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Introduction: 

After a review of the definition and basic propert ies of noetherian 
modules and rings, we introduce classes of examples of Non-Commutative 
Noetherian rings. We concentrate on module fin ite algebras over 
commutat ive rings, skew-Laurent rings and the corresponding skew 
polynom ial rings twisted by automorphisms which will provide us examples 
on non-commutative noetherian rings. 
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Chapter I 

Preliminary Results 

1. 1. Properties of Rings 

Defi nitionl.LI (Ring): A nng IS a non empty set R with two binary 
operations 
+ and. ca lled addition and multiplication respectively such that 
(a) The elements of R from an abelian group under addition i.e. 

I) x+y E R (c losure) 
2) (x+y) +z = x+ (y+z) (associativity) 
3) x+y = y+x (commutati ve) 
4) There is an element OE R called the zero element 

(or additi ve identity) such that x + 0 = x for all x E R. 
5) Given x E R there is an element - x E R such that 

x+ (·x) = 0 (existence of add itive inverse) 'Ix, y, z ER 
(b) R is closed under multiplication, associative, and comm utative law also 
ho lds and R has identity i.e. x, y, Z E R, we have 

I) x Y E R (closure) 
2) x y = y x (commutative) 

3) x (y z) = (x y) Z (associative) 
4) There is an element I E R called the (multiplicative) identity 

element such that x.1 = x V X E R 
(c) The d istributive law holds: i.e. for all x, y, Z E R we have 

x (y +z) = x Y + Y Z & (y + z) x = y x + Z x. 
(In thi s case the ring R is a commutative ring). 

Notation: (R, +, .)-ring R. 

Exa mples: (z, +, .) - ring of integers, (R, +,. ) Z,(+,.) (Q,+, .), 
e [xl-polynom ial in x with coefficients in the complex numbers. 

Exam ples of non-commutative ring: 
-the set of 2 by 2 matrices with entries in the complex number. 

-since every field F contains 0 and I, M 2 (F) always has 
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(among its clcmcnts)(~ ~) and(~ ~) (~ ~) (~ ~) = (~ ~) 
Whi le (~ ~) (~ ~ ) =(~ ~) . Thus M, (F)-2 x2 matrices wi th entries in 

F is non-commutati ve ring. Since (~ ~) additi ve ident ity. Thi s example 

shows there is di visor of zero in M, (F). But it is not domain . The same is 
true of M, (F) for n~2 . n EZ+. 

Definiti on 1.1.2 (Subri ng) : A non empty subset S of ring R is subring of R if 
i) OES ii ) X. yE S ~X-YE S and ii i) x. YES::)x YES 

Exa mple: a) Z is subring of Q. 

b) y = { (~ ~) I a.b.c .. Z) is subri ng M, of all 2x2 matrices over 

Z (set of integer). 

Defi nition 1.1.3 (Ideal) : The set I is ideal of ring R if i) 1;. 121. ii ) Ic R. iii) a. 
b E l~a-b E I . iv)rER. a EI::)r a. a rEi. 

Exa mple: Z is not an ideal ofQ. since 1/2 EQ and 3EZ but Y, x3 = 312"Z (Z 
is set of integer. Q is set of rat ional number) 

Definition 1.1.4 (Noeth eria n ring) : A ring in which every strictly ascending 
chain of ri ght (le ft ) ideals finite is called a right (left) noethe ri an 

Exa mple: a) The ring of integer Z is P I R (every ideal is pri ncipa l). any 
ascend ing chain of ideals of Z is of the form (n) c (n,) c (n, ) c. ..• where. n. 
nl, n2 ... are in Z. Since (n j) C (n ;+1) => n i+l/ni, any ascending chain of ideals 
in Z starting with n can have at most n terms. Th is shows that Z as 
Z -modu le is noetherian. 

b) Consider division ring D. Since the on ly right ideals of D are 
(0) and D itself. D is right noetherian. Similarly D is also left noetherian. 
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1.1.5 Opposite ring: 

The opposite ofa product of rings is the product of the opposite rings, 
associated with every ring R is the ring R°l' called the opposite ring. The 
underlying set ofR°1' is the same as that ofR. It is only multip lication s 
they differ. For rl. r, E R' P, we define the product r, r, to be the element r, r, 
in R. Multiplication in RO!' is opposite in R. 
Rol';R~ R is a com mutati ve ring. (Ro,,) 0 " ; R. 

Remarkl.1.5.1 M is a left R-module implies M is a right R' P module where 
R' P is the ring opposite to R. 

Proof: we have a homomorphi sm of ringsljl: R .... Endz(M). Compose this 
with the identity map id: R'P .... R which is anti-isomorphism to get anti­
homomorphism R'p .... Endz(M) which means M is a right R'P-modu le. 
Conversely, suppose we have an ant i-homomorphism of ri ngs 
1jI: R' p .... Endz (M). Compose th is with the identity map id : R .... R'P which 
is an anti- isomorphi sm, to get a homomorphi sm R .... Endz (M). Therefore 
M is a left R-module. 
Note: The map given by r .... r is an anti- isomorphism R .... R'p. If A ; (a;;) 

and B ; (b;;) are nxn matrices over R, then A and B may also be considered 

to be matrices over ROP. In MatnR, AB = (C ij ) where Cij = L::.oa,tb." , but in 

MatnROP, AB = (dij) where dij = I :.lal., ob." = I :.LbkP,k . 

Definition 1.1.6 (Center of ring R) : If R is any ring, then the center of R is 
the set A; [a ER I ar ; ra for all r ER} 

Example: a) The center of the ring Mp(R) consisting of all matrices of the 
fo rm r II' where r is in the center of R (every matrix in the center of Mp(R) 
must commute with each of the matrices Br,s where Br,s has 1 R in 
position(r, s) and 0 else where. 

b) The center of Mp(R) is isomorphic to the center of R. 
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1.2. Modu le: 

Definition 1.2.1 . A module over a ri ng R (or R- module) is an abelian group 
M (written additively) together wi th a map (r, m) - r m from RxM -M 
sat isfying the conditions 
M I .r(m,+ m, ) ~ rm, + rm, M2.(r,+ r, )m ~ r,m + r, m 
M3.(r,r, )m ~ r,(r, m) M4 . I m ~ m,for all r" r"E R and all m, m, m, E M 

Example: a) A vector space over a fie ld K- a K-module 
b) Any abe lian group A is a z-module 

c) Any ring (with I) B is a modu le over itsel f 

Definition 1.2.2 (Left R-module) : Let R be any ring (with or with out I and 
commutati ve or not). By a left R-modul e M, we mean an abe lian group 
(M, + ) together with a map RxM .... M: (a, x) .... a x call ed scalar 
multiplication or structure map, such that 

I. a (x + y) ~ a x + a y \faE R and x, YEM 
2. (a + b) x ~ a x + b x,\fa, bER, and XEM 

3. x (a b) ~ a(b x) \fa, bER, XE M 

Definition 1.2.3 (Right R-module) : An abelian group (M, +) is called a 
ri ghL 
R-modu le if there is a map fro m MxR .... M denoted (x, a) .... x a 

Such that I. (x + y) a ~ x a + y a for all a ER and x, y EM 
2. x (a + b) ~ x a + x b \fa, bER and xEM 
3. x (a b) ~ (x a) b, \fa, b ER and XE M 

Definition 1.2.4 (Submodule) : Let M is an R-module. A non empty subset N 
of M is called an R-submodu le (or simply submodule) of M if 

i.a - b EN\f a, bEN 
ii, ra E N, 'if a EN, r E R. 

Exa mple: 
a) 0, M tri val submodule 

b) IfM is an R-module and x EM, then the set R x ~ {r x I r E R} 
is an R- submodule ofM for r,x-r,x ~ (r, -r, )x ERx, r,(r,x) ~ (r, r,)xE Rx 

for all r" r, E R. 
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Definition 1.2.5 (Finitely generated (r.g) module) : An R-module M is said 
to be finitely generated over R if there is a finite sub set X ofM such that 
M is the submodu le generated by X i. e if X = {XI' .. . , xr}. then (assume R 

has I and M un itary) we have M = (L I= I ajx
j I a j E R). 

Definition 1.2.6 (Free module) : An R-module M is called a free module if 
M has a basis B i.e a linearily independent sub set B of M such that M is 
spanned by Baver R. 

Examples: a) A vector space is a free module i.e it has a basis. 
b) Any fi nite abelian group is not free as a module over Z. 

Definition 1.2.7 A part ial ordered set (poset) is a non empty set P together 
with 
a relation R on PxP (called partially ordering of P) wh ich is re nexive, 
transitive and anti symmetric (a ~ b & b ~ a => a = b). 

Definition 1.2.8 let S a subset ofP, a E S is maximal if there is no element 
b E S with b > a. 

Definition 1.2.9 a E S C P is minima l element if there is no bES with b < a. 

Example: S" 0 and finite then it has maximal and minimal element. 

