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Abstract 

Numerical values of waw functions. calculated from Hartree-fock method. are nowa­

days available for many atoms and ions. Analytical forms of these functions are 

important in some cases. By studying Pron~"s method of representing numerical 

results analytically into sums of exponentials. it is shown that it is possible to apply 

the technique for approximating the numerically given radial part of atomic \va\'e 

functions into sums of exponentials analytically. for each important step in Prony's 

method computer program is developed. The integrated program of the Prony's 

method is applied to the numerical radial self consistent field (SCf) wave functions 

of a closed-shell Cd++ ion and the exponents and coefficients for the exponentials 

of the approximated analytical functions are determined, Comparison between the 

analytical functions and the numerical functions show good agreement for \\'a\'e 

functions with smaller principal quantum number value, ,\ new algorithm for ap­

proximating tabulated numerical radial SCf atomic waw functions analytically into 

sums of exponentials is introduced, ,\ computer program is developed for the pro­

posed new algorithm and the technique is applied to ,Id function of cadmium ion. 

Cd++. and to 2s and 2p functions of floride ion .f-. Exponents and coefficients of 

the exponentials of the approximating functions are determined. The approximated 

analytical forms of the numerical radial wave functions are used to reproduce numer­

ical values of the function. The analytical and numerical functions are found to be in 

good agreement. These techniques can also be applied to analytically approximate 

nllll1erical SCF functions of other ions, 



1 Introduction 

In the quantum mechanical treatment of many electron atoms. the total anti­

symmetric waw functions describing the different atomic states are usually approx­

imated by the sum of one, two or more determinants of one-electron waYe functions. 

each being product of an atomic orbital (AO) and a spin function. The atomic 

orbitals are determined from the basic Schrodinger equation for the atom by means 

of yariation principle as products of radial parts and spherical harmonics. and the 

best expressions for the former are obtained numerically by step-by-step integration 

of the Hartree-Fock-Equations by using the Self Consistent Field (SCF) technique 

de\'eloped by Hartree[HAR2J. 

Though the best single determinant atomic waw functions are giyen numerically. 

analytical forms of these functions become sometimes important in some areas of 

ph~·sics. For example investigations of the properties of cr,'slals such as energ~' leH'ls 

of of probabilities of different transitions can not be done numerically starting from 

the Hartree-Fock calculations for the cell of the crystal. It requires an intermediate 

step of the analytical representation of the numerical \'alues of the functions of the 

ions building the cell[PETJ. Therefore. for this and ot her not mentioned different 

cases it would be desirable to deyelop a method of approximating numerical functions 

analytically. 

Different algorithms have been de\'eloped for analytical approximation of nu­

merically tabulated wave functions sofar. most of which are the works of Slater and 

Lowdin. Though there are different types of the methods. each of them have their 

own adyantages and shortcomings. For that reason the problem of developing upw 

and efficient algorithms with no or little shortcoming for analytical approximation 
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of numerical wa\'e functions is always at the spot. 

In this thesis paper we haw proposed two algorithms for analytical approxima­

tion of tabulated Self Consistent Field (SCF) numerical functions, The first is to 

modify our tabulated numerical wave functions such that we shall be able to use the 

existing Prony's method of approximating numerical wa\'e functions analytically as 

a sum of exponentials, The second is to use a new method of successive iteration of 

a trial \\,a\'e function until the desired accuracy is achieyed. 

In the second section the method of soh-ing the Schroedinger equation of a s~·stem 

of electrons and the Hartree- Fock equations are discussed briefly. the third section 

is deyoted to the study of the behaviour of our numerical data. The existing meth­

ods of approximating numerical functions analytically and those methods which WE' 

propose are discussed thoroughly in the fourth section. Section five deals with tlw 

application of our methods to specific ions. Cd++ and F-. and interpretation of the 

results obtained. The numerical functions of Cd++ and F- haye neyer been approx­

imated analytically[ATOj. Conclusions drawn from our work and outlook are gi\'en 

in sections 6 and 7 respecti\'ely, 
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2 Hartree-Fock method for the calculation of 

wave functions 

2.1 Introduction 

In quantum mechanics as in dassical mechanics. there are few systems of physical 

interest for which the equations of motion can be solYed exactly[LI:-l]. Especially. 

considering a system of electrons. an exact solution can be found only for a single_ 

electron atom-the hydrogen. For the rest of the atoms. those having more than a 

single electron. the atomic Hamiltonian becomes complex to get a solution[HAR:l]. 

The Helium atom is perhaps the simplest example of quantum mechanical many 

body problem which can not be reduced by separation of variables to a set of one 

body problems[FOC'.XES]. After carrying out a center of mass transformation. there 

still remains a non separable Schrodinger equation for two interacting electrons mov­

ing in a (ammon central field. One of the most successful approach to integrating 

this equation has been the method of Hylleraas[HARl] which consists of the I'a!'ia­

tional calculation with a trial \Yaw function depending explicitly on the separation 

between the two electrons. /'12' 

Fnfortunately. the method of Hylleraas can not be easily applied to systems with 

more than a wry small number of partides[XES], This is true primarily because the 

number of relatiw coordinates I'ij increases quadratically with the number of par­

ticles. I,-hile the number of independent coordinates /', increases only linearly, For 

this reason, either there had to be significant del'elopments in methods for dealing 

with Hylleraas wave function or it should be necessary to del'e!op a sort of approx­

imation scheme to find the eigen function for the complex Hamiltonian for an atom 



consisting morc than a fe\\' electrons. The development of the Hylleraas method 

by itself met a number of difficulties and the search for the saInt ion of the COIll­

plex Hamiltonian highly inclined to de\'eloping approximation schemes. A natural 

approximation in solution to the Hamiltonian of many electron atom is to assume 

that each electron moves in an average potential due to the nucleus and the other 

electrons[LlXJ. This assumption leads to the independent - particle model. which 

essentially reduces the many electron moclel to the problem of solving a number 

of single particle equations. For an arbitrary potential, the solution of the single 

electron equations can have quite a complicated form. and they do not sen'" as 

a convenient basis for further cakulations[LlNJ. For this reason, one normally as­

sumes that the potential is spherically symmetrical. The approximate Hamiltonian 

then describes a number of electrons moving in an average central field[.-\SC']. in a 

self consistent field approximation to the problem of the motion of electrons. the 

Hartree-Fock equations furnish the best set of one electron wave functions[SLA.r. 

The Hartree-Fock equations are imprO\'ed \'ersions of the ordinary Hartree method. 

The ordinary Hartree method follows from the variational principle. by setting np 

a wave function which is the product of one electron orbitals of \'arious electrons. 

finding the average value of the Hamiltonian for this function and varying the one 

electron orbitals to minimize the energy[SLA5J. However such a product does not 

satisfy Pauli's exclussion princile[SL-\-lJ. The simplest function which satisfies this 

principle is a cletermnental function. more complicated examples are linear combina­

tions of cletermnental wave functions. The Hartree- Fock method arises from varying 

these orbitals to minimize the energy of such a function[SLAi5J. The following three 

topics focus on describing the waYe function for a many electron atom. 



2,2 The Self Consistent Field (SCF) method 

The Hamiltonian for an X-electron atom. with atomic number Z (by allowing .Y to 

be different from Z we give the probability of handling ions as lI·ell as atoms). is 

2 2Z 2 
(H)op = - L 'Vi - L -;.- + L ~ 

. . I " IJ 
1 1 I.J 

( 1 ) 

where the summation over i is over all .\'·electrons. that O\'er pairs is over each pair 

counted once. excluding the case i = j. '[he first sum in Eq.( I) is the sum of the 

kinetic energies for all the electrons. the second is the potential energy in the field of 

the nudeus. 1', being the distance from the nudeus to the i'h electron. and the last is 

the repulsive Coulomb potential of interaction between the ith and the ph electrons. 

The Hamiltonian of Eq.(l) is put in atomic units (see appendix C for explanation). 

The single-electron Schrodinger equation then becomes 

[ 
2 2Z 2] - 'VI -- + - l'a(l) = Eal'a(l) 

rl rl2 
(2 ) 

The eigen function for the Schrodinger equation is obviously a function of the ra-

dius vector and the angles.~lore specifically we can write the eigen function for the 

Hamiltonian equation as 

l.'nlm(r. II. 0) = R(I')};~,(II.o) 

where 

R( r) is the radial wave function and 

}~~,(II. 0) is the spherical harmonics. 

The angular dependence of the solution of Schrodinger equation is the same as that 

for the Hydrogen atom[WEYj. The reason is that the separation goes through just 

the same step when the potential is considered to be spherically symmetrical and 



t.he equations for the functions of 0 and 0 art> the same as in Hydrogen. That is lI'e 

assume that the one-electron wan" functions.or orbit.als as we call them. haw t.he 

form 

t'lllm(r. e. 0) 
(~l )1 rill + mill/:! 

v:G 

where 

R ( .) _ Pn/(I') 
n( 1 -

I' 

n is the principal quantum number 

I is the azimuthal quantum number 

m is the magnetic quantum number 

p}mll are t.he associated legender functions 

and where Rn/ or p,,/ is normalized so that 

(21+1 HI-Imd)! X 
(I+lmd)1 

(-el) 

Ui) 

(6) 

The \Va\'e function for the Systt>lll \(I can be assumed to be a product of functions 

of the various electrons. In other words we start by assuming 

where !/-,I s on the right side of Eq. (7) are orbitals of the type (.Jc). each one a 

function of t.he coordinates of a single electron. We assign t.he quant.um numbers 

"1111n/j ... "NlNHl/s of the various electrons according with t.he configurations in 

which we expect. the atom to be found. In accordance t.o Pauli's exclusion principle. 

we may assign no more than two electrons to a given set of (nlmil values. of which 

we assume that one has 1n,=1/2, the other has In,= -1/2. 
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It is convenient to rewrite the Hamiltonian of Eq.ll) in the form 

(8) 

'.J 

where 

(9) 

gij = 2/l'ii ( 10) 

The characteristic of the lis is that each operates on the coordinates of only one 

electron while each gij operates on the coordinates of two electrons: consequently 

they are called one-electron and t"'o-electron operators respectively. 

\\'e now let the operators of Eq.(l) or Eq.(S) operate au the wave function of 

Eq.{ i). multiply by the conjugate of the wave function and integrate over all values 

of the coordinate. Ii operates only on the orbitals = l·.,,!,n.;,II"iO,Oi)' In integrating 

OYer the coordinates of the electrons. we can integrate first O\'er the coordinates 

of all electron except the i'h. each such integral giving unity on account of the 

normalization of the orbitals. hence the contribution of operator Ii to the awrage 

value of the Hamiltonian is 

(11 ) 

where the expression < if I Ii> is an abbreviation for the integral. 

\ext we consider one of the two-electron operators g,.'. It operates on two or-

bitals. with indices i and j. We can then integrate first over the coordinates of all 

the electrons except these two and find the contribution of this operator gij to the 

7 



an:'rage Hiuniltonian. 

(12 ) 

=< ij/g/ij >al' 

where the subscript au refers to the spherical average which we are to perform. and 

where (ij/g/ij) is a notation for the integral of Eq.(121. 

We may then combine these results and find that 

(H)a, = L < iff/if > + L < ij/g/ij >a\ (13 ) 

lJ 

There are three ingredients going in to the central field method[SL\1]. One of 

these is merely an approximate method of soh·ing Schrodinger·s Equation for the 

man~·-body problems of Z electrons. The other two are the postulates of the electron 

spin and of the Pauli·s Exclusion Principle. In the central field approximation we 

replace the instantaneous action of all the electrons of an atom h.l· a field in which 

each electron is assumed to be acted on by the a\·eraged charge distribution of each 

other electron averaged by taking the quantity v'v for the corresponding wave func-

tion. Then following Hartree we proceed in til(> following fashion: we assume that 

each electron moYes in such an averaged potential arising from the other elect rons. 

