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Abstract

Spin glass system is a complex disordered system with a number of local minima

separated by entropic barriers. Therefore, Parallel tempering Monte Carlo simula-

tion was used in order to get fast thermalisation (to minimize the relaxation time).

Distance dependent interaction coupling in 2D is studied in order to show how a

spin glass phase transition occurs when couplings between far away spins are per-

mitted by considering Edwards-Anderson Ising spin glass model. The interaction

coupling is a quenched random variable whose probability of being non-zero decays

with distance between two spin sites rij = |i− j|mod(L/2). The interaction coupling

is random and its probability distribution is decaying with the distance between the

spins (p(Jij) ∝ r−ρ). The model is studied by changing ρ among three different

regimes (ρ > 2D, 4/3D < ρ < 2D, ρ < 4/3D) . A phase transition temperature for

ρ = 2, 3, 4 is obtained.

In the present work, the possibility of existence of spin glass phase using classi-

cal Heisenberg model with Edwards-Anderson type of interactions has been explored

employing Monte Carlo simulation of Binder parameter (g (L, T)). Previous experi-

mental studies show that there is finite temperature phase transition but this study

indicates that there is no finite temperature phase transition in 3D Heisenberg vector

spin glass model.

In the dissertation we also explore magnetic properties especially spin glass state,

antiferromagnetic state and paramagnetic state of diluted magnetic semiconductors

(A1−xMnxA
′(A = Zn, Cd and A′ = S, Te, Se)) at critical region using classical

Heisenberg spin model with high temperature series expansion extrapolated with

vii



padé approximants. The critical exponents associated with magnetic susceptibility

(γ ' 1.38± 0.1) and correlation function (ν ' 0.8± o.1) were also obtained.
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General Introduction

The biggest challenge in recent days in statistical physics is the study of random

system. Therefore systems with quenched disorder like spin glasses have attracted

much attention during the past three decades. In order to study such systems people

use different computational techniques. One of these techniques is the Monte Carlo

method which is a powerful class of algorithms that is not only used in physics but

also in other fields like Engineering, Chemistry, Biology, Material science, Finance

and Statistics. In some fields such as in condensed matter physics, many problems

are characterized by conflicting forces on a microscopic level, for bidding simultaneous

minimization. This effect is commonly known as frustration and usually makes sys-

tems very hard to simulate using traditional Monte Carlo methods. Recently, many

numerical methods have been developed in order to improve the efficiency of Monte

Carlo simulations in systems with slow dynamics like spin glasses even if the prob-

lem has not been solved completely. Nowadays the standard method to study such

systems at equilibrium is parallel tempering, also known as replica exchange Monte

Carlo [1, 2]. Monte Carlo simulation techniques like parallel tempering are often used

to evaluate low temperature properties and find ground states of disordered systems.

Systems like spin glasses at low temperature have a lot of local energy minima in the

phase space and these minima are separated by free energy barriers[3, 4, 5, 6]. If we
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want to properly thermalize the system, all the phase space has to be visited. But in

this case the time needed by the system to escape from local minima increases with

lowering the temperature . One possible way to avoid such a problem is simulating

the system by using parallel tempering method. To each of replica we attribute a

different temperature , in such away to span a range including high and low temper-

ature values. In this dissertation we use parallel tempering Monte Carlo simulation,

in order to study the spin glass transition in 2D Ising spin glass with power low

decaying interactions. In addition to that, we use ordinary Monte Carlo simulation

to identify spin glass state at 3D vector (Heisnberg) spin model. Finally, we give

theoretical analysis for the magnetic properties (magnetic susceptibility, correlation

function and magnetic specific heat) of diluted magnetic semiconductors at critical

region by taking in to consideration of high temperature series expansion approach

followed by Padé approximants.

This dissertation is organized as : (I)Literature Review;(II)Parallel tempering

Monte Carlo simulation of 2D Ising spin glass with distance dependent interactions

; (III) Monte Carlo simulation of spin glasses using vector spin (Heisenberg) model

in 3D; (IV) spin glass state in II-VI diluted magnetic semiconductors at the critical

region using high temperature series expansion extrapolated with Padé approximants;

(V) Summery; and Future plan.
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Chapter 1

Literature Review

In this chapter we will give brief explanation about the materials and the method-

ology that we use in this dissertation. In section(1.1) a brief discussion about semi

magnetic semiconductors and their advantages; in section(1.2) about Ising model and

its exact solution according to L. Onsager and in section (1.3) we will see about the

methodology that we use i.e. about the algorithms of Monte Carlo simulation and

exchange Monte Carlo simulation.

1.1 Diluted Magnetic Semiconductors

During the last few decades, the electronics industry has made a big progress , with

its basic unit, the integrated circuit(IC) chip bringing down to a large number of

day to day applications. This is because of the scientific community tried to conduct

researches in this regard. The transistor is the smallest electronic component of such

IC chip , which was fabricated in the late 1940s by scientists at Bell labs. Through

time, the metal oxide semiconductor field effect transistor (MOSFET) invented as

the most widely used transistor structure. In 1965 Gordon Moore, then at Fair
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child Semiconductor, proposed what has now come to be known as Moore’s law

[7]. The most important idea of the law was that the number of transistors built

on a wafer would double every two years, and that this scaling would be the key

improving performance and profitability in the micro electronic industry. However,

during scaling some problems appear such as the need for very thin gate oxide layers

, that could be leaky and need constant refreshing. This would lead to unacceptably

high power consumption, which could act as an impediment to further scaling down.

Thus, these new approaches have constantly been investigated in order to further

the miniaturization of micro electronics technology. One of such possibility is to

incorporate the role the spin of the charge carriers in addition to their charge in

devices. Semiconductors doped with magnetic impurities are being studied in a great

hope to develop spintronics the new kind of electronics that needs to be fully exploited,

in addition to the charge degree of freedom as in the usual electronics, also the spin of

the carriers[8].There are two very important advantages of doing this, the first being

the ability of magnetic materials to remember their spin state, without any refresh.

This could allow us to integrate logic and storage processes and potentially lead to

instant-on computers , where no boot up is required. The other advantage is that

relatively low energy is required to manipulate the orientation of spin of a carrier,

which could allow development of low power spintronic devices.

There are several classes of semiconducting materials that are characterized by the

random replacement of a fraction of the original atoms by magnetic atoms. The mate-

rials are usually known as diluted magnetic semiconductors (DMS) or semi-magnetic

semiconductors (SMSC).The first so-called diluted magnetic semiconductors (DMS)

were II-VI semiconductor alloys like Zn1−xMnxTe and Cd1−xMnxTe [9] originally
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studied in the 1980s. These materials are either spin glasses or have very low ferro-

magnetic (FM) critical temperatures Tc (∼ fewK) [10] and are, therefore, inadequate

for technological applications which would require FM order at room temperature.

At the beginning, the study of II-VI DMSs has attracted the interest of researchers

since their discovery because of the following important properties.

• Unique electronic properties: Because of the wide variety of both the semi-

conducting host materials and magnetic atoms provide materials which range from

wide gap to zero gap semiconductors, and lead to many different types of magnetic

interaction. The properties of these materials may depend on the concentration of

the magnetic impurities. For instance, the band gap Eg , of Hg1−xMnxTe can even

change from negative to positive and such property becomes favorable as far as de-

signing infrared devices is concerned. The dependence of Eg of Hg1−xMnxTe on x is

given in Fig. 1.1[11].

• Broad phase behavior: With basic ingredients such as different Mn concentra-

tion x and temperature T, each II-VI DMS presents a different (phase) property, but

their concentration (x)-T magnetic phase diagrams are very similar. As shown below

in Fig. 1.2 is the magnetic phase diagram of Cd1−xMnxTe obtained from specific heat

and magnetic susceptibility measurements [13, 12]. The DMS materials can be con-

sidered as consisting of two interacting subsystems. The 1st one of these subsystem is

the system of delocalized conduction and valence band electrons/holes. The 2nd one

is the random,and diluted system of localized magnetic moments associated with the

magnetic atoms. These two subsystems interact with each other by the spin exchange

interaction. It is known that both the structure and the electronic properties of the

semiconducting host crystals are very helpful for the study of the basic mechanisms

9



Figure 1.1: Schematic representation of the band gap dependence of Hg1−kMnkTe on
Mn concentration k [11].

of the magnetic interactions coupling the spins of the band carriers and the local-

ized spins of magnetic ions. The coupling between the localized moments results in

the existence of different magnetic phases such as paramagnetism, spin glasses and

antiferromagnetism.

• Important magnetic phenomena: As explained above, if there is no spin exchange

integral between the band electrons and localized magnetic moments, DMS materials

are just the same as the ordinary semiconductors. But if there is the spin exchange

interaction, however, DMS materials present many important properties, such as

very big Lande g -factors, extremely large Zeeman splitting of the electronic bands,

giant Faraday rotation, and huge negative magnetoresistance. Therefore, to study the

properties of DMS, one has to first understand the spin exchange interaction between

10



Figure 1.2: Schematic representation of magnetic phase diagram of Cd1−xMnxTe. P,
A, and S stand for paramagnet, antiferromagnet and spin glass respectively [12].

the localized magnetic ions and band electrons.

Since the first discovery of DMS in II-VI semiconductor compounds [13], more

than two decades have passed. The present discovery of ferromagnetic DMS based on

III-V semiconductors In1−xMnxAs and Ga1−xMnxAs[14] has led to a surge of interest

in DMS for possible spintronics applications and this is because of relatively higher

temperature of the alloys Mn doped III-V semiconductors In1−xMnxAs [15, 16] and

Ga1−xMnxAs [18, 19], due to the development of molecular beam epitaxy (MBE)-

growth techniques. The current high Tc record of 173K achieved in Mn-doped GaAs

by using low temperature annealing techniques [20, 21, 22] is promising, but still too

low for actual applications. Studies showed that ferromagnetic phase in this material

exists because of the following facts:-
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1.Ruderman, Kittel, Kasuya and Yosida (RKKY)interaction

Indirect exchange interaction coupling between magnetic moments are relatively

at large distances. This coupling mechanism is the dominant exchange coupling

in metals where there is little or no direct overlap between neighboring magnetic

impurities. The case of this interaction coupling is believed to be an intermediary

which in metals are the conduction electrons (itinerant electrons) or holes. This

type of exchange couplig was first explained by Ruderman and Kittel [23] and later

extended by Kasuya [24] and Yosida [25] to give the theory now generally known as

the RKKY interaction. Ohno et al. explained the ferromagnetism in Ga1−xMnxAs

for Mn concentration x = 0.013 using the RKKY mechanism [16]. In the interaction

Hamiltonian,

H = −JRKKY
ij Si.Sj, (1.1.1)

the interaction coupling coefficient JRKKY
ij is assumed [17],

JRKKY
ij (r) = J0r

−4exp(−r

l
)[sin(2KF r)− 2KF rcos(2KF r)], (1.1.2)

where the Fermi wave number KF = 3

√
1
3
π2nc and KF is the radius of the conduction

electron/hole Fermi surface, r is the distance away from the origin where a local

moment is placed. The RKKY exchange integral coefficient, J , oscillates from positive

to negative as the distance between of the ions changes with the period determined

by the Fermi wave vector K−1
F and has the damped oscillatory nature shown in Fig.

1.3. Therefore, based up on the distance between a pair of ions, their magnetic

interaction coupling can be ferromagnetic or antiferromagnetic. A magnetic impurity

induces a spin polarization in the conduction electrons in its nearest neighbor. This

spin magnetic moment in the itinerant electrons is felt by the moments of other

magnetic impurity within range, leading to an indirect coupling.

12



Figure 1.3: Schematic representation of Variation of the RKKY coupling constant, J
, of a free electron gas in the neighborhood of a point magnetic moment at the origin
r = 0 [16].

2. Zeners model: This model is a continuous-medium limit of the RKKY model.

The model was for the first time investigated by C. Zener in 1950 [26] to explain

the parallel(ferromagnetic)spin coupling in transition metals. In the same way to

the RKKY model, it represents an exchange interaction between charge carriers and

localized spins. The Hamiltonian of Zeners model in a transition metal is [26]

Hs =
1

2
αS2

d − βSdSc +
1

2
γS2

c , (1.1.3)

where Sd and Sc are the mean magnetization of the d-shell electron and the con-

duction electron respectively, and α, β, and γ are the three coupling constants.

Much work has been produced investigating their electronic , magnetic, optical,

thermal, statistical and transport properties , in many journals, and even in many

13



prestigious magazines [27]. This interest not only comes from the DMS themselves as

good theoretical and experimental subjects , but also can be better understood from

a broader view from the relation of DMS research with spintronics [28]. Spintronics

(spin + electronics) means the study of the role played by electron (and nuclear) spin

in solid state physics, and materials (devices) that specifically include spin properties

in addition to or apart from the charge degrees of freedom. Spin relaxation and spin

transport in metals and semiconductors are of important research area not only for

being basic solid state physics issues, but also for the already demonstrated potential

these phenomena have in the present technological advancement. There is a famous

Moore’s Law in the conventional electronics industry, that it says the number of

transistors that fit on a computer chip will double every 18 months. Moore’s Law

may soon face some fundamental problems . Different researchers think that there

will eventually be a limit to how many transistors they can cram on a chip. But

even if Moore’s Law could continue to diminish the size of the chips, small electronic

devices are plagued by a big obstacle : energy loss, or dissipation, as signals pass from

one transistor to the next. Lining up all the tiny wires that connect the transistors in

a Pentium chip, and the total length would stretch almost in miles. A huge amount

of useful energy can be wasted as heat as electrons travel that distance. Spintronics,

that considers spin as the information carriers, unlike with conventional electronics,

consumes very less energy and these devices are capable of higher speed. The most

widely studied DMS in the early 1990s were II -VI compounds (like CdTe , ZnSe ,

CdSe , CdS, etc.), with the replacement of transition metal ions at the cation site

(e.g., Mn, Fe or Co). Other promising materials based on IV- VI (e.g., PbS, SnTe)

and most importantly, III-V (e.g., GaAs, InSb) crystals are under investigation. Most

14



commonly, Mn ions are used as magnetic dopants.