Definition1.2.IO (Ascendin g cha in condition (ACC): A module M is to 
sat isfy ACC on submodules(or to be noetheri an) if for every ascend ing chain 
M, c M,c ... ofsubmodules ofM then there is an integer n such that 

Mi = Mn 'V i ~ n. 

Definitionl.2. 11 (Noetherian module): A modu le M is called Noetherian if 
ACC (or equ ivaletly maximum cond ition) holds for M. 

Exapmle: a)lin ite abelian groups are noetherian as a module over Z. 
b) fi ni te dimentional vector spaces are Noetherian. 

An R module M is called cyc lic module ifM = (x) for some x E M. 

1.3. Modular law: let V be a vector space hav ing subspaces A, B, C 
such that Bc A. Then A n (B + C) = B + (An C) 
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Proof: Let XE An (8 + C). Then x = b + C (bE B, CE C) and x EA. 
Then c = x - bEA SO CE An C and XE B + (An C).The converse is similar. 

1.4. Matrices: 

Definition 1.4.1 (Matrix): A matrix is a rectangular array of scalars. The 
scalars may be real or complex numbers. 

The rectangular array takes the formAm,I! = (a~ 1 '. a~ n ) . The matrix 
a m1 amn 

A has m rows and n columns. Any element in A has a representation aij 

where the subscrp it i refers to the row and j to the column where the 
element lies. 

Example: A = (~ 2 
1 

-3) 4 - 2x3 matrix . 

Definition 1.4.2 (Diagonal matrix): An nXIl matrix A = (a;j) is called a 
diagonal matr ix ifaij= ° when ever i '* j . 
Definitionl.4.3 (Upper (Lower) trhongular matrix) : An n xll matrix 
A = (a'j) is called an upper (lower) triangular matrix if alJ = 0, i > j 

(
a" ... Q' '' ) 

(respecti vely i< j) we use the notation ' ... ' fo r upper 

(

a" 
triangu lar matrix and : 

0", 

a .. . ann 

~ ) for lower tri angular matrix. 
ann 

Definition 1.4.4 (Trace of a matrix) : let A = (au) be an nxn matrix. Theil 
sum all+a22+a33+ ....... + ann of diagonal elements of A is called trace of A. 

Definition 1.4.5 (Rank of a matrix) : Let A be an mxn matrix over a field F. 
Then the row rank of A is equal to the maximum number of linearly 
independent (L.I) row vectors of A. Row rank of an mxn matrix is at most n 
as 
dim Ftol = n. Let A be an mxn matrix over a fie ld F .Then the column rank of 
A is the maximum number of L. I columns of A. The column ran of A is at 
most m, s ince dim F (m) = m. 
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Definiti on 1.4.6 A matrix AEM"(R) is: - symmetric if A = A' where A' is 
transpose of matr ix A. -Anti symmetric (skew symmet ric) if A = -A'. Only 

::~:~~p::t:r ilc: :a:,~ (r~:trirr ant:Yi:::::~t ric . 
2. A = (~1 ~ ~I) , 1 A': _: = ( ~ ~I -0\)' A is anti symmetric 

1 - 2 0 - I 2 

1.5. Algebras 

Definition 1.5.1 Let M, N & P be A-modules. A function f: MxN->P is 
called bil inear if f(x + x' , y) = f(x, y) + f(x'+ y) 

f (x, y + y' ) = f(x, y) + f(x , y') 
f (ax, y) = a f( x, y) = f(x, ay) 

Definitionl.5.2 Let A be a commutative ring. An A-algebra (or algebra over 
A) is a module M together with a bi linear map MxM -> M. Let f: A -> B 
be a ring homomorphism such that f (A) is contai ned in the center ofB i.e. f 
(a) commutes with every element of B for every a EA (x EB: x f (a) = f(a) x 

'V a e A) then we may view B as an A-modu le defining the operat ion of A on 
B by the map (a, b) -> f(a) b for all a EA and b EB. The ax iom of modul e is 
tri vially satisfi ed, and the mu lt iplicative law of composit ion BxB -> B is 
clearly bi - linear (i.e. A- linear). Algebra over A is by defi ni tion, a ring B 
together with a ring homomorphi sm f : A->B. (Thus unless specified, by 
algebra over A, mean ring homomorphism). We say that algebra is finitely 
generated ifB is fi nitely generated as a ring over f(A) . 

Example : a) A it self an A-algebra in a natural way 
b) Any ring may be regarded as a Z-a lgebra by pUll ing 

n a = a + a + ... + a (n times) 
(- n) a = - n a, aE R, nEN. 

c) K-algebra (K is a fi eld) is a ring containing K as a subring. Let 
A be any ring with identity element, then there is a unique homomorphism 
of the ring integers Z into A, namely n->n. I. Thus every ring is a Z-algebra. 

A ring B is a finitely generated A-algebra, if there is a finite set of 
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elements X l ,. " ,XII in B such that every element of B can be written as a 
polynomial in x" . . . ,x, with coefficients in f(A). Or eq uiva lently if there is an 
A-algebra homomorphism from a polynomial A[y" . . . y,,] on to B. 

A ring A is finitely generated ifit is fin itely generated as a Z-a lgebra. 

1.5.3 G roup algebra : 

One of the earl iest stimul i to the modem development of non commutative 
ring theory came from the study of group representations. The key idea was 
to study a group G by " representing" it in terms of linear trans formations on 
a vector space V, namely studying a group homomorphism ~ from G to the 
group of invertible linear transformat ions on v. In the case o f fin ite group G, 
the group algebra K[G] (representation of G on a vector space over K) is 
finite dimensional, and theory of fin ite dimensional algebras has much to say 
about representation of G. Noetherian group algebra is known when G is 
poly-cyclic by fi nite. 

1.5.3. 1 G roup ring of poly cyclic by finite group : 

G is said to be poly cycli c by fin ite if it has a fini te (chain) series 1= Goc 
G ,c ... c Gm= G with G j., normal in Gj and Gi G j. , either fi nite or in fi nite 
cyclic, one can arrange that the only fin ite factor is the last, Gi G j.l. It is 
poss ible to push all the fin ite layers to the very top factor and assume that 
Gi G j. , is infinite for j < m. The group algebra k[G ",.,] then looks much like 
an ite rated twisted polynomial ring. 
There are only two po ly-cycli c by fin ite groups: 
I. H is the "d iscrete Heisenberg group". It is generated by x, y & z subject 
to the relati on that z be central and [x, y] = z. It can be represented as the 
group of 3x3 unit triangular matrices wi th integer entries. Obviously H has a 
normal series I e (z) c (z,x) c (z,x,y) = H with infin ite cyclic factors. We set 

A = (Z ), the center o f H. Notice that the group is ni lpotent. Every finitely 
generated nilpotent group is po ly cyclic. 
2. B is the simplest interesting non nilpotent poly cyclic group (It wi ll be to 
ill ustrate the ubiquity o f Bergman's Theorem). 1t is the semi direct product 

(ZEf)Z)", (w ) where w acts on ZEIlZ like the matrixt; i). We will find it 

useful to that the eigen values oft; i) are real irrat ional number I ±.fi 

. . ).- \ - 2 0 ' 2 ' I M) (recall to calculate e 'gen value I.e. = => (J. - I) = =>,,= ±v2 . 
- \ .1- \ 
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When we speak of B. the notion A wi ll designate the copy ZEIlZ which is the 
normal abelian sub group at "the boltom" . 

1.5.4 Q uantum group: 

Quantum groups are not groups at all but certain algebras that arose in 
1980 s in connection with research on some problems in quantum statistica l 
mechanics. Quantum groups are algebras of funct ions on non-exi stent 
groups. 

Specia l linear group SL,(K).the group of2x2 matrices over a fi e ld K havi ng 
determinant I.First ofall .SL,(K) lies inside the 4-dimensional vec tor space 
M,(K).where it can be described as the set o f zeros of polynomial X"X,,-
X t2 X 21- 1 here Xll ,XI2, X2l ,X 22 are just four independent indeterminate 
conveni ent ly labeled for application to the entries of2x2 
matrices.Thus.SL,(K) is an affine algebraic va riety over K. and its 
coordinate ring is the algebra Q(SL,(K)) = K[X ".X 12.X2I .X,,] I 
(xl.,.t'"n - X 12X 21 - 1) . The group structure is encoded in ccltain 

algebra homomorphism. In particular. the group operation viewed as 
a map SL,(K) x SL,(K) ..... SL,(K).induces( by composition of functions) 
a k-algebra homomorphism .~:Q(SL,(K))""'Q(SL,(K)xSL,(K)) -' ,Q 
(SL,(K»EIlQ(SL,(K)) called co-multiplication. There are also a K-a lgebra 

homomorphism t : Q(SL,(K)) ..... K. S:Q(SL,(K» ..... Q(SL,(K» corresponding 
the identity and imply certain re lation among these maps. The algebra Q 
(SL,(k» together with the th ree maps " . t. S form a structure ca lled a I-Iopf 
algebra. which we will not define here. Qq(SL,(K» is a Hopf algebra. and it 
has four generators that satisfy a re lation very sim ilar to the equat ion 
"determ inant = 1" which characterizes SL,(K). The on ly drawback is that 
this new algebra is not commutative, and so it cannot be algebra of k-va lued 
functions on any thing. Nonetheless. thinking of thi s algebra as if it 
consisted of functions, and it became known as the coordinate ring of 
quantum SL, (K). Thus there is no "quantum group" SL, (K); the group has 
disappeared and only the algebra of "funct ions" on it remains. 

