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b tract 

1ultilev I optimiza ion probl m ar math matical program which hav a sub t of th ir 

variabl on train d to be an optimal oluti n of other program parameteriz d by their 

r maining variabl s. It i implicitly d termined by a n of optimization probl m which 

mu t b olved in a pred termin d qu n . T b mor precis , th inn r lev I probl m 

i a multiparametri programming probl m param terized b upp I' I v I optimization 

variable. The olution approa h for mul til v I programming problem i to repre nt 

the inn r lev ,I problem with ufficient condi tion and a ugment it in the upper level con­

straints. As a result , wit hout convexity assumption fo r multilevel optimization at inn r 

lev 1 , tationary point may not be su ffi cient or optimal for the inner I vel problem 

and the set of all stationa ry point may not be connected. This impli s it is impossible 

to usc the approach of augmenting the conditions of the lower level problem into the 

constraints of th upper level problem. Recently, researchers have propo ed a olution 

t rategy for multilevel optimization via multiparametric programming approach by con­

ide ring the follow r 's problem as a multiparametric optimization problem. But , their 

propo ed algori thm work only for problem wi h convex , quadra tic or linear problem . 

In this work , we pres nt the foundations of a gen ral global optimization algorithm for 

the olu tion of general multilevel problem based on the r cent development in multi­

parametric programming th ory. Specifically, we outline the genera l global optimization 

stra t gy fo r the olu tion of bilevel and tril vel programming problem with nonconvexit 

f rmulation at th inn l' I vel and w hav proved [-conv rgence of the algorithm. 

Keywords: Multiparam tri c programming, Mu lt il v I optimizat ion 
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1 Introduction 

1.1 a kg r und f t h t u d 

In rid probl m d It v b 

d ir t 

t h 

(or 1 'ad ' r) of th hi rar h hev ' til , P 

t ra gi of t h d i ion m ker a follow r [34]. 

n m din hi r rch i a l rd r \V h r 

r inA u n 

iliA 

h d i ion of 

high r I \' I 

p 'd orma llc amI 

Group d i ion ma king pro i an n rg ti fore a t th m m n t in humankind . 

On of t he mo t wid pread deci ion ma king t ru t ur t hroughout hi to ry ha b en t he 

hi ra r hy [41]. Hi ra rchi xist v irtua ll y in v ry p rt of practical lif . Forexampl , 

vera l groups which a re int rconn ctcd in hier rchical 

struct ure [23]. They a l 0 ari e ill the government · bu ine e nter . finl1 , r Iigio u 

organizations, a nd in our fa mili a well [30]. 

The d sign of practical y tem ' involv ing a la rge number of ub ys tem wi h mu l ip l 

load situa tions , involve ex essive numb r f d ign varia ble and con t raint [39]. t h 

re ult , the opt imization problem become unma nageably la rge and the olution proce 

becom too expen ive. In such cases th optimization problem can be broken into a 

eri es of sma ll r problem u ing different tra tegies. Among the e t ra tegies mul t ilevel 

optimization i one of a d compo ition te hnique in which th problem is reformula ted 

evera l mailer ubproblems and a coordina tion problem to pre erv t h co upling among 

t he problem [ ], [34], [39]. 
Mult ilev I optimization probl m a r ma themat ical program which hay a ub t of 

th ir variabl on tra in d to b an optima l olution of oth r program pa ra m t riz d 

by th ir remaining variabl [43]. It ' implicit ly determined by a eri es of opt imization 

probl m whi h mu t be solv d in a pr d t rmined equence . In t rms of modeling th 

onstrai nt domain a socia t d with mul t ilevel programming probl m con i t of d i ion 

mak rs in th hi ra rchy who ma k d ci ion in tructured , "I ad r-follow r" or ring. 

T h math mat ical fo un dation and th in t m a l unif rmi y of multilev I op imiza ion 

t h ory ma k it a major t 01 fo r m d ling a nd d igning , a progr mm d d ci io n making 

proc in int ractiv nvir nm nt [30]. T h pr f mod ling i ua t io n a mu l il v I 

th d 

n imp rtant f a ur f th " lui t il 

on I v I f a hi r r hy f plann r rna 

p rt b vari bl ntr II d at h r I nn r ' on rol 



in rum n m I 1I0w hi ! / h r inOu n th a o h r I h r b , im-

pr r wn bj i n. u h pr 

in n: 

• wi hin hi r 

ompl Iy h d ci ion 

f up ri r I v I . 

• E h uni t m imiz n t ben fi t ind p nd bu m y be influ en d 

by f th unit . 

• xt mal ff t on a d i ion-maker ' pr bl m an b 

tiv fun t ion as w II as on th et of f asibl d cision . 

Cen rally, in t he hi rarchy of deci ion maker ea h I vel of th hi rarchy wi h to max­

imize it individual benefit in vi w of part ial exogenou cont ro l exer i e at other I vel. 

Many resourc planning problems r quire compromi among the obj ctive of everal 

interac ting individual or agencies often, th e group are arranged within an admini -

t rative or hierar hical t ructure wi th ind p nd nt and perhaps confli ting obj t ive . 

T h aim of mul t ilevel optimizat ion th ory i to inv tigat th way in whi h rational 

peop le ' should interact when they have ollfli ting interests [30]. For in ' tanc , cOll ' ider a 

programming problem in which the government is at the fir t level. During the plannin rr 

period the government proposes a certain goal. In order to optimize the achi vern nt 

of uch goals, it formulates certain polic mea ur uch as taxe and subsid i . The 

indu t ri at th cond level design their course of action ke ping uch policy m asure 

in mind so that th ir obj ct ive are fulfill d. Co n quently, t h indust rie upp l their 

prod u ts to th u tomer in a c rtain ar a . Th u tom r t t h t hird I vel are at 

liberty t mak th ir pur ha from any ind u try. In ding 0 t h custom r will on id l' 

economic crit ria uch a co t opt imiza ion. Thi i a t ril vel progr mming probl m 

in whi h t h gov rnm nt obje tive are at lea t in partial onflict with the two ec or 

indu try and cu tom r , th policy mak r fac an optimization probl m ubj c to th 

opt imization probl m for inc!u t ri w II for t h cu t m r . r oft n t he can 

b n [i t thro ugh oop r tion. 

t h n t individ ual I v I; in m 

pr vi i 

wh 

, nd lub 

mmoc! i 'i 

multil v I p imization n b ppli d in 

2 

at group rath r 

h for mat ion f group am , 

rr al (i n urn 

n 

u h gr 

th m If. T h r [or 

M rk nom , D ign 



o i n n \V rk nd PI' m ngin ring probl m . 

'g i . for olving 'u ·h compl 'x probl II 

nd n n nv xiti 

(whi h r quir th 

in n f bin ry v ri ab l d pri 

fur h I' t h ompl xit PI' n- y d a nd BI ir [ ] in 

19 0 drib d t h dim ulty of bi l v I pr gr mming probl m.Fr n 

kn w t hat bil v I linear programming pr bl m i P-hard [9]. 
According t Pi t ikopoul [37] in 199 , h m d I of ma ny proc ngin ring pI' b-

lem offi ia lly ( r formall y) invo lv val' ing pa rameter. t h Ii era ur a id varyi ng 

para m t r an aff t t h f a ibili t and c nom i of t h t k. Ev nt hough igdal . 

P a radalo nd "rbra nd [34] in 1992 et out t h d iffi ult i of mul il v l op t imiz ion clur-

ing num ri a l approxima tion , for ab u t ha lf a n t ury mathem t ical programming h 

b n ucce full y appli d to d ci ion making problem that a ri from variou pplication 

fi eld c\'nd have overed many C\,r eC\, of humC\,n (ctiv it ie 

In t h la te nineties Baha tia and Biegel' [6] have been explained an a pproach (M ul ti­

p riod , to name) to handle such problems. Also , cevedo and Pi tikopoulo [2] in 199 , 

described anoth r a pproach ( tochastic programming, to name) . Re ently, Pistikopou-

10 et al. , [15], [16], [3 ] hav propos d novel solu t ion a lgorithm , b cd on param tri c 

programming theory, which pen t he po ibility to addre s g nera l cia e of multil v I 

programming problem . Th advantage of u ing th propo cd a pproach to add re the e 

problems is tha t one an obta in a complete map of all the optimal olution . Mol' over , 

J ezow ki and Thullie [2 I in 2009, have reported in the litera ture, pa ra m tric progra m­

ming is a chief r de for ana lyzing th effect of varying paramet rs in a ny mathemat ical 

programming. How vcr , ach approach d p nd n the d cription of t h varying pa ram-

t r . 