1.1.1 Advantages of Studying DMSs

Its obvious that, the possibility of using the spin and the charge of the electrons for

information processing will have numerous application in recent technology and it

is the basic theme of spintronics as mentioned above. The spintronics devices (for

instance the transistor of Datta and Das[29]) to work, polarized carriers have to be

injected into a semiconductor, for example using ferromagnetic contacts . However,

these devices have not been fabricated yet. Because of the conductance mismatch

between metals and semiconductors it is very difficult to inject net spin polarization

in these materials[30].

1.2 The Ising Model

The model was first suggested to Ising by his PhD thesis supervisor, Lenz. Then,

Ising solved the one dimensional model, and on the basis of the fact that the one

dimensional model had no phase transition, he concluded that there was no phase

transition in any dimension. But in 1944 the 2D Ising model(with no applied magnetic

field) was solved by L.Onsager. Nowadays, the model is widely studied and is the

best understood model of the whole field of statistical physics. The Ising model is

a model of ferromagnetism. It consists of a number of spins si that point either up

(si = +1)or down (si = −1) and are arranged on a regular lattice of dimension D.

Each of the spins only interacts with its 2D direct neighbors and the energy of the
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system is given by the Hamiltonian

E = −
∑
〈ij〉

sisj. (1.2.1)

Where the sum over 〈ij〉 denotes a sum over all neighboring pairs of spins. In this

thesis we used the above Hamiltonian and the following algorithm in order to check if

the Monte Carlo trial move is acceptable or not. That is, the spins then either flip or

not by calculating the energy difference between the considered spin and its 4 nearest

neighbors using the formula:

∆E = −2Jsij(sijl + sijr + siju + sijd), (1.2.2)

where jl, jr, ju, jd left, right,up, and down neighbor spins respectively. The spin then

directly flips if∆E ≤ 0. But if ∆E > 0, we have to generate a random number in

between 0 and 1. Then just by using Boltzmann factor exp(− ∆E
kBT

) we can decide

whether the spin is flipped or not. That means if that random number is less than

that of the probability distribution , then there is a spin flip, otherwise not. As we

mentioned at the beginning of this section, the model was thought not to exhibit phase

transitions in any dimension, but immediately the situation turned out that it shows

a broken symmetry phase for two or more dimensions[31]. In addition to its simplicity

it is therefore an interesting model for understanding the behavior in the vicinity of

critical points. The phase transition is between a high temperature phase where all

spins are pointing more or less in random directions and an ordered low temperature

phase where almost all spins of the lattice have the same alignment. When looking

at the equation above we can see that the model is symmetric to flipping all the spins

at the same time (s
′
i = −si). In the ordered phase the system can therefore be either

in a state where almost all spins are +1 or where almost all of them are -1.
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1.2.1 Exact solution of the two-dimensional (2D) Ising model

on finite squared lattices

Even if there are exact solutions of both the one-dimensional Ising model and the

two-dimensional Ising model in zero external magnetic field, but 2D case is the more

interesting of the two since it exhibits a second order phase transition. However for

more than 2D cases, exact solutions of the Ising model are still unknown. While these

solutions for the two-dimensional Ising model in zero external magnetic field,at first

proposed by L.Onsager, is valid only in the thermodynamic limit, exact calculations

on finite squared lattices are given by A. E. Ferdinand and M. E. Fisher[32]. According

to their studies, exact expressions of the internal energy per spin(Emn

mn
) and the specific

heat per spin( (cV )mn

kBmn
) can be defined by evaluating the canonical partition function

Zmn =
1

2
(2sinh(2K))

1
2
mn

4∑
i=1

Zi(K), K =
1

KBT
, (1.2.3)

for an (mn) squared lattice with periodic boundary conditions and coupling constants

Jx = J = Jy in zero external magnetic field. The partial partition functions Zi are

defined as follows:
Z1 =

∏n−1
r=0 2cosh(1

2
mγ2r+1),

Z2 =
∏n−1

r=0 2sinh(1
2
mγ2r+1),

Z3 =
∏n−1

r=0 2cosh(1
2
mγ2r),

Z4 =
∏n−1

r=0 2sinh(1
2
mγ2r).

(1.2.4)

The internal energy per spin is then given by

Emn

mn
= − J

mn

dlnZmn

dK
= −Jcoth(2K)− J

mn
[

4∑
i=1

Z ′
1][

4∑
i=1

Z1]
−1, (1.2.5)

while the specific heat per spin is

(cV )mn

kBmn
=

K2

mn

d2lnZmn

dK2
= −2K2csch2(2K) +

K2

mn
[

∑4
i=1 Z ′′

1∑4
i=1 Z ′

1

− (

∑4
i=1 Z ′

1∑4
i=1 Z1

)2], (1.2.6)
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where the primes denote differentiation with respect to K. Equations(1.2.5)and(1.2.6)enable

us to compare Monte Carlo estimates of the internal energy and the specific heat from

simulating the Ising model on finite squared lattices against exact calculations.

1.3 Monte Carlo Methods

Monte Carlo simulation is one of a computer simulation techniques that has been

broadly applied to discover properties of physical system. The main advantage of

such a technique is that it leads us to change physical parameters at will. Monte

Carlo methods are the computational techniques which solve a problem by generating

suitable random numbers and observing that fraction of the numbers obeying some

properties. The technique is useful for obtaining numerical solutions to problems

which are too complicated to solve analytically. It was named the Monte Carlo

method by S. Ulam after the Monte Carlo casino based on random number generation.

Monte Carlo methods are based on the idea of repeated random sampling of the search

space and the application of statistics to compute the searched value. The method

tend to be used when it is unfeasible or impossible to compute an exact result with

a deterministic algorithm. Monte Carlo algorithms are usually defined as a class of

algorithms that use random sampling to solve a problem. Although the first Monte

Carlo algorithm dates back to the middle of the nineteenth century, they only gained

their modern name and wide spread acceptance with the advent of electric computers

[33]. These days, Monte Carlo techniques are used in wide variety of fields including

Chemistry, Biology, Material Science, Finance, Statistics and, of course, Physics. In

general, as we mentioned above Monte Carlo simulation is a stochastic method to

compute any quantity of a system that has several degrees of freedom. For instance
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we can consider Ising ferromagnetic system with lattice size N and each lattice site is

occupied by a spin. The total number of spin configurations in the system is 2N and

the thermal average of any physical quantity Y, that can be magnetization, specific

heat etc .. can be defined as

〈Y 〉T =
2N∑
i=1

yipi, (1.3.1)

where yi is its value at state i and pi is the Gibbs probability at this state. The

probability pi, can be given by

pi =
exp(−βEi)

Z
; Z =

∑
i

exp(−βEi), (1.3.2)

where Ei is the energy of state i and Z is the partition function. Therefore, to calcu-

late this even for small lattice size takes huge computer memory and uses enormous

amount of computer time. In order to avoid such a complication, one can sample

the microstates randomly. But as the system could spend most of its time in the

corresponding microstates of the equilibrium state, so that the calculation of ther-

mal average using this random sampling method would give unreliable result as the

method might pick up states that are of less importance. To avoid this problem one

can use importance sampling technique which was firstly introduced by Metropolis.

The general idea of every Monte Carlo algorithm is to solve an integral by sampling

random points of the integral. To understand how a Monte Carlo algorithm works,

it is useful to remember that almost every problem in statistical mechanics can be

expressed as calculating the expectation value of a quantity B for a certain ensem-

ble.This value can be expressed as a sum (or for the continuous case an integral) of

the form:

〈B〉 =
∑
sεΩ

B(s)P (s) =
∑
sεΩ

B(s)
w(s)

Z
, (1.3.3)
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where Ω is the set of all possible states (also called configurations ) of the system,

w(s) is the relative probability that the system is in this particular states and Z =∑
sεΩ w(s) is the normalization constant for the probabilities.

1.3.1 The Metropolis Algorithm

If we have an observable B, then we can determine the expectation value of the

observable as

〈B〉 =

∑
r Br exp(−βEr)∑

r exp(−βEr)
, (1.3.4)

in this case Br is the value of B for the state r. We have a system that has a discrete

number of states[34] and by using a machine we can calculate the observable B for

each state and weigh these values by their Boltzmann factors to find the average.

This might be possible for a system with a small number of states, but if we have

large spin lattices, it is not possible to get a solution in this way. Therefore , we have

to use the Monte Carlo approach for such a case. Instead of sampling a lot of states

and then weighing them by their Boltzmann factors, it makes sense to choose states

based on their Boltzmann factors and then to weigh them equally. This is known as

the metropolis algorithm, which is an importance sampling technique. The algorithm

is described as :

(1) a trial configuration is made by flipping one spin.

(2) Calculate the energy difference of the trial state relative to the present state

i.e. ∆E = Enew − Eold . Where Enew is the energy after the trial move and Eold is

the energy before trial move.

(3) If the energy difference is less than or equal to zero, then the trial state is

energetically favorable and thus accepted. Otherwise , a random number[35, 36]
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between zero and one should be generated and the trial move is only accepted if the

probability distribution is greater than the random number generated. Let us now

define the transition probability as T (o → n) to go from configuration old to new.

We denote the number of points in any configuration old by k(o) and new by k(n). In

equilibrium, the average number of trial moves that result in the system leaving state

old (o) must be exactly equal to the number of accepted trial moves from all other

states new(n) to state old(o). In other words, in equilibrium the average number of

accepted moves from old state(o) to any other new state(n) is exactly canceled by the

number of reverse moves. This implies that the following condition:

k(o)T (o → n) = k(n)T (n → o), (1.3.5)

is called the detailed balance. Now, we denote the transition matrix[37] that deter-

mines the probability of proposing a trial move from old to new configuration by

q(o → n). Our next step is to check whether the trial move is accepted or rejected.

In order to check this situation let us assume that the probability of accepting a trial

move from old state to new state by a(o → n). Therefore, we can define the transition

probability in terms of transition matrix and acceptance probability, i.e.,

T (o → n) = q(o → n)a(o → n). (1.3.6)

The first Monte Carlo algorithm applied to physics was a Marcov chain Monte Carlo

algorithms called the Metropolis algorithm[38]. As its formulation is quite general,

many of the Monte Carlo algorithms used today can be seen as special cases of the

Metropolis algorithm. If the transition probability is symmetric , we can write the

following expression.

k(o)a(o → n) = k(n)a(n → o). (1.3.7)
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Then we have the following probability

a(o → n)

a(n → o)
=

k(n)

k(o)
= exp[−β[u(n)− u(o)]], (1.3.8)

but this probability cannot exceed one. Where u(n) is energy of the new state and

u(0) is the energy of the old state. Therefore we can use the following probability

just to decide whether a trial move is to be accepted or rejected:

a(o → n) = exp[−β[u(n)− u(o)]]. (1.3.9)

If∆u ≤ 0

a(o → n) = 1. (1.3.10)

If∆u > 0 then by generating a random number between zero and one we can decide

the trial move is accepted or not.

1.3.2 Parallel Tempering

The method of parallel tempering[39, 40, 41] is a Monte Carlo scheme[42, 43] that has

been derived to achieve good sampling of systems that have a free energy landscape

with many local minima. Just to implement a parallel tempering algorithm[44] one

needs to make M replicas[45] of the system(ensemble ) to be analyzed, each of which

characterized by different temperatures[46] T1 > T2... > TM . The main idea of this

method is to simulate independently the standard Monte Carlo for each copy, all of

them at different temperatures and to swap periodically the configurations of two

randomly chosen temperatures[47]. The purpose of this swap is to avoid that replicas

at low temperatures get stuck in local minima. Thus the highest temperature,T1 ,

is set in the high-temperature phase, where relaxation time is expected to be very
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short and there exists only one minimum in the free energy space. Systems with

sufficiently high temperature pass all the energy barriers in the system. The low

temperature systems , on the other hand, mainly probe the local energy minima. For

a given replica, the swap moves induce a random walk in temperature space. This

random walk allows the replica to overcome free energy barriers by wandering to

high temperatures where equilibration is rapid and return to low temperatures where

relaxation time can be long. By doing so, we can overcome the energy barrier and

increase the speed of relaxation to equilibrium in the the simulation if the temperature

difference is not too large. After a fixed number of Monte carlo sweeps, a sequence

of swap moves, (the exchange of two replicas at neighboring temperatures , Ti and

Ti+1) is suggested and accepted or rejected according to the metropolis algorithm,

i.e. with probability one for ∆β∆E ≤ 0 and with probability exp(−∆β∆E) for

∆β∆E > 0 which implies that:- The probability of exchanging two copies depends

on the intersection of energy distributions at the two temperatures. The parallel

tempering algorithms , indeed, guarantee that an exchange is proposed between two

configurations that can be in equilibrium configurations both Ti and Ti+1 ). This

condition is implemented in the algorithm

P (σi, Ei, Ti → σi+1, Ei+1, Ti+1) = Min[1, exp(−∆β∆E)], (1.3.11)

where ∆β = ( 1
Ti+1

− 1
Ti

) is the difference between the inverse temperatures by assuming

that kB = 1 and ∆E = Ei+1 − Ei is the difference in energy of the two replicas.
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Chapter 2

Theory of Spin Glasses

In this chapter we will concentrate on Monte Carlo simulation of 2D Ising spin glass

model. However, according to previous studies there is no spin glass phase for 2D

Ising spin model for the nearest neighbor interactions. Therefore,in order to show

spin glass state we will use power law decaying interactions.

