PROVING SOME GEOMETRIC THEOREMS USING
GROEBNER BASES

AREGAWI!| WELDEGIORGIS AKALE.

A Project Report submitted to Addis Ababa University faculty of Computer and
Mathematical Sciences, Department of Mathematics
in Partial fulfillment of the requirements for the Degree of Master of Science in

Mathematics.

ADVISOR: TILAHUN ABABAW (PhD)

JANUARY, 2011

Addis Ababa-Ethiopia



Addis Ababa University
Faculty of Computer and Mathematical Sciences

Department of Mathematics

Approved by the Board of Examiners:

Department Head Signature

Examiner Signature

Examiner Signature



Permission

“This is to certify that this project is compiled /a recorded of the research work done / by
Aregawi Weldegiorgis in the Department of mathematics, Addis Ababa University, under my
supervision. [ hereby also confirm that the project can be submitted for evaluation by examiners

and eventual defense.

Advisor’s Signature

i



Table of Contents page

DeClaration. . ... .t 1
PerMISSION. . ...t e 11
ADSTTACT. . .ot e il
ACKNOWIEAZEMENLS. ...\t v
INEOAUCTION ...ttt ettt ettt e et e st e et esneeeseesaeeens 1
CRAPLET O ...ttt ettt ettt sbe et st sbe et eatesbeetesanens 3
PrElIMINATIES ...coutieieieiie ettt ettt et e s et e e bt e s ateenteesaaeenbeeeeee 3
INEOAUCTION ...ttt ettt ettt e et e st e et esneeeseesaeeens 3
1.1. Polynomials and Affine Varieties .........cocueeuieiiiiiiienieeiieeee e 3
L2 TACALS ..ttt et ettt et et b et e eareens 5
1.3. Monomial ordering and monomial ideals ...........c.cceeeuvieriieeiiieeiieeeecee e 6
1.4. The Hilbert basis theorem and Groebner bases............ceeeeeieeiiieiienieniieniccieee 10
1.5. Properties of Groebner Dases...........cccuuieeiiieiiieeeiie et 11
1.6. Buchberger’s AlGOTIthm...........ooooiiiiiiiiiiiiee e 13
1.7. Application of Groebner bases for solving polynomial equations......................... 16
1.8. Hilbert’s Nullstellensatz theorem and radical ideals............cccoeoveviiiiniinienenenne 17
CRAPLET TWO ...ttt ettt et st b e et sbe e bt sae e bt e sbeenaes 20
Proving Some Geometric Theorems Using Groebner Basis............cccccvvervieriienieenieennnnnne. 20
2.1, INETOAUCEION ...ttt st et ae e 20
2.2. Admissible Geometric theorem...........cevuiriirieiiieierieeeeeee e 21
2.3. Examples of Translation of geometric statements into Polynomials...................... 22
2.3.1. Paralle] lINES .....c..ovueiiiiiiiieiieieeeeee e 22
2.3.2. Perpendicular lINES .........cccociieiiieniieiieie et 23
2.3.3. COIMNEAT ...ttt ettt sttt et sbe e 24
23040 CAICLE ottt 25
2.3.5. MIAPOINL ..ttt et ettt e st e et e s abe e b e eneeenneas 25

2.4. Proving Translated TheOTemS .........ccceocuieiiiiniiiiieeieeeee e 27
2.4.1. The Circle Theorem of ApOllONIUS.......c..cccueriirirriiriinieiiniereeeeeeeeeeene 27
2.4.2. Pappus TREOTEIM ......coiuiiiiiiiiieiiee et 31

NS 5 (511 1 TN 35



Abstract

Algebraic Geometry can be used to prove geometric theorems in Euclidean Plane Geometry.
This can be done when the geometric theorem has the property that the hypothesis and the
conclusion of the theorem can be translated into polynomial equations. Such theorems are called
admissible theorems. The geometric theorems considered involve points, lines, or circles in the
Euclidean Plane which have common intersection points. In this project, first we translate the
hypothesis and conclusion of the theorem in to polynomial equations. Then, the method
Groebner basis 1s used to answer the ideal membership problem of the ideal generated by the
polynomials in the hypothesis and the polynomials in the conclusion. The geometric theorems
considered are the Theorem of Apollonius and Pappus Theorem which demonstrate the

applicability of our method.
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Introduction

Algebraic geometry is a branch of mathematics which combines techniques of
abstract algebra, especially commutative algebra, with the language and the problems of
geometry. It occupies a central place in modern mathematics and has multiple conceptual
connections with such diverse fields as complex analysis, topology and number theory.
Initially a study of systems of polynomial equations in several variables, the subject of
algebraic geometry starts where equation solving leaves off, and it becomes even more
important to understand the intrinsic properties of the totality of solutions of a system of
equations, than to find some solution; this leads into some of the deepest waters in the

whole of mathematics, both conceptually and in terms of technique.

Algebraic geometry has a long history that can be said to go back to the Euclidean
geometry in ancient Greece. Today, algebraic geometry is an area with geometry with
connections to other areas such as commutative algebra, complex analysis, topology and

number theory in mathematics, cryptography in informatics and string theory in physics.

Algebraic geometry concentrates on the abstract properties of the geometric objects
by assigning them algebraic structures. The translation to algebra means that algebraic
geometry is more suitable for studying geometric problems of higher complexity than

other nearby fields.

In this project we will discuss algebraic methods in automatic geometric theorem
proving, specifically the use of Groebner basis. Proving geometric statements
algorithmically is an area of research which has particular importance in the fields of
robotics and artificial intelligence.

In the first chapter, we will discuss some concepts from algebraic geometry and
commutative algebra such as varieties, ideals and Groebner bases. In the second chapter,
we will discuss the translation of geometric statements to algebraic statements. Next, we
will see some model geometric theorems and how they can be translated in to polynomial

equations. Lastly we will apply the Groebner basis method.
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A systematic overview of the Automatic Geometric Theorem Proving is as follows

Geometric statements

|

Polynomial equations of the

Geometric Hypotheses (h;)

l

Polynomial equations of the

Geometric conclusion(s) (g;)

l

Verifying using Groebner basis
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CHAPTER ONE

PRELIMINARIES

Introduction

In this chapter we will see the basic concepts which are very help full to prove generally
the Automatic geometric theorem especially the theorem of the Circle of Apollonius and

Pappus Theorem.