In 2002 Dua tal. , [16] highligh d t h a im of mul ti pa rametri progr mming pproach. 

of om cI 

t h soluti n of a wid ra ng , Du nd 

G orgiad [3 1, P a rda l a nd ral 

t h ry, Igo ri t hm , ha ra t ri t ic an ppli tio n f multip r m tri progra mming. 

1. 2 Hi tori a l D evelopme nt 

In dv nt f li n r pI' gr mm ing n g m h 1 1 0 , 

ub nti I ffor h n d ir d ior f in ra ing cl i-

3 



h mp ing op imiz in ividu lobj IV in vi d 

b di 'c iplin \ , h v rd an I 'zing problcll '-

n 

o 

a ff L d b oL h I' unit' 

ming (M LP ) p robl m (al 

ultil evel progr mming wa motivat d 

Iberg [42] in fram work f unbalanc d 

of s v nties Bra k n a nd M Gill [1 0] 

rch bu i-

high r I v 1 ( lead r) 

own obj c iv bu i 

mul il v I program­

ion probl m ). 

of ack-

ono mic m rket. On ward in th b ginning 

p n th n v I fo rmulati n of bil vel program-

mingo F\llth rmor , in 19 0, Bialas and Ka rwan [ ] plan the gen ral mul ilev I linear 

p rogramming probl m. or over th ba ic principle of multil v I optimization weI' 

n ount r d by Go rtzel in 19 9, on hi PhD t he i [25]. How v r th ba ic id a of th 

multil v I phil ophy had b en propos d by t h ocio logi t Etzoin (196 ), in hi adaptive 

o i ty a a method fo r optim izing t h ocial tru t ur . 

The multi-layer natur in multil v I problem re ul t in non-lin a ri tie a nd nonconvex­

itie hence, it is not surprising that g n ral soluti n trategi for olv ing such complex 

problems are rather limited. But , it is widely accepted that a global optimization ap­

proach is n eded for the solution of such multilevel problems [1 ] 
reported in t h literature [30], ma ny olution a pproache have been dev loped for 

multilevel programming problem s. Th approach pro posed by Candler an d Town Iy in 

19 2, foc u s on g n rati ng a nd enum erat ing ba fro m t he low r I ve l aetiv itie . The 

limitation of th algorithm i that it ma not top a oon th go I ptim I i attained. 

In the am literature th a pproach commonly kn wn simplex method a l 0 d cri b d 

to address multil v I opt imization problem. It i pplieable for bil v I programming with 

bounded varia bl . 1 he m t hod find th xtr m point ' in h t of rational rea tion ' 

of the mo t low r lev I problem , n v I' allowing t h upper I ve l objectiv functio n to 

optimize. Th main dr wb k f thi m thod i t hat nly t h 10 al optimal olu tion i 

bt in I. M r v r , th f th_b propo by V n , Bi al and 

q u nti II fth 

pa 

nd h n t rmin at 

til b for und o 

Fa! a tal. in 2007 h n d 

multi I v I pI' bl m [1 ] m k po ib l 

ion h low r I v I probl m 

Ig rithm on um long 

tri pI' g r mming pp r h 

unifi for h Ir 



lu i n gl Ii . 

1.3 

Th hi r r hi al p imiz i n ruc UI" G pp r n ur lIy in m n ppli a io wi n 

I III hay b n a n a r aofac iv I" 

tru ur [5], [30]. u h probl m hay b n I ng r cogniz d 

ma king pr bl m. 

ppli nd 

ign trip d m nd 

i alloc ion) nd 

an imp 

In 19 1 Candler t ai. , [11] crib d the rol of multil v I progr mming in agri ul-

t ura l conomics in th ir publi h d pap r. Furth rmor , th av ilabilit f multil v I 

programming p roblem a rriv s at engin ering d ign a d cribed by Kocvara and Out­

rata [29] in 1993. A ording to Vicent and alam i [43] in 1994, th tr u t ur of bil v I 

a nd multilev I programming I ad to man p ra ti al probl m th t a r us ful for m a n 

application. In u h a ppli ation L blan and B yc [31] and li a r ott [33], tog h r 

described the claim /or a ppli ation of multil v I opt imization in tran po rt ti n n \V rk 

d sign problem. Furth r , Multilevel optimization probl m hay att ract d con id r bl 

atten tion from the ienti6 and econom ic ommuni ty in re ent y ar . Du to it man 

applications, mult il v I and in parti ular b ilevcl programming have evol ed ' ignifican Iy 

[17], [3 ]. 

Mathematical progra mming method to olv uch probl m t r c back a rl in t he 

dev lopm nt of linear progra mming [30]. a I" e u lt , t h majorit of re arch on bil v I 

prog ramm ing ha n th lin G I" V r ion of th probl m in whi h onion foi­

I W ri inv Iv d . Th r hay b n fwd z n algor ithm , u h a ; th f{ th b t a pproa h, 

Kuhn-Tu k r a pproa h , ompl m ntarit pivot approa h , p nalt function approa hand 

impl x- utt ing Plan alg rithm appro h pr po d f r olvi ng lin a r bil v I program-

ming (BLP) probl m t h fi ld bing ug h th att n ion of r 

thr [32]. Lik 1 th 19 r ithm [13] uch 

f rmul 

rithm , 

hod 

i n pI' bl m. In pI" 

mpl x pr bl m . F r x mpl 

pr 

h pr bl m lik 

n in h m inn r-I I ptimiz i n pr bl m. hi 

onv xi 

f p I" bl min 

d 



d d b h 

pI' 

on 

work 

rn b kn wi dg . 

u d 

m hod 

m t hod 

Ilor ov r. 

a r h a lg rithm wh i hi d ign d to o lv 

[30]. Th Igo ri hm that Bard 

propo d f r olving thr a u t ing p la n a pproa h 

for olv ing a bi-lin a r programming pI' bl m and a v rt x a r h pr dur for h t hird 

level a t ach itera tion . One of th main advantag of thi a lgorithm i th t , i can 

be extend d beyond thr e I v I hierarchi and can be u ed for gen ra l multi! v I linear 

programming problem. Its principal limitation m to b the bookk ping burden 

impo ed by th pro pect of multipl optimal olution . 

In the pap rs [1], [17], [19], [3 ], th a utho r inv tigat d th olution of bil v l opti­

mization probl m u in pa ra metric a ppr ach and th r approach . In th ir work th 

were limited on problems wit h onv x , qu adrat i and lin ar obj ive fun ion d fi n d 

on convex set. Even they did not indicate solution m thod when t h numb r of opt i­

mization va riab le a re gr ater than two. Furth r , in [36], [1 1 th r earch r inv tigat d 

the solutions of bilcvel programming probl ms with multi-follower and tril v I program­

ming probl m . Eventhough they ov r orne orn e limita tion of th above a ll di cu d 

a pproach th ir pI' po d algorithm w rk onl f r probl m with cony x , qu adra ti c o r 

lin a r robl m . 

I a lgorithm ' hay b n d v lop 'd ha a n find II ptima l ' o lu t ion for 

h li n r bil v I nd t ril v I programming probl m nd om alg ri hm non-

rf rm w Il , 

a lg rithms propo d for olving thr 

I 

n ab v . 

multil 

I rg numb r 

f d ign v ri bl 

m b n n nv x nd n nlin r 

6 

ompu tationa l ffi i n of t h a lgori t hm 

th mpl xity f th pr bl m . nd h 

gr mming probl 

m 

W I 

in bl m 

multil I ptimiz n pr 



a n k i i p ibl 

mul ip r m ri progr 

ion PI' bl m u ing 

do n giY full 

i nt , Igori hm 

g n r I k- I 

ill Y Iv ing ntul il v I pI' g r mming probl m 

progr mm ing fur h I' ing. 

ur I Lool for 

of pa ram t r in h f p r m t ri pr bl Y I' 11 , i i a hniq u for 

olv ing mul t ilevel optimizat ion probl m wh l' t h obj t iv i to mi nimiz or maxi m iz 

a p rform anc criteri n ubj ct to a giv n f on tra in t and wh r om of th 

param r vary betwe n sp cifi d low r a nd upp r bound [3 ]. It numb r 

of stra tegie a nd a lgorithm to d a l with diff r n prol I m formula ion nd wh r a ke 

feat ur i id nt ifi d: pa ra metri un ertail ty [3 ]. 

