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Abstract

A function f defined on a given convex set X which can be expressed as a difference
of two convex (continuous) functions is called d.c function or §-convex function. The
functions which are Lipschitz and bounded variation are expressible as a d.c. function
and since those family of d.c. functions form a linear space as well as a lattice, it admits
many operations.

The decomposition of a given function f as a d.c. functions is not unique. Choosing
the better (minimal) decomposition is useful in describing the optimality conditions for

d.c. optimization.
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Introduction

Many problems in application could not be modelled as a linear programming problem
where as they could be modelled as continuous optimization problem. Such problems
are called nonlinear. Where one had to minimize (or to maximize) a convex function
subject to convex inequality and affine equality constraints, such problems are termed
as convex optimization problems. To solve Nonlinear optimization problems, one uses
the analogy called convex optimization. For the problem with smooth functions, we use
the classical methods that most of the methods depend on the directional derivative (or

its generalization) of the functions.

But if f is nonsmooth, the directional derivative (or its generalization) f’(x;d) of f
is nonlinear. Then the next attempt would be to employ the tools of convex analysis
to treat the nonlinearity of the directional derivative. This may fail because the map

d — f'(z;d) is not convex for general non-smooth function f.

To convexify the map d — f'(x;d), the generalized gradient(Clarke’s generalized gra-
dient) which is found by regularizing the directional derivative could be the first to be
mentioned here. Clarke’s generalized gradient,0,, f(z), is sometimes too large a set whose
elements are also difficult to calculate, even though the Clarke generalized directional
derivative, f (x;d), is convex. This problem can be eased in some sense if the function
f is directionally differentiable and the directional derivative, f’(x;d), can be written
as a difference of two positively homogeneous convex (and hence sublinear) functions.
However, the dual of f'(z;d) is no longer a single set as in the convex case but a pair
of two compact convex sets, denoted by ( df(z),df(x)), and is called quasidifferential.

This pair is not uniquely defined but each pair can be considered as an equivalence class



after defining a certain equivalence relation. The non uniqueness of such pairs much

contributed to the study of the problem of finding minimal representatives of each class.

A pair of compact convex sets ( df(z),0f(z)) is equivalent (in vertue of Minkowski

duality) to a pair of two sublinear functions, say (g, h), i.e
f'(z;d) = g(d) — h(d) for sublinear functions g and h.

Therefore finding a minimal representative of a class of quasidifferentials is related to
finding a minimal representative of the two convex (called d.c. for short) functions.
One of the advantages of studying about d.c. functions is, beyond convex functions
many nonconvex functions can be written as a d.c. functions. For example, all concave
functions are d.c. functions, and polynomial functions in R™ can decompose as a d.c.
functions. Generally almost all types of continuous functions can be represented or
approximated by d.c. functions.

D.C. functions widely exist in optimization problems. Some examples of d.c. functions

arising naturally are;

e Polynomials in several variables

Variational analysis; Paraconvex and paraconcave functions are d.c. functions.

e Non-cooperative game theory; Nash equilibria

Spectral theory in finite dimensions

Operator theory; each symmetric bounded linear operator defined on a Banach

space generates a quadratic form and this quadratic form is d.c. on that set.

Furthermore, the family of d.c. functions is a vector space, an Algebra (closed under
multiplication) and a Lattice (closed under finite maxima/minima). So that this family

is stable under the operations defined on vector space, an Algebra and a Lattice.

For a given function f, its decomposition as a d.c. functions is not unique. And from

these non-unique decompositions, finding the better (minimal) one is useful in describing

viii



the optimality conditions of a given d.c. optimization. So finding this better (minimal)

decomposition is another task that we discuss about.

1X



Chapter 1
Definitions and Preliminaries

Definition 1.1. A subset K of a metric space (S,d) is said to be compact if every open

covering of K contains a finite subcovering.

Definition 1.2. Let a,b be two points of R™. The set of all x € R™ of the form
r=(1=XNa+XN=a+Ab—a), AER (1.1)

1s called the line through a and b.

A subset M of R™ is called an affine set (or affine manifold) if it contains every
line through any two points of it, i.e. if (1—XN)a+ Ao € M for every a,b € M and every
A eR.

Definition 1.3. A set C C R" is called Convex Set if
(I=XNa+XbeC whenever a,beC, 0<A<1. (1.2)

Definition 1.4. Given any set E C R", there exists a convex set containing E namely
R™. The intersection of all convex sets containing E is called Convex hull of E and
denoted by convE.

i.e. convE is the smallest set containing E.
Given a function f:S — [—00,00] on a set S C R™, then the sets
domf ={xz € S|f(x) < o0}
epif ={(z,a) € S x R|f(z) < a}



are called the effective domain and the epigraph of f(z) respectively.

Definition 1.5. A function f : S — [—00, 00| is called convex if its epigraph is a convex
set in R™ x R.
Equivalently f is convex if S is a convez set in R"™ and for any x1,x2 € S and X € [0, 1],

we have

Whenever the right side is defined.

We can also define whether a differentiable function is Convex or not as follows.

Corollary 1.1. A differentiable real valued function f(x) on an open interval is con-
vex if and only if its derivative f’ is non decreasing function. A twice differentiable
real valued function f(x) on an open interval is convex if and only if its second deriva-

tive f" is nonnegative throughout this interval.

Proposition 1.1. A twice differentiable real valued function f(x) on an open convex

set C' C R™ is convex if and only if Vx € C' its Hessian matrix

0 ey Ty
Qo= (5(@),  ayfe) = LT t)

is positive semi definite. i.e.(U,Q,U) >0 YU € R"

Proof. The function f is convex on C' if and only if for each a € C and U € R" the
function ¢,y = f(a+tU) is convex on the open real interval {t|a+tU € C'}. Then this
Proposition follows from Corollary 1.1 since an easy computation yields @Z’U =(U,Q.U)

with x = a + tU. O

Let S be non empty subset of real normed space (%, ||.||). Let f : S — R be given
function. Let xg € S, then f is said to be Lipschitz continuous at x if there is a constant

L > 0 called Lipschitz constant and some € > 0 such that

[f(z) = f(y)l < Lllz —yll,  Va,y € SN (o, ) (1.4)

2



Where S(zg,€) = {z € L/||x — x| < e}
Let f: R™ — [—00,4+00] be any function. And let zy be a point where f is finite. If for
some d # 0, the limit (finite or infinite)

t—0t t

(1.5)

exists, then f’(zq;d) is called the directional derivative of f at z( in the direction of
d.

If the limit in equation (1.5) exists for all d € X, then f is called directionally differen-
tiable at z5. Nonsmooth optimization (NSO) refers to the general problem of minimizing
(or maximizing) functions that are typically not differentiable at their minimizers (max-
imizers). Since the classical theory of optimization presumes certain differentiability
and strong regularity assumptions upon the functions to be optimized, it can not be
directly utilized. However, due to the complexity of the real world, functions involved
in practical applications are often nonsmooth. That is, they are not necessarily differ-
entiable. In what follows, we briefly introduce the basic concepts of nonsmooth analysis
and optimization.