We solve Schrodinger equation for an electron moving in such a potential. a simple 

problem on account of spherical symmetry. 

2.3 The Hartree Approximation 

For the moment we will ignore the anti-symmetry requirement of the wave func-

lion and and consider the mathematical problem posed on Eq.(:l) .. .l,.s explailwd 
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III the prevIOus section the Hamiltonian can be written as the sum of indi"idual 

Hamiltonians depending only upon the individual coordinates. and also the total 

wave function could be written as the product of one-dectron wave functions. each 

depending on the coordinates of olle electron. Hartree suggested a variational cal-

culation in which the wave function is approximated by such the product anel the 

energy, < WIHlw > / < wlw >. is minimized[HARl]. Even if the wa"e function is 

not so accurate we might hope that the energy would be a good approximation. 

This variational procedure leads directly to the Hartree Equation from which 

the one-electron functions that minimize the energy may be determined. Hence we 

have 

where 

(1'.) -'- dr' 
r' J 
J 

(1-1 ) 

(Ei) 

is used in finding the potential arising from the distribution. TllP Hartree equation 

is interpreted as the radial waYe function for an electron moving in a spherical 

potential produced by the nuclear charge of Z units and by the spherically awrage 

charge distribution of all other electrons. 

It is often convenient to rewrite the pot.ential in the form 

ZPi = Z - LYo(nj1j.njlj/ril 
j#i 

so that. t.he HaTtree equat.ion becomes 

[ 
1
2 ] -( 1·(1· + 1) 2Z 

-12 + I 12 - ~ Pnidrd = En J Pn,J,(ril 
( r i Ii ri .. 

9 

(16) 

( 11) 



This is just the radial part of of the gPlJeral Schrodinger equation for the orbital 

li'n I m, (,.;0;/]);) in the self consistent tield. which is 
" , 

(18) 

where in Eq.(18) we have defined our own one electron operator as (H;)ap. This is 

the one-electron Hamiltonian of an electron moying in the field of the nucleus. and 

of all electrons other than the ilh. spherically awraged. 

Hartree's equations are of a form called integro-differential equations : The 

unknown function P",I,(";) appears both in the ordinary way found in a differential 

equation and also in terms of certain integrals. the 1'0 ·s. The only practical method 

of soh'ing the set of simultaneous equations for the occupied orbitals is the method 

of iteration. or successive approximatiol15. \\'e take the P's determined from one 

stage of approximation and use them to calculate 1'0'5. \\'e then insert these values 

in to Eq(l4) and solye these equations in the usual wa~·. From these solutions we 

determine new P's. \Ve then use these as the starting point of the next stage of 

approximation, calculating the lo's from them. and so on. 

2.4 The Hartree-Fock approximation 

The product wave function which we assumed in the Hartree method does not satisfy 

the Pauli's exclussion principle[GREl.SL\.'i]. We must take linear combinations of 

each product wave function such that the total wave function changes sign under 

the interchange of any two electrons[SL.'I.::'J. The corresponding wave function can 

10 



be written as a Slater determinant. 

l',(ry) 

(19) 

where ~ is the normalizing constant. 

Each of the spin-orbitals is assumed to be a product of a function of coordinate 

and a function of a or (3 of spin: that is, each spin orbital corresponds to a definite 

yalue of In,. 

The Hartree-Fock equations are obtained by varying the wis so as to make the 

enertYv b. 

l', (ry) 

l~! J H dl", ... dry (20) 

l'\'(I"r) ... l'\'(I"S) 

an extremum[SLA:3) where the integration over dl"'s are interpreted to include sum· 

ming over spins. The Hartree-Fock equations can then be written in the form 

H 1l'i(rl) + [2::=1 J li'k(r2)tbk(r2)(2/rI2)(h] l'i(rl) 

- 2::=1 [J t,O(:(r2)tj'i(r2)(2/rI2)drd l'i(l'd (21) 

Here HI is the kinetic energy operator for the electron of coordinate 1"" plus its 

potential energy in the field of all nuclei. 2/1"12 is the Coulomb potential energy of 

interaction between electrons 1 and 2 expressed in atomic units, The extra term 

which has appeared in the Hartree-Fock equation is called the exchange interaction 

11 



as distinguished from the direct interaction which was present also in tlw Hartrec 

equation, It is purely C'oulombic in origin and arises from the correlated motion of 

the electrons due to the antisymmetry of the wa\'e function[SLAl.SLA2], The u,'s 

as before are assumed to depend on spin and coordinate, and the integrations over 

d"2 include summation over spin, so that the exchange terms, the last Olles on tlw 

left side of Eq(21) automatically vanish unless the functions ~'; and IV'k correspond 

to spins in the same direction, 

12 



3 The Hartree-Fock Numerical Radial Wave 

Functions of Cadmium ion, Cd++, and Floride 

The new algorithms for analytical approximation of numerical SCF wave functions, 

which we intend to develop. are to be applied on tabulated numerical radial Self 

Consistent Field (SeF) functions of Cd++ and F- ions. 

Analytical representation of these SCF numerical functions in some cases. par-

ticularly in our case. requires the "alues of these functions and their corresponding l' 

values at the extreme points. at the nodes and also at the the flexibility points. ~I'[ore 

over the behaviour each numerical SCF functions near the center of the atom and 

far from the nucleus are merely important. In fact one can study the behaviour of 

the numerical SC'F functions in comparison to the analytical approximate solution 

of the Hartree-Fock equations. 

3.1 The assymptotic behaviour of the numerical SCF func-

tions of Cd++ and F-

The analytical behaviour of the function for small and large 1', outside the sinusoidal 

region, can be determined by general arguments[FI:\J. For every smailI', the term 

1/1'2 in Eq(17) is large compared to the terms En,l, and 2Z/I'. If we disregard the 

two lalter terms. so t hat we have 

cl2Pu,dr) 
clr2 

(22) 



we find that we have two indep.:ndent solutions 

Since we do not allow a wave function which becomes infinite at r = 0, we have 

P(r) which must behave like /,1+1 at small /', :\ext we consider the case for very 

large values of r, for which the terms 2Z/r and -/(I + 1)/1'2 can be neglected and 

the differential equation can be approximated by 

whose solution are 

cf'Pn,d r ) E P 
12 + n,l, n,I,(r) = 0 
(I' 

(2-1) 

(2,) ) 

If En,l, is negatin~, the positive exponential will lead to a function becoming infinity 

which we must discard . so that our waw function must beha\'e like a negative 

exponential (this is the case leading to negatiw exponential \. Between the two 

limits which we have discussed. the waw function behaws in a generally sinusoidal 

fashion [LA:\], 

The numerical radial SCF functions of Cd++ and F- wbose electronic configu-

rations are 

(26) 

respectively behave similar to the above discussion, 
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4 Analytical Representation of Wave Functions 

4.1 Existing Methods for analytical approximation of nu­

merical wave functions 

The single determinant atomic wa"e functions obtained by numerical solution of 

Hartree-Fock equations' are. of course. the best solutions for Schrodinger equation of 

system of electrons in the atom. However. it would be compulsory to use analytical 

forms of the IVa,'e functions. as discussed in the introductory part. for some physical 

problems. The required analytic forms of the wave functions can be derived in two 

ways[HYL]. either directly by fixing parameters in a giwn anal~·tic function and use 

the means of the variational principle or indirectly b~' approximating the numerically 

gi"en Hartree-Fock functions in some way analytically. as \\'as proposed by Slater. 

Different attempts ha"e been made. using both the variational[BRE] and ap­

proximation techniques. to develop efficient and least time consuming algorithms 

to approximate the giwn numerical SCF functions analytically. Zener and ~Iorse­

Young-Haurwitz[STE] determined "ariationally the "alues of parameters in detenni­

nants of one electron wave functions for various configurations im'olving 1.,.2.5 and 

2p electrons. 

Green. ~Iulder. Levis and Woll..Jr have also used the variation technique to 

determine analytical wave functions of the type[HYL] 

(2/) 

where k = C Z2. which is a two parameter function for 182 configuration of Helium 

type atom. The analytical wave functions were discussed for elements from H- to 

Carbon. 

1.5 



Green. \[ulder. Lewis and \VoIL.]r substituted the normalized ground state wan' 

function of Eq.(2i) 

(28) 

into the energy integral and determined the values of the parameters. C' and Z. 

gi\'ing the lowest energy. In determining the values of the parameters. value of J.. 

we,:e chosen. and the energy expression for each I.: was then minimized with respect 

to Z. From the table of "~versus the energy the particnlar "'-which giws the lowest 

energy to fi\'e decimal places was selected[HYL]. Green et al. had actually found 

excellent approximations for their analytic functions since energies computed from 

the \'aried wave functions and from the corresponding Hartree-Fock quantities had 

become comparable. HOIvever. their result deviates considerably in case of H- from 

the corresponding energy calculated from the numerically given Hartree-Fock wane 

function. 

Additional imoestigation of the accuracy of \'aried analytic orbitals shows that 

the Zener. and \[orse-Young-Haurwitz function containing only a few exponents 

represents rather poor approximations of the self·consistent ·fields and hence the 

de\'iations are appreciable, particularly at large distances. 

Slater showed that it was possible to obtain a good result by approximating the 

numerically given Hartree·Fock tables by using a sum of the form C'kl""c,n:'[LO\Vlj. 

For the lowest functions. slightly modified by Lowdin this gin's the following expans· 

SlOns: 

(29) 
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:-'Iaximum error in units of 10-3 

r~inter\'al Rbt Rbt Rbjp 

0.00 1.J. ~41 ~9 

0.04 ~:30 +17 ~46 

0.20 ~ \.'i +28 14 

0.50 2 25 ~:31 

1.00 14 .J 

Table 1: Survey of the maximum errors in different in~ 
tervals in the analytic SCF~ functions of Rb+ (without 
exchange) gin'n by Slater[LOW2] as an example of the 
accuracy of his graphical method 

\\·here the exponents "k. h ... and the coefficients ,·h. Bk··. may be different for each 

orbital. The value of of these parameters is determined by numerical method, which 

is the development of Slater's graphical method. The accuracy of the analytic Self 

Consistent Field functions obtained by Slater's graphical method may be illustrated 

by his OWn example for Rb+ in table 1. Even if the maximum error is of the order of 

.J..'i X 10-3
• the approximation is certainly good for many applications. The analytic 

SCF functions, calculated from Slater's exponents for other atoms of the periodic 

system, have also errors of the order of 20 X 10-3
, 

Lowdin has also fitted a number of Hartree-Fock numerical functions very close~ 

Iy by using slightly more generalized sums of functions of the Slater type than 

those originally employed by Slater himself[LOW1]. In his investigation of the alkali 
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.-1..0 k= :3 k= :3 

Ck 0.92426 1.66:;8 2.98.j9 

2,49 C\ 0.07099 1.:39.j:; 8.B30 

Table 2: Exponents and coefficients in an analytical SCF 
functions of the Slater type approximation for Cl-(:3p) 
with exchange[LOWI]. 

chlorides. Lowdin used tabulated :3p function of (']- with exchange and by usmg 

six exponentials he obtained a fit as good as 1.5 x 10-3
[,]. that is . the analytic 

SCF~function had the same accuracy as the numerical function itself. Lowdin had 

also produced analytic SCF ~functions for two other closed~shell ions in the same 

way. namely. F- without exchange and C\Ta+ with exchange. His results fitted with 

slightly less accuracy with the numerical ones. 