1any p ople have u d mult ipa ram t ri c progra mm ing a tool 0 a n w r q u ion 

rclR-t.ed to mu lti level optimization problem. Fal (,R- taL. , [17] pr po d a g loba l p t imiza­

tion a pproach for the solution of variou I es of bilevel progra mming problem (BLPP) 

based on I' cently developed param tri programming a lgori t hm . Furth 1' , Fa l ca et at. 

[19] in 2006 outlined the foundation of a gene ral global optimization tra tegy for t he 

olution of multilevel hierarchica l and general decentralized multilevel probl m b d on 

param t ri c progTamming approach . Moreover , Fa l a , SaraiYa and Ru te rn [1 ] in 2007 

brought in to pl ay t h multipa rametric programming approach for olving mul t il vel hi­

rarchi a l and decent ra liz d optimization probl m . 

R ecentl , r earch r propo d th lution m thod f r mul t il v I op imization prob-

I musing mul t ipa ram tri programming pproach by on id ring t h follo\ I' probl m 

a a mul t iparam t ri c optimization problem , wh r t h d ci ion yariabl at upp I' I v I 

ould b n pa ram tel' for th lower I v I probl ms . Th ore idea of th pr po d 

approach i to r c t a h optimization ubprobl m in th multilev I hi ra r hy a a mul­

t ipa r m t ri c progr amming probl m and h n t ra n form h mul t il vel probl m in to a 

ingl I v l opt imizati n probl m [19]. 

Th p urp f t l i tud m \ rk for mul t il v I 

optimiz t i n probl m ' hr ugh ntul ip r< m t ri pr g r mm ing p-

pr a h . T hi n w fr m w rk i a ligh xi ing fr m wor k f I' mul il I 

hi r r h ic I nd d ntr liz optimiz ti n pr b l m . 

7 



1. 

Tn 
d 

pr 

d n I k r who m k d i i n h 

h 

III " d ion 2, Lh g 11 ' ral mu l il 'v ,I rna h ma i ' I 

rational r ation 

d t rmin th 

rati nal e i I r iv d. It al 

r m ric 

II 

nnition. of fr ib lr and 

o 

th 

m tric programming th ry nd algorithm in n 3. Th prop d und r im or 

of m cia of nonconv x programming probl mare th n d crib d in d a il in chap­

t r 4. The proposed methodolog fo r th solution of bil v I programming probl m wi h 

n nconvex formulation in the inn I' probl m and tril vel progr mming problem wi h h 

inclu ion of nonconv xity in th third-I v I i h n d crib d in d tail in cti n 5. and 

illu trated with example. 



2 PI' limin fI 

op imiz Li n nd pr bl m f rmul 

r p tiv Iy. 

2.1 Sam m a t h matieal cone pt a nd n t a t io n 

nd nd hiI'd ub ion 

hi ub, etion con a ins ome b 

a r avail bl for thi wo rk. 

nota ion and bid finiti on. of m( ,hemati wh ich 

2.1.1 B a ' ic otat ion 

If Sand Q re two t and f i a mapping (fune ion) d fin d on with it valu lying 

in Q, we can write as; f : S -) Q. 
JR-Stand fo r the et of real number . 

0- Denot end of t h proof. 

JRn_ Euclidean spa with axes, X l , X2, . . . ,Xn. 

X , Y E JRn will b d not d a X = (X1,X2, ' " ,xn) a nd Y = (Y l ,Y2 , ' " ,Yn). 

For 1 ~ JRn , C(M) d not t he pac of a ll continuo u fun tion on M. If 0 ~ n i a n 

open stand k 2 I , is an integer , th n Ck(O) d not t he pa e of II function whi h 

have continuou par ial d rivativ up to ord r k in O. 

2.1.2 D efin it ion of Se t a nd Funct ion 

con v xit ' et a w II fun ti n play a n important rol in th h ory of op-

timizati n pr bl m , w n d to hay th one t f nv x nd onv x fu nct ion . 

Furthrr , omr ot h r b fin ition of m( themat.ical term whi h ( rr u I throughou 

hi work r in rod u I. 

D fin ition 2 .1 A aid to b conv x if for any x, y E , A. (1 - A)Y E ,VA E 

[0, 1] ~ JR. 

D fin it ion 2 .2 Let ~ IRn be a conv x et, A functional f : aid to b conv x 

iJ Jor any x Y E and VA E [0 1] J (A (1 - /\ )y) ::; AJ(X) (1 - )J(y). 

D fin it i n 2. 3 topological pa aid to b ompact iJ v ry op n cov r oj th nttr 

, pore ho, a Jiml .1IbcOll r . 



1ni i n 2. 

m an.d n, fi tTL 

'ay a functwn L : m • rrI I 1m 'ar', if for (my u cioT' x and y 111 

L(n.1' #,1} ) = ( L(x) f3L(y) 

fini t i n 2. W ay a fun ction m 
n t affin if lh r: i a lin ar function 

L: m n and a v cLor' b in IRn uch that (x) = L(x) b, for all x E m 

fini t i n 2 .6 Let {an} b a 

quence {an} i aid to onverg 

numb l' N uch that Jor' any n ~ 

qu nc oj T' al rmmb T' and let d b ar' al numb r. Th 

to d iJ J0 1' very po 'ztiv number' c, theT' ext t a natural 

, I an - d 1< ( 

D nni t ion 2.7 Let (X , 11 · 11) be a normed pace. qu nce { ,I n=1 oj el ment oj X 

i called w akly convergent to ome Xo E X iJ Jor aLL continuou lin aT' Junctional L on X 

D efinition 2.8 Let (X, II . II) be a normed pace. A nonempty ub et S oj X i called 

weakly equentiaUy compact iJ ev ry equence in S contain a weakly convergent ub e­

quence who e weak limit belong to . 

D finiti on 2.9 A t Pi ' a polyhedT'O'It iJ thae 2' (£ 'Y tem oj finitely 1nany incqualitie 

Ax S b uch that, P = {x E IRn : Ax S b} 

D finition 2.10 A point Xo E S i aid to be a minimal point oj a l' al valued function 

J defin d on S if for any point Xl E S we have J(xd S f(xo). WheT'e, S i the et 

oj con tmint and note that the optimal value of the obj ctiv function i a value oj J 

evaluat d at '0. 

In an opti rniz tion probl rn w r the obj ctiv function i t b m8..."Ximiz d th ptimal 

f ibl valu i th Ie t upp I' bound of t h v r th 

r gion . If th r n upp r bound , th n w th t th , whil if h 

f ( iblr regiol I, the empty, et" we deAne he 01 tim ai v( iue f ( IT1 ximiz( tion problem 

ob -

in n 

th gr t 

ntir r gi n. If th r i n I w r oun 

1 - wh il r gion i ' Lh mp 

minimiza i n PI' bl m t b 

2.2 M ul I Op t imization 

ion val u 0 

th optim I valu 

, \ d nn h op illl ' I v lu of 

IIi r i n d I wi h m h mil pr gr mming pr bl m ' wh 1-

bl i impli i I d f n d p imiz i n pr 1m . In r n 

10 



n ppr h h . b n uno b h lTI 

h' no I ' larg , and " igll j.Hobl 111. , ' hi ltJJProa'h i In ' 0 11 dill I 'n COOloill ' ­

n ollnc! v ry rn i III to ,'ol\, , II h pr bl m· by horizon r I or 

p imum. 

1ultil v I programming 

ms with multipl 

In th d 

I PI' bl Ill . 

by h 

f llower I' act by optimizing t h obj ctiv functi n on iti n d on 

But our work mainly icon rn d in on d ci ion mak r a each I v I in 

d i ion mak rs at t h am I v I horizontally. 

2.2.1 G e nera l D efini t ion of M ul t il v I Opt im iza ti n 

ub ' m 

rd ' 

o 

divi-

d ci ion . 

d of man 

To d fin k-I v loptimizati n probl m form II , I' an organization rnpo d of k-

I v I , a h cha r ct riz d by individua l bj tiv function It for i = 1, 2, .. . . k, whi hal' 

to be rninimiz d/rnaxim ized by th r sp tive d i ion mak I' . Let the d i ion variable 

pace JR.n b partition d among k I v I , u h that (Xl X2, · · · , Xk) E XI X X 2 X k . 

