx.
Q

We shall discuss the optimization problems:

max [(g), min /(g).

geg geg

In case of p = 2 and ¢ = 1 these problems have been investigated in the papers [4, Bl [6]. For
the case p # 2 and g # 1 we refer to the paper [19]. We report the results of these papers with
some simplifications of the proofs, and some remarks.

After that words, we consider the eigenvalue problem
—Aju=Agu" ', in Q wu=0 on 099, (1.2)

where p > 1, g € G, u € Hé’p(Q). Here A = )\, is the principal eigenvalue corresponding to

problem ([1.2)).
We are interested in the investigation of the following optimization problems:

max Ag, min \,.
g€y geg

Also these optimization problems have been investigated. For the case p = 2, see the papers

[2] and [18]. For the general case we refer to the paper [17].
In Chapter 4, Section 4.1, we consider the boundary value problem
—Aju—Apu=g)u*", u>0 in Q wu=0 on 99, (1.3)

where g(z) is a bounded non-negative function, 1 < o < ¢ < p. We will discuss the following

items.

i) We prove that problem (1.3) has a solution.
ii) We prove that the solution of problem (|1.3) is unique.
iii) We investigate the optimization problems:

J inJ
max (9), min (9),



Thesis May 23, 2019

where ' . .
J :/ —qgu® — —|Vul|? — =|Vul?)dzx.
()= | (Gou = IVl = Vul)

These results are contained in the paper [29]. An important result is the proof of uniqueness
for a class of (p, ¢)-Laplace equations. In view of this result, we investigate the energy integral
corresponding to solutions of the boundary value problem . The crucial point is the proof
of continuity, convexity and Gateaux differentiability of the functional J(g). Then, applying a
well known theory developed by G. Burton, we find results of existence and representation of

the maximum and the minimum of such a functional in the class of rearrangements G.

In Chapter 4, Section 4.2, we assume 2 C R? and consider the boundary value problem
—Au+gu=f in Q wu=0 on 09, (1.4)
where g and f are non-negative functions. The corresponding energy integral is the functional
9.5)= [ (VuP +gu) dady = [ fudody.

We discuss the following optimization problems. Fixed g and given Dy C ) we consider the

family D of all D C ) which are translations of Dy, and investigate the problems
max/ Xpup dxdy, min/ Xpup dxdy,
D Ja D Ja

where up is the solution of problem (1.4]) for f = yp. Next we consider problem (1.4)) with f

fixed and g = xp, and investigate the problems

max/f(:c,y)uD dxdy, min/f(x,y)uD dzdy,
D Jo D Jq

where up is the solution of problem (1.4)) with ¢ = xp. These results have been published in
[30].

Under this Chapter, we point out the main results of the thesis.



Chapter 2
Preliminaries

This Chapter is taken mainly from the papers [2, [ [5] 6]. Definitions and basic results are

reported. Some examples are provided and some proofs are simplified.

2.1 Rearrangements

Let © be a bounded smooth domain in RY. If E C R is a measurable set, we denote with |E|

its Lebesgue measure.

Definition 2.1. Let f be defined in Q C RY and let g be defined in D C RM | with |Q| = |D|.

We say that f(x) and g(x) have the same rearrangement if and only if
{z € Q: f(z) > B} =y e D:gly) > B}, VB € R.
In case of N = M and 2 = D we have
{z e Q: flz) 2 B} = {z € Q:g(x) = B}], VB € R.

Let fy be a bounded non-negative measurable function defined in 2. Assume fq is not a constant.

We denote by F = F(fo) the class of the functions f defined in Q which are rearrangements of
Jo-
Two functions f, g € F have several properties in common. For example, we have
inf f(z) =infg(z), and sup f(x) = supg(x).
Q Q Q Q
Furthermore, for any Borel measurable function ¢ we have

/Q Pl d = [ plgla)) do.

Q
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Example 1. Let N =1 and Q = (0,4). If E C Q is a measurable set, we define fo(x) = xp(z).
As usual, we have xg(x) =1 ifx € E, and xg(x) =0 if z€Q\E.

Note that
Q if =0
{reQixp(@)2Bt=¢ E if 0<p<1
0 if B>1.

Hence the class of rearrangements generated by xg is the family of all functions xr where
FCQand |E|=|F|. If E={z € Q:0 <z <2} we may have

Fi = {ze€Q:0<z<2},

F, = {zeQ:2<z <4},

F; = {ze€Q:1<zx<2}U{reQ:3<z<4},
Fy = {z€Q:1<x<15}u{xeN:25<x <4}

etc.

The class of rearrangements F = F( fy) is not convex. Indeed, if we consider the above Example

1, the function

Sn (@) +xn(@)] =5 Vre0

is not a rearrangements of xg(z). We say that two functions are equivalent if they differ in a
subset of zero measure only.

It is convenient to enlarge the class F as follows.

Definition 2.2. Let F be the closure of F in the weak* topology on L>(S). This means that
a function f € F if and only if there is a sequence {f;}, fi € F, such that

lim f, x)dr = / f(z)g(x) de Vg€ L'(Q).

1—00

Consider the following example.
Let © = (0,1), and let fo(x) = xp(z),E = {z € 2 :0 < x < 0.5}. Given an integer i, the

function

1 1f0<x< - %§x<%, sl %§x<%
filz) =
0 if = <:U<—, %§x<%, ceey 22;1§x§1

is a rearrangement of fo(z). For any function g € L'(Q2) we find

lim fz dac—/f

1—00
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with f(x) = 0.5. The proof is trivial for g(x) = constant. Then one proves the result for
functions like g(x) = >0 cixg, with E;NE; =0 for ¢ # j and U, E; = Q.
Finally, the general result follows by density. Note that f(z) (in this particular example) is not

a rearrangement of fy(z) and that

0 = inf fo(x) < inf f(z) = 0.5 =sup f(x) < sup fo(x) = 1.
Q Q Q Q

In general, if f € F(fy) we have
inf folr) < inf f(x) < sup f(x) < sup fo(z).
Q Q Q Q

Let us give a proof of this fact. Let f; — f (weak® convergence) with f; € F. For xy € 2 we
use Definition With ¢ = X B(z.e), Where B(xg, €) is a ball centered at x¢ and radius e . We
find

lim filz) dx = /B( )f(a:) dzx.

1—00 B(.’EO,E)

Since
igf fz(x) = igf fO(‘T)v sup fz(x) = Sup fo(l')
9) 9)
and
/ filz) dz > / inf f;(z) do = / inf fo(x) dx
B(zo,€) B(zo,e) B(zo,e)
we find

i fole) Blan,)| < [

B(xo,€)

J(@) dv < sup fo()| B(wo, €]
If we divide by |B(zo, €)| and let € — 0 we find
igf Jo(x) < f(o) < Sup fo(@)

for almost all zy € 2. The latter inequalities imply our result.

We claim that the integral over Q of f € F = F(fy) is the same as the integral of fo. Indeed,
let f; — f with f; € F. The integral of f; is the same as the integral of f, because f; and f,

have the same rearrangement. By Definition [2.2| with ¢ = 1 we find

/Q fo(@)dz = lim [ fi(z)do = /Q f(z) da.

1—00 O

The claim follows.

The class F is much larger than F. To understand better the properties of F we shall prove

some standard results.
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Definition 2.3. Let Q be a bounded domain in RY and let f € LP(R2), (1 < p < o0) be
non-negative. We denote by iy the distribution function of f defined as

prt) = e e Q: flz) >}, t>0.

We denote by f* the decreasing rearrangement of f defined as

f7(s) = sup{t > 0 : ps(t) > s}.

Similarly, we denote by f. the increasing rearrangement of f defined as f.(s) = f*(|Q] — s).

Recall that |E| denotes the Lebesgue measure of E. We observe that, even if we say f* is a
decreasing rearrangement, it may happen that f* is non-increasing. A similar remark holds for
non-decreasing rearrangement f,.

The distribution function fs(¢) is clearly non-increasing. In case it is continuous and strictly
decreasing then f*(s) is the inverse function of z17(¢). In general f* is the non-increasing function
on [0, 00) such that f and f* have the same distribution function. We also observe that f and
g have the same rearrangement if and only if they have the same distribution function (or the
same decreasing rearrangement).

If f(x) = xg then f*(s) = xz, where E is the interval [0, |E|].

Example 2. Let
- 2]

, n
=1
Then,
Fr(s) = aixg,(s),
i=1
where Q 0 0 0
- - : 1
E1:|:07u>7 EQ:[u’2u>7."7 En: M?Kﬂ ’
n n n n
and where (ay, ..., a,) is a permutation of (ay,...,a,) such that a3 > ag > -++ > ay,.
Since pif = pup+ we have
€2
/ f@)do= [ f(s) ds. (2.1)
Q 0

Indeed, "
[s@ar= [T [ = [ uema

More generally we have o
Q
[ etr@nds = [ etr ois
Q 0

for all Borel function ¢.

10
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Definition 2.4. The layer cake representation of a non-negative, real-valued measurable

function f defined on RY is given by

flz) = / X{f ()=t} dt.
0

Let us give a short proof of this result. We have

flz) = / dt = / X[o,f (=) dt = / X{f(x)>t}dt.
0 0 0

1 0<t< f(x),
XWW:{Ot>ﬂm

Indeed,

1 f@) >
X{f(z)>t}y = 0 f(ac) <t

Lemma 2.1. [, Lemma 2] Let U C 2 be a measurable set. Then,

/dexg/owlf*ds.

Proof. Write

G={(z,5)€UxR:0<s< fa)},
F(s) = {z € Q: f(z) > s}.
Note that

/ Ul if Uc{zxeN:s< f(x)}
Xcdr =
U |UN F| otherwise.

Therefore, by Fubini’s theorem we have

/fdx:// ngsdx:/ /ngxds
U UJo o Ju
o0 1o

:/ FOU| dsg/oo|{t€(0,|U|):f*(t)23}| ds:/ £ ds.

0 0 0
The last equality holds because

U]

pas= [ “np@t= [ e 00D £0 2 s ds

0

This completes the proof. O

Lemma 2.2. Recall that f.(s) = f*(|QY —s). If U C Q is a measurable set then,

Ul
/ fdx > fi ds.
U 0

11
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Proof. The proof is similar to that of the previous Lemma. Write

G={(z,t) eQx R:0<s< f(zx)}

F(s)={zx € Q: f(x) > s}.

Then by Fubini’s theorem we have

/fdx—// ngsdx—/ /X(;dxds
U U Jo o Ju
00 U]

:/ FOU| dsz/oo|{te(O,|U|):f*(t)23}| as= [ 1 ds.
0 0

0

This completes the proof. O

A very important result is the following:
Theorem 2.1. [, Theorem 1] (Hardy-Littlewood inequality)
If f € L1(Q) and ¢ € LT(Q) then

£2]
/ fode < fro* ds. (2.2)
Q 0

Proof. Let us prove the theorem in case of

F=Y aixp, 6= bxe, U E=Q ENE=0i#j |E _&l
i=1 =1

—.
Note that a;xg,bjxg, =0, for ¢#j and aixgbixe = abixs, for i=j.

Q] < QA
fodr=— a;b; < — a;b;,

where (ay,- - ,a,) is a permutation of (aq,--- ,a,) such that a; > ay > --- > a,, and similarly

Then we have

for (by,--- ,b,). The inequality in above can be proved easily as follows. We increase a;b;, by
a1by. Then, we increase a9b;, by asbs, and so on.
Note that we have

[*(s) = Z@XEZ-(S% P*(s) = ZBiXEi<8)’

where

= (0.2, 5= [BLEN g o [ DR o)

n n

Hence,
n

2 5 ; .
—Zdibi:Zaibi/ ds = Fro* ds.
L — 1 E; 0

1=

12
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We have proved the theorem in this particular case. The general case follows by density.
Recall that

fuls) = f7(I9 = s).
The counterpart of inequality (2.2) is the following
o]

0
/ fode> | fords= | [é.ds. (2.3)
Q 0

0

The proof of inequality (2.3)) is similar to that of inequality (2.2)). Using the same notation, we

n n
E a;b; > E aibpy1—i-
i—1 i—1

To prove this inequality, we decrease a;b;, by a1b,. Then, we decrease asb;, by Gsb,_1, and so

have

on.

Now, let us give a different prove of the above inequalities.

Theorem 2.2. [/, Theorem 1] Let f € LP(2) and g € LI(2) with % + % =1. If f,g > 0 then
12
[rgar< [ rgas
Q 0

Proof. Write
G={(z,s) e QA xR:0<s< f(x)}

F(s) ={z€Q: f(z) > s}, o(s) =|F(s)|.
Then by Fubini’s theorem and Lemma [2.1) we have

/fgd:v—// ngdsd:v—/ /ngda:ds
12|
:// gdxdsﬁ// g"dt ds = frg* ds.
0 JF(s) o Jo 0

To prove the latter equality it is convenient to define yg« with
G ={(s,t) € (0,|Q) xR:0<s< f*(t)}

and
F(s)={t € (0,|Q) : f*(t) > s}.

Note that |F(s)| = |F(s)| = o(s) (by definition of decreasing rearrangement).

12 12| 12
frg*dt = / / Xg+dsdt = / / Xa+ g dt ds
0
|F(s
:/ ds/ g*dt:/ / g* dt ds.
0 0 o Jo

This completes the proof. O

13
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Theorem 2.3. [29, Colloraly 1, page 16] Let f € LP(QY) and g € L) with ]l) —1—5 =1. If

f,9 >0 then

12| €2

feq” dsg/fg dr and g4 dsg/fgds.
Q )

0 0

Proof. We prove the first inequality only. The proof of the second inequality can be obtained
by changing f with g.

Write, as before,

G={(z,s) €eQxR:0<s< f(x)}

F(s)={x€Q: f(x) > s}, o(s)=|F(s)].

Then by Fubini’s theorem and Lemma [2.2| we have

/fgdx—// ngdsdx—/ /X(;gdxds

Q Jo 0o Ja
00 oo pro(s) Y]

= / / g dx ds > / / g dt ds = f gy ds.
0o JF(s) o Jo 0

The latter inequality can be proved as in the previous theorem. We shall use the fact that, if
F(s) ={t € (0,|9) : fu(t) > s}

then |F(s)| = |F(s)| = o(s) (by definition of increasing rearrangement).

1¢] 1¢] oo oo rlQ
f*g*dt:/ g*/ XG*dsdt:/ / XG+ G« dt ds
0 0 0 o Jo
o0 |F(s)] oo pro(s)
—/ ds/ gy dt —/ / gy dt ds.
0 0 o Jo

This completes the proof. O

Let us prove the following result.

Theorem 2.4. [2, Proposition 2.1] Let f,g € L1 (Q). Then, the following conditions are

equivalent:

(i) [\ frords < [V grerds Voe LP(Q), and [, fde= [,gdr,
(ii) [y fode < [[Mgords VoeLP(Q), and [, fdr= [, gdr,

(i) [y f*(s)ds < [Jg*(s)ds 0<r<|Q, and fom‘ f*(s)ds = OIQI g*(s) ds.

Furthermore, any of the previous conditions imply

/ F(f) dz < / F(g) dz for all convex, Lipschitz functions F'. (2.4)
Q Q

14
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Proof. We observe that (i) implies (ii) from Theorem 2.1} To prove that (ii) implies (iii), we

use the following fundamental relation

/ frds= max{/ f dx, E Borel, E C Q, |E| :T}. (2.5)
0 E

If ¢ = xg and |E| = r then ¢* = xo,). Hence, by (ii) and (2.5 we find

r 1 19| T
/fgb dr = / fxg dx = / f dx :/ frds= I X < / 9 X[o,r) :/ g ds.
Q Q E 0 0 0 0

It follows that (using also equality in (ii) and (2.1])

r r | 9]
/ frds < / g*ds and / frds= / g* ds.
0 0 0 0

Let us prove that (iii) implies (i).
Equation in (i) follows by the equation in (iii) and (2.1)). Moreover, using the inequality in (iii)
we find

€2 €2

[y a - /O'Q(/Osf*os) ) dds — /O'Q'(/Osf*u)dt)d¢*<s>+¢*<\m>0 F(s) ds

< [M([ o a)ase coian [ o as= [y as

Note that

/olm g79"(s) ds = /Om| ( / 9'(1) dt) 6'ds = - / ! ( / (1) dt) o (9)+67(2) / " (s) ds.

Therefore, O|Q| fro* ds < f0|m g o* ds.
The first part of the theorem is proved.

To prove (2.4) we use (i). Assuming F is C' (and convex), since F'(f)* = F'(f*), by (i) we

have
9] 19]
/ FE() ds < / G F'(f*) ds.
0 0

Using the convexity of F' and the latter inequality we find
1€2]
[(Fl@)=F () do= [ (Ftg") = F()) ds
Q 0
1€2] )
> [P - s
0
1€2] ) 12| )
[ aru - [ sz
0 0
Therefore, [,(F(g) — F(f)) dz > 0, from which follows. O

15
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Putting g = fo in Theorem [2.4] condition (iii) read as
1€2] 12|

/07" f(s)ds < /OT fo(s)ds Vre0,|Q] and fr(s)ds = 15(s) ds. (2.6)

0 0

We denote by K = K(f,) the class of functions which satisfy (2.6). We will see that K = F.

We start proving the following easy result.