2.1 Introduction

Canella and Mydosh discovered the Spin Glass phenomenon in 1972[48] while per-

forming standard systematic experimental measurements on dilute alloys of magnetic

elements in non-magnetic metal hosts. They made the remarkable and entirely un-

expected discovery that is characterized by a sharp cusp in the variation with tem-

perature of the low field linear ac susceptibility χ(T ) of dilute AuFe alloys[48]. The

presence of this cusp shows that there is a hidden but well defined phase transition in

this dilute alloy, although the magnetic moments are distributed at random and inter-

actions between spins are complex. Careful experimental work on a number of dilute

magnetic alloys have shown that the nonlinear susceptibility (with terms proportional

to H3, H5 etc.) diverges at the cusp temperature Tc, and that critical exponents can
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be defined and measured, confirming the existence of a bona fide phase transition of

an entirely new type. Numerous materials have now been shown to be spin glasses,

and their properties have been studied extensively. Unusual dynamic and memory

effects have attracted particular attention.

In 1975 the theoretical spin model was introduced by Edwards and Anderson

(EA)[49];in which magnetic moments are placed on all sites of a regular spin lattice but

the magnetic interactions between the nearest neighbor spins are chosen to be random,

with their signs are arbitrarily distributed. The EA spin glass order parameter is

defined as qSG = limt→∞ < si(0)si(t) > . Model spin glasses, mainly of the EA family,

have been the subject of thousands of theoretical and numerical studies. During the

last decades a lot of research has been conducted to get a clear insight about spin

glasses . This effort was interesting to better understand the spin glass phenomena

and other related complex systems in different fields. Spin glasses are materials

whose ground state at low temperature is a frozen disordered state instead of an

ordered one, as it is the case for ferromagnets , or a periodic one, as it is the case for

antiferromagnets. No long-range order is present in spin glasses. All these features

are the consequence of frustration. In this context frustration can be defined as the

conflict among different interactions which means not all of the interactions can be

mutually satisfied.

In spin glasses, frustration is believed to be a consequence of quenched disor-

der(the randomness in the interactions )which means that the interactions between

spins and /or their locations have constrained disorder. Due to this disorder in the

interactions, the spin glass phase is an example of spontaneous cooperative freezing
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of the random spin orientations[52, 51, 50]. Spin glasses are realized typically in al-

loys of a magnetic metal and a non magnetic metal, because the Ruderman- Kittel-

Kasuya-Yosida (RKKY) exchange interaction between the magnetic moments alter-

nate in sign as a function of the distance and some of the magnetic moment pairs

interact ferromagnetically so that some antiferromagnetically[53]. In particular, when

the interactions are ferromagnetic for some bonds and antiferromagnetic for others,

then the spin orientation cannot be uniform in space, unlike the ferromagnetic sys-

tem, even at low temperatures. Under such a circumstance it sometimes happens

that spins become randomly frozen in time. This is the intuitive picture of the spin

glass phase.

2.2 Phase transitions and critical exponents

Conventionally, we can categorize the phase transitions into those of first-order and

those of higher than first-order (second-order), also called continuous phase transitions[54,

55]. The 1st order phase transitions involve a latent heat, which means the system

absorbs or releases a fixed amount of energy. According to the Ehrenfest classifi-

cation of phase transitions, this causes a discontinuity in the first derivative of the

Gibbs free energy with respect to a thermodynamic variable. Continuous phase tran-

sitions involve no latent heat, but there is a discontinuity in higher than first-order

derivatives of the Gibbs free energy. Therefore, this leads to divergent susceptibilities

which in turn are related to effective long-range interactions between the systems

constituents. To understand the strength of these interactions, we introduce the so

called two-point spin correlation function γ(i, j) = 〈Si · Sj〉. Considering that the

lattice is isotropic, which should be valid for macroscopic systems, γ relays only on
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the distance r = |i−j|. Since the existence of an external field makes γ being different

from zero even if the spins Si and Sj do not interact, a more suitable measure for

correlations due to spin-spin interactions is the connected two-point spin correlation

function

γ(r) = 〈Si · Sj〉 − 〈Si〉〈Sj〉. (2.2.1)

The asymptotic form of γ(r) for large r, compared with intermolecular distances, is

given by a power law

γ(r) ∝ 1

rd−2+η
, (2.2.2)

r large and T = Tc, where η is a critical exponent, and d is the spatial dimensionality.

For T 6= Tc, γ(r) cannot be represented by a power law. In fact, for small values of

the reduced temperature t = (T−Tc)
Tc

it behaves as

γ(r) ∝ e
−r
ξ , (2.2.3)

r large and 0 < |t| � 1, with ξ being the correlation length. For T 6= Tc, fluctuations

of the system’s quantities are of all sizes up to ξ , but fluctuations that are significantly

larger are exceedingly rare. As T → Tc, ξ grows without limits. One finds that

ξ ∝ |t|−ν , (2.2.4)

T → Tc and h = 0, where ν is a further critical exponent. Actually, there are more

than two of these critical exponents, each defined by a power law, describing the

behavior of the critical system:

specific heat: cv ∝ |t−α|, T → Tc, h=0,

magnetic susceptibility: χ ∝ |t−γ|, T → Tc, h=0,

correlation function: γ(r) ∝ 1
rd−2+η , T = Tc, h=0.
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Knowing critical exponents of a simple-to-study system, it is their universality

that allows to give predictions to the behavior of systems of the same universality

class systems of the same dimensionality and with the same critical exponents without

being familiar with their exact microscopic details.

2.3 The Models

Arrangement of atoms in a crystal is periodic but the situation in spin glass is quite

different. Here in glasses the random locations of atoms never change into another

set of random locations. A state with spatial randomness apparently does not change

with time. The term spin glass implies that the spin orientation has a similarity to

this type of location of atom in glasses : spins are randomly frozen in spin glasses.

The goal of the theory of spin glasses is to clarify the conditions for the existence of

spin glass states. Nowadays , the study of spin glasses is an active and controversial

area of statistical physics. It is established within mean-field theory[57, 58] that the

spin glass phase exists at low temperatures when random interactions of certain types

exist between spins. Here we consider the Edwards-Anderson spin glass model[59],

which consists of a set of N Ising spins si = ±1. Its Hamiltonian is

H = −
∑
〈ij〉

Jijsisj. (2.3.1)

Where (〈ij〉) indicates a sum over nearest neighbors. The coupling constants or

bonds , Jijs are independent random variables drawn from a given distribution with

mean zero and variance one. Here the spin variables are considered to be of the Ising

type(si = ±1) and fluctuate thermodynamically. If all the exchange interactions were

positive, there would be ferromagnetic phase transition at a finite temperature, below
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which the system falls into one of the two global minima of the free energy, namely,

the ordered states. Frustration of the interactions drastically changes the situation.

Generally, spin glasses are random magnetic systems, with competing interactions .

Here, frustration in the context of spin glasses arises due to the competition between

ferromagnetic and antiferromagnetic quenched random interactions. Therefore, it is

not possible for the spins to energetically satisfy every bond associated with them

simultaneously. In the spin glass phase , frustration induce large energy barriers be-

tween states that are closely spaced in energy. This leads to very long relaxation

times and the occurrence of spontaneous cooperative freezing of the (random) spin

orientations. The random interactions generate many local minima in the free en-

ergy landscape, each of which may represent a seemingly random configuration of

the spins. However, the spins may be frozen into such a configuration at low tem-

peratures : this spin freezing is the essence of the spin glass order. Each interaction

coupling Jij is expected to be distributed independently according to the probability

distribution(P (Jij)). We can use the Gaussian or the bimodal as typical examples of

the distribution of P (Jij). The mathematical expressions of the two distributions are:

P (Jij) =
1√

2πJ2
exp(−(Jij − J0)

2

2J2
), (2.3.2)

P (Jij) = pδ(Jij − J) + (1− p)δ(Jij + J), (2.3.3)

respectively. From the above equations eq.(2.3.2) is a Gaussian distribution with

mean J0 and variance J2, while in the eq.(2.3.3) J is either J(> 0) (with probability

p) or -J(with probability 1-p)[56]. Depending up on the the specific problem the

nature of randomness in interaction coupling (Jij) has different types of origin. For

29



instance, in some spin glass materials, the positions of atoms carrying spins are ran-

domly distributed, hence the randomness is the consequence of these interactions[38].

Therefore, for such a kind of systems it is very difficult to identify the location of each

atom precisely. Then just to find the locations of the atom, we have to introduce the

probability distribution for Jij. Thus, J is supposed to be distributed randomly and

independently at each site(ij) according to the probabilities above. In this thesis we

will concentrate on a generalization of the Edwards- Anderson Ising spin glass model,

in which the bonds take only two values Jij = ±1, with equal probability and the

probability that two spins are linked by a bond depends on the distance between

the two spins . A theoretical measure of the spin-glass phase is called the overlap

order parameter[49]. To define it, we duplicate the random exchange interaction in

equation(2.3.1) and change the Hamiltonian to:-

H = −
∑

α,β=1,2

∑
〈ij〉

Jijσ
(α)
i σ

(β)
j , (2.3.4)

where the superscript of the spin variables indicates each replica of the system.

The spins of one replica and those of the other are thermodynamically independent.

Nonetheless, we can expect that the spin configurations of the two replicas are similar

to each other at low temperatures, if there is a single thermodynamic state into which

the system is frozen else the overlap can take different values (including zero) if many

different states are present. Thus, we define the order parameter as the hamming

distance of the spin configurations of the replicas[49]. For a given instance J of the

quenched disorder the overlap is defined as

qαβ
J =

1

N

N∑
i=1

〈σ(1)
i 〉α〈σ(2)

i 〉β. (2.3.5)
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where 〈...〉α is thermal average in the state α. Here N is the number of lattice sites.

One may regard that the two replicas represent the same system at two moments

in time with infinite interval[44]. The self-overlap, also called Edwards- Anderson

parameter is defined as

qEA =
1

N

∑
i=1

〈σi〉2. (2.3.6)

Where the over bar denotes average over Jij realizations. Varying instance of disorder,

the values of qJ fluctuate. The order parameter of the spin-glass phase is the overlap

distribution function averaged over the probability distribution of the distributed

bonds.

2.3.1 Critical behavior

To calculate the phase transition temperature we have used the finite size scal-

ing(FSS)property of the observable:

g =
1

2
(3− 〈q4〉

(〈q2〉)2
), (2.3.7)

called Binder parameter (Binder cumulant). Here 〈...〉 refers to the average over the

thermodynamical ensemble, while the over bar represents the mean over the random

distribution of the interaction couplings (bonds). The overlap parameter q as we have

defined, for numerical computation, as:

q =
∑

i

σ
(1)
i σ

(2)
i , (2.3.8)

where the upper index is the real replicas or identical copies. The finite size scaling

form of the Binder parameter is:

g = g(N
1
ν (T − Tc)), (2.3.9)
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where N is the total size of the system. Since at T = Tc, for every size, is g =g(0),

the critical temperature can be obtained from different sizes g(T) intersections. To

calculate this parameter, we have considered the scaling behavior of the critical tem-

perature for a finite size system:

Tc(N)− T∞
c = BN−θ, (2.3.10)

where the T(N) is a point where the intersection between the g(T) for the size N/2

and the g(T) for the size N and θ = 1
ν

[60].

2.3.2 Distance dependent interaction coupling

In this part of the dissertation we explore distance dependent interaction coupling in

2D in order to show how a phase transition arises when couplings between far away

spins are permitted. We consider the following Hamiltonian:-

H = −
∑
ij

J(i<j)sisj. (2.3.11)

The interaction coupling is a quenched random variable whose probability of being

non-zero decays with distance between two spin sites[61, 62]. That means, if we have

two spins si and sj, and the distance between them is rij = |i − j|. The probability

distribution of the existence of an interaction coupling can be written as

P [Jij 6= 0] ∝ r−ρ
ij , (2.3.12)

for rij � 1. The probability of the non zero interaction coupling is equal and the

bond distribution is Gaussian with zero mean and variance(J2
ij ∝ r−ρ

ij ). The spin glass

models with power-low decaying interactions actually allow to study long and short
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range regimes by changing the power (ρ)[61]. Therefore, here ρ plays a key role to

simulate different statistical mechanical behaviors.

We know that some physical quantities diverge seemingly to infinity at the critical

point. The divergence is, strictly speaking, only in the thermodynamic limit that

N → ∞, where N is the number of degrees of freedom. This raises a challenge for

numerical simulations to see the critical phenomena since we have to simulate systems

at different sizes.

In the model, we study changing of ρ among three different regimes. As ρ is large

the power-law is decaying rapidly and only bonds with neighboring site are plausible.

We study the 2D case, in which no spin glass transition exists and the interactions

are short-range. But when the value of ρ is not large, there is a probability to get

interaction coupling. We can check the existence of spin glass phase for ρ < 2D

where the system critical behavior starts being long-range rather than short-range

. For 4
3
D < ρ < 2D there will be a phase transition but the system is out of the

range of the validity of mean-field theory. Therefore, to probe the critical behavior

one must resort to other approaches . One useful approach is numerical simulation,

that is the theme of the present part of this dissertation. As ρ < 4
3
D there critical

behavior is mean-field like with critical exponents ν = 1
ρ−D

and η = D − 2 − ρ. To

summarize this for 2D system:

ρ > 4(2D) no phase transition

2.67(4
3
D) < ρ < 4(2D) phase transition but not mean-field

ρ < 2.67(4
3
D) mean-field critical behavior
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2.4 Results and Discussion

As explained above in this part of the thesis we considered the Edwards-Anderson spin

glass model in 2D, with random couplings and zero external magnetic field in periodic

boundary conditions. We used the parallel tempering(PT) Monte Carlo algorithm,

in order to escape from free energy landscapes that have many local minima and to

reduce relaxation time for low temperature regions. In the parallel tempering Monte

Carlo algorithm[45, 63, 64, 65], we simulated different systems at different lattice

sizes(table 2.1).