Wher , X i ~ JR.n, f I' i = 1, 2, ... , k and 2:7=1 ni = n. Withou t 10 of g n ralit , urn 

that d i ion ar mad qu ntially b ginning with d ci ion mak r 1 who ha controlo r 

v t r ' 1 E Xl , f II w d b d i i k r 2 who h vc r X2 E X 2 

down thr ugh d i i n ma k I' k wh I ov r v t r k E X k wh I' t for 

i = 1, 2 , ... , k inn mp nd lTIp fIR'" . 

11 



h g n I' I rnul il· I pI' gr mn ing pr n h 11 b 1n 

wh r , Jt : XI 

91(XI,X2 ... • xd < a 
wh r [X2. XJ •...• xJ;j . Iv 

mill h(XI, X2, ... XI,;} 
2'2 

92( XI '2,··· xd ~ 

wh r [X3 4 •• . X/;] Iv 

min h (X I , X2 . .. , x/;) 
X3 

93(XI ,X2,'" x/;)~ a 

whr [X4,""X/;] Iv 

min !k (X l X2, ... x/; ) 
Xk 

. t. 

9/;( X I , 2,···, k) ~ a 

2 X ... x X /; IR nd 9/; ' ar v r v lu d fune in . 

(2.1) 

h minimizat i n f a fun ti n Je) v r m p e r giOll ~ ~ IRn b 

varying onl x/; ~ k for giv II , (.t l ,X2 ,·" Xl. I ) b ,: 

nin{J(x l X2, ... ,X/;):(Xkl :l:I ,X2, . .. ,X/; _I ) (XI ,'2 . .. ,.·k)Ef :g(X I,'2 ... xd~ } 

wh r X = ~ I X /(2 X ... X XI. b omp 

D flnition2.1l Tit eliJI f ( ) djindbyiJI f ( )= { (XI ,X2 ... x/;) E X IJ (X I. X2, .. ' x/;) 

= min{J (. I ,X2, .. ·, /;): ('/;I I , 2 .. · I. I) 91. (' 1 X2 .. · XI.) ~ a}} i known a tit 

t oj rational r action oj J ov r ~ 

mp 

X I ,.l:2 XI; I r d 

I I n m king pr bl m 

minimiz i n PI' bl m. 

r i n (X I. X2 •... • x/; I) E X I X 2 
kth_1 I i h f lIowin 

min{Jdx l X2 .... x/;): (x/;Ixi 2"" '/; 1) , 01. 1- {Xk E . :g/;(X I ,X2 .... ,X/;) ~ }} 
Xk 



wh I 51/.; \' I V lu un n. d 11 hi . I III , w giv 

d fin i ion 1/.; d 0 b 

51tOn. 

h r f r h kth _ 1 v I, W/.; I \[J J. ( (k -
l )th _ 1 \ h r , Yi ,JX"d = {.I:/.; E /.; : .1:k E rg lll in{Jd .1:I , .L·2 , "· , :cd : 

(:cd XI' .1:2, · .. Xk .. . .1:d ~ } . 

t f r th v Ii ub 

t t h if k = 1 nd h i n nli n a r, pr bl m (2.1) r d u nd I'd non lin a r 

progr mming pr bl m. Wh n k = 2 h n pr bl m (2.1) i known bil vel programming 

problem. h n k = 3 I robl m (2. 1) i kn wn tn l v l pr'ogramming probl m. 

D finition 2.12 A point 0 = {x l,x2, ... xd ~ ' an optimal point to a multilevel pro­

gramming pro blem if X o i an optimal point to a L ad r-' pm blem, ati fy ing lower- l vel 

pm bl m a can tmint . 

tc tha t at c rtain ut r pram t r valu , t h inn r pI' bl m m y h v mul ipl 

while the out r probl III will b optimulll onl ifi inn r v r i bl v lu . \ 

ituation ari ) th optimum of th multil v I pr gramming probl m i chi v d nl if 

t h inn r optimiz r oop r t with th out r ptimiz r. 

2.3 a them a t ical Formu lat ion of Mu lti l v 1 Optimization 

L t u on id r mlll il v I pI' gramming pI' bl m in whi h on I d r nd on r mlll ipl 

(i an ) fo il w r ( ) ar involv d . In mul il v I pI' g r mmi ng probl m m d I, on r I for 

th d k r wh k 0 mi nimiz 

a nd 

forw 

13 
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L h kth_1 v I pI bl 111 i· in I 

n~ _ 

9k : (2.2) 

L>t 2/.; I (X I 1:2'·" , £/.; - 1) I1 U fo l' ·,t of proul ' III (2.2) fOI fix 'u 
(£ 1,£2 , ... ,£/.;-d E nl n2 rOI h , llIOlll'1\ Wk - I (X I . .L·2,·· · . Xk d 

h poin - 0- ' m pping fr m 

(X I ,X2 ... , k_l ) int p n dfindb ', wk_l : "1 n... I 

And th n h (k - l )th_ 1 v I probl m n b formul d follow : 

" min " {f ( k- I I 
Xk _ 1 

£kE Wk- I(XI ,2, .. . ,Xk- l)} 

wh r h - I: ]Rnl x ]Rn2 x . . . ]R"k I ]R 

gk I : ]R"1 X ]Rk2 X . . . ]Rnk I (2.3) 

ot t hat th f rmul tion wi h t h qu ta ion m rk l u i a ion 

in h d fi ni 'ion of h mu l il v I opt imization PI' blem in of non-uniqu I d er­

min d kth- Iev I ptimal lu ion and t hi r ul t in nn i Iy m n prob l m in hi I v I 

orr ponding t th kth_1 v I pr bl m. 

L t Dk- 2(x " x2, . . . ,Xk-2) mbol ize th f ibl L for probl m (2.3) f r fix d {XI X2 . 

""Xk-2 } . W k - 2 i 10 
in 0 p w r t 2Rn. 

m nn r on can rriv t th ond I v I. Th n h nd I vel 

PI' 

" ml'n " {f2(x l 2··· ). 9 (x x x ) < k . 2 I , 2 ". k _ 
X2 

(2. ) 

L L I (xd r PI' ibl L f r probl (2. I) 

I minimiz u uir d. h g n r n b 

14 



d l ib d 

( J t I v I) 

91 (XI , X2 ,,, . x,d ~ 

V\ h J [X2 , ... . :rk l . Iv 

m i ll h exI , £2 •... , XJ;) 
71 

(nd l v l) 

X/,:) ~ 0 

... ,x/,: ] olv 

(kth I v I) 

gJ.:(XI,X2, .. . ,xd ~ 0 (2. ) 

Il l' I,' ar r al fun tion , g,' h i = 1.2 " ., kdnnd 

on onv x t whi h b long 0 th gr up f r al numb r . No t h h bj 

fun h I v I p, Ip( 1 , X2 , ... ,xA:) i d fin d v r th d I . 

mad 

v r t olv 

hu , W t r to mp ut th 

bj IV : 

x/,: E W /,: - 1 ( 1 2··· /,: - 1) 

' /': - 1 E W/,: - 2(. I X2 , "" /,: - 2) , ... 3 E W2( I X2) , 2 E W I(X I )} 

whi h i i n pr bl m in rn 

in 

bil v I pr gr mm ing pr nd th ril \' I 

pr gr mming pr bl m, \ hi h rg niz h 111 III I n 

nd nd hi I'd I v I r iv I 



2. 3. 1 Oil I Pr ' f mming \ i h r n II in h 1n l r I r' 1 I rn 

13 il'v I pI 

Ill iza i n hi ra l h 

pI' 

hi rat' 'hi ' I iII h 

fun t.i n 

v III d fun i n: 