Theorem 2.5. [2, Theorem 2.1] F(fy) C K(fo).

Proof. If f € F, then there is a sequence {f,}, n=1,2,---, of functions in F such that
lim [ f.gdr= / fgdr Yge L'(Q). (2.7)

If £ CQisa Borel set and g = xp, using Lemma (2.1)) we find

n—o0

/fdx:hm fndxg/rfg(s)ds,
E E 0

where r = |E|. If we choose F as in ([2.5)) we have

/Efdx = /Orf*(s) ds.

/ f(s)ds < / f5(s) ds,
0 0
which is the inequality in (2.6)). To prove the equality in ({2.6)), we use (2.7]) with g = 1.

We find
/Qfo(x) dx—/ﬂfn(x) dx_/gf(x) .

Note that the first equality in above holds because f,, € F. Moreover, the equality of the first

Hence,

and the last term can be written as

12| 12|

fH(s)yds= [ fg(s)ds,

0 0

so the equality in (2.6 holds for f. This completes the proof. O

In order to prove the reverse inclusion in the latter theorem, we show some results on .

Theorem 2.6. K is sequentially compact and convex.

Proof. Let {f,} be a sequence of functions in . By (2.5)), for all » € (0, |©2|) we have

max r[Ef" dr = /Or fr(s)ds < /07" f5(s) ds. (2.8)

ECQ,|E|=

16
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Note that to write the last inequality in (2.8]) we have used the inequality in (2.6)) for f,,. Now,

since

given € > 0 we find d(e) > 0 such that

/ fo(s)ds <e Yr <o(e).
0
From the latter inequality and (2.8 ) we get

/ fo(z)de < e forall Borel E CQ with |E|<d(e).
E

Since 0(¢) is independent of n, the latter inequality gives a uniform integrability of f,(x). Then
by Dunford-Pettis Theorem, {f,} has a subsequence (that we call again {f,} ) which converges
weakly to some f. To finish our proof we have to show that this f satisfies conditions ([2.6)).

Since f,, — f(weak convergence) we have, for any Borel E with |E| =r

/fdg;:/fXde: lim/ande: lim/fnd:vg/ fo ds.
B Q n—oo [ n—oo [p 0

Note that the latter inequality follows from the inequality in (2.6 applied to f,. If we choose
a Borel set E C Q with |E| = r which gives the maximum of the integral fE fdx, from the
inequality above, using ([2.5) we find

/Tf*(s)dsg/rfg(s)ds,0<r< 12,
0 0

which yields the inequality in (2.6 for f. The equality in (2.6 for f holds since

1€ 12| 12

f(s)ds = /Qf dr = lim i fndr = lim fr(s)ds = f5(s) ds.

The compactness is proved.
Let us prove convexity.
It f1, fo € K we put
fl)=Afi(z)+ (1 =N fa(z), O0<A<1.

By we have, for some E with |E| =r,

/07“ fr(s)ds = /Ef(x) dx = )\/Efl(:r;) dr+ (1 — )\)/Efg(x) dx.
By Lemma [2.1| we also have

[nwans [ sas i [ @i [ e

It follows that

/OT fr(s)ds < A/OT fi(s)ds+ (1= ) /O f3(s) ds.
17
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By (2.6) we know that

/Orfi‘(s)dsg/orfa‘(s)ds and /OTf;(s)dsg/Ong(s)ds
[ e[ ey [ o= [ g

which yields the first condition of (2.6) for f(x).

We have
/Q flo)de = / M(@) + (1= N falz) de

= [ A@+ 1= [ fa)da
=A/Qfo<x) (1A /fo dx—/fo

The equality of the first and the last integrals can be rewritten as

Hence,

o] o]
[r(s)ds= | fo(s)ds
0 0
which yields the second part of (2.6)). Therefore, f € K and K is convex.
This completes the proof. O

Definition 2.5. We say that f € IC is an extreme point of IC if there does not exist fi, fo € K
with fi # fo such that f = (f1 + f2)/2.

Theorem 2.7. [2, Theorem 2.2] F = F(fo) is the set of extreme points of K = K(fy).

Proof. If f is not an extreme point of IC we can write f = fl;—fz with fi1, fo € K, f1 # f2. Using
the strictly convex Lipschitz function G(t) = v/1 + ¢2), we find

G(f) = (fl ;— f2) ( (f1) + G(f2)) in a set of positive measure. (2.9)

By (2.9) and (2.4) with g = f, we find

/QG(f) da:<%</QG(f1)dx+/QG(f2)dx> g/QG(fo)dx

It follows that f is not a rearrangement of fy (otherwise, the integrals of G(f) and G( fy) would

have the same value). We conclude that if f is not an extreme point of I then f cannot belong

to F.
Conversely, if f € I\ F, one finds fi, fo € K with f; # fy such that f = h —g f2. This

complete the proof. O

Now we recall the following theorem by Krein-Milman.

18
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Theorem 2.8. [38, page 67 ] Let X be a locally convex linear topological vector space. Let K

be convex and compact in X. Then

o The set of extreme points is not empty.

e IC is the closure of the convex hull of its extreme points.
Theorem 2.9. [/, Lemma 6] F(fy) = K(fo).
Proof. Since LP(2), 1 < p < oo, is a locally convex linear topological vector space, the

assertion follows by Definition [2.5] and Theorems [2.7] and [2.8] O

2.2 Maximization and Minimization of linear function-

als

Let fo € L (Q2) and 11—7 + 5 = 1. With g € L% (Q) fixed, we define the linear functional

L:L(f):/gfgda:, ferF.

Here F=F(fy). We investigate the maximization problem

max d 2.10
fer /Q fg T ( )
as well as the minimization problem

gcnln/ fg T ( )

To investigate problems (12.10) and (2.11)) we need some preparation. We make use of a function

© which is non-decreasing and a function ¢ which is non-increasing.

Lemma 2.3. [/, Threorem 3] Let 1 < p < oo, let q be the conjugate of p. Suppose there is a
non-decreasing function ¢ such that f = ©(g) € F. Then

LmzémwsLEMWEf

Moreover, f: ©(g) is the unique mazimizer of the functional L relative to F.

Proof. Writing ¢(s) := ¢(s)s we have

Ammzéwmm
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On the other hand, since p(g*) is a rearrangement of ¢(g) we have fr= ©(g*) and

I o
g ds= | ¢(g") ds.

0 0

Since a
¢wﬂd$=/¢@ﬁm
0 Q
it follows that al
/ fgde = fg* ds.
Q 0

If f € F then f* = f* (since both are in F). It follows that, for f € F,

. 1€2]

/fg dr = frq" ds.
Q 0

Recalling Theorem [2.1], from the latter result we get

1€2] R

/fgdﬂﬂﬁ f*g*dSZ/fgd:I: VfeF.
Q 0 Q

If f € F, we can take a sequence {f;} with f; € F such that f; — f weakly. Then, from

/MMS/EM7
Q Q

using the continuity of L(f) we get (as ¢ — 00)

/Qfgdxg/ﬂfgdx Vf e F.

The first assertion of the lemma is proved.

Let us prove uniqueness. For s > 0 we define
A,={feF suchthat |f—fl,>s}
and

feAs

AMMSLEM

we have ¥(s) > 0. Also, if s = 0 then Ag = F and ¥(0) = 0. Moreover, since the set A,
does not increase as s increases, 1(s) is non-decreasing. To prove that ¥ (s) > 0 for s > 0, let
fi € A such that

v(s) = ot [ (F=Pgda

Since

If this limit were zero, we would have

lim [ figdx = fg dz,
Q

1—00 Q
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and by Theorem 2 of [4],
lim ||f — fil, = 0,
1— 00
contradicting the assumption that f; € As. Hence, ¥(s) > 0.

At this point we can prove the uniqueness in F. Indeed, if f; is the maximizer different from

fthen
/fgdxz/flgdx
Q Q

If = Filly = 51> 0.

and

So, fl € A, and
0 < (s1) < /Q<f—f1>gdx:o.

The latter inequality implies s; = 0, a contradiction.

To prove uniqueness in F, we introduce a lower semi-continuous convex function 1 (s) such
that 0 < ¥(s) < ¥(s) and such that 9(s) is the largest of these functions. Clearly ¢(0) = 0,
and we claim that v(s) > 0 for s > 0. We make the following remark. If f € F we have
If = fllp < ||f||p+ | fll, < afor some a > 0. Hence, if s > a the set A, is empty, and (s) = oo
(any inferior in an empty set is oo by definition). Choose 0 < o < s such that ¥ (o) < co and

define
0 for 0<t<o

for t>o.

a—o

Clearly 6(t) is continuous and convex, so 0(t) < 1 (t) < @(t) for all ¢ (by definition). Note that
s—o

0(s) = (o)

> 0, hence 9(s) > 0 as claimed. Now, since for f € F we have (recall the
o
definition of 1)

f— f— fgd
o(1F = 11b) < [ (7= Nade
and since 9(s) < 1)(s) we also have

o(1F = f1,) = [ (7= g <o

The latter inequality holds for f € F, and we want to extend it to F. Let f € F and f; € F
such that f; — f in the weak topology. We have

3(1F = ) = [ (7 = g <o.

Since the map f — ||f — fll, is lower semi-continuous (known theorem for the norm) and
since s — (s) is lower semi-continuous (by definition), the term 1/7(“ f—7 Hp) is a lower

semi-continuous and convex functional in f € F. Therefore, we have
(1 = ) < timind (11 - fill,)-
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Hence, from the above inequality we have
(17 =71) - [(G=Pgdr<o veF.
Q

Now, if f; € F is a second maximizer we have fﬂ(f — fl)g dxr = 0 and (by the previous
inequality)
o(1f - fill,) <o,

which implies Hf — flﬂp =0 and f = f;. This completes the proof. O

Lemma 2.4. Let 1 < p < o0, let q be the conjugate of p. Suppose there is a non-increasing
function v such that f =(g) € F. Then

L<f>=/9fgdxz/9fgdx vfeF.

Moreover, f is the unique minimizer of the functional L relative to F.

Proof. Writing ®(s) := 1(s)s we have

mezéywm

Note that f* = (g,). Thus,

o )
frg.ds = / ®(g,) ds.
0 0

Lﬂmmzﬂmwmw

€2

y 2
/fg ds = frg.ds = f*g. ds.
Q 0 0

Let f € F. Since

and since f* = f* it follows that

By the latter result and Theorem ([2.3) we find
/fgdx Z/fgdx VfeF.
) Q

If f € F, we can take a sequence {f;} with f; € F such that f; — f weakly. Then, from

Lfigdmzlzfgdx,

using the continuity of L(f) we get (as i — 00)

/QfgdacZ/Qfgdx VfeF.
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The first assertion of the lemma is proved.
Concerning the uniqueness, we can invoke the previous lemma for the maximum. Indeed, if f

and f, are two minima for L(f) then they are two maxima for the functional

L) = [ #-g)ds,
Q
therefore f = f,. This completes the proof. O

Remark 2.1. Without any assumption on g we do not have, in general, the uniqueness of

mazimizer or minimizer. For example, if g =1 and f € L*(Q) then

/ fgdx = / f dx = constant
Q Q
for any f € F.

Lemma 2.5. [5, Lemma 2.9] Let f : Q@ — R and g : Q@ — R be measurable functions, and
suppose that every level set of g has measure zero. Then there exists a non-decreasing function
¢ such that p(g) is a rearrangement of f. Moreover, there exists a non-increasing function

such that ¢¥(g) is a rearrangement of f.

Proof. Since the level sets of g have zero measure, g* is strictly decreasing. The right inverse

for ¢g* is defined by

(g)7"(s) = {t € (0,]) : g"(t) > s} = {z € Q: g(w) > s},

that is, (¢*)"'(g*(t)) =t for 0 < t < |Q|. Define

p(s) = f((g") ' (5)),
which is an increasing function (the composition of two decreasing functions is increasing).
Then,
pg") = 1"((g) " (g"(s)) = f~.
Hence, ¢(g) is a rearrangement of f.

The proof of the second assertion is similar. The function g, is strictly increasing. Therefore,

the function
¥(s) = f*((g:)7(5)),
is a decreasing function. Then,

U(ge) = f*((g2) gs(9))) = f*

Hence, 1(g) is a rearrangement of f.

This completes the proof. O
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Remark 2.2. By Lemma and Lemma it follows that problem has a unique
solution in case every level set of g has measure zero. In case some level set of g has a positive
measure, the second assertion of Lemma may hold or may not hold. However, we have the

following lemmoa:

Lemma 2.6. [/, Theorem 5] If the linear functional
L= [ rods

has only one maximizer f € F, then there is a non-decreasing function ¢ such that ¢(g) is a

rearrangement of f .

It is possible to prove the existence of a maximizer for problem (2.10) without assuming that

every level set of g has measure zero. Indeed, the following result holds.

Theorem 2.10. Let L : F — R be linear and weakly continuous. Then there exist f € F and
f e F such that

L(f) =sup L(f), L(f) = inf L(f).

F F
Proof. Let us prove the result for superior. Let {f;}, f; € F be a sequence such that

1—00

lim L(f;) =sup L(f) (superior always exist).
F

Since F is weakly compact, there is a subsequence (again denoted by {f;}) and an element
f € F such that

fi—f (weakly).

Since L is weakly continuous we have

L(f) = lim L(f;) = sup L(f).

1— 00 -
F

To show that f € F we denote

H={feF:L(f)=L(NH}

We are going to prove that H N F # (). First we show that H is convex. Let fi, fo € H then
L(f1) = L(f) and L(f2) = L(f),

LA+ (1 =AN)f2) = AL(f1) + (1 = A)L(f2)

= AL(f) + (1 = AL(f) = L(f).

Hence Afi + (1 — \)f2 € H, so, H is convex.
We now show H is closed. Let f; € H be a sequence such that f; — f. We have L(f;) = L(f).
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Since L is continuous we find L(f) = L(f), therefore f € H.

Now, let us show that H is an extreme set in F. This means that if f € H and f = h ;r f2
with fi, f» € F, then necessarily fi, f» € H. To show this, we write
. L(f))+ L(f2) _ L)+ L(f .
L(f):L(f): (1)2 (Q)S ()2 ():L(f)

Since equality must hold, we find

L(fy) = L(f) and L(fy) = L(f), so fi,fo€H.

On the other hand, since H is weakly compact (H C F) and convex, we can apply the Krein-
Milman theorem (see Theorem to deduce that ext(H) # (). Next, we show that

ext(H) C F = ext(F).
To this end, let us assume the inclusion is false. Then, there exists f € ext(H) which is
not in F. Therefore, we have f = tf; + (1 — t)f, for some f1, f, € F and some t € (0,1).
Since ext(H) C H and H is an extreme set, we deduce that fi, fo € H. But this contradicts
f € ext(H). We conclude that ext(H) C F. Furthermore, we have H N F # () as desired.
This completes the proof. O
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2.3 Maximization of convex functionals

In what follows, 1 < p < oo and ¢ is the conjugate of p, that is % + % = 1.

Theorem 2.11. [/, Theorem 7] Let F = F(fy) with fo € L5(Q). Let I : F — R be convex,
sequentially continuous with respect to the L topology on LP(Q)), and let

I(f +t(h— f

lim

t—0t

where G(f) € LY(Y). Then

/G Y(h— f)dz, Yh,f€EF, (2.12)

(i) there is f € F such that I(f) < I(f) for dall f € F;
(ii) if 1 is strictly conver, fo € F is a mazimizer of I and if holds at f then f =

o(G(f)) a.e. inQ for some non-decreasing function ¢.

Proof. By Theorems and , F is sequentially compact. Hence, there is a maximizer f; € F
of I. With f = f; and 0 < t < 1 the left hand side of (2.12)) is non-positive, hence

0> /QG(fl)(h— fi)dz VYheF.
On the other hand, by Theorem the linear functional
L = [ Gihds
has a maximizer f € Fin F. It follows that

:/G(fl)(f—fl)dx
Q

In view of this equality, using 1) with f = f; and h = f we find
I(fr +t(f = f) — I(f) = o(t).

Finally, recalling that I is convex we find

I(fi+t(f— f) =I(tf + (A=) fr)) SHI(f)+ (1 —t)I(fr)

and
tI(f) = 1(f1)] = oft).
By the convexity of I we have o(t) > 0. Hence I(f) > I(f,). Therefore, f € F is a maximizer
and (i) is proved.
Let us prove (ii). Let f € F be a maximizer and let h € F such that h # f. By 1) we have

~ /\

I(f+t(h — f:/G )(h — f) dz + o(t).
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By using strict convexity of I we find

HI(h) — I(f)] > ¢ /

Q

G(f)(h — f)dz + o(t) > t/ G(f)(h— f) dz.

Q

A

Since I(h) < I(f) we must have

/QG(f)hdx</G(f)fdx.

Q

It follows that f is the unique maximizer of the linear functional

L(h) = /Q G(f)h dzx

for h € F. The assertion follows from Lemma .
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Chapter 3

The p-Laplace equations and

optimization problems

In this section we discuss some classical problems involving partial differential equations with
coefficients belonging to classes of rearrangements. Next, we consider functionals like energy
integrals or eigenvalues and investigate their maximum or minimum in classes of rearrange-

ments.