Table 2.1: parameters we used for the simulation

Rho Lattice No. of No. of Monte No. of ∆T
(ρ) size(L) samples (NJ) Carlo steps temperatures (change

(MCS) (M) in T)
2 10,20,30,40 200(for small L)& 100000 10 0.2& 0.1

100(for large L)
3 10,20,30,40 200(for small L)& 500000 10(for small L)& 0.2 & 0.1

100(for large L) 20(for large L)
4 10,20,30,40 200(for small L)& 1000000 10(for small L)& 0.2& 0.1

100(for large L) 20(for large L)

But the common belief is that there is no finite temperature phase transition for

the two dimensional systems studied here. Hence, in both the bimodal spin glass and

Gaussian spin glass, we expect the Edwards-Anderson order parameter as a function

of temperature to be zero for all temperatures. Therefore, in order to show the phase

transition, we implemented a diluted version of distance dependent interaction with

decaying in probability as an inverse power of the distance. In such a kind of model
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we can vary the power to change the dimension in short-range models and the model

helped us to study the spin glass phase in and out of the range of validity of the mean

field regime[61]. An average coordination number that we have used in the simulation

is Z= 6.

The bonds are computed according to the following algorithm:

1.Compute the distance r between two randomly selected lattice sites i and j.

2. Compute the probability wij =
r−ρ
ij∑max

r=1 r−ρ
ij

where
∑max

r=1 is the sum over all possible

values of distance r in the square 2D lattice with periodic boundary conditions.

3. Extract a random number between 0 and 1, if it is less than wij, there is a bond

between i and j . Points 1 to 3 are repeated N×Z, where Z is the average coordination

number. Fig.2.1 is the comparison between the relaxation time of standard Monte

Figure 2.1: Schematic representation of Energy per spin versus t(Monte Carlo steps)
for L=10 and T=0.5, in this case the energy at a standard Monte Carlo algorithm
compared with the energy at the same T obtained with the PT algorithm.
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Carlo and parallel tempering Monte Carlo simulations. The figure clearly indicates

that the parallel tempering Monte Carlo method increases the speed of relaxation to

equilibrium in the simulation. Fig.2.2 and fig.2.3 are presented to compare energy per

Figure 2.2: Schematic representation of Energy per spin versus t(Monte Carlo steps)
for ρ = 3.0, L = 10, T = 1.0, 1.2, 1.4, 1.6, 1.8.

spin versus Monte Carlo steps for ρ = 3.0 and ρ = 4.0. In both cases the systems are

thermalized but as ρ increases the existence of interaction coupling between distant

spins is decreasing so that this reduces the simulation time. In fig.2.4 and fig.2.5 we

look at the probability distribution, averaged over disorder, of the overlap. To this

aim at each temperature we have simulated two copies of the system independently.

At the high temperature, paramagnetic phase will appear with a zero overlap, i.e.

a p(q) = σ(q), where σ(q) is Dirac delta function. As the sizes of the system are

finite there should be a sharp peak in the thermodynamic limit appears as a broaden,
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Figure 2.3: Schematic representation of Energy per spin versus t(Monte Carlo steps)
for ρ = 4.0, L = 10, T = 0.5, 0.7, 0.9, 1.1, 1.3.

Gaussian, distribution whose variance decreases with size (see fig.2.4 T= 2.8 at ρ = 3.0

and fig.2.5 T =2.4 at ρ = 4). When the temperature is becoming lower and lower the

size of the peak is also becoming wider and wider at some lower critical temperature

there is a spin glass phase transition and p(q) is distributed symmetrically about zero

in the interval [−q; q] and displays a double peak. Here we performed the parallel

tempering Monte Carlo simulation for ρ = 2; 3; 4. On the bases of the observation of

the shape of the p(q) for different sizes we can determine that

• at ρ = 2, Tc ∼ 2

• at ρ = 3, Tc ∼ 1.7

• at ρ = 4, (T10 ∼ 1.6, T20 ∼ 1.5, T30 ∼ 1.3, T40 ∼ 1.2
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Figure 2.4: The plot of P(q) versus q for different temperatures (T =
1.0; 1.4; 1.8; 2.2; 2.8)ρ = 3.0, L = 10. Thefigure explains how pure paramagnetic phase
is translated to spin glass phase depending on temperature.

It is evident that, at high temperatures p(q) is narrow (bell) shaped. For tem-

perature going to infinity the shape of p(q)will approach to a delta function. For

temperatures lower than spin glass phase transition temperatures, p(q) exhibits a

symmetric two peak structure with the maximum values of the function shifts to

q = ±1 fig.2.6 clearly shows that the probability distribution of overlap parameter

depends on the system size. This means that the larger the system size the higher

the peaks of the p(q) and the faster the thermalization. In fig.2.7 also as we men-

tioned above the peaks of p(q) depends on system size and temperature. This implies

that the thermalization time grows enormously as the temperature is progressively

decreased. Fig.2.8 explains about the Binder parameter which is very important pa-

rameter to identify the critical temperature. In this case as we have seen from section
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Figure 2.5: the plot of P(q) versus q for different temperatures ρ = 4.0, L = 10,
T = 0.5, 0.9, 1.3, 1.7, 2.4. In this case, the figure shows how the peaks of p(q) depends
on the value of ρ and temperature.

2.3, the intersection point of the curves of Binder parameter versus temperature for

different system sizes indicate the transition temperature. We attached some of the

figures for different system sizes and values of rho in A.1 for further comparison.

2.5 Conclusions

This part of the thesis reports the results of Monte Carlo simulation of two dimen-

sional spin glass systems with distance dependent interaction. We have considered

two dimensional Ising spin glass model. In this case since the system is disordered

system, we have free energy land escapes. To overcome the energy land escapes and
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Figure 2.6: the plot of P(q) versus q for different system sizes (L = 10, 20, 40) and
ρ = 2.0, T = 1.0. The figure clearly shows that how the value of p(q) depends on
system size.

to minimize the relaxation time of the simulation we implemented the parallel tem-

pering Monte Carlo simulation .The model does not provide any phase transition for

nearest neighbor interactions. This is consistent with the present spin glass theory. In

order to show the spin glass phase transition we considered the long-range interaction

model i.e. diluted version of power low decaying interaction coupling. The model

that we considered is a diluted version, i.e. , every spin is connected with a finite

number of other spins so that we have chosen an average coordination number z=6.

The results that we obtained are summarized as follows:

1.The parallel tempering Monte Carlo simulation reduces the relaxation time and
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Figure 2.7: the plot of P(q) versus q for different system sizes(L = 10, 20, 40)
ρ = 2.0, T = 1.0

speed up the equilibration of the simulation and all data that we have shown are

thermalized.

2. We have simulated different systems with different geometrical organization

of random interactions. For each system we have simulated two replicas in order to

study the overlap order parameter.

3. We have computed the overlap distribution function for ρ = 2; 3; 4. In the

first two cases we found evidence for the existence of a phase transition from the

paramagnetic to the spin glass phase. In the last case, double peaked distributions,

typical of the spin glass phase are displayed at low T for small sizes. However,

the Tc at which the conversion from single peak in to double peak occurs, appear to
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Figure 2.8: The plot of Binder parameter versus Temperature for different system
sizes(L= 10;20;40) ρ = 2.0
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continuously decrease with L. This is in agreement with the fact that the value ρ = 4.0

indicates the cross over at which long-range systems whose interaction decrease with

r−ρ becomes effectively short range. Since in 2D the short-range spin glass does not

exist,Tc must go to zero in the proximity of ρ = 4.
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Chapter 3

Heisenberg (Vector)spin model

This chapter deals with spin glass phase by extending the component of spins from

one(Ising spin) to three(Heisenberg spin) model.

3.1 Introduction

The original spin glasses consisted of alloys containing three component vectorial

localized spins and so are Heisenberg rather than Ising, with the magnetic impurities

distributed at random in a non-magnetic metallic host. Typical alloys of this class

are AuFe, CuMn, AgMn, AuMn, AuCr, ... with impurity concentrations of the order

of a few percent. Experimentally these systems clearly have well defined spin glass

transition temperatures of a few degrees per percent impurity. Spontaneous anti-

alignment or alignment of molecular moments in antiferromagnets or ferromagnets

implies the presence of an internal field. This field is known as the molecular field.

In 1928, Heisenberg explained that the molecular field responsible for the magnetic

ordering in solids is the consequence of a spin dependent interaction between moments

on neighboring lattice sites. Furthermore, he considered that the exchange (potential)
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energy between spin Si and Sj on neighboring sites is given by,

Vij = Jij
~Si. ~Sj, (3.1.1)

where Jij is the exchange interaction and spin Si,

Si =
~
2
σi, (3.1.2)

with σi being the Pauli spin matrices. As a result, for Jij > 0 the lowest energy

configuration is when the spins are aligned anti-parallel to one another, which leads

to antiferromagnetic ordering of the magnetic moments. On the other hand, where

Jij < 0, the minimum energy configuration occurs when the moments are aligned

parallel to one another, resulting in a ferromagnetic ordering of the moments.

The Heisenberg spin model consists of a Hamiltonian for an array of magnetic

moments (spins) with the exchange interaction energy given in above. That is, the

exchange interaction between all spins on the lattice point contributes the term in

Eq. (3.3.1) to the Hamiltonian. Therefore this is a many-body Hamiltonian due to

the large number of exchange interactions that must be considered (i.e. there are on

the order of 1023 moments). The Heisenberg Hamiltonian for the two spin system is

given above. Where Si and Sj are spin-1
2

operators.

Exchange interactions decay rapidly with increasing distance; thus it is sufficient

to only consider nearest neighbor exchange interactions. The term nearest neighbors

means the moments which are physically closest to one another on a crystal lattice.

For instance, the square lattice in figure below the pairs of moments at lattice sites

1 and 2 and at sites 1 and 3 are nearest neighbors pairs. If somebody asks, why the

interaction couplings fall of rapidly with distance? the answer being that, it has to do

with their underlying physical nature which means that interaction coupling between
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Figure 3.1: Schematic representation of Spin-1
2

atoms situated on a square lattice.
Atoms 1 and 3, and 1 and 2 are nearest neighbors

electrons are spin-dependent forces arising from both Coulomb interactions and the

Pauli Exclusion Principle, which they are subject too. The Coulomb force acts at a

long range so that far apart electrons are influenced by one anothers electric field. The

magnitude of the Coulomb repulsion depends on distance and varies as r−2, where r

is the distance between the electrons. However, for the Pauli Exclusion Principle to

be a significant effect on a pair of electrons, they must be able to come very close to

one another. Electrons whose wave functions have significant overlap, have the best

chance of coming close to one another and thus the best chance of interacting via the

Exclusion Principle. The wave function of electrons depend on the distance between

the electrons (decays rapidly away from the electron). With few exceptions outer shell

electrons in atoms 1 and 4, (see figure above), will have a smaller amount of overlap of
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their wave functions compared with the overlap of electronic wave functions in nearest

neighbor atoms 1 and 2. This leads to the conclusion that exchange interaction beyond

those of the nearest neighbor type are relatively small, and can thus be neglected.

The origin of the exchange interaction energy is governed by the laws of quantum

mechanics. Electrons usually interact via Coulombs law classically, and quantum

mechanically via the Pauli Exclusion Principle. As we all know, the Pauli Exclusion

Principle forbids electrons with like spins from coming close to one another which in

effect reduces their coulomb repulsion. On the other hand, electrons with opposite

spins can get close to one another resulting in a higher coulomb repulsion between

them. The exchange energy can then be thought of as the difference in potential

energy of the parallel and anti-parallel spin states. This spin dependent exchange

energy is responsible for magnetic ordering in materials.

3.2 Spin glass phenomena

The basic parameters which indicate the properties of spin glass phase (state) are con-

centration of magnetic impurities, temperature and external magnetic field. External

magnetic field is one of the parameters which might be interesting to investigate be-

cause it makes the spin align in the direction of the fields. The magnetic susceptibility

is a response function of the system to the external magnetic field and provides infor-

mation about the behavior of the system. Unlike ferromagnetic system in which the

susceptibility exhibits a divergence at the critical temperature,in spin glass this pa-

rameter has a cusp which is considered as a prominent property of spin glass systems.
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Figure 3.2: Schematic representation of sharp pick (cusp) in the low-field susceptibility
of low concentration AuFe alloys, from Cannella and Mydosh[48]

3.3 Models of spin glasses in Heisenberg spin

For a Heisenberg spin glass in three dimensions, theoretical work appears to explain

conclusively that there should be no ordering of the pure Edwards-Anderson type un-

til zero temperature[67, 68, 69, 70]. On the other hand, experimentalists[71] clearly

demonstrated that order at finite temperatures exists in these systems, at least un-

der zero applied field. For Heisenberg spin model the spins interact through the

Hamiltonian:

H = −
∑
〈ij〉

Jij
~Si · ~Sj. (3.3.1)
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Where (ij) indicates a sum over nearest neighbors and the vector spin[87, 88] can be

described as

~Si · ~Sj = Sx
i Sx

j + Sy
i Sy

j + Sz
i S

z
j . (3.3.2)

The vector spins Si, i = 1, ..., N have components Sα
i , α = 1, ..., 3 and are normalized

in the unit sphere. The exchange constants or bonds (Jij) are independent random

variables drawn from a given distribution with mean zero and variance one. Which

means that each exchange coupling (Jij) is expected to be distributed as per the

probability distribution (p(Jij)). We use the Gaussian or the bimodal as typical

examples of the distribution of p(Jij) as mentioned in chapter two:

P (Jij) =
1√

2πJ2
exp(−(Jij − J0)

2

2J2
0

), (3.3.3)

P (Jij) = pδ(Jij − J) + (1− p)δ(Jij + J), (3.3.4)

respectively. In eq. (3.3.4) Jij is either J(> 0) (with probability p) or -J(with

probability 1-p)[49].

