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Abstract

Neutrinos participate in charged current reactions which are mediated by W* bosons and
in neutral current reactions mediated by Z° bosons. The latter process allowed us to count
the number of light neutrino species that have the usual electroweak interaction. In this
work we examine electron-positron pair production with neutrinos in an intense laser field
through the process v — v'e"e™. We first review GWS model for electroweak interactions
and the process v — /e~e' which proceeds through neutral channel. We also treat this
process through charged channel. Of course the process through the charged channel is
relevant only for electron neutrino. A detailed calculation of these processes is carried
out. For the charged current reaction the rate of electron-positron pair production is
calculated, using the same procedure we do for the reaction through the neutral channel.
Finally a tabulation of the rate of production for different neutrino energies is presented
for the neutral current reaction. We also present graphs to show the variation of rate with

the number of photons extracted from the laser field to run the reaction.
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Chapter 1

Introduction

One major success of the Standard Model is the accurate prediction of the masses of the
intermediate vector bosons. This made a specific experimental search for these particles
possible, to which end it is important to know the possible creation and decay mechanisms.
We see immediately that in an electron-positron storage ring it is considerably easier to
produce the neutral boson Z° than the charged W= bosons. In particular, decays involving
neutrinos are experimentally characteristic, because a large fraction of the energy present
in the scattering is transferred to the neutrino and therefore not seen in the detectors.

Laser peak power has climbed from gigawatts to petawatts in the previous 30 years and
accessible focused intensity has increased by several orders of magnitude. Such a dramatic
increase in intensity has accessed an entirely new phenomena. High repetition rate table
top lasers can routinely produce intensity in excess of 10¥W/cm?, and intensities of up
to 10%°W/em? are possible with latest petawatt class systems|[1].

The problem of particle interaction with external electromagnetic fields is of consid-
erable interest for modern physics. It is well known that processes forbidden in vacuum
become possible in intense external fields; such as the photon decay into an electron-
positron pair v — e~e™, the photon splitting into two photons v — 7, and the neutrino
production of an electron-positron pair v — v/e“et [2]. Apart from this, intense exter-
nal electromagnetic fields catalyze some processes allowed in vaccum, for example, the

radiative decay of a massive neutrino v — /. The method in which the external field



effect is taken into account on the basis of exact solutions of the field theory equation
for charged particles in an electromagnetic field rather than on the basis of perturbation
theory, has become an important tool for studying some fundamental problems of particle
interactions with an electromagnetic field.

Among many of the interactions of particles with intense external fields, in this thesis,
we examine production of electron-positron pair from neutrinos in an intense laser field.
The production of electron-positron pair with neutrinos in an intense laser field using
the neutral channel had, of course, been presented in [3]. But here, in addition to the
verification of the derivation of the field for that process, pair production through the
charged channel is also treated. The thesis is organized as follows: in Chapter 2 we
review the GWS model of leptons and the Lagrangian for interactions involving leptons.
Chapter 3 deals with the physics of neutrinos. The effect an electromagnetic field has on
particles is presented in Chapter 4. The process of production of electron-positron pair
with neutrino in an intense laser field is treated in Chapter 5. Results of an experiment
done by High Intensity Laser Science Group at the University of Austin based on Terawatt
High-intensity Optical Research (THOR) laser is also presented in this chapter. Finally

we summarize the work in Chapter 6.



Chapter 2

Introduction to Weak Interaction of
Leptons

The Standard Model was born, in the end of sixties, in an attempt to build a renor-
malizable theory of weak interaction. This renormalizable theory of weak interaction
was proposed by Glashow, Weinberg and Salam. It is built in the frame work of the
unification of weak and electromagnetic interactions, which makes the theory a major
breakthrough in the understanding of elementary particle physics[4]. The ‘electroweak’
theory of Glashow, Weinberg and Salam is based on a non-abelian SU(2) x U(1) gauge
symmetry, which is broken down spontaneously to the U(1) symmetry of electromagnetic
interaction.

Studies of the helicity dependence of the weak interaction cross section and decay rate
has shown that the weak interaction involves the current-current coupling between vector
currents built of quark and lepton fields. It is thus natural to assume that the weak

interaction is due to exchange of very heavy vector bosons.

2.1 GWS model of leptons

To formulate GWS model of weak and electromagnetic interactions among leptons and

to study its properties, we have the following conditions|5].

1. There exist charged and neutral currents.



2. The charged currents contain only couplings between left-handed leptons.
3. The bosons (W', W=, Z°) mediating the weak interaction must be very massive.

To fulfill these conditions we introduce two vector fields, one isospin triplet AL(Z =
1,2,3) and one singlet B,, which should finally result as fields of the physical particles
W+, W=, Z° and the photon through the symmetry breaking induced by the Higgs
mechanism. The leptonic fields have to be distinguished according to their helicity.

Every fermion generation (e, u,7) contains two related left-handed leptons. These
form an ‘isospin’ doublet of left-handed leptons,

Li(i=e,pu,T)

L6:1_75 \Ilue 7LM:1_75 \Ijuu ’LT:1_75 \Pufr
2 U, 2 v, 2 U

There are also right-handed components of the charged massive leptons. However, in

the frame work of weak and electromagnetic interactions, a right-handed neutrino does

not exist. Therefore the right-handed leptons can be represented by singlets:

147 L+
W By = — 0, R, =

B 1+

v,
2

R,

Now we consider the currents (charged, neutral and electromagnetic).

The charged weak currents have the following form:

Jhe = Uy (1 —5) Wy

=1+ 1—
=20 4 v,
l 9 Y 9 l
= 20,7°T_L, (2.1.1)
JO7 = (JON = 2Ly T, L (2.1.2)

where T = Ty + Ty, (T)* =T, and | = (e, u, 7)



The electromagnetic current, since it is charged, exists only for e, 4 and 7.

J(Z)U = \Tfl"}/a\pl

em

1- 1-
= §‘I’z’70(1 —¥5) ¥ + 5‘1’1’70(1 +75) ¥,

I _
= LWU(§ —T3)Li+ Ry Ry (2.1.3)

This splits up into a part —L;y°T3L; belonging to an isotriplet and %I_zl’yng + R Ry
representing an isosinglet current. We rearrange the currents into an isotriplet with the
isovector gauge field A, L;y°TL; and an isosinglet to be associated with the gauge field
B

1wy

1. _
§LZ’YGL1 + R Ry (214)

These currents are minimally coupled to the corresponding gauge fields.

It

wnt

_ 1_ _
= g(Ll’)/UTLZ) . AM — g/ §Ll’yaLl -+ (RI’VURZ) BM (215)

This equation characterizes the structure of interaction as demanded by the general-group
theoretical considerations concerning the two gauge fields A,, and B,,. The real (physical)
photon does not couple to the singlet current (2.1.4) but to JZ, (2.1.3). Therefore it has
to be represented by a mixture of B, and Ai fields. So the photon field is written as
follows:

A, = cosfB, +sin GAZ (2.1.6)

The physical neutral intermediate boson of weak interaction which is orthogonal to A, is
expressed as

Z, = —sinfB, + cos OA:; (2.1.7)



The neutral current is given by

/
_ ~ 1- _
S N [coseLWUTLl+g—sin9(§LmULl+wa’Rl)}
g
_2v2

A 1 P
lLry"(Tg cos? 6 + 3 sin® ) L; + sin® QRI’YURI}

cos
2 |- 1 0 _
— V2 Ly L; +2sin* R R, (2.1.8)
cos ¢ 0 —cos26
Written in terms of neutrino and the corresponding lepton fields the neutral weak current
becomes
we V2 T L+ ”1_75\11 (1 - sin20)0 1+ 01—75‘11
Jo_cose[”272”l<sm)12721
- 1— 1
+2 SiIl2 Q\I/l ¥ ’}/U - Bt \Ifl
2 2
1 - _
= = [Py (1 = %) Wu — U0y (90 — ga75) V1] (2.1.9)

V2 cosf

with ¢y = 1 and ¢}, = 1 — 4sin®§
The neutrino part of the neutral current has pure V' — A coupling. It is of course what

is expected, since the theory contains only left-handed components of the neutrino field.
2.2 Spontaneous symmetry breaking

In order to give Wﬁ), Wé_), and ZS mass we apply Higgs mechanism. As the left-handed
leptons form an isodoublet and the gauge fields A, an isovector, we need an isodoublet

of Higgs fields.