3.1 Optimization of the energy integral

Let 1 < ¢ < p < oo and let © be a bounded domain in R". With g € L¥(2), we consider the

boundary value problem

—Aju=gut™", u>0 in Q wu=0 on . (3.1)
Here A,u =div(|Vu[P~>Vu). The solution u € Hy?(Q) satisfies

/Q |VulP~2Vu.Vn dr = /quq_ln dr Vne Hy*(Q). (3.2)

In case of p = 2 and ¢ = 1, the left hand side of equation is a scalar product in the
Hilbert space H}(£2), and the right hand side fQ gndx is a linear functional which is continuous
on Hj(Q). Hence, the existence and uniqueness of a solution u = u, is given by the Riesz
representation Theorem in a Hilbert space.

For the general case we start proving on existence result.
To prove existence for problem (3.2), for w € Hy?(€) we introduce the functional
4q P
Blg.w) = [ (Lglulr - [Vup) do 33
P—4qJa \q
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Note that if u > 0 is a solution to problem (3.2)) putting » = u we find
/ \Vul|Pdr = / gu? dx.
) 9)

B(g,u):/ﬂguq dx.

The superior u > 0 of B(g, w) (here g is fixed) for w € Hy”(Q) satisfies problem (3.2)). Indeed

we must have

Using the latter equation we get

d
2 Blg,u+t ‘ —0
ZBlguttn)|
for each n € HyP(€2). We have
— (}—?g|u +in|?—|V(u+ tn)|p) dx‘ = / (pguq_ln — p|Vul[P~?Vu - Vn) dr = 0.
dt Q q t=0 Q
Hence

/ gu?'ndr = / \VulP~2Vu - Vndz Ve Hy"(Q)
Q Q
which is equation (3.2]).
To investigate the maximum of w — B(g,w), we define
W, ={we Hy?(Q) : /Qg]w]q dz > 0}.

If w e W, for t >0 we have

B(g,tw) = 7 [tq/ ]—)g|w|q dx — tp/ |Vwl|? dx]
b—q Q9 Q
If we compute the derivative with respect to ¢, we find

dB(g,t
(97 w) — q <tq1/pg|w|q dx —ptpl/ ’vw‘p d:L‘)
dt P—q Q Q

After simplification we find

dB(g,tw) — pq .4 / - /
— L g R P da).
dt pP—q ( Q (g\w\ . O [Vl x)

Therefore,
dB(g,tw) 0
da
o Jy gl d
_ glw|? dx
=0 3.4
0 Jo IVw|P da (3.4)

The function t — B(g, tw) is equal to zero at t = 0, and since ¢ < p, it approaches to minus
infinity as ¢ goes to plus infinity. Since the derivative vanishes at ¢, only, B(g,tyw) must be
the maximum. Hence,
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Indeed, computing B(g, tyw) we find

q ng|w| dx P q p/ nglwlq dﬂ? p— q/
B(g, tow) = vy — Vul? d
(g, tow) P—q [<f9 |Vw|P da;> q glwl* dv <fQ \Vw|p dx Vol de

q [B Uﬂg|w|qd1’}p_q _ Uﬂg|w|qu}p—q]

P=q |4 ([, |Vwpdz)rs ([, |Vwlpdr)re
(ng w4 dx) !
Jo [VwlP dx
Thus,
Qd p—q
(fQ [Vw|P dx) r
As a consequence,
Blg,w) = sup Blg,w) na i)’ (35)
sup g,w) = sup g,w) = sup .
weHyP weW, weWw, fQ [Vwlp dx
Note that if w = w is a maximizer for the functional
(fﬂg w4 d:v) !
(3.6)

Jo [Vwlpdz

then also vu, v # 0, is a maximizer for the same functional. A maximizer v € W for (3.6) is
also a maximizer for B(g,w) if o = 1 in (3.4)), that is if

/g|u|q dx:/|Vu|pd:)3. (3.7)
0 0

A function u, > 0 is a maximizer of B(g,w) in W, if and only if it is a minimizer of
Vuw|P dx

inf+ Jo IV
wew; (fg glwla dx)

normalized as in (3.7)). The minimization problem (3.8)) has been discussed in the paper [28],

) (3.8)

where it is proved that it admits a non-negative minimizer u,. Therefore, the maximization
problem (3.5) has a non-negative solution which satisfies problem (3.2)). By [43, Theorem 5]
we know that u,(z) > 0 in Q.

Let us prove a result of uniqueness.

Theorem 3.1. [19, Theorem 3.2] Let Q2 be a bounded smooth domain in RN, and let g > 0, g #
0, be a bounded function. Let 1 < q < p, and let u,v € CH(Q) N C%Q) be positive solutions to
problem . Then v(xz) = u(x).
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Proof. If ¢ = 1 the result follows from a classical comparison principle, see [22, Theorem 10.7]
or [37, Theorem 2.4.1]. Let ¢ > 1 and A = {x € Q : u(x) > v(x)}. If we prove that A is empty,
we have u(z) < v(z) in Q. If we change u with v we find v(z) < w(z) in Q and assertion of
the theorem follows. We argue by contradiction, assuming A is not empty. For € > 0, define
ue = u+ € and v, = v + €. Note that A = {x € Q : u(x) > v.(z)}. We define

ui(x) — i) |
W)

We put n = n; in (3.2)) to obtain

q _ 4 -1
/ |Vu|p_2Vu.V<uE qiiUe> dr = / g(ud — o) (E)q dr.
A 'LLE A u

€

vd(z) — uZ(w>’O]

] and ng(x):min[ )

ni(x) = max [

Next we consider (3.27)) with v instead of u and we put n = 1, to obtain

q _ 4 -1
/ |Vv|p_2VU.V<U6 q7?6> dr = / g(v —uf) (3)1; d.
A Ve A Ve

Adding both equations we get

q __ 4 q _ 4
/ |Vu|p_2Vu.V<u5 qff%) dz +/ |W|P—2vv.v(“€ “) dr = 1., (3.9)
A U A

q—1
€ (Y

I. = /Ag(ug —v7) (g)ql dx + /Ag(vg —ul) <Ug>ql dx. (3.10)

where we set

€ €

v(“gg__f’g) = Vu+ (g — 1)(E)qvu _ q(”6>q_1vu,

Uu Ue Ue

the first integral of left-hand side of (3.9) becomes

/A [wup (14 (- (%))~ avu2 ()" vuve} ar.

Since

The second integral of the left-hand side of (3.9) is obtained by the first one by changing u.
and v,; thus, (3.9) yields
Ve \ ¢ o Ve q—1
/ {|Vu]p [1 +(¢g—1) (—) ] — q|Vul? (—) Vu.Vu (3.11)
A Uu Uu

€ €

+|Vol? [1 +(¢—1) <%>q] — q| Vo2 <%>q1VU.V1}} dr = I..

Now, for X,Y € R, we recall the inequality

1 1 1 1
IXPP2XY < S| X[P+ Z|Y|]P with =4+ = =1.
r p p o

Replacing the vector X by AX, where A is a positive real number, we get

1 1
I X|PEANPTIXY < - NP|X|P 4+ Z|YJP.
r p
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q—1
With A — (E>P—1,X:vu,yzw we find
Ue
1 /v.N\"

|Vu]p2<%>q_1Vu.Vv < —(u—> g + ]19|vv|p.

r

qg—1
)p_l,X:VU,Y:Vuweﬁnd

Similarly, with \ = (“_
U€
! 1 € r(g=1) 1
() e () e L
v r\v P

€ €

In view of these inequalities, by (3.11]) we get

2 el -2 -
(%) -2
Putting

q,(g—1 q
t) =14 (qg— 1)1 — Lgrla=H _ =
p(t) =1+ (¢ =1t == m

the latter inequality reads as

I. > /A{|Vu]pg0(%> + |Vv]pg0(%>} dw.

As e — 0, by (3.10]) we find
lim I, = 0.

e—0

0> /A {|Vu|p<,0<%> + |Vv|pgp<%)} dr. (3.12)

q—p
We have (1) = 0 and ¢'(t) = q(q— 1)t (1 —tP — 1). Hence, o(t) attains its minimum value
at t =1 and ¢(t) > 0 for t # 1. Since Y>1 i A, by (3.12) we must have |Vu| = |[Vv| =0
v
in A. Hence, V(u —v) =0in A and u — v = 0 on 0A. Then, u(z) = v(x), contradicting the

definition of A. The theorem follows. |

Therefore, we find

If uw and v are two maximizers of B(g,w) then they are solutions of our problem ({3.2)). By the

uniqueness Theorem [3.1] we find « = v in Q.

Now we investigate optimization problems associated with the energy integral. Given gy €
LE(Q2), define G as the class of rearrangements of gy, and G as the weak* closure of G. For

g € G, we define
I(g) = sup B(g,w). (3.13)

weH)P(Q)
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If u, is the non-negative maximizer of B(g,w) then, by using (3.7)), we find

I(g) = B(g,uy) = / g uldr = / |Vug|Pdx. (3.14)
Q Q
We investigate the problem
I(g).
e 11o)

We find a result of existence and a result of representation of a maximizer.

Furthermore, we investigate the problem

in/(g).
min7(g)

We find results of existence and uniqueness, and a result of representation of the minimizer. In
case €} is a ball we find precise configurations for the maximizer and for the minimizer. The
present results are contained in the paper [19] and generalize those of [4], [5] and [6] relative to

the case p =2 and g = 1.

Proposition 3.1. [19, Proposition 2.1] Let go > 0 be a bounded function, positive in a subset
of positive measure. Let G be the weak* closure of G = G(go) in L=(Q), and let 1(g) be defined

as in forgea.

(i) The functional 1(g) is continuous with respect to the weak™ topology in L>(€).

(i) The functional I(g) satisfies condition with G(g) = SEul, where ug is the mazi-
mizer of B(g,w) for w € Hy"(Q).

(#ii) The functional 1(g) is strictly convex.

Proof. (i) Let g; — g in the weak™ topology of L>(2). Since g(z) > 0 in a subset of positive
measure, g;(x) > 0 in subsets of positive measure for ¢ large. Let uy be the non-negative

maximizer of B(g;,w), and let u, be the non-negative maximizer of B(g,w) in Hy”(2). Then

q b

I(g) + —— | =(9: — g)ug dx
(9) p—ng( )4
_ 4 (p q p)
= — =giul — |Vu,|P |dx
p—qJo\g"" Vg
q <p
< — —giul — |Vuyg, p)dm = 1(g; 3.15
o Jo\ g% [Vug,| (9:) (3.15)
— q (p q p)
= — —((gs —9) +g)ul —|Vu,|?)dx
p—qJq J( )+ 9y, = IV
q p
< —— | =(gs — g)ul dx+ I(g).
pa— QJQ g)ug, (9)
By assumption, we have
lim [ (g; — g)ul dx = 0. (3.16)

1—00 Q

33



Thesis May 23, 2019

Let us prove that
lim [ (¢; — g)ul dz =0. (3.17)

; 9i
1—=00 J

By the normalization (3.7)) we have

Vug [Pde = [ g; vl dx.
9i 9i
Q Q

Since go is bounded and since infg gy < g; < supgq go, by using Poincare inequality we find
/ giud dx < C’/ ud dx < C’/ |Vug,|dz.
Q Q Q

/ IV, [Pdz < C/ Vg |dz < C(/ Vg, )"0 (3.18)
Q 0 0
Recalling that ¢ < p, by estimate (3.18) we infer that the norm ||Vug,||1») is bounded by

a constant independent of i. Therefore, a sub-sequence of uy, (denoted again w,,) converges

Hence,

weakly in H'?(Q) and strongly in LP(Q) to some function z € Hy"(Q), z(x) > 0. Since q < p,

ug, converges to z strongly in L9(€2). We claim that

lim [ (g; —g)(ul —27) dz =0,

n—oo 0

which implies . This claim follows from the inequality
[(9: = 9)(ug, — 2%)| < Clug, — zlq(ug, +2)*""
and Holder’s inequality
|t =l 27 ] < ot = il + =y

From ({3.15), (3.16) and (3.17) we infer
lim I(g;) = I(g)- (3.19)

11— 00

Thus part (i) of the proposition is proved.
We claim that the function z in above is equal to u,, the maximizer of B(g, w) for w € Hy*?().

To this end, we recall the inequality for vectors a,b € RV
b > [af? + p(laP%a,b— a),

expressing the convexity of |z|P. It follows that

/ |Vuy, |P de > / |VzP dx +p/ IV 2|P~2V2(Vu,, — Vz) dz.
Q Q Q
Since u,, — 2z weakly in H'?(Q) we have

lim [ |Vz[P7?V2(Vu,, — Vz)dz = 0.
Q

1—00
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Hence,

1—>00

Using this inequality and (3.19)), from

q p
Ii:—/—iuq,dx—/Vuipdx
()= || Dot dr— | [Vuy " de]

liminf/\Vugi|pda;2/\Vz|pdx.
Q Q

we find

I(g) Sp%q[/gggzq dw—/ﬂlvﬂpdw} = B(g,2) < I(g).

By the uniqueness of the maximizer of B(g, w), we have z = u,, as claimed.

(ii) Let t; > 0 be a sequence such that t; — 0 as i — co. Let g,h € G and let g;, = g+t;(h—g).

Then, by (3.15)) we find

I(g) +ti—— [ (h—g) uldz < I(g +t:(h— g)) < I(g) + ti—— [ (h— g)ut, du.
P—4Ja P—4Ja ‘
It follows that
I ti(h — — 1
P—4qJa t; P—4q Ja i

Since t; — 0 as i — 0o, we have ¢;, — g as ¢ — oo in the norm of L>(2). As a consequence,

Ug, — Uy in the LP(Q) norm and, since ¢ < p, we have

lim [ (h—g)ug, dv= /(h — g)ul dx.

=00 [ Q
Since the sequence t; is arbitrary, from the latter equation and ([3.20)) we find

i L@t —9)—1I(g) _ p /(h — g)ul dx. (3.21)

t—0+ t _p—q

Thus part (ii) of the proposition follows.
(iii) Let 0 <t < 1. If g1, g2 € G and g, = tg; + (1 — t)go, we have

B(gt,w) = tB(g1,w) + (1 — ) B(g2, w),

sup B(g, w) <t sup B(gi,w)+ (1—1t) sup B(gs,w).
weHy" weHy? weHy"?

It follows that
I(gy) < tI(g1) + (1 —t)I(g2), (3.22)

that is, the convexity of I(g). Now, let us prove strict convexity. Recall that go(x) > 0 is the
function which generates G and G. In particular, every function g € G, satisfies g(z) > 0. If
equality holds in (3.22)) for some 0 < ¢t < 1, then

B(gt; ugt) = tB(gbugl) + (1 - t)B<927ug2>>
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where u,,, ug,, Uy, are respectively maximizers of B(g;, w), B(gi,w), B(gs,w) for w € Hy?.
Since B(gi, ug,) = tB(g1,uy,) + (1 — t)B(g2, ug,), it follows that

B(glaugt) = B(glaugl) and B<g27ugt) = B(927u92)'

By the uniqueness of the maximizer we must have u,, = ug = u,4,. Furthermore, we have

q—1

o a.e. in Q

—Apug, = g1 u

and

_ — q—1 :
Apug, = go ug, " ae. in Q.

Since g1(x) > 0 and g;(x) # 0, by the strong maximum principle ([43] Theorem 5), u,, (x) > 0.
It follows that g1(z) = go(z) a.e. in €.
The proof of the proposition is completed. O

Theorem 3.2. [19, Theorem 2.2] Let go > 0 be bounded and positive in a subset of positive
measure, let G be the class of rearrangements generated by go, and let 1(g) be defined as in
(3.13). Then

(I) problem

I
e 1)

has a solution g € G; furthermore, if § is a maximizer of I(g) and if ug is the non-negative

mazimizer of w — B(g,w) then § = gp(uQ) for some non-decreasing function p(t).

(II) problem
min /(g)

Y
has a unique solution § € G; furthermore, if g is the minimizer of 1(g), and if uy is

the non-negative maximizer of w — B(g,w), then § = w(ug) for some non-increasing

function ¥ (t).

Proof. By Proposition the functional I(g) is continuous with respect to the weak* topology
of L>(12), is convex on G and condition (2.12)) holds with G(g) = -Eud. Then, by Theorem|2.11
(i), there is a function g € G such that I(g) < I(g) for all g € G. Furthermore, by Proposition
, I(g) is strictly convex. Therefore by Theorem m (ii), there is a non-decreasing function
¢ such that g = @(ﬁug). The conclusion of part (I) follows with p(t) = gé(p%qtq).