3.4 Finite size scaling method

It is obvious that, in all cases it is impossible to compute the critical exponents

analytically. Therefore, to extract information about them, we can use numerical

methods, such as Monte Carlo methods. In this case, the simulated systems must

be finite, due to restricted capabilities of computers, and due to this they will not

describe the thermodynamic limit. While scaling laws G ∝ |t|−x are valid only for

infinitely large systems, describing the critical behavior of finite systems leads to so
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called finite size scaling[66, 55]. In the following, laws of the form

G(t, L) ∝ L
x
ν A(

t

t0
L

1

ν
), (3.4.1)

will be defined as finite size scaling laws (FSS), with A being a universal scaling

function but this function may be different for t > 0 and t < 0. However, in the limit

t → 0, A becomes a constantA(0), and thus is the same for all values of L. In fact, this

approach allows to estimate critical exponents by just finding the numerical values of

the critical system on lattices with different extents L, and extracting G(t = 0, L) as

a function of L.

In the limit of reduced temperature (t → 0) and size of the system (L →∞), the

correlation length (ξ) of the infinite system will not be cut off by the size of the finite

system any longer, and L can be replaced by the correlation length. Equation(3.4.1)

then allows to reproduce the scaling laws of the infinite system. Substituting Eq.

(2.2.4)into Eq. (3.4.1)yields

G(t = 0, L →∞) ∝ L
x
ν ≈ ξ

x
ν ∝ |t|−x. (3.4.2)

Considering methods of real space re-normalization,we can determine finite size scal-

ing laws from the singular part of the free energy density

fs(t, h, L) = L−dA(
t

t0
L

1

ν
,

h

h0

Lyh), (3.4.3)

where t0 and h0 are non-universal constants. The magnetic susceptibility χ, for

instance, follows from:

χ =
∂2fs

∂h2
|h=0 = L2yh−dAχ(

t

t0
L

1

ν
) = L

γ
ν Aχ(

t

t0
L

1

ν
). (3.4.4)
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3.5 Parameters that indicate Spin Glass phase

According to Edwards and Anderson (1975) work the response function in the lan-

guage of phase transition the order parameter can be defined as

qEA = [〈σi〉2]av, (3.5.1)

where the curly bracket (〈...〉) denotes the thermal average and the square bracket

([...]) shows an average over random realization. Since the orientation of the spins is

random over the distribution of site i, the overlap parameter qEA = 1 at T=0 and

qEA → 0 as T → TSG. If the system is infinite system in equilibrium state, every

spin can give the same value of qEA. But, if the system is finite system, the order

parameter is likely to vary from one site to another. Therefore, in order to find reliable

value of the overlap parameter of the spin glass phase, we have to compute average

over all spins i.e.

qEA = [
1

N

N∑
i

〈σi〉2]av. (3.5.2)

Where N = L×L×L is the volume and L is the linear lattice size. However, since our

method is Monte Carlo method, we can replace the thermal average by time average:

qEA(t) = [
1

N

N∑
i

(
1

MCS

t∑
τ=0

σi(τ))2]av, (3.5.3)

or

qEA(t) = [
1

N

N∑
i

(
1

MCS2

∑
τ1,τ2

σi(τ1)σi(τ2))]av, (3.5.4)

where MCS is the number of Monte Carlo steps in the sample. But the spins have

different configurations, so that it is better to compute the two replicas(copies) with
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the same bonds. Therefore the order parameter can be written as:-

qEA(t) = [
1

N

N∑
i

(
1

MCS

∑
τ

~σα
i (τ) · ~σβ

i (τ))]av. (3.5.5)

Where σα
i and σβ

i are the two replicas. For classical vector spins it can be defined as

qEA(t) = [
1

N

N∑
i

(
1

MCS

∑
τ

~σα
i (τ) · ~σβ

i (τ))]av. (3.5.6)

It is possible to interchange the order of averaging in Monte Carlo simulation so that

the above eq. can be written as:-

qEA(t) = [
1

MCS

N∑
i

(
1

N

∑
τ

~σα
i (τ) · ~σβ

i (τ))]av. (3.5.7)

As we mentioned earlier the system is random so that no net tendency of ferro-

magnetism and antiferromagnetism, the spin correlation function 〈σiσj〉 can be either

ferromagnetism or antiferromagnetism, based on the random distribution of exchange

interaction. Therefore, to check the long-range order, we have to define the spin glass

susceptibility

χSG =
1

N

∑
ij

[〈σiσj〉2]av, (3.5.8)

that can diverge if the correlation length of the spins are larger than the lattice size(L).

Calculation of spin glass susceptibility by using Monte Carlo simulation is not simple

task. But, with a simple algebra, i.e. by using 〈σiσj〉T as 1
MCS

∑
t σi(t)σj(t) one can

derive that

χSG =
1

N
[(q2

corr)t]av. (3.5.9)

Where the quantity qcorr can be defined in the following way:

qcorr =
1

N

∑
i

σi(t0)σj(t0 + t), (3.5.10)
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i.e. t stands for Monte Carlo time (steps). Our aim here is performing Monte Carlo

simulation of the correlation function (qcorr), so that we have to take two identical

copies of the system and allow them to evolve with time. Therefore, the procedure

is based on the fact that sampling of (qcorr) the two replicas do not depend on the

initial time so long as both parameters are already in equilibrium state, so that the

above eq. can be written as:-

qcorr(t) =
1

N

N∑
i=1

σα
i (t0 + t)σβ

i (t0 + t). (3.5.11)

Where σα
i and σβ

i are two identical copies (replicas) of classical vector spins. For our

model, it is important to consider a quantity that is rotationally invariant in order

to represent the fact that spins can rotate collectively. Therefore, in order to define

spin glass susceptibility for this model, we have to define the order parameter in the

following way:

Q =

√√√√1

3

3∑
α,β=1

(qαβ)2. (3.5.12)

Where qαβ will be

qαβ =
1

N

∑
i

σα
i σβ

i . (3.5.13)

Another very important parameter that we use to determine the spin glass phase

transition temperature is Binder parameter (Binder cumulant). The Binder param-

eter is a measure of the shape of the probability of the order parameter, and only

looks at spatial averages (thus zero ” momentum”) so does not directly address the

distance dependence of the correlation functions. As mentioned in chapter two, for

the Ising system this parameter has the following form:

gL =
1

2
[3− 〈q4〉

〈q2〉2
]. (3.5.14)
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But for Heisenberg spin model this parameter is defined as:

gL =
1

2
[11− 9

〈Q4〉
〈Q2〉2

]. (3.5.15)

We can say that gL in this case to have a similar scaling property holds in Heisenberg

system and thus provides a test for finite Tc. Binder parameter is a dimensionless

quantity and the value of this parameter can be defined as:0 ≤ gL ≤ 1. When the

temperature T →∞, then the order parameter (Q) is a Gaussian distribution gL = 0,

and as at T=0 where Q is essentially a delta function (Q has a fixed value) gL = 1. For

an infinite system, gL varies rapidly between this limit in the critical limit whereas at

finite system this variation is slower. Here at Tc the correlation length becomes larger

than the lattice size of the system and the Binder parameter has no size dependence.

In general, the plot of Binder parameter vs temperature enables one to estimate the

freezing temperature Tc as the curves of different sizes of the system should intersect

at Tc[72, 73]. Therefore, gL shows finite size scaling law as:-

gL(L, T ) ∼ g̃L(L
1
ν (T − Tc)). (3.5.16)

3.6 Numerical Techniques

The Monte Carlo simulation uses a multispin coding technique[74, 75, 76] in which

each spin and bond is represented by a single bit of a computer word. For instance,

on a 32 bit machine we then flip in parallel 32 spins (on the same lattice site but

in different samples with different realizations of the disorder). Monte Carlo scheme

is a stochastic method to determine physical quantity of a system which has many

degrees of freedom. Therefore, here we considered 20,000 Monte Carlo steps (MCS),

lattice size (L=5, 7, 10, 15, 20) and 100 realizations in order to calculate the physical

quantities that indicate the spin glass phase.
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3.7 Results and Discussion

In this part of the dissertation we considered the Edwards-Anderson spin glass model

in 3D Heisenberg spin (vector spin), with random couplings and zero external mag-

netic field in periodic boundary conditions and obtained the following results

Figure 3.3: Explains the relationship between Monte Carlo time steps with that of
global energy and magnetization for lattice size (L=7). The figure shows that how
internal energy and magnetization fluctuates from their average level for the specified
lattice size.

In fig.3.4 we plotted energy per spin vs. temperature for the mentioned lattice

sizes but here there is no clear evidence of a size effect for energy which shows that

lattice sizes are larger or comparable to the correlation length but this conclusion

does not mean that other physical quantities may not show size dependence. Figure

3.5 indicates a plot of specific heat vs. temperature for various system sizes (L=7,

10, 15). As we can see from the figure there is a clear evidence of system size effect
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Figure 3.4: Schematic representation of average energy versus temperature for system
sizes(L=10, 15, 20)

specially for small sizes but as the system size increases (L=10, 15) the effect is likely

to reduce, which means as the system size increases the thermalization also increases.

As explained above in section (3.5) of chapter three of this thesis, to say there is

phase transition in the system, curves for different lattice sizes of Binder parameter

vs. temperature must intersect at the transition temperature (Tc). Figure3.6 is a plot

of Binder parameter vs. temperature for Heisenberg system of system sizes (L=5, 7,

10, 15, 20). As indicated the curves of several lattice sizes intersect nearly at Tc ∼ 0

which means the system has no finite temperature phase transition.
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Figure 3.5: Schematic representation of specific heat versus temperature for different
system sizes (L=7, 10, 15).

3.8 Conclusion

The idea of this work is to examine the stability of the spin glass phase in the Heisen-

berg model. We know that some physical quantities diverge seemingly to infinity at

the critical point. This raises a problem for numerical simulations to see the critical

phenomena since we have to simulate systems at different sizes and in order to address

this problem we used the finite size scaling for the numerical simulation. Here, we

used classical Heisenberg spin glass in 3D with the interaction following the Edwards-

Anderson model and by using a plot of Binder parameter versus temperature for the

curves of different system sizes we found the absence of finite temperature spin glass

phase transition. When we examined non linear susceptibility also it appears that

there is clear indication of the absence of finite temperature phase transition.
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Figure 3.6: Binder cumulant vs. temperature for lattice sizes(L=5, 7, 10, 15, 20).
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Chapter 4

Spin glass state in II-VI DMS at
critical region using high
temperature series expansion
extrapolated with Padé
approximants

In this part of the dissertation we study the magnetic properties of diluted magnetic

semiconductors like magnetic susceptibility, correlation function, magnetic specific

heat at the critical region by employing high temperature series expansion (β ∼

0)followed by Padé approximants. It is impossible to get exact solution for such

kinds of many body system however these techniques give reliable results.

4.1 Introduction

Studying quantum spin systems is one of the most interesting and challenging prob-

lems of many body theory in condensed matter physics. Because of their intrinsic

many-body quantum character it is very difficult to compute even simple quantities
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like magnetic susceptibilities or specific heats in a straight forward fashion. How-

ever, there are by now a number of powerful approaches like exact diagonalization[77]

,quantum Monte Carlo[78], temperature density matrix renormalization[79, 80] or

high temperature series expansion[81, 82] which yield the desired results. The aim

of this part of the dissertation is to provide high temperature series data which can

serve as an input for quick data analysis.

4.2 High-temperature series expansion

High-temperature series expansions are one of a power series expansion methods

available to study quantum spin systems on a lattice such as Heisenberg, the Hubbard,

or t-J model.The aim of a high-temperature series expansion is to calculate the power

series

Q(β) =
N∑

i=0

Ip(i)β
i, (4.2.1)

of a thermodynamic property Q(β) in the inverse temperature β = 1
kBT

up to a

chosen order N. In this equation Ip represents the expansion coefficient. Various

methods to compute a high temperature series expansion exist, the goal of the first

methods that were developed was to facilitate or simplify the manual calculation of

the the above eq. (4.2.1)[83]. The availability of computers profoundly changed the

approach to high-temperature series expansions and series expansions in general, and

today’s methods are tailored for a straightforward implementation on a computer. A

series expansion that is well suited for a computer implementation and can be used

for different types of expansions is the Linked-cluster expansion. In this chapter we

demonstrate how it can be used to calculate a high temperature series expansion and
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examine the requirements that a thermodynamic property has to satisfy the Linked-

cluster expansion can be applied[84].