This chapter contains polynomials & affine varieties, ideals, monomial orderings and
monomial ideals, Hilbert’s basis theorem and Groebner basis, properties of Groebner
bases &their applications for solving polynomial equations, Hilbert’s Nullstellensatz

theorem, and radical ideals.

Our aim is to prove a geometric theorem (specifically the theorem of the circle of
Apollonius and Pappus Theorem) algebraically by applying the above mentioned
concepts. We will change the geometric statements in to polynomial equations by using

the concepts of slope of lines and distance formula.

Groebner bases were first discovered by Bruno Buchberger in 1965, who named them
after his supervisor Wolfgang Groebner. They have been applied successfully in
algebraic geometry and commutative algebra. The method we employed translates
geometric statements into algebraic statements; we illustrate this in chapter 2.

First we begin with some basic concepts.

1.1. Polynomials and Affine Varieties
Definition 1.1.1 A monomial in x4, X5, ..., X,, is a product of the form
xlal . xzaz — xnan’
where the exponents a4, a5, ..., @, are non-negative integers.
The total degree of this monomial is the sum a; + a; + -+ a,

Let a= (aq, ay, ..., @, ) be an n-tuple of non-negative integers. Then we can simplify the

notation for monomials as x% = x;%1 - x,%2 ...- x,,%n
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Note that the monomial x* =1 when a=(0,...,0)

Definition 1.1.2 A polynomial f in xq,x;, ...,x, with coefficients in a field £ is a finite

linear combination of monomials. We write a polynomial f in the form
f=Yqa,x%, where a, €k and a= (a1, ay, ..., a,).

The set of all polynomials in xq, x5, ..., x,, with coefficients in a field k is denoted by

klxq, ., x, ]
Example 1.1.3 f = V2x?yz® + 3/4 xy? + 3xyz — z* is a polynomial in R[x, y, z]

Definition 1.1.4 For a field & and a positive integer n, we define the n-dimensional

affine space over & to be the set
k™ ={(ay,..,a,): a4, ...,a, €k}

Consider the case of k& = R, then from calculus R ! is the number line and R ? is the

coordinate plane.
In general, we call k! the affine line, k 2 the affine plane and so on.
Now, let us see how polynomials are related to affine space.

A polynomial f =), a,x* € k[xy, ..., x,] gives a function f: k" — k , define for a
given (a4, ...,a,) € k™, replace every x; by a; in the expression for f. Since all the
coefficients lie in £, then this operation gives an element f(ay, ..., a,) € k. This enables

us to link algebra and geometry.

Definition 1.1.5 Let k be a field, and let f;, f5, ..., f; be polynomials in k[x, ..., x,, ], then
wesetV(fi,...fs) ={(ay,...,a,) €Ek™: fi(ay,...,a,) =0 foralll <i<s}.

We call V( fi, ..., f;) the affine varieties defined by f3, f5, ..., fs-

Thus an affine varieties V( fi, ..., f;) € k™ is the set of all solutions of the systems of
equations fi(xq1, ..., x,) = = fo(x1, ., %) =0
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Examples 1.1.6

i. Letk =R, intheplane R?, V( x? + y? — 1) which is the circle of radius /
centered at the origin is an affine variety.

ii.  Generally conic sections studied in analytic geometry (circles, ellipses, parabolas,
and hyperbolas) are affine varieties.

iii.  Graphs of polynomial functions are affine varieties. In this case the graph of
y=f)isV(y-f(x)
1.2. ldeals

Definition 1.2.1 A subsetI c k[xq, ..., x,,] is an ideal if it satisfies

. 0€l
ii. Iff,g€l,thenf+g€l
iii. Iff €landh € k[xq,...,x,], then hf €1

The goal of this section is how ideals relate with affine varieties and the real importance

of ideals is to give us a language for computing with affine varieties
Definition 1.2.2 Let fi, ..., f; be polynomials in k[xy, ..., X, ]. Then we set
<f1, ,f;-) = {Zle hlfl :hli . hs € k[xl, ...,xn]}

Lemmal.2.3 If fi, ..., f; € k[xq, ..., x,], then (fy, ..., f;) is an ideal of k[xy, ..., x,]. We
call (fi, ..., f;) the ideal generated by fi, ..., f;

Proof First,0 € (fi, ..., fs), since 0 = };?_; 0. f;
Suppose that f = X5 p;. fi and g = X5 q;. f; for some p;, q; € k[xy, ..., x,],
and let h € k[xq, ..., X, ], then

freg=2-1(pi+q)fi €l , since p;+q; €klxy, ..., x,]

hf =i 1(hp)f; €1, since hp; € k[xq, ..., x,]
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Hence, (fi, ..., f;) is an ideal of k[x4, ..., x,,]. ]
The ideal (fi, ..., f;) has a nice interpretation in terms of polynomial equations.
Definition 1.2.4 Let V c k™ be an affine variety. Then we set
I(V) ={f € k[xy, ..., x,]: f(aq, ..., a,) = 0,forall (ay, ...,a,) € V}
Lemma 1.2.5 IfV c k" is an affine variety, then I( V) < k[xy, ..., X, ] is an ideal.
We call I( V) the ideal of V

Proof It is obvious that 0 € I( V), since the zero polynomial vanishes on all of k™ , in

particular it vanishes on V.

Next, suppose that f,g € I(V) and h € k[xq, ..., x,]. let (a4, ..., a,,) be an arbitrary point
of V.

Now, f(ay,..,a,)+glay,...,a,) =0+0=0,then f+gel(V)
h(ay,...,a,)f(ay,...,a,) = h(ay,...,a,).0 = 0. Then, hf € I(V)
Hence I( V) is an ideal of V. [
1.3. Monomial ordering and monomial ideals

Definition 1.3.1 A monomial ordering on k[x1, ..., x,] is any relation >’ on Z%;, or

equivalently, any relation on the set of monomials x* , a € Z%; , Satisfying

i. > is atotal(or linear) ordering on Z%,. that is, for any a, f € ZL%, then exactly
one of the three conditions hold: a>f, a= , a<p
ii. ifa>fandy €ZL, thena+y>p+y.
iii. > 1is a well-ordering on Z%, . This means that every non empty subset of Z%,

has a smallest element under >.