Let us prove part (II). Since I(g) is continuous with respect to the weak™ topology of L>(2)

and since G is compact, we know that a minimizer g of I(g) exists on G, and is unique by the
strict convexity (proved in Proposition . We have to show that g € G. If 0 <t < 1 and if
gr = tg+ (1 — t)g, using the minimality of g and (2.12]) we find

1(g) < I(g2) = I(g) + t / (- 9)

uldx + o(t),
P (t)
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where
lim it) =0.
t—0 t
It follows that
g—g ugdr > 0.
La=a-L
Equivalently,
/ g ugdx > / gulde Ygeg. (3.23)
Q Q
By the equation
— Apug = gul ', (3.24)

it follows that the function uz; cannot have flat zones in the set
F={xeQ:g(x)>0}.
If |F| < |9, since g € G, by Lemma 5 of [4] we have
|F| > {z € Q: go(z) > 0}

Then there is g; € G such that its support is contained in F'. By Lemma [2.5] there is a non-
increasing function 14 (t) such that v, (uj) is a rearrangement of g; on F.
Define

= inf
@ g, i)

We claim that uf(z) < a in F. Arguing by contradiction suppose the claim is false. Therefore
there exist a number Sy > « and a subset A of F with |A| > 0 such that u}(z) > S; a.e. on
A. Now let o < Sy < S;. We can find a set D of positive measure contained in €2\ F' such
that uf(xz) < Sy a.e. on D. We can assume |A| = |D|. Using a measure preserving bijection

T : A — D we define a particular rearrangement of g, denoted by h, as follows.

g(Tx), ze€A
h(z)=4¢ g(T 'z) xe€D
g(x) reQ\(AUD).
Thus
/hg / ud da :/ hugdx—/ gul dv
AUD AUD
:/ ‘g! /gu on:E—/Agugdx—/AhUEOTdI

g ul oT—u)dx<(Sg—Sl)/§dx<0.
A
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Therefore fQ huf dx < fQ gug dx, which contradicts 1) and the claim follows.
By using equation (3.24) we see that the set {x € F' : uj(x) = o} has measure zero. Therefore
we find that uf(z) < o a.e. in F'. Now define
~ 1/}1<t) if 0<t<«
o]

0 if t>a.

The function ¢(t) is non-increasing. Let us show that ¢ (u) € G. Indeed, the functions g, and
¥ (ul) have the same rearrangement on F, and both vanish on Q \ F. Therefore, )(ul) is a

rearrangement of g; € G. For g = @E(ug), by Lemma H we have

/gugdxz/gugda: Vg eg.
Q Q

By the latter result, the uniqueness of the minimizer and (4.25) we must have § = g. The
theorem is proved with v (t) = 1 (t%).
If |F| = |Q|, the proof is easier and we do not need the introduction of the function g;. This

completes the proof. O

3.1.1 Energy integral in symmetric domains

Let © C RY be a bounded domain Steiner symmetric with respect to some hyperplane, say
{z1 = 0}. Recall that Q is Steiner symmetric with respect to {x; = 0} if and only if the
intersection of {2 with any straight line orthogonal to this hyperplane is either empty or a
segment centered in the hyperplane. In this case we write Q = QFf. A function u defined in a
Steiner symmetric domain 2 is Steiner symmetric if and only if all sets {x € Q : u(x) > t},
t € R, are Steiner symmetric (with respect to the same hyperplane {x; = 0}). In this case we
write v = uf. If u is not Steiner symmetric we always can associate to u a rearrangement u*

which is Steiner symmetric. The following results are classical.

Lemma 3.1. [20, page 23 and page 26] Let Q = QF.
i) If f(x) and g(x) belong to LL(Q2) then
| s@at@de < [ Flagiais (3.25)
i) If u € HyP(Q), u(x) > 0 then uf € Hy"(Q) and

/ Vulde > / Vel |Pdz. (3.26)
Q Q
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Proposition 3.2. [19, Proposition 2.4] Let Q = QF and let 1(g) be defined as in . We

have
I(g) <I(g*) Vgeg.

Proof. If g € G and if u, is the corresponding non-negative maximizer of w — B(g, w), using

(3-25) and (3.26) we find

q [P
1 :——/ uqu—/Vu pdx}
(9) pd bl RO Q| gl
qa [P f(,,8)a / tp }
< —|= ut)? dr — V! |Pdx
_p_q_q/ﬁg(g) Q| ol
q [P t q / ]_ #
< — = ul, dx — VuylP de| = 1(g%).
_p_q_q/ﬂg g Vgl (%)
This completes the proof. O

Now let 2 = Bgr be a ball centered at the origin and radius R. A function v defined in Bpg is
Schwarz symmetric if and only if all sets {z €  : u(x) > t}, t € R, are balls centered in the
origin. In this case we write u = u®. If u is not Schwarz symmetric we always can associate to
u a rearrangement u” which is Schwarz symmetric. The function u® is also named the Schwarz
decreasing rearrangement of u. We also use the function ua, a rearrangement of u which is
radially symmetric and increasing with respect to |x|.

Note that if u*(¢) defined in [0, |€2|] is the usual decreasing rearrangement of u(z) then we have
u(2) = w(wnle]™),  ua(z) = w(wylalY).

Here, wy denotes the measure of the unit ball in R¥.

We shall use the following classical result.

Lemma 3.2. [26, page 23 and page 26] Let Q = Bgr. If f(x) and g(x) are non-negative and
bounded in §2 then

| @i < [ g

Proposition 3.3. [19, Proposition 2.6] Let Q@ = Bp and let I(g) be defined as in (3.15). We

have
I(g) <I(¢g®) Vgeg

and
I(ga) < I(g9) VYg€g.

Proof. The first statement follows from Proposition [3.2] since a ball is Steiner symmetric with
respect to any hyperplane passing through the origin.
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Let us come to the second statement. Since g(z) > 0 we have ga(z) > 0. Hence, by the

uniqueness for the problem
—Ayu=gau’" in Br, u=0 on OB,
one finds that u = u,, is radially symmetric. Therefore we can write the previous equation as
(P = Y gt

Integrating we find
_TNfl(’u/|p72u/) :/ SNflgAuqfl ds.
0

It follows that u is non-increasing with respect to r and that u? = (uf A)A. Hence using Lemma

3.2 we find
I(g):i_p/ ul dx—/\Vug\pdx}
pP—qlq
q [P
> — = uq dx—/Vu pdx
e Vg
q [P
> 412 q _ P — ‘
_p—q-q/QgAugA dx /Q|VugA| dx] I(ga)
This completes the proof. O

Particular cases. Let go(z) = xg,, where Ey C Bg. By Proposition , I(g) attains its max-
imum value when g = x, E being the ball centered in the origin with |E| = | Ey|. Moreover,
I(g) attains its minimum value when g = Yz, where By \ E is a suitable ball centered in the

origin.

Let B be a disc (in the plane) with radius 1, and let g(x) = xg,, where Ej is a disc concentric

with B and radius 0 < a < 1. Consider the boundary value problem for ( p =2 and ¢ = 1)
—Au=xpg,, iIn B, u=0 on JIB.

Since Ej is radially symmetric, the solution v must be radially symmetric. We write u(x) = u(r)

where r = |z|. Then we get

~(ru) =

r if0<r<a,
0 ifa<r<l1

We find
if0<r<a,

fa<r<l

|

<

Q\

I
——
‘\’lpw NS¢
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and
if0<r<a,

ifa<r<l.

|
S
~
I
—
Ml@ NI
S|

The corresponding energy integral is

1 a .3 141
/ \Vu|*dxdy = 27r/ (u')?rdr = 2#[ o+ / a——dr}
B 0 o 4 o 4

a*  at mat /e
= 27T|:1_6 — Zloga} = —log?

Hence, if 8 = ma® we have

We consider now plane domains different from a disc.

Let 2 = B; U By, where By and B, are disjoint unit discs, and let Fy = E; U E,, where F;
and Fj are discs concentric with By and Bs respectively. Let |Ey| = s and |Ey| = 8 — s. For
0 <s < f <, the total energy in €2 is

J(s) =1(s)+ I(5 —s).

Let us solve the inequality J(3/2) < J(/5). We have

5—; log<27rﬁ\/_) < — 1og(%—>
(=8 <o L
2

b <

Therefore, when 3 < ”\[ , the maximum of J(s) cannot correspond to s = §/2 (the symmetric
configuration). This phenomenon is known as symmetry breaking. We can show that the

maximum corresponds to either s = 0 or s = 3. Indeed, we have

J(s)—ﬁ[sﬂog%\@%—(ﬁ s)? logﬁ\_/é}
J'(s) = 2;[slog——(ﬁ—s)log67is].

Hence J'(8/2) = 0 and J'(0) < 0. Note that we write J'(0) = lim,_,0 J'(s). Moreover we find

7T2

1
J”(S) = — IOg m

2
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We have J”(s) > 0 for 72 > e%s(8 — s). The latter inequality holds for 72 > €2(£)? that is,
B < 2. Therefore, if # < 2 we have J”(s) > 0 on (0,3/2), hence, the maximum of J(s) is
attained at s = 0. If 2 < § < ﬂT‘/E we have J”(s) > 0 on (0, s¢) and J"(s) < 0 on (so, %E) (for
a suitable value of sg). Also in this case the maximum is attained at s = 0.

Since J(s) = J(6 — s), J(B) is another point of maximum. Therefore, we do not have unique-
ness for the maximum in this situation.

In case of =¥° < 8 < 7 one finds J'(0) <0, J'(5/2) =0, J”(s) > 0 on (0,s1) and J"(s) < 0 on

2

(s1,//2) (for some s1). It follows that s = 3/2 is the maximum value of J(s) in this case.

We note that the union of two disjoint discs is not connected. For h > 0 small, let us de-
fine the dumbbell
where B(—2,0) and B(2,0) are unit discs centered at (—2,0) and (2,0) respectively. If uy is

the solution of our maximization problem in €, by using [22] Theorem 8.27 | one finds

< Ch?
dist(g}g‘%gghuh(x) aS [[un|[L2@),

for some 5 € (0,1). By using this estimate one can show that the limit of the energy integral
corresponding to €, converges to the energy integral corresponding to € ( € is the union of
B(—2,0) and B(2,0)). Since we have proved that

21(%) < I(8)

for 0 < g < 7“2/5, it follows that for h small enough, the previous inequality must hold in €2;.

Therefore, we have symmetry breaking for a suitable dumbbell.

Let Q = By U By U B, where B; (i = 1,2, 3) are disjoint unit discs, and let Ey = Ey U Ey U E3
where F; are discs concentric with B;. Let |E;| = s; with s; + so + s3 = . The total energy in
Q is

I(s1) 4+ I(s2) + 1(s3), 1+ 89+ s3=/.

Let us solve the inequality 31(8/3) < I(3). We have

25 < (75,

3—1
O ©8 16 47 6]

Lis(517) <1747

log(gﬂﬁ\/g) < log<%z)3,
B < %E.

42




Thesis May 23, 2019

Therefore, when § < ”\f, the maximum cannot correspond to the symmetric configuration and
we have a symmetry breaking. Note that we do not have uniqueness for the maximum in this
situation. Indeed, if (51, 52, f3) corresponds to a maximum, we can assume [3; # [35. Then also

(B2, P1, B3) corresponds to another point of maximum.

For n > 4 let us take n disjoint unit discs and 0 < 8 < 7. Let us compute

nl(B/n) < I(5).

We have
() < (2L,
(") <u(),
log<m;}/€> < log(%\@)n,
§< T
=

Note that, for n > 4 we have

b < —.

Therefore, when 8 < 7, the maximum cannot correspond to the symmetric configuration and

we have a symmetry breaking.

Let B and Ej be the same as before. Consider the p-Laplacian boundary value problem

—Ayu=Xg, iIn B, u=0 on 0B.

Since Fj is radially symmetric, and since the p-Laplace operator is invariant for rotations, the

solution w must be radially symmetric. We write u(z) = u(r) where r = |z|. Then we get

(r(_u,)pfl)' _ { r if0<r<a, £(0) — u(l) - 0.

0 fa<r<l1

We find
if0<r<a,

_ulp—lz 5
(=) a? ifa<r<l1

r
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and

. (3)r1rr T 0 <7 <a,
—Uu =
o ifa<r<l.

We have

—/|Vu]pdasdy—/ |/ |Pr dr = [/
p_

PET [ 3p2 1 2 p—1 p=2
() [ et ()]
2 3p — 2 p—2
e
= | = — ar-1 |qr— — p—
2) P 3 ¢
O =
3p— 2

Hence, if 3 = ma?, the corresponding energy integral is

=2 (IO - g2 (2]

Let 2 = B; U By, where By and B, are disjoint unit discs, and let Fy = Ey U E,, where F;
and Fj are discs concentric with By and Bs respectively. Let |Ey| = s and |Ey| = f — s. For

0 < s < (3, the total energy in € is the following
J(s)=1(s)+I(B —s).
We have

1(5)=2(5) () () -5 56T

Let us solve the inequality J(8/2) < J(5). To solve this inequality we consider the following
two cases.
Case 1. If p > 2

P

2(%) [1 N 3pr 2 (%) M] < <§>1 [1 N 3;f > (9 M}
(%) - [1 N 3p2€ 2 (%)M} < [1 N :spQg 2 <§>M]

O O O G
SR OO
_(Ly

we have

and
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Then we find

1

1\r-1
2

p

) 2(p—1) .

VRS

(é)ﬁ’{% _p—2 17
s 2p 1_ (

N —

Case 2. If p < 2

2(5) =556 (O -5 (0

we have ) s -
Q) 556" 55 ()
2 3p—2\2r 3p—2\m
and
O = (ORI O IR
2 3p—21L\1 2 2m
S R ORI G
3p—21L\1 2 s
S NUNCR
3p—2\m
Then we find

. 1 1\ 2(»p-1)
<§>2<p”1> o T2
3 1

NG
2
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3.2 Optimization of the principal eigenvalue

Let us consider the case ¢ = p. This leads to the theory of eigenvalues. We recall the definition

of principal eigenvalue. Consider g > 0, g #Z 0. Let A > 0 such that the boundary value problem
—Aju=Agu’™", u>0 in Q wu=0 on 90 (3.27)

has a solution. In this case A is the principal eigenvalue. The meaning of the latter equation is

the following:
uwe HyP(Q), / |VulP2Vu.Vn dx = )\/ guP~ndx V€ HyP(Q).
0 0

The value of A depends on g,p and on €2, but when p and €2 are fixed we write A = A,. The

following variational characterization of A\, is well known.

VoulP d
Ag = inf —f9| v do

. 3.28
ver (@) Jo gl de (3:28)

Let us show that a minimizer u > 0 of ([3.28)) satisfies the above equation. We have

\ Jo IVulP dz
g ng\u|p dz’

and
Jo IV (u+tn)P dx
fQ glu+tn|P dx

As a consequence we have

d Jo|V(u+tn)P da

>\, Vne€ H?P(Q), Vte(-1,1).

=0 VYne Hy"(Q).

di Jo glu+tnf dz li=o
Therefore,
VulP2Vu- Vi d VulP d
P Jo|Vul o Jo [Vulds 2/9\u|pda:=0 Vi € Hy"(Q).
Jo glulp dx <ng|u|p—177dx) @

Then after simplification we get
Vu p’QVu.Vn der =\ gupfln dr Vne HYP(Q).
0
Q Q

Sometimes, the previous definition is written as

Ag = inf {/ |VoulP dx : /g|v|p dr = 1}.
veHé’p(Q) Q Q

We claim that the following characterization of A, is equivalent to (3.28]).

% = sup {/92g|v|p dx — (/Q |Vol? dx)g}. (3.29)

g weH,"(Q)
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Indeed, if we define

2
A(g,v) = /Q2g|'u\p dx — (/Q |Vol? dm)

and replace v by tv, t > 0, we find

2
A(g,tv) = tp/ 2g|v|P dx — t* (/ |Vul? dx) :
Q Q

Let us show that A(g,tv) < A(g,tov) with
Jo glvlP da

(fsz [Vulp diE)Q‘

Indeed, the derivative with respect to ¢t of A(g,tv) vanishes at ¢t = t,. Moreover, computing
A(g, tov) we find

ng|U|de ) qglv|Pdx N2 » 2
A(g.tov) =2 ((IQWW}( / glol do) — <<f£|iww> ( / Vo dx)

q glv]P dx 2
-y

O\, |Vlp dx

-

Thus,

Jo glv|P da N2
Ag, tv) < <—fg|vv|p dg;> .

Since
ng|v|p dz ) fﬂ |VolP dxy -1
sup S —— = ( inf —>
Hy?(9) JoIVOIP da ui? (@) Jo glvlP da

the claim follows.

Note that a non-negative maximizer u = u, of (3.29) is normalized so that t, = 1, that is,

2
/qu’g’ dr = (/Q |Vu,|? dx) . (3.30)

Therefore, the maximizer v = u, of (3.29) satisfies (3.30).

The minimization problem (3.28) has been investigated in [28] for a wide class of function g
including the case ¢ > 0in Q. In [28, Theorem 1.3], it is proved that a non-negative minimizer
of (3.28) exists and is unique up to a constant factor. Since

Aju = —Ag(z)u?™t <0

and v > 0, by [43, Theorem 5 | we must have u, > 0 in €2. It follows that the eigenvalue
problem ([3.27)) has a solution.
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Recalling that

2
A(g,v) = /QQgMp dx — (/Q |Vol? dm)

J(g) = sup A(g,v). (3.31)

vEH, ™ ()

we define

If u, is the positive maximizer of A(g,w) then we find

uPl dx 2
J(g) = (%) : (3.32)

Of course, J(g) = 1/A2.

Let G be as in the previous part. We investigate the problem

max J(g).

geg

We find a result of existence and a result of representation of a maximizer.

Furthermore, we investigate the problem

min .J(g).

geg

We find results of existence and uniqueness, and a result of representation of the minimizer. In
case () is a ball we find precise configurations for the maximizer and for the minimizer. The
present results are contained in the papers [17, [I8] and generalize previous results relative to

the case p =2 and g = 1.