It is worth to consider a point here. By the generalized Slater method described 

above. it is possible to approximate SCF functions analytically from the numerically 

given tables with any desired accuracy, but. even if the technique is simple. the 

computations are still time consuming and rather tedious[LOW1]. It was found 

important to reexamine the basic methods for further improvement since the periodic 

table had to be investigated on a large scale basis in order to obtain analytic SCF-

functions having errors of the order of magnitude (0.001~0.002) [LO\\,2]. 

It was this time that Lowdin tried to develop the idea of constructing an ana~ 

lytical fit for the gi\'en numerical SCF function to a higher degree of simplicity and 

accuracy. 

The basic idea proposed by LOlI'din Was to divide the llumerical SCf function 

P(I') by a polynomial having the same nodes as the function it self and then to 
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express the resulting 1l10llotollously decreasing quotient. fUllction say g(r) as a ~lllll 

of exponentials[LOW2]. 

The problem of developing a function g(l') given in the form of a series of entries 

go. g1, g2 . ... g" ... for equidistant points l' = 1'0, 1'0 + h. 1'0 + 2h, ... 1'0 + nh . ... into 

sum of exponentials 
p 

gil') = L Av exp( -avl') 

is in principle exactly possible. Introducing the notation "v = e;rp( -(Iv) and n,. = 

( Vi ) 

which implies that the series gO,g1,g2 .. ' .g" .. . should be expressed as the sum of 

p geometrical series with the quotients "1, "'2, .. ' "'p. Assuming that the quotients 

satisfy the algebraic equation 

and by using Eq.(:H) and Eq.(:3.5),one obtains further 

+ o 

+ o 

eog"+p + c1g,,+p+1 + '" Cpg,,+2p = O. 

These equations form together a linear system of order (p + 1) 111 the unkno\\'n 

coefficients Co- C1' C2,' __ c P' and this system has a non trivial solution only if its 
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determinant \'anishes: 

9" 9n+1 

9n+1 9n+2 
=0 

9n+p 9n+p+l .. , 9n+2p 

Generally. Lowdin used the idea of Hankel Determinant to solve the above determi­

nant and to find the values of kv ( /I runs from 1 to I' ) from which he calculated 

the coefficients A" and (I" ( II again runs from 1 to 1'). The method used above is 

called exact method. 

Lowdin used his exact method to express the numerical SCF functions for :\a+(2p) 

analytically by three exponentials. He determined the six parameters involved from 

the six consecutive entries of the function 92p = P2p/''-'' where P2p represents the 

numerical SCF function of Sa+(2p). His analytic SCF function can then be written 

as 

92p(rl = :3.616-krp(-2.1880r + 15.66e.rp(-3.7288r) + 18.729up(-6.886-!r). (:39) 

The accuracy of Lowdin's SC'F analytic function when compared to the numerical 

SCF function can be judged from his own words[LOvV2]: ... "even if the corre­

sponding analytic function passes nicely through the six given points, it deviates 

considerably in a large number of other points ... ". for this reason Lowdin himself 

devised another method which he called, method of successive approximation. 

to giving a single analytic approximation of almost perfect accuracy. that is . one 

which deviates from the given SCF function by quantities smaller than 0.001 - 0.002. 

by utilizing only some of the simplest formulas of the exact theory. 

In the Lowdin's approximation method one works inwards from the tail I' = cc 
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towards the origin and in each step two exponentials are determined. The method 

of successive approximation differs basically from the exact theory in that III 

the former case nodeless quotients 

. P ( )/ 1+1 (' ')(" .) gill = III r r ra - I rO - I ... (""'0) 

where 

Pnl ( /') is the numerically tabulated SCF function 

/'~. /'~ .... -are the zero points of the numerical SCF function 

and 11 and I are the usual quantum numbers 

are approximated to analytic functions. 

The advantage of this method over the exact theory is that it removes cancel-

lation of significant figures from the numerically given SCF function. which was the 

basic difficulty in the exact theory. :-'Ioreover excellent results with high accuracy 

are found with this method: best example is the analytic SCF function approx-

imated for Argon using this method. l~nfortunately in applications to molecular 

and crystal theory, analytic SCF functions containing se\'eral exponentials will lead 

to rather cumbersome calculations[LOvV2]. So it would be desirable to have less 

accurate analytic approximations containing only one. two or three exponentials. 

4.2 Looking for new methods of representing numerical 

SCF functions analytically 

The problem of finding an analytical fit to the numerically given SCF functions is 

complicated by the fact that at least from the practical point of view. as discussed in 

the pre\'ious section, there does not seem to exist a uniquely defined "best approxi-

mation" but instead a whole family of analytic functions of about the same accuracy. 
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The objectives of this paper. as mentioned in the introduction. is to deyelop alga-

rithms to approximate a numerically gi\'en radial wa\'(' function analytically. For 

that reason two methods are proposed in this paper. The first is to use the known 

Prony's method of representing numerical solutions as a sum of exponentials and 

the other is to use a method of successiye iterations keeping the maxima and minima 

of the numerical wave function fixed. Both the methods are discussed thoroughly 

in the coming sections. 

4.2.1 A method of analytical approximation relying on Prony's method 

Prony's method is an algorithm which can be used to approximate tabulated equidis-

tant numerical functions analytically as a sum of exponentials. Consider a system 

whose solution can be written in the form 

g(r) (41 ) 

or simply 

(42) 

If we make the substitution. 

Pk = eak (43) 

then we can write, 

g(r) = ("lP~ + ("2P~ + ... + ("nP~ (44) 

We suppose that a linear change of variables has been introduced. in advance, in such 

a way that values of 9(1") are specified at :\ equally spaced points ,. = O. 1. .. " :V - I. 
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If the set of points are to fit the expression (~~). then it mllst be true that. 

CIPI 

2 
CIPI 

.V-l + C2P2 

+ 

+ + CnP" 

+ 

\" -I + '" + cnp~ 

g(O). 

g( 1). 

g( 2), I~·jl 

= g(S - 1) 

If the constants PI,'" ,Pn are known, then this set comprises n linear equations in 

11 unknowns and can be solved exactly. If N > n. then the unknown COIlstants are 

found approximately by the least squares technique. 

If. however. the Pk must also be determined. at least 2n equations are needed 

which are now nonlinear in the p's. This difficulty can be minimized by the method 

which we will describe next. 

Let Pl ..... Pn be the roots of algebraic equation 

n d n-l 1 n-2 1 0 P - lP - ( 2P - .. , - en = , (-16) 

so that the left-hand member of (46) is identified with the product. (p - pIlip -

P2)'" (p - Pn). In order to determine the coefficients dl •••. ,dn, we multiply the 

first equation of(4.5) by dr.. the second by dn - l ,. ..• the n-th equation by ell and the 

(n + I )tll equation by -I and add the results. If we make use of the fact that each 

P satisfies (46), the result is seeIl to be of the form. 

gin) - ellg(n - I) - d2g(n - 2) - ... = 0 (~'I 

A set of N-n-I equations can be set up in the same way by starting instead with the 

second, third, ... , (n-l) equations. In this way we find that (45) and (46) imply the 
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:\-n linear equations: 

g(1l - I jd, + gin - 2)d2 + 

g(n)d, + gin - l)d2 + 

+ g(O)d" 

+ g( 1 )d" 

g( 11). 

g(Il+1). 

g(.\'-2)d, + g(N-:3)d2 + ... + g(S-Il-1)d" = g(.\'-I) 

Since the ordinates g(k) are known. this set can be solved directly for the" <is 

of A = :2n or soh'ed approximately by the method of least squares if .Y > :2". 

After the d's are determined. the p's are found as the roots of equation(~6). They 

may be real or complex. The equations (~.S) then become a set of linear equations 

in the coefficients Ci. The c's can be determined from any set of n equations or. 

preferably. by applying the least squares technique to the entire set. 

Thus the nonlinearity of the system is concentrated in the single al,gebraic equa­

tion(~6). The technique described is known as Prony's method[BELJ. :'Ilost parts 

of the calculations in Prony's method are tedious for manual calculations. Therefore 

computer programs are developed for the important parts of the method. 

The radial SC'F functions of cadmium ion C'd++ are approximated as a sum 

of exponentials using Prony's method and the exponents and coefficients of the 

exponents are determined. 

4.2.2 Method of Successive Iterations With Fixed Extremum Points 

(:'vISIFEP) 

The second type of algorithm we propose for analytical approximation of SC'F nl\­

merical 'vave functions is a method of successive iteration of an assumed trial func­

tion until the required tolerance between coefficients and exponents of exponentials 
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is achie\'ed. 

We will start from the assumption that the self consistent field (SCF) is of the 

form[8] 

( 49) 

where 

Q' is an integer 

.3 is a function of r. In the actual computations. 3 is found rather slowly varying so 

that we can consider it as a constant function. 

For the investigation of of properties of crystals. wave functions of of the ions must 

be given as products of polynomial function and exponential functions. 

If we have :-I-extremum points, \\'e will approximate our function as a sum of 

N-exponentials 

where 

\' 

f(1') = L .4 il"t-
3

" 

i=l 

(.50) 

Ai and .3i are constants to be determined. For a first step approximation we will 

express our function by only one of the extremum points. This simply means that 

our function can be expressed from the first extremum point as 

( .51 ) 

01' from the second extremum as 

(.52) 

and from the Nth extremum as 
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Considering ['1.(:3) the first extr('IllUIll value, Jm' is situated at a point l' 1'"". 

The deri\'ative of (.5) at l' = 1'"" is ob\'iously zero. Therefore we will have 

(54) 

from which we get 

(.55) 

substituting [q.(7) in to [q.(5) at the extremum point we get the relation 

(56) 

and this equation yields 

(5i) 

3, and .-h are the first step approximate values andle!'s represent them by 3)') and 

A\I) Since we have :Ii such type of constants. the first approximate \'alues for As 

and 3s in the general case is given by 

(3S) 

If we express our approximating function as a sum of all functions obtained from each 

extremum points we see that this function is different from the numerical function at 

the extremum points. Suppose that the difference between the numerical function 

J(I') and the ap'proximating function constructed from all the extremum points 

except the first extremum point be equal to the approximated function at the first 

extremulll point. This simply means that 

(.59) 

26 



Tlw deri,'ati\"(' of Eq,( 12) at the first maximum point \s zero, 

(60) 

where I:;~j represents the derivative of the Sum at the extremum point. Let us 

I h ,(1) 3'" I h f I .labe t e expresslOn.4. 1 r~q£- 1 'ml by a etter T1• T en rom Eq.(l:3) we get t Je 

relation 

(61 ) 

3i2
) is the second step approximate value of 31 , Replacing Ji 1

) by 3i2
) in Eq.(l2) 

and solving the equation at the first maximum point we find the second approximate 

(62) 

We improve the constants As and 3s not only for the A\5 and.31s but for all AiS 

and3i s where i runs from 1 to :\. Therefore. in the general case we have 

(6~) 

:\ow we have improved the valnes of Ajs and,3js by one step. From these values we 

then calculate other improved values of Ajs and3js for a third approximation. This 

iteration continues until the difference between consecuti,'e Ajs and 3js is very ,'ery 

small. We call this method as a method of successive iteration with fixed 

extremum points (MSIFEP). 
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5 Discussion of Results 

5.1 Prony Method 

Prony's method of approximating numerical functions as a sum of exponentials 

analytically starts from using equally spaced and monotonously decreasing numerical 

functions[BEL]. The wave function of atoms. as can be seen from the graphs of Cd++. 

are. however. oscillating by nature. (See Fig.l and Fig.2) . .'I.foreover. numerical 

Pif)*lOl 

-1100 .. 