The usual numerical order ..>m+1>m>-->3>2> 1> 0isanexample of

monomial ordering.
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Definition 1.3.2 (Lexicographic Order)

Let a = (ay, ..., a,), B = (By, .., Bn) € ZL,. We say a >, f if, in the vector

difference o — [ € Z", the left- most non-zero entry is positive.
We will write x% >, x? ifa >, .
Example 1.3.3

a. (1,20) >, (03,4) sincea—pf=01,—-1,-4).
b. (3,24) >, 3,21) sincea—pf =(0,0,3)
c. (1,0,.4,0) >1ox (0,1,.,0) >poxs oor>1ox (0,0, ...,1)

Note that the lex order on 7%, is a monomial order.

Definition 1.3.4 (Graded Lex Order)

Leta, f € Z%. We say @ >0, B if |a| = X a; > |B] = Xi=1 B, or |a| = |B] and

a >lex B

We see that grilex orders by total degree first, then use lex order.
Example 1.3.5

l) (11213) >grlex (31210) Since |(1r2r3)| = 6 > |(3r2r0)| = 5

i) (1,2,4) >gp1ex (1,1,5) since [(1,2,4)| = [(1,1,5)| and (1,2,4) >, (1,1,5).

Note that like lex order, grlex order is also a monomial ordering.

Definition 1.3.6 Let f =), a,x* be a non-zero polynomial in k[xq, ..., x, ] and let >

be a monomial order.

i.  The multi degree of f is multideg(f) = maxifn € Z%;: a, # 0), the maximum

is taken with respect to >.

ii.  The leading coefficient of f is LC(f) = Qmuitideg () € K

iii.  The leading monomial of f is LM(f) = x™uitideg (f)  (With coefficient /)

iv.  The leading term of f is LT(f) = LC(f) LM(f)
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Example 1.3.7 Let f = 4xy%z + 4z% — 5x3 + 7x?z? and let > denote the lex order.
Then, multideg(f) = (3,0,0)

LC(f) =-5
LM(f) = x°
LT(f) = —5x3

Lemma 1.3.8 Let f, g € k[xy, ..., x,,] be non-zero polynomials. Then

I. multideg(fg) = multideg(f) + multideg(g)
ii. Iff+g+#0, thenmultideg(f + g) < max(multideg(f) +
multideg(g)).

If in addition, multideg(f) # multideg(g), then equality occurs.
Proof: [1]

Definition 1.3.9 An ideal I c k[xq, ..., x,,] is a monomial ideal if there is a subset
A c Z%y(possibly infinite) such that I consists of all polynomials which are finite sums of

the form Y, c4 h,x%, where h, € k[xy, ..., x,]. In this case, we write [ = (x*: a € A)

Lemma 1.3.10 LetI = (x*: a € A) be a monomial ideal. Then a monomial x# lies in I

if and only if x# is divisible by x* for some «a € A.
Proof Suppose x# is a multiple of x%. then by the definition of an ideal x# € I.
Conversely, let x# € I. Then x# = ¥5_, h;x% , where h; € k[x, ..., x,] and a; € A.

If we expand each h; as a linear combination of monomials, we see that every term on the
right side of the equation is divisible by some x%. Hence, the left side x# must have the

same property. ]
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Theorem 1.3.11 (Division Algorithm in k[xy, ..., x,])

Fix a monomial order > on Z%, and let F = (f1, ..., f;) be an ordered s-tuple of

polynomials in k[xq, ..., x,, ]. Then every f € k[xq, ..., x, ] can be written as

f=aifi +Fasfs +,
where a;,r € k[xq, ..., x,] and either r = 0 or r is a linear combination (with coefficient

in k ) of monomials, none of which is divisible by any of LT (f;), LT (f3), ..., LT(f,).

We call r a remainder of f on division by F. Furthermore, if a; f; # 0, then we have
multideg(f) = multideg(a;f;)

Proof [1]

Example 1.3.11. Letus divide f = x’y + xy? +y? by fy =y?> —1land f, = xy — 1.
Use lex order with x > y. Then,

ap=x+1

2x+]->r=2x+1

Hence, f = x’y+xy? +y? = (x+ D@* - D +x.(xy—1) +2x + 1
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1.4. The Hilbert basis theorem and Groebner bases
Definition 1.4.1 LetI c k[xq, ..., X, ] be a non zero ideal of k[xq, ..., x, ]
i We denote by LT (I) the set of leading terms of I. Thus
LT(I) = {cx“ : there exists f €  with LT(f) = cx*}
ii. We denote by (LT (I) ) the ideal generated by the elements of LT (I)

LetI =(fi, ..., f;). Then (LT (f;), LT(f,), ..., LT (f,)) and (LT (I) ) may be different
ideals. It is true by definition that LT(f;) € LT(I) < (LT(I) ), which

implies (LT (f;), LT (f3), ..., LT(f;)) € (LT (I) ). However, (LT (I) ) can be strictly larger.
To see this, Let I = (f;,f, ), where f; = x3 — 2xy, f, = x?y — 2y? + x, and using the

grlex ordering on monomials in k[x, y]. Then
x(x%y — 2y% + x) —y. (x3 — 2xy) = x?

so that x2 € I.Thus, x> = LT(x?) € (LT(I) ). However x? is not divisible by LT(f;) =
x3 or LT(f,) = x?y.

By Lemma 1.3.10, x2 is not an element of (LT (f,), LT(f3), ..., LT(f.))
Proposition 1.4.2 LetI c k[xq, ..., X, ] be an ideal.

i. (LT(I) ) is a monomial ideal.

il. There are g4, ..., g € I such that (LT(I) ) = (LT(gy), ..., LT(g,)).
Proof [1]
Theorem 1.4.3. (Hilbert basis theorem):

Every ideal I c K[xy, ...,X,] has a finite generating set. That is, I = (g4, ..., g;) for some

81,8t EL

Definition 1.4.4 Fix a monomial order. A finite subset G = {gy, ..., g} of an ideal I is

said to be a Groebner basis (or standard basis) if
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(LT(I) ) = (LT (g1), ..., LT (g.))