Regardless (or because of) its origin. th is new algebra is an interesting 
object of study. and among other properties it turns out to be oetherian. 
Here is a brief description of the construction: 
First. pick a non zero scalar q (the "quantum parameter" ) in K. (originally 
q was taken to be eh

, where h is Planck's constant, so that q was a real 
number very c lose to I). 
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ext, one forms a k-algebra wi th four generators Xl II Xl2, X2h X2 2 and 
six relations; for instance, XII X1 2=q Xl2Xli and XII X22 - X22Xll=(q-q" 
')X "Xli· This algebra is the coordinate ring of quantum 2x2 matrices, 
Q q(M, (K )). Dq = X"X" -qX ,,X2J"quantum determinant which lies in the 
center of Qq (M, (K)). Finally the coordinate ring of quantum SL, (K) is the 
algebra Qq(SL,(K)) = Qq(M,(K))/(Dq - l ).Qq(M,(K)) is an iterated skew 
polynomial ring. Consequent ly Qq (M, (K)) is noetherian and therefore 
Qq(SL,(K)) noetherian . 

1.6. Automorphism & Inner automorphism: 

Oclini tion 1.6. 1 (A utomorphism): An isomorphism of f: G ->G (G is ring) 
is ca ll ed an automorphism of G. 
EX~lmple : A is abelian group, and then the map a~a"1 is an automorphi sm 

of A. 
Rem ark: - IfG is non abelian, we might wish to consider for some gEG, the 
set CG(g) = {XE G I x g = g x} of all elements that commute with g in G. 
This set is the centralizer of g in G. It is subgroup of G . 
• I ECG (g), it is closed under mult ipl ication 

C ( ) h .., ., ., . , Th ., . , d · x EG g, t en x g=g x I.e. x xgx = x gxx, us gx = x g an 
x" ECG(g) as required . 

· Z (G) = CG(G) = {YEG I x y = y x for all xEG} is a subgroup 
. Z (G) is abelian =:> G = Z(G) 

- identity map on G is an automorphism but most groups have many 
other automorphisms too. -s ince isomorphism carries center to center it 
follows that every automorphi sm ofG maps Z(G) to it self. 
An important example of automorph ism of G is the inner automorphism 8g 

induced by an element gEG. Thi s is the map eg(x) = g" xg 

Definition 1.6.2 (Inner automorphism): Ifu is a unit in a ring R with 
identity then the map R->R given by r->u r u· ' is an automorphi sm of the 
ring R. It is ca lled inner automorphism induced by u. The inner 
automorphi sm ofR = S[x, x " ,cr] induced by x extends cr from S to R, and 
denoted bycr. 
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A deriva tion: 
A derivation8: F-->K (F is a fi eld, K an extension fi el d ofF) is a map which 
sat is fie s 8(x+ y) = x8(y) + 8(x) y. If E is a subfie ld of F,8 is ca lled an E. 
deri vat ion if in addit ion8(x) =0 for all xe E (so 8 is E· linear). 

Inn er de rivation: Given any element a of a ring R there is a deri vation of R, 
namely r- H a - a r =[r, a); thi s is called an inner deri vation and dented 
by ad a. for example if R=S[x;8), then ad x is an inner deriva tion of R 
which, since it extends 8 from S to R, and denoted by8. 

1.7. Power & Laurent se ries : 

Defi nition 1.7.1 (power series): A power series in a variable x is an infinite 
sum of the form I :oo,x' where l ;;:: 0 and aj are integers, real numbers 
complex numbers 
or any other quantities of a given type. 

Defini t ion 1.7.2 Let R be a ring and (J an endomorph ism, then R [[x; a J] 

denotes the ring of power se ries I :ox'a, subject only to the relation 

ax = xO"(a). Thi s is ca lled the skew power series ring. 
R [(X, .. .. x,, )) . ring of ring of fo rmal power series in x,, .. . ,x" with 
coe ffic ients in R. The elements of this ring are formal sums of the 

• 
form I I. where {; is, for each i e No, a homogeneous polynomials in 

,.0 
R[X, . .. ,x,, ) which is either zero or of degree i . Two such formal power 

• • 
series I I. and I g, are equal when r,= 9 , for all i e No. The operat ion 

• • • 
addit ion and mult ip lication are given by ( I I. + I g, ) = I (1. + g,) ,.., ,.0 ,", 

... .., ..,.. .. .. 
(I f.) ( I g, ) = DIl.g,.,) for a ll , I I., I g, e R [[x" . .. ,x,, )) . 

, .. 0 , .00 ,. 0 /.() ,.() ,.0 

Definiti on 1.7.3 (La urent series): A Laurent series centered about a is a 

series of the form "" ... c (x - af where en , a, XEC where C is complex L..-_ . 

number. 
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Definition 1.7.4 Let R be a ring and" an automorphi sm. Then R[x ; X - I , a) 
denotes ring of polynomials over R in x and X - I subject to ax = xa(a) . 
Thi s is the ring of skew Laurent polynomials. Each element has a unique 
repre sentation in the form L x'a, with all but finitely many coefficients 

being zero. 
Note R[x; a) is a sub ring of R[x, X - I ;a). 
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Chapter 2 

A few Noetherian Rings 

2. 1. The Noetherian condition. 

Notat ion: A > B (B < A) - means that B is a proper submodule of A. (A $ B 
means A is a sub module o f B). 

!'roposilion 2.1 For a module A, the following condit ions are equi va lent: 
a) A has the ACC on submodules 
b) Every non empty family o f sub modules o f A has a max ima l element. 
c) Every submodule of A is finitely generated. 

Proof: (a) => (b): suppose that A is a non empty fa mily of sub modul es 
of A wi th out maximal element. Choose A I EA. since A I is not maximal, 
there ex ists A2 E A such that A2> AI, continuing in thi s manner we 
obta in a properly ascend ing infinite chain A, < A, < Al..,of submodules 
of A contradicting the ACC .Hence the result holds. 
b) =>(c): Let B be a submodule of A, and let P be the fam ily of a ll finitel y 
generated submodules of B. Since empty set (O ) generate the zero module, 

OEI3 ~ 13 * 0 . By (b) there is a maximal element c E 13 .lfC '" B, choose an 
element x E B I C and let C' be the submodule of B generated by c and x 
.Then C' E 13 and c' > c, contradicting maximality of c. Thus C = B, hence 
B is fini te ly generated. (c) => (a): let B I $ B, $ ... an ascend ing chain 
of sub modules of A .Iet B the union of the Boo' By (c) there ex ists a 
finite set X of generators for B. Since X is finite it is contained in 

some Boo hence B" = B. Thus Bm= B" fo r all m '" n, establ ishi ng the 
ACC on finitely generated submodules. 

Definition 2. 1.1 A module A is noetherian iff the equi valent condit ion of 
proposition 2.1 is satis fi ed. 

Example : a)Any fin ite dimensional vector space Y over a fi eld K is 
noetheri an k-module since a properly ascending chain of submodules 
(subs paces) ofY can not contain more than di mk(Y) + 1 tenn . For let 
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W is proper subspace of V, then dimW < dimV = n thus any properly 
ascend ing chain of submodules can not have more than n+ I terms. 

Definition 2.1.2 A ring R is right ( left) noetherian iff the right modu le R. 
(left module RR) is noetherian . If both condit ion hold, R is noetherian . 
A ring R is right (left) noetherian eo> R has the ACC on right ( left ) idea l 

eo> all right (left) ideals of R are f.g. 

Exa mples: a) Z is noetherian ring because a ll its ideals arc principal 
(singly generated) 

b) A polynomial ring K[x] in one indeterm inate over a fie ld K 
is noetherian. Since K[x] is PID. It follows that K[x] is a noetherian ring. 

c) 2x2 matrices over Q the form (~ ~) with a E Z and b, CE Q is a 

right noetherian but not left noetherian (See the example under proposition 
2.8.) 

d) Any fin ite direct product (sum) of a right ( left) noetherian rings is 
right (left) noetherian (see corollary 2.3 below) 

e) IfG is finite group and F a fi eld, the group algebra F (G) is both 
noetherian and artinian. 

1) The m xm matrix ring R mlCrn over a field F is also noetherian and 
artinian. 

g) The ring of upper (lower) triangular matrices over a field F is both 
noetherian and artini an. 

'. 

I'rorosition 2.2 let B be a submodule of a modu le A. Then A is noetherian 
ifa nd only ifB and A I B are both noetherian . 