1691) .. 

3 :::80 .. 

::.870 -

1,~30 

(lS~O .. 

OAI0· 

0000 .----.. -----~--------~-
"'N 

-000 058 U6 17-1 2:32 :::90 *-10 1 

Figure 1: The 15 at.omic wave function 

wave functions of cadmium are not tabulated at equally spaced points. Therefore. 

to use Prony's method of approximating numerical functions analytically as a sum of 

exponentials. equally spaced. monotonously decreasing and nodeless functions had 

to be prepared from the tabulated oscillating numerical SC'F functions. Preparation 

of equally spaced functions as a form of entries Po. Pl' ... Pn for equidistant points 

l' = 1'0. /'0 + h.l'o + 2h ... • "0 + nh. where the PiS are the sought equally spaced 

numerical Wave functions and h is the step or gap between the functions. from the 

gi\'E'n numerical oscillating functions was the most difficult task we encountered. 

The first attempt made was to linearly interpolate equally spaced functions from 

the given numerical functions. This is. in principle. exactl~' possible. Howewr. to get 
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accurate linearly interpolated equally spaced functions which are in agreement with 

the numerical functions we were supposed to take as many close points as possible. 

The consideration of close points, on the other hand, led to the accumulation of 

large size data which became a constraint for least computation tin1E' and use of 

limited computer memory in the progressiw computations. for that reason the 

linear interpolation technique[RIV] had to be abandoned and the spline interpolation 

technique was used in effect. 

The resulting equally spaced numerical functions calculated from the cubic spline 

interpolation technique (see computer program Prony-l) are in good agreement 

with the not-equally spaced numerical functions. As an evidence for this the spline 

interpolated and equally spaced functions and their primary numerical functions 

are plotted together for Is and -Id orbitals of cadmium ion C'd++. From Fig.(:l) 

and fig.(4) we see that the two lines on the graph are running together. C\umerical 

radial wave functions can be made monotonously decreasing and nodeless functions 

using the previously stated relation 

(65) 
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Figure :l: The splinE' interpolated 

equally spaced (1) and the not equall\' 

spaced (2) functions of 15 orbital. The 

two functions are running toget,her at 

all points. 

Figure ,I: The spline interpolated 

equally spaced (1) and t,he not equally 

spaced functions (2) of 4d orbital The 

two funct.ions are- running t.oget.her at 

all points. 

where Pnl(r) is the gi,'en oscillating numerical radial wan' function. ,.~, r~., .. are 

the zero points of the radial numerical \Va,'e function and n and I are the usual 

quantum numbers. All the nine one electron orbital functions of Cd++ are made 

nodeless and monotonously decreasing. Monotonously decreasing nodeless functions 

of I sand 4d orbi tals produced using Eq. (6.5)( see also program Prony-4) are plot-

ted on Fig.(.5) and Fig,(6) respectively for observation. So now we are successful 

in preparing equally spaced and monotonously decreasing functions from the given 

oscillating and not equally spaced numerical functions. From this point on we can 

use Prony's method to approximate the equally spaced monotonously decreasing 
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functions analytically as a sum of exponentials. The steps of Prony's method of 

approximation starting from the end are: 

1. Calculation of d-values of Eq( .SO ). 

For this step we have developed:2 programs. In Eq.(.SO) X > 2". and these types of 

equations are solved by the least square approximation technique. l'sing the least 

square approximation normal equations[VAN,reZj are constructed. The solution 

for the normal equations is found using the Gaussian ellimination method. The pro-

grams for lest square approximation and Gauss elimination are gi\'en in appendix A. 

Prony-5 and Prony-6 respecth·ely. 2. Calculation of roots of the polynomial 

2.50 • 
Figure 6: .\Ionot.onously decreasing 
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function or p-points of Eq(-!8) After tllf' calculation of d values the polynomials 

of Eq.(-IS) are constructed by using them. The solution for the constructed poly­

nomials is found by the secant method. The program developed for the method. 

Prony-7. is given in appendix A. Computer program Prony-6 found in appendix A 

gi\'es regions of the solutions of the polynomial or the primary guesses which are 

used by the secant method[GRE2]. 

:3. Calculation of exponents 

From the zero points of the polynomials calculated using the secant method. the ex­

ponents of the exponentials or a-values are calculated using Eq.(4.~). The program 

for this equation, Prony-8. is given in appendix A. 

4. Calculation of coefficients or c-values of Eq.( 47) 

Similar to step one least square approximation and Gauss elimination are used to 

find c-values. The programs for these calculations. Prony-9 and Prony-IO respec­

tiwly . are giwn in appendix A. 

All the nine equally spaced and monotonously decreasing numerical SCF wave' func­

tions of cadmium ion (Cd++) are approximated analytically as a sum of exponentials 

using Prony's method and the results of the coefficients and exponents of the expo­

nentials are given on table(6). 

It seems routine to discuss the procedure and problem tackling techniques en­

countered while finding the coefficients and exponents for all the nine wave functions 

of (,d++ For that reason only those two functions which are approximated analyt­

ically with minimum error (Is) and the other approximated with larger error (-ld) 

are discussed thoroughly. 
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AO I I a, 

Cd++(ls) 1 -10S.:!,3 1259:3.9:3 

2 -947.:36 2.58:38.90 

3 -4183 .. 50 :31292.2:3 

4 -24929.69 600427.41 

Table :3: Coefficients and exponents of exponentials for 
the Is analytic function of Cd+'" ion approximated using 
Prony's method 

5.1.1 Analytical approximation of SCF numerical Is and 4d functions 

of Cd++ using Prony's method 

The Is SCF numerical functions of cadmium ion (Cd++) has no nodes (see Fig.{lj) 

and also program zero-point calculation). So the spline interpolated equally distant 

function is made monotonously decreasing by just dividing the oscillating function 

P"I(I') by the corresponding radius 1'. In this case 1= O. The prepared monotonously 

decreasing function is then approximated analytically in four exponents. The coelfi-

cients. CiS. or c-values and exponents. a;s. or a-\'alues of the exponentials registered 

after the analytical approximation using Prony's method are given on table(:3). 

This simply means that the Is numerical functions of Cd++ can be given ana· 

lytically as 

Pi,(I') = 1'[12.599.4 exp( -108.31') + 2,38:38. exp( -947.41')+ 

31292.2exp( -418:3..51') + 600427.4exp( -24929.71')] 

where P,;I(I') represents analytical form of the numerical function Pnl(t). 

(66) 

To check the accuracy of the resulting analytic function. Eq(66). numerical fune-

tions were reproduced from the approximated analytical functions. Comparison 



between the analytical and numerical functions shows that their differences are ap-

preciable at the tail region and the functions are in good agreement at the inner 

regions of the graph, The error (by the error we mean abs( Pn / - p,;/)) at the maxi-

mum values of the wave functions is 1.9 which is very small compared to the I'ables 

of the analytical function (~O,9) and the numerical function (~2.8), \Ye could not 

actually expect an exact agreement because. for one thing we do not exactly knoll' in 

how many exponents should we approximate analytically the given monotonously de-

creasing function and for the other we can not tell exactly whether our monotonously 

decreasing function is an exactly exponentially decreasing function or not. In fact 

the computer programs developed for the Prony's method algorithms were applied 

to approximate exponentially decaying numerical functions with knmnl Ilumber of 

exponents, The numerical functions reproduced from tilE' approximate(: analytic 

functions were. then. found to be in excellent agreement with the initial data show-

ing that the method and the programs work correctly, The big difference obsen'ed 
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Figure,,: S uIJlerieal (2) and analyt ieal 

( 1) functions of Is orbital, The diifer-

enee betll'een the two functions IS ap-

preeiable at most points, 

between the two functions in our case at the tail region is in fact due to the reason 

that less points are considered from the tail regions in the calculation of d-I'alues and 

c-I'alues (see program c-Ieast and d-Ieast) using the least square technique method. 



AO I I 
Cd++(ls) 1 

2 

:3 

-I 

a, I 
-60.69 

-278.57 

-1920.25 

-1777 .. 51 

c , 

.5890.60 

12622.8-1 

:31950.78 

41:3418.6:3 

Table 4: Coefficients and exponents of exponentials for 
_ the Is analytic function of (,d++ ion approximated using 

Prony's method with weights 

Therefore. the difference between the functions can be narrowed by improving the 

resulting analytical functions. This can be done by giving more weight to the tail 

region rather than the inner region at the calculation of d-values and c-\'alues of the 

least square technique. The weights imposed on the equations at the spot in the 

least square programs can be varied until the desired accuracy is achieved. 

\Yhence, for the Is function of cadmium ion (Cd++) more weight was gi\'en to the 

tail region in the least square programs. The approximating equation in the d-least 

program was multiplied by a cubicaly increasing function. ? and the approximating 

equation in the c-Ieast program was given a linear increase in weight by multiplying 

it by i. where i is an integer ranging from 1 to the number of data points (N). 

The newly calculated coefficients and exponentials registered while approximat-

ing the numerical function of the Is orbital using the weights imposed are tabulated 

in table(-I). This means that the Is orbital numerical function of (,d++ can be 

written analytically in the new coefficients and exponents as 

Pj.(r) = r[,5890.6exp( -611') + 12622.8exp( -278.61')+ 

:319.50.8 exp ( -1920.:3.1') + 41:3411.8 exp( -1777 . .5 1 1') I 
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where P;I(r) represents analytical form of the numerical fUllction Pnl(r). Com par-

ison between the numerical and analytical functions shows that thE' two functions 

are in good agreement at most points. Especially around tilE' maximum value of the 

I 
P(r)*l0 : 

-000 0.26 0.52 0.78 140 

Figure 8: Numerical ( 1) and anal.v(icai 

(2) functions of 15 orbit.al wit.h weights. 

Difference belll'een funct.ions reduced 

appreciably. 

wa"e functions-which are our rE'gions of interest- the maximum error is 1.0 which is 

"ery small compared to the "alues of the analytical and numerical functions which 

are 40.9 and 39.9 reSI)E'ctiYE'ly. The errors around the tail region havE' also reduced 

appreciably. The .ld orbital numerical function of cadmium ion (C'd++) has one node 

or zero point at 1'0 = 0.4'i1 in atomic units. Since 1="2 for the .ld orbital thE' oscillat-

ing function can be made monotonously decreasing by dividing Pnl(1') by the product 

of 1'3 and the difference betwE'en l' and the zero points. The not-equally spaced func-

tion is made equally spaced function using the spline interpolation technique. Then 

the equally spaced monotonously decreasing functions are approximated in four ex-

ponents using Prony's method. The values of thE' coefficients and exponentials are 

tabulated on table (5). 

Hence, the numerical waYE' function of Cd++ 4d orbital can be written approxi-
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AO 

CdH (~d) I 
-

2 

3 

4 

a , 

-26.9:3 

·lSii.I.S 

-768.21 

-462.5.80 

12~2o)i.11 

191~i:3.S9 

299.S92.~i 

12801100). i ~ 

Table .5: Coefficients and exponents of exponentials for 
the ~d analytic function of Cd++ ion approximated using 
Prony's method. 

matelyas 

Pi,(r) = 1'3(0..1.51 - r)[12~25.7e~'p( -26.91'1 + 191~i:3.9E.rp( -18;).21')+ 

299Ei92 . .5up( - '6S.2Ir) + 12S0110.j.7upl-~62o).8r)1 

Comparisons between analytical and numerical functions shol\' that the two fllllC' 

tions are not in agreement. The elTor at the maximum point of the function is II·j 
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which is about 12% in relatin' forms (see Fig.(9)). Attempts were made to narrow 

the difference between the two functions by improving the results of calculations of 

the approximated wave function giving different weights to the tail and inner regions 



the preyiOllS rnentioned least square progran1s. However the illlprO\"en1t>Ilts in tile 

"alues of the functions were insignificant. EYen a heavy weight of 1/( i -+- I)'. which 

allows to take more points from the inner region of the graph than the tail region 

improved the error encountered before by only 5% (see Fig.{I0)). 
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weight. 