Let us consider the NSO problem of the form

max f(z)

st e X

where the objective function f : R™ — R is supposed to be locally Lipschitz continuous
on the feasible set G C R". Note that NSO techniques can be successfully applied to
smooth problems but not vice versa and thus, we can say that NSO deals with a broader
class of problems than smooth optimization. Although using a smooth method may be
desirable when all the functions involved are known to be smooth, it is often hard to
confirm the smoothness in practical applications (e.g. if function values are calculated
via simulation). Moreover, as already mentioned, the problem may be analytically
smooth but still behave numerically nonsmoothly, in which case an NSO method is
needed. The theory of nonsmooth analysis is based on convex analysis. Thus, we

start by giving some definitions and results for convex (not necessarily differentiable)
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functions. We define the subgradient and the subdifferential of a convex function. Then

we generalize these results to nonconvex locally Lipschitz continuous functions.
Definition 1.6. Given a proper function f on R", a vector p € R" is called a subgra-
dient of f at a point xq if

(P& —wo) + f(x0) < f(2) Vo (1.6)
The set of all subgradients of f at xg is called the subdifferential of f at xy and is

denoted by Of (xp).
The function f is said to be subdifferentiable at xqy if Of (xo) # 0.

Example 1.1. :Absolute-value function
A function f(x) = |z| is clearly convex and differentiable when x # 0. By the definition
of subdifferential
§€0f(0) = lyl = [0/ +&- (y—0) forally € R
Syl =&y forally eR
S E<1land & > —1.
Thus, 0f(0) = [—1, 1].

The next theorem shows the relationship between the subdifferential and the directional

derivative. It turns out that knowing f’(z;d) is equivalent to knowing Of(z).
Theorem 1.1. Let f : R™ — R be a convex function. Then for all x € R"

1. fl(z;d) = max{¢Td | £ € Of ()} for all d € R™ and

2. 0f(x) ={€ e R" | f'(x;d) > £Td for all d € R"}
Example 1.2. By the previous theorem we have
€€ 0f(0) < f'(0;d) > &-d for all d € R.
Now
£1(0,d) = limgyo P00 = Jim, o 24 = |q]
and, thus,
£€df(0) <= |d| >&-d foralld e R

— e [-1,1].



Since there does not necessarily exist any classical directional derivatives for locally
Lipschitz continuous functions, we first define a generalized directional derivative. We

then generalize the subdifferential for nonconvex locally Lipschitz continuous functions.

Definition 1.7. Let S C X, S # 0, let f : S — R be a given function, d € X be any

given vector, x € S be any given point. Then if the limit

fly+td) — f(y)
p :

f(x;d) = ;151516 sup where y € X andt € R (1.7)

N0
exists, then f°(x;d) is called the Clarke derivative of f at x in the direction of d.
If the limit in equation (1.7) exists for all d € X, then f is called Clarke differentiable

at x.

Note that this generalized directional derivative always exists for locally Lipschitz
continuous functions and, as a function of d , it is sublinear. Therefore, we can now define
the subdifferential for nonconvex locally Lipschitz continuous functions as analogous
to Theorem 1.1 with the directional derivative replaced by the generalized directional

derivative.

Definition 1.8. (Clarke) Let f : R™ — R be a locally Lipschitz continuous function at
a point x € R™. Then the subdifferential of [ at x is the set df(x) of vectors & € R"
such that

Of(x) ={ & € R™ | f(x;d) > £7d for alld € R™ }.

Theorem 1.2. Let S C R™ be an open set. A function f : S — R that is locally

Lipschitz continuous on S is differentiable almost everywhere on S.

Theorem 1.3. Let f : R™ — R be a locally Lipschitz continuous function at a point
x € R™ Then

Of(z) = conv{€ € R" | Vf(x;) = & x; — x and f is differentiable at x;},

where convS denotes the convex hull of set S.



Example 1.3.
f(@) = |z,
The subdifferential of the absolute-value function f at x =0 is given by
df(0) = conv{—1,1} = [-1,1].

Definition 1.9. Let S be a subset of a real normed space (X, ||.|) with nonempty
interior, and let f : S — R be a functional which is Lipschitz continuous at some
xog € int(S). Then the set Oqf(xo) of all continuous linear functional £ on X with
fo(xo;d) > U(d) Vd € X is called the Generalized gradient of [ at g

Definition 1.10. Let S be a subset of a real normed space (X, |.||) A functional f :
S — R is said to be regular at a point x € S if

(a) f is directionally differentiable at x.
(b) vde X, [fl(x;d)= f(z;d).

Definition 1.11. Let S be non-empty open subset of a real normed space (X,|.]),
Let f: S — R,xg € S be given. Then f is said to be quasidifferentiable at xq if [ is
directionally differentiable at x¢ and if there are two non-empty convexr weak™ — compact

subsets A and B of the topological dual space X* such that

f'(z0;d) = max p(d) — max ¢(d) Vde X. (1.8)

peA q€(—B)

A functional ¢ : X* — R is said to be superlinear if —¢ is sublinear.

i.e. ( is superlinear if it is
(i) posetivelly homogeneous: ¢(ad) = al(d) Ya >0, de X
(i) Superadditive: €(dy + da) > £(dy) + (d2) Vdy,dy € X.
Equation (1.8) can be rewritten as

/ . _
f'(wo; d) = maxp(d) + maxq(d) Vde€X.
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For a quasidifferentiable function f, the pair of sets (A,B) in equation (1.8) is not unique.
Because equation (1.8) can be rewritten as

/ . —
f'(=o; d) = max £(d) + max ((d)

= max ((d)+ max ((d)
le[A+a] Le[B—al

for any Singleton set a.

Definition 1.12. 1. Two pairs of Convex weak*-compact subsets [Ay, By] and [As, Bs]
of X* are said to be equivalent (similar) if A+ By = As+ By < Aj— By = Ay—Bs.
And since this relation is reflexive, symmetric and transitive, this relation is an

equivalence relation.

2. Let f be quasidifferentiable at vy € X.Then the class of equivalent pairs of sets
(A,B) such that

f'(zo; d) = max £(d) — gg(%/(d) Vo € X

is called the quasidifferential (QD) of f at the point x¢ and we denote it by D f(xo).
If Df(xo) = [A, B], then the set

o A is called a subdifferential of f at xo and denoted by Of(zo).

e B is called a superdifferential of f at xo and denoted by Of (xq).

= f'(x0;d) = max ((d)+ max £(d)
Ledf(zo) Ledf (xo)

Hence the two sets Of (x4) and df(zg) are considered always in pair.
Therefore, QD of f at xq written as D f(xq) = [0f (20), 0f (z0)] is uniquely defined only

upto the equivalence relation which is defined in Definition 1.12 of number 1.



Chapter 2

D.C. Functions and D.C. Sets

2.1 D.C. functions

Many functions which represent the real world application problems are nonconvex or
non concave functions. But most of them can be written as a difference of two convex

functions. To illustrate this let us see the following simple example.

Example 2.1. Suppose we want to mazimize the area of a rectangle whose perimeter P
1s given by P = 1. If the length of the rectangle is x1 and its width is xo. The problem is
to maximize the area A = x1x9 subject to the perimeter 2x1 + 2xs = 1 where x1,x9 > 0.

Thus, we have the optimization problem

(P) max f(x) = 12,

st 2w 42wy =121 > 0,29 >0, z€R:

Here f is neither convex nor concave. So (P) is nonconvez optimization problem. How-
ever the objective function can be written as
1 2 1o, 2
f(z) =§($1 + )" — 5@1 + 3)
=h(z) — g(x)

1

where g(x) = (2% + 23) and h(z) = L(x; + 22)* are both convex functions. Here the

objective function f is expressed as a difference of two convex functions g and h.