Equivalently, but more informally, a set {g;, ..., g} € I is a Groebner basis of I if and

only if the leading term of any element of I is divisible by one of the LT (g;)

Corollary 1.4.5 Fix a monomial order. Then every ideal I € k[xq, ..., x, ] other than

{0} has a Groebner basis. Furthermore any Groebner basis for an ideal I is a basis of /.
Definition 1.4.6 LetI c k[x4, ..., x,] be an ideal. We will denote by V(I) the set
Vi) ={(ay,..,a,) € k™: f(ay,..,a,) =0, forall f €I}
Remark 1.4.7 If I =(fy, ..., f;), then V() = V(f1, ..., f;)
1.5. Properties of Groebner bases

Proposition 1.5.1 Let G = {gy, ..., g} be a Groebner basis for an ideal I c k[xq, ..., X, ]
and Let f € k[xq, ..., x,]. Then there is a unique r € k[xy, ..., x,,] with the following two

properties:

i) No term of r is divisible by any of LT (g1), ..., LT (g;)
ii) Thereisg € I suchthatf =g+ r

In particular, r is the remainder on division f by G no matter how the elements of G are

listed when using the division algorithm

Corollary 1.5.2 LetG = {g4, ..., g} be a Groebner basis for an ideal I c k[xy, ..., X, ]
and let f € K[xq, ...,x,]. Then f € I if and only if the remainder on division of f by G is

Z€10.

Proof If the remainder is zero, then we have already observed that f € I. Conversely,
given f € I, then f = f + 0 satisfies the two conditions of the above proposition. Hence

0 is the remainder of f on division by G. ]

—F
Definition 1.5.3 We will write f for the remainder on division of f by the ordered
s-tuple F = (fi, ..., f;). If F is a Groebner basis for ( fi, ..., f; ), then we can regard F as

a set (without any particular order ) by the above proposition.
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—F

Let F = {x*y — y?,x*y? — y2} c k[x, y], using the lex order, we have, x5y = xy3

Since the division algorithm yields,
2’y = (> + xy)(x?y = y2) + 0. (x*y? = y?) + xy?
Definition 1.5.4 Let f,g € k[xy, ..., x,,] be non zero polynomials

a. If multideg(f) = a, multideg(g) = B, And let y = (¥4, ..., ¥y ), Where
v; = maxi{a;, ;) for each i. We call x¥ the least common multiple of
LM(f) and LM (g), written x¥ = LCM(LM(f), LM (g))

b. The S-polynomial of f and g is the combination

xY xY

S0 =55 ~ g

(Note that we are inverting the leading coefficients here as well)

Suppose f = x3y? — x?y® + x and g = 3x*y + y? in R[x, y] with the grlex order. Then

y=@2ad SR =55 2L g=xf-(Yy) g

X?’y

= —x3y3 +x2 — (1/3)3/3
An S- polynomial S(f, g) is “designed” to produce cancellation of leading terms.

Lemma 1.5.5 Suppose we have a sum );;_c; f; , where ¢; € k and multideg(f;) =6 €
Z%, for all i. If multideg (Q3;_ c;f;) < 8. Then Y};_c;f; is a linear combination, with
coefficients in k, of the S-polynomials S ( fi fk) for 1 <j, k < s. Furthermore, each

S(jj-,fk) has multidegree < 9.

Note: when fi, ..., f; satisfy the hypothesis of the above Lemma 1.5.5; we get an
equation of the form; Yi_c;f; = X k Gk S(fj:fk)

Theorem 1.5.6 Let I be a polynomial ideal. Then a basis G = {gy, ..., g} for is a
Groebner basis for I if and only if for all pairs i # j, the remainder on division

of § (gi, g]-) by G (listed in some order) is zero
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1.6. Buchberger’s Algorithm

We have seen that every ideal in k[xq, ..., X, | other than {0} has a Groebner basis. Now
we will see for a given ideal I € k[xy, ..., x,] , how can we construct a Groebner basis

for I. let’s see this by the following example

Example 1.6.1 Consider the ring k[ x, y] with the grlex order, and let I = (f;, f5) =
(x3 — 2xy,x%y — 2y? + x). Recall that {f;, f,} is not a Groebner basis for I since

LT(S(f1, f»)) = —x? & (LT(f), LT(f2)).

To produce a Groebner basis, one natural idea is to try first to extend the original
generating set to a Groebner basis by adding more polynomials in /. Its remainder on
division by F = (fi, f5) is —x?, which is non-zero. Hence, we should include this
remainder in our generating set, as a new generator f; = —x2. If we set F = ( fi, 1o, f3),

we can use Theorem 1.5.6 to test if this new set is a Groebner basis for I. We compute

S(fi.f2) =f5, 80

F

S(fifz) =0,

S(fu. f3) = (x* = 2xy) — (—=x)(=x*) = —2xy, But

S fa) =—2xy #0

Hence we must add f, = —2xy to our generating set. If we let F = ( i, f2.f3 f4), then

F F

S(fi.f2) =S(fi,f3) =0,

S(fi fi) = ¥((* = 2xy) = (=3) ¥ (=2xy) = =2xy? = ¥y, s0

—F

S(fi.fa) =0

S(fo, f3) = (x*y — 2y* + x) — (=y)(—x?) = =2y? + x, but

F
S fs) ==2y>+x#0.
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Thus, we must also add fs = —2y? + x to our generating set. Setting {fl, f2.135 far f5},

one can compute that

F
S(fif;) =0forall1<i<j<5

By Theorem 1.5.6, it follows that a grlex Groebner basis for [ is given by
Ui fofo fu fs} = (% = 2xy, x%y — 2% + x, —x*, —2xy, =2y + x}

The above example suggests that in general, one should try to extend a basis F to a

- F
Groebner basis by successively adding non-zero remainders S ( fi, ]j) to F.