¢(+)
¢= ( ¢<0>) 16 = [P + 0P (22.1)

1
The isospin T and hypercharge Y of the Higgs field must be given by T = 37 Y =1

[5]. To obtain a non-vanishing expectation value for the Higgs field we add a potential

term,;

U(¢) = —u*I¢l* + hlg|*



There is also a gradient term for the kinetic energy, where it is minimally coupled to the

gauge fields A, and B,
~ g, ~ ~ g/ ~
[(i0, + gT - A, + EBNY¢|2 = (0, —igT — z’EBMY)ng (2.2.2)

The electromagnetic field A, does not couple to the lower component of the Higgs field.
The vacuum expectation value of the Higgs field is fixed by the condition that U(¢)

av
attains a minimum. Demanding o 0, for the Higgs potential

V(N = U((0]$|0)) = —%2/\2 + %x‘ (2.2.3)

2
we get \2 = M—, yielding the expectation value

h
o [0

The lower component of the Higgs field does not couple to the electromagnetic field.
Therefore, the non-vanishing vacuum expectation value does not influence the photon
field, that is in spite of the symmetry breaking the photon remains massless. Now we
collect all parts of the Lagrangian density, i.e. the contribution of the free field, the

interaction term, and contribution of Higgs field. Finally we add a term
—V2fi(Ri¢* Ly + LigR) = — il h + x) 00,

This is to give the charged leptons the mass m; = fj\.



The Lagrangian of the weak interaction is given by
L = —lF P V—lB ,B" — ¢ Z\If,fw\p
4

+ Z ( = (1 =)0, 9, + i07,0,9;, — 80 (X + X))

\/_Z Ty (1= )W W + Ty (1 — 77 W]

i (1 — %)W, — T \II]Z
+4cos92l:[ o VIV 17( — ),

hA* 1 1
t T 5(8ux)2 — WA = h (W + ZXQ)
2 H
9" (oo m o Zn? 2
— |2 — ] (A 2.2.4
+ 8 ( ’ + cos? 6 (A+Xx) ( )

Rewriting the free field parts F,, - F* and B, B"" in terms of the physical fields A,, Z,,,
and W/f, we find

FW LR — Z (8/1/14; _ aVAZ + geiszZAly) (5“/1” QYA + geiklAk“Al”)

=2 [a,lw,fﬂ —o,W{ —igeosO(W' Iz, — W Z,)

—ie(W A, =W, _)AM)} X [8“W(+ — "W g cos o(W Ik zv
— WV ZEY fe(W R AY — W(””A“)] + {cose(auzy 0,7,
+sin0(9, A, — 9, A,) +ig(W W — W,E‘)WV(”)}

x| cos0(0" 2" — 0" Z") + sin (9" A¥ — 9¥ AM)

+ig(WORWH — W()“W(“”)} (2.2.5)



Bu,B" = (8,B,—8,B,)(0"B" — 8"B")
= cos* 0(0,A, — 0,A,) (0" A — 9" AM) +sin® 0(0,Z,, — 0, Z,,)
(0"z" —0"Z") — 2sinf cos §(0,A, — 0,A,)(0"Z" — 0" Z")

(2.2.6)

Having determined all terms of the GWS Lagrangian describing the electromagnetic
and weak interaction of leptons, we write the total expression, omitting the constant term

1
in the Higgs sector —Zh)\“
Loy = L2 + Z L, + LEP) 4+ LB 4 () (2.2.7)

1. Here L?) describes the part of the free boson and lepton fields.

L@ —

sSw

—= (0w = o,W D) (o'W — oWy 4 Mg WP W Ok

=~ »—l[\)l»—

1
—= (0,2, — 0,Z,) (0" Z¥ — 0" Z") + §M§ZMZ“

—i (0,4, — 0,4,) (8“/1” — P AM)

+ ) {z\p

l=e,u,T

Uy 4+ Wy (i"0, — my) ¥,

(2.2.8)

2. LS?Z represents the coupling between the leptons of the generation [ = (e, p, 7) and

the intermediate bosons.

Bh g
sw,l 2\/5

g
4 cost
—eUy U A, (2.2.9)

[Ty (1 = ) W W)+ Uy (1 — ) U W]

(W7 (1= 95) W, — Uy* (1 — 4sin® 6 — ;) U] Z,
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3. L8P and LUP) are third and fourth order terms of the bosonic fields describing

their self coupling.

LBP = igcost [(0,W ) — oWy wHrzy — (9w —o,wiH) wrzy]

sw -

—ie (9, W) = 0,W)) WA 4ie (9, W) — 9, W (H) wrar

+igcos 0 (0,2, — 0,2,) WHry )

—ie (9,4, — OpuA,) WY ) (2.2.10)

L3P —g*cos? 0 (WHW Oz, zv —wiHDw D zrz)
—e? (WOW kA, A7 — WHW Ak AY)

+egeosd (W Wz, A — WOW zr Av — WHW) Zv Ar)

g’ (W£+)W(—)uwi+)w(—)v — WIS_)W(_)”WV(JF)WH)”)

(2.2.11)

5. LD contains all terms of the Higgs field which are not contained in the mass term.

1
L) = 5(0000") = ha%?
—i—l Bt Z,Z" (2Ax+x2)—hxz()\x+lx2)
4 2cosfh " 4
Zf (2.2.12)
l



Chapter 3

Physics of Neutrinos

Historically, the neutrino was postulated to save the law of energy conservation[6]. It
soon became the savior of the law of momentum conservation and angular momentum
conservation. When a typical heavy radioactive nucleus emits an alpha particle the alpha
particle shoots out with a well defined energy always the same for a particular type of
nucleus. The difference in mass multiplied by the square of the speed of light is an energy
which is exactly equal to the energy taken away by the alpha particle, that is energy is
conserved. Similarly, in the phenomenon of gamma decay, a particular nucleus emits a
characteristic-energy photon which carries away exactly the energy lost by the nucleus.
In the case of beta decay, a collection of identical beta-active nuclei did not all emit beta
particles(electrons) of the same energy, or even of a fixed set of energies; instead, the
electrons come out in a ‘continuous spectrum’ with all possible energies from zero up
to some maximum value. When an electron of the maximum value was ejected, it was
just sufficient to account for the energy difference between parent and daughter nucleus.
When a lower energy of electron was ejected the energy was not balanced-some energy

remained unaccounted.

Pauli suggested that a neutral particle, which escaped detection, might be emitted from
the nucleus along with the electron, with the available energy shared between this new
particle (the neutrino) and the electron. This proposal could explain why the electrons

observed in beta decay could fly off with any energy up to some maximum, for they could

11
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carry away any fraction of the total available energy, the neutrino taking the rest.