High-temperature series expansions can be conveniently represented by graphs

and their expansions such as multigraphs( graphs that can have more than one edge

between two vertices) and hypergraphs(graphs whose edge can connect more than

two vertices). For instance, to define the square lattice spins Heisenberg Hamiltonian

it is not sufficient to specify the position of spins in the lattice and the interaction

term. In addition we have to identify the number of spins that can interact such

as all nearest neighbor spins 〈ij〉 and the spin interaction can be represented by the

Hamiltonian Hij for a graph g. The definition of the model on the graph g will be:

Hg = −
∑
ijεg

Hij. (4.2.2)

Each vertex of the graph g corresponds to a site of the spins in the system and each

edge represents an exchange interaction between the spins that can interact i.e. the

interaction energy corresponds to Hij. Now, let’s consider the infinite graph of a

quantum lattice model whose vertices are on the sites of a lattice and whose edges

represent all interactions in the model. However, the models considered on the same

lattice such as the square lattice may result in different lattice graphs as different

sites of the lattice can interact. Thus the Heisenberg spins on the graph g

Hg = J
∑
ijεg

~si · ~sj. (4.2.3)

4.3 Linked-cluster expansion

Before presenting a detailed construction of the Linked-cluster expansion we briefly

summarize the central result:If a linked cluster expansion for a property Propg(β) for
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a quantum lattice model on a finite graph g exists we later discuss the requirements

that Propg(β) has to satisfy. The Propg(β) can be written as

Propg(β) =
∑

C⊆g,Cconnected

Weighp(C, β). (4.3.1)

Where the sum runs over all distinct connected subgraphs C of g. The weight

Weighp(C, β) of a graph, usually this refers to as a cluster, i.e. C is related with

the inverse temperature β whose lowest order term is β||C||, where ||C|| = |E(c)| is

the number of edges(exchange interaction couplings) in C, and only depends on C

but not on g. Thus only the weights of connected clusters with N edges or less have

to be calculated to obtain Propg(β) to order βN and as we will later see also the

thermodynamic limit of P (β) on a lattice graph to order N. If the property Propg

only depends on the shape of the graph g then eq.(4.3.1) can be simplified to

Propg(β) =
∑

C⊆g,Cconnected

(C.g)Weighp(C, β), (4.3.2)

where the sum is over all different shapes of C that can be embedded into g and (C.g)

counts the number of times C can be embedded into g. The weights themselves are

calculated by inverting eq.(4.3.2) to

Weighp(g, β) = Propg(β)−
∑

C⊂g,Cconnected

Weighp(C, β). (4.3.3)

Starting with the smallest clusters and progressively going to larger clusters all weights

can be constructed using eg.(4.3.3)

4.4 How to construct the linked cluster expansion

Now an explanation about a detailed construction of the linked cluster expansion

of a thermodynamic property represented by (Propg) of any quantum-lattice model
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on a graph(vertices + edge) as defined by the Hamiltonian in Eq.(4.2.2)is presented.

The methodology is based on a multivariable series expansion of the thermodynamic

property (Propg(β)) ( in formal expansion variables uij assigned to the edges ij of the

graph g. These expansion variables guide us to assign the terms of the expansion to

different subgraphs of g. The Propg(β) is a function of the density matrix ρ̂g(β) and

we substitute βHg by:

βHg →
∑
ijεg

uijHij, (4.4.1)

in the definition of density matrix. We consider such an assignment of variables or

numbers to the edges and write [uij]g. Here g can be dropped if the graph that is

labeled is obvious from the context. By assuming [uij] = β in our calculation we

can obtain the thermodynamic value of (Propg(β)) and following this way at a later

stage this leads us to rearrange the variables of the series in a useful way. Considering

the substitution in Eq.(4.4.1) the density matrix and the thermodynamic property

(Propg) become functions of the [uij]. Expanding Propg([uij]) in a multivariable

series we get:

Propg([uij]) =
∑
oij≥0

αp,[oij]
∏
ijεg

(uij)
oij , (4.4.2)

here [oij] > 0 represents all integer labeling of the edges of g implies that oij > 0 for

all ijεg. The expansion coefficients αp,[oij] are explicitly given by

αp,[oij] = (
∏
ijεg

1

oij!
(

∂

∂uij

)oij)Propg([uij])|uij=0. (4.4.3)

Every edges of the graph [oij], its expansion coefficient αp,[oij] , or term αp,[oij]
∏

(uij)
oij

can be identified as a multigraph by using oij edges between vertex i and j. An integer

labeling or edge of the graph [oij]g introduces a subgraph g’ of g by taking all edges

with oij > 0 and avoiding all isolated vertices. By fixing the corresponding [oij]c for
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the edges in g’ also induces natural labeling [oij]g′ of g’. The Propg has to satisfy two

basic requirements so that a linked cluster expansion can be constructed:

1.The expansion coefficient αp,[oij] stated in Eq.(4.4.3) may only relay on the

subgraph g’ and the labeling [oij]g′ induced by [oij]c with the exception of [0]g, and

this is a special case that incorporate the empty graph (for the time being we can

consider that αp,[0]g = 0. Then αp,[oij] does not depend on the graph g in whose

expansion it occurs, and once that we can calculate for one graph it can be used in

the expansion of other graphs.

2.If the subgraph g’ has more than one connected component αp,[oij] must be zero

. This leads to an expansion of Propg in terms of connected subgraphs of g.

In this case in order to check the first requirement directly for a given property, a

sufficient condition is that for any subgraph g’ of g:

Propg([uij]g)|uij=0ifij /∈g′ = Propg′([uij]g′). (4.4.4)

Removing the interaction coupling (edge) from the density matrix avoids any contri-

bution of the edge to the property. To check that the definition of the property in

Eq.(4.4.4) is sufficient, we assume that we are given an integer labeling [oij]g with an

induced subgraph C, and set g’ in Eq.(4.4.4) equal to C. Then αp,[oij] is an expansion

coefficient of the series expansion of PropC([uij]C) and can thus only relay on the

induced subgraph C. But this property is seldom mentioned it is essential if we want

to reuse the expansion coefficients of a small graph for a larger one.

Now lets turn our attention to the second requirement: αp,[oij] has to be zero if

the subgraph induced by [oij] has more than one connected component. A sufficient

condition on Propg is that for two disconnected graphs g1 and g2

Propg1∪g2(β) = Propg1(β) + Propg2(β). (4.4.5)
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Lets consider that the induced subgraph C of [oij]g consists of two disconnected

components of graphs C1 and C2. Using the definition of αp,[oij] in Eq.(4.4.3) for

PropC1∪C2([uij]C1∪C2) = PropC1([uij]C1) + PropC2([uij]C2). (4.4.6)

If we take partial derivative of the property for each uij of the induced subgraph

C1 ∪C2, we can get that αp,[oij] is zero, as derivatives of PropC1([uij]C1) with respect

to uij ∈ C2 and derivatives of PropC2([uij]C2) with respect to uij ∈ C1 are taken on

the right hand side of Eq.(4.4.6). Therefore only terms that have induced subgraphs

which are connected have to be considered, giving the expansion method its name.

Equation (4.4.5) is sometimes referred to as P being extensive but also holds for

physically non extensive quantities such as two-point correlation functions.

While it is possible to perform a high-temperature series expansion using the con-

nected multigraphs associated with the αp,[oij], it is convenient to group the terms of

Eq. (4.4.2) into weights assigned to the induced subgraphs. The weight Weighp(C, β)

of a subgraph C of g is the sum of all terms in Eq.(4.4.2) for which the subgraph in-

duced by [oij] is equal to C with all uij set equal to β. Writing [oij] → C for a [oij]

whose induced subgraph is equal to C the weight of a graph C is given by

Weighp(C, β) =
∑

[oij]→C

αp,[oij]
∏
ij∈C

(β)oij . (4.4.7)

By construction the weight is independent of g and zero if C has two or more connected

components. It uniquely assigns each of the terms of the multivariable expansion in

Eq.(4.4.2) to a subgraph of g and Propg(β) can be written as:

Propg(β) =
∑

C⊆g,Cconnected

Weighp(C, β). (4.4.8)
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The weight defined by Eq. (4.4.7) has the following properties: By construction it

is a polynomial in β whose lowest order contribution is of order β||C|| because each

edge ij ∈ C has oij > 1 and thus contributes at least linearly in β. Furthermore

the weight of a disconnected subgraph is zero by construction. To calculate the high-

temperature series of Propg(β) to order βN with a connected-cluster expansion, it is

thus sufficient to calculate the weights of all connected subgraphs of g with N edges or

less. In Eq.(4.4.8) each connected subgraph C of g is uniquely defined by its location

on g. Many properties and their weights will only depend on the shape of g and

the subgraph C. Writing (C · g) for the number of times C can be embedded into g

Eq.(4.4.8) simplifies to

Propg(β) =
∑

C⊆g,Cconnected

(C · g)Weighp(C, β) (4.4.9)

The weight of a graph can be calculated by inverting Eq.(4.4.9) to:

Weighp(C, β) = Propg(β)−
∑

C′⊆g,Cconnected

(C ′ · C)Weighp(C
′, β). (4.4.10)

Starting with small graphs and progressively going to larger graphs, we can calculate

all the weights required for a particular calculation.

4.5 Procedures that can be used for the calcula-

tion of thermodynamic property

The determination of the high temperature series expansion of the thermodynamic

property should be done in the following steps:

1.Determine all connected graphs g that can be embedded into the considered

lattice.
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2.Determine the property (Pg(β)) to order βN for all graphs embedded:

3.Compute the subcluster counts (C ′ · C).

4.Compute the weights of the property (WP (g, β)) for all graphs using Eq.(4.4.10):

5.Determin the lattice counts L(C) for all graphs that considered.

6.Determin the high temperature series expansion of the property using Eq.(4.4.9).

4.6 Padé approximants (PA)

A mathematician named Henri Eugene Padé [1863-1953] used the method to approx-

imate functions by rational functions and the method is called Padé approximants

after him. However, this was not the first to use rational approximations, but he

developed the theory more rigorously. One of the main applications of Padé approx-

imations is to extract as much information as we can from a power series expansion

that is known only for a few terms. Conversion from Taylor to Padé form usually

accelerates convergence, and often allows good accuracy even out side of a power

series’ radius of convergence (which, incase of divergent asymptotic expansions, may

be zero). He defined the theory as follows: took any series expansion of a function

say f(z) =
∑∞

i=0 biz
i its [L/K] Padé approximant is a rational function of the form:

[L/K] =
c0 + c1z + ... + cLzL

a0 + a1z + ... + aKzK
, (4.6.1)

this fulfills

f(z) =
∞∑
i=0

biz
i =

c0 + c1z + ... + cLzL

a0 + a1z + ... + aKzK
+ O(zL+K+1). (4.6.2)

Equation(4.6.2) can be rewritten as:

(a0 + a1z + ... + aKzK)(b0 + b1z + ...) = c0 + c1z + ... + cLzL. (4.6.3)

67



As we can see in eq(4.6.1) the number of numerator coefficients are L + 1 and the

number of denominator coefficients are K +1. There is a more or less irrelevant com-

mon factor between them, and for definiteness we take a0 = 1. Therefore, there are

L+1 independent numerator coefficients but the denominator coefficients will reduce

one component and will be K and making the total number of unknown L + K + 1.

This number suggests that normally [L/K] ought to fit the power series in eq(4.6.1)

through the orders 1, z, z2, ..., zL+K . Equating the coefficients of zL+1, zL+2, ..., zL+K

in equation (4.6.3), we get M equations where the unknown coefficients are a1, a2, ...aK

(we recall that a0 = 1 ). It follows immediately from (4.6.3) by equating the coeffi-

cients of 1, z, ..., zL that:

c0 = b0, c1 = b1 + a0b0, c2 = b2 + a1b1 + a2b0, ..., cL = bL +

min(L,K)∑
i=1

aibL−1, (4.6.4)

we find that
aKbL−K+1 + aK−1bL−K+2 + ... + a0bL+1 = 0,

aKbL−K+2 + aK−1bL−K+3 + ... + a0bL+2 = 0,

.

.

.

aKbL + aK−1bL+1 + ... + a0bL+K = 0.

(4.6.5)

4.7 II-VI diluted magnetic semiconductors

There are several classes of semiconducting materials that are characterized by the

random replacement of a fraction of the original atoms by magnetic atoms. The

materials are usually known as diluted magnetic semiconductors (DMS) or semi-

magnetic semiconductors (SMSC).The first so-called diluted magnetic semiconductors

(DMS) were II-VI semiconductor alloys like Zn1−xMnxTe and Cd1−xMnxTe [85]
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originally studied in the 1980s. These materials are either spin glasses or have very

low ferromagnetic (FM) critical temperatures Tc (∼ fewK)[10] and are, therefore,

inadequate for technological applications which would require FM order at room

temperature. It’s obvious that, the possibility of using the spin and the charge of

the electrons for information processing will have numerous applications in recent

technology and it is the basic theme of spintronics as mentioned above. The DMS

materials can be considered as consisting of two interacting subsystems. The 1st

one of these subsystems is the system of delocalized conduction or valence band

electrons/holes. The 2nd one is the random and diluted system of localized magnetic

moments associated with the magnetic atoms. These two subsystems interact with

each other by the spin exchange interaction.

In this chapter, we study spin glass phase (state) that exists in II-VI semiconduc-

tors which consists of S, Te, Se, and of Zn, Cd. The fraction of cation sites are replaced

with Mn (or Fe) as the magnetic impurity. A prototype of this is Cd1−xMnxTe.

Theoretical studies have shown that super exchange is the basic source of magnetic

coupling, i.e., the filled valance band of the semiconductor exchange electrons with

the half filled 3d band of the Mn. With this 2 electron process the interaction between

the Mn will always lead to an antiferromagnetic orientation and seems to be true for

both first and second nearest neighbors [10]. One of the advantages of II-VI materials

is that they can host magnetic ions (e.g. Mn2+ ) which open the way for studying

various spin-dependent phenomena.
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4.8 Models and interaction coupling calculations

We consider Heisenberg spin (vector spin) model with the Hamiltonian[?]:-

H = −2
∑
ij

J1
~Si · ~Sj − 2

∑
ik

J2
~Si · ~Sk − hgµB

∑
i

sz
i , (4.8.1)

Where (ij) and (ik) indicate nearest neighbors and next nearest neighbors summa-

tions respectively. The vector spin[87, 88] can be described as:-

~Si · ~Sj = Sx
i Sx

j + Sy
i Sy

j + Sz
i S

z
j ,

~Si · ~Sk = Sx
i Sx

k + Sy
i Sy

k + Sz
i S

z
k .