5.2 Method of successive iterations with fixed extremum 

points (MSIFEP) 

The method of analytical representation by sUCCessive iterations with fixed ex-

tremum points was applied to the numerical 4d orbital function of cadmiulll ion. 

Cd++. The value of a in Eq.(24) is chosen to be 3. The numerical functions are 

then approximated analytically in two exponentials by the latter method. The "alue 

of the coefficients and exponents of the exponentials found are given in table (7). 

Therefore we can write the 4d numerical function analytically as 

(69) 

\ umerical functions reproduced from these analytic functions are in excellent agree-

ment at the extremum points with the data. The analytic and numerical functions 
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Table 6: Coefficients and exponents of exponentials for 
the analytic function of Cd++ ion orbitals approximated 
using Prony's method 
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Table 7: Coefficients and exponents of exponentials for 
t be ·ld analytic function of Cd++ ion approximated using 
method of successi"e iteration. 

of Cd~+ -ld orbital are plotted on fig.( 11). The third IiI'" appearing between the 

two uaphs is the error or difference between the two functions. \Ve can see from 

the graph that the agreement is excellent at the extremum points. 
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The method of successiye approximation (see appendix B) was also applied to 

the :!s and 2p wave functions of floride ion. F~. However the results obtained 

were not satisfactorily in agreell1ent with the numerical data. For that reason the 

successive iteration with fixed extremum points method was impro\'ed a little. In 

this case the bifurcation points of the function were made fixed in addition to the 

maximum points. For the 2s orbital numerical SCF function the first zero point of 

the function was removed by di"iding the function by (1'0' ~ 1') where 1'0' is the first 

·w 
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Table 7: Coefficients and exponents of exponentials for 
the 4d analytic function of Cd++ ion approximated using 
method of successive iteration. 

of Cd++ 4d orbital are plotted on Fig.( 11). The third line appearing between the 

two graphs is the error or difference between the two functions. vlie can see from 

the graph that the agreement is excellent at the extremum points. 
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The method of successive approximation (see appendix B) was also applied to 

the 2s and 2p wave functions of floride ion. F-. However the results obtained 

were not satisfactorily in agreement with the numerical data, For that reason the 

successive iteration with fixed extremum points method was improved a little. In 

this case the bifurcation points of the function were made fixed in addition to the 

maximum points. For the 2s orbital numerical SCF function the first zero point of 

the function was removed by dividing the function by (1'0' - 1') where 1'0' is the first 
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zero point of the numerical wave function and is equal to O.2Hl in atomic unib 

(au).a was chosen to be 1. Then the resulting function was approximated b~' four 

exponents using the method under discussion and the values for the coefficients and 

exponentials obtained are tabulated on table(S). Thus the 2s numerical functions 

floride ion. F- van be expressed exponentially as 

Pis(r) = r(0.24 - r)[1.l:3e-1.64 , + 7.73e-5.41, 

2S.04e-4.64 , + 1O.S7C2.68,)] 

i70) 

Comparison between the numerical functions and the analytical functions sholl' that 
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precision of the method. 

the t,,·o functions are in excellent agreement. The maximum error found is in the 

order of 10-" .From Fig.(2), we can also see that the analytical and the numerical 

functions are going together in all the points. 

The numerical SCF function of the 2p orbital is approximated by the SIFEP 

method in four exponentials. a was chosen to be 4 in this case. The values of the 

coefficients and exponentials obtained are tabulated in tabletS). This means that 

the 21' orbital function of F- can be given analytically as 

171) 
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Table 8: Coefficients and exponents of exponentials for 2s and 2p orbital analytic 
functions of floride. F- approximated using the SIFEP method 

Comparisons between analytical and numerical functions appro"e the excellent 

accuracy of the 2p orbital analytic function approximated using the latest method. 

The maximum error is found to be in the order of 10-'; (See also Fig.(12)). 
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5.3 Advantages and disadvantages of Prony method and 

the MSIFEP 

Prony's method has the following ad,-antages: 

1. In prony's method the number of exponentials used to approximate the numeri­

cal functions is not restricted. This means that one can approximate the tabulated 

numerical functions by an,- number of exponen tials desired. 

2. There are no fixed extremum points to be set. nor do we .ha,·e fixed nodes. 

:3. There is not any iteration in Prony's method such that the computations using 

this method are not expensi,-e in ,·iew of computation time. 

Prony's method has the following disadvantages: 

1. Prony's method can only be applied for functions tabulated at equispaced points. 

During preparation of equispaced function from the tabulated functions one might 

face truncation or rounding errors. 

:2. In the Prony's method at the construction of normal equations using the least 

square approximation, important functions might be cancelled. Though it is possi­

ble to give the required weights to the difference between the real function and the 

approximating functions at the important functions. selection of weights until the 

req nired accuracy is achie\'ed is tiresome. 

:3. The approximated analytical function exhibit large errors at some points though 

they pass nicely at most points. Especially analytic functions of orbitals (functions) 

with large principal quantum number vary considerably from the numerical func­

tions. 

The method of successive iterations with extremum points has the following advan­

tage: 



1. The results of approximations of the method are \"(·n· a(TUrate at the "xtreI1lUlll 

points of the functions. 

Disadyantages of the \[S[FEP 

I. The number of exponents for the approximating functions IS always fixecl and 

mnst be equal to the number of extremum points. 

2. The iterations are expensiye with respect. to computation time. 
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6 Conclusions 

Two conclusions can be drawn from this work. (I) Prony's method can be applied 

to approximate numerical SCF \\'ave functions of ions analytically in general. This 

method is effective for smaller principal quantum number orbitals. The application 

of the method for higher quantum numbers involves a considerable additional labor. 

(2) The method of successive iterations successfully works to analytical approxima~ 

tion of 4d orbital numerical SCF function of Cd++. With some modification the 

method works to the analytical approximation of 2s and 2p orbitals of floride ion. 

7 outlook 

Inspection of the accuracy of analytic wave functions approximated using the meth~ 

ods show that excellent agreement bet\\'een analytical and numerical functio!l5 are 

found at the extremUlll "alues of the functions for the ~ISIFEP and Prony method 

shows very good precision at points slightly far from the extremum points. There~ 

fore it is the \\'riter's belief that a combination of the methods might yield analytic 

functions with better precision. 
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Appendix 

A Computer Programs for Prony Method 

A.l Flow Sheet of Prony Method 

numerical SCF data 

make equally spaced data uSing 

spline interpolation 

find nodes of data points 

maKing noaless ana monotonously 

decreasing functions 

formation or normal equations for d-values 

using least square approximation 

~ 
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calculation ot zero pomts ot pOlynOimals 

using secant method 

calculation of exponents from zero points 

formation ot normal equatIOns tor 

calculation of c-values 

calculation ot coethclents USIng 

Gaussian ellimination 
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A.2 Prony-l 

{This is a Cubic Spline technique to approximate numerical not­
equally spaced functions at eqidistant points.} 

program Eliasspl: 
uses myspline. crt: 
const :\umPoints=100: 
var 
Error: byte; 
outfile .infile: text; 
step:real; 
i:integer; 
Rad:real; 
Y.X:real: 
function WaveFunc(X:fioat ):fioat; 
var 
XData:TNvector; 
YData:Tnvector; 
CoefO.Coefl,Coef2,Coef3:Tnwctor: 
Xinter:fioat; 
Yinter:fioat: 
Error: byte: infile:text: 
Y:real: 
i:integer: 
begin assign( infile. 'C: \ tp \kotel\elias \ values.dat'): 
reset ( i nfi Ie ); 
for i:=1 to :\fumpoints do 
begin 
readLn( i nfile ,XData [i J, YData [i J); 
readLn(infile) ; 
end: 
close( infile): 
{this is the procedure for Cubic Spline interpolation} {reffer Borland Turbo Pascal 
6.0 for the Procedure of Cubic SplineFree} CubicSplineFree(:\ umpoints.XData.YData.X 
.CoefO,Coefl ,Coef2,Coef:3, Y.Error); 
if Errorii,O then begin writeLn('there is an error in spline. press Enter'): 
readLn; Halt( 1) end: 
\Va\'eFunc:= Y: end; {- function WaveFunc -} 

begin { lvlain } 
assign( outfile, 'C: \ t p \kotel\elias \speqvalues.dat'); 
rewrite( outfile); 
step:=2/500; 
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Rad:= 1.0216067675:3:3~5E~000G; 
for j:= I to .'j00 do 
begin 
X:=Rad +(i~l)*step: Y:=WayeFunc(Rad +(i~lrstep): 
writeLn( outfile,X,' " Y); 
writeLn(X,' ',V); 
end: 
close(outfile); 
end. 
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A.3 Prony-2 

{x Thi; is program finds zero point of numerical wa\'" functions<) 
Program Prony<2: 
yar a.b.c.d,xl,x2,yl.y2 ,ro,s: real: 
rr: array[ 1..1000] of real: 
psi: array[LIOOO] of real: 
n.i,m,j,Lo : integer: 
si,zeo : text: 
{The following procedure calculates accurate zero point.) 
procedure findroot(yar g oreal: xl.x2.yl.y2 : real): 
\'ar e,f.h.l!.l2.l oreal: 
begin 
e :=xl: 
f :=x2: 
11:=yJ: 
12:=y::?: 
g:=(e-fl x I2/(l2-11) + f: 
end: 
begin {ITlain} 
writel:>(' How many data points (spline) do you haye'?'I: 
\\Titeln( 'Data shold be less than 1000'): 
readln· n): 
assign' ;i, 'C: \ tp \ kotel\elias \eqspyaLdat'): 
reset I;i): 
for i:=l to n do readLn(si,rr[i],psi[i]): 
c10sel ;:): 
assign' zeo, 'C: \ tp \ kotel\elias \fileofzo.dat·): 
rewrite, zeo): 
for J:= I to n do begin 
xl :=rrU]: x2:=rr[j+I]: 
yl:=p;i[j]: y2:=psi[j+l]: 
if psi[,rxpsi[j+l] i 0.0 then begin 
findroot (ro,x 1.x2.y l,y2): 
writeln('the Zero point is ',ro): 
writeln( zeo,ro): 
end: 
end: 
c10sel zeo): 
writeln( 'we have finished. Please RETl'R:\'): 
readln: 
end. {main} 
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A.4 Prony-3 

{' This program makes an oscillating wa\'e function monotonously 
decreasing. } 
Program Pron~--:l: 
uses crt: 
{Here we put the values of the zero points of the functions} 
const rO = 4.-102-1.5436780060E-000 1: 
type 