8



And the optimization problems which contains such problems are called d.c. opti-
mization problems.

So in this chapter we discuss about d.c. functions and their properties.

Definition 2.1. Let X be a convex set in R". We say that a function is d.c. on X
if it can be expressed as a difference of two convez functions on X. id.e. if f(x) =

fi(x) — fo(x),where fi, fo are convex functions on X.

There are many groups of functions which are representable as a d.c.(delta convex)

functions. For example
» Convex functions
» Concave functions
» Quadratic functions and

» Polynomial functions

are the main group of functions which are so interesting in the applied science.

”

Here 7 can every function be expressed as a difference of two convex functions over a
given convex set X 2”7 The answer is negative. There are many functions (even Lipschitz
continuous functions) which are not expressed as a difference of two convex functions.
So to restrict the space of of d.c. functions, we need to state the following definitions,

theorems and propositions.

Definition 2.2. Let [a,b] C R with a < b. A partition of |a,b] is finite ordered set
p={a=xy<---<x, =0b}. Let B,y be the collection of all partitions of [a,b]. For a
real valued function f on [a,b], we define the variation of f on [a,b] corresponding to

a partition p by
\/(£,p) = SIf () — fzs)] € [0, 00) (2.1)

We define the total variation of f on |a,b] by

\ £ = sup \/(f,p) =swp{D_|f(wr) = flax1)| € [0,00] (2.2)

pe%a,b a
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If V2 (f) < oo then, f is said to be a function of (or finite) variation over [a,b].
Or simply a Bounded variation (BV') function on [a,b]. We write BV ([a,b]) for the

collection of all BV functions on |a, b].

Proposition 2.1. (a) Ifp,p’ € B,y and p C P/, then \/Z(f,p) < \/I;(f,p’).

(b) If f is a real-valued monotone function on [a,b], then f is bounded variation on
[a,b], and in this case we have \/I; f=If) — fla)l.

Proof. (a)Let p,p’ € B, and p C p'. Let n be the number of partition points in p
and m be that of p’. We have n < m. If n = m, then p = p’ and \/Z(f,p) = \/Z(f,p’).
Consider the case n < m.

Then m =n+r, r€N. Let &,...,&, be the r partition points in p’ that are not in p.
Let po = p. Let p; be the partition of [a,b] obtained by adding & to py. Let py be the
partition of [a, b] obtained by adding &> to p; and so on. So that p, = p’ is the partition
of |a,b] obtained by adding &, to p,—;. Thus we have a chain of partitions of [a, b],
p=po Cp C- - Cp—_1 Cp.=p, each having one more partition point than its
predecessor.

Let p=po={a=120 <ax; < <, =0b}. Then & € (4,1, zk,) for some ky < n.
Now we have \/Z(f, po) = > | f(xr) — f(zk—1)| and \/Z(f, p1) is obtained by replacing

the summand | f(xx,) = f (2, -1)| 0 Vo (£, p0) with [f(&1) = f(azre-1)|+]f () = ()]
which is greater than or equal to |f(xy,) — f(2k,—1)| by the triangle inequality in R.

Thus we have \/°(f,p0) < V2(f,p1). By the same argument
\/Z(.fapl) S \/Z<f>p2) S VZ(fapd) é e S VZ(fapr)'
Thus Vo (f,) < Va(f.9).

(b) Let f be real-valued monotone function on [a,b]. Then for an arbitrary partition
P={a=xy< - <ux, =>bof [a,b], the difference f(xy) — f(xr_1) for k = 1,...n
are all non negative if f is an increasing function and all non-positive if f is decreasing
function. Therefore we have

b n

\(Fp) =D I (@) = flaor-)| =1 (@) = flan)]| =IF(0) = f(a)]

k=1

10



and then \/f = sup \/ fip) = SUPZV ry) — f(we—1)| =|f(b) — f(a)

PeB,,

]

Lemma 2.1. Let fi, fo be functions of bounded variation on [a,b] and a,b € R. then
cfy + dfy is a function of bounded variation on [a,b] and \/°(cfi + dfs) < || V2 (f1) +
4] Ve(f2)

Proof. For an arbitrary partition p = {a = z¢ < --- < x,, = b} of [a, b], we have

b

\/(cfi+ dfz,p) = Z|(Cf1 + df2)(xk) — (cfi + dfa)(z-1)]

a

<|C‘Z‘f1 xr) — fi(ze- H’MZ’fz xy) — fo(wr-1)|
=|C|\/(f1,p)+|d| \/(fz,p)
<lc] \/(fl)+‘d’ \/(fz)

Thus we have

b

\/(Cfl +dfy) = Sup \/(Cfl +dfa,p) <|c| \/(f1)+\d| \/(fz)

a

]

Lemma 2.2. (a) If f € BV([a,b]), then for every closed subinterval [ag,bo] of [a, ],
we have f € BV ([ag, b)) and V(1) < V()

(b) Let ¢ € (a,b). If f € BV([a,c]) and f € BV ([c,b]),then f € BV([a,b]) and
moreover \fo(f) = V5 (f) + Ve(f)-

Proof. (a) Let p = {ag = 29 < -+- < x, = by} be an arbitrary partition of [ag, by].

11



Consider the partition p' = {a < ag =29 < -+ <z, = by < b} of [a,b]. Then
bo

V) = fGes) = i)

ao

<|f(wo) — |+va F@ron)[+1£(b) = f ()|

Thus we have

bo bo b
V(= swp \/(f.p) <\ ()
ao PEBag by ao a

So that f € BV ([ag, bo))

Let ¢ € [a, b] and suppose f € BV ([a,c]) and f € BV ([c,b]). Let p be an arbitrary
partition of [a, b] and let p’ be the refinement of p by adding ¢ as a partition point
to p by (a) of proposition 2.1, we have

b b
V(0 <\/(£.9) (2.3)
Let p; and py be the restriction of p’ to [a, ] and [c, b] respectively. Then we have
b c b c b
VD) =\ )+ (p2) <D+ V() (24)

by equations 2.3 and 2.4 we have
b

V(s zsup\/fp <\/ \/ < 00 (2.5)

a PE€Bap
This shows that f € BV([a,b]).
Let p; and py be arbitrary partitions of [a, ¢] and [c, b] respectively. Then p; U py
is a partition of [a, b] and

b c

\/(f,pl Ups) = \/(f P1 +\/ f,p2). Thus we have

a

[

b b
\/(f) = sup \/ (f.p) = \/(f,pUp2) = \/(f:p0) + \/(f.p2).

pe%a b 4 a
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Since this holds for arbitrary partitions p; and py of [a, ] and [c, b] respectively,
we have

VO =V +\Vw (2.6)

a a c

Thus from equations 2.5 and 2.6

Definition 2.3. Let f be a function of bounded variation. The total variation of f on
[a,b] is defined by Vi(z) = /% f for x € [a,b].

Proposition 2.2. Let f € BV([a,b]). The total variation function Vy of f is a non-
negative real-valued increasing function on [a,b] with Vi(a) = 0. Indeed for a < 2’ <

2" <b, we have

Proof. If f € BV ([a,b]), then for any x € [a,b], we have f € BV ([a,z]) with V. (f) <
V2(f) (by (a) of Lemma 2.2).