The neutrino must be assumed to be neutral for, if charged, its electric interaction
would have caused it to be readily observable. More over, that would have led to non
conservation of charge. In addition, the neutrino had to be assumed to have a very small
mass. When the electron departed with its maximum energy, little or no energy would

be left over for the neutrino.

3.1 Properties of neutrinos

1
Neutrinos are electrically neutral particles of spin 3 There are at least 3 species of very
light neutrinos, v, v,, and v, which are left-handed, and their antiparticles ., 7,, and
V,, which are right-handed. Electron type neutrinos and anti neutrinos are produced in

nuclear 5 decay][7],

A(Z,N) = A(Z+1,N—1)+¢e +7,

A(Z,N) = A(Z—-1,N+1)+e" +u,

and in particular in the neutron decay process n — p+e~ +7v,. They are also produced in
muon and pion decays. Muon neutrino and anti neutrinos are produced in muon decays,
pion decays and some other processes. The third type of neutrino, tau neutrino is expected
to be produced in 7F decays.

Neutrinos of each flavor participate in reactions in which the charged lepton of the
corresponding type is involved; these reactions are mediated by W* bosons. Neutrinos can
also participate in neutral current reactions mediated by ZY bosons. The latter process
allowed us to count the number of light neutrino species that have the usual electroweak
interactions.

It is known experimentally that neutrinos emitted in 8~ decay cannot be captured in

reactions which are caused by electron neutrinos; for example, the reaction

7, 43701l =37 Ar + e
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does not occur, whereas the reaction
Ve +°TClL =% Ar + e~

does. But, it does not necessarily mean that neutrinos are different from anti neutrinos,
because the weak interactions that are responsible for neutrino interactions are chiral(V-
A): in the Cl — Ar reaction, only neutrinos of left-handed chirality can be detected. The

particle 7, is right-handed, and so can not participate in the C'l — Ar reaction.

3.2 Neutrino mass

For our discussion we need the particle-antiparticle conjugation operator C. Its action on

a fermion field is defined as

N

C:W—)WC:CWT,CZZWWO

The matrix C' has the properties CT = C" = C~' = —C and C,C™' = =7/

Based on these properties we have

(T9) =0, 0" = UT'C 0,05 = T, 0,

U AV, = U (CATC~1)We

where W, U; are 4-component fermion fields and A is an arbitrary 4 x 4 matrix. Using the
commutation properties of the Dirac v matrices it is easy to see that, acting on a chiral
fermion, C flips its chirality.

~

C:VUp — (V) = (¥)g, Ug — (Up)° = (V)

i.e. the antiparticle of a left-handed fermion is right-handed.
Now we discuss the Dirac and Majorana mass terms. For a massive fermion, the mass

term in the Lagrangian has the form

—Lzm@\l’z(\PL—F\I/R)(‘I/L—F\I’R) :EL\I/R—FER\I’L (321)
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Thus, the mass terms couple the left-handed and right-handed components of the fermion
field, and therefore a massive field must have both components: ¥ = ¥, + Ur. Now,
there are two possibilities. First, the right-handed component of a massive field can be
completely independent of the left-handed one; in this case we have a Dirac field. Second,
the right-handed field can be just a C conjugate of the left-handed one: Wi = (V)¢ or
U =0, +n(Ur = ¥y + ()¢ with phase factor n = €™ for an arbitrary phase v

which is the case of a Majorana field.

3.3 Neutrino oscillations

Neutrino oscillations are periodic transitions between different flavor neutrinos in neutrino
beams. Discovery of neutrino oscillations signifies not only that neutrino mass-squared
differences are different from zero but also that the states of flavor neutrino are superpo-
sitions (‘mixtures’) of states of neutrinos with definite masses[4]. Flavor neutrino states
are connected with states of neutrinos with definite masses by the unitary mixing matrix
which is characterized by three mixing angles and one phase.

If neutrinos possess mass then the phenomenon of neutrino mixing is possible. Neu-
trino mixing is a powerful method to probe for neutrino masses far below the kinematic
limits. In general, the neutrino flavor eigenstates v,, v, and v, of the weak interaction
may not be the same as the neutrino mass eigenstates that exist in the Standard Model
Lagrangian. The weak eigenstates 1, are therefore related to the mass eigenstates v,
by a unitary transformation matrix U such that v, = Uy;. In a neutrino oscillation
experiment[8], a neutrino beam consisting of a particular flavor eigenstate v, is produced
at t = 0 and sampled at a later time ¢, at a distance = from the source. The v, produced
in the beam will be a linear combination of the mass eigenstates and if these possess finite
and non-degenerate masses, they will propagate at different speeds in a vacuum. When

the beam is sampled, there is a finite probability that a neutrino of flavor v is detected,
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where 8 # a. The transition probability can be written as:

a — /8 _Z(Et DiT U:ﬂ

where the factor U,; is the probability amplitude of mass eigenstate v; being produced
at the source, the exponential factor describes the propagation of the mass eigenstate in
space and time and the factor Ug; is the probability amplitude of observing a /5 interaction
in the neutrino detector. This result is independent of the number of neutrino flavors.
The form of the oscillation probability is much simplified if only two neutrino genera-

tions are assumed to take part in the oscillation. In this case, the mixing matrix U takes

cosf sinf
U= (3.3.1)
—sinf cos®

The matrix U contains only one free parameter, the mixing angle §. There is one Am?

the form:

parameter between the two neutrino mass eigenstates vy and 5. Three-flavor neutrino

oscillations are described by a 3 x 3 mixing matrix U and two independent Am?.



Chapter 4

Effect of Electromagnetic Field on
Particles

4.1 Electron in an electromagnetic field

The wave equation of free particles express essentially only those properties which depend
on the general requirements of space-time symmetry. However, physical processes involv-
ing the particles depend on their interaction properties. The wave equation of an electron
in a given external field can be driven as follows: Let A" = (¢, A) be the 4-potential
of the external electromagnetic field. We obtain the desired equation on replacing the

4-momentum operator p in Dirac’s equation by p — eA
[Y(p—eAd)—m]¥U =0 (4.1.1)

This equation can be solved for an electron moving in the field of an electromagnetic
plane wave. The field plane wave with wave 4-vector k(k? = 0) depends on the 4-
coordinates only in the combination ¢ = kz, so that the 4-potential is A* = AH(¢)

and satisfies the Lorentz gauge condition
9 A =k, A" =0

the prime denoting differentiation with respect to ¢.

To solve this equation we start from the second order equation which we obtain by

16
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applying the oprator «(p — eA) + m to the first order equation (4.1.1) to get
(V9" (B — eA)(py — eA) = m?] ¥ =0 (4.1.2)
Upon expansion we get
[—az — 2ie(AD) + €2 A% — m? — ie(m(ﬁ’)} V=0 (4.1.3)

We seek a solution of the form

U = e P"F(¢) (4.1.4)

where p is a constant 4-vector. The significance of the components of 4-vector p is more
clearly seen in a particular frame of reference chosen so that Ay = 0. Substituting equation

(4.1.4) in (4.1.3) we obtain for F(¢) the equation
2i(kp)F' + [—2e(pA) + *A* —ie(K)(A)] F =0

So ¥ becomes

U, = [1+ 5 (Zp)m} \/;‘_poeis (4.1.5)

with

ke [ e,
5= v [ |t - g
To determine the conditions to be imposed on the constant bispinor u, we must suppose
that the wave is “switched on” with infinite slowness|9], starting from ¢ = —oo. Then

A — 0 when kxz — —oo, and ¥ must become the solution of the free Dirac’s equation.

So that u = u(p) must satisfy

(y-p—m)u=0
Since u is independent of time, the condition remains valid for finite kx. Thus u(p) is the
same as the bispinor amplitude of a free plane wave[9].