:-'IyArra.\-=array[l..lOOO] of neal: 
:-'lydoubleArray=array[l..lO.l..IO] of real; 

var 
R: :-'lydouble;\rray : {reaLmatrix: coefficients} 
P.S.Psi.Psip.rr: :-'·ly.'l.rray : {reaL1Lvector: right-hand-side of equations} 
i.j.l.m.n.o: integer: 
y.z : real: 
si.sip:text: 

begin {main} 
ClrSer: 
writeln(, please check if you han" taken the correct constant for the .): 
writeln(, zero point'); 
write(' Enter number of spline data a\-ailable .); 
readln(n): 
assign( si.· C: \ t p \kotel \elias \eqsp\'al.dat·): 
reset (si): 
for i:= 1 to n do readLn(si.rr[i].psi[i]): 
close! si): 

assi.gn( sip.' C: \ tp \kotel \ elias \exponent .dat· I: 
re\\Tite(sip) : 
for i:= 1 to n do 

begin 
psip[i]:= abs( psi[i]1 (rr[i]'( rr[i]-rOl))): 
wri tel n (si p.rr[i].' '. psi p [ill: 

end: 
c1ose(sip); 

writeln('\\'E H.'l.VE FI:\ISHED'): 
readln: 
end. {main} 
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A.5 Prony-4 

{' This is a least square approximation program 
to find thE' normal equations for the calculation 
of d-values, The program is 
written for Eq,(48) in Prony method X} 

Program Prony-4; 
uses crt: 
const ~[=4: { number of exponentials to represent the function} 

:\ = 1000: { number of available data} 
type vector=array[l..M] of real; 

matrix=array[l..~l.1 .. M] of real: 

,oar i.k.j .l.cond:integer: 
,\ :matrix: {real matrix; coefficients} 
Y :vector; { reaLIL vector; right hand side of equation} 
rr : array[O,,:"1] of real; { equally spaced distances from file} 
x: array[O .. ;,\] of real; {data points from file} 
inputl: text: 
input:2: text: 
outl: text: 
out:2: text: 
data: text: 

begin { lllain prograll1} 

writeln(' Choose one of the following numbers for weight'): 
writeln{" I weight not necessary'); 
IITiteln(' "2 weight = i'): 
writelnl' :3 weight = sqr(i)'): 
writeln{" 4 weight = i cubed'); 
writelnC ,j weight = exp(-i)'); 
writeln(,6 weight = l/(l+i)'); 
writeln(' I weight = I/X[i-lJ'); 
write(' \\'rite yoUI' choice and RETURN :- '): 
readln(cond): 
ClrScr: 
writeln{" Please wait '); 

assign( data,'C:\tp \kotel\ elias\exponent.dat'): 
reset (data); 
for i:=O to N-l do 
begin 

readLn( data,rr[i] ,x[i]); 
end: 



close( data): 

{X Following is a program to evaluate data according to 
the algorithms of least square approximation X

} 

for j:= 1 to ~I'[ do 
for 1:= 1 to ~! do 
begin A[jJJ:=O; for i:=l to N-;"[ do begin 
if cond = 1 

then A[j.lJ:= A[jJJ+X[M+il-WX[M+i-l-jJ; 
if coml = 2 

then A[j.lJ:= A[j,IJ+X[:v!+i-l-WX[M+i-l-jJ*i; 
if cond = :3 

then A[jJJ:= A[j.lJ+ X[~Hi-l-WX[~! +i-l-jJ*sqr{i); 
if coml =-1 

then A[j.lJ: = A[j.lJ + X[M +i-l-IJ"'X[}! +i-l-jJ*sqr( Wi; 
if cond = .5 

then A[j.lJ:= A[jJJ+X[M+i-l-WX[M+i-l-itexp{-i); 
if cond = 6 

then A[j .IJ:= A [j.lJ + X[~[ +i-l-WX[~l+i-I-W(l1 (i + I)): 
if cond = ., 

then A[j .IJ:= A[j .IJ+ X[}[ +i-l-WX[~l+i-I-jJ*abs(l jX[i-1 j): 
end: 
end: 
for j:=l to :-.r do 
begin YOJ:=O; for i:=l to :\f-M do begin 
if cond = 1 then 

Y[j]:=Y[jJ + X[~[+i-l-jJ*X[~l+i-IJ; 
if cond = 2 then 

Y-[jJ:= Y[jJ + X[~l +i-I-jJ*X[:\I+i- Wi: 
if cond = :3 then 

Y[jJ:=Y'[jJ + X[~l+i-l-jJxX[lv[+i-lJ*sqr{i); 
if cond = 4 then 

Y[jJ:= Y[jJ + X[:\[ +i-l-WX[J\Hi- Wsqr(Wi; 
if cond = ·s then 

Y[j]:= Y[j] + X[:\[ +i-l-jJ*X[M+i-1]*exp{ -i); 
if cond = 6 then 

Y[jJ:=Y[jJ + X[:\l+i-l-j]*X[M+i-W(lji+l); 
if cond = 7 then 

'Y[jJ:=Y[jJ + X[:\I+i-I-jJ*X[M+i-Wabs{ljX[i-I]); 
end; 
end: 

assign{ out 1, 'C': \ t p \kotel\ elias \ cof2.dat'); 
rell'ri te{ au t I ); 
for i:= 1 to :\1 do 
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writeln(outl. A[i.!].' ',A[i,2].' ·.A[i,:3].' ',A[iA]: ',Y[i]): 
dosc(outl ): 
writeln(,,): { empty full line on screen} 

for j:=l to ;'I'l do 
writeLnC new arguments' ,YUll: 
writeln(,' ): 
for 1:=1 to WI do for j:=1 to WI do 
writeLn(, new coefficients' ,A[Lj]): 
readLn: 

end. {lnain progra.n1} 
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A.6 Prony-5 

{~ This program is to calculate d-values of the prony's 
technique (see Eq.(~8)1 starting from the NxN matrix 
constructed using least square technique. The met hod 
used here is the Gausian ellimination method. *} 

PROGRA~I Gauss: type 
;'vlyarray=array[1..20j of real: 
Mydoublearray=array[1..20.l .. 20] of real; 

VAR 
n. k : INTEGER: 
l' : ~IYARRAY: {Xreal-n-\,ector: results of calculation'} 
R : ~IydoubleARR.'I. Y :{ real-matrix: coefficients} 
P : :'vlyaRRAY; {real-n-n>ctor: right-hand-side of equations} 
S : :'vlyARRAY; 
i l nl.j.l.o: integer: 
y.z : real: 
f : text; 
data: text; 
input 1 : text; 
input2 : text: 
x : array[0 .. :30] of real: { data points from file} 
IT : array[0 .. :30] of real: { equally spaced distance from file} 

{~ Following is the procedure for Gausian elimination Rer[ ] "} 
Procedure Gauss.elim 

(val' G : IIIy.'l.RR.'l.Y: R : :-Iydoublearray: P : :-Iyarray); 
val' 

A : ~Iydoublearray : 
b: MyARRAY: 
x : Myarray: real-ll-\,ector: 
i.j.k : integer: 
tol : real: 
amult : real: 
begin { gause .elim} 
A:= R; 
b := P : {x Triangularize * } 

for i:=l to n-I do 
for j := i+1 to n do 

begin 
{* compute multiplier for j'h roll' *} 
amult := .'I.[j.il/.'I.[i.i]: 
{*compute non zero elements for j'h roll'x} 
for k:=i+! to n do 

A[j.k] := A[j.kJ-amult X A[i,kJ; 
{* compute ne\\' b[j] X} 
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bU] := bU] ~ amultXb[i]: 
end: 

{X Back substitution X} 
for i:=n downto 1 do 

begin 
xli] := b[i]; 

{Subtract terms in already computed xU]} 
for j:=i+1 to n do 

xli] := xli] ~A[i.j]*x[jl; 
{soh'e for xli]} 

x[i]:= x[i]/ A[i.i]; 
G[i] :=x[i]; 
writeln(,x[',i:] =',G[i]): 

l'[i] :=G[i]; 
end: 

end: {gauss_elim} 
begin {n1ain progranl} 
writeln{' please enter the number of coefficients you want ?'): 
Readln( n); 

{x the following reads data from file X} 
assign(input I:c:\ elias \ cof:2.dat'}: 
reset(inputl ): 

for i:= 1 to n do 
readln( input I.R[i, 1].R[i.2]. R[i.:3].R [iA].P [i]): 

close(inputl): 

readln; 

r call procedure gauss_elim X} 
Gauss_elim( S . R . P); 
{X This part will write result on file x} 
assign(f.'c:\ elias \ fileofd.daf): 
rewri te( f) ; 

for i: = 1 to n do 
writeln(f. Uri]): 

close(f); 

end. {of main } 
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A.7 Prony-6 

{This program is used to find the range of solutions of 
a giyen polynomial function. :'Ilore over it records the approximate 
regions of the solution from which we calculate the most probable 
solution of the polynomial using the secant method} 

Program Prony-6; uses crt. dr2d: 
type Darray=array[1..:30] of real: 
yar i.n:integer: 

infile:text: 
infileP:text: 
outfile:text: 
d : Darray: 
step.pp.p :real; 
G :"latrix: 
.-\ rray N um Points::Vlynumpoi nts: 

function Polynom(p:real:d: Darray ):real; 
\"ar 

i:integer; 
sum:real: 

funct ion Power( p:real:i:integer ):real: 
yar 

j:integer; product:real: 
begin 
if i=O then Power:= I else 

begin 
Product:=p: 
for j:=1 to i-I do product:=product<p: power:=product enei: 
end: 

begin 
sum:= Power(p.n): 
for i:=! to n do sum:=sum - power(p,n-ird[i]; 
Polynom:=sum: 

end: {- function Poly nom -} 

begin {main} 
ClrScr: 
writeln( 'please enter the number of coefficients you want '!'); 
Readln(n); 

assign(infile, 'C: \ tp \kotel\elias \ fileofd.dat '): 
reset( infile); 
for i:= I to n do readLn(infile.d[i]): 

assign( outfile. 'C: \ tp \kotel\elias \gues.dat·); 
rewriter outfile): 
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slep:=O.1: 
p:=·10: 
for i:= 1 to ,jOO do 
begin 

G[i.O):= p +i~step: 
G [i .1) :=Polynom(p +iXstep.d): 
G[i+l.l):=Polynom (p +(i+l)*step.d): 
if G[i,l)*G[i+l.l) i 0.0 then 
begin 
Writeln('zero point here'. p+i*step. p+(i+l (step): 
Writeln( outfile.p+i*step.' .. p+(i+ 1 j"step): 
enel: 

enel: 
writeln(, Please RTUR~'): readln: 
close( outfile); 

close(infile ): 
for i:=l to 600 do begin G[i,O):= I' +i*step: 
G:i.1):=Polynolll (I' +i*step.d);end: 
/I.rra~·" um Points[1):=.500: 
{Dra\\' the graph of the polynomial on the screen} 
Plot2DI1..-'l.rray:\' umPoints.l.l.G): 
writeln: 
assign( infileP. 'C: \ t I' \kotel\ elias \fileofp.dat·}: 
reset( infileP}: 
\\'riteLn(' check if they are correct roots'); 
writeln("): 
for i:= 1 to n clo begin readLn(infileP.PP): 
writelnl PI' .. ·,polynom(pp.d)): end: 
cloSE'( i nfile P ): read In : 
end.{ main} 
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A.8 Prony-7 

{This is a secant program to find zero points of a pol\'nomial 
function. \Ve use it to find p-values,Eq(-!6).of the 

Prony method. (See also .\pp.( B.:3)} 

Program Prony- 7: uses crt: 
const 

type 

var 

N umberExp=-!: 

Coeff=array[L.NumberExp] of real: 

D:Coeff; 
,,1 ".) z·Coeff· o ·0 ..... · . . 

g2:Coeff; 
a.b.c,xl : real: 
x2.tl,t2,q,s: real; 
i.j.k.expe: integer; 
f: text; 
input: text; 
\'alue : text: 