Thus V; is a non-negative real-valued function on [a, b].

To show that V} is an increasing on [a,b], Let a < 2’ < 2” < b. By (b) of Lemma 2.2

we have

/ 1" x//

\/(5) + V() = \/(f) that is

Vi) + \/(f) = V;(2")

x//

so that Vi(a") — Vi(a') = \/(f) >0

1'/
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Theorem 2.1. [7, 9/(Jordan Decomposition of Functions of Bounded Varia-
tion)
Let f be a real valued function on [a,b]. Then f € BV (|a,b]) if and only if there exist

two real valued increasing functions fi and fo on [a,b] such that f = fi — fo on [a,b].

Proof. (<) Suppose there exist two real-valued increasing functions f; and f> on [a, b]
such that f = f; — fo on [a,b]. Then f; and f; are functions of bounded variation (by
Proposition 2.1 b) and thus f is function of bounded variation (by Lemma 2.1)

(=) Suppose f is a function of bounded variation.

Consider the total variation function V; of f on [a,b]. Let fi = Vy and fo = V; — f.
Then f = f1 — fo. Now f; is a real-valued increasing function on [a, b](by Proposition
2.2). Tt remains to show that f5 is a real-valued increasing function on [a, b].

Thus let a < 2’ < 2” < b and let P = {2', 2"}, a partition of [2/,2”]. Then we have

b

fo(a") = fola) = L\ fa") = \] fa')} = {f (") = f(a')}

a
1

]

f=1F@") = f()]

f_

!

v
<]

8
8

(fip) >0

]

8

This shows that fs is an increasing function on [a,b]. O

Here since every increasing function is convex, the Jordan decomposition theorem
states that every BV function can be written as a difference of two real valued increasing
functions (which are convex functions) on a closed and bounded interval [a,b] and vice

versa.

Definition 2.4. A real-valued function f on a closed, bounded interval [a,b] is said to
be (absolutely continuous) on [a,b] provided for each € > 0, there is a § > 0 such that

for every finite disjoint collection {(ay,by)}i_, of open intervals in (a,b),

if Y bk —ar] <6, then > |f(b) — flar)| <e.
k=1 k=1
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The criterion for absolute continuity in the case the finite collection of intervals con-
sists of a single interval is the criterion for the wuniform continuity of f on [a,b].
Linear combinations of absolutely continuous functions are absolutely continuous. How-
ever, the composition of absolutely continuous functions may fail to be absolutely con-

tinuous.

Proposition 2.3. If the function f is Lipschitz on a closed, bounded interval [a, ],

then it is absolutely continuous on [a,b).

Proof. Let ¢ > 0 be a Lipschitz constant for f on [a, b], that is,
|f(u) — f(v)] < clu—wv]| for all u,v € [a, b].
Then, regarding the criterion for the absolute continuity of f, it is clear that § = ¢/c

responds to any € > 0 challenge. O]

Theorem 2.2. [7] Let the function f be absolutely continuous on the closed, bounded
interval [a,b]. Then f is the difference of increasing absolutely continuous functions and,

in particular, is of bounded variation.

Proof. We first prove that f is of bounded variation. Indeed, let S respond to the e =1
challenge regarding the criterion for the absolute continuity of f. Let P be a partition
of [a, b] into N closed intervals {[cy, di]}4_,, each of length less than §. Then, by the def-
inition of ¢ in relation to the absolute continuity of f, it is clear that TV (fcx, dk]) < 1,
for 1 < k < n. The additivity formula V(fia4, P) = V(fia.q, P1) + V(fiey, P2) extends

to finite sums. Hence

=

TV(f) =Y TV (fiepa) < N

k=1
Therefore f is of bounded variation. In view of f(z) = [f(2)+TV (flaa)] =TV (fla,a)) for
all € [a,b], and the absolute continuity of sums of absolutely continuous functions, to
show that f is the difference of increasing absolutely continuous functions it suffices to
show that the total variation function for f is absolutely continuous. Let ¢ > 0. Choose
d as a response to the /2 challenge regarding the criterion for the absolute continuity

of f on [a,b]. Let {(ck,dx)}}_; be a disjoint collection of open subintervals of (a,b) for

15



which) . [dr — ¢x] < d. For 1 < k < n, let P, be a partition of [, di]. By the choice

of ¢ in relation to the absolute continuity of f on [a, b,

> TV (flek, dilpr) < £/2.

Take the supremum as, for 1 < k < n, P, vary among partitions of [¢x, dk], to obtain

iTV(f[Ck;dk]) < 8/2 <E&.
k=1

We infer from TV (fia) — TV (filau)) = TV (fue)) > O for all a < u < v < b that, for
L<k<n, TV(fiena) =TV (faa)) — TV (fla,ck]). Hence

if Y ldi—cl <6, then TV (fiaay) — TV (fla, ci])| < e
k=1 k=1

Therefore the total variation function for f is absolutely continuous on [a, b]. O

Theorem 2.3. A locally Lipschitz function f : R® — R is d.c. if and only if the
subdifferential Of of f is of bounded variation at all points xy € R™.

Proof. The proof of this theorem comes directly from Theorems 2.2 and 2.1 O

Then since every locally Lipschitz function is differentiable almost everywhere, we
can state “a function f is d.c. on R if and only if f’(defined a.e) is of bounded variation
on compact intervals of R”.

For functions of several variables a characterization of this kind is not easy to find as
each definition of bounded variation for such functions has been introduced by different

authors for particular purposes.

Definition 2.5. A multi-function F' : R* — R" is said to be of bounded variation
at xqg € R™ if there exists maximal cyclically monotone multi-function M : R* — R"
containing xq in the intrior of its domain,such that for some posetive k and neighborhood
V' of xg

—k({z —y, M(z) — M(y)) <(z —y,F(z) — F(y)) < k{z —y,M(z) — M(y)) Vz,y € V

16



From the assumptions on M, M is subdifferential of a convex function, finite in the
neighborhood of x;.
The theory of d.c. functions provides us the passage from convex optimization to a more

general class of problems including non-differentiable and non-convex ones.

Proposition 2.4. Every function f € C*(R"), (a twice continuously differentiable func-

tion on R™), is d.c. on any compact convex setX .

Proof. We show that, given any compact convex set X C R™, the function g(z) = f(z)+
p || @ ||* becomes convex on X when p is sufficiently large (thenf(x) = g(z) — p || = ||?

yields a d.c. representation of f ). Indeed, since

(U,NV?g(x)U) = (U, V*f(x)U) +p || U ||? , if p is so large that
—min{(U,V?f(2)U) : z € X, |U|| =1} < p
then (U, V?g(x)U) > 0 for all U, hence g(z) is convex (by Proposition 1.1) O

Proposition 2.5. For any continuous function f on a compact conver set D C R™ and

for any € > 0 there exists a d.c. function g such that

mazeep|f(r) = g(x)] < e

Proof. By Weierstrass theorem there exist a polynomial g(x) satisfying the required

condition, and obviously g(z) € C?. O

Here, from the above proposition one concludes that every continuous function on a

convex set, X is the limit of a sequence of uniformly converging DC functions.