Proposition 3.4. [30, Lemma 3.1] Let go > 0 be a bounded function, positive in a subset of
positive measure. Let G be the weak* closure of G = G(go) in L=(Q), and let J(g) be defined

as in forgea.
(i) The functional J(g) is continuous with respect to the weak™ topology in L>(S).

(ii) The functional J(g) satisfies condition with G(g) = 2ub, where ugy is the maximizer
of w — A(g,w) for w e Hy"(9).

(i1i) The functional J(g) is strictly convez.
Proof. Let g; — ¢ in the weak™® topology of L>*(2). Since g(z) > 0 in a subset of positive

measure, g;(x) > 0 in subsets of positive measure for ¢ large. Let uy be the non-negative

maximizer of w — A(g;,w), and let u, be the non-negative maximizer of w — A(g,w) in
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Hy"(Q). Then
J(g) + /Q 2(g: — g)ul) dx
2
2g;ul dx — (/ |V, dx)
Q
2
2g;ulb dx — (/ Vg, |P dx) = J(g:) (3.33)
Q

2
2(9i — g)uy, dx + /Q 2gul dx — (/Q |V, |P dx)

2(9; — g)ub. dx + J(g).

IN

S — 5

IN

By assumption, we have

lim [ (g; — g)up dov = 0. (3.34)
1—00 9]

Let us prove that
lim [ (g; — g)ub, dx = 0. (3.35)
11— 00 QO

By the normalization (3.30) we have

([ vu

Since gq is bounded and since 0 < g; < supq, go, by using Poincare inequality we find

/giugid:pgé’/u;dmg C/ |Vuy, |Pdz.
Q Q Q

/ |Vug, [Pdr < C. (3.36)
Q

2
P d:c) —/gi ub dzx.
Q

It follows that

By estimate (3.36) we infer that the norm [|Vu,,
of i. Therefore, a sub-sequence of u, (denoted again ugy,) converges weakly in H'P(Q) and
strongly in LP(Q) to some function z € Hy*(2), z(x) > 0. We claim that

»(Q) is bounded by a constant independent

lim [ (¢; —g)(u? —2P) dx =0,

9i
n—oo Jo

which implies . This claim follows from the inequality
[(9: = 9)(uy, = 27)| < Clug, — 2[p(ug, + 2)"*
and Holder’s inequality
b= 2l 2 < = 2oy, + 21
From , and we infer

lim J(g;) = J(9). (3.37)

1—>00
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Part (i) of the proposition is proved.

We claim that the function z just mentioned equals u,, the maximizer of v — A(g,v) for

v e H"(Q). Indeed, from
2
J(g:) = / 2giug, dr — ( / Vg, [? dw)
Q Q

liminf/\Vugi]pde/\Vde:c,
Q Q

1—00

and

using ((3.37]) we find
2
J(g) < / 2927 dx — (/ |V z|P d:):) < J(g).
0 Q

By the uniqueness of the maximizer of A(g,v), we must have z = u,, as claimed.

Let t; > 0 be a sequence such that t; — 0 as i — oo. Let g,h € G and let g, = g +t:(h — g).
Then, by (3.33) we find
Ko+t [ 2= 9wy do < g+ tillh = 9) < Jlg) + i [ (b= )2, do.
Q o i

It follows that

J(g+ti(h—g)) — J(g)
t;

/ 2(h — g)up dx < < / 2(h — g)up, dx. (3.38)
Q Q 7

Since t; — 0 as i — 0o, we have ¢;, — g as ¢ — oo in the norm of L*(2). As a consequence,

Ug,

. — ug in the LP(Q2) norm, and

lim [ (h—g)ul, dv= /(h — g)ub dz.
1—r 00 Q g [¢)
Since the sequence t; is arbitrary, from the latter equation and ([3.38) we find
t(th—yg)) —
i L9t th—9)) — J(g)

t—0+ t

= / 2(h — g)ul) dx. (3.39)

Part (i) of the proposition follows. Let 0 <t < 1. If g1, go € G and g, = tg; + (1 — t)go, We

have
A(gi,v) = tA(gr1,v) + (1 — t)A(ga,v),

sup A(gi,w) <t sup A(g,w)+ (1—1t) sup A(gs,w).
veH)P(Q) veHyP(Q) veH) P (Q)

It follows that
J(g:) < tJ(g1) + (1 —1)J(g2), (3.40)

that is, the convexity of J(g). Now, let us prove strict convexity. Recall that go(z) > 0 is the

0
function which generates G and G. In particular, every function g € G, satisfies g(x) > 0 and
g # 0. If equality holds in ((3.40)) for some 0 < ¢ < 1, then

A(gt7 ugf,) - tA(gla ugl) + (1 - t)A(927 ug2);
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where ug,, u,,, u,, are respectively maximizers of A(g:, w), A(g1,w), A(gs, w) for w € H&’p(Q).
Since A(gy, ug,) = tA(g1,uq,) + (1 —t)A(ga, ug,), it follows that

A<g17 ugt) = A(ghugl) and A(g27ugt) = A(927 ugz)'
By the uniqueness of the maximizer we must have u,, = uy = u,4,. Furthermore we have
—Apug, = Mg1) grub ! ae. in Q

and

—Apug, = A(g2) ggufg)t_1 a.e. in €.

Since ¢1(x) > 0 and ¢;(x) # 0, by the strong maximum principle ([43] Theorem 5), u,, (z) > 0.
It follows that A(g1)g1(x) = A(g2)ga(z) a.e. in Q. Integration over Q yields A(g1) = A(ga)-
Hence, g1(z) = go(z) a.e. in Q.

The proof of the proposition is completed. O

Theorem 3.3. [30, Theorem 3.2] Let go > 0 be bounded and positive in a subset of positive

measure, let G be the class of rearrangements generated by go, and let J(g) be defined as in

. Then

(I) problem
max J(g)

9eg
has a solution § € G; furthermore, if § is a mazimizer of J(g) and if ug is the positive

mazimizer of v — A(g,v) then § = ¢(ug) for some increasing function o(t).

(II) problem

in J
min (9)

has a unique solution § € G; furthermore, if § is the minimizer of J(g), and if uy is the

positive mazximizer of v — A(g,v), then § = @Z)(ug) for some decreasing function (t).

Proof. By Proposition the functional J(g) is continuous with respect to the weak™ topology
of L*(€), and convex on G. Then, by Theorem m (i), there is a function § € G such that
J(g) < J(g§) forall g € G. Since go(z) > 0, by Proposition (ii) and (iii), J(g) is strictly convex
and satisfies condition with G(g) = 2u?. By Theorem w (ii), there is a non-decreasing
function ¢ such that g = @(2u§). The conclusion of part (I) follows with ¢(t) = 95(2#’).

Let us prove part (II). Since J(g) is continuous with respect to the weak™ topology of L>(Q2)

and since G is weakly compact, we know that a minimizer g of J(g) exists on G, and is unique

o1
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by the strict convexity (proved in Proposition [3.4] ). We have to show that g€ G. If 0 < t < 1
and if g, = tg+ (1 — t)g, since J(g) satisfies condition (2.12]) we have

J@) < J(g) = J(5) + t/Q(g — 92 de+olt) as t—0.

Hence,
/(g — §)2uf dz > 0.

Q

Equivalently,
/gu‘;7 dﬁZ/guf; dr Ygeg. (3.41)
Q Q

By the equation

— Apug = Agub !, (3.42)

it follows that the function uz; cannot have flat zones in the set
F={xeQ:g(z)>0}.
If |F| < |9, since g € G, by Lemma 5 of [4] we have
|F| > {z € Q: go(z) > 0}

Then there is g; € G such that its support is contained in F. By Lemma [2.5] there is a non-

increasing function v (t) such that v, (uk) is a rearrangement of g; on F.

g
Define

= inf uf(z).
"=, i)
From now on the proof continues as in that of Theorem [3.2] O

3.2.1 Principal eigenvalue in symmetric domains

If ©2 has some symmetry as in the previous case we can prove analogous results also for the

functional J. We use the same notations as before.

Proposition 3.5. [T7] Let Q = QF and let J(g) be defined as in (3.39). We have

J(g) < J(g" Vgegq.

Proof. 1If g € G and if u, is the corresponding non-negative maximizer of v — A(g,v), using

2
J(g) = / 2g ul) dv — (/ |Vu,|? d:r;)
Q Q

52
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2
/Zgﬁ(uf])p dx — </ |Vuf;\pdx>
Q Q

2
< /QQgﬁu;1 dx — (/Q]Vugu]pdx> = J(g".

This completes the proof. O

IN

Proposition 3.6. [I7, Theorem 3.3] Let Q = Bp and let J(g) be defined as in (3.39). We
have
T(g) < J(g%) VgeG

and

J(ga) < J(g) VYg€G.

Proof. The first statement follows from Proposition [3.5] since a ball is Steiner symmetric with
respect to any hyperplane passing through the origin.

Let us prove the second statement. Since g(z) > 0 we have ga(xz) > 0. Hence, from the
equation

—Ayu = )\ggAup’1

by uniqueness one finds that v = u,, is radially symmetric and decreasing with respect to |z|.
It follows that u?, = (u?,)*. Hence, using Lemma (3.2 we find

gn

2
I(g) = /29 u? dy — (/ |Vug|Pdac>
Q Q
2
> /29 up  dr — (/ \VugA‘de)
Q 0
2
> /QgAugA dx — (/ |VugA]pdac) = J(ga).
Q Q

This completes the proof. O

Particular case. Let go(z) = xg,, where Ey C Bgr. By Proposition J(g) attains its
maximum value when § = xz, E being the ball centered in the origin with |E| = |Ep|. By
Theorem we know that x; = ¢(uy) for some increasing ¢. In our case we have p(s) =
H(s—1t). Here H(s —t) =1if s >t and H(s —t) = 0 if s < t, where ¢ is a suitable number

depending on measure of Fy. Indeed we have

Xp = H(ug(x) —1).

Similarly, J(g) attains its minimum value when § = xjz, where E = By \ By. Here By is a disc
concentric with Bg such that |By| = |Bg| — |Eo|. By Theorem [3.2| we know that xp = ¥ (uy)

for some decreasing . In our case we have ¢(s) = H(7 — s). Here H(t —s) = 1 if s < 7 and
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H(t —s) =0if s > 7, where 7 is a suitable number depending on measure of E,. Indeed we

have
xp = H(T —ug(z)).

If Q is a general domain, we may have multiple solutions for the maximum of J(g), which means
multiple solutions for the minimum of A;. Let us describe the following eigenvalue problem in

a plane domain :
—Au+xgu=Agu, u>0 in € wuwu=0 on 0JQ.

This problem has been discussed in [11]. Even if this eigenvalue problem is not the same as
our problem, in [II] it is proved that they are equivalent. In [I1, Theorem 7] it is proved that

in case () is a suitable dumbbell, the problem

min A\g,
|E|=p

for # small has non-symmetric solutions. It follows that the solution of minimizer may not be

unique in general.

o4



Chapter 4

The (p,q)-Laplace equation

4.1 The (p, q)-Laplace equation and optimization prob-

lems

Now we discuss optimization problems in classes of rearrangements for (p, ¢)-Laplace equations.

A simplified version of these results are contained in paper [29].

Let Q be a bounded smooth domain in RY, and let 1 < ¢ < p. We consider the boundary value

problem
—Apju— A= f(zr,u) in Q w=0 on 0L

The non-homogeneous differential operator A, + A, is called (p, ¢)-Laplacian. As observed in
[35], it stems from a wide range of important applications including biophysics [20], plasma
physics [44], reaction-diffusion equations [12], as well as models of elementary particles [3]. In
the last decades there has been a great interest in the investigation of these problems mainly

concerning existence and multiplicity of solutions, eigenvalues, ground-state solutions [I, [7, 21].

|a71

In what follows we shall consider f(x,u) = g(z)|u|*", where 1 < a < ¢ and g(z) is a measurable

bounded non-negative function which is positive in a subset with a positive measure. So, we

consider the boundary value problem
—Aju—Apu=g(@)|u/*" in Q u=0 on 9. (4.1)
A solution to this problem is a function u € Hy?() such that

/(|Vu|p_2 + |Vu|"?)Vu - V¢ do = / g(x)|ul* o dr Vo € HyP(Q).
Q Q
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We define . . .
I(v) = [ (=glv|* = |V’ — =[Vv[)d Hy?(9).
©) = [ (Zolol" = 190 = 2Vl )do. v e ()

Clearly, since 1 < o < ¢ < p, I(v) is finite for any v € Hy?(Q). We consider the classical

maximization problem

max [I(v). (4.2)
vEH)P(Q)

To prove the existence of a solution to problem (4.2)), let

I:= sup I(v)
veH) P (Q)

and let v; € Hy?(Q), i =1,2,-- -, be a sequence such that

I = lim I(v;).

1—>00
We have
1 1
I(v;) < —/g|vi|adx——/ |V, |Pdz.
a Jo P Ja

By using Poincaré and Holder inequalities we find

1 v
— / glvi|%dz < C’/ |V |“dx < C’(/ |Vvi|pdx> .
@ Jo Q Q

Here and in what follows we denote by C constants (possibly different) independent of 7. It
follows that

I(v) < c(/ Y dr)’ —%/ Voil? da. (4.3)
Q Q

Recalling the well known inequality

BZ(GB)ESE(GB)Z-FZ);Q(%)FPQ,
for .
B:O(/ﬂwvmdx)”
and L
= o(5)
we find

s 1
1P < = 1P .
C’(/Q\Vvl\ d:v) < QP/QIVUZ] dr +C

(Clearly, the two constants C' in above are different.) Insertion of the latter inequality into

(4.3) yields

1 1 1
I(v;) < —/ |V, |P daz+C——/ |V, dx:——/ VP de + C.
2p Jo P Ja 2p Jo
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It follows that the value of I is finite. From the latter result we also find
/ |Vu;|Pdx < C.
Q

Hence, a subsequence of {v;} (denoted again {v;}) converges weakly in H'*(2) and in H"4(Q)
to some function u € Hy”?(Q). By Rellich’s Theorem, {v;} converges to u strongly in LP(2) as
well as in L9(€2) and in L*(Q2). Therefore, we have
. 1 1 1
I> / (—g|u|0‘ ~ |Vl — —|Vu|q>dx
o @ p q
: 1 o . 1 . 1
> lim [ —g|v;|* de — liminf | —|Vv;[Pdx — liminf | —|Vu;|%dx
i—o0o Jo O i—00 ab i—00 aq
: 1 1 1 .
> lim (—g|vi|a — = |V, |Pdx — —|Vvi|q>dx =1.
Hence, u is a maximizer in (4.2). Since I(u) = I(|u]), if v is a maximizer so is |u|. Thus, we

have proved that a non-negative maximizer of problem (4.2) exists.

It is easy to show that a non-negative maximizer u of problem (4.2)) is a solution to the boundary
value problem (4.1)), that is

/(|vu|p—2 + | Vu|T?)Vu - Vo — gu*¢)dr =0 Vo € Hy"(). (4.4)

Q

Indeed, let u > 0 be a maximizer of problem (4.2). If t € R and ¢ € H,”(Q) we must have
I(u) > I(u+tgp) Vte (—1,1).

Hence,
dl

dt

t=0

By computation we find
/ <gua_1gb VUl V- Ve — |Vl TV - VqS) dz = 0,
Q

which is equivalent to (4.4)).

Under our assumptions (in particular @ < ¢ < p), a maximizer u > 0 of (4.2 is non-trivial.
Indeed, if v € H'"?(Q), v > 0, and € > 0 small enough we have

eP—« g—

1 €
I(ev zea/ —g(z)v* — VoulP —
() = [ (Golo == IVup — =

It follows that problem (4.1)) has a non-trivial solution.

|Vv|q) dx > 0.

Problem (4.1)) has been discussed in [32, 33]. In particular, since g is non-negative and bounded,
any solution u belongs to C17(Q) for some 0 < o < 1.

Let us prove the following comparison principle.
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Theorem 4.1. [Weak comparison principle] Let Q be a bounded domain in RY and let 1 <
q < p. Let u,v € H'"?(Q) satisfy

u(z) —v(x) <0 on 0N

and let
/(\Vu\p_2 + |Vu|"H)Vu - Vodr <0 Vo € HyP(), o(x) >0, (4.5)
Q
/(|W|P—2 + |Vo|T2)Vu - Védr >0 Vo € HyP(Q), é(x) > 0. (4.6)
Q

Then, u(z) —v(z) <0 a.e. in S

Proof. Let A ={z € Q : u(z) > v(x)}. We must prove that |A| = 0. Subtracting (4.6 from
(4.5)) we find

/((WUVH £ Vul)Vu — (02 4 [Vofs=) Vo) - Voda < 0.
Q
Putting ¢ = (u(x) — v(z))" we have
/ <(|Vu|p_2 + | Vu|T?)Vu — (|Vo|P2 + |Vv|q_2)Vv> - (Vu — Vv)dr <0.
A

We can also write

/ <|Vu|p_2Vu - |Vv|p_2Vv> - (Vu — Vv)dx
A

+ /A<|Vu|q_2Vu - |Vv|q_2Vv> - (Vu—Vv)dr <0. o
By using the inequality
(| X]"?°X = [Y]7%Y) - (X —Y) >0 for X,Y €R",
with X = Vu and Y = Vv we find
/A<|Vu]q_2Vu - |Vv|q_2Vv> - (Vu—Vv)dx > 0.
Hence, from it follows that
/A<|Vu|p2Vu - |Vv]p*2Vv> - (Vu—Vv)dx <0. (4.8)

Now we use the inequality
(XX = YY) - (X —=Y)>0 for X #Y.
With X = Vu and Y = Vv we find
(|VulP2Vu — (\Vv|p_2Vv> -(Vu—Vv) >0 for Vu# Vo.
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In view of this inequality, if |Vu— Vv| # 0 in a subset of A with a positive measure, (4.8]) yields
a contradiction. If Vu = Vv almost everywhere then V(u —v) = 0 in A. Since u —v = 0 on
0A, we have u(x) = v(x), so the measure of A must be zero. Hence, u(x) < v(x) in  and the

theorem is proved.