Theorem 1.6.2 Let I = (fi, ..., f;) # {0} be a polynomial ideal. Then a Groebner basis for

I can be constructed in a finite number of steps by the following Algorithm:
Input: F = (fy, ..., f5)
Output: a Groebner basis G = (g, ..., g;) for I, with F € G
G=F
REPEAT
G =G
FOR each pair {p,q},p # q in G DO

G

S=Smq)
IFS # 0,THEN G = G U {s}
UNTIL G = G

Groebner bases computed using the algorithm of the above theorem are often bigger
than necessary. We can eliminate some unneeded generators by using the following

fact.
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Lemma 1.6.3 Let G be a Groebner basis for the polynomial ideal I . Let p € G be a
polynomial such that LT (p) € (LT (G — {p})). Then G — {p} is also a Groebner basis
for I.

Proof: We know that (LT (G)) = (LT(I)). If LT (p) € (LT (G — {p})),
then (LT (G — {p})) = (LT(G)). By definition it follows that G — {p} is also a Groebner

basis. m

Definition 1.6.4 A minimal Groebner basis for a polynomial ideal I is a Groebner basis
G for I such that:

I LC(p)=1forallp €.
II.  Forallp € G, LT(p) & (LT(G — {p}))

We can construct a minimal Groebner basis for a given non-zero ideal by applying
the algorithm and then using Lemma 1.6.3 to eliminate any unneeded generators that
might have been included. To illustrate this procedure, we return once again to the ideal [

studied in the above Example 1.6.1. Using grlex order, we found the Groebner basis
fi =2 = 2xy

fa=x*y—2y* +x

f = —x*
fa=—2xy
fo=—2y*+x

Since some of the leading coefficients are different from 1, the first step is to multiply

the generators by suitable constants to make this true. Then note that

LT(f,) = x> = —x - LT(f3).

By Lemma 1.6.3, we can dispense with f; in the minimal Groebner basis. Similarly,

since LT (f;) = x?y = —(1/2)x - LT(f,), we can also eliminate f,. There are no further
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cases where the leading term of a generator divides the leading term of another generator.

Hence, f; = x?, fa=xy, fs=y*—(1/2)x is a minimal Groebner basis for I.

Unfortunately, a given ideal may have many minimal Groebner bases. For example, in

the ideal I consider above f3 =x%+axy, fi=xy, fi=y*—(1/2)x isalsoa

minimal Groebner basis, where a € k is any constant.

Definition 1.6.5 A reduced Groebner basis for a polynomial ideal I is a Groebner basis
G for I such that:

I LC(p)=1forallp €.
II.  Forall p € G,no monomial of p lies in (LT (G — {p}))

Note: Let I = {0} be a polynomial ideal. Then, for a given monomial ordering, [ has a

unique reduced Groebner basis.
1.7. Application of Groebner bases for solving polynomial equations

Next, we will see how the Groebner basis technique can be applied to solve systems of

polynomial equations in several variables. Let’s express this by giving an example
Example 1.7.1 Consider the equations
x2+y2+2z2=1, x*+z°=y, x=2z inC3.

These equations determine I = (x% + y2 + z?> — 1,x?> + z2 — y,x — z) € C[x, y, z], and
we want to find all points in V (I). By Remark 1.4.7, we can compute V (I) using any

basis of I.
With respect to the lex order, the basis is
B1=X—2

g, =~y +22%,

gs =z%+ G)zz - 1/4
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The polynomial g3 depends on z alone, and its roots can be found by first using the

quadratic formula to solve for z2, then, taking square roots,
1
zZ = i; i 5—-1

This gives us four values of z. Next, when these values of z are substituted in to the
equations g, = 0 and g; = 0, those two equations can be solved uniquely for y and x,
respectively. Thus there are four solutions altogether of g; = g, = g3 = 0, two real and
two complex. Since V(I) = V(gy, g,,g3) by Remark 1.4.7, we have found all the

solutions.
1.8. Hilbert’s Nullstellensatz theorem and radical ideals.

Recall that I(V) = {f € k[xq,...,x,]: f(x) = 0 for all x € V} of all polynomials

vanishing on V.
And for ideal I c k[x4, ..., x, ], we can define the set
V() ={xek™ f(x)=0forall f €I}

By the Hilbert’s theorem V(1) is an affine variety and there exists a finite set of
polynomials fi, ..., f; € I such that I = (fi, ..., f;) and in Remark 1.4.7, we have seen that

V(1) is the set of common roots of these polynomials.
Theorem 1.8.1 (Hilbert’s Nullstellensatz)

Let k be an algebraically closed field. If £, fi, ..., f; € K[Xq, ..., X,] are such that
f €Il(V(fi, -, fs)), then there exists an integer m = 1 such that

f™Ee(fi, e fs) (and conversely)
Lemma 1.8.2 Let V be a variety, if f™ € I(V), then f € I(V).
Proof. Let x € V. If f™ € I(V), then(f(x))™ =0
This implies f(x) =0

Hence, f € I(V), Since x € V [
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Definition 1.8.3 An ideal [ is radical, if f™ € I for some integer m > 1, then f € I.

By Lemma 1.8.2, I(V) is a radical ideal.
Definition 1.8.4 Let I € k[xy, ..., x,,] be an ideal. Then radical of I, denoted V1, is the set

{f: f™ €1 for some integr m > 1}

Remark
i. The ideal I € VI Since f € I = f! € I and hence f € /I.
11. The radical of an ideal is an ideal.
iii. If I is an ideal in k[xq, ..., x,,], then VT is an ideal in k[xy, ..., X, ]

Theorem 1.8.5 (The Strong Nullstellensatz Theorem)

Let k be an algebraically closed field. If  is an ideal in k[x4, ..., x,,], then
1(v(D) =I.
Proof Iff € VI, then f™ € I, forsome m > 1
f™ Vanishes on V(I)
This implies f Vanishes on V(I), which again implies f € I(V(I))
Hence, VI I(V(I))
Letf € I (V(I )), by definition, f Vanishes on V (I).
By Hilbert’s Nullstellensatz Theorem, there exists an integer m > 1 such that
fmel
This implies f € 1
Again this implies [ (V(I )) c I, Since f is arbitrary.