Definition 2.6. A function f : X — R defined on X C R" is said to be locally d.c.
if for every x € X there exist a convex open neighbourhood U of x and a pair of convex

functions g and h on U such that f(z) = g(x) — h(x) for allx € U.

Theorem 2.4. [1/, 7] A locally d.c. function on a convex, open or closed set X is d.c.
on X.
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Proof. We restrict ourselves to the case when X is a compact set (a proof of the general
case can be found in Hartman (1959)[6]). From the hypothesis and the compactness of
X one can find a finite set {x1,...,xx} C X together with open convex neighbourhoods
Xi, ..., X} of these points covering X, and convex functions h; : R" — R(i = 1,2,..., k)
such that (f + h;)|X; is convex. let b = S5 h; and consider the function g = f + h.
For each 4, (f + h;)|X; is convex. Hence g|.X; = (f + hi)| Xi + (32, hy)|Xi is convex.

g is convex on X. i.e f = g — h with g, h convex. O

From this Theorem, it is evident that local properties lead to global one. That means
to check the d.c. property of a function, it is enough to consider a small neighbourhood

of a point in its domain.

2.1.1 properties of d.c. functions

Proposition 2.6. Let Q; C R",Qy C R™ be convexr sets such that 1 is open or
closed, )y is open. If F': )y — €y, g : Qo — R™ are d.c. mappings, then go F': {2y —

R™ is also a d.c. mapping.

Proof. Tt suffice to show that F' = (f1... fnn) : Q1 = Qg is d.c. and g : Qp — R™ is
convex. Then g(fi... fm) € DC(§2).
Let x € Qy and F(x) =y = (f1,..., fm) € Q2. Then the convex function g(y) can be
represented in a neighbourhood Us C R™ of y as pointwise supremum of a family of affine
functions: g(y) = sup, l:(y), where l;(y) = aos+a1:91 +a2ey2 - -+ GneYm: ¥ = (Y1, -+ Ym)
are coordinates of y in € R™ and M = sup; s|ay| < +oo. Let fi(x) = f;7 — f;, where
* f are convex functions in a neighbourhood U; C X of z such that F(U;) C U,
where F' = (f1,..., fm) iS a mapping.
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Then

L(frs-- s fm) =0t +aufi +aufo- -+ amefm

= apt + Z aif; — Z aif;
i—1 i—1
= Qo +szi+ +Zaitfi+ +MZfi_ — Z@itf@'_ — Mij - MZfz_
i—1 i—1 i—1 i—1 i—1 i—1

(Adding zero number)

m

= laor+ D (M i) [+ 3 (M = ai) f7] = MY _(FF + 1))

=1

=Pt — 4,

with p; and ¢ convex and ¢ is independent of ¢.

Then g(fi1,..., fm) = supdi(fr1,- -, fm) = sup(py — q) = suppy — q = p — q. That is
g(f1,..., fm) is locally d.c. on €. Hence by Theorem 2.4, g o F' is d.c. function.
O

Not that: If the assumptions in proposition 2.6 and theorem 2.4 are violated, a

composition of two d.c. functions need not be convex.

Example 2.2. Let f:(0,1) = [0,1) :x = |z —1/2| and g : [0,1) = R:y—1—-/y
Then gof is not d.c. as it has both left and right derivatives infinite at 1/2.
Note that: the assumption of openness of [0,1) was not fulfilled in this case, and g is

not Lipschitz at zero.

Proposition 2.7. If fi(x),i =1,...,m are d.c. functions on a convex set X, then each

of the following are also d.c. functions on X.
(i) S, aifi(x) for any real numbers o;
(ii) g(x) = maz{fi(z),..., fu(2)};
(iii) h(z) = min{f(z), ..., fm(x)};
(iv) The product fy.fy for d.c. functions fi and f, .
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Proof. (i) Since f;(x) is a d.c. function for all i = 1,...,m,
fi(x) = gi(x) — hy(x), where g, h are convex functions on X. So, for any constant
Q5

Yimaifi(w) = 200 laallgi(e) = ha(@)] = 3205 feilgi(w) — 3002, el hi(x)

Hence > " a; fi(z) is a d.c. function.
(ii) For i =1,...m, let fi(x) = g:(z) — hi(x) with g;(z), h;i(x) convex on X. Then
fi(x) = gi(@) + > hj(x) = > hy(x) for any z € X.
i2] i=1

Then max{f1(2),..., fu(2)} = max{g(z) + > hi(x)} - Z hi(x)

which is a difference of two convex functions, as the pointwise maximum and the

sum of finitely many convex functions are convex.

(iii) Let fi(z) = gi(x) — hi(x) with g;(x), h;(x) convex on X. Then from the equality

x):zm:gj Zg] x) for any = € X.
j=1

7]

Then we have min{f;(z),..., fm(2)} = Z gi(x) mm{z gi(x)} + hi(z)}
Jj=1 i#]

(iv) let fi = g1 — hy and fo = go — he are d.c. functions.
Then

fi-fa = (g1 — h1)-(g2 — h2)
= (91 = M)-(g2 — ha) + 2[(h] + g}) + (h5 + g3)]
— 2[(h} + g3) + (h3 + g5)] (adding zero number)
= S0+ R+ (91 + 92 = 5[0 + 9207 + (h + )

Hence f;.fs is a d.c. function if f; and f5 are d.c. functions.

(v) 0
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Therefore, the set of d.c. functions on X forms a linear space (denoted by DC(X))

stable under pointwise maximum and pointwise minimum.

Corollary 2.1. Let f(y) be a real valued d.c. function defined on a subset of R™ and let
gi(z),i =1,2,...,n, be real valued d.c. functions defined on a subset X of R™. Then
the composed function f(gi1(x),...,gn(x)) is also d.c. on X.

This Corollary follows directly from Proposition 2.6 and Theorem 2.4 .

If f and g are d.c. functions on X then |f(z)[*/™ is also d.c. on X. It is followed directly
from Corollary 2.1 .

As it is well known, convexity and concavity are not preserved under some simple alge-
braic operations, i.e. for any strictly convex (or concave) function f, (—1f) is not convex
(or concave). Unlike convex and concave functions, DC functions are closed with respect
to many operations frequently used in optimization such as scalar multiplication, lower
and upper envelope, function composition, product and quotient.

Consider a d.c. function f € DC(R™) defined on R™. Then since the component func-
tions are convex, f is locally Lipschitz on R™ and is differentiable almost everywhere.

Moreover, f is directionally differentiable on R™ and
f(z;d) = ¢'(x;d) — h'(z;d) for all x and d in R"

Therefore the directional derivative of f is also a difference of two positively homoge-
neous convex functions for whatever the decomposition of f as a difference of two convex
functions, g and h. Hence, every d.c. function f is quasidifferentiable on R™.But there
are quasidifferentiable functions which are not d.c. functions. For example, every differ-
entiable function is quasidifferentiable while a little more is required on the derivative

of the function to be d.c. as it is mentioned in Jordan decomposition Theorem.

2.2 D.C. Sets

This section provides the definitions of d.c. set and d.c. inequality, then shows that

all sets defined by a d.c. inequality in R™ can be seen as the projection of a d.c. set
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in R"™ | In particular, this section provides several ways to define closed sets by d.c.

inequalities.

Definition 2.7. A set M C R" is called a d.c. set if it can be described in the form
M = D\C where D and C are two convez sets in R™ .