Thu , pr bl m (2. ) i 

h r 

n(,O llv'xi y ill II, illn ' I pr 1>1 III illvol\" all P I­

f 11 varil bl 

II II P i Il If\I 

hu 

pi bl ' Ill 'O il 

12 : n r IRn2 

92 : IRnr x IRn
2 

q 

I rnm ing pr bl m i 

,fi n 'u ill par by h ' illll ' 1' 

nd n id I' 92 v 

(2. ) 

n n onv x ptimiz i n PI' bl m wi h I' o X2 fo r gi v n 

Let D(x l) rl .note r compr ( n I conn cd c( ible • t of robl m (2. ) for fix I 

X I E IRn r r nd W(X I) b olu t ion . lied a point-to- f' t m r pping 

from IRnr in p 

bJ r or 

PI' -

I , hi ti n f 10 i (n nli n 1' ) in qu 

91 (X I .t2) ~ 0 ar ' '(\ i ' fi 'd ' Ild a ll obj ' 'L iv ' fU Ile iOIl 11 (X I, 2) i minimiz U. h m n , 

p imizati n probl Ill : 

91 ( I X2) ~ X2 E W( I) 

11 : n2 

91 : IRnr n2 k (2. ) 

h PI' hi m f d I III n hu b 

ha of fin illg 

nd 



I pr r mm ing pr bl III wi It h ill 'Ill 'i II n n fI\' 'xi . in h 

In ll ( P( bl III • II ( f n nul. d pI bl III h (IIV Iv 

min f ( (J' (, :1:2) 
ra 

(1 t I v ' l) 

y((.c (, ;c ) ~ 

Illin h(x (, X2) 
£1 

(2nd I V I) 

9 2(X I , X2) ~ ( . ) 

V h r XI E X( ~ nl,X2 E r 
2 ~ nd b fl V X n c n 10 

d fin ibl nd r i nal r a ion a 

D finition 2.13 1. Th 

(2. ) 

i called a fea ibl et JOT the inneT pmblem. 

2. Th et of olution 

(2.10) 

i call d th rational T action et JOT th inner- 1 vel. 

Lik wi , wh n m r h, n III hi r r hi al op i-

miza i n I v I h 

quilibrium i 

[25] . bl m 

int [10], [17]. 

I I 

( i 

I11pU 

iv : 

( .ll ) 

bl In (2.11) i n PI' I III in 

in h 2nd_ I I pr I III 

17 



.3 .2 ' il I I r 71'omn l ing \ i h F r lll u ll i I in t h 111 

hi Illlll ing pI bl Ill ' wi h 

irn Illlll ing pr bl 

£2. ' 1' fillding h ' op illl l olutioll of lit' hiI'd 

an op illl I lu i n of th nd I v I pI g J' milling pI bl nt pc J' 

an op imal . luti n £3 third I v I pr bl Ill. 

luti n f 

and X3 of th 

For 

hi r 

inn 1' 1 v I pr bl m b in rod d 

\ h r 

13: nl 

Inl r I r bl n 

all 

u ing 

III ion £ 

(2.12) 

non nv x pr gr mmi ng probl m wi h r p giv n XI and I2. 

L tth onn td I d ompa tD2( I,X2) ibl of PI' bl m 

(2.12) for fix d (X I ,X2) E IRnl X IRn2 and for \11 2 (X I X2) b for 

prob l n (2. 12) . h \1I 2(X I , X2) i a point-t 

f IRn d fin d b \11 2 : IRn l X IRn2 2Rn. 

ptimiz ti n probl m can b f rmu laL d 

\. h I' 

12: 

n wi hin It quo i n m rk i II d xpr 

th 

low ' r I , ,I 

n 

·t:3· 

h 1n 

r Xl u h h t hi 

I progr ming pr bl m foil \V by n 

'oll! i ll ' all I thi ' I ' 'lIll ' ill fillit 'I , Inall 

bl m. 

bl m (2 .1 ) nl 

in in qu 

pow r t 

ond I v I 

(2.13) 

ion in 

<Ii n-

II < nd 

h 



91 (:,{' I.~' • t':J) ::; 0 i 

I ' . fillo .('1 ,\I h ha 

lIIin{JI (.cI,.c2 .c3),:C C WI(.c.), :L'J E 1l!(:L·I.:L'2 ).91 (.II . . 1'1 :lJ ) $ O} 
rl 

\\ h r ' , fl . "I 

9 . "I 
I· (2 . 11 ) 

Th PI' bl m f d rmining b n hu ' b drib 

pr bl m ' (2.12) 

pro bl m . 

thr' 

P imiza i n 

l pr gmmming 

ul t , w g t tit f II n PI' bl nt , kll wn ril v I 

PI' gr mming probl m whi h r pr nt th 

. t . (1 t I v I) 

gl (XI X2, X3) ::; 0, 

wh r . X2.x3 Iv 

min h (..c l X2 X3) 
X2 

(2nd I v I) 

g2( I , '2, X3) ::; 0 

\Vh r X3 olv 

min h(xl 2 X3) 
X3 

(rd l I) 

93( '1 , 2. X3) ::; 0 (2.15) 

\ h r X I E I ~ ]Rnl.X2 E 2 ~ "2 nd 3 E '3 ~ nJ r bl III (2. 1-) Illpri 

hI' " 'ubpr bl Ill ' , 0 11 'a 'e 'II op ill1izet iOIl I ,I wi II It , foIl wi llg b' 'i ' d ,filii ion ' of 

t : 

D fi ni t i n 2.1 1. Th 

2(XI, '2) = {X3 E 3: 93(XI X2, X3)::; } (2.1 ) 

t 'all d CL J a tbl t fo r th third L v l. 

2. Th l of oLutwn d fin d a . 

W2(.cI . X2) - {X3 E J .1'3 E mglTlln{h( I,X2.J)} 

x E 122 } ( .1 ) 



all'd tit I"£Ltzonai r 'a lIoTi t JOT tIl t"ird I vel, 

:J TIt({, 

1 (.r d = {(:t'2, :l';d C X 2 K j !J2 (J 1 :£'2, :1':.1) ~ O. 

Y;j(l' I , .1'2 , J:d ~ 0, fJ E 2(:1 I. :/'2) } (2 1 ) 

t . call d a f a ,tbl et jor lit . coud I v I probl m. 

4, Tit t oj olutLOn 

WI(XI) = {( X2X3)E 2 X 3 :X E rgmin{!2 (x I,I2,x3): 

I2 C WI (I I),I3 E \l! 2(II,X'2)} } (2.1 ) 

t call d the r'ational r'eaction t j07' lit cond I vel. 

n an t h p I' m t ri n ur 0 I' ion I r n ' qu o (2.17) nd 

(2, 1 ) whi h r t urn h p nd 

d v I pr gramming PI' bl m 

t h diff r from g m h r h 

[16J. 

2.4 mpu t tionaJ Diffi ul t i of M ul ti l ptimizati n \ ith n 

it Formulat io n in t h Inn r L v I 

mming PI' bl m giv n in (2. r di ion I . lu ion ppr h 

r PI' nt h i nil r I v I p r bl III nd i wi h 

w rk 

m 

In 

h n , I' 

n n nv x it i 

m. 

1l 

bl III in 

Ii y r gi n 

h wi ll 

inti I' I v I pr bl III i 

o h 

P III m' y 

f augm n ing 

I v I pr bl Ill , 



. nid I n ppr h I inY ig l iug bil \. ,I 1'1 bl III in 

11 n 

n pr bl III In 

I 1'1 gr IIIllIing pi bl Ill . 10 1 

'OIllPli -<.I an h ' b 'huvior of u lotal ulution i. han1 

to anr lyzr f r t hr inn r I v I optimi l,rt ion prohl nl . [n (dditioll , h Il\rpping \1.1 (-) 

glob I p im I II ' wi hin h 

wi hin 

h I' tion I r 

n t ha 

ur h rmor , 

Th IlI-

ion Igor ithm v r 

kling thi kind pr bl m 

Bran h- nd-B lind alg ri hm will b 

ri progr mming ppro h. 