Hence, I(V(I)) =/1. |
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Proposition 1.8.6 (Radical Ideal Membership) Let k be an arbitrary field and let

I ={f,...f.) € kl[xq, ...,x,] be an ideal. Then f € /I if and only if the constant
polynomial 1 belongs to the ideal

I= (flr ""f:w 1 _yf) c k[le -"!any]
(In which case,] = k[xq, ..., x,,, y])

Note that if f € \J{fi, ..., ;) € k[x4, ..., x,] we compute a reduced Groebner basis of the
ideal {fi, ..., s, 1 — yf) < k[x4, ..., x,,, y] with respect to some ordering. If the result is

{1}, then f € V1. Otherwise, f & V1

Example 1.8.7. Consider the ideal I = (xy? + 2y?,x* — 2x% + 1) in k[x, ]
Let us test whether f = y — x% + 1 lies in /1. Using lex order on k[x, v, z], the ideal

I=(xy?+2y%x*—2x%>+1,1—z(y —x?>+ 1)) c k[x,y, z] has a reduced
Groebner basis {1}. By Proposition 1.8.6, it implies that f € /1.
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CHAPTER TWO
PROVING SOME GEOMETRIC THEOREMS USING
GROEBNER BASIS

2.1. Introduction

The idea that we will consider is that once we introduce Cartesian coordinates in the
Euclidean plane geometry, the hypotheses and the conclusions of geometric theorems can
be expressed as polynomial equations between the coordinates of collections of points

specified in the statements.

Suppose there are two sets of polynomials, one describing the hypotheses and the other
describing the conclusion. In this chapter, we will consider the class of theorems, whose

algebraic formulations involve polynomial equations of the form,
hypotheses: h{(x) =0, ...,h,(x) =0 and

conclusion: g(x) = 0, where x = (xq, ..., X, )are geometric entities.

The polynomials are all in x with coefficients in the geometry associated with a field k.
Proving a geometric theorem implies that
Forall x, if hy(x) = 0, ..., h,(x) = 0, then this implies g(x) = 0.

Now we apply the algebraic concepts written in the preliminaries. We will work in the

ring k[uy, ., Up, X1, eoe) X |-
The ‘hypothesis ideal’ I € k[u, ..., U, X1, ..., X,, |is defined as:
I =(hy, .., h,)
Suppose g; is in I, then
g = fihy + -+ f,h,, for some fi, ..., f,,.

So, if g; isin I and h;(x) = 0, then g;(x) = 0. In practice, this implies that if the
hypotheses are described by the h;, then the conclusion holds.
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Now we want to show whether g; € I. To determine whether g; € I, we calculate a
Groebner basis G of . For each g;determine the remainder on division of g; by G. If this

remainder is zero for all i, then g; is in I.

A Groebner basis method is an algorithmic method used to prove a conclusion that

follows generically from a set of hypotheses.
2.2. Admissible Geometric theorem

When we say translation of geometric statements into polynomials, it is to mean that
expressing geometrical ideas such as distance of line segment, circle, midpoint etc in

algebraic form. That is, in the form of polynomial equations.

Definition 2.2.1 A geometric theorem is said to be admissible if both its hypotheses and

its conclusions admit translation in to polynomial equations.

Let uy, ..., u,, be the independent variable and x4, ..., x,, be the dependant variables of a
geometric theorem. The hypotheses and the conclusions of the theorem will be expressed

as polynomials in the u;, x; .

When we prove a geometric theorem algebraically, we may have many conclusions.

Since we can threat them one at a time, it suffices to consider the case of one conclusion.
Let the conclusion be
g(Uy, ooy Uy, X1, ey Xy ) = 0

we want to deduce that g follows from hq, ..., h,, algebraically. We need g to vanish

whenever hy, ..., h, do, and this leads to the application of algebraic varieties and ideals.
Let the variety be

V=V(hy.. h)={a€ek™™:h(a)=0 for 1<i<n}
And, let the ideal be

I(V) ={f € kluq, .., Uy, X1, e, X l: f(@) =0 forall a €V}
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Definition 2.2.2 The conclusion g follows strictly from the hypotheses hy, ..., h, if
ge (V) c kluq, ..., Up, X1, .., X, ] Where V=V (hq, ..., h, )

Proposition 2.2.3If g € \/(hy, ..., h,,) = {f € k[uq, ..., Up, X1, e, X |: f5 €

hi, ..., h, forsome s}, then g follows strictly from hy, ..., h,,.

Proof The hypothesis g € \/{h4, ..., h,,) implies that g° € \/(h4, ..., h,,)for some s. Thus,

g’ = Y1 A;h; where A; € kluy, ..., Uy, Xq, .., Xp]
Now foreacha € I/,
g'(a) = X1 Ai(@h; (@) = Xi=1 4;(@) - 0=10
Therefore g(a) = 0,thatis, g € I(V).
Hence g must vanish when ever hy, ..., h,, do. ]

Remark 2.2.4 The above proposition is useful because we can test whether

g € \/(hy, ..., h,,) using the radical membership algorithm. Let I = (hy, ..., h,, 1 — yg) in

the ring R[uy, ..., Uy, X1, -, X, |. Then the radical membership proposition implies that

g € \/(hy, -, h,) ifand only if {1} is the reduced Groebner basis of I. If this condition

is satisfied, then g follows strictly from hq, -+, h,,.

2.3. Examples of Translation of geometric statements into Polynomials

Let us consider a few examples that show translations of geometric statements in to a

suitable system of algebraic equations.
2.3.1. Parallel lines

Two parallel lines can be translated in to polynomial equation as follows.