Now we prove the following version of a strong maximum principle.

Theorem 4.2. [Strong comparison principle] Let 1 < q < p and let u € CY(Q) such that
u(x) >0 and Apu+ Ayu <0 a.e. in Q. Then either u(z) =0 or u(z) > 0 in Q.

Proof. If u(z) = 0 for some z( € 2 and u(x) # 0 we shall get a contradiction. We may assume
that there is a ball B C ) centered at z; with radius R such that xy € 0B and u(x) > 0 in B.
Let

a= ‘zr|I:11Rn/2u(:z:).

Clearly, a > 0. For k& > 0 (that will be fixed later on), let
o(r) =c(e" —1), 0<r<R/2, v(R/2)=a.

We have v(0) = 0 and v'(r) > 0 for r > 0.
In the annulus

G={z€B:R/2<|z—z| <R}

we define
2(z) =v(R — |z — z1]).

We have z(z) =0 on |z — 21| = R and z(z) = a < u(z) on |z — x1| = R/2. Hence,
z2(z) —u(z) <0 on 0G.
On the other hand, since z is radial with respect to r = | — 21| we find
Az = =N <TN*1]z/|p*2z’>/

= —p=N (rN_l(v’(R - T))p_1>/

= (= DR )P (R —r) = L (R =)y
= (R= )70~ D" (R—r) = "0/ (R~ 1))
— p—1 - 2(N — 1)
— /(R — 1)) [(p—l)k— - }EOforkzm.
Similarly, we find
/ q—1 — 2<N — 1)
Az =v(R—r)) [(q—l)k— " }ZOfor kkm.
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2(N-1)

Rig—1) We have

Hence, for k =
Apz+A;z>0 in G.

By assumption, we also have
Ayju+Au<0 in G
Recalling that
2(z) —u(x) <0 on 0G,
by Theorem [4.1{ with 2 = G and v = z, we must have z(z) < u(z) for all z € G.

At this point we find the following contradiction. Since xg is a point of minimum for u, the

gradient of u at zy vanishes. On the other hand, for x € G we have

u(z) —u(zo) _ z(x) — 2(xo) B V(R — |x — x])

|z — o |z — 20| |z — o
If x belongs to the segment [z1, x¢] we have |x — zo| = R — |© — x1|. Therefore,

u(z) — u(zo) > V(R — | — 1))

|z — o R— |z —x|

It follows that

lim inf A0 = @0) oy o = 7 = )
a—zo |x— x| =z R — |z — 1
. v(R—1t)
=R
='(0) > 0,

contradicting the fact that the gradient of u vanishes at x = x5. The theorem follows.

The following uniqueness result is crucial for our purposes.

Theorem 4.3. Let  be a bounded smooth domain in RN, g € LE(Q) and 1 <a < qg<p. If
u,v € Hy?(Q) N C%Q) are positive solutions to problem (4.4) then u(z) = v(z) in Q.

Proof. Define A = {z € Q : u(z) > v(z)}. If we prove that A is empty, the assertion of
the theorem follows. We argue by contradiction, assuming A is not empty. For € > 0, define
ue = u + € and v, = v + €. Note that in A we have u.(z) > v (x). Using

61 (z) = maX[M7 0}

ugH(x)

as test function in the equation for u we obtain

/|Vu|p_2Vu-V<u5 _fE)der/ |vu|q—2vu-v<“€ _f€>dx
A g A U™

- / o) — ) ()" |

€
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Using
)~ 12(o)

o)=L 500)

as test function in the equation for v we obtain

/|W|p 2V - v(v— dx+/|Vv|q 2Vy - v(“?_”3>dx

~ [ stz =) (2)" an

Subtracting the latter equality from the first one we get

/|W|p 2V - v(
us
/ywp 2Vy - v(— dw+/\Vv[q 27y - V(Uva_u6>dx (4.9)

da:+/ V|12V - v(“eu_ “?)d;c

a—1
€

1
= Lea

where

L.= /Ag(:c)(u? —vf) (%)a_ld:c + /Ag(:z:)(vf —ul) (£>a_1dx. (4.10)

Ve
We claim that the sum of the second and the fourth integrals in the left hand side of (4.9) is

non-negative. Indeed, since

V(u? - U?) =Vu+ (a— 1)<Z—i)aVu - a<2>a1Vv

uo—t U
and
V(Ug a_??) =Vu+ (a—1) <%)QVU - 04(%>a_1Vu
(2 Ve Ve
we find

Oé

/|Vu|q 2V - v(— da;+/ IVo|2Vo - V(”U;“)dx

= /A{|Vu|q<1+(a— 1)<u_6> > —a|Vu|q_2<Z—i> Vu-Vv}da: (4.11)

€

+ /A{]Vv\q<1 + (a — 1)(3{)()) — a|Vo|?? (:j—:)a_IVv - Vu}d:c.

Now, for X,Y € RY, we recall the inequality
1 1 1 1
IX|972X Y < | X|94 Z|Y|? with =+ = =1,
S q s q

and replace the vector X by AX, where A is a positive real number. We get
1 1
|X|92NIX Y < SN X4+ — |V
S q
With \ = (ve)ql, X = Vu, Y = Vo we find
. 1 v\ s(a=1) 1
|vu|q—2(”—) V- Vo < - (“ ) Vul? + = Vo).
Ue Ue q
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Similarly, with A = (%)%, X = Vo, Y = Vu we find
a1 1 . s(a—1) 1
\wq-?(”—) Vo Vu < - (“ ) Vo7 + = | V2.
Ve Ve q
In view of these inequalities, by (4.11]) we get

da:+/ V|20 - V(u>das

a—1
Ve

Oé

/yvmq 2V - v(e—
o a v\l
/{’W - -G -7

+ |Vol? [1 +(a—1) <—€>a - <%>S(a1) — g} }dm.

Ve 5 \ 0, q

Using the function

the latter inequality reads
/|W|q 2V - v(—”)d:c+/ |vv|q*2w.v(“€ _?e)dx
€ Ua_

/{yww( <) -+ 1wl 6>}d:c. 6

Note that Q,D( ) is non-negative for ¢ > 0. Indeed we have ¥(1) = 0 and ¢'(t) = ala —

aq 2q+

Dt a1 (tq — 1), hence ¥(t) > 0 for ¢ # 1. Therefore,
/|w\q 2V - v(— dx+/ V|72V - v( fE)dxzo
ue e
as claimed. Therefore, from (4.9) we find
/yW\p 2V - v( — dw+/ Vo2V - V(U—u>dx<L€, (4.12)

where L. is defined as in (4.10). The left hand side of (4.12)) can be rewritten as in (4.11]) with
p in place of ¢, that is

/ VulP2Vy - v(“f—
A U

€

/{\Vu\p<1+ (a—1) <Zi) )—a\Vu\p_2<Z—Z) Vu-Vv}dx (4.13)
/{IWIP<1+ (0= 1)(%) ")~ alvor2 ()" Vo Vuldr.

€

)dx+/ IVoP2Vo - V(U—u>d:1:

€

Recalling the inequality
1 1 1 1
IXPENTIX Y < S N|XP+ Y, —+-=1
r p r p
we find a
. 1 - 1
|vu|P—2(“—) Vu-vo<—(2) U Ivup + o
u u P

€ €
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and (a—1) 1
. a—1 1 e\ a—1
]Vv|p*2(u—> Vv -Vu < - (u_) |VolP + —|VulP.
r \v, P

€

Using these inequalities, from (4.12)) and (4.13]) we find

[l @-n(E) =2 -]

+ |Vl [1 +(a— 1)<%)a . g(ﬁy(al) . 9] }d:zc < L.

Ve 7\, D
Putting
« o
t — 1 — 1 ta i __t @X_l) —
p(t) =1+ (a—1) . >
we have
/{|Vu|pgo<2> + |Vv|pgo<%> }d$ < L. (4.14)
A, ue Ue
Since

limue =u, limv.=v, limL, =0,
e—0 e—0 e—0

[{9uro(2) +190(2) s <. .

ap—2p+1

We have ¢(1) =0 and ¢'(t) = a(a— 1)t 71 (t% —1), hence ¢(t) > 0 for ¢ # 1. Since * > 1
in A, by (4.15) we must have |Vu| = |[Vv| =0 in A. Hence, V(u —v) =0in Aand u —v =0
on 0A. Then, u(x) = v(x), contradicting the definition of A. The theorem follows. O

as € — 0, (4.14)) yields

4.1.1 Optimization problems

Recall that two measurable functions g (z) and go(z) defined in 2 have the same rearrangement
if and only if
{reQ:g@) = =z e Qi gala) 2 t}] WER

Let go(x) be a non-negative bounded function defined in 2. We assume that go(z) > 0 is not
a constant in . As in the previous part of this work, we denote by G = G(go) the class of
functions g which have the same rearrangement as g,. Moreover, we denote by G the closure
of G in the weak™ topology of L>().

With ¢ € G, we consider the functional

1 1 1
J :/ —gu® — —|Vul? — —|Vul? ) dzx, 4.16
(9)= | (Gou = IVl = Vul) (4.16)

63



Thesis May 23, 2019

where u is the positive solution to problem (4.1]). Observe that this function u satisfies

1 1 1 1 1 1
/(—gua — —|Vulf — —]Vu]q>dx = max / (—gvo‘ — —|VolP — —]Vv]q>dx,
o\ p q vEH () 020 Jo \ & p q

and that, by Theorem [4.3] the maximizer is unique.

We are interested in the maximization and the minimization of the functional J(g) for g € G.
Let us prove the following result.

Theorem 4.4. Let Q C RY, gy be a measurable bounded non-negative function which is positive
in a subset with a positive measure, G be the class of rearrangements of go, and G be the closure
of G in the weak™ topology of L>°(S2). Further let

1 1 1
99) = [ (ot = 319uP — £ Val")da,
QN D q

where g € G and u is the positive solution to problem corresponding to g. Then:

i) J(g) is weakly continuous with respect to the weak™ topology of L>°(Q2);

it) J(g) is Gateauz differentiable with derivative éu"‘ (here w is the positive solution to problem
(4.4) corresponding to g);

ii) J(g) is strictly conver on G.

Proof. We start proving ). Let g; — g as i — oo in the weak™ topology of L>(£2). We shall
prove that

lim J(g.) = J(9) (4.17)

Indeed, if w; is the solution to (4.4 corresponding to g;, putting ¢ = w; in that equation we
find

/(\Vui\p + |V, dz = / giud d. (4.18)
Q 0

Since 0 < g; < sup go(x), using Poincaré and Holder inequalities we find

/giu? dx < C/ |Vu;|* < C’(/ |Vu|? dx)g.
Q 0 0

The latter result and (4.18)) imply

/ |Vu;|Pde < C’(/ |Vu;|? dx)z,
Q Q

/ |V [P de < C. (4.19)
Q

from which we get

Recall that we denote by C' constants independent of 7. By (4.19)), it follows that a subsequence
(denoted again {u;}) converges weakly in H'?(Q) (as well as in H%9(2)) and strongly in L%(Q)
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to some function z € Hy(Q).
We claim that
lim [ (gi —g)(uy —2%) dz = 0.

= Jo
Indeed, since
[(9: = 9)(uf = =) < Cluy — 2| - ui + 2|*7
we have
| [ (0= gptus = =) o < Cllus = 2wy s + 2155y

Since u; — z strongly in L%(Q2), we have

11— 00

and
lui + 2|72y < C.
Hence,
: L « . a—1 —
I (ju; — 2| ey [[ws + 2[|a(q) = 0.
Therefore,

lim ‘ /(gz —g)(uy — 2%) dzx| =0,
Q

1—+00
and claim follows.
Since (by assumption)

lim [ (¢; —g)z® de =0,

and
0=1lim [ (¢; —g)(u — 2%) de = lim [ (g; — g)ul de — lim [ (g; — g)2% dx
71— 00 Q 71— 00 Q 21— 00 Q
we find
lim [ (¢; — g)uy dx = 0. (4.20)
71— 00 Q

Obviously, if u is the positive solution to problem (4.4]) corresponding to g we also have

lim [ (g; — g)u® dx = 0. (4.21)

1—00 Q

Now we write

1
J(9) +/ —(g; — g)u® dx
o«
1 1 1
= / (—giuo‘ — —|VulP — —|Vu]q)d1:
o N« p q
< / (Lot — [Vl — Vi) de = J(g) (4.22)
T JoNaT "t p q
1 1 1 1
= / —(9i — g)ug" dx + / <—9UfZ — = V|’ - —|Vui‘q)d$
o« o\ p q
1
< / —(9: — 9)ui" dz + J(g).
[eNe
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By (4.20), (4.21)) and (4.22)) we find (4.17)), and assertion i) of the theorem is proved.

To prove assertion i), we first claim that the function z mentioned above is equal to u, the
positive solution to problem (4.4)) corresponding to g. Indeed, since u; — z weakly in H?(Q)

we have

/ V2P dx < liminf/ |Vu;|? dz
0 71— 00 QO

and

/ |Vz|? de < liminf/ |Vu;|? d.
Q 71— 00 [¢)

Moreover, since u; — z strongly in L*(2), by (4.20)) we get
lim [ guf de=lim [ guy dr=lim [ gz® dz.
1—00 0 1—00 0 1—00 [¢)
From (4.22), using the results in above and (4.17) we find
1 1 1
1o = [ (Gou =S I9uP = 2 Val")da
o & p q
. , 1.1 1
= lim J(g;) = lim (—giui — —|Vu,|P — —|Vu,~|q>da:
1— 00 71— 00 Q (0% p q
: 1 o 1 o 1
<lim [ —guf de —liminf | —|Vu;|Pde —liminf | —|Vu,|?dz
i—00 Jo O 1—00 b 1—00 aq
1 1 1
< <—gza — =|Vz|P — —|Vz|q>dx < J(g).
o & p q
It follows that
1 1 1 1 1 1
/(—guo‘ — —|Vul? — —|Vu\q>da: = / (—gza — —|Vz|P — —|Vz\q>da:.
QN p q Q& p q
By the uniqueness of the maximizer of

1 1 1
Iv:/—va——VUp——Vvq dx
()= | (oo = Ivelr = 19el")

forv>0,ve Hé’p(Q), we must have u = z, as claimed.
In view of the latter result, (4.20]) implies

lim [ gu) dr = lim [ gu dxr = / gudz.
Q Q

1—>00 Q 1—00

Now we finally prove assertion ). Let t; > 0 be a sequence of real numbers such that ¢; — 0
asi— 00. Let h € G and g; = g + t;(h — g). Then, by (4.22) we find

Ho) s [ 2h=g)u do < Jlg+th = 9) < ) + s [ —(h—g)ut do.
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It follows that

J(g+ti(h—g)) - J(g)
t;

1 1
/ a(h —g)u® dx < < / a(h — g)ui du. (4.23)
0 0

Since g; — g as i — 00, u; — u in L*(2) we have,

1 1
lim [ — —(h — g)u® dx.
a

1—>00 Qa

(h— e da :/

Q

Since the sequence t; is arbitrary, from the latter equation and (4.23)) we find

i L9t th—9)) — J(g) :/l(h_g)ua .

t—0+ t

This proves assertion ii).

To prove i), let 0 <t < 1. If g1, go € G and g; = tg; + (1 — t)ga, we have

1 1 1
/(—gtvo‘ — —|VoulP — —|Vv|q>dx
o @ p q
1 1 1
= t/ <—glv°‘ — —|VulP — —|Vv|q)d:v
o & p q
1.1 1
+(1—t)/<—g2'0 2|V — |l da.
o N« p q
If we take the superior for v € Hy?() in both sides of this equation we find
J(g1) <tJ(g1) + (1 = 1) J(g2).

This yields the convexity of J(g). To prove strict convexity, assume equality holds in the latter
inequality for some 0 < ¢ < 1. If uy, uy and uy are the solutions of (4.4) corresponding to g;, g1

and g9 respectively, then we have
1 1 1
t/ (—gluf‘ — —| VP — —|Vut|q>dx
QN p q
1,1 1
+(1—1¢) (—ggut — —|Vut|p——|Vut|q)dx
o\« p q
1 1 1
= t/ <—glu‘f — — |V P — —|Vu1\q>d:1:
o\« p q
1.1 1
+(1—1t) <—ggu2 — —|Vuy|P — —|Vu2|q)dx.
o & p q
It follows that
1 1 1
/(—gluf — —|Vu|? — —|Vut|q>dx
o N p q

1 1 1
:/<—glu§"——\Vul\p——\Vuﬂq)dx
o\« D q
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and
1 1 1
/ (—gguf‘ — —|Vuw|P — —|Vut|q>dx
o & p q
1 1 1
= / (—ggug — —|Vug|P — —\VUQ\q>d:L’.
Q& p q
By uniqueness of the maximizer of I(v) we must have u; = u; = wup. The corresponding

equations for u; are

1

—Apuy — Aguy = g1 uy” " ace. in ()

and

1

—Apuy — Aguy = go u” " ace. in Q.