Proo f(~): assume that A is-noetherian .Since any ascending cha in of sub 
modules ofB is also an ascending chain of sub modules of A, this implies 
that B is Noetherian .If C, < C, < ... is an ascend ing chain o f submodules of 
A IB, each C, is of the form A, IB for submodules A, of A that contains B, 
and A I::; A2::; ... since A is noetherian there is some n such that Aj = An for 
all i ~ n, and then C, = C, for all i ~ n thus AlB is Noetherian. 
(<=) :assume Band N B are Noetherian and let A, '> A, '> ... be an ascending 
chain of submodules A. There are ascending chai ns of submodules A,n B '> 
A, n B '> ... & (A,+ B)IB '> (A,+B)IB '> ... in B and in N B respectively 
Hence there is some n such that A, n B = A"n,B and (A, + B)IB = (A,+ B)/B 
for a ll i ~ n .The later equation yields A,+ B = A" + B II i ~ n, we concluded 
that A,= A, n (A, + B) = A, n(A,+ B ) = A,+ (A , n B) = A,+ (A, n B) = A, 
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(using modular law for the third equality). Preposition 2.2 shows any facto r 
ring of a right noetherian ring is a right noetherian . 

Co rolla ry 2.3 Any fin ite direct sum of noetherian modu les is noetherian. 

proor: wts: direct sum of finite Noetherian modules is noetherian. It is 
enough to proof for two i.e. A, and A, are Noetherian module =>A = A,$ A, 
noetherian module. The module A=A,$ A, has a submodule B=A, $ 0 such 
that B" A, and N B£;A, . Band NB are noetherian as they are isomorphic to 
noetherian module A, and A, respect ively. Hence A is noetherian module by 
proposition 2.2 (A noetherian ~ B and AlB are notherian). 

Corollary 2.4 IfR a right Noetherian ring, all finitely generated right R­
modules are Noetherian. 

Proof: If A is a finitely generated right R-module, then A " F/K for some 
finite ly generated free right R-module F and some submodule K " F. S ince F 
is isomorphic to a fin ite direct sum of copies of the noetherian module RR 
(R. - right R-module). It is noetherian by corollary 2.3.Then, by proposit ion 
2.2, A must be noetherian (Or A is f. g right R- modu le => there 
is f.g free right R module F with fin ite basis and an epimorph ism It :F .... A . 
Since F is isomorphism to a direct sum of a finite number of copies of 
noetherian module RI(, F is noetherian by corollary 2 .3. Then 
A " FI kem (module homomorphism i.e.lt: F .... A is an epimorphi sm, then 
FI ker It " 1m (It) = A). Therefore A is noetherian by proposition 2.2. 

Corollary 2.5 let S be a subring ofa ring R. IfS is a right noetherian and 
R is fi ni te ly generated as a right S-module, and then R is a right noetherian. 

Proo f: by corollary 2.4 R is noetherian as a right S-modu le. Since a ll right 
ideals of R are also right S-module (S.), the ACC on the right ideals fo llows. 
Using corollary 2.5 we obtain some easy examples of non-commutati ve 
rlOgs: 
Examples: a) Rings of quatemion H is subring of R = M,(C) 

b) Subring ofM,(R) in the context ofP IR (pri ncipal ideal ring) 

Consider the ring of a ll upper triangu lar matrices, 
T, (R) = {(a;j!a;j E R, a;j= 0 for i>j) & T,(R) is a subri ng of M,(R). Let 
M,(R) is f.g as T,(R)-module and let T,(R) be a right noetherian module 
(T,(R) is a right noetherian ~ R is a right noetherian), then M,(R) is a right 
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Noetheri an. As an R-modu le M,,(R) ::. Rn' so if R is right noetherian, Mn(R) 
IS right notherlan as a right R-module and so as a right M .. (R). 

Remark 2.S.1 Rc Sc M,,(R) are rings, and then S is a right oethcrian if 
and on ly ifR is a right Noetherian. 

Proof: R is a right Noetherian => M,,(R) is a right Noetherian => S is a 
subring of M,,(R) is a right Noetherian. 

Note. If {I j I j = 1, 2 ... l is a strict ly ascending chain of right idea ls of R, 
then (M,,( I j)l is similar chain in M,,(R). 

Proposit ion 2.61fR is a module -fi nite algebra over a commutati ve 
noetherian rings, and then R is a noetherian ring. 

Proof: The image ofS in R is a noetherian subring S' of the center of R 
such that R is finitely generated (right or left) S'-module. Thus R is 
noetherian ring by corollary 2.5 . 

Examples : a) let S=Z + Zi + Zj + Zk a subring of di vision ring H(ring o f 
quatemion: four dimensional real vector space wi th basis ( I, i, j , k,l) 

N 'd' .. . I (1 0) . (i 0). (0 1) on-commutatIve IVISiOn nng. = 0 1 1 = 0 _ j d = - 1 0' 

k = (~ ~) Since S is finitely generated module over the commutat ive 

noetherian ring Z, then proposition 2.6 shows that S is a noetherian ring. 

b) For another example, proposi tion 2.6 shows that for any posit ive 
integer n, the ring of n x n matrices over a commutative noetherian ring is 
noetherian. 

For example let K= ((~ ~) I a, bEZ) K is a 2x2 matrices 

over a commutative Noetherian ring Z. .'. K is noetherian. 
This also holds for matrix rings over 11011- commutative Noetherian rings. 

Defi nitio n2.6. 1 Given a ring R and positive integer n, M,,(R)-the ring of a ll 
n xn matrices over R. The standard nxn matr ix units in Mn{R) are matrices 
e;j (for i, j = I, ... ) such that e;j has I for i, j entry and 0 forthe other entries. 
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Proposit io n 2.7 let R be a right noetherian ring and S a subring of a matrix 

[(
r ... 0) 1 ring M" (R). IfS contains the subring R'= , ... ' I rER of 
o ... r 

all scalar matrices, then S is a right noetherian. In particular, M" (R) is a 
right noetherian ring. 

Proof: Clearly R' ~R, hence R' is a right noetherian ring .M,,(R) is generated 
as a right R'-module by the standard nxn matrix units .Hence corollary 2.4 
implies that M" (R) is a right R'-module as all right ideals ofS arc also right 
R'-sub modules ofM" (R). We conclude that S is a right noetheri an. 

2.2. Forma l t ria ngula r matrix rings 

Defi ni t ion 2.2.1 (Bimod ule): Let Sand T be rings .An (S,T) - bimodule 
structure is an abel ian group B with a left S-module structure and a right T­
modu le structure such that s(b t) = (s b)t for all SE S, bEB, tET .It is denoted 
by s B T-An (S,T) bimodule ,B- abelian group and s(b t) =(s b)t for SE S 
,bEB, and t ET. 

Defi nitio n 2.2 .2(Sub bimodule): An (S ,T) sub bimodu le of B is any 
subgroup of B which is both a left S-submodule and a right T-submodule. 
Note: If C is a submodule ofB, the factor group B IC is a bi- module. 

Example l ) IfS is a ring and T a subring, then S itself(or an ideal ofS) 
can be regard as an (S, T) bimodule (or as a (T, S) bimodu le). 

2) IrB is a right module over a ring T and S is a subring ofEndT(B) 
(EndT (B) = If: B~B is homomorph ism and B is abe lian group)).Then B is 
an (S , T)-bi module. If I c J is ideals in a ring S, then J/ I are an (S, S) 

bimodule. Let SBT be bimodule and write (~ n for the abelian group 

SEIlBEIlT where (s, b, t) E SEIlBEIlT wrillen as formal 2x2 matrices(~ ~) . 
B must be closed under addit ion, left multiplication by elements 
ofS and right multiplication by elements ofT. 

R=(~ ~) =((~ ~)I SES,bEB,tET}isari ngi e 
i) (R, +) is abe lian group 
ii) R is closed, associative and distributive under (he operation 
multiplication. 

:.(R, +, .) is a ring. Similarly G ~) is a ring for the abelian group TEIl BEIlS 

Depanrnellt of Mathematics AAU 20 Advisor Dr. Dcrh:mu Bckc lc 



NON COMMUTATI VE NOETHERIAN RINGS 
Tilllhun M. 

where (t, b, s)eTEllBEllS be written as a forma l 2x2 matrices (' 0). 
(1' 0) ((t 0) b S 

R' = B 5 = b s It e T,b e B,s e Sj(R', +, .) isa ring(lowertr iangli lar 
mat rices ring). 

E'''mplc: Show that R'= (1' 0) ~ (5 8) = R 
B 5 01" 

Proof: define the map f: R~R' by f(A) = A' where A e R, A',e R', I)fi s well 
defined I.e. a, = a, => f(a, ) = f(a,) for a ll a" a, E R, 2) fi s homomorphism 
i.e. f(a + b) = f(a) + f(b) & f(ab) = f(a) feb) Va,b E R & 
3) Va ER' 3 b E R>f(b) = a => fi sepimorphi sm 

:. It/kerf '" R' by FTH (Homomorph ism Theorem: iff: R~R' is a ring 

homomorphism then Rlkerf'" R' ) => ~ R' since kerf = (0 0). 
, 0 0 

The symbol (~ ~) wi ll form a ring under matrix addit ion and multiplication 

provided only that B is si multaneously a left S-module and a ri ght T-module 
satisfying an associative law connecting its left and right module structures. 