Let A, B, C, D be points in the plane, and let AB be parallel to CD as shown in the figure

below.
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rY-axis

/ B(x3x,)
A /‘D(x7, xg)

C(xs5.x4)

(x1-X2)

_» X-axis

Figure 2.1: parallel lines
Since AB is parallel to CD, Slope of AB = Slope of CD

X4—X xXg—Xx . .
72 — 28778 This is also the same as
X3—X1 X7—Xs5

This implies that

(xq4 — x9)(x7 — x5) = (x3 — x1)(xg — xg), using distributive property and

collecting to the left side gives

x1(xg — x¢) — x2(x7 — x5) — x3(xg — x6) + x4(x7 —x5) =0

Therefore, h = x1(xg — xg) — x3(x7 — x5) — x3(xg — xg) + x4(x; —x5) = 01isa

polynomial equation.

2.3.2. Perpendicular lines

Let AB be perpendicular to CD as in the figure below.

A Y-axis

A(x],X3)

C(X5,x6) D(x7,x8)

B(x3x,)

» X_axis

Figure 2.2: perpendicular lines
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Since the product of slopes of perpendicular line segments is —1, that is
(Slope of AB)-(Slope of CD) = —1
G =)=
This implies (x4 — x2)(xg — x6) = —[(x3 — x1)(x7 — x5 )]
Applying distributive property and collecting to the left gives,
—x1 (%7 — x5 ) — x2(xg — x6)+x3(x7 — x5 ) + x4(xg — %) = 0

Therefore, h = —x;(x7 — x5 ) — x3(xg — x¢)+x3(x7 — x5 ) + x4(xg —x¢) =0 isa

polynomial equation.
2.3.3. Collinear
Let A, B, C be collinear points in the plane as shown in the figure below.

AY-axis
C(xs5x4)

B(x3.x,)

A(x1,X5)

» X-axis

Figure 2.3: collinear points

Since A, B, C are collinear, Slope of AB = Slope of AC

X4—X Xe—X .
"2 — 2672 which also the same as
X3—X1 X5—X1

This gives,

(g — x2) (x5 — x1) = (x3 — x1) (X — x3)

Distributing and collecting to the left side gives

x1(xg — x2) — x5 (x5 — x1) — x3(xg — x2) + x4(x5 —%1) =0
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Therefore, h = x1(xg — x3) — x5 (x5 — x1) — x3(xg — x3) + x4(x5 —x1) =0 isa

polynomial equation.
2.3.4. Circle

Suppose C lies on the circle of center A and radius AB as shown in the following figure.

A
Y-axis

C(x.y)

B(x3, x4)

» X-axis

Figure 2.4: Circle

Radius (r) = AB = \/(x3 —x1)% + (x4 — x2)?

Since C lies on the circle, then AC = AB.

This implies \/ (x — x1)2 + (¥ — x2)2 = /(x5 — x1)% + (x4 — x3)?

Squaring both sides gives (x — x1)? + (y — x5)% = (x3 — x1)? + (x4 — x3)?
This implies (x —x1)% + (y —x3)%2 — (63 —x1)% — (x4 — %) =0
Hence, h = (x —x1)? + (y — x3)% — (x5 — x1)? — (x4 — x3)? = 0 is a polynomial
2.3.5. Midpoint

Suppose C be the midpoint of AB as in the figure below.

1 Y-axis
/B(w,z)
C(m,n)
AX,y) %o
-axis

A

Figure 2.5: midpoint
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Since C is the midpoint of AB , then AC = CB.

By distance formula we have,

Jm—x)2+ (n-y)?=(w-m?+(z-n)?

Squaring both sides gives,
(m-x)?+m-y)*=w-m?+(z-n)?

This implies (m —x)> + (n —y)? = (w—m)? — (z—n)?> = 0.

Hence, h= (m—x) 2+ (n—y)? — (w —m)? — (z—n)? = 0 is a polynomial.
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2.4. Proving Translated Theorems

In the above sections we have seen that, we can translate geometric statements in to

systems of algebraic equations in the ring k[uq, ..., Up,, X1, o) Xy |

In the following theorems, hq, ..., h,, denote the hypotheses and gg, ..., g, the

conclusions.
2.4.1. The Circle Theorem of Apollonius
Theorem 2.4.1

Let AABC be right triangle in the plane, with right angle at A. The midpoints of the three

sides and the foot of the altitude drawn from A to BC all lie on one circle. (See the

figure below)

C(0,uy)

M,(0,%, M;(x3,x4)

A(0,0) B(u;.0)

Figure 2.6: Circle Theorem of Apollonius

Proof To translate this geometrical statement to polynomial form, showing that the circle

theorem is admissible, we begin by constructing the triangle.

Place A at(0,0) and B at (ul,O), u; # 0 the hypothesis that £CAB is a right angle tells

us that C = (0,u, )and u, # 0
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Next, w e w ill ¢ onstruct t he t hree midpoints of t he s ides. S uppose t hese poi nts ha ve

coordinates M, = (x,,0), M, =(0,x,) and M, =(x,,x,). We use the convention that u,'s

are to be arbitrary, where as the x;'s are determined by the values of u;'s .

Since M, M,, and M3 are mid points, then by mid point formula we obtain the equations

hy =2x,—u, =0
hy,=2x,-u, =0 0
hy =2x,—u, =0

h,=2x,—-u, =0
The next step is to construct the point H = (x,,x, ), the foot of the altitude drawn from A.

We have two hypotheses here:
AH | BC implies hg = xgu; — xgup; =0 (2)
B,H, C are collinear implies hg = xsu, + xguy —uquy; =0

Finally, we want to show that, M, M,, M, H lie on a circle.

From Euclidean pl ane ge ometry, t hree non -collinear p oints d etermine a c ircle (th e

circumscribed circle of the triangle they form).
Now, our conclusion can be stated as:

If we construct the circle c ontaining the non-collinear triple M,, M,, M ;. then H also

lies on this circle.

To show this, let the center of the circle O be at (x7 , xg). By applying the above section

2.3.3, we have two additional hypotheses,

M;,0 = M,0 implies h; = (x; — x7)% + x3 — x,% — (xg — x,)> = 0 3)
M10 = M30 lmplles hg = (x1 - x7)2 + xé - (X3 — x7)2 - (X4 - x8)2 =0

Now, our conclusion (we want to show) is HO = M; 0, which takes the form
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g:(xs_x7)2+(x6_x8)2_(xl_x7)2_x82:0 4)
Now what we want to show is that g vanishes whenever h4, ..., hg do.