In the next section we will see the propagator for massive bosons, W+ and Z° and its

relation with electron propagator.
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4.2 Massive boson propagator

Let’s now consider the problem of the propagator for particles with spin 1 and non-zero
mass. There is then no arbitrariness of the gauge and the choice of the propagator is not

ambiguous. Substituting the W—operators given by

apau!(toz)e—ipx + bLauLa)*eipx)

1
W= 27

1 . .
- E (aTau(a)*elm + bpau(a)eﬂpw)
J — P \ Pek u

in the definition

G = (0T, () W] (2)|0)

we obtain the following expression

1 27TZd3k o )k —wl|T 1k-
Di(¢) = (%)3/ - (Zu‘ Ju{® ) eIl (4.2.1)

(e

Summation over polarizations is equivalent to averaging and multiplying by 3, the
number of independent polarizations.

Thus we find for the propagator of vector particles

Gu(p) = —2; (gW — p“p”> (4.2.2)

p? —m? + e m?2
which has similar structure with electron propagator|9],

P+ m
Glp) = 271
Q p? —m? + e

the denominators contain the difference p*> — m?, and the numerator is (apart from a

factor) the density matrix of unpolarized particles with a given spin.



Chapter 5

Pair Production Using Neutrinos in

an Intense Laser Field

The introduction of a background electromagnetic field can have very important conse-
quences for neutrino physics. While the Standard Model neutrino does not itself couple
to an electromagnetic field, the effects of such a field on neutrinos are made manifest
through their interactions with charged particles. In this chapter we examine electron-
positron pair production through the process v — /e~ et in the presence of an intense
laser field. Though normally forbidden, the electromagnetic field alters the final states
of the electron-positron pair and frees the interaction to take place. Such a process
could have very significant astrophysical and cosmological ramifications. We investigate
the feasibility of detecting v — /e~ e™ events using ultrashort pulsed lasers. Though not
approaching the astronomical magnetic fields, todays femtosecond terawatt lasers can pro-
duce field strengths on the order of £ ~ 10"V /cm(B ~ 10°G). We begin by presenting a
review|3] of the derivation of the Volkov field operator solution for the electron(positron)
in a circularly polarized electromagnetic field. We calculate the rate at which neutrinos in
these fields produce pairs through the neutral channel. The process through the charged-

current reaction is also considered independently. Next, we apply this Volkov solution
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to the calculation of the production rate for the process v — v’e"e™. Lastly, we provide
a tabulation of production rates for various incoming neutrino energies in the laser field

and estimate the likelihood of detecting such a process.

5.1 Derivation of the field

The effect an electromagnetic field has on Standard Model neutrino physics is due to
interaction with charged particles. For our process we incorporate the laser’s intense field
into the problem by using the field operator solution of the electron in the presence of an
electromagnetic plane wave. We begin by solving the Dirac equation. The electromagnetic
field is chosen to be circularly polarized and directed along the z-direction such that the

4-vector potential A(z) is
0

L -
Ala) = | “°°0 T (5.1.1)
asink - x

0

where a is the magnitude of the vector potential and k is the 4-momentum directed along
the z-direction. The choice of circularly polarized light makes the calculation much simpler
than assuming linearly or elliptically polarized light.

The Dirac equation is given by
(iv'0, — ey A, —m)¥(x) =0 (5.1.2)

To solve this equation we follow the derivation used in [10], employing light cone coordi-

nates and light cone Dirac matrices. Equation (5.1.2) can be written as
[i(7°00 + %05+ - 01) —e(7° Ao — 7’ A5 — v - AL —m]¥(2) =0 (5.1.3)

with v = (71,72), 01 = (01,02), AL = (A1, Ay)
We have

1
Y0+ 7705 = (1404 +7-0-)
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where
_ .0 3 _ .0 3
Vi v+ Yo =7 + 8_,_—80—1-83 3_—30 83

And, since Ag = A3 = 0, the term 7° Ay — 3 A3 vanishes.

Written in light-cone coordinate system the Dirac equation (5.1.2) now has the form

[% (v40s +7-0-) +iv - 0L + ey - AL —m]¥(z) =0 (5.1.4)

The potential moves in the z-direction, hence it depends only on x_
ie.

AJ_ = AJ_ ($_)
So we seek a solution of the form
U~ e Pr(x ) (5.1.5)
Substituting to (5.1.4) we get

l

{— (%(—i(po =)+ (=i’ +P3))) + (=7 pa)

2
—l—%*y,& +ey Al — m} o(z_) =0 (5.1.6)
which simplifies to
i
[(Vap— +7-py + 57-0- — L -pL+ ey - AL —m]g(z_) =0 (5.1.7)

2

1
Expressing the wave function in terms of its light-cone coordinate system ¢ = §(¢+ +¢_)

with ¢+ = Y7+¢ and v1 ¢+ = 0, v2 o+ = 2v¢+ and plugging it to (5.1.7) gives

; 1
[Vip- +v-py + 570~ =71 prt+evi- AL - m] 5(6++6-)=0

1
[%rp— —yL-pLteyr- AL — m} ¢y(z-) + [7_p+ + 57—3— — YL PL

ey - AL —mlo_(z_) =0 (5.1.8)



Multiplying by v_ (from the left), and using the relations
Y- ¢+ = O? and

Y_Y+ = 274+ We obtain,

22

12707404 (x-) + [(v-pL — ey - AL —m)29,]¢_(z-) =0 (5.1.9)
Thus,
_ 27
Qb—i-(x—)—E('VL'pL_e’YL'AL+m)¢—($—> (5.1.10)
While multiplication with v, gives
[(vL-pL —eye - AL —m)2y0) ¢ (a-) + [4py + 2i0_]¢_(x_) =0 (5.1.11)
Substituting for ¢, we get,
€2Ai—2€pL‘AL :
( 2 Jo—(z_) = i0_¢_(z_) (5.1.12)
Here we used
dpsp- —pi = (" + )" —p°) —pl =p* =m’
This gives
0_o_ i
Thus,
¢_(z_) =exp </ . dx#(erL CA) — eQAi)) oo (5.1.14)
0 —
Substituting for A(z) equation (5.1.1) we come up with
; 2 2]{5 .
¢_(x_) =exp (]%(m sink-x — pycosk - x) — %) b0 (5.1.15)
So we have
ea )
pi(x) = 2770 (yL-pL—eyL-AL+m) exp(ﬂ(pl sink -x — pycosk - x)
e2a’k - x
- 1.1
2p -k )% (5.1.16)



23

where ¢q is an integration constant satisfying v, ¢o = 0.
We choose it to be ¢g = yoy_u*(p)

where u®(p) satisfies, as we saw in section (4.1)

(/= m)u(p) = 0
So we have

(Vep— +v-p)u’(p) = (vL - pr) u’(p)

This gives,
LA ) 20k -
o(x_) = (1 - %) exp <I%(p1 sink -z —pycosk-x)— e;p—.kl’) u®(p)
(5.1.17)
V- wy- ¥
b t . A —_ — d = et
ML AL A an dp_  wdp_  2p-k
Now (5.1.17) changes to
; 2 Qk .
p(x_) = (1 + ;Z;i) exp (1%(])1 sink -z —pycosk-x) — e;p—.kx) u’(p) (5.1.18)

Therefore the Dirac equation solution for electron in electromagnetic field in terms of

Volkov solution is

; 2 2/{;.
V- (z) ~ (1—#%)exp(}%(plsinhx—pgcosk-x)—%)

e~ Py (p) (5.1.19)