A d.c. set can be described as a difference of two convex sets,while a d.c. function can
be described as a difference of two convex functions. Then a question arises: given any
real-valued d.c. function f, is there any relationship between the set {x € R"|f(z) < 0}

and d.c. sets? The answer is positive. Then it is natural to introduce d.c. inequalities.

Definition 2.8. An inequality of the form f(x) <0 is convex when f is convex. If fis
concave, then this inequality is called reverse convex. If f is d.c., then this inequality is

called d.c. inequality.

It should be noted that, when f is d.c., f(z) > 0 is still a d.c. inequality since
—f is also d.c. Proposition 2.7 guarantees that d.c. functions are closed under lower
and upper envelopes. Thus any finite system of d.c. inequalities, whether conjunctive
or disjunctive, is equivalent to a single d.c inequality. Furthermore, by introducing an
additional variable t, the d.c. inequality p(xz) — ¢(z) < 0 where p and ¢ are convex can
be split into two inequalities: p(z) —t < 0, ¢ — g(x) < 0, where the first is a convex
inequality and the second is a reverse convex inequality. By this property, we see that
the set of constraints in the nonsmooth optimization problem can written as a set which

is d.c. inequality and any DC optimization problem can be reduced to a canonical form.
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Chapter 3

Difference of Subharmonic

Functions

3.1 Subharmonic Functions

A function f is said to be convex if the affine lines joining any two points of the graph of

f lie above the graph of f between these two points. If the affine lines say u replaces by
a more general property: Au =", g% = 0, (Note that all affine functions satisfy this
property trivially) then we get a more broader class of functions than that of convex.

Definition 3.1. A function f(z) defined in a set E in R™ is said to be upper semi-

continuous(u.s.c) on E if
1. —o < f(r) <oo, z€FE
2. The sets {x|z € E, f(x) < a} are open in E for —oo < a < +o0.

A function f(x) is said to be lower semi-continuous (l.s.c) in E if —f(x) is u.s.c. in E.

If f(X) is both u.s.c. and l.s.c., then f(x) is said to be continuous.

Definition 3.2. Let D C R™ be a connected subset of (or equivalently a domain in) R™.

A function u, from D to R is called harmonic if and only if
1. U 1S CONLINUOUS.
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it. For any compact set, K C D, there is an € > 0 such that for all x € K,
BE ={y/ly—z| <e} C D and

u(z) = /Sn_l u(x +rw)dw Vr e (0,¢). (3.1)

Here S"! is the unit sphere in R", S"! = {x/|x] = 1} and dw is the normalized

spherical measure, that is w(S"™!) =1 and w is the unique rotation invariant measure.
Equivalently, a C?(R") function h : D + R is called harmonic in D if Ah = 0, where A
denotes the Laplacian operator.

Definition 3.3. A function u(zx) defined in a domain D C R™ is said to be subhar-

monic(s.h) function in D if
. U 1S u.S.cC.
. —oo < wu(z) < 400 in D.

. If xo 1s any point of D, then there exist arbitrary small positive values of r such
that

where do(x) denotes surface area on s(xg,r).

On R! subharmonicity is identical with convexity. But on R™,n > 2 every linear
function is harmonic and every convex function defined on a convex domain D is sub-
harmonic in D. There are also some nonconvex and nonconcave functions defined on

R™, n > 2 which are subharmonic. [14, 17]

3.1.1 Some properties of subharmonic functions

Proposition 3.1. 1. Ifu; : D — RU{—oc} be subharmonic for alli=1,... k and

Ai > 0 be numbers. Then ug = Zle Aiu; 1s also subharmonic on D.
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2. The suprimum of a finite collection of subharmonic functions is subharmonic on

D.

3. Ifu € C*(D) denotes the set of functions in D where up to second order derivative

are continuous, then wu is subharmonic in D if and only if Au > 0 in D.

4. u is continuous subharmonic function in D if and only if u is the uniform limit of

functions u; with Au; > 0 in D.

5. Let ¢ be a constant and u is a subharmonic function in D. If u < ¢ in D and there

exists xog € D such that u(zg) = ¢ then u = ¢ in the whole of D.
Proof. See [17] O

Theorem 3.1. (Riesz theorem) Suppose that u is subharmonic and not identically —oo
in a domain D C R™. Then there exists a unique (non-negative) Borel-measure p in D

such that for any compact subset E of D

u(z) = [E K(x — Qdu(C) + hiz),

10g|$|, ifn=2,

where K(zx)=
—|z]*™™ ifn>2

and h(x) is a harmonic function in the interior of E.

Proof. See [17] on page 112-113. O

3.2 Difference of Subharmonic Functions

Definition 3.4. A function w is called a difference of two subharmonic functions
(d.s.h.) u and v on an open connected set d C R™ if either u or v is finite in D and

w=1u—v holds in D.

Since this representation is not unique and depends on the particular choice of func-
tions v and v, we denote the representation w = u — v by an ordered pair of two

subharmonic functions(u, v).
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such functions are called d-subharmonic. As an application to Riesz-Representation the-
orem we can consider a quasidifferebtiable function f. Then the directional derivative of
f as a function of direction is a difference of two sublinear functions. Recall that
sublinear functions are convex and hence subharmonic. Thus, there are two Borel

measures p1 and o on R™ such that

J (0, 0) = /E K(o— Qdp () — /E K(v - Odpa(O) + h(v, ),

Where h is a harmonic function in the interior of E for any compact subset £ of R™. That
means, the directional derivative of a quasidifferentioable function can be considered as
a d.s.h. function as a function of direction. It turns out that it is worthly to investigate
the features of d.s.h. functions in light of its uniqueness and minimal representation.
The following theorem is fundamental in defining a ’better’ representation from the
class of representations of d.s.h. functions. It states that every d.s.h. function induces

a unique signed Borel-measure and conversely.

Theorem 3.2. Let w: D — R be a d.s.h. function defined on a domain D C R™. then
w induces a unique signed Borel-measure p. Conversely, if pu is a signed Borel-measure
on D, then there corresponds a function w : D +— R which is representable as a difference

of two functions u and v which are subharmonic on D.
Proof. See [2] O

Definition 3.5. Let w : R" — R be a d.s.h. function on R". A pair (u*,v*) of
two functions, subharmonic on R™ s called a canonical representation for w if

*

w = u* —v* and for the Jordan-decomposition u* and = of p, u* is induced by p* and

v* s induced by .

The unique signed Borel-measure i of w has a positive part and a negative part,
denoted by ™ and p~ respectively. To find these two positive measures, we proceed as
follows.

Let w(z) = u(z) — v(x) where u and v are subharmonic in a domain D C R™. Then

from Riesz representation theorem, we have that for £ a compact subset of D,

w(x) = hx) + /E Kz — )du(0),
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where h is harmonic in the interior of F and p is a difference of two positive measures
on subsets of D whose closures are compact in D.

Note: The sum and difference of two harmonic functions is again harmonic. Now define
pt(E) = sup u(FE), where the supremum is taken over all Borel subsets of E. Then
clearly ' (E) > 0, That is u is positive measure. Next to describe p as a difference of

two positive measures on D we write

po(E) =" (E) — w(E) (3.2)

Ones again p~(E) > 0.