21 
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of 
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i n 5.1 hI' ugh mul ip r m -



u l ipar am rI 

pI gl am 

pr gr m . 

m ntr I nc 

r r a ll1min n ['i hm 

lib, It wit' 0111 iOIl () \ Ill. h III \ i d 

III alii' tic pJOgr ,HII-

mul ip 

milling II b 

r. t work, on j>. r. m I ri progr IT ming w J dOll ill h (' rly 

h PI' II ' , wh '110m 0 h ini iul 

wi hin h \ fi Id lin c r progr mming, 

n 'id d. 

giv ubj t, bu 0 

pt ugh u hi 

3.1 micontinuity of th o l uti apping 

B i n pr bl m d i ll in\' I-

P rLi 

di ff r n 

prop of fun iOIl nd pain - 0-

will n w b intI' 

II I' f: IR" x IRm 

fun Li 11 . 

wing mul ip r m n pI' I' mming pI' bl m: 

Z(B) = min f(x , B) 
:r: 

9, (X 0) ~ ,Tli = 1,2, ... p, 

h)(.r ,0) = , Tlj = 1, 2 ... , q, 
m 

9, : m '1 m 

( .1) 

finiti n 3.1 functton f :" 1 Low'r ml ort trWOIl at CL pomt ,1' E n if 

forach 'qu rt' {.rtL 1 C n wIth liJIII .1'1 t w/ huu . liJ11 ill I . f(J.·') > f(r) ami 

upp r mlcontmlLOll CL .r; E ,. pro ui 'd Iw lill1 up, f(;L·I) < f(J.·) for 'ach <,qU/' Tlrl ' 

22 



{:I. ' } I • that conv ' 9 ' /0 1'. The JUTIe lOTI J I rOTltwuOIl at J' E tI 'I,t I lOll t r a u II 

a. upp t . TTllCon t lnUOI/ . at tlw pom t .1' . 

1 n i i II 3 .2 powl - to- . mappmg I ii . rrI , 2 " I calltd llPP 'r UlUCOTI mUGU lit 

(t powl 0 E III IJ JOT '(Lch op fI l'l Wllh 11/(0) C , tltt'n 11'1 ( ITt Opt TI TIt Iyltborlwoci 

6(0) oj wI th \11 (0. ) C JOT' 'ach O. E 0(0) . \V I low,. .~WUCOTI ITWOI/ a 0 C '" 

tJ Jor aeIL op TI t wtth \11 (0) n :j: 0, th r' I' an Op 'Tt n'igltborltood o(O)"eh that 

W(O. ) n :j: 0 Jor all O. E 0(0). 

(xo, Oo) if, 

:r9.(xo, 00) < ,f r c h i E f (:ro· Oo) - {k : 9dxo, 00 ) - O} 

:r hJ(xo,Oo)= f r h j = l , , . . . , q ( .2) 

andth grdint { :rh)(xo ,00) : j = I , 2" , . ,q} r li ll rl ' indplldn lid 

P (O) = {x E 2(0) : i\(x ,O) :j: 0} i lu ion 0 probl 111 

(3.1) , wh ,re (T 0) i th f L gr ng mul ipl i r . 

As umption (C) : Th 

hj (x,O) = 0 j = I ,2, . .. ,q}i 

{ (x 0) : g(x, 0) ~ , i = 1, 2, ... p, 

ump ion gu 

th fe h OE {Z: (z):j: 0} 

w II. hi imp li w II Wlocal (8) 

( h . of I I olu 'i n ' f pr bl m (.1)) r n n mp and 'om pt · for h 

() E {z : D(z) :j: 0}. 

Th or m 3.3 (13} Can id r' pmbl m (3.1) at ()o E IR'" and let the A umption ( ) 

and (MFCQ) b , ali, fied Jar a h Xo E P(Oo) . Th n the point-to- t mappm g PC) I 

upp l' mi eontinuou at 00 , 

n inuou 

nv x p ralll 

upp r . mi n in 11 . 

r m 3. (J3/ IJ Jor tit probl m (3. J) tIL , a. umption ( ) a. w II (t ( lfFCQ) 

a1' ati :fi d th n the global oluti on t mappm g W (-) I upp r 'Tn/con mu ' . 

urn 0 ur lh I \V r 

m pping we(O) = {x E (O)I J(x 0) < Z(O) - £}. 

r rn 3. (7/ Z I low l' 'TTltCOTttUW011 (t 00 1J 

n (Oo) I compact and J t low,. ' TIll 'ontmuou on n (()o) 

r rn . (7/ L ' J b d 'fill 'ci 0 11 " III Thl',1 

23 

r h 

IIPP or 'mlcon lTIUOII. at 00 , 

00 



1011'1" , l 1111('(1/1(" WItt.: ilL 0 fm I III I > if ( and % 
L lOll'll • I 1111 (mlIllU"'~ III (J 

J X I.~ ('(IT/lm/wIL ILL Ou tf \II /. IfII/'( I .I/IIUlmlllllJlJll. 111011 III Ii 1I (f1 ) a.: now 11]lt • 

J ;t '-' ('(mtin uou. IlL Of) if t!tIT(' 1:It; I 1m En > ( 
at 00 Jm ail E E ( ,Eo) . 

. 7 If til(' 1TW.]J}JIT/!} n '-" Ifill'(' . (1IIU07t1I11IJ1L III OU lII11I tJj( jol/lJu ",/ .tll/l-

711 r7/ I.' ll7 'r (''1 IIwfllr-n t: 

1. Z /..'; (,(J1/lmlHJu..~ al (Jf) 

2. \II is lO1fl(T M'micon t 'TIILOILS (LL 0) Jm ('(tclL > ( . 

3.2 

r a gi II pan III ,t ~r ib W'i ·rstra .... ., '1 h r'llI 1271 whi h. ayl> 

rlill ti n, tt,\i ll. it. minimullI 1Il. ()IlI!), t '. Thi. . ,\1 '1ll'1I i. 

lTIodifi d r r g n ral par m lric optimization probl'lll PI) ror !\ giv(' 11 pan nwlN. 

D finition . Let(, \\.\\) b( a TWTTn('(1.1J(lC(·, 'b( llIJTl('mpLy.-u/).(t. of, awl!: " 

R be (J, gillen functIOn. The jll7/ctlOTI J j; ' .·/ltd to Ix' lI"('(Ikiy lOWlT . fwicm tIllUOIL- Ilt (:.ro, (0) 

if for (,1I(,ry o9pqu('n('(' {(Xn, On)} n I ~ JR" X RJIl (,07111(Tqmg l/Imkiy to (x, 0) E "x In , 11'1' 

haup, lim inr" f(x",On) ~ f(:1' , O). 

beor m 3. Lrt ( , II . I J) br a Tlfnmrd . ,]KJ("(',. be TlfmfTTl]lty .' ub. 'f'l.- oj X ami f : 
.' -t JR. be a givrn functum. Ij lhr , ct • ' is weakl!J seque7ltiall!l (,{)7fl1)(U:t and tiL,. jllTlfilOll 

f is wFakly lower . ' ('rrLl('ontmUou.~, Uu'n ULF1 1.'1 at Lc(l;'L OTIC (~o. 00) E .. X ... //IitiL 

J(xo 00) ~ f(x,B) JOT all (x ,O) E JR" X 
HI 

roof. L ! {(x" On)}n I b an infimal '<11l('11('(' in "x m. i .. a. '<)11 lie' with h' 

pr p rty lim" f(x",O .. ) = illr f(:r ,O). m i~ w'akl ' I>'qu'lIliallv 

COlllpact, lit r' i. ~ ~llb. III 1\ (. {(:en,. On,)}, I (:o1I ... ·rginJ; ",,«,aklv t>. )1Il(' VI) 0) E 

JR." X m B all~ f th w ak low r. llIi onlillllity of J at oro 00 ) E ,. X m i f,)llow. 

that 

J(:1'o,O) ~ lilll inf f :1'" ,0,..) = illr 
, , ( r,O) .. 

f:J 0)0 

ptirnaJ it ndi i n . 

I II a g _11 ral pr grallllllill!!,. 

ibl point \ i h r .p (' 

II rhood of thi. p illt [ I J. 

p )'11\ b ('all (1 a 1 )cal op illlal . )luti)1I if h'[ i. 11) b,tlpr 

) tIl(' ohJ ·tlW rllndi)l\ ill ('r tIll -1\f1ki'll I '. III til n'igh . 