Clearly the set (g ~) of matrices of the form (: ~) is an ideal of(~ ~). 

Definition 2,2,3 A forma l triangular matrix ring is any of the form (~ ~) 

or (~ ~) where S and T are rings and B an (S, T)-bi module. 

IfS and Tare subring ofU, and B is (S, T) Submodlile ofU, and 

the forma l triangular matri x ring (~ ~) is isomorphic to the subring of 

M,(U) consisting of all matrices of the form(~ ~) with s e S, be B, t e T. 

Proposition 2,8. Let R= (~ ~) be a forma l triangular matrix ring. Then 

R is a right noetherian ifand on ly ifS and Tare right noetherian and BT 
is fin itely generated (fg). Similarly R is a left Noetherian ifS and Tare 
le ft noethe ri an and sB is f.g. 

Proof: Assume first that Sand T are right noetherian and B-r f.g. As S & T 
are right noetherian, by corollary 2.3 SxT is right noetherian => SEllOEllT is 

right noetherian. This implies that the diagonal subring (~ ~) is isomorph ic 

to SxT (i.e. SEllOEllT for fin ite case) and let the elements b, , . .. ,bn generate 

B as a right T -module ,then the matrices (~ ~).(: ~' ).(: ~) , (: ~ ) 
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generate R as a right (; ~) module consequently corollary 2.5 Shows R is 

a right Noetherian. Conversely, assume R is a right Noethe rian. The 

projection maps f:(~ ~) -+ sand g: G ~)~ t are surjective ring 

homomorphism of R on to S and of R on to T, Since the map is ring 
homomorphism Riker f ;; Sand RI ke rg;; T (by homomorphism theorem) 

:. Sand T are right noetherian. We see that (g g) is a right ideal of R 

and must have a fin ite list of generators(~ :1). (~ :2), "" (~ bon) 
fro m wh ich we conclude that the elements bl , .. . , b" generate BT. 

Exa mple: The ring R = (~ ~) is a right noetherian but not left noetherian. 

Since zQ is not Noetherian. 

Sol ution: Z and Q arc noetherian. Q is f.g over Q. 
: . R is right Noetherian. 
Z and Q are Noetherian but zQ is not f.g. 
:. R is not left Noetherian. 
To show it clearly, for non negative integer k consider the set 

A,= i(~ m~Zk ) ImEzj.Then A, is a left idea l ofR ( I. A,,, 121, 2.AI' 

A, e A,~ AI -A,eAk 3. rA l e A,,'1re R,A l e AK :. Ak is a left idea l of R) 

(
0 l /Zk+I ) further AK< A K+I as m/Z' = 2m/Zk+1 and 0 0 ~ Ak.Thus we get a non 

terminati ng strictly ascending chain Ao < AI < A, < AJ < ... of left ideals of 
R. This shows that R is not left noetherian . 
To prove that R is right noetherian it is suffi cient to establ ish that each non 
zero right ideal of R is fin itely generated. Let A be a non zero right ideal of 

R. let X = (nE Z Ie;) E A for some X,Y EQ}. It is clear that X is an ideal in 

Z. Hence X = (no) for some no eZ, because Z is a principal ideal ring. If A 

is a non tri ~ia l ideal in R=(~ ~) then A is one of the following: 

i) A = ( n; :) R = (n~z ~)<no a non zero fixed element of Z) 

ii) A = (~ ~) R =( n~z ~) 
ii i) A= (~ ~)R = i (~ ~~) I y eQ) 

(p, yare fi xed elements of Q). 
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. I - (0 Q) (0 0) . In partlcu ar. A- 0 0 or 0 Q accordlOg to whether y = 0. p = 0. 

iv) A = (~ g). The first three are principal ideals. the last is not principal 

but can be generated by two elements. Thus every right ideal A of R is f. g 
.. . R is right noetherian. 

2.3. The Hilbert Basis Theorem 

A large class of examples of Noetherian rings (particu larly commutative 
ones) is revealed by this famous theorem. 

Theorem 2.9 [Hilbert Basis Theorem]: Let S = R[x) be a polynomial ring in 
one indeterm inate. If the coefficient ring R is right (left) noetherian. then so 
is S. (let R be a commutative noetherian ring. then the polynomial ring R[x] 
is also noetherian) 

Proof: The two cases are symmetric .let R be a right noetherian and 
S = R[x). Wts: any right ideal I ofS is finitely generated. Let 1,,0. 

Step 1. Let J be the set of leading coefficients of elements of I together with 
o i.e J={rERlrx d + r d-I x d-I + ....... +roE I for some r d_ I, ....... ,roE R} 
Claim : J is a right ideal ofR. I) J ,,0 2) JcR 3) Let r. r' EJ are leading 
coe ffic ients of elements s. s· E I with degree d. d' respectively. replac ing s by 
s X d' and S' by S' xd and assume sand S' have same degree 
=> r x d+d'_ r' x d +d' = (r -r') Xd+d' E I => r - r' EJ. 

4) t EJ. aER ~ raER and rax'+ ... EI 

~ raEJ 
... J is a right ideal ofR. 

Step2. Since R is right noetherian J is finitely generated. Let r, •.. .,r. be a 
finite li st of generators for J; assume they are all non zero. Each [ i occurs as 
the leading coe fficient of a polynomial. p, E I of some degree n,. Set n = max 
{n , . ... ,ndand repl ace each p, by p,x'·". Thus wlog assume degree ofp, IS n. 
Step3. Set N= R+ Rx+ ... +Rx'· I=R+ x R+ ... +X'· 'R. the set of elements ofS 
with degree < n. This is not ideal of S; but it is a left and right R-submodule 
viewed as a right R-module. N is f.g and so is noetherian by coro llary 2.4 
(since R is noetherian and all f.g right R-modules are noetherian).Now In N 
is a right R-submodule of N. consequently it must be f. g. Let q" . . .... q, be a 

finite list of right R modu le generators for In N. 
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Step4. claim: p" · ···,p,,q, ·· ··· ,ql generate I. lodenote the right ideal ofS 
generated by these polynomials ,then 10 c I and if remains to show that any 
polynomials pE I lies in 10 (i .e. 10 is max imal ) .I f p has degree < n, since in 
that case p Eln N and p=q, a,+ ..... ql al for some ajE R. 

StepS . Suppose that pEl has degree m > n and that 10 contains all elements of 
I with degree less than m, let r be leading coefficient of p .then rEJ, and so 
r=rlal + ... . ·· +r k ak for some ai ER. Set q = (Plal+ ... + Pk ak)x nl

•
n
, an element 

of 10 with degree m and lead ing coefficient r. Now p-q is an element of I 
with degree less than m. By induction hypothesis p- qElo, and thus pElo. 
Therefore 1=10 and we are done. 

Note. Any polynomial ring R[x" ... ,x oj in a finite numberofin determinates 
over a right (left) noetherian ring R is right (left) noetherian . Since we may 
view R[XI ,' .. ,x n] as a polynomial ring in the single indeterminate Xu, with 
coefficients from the ring R[x, ... xo.d . Because R[xl. ... , x oj = R'(xoJ 
where R'= R[x" .... ,xo.d it clearly suffices to prove for the n = 1. 

Example: Consider Q[xJ, as Q is noetherian, Q[xJ is also notherian 

Corollary 2.10: let R be algebra over a field K. If R is commutative and 
fini tely generated as a k-algebra, then R is noetherian. 

Proof: Let x" X z ... , xn generated R as a k-algebra and let S = k[Y,,···YnJ 
be a polynom ial ring over k in n independent indeterminate. Since R is 
commutati ve, there exists a k-algebra map~: S .... R such that ~(Yi) = Xi for 
each i and ~ is surjective because Xi generators R. Hence, R= S/ker~ is a 
noetherian ring and therefore R is noetherian . Note: Non commutati ve 
finitely generated algebras need not be noetherian. 