(4.8.2)

For diluted magnetic semiconductors containing the magnetic impurities[89] only in

the octahedral sublattices, by using molecular-field approximation we can obtain the

relationship between paramagnetic Curie-temperature (θp) and the Neel temperature

(TN), and the considered exchange interaction couplings J1 and J2. This method is

according to Holland and Brown gives[90]:-

TN =
2s(s + 1)

3kB

[−4J1 + 2J2], (4.8.3)

and

θp =
2s(s + 1)

3kB

[12J1 + 6J2]. (4.8.4)

Where kB is the Boltzmann’s constant and s = 5
2

is the spin of magnetic impurity

(Mn2+). Therefore, by using the experimental values of (θp) and TN [91] we can

determine the interaction couplings J1 and J2 for the concentrations (0.6 ≤ x ≤ 1).

However, due to the nature of dilution problem in the system, we have to use the

probability distribution to determine the interaction couplings for each concentration

x (0 ≤ x ≤ 1). The probability of the occupation of the ions (i) can be defined as:-

P (i) = Ki
nx

n−i(1− x)i. (4.8.5)
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Table 4.1: calculation of interaction couplings using magnetic measurements of (θp)
and TN

x TN(K) θp(K) J1

kB

J2

kB

0.66 42 -548.75 -4.82 -6.04
0.70 48.81 -730 -6.26 -8.34
0.99 67 -925 -8.04 -10.34

Where n is the total number of lattice sites inside a sphere of radius (ri) and its volume

(4
3
r3
i ) (ri is the distance between ions i and j ). Since, the structure of such system

is a zinc blend structure, therefore n=12 and i varies from 0 to 12. The interaction

coupling for such distribution (A or A’) is assumed to be[92]:

J i
AA′ = (Jn−i

A J i
A′)

1
n . (4.8.6)

Therefore, for the zinc blend structure we can define:

J i
AA′(x) =

12∑
i=0

Ki
nx

n−i(1− x)i(Jn−i
A J i

A′)
1
n . (4.8.7)

When the interaction couplings JA(JA′) correspond to the nearest neighbor (nn),

then J i
AA′(x) = J1. But if JA(JA′) corresponds to the next nearest neighbor (nnn),

J i
AA′(x) = J2. Magnetic susceptibility is a measure of how fast the magnetization

changes with a varying magnetic field. This quantity is important in our study be-

cause it is related to the exchange integrals of a system described in the Hamiltonian.

Therefore, mathematically it can be defined as:

χ =
∂M

∂h
, (4.8.8)

where M and h stand for magnetization and magnetic field respectively. To identify

the relationship between the two quantities, let’s begin with the expression for the
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zero field molar susceptibility for N atoms on a lattice[93],

χ = NAgµB
∂

∂h
〈
∑

i

sz
i 〉|h=0. (4.8.9)

where NA is Avogadros number. The notation χ will be used from here on to denote

the molar susceptibility, unless otherwise stated. Taking the si to be spin-1/2 opera-

tors; the ground state expectation value (denoted by the angular brackets) is defined

by,

〈sz
i 〉 =

Tr(sz
i e
−βH)

Tr(e−βH)
. (4.8.10)

where Tr represents the trace (sum of the diagonal elements ) of a matrix, and in this

case H is the Hamiltonian. Differentiation of eq.(4.8.9) with respect to magnetic field

yields:

χ =
NA(gµB)2

kBT
〈
∑

j

sz
i s

z
j〉|h=0. (4.8.11)

where kB is the Boltzman constant. In order to expand the magnetic susceptibility by

using High- Temperature Series Expansions, first we will find the relationship between

susceptibility and correlation function i.e.

χ(T ) =
NA(gµB)2

kBT

∑
ij

〈si · sj〉. (4.8.12)

Here the spin correlation function can be defined as:

〈si · sj〉 = Tr(sisj ρ̂), (4.8.13)

but ρ̂ is spin density matrix. Here we seek to determine the density matrix (ρ̂) using

Lagrange multipliers and by maximizing the entropy(S)

S = −Tr(ρ̂lnρ̂). (4.8.14)

72



The change in the entropy corresponding to a small variation δρ̂ in the density matrix

is approximately given by:

δS = −Tr[
∂

∂ρ̂
(ρ̂lnρ̂)δρ̂], (4.8.15)

or

δS = −Tr[(1 + lnρ̂)δρ̂]. (4.8.16)

Now, we maximize the entropy by setting δS = 0 and hence

Tr[(1 + lnρ̂)δρ̂] = 0. (4.8.17)

In addition, we note that

Tr(λρ̂) = λ, (4.8.18)

leads to

Tr(λδρ̂) = 0. (4.8.19)

with the aid of the expectation value of the Hamiltonian

〈H〉 = Tr(Hρ̂), (4.8.20)

one can write

Tr(βHδρ̂) = 0. (4.8.21)

It is worth mentioning that λ and β are Lagrange multipliers. Now adding eqs(4.8.17),(4.8.19),

and(4.8.21),we have

Tr[(1 + lnρ̂ + λ + βH)δρ̂] = 0. (4.8.22)

Since δρ̂ is quite arbitrary, we note that

lnρ̂ = −(1 + λ + βH). (4.8.23)
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It then follows that

ρ̂ = e−(1+λ)e−βH , (4.8.24)

so that application of the condition

Tr(ρ̂) = 1, (4.8.25)

leads to

e−(1+λ) =
1

Tre−βH
. (4.8.26)

In view of this result, the expression for the density matrix takes the form

ρ̂ =
e−βH

Tre−βH
. (4.8.27)

Therefore,the correlation function in between spins i and j will be

〈si · sj〉 =
Tr(sisje

−βH)

Tr(e−βH)
. (4.8.28)

And the magnetic susceptibility will be:

χ(T ) = (
NA(gµB)2

kBT
)
∑
ij

Tr(sisje
−βH)

Tr(e−βH)
. (4.8.29)

The solution of eq. (4.8.29) with the Hamiltonian given by eq. (4.8.1) has yet to

be found. The main problem in finding a closed form solution is evident from the

expression in eq.(4.8.28); it requires exponentiation of a Hamiltonian which is not

diagonal. However, an approximate solution can be found for high temperatures,

using a Taylor expansion of the exponential term. Letting i = 0 so that sz
0 is the

reference spin (this can be any spin on the lattice), for high temperatures eq.(4.8.29)

is:

χ(T ) = (
NA(gµB)2

kBT
)
∑

j

Tr(sz
0s

z
j(1− βH + (βH)2

2!
)− (βH)3

3!
+ ...)

Tr(1− βH + (βH)2

2!
)− (βH)3

3!
+ ...)

, (4.8.30)
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where β = 1
kBT

. Now, let’s try to compute the coefficients in this expansion, albeit it

turns out to be a difficult task for orders of β greater than one. considering only the

lowest order term in this expansion, (i.e. β0 ) eq.(4.8.30) becomes,

χ(T ) = (
NA(gµB)2

kBT
)
∑

j

Tr(sz
0s

z
j(1))

Tr(1)
. (4.8.31)

But the spins(sz
0 and sz

j are spin-1/2 operators we have,

Tr(sz
0s

z
j(1)) =

1

4
δ0jTr(1), (4.8.32)

where δ is the standard Kronecker delta notation. Therefore, eq. (4.8.31) can be

compressed as 1
4
Tr(1) × (Tr(1))−1; because every term in the sum is zero except

when j = 0. Finally, Tr(1) in both the numerator and denominator cancel out (note:

Tr(1) = 2N where N is the number of lattice sites) and the susceptibility becomes,

χ(T ) = (
NA(gµB)2

kBT
)
s(s + 1)

3
. (4.8.33)

This eq.(4.8.33) is a Curie law (χ ∼ 1/T ) explaining the susceptibility where the

magnetic moments of the system are in disordered paramagnetic phase at high tem-

peratures. Thus, if the magnetic susceptibility were valid for all temperatures (T),

then the susceptibility would diverge as T approaches zero. But this assumption can-

not be made from a mathematical stand point because the Taylor expansion itself is

only valid for high T (small β ). To get a better expression for the susceptibility of

such systems, we have to consider higher order terms in the expansion. Now, let’s try

to see what will happen for β1 terms are included in the expansion, then,

χ(T ) = (
NA(gµB)2

kBT
)
∑

j

Tr(sz
0s

z
j(1− βH))

Tr(1− βH)
. (4.8.34)

After some rearrangement we will get

χ(T ) = (
NA(gµB)2

kBT
)
∑

j

Tr(sz
0s

z
j)− βTr((sz

0s
z
j)(H))

Tr(1)− βTr(H)
. (4.8.35)
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However, no need to compute the first term in the numerator again since its expression

is given by eq.(4.8.32). In addition that ,the denominator is only Tr(1) because

Tr(H)=0. Therefore, we have to calculate the second term in the numerator only.

Plugging eq.(4.8.1) in we get,

Tr((s0sj)(H)) = J1(
∑

R

Tr(sz
0s

z
j ŝ0 · ŝR)) + J2(

∑
t

Tr(sz
0s

z
j ŝ0 · ŝt)). (4.8.36)

Where ŝ0 · ŝR = (sx
0s

x
R + sy

0s
y
R + sz

0s
z
R). Because different components of the spins are

uncorrelated so that eq.(4.8.36)can be reduced to:

Tr((s0sj)(H)) =
1

4
[1− β

4
(q1J1 + q2J2)]. (4.8.37)

But in this expression q1 and q2 are the number of nearest neighbors ( NN) and next

nearest neighbors (NNN) respectively. By Plugging eq.(4.8.37) into (4.8.35) and after

some simplifications, the magnetic susceptibility in its first order correction will be:

χ =
(NA(gµB)2

kBT
s(s+1)

3
)

T + ( s(s+1)
3kBT

)(q1J1 + q2J2)
. (4.8.38)

Therefore this is the Neel’s law of the form

χ =
C

T + TN

(4.8.39)

where C = (NA(gµB)2

kBT
) s(s+1)

3
and TN = s(s+1)

3kBT
)(q1J1 + q2J2).

Determination of the coefficients of higher order terms in the expansion, becomes

increasingly difficult. Obviously, such difficulties arise for orders of β greater than 1

because of the Hamiltonian in the expansion terms becoming nonlinear, and terms

having the form Tr(sz
0s

z
jH

2) must be computed. The aim of the calculation of co-

efficients for the higher order terms is to determine the relationship between the

susceptibility and the exchange integrals J1 and J2. The coefficients for β0 does not
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reveal this relationship; however keeping more terms in the series expansion does.

The expansion coefficients for β1 , in equation (4.8.38), indicants that the suscepti-

bility is a function of the exchange integrals. In effect, we have created a power series

representation for χ ∗ kBT in powers of β,

χ ∗ kBT =
∑

n

1

n!
αn(J1J2)β

n. (4.8.40)

As we have seen above, we found for n=0 and n=1 as follows:

α0 = NA(gµB)2 s(s + 1)

3
, (4.8.41)

and

α1 = NA(gµB)2(q1J1 + q2J2)(
s(s + 1)

3
)2. (4.8.42)

And magnetic specific heat of the system can be defined as:

c(T ) =
d〈H〉
dT

=
1

N

d

dT
(
Tr(He−βH)

Tr(e−βH)
) =

1

N

d

dT
(
− d

dβ
Tr(e−βH)

Tr(e−βH)
). (4.8.43)

Expansions of the correlation function in powers of β and obtained as follows:

〈si · sj〉 =
Tr(sisje

−βH)

Tr(e−βH)
=

∞∑
l=0

(−1)l

l!
αlβ

l. (4.8.44)

According to the concept of linked cluster expansion αl = νl −
∑l−1

k=0 C l
kαkµl−k,

νl = 〈Si · SjH
l〉 , and µm = 〈Hm〉 the calculation of αl leads to a diagrammatic

representation according to [94]. This can be done by using two basic steps:

1. Identifying and cataloguing of all diagrams or graphs which can be constructed

from one dashed line connecting the site i and j , and l straight lines, and the de-

termination of diagrams whose contribution is none vanishing. This step has already

been accomplished in the Stanley work[95].
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2. Counting the number of times that each diagram can occur in the magnetic

system.

A diagrammatic representation of the moments (µm) was given by Rushbrook and

wood(RW)[96]:-

µm =
∑

d

µm(d). (4.8.45)

However, Stanley and his co-worker Kaplan outlined a diagrammatic representation

of the coefficients the spin-spin correlation function(αl) and νl. Here the Hamiltonian

is H =
∑

ij Jij~si · ~sj ≡
∑

ij Hij, then based on this νl = 〈Si · SjH
l〉 and this is a sum

of averages 〈Si · Sj

∏
Hij〉 of a product of l factors of Hij and one factor of ~Si · ~Sj.