Equation (3.2) is uniquely determined by p and is independent of the choice of the
representation w = u — v of w.

If w is a C? function in a domain D C R”, then w is a d.s.h. function determined by
the unique signed Borel-measure

u(E) = i/ Awdz,
E

€n

n/2 . 2
where e, = 21 and e, = %, n > 3, dz denotes a volume in R” and Aw = " | 3712”

is a Laplacian in which case

ut(E) = 1 /E(Aw)er:v and p~ (E) = 1 /E(Aw)dx,

€n €n

where (Aw)™ = max(Aw,0) and (Aw)~ = max(—Aw, 0).

Thus the existence of a canonical representation of any d.s.h. function w follows imme-
diately.

Moreover, following Riesz representation theorem to subharmonic functions, in a canon-
ical representation (u*,v*) of w, u* and v* are unique to within a common additive

harmonic function. Hence we have

Corollary 3.1. Fvery d.s.h. function has a canonical representation and this represen-

tation 1s unique up to a common additive harmonic function.

Proof. See Theorem 4. on [2] O
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Now we characterize canonical representations using subharmonic functions instead

of signed Borel measure.

Theorem 3.3. Let w : D — R be a d.s.h. function on D C R". A representation
(u*,v*) of w is canonical if and only if to every representation (u,v) of w there corre-

sponds a function s subharmonic on D such that u =u* 4+ s and v = v* + s.
Proof. See Theorem 5. on [2] O

Remark 3.1. 1. There exist bounded subharmonic functions in every dimension n >
2.

2. The only functions which are subharmonic and bounded from above in the plane
are constants. However if n > 2, the unique subharmonic function with Riesz
measure | (satisfying a certain condition) in R™ and least upper bound C is given
by

) = O = [ =@
Thus if u is a function which is subharmonic, positively homogeneous and bounded

above, then u is a zero function.
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Chapter 4

Minimal(Better) representation of

D.C. functions

4.1 Minimal of D.C. Functions

Given a d.c. function f, it has many ways of representations in which it can be written
as a difference of two convex functions. From these decompositions, choosing a better
one is useful in describing optimality conditions for d.c. optimization.

Let us consider a decomposition of f as

f=9-—h=(g+¢) —(h+e,)

where g and h are convex and ¢ is strictly convex.

This non-unique way of representing f has its own advantage in that one can describe g
and h by adding more structure to them. On the other hand in determining the optimal-
ity conditions, the particular decomposition of f as a difference of two convex functions
plays a great role. So we have to define what to mean by ”better” decomposition of d.c.

function f as difference of two convex functions.

Definition 4.1. A pair of convez functions g1 and hy,written (g1, h1) on a convexr do-
main D C R"™ is equivalent to a convez pair (ga, he) of functions defined on the same

domain D (denoted by (g1, h1) ~ (g2, h2)) if and only if there are decompositions of the
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same d.c. function, say f in D.
1.e. Zﬁ f:gl—hlzgg—hz on D

Clearly the above relation defines an equivalence relation on the set of pairs of convex
functions on a convex domain D. Denote by [g, k| the equivalence class determined by the
pair (g, h) of convex functions. To define minimality we need to compare two functions.
Therefore, all the inequalities between any two functions are related to the point-wise

ordering.

Definition 4.2. [14]

(i) A representation go — ho of a d.c. function fis said to be minimal at a point xg
if for any pair (g, h) € [go, hol, the inequalities g(xo) < go(wo) and h(wo) < ho(zo)
imply g(xo0) = go(zo) and h(zo) = ho(zo).

(i1) A representation go—hgy of a d.c. function fis said to be @ minimal representa-
tion of a d.c. function f on the domain D if and only if for any pair (g,h) the
relations g(x) < go(x), h(z) < ho(x), Vo € D and go—ho=g—h imply gy =

g, ho = h, where the inequalities involved are taken as point-wise ordering.

Proposition 4.1. if (g,h) ~ (go, ho) and go < g (where the ordering < is point-wise
ordering), then there exists a mon-negative d.c. function s such that g = go + s and

h:h0+8.

Proof. Let (g,h) ~ (go, ho). Then by definition gy — hg = g — h.
Since gy < g implies there exists a non-negative d.c. function s such that gy + s = g.

thus we have gy — hg = go + s — h and from this we get h = hg + s. O
From proposition 4.1 one can drive the following corollary.

Corollary 4.1. Suppose (go, ho) is a minimal representation of a d.c. function f. then
for any (g,h) ~ (go, ho) if go +s =g or hg + s = h with s non-negative d.c. function,

then s is the zero function.
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Theorem 4.1. Let the sequence of convex functions gy : R™ — R converge pointwise for
k — 400 to g : R* — R. Then g is convex and for each compact set S, the convergence

of gr to g is uniform on S.

Proof. [Step — 1] First the function h := supy, g is convex and g(z) < +oo for all x and
because the convergent sequence (gx(z))x is certainly bounded. Hence g is continuous
and therefore bounded, say by M, on the compact set B(0, 2r):

gr(z) < h(x) < M for all k£ and all z € B(0,2r).
Second, the convergence sequence (gx(0))x is bounded from below.

p < gr(0) for all k.
Then, for z € B(0,2r) and all k, use convexity on [—x,z] C B(0,2r):

210 < 2g,(0) < gr() + gu(—2) < gr(x) + M

i.e the g;.s are bounded from below independently of k. Thus, there is some L (inde-

pendent of k) such that
lgk(y) — fu()] < |ly —¢'|| for all & and all y,y" in B(0, 2r).

Naturally, the same Lipschitz property is transmitted to the limiting function g.

[Step — 2] Now fix € > 0. Cover S by the balls B(z,¢) for = describing 5, and extract a
finite covering S C B(x1,e) U---Ub(x,,,e). With x arbitrary in S take an z; such that
x € B(x;,¢e). There is k; . such that for all k > k; .,

|95 (z) — g(2)] < [gn(x) = gi(wi) — ()| + [g(xi) — g(x)] < (2L + 1)e

Knowing that z and z; in S C B(0,r), the above inequality is then valid uniformly in
x, providing that
k> max{ki., ..., kme} = ke O

For detail proof of this theorem see on [8] page 105 Theorem 3.1.4

Theorem 4.2. [1}] let f be a d.c. function whose component functions belong to ) (the
set of all proper, convex and lower semi-continuous functions). Then f has a minimum

representation on some convex domain.
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Proof. Suppose f = u — v where u,v € Q. If (u,v) is minimal, then there is nothing to

proof. Assume (u,v) is not minimal. Then there are u;,v; €  such that
u—v=1u —v; with g <wandv; <v

If again (u1,v1) is not minimal, we can find ug, vy € Q such that u; — vy = uy —
vy with us < u; < w and vy < vy < v. Continuing this process we can find sequences of

functions {u;} and {v;} satisfying the following properties.
1. u;,v; € Q for all 7, 5.
2. u; <wuy fori >k and v; <y for 7 > 1.
3. u; —v; = u; —vj for all ¢, 5.

Since by the assumption both the sequences {u;} and {v;} are pointwise bounded from
below they converge pointwise, say to ug and vy respectively. Then by Lemma 4.1 above
ug and vy are convex. Moreover, since u — v = u; — v; Vi we can pass to the limit to
get that u — v = ug — vy. Hence (u,v) ~ (ug, vo).