Example : let V be a countable in fin ite dimensional vector space over K 
with a basis {v, ,vz, .. . } .Define s, t EEnd ,(v) so that s( v;) = Vi +l for all i > I 
and t(v,) = 0, and let R be K-algebra ofEnd,(v) generated by sand t . 
show that R is neither right nor left noetherian. 
Proof: define e" ez , .. . in End,(v) so that e; (v;) for a ll i whi le ej(vj) = 0 for 

all i '" j and each e;ER. Then L, e,R and L,Rc, are not f.g 
, 

:. R is neither right nor left noetherian. 
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2.4. Skew polynomial rings twisted byautomorphisms 

Thi s section concerns polynomials over a ring R in a variable x wh ich 
is not assumed to commute wi th the elements ofR. Let R be a ring a 

an automorphi sm of R, and x an indeterminate. Let S be the set of all 
forma l expression ao+ atx + .. . + anxn where n is a non negative integer 
and then a i E R, L a,x ' , i E No. ai E Ras an infinite sum in which 

almost all of the coefficients ai is zero. We define addition operation in S 

as: La,x' + L b,x' = La, +b,)x' . We define x a = aCa) x and iterate that rule 
, 

to obtain Xi a = a ;(a)xi. This leads to define the following multiplication 
rule in S: 
( L a,x' )( L b,x' ) = L a,a ' (b, )x" i 

, , ;.j 

When two formal expressions define the same elements ofS, two elements 
ofS are same only if there coefficients are same i.e. L a,x' = L b,x' ifand 

only if a i= bi for all i. The elements I, X, x' , ... in S are linearly independent 
over R .Since every elements ofS is a linear combination of these powers S 
is thus a free left R-module with powers of x forming a basis. This leads to 
the following definition : 
Definition 2.4.1 Let R be a ring and a an automorphi sm of R. 
S = R[x ;a] to mean that 

a) S is a ring contain ing R as a subring; 
b) x is an element ofS 
c) S is a free left R-module with basis {I , x, x' ... } 
d) x T = aCT) x for all T ER. Whenever S = R[x;a],then S is a skew . 
polynomial ring over R. Thus, the expression S =R[x;a] can be used either 
to introduce a new ring S (constructed as above) or to say that a g iven rmg S 
and an element x satisfy conditions (a)-(d). 

Remark 2.4. 1.1 The element x in R[x; a] is just a ring element with certain 
special property not "indeterminate". The advantage of such definit ion is 
that to say some ring equals a skew polynomial ring S = R[x;a] rather than 
having to say that it is isomorphic to R[x; a). This is useful in the context of 

ordinary polynomial rings. 
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Proposition 2.4. 1.2 Let R be a ring, a is an automorphism of R, then 
S ~ R[x ; a] of skew polynomials over R is a ring. 

Proof: Let f ~ I a,x' , g ~ 2) x' and h ~ I e,x' for alia" bi, ci e R and 
, , , 

i ~ O, I, .... Then i) I a,x' +I b,x' ~ I (a,+b,)x' => ai+ bif R(since R isa 
, , , 

ring) 
:. I (a,+b,)x' e R[x; a] 

=> R[x; a ] is closed under addition. 
ii) [I a,x' + I b,x' ] + (I e,x' ) ~ D a, +b,)x'+ I e,x' 

I I I I I 

~ I «a, + b,) + e,)x' ~ I (a, + (b, +e,))x' since R is ring. 

~ I a,x' + I (b, +c,)x' ~ I a,x' +[Ib,x' + I e,x' ] 
I I I I I 

:. Associati ve law of addition holds in S ~ R[x; a ] 
iii) There exists O(x) e S, 'V fe S such that O(x) + f(x) ~ f(x) + O(x), O(x ) is 
the identity (zero polynomials of S under +. 
iv) 'V f(x) e S, 3 · f(x) e S 3 f(x) + (. f(x)) ~ O(x) ~ ·f(x) + f(x) 
· f(x) is the additi ve inverse of f(x) 
=> Every element of S has addi tive inverse 
v ) f(x)+ g(x) ~I a,x' + 2) ,x' ~ I (a, +b, )x ' ~ I (b,+a,)x' since Ris a ring 

, , , 
~ I b,x' + I a,x' ~ g(x) + f(x) 

, , 
: . (S, +) is an abelian group 

vi)\la " bj , Ck, we have [(I:oa,x' )( I ;.ob/ )][I::'e,/ ] 

~ rI: o<I :-o a,b,.,)x' ](I :-oe,x' j 

~ I :orLo(I : .. a,b,., ~,.Y 

~ I~.o ( I a,b,e, )x' 
IOJok ... 

~ ( I :oa,x' )[ I : .. (I ;.N.·')x· ) 

~ ( I:a,x' )[ I;.o b/ I : .. e,x' ) 

: . . is associative in S. 
Vii ) ,,- a x' )["- b x' + ,,- c,x' ) ~ ( I :oa,x' I 7 .. b,x' ) +( I : a,x' 

~/"O I L.... J-O J L..t-o I 
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= L( L o,a' (b,»)x' + L ( L a,a' (c, ))x· . Since 

L (I,a '(b,) , L a,a' (c, )eR,each 
,. t ." 

of the summand is in S. 

:. distri butive law holds in S. 
Hence S = R[x; a ] is a ring (by steps i, ii , iii , iv, v , vi & vii). Since a is 

a ring automorphism, we have a( l ) = I and so I serves as multiplicati ve 
identity element ofR[x;aJ. When R is identified set of elements ofS 
involving no positive powers ofx. it becomes a subring 
(i.e. a" bi E R => ai+ bi E R& ai- bi e R) ofS. Th is proof shows that, 
Given ring R& automorphismaof R, a skew polynomial ring S = R[x;a ] 
does exist. 

Example: Given fie ld C of complex number and a be an automorphism of 
complex conjugate. In C[ x; a ], a e C. Then for complex number i, we have 

C
' ) ' ( . ) (.) .(.) .(.) 2 ·2 2 2 La = La La = l al a = L -l a = -l a = a 

Dcfini tion2.4.3 (Universal mapping property): A pair (U,e) is called 
universal for a group G (with respect to abelian epimorphism images) if U is 
an abelian groupe: G--+U is an epimorphism and if given any abelian group 
A and homomorphism f: G--+A, then there is a unique homomorphi sm 

g: U--+A For Which f = ge. i.e. the diagram 

f 
G ' A 

~;: 
is commutati ve. We say that f can be "factored through" U. 

Proposition 2.4.3.1 If a universal pair (U,e) exists for a group G then U is 
unique (up to isomorphism). Proof: Let (U"e,) be an other universal pair for 

G. We have 
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G _ --«Ei,--+. U 

~ ~ 
U, 

Or E, = g,E and E = g,E,. Thus E,= g,g,E, and E = g,g,E. But then we have 

G 6 .u G c • U 

~ /u and ~ ;:,g, 
U U 

and by uniqueness in the definition of universal pair we see that g2gl= 1 u, 
the identity map on U. Similarly g,g, is the identity map on U, and so 
gl and g2 are inverse isomorphism. 

Lem ma 2.11 : Let R be a ring, a an automorphism of Rand S = R[x;aj . 
Suppose that we have a ring T, a ring homomorphism $: R--> T and an 
el ement YE T such that y $(r) = $ a(r) y for all rER. Then there is 
a unique ring homomorphism 1jI: S--> T such thatljl lR= $ and IV(X) = y. 

The diagram 

S =R[x; a] • T 

~/ 
R 

is commutative. 

Proof: Let a map 1jI: S--->T be given by the rule IjI( L:a,x' ) = L ¢(a,)y' 
, , 

L a,x' = L b,x' => L a,x' - L b,x' = 0 
, " 

=> L(a, - b,)x' = 0 
, 

=> ai- bi = 0 (since xi's are linearly independent). 
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=> ; ( a,- b,) = ; (0) 

=> ; (a,) - ; (b,) = 0 (because; is a ring homomorphism) 
=> ; (ail = ; (b;) 

Hence L ¢(a,)y' = L ¢(b,)y' 
, 

=> I"(La,x' ) = I"(L b,x' ) 
, , 

Hence I" is well defined. 

Let 1" ': S~T be an other map given by the ru le 1'" (La,x' ) = L ; (a,)y', 
, , 

then 1'" (L a,x') = L ¢(a,)y' =1" (L a,x' ) => I" = I" ' . Hence I" is un ique. 
, , , 

Defin e "': S~T such that y ; (r) = ; a (r)y and by induction 

y ' ~(r) = ~a'(r) y' for all i E Z+ and rER. 

Hence[!I'(L aix' ») ['" ( Lj bjx j)] = [L' ¢(a,)y' ) [LI ¢(bj )yl) 
=L .j ¢(a,)¢d(bj)y'+1= L'(L'+j=' ¢(a,)¢d(bj»y' 

="'[L, (L,+ j=' a,d (bj»x' ) 
= "' [(L' a,x' )(Lj bjx j) ) for all elements L, a/x' and Lj bj x j in S. 
Let us assume t, S E S, I" (s +t) = I" ( L a,x' + L V) = I" (L (a, + b,)x' ) 

, , 
= L ¢(a, +b,)y' = L (¢(a,) +¢(b,»y' (': ; is a homomorphism) 

, , 
= L ¢(a,)Y' +L¢(b,)y' = I"( La,x' ) + I"( L a,x' ) 

" , , 
= I"(s) + I"(t), where 

s = L:G,X' , t = La,x' . Therefore tV is a ring homomorphi sm as required. 
, , 

Hence \11 is a unique ring homomorphism. 