IIfllita!l\, and cjllIllltit,lliv' pr)[1 'Iti )f th· )p imal . )111 iOIl 

2 1 



. iv lUI iOIl \1du 0 proul 11\ (3.1 wi hlP o p r Ull 

ion I IObl'l1I 1 1111 Ulle i II J(', 0) 

g,(-,O),t- 12 , ... , p r n l ncl h;{·, 0), J •• , ' fJ ar IIffin .. Ii" ',ll 

n n [ r 

fi niti n 3 .10 Th r' gion wh r a partLeular June tOnalr' ,1(1 IOTI . /Up b tw T1:C( )aTld 

o hold t known a a eTttt air' gton and It r 'af l' w 'hall d(mot . tt by R. 

fun i I obj iv 

[un i n 

Z(O) = {!I1inJ(' 0) lg1(x,O) $ 0, [r i= 1, 2 ... ,p, h](x, 0) = ,f I j = 1.2 , ... ,q} 
x 

and d fin lu ion et m pping w: m 2
Rn 

b 

w(O) = argmin{J (~;,O): g,(T ,O) $ h](.r,O) = O} 
x 

( . ) 

II r , 2Rn i h p w r of IRn (i. . h f mil 

point-t t m pping whi h 111 P 

fini i 11 III 

lu i n f 

probl m (3.1). For onv x p r I 
IIV X 

but p s ibl mpty. 
L t u deno e anoth r p int-t.o- t m( ppin , 0 (0) : 2

Rn 
with 0 = {x En . 

g1(X 0) $ 0, hj(x , 0) = O} the f ibl map ping. Th f I I minimiz r [prol>-

1m (3.1) i d not db Wloc = { E 0 (0): 3£ > 0 : J( 0) $ J(z, O) Vz E O(O) n £(,1;) 

wh r VfC(X) = {z E IRn 
: Ilx - zll < £} i 

L t u d not h lin r fll n 

fun tion b , p q 

L(x , 0, ,\ Jt ) = J(x. 0) 
,=1 ) - 1 

Lh 
\ { ( JI ) E n 

rr 

T h r m 3 .11 /13j Con id r probl m (3. /) at (xo. Oo) E n am wtth 0 E \\J (00) · 

Then (MFCQ) L ' ' aLL fi'd a ( 0, ()o) tJ and only tJ {.l:0 ()o) L rlOTlCmp y. 011 'J (1T1ei 

polyh dron. 

L t P{) - {x E: ()): (r, 0) 

'olu i n ' of pr bl III (3.1). 1 i 
h ' tl ·h lll I n h t J' E: P() 

2 



if alld nl ' if p , /t E '/ U h ha h tipl (.l' I II) 
, III ndi i n 

1 L(.l , . '\ .11) 

9. (.1.' ) < 

hJ(x.O) = 0 

A,!/.(X.O) = 
f r h i = 1 2,.,. p nd J - 1 2 ... , q 

ult ip r am t ri Lin ar a nd Qu d r a ti 

In hi l' vi w w PI' 

quadr i progr mming pr bl m , wi h lin 

obj ctiv fun t i n , t h ptim I ' lu i n 

of th algori t hm i 

who e validi t 

of parameLer 

'olut ioll is . n affill fun 'L ion of Lh > paralll r ', 

3.4. 1 M t hodo logy 

r mmin 

f lIlul ip nun Ii lin a r and 

iv n by 

hi fun 

I fun lion, Th or id < 

fun ion 

Con id r t h g n ral par m tric q u rati -lin r pr gr mming pr bl m: 

r gi n 

z(e) = min T 
x 

.t 

x ::; b pe 
IE 

1 
-xfQ.L 
2 

m ( . I) 

J1 n. Q i ' n (n n). Jl1111rt ri pit iv ('filli l (. 

P i (p m) n ' an III rix , b i 

o 

p 

• I 

2 



rL -

A, IJ.' - 0, , = 0 

A, ~ ,i = I , , ... fJ (3 5) 

11 c ppli i n h 1 111 [22\ (' I) a [.10 001 gi\" 0110 dllg 

1 ul : 

( ~ ) dA(Ou) 
dO 

fo I. '0 (3 ) 

wh r , 
r T 

AI '" P 

10 = 
- AI I - I 

p 

0=( , -AI FI , ··· -ApFpf , 

v. = Atxo - b, - F,eo nd nu ll III rix dim lI 'i 11 (n m). lIu , in II lin a l -

bi n r dll III r Ig br i ' m nipul i n 

d f th I I T p inl, [xo,Oo\ 

and und r th con id ration o[ B i 

of [x(e) , A(f))] in th n ighb rh d of 00 i r wri n f Ilow : 

ote 

alwa 

param 

T I 

wh r 

f lin 

pa 

R 

- b nd F 

[ :~:; ] ~ [ :: ] - Mo'· o· (0 - 801 

rr p 

[prill '. L hi, 

-. (0) ~ b - -
(0) ~ ,C R' C } R = { 0, 

an I 

11 ini i I gi n r I n m h 

7 

01 d ' r c ppr Xilll ion 

(3. ) 

\/0 i 

rili 

b I by 

H' 1 pr ' 11 

pu nl n III 'q tli i 



l P 2 . Iv (3 ) to ou lIin 1.((0) , >'(O)J 

l P mpu I( 10)1 '01 from (3 .) 

t p" b ain Ix(O), >'(0)] fr rn (37) 

tp5 . rma t finqualiti ,Cn , d'"riudinEqu (3) 

tpp 6 R mov r dund nt in q\l liti . from thi. of in C111illi I ncl d fill h cor-

I' p nding nQ giv'n in Equ (3 ) 

, 'P 7 . gi\' 'n in I:.qu. (3 .10) 

t p I f n mor r gion ' to xpl 1 , go to 11 'X , 'I' , 0 h'rwi 'go 0 ' 'I' 1 

l P 011 t all lh 'olution and unify th' r 'giorl. havHlK h' iHn olu ion 0 

t hu obtain d , th r dund n in qu liL i mp n of 
CR i obtain d 

( . ) 

whrr . 6 L ( n oprmtor which rr l11ovr. rrouncinnt on. tr, in! . for , pro rdm 0 id n ify 

r d undant n r int ( nd ix f [2 ] f r m r d (il) . ha RQ 

polyh d ral r gion . III i n [x(O), >'(0)1. h p 

i to d fine h re t f th r gi n CR Re t ( n p ndix B of [20] frill r d il). 

An th r t of p r m nd rr -

p nding R ar th n m r 

r gion to b h 

ar n 

nd Illp 

r PI' fin I in Ig ri hm r 

ou lin in Tabl 1. 

3 .5 1ul t ipa ra m t ri l ix d In r L in G r 

mix d in g r L ( IlL ) i L in \Vhi \' rial I \I ' 

r tri d inin (rnp-

m il L 

v III ' . III i n gi XI f I prill n II WI h rtlul ipl p U \IT\ I , 



[1''1. I I· 
I! ' pI bl Ill. 

bOU lld 

In thi I' 

crib d by 

ppI n I! I 

, I! n I 

fUll i II . 

hI all ·1t ncl l> lind b ~ 

I lip II "'ill II' 111111 ip II 1111 Ii 

I! ' 1313 (131t1I1cl! III" B IIl1d ) 1 

'g ' I \'all,lbl· I \\'uid I by III lin lining UPI' 1 

n I! III h ' II \,\ i d IlIIlIh iOIl I. U 

III ( I ILf ) lHld h ' ,'<\lying PUIIlI' r 

fin 'g r \'uri-
abl 

progr 

r pr gr JlIming pr bl 

n iIlu I n 

II ng rpualtl 'Ii 

3.5.1 n A lg r i t h m for t h luli n ul liparam ri IL LP Pro b l m 

on id r an mp- HLP pr 1'111 : 

z(B) = min T. dTy 
r.y 

x y ~ b FO 

ot ~ 0 ~ Ou , 

x E R", y E {O. I} 

v c or ntinu u vari bl ., y i { v 

of par am t r , 

an (m x ) on tant m trix , b, 

Ig rithm d rib in 

int a mpLP and a 1ILP ubpr 

b fix ing th ' v 

olu i n of h 

in g r v or. 

(3. 11 ) 

f bin r ' v rI bl '. 0 i \' r 

l ) f ix. F i 

f dim n i II m n nd l. 

mp bl III ( .11 ) 

mpL , \Vl!i 

wo cHrr r n in 

r th n mp r d , u ing pp n i, }\ f [lvl. ill re1 I 

igh upp I' b und 

h Ii rat ur [1 I. 