Hence,

g udt=goudt ae in Q.

Since g;(z) > 0 and g;(x) # 0, by the strong maximum principle u;(x) > 0. It follows that
g1(x) = g2(x) a.e. in Q, which yields strict convexity of J(g).
The theorem is proved. O

Theorem 4.5. Let Q, go, G, G and J(g) be as in Theorem . Then
i) the problem

J
e 1)

has (at least) a solution g € G. Moreover, if § is any mazimizer and if 4 = ug is the solution
to problem corresponding to § then we have § = p(u), where ¢ is some non-decreasing
function.

ii) the problem

inJ
min (9)

has a unique solution g € G. Moreover, if U = uy is the solution to problem corresponding

to g we have § = (@), where ¥ is some non-increasing function.

Proof. By Theorem J(g) is weakly continuous and strictly convex. Therefore, assertion i)
follows by Theorem [2.11]

To prove existence of the minimizer, let

J=inf J
inf J(g),
and let {g;} be a sequence such that
J = lim J(g;).
1—00
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Since G is weakly compact we can assume that for some subsequence of {g;} (again denoted
{g;}) there is g € G with g; — g in the weak* topology of L>(f2). By Theorem J is
continuous, therefore

J = lim J(g;) = J(9).

1—00

Let us prove uniqueness. Assume g1, g2 € G, g1 # g are minimizers for J. Let J(g1) = J(g2) =

m. By the strict convexity of J we have

m < J(2TE) < S0 + Tlg2) = m,

a contradiction. Hence, uniqueness holds in G.

Let us show that g € G. If g € G, 0 <t < 1 and g, = tg + (1 — t)g, since J(g) is Gateaux

differentiable (by Theorem {4.4)) we have, for u = ug,

Ig) < I = Jg+tlg-9) = @)+t [(g-g)iudrtol®) (129

Q

where o(t) is a quantity such that

Hence, from (4.24)) we find
1
/(g —g)—u® dx > 0.
Q (6]
Equivalently,
/guo‘d:vZ/guadx Vg eg. (4.25)
Q Q

Recall that u = ug.
On the other hand, by equation (4.4) (written as equation (4.1])) it follows that the function u

(and the function u®) cannot have flat zones in the set
F={ze€Q:g(z) >0}

Consider first the case |F| = |Q|. Then, by Lemma there is a non-increasing function 1)
such that ¥ (u®) € G. For § = ¥(u®), by Lemma [2.4 we must have

/gu“dxz/guo‘d:v Vg e g,
Q Q

and ¢ is the unique minimizer. By the latter result and (4.25) we must have § = g. When

|F'| = || the proof of the theorem is complete with ¥ (t) = ¥ (t%).
If |[F| < |Q|, we argue as in the proof of Theorem . Since g € G, by Lemma 5 of [4] we have

|F| > [{z € Q: go(z) > 0}
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Then there is g; € G such that its support is contained in . By Lemma there is a non-
increasing function 1 (¢) such that v, (u®) is a rearrangement of ¢; on F.
Define

m = inf u®(z).
z€Q\F

By using (4.25), and arguing as in the proof of Theorem [3.2] one proves that u*(z) < m in F.
Now define

J}(t):{%(t) if 0<t<m

0 if t>m.

The function ¢(t) is non-increasing and ¢ (u®) is a rearrangement of ¢(z) in Q. Indeed, the

functions ¢g; and ¥(u®) have the same rearrangement on F, and both vanish on Q \ F. For

g =¥ (u®), by Lemma [2.4 we have

/guade/guadx Vg€G.
Q Q

By the latter result, the uniqueness of the minimizer and (4.25) we must have § = g. The

theorem is proved with ¥ (t) = ¥ (t%). O

The case a = q. The problem
—Apju—Aju=Ag(z)u”" in Q wu=0 on 99, (4.26)

is an eigenvalue problem. Given g(x), A is an eigenvalue if and only if problem (4.26]) has a
non-trivial solution.

Let us describe some results from [41]. Let A\; be the first eigenvalue of the problem
— A= g(x)u™", u>0 in Q u=0 on I (4.27)

By Theorem 1.1 of [41], if A > A, problem (4.26]) has a unique positive solution. This means
that g(z) does not identify a unique principal eigenvalue. In other words, we cannot define

a functional A(g). As a consequence, we cannot investigate optimization problems related to
principal eigenvalues of (4.26]).

4.2 Optimization in case of rigid obstacles

A simplified version of these results has been published in [30].

Let © be a bounded domain in R?, and let f = f(z,y) and g = g(z,y) be non-negative

bounded functions. We assume f to be positive in a subset with a positive measure. Consider
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the boundary value problem
—Au+gu=f in Q, u=0 on 0.
The variational formulation of this problem is the following:

u € Hy() : /Q <Vu -Vo+ guqb) dxdy = /Qfgb dzdy Vo € H}(Q).

Let us show that this Dirichlet problem has a unique solution. Since g is non-negative function,

the quantity
((0,0)) = [ (Vu- o+ guo) dudy

is a scalar product in the Hilbert space in Hg(€2). On the other hand, since f is bounded, the

functional
F(6) = [ fodady

is linear and continuous in Hj (). Therefore, the existence and uniqueness of a solution u for
our problem follows from Riesz representation theorem on Hilbert spaces. By standard results,
u € CHQ) N %) and is positive on €.

The corresponding energy integral is the following:

I:/(|Vu|2+gu2)dxdy:/fu dxdy.
Q Q

Let F be the class of rearrangements of a given function f;. A typical problem is the in-
vestigation of the maximum or the minimum of [ for f € F. Again, let G be the class of
rearrangements of a given function go. One can investigate the maximum or the minimum of
I for g € G. These problems have been discussed in many papers. We refer to [2, 4 5] and

references therein.

We consider subclasses of F and G. More precisely, let fo = xp,, where Dy is a given subset of
2. We shall investigate the maximum and the minimum of I(D) for g fixed and f = xp where
D C ) is any translation of Dy. Furthermore, let gy = xp,, where Dy is a given subset of €.
We shall investigate the maximum and the minimum of I(D) for f fixed and g = xp. These
problems are inspired by the paper [23], where the case of eigenvalues is discussed. However,
the situation here is different for the simultaneous presence of f and g.

Let D be a domain with a piecewise C! boundary and Steiner symmetric with respect to some
straight line. Our main effort will be the localization of D throughout €2 so as to maximize or
minimize the corresponding energy integral (D). This will be possible under suitable symmetry

assumptions on €.

The equation —Au+ gu = f models the temperature u in € in case of a steady state situation.

The term gu corresponds to the density of heat absorbed (well), while f corresponds to the
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density of the heat produced (source). The energy integral fQ fu dxdy is related with the
average temperature in €2. One may be interested in the maximization or minimization of the

average temperature acting either on the data g or the data f.

4.2.1 Placement of a source so as to optimize energy integral

Let € be a bounded plane domain, and D be a smooth subset of (2. Consider the Dirichlet
problem
—Au+gu=xp in Q, u=0 on 01, (4.28)

where g = g(x,y) is a non-negative bounded function. The corresponding energy integral is

I(D) = /(|Vu|2+gu2)dxdy:/XDu dzdy.
Q Q

When the location of D (that we call source) changes through €2, I(D) may change. We are
interested in finding the locations of D which realize the maximum or the minimum value of

(D).

We first discuss the effect of a translation of the source. If D, is the domain D shifted at a

distance € in the z direction (assuming this is allowed), the new problem reads

— Aue + gue = xp, in Q, u.=0 on 0, (4.29)
and the corresponding energy integral is
I(D,) = /Q(|Vu6|2 + gu?)dzdy = /QXDeUe dxdy.
So, we are interested in finding the sign of
I(D.) — I(D) = /Q[XDeue — xpu] drdy

for a small € > 0.

From the equations in (4.28]) and (4.29)) we find
— A(ue —u) + g(ue —u) = Xp, — XD- (4.30)

The Alexandrov-Bakelman-Pucci maximum principle (see [22], Theorem 9.1) applied to (4.30))
yields
sup ue — u| < ClIxp. — xpllr29), (4.31)

72



Thesis May 23, 2019

where the constant C' depends on €2, but it is independent of € and g. Note that

1 z€(D\D,)U(D.\D)
|XD€ _XD|2:

0 elsewhere in 2.

Moreover, if P is the perimeter of D we have |D \ D.| = |D. \ D| < Pe. Therefore, we can find
a constant C' such that
1
XD, — XpllL2(0) < Cez. (4.32)

Here and in what follows we denote by C' constants (sometimes different from line to line)

independent of e. From (4.31]) and (4.32) we find

sgp lue — ul < Cez. (4.33)
Note that in addition to (4.32]) we have
/Q|XDE — xp| dzdy < Ce.
From the latter estimate and we find
[ 6= o) =) oy = ofe) (4.34)

Moreover, multiplying (4.28) by u., (4.29) by u and integrating over € we find

/Xpu6 dxdy = / Xp.u dxdy. (4.35)
Q Q
Hence,
1 1 )
10 = 10)] = [ [n.u— xouldedy (by wsing (€35)
Q
1

== / [XD.ue — XpUe + Xp.u — Xpu]dzdy (by using (4.34))
Q

2 o(e)

== / [Xp.u — xpu]dzdy + ——=
Q €

€

:2/ u(z +ey) —ulz,y)

€

dzdy + @.
€

As € — 0 we find

d]D au
| =2 = .
de le=0 /D Ox (x,y) dwdy
Recall the Green formula
ou
[ Gt dody = [ ey costn. 2)ds,
p Ox 8D
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where n is the exterior normal to 0D. Hence,

dIp,
de

T 2 /aD u(z,y) cos(n, x)ds. (4.36)

To find the sign of the derivative in (4.36) we need some conditions on €2 and on the function
9(z,y).

Theorem 4.6. Assume ) to be Steiner symmetric with respect to the line {x = 0}. The
function g(z,y) is assumed to satisfy g(x,y) = g(—x,y) and to be non-increasing with respect to
x forx < 0. Assume that D C Q is Steiner symmetric with respect to some line {x = a}. Then
the energy integral I(D) associated with problem increases as the domain D approaches
the line {x = 0}.

Proof. We note that the cosine of the angle between the exterior normal n to the boundary
0D and the z-axis is non-negative on 0D N {x > a}. Assuming that a < 0, the line {z = a}
divides € into € (the small part) and €. Since  is Steiner symmetric, the reflection of 4

with respect to the line {z = a} is strictly contained in 5. In €y, define

w(x,y) = u(za o xay> o U(.T,y)

Of course, we have w = 0 for x = a. Furthermore, recalling that u(z,y) > 0in Q and u(z,y) = 0

on JN) we have w(x,y) > 0 on the part of the boundary 0€; with # < a. Since D is symmetric
with respect to {x = a}, by (4.28) we find

—Au(2a — z,y) + 9(2a — z,y)u(2a — z,y) = xp(2a — x,y), (x,y) € Q.
Subtracting from the latter equation we find
—Aw + g(2a — z,y)u(2a — x,y) — g(z, y)u(r,y) = xp(2a — x,y) — Xp (7, y).
It is easy to check that (z,y) € D if and only if (2a — z,y) € D. Therefore,
—Aw + g(2a — x,y)u2a — x,y) — g(x,y)u(z,y) =0 in €. (4.37)

We claim that ¢g(2a — z,y) < g(z,y) for x < a. Indeed, if 2a — 2 < 0 (since 2a —x > z in
1) the claim follows from the assumption that g(x,y) is non-increasing with respect to x for
r < 0. If 2a — z > 0, using the assumption g(z,y) = g(—x,y) we rewrite the inequality as
g(x — 2a,y) < g(—x,y) and apply the condition that g(z,y) is non-decreasing with respect to
x for x > 0. The claim is proved.

Hence, from (4.37) we find

—Aw+ g(z,y)w(z,y) >0 in . (4.38)
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Since w(x,y) > 0 on 0y, by the weak maximum principle (see [22], Theorem 8.1), we have
w(z,y) > 0in ;. Since w(z,y) > 0 on one part of 9y, we have w(x,y) # 0. Then, by the
strong maximum principle (see [22], Theorem 9.6), yields w(zx,y) > 0, that is,

u(z,y) <u(2a —x,y) in Q.

In particular, u(z,y) computed at the left hand side of 0D is less than u(z’,y) computed at
the right hand side of 9D.
If we denote (OD)" = dD N {x > a} and (D) = dD N {x < a} we have

/ u(z,y) cos(n, x)ds :/ u(x,y) cos(n, z)ds +/ u(z,y) cos(nx)ds.

oD (@D)" (oD)!

By assumption cos(n, z) is non-negative at each point (z,y) € (0D)". Clearly, we must have
cos(n, ) > 0 on a subset of positive measure. Moreover, if we take (z,y) € (0D)! and (2/,y) €
(0D)", the values of the corresponding cos(n, z) are opposite to each other. This fact, coupled
with the information that the value of u(z,y) computed at (x,y) € (9D)" is less than the value
of u(2’,y) computed at (2',y) € (0D)" (for the same value of y) yields

dip,
de

= 2/ u(z,y) cos(n,z)ds > 0. (4.39)
0 oD

Therefore, the energy integral increases moving D in the x direction until the symmetry axis
{z = a} of D coincide with the y axis.
By symmetry, if a > 0, the energy integral increases moving D in the opposite direction of x

until the symmetry axis {x = a} of D coincide with the y axis. The theorem is proved. a

Note that if D is a disc, the conditions required by Theorem [4.6| for D are fulfilled. Therefore,

we can solve the optimization problems in the following cases.

e Let Q be a disc (larger than D) centered at the origin (0,0). If g(z,y) > 0 is radially
symmetric and non-decreasing with respect to the distance from (z,y) to (0,0), the maximum
of I(D) is attained when D is concentric with €2, and the minimum is attained when D is

(internally) tangent to 0fQ.

e Let Q be the rectangle (—aq,a1) X (—ag,a2). Let g(z,y) > 0 satisty g(z,y) = g(—x,y) =
g(z, —y), and let g(x,y) be non-increasing with respect to = for x < 0 and non-increasing with
respect to y for y < 0. Then the maximum of I(D) occurs when D is centered at (0,0), and
the minimum occurs when D is located at one corner of the rectangle (there are four locations

for the minimum).

e Let Q be a regular polygon of n sides centered at the origin. If g(x,y) > 0 is radially

symmetric and non-decreasing with respect to the distance from (z,y) to (0,0), the maximum
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of I(D) is attained when D is concentric with €2, and the minimum occurs when D is located

at one corner (there are n locations for the minimum).

e By the proof of Theorem {4.6[ we can find indications for the maximum even if {2 is not Steiner
symmetric as in the following example. Let € be the union of the half disc {#?+y* < 1, < 0}
and the square {0 < z < 2, —1 < y < 1}. Note that Q is Steiner symmetric with respect to
the x axis, but it is not symmetric with respect to any line {x = a}. However, the reflection of
the half disc {z? +y* < 1, x < 0} with respect to {z = 0} is contained in €, and the reflection
of the rectangle {1 <z < 2, —1 <y < 1} with respect to the line {x = 1} is contained in €.
If g(z,y) satisfy suitable conditions (for example if g(x,y) is a constant) one can conclude that
if I(D) is maximum then the center of D is located on (a,0), where a has a suitable value such

that 0 < a < 1.

Now, we note that if €2 is a disc, it is Steiner symmetric with respect to any straight line
passing through its center. Therefore, we can solve the maximization problems in the following

cases.

e Let  be a disc centered at the origin (0,0), and let D be a rectangle with sides parallel to z, y
axes. Let g(x,y) > 0 satisfy g(z,y) = g(—z,y) = g(x,—y), and let g(z,y) be non-increasing
with respect to x for x < 0 and non-increasing with respect to y for y < 0. By applying
Theorem [4.6| one finds that the maximum of (D) occurs when D is centered at (0,0).

e Let Q be a disc centered at the origin (0,0), and let D be a rhombus with diagonals parallel
to z,y axes. Let g(z,y) > 0 satisfy g(x,y) = g(—=z,y) = g(x,—y), and let g(z,y) be non-
increasing with respect to x for x < 0 and non-increasing with respect to y for y < 0. By
applying Theorem 4.6/ one finds that the maximum of /(D) occurs when D is centered at (0, 0).

e Let (2 be a disc centered at the origin (0,0), and let D be an ellipse with axes parallel to z,y
axes. Let g(x,y) > 0 satisty g(x,y) = g(—z,y) = g(z, —y), and let g(x,y) be non-increasing
with respect to x for x < 0 and non-increasing with respect to y for y < 0. By applying
Theorem [4.6| one finds that the maximum of /(D) occurs when D is centered at (0,0).

e Let 2 be a disc centered at (0,0) and let D be a regular polygon of n sides. If g(x,y) > 0
is radially symmetric and non-decreasing with respect to the distance from (z,y) to (0,0), the

maximum of I(D) is attained when D is concentric with €.