Similarly, for the positron we have

; 2 2]{5 .
Ui(x) ~ (1 - %) erp (]%(pl sink -x — pycosk - x) — %)
e P (p) (5.1.20)
In the relativistic treatment the usual normalization condition; [ p(z)dV = 1 is

unsatisfactory[11]. For flying particles the volume element dV is Lorentz contracted,;
E

and the space-integral in the rest frame overestimates the volume by v = —. It is better
m

to adopt a normalization that is proportional to v. We choose to set

/p(x)dV =2F
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Writing plane wave solution obeying the Dirac equation as
U = Nug(p)e P®

1
the normalization condition is [ pd®z = [ d*¥*¥ which implies N = NG In the above
treatment we integrated the density over a large but finite volume, V' = L2, which in turn
means that the momentum is discrete. The number of wave states in the volume is given

by p;L = 2mn; i.e. An; = (2—)3Ap. The discrete sum becomes an integral in the large
T

volume limit:

Y=Y an= (%)3 S Ap V/ (;53 (5.1.21)

The integral of the plane wave in the discrete format is

1 i(p—p')-x V—o0 (27T)3
V/dS:Ue o=r') = Opyp = v 53(10_17/)

The one particle state orthogonality and completeness conditions are now

o = Floms -

1=V [ ol

The commutator of the discrete creation/annihilation operators become in continuous

limit
2m)? ;
[apry a;;lsi| = %57’553(]9 —p )

Then the 1-particle state is expressed in terms of the creation operator as

Ip) = V2Ed' (p)|0)

With the above definition, the expansion formula for the fields now become

dp 1 , :
_ § —ip-T + ip-x
) /(27r)3 V2E < [t + blvse™] (5.1.22)

So for our case the Volkov operator can be written as

U(z) = (a0 (x) + b Vs (2))

s?p
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where a; is annihilation operator for electron and b;ff is creation operator for positron.

The normalized field operator, therefore, is

d3p iea
U(r) = / (2ﬂ)3exp (p k<p1 sink-x —pycosk-x )

X Z [(1 + 2217/.‘/{]6)@3:]) (—7,( - I\L/S% a,
(1 - ;p%k)exp <i(p + 2’;—%@ : ) 2Eb 1 (5.1.23)

The summation over s is a sum over possible spin states, p; and p, are the components

of the momentum of the particle along x and y directions respectively. Here we see that

1. The momentum that is to be identified with the Volkov state is

e2a?

2p -k

" =p"+ K (5.1.24)

2. Squaring this 4-momentum shows that the mass of the Volkov electron has a de-

pendence on the strength of the electromagnetic field.

m:? =m? + e’a’ (5.1.25)

3. In the absence of electromagnetic field a — 0, the Volkov field operator reduces to

— d3? fip-xm s ip-x@ s
\If(x)—/@mg (e \/ﬁap+e \/ﬁb;) (5.1.26)

and the Volkov mass m} to the electron mass m..
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5.2 Rate of production

A quantity of interest to be calculated for this process is the rate of production I'. Phys-
ically, the rate of production is the probability per unit time for the neutrino to emit an
electron-positron pair in the presence of the laser field. We begin by finding the probability
P defined by,

(H/ Qi%%f)/ 27r32E 22 >

Su Su1y8,— 8ot
2

S (5.2.1)

‘ <pu’>su’;pe*ase*;pe+>se+ pl/7811>

Here, we have summed over the spin state of the final neutrino ¢/, electron e~ and positron
et, and averaged over the spin state of the incoming neutrino v.
The phase-space integral over the final momentum p.-, p.+, p,» has been simplified into

the form

(1) o) - [ [ e | e

Figure 5.1: Possible diagrams considered for the process v — /e~ et
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5.2.1 Rate of production through the neutral channel

According to equation (2.2.9) the scattering operator is given by

A —e?

_ 1 . -
~ 4cos?0,sin b, /d rU () ( - 5" 2sin” 0, + o) U(2) Z,(2)

« / T, (y)

- D)) 2 (522)

DN —

where U(z) is the Volkov field operator given in equation (5.1.23), ¥, (y) is the free-field
operator for the neutrino and Z,(x) is the field operator of the Z boson, « is the fine-
structure constant and 6, is the weak-mixing angle.

The scattering matrix can be written as

sz‘ = <pu', SutiPe= 5 Se—; Pets Set |§|py, SV> <523)

To evaluate this S-matrix with S given by (5.2.2), we apply the Wick’s theorem[12]. In
addition, we use the anti-commutation rules of creation and annihilation operators

{arp, alq} = {brp, blq} = (2m)°0°(p — q)0™
with all other anti-commutators equal to zero, and the vacuum |0) is defined to be the
state such that

4,y/0) = byy[0) = 0

With these requirements the only expressions that contribute to the S-matrix are :

—ieq

kAN
7 (Pre-sink -2 — poc- coskw)} (1+ ‘ )elqe—-x (5.2.4)

2pe- - k

e

T, () = @ (p)eap [

ekA ~
CRE 2.
Sty (525)

U, () = us (p)e™ ™ (5.2.6)

ea

U+ =exp [ ? (pre+ sink - & — poe+ cosk - x)} (1 -

DPet -

U, (x) = uj(p)e P (5.2.7)
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While calculating the S—matrix, with these expressions substituting to equation (5.2.3),
the integration in the free field case over the space-time variable y results in a 4-dimensional
d—function that conserves energy and momentum. The boson propagator (0|7Z,(x)Z,(y)|0),

as done in section (4.2), is given by

(Pv = Do) u(Pvr — D)o

g,LLO’ - m2
0|TZ,(x)Z,(y)|0) = Z_ 5.2.8
< | H(ZL') (y)| > (pyl _ py)g _ mZZ 14l my ( )
So the scattering matrix is
. (pu’ _pZ/),u(pu’ _pu)a
5 S L T
1 - N . uV/ - /U/V
! 24 cos? 0, sin? 0, (p — pu)2 —m% +il.my Py i p
_ el A el A
dhx|us- 1 N s
[atauw (1422w (1= 522 v
e:pp( - i(;jfjl.ek — ;j?le;;) sink - x + i(;jp%ek — ;jf%;) cosk - x)
exp(i(qef + Qe+ + Dy — p,,)) x} (5.2.9)
I} = —1+4sin?6,, +~°
But, the term
_ el A el A
5. 1 1 -— N 5.2.10
i) (145 ) 1t (1 gy ) v (5:2.10)
simplifies to
el'oHA el A CHATGHA
- (p) |Th — —2 Iy — 0 s 5.2.11
e (p>|: 0 2peJr -k * 2pe* -k 0 4(pe* : k)(pe+ ' k) Ve+(p) ( )

Substituting the explicit values of A we come up with
u;-(p) ng +cosk-a+Thsink -z —T%, cos’k- o —T% sin’k -z

—I%, sink - xcosk - x} vis (5.2.12)
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where T} are given by

T4 = ~7(—1+ 4sin® 0, +7°) (5.2.13)
1 1
o (L e ety (5.2.14)
2p67 . k 2p6+ . k
ealfy? ealfy?
H = — | e 5.2.15
Y (Qpe-k‘ 0 02D+ - k ( )
m _ 62(12]%71F6L]%71 (5 2 16)
o (2pe- - k) (2per - k)
2.2 lrﬂ 2 2.2 IFH 2
ng —_ e a H’Y Oy/y 4 € a H’Y Oy/y (5217)
(2pe- - k)(2pe+ - k) (2pe - k)(2pet - k)
p _ P IOy (5.2.18)