Co rolla ry 2.12 : Let R be a ring and a be an automorphism ofR. Suppose 
that S = R[x; a) and S'= R[x '; a).Then there is a unique ring isomorphi sm "': 

S~S' such that ",(x) = x' and ",IR is identity on R. 

Proof: Fi rst apply lemma 2.11 with $: R~S' being the inclusion map; we 
obtain a unique ring homomorph ism",: S~S' such that ",(x) = x' and 
"'IR= $ (~ I R is the identity on R). By symmetry, lem ma 2.11 also provides 
a ring homomorphism",' : S'~S such that ",(x') = x and ",' IR is the ident ity 

on R. Now",'",: S' ~S is a ring homomorphi sm such that (",'",) (x) = x and 
(""'I') IR is identity on R. Hence, the uniqueness part of lemma 2. 11 (where 
now T = Sand y = x) implies that ",'", equals the identity maps. Similarly, 
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1jI1jI' equals the identity maps on S'. Therefore IjI and 1jI' are mutually 
inverse isomorphism. 

Example: Let R = K[y] is an ordinary polynomial ring over a field K. 
Gi ven a non- zero qEK. We define a k-algebra automorphism a on R such 
that aCyl = q(y) (In function notation,a(p(y)) = p(q y) for p(Y) EK[y]).Now 
let S= R[X;a]. Then x y = aCyl x = q y x, the basic "computational rule 
" in S. Since the polynomials in Rare k-linear combination ofy, elements of 

S can be written in the form L A"y'x' for scalars Aij (all but finitely many 
'., 

of whi ch are zero), multiplication in S follows the ru le 
(L li'l y 'xl )(LP,,,Y'x')= L A,.j Jl •. ,q l'y"SXI H 

'.j.'.1 
_" (" , . . j,) I m 
- L.. /,m L.. i+S: I,j+t:m/l,lJpstq y X . 

Definition2.12.1 Let K be a field and qEKX (multiflicative group of non 
zero elements) . The quantized coordinate ring of k (corresponding to the 
choi ce of q) is a k-algebra, denoted by Qq(k'), r.resented by Two generators 
x, y and the relations x y = q x y. In short Qq(k ) = k(x,y/ xy = qxy) in 
algebraic geometry, K' is the affine pane over k. Hence Qq(k') is also known 
as a coordinate ring ofa quantum Plane (over k) 

Examples: a)The polynomial ring K[x] is generated as a K-algebra by x and 
o and certainly x 0 = qOx. 

b) The basic field k itselfis generated as a k-algebra by l and 0, and 
IO=qO I 

c) Ifk(x,y) is a free algebra on two letters x and y (which satisfi es no 
relation at all) , by x y - q y x, we are declaring that 
Qq(k' ) = k (x,y) I (xy - qyx), 
-The elements x and y in the definition Qq(k' ) are the cosets of x and y. 
It follows from th is description that Qq(k') sati sfies a uni versal mapping 
property and therefore uniquely determined up to isomorphism of k-algebra. 

- Qq(k')~S~Qq(k') is a skew polynomial ring. 

Proposition 2,\3 : Let K be a field and qEk' , Then Qq(k') = k[y] [x :a], 
where k[y] is a polynomial ring and a is a k-algebra automorphism ofk[y] 
such that aryl = q y, Qq (k' ) = k [x] [y;P], where P is a k-alge~ra 
automorphism of the polynomial ring k[x] such that P(x) = q x. 
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Definition 2. 13. 1 let k be a field. A mult iplicatively anti symmetric matrix 
over k is an nxn matrix q = (qij) with entries qij E k' such that qii = I for ; and 
'Iii = qij for all i, j . Gi ven such a matrix, the corresponding multiparameter 
quantized coordinate ring of affi ne n-space, or a multiparameter quantum n­
space is the k-algebra Qq(k' ) presented by generators x" ... x, and relations 
Xi x j= qij Xj Xi for all i, j . In short, we write, Qq(k' ) =k (x , , ... , xn I XiXj = 
qijxjxJor 1 < ;,j < n). As a special case, fi x qEk' and q be a unique 
multiplicative anti symmetric nxn matrix with qij = q for all i < j . We use the 
subscript q in place of q. thus, Qq (k') is the k-algebra with generators 
XI ," 'X, and relations Xi Xj= q Xj Xi for all k j. It is called single parameter 
quantum n-space. 

2.5. Skew La urent Rings 

Definition 2.5.1 Let R be a ring and a an automorphism of R. We write 
T = R [X±I ;a) to mean that 

a) T is a ring containing R as a subring; 
b) X is an inverti ble element ofT 
c) T is a free left R-module wi th basis(l,x,x- I ,x',x-' ... ) 
d) x r = a( r)x for all r E R. When T =R[xil ;a), we say that T is a skew 
Laurent ri ng over R, or a skew Laurent extension of R. 

Examples: let a an automorphism of a ring R. 
a) The skew Laurent ring T = R [xi l,a) exists 
Sol. i) Let f = L ia aixi , g = L ia bixi, h = L i'Z Cixi ET, then we can easily 
veri fy that (T, +) is abelian group. 

ii) To show associativity: [(L ia aixi)L jEZ bjx
j
)) [( L kEZ CkXk) 

=L i,j,k ai a i (bj )ai+ j+k (Ck)X i+ j+k =[(L iEZ aixi))[L ja bjx
j
) ( L kEZ CkXk J. 

iii) Obviously distributive law holds, .. 
:. T is a ri ng. a( I ) = I since a is an automorphism. Therefore given a ring R 
and an automorphism a skew Laurent ring T ex ists. 
b) 1fT = R [x±l;a) and S = L;':,o RxicT, then S is a subring ofT and that 
S = R [x;a). 
proof: i) OE S, ii) L ;':,o(ai + bi)Xi ES, since ai+bi ER 
iii) (L;':,o ai Xi)(L j=o bjx j) = LW=O aiai(bj)xl+l E S. 

. . - I . t orph'lsm of R'P and that - let a automorphlsms of a rmg R. a IS an au om 
R[x; aj'P =ROP [x;a - I) . 
- Skew Laurent ring satisfy uni versal mapping property and are unique up 
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to isomorphism (refer the proposition under universal mapping propeny & 
lemma 2.1 I) 

Example: Let K be a field and let H be the Heisenberg group, which is 
presented by three generators x, y, z & the relations x yx- I y- I = z, 
X z = z x,yz=zy, z is central. Elements of H can be uniquely written as 

products zi y ixm for integers i,j , m, and so these products form a basis for 
the group algebra k[x).since y and z commute, the subalgebra ofk[x] 
generate by yi' and z±' is an ordinary Laurent polynomial ring k [yi l,z i l] 
since xy[I=Z y and xz x-1= Z we have x k [y±l,zil]X- I=k [y±I,Z±I]. In fact 
conjugating elements ofk[y±l,z±'] by x has the same effect as applying the 
k-algebra automorphism a such that a(y) = z y and a(z) = z that is 
x r =a(r) x for all rEk [y±l,zi '], since the products z'yixm form a basis for 
k[H] over k, the powers xm form a basis for k[H] as a free left module over 
k[yi l,z±l ]. Therefore we conclude that k[H] = k[y±,zi l][xil,a] a skew 
Laurent extension of Laurent polynomial ring. 
Definition 2. 5.2 let k be a field and qEP. The quantized coordinate ring of 
(P )' (correspond ing to the choice ofq) is a k-algebra Qq(K') ' presented by 
generators x , x' ,y.y' and xx' =x'x = yy' = y'y = l , xy=qyx. 
In brief we may say that Q,(P)' is presented by ~enerators X±I and y±1 . 
satisfying x y = q y x. In algebraic geometry (k') is known as an algebraic 
torus (of rank 2),and hence Qq(k')' pick up nick name quantum torus. 

Example: For k a field and qEkX, we have Qq(k ' )' = k[y±'][x±' ; a] , where 
k[y i l] is an ordinary Laurent polynomial ring and a is the k-algebra 
automorphism ofk[y±l] such that aCy) = qy.Jn panicular, the subalgebra 
ofQq(k' )' generated by x and y coincides with Qq(k'). 

Definition2.5.3 Let k be a field and q = (q lj) a multiplicatively 
antisymmetric 
nxn matrix over k. The corresponding multi-parameter quantum torus is the 

k-algebra Qq«k' )") presented by generators x,"'x," , .. .x." and XI Xj = qlj Xj XI 

for all i, j . The single parameter version Qq «k' ) ") for k' is the special case 

when qlj = q for i<j. 
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2.6. A Skew Hilbert Basis Theorem 

We deri ve a vers ion of the Hilbert basis theorem for the skew polynomial 
rings discussed above, an analogous result will follow as corollary. 

Theorem 2.14: Let a be an automorphisms ofa ring Rand S = R[x;a] . lfR 
is right (left ) noetherian, then so is S. 