Therefore, (ug,vp) is a minimal representation of the d.c.function f.[14] O

On the other side another researcher V.A. Zalgaller [16] defines and find minimal

representation of a function f as a d.c. functions as follows.

Definition 4.3. Let D be aconvex compact set in R having interior points. We say that
a function f: D — R admits a minimal representation if there exist convex functions h

and g on D such that f = g — h and h is bounded from above.

Denote the class of functions having the property described in the above definition
by ¢. For a function f € ¢, there exists infinitely many representations g — he. By
adding the same constant to both the functions g¢ and he, we may assume that in any
representation of this form we have he < 0 and sup,cp he(a) = 0.

Now introduce the functions g and h as follows.

gla) = sgp ge(a), h(a) = Slglp he(a), a€D
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and the representation f = g — h obtained is called the minimal representation of f by
difference of convex functions.

The above-mentioned process gives no information on inner properties of the function
f that are necessary and sufficient for f to belong to ¢.

Let D C R be a convex compact set having interior points. If f : D +— R is a continuous
function, then f is bounded from below and from above and the following process can

be realized. We set f; = f and construct two sequence of functions:

riv=fi—f, fin =T+ [

for any fixed a € D, the values of f; and f; form a monotone sequence:

fila) > F1 > fala) > fo > fa(a) > F3> ...

Hence for any a € D the following value (finite or infinite) is defined.

g*(a) = lim fi(a) (4.1)

1—+00
Theorem 4.3. If there exists a point at which the function g* : D — RU (—o0) defined
by (4.1) takes the value —oo, then f & ¢. If the function g* is finite at every point, then
f € &, and the function g — g* determines the minimal representation f = g — h by a

difference of convex functions.
Proof. [16] O

These two different approaches by different researchers tend to the same idea which
is to characterize the d.c.functions which admits a minimal decomposition. And these
approaches defined have their own limitations for all class of d.c. functions to admit

minimal decomposition. But the following section strengthen those limitations.

4.2 Application of D.S.H.F to Minimal representa-

tions of D.C. functions

Returning back to the minimal representation of d.c. functions, we can see that since

every convex function is subharmonic, every d.c. function is a d.s.h. function. therefore,
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we can apply the results of d.s.h functions to investigate minimal representations of d.c.
functions on R™. Again on this section we use the pointwise ordering of two functions to
order the functions themselves.

The following corollary follows as a consequence of Theorem 3.3 and remark 3.1.

Corollary 4.2. for any representation (u,v) of a d.c. function f, if both u and v are

sublinear, then a canonical representation (p,q) of f is minimal.

Proof. Let f be a d.c. function. Since every d.c. function is d.s.h. function, f has a
canonical representation, say (p,q). Suppose (u,v) be any representation of f such that
u < pand v < ¢g. Then by Theorem 3.3 there exists a uniquely defined subharmonic
function s such that

u=p+sand v=q+swith s <0

Since both w and p (resp. v and ¢) are sublinear by the assumption, it follows that s
is positive homogeneous. Moreover, s is a subharmonic function which is bounded from

above. Hence by (2) of Remark 3.1 s is a zero function. i.e. (p,¢) is minimal. O

To sharpen the above corollary to a more general class of d.c. functions, we need
the following observation first.
Let (u,v) be a canonical representation of a d.c. function f (the existence of which
assumed by corollary 3.1). Then for any d.c. representation (g, h) of f there exists a

subharmonic function s such that
g=u+sand h=v+s

Since both g and h are convex,one can convince that each of the functions u, v and s are
d.c. . Hence canonical representations of d.c. functions and their d.c. representations
are not always comparable. But if the components of every canonical representation of
a d.c. function is convex, then we get a relationship between minimality of a d.c. and

canonical representations. But first we need to proof the following Lemma.

Lemma 4.1. If (g, h) is a minimal representation of a d.c. function and g = u+ s with

u and s convez functions, then (u,h) is also minimal.
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Proof. Let (g1,h1) ~ (u,h) be such that g, < w and hy < h. Then by definition
g1—hy =u—hor go+h =u+h;. Adding g to both sides, we get g+¢1+h = g+u-+hy.
But since ¢ = u + s, we have u + s+ g1 + h = g + u + h; and this is equivalent to
(s + g1,h1) ~ (g,h). But since gy < uw implies g1 +s <u+s =g, h; <h and (g,h)
is minimal, we have h; = h. Hence from the relation ¢, — hy = u — h it follows that

g1 = u, that is, (u, h) is minimal. H

Theorem 4.4. [14] Let the components of every canonical representation of the function
f be convex functions. Let (u,v) be a canonical representation of a d.c. function f and

(g,h) ~ (u,v) be any d.c. representation of f. If in the expression
=u+s, andh=v+s
the subharmonic function s is convex for all (g, h) ~ (u,v) then (u,v) is minimal.

Proof. Suppose (g, h) is a minimal representation of f. Then since (g,h) ~ (u,v) and
(u,v) is canonical, there is a subharmonic function s such that g = u+s and h = v +s.
Then since (g, h) is minimal and g = u+ s,invoking Lemma 4.1 gives us (u, k) is minimal.
Ones again the minimality of (u, h) and the relation h = v 4+ s imply the minimality of
(u,v).

Therefore (u,v) is minimal. O

Some times it may be easier to check minimality at a point as it deals with only a
set of pairs of real numbers. Therefore, the following Theorem characterizes minimality
of a canonical representation on the whole domain with its minimality at a point in the

domain.

Theorem 4.5. [14] A canonical representation of any d.c. function is minimal if it is

minimal at least at one point in its domain.

Proof. Suppose (u,v) is a canonical representation of any d.c. function f and it is
minimal at 2. Then by definition for any (g, k) ~ (u,v), the inequalities g(xy) < u(xg)
and h(zg) < v(xg) imply g(zo) = u(xg) and h(zg) = v(zo).
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Suppose (g,h) ~ (u,v), g(z) < u(z) and h(z) < v(z) for any x € R™. Then there

exists a subharmonic function s such that
g=u+s, and h=v+s

But since g(x) < wu(z) and h(z) < v(z) for any x € R", we have s < 0. again since
(u,v) is minimal at a point zo and u(z¢) = g(x¢) = u(zo) + s(xy) we have s(zg) = 0.
Then s = 0 follows from (5) of Proposition 3.1.

Therefore, the pair (u,v) is minimal. ]

Here since every convex function is subharmonic function, every d.c. function can
be written as a d.s.h. functions. But there is no guaranty that every subharmonic
functions are convex. But Theorem 4.4 and Theorem 4.5 concludes that every canonical

representation of any d.c. function is minimal at least at one point in its domain.
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Conclusion

Many optimization problems in the real world are modelled as a continuous nomsmooth
functions. And such functions are so difficult to solve using the classical methods in
convex analysis as well as to convexify these nonconvex functions with nonsmooth data.
But these functions with nonsmooth data can be expressed as a family of d.c. functions
and admits all the operations in convex analysis and other operations like product, finite
min/max which are not functional in the convex analysis.

So studying the properties and nature of the family of d.c. functions play a critical role
in the study of global optimization.

Especially the researchers which are interested in studying problems related with poly-
nomials in several variables, variational analysis, non-cooperative game theory, spectral

theory as well as operator theory and related problems must be study to ease their tasks.
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