W (2pe- - k) (2per - k)
v and 42 being Dirac matrices. Letting

€aP1e— . €apiet

=(coso

Pe— - k Det * k C

and
€aAP2e— . €aAP2e+ . CSiHO’
Pe— - k Pet - k B

we have

., €aP1e— €aPlet | . ., €aAP2e— €aAP2e+ —i¢sin(k-z—0)
exp( —1 — sink-xz+1 — cosk - x) = ei<sin(
P T T ) o % por )

Now equation (5.2.9) has the following form

(pl/ - pu),u(pu’ - pzz)U
m%

—Ara e =

Sy = Uy (1=~ )u, / d*zu-(p)

24 cos? 0, sin? 0, (py — py)2 — m% + il zmy

Iy +hcosk x4 hsink-x—Th cos® k- —TW sin’k -z
I, sink - xcosk - x} Ve, (p)e o sinlka=o) pilde—+aor Py —pr) (5.2.19)

To make equation (5.2.19) analytically integrable, we apply Hansen’s definition of the

Bessel’s function[13].
1 1

—(2(t—=)) >
e2 1t = Z In(2)t"

n=—oo
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Since equation (5.2.19) has terms containing the multiplication of sin(k - z) and cos(k - x)

—i¢ sin(k-z—9)

with e , we need to expand

x e icsin(k-a=0) (5.2.20)

&.
=
—

e
8
(@)
@]
0
—~
ol
8
~

to Bessel function. So substituting ¢ = e~“**=9) terms containing products of trigono-
metric functions and exponentials will all be changed to Bessel functions. After these
expansions are made, the space time integral in the S-matrix reduces to the normal 4-

dimensional §—function[3].

Sti o / d*z expli(qe- + qe+ + Py — py — k) - 2]

ie.

Spi 0 8" (qe- + Ger + P — py — k) (5.2.21)
Physically, equation (5.2.21) suggests that it is the Volkov states that are to be considered
when conserving momentum and energy. It also suggests that we interpret the nk term
as the number of photons that are pulled from the laser field in order to drive this reac-
tion. These photons are what allow this process to overcome the energy and momentum
constraints that originally prohibited the reaction in the free field case.

In fact the )—function can be used to apply a constraint on the possible values for n

Pl +nk=q¢" +q¢" +pl
(Pl +nk)® = (¢" + ¢ +pl)?

2np, - k > 4(m)? (5.2.22)

Taking the neutrino and laser fields to be oppositely directed, in the massless limit of the
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neutrino the constraint equation (5.2.22) becomes

AnE,E, > 4(m?*)?

(mg)
E,E,

[\

n> (5.2.23)

where E, is the energy carried per photon. It is easy to note that the reaction cannot emit
photon (n £ 0), nor can it proceed without absorbing some number of photons (n # 0)
[3].

Now the scattering matrix is written as

S = —/d4a: Z e et 4Py —pu—nk)w A g (5.2.24)
This gives us that
sz' = —2(27'(')4 Z (54((]6— + Qe+t + P — Dy — Nk)Mn (5225)

The couplings, spinors, Bessel functions, etc are absorbed into the scattering matrix M,
which is given by

uo — (pzz - pu’);L(pu - pu')o/mz
(py — pur)? —m2 +il',m,

4o
Mn — —_8/ » 01_ 5\, .8 y
Ssind cos2 0, (Po )77 (1 =" )us(py)

<2 (p.-) (00n<<, BYTE + Con (€ DT + Con (€, )T+ Clon (G, ST,

"‘nyn(g, 5)ng + nyn(ga 5)F5y> V§+ (Pe+) (5.2.26)
where the C,,((,0)’s are coefficients that depend on the Bessel functions

Con(C,0) = Ju()e™ (5.2.27)

Conl$0) = 5 (e“"+1>5Jn+1<<> + e"<"1>5Jn1<<>) (5.2.28)

Cyn(¢,6) = %(e“”“)‘ijnﬂ(g) — e“"—lﬁjn_l(g)) (5.2.29)

Coan(C,0) = %(e”‘(‘Jn(C)) + }1 (ei<”+2>5Jn+2(g) + e“”—?)ﬁjn_g(g)) (5.2.30)
Cayn(€,0) = %(Gi(nw)&JnH(C) - e"<”—2>5Jn_z<c>> (5.2.31)

Cyyn (€, 0) = %(e""‘s Jn()) — }1 (e"("”” Jnt2(Q) 4 en=2? Jn_Q(g)> (5.2.32)
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We substitute the square of the S-matrix (equation 5.2.25) into the probability equa-
tion (5.2.1).
Now the probability takes the form

() Gm) [ Ghamal & X

Sy S/S_S+’flm_700

(27)%6%(qe- + Qe+ + P — Dy — nk)54( G- + Qe+ + Dy — P — ME)M M,

(5.2.33)

By inspection, one can see that the two 4-dimensional d—functions imply that for there to
be any contribution to the summation, either there is no incoming photon energy (£, = 0)
or, more appropriately, that m = n. Therefore, we can replace M} M, with the square
of the norm of the scattering amplitude |M,,|? and eliminate the sum over m.

Defining the square of the scattering matrix, after summing and averaging over spins

to be[3]
1
ME-1Y Y
Su S,— S+ ,5,1
We have
— 00
H/d L [ X e
2m)3 2E; (2m)? 2B,
(6 (- + Ger + por — pu — 1K) TM,? (5.2.34)
Thus,
BP 1 -
(H/ o §2Ef> o5 2 (27)°0M (G- + aer +py — po — k)
§(Ee-+ Ee+ +E, — E, —nk,)|M,|? (5.2.35)
Using

/d3?V54(Qe + Qe+ +p1/ — Py — TLk?) - /dgﬁu(sg(% + Get +pl/’ — Py — TL]{?)
«8(Eo- + Ey+ + B, — B, — nE,)

=0(Ee-+E++E,—E,—nE,)
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the integral over the momentum of the incoming neutrino is eliminated. Then we have

By, 1 >0
(H/ 2m g”CQEf) 2F, Z (2m)*0%(ge- + ge+ + pur — Py — k)

/ dt e BemtEer TEy=BomnB)t Aq 12 (5.2.36)

Following the way outlined in[14]

ie. Be- + Eer + B,y = E, —nk, we get

H d37f 1 i(2ﬂ)454( -+ e+ + P — p, — nk) lim v dt| M, |?
(2m)3 2E; QEV Bl fev v = By T—oo J_1/2 "

d3pf 1 T > 4
2m) 264 (qo- + q. v — Dy — nk) M2 (5.2.37
P=(I1/ htam )i 2o Co'oa +ae b —p —nbRCE (5290

The rate of production is given by

o0

27)%0%(qe- v — Dy —nk a2 (5.2
(H / 2Ef>2Eyn§=joo< 75 (G- + e+~ po — PR ML (5.2.35)

Expressing the total production rate as the sum of the production rates for all of the

individual processes involving n photons, the total rate is given by

r=>r, (5.2.39)

with

2 - v — Py — nl? 5.2.40
<||/ 2Ef)2EV(7T)5(qe + et + pu — Dy — 1k) | M, ( )

We next present the rate of production for the charged current reaction.
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5.2.2 Rate of production through the charged channel

The charged current reaction is relevant only for electron neutrino. The scattering matrix
is expressed as
SW = <pué7 Svt i Pes Sey Pet s Set ’SW|pllea 31@) (5241)

where the scattering operator, according to equation (2.2.9) is given by

~

Sw = ~graerg [ AT (1= 20T (@ (@)
/ T, (477 (1 — 75U (1) W (1) (5.2.42)

To carry out the integration we use the same analysis as in section (5.2.1), which leads

to the following expressions contributing to Sy .