Proof: case I. Let us first assume that R is a right noetherian and any non 
zero ideal I of S is finitely generated. 
Step 1. Let J be the set of leading coefficients of elements of I, together with 
zero; J = {r ER I rxd+r d_IXd- 1+"-h oEI for some r d_l,··roER} .J is an additive 
subgroup ofR. Now consider elements rEJ and aER; since J is the subgroup 
ofR (i .e. a, b EJ ~ ab- 1 EJ).wtS: r aE J. There is some skew polynomial of 
the form p = r xd + [lower terms] in I. paE I and by replacing a by a-deal we 
have pa-d(a) E I and po-deal = r axd+[lower terms] hence r aEJ. This shows 
that J is a right ideal of R. 
Step2. Since R is right noetherian, J is finitely generated, say rl. r, .... ,r' is a 
finite li st of non zero generators for J. There exists p" ... ,p, EI such that p; 
has lead ing coefficients r; and some degree n;. Set n = max (n, ... ,n.} ,and 
note that p;x"- "; is an element of I with leading coefficients r; but with 
degree n, Thus, there is no loss of generali ty in assuming that all the p; have 
same degree n, that is, Pi = riXn + [lower terms] 
Step3. Set N= R + Rx + ... + Rx"- l, the set of elements of S with degree less 
than n. Observe that N = R + xR + ... + X" - l R, since bo +b,x + ... + b ".,X"- 1 

= bo+ x«- 1(b 1) + .. . +«l - n(b not) , CO+XC t+ ... + xn- 1c n-t = Co+ a(Ct)x + ... + 
OH (C "_, )X"- l for all bj , cjER. Consequently, N is a right 
(as well a left) R sub module of S. Viewed as a right R-module, N is 
finitel y generated, and so it is noetherian by corollary 2.4.Hence its 
submodule I n N is finitely generated R-module; say q" . .. ,q, generate 
In N. 
Step4. Let 10 be a right ideal ofS generated by p" ... ,p .. qh·· ·,q,· Then 
loc i, and we claim that they are equal. IfpE I with degree less than n, 
then p El n N and p = q,a, + ... +q, at for some a;E R, hence p Elo. 
StepS . Now consider some pE I with degree m '" n, and suppose. that all 
elements of I with degree less than m lies in 10. Let r be the leadmg 
coeffic ients of p; thus p = rxm+ [lower terms]. Since pE I, its ieadmg 
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coefficient r is in J, and so r = rial + ... + rk 3k for some 3iER. To construct an 
element of 10 which also has degree m and leading coefficient r, we apply 
negative powers of a to the a,( same in stepl ).more precisely, p,a-"(a,) = r, 
a,x"+[lower terms] for alii, consequently, if 
q = (p,a- "(a,)+ ... +Pk a -"(ak»xm-",then qe I, and q = rxm+[lower terms]. 
Now p-q is an element of I with degree less than m. By induction 
hypothesis, p- qelo, and thus pe lo. This induction has shown as 1=10, 
so that I is finitely generated. Therefore S is a right noetherian. 
Case II : assume that R is a left noetherian and let I be a non- zero ideal 
of S. Wis. I is f.g to prove the second case, we use the fact that a is an 
automorphi sms of R => a -I is an automorphisms of ROP and 
R[x: a]'P=R'P[x;a- '] with thi s change analogous ofstepsl -5 carried out. 
So I is f.g and therefore S is a left noetherian. 

Immediate consequence of theorem 2.14 are that the quantum pl anes Qq(k2) 

are noetherian and (by induction) the quantum n-spaces 
Qq(k") are noetherian. 

Corolla ry 2.15. Let a be an automorphism of a ring Rand T =R [x" ;a]. 
IfR is right (left) noetherian, then so is T. 

Proof: Let S = R[x;a] and S is a subring ofT. we proceed by relating the 
right ideals ofT to those ofS as fo llows, 
Claim: If I is a right ideal ofT, then I n S is a right idea l of Sand 1= (I n S) 
T. 
It is clear that I n S is a right ideals of S and that (I n S) I since (I n S) 
TclTc ln Tcl. Jfpe l, then p = am xm+a m+ IXm+ 1 + ... +anxll some integers 
M ::; n and coefficients a,eR. p e (In S)T, and the claim is proved. Now 
suppose that R is right noetherian, and let I,c I,c ... be an ascending chain 
of right ideals ofT. Then l ,n S c l,nS c ... is an ascending chain of right 
ideals of S. since S is right noetherian by theorem 2.14, there is an index n 
such that Imn S = l"n S for all m ~ n. Thus 1m = (ImnS) T = (l"nS) T = I" for 
allm ~ n, which establishes the ACC for right ideal ofT. Therefore T is 
ri ght noetherian . From this corollary we immediately obtain that all 
quantum tori Qq «k') ") are noetherian. 

Theorem 2.16 [Hall] : Ifk is a fi eld and G a poly-cyc lic by finite group, then 
the group algebra k[G] is a noetherian ring. 

Department of M31hcmalics AAU 34 Advisor Dr. l3erhanu I3ckclc 

-



• 

• 

NON COMMUTATIVE NOETHERIAN ruNGS Tilahun M. 

Proof: By assumption there exist subgroups Go = ( I )cGlc ... c G, c G ,+1= 
G such that each G i·I IS a normal subgroup of G i and G ;lG i.1 is infinite 
cyclic for i = I , .. . ,n while GIG, is finite. There is a corresponding ascending 
sequence of subalgebras [Go] = k c k[G I] c. .. C k[G,] c k[G], and we shall 
prove that each k[Gi] noetherian. This is clear for i = O. Now let I S iS n and 
assume that k[G i.l] is noetherian. Choose a coset G i. 1 x which generates the 
infinite cyclic group G ;lG i. l. Then G i is the disjoint union 
of the co sets G i.IX; for jEZ, and so the rule (g,j)-4gxj gives a bijection 
G i. IXZ-tG; Consequently, k [G i] = Ell Ell kgxi = EIl( Ell Kg),,' = 

}'I Z gEG,. , )IZ ,r .G,·1 

Ell K[G,.,]x' That is, k[G i] is a free left module over k[G i.l ] wi th basis {xj lj 
,.z 
EZl.Since G i.1 is a normal subgroup ofGi, we have 
x G i.IX· 1 = k [G i. d .AS a result, the rule a(r) = x r x' i defines an 

automorphism a of k[G i.l ]. By definition of a , we have x r =a (r) x for 
all rE K[G i.I], and thus k [G i] = k[G i.l] [xii; a] corollary 2.5 now shows 
that k [G i] is noetherian. Thus by induction, we conclude that k[G,] is 
noetherian. Now G is finite union of cosets G,Y\, ... ,G , Yh and so k[G] = 
, L K[G. ]y, that is k[G] is finitely generated as a left k[G,]·modu le. 

,_0 
Therefore k [G] is left noetherian by corollary 2.5, and by symmetry it is 

noetherian. 

2.7. Simplicity in skew Laurent Rings 

We conclude the chapter with a few considerations about (two sided ideals) 
in skew polynomials and skew Laurent rings. In theory of commutative ring, 
ideals are Ubiquitous (present every where being every where), but this is 
not longer true in the non-commutative theory because non-commutative 
noetheri an rings need not have very many ideals. In the extreme case, there 

may be no ideals other than the two obvious ones. 

Definition2.7.1 A simple ring is any non zero ring R such that the only 
ideals of R are 0 and R.(This terminology is only supposed to suggest that 
ideal theory of R is simple, not that the structure of R is necessarily Simple 
in any other aspect ). The only commutative simple rings are field s, but we 
shall soon fi nd non- commutative noetherian simple rings which are not 
division rings .The example most immediately accessible to us at thi s point 

are skew Laurent rings of the following type: 
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Let T = K [Xii; a] where K is a field and a is an automorphism ofK with 
infinite order (i.e. no non zero powers of a is identity). T is a simple ring. 
proof: Let I be a non zero ideal ofT, and pick a non zero pE I n k[x; a] of 
minimal degree, say degree n. The constant term of p is non zero (for other 
wise p would be replaced by px- I 

). Observe that for any r E K, the 
difference pr- a"(r) p is an element ofl n K[x; a] with degree at most n-I, 
and so pr - an ( r) p = 0 compare the constant terms and conclude that 
a" (r) = r for all r E K. consequently, n = 0, hence p is a scalar, and therefore 

I = T. 

Definition 2.7.2 let a be an automorphism ofa ring R. An a-ideal ofR is 
any ideal of I of R that is stable under a i.e. a (I) = 1. The ring R is said to be 
a-simple prov ided R is non zero and its only a- ideals are 0 and R. 

A Skew polynomial ring S = R[x; a 1 has no chance to be simple, si nce 
Sx is always a non trivial ideal ofS (as are Sx', SXl, .. . ).Ifa skew Laurent 
ring T = R[ x" , a 1 is to be simple, R needs to be a -simple and no positive 
power (equivalently no non zero power) of a can be inner(some positive 
powers of a is an inner automorphism of R; say there is a unit U E R 3 

a " (r) = u r u-1 fo r all r e R). These are on ly conditions that need to be 

satisfied. 
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