Here is a function to calculate pow of a number to exponent n 
function po\\'(base : real: exponent: integer) oreal : 
val' 

count: integer; 
product: real: 
begin 

product := I: 
for count := 1 to exponent do 

product := productXbase: 
pow := product; 
end; 

{The foollowing procedure constructs the polynomial} 
procedure ff( val' y:real; P:real: D:coeff): 
\'al' i:integer; 

sUln:real: 
begin 
sum:=pow(p, NumberExp): 
for i:=1 to Numbel'Exp do 
sum:=SUlll - D[i]*po\\'(p.NumberExp-i); y:=sum: 
end; { procedure} 
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{Beloll' is the procedure to find the accurate zero point.} 
procedure secant _root (var g :real; x 1.x:2 : real); 
\'ar 

newval.oldval :real; 
Xllew : real; 

slope: real; 
newguess.oldguess :real; 
tol,no,denom.numi : real; 
begin 
oldguess := xl: 
newguess := x2; 
If( nell'val,newguess.d); 
If( oldval.oldguess.d); 
repeat 
If( newval.newguess.d); 
no := nell'val/olch'al: 
denomi := I-no: 
lltlllli := (oldguess ~ne\\'guess )Xno; 

xnew :=newguess-nunli/denonli; 
olclguess := newguess: 
newguess := xne\\': 
olclval := nell'val: 
if oldguess = 0.0 
then exit 
until(abs((newguess - oldguess)/oldguess)::; 1.0e-7): 
g := xnew: 
z[k] :=g; 
k:=K+1; 
enel; 

begin Illaill 

k:=l; 
assign( value, 'C: \ t p \kotel \elias \fileofd.dat·); 
reset (val ue ); 
for i:=l to NumberExp do 
begin 
readLn( value,q): 
D[i] := q; 
closer val ue ); 
assign(input, 'C; \ tp \kotel\elias \gues.dat '): 
reset(input ): 
for i:= 1 to :\fumberExp do 
begin 
readln(i n put,g 1 [i].g2[i]): 
begin 
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{Below is the procedure to find the aCClll'ate zero point.} 
procedure secanLroot (val' g :real: xl.x2 : real): 
val' 

ne\\·\·al.olch·al :real: 
xnew : real: 
slope: real: 
newguess.oldguess :real: 
tol.no.denorn.numi : real: 
begin 
oldguess := xl: 
newguess := x2: 
ff( newvaLnewguess, d); 
ff( olclyal.oldguess.d): 
repeat 
ff( newval.newguess,d); 
no := newval/oldval: 
denorni := I-no: 
numi := (oldguess -newguess )*no: 
xnew :=newguess~nulni/denOIni: 
oldguess := newguess; 
newguess := xnew: 
old val := ne\l'val: 
if oldguess = 0.0 
then exit 
until(abs((ne\\'guess - oldguess)/oldguess)'::: 1.0e-7); 
g:= xnew: 
z[kJ :=g: 
k:=K+l: 
end: 

begin main 
k:=l; 

assign( value. 'Co \ tp \kotel\elias \fileofd.dat'): 
reset( value): 
for i:=! to XumberExp do 
begin 
read Ln( value.q); 
D[iJ := 'I: 
close( value); 
assign(input. 'C: \ tp \kotel \elias \gues.dat'); 
reset(input): 
for i:= 1 to ;-';umberExp do 
begin 
readln( input ,g 1 [iJ ,g2[i]); 
begin 

60 



secant -1'oot( s,gl [i] ,g2[i]); 
writeln('the zero point is ',s): 
end: 
end: 
closet input); 
assign( f. 'C: \ tp \kotel\elias \fileofp,dat'); 
rewri te( f) ; 
for j := (k-l) downto 1 do 
wri t eln( f,z[j]): 
close(f): 
writeln(\ve have finished') : 

readln: 
end, main 
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A.9 Prony-8 

{'This program calculates \"alue of the exponents 
or a vallies of the Prony·s method from the calculated 
zero points (p-values) by just taking the logarithm 
of each zero point to get the corresponding a-value. See 
also Eq.(4:3) of the Prony·s method "} 

Program Prony-8: const 5tep:= le-~: ,·ar 
n.i:integer: 
I" : real: 
aa :text; 
f:text; 
x:array[ 1..10] of real: 
a:array[l..lO] of real: 

{ zero points} 
{ a-,·alues} 

begin 
writelnCenter the number of coefficients you want ?'): 
Readln(n); 
C'lrScr; 

readln; 
end. 

a5sign( f. 'C: \ tp \ kote! \elias \fileofp.dat 'J; 
reset(f): 
for i:= 1 to n do 
read Ln( Lx[i]): 

closer f): 
for i: = I to n do 
begin 
if xli] <; 0.0 then 
begin 
\\"riteinC p \"alue less than zero.'): 
exit: 
a[i]:=ln(x[i] )/step: end: 

end; 
{ Here We write the result to the file mentioned below} 
assign( aa, 'C: \ tp \ kotel \elias \fileofa.dat·): 
rewri tel aa) ; 
for i:= I to II do 

writeln(aa, ali]): { On the file} 
closer aa); 
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A.IO Prony-9 

{X This is a program of least square technique that 
forms the normal equations. Eq. (4.';) of Prony method 
It is a partial program for calculation of C-values x} 

Program Prony-9: 
uses crt: 
canst 

type 

val' 

:\1=4: {* number row of matrix X} 
N= 1000: {* number of data a\'ailable or number of columns} 

vector=array[l..:\l] of real: 
matrix=array[l..:\l.l .. M] of real: 

i.k.j.l.cond : integer: 
A : matrix: {reaLmatrix: coefficients} 
Y : \'ector: {real-''-\'t'ctor: right hand side of equation} 
P : array[l..lOj of real: {real-,,-wctor p-t'O/llfS from file} 
x : array[O .. :\] of real: {data points from file} 
Iln array[O .. :\] of real: {distance from file} 
input 1 : text; 
input2 : text: 
out I text: 
out2 
data 
data:? 

: text; 
: text; 
: text: 

{x following is a function that calculates power x} 
function Pow( p:real;i:integer ):real: 
var 

j: integer: 
product: real: 

begin . 
if i=O then Pow:= 1 else 

begin 
Product:=p; 
for j:=l to i-I do producl:=producrp: 
pow:=product: 
end; 

end; 



begin{ lnain } 
ClrScr; writeln(' Choose Olle of the following numbers for C-Ieast weight'): 
writeln(' 1 weight not necessary'); 
writeln(' :2 weight = i'): 
writeln{' :3 weight = sqr(i)'); 
writeln(' ~ weight = i cubed'); . 
writeln(' ,j weight = exp( -i )'); 
writeln(' 6 weight = l/(1+i),); 
writeln(' 7 weight = abs( 1 /X[i-l]'): 
write{' \""rite your choice and RETURN :- '); 
readln( cond); 
ClrScr; 
Writeln(' Please wait '): 

{x The data in this case are the p-values 
calculated using secant program, following 
is to read data from file x} 

assign( data, 'C: \ tp \kotel\elias \fileofp,dat'): 
reset (data); 
for i:=1 to M do 

begin 
readLn( data,p[i]): 
writeln('power points ',i ,p[i]); {on the screen} 
end; 

close(data); 
writeln("); 
readln; 
clrscr; 

assign( data, T: \ tp \ kotel\ elias \exponent,dat'); 
reset (data2): 

for i:=O to :\-1 do 
begin 
readLn( data:2.im[i] ,x[i]); 
writeln( 'eq, spaced points', i , xli]); {on the screen} 

end; 
closer data:2); 

{ calculate new coefficients} 
for j;= 1 to ~! do 
begin 

Y[j]:=O; 
for i:=O to :\'-1 do begin 
if cond = 1 then 

Y[j]:=Y[j] +X[WpO\\'(P[j],i); 
if cond = :2 then 

Y[j]:=Y[j] +X[Wpow(P[j],i)*i; 
if cond = :3 then 
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Y Ii]: = Y[j] + x [i] 'pOIl'( P U].i )'sqr( i): 
if cond = .[ then 

YD]:= YU] + X[i]'pow(P[j],i j<sqr(i ri: 
if cond = .j then 

YU]:= Yli] +X[Wpow(PU].i )Xexp( -i): 
if cond ~ 6 then 

Y[j]:= Yli] +X[i]*pow(PU],W(l I( 1 +i)): 
if cond = 7 then 

Y[j]:=Yli] +X[ij'pow(P[j],irabs(l/X[i] I: 
end: 
end: 

writeln(' New V-values'); 
for j:=l to ?vI do writeLn( Y[j]); 
writeln(, Please wait '): 
Writeln(' '); 

for k:= 1 to :\1 do 
begin 
for j:=l to :\1 do 
begin A[k,i] :=0; for i:=O to :\-1 do begin 
if cond = 1 then 

.\ [k.j]:=A[k,j] + Pow( P [W P [j),i): 
if cond = :2 then 

.\[k,j]:=A[k.j) + Pow( P[ktPUj,Wi: 
if cond = :3 then 

A[k.j]:=A[k,j] +PolI'(P[WP[j),Wsqrl i): 
if cond = .[ then 

.\[k.j]:= .\[k,j) + Pow( P[k]' Pli),i (sqr! i 1 xi: 
if cond = .j then 

.\ [k,j):=A[k,j) +Pow( P [WP li],i )"'exp( -i I: 
if cond = 6 then 

.\[k.j]:=A [k,j) + Pow( P[k ]'Pli],i n 1/1 l-i)): 
if cond = 7 then 

A[k,j):=A[k,j) + Pow( P[WPli),Wabsll X[i-l]): 
end: 

end: 
{ write new coefficients and nell' arguments on file} 

assign( data, 'C: \ tp \kotel\elias \ cof.j.dat'): 
rewrite(olltl); 

writeln(" ): 

for i:= 1 to 11'1 do 
writeln(olltl, A[i,l]: ',A[i,2],' ' .. \[i.:3): ·.A[iA],' ·.Y[i]); 
close(outl); 

writeLn(' new coefficients 'I: 
for j:= 1 to M do begin writer A [Lj)l: end: writeLn: 
for j:= 1 to M do begin writer A [2.jj I: end: writeLn: 



readLn: 

for j:= I to :VI do begin write( A [:3.jJ): end: writeLn: 
for j:=l to ~vl do begin write( A [<I.j]): end; writ('Ln: 
writeLn('please. press Enter key'); 

end. {main} 
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A.l1 Prony-IO 

{x This program calculate c-values of the Prony's 
method (see Eq(45)) starting from the :-IxN matrix 
onstructed using least square approximation. The method 
used here is the Gausian ellimination method. X} 

Program Prony-lO: 
type 

.\/yArray=array[1..20] of real; 
:VlyDoublearray=array[1..20J .. 20] of real; 

VAR 
n. k : integer; 

l' : MyArray; {*real-n-\'ector: results of calculation4 
R : MydoubleArray : {real-matrix: coefficients} 
P : My Array; {real·n-vector; right-hand-side of equations} 
S : /o./O'ArraO' ; 
i,I11.j,l,o : integer; 
O',z : real: 
f : text; 
data: text: 
inputl : text: 
input2 : text: 
x : array[0 .. :30] of real: { data points from file} 
rr : array[O .. 30] of real: { equally spaced distance from file} 

{x Following is the procedure for Gausian elimination Ref[ ] *} 
Procedure Gauss_dim 

(\'ar G : ~/yArray : R : :\/ydoubleArray: P : \Iy.\rray ): 
val' 