Theorem also holds for N = 1. Let us show that without any assumption on g(x) the result

may not hold. Consider the following example (corresponding to the case the segment D is
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centered at the origin)
—u” + NX U = X1y, w(—2) = u(2) = 0.

Here A is any positive real number. Note that the function g(z) = A?x(_1,1(z) does not satisfy
the monotonicity condition required by Theorem .6, The solution of this problem can be
written as
AN + e )+ 172 [z] <1
u(r) =
B(|z| —2) 1 <|z| <2,

where A and B satisfy
Al +e™ + 12 =-B, M(e*—e?) =B.

We find
Al +e + At —e ™)) + A2 =0.

It is clear that A < 0. Hence,

1 1
2
I :/_ u(z) dx :/_ [A(eM 4+ ) + A 7?]dx < e

1 1

Now we consider the following problem (note that D is not centered at the origin)
—u" + XXt = X, u(—2) =u(2) =0.

Let us show that for 1 < z < 2 we have u(x) > v(zx), where

This fact follows from the familiar comparison principle in that, for 1 < x < 2 we have

—u" =1, u(l) >0, u(2)=0.

2 2 2 ]32 3 1
J:/ux dw>/vx dx:/ ——+-—zr—1)dr = —.
0 (z) 1 (z) 1( 2 2 > 12

As a consequence, for A such that % < % the energy integral [ is less than the energy integral

Therefore,

J. Hence, the maximum of the energy integral does not correspond to the case D is centered

at the origin.

Let us give a simple model described by problem (4.28)) in case of g(z,y) = 0. Let Q be a

plane thermal conductor subject to a source of heat with density xp(z,y). In other words,

7



Thesis May 23, 2019

we have a stove which occupies D and produces heat with density one (in D only). Assume
the temperature is equal to zero on the boundary 0f2. Then, in a steady state situation, the
solution u(z,y) to problem (4.28]) yields the temperature in 2. The energy integral

1(D) = /D up(z,y) dudy

is related with the average of the temperature in D, and it depends on the location of our
stove in §2. By our previous results, for particular domains we can find the exact location of D
which maximizes (D). This result agrees with the physical intuition in that, for maximizing

the energy integral, D has to be located as far as possible from the boundary 0f).

4.2.2 Placement of a well so as to optimize energy integral

Now we discuss a new problem which is, in some sense, complementary to the previous one.

Using the previous notations, consider the boundary value problem
—Au+xpu=f in Q u=0 on 0, (4.40)

where f = f(x,y) > 0is a bounded function, positive in a subset of positive measure. Physically
f(z,y) represents the density of the heat produced (source) and ypu represents the density of
the heat absorbed (well). The associated energy integral is

I(D) = /Qf(a:,y)up dxdy.

As in previous case D is assumed to have a piecewise C! boundary and to be Steiner symmetric.

We shall investigate the minimum and the maximum of I(D) for D C (.

Let us investigate the effect of a translation of D. If D, is the domain D shifted at a distance

€ in the z direction (assuming this is allowed), the new problem reads
— Auc+ xpue=f in Q u.=0 on 09, (4.41)
and the corresponding energy integral is

I(D,) = /Qf(x,y)uE dzdy.

So, we are interested in finding the sign of

1)~ 1(D) = [ f(a.g)(u —u) dody
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for a small € > 0. Here we have denoted with u, the solution to problem (4.41]), and with u the

solution to problem (4.40]).
From equation (4.40]) we find

/(Vu -Vu, + XDuug) drdy = / flx,y)u dedy.
Q Q
Similarly, from equation (4.41]) we find

/(VuE - Vu + xp.ucu)dzdy = / f(z,y)u dzdy.
Q Q

It follows that

/Q(XD — XD U drdy = /Qf(yc,y)(u6 —u) dedy = 1(D.) — I(D). (4.42)

From equations (4.40)) and (4.41)) we also find

—A(ue = u) + xp(ue = u) = (XD = XD )te-

The Alexandrov-Bakelman-Pucci maximum principle (see [22], Theorem 9.1) applied to the

latter equation gives

sup lue —ul < C|ll(xp — xp.)ucllz2(0) < Clixp — xo.ll2() SUP e (4.43)
The Alexandrov-Bakelman-Pucci maximum principle applied to (4.40) and (4.41) also yields
Sup u < C| fllz2@) and SUp e < O\ fllz2 - (4.44)

Moreover, as already observed, it is easy to find a constant C' such that

/ IXp. — xp| dxdy < Ce and |xp — xp.
Q
Hence, (4.43]) implies
sup |ue — u| < Ce:z. (4.46)
0

Since

/ (Xp — xp.)ueu dzdy = / (xp — xp.)u* dady + / (xp — xp.)(ue — u)u dzdy,
Q Q Q

using (4.45)) and (4.46]) we find

/(XD — XD )ucu drdy = /(XD — xp.)u? dxdy + o(e).
Q Q

Now, by (4.42)) and the latter equation we have

D) = D) = [ (xo = xp)u? dady + ofe).
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Finally, we get

lim — _lim [ AR XD, 2 dxdy
e—0 € =0 Jo €
~ —lim (x+€y)_u(xy)dxd = /—dxdy
e—0 €
Hence,
dl
DE / — dxdy.
By using Green’s formula we find
dl
De = —/ u? cos(n, x)ds. (4.47)
de le=0 oD

Theorem 4.7. Assume ) to be Steiner symmetric with respect to the line {x = 0}. The
function f(x,y) is assumed to satisfy f(x,y) = f(—z,y) and to be non-decreasing with respect to
x for x < 0. Assume that D C ) is Steiner symmetric with respect to some line {x = a}. Then
the energy integral I(D) associated with problem decreases as the domain D approaches
the line {x = 0}.

Proof. To find the sign of the derivative (4.47)), we proceed as in the previous case. Assuming
that @ < 0, the line {z = a} divides Q2 into €, (the small part) and €5, and the reflection of
2, with respect to the line {z = a} is strictly contained in Q5. In €, define

w(z,y) =u2a — z,y) —u(z,y).

We have w = 0 for x = a and w(x,y) > 0 on the part of the boundary 09, with x < a.

Since D is symmetric with respect to {z = a} we have xp(z,y) = xp(2a — x,y), and equation

at the point (2a — z,y) reads
—Au(2a — z,y) + xpu(2a — z,y) = f(2a — z,y).
Subtracting the equation from the latter equation we find
— Aw + xpw = f(2a — x,y) — f(x,y). (4.48)
We claim that for x < a we have
fa—x,y) = flz,y) =20

Indeed, if 2a — z < 0 (recall that 2a — x > x in ;) the inequality holds since f(x,y) is
non-decreasing for x < 0. If 2a — x > 0, recalling that f(—x,y) = f(z,y) we can rewrite the
inequality as

f(x—2a,y)—f(—x,y) 207
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and this holds since z — 2a < —z and f(z,y) is non-increasing for x > 0. The claim follows.
Hence, (4.48]) yields
— Aw+ xpw >0 in . (4.49)

Since w(z,y) > 0 on 02, by the weak maximum principle we have w(z,y) > 0 in ;. Since
w(z,y) > 0 on one part of 9, we have w(x,y) #Z 0. Then, by strong maximum principle we

have w(z,y) > 0 and, equivalently,
w(2a —z,y) > u(z,y) in Q.

Hence, u(z,y) computed at the right hand side of 0D is larger than u(z’,y) computed at the

left hand side of D (for the same value of y). Arguing as in the previous case we find

dIp,
de

= —/ u*(z,y) cos(n,z)ds < 0.
oD

e=0

Therefore, the energy integral decreases moving D in the x direction until the symmetry axis
{z = a} of D coincide with the y axis.
By symmetry, if a > 0, the energy integral decreases moving D in the opposite direction of x

until the symmetry axis {x = a} of D coincide with the y axis. The theorem is proved. O

Remarks. We underline that in this second problem f(z,y) is non-decreasing with respect to
x for x < 0, whereas, in the first problem, g(x,y) was non-increasing,.

The conclusions concerning the location of the maximum and the minimum are reversed.
Theorem [£.7] allows one to solve the optimization problems for the special domains € discussed

in the previous case by changing the word maximum with minimum.

Theorem can be easily extended to the case when yp is replaced by A?yp for any A > 0.
However, it fails to hold even in dimension N = 1 without appropriate assumptions on f(x).
Indeed, let

—u” + XX U = X, u(—2) =u(2) =0.

As already noticed, the corresponding energy integral J satisfies

2
1
J(N) = / u(z) dv > — for any A > 0.
0 12
On the other hand, let

—u" + /\2)([072]15 = X[z u(—2)=1u(2)=0.
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One finds
Alx +2) if —2<2<0
u(r) =
BeM + Ce ™™+ 35 if 0<x <2,
with

1 _ 1
2A=B+C+ 33, A=XB-C), Be*+Ce 2A+F:o,

By easy computation one finds
(2A+ 1)e** -1
A2(2X =1+ e (204 1))’
(2\ — 1)e?* + et
N(2X =1+ 20 +1))

C=—

Since B and C' have a negative sign, the corresponding energy integral satisfies
2 1 2
I\ = / (Be)‘x + Ce™ 4 ﬁ>dm <%
0
As a consequence, for A such that 3% < &5 we have I(A) < J(A). Therefore, the configuration

corresponding to D = [—1, 1] cannot be a minimum of the energy integral.

We have a physical interpretation also for problem . As before, let 2 be a plane thermal
conductor subject to a source of heat with density f(z,y) = 1. The term xpu in the left hand
side of the equation corresponds to a device which absorbs heat (like any fire extinguisher)
located in D. Assume the temperature is equal to zero on the boundary 02 and that we are
in a steady state situation. The solution u(x,y) to problem yields the temperature in €2,

and the energy integral
I(D) = Lf(x,y)uD(x,y) dxdy

is related to the average temperature in €2, and it depends on the location of D. By our results,
for special domains €2 we can find the exact location of D which minimizes I(D). This result
agrees with the physical intuition in that, for minimizing the energy integral (when f(z,y) = 1),

D has to be located as far as possible from the boundary 0f2.

To complete this part, let us consider the boundary value problem
—Au=—xp in Q, u=T on 0N (4.50)

Here T' is a positive constant. Physically this problem describes the temperature in €2 in case

there is device which produces cool at density one in D.

Multiplying (4.50) by u and integrating over 2 we find

—/uAu dxdy:—/ u dxdy,
Q D
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/ Uz ds+/|Vu]2 dxdy——/udxdy,
20 D

/ |Vul? dedy = Ou ds — / u dxdy. (4.51)
Q D

on
o9
On the other hand, integrating (4.50]) over 2 we find

/Au dxdy = —/ dxdy,
D

— ds = |D|.

BQ
Insertion of the latter equation in the (4.51) ylelds

I(D) :/ |Vul? dedy = T|D| —/ u dzdy.
Q D

To minimize the temperature u in Q (which corresponds to maximize the cool) we must max-
imize the energy integral I(D). To solve this problem, let us put u = 7' — v in ([£.50). We
find

—Av=xp in Q, v=0 on 0f.

Since,
:/|Vu]2 d:cdy:/\vv|2 dxdy,
Q Q

we can apply Theorem [4.6]

4.2.3 The case of general rearrangements in a ball

We consider 2 = B, a ball in RY. Define F as the class of rearrangements of a bounded non-
negative function fy, and G as the class of rearrangements of a bounded non-negative function
go. For f € Fand g € G, let

—Au+gu=f in B, u=0 on 0B. (4.52)

We know that this problem has a unique solution v € Hj(B). We note that the solution u is a

maximizer of the functional
I(v) = /(va Vo] — go?) de Vo € HY(B),
B

Indeed, if j(t) = I(u + tv), from j(t) < j(0), —1 <t < 1 it follows that

Since

j(t):/B(Zf(u—i—tv)—|V(u+tv)|2—g(u+tv)2) du
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we have

dj(t)
7‘t=0:2/3(f"}_vu'v’0—guv) dx =0,

that is
/ (Vu- Vo + guv) do = / fvdz Vv e Hy(B),
B B

which is the weak form of equation (4.52)). Since problem (4.52)) has a unique solution, the

functional /(v) has a unique maximizer u. Therefore,

/ fudr = / (2fu —|Vul* — gu*)dz = sup / (2fv — |Vl — gv*)da. (4.53)
B B B

veH(B)

We are interested in the following optimization problems:

r?ea]?_{/Bfuf dz, ranl]r__l/Bfuf dz, (g fixed), (4.54)
and

max/ fugy dz, min/ fug dx, (f fixed). (4.55)

geg B 9eg B

In case of fy = xp, the class F is the family of all functions xg with |E| = |D| (so, E is not
necessarily a translation of D). A similar remark holds for gy = xp.
Let f* be the radially symmetric non-increasing rearrangement of f, and let f, be the radially

symmetric non-decreasing rearrangement of f. We shall use the following classical results.

/B fog" di < /B fgdz < /B fg" de. (4.56)

If u>0and u € H}(B) then u* > 0 and u* € Hj(B). Furthermore,
/ Vo 2de < / Vul2da. (4.57)
B B

For a proof of (4.56) and (4.57) we refer to [26].

Let us consider the first problem in (4.54)). If g = g. then

/ fuy de = /(2fuf — |Vus|* — gu}) dz (using ([£.56) and [{.57)
B B
< [ @fuy - Vul - g.(u?) do - (wing (153
B
< / (Qf*uf* — |Vug 2_ gufc*) dr = / [rup- dx.
B B

Therefore, f* is a maximizer for fB fug dx in F. If fo = xp then f* = xp, where D is a ball
concentric with B and |D| = |D|. This result is in accordance with Theorem concerning

the maximum.
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Let us show that the situation is different for the minimum (second problem of (4.54))).
In addition to the condition g = ¢g* we suppose that the solution u(r) to the problem

YNt gu = £ w(0) = u(R) = 0

—-r r

satisfies u/(r) < 0 in (0, R). Then u = uy, = u}, and
[ gusda= [ @u = Vusl - gu) do - (using (@53)
B B
> /B(2fuf* — |Vuy, | - gu?) dz (using (1.56)) and ([4.57)
> /B(Zf*uf* — |Vuy, |* - gu?) dr = /Bf*uf* dz.

Therefore, f, is a minimizer for fB fus dx in F. If fy = xp then f. = xp, where D=B \ E.
Here E is a ball concentric with B such that |B\ E| = |D)|.

Let us consider the first problem in (4.55)). If f = f* then

/ fuy de = / (2fuy — |Vuy|* — gu?) dz (using (£.56) and ([£.57))
B
< [ @ - IVu - g.(u3)") do (using (59)
B
< / (2f ug, — [Vug,|* - g*uz*) dx = / frug, dx.
B B

Therefore, if f = f* we have
/fug dr < / fug, dz.
B B

To investigate the minimum, in addition to the condition f = f, we suppose that the solution
u(r) to the problem

So, g, corresponds to a maximum.

—r NN+ gfu = f, W'(0) = u(R) =0

satisfies v'(r) < 0 in (0, R). Then u = ug = u}. and,
/Bfug dx = /B(2fug — |Vu,|* - gug) dz  (using (4.53))
> /B(qug* — 5*) dx (using (4.56) and (4.57))
> /B(Zf*ug* - |Vug*\2 — g*ug*) dr = /Bf*ug* dx.

/fug dx > / fug~ de.
B B
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Chapter 5
Open problems and future works

e Let 1 <a < p. For the solution v = u, of the boundary value problem
—Ayu=g(x)u*" in Q u=0 on 99,
we have discussed optimization problems for the energy integral
I(g) = /qug‘dx, geg.

One could discuss optimization problems for other functionals, for example,

o) = [ Flegde, 1(0)20 fixed

I(g):/ugdas, 1<,
Q

I(g) = supuy(x).
z€e
e Let 1< a<qg<p. For the solution u = u4 of the boundary value problem
—Ayu—Agu=g(x)u* in Q u=0 on 99,

we have discussed optimization problems for the energy integral

1 1 1
I(g) = [ (=gu® — =|VulP — =|Vul?) d .
(9) /Q<agug pIWI qIWI> r, geg

One could discuss optimization problems for the functional

o= [, 4es
Q

86



Thesis May 23, 2019

or other functionals.

e In our work we made the assumption g(x) > 0. One could consider all the previous problems

for sign changing functions g.

e All the equations we have considered are of variational type. One could consider non-

variational equations like

— Z UijUz,e; = g(x) in Q, u=0 on 09,

1,j=1

where the functions a;; = a;;(x) are continuous and the matrix [a;;] is positive definite in Q. If

u = u, is the solution to this problem one could discuss optimization problems for the functional

1(9) —/gugd:c, geg,
Q

or other functionals.

e In Chapter 4 of our work we have investigated optimization problems considering translation
of rigid obstacles. We have found some results under strong geometric assumptions on the

domain 2. Can one prove similar results by relaxing such assumptions?

e In Chapter 4 the operator under consideration was linear. Can one find similar results in

case of nonlinear operators like the p-Laplacian or the (p, ¢)-Laplacian?
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