_ — A ,
V. (z) = u’(p)exp [pe : Z (presink - & — poe cos k - x)] (1 + 2;]:. k) e'de® (5.2.43)
' kA ,
U+ = exp [p:fc-Lk (P1e+ SInk - & — poe+ cosk - x)} (1 - 2];; : k) et Tys(p)  (5.2.44)
Uy, () = ay, (p)e™es (5.2.45)
U, (z) = u (p)e Pre” (5.2.46)

Upon substitution to equation (5.2.41) we get
? B e L~ Pre)o 2
SW _ € gMO' (pVE pVe)ﬂ(pVE p e) /mW /d4f]',' |:ﬂ:(p) (1 + ekA )

23sin26, (P, — pu)? — my + il 2p. - k

Y41 — P )us, (p)elte P Veap( — Z,(eaple) sink - x + i(eap26) cosk - x)]

De - k De - k
€ i(p,r : €AP1e
[tz o) (1= 5 ) v e e (5
sink -y — (zeap2€+ ycosk - y] (5.2.47)
Det * k

To fashion this equation into integrable form, we need to simplify the expressions as

follows:

u,(p) (1 + E%.A ) [y, (p) = u;(p) (F“ +Thcosk o+ T sink- :B) u;, (p)
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with TH = y#(1 — ~9),

2,007 (1= ) v ) = 6,0 (17 = T2 coskeoy = Esink )2 ) (52459
et *

with T'7 = 47(1 — 7°),

exp (;ZeZple sink - x + akpge cosk - x) = Z e~k TendL 1 (C) (5.2.49)

€ €
n

and

e:cp( “a P sink -y + et cosk - y) = emvemeg,(Q) (5.2.50)

DPet - DPet - k ™

Here we used

ea ea

DPie = CCOS 517 DP2e = CSiIl 51
De - k De - k
ea ea
Pre+ = ( cos by, Paet = (sindy
Pet+ - /C Pet - k‘

and I are given by

T* = 4*(1 —~°) (5.2.51)
eafy!
M= (——)r" 2.52
¢ (2pe . k) (5 ° )
eafy?
= NS 2.
= (55) 6259
7 =47(1 —~°) (5.2.54)
eal/*
s =r°( ——L 2.5
s (500 (5.255)
eafy’
[7 =17 2.
Y (2pe : k) (5 56)
This simplifies Sy to
€ Guo — (P — Pu)u (py — Du)o/ My
W= e e S

23sin’ 0, (P, — pu.)? —mi +ilwmw

(C“F“ +CL T+ C, r“) .(P) / dpeilteprenh)e

yn—y

(5.2.57)
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Here we see that

Sw o< 8*(ge — pv. — nk)6*(ger + Py + mk)

As is done in section (5.2.1), nk is interpreted as the number of photons that are pulled
from the laser field to drive the reaction. But here we have another term, mk which is
opposite in sign to that of nk. Therefore we can say that in the case of the charged channel
there is also emission of photons. The d—function can be used to apply a constraint on
the possible values of r, for r being the net number of photons.

le.r=n—-m

Py +rk =g + ¢+,
(Pl +7k)* = (¢ + ¢ls +1pi)?

2rp, - k > 4(m})? (5.2.58)

Taking the neutrino and laser fields to be oppositely directed, in the massless limit of the

neutrino this constraint equation becomes

ArE,E, > 4(m?)?

*\2
r> Sgg (5.2.59)
vy
Now Sy takes the form
Sw = —/d4x Z /o= Het AP —pv =Tk} p (5.2.60)
Where the scattering amplitude M, is given by
& Guo — (P = Pu)u(Pry = Pu)o /M3
M, = i Ye Ve A Te ve/9l W g crrt 4+ CE T
23 Sin? 9w (pl/é _ pl/e)Z _ m‘Q/V + ZFWmW e(p) n nt x

FORIS )i, 0052, ) (CET” = €T = Cury s ) (5:2.61)
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with
CH = ™1 J,(C) (5.2.62)

cH = %(emlﬁl Jg1(Q) 4+ =03 g ( ) (5.2.63)

cl = %(ei(”ﬂ)‘sl Jpi1(C) — Do ) (5.2.64)

Co = e™m2] (() (5.2.65)

= %( At g1 (Q) 4 e/ Jml(g“)) (5.2.66)

= zi( mt1)o2 () — elm=1)o Jm_l(g)) (5.2.67)

With the same procedure as section (5.2.1), the probability is given by

d3pf 1 - 454
2 - = py — k)| M, |? 2.
P (I1] o oms o 22 (090 e == T (5269

The rate of production is then

o0

dgpf 1 1 454 -
H/ 2Ef Z (27T> ) (qe— + Qe+ + D — Pu —Tk)‘ T‘ (5-2.69)

Expressing the total production rate as the sum of the production rates for all of the

individual processes involving r photons, the total rate is given by

r=>T, (5.2.70)

with

= (11 [ G ) o e e o= T (527
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5.3 Results

The calculations proceed by computing the individual production rates I',, and then sum-
ming to find the total rate I' . Though the constraint equations (5.2.23) and (5.2.59)
impose a lower bound on the summation over n for the total rate, there is no such upper
bound. This means that the calculation should include computations of the individual
production rates for n to infinity. Fortunately, the individual production rates I, fall off
exponentially for large n. The choice of incoming photon energy E. and the magnitude
of the vector potential a, are deciding factors for how fast or slowly these rates fall off.
For the case in which the individual rates fall off slowly, the rates are calculated[15] to
sufficiently large n such that we can characterize the nature of the exponential decay. Use
of this characterization to fit the rates at large n allows us to approximate the summation.

Based on the Terawatt High-intensity Optical Research (THOR) laser, which is a
20TW laser beam centered around a wave length of 800nm with an electric field strength
of |ﬁ| on the order of 10 ~ 101V/em, at the High Intensity Laser Science Group at
the University of Austin, initial conditions that closely approximate the present high-
intensity laser system are chosen[3]. For the calculation an electric field strength of |ﬁ| =
5 x 10°V/cm is used[3]. These choices of wavelength and electric field strength uniquely
specify the electromagnetic field parameters in the problem.

The photon energy is given by the relation

2T
E,YZT

and the magnitude of the vector potential is

_IEl

E

o

a

The profile of the individual production rates I',, as a function of the number of photons
n is given in Figure 5.2 for incoming neutrino energies of 3GeV, 30GeV, and 1TeV. We
note that for a given choice of photon energy and vector potential magnitude, the profiles

shown in this figure all follow the same exponential decay.
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Individual Production Rates
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Figure 5.2: The profile of the individual production rates I',, as a function of n for incoming
neutrino energies of 3GeV, 30GeV, and 3TeV [15].

The individual rates that make up these profiles are summed in order to find the total
production rate. The results of this summation is presented in Table 5.1 for a range of
neutrino energies from 10%V to 10%*°eV. The total rate of production is also presented
for a laser field that is able to generate the same field strength but with a much smaller
wavelength of A\ = 100nm. We note that the difference in wavelength has the most
significant effect at low incoming neutrino energies.