Now, for each of the l factors Hij in the product, Stanley and Kaplan (SK) draw a

straight line connecting sites i and j; for the factor ~Si · ~Sj, a wavy line connects the

given fixed sites i and j. all in all we have (l + 1) lines corresponding to the entire

product is the diagram d̄ associated with that product. Therefore,

νl =
∑

d̄

νl(d̄), (4.8.46)

and

αl =
∑

d̄

αl(d̄). (4.8.47)

Here αl(d̄) = νl(d̄) −
∑l−1

k=0

∑′

d̄a,db
αk(d̄a)µl−k(db). For this purpose we can use the

expansion coefficient as

αl = S̄2(−2S̄2)l(Jm1
ik1

Jm2
k2k3

...Jmv
knj)[αl(τ)], (4.8.48)

here
∑v

r=1 mr = l , mr = 0, 1, ..., l and S̄2 = S(S + 1). The weight ([αl(τ)]) for each

topological type (τ) is given in the table. Expansions as power series in reciprocal

temperature of the zero-field susceptibility of a magnetic system using correlation
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Table 4.2: indicates that the relationship between straight lines(l) that can be used
for diagrammatic representation, topological type(τ), and the weight ([αl(τ)])

l : τ [αl(τ)] l : τ [αl(τ)] l : τ [αl(τ)]
0:1 1 5:4 − 8

27
6:7 16

45

1:1 1
3

5:5 16
63

6:8 32
63

2:1 2
9

5:6 −16
9

6:9 −16
9

3:1 2
9

5:7 −8
9

6:10 −32
9

3:2 − 2
15

5:8 −152
135

6:11 −16
9

4:1 8
27

6:1 80
81

6:12 −16
9

4:2 − 8
45

6:2 −16
27

6:13 −32
9

4:3 − 8
15

6:3 −16
27

6:14 −608
135

5:1 40
81

6:4 −16
9

6:15 −304
135

5:2 −8
9

6:5 −32
9

6:16 −16
15

5:3 − 8
27

6:6 −304
135

6:17 −160
65

function to order six in β can be defined as:

χ(β) =
n∑

m=0

6∑
n=0

d(m,n)ζmtn, (4.8.49)

ξ2(β) =
n∑

m=0

6∑
n=1

c(m, n)ζmtn. (4.8.50)

Where ζ = J2

J1
and t = 2S(S+1)J1

kBT
. The series coefficients d(m,n) and c(m,n) are given:

Spin glass susceptibility (χSG) is non linear. This is because of the order parameter

(q) is non linear i.e. the self-overlap, also called Edwards-Anderson[49] parameter is

defined as:

q =
1

N

∑
i

[〈Si〉2]av. (4.8.51)

This leads to the magnetic Spin glass susceptibility (χSG) as:

χSG =
1

NT 2

∑
ij

[〈SiSj〉2]av. (4.8.52)
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Table 4.3: coefficient of magnetic susceptibility

(m,n) d(m,n) (m,n) d(m,n) (m,n) d(m,n)
(0,0) 1 (0,4 112

2025
(5,5) 2386144

202625

(0,1) −16
45

(1,4) −3728
2025

(0,6) 9776
202625

(1,1) 16
15

(2,4) 5632
675

(1,6) −734176
637875

(0,2) 16
45

(3,4) −42256
2025

(2,6) 11248
1215

(1,2) −32
15

(4,4) 10432
2025

(3,6) −5915984
91125

(2,2) 64
45

(0,5) − 704
14175

(4,6) 5379056
42525

(0,3) −16
75

(1,5) 3232
3375

(5,6) −41697584
212625

(1,3) 256
135

(2,5) −355376
30375

(6,6) 3478912
1275575

(2,3) −928
135

(3,5) 202112
6075

(3,3) 1712
675

(4,5) −385984
6075

Table 4.4: coefficients of correlation function

(m,n) c(m,n) (m,n) c(m,n) (m,n) c(m,n)
(0,0) 0 (0,4 − 18532

121550625
(5,5) − 5599272904

12762815625

(0,1) − 1
210

(1,4) − 5619337
243101250

(0,6) − 2088467932
1340095640625

(1,1) − 4
105

(2,4) − 26529968
121550625

(1,6) − 28002872983
2680191281250

(0,2) − 44
3675

(3,4) − 17916953
243101250

(2,6) −81837440084
38288446875

(1,2) − 17
11025

(4,4) − 11962192
121550625

(3,6) −337316720399
536038256250

(2,2) 368
11025

(0,5) − 5243482
12762815625

(4,6) −858172626628
268019128125

(0,3) − 2213
771750

(1,5) − 45542536
2552563125

(5,6) −2081566923263
2680191281250

(1,3) 8576
165375

(2,5) − 665249063
5105126250

(6,6) − 667883884798
1340095640625

(2,3) − 20984
1157625

(3,5) −2177796064
2552563125

(3,3) 60316
1157625

(4,5) − 89203154
364651875
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Where the correlation length of the correlation function [〈SiSj〉2]av possibly diverges

at T = TSG.

We used the Padé approximants (P.A)[97] extensively for the analysis of high-

temperature series expansions[98]. A [L, K] Padé approximants to a function f(x) =∑N
i=0 bix

i is a rational fraction PL(x)
QK(x)

. Where PL and QK are polynomials with degrees

L and K respectively. Therefore,

f(x) =
PL(x)

QK(x)
+ O(xL+K+1). (4.8.53)

In our case, P.A (L,K) to a series χ(β) =
∑n

m=0

∑6
n=0 d(m,n)ζmtn or ξ2(β) =∑n

m=0

∑6
n=1 c(m,n)ζmtn is a rational fraction i.e.

χ(β)orξ2(β) =
PL(x)

QK(x)
+ O(xL+K+1). (4.8.54)

Close to a second-order phase transition at finite temperature T−1
c from a paramag-

netic to an ordered state, thermodynamic quantities generally diverge as:

χ(T ) ∝ (T − Tc)
−γ, (4.8.55)

and

ξ2(T ) ∝ (Tc − T )−2ν . (4.8.56)

And Padé approximants to the logarithmic derivative dlnχ(T )
dT

≈ −γ
T−Tc

help to determine

the critical exponents of susceptibility and correlation function γ and ν respectively.

4.9 Results and Discussion

By using mean-field approximation and experimental values for the Neel temperature

and the Curie-Weiss temperature of the materials, we determined the nearest neigh-

bor (nn) and next nearest neighbor (nnn) interaction couplings for the ordered state.
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But by taking in to consideration the disordered state i.e. using probability distribu-

tion, we have computed both interaction couplings for each concentration. Based on

these exchange coupling and using high temperature series expansion extrapolated

with Padé approximants we presented concentration dependent transition tempera-

ture (Phase diagram) as follows: In this case we can justify that there are spin glass

Figure 4.1: Explains the relationship between the magnetic phase transition temper-
atures verses magnetic impurity concentration of A(1−x)MnxA

′ .

phase in range (0.2 ≤ x < 0.6) and antiferromagnetism in range (0.6 < x ≤ 1) based

on exchange interaction couplings calculations.

82



Figure 4.2: Schematic representation of magnetic specific heat vs. temperature for the
materials A(1−x)MnxA

′.

4.10 Conclusions

In this part of the dissertation exchange integrals (J1 and J2) for nearest neighbor

(nn) and next nearest neighbor interactions (nnn) using mean-field approximation in

concentration range (0.6 ≤ x ≤ 1) and taking in to consideration the dilution prob-

lem we used probability distribution in range (0.2 ≤ x < 0.6) for the systems were

computed. We used these values for magnetic susceptibility and magnetic specific

heat calculations. In order to determine the susceptibility and specific heat, we im-

plemented high temperature series expansion and Padé approximants at the critical

region. Different magnetic phases such as (spin glass, antiferromagnetic and para-

magnetic) based on their concentration ranges were established and the findings are

in agreement with previous studies. The critical exponents associated with magnetic
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susceptibility and correlation function γ = 1.38 ± 0.1 and ν = 0.8 ± 0.1 respectively

were also obtained.
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Chapter 5

Summery and Future plan

This dissertation reports the results of Monte Carlo simulation of finite dimensional

spin glass systems with distance dependent interaction and theoretical study of spin

glass state in diluted magnetic semiconductors. In the first part of the study we

have studied two dimensional Ising spin glass model. In this case since the system

is a disordered system, we have free energy land escapes. To overcome the energy

land escapes and to minimize the relaxation time of the simulation we employed

the parallel tempering Monte Carlo simulation. The model studied does not provide

any evidence for phase transition for nearest neighbor interactions. This is consistent

with the present spin glass theory. In order to show the spin glass phase transition we

considered the long-range interaction model i.e. diluted version of power law decaying

interaction coupling. Int he model every spin is connected with a finite number of

other spins and we have chosen an average coordination number z=6. The results we

obtained are summarized as follows:

1.The parallel tempering Monte Carlo simulation reduces the relaxation time and

speed up the equilibration of the simulation and all data that we have shown are
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thermalized.

2. We have simulated different systems with different geometrical organization

of random interactions. For each system we have simulated two replicas in order to

study the overlap order parameter.

3. We have computed the overlap distribution function for ρ = 2; 3; 4. In the

first two cases we found evidence for the existence of a phase transition from the

paramagnetic to the spin glass phase. In the last case, double peaked distributions,

typical of the spin glass phase are displayed at low T for small sizes. However, the Tc at

which the conversion from single peak to double peak occurs, appear to continuously

decrease with L. This is in agreement with the fact that the value ρ = 4.0 indicates the

cross over at which long-range systems whose interaction decrease with r−ρ become

effectively short range. Since in 2D the short-range spin glass phase does not exist,

Tc must go to zero in the proximity of ρ = 4.

In the second part of our study we considered the vector spin to examine the

stability of the spin glass phase in the 3D Heisenberg model. We know that some

physical quantities diverge seemingly to infinity at the critical point. This raises a

challenge for numerical simulations to see the critical phenomena since we have to

simulate systems at different sizes and in order to avoid this problem we used the

finite size scaling for the numerical simulation. Here, we used classical Heisenberg

spin glass in 3D with the interaction following the Edwards-Anderson model and by

calculating Binder parameter we found the absence of finite temperature spin glass

phase transition. When we examined non linear susceptibility it also appears that

there was clear indication of the absence of finite temperature phase transition.
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In the third part of our study we considered theoretical analysis (high tempera-

ture series expansion extrapolated with Padé approximants) to identify the magnetic

properties at the critical region. In this case, the exchange integrals (J1andJ2) for

nearest neighbor (nn) and next nearest neighbor interactions (nnn) using mean-field

approximation in concentration range (0.6 ≤ x ≤ 1) and taking in to consideration

the dilution problem we used probability distribution in range (0.2 ≤ x < 0.6) for

the systems were computed. We used these values for magnetic susceptibility and

magnetic specific heat calculations. In order to determine the susceptibility and spe-

cific heat, we used high temperature series expansion and Padé approximants at the

critical region. Different magnetic phases such as (spin glass, antiferromagnetic and

paramagnetic) based on their concentration ranges were established and the find-

ings are in agreement with previous studies. The critical exponents associated with

magnetic susceptibility and correlation function γ = 1.38 ± 0.1 and ν = 0.8 ± o.1

respectively were also obtained.

For future we are planning to extend this work to spin glass superconductor which

is a very exciting research area in recent time. We also intend to study chiral glass

using Heisenberg spin model in 3D.
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Appendix

2 Appendix A: Figures for different system sizes

and ρ values

Figure A.2: Schematic representation of Energy per spin versus t(Monte Carlo steps)
for L = 40 , T = 2, ρ = 3.0.
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Figure A.2: Schematic representation of Energy per spin versus t(Monte Carlo steps)
forL = 40, T = 1, and ρ = 4.0.

3 Appendix B: Binder parameter

Lets assume that the spin glass order parameter as q = (q1, q2, q3, ..., qn). However

each order parameter (qi) is independent and has either bimodal or Gaussian type of

probability distribution:-

p(qi) =
1

σ
√

2π
exp(

q2
i

2σ2
). (3.1)

Now lets consider a quantity which is rotationally invariant and in order to represent

the fact that the spins rotate collectively. By definition:-

Q2 = q2
1 + q2

2 + ... + q2
n. (3.2)

This leads to

〈Q2〉 = 〈q2
1〉+ 〈q2

2〉+ ... + 〈q2
n〉 = nλ2. (3.3)
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Figure A.2: Schematic representation of p(q) versus q for L = 30, ρ = 3.0, and
T = 1.5, 1.6, 1.8, 2.2, 2.8.

and

Q4 = q4
1 + q4

2 + ... + q4
n +

∑
ij

q2
i q

2
j . (3.4)

But if we take thermal average of this eq.(3.4), we get:-

〈Q4〉 = n〈q4
1〉+ n(n− 1)〈q2

i 〉2 = 3nλ4 + n(n− 1)λ4. (3.5)

This implies that:-

〈Q4〉 = (n2 + 2n)λ4. (3.6)

Therefore if we take the ratio of the fourth and and the second moments:

〈Q4〉
〈Q2〉2

=
n + 2

n
. (3.7)

For Heisenberg spin model n=9 and Binder parameter would be:-

gL =
1

2
[11− 9

〈Q4〉
〈Q2〉2

] (3.8)
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Figure A.2: Schematic representation of p(q) versus q for L = 10, 20, 30, 40 ρ = 4.0,
T = 1.0, 1.1, 1.3, 1.7, 1.9.

4 Appendix C: derivation for diagrammatical rep-

resentation

As we defined in section(4.3) above:

νl = 〈Si · SjH
l〉 =

Tr{Si · SjH
le−βH}

Tr{e−βH}
(4.1)

and

µm = 〈Hm〉 =
Tr{Hme−β.H}

Tr{e−βH}
(4.2)

Now lets assume that the hamiltonian for the spin-spin exchange interaction:

H =
∑
〈ij〉

Jij~si · ~sj, (4.3)
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Figure A.2: Schematic representation of p(q) versus q for L = 10, 20, 30, 40 , ρ = 4.0,
T = 1.5.

where 〈ij〉 refers that summation over all different pairs of nearest neighbors. To

obtain expansion coefficient for the spin-spin correlation function (αl) first we have

to evaluate (µm) and (νl). Then from eqs.(4.2) and (4.3)

µm = (−Jij)
m

Tr{(
∑

〈ij〉 ~si · ~sj)
me−βH}

Tr{e−βH}
, (4.4)

with m pairs in the trace, is associated with a diagram containing m lines. Repre-

senting such diagrams by d, we get

µm = (−Jij)
m

∑
d

µm(d). (4.5)

Here

µm(d) =
∑

c

Tr{(~si · ~sj)...(~sk · ~st)e
−βH}

Tr{e−βH}
, (4.6)
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and c indicates that the combination of pairs of spins at two sites that corresponds

to the given diagram. In the same way one can represent

νl = (−Jij)
l
∑

d̄

νl(d̄). (4.7)

since in this case in addition to straight lines for each pairs of spins there is one wavy

line,the diagram is denoted by d̄
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