Our hypotheses are the eight polynomials h; from (1)-(3).

Let I = (h4, ..., hg), computing a Groebner basis G (using lex order) for the ideal I, which

yields:

G ={f1,f .., fg}, where

fi=x-u/2,
X, —u, /2,
fi=x,-u/2,
fo=x,-u,/2,

fi=x - uu,
s = Xs

2. 20
ul +M2
uu?
S =X 21 2
ul +u2
Jr=x, - 1/4
Jy=x— 1/4

The conclusion (equation 4) reduces to zero on division by this Groebner basis. That is,

_G=O

Thus by Corollary 1.5.2 g€ I = (hy,.

.., hg), which shows that g follows g enerically
from hy, ..., hg. [ ]
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Note that we must have either u;, #0 or u, #0 inordertosolve for x;, andx,. The

equation u, =0 and u, =0 describe degenerate “right t riangles” in w hich th e th ree
vertices are not distinct, so we certainly wish to rule these cases out. It is interesting to

note, however, that if either u, or u, is nonzero, the conclusion is still true. For instance,
if u, #0 but u, =0, then the vertices C and A coincide. From (1) and (2), the midpoints
M, and M, coincide, M, coincides with 4, and H coincides with A as well. As a result,
there is a circle (infinitely many of them in fact) containing M,, M,, M, and H in this

degenerate case.
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2.4.2. Pappus Theorem

Theorem 2.4.2 Let A,B,C and A, B', C' be two sets of collinear points. And
P =EOE,Q = ﬁnﬁ, and R = BC'nB'C. Then the points P, Q and R are

collinear. (As shown in the figure below)

Figure 2.7: Pappus Theorem

Proof To make the translation easier, let the coordinates of the points be as follows:

A= (O'O): B = (ulJ O)v C= (u2! 0)=A, = (U3,U4), B' = (u5'u6)9 C'= (u7'x1)=
P = (xy,%3),Q = (x4,%5), R = (x4, x7). Point C' is partially dependant on our choices

of A, B A, B’, so one of its coordinate is x;.
We translate the hypotheses of the theorem as follows;
Since the points A, B, and C’ are collinear, then using the slope formula, we have

Slope of A'B' = Slope of A'C’

o« . . Ug—u X1—u
This implies, ——*=-"1-%
Us—us u7—us

(us — ug) (U7 —uz) = (g —ug)(u7 —uz)
hy = (ug —ug)(u7 —uz) — (x1 —ug)(uy —uz) =0
The points A, P and B’ are collinear, so using the slope formula, we have
Slope of AP = Slope of AB’
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.. . x3—0 ug—0 4 u

This implies, —— = —-*— Thatis, =% = =2
9 b

x2—0 u5—0 X2 Us

X3Us = UpX)
hz = X3Ug — UgXy = 0
The points B, P and A’ are collinear, so using the slope formula, we find

Slope of BA' = Slope of BP

X3—0

usz—ug xz—ul'

This implies,
Uy (o —up) = x3(uz — )
hy = uy(x; —uy) —x3(uz —uy) =0

The points A, Q and C’ are collinear, so using the slope formula, we have

Slope of AQ = Slope of AC’

.. . x5—0 x1—0 . X x
This implies, 5 =21 Thatis, = =L
X4—0 u7—0 X4 uy

XsUy = X1X4
h4 = XUy — X1Xyg = 0
The points C, Q and A’ are collinear, and using the slope formula, we find

Slope of CQ = Slope of CA’

.. . x5—0 ug—0
This implies, S = A
X4—UD uz—up

x5 (Uz — Uz) = Uy (x4 — Up)
hs = x5(uz —up) —ug(xy —up) =0

The points B, R and C’ are collinear, and using the slope formula, we find
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Slope of BR = Slope of BC'

.. . x7—0 x1—0
This implies, — = ——.
X6—Uq uz—ui

x7(u7 —ug) = x1(x6 — up)
he = x7(u7 —up) — x1(xg —uy) =0
The points C, R and B’ are collinear, and using the slope formula, we find

Slope of CR = Slope of CB'

.. . x7—0 ug—0
This implies, —/— = —*—,
X6—U2 Us—up

x7(us — uz) = ug(xg — uy)
h; = x7(us —uy) —ug(xg —uy) =0

Now, our conclusion is that the points P, Q and R are collinear. So that using the slope

formula, we have

Slope of PQ = Slope of PR

. . . X5—X X7—X
This implies, =—2 = L3
X4—X2 X6—X2

(x5 — x3) (xg — x2) = (x7 — x3) (x4 — x7)
g= (x5 —x3)(xg —x3) — (x7 —x3) (x4 — %) =0

Now, we want to show g is deduced from hy, ..., h; algebraically or we want g to vanish

whenever hy, ..., h; do.

For the ideal I = (h, ..., h;), computing a Groebner basis G of the ideal I gives us:

G=1{fi.f2 - f6}

where f; = x5u; — x1x4
fo = (X1 — x7)ug + x7U7 — X1 Xg
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f3 = (x1X3 — X3x7)u3 — X7UsUy + (—X1Xp + X1 X6 + X2X7)Us + X3X7U7 — X1 X3

fa = (—x12x3%5 + X1X3X4 — X1X4X7 + X1 X5Xg + XpX5X7 — X3X4X7)Uys + X1X3X5

— X3X5X7
f5 = (=x122X5 + X1 X3Xy + XoX5X7 — X3X5X6)Us” — X3X5X7UgU7 + X1 X3X5X6Usg
fo = X1X2X52—X1XX5X7 — X1X3X4X5 + X1X3X5Xg + X1X4X5X7 — X1X52Xg — XpXs 2.

But division of the conclusion g by the Groebner basis G gives

g = —XpX5 + XpX7 + X3X4 — X3Xg — XgX7 + X5Xg
This does not tell us whether g is in I or not.

Letg, =1 —yg and let [ = (hy, ..., hy, g,), then computing the Groebner basis for [

gives us 1.

Then, by the above Remark 2.2.4 this implies g € /{hy, ..., h7)

Hence g holds whenever hq, ..., h; holds [}
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