Rather than considering the total rate of production for this process, it may have
more physical significance if we consider production length A. The production length
is the distance that a neutrino must travel in the laser field such that its likelihood of
producing an electron-positron pair is 1 —é ~ 63%. That is, the probability for production
is

p=1-— et
where [ is the distance traveled in the field and the production length is simply A = %
The production length for the rates tabulated in Table 5.1 are shown in Figure 5.3.
From Figure 5.3 one can see how feeble this interaction is. For the production length

to drop below the Hubble length, an estimate for the size of the universe, the incoming



E,(eV) (s

A =800nm | A = 100nm
109 1.8x107%2 | 2.6x107°7
3x10° 6.6x10~4 | 1.6x107%
1010 7.6x1072% | 2.2x107'7
3x10%° || 1.3x107® | 1.6x10713
10t 1.1x107*2 | 1.6x107
3x10M | 2.6x10~1 [ 1.1x10°10
102 2.4x10710 | 6.0x10°10
3x10™2 | 1.2x107° 2.4x1079
10" 5.8x107° 1.0x10°8
3x10 || 2.2x10°8 3.6x10°8
101 9.6x10°8 1.4x10°7
3x10™ || 3.4x107"7 4.8x1077
10'° 1.4x10°6 1.8x10°6
3x10™ | 4.6x10°6 6.2x10°6
10'0 2.0x107° 2.2%x107°
3x10' || 6.0x107° 7.4x107°
10'7 2.2x1074 2.6x107%
3x10Y || 7.2x107% 8.4x1074
10'8 2.6x1073 3.0x1073
3x10™8 || 8.0x107° 9.0x107°
10™ 2.8x1072 3.0x1072
3x10Y || 8.6x1072 8.2x102
10%0 3.2x1072 2.0x1071
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Table 5.1: The total production rate I' for a given incoming neutrino energy FE, in the
presence of an intense laser field of electric field strength |E| = 5 x 10 V/cm and
wavelength A [15]

neutrino energy must exceed 10GeV. And at energies near 1PeV the production length
is still on the order of light year.

To further stress the small likelihood of pair production under these conditions, this
interaction was consider at a neutrino source such as the Neutrinos at the Main Injector
(NuMI) facility at Fermi lab. Assuming the most ideal set of specifications for the neutrino
beam and simplifying the beam to be uniform, it is estimated that the neutrino flux is
on the order of 10?/m?/s per pulse with a pulse every 2s [3]. The energy profile of the

beam is nontrivial. There is a low-energy component peaked at 3GeV', a medium-energy
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Figure 5.3: The production lengths A as a function of incoming neutrino energy FE, for
a laser field of wavelengths 100nm and 800nm at an electric field strength of |E| =
5 x 101°V/em. The dark lines correspond to the Hubble length ¢/Hy ~ 1.2 x 10*m and
one light year 1ly = 9.46 x 10"m. [15]

component peaked at 7GeV, and a high-energy component peaked at 15GeV, but the
beam will contain neutrinos with energy up to 120GeV. However, for estimation purposes,
one can simply assume that all of the neutrinos are at 15GeV and are uniformly distributed
throughout the pulse. Using these conditions for the NuMI beam, realistic conditions for
the laser beam, and assuming a detection region about 1m long, it is estimated that there
would be an event once every 10?2 years. In astronomical phenomena, where the magnetic
field strengths can reach very high magnitudes, there exists the possibility of significant
stimulation of this interaction.

As far as the reaction v — 1/e"e’ through the charged channel is concerned we
see that the equation describing rate of production has similar structure to that of the
reaction through the neutral channel. The scattering matrices M,, and M, both contain
['* matrices which have similar structures, combinations of v# matrices. So it is reasonable
to say that the rate of production in using the charged channel does not differ greatly

from that of the neutral channel.



Chapter 6

Summary and Conclusion

In this thesis we first reviewed pair production with neutrinos in an intense laser field
through the neutral channel. We made use of light-cone coordinate system to solve the
Dirac equation for the process. A detailed calculation of all the steps was presented. We
also studied the case of the reaction v — /e~ e™ through the charged channel. We saw
that the charged current reaction is relevant only for electron neutrino. We also noted
that, following the same mathematical steps, one can see that the difference is that in the
case of the charged current reaction, in contrast to the neutral current reaction, there is
emission of photons.

In Chapter 2 we reviewed the weak interaction of leptons along with GWS model.
The total Lagrangian describing the electromagnetic and weak interaction of leptons was
also discussed. We had also discussed the properties of neutrinos such as neutrino mass
and oscillation of neutrinos in Chapter 3.

We saw that, the process of pair production under normal conditions, is forbidden.
However, the electromagnetic field alters the final states of the electron-positron pair and
frees the interaction to take place. It is for this reason that we discussed the effect of
electromagnetic field on particles, specifically on electrons. Using this analysis we solved

the Dirac equation for our process.
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Lastly, we compared the rates of pair production for the process v — v/e“e™ for the
two cases, neutral channel as well as charged channel. We noted that in the case of the
reaction through the charged channel, in the presence of laser field, there is emission
of photons. We also stated that, considering the net number of photons in the case of
the charged-current reaction and looking at the general structures of equation (5.2.40)
for neutral channel and equation (5.2.71) for the charged channel, it is possible to guess
that the total rate of production for the two processes do not differ much. With this
analysis, though we have no data for the charged-current reaction, we generalized the
behavior of the rate of production from the results of the neutral-current reaction as is
discussed in Section (5.3). We saw that for a detection region of 1m there would be an
event once every 10?2 years, which does not make sense. To over come this problem the
process must be carried with astronomical and cosmological sources of neutrinos and fields.
Because in astronomical phenomena, where the magnetic field strengths can reach very

high magnitudes, there exists the possibility of significant stimulation of this interaction.



Appendix A

A.1 Bessel function expansion of trigonometric
functions

Using the trigonometric relations:

eik~w o e—ik~w eik-z + e—ikw
sink - x % : cosk - x 5 ( )
we get
0 —ink-x
: —i( sin(k-x—o € i(n i(n—
sin k -z x e~iosintka—o) — Z 5 (" I 1 (€) — V0 T, 1(Q)) (A.1.2)
> —ink-x
o e . )
cosk - x x e Cinkeo) = " T2 (€ Ja (O + L0 (Q) (AL
o > , 1. 1, .
sin2 k-1 X e—zCsm(kw—a) _ Z e—znk’-x (ieznéjn(g) o Z(el(n+2)5*]n+2(g)
+ei<“—2>5Jn_2(g))) (A.1.4)
2 —i¢sin(k-x—0o) __ - —ink-x 1 ind 1 i(n+2)0
cosk-x Xe = Z e ¢ Jn(C)—i-Z(e Jna2(C)
+ei(”_2)6Jn_2(§))) (A.1.5)
0 —ink-x
sink -z cosk - x x e~t¢snkr=o) Z GT (ei(”+2)5Jn+2(C) - ei(”_Q)‘and(C)) (A.1.6)
{)
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A.2 Notation

0
o' = (0", — = (-
@, ~9) v=(-3)
o = (", ) 7 = (2%, —a)
Ty = g;wxy goo = 1
Gkk = —1 Guv = g,w/
p-x=p'e, = gup'e’ =p’’ —p-x P =p'p.=E—pP=m
0 0 .
a = — = | — 0)2 - 1 H?2 - _1
1 axﬂ (ax(pV) (/7 ) 7(’7)
Light-cone coordinate system
1 1
T, = 5(950 + %) T = §(x0 — %)
="+ r-=1"+7
(9+:80—|—(93 8,:80—83
:UO::U++96_ :):3:93+—93_
1 1
7' =50k +7-) 7 =50k =)
1 1
80 — 5(84_ + 3_) 83 — 5(84. - 8_)

a-b=a,bt =2a;b_+2a_by —a, by

M= =ypa- +y-ap — 1 -ay

YeY: =0 YVE = 2%

YoV+ = VY70 TYEYL = —YLY+
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