A : :\/ydoubleArray : 
b : :\10' Array: 
x: :\IyArraO'; real-n-vector: 
i,j,k: integer; 
tol : real; 
amult : real; 
begin { Gause_elim} 
A:= R: 
b := P ; {x Triangularize * } 

for i:=1 to n-I do 
for j : = i + I to n do 

begin 
{* compute multiplier for jth row *} 
amult := A[j,i]/A[i,i]: 
tcompute non zero elements for jth ro\\'x} 
for k:=i+1 to n do 
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A[j.kj := A.}kj-amultXA[i.k): 
{x compute new bfj) x} 
b[j] := b[j] - amultXb[i]: 

cn d: 
{x Back substitution *} 
for i:=n dOlnlto I do 

begin 
xli) := b[r: 

{Subtract terms in already computed x[j)} 
for j:=i+l to n do 

xli) := xli] -.-\[i·Wx[j); 
{solve for x[i)} 

x[i]:= xli]; .hi]: 
G[i] :=x[i]: 
writeln(·x[·.i.'] =·.G[i]); 

qi] :=G[i]: 
end: 

end: {gauss.elim} 
begin {main program} 
writeln(, please enter the number of coefficients you want '?'): 
Readln(n}: 

{X the following reads data from file X} 
assign(inputl.'c:·.tp kotel\ elias \ cofl.dat·): 
reset(input I): 

for i:= I to n do 
readln( input I. R [i.l] .R[i.2] ,R[i.3].R[i..!].P[i]}: 

close(input I): 
{X call procedure gauss.elim X} 
Gauss.elimt S . R . Pi; 
{ Here we devide the calculated c-values by thc first 
c'values or CIS because our date points do not start 
from O-values of r where as in the prony's algorithm the 
data points are put euidistant starting from a zero} 

assign( data I. 'c: \ t p' kate! \ elias \exponent .dat·): 
reset (data I ): 
for i: == 1 to 10 do 

begin 
readLn( datal.rr[i].xx[i]); 
end: 
c1ose(datal}: 

assign( data2.' c: \ tp \kotel\elias \ fileofa.dat '): 
reset (data:!): 
for i:=1 to ~ do 
begin 
readLn( data2.aa[i]}: 

68 



end: 
close(data2); 

II'riteln(,Here are the improved results') : 
assign( f.' c: \ tp \kotel\elias \ fileofc.dat'); 
rewrite{ f) : 
for i:= 1 to n do 
begin 
cc[i]:= qi]j{exp(aa[i]*rr[l])): 
writeln( f. cc[i]): 
writeln( cc[i]); 
end: 
closet f): 
readln: 

end. mall1 
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B Computer Program for MSlFEP 

B.1 Flow Sheet of MSIFEP 

SCF numerical data 

maXImum values or he tunctlOn t and 

their corresponding r 

tlfst apprOlumate va ues or coemClents 

and exponents A ,b 

iteration procedure 

condition to stop iteration 

out put 

A b 
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B.2 Programe CdF2 

Program CdF2int: 
nses crt.dos.dr2d: 
canst 

Root D:array[l..l] of donble =( 4. ['5.5.580928404.j6E~O I); 
:\ nmberExp=2: 
type • 
Poi nt:\ matrix=i'vlatrix; 
Vector3=array[1..:3] of donble: 
AmpArray=array[l..NumberExp] of double; 
AlphaArray=array[I .. :'-iumberExp] of integer: 
val' 

infile :file of double: 
Bet a.Alpha:double: 
:\lyPoints :double: {~:\umber of Poil1ts=700 ~} 
Step :double: {~R02=Step¥(NumberPoints~l) ~} 
Rol.Ro2.Rot :double; {~ first value of, that connect with R 
Ro=Alpha xR + Beta 'Ln(R) ~} 
Z :double: {~Charge of l1ucley~} 
E :arraY[1..9] of double: {~energy of shell~} 
:\ :Double: {~:\Olain atomic :'-iumber~} 
L :Double; {~orbtal atomic :\ umber~} 
Q :Double: {~:\umber of the electrons on the shell~} 
Rmax:Double: {~Last value of radius. we assume that Wa\'efunction(R)=O~} 
Eps:double; {~ the tolerance. if the residuelsiEps. then is the end of iterations~ } 
Psi:array[1..9.1.. 700] of double: {~value of Wavefunction. the norm is int(O.R2 sqr( Psi)= 1 
~} 

Rt 
X 

:double: R.Yvalue :array[1..700] of double: {~ value of radius ~} 
:double: i.j.Shift :integer: Array:\umPoints ::\ly:\umPoints: G 

:PointNmatrix: :'-iumPoints : double: { # of points} 
:\ um Terms : integer; { # of terms in least squares } 
{ at XData points} 
Standard Deviation : Float: { Square root of "ariance: } 
\'ariance : Float: { Indicates goodness of fit } 
Error : byte: { Flags if something went wrong} 
LastPoint.FirstPoint :integer: 
outfile :text; 
Vecnl :vector:3; 
F"ect:31 :vector:3; 
\'ect:32 :vector3; 
Fvect:32 :vector3; 
A :Amparray; 
T :Amparray; 
B :Amparray; 
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Al :Alphaarray: 
Rext :Amparray: 
Fext :Amparray; 

{ } 
function FY( X:double ):double: 
begin {-function-} -
FY :=XX( RootS[l J-X n RootS[2J- X n RootS[:3J- X); 
end: {-function-} 
{ } 
procedure FindExtremumi x: Vector:3:y:vector:3; var Rext:double: 
var Fext:double); 
type :Vlatrix:3:3=array[1..3.J..:3J of double; 
var B:matrix:3:3: 
Delta2.Deltal. DeltaO,Delta:double: 
i:integer: 

function Determinant( B:matrix3:3 ):double; 
begin {- Determinant -} 
Determinant:=B[I, 1 J *B[2.2J xB(:3.3J+ B [1 ,2J*B[2,3tB[:l.1 J+ B[2.1 J*B[:3.2J *B [1.3J 
-B(! ·:WB[2.2tB[:3.1 J-B[l·:WB[:U tB[:3.3J- B[2,:WB[:3.2tB[I.l J: 
end: begin for i:=1 to :3 do begin B[i.lJ:=sqr(x[i]); B[i.2J:=xliJ: B[i.3J:=1 end; 
Delta:= Determinant( B): 
for i:=1 to 3 do begin B[i.l):=y[iJ: B[i.2J:=x[iJ; B[i,3J:=1 end: 
Delta2:= Determinant(B): 
for i:=1 to:3 do begin B[i.l]:=sqr(x[i)): B[i.2):=y[i); B[i.:3):=! end: 
Deltal :=Determinant( B): 
for i:=! to 3 do begin B[i.l]:=sqr(x[i)): B[i.2):=x[i); B[i.:3):=~·[i) end: 
DeltaO:=Determinant( B): 

Rext:=- Deltal/{2XDelta2): 
Fext: =Delta2/Delta Xsqr( Rext)+ Deltal / Delta* Rext + DeltaO / Delta: 
end: 
{--------} 
function SigmaPrime{A:Amparray:Alpha:Alphaarray: 
B:.\ mparray: i :in teger; X:dou ble ) :dou ble; 
var j :integer; 
Sum:double: 
Term:double: 

begin --function Sigma Prime­
Sum:=O: 
for j:=1 to NumberExp do 
begin 
if i=j 
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tllPn Term:=O 
else Term:=.\[j)'exp( (AlphaU]-l )"In( X)- BUtXn .\lphaI -BUt X); 
Sum:=Sum+ Term: 
end; 
SigrnaPrime: =Sum; 

-end; {-function SigmaPrime-} 
{--------------------} 
function Sigma( A:Amparray;Alpha;Alphaarray; 
B: A mparray;i:i nteger;X; double) :dou ble; 
var j :integer: 
Sum:double: 
Term:double: 

begin {-function Sigma-} 
Sum:=O; 
for j:=l to :\urnberExp do 
begin 
if i=j 
then Term:=O 
else Term: =A[Wexp( Alpha[j]*ln(X)- B[j]*X): 
Sum:=Surn+ Term; 
end; 
Sigma:=Sum: 
end; {-function SigmaPrime-} 
{ ----------------------} 

begin {-main-} 
assign (infile.T:\ TP\kotel\cdpI2.dps'); 
reset(infile ): 
read (intile. X. R max.N umPoi nts.5 tep. Beta.Eps.Z .Z.X .. \1 pha .Ro I.X.X.X.X ): 
for i:=l to 9 do 
begin 
read(infile.E[i].~ .L, Q.X); 
for j:=l to 700 do read(infile, Psi[i.j]); 
read( infile.x): read(infile,x); 
end; 

c1ose( infile); 

{-find the roots Ro=Alpha*R - Beta*Ln(R) -} 
R02:=Step*699; 
RI :=(R02-Beta* Ln( R02)) / Alpha; 
for i:= 1 to 700 do 
begin 
j:=700-i+l; 
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Rot: = Ro 1 + j<Step: 

repeat 

X:=( Alpha~Rt+ Beta*Ln( Rt )-Rot )/( Alpha*Rt + Beta); 
Rt:=Rt*( I-X); 
until abs(X)jl E-06: 
R[TOl-i):=Rt: 

end; {-find the roots Ro=Alpha*R - Beta*Ln(R) _} 

Al[I):=:3; Al[2J:=4; 
i:=O: 
repeat 
i:=j+l; 
until Psi[9.i + I) j Psi[9.i); 
writeLn('i=·.i); 
writeLnCR[i)= ',R[i]): 
readLn; H=I.'i-l-} 

Vect:31[1 ):=R[l.53J: Vect:31 (2):=R[154J; Vect:31 (3):=R[]'55); 
Fvect31 [1 J :=Psi[9,152); Fvect:31 (2):= Psi[9, ],54); Fvect:31 (3):=Psi [9,156); 
FindExtremum(Vect:31.Fvect:31,Rext[I), Fext[1 J); 
writeLn(Rext[l).' '.Fext[l): '.Psi[9.]'54)); 
readLn: 
B (1): =Al[IJ/ (Rext[I)): 

A[1 ):=Fext[1 texp( Al[l) )*exp( -AI[I nn( Rext[I))); 

i:=Ui.'i; 
repeat 
i:=i+l: 
until Psi[9.i+ 1 J;.Psi[9.iJ: 
writeLn('i= '.i); 
writeLnCR[iJ= ·.R[i]): 

readLn; {-i= 179-} Vect:32[1 J:=R[178J; Vect:32[2J:=R[179J; Vect:32[3J:=R[180J; 
F"ect32[1 J :=Psi[9.178J: Fvect:32[2J:= Psi[9, 179J; Fvect32[3J :=Psi[9,180J; 
FindExtremum(Vect:32,Fvect32,Rext[2J, Fext(2)); 
wri te Ln( Rext[2],' ',Fext(2),' , ,Psi[9, 179)); 
readLn; 

B [2J: =AI(2)1 (Rext[2)); 
A(2): =Fext(2) *exp( Al(2)) *exp( -AI[2tln( Rext(2))); 

i:=TOO; 
repeat 
i:=i-l; 
until Psi[9,i)j;'O; 
writeLn(,i=' ,i): {-i=.5S0 for D-function _} 
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C Relation Among Atomic Units 

Length f 

V 
, 
_fl.2 2 _Ze2 

2m V r 

Rvdber" " c 

rR =2:.... 
ao 

, " VR = aoV . 

- vh - 2Z W=ERw 
'R 

ao = Bohr radius = '~;2 = O .. j292AO 
R", = Rydberg Constant =tme'( e' / he)' = 13.606ev 
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Hartree 

Vk = a5V' 

_1 VH' _.£ W= EHW 
1 rH 
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