2 

IS ri hill rib d III d il In 



illl i I ill ·S r olu 10 11 y. 

l ' p 2 'ornl n lI1ulllPIIIIU/l' d LP probl 'lIl , fOI I I 'll r' lOll WI II I II 'W III III­

LIOII . Y 

2.1 olv ' mulLiplIllIm ' ric LI . u plObl 'Itl 0 ob , 11 11 I of pMilllI1 rll' UpPN 

bound i (O) and 01 r ' pondlng tI i ic II I 'gio /l Il ~ wl-ll 

2.2 I f 2 (0) :::; i ' (0) for 111 ' r ·gion of 0, Updll ' II · b· upp'r boulld filII iUII , 

2.3 

t. P 3 

2 ' (0) and th 

I an in~ 

r Ling 0 < a vari bl b 

u , and (iii ) in rodu ing 

'P 2. 

' r pr blt'lIl b ' (i) 

It, (il) inLrodu illg an in 'g'r 

cf1y < Z' (O) R - urll 0 'P 

n 
t p 4 Th algori thm n nin r 'gion wh 'r> h olu ion of Ill' li Lt> ubprob-

Ir m i. in fr , i ll lr. 1'hr final . olll l iOIl i. giv n by I hI' ('urr III lIpp r hOllnd Z ' (0) 

3,6 Multipa r a m tri N onlin a r r gra mming 

T h multiparam t ri n nlin r programming pr bl m in 

cxpr cd 

rm, < n b 

Z(8) = mill f (x. 0) 
T 

. t . 

g,(x. 8)~ I fr II t = l , 2 ... . p. 

hJ ( 10) = ... , q 

E 
m 

wh r f I g/ and h;' ar twi 

i a onv x fun ti n n I 9, 

in ;r nd O. 

rit rion 

o 

p im 

in 

bj 

(0) whi 

n lu Z(O) un i n 

( . l2) 

' l llll f 

P illl iz I :1" (0) III 

f (1'. ) pi vld 



' I I I '1 P illl lli \' ontli ior 01 (:3 ,12 

P 'I 

L - f(J, 0) "\.9.( r , 0) I') h} ( 1 0), 
• 1 J 1 

'l-zL = 0, 

g\ (J' 0) $ "\\g. (.1' ,0) - , '" > 0, 1 II, I = 1 ,,,. p 

1t](]",0) - 0, r II, j 1,2, . "I ll (3.1 ) 

wh r , "\, and f-L ' r r f Lagr JIg Illu l ipli r •. 

oitLtLOn 0 probl TTl (:1. ' 2) JOT 1/ glUt'" e. W ' d fin 
active can tmint a the et oj on ·tmtnl ' wtth 51. (x ) = and mac WI; COTI. tramt 

with g,( 0) < O. Th activ t (x 0) t th t oj con trwnt indiCt, oj tIL actw 

can tmint } that i 

A(J; 0) = {i E {l 2 .. . , p} lg.(.r,O) - } 

D fini tion 3.13 For an activ w ay that th 1m ar md p nd 'n con tramt 

qualifi cation hold iJ th t oj active con tmint gradt nt ar 1m arly md p nd nt. 

D fini t ion 3.14 trict ompl m ntary 'Ia kn ,. I 'aid to hold at I I T powl (.L·o. o. /io) 

if and only if for' i = 1, 2, ... , p "\, > iJ g,( '0 00 ) = and • - IJ 9.(.ro. 00 ) < O. 

The main en it ivity r u lt f r (3.12) driv dir 

next h o r m . 

fr m m ( .1 ) i' giv 11 in h 

T h eorem 3.15 [22} Let Bo be a v clor' of pammet r valu and (xo,"\o ILo) b a f f T 

trip le carr ponding to (3.13), wh r, 0 i norm gatw and Xo ! f 'a 'lbl ITt (3. 12). I 0 

a ume that , 

1. tric t campi m ntary la kn ( ) hold , 

2. the binding can tmint gradi nt aT' 1m aT'iy md p ncl nt (U 

dence Can tmint Qualifi cation) and 

3. the cond-order uffici ncy condition 

Lm ' (1" Ind 'P(:Tl-

Then in th n ighborhood of Oo) lit r xi l a untqu ,on contmuotdy dilJ,Ttn /able 

fun tion, Z (O) = [-(B), " (0) f-L (O)J,atl}ymg (3.1 ) t It It Z(Oo) - [1'( 0). ;\(00).11(00)1. 

wher x(O) t ' a tLm qu t ola clummnLz ' , Jor (3. 1;2). anti 

(
~ 

dO 
d~(Oo) 

dO 
d,.(Oo) 

dO 

I I \, o 0 ( .11 



wit '1', 10 and 0 aT ' tit JClCObllJTl of y t TTl ( . 13) 

Pro f :( 

0= ( ~~L , - AI 

[22]) 

10 -

~hq 

091"", - AI 

a awl 

h r wid , wh II 1\ 10 i n ill\' ' f ibl' 11\' 

In [1 1 Dua et al. h v 

on approximations of h n nlin at' op im I xpr ' i n, = ' (O) by 

approximat i n . 

orollary 3.16 FiT t oTdeT timation oj x(8}, A(O}, 1£(0). naT' 0 - 00 /21/: lmdcT" tit , 

con id ration oj Th 01' m 3. 15, a fiT oTd r appronmation oj [.r(O},/\(O}.I1(O)] tTl IlL 

neighboThood oj 80 l , 

[ ~~:~ 1 = [ ~: 1- \101 
. \ 0' (0 - Oo) 

IL(O) 1'0 

( .1 ) 

wheTe (Xo Ao , 110)=( '(80), A(Oo), Jl (80)), fo = [ (Oo), 0 - '(00) 

Th f f} wh xC' thi .. ol utiol1 ( .15) r n ( in. pt it ( I i: d 111 d <~ hr en ICfllr '91011, 

n b b in d b u ing ibili n I . ! ibili Y i 

ub ti u ing '(0) in th 

th 11 -

{ 
~(.c(0), O} ~ 
A(O) ~ 

I of 

P i lll 11<1 i i 11 , 

32 



Con 

[1 ]: 

appr 

lrp 3 

t P 

olve h 

r 'giOIl . 

II· par 

If i 

lIvt'r ing h ' orlglll I probl 11\ ill 0 III II'· !.!' probl I 

1 - L l problr m I\rld I It IIPi> r bounci WI It III h' r wh Id II I 

Oll lpar ' II ' vulu 'of It , 01, ,11111·11 lil li' \I "whit' WI It tl ... r' II \,.1 

'. . 

formula ion , and mo 

I p 5 probl m (3. 12) r . ri ing h' dOITHlIlI of It , p Imrn ' ri C: ".1(" 0 indud., 

only the' new cri ie, I r gion IIno r con.' lc! r lon, to find . III "hie P0ll11 ,Inc! 

PI' d from p (2) if 11 tit PII i. 'xplor 'd n il". 

l rminat th Igori hm , t it rwi ' III r for will II Z(O) Z(O) It 

the gr II vaJu . 

t P 6 olv probl m (3.12) wi hin h yi lei h ' gr 'II', Z"·,, 
in t p (5) 

ep 7 olv lh COlT P nding I P-LI pr bl In < nd diviel ' h ' pa 'of pll lllrn 'I'. in 

I11pari on prot'dur .. 0 thaI h · up" 'r 

lep 

solUlion in di~ r nl rilical r gion nd u ify h In in ord r omp,lcl 

qu ntly, th xpli ndi 1\ I pi wi ' I ill r fUll 

X = / I . e, 0 E RI 

X = 2 ! 2· 0,OE R 

X = p [ p . B, 0 E RP 

I n 

m CRt E: R'" 1I1 

th a In 

x p I &1 altl!1l ing pI obi ' Ill ' \1\ b 

mpl ing h pri ll ipl f !lilt! i pal III I I 11 II li ll " \1 pi SI \lI\llI i llg. 



n 

g 

d 

r ngin 

in n b 

iOIl pr bl m f 

th gl b I minimum 

om 

arc char 

non ony xiti r pr 

gu rant Lh 

th glob I optim um of 

th fun i n It nd 9t 

If for fi xf'rl p, ramf' t 

n 

and 9k r ony x th n h l< I 

obtaining th glob I optimum 

ar onl n car ondi in, 

Many of th d t rmini tic m 

cony x und r timator for th 

th r 

of h original n n onv x PI' bl 111 , 

In thi 

pr bl m a 

work of 

t rm n b on t ru 

onycx low r b unding fun i 

ill II · Ie 

,I nd r t imat i n f ultipa r m t ri 

m jor diffi lilt wi h mlll ip 

'01 u t iOIl anllo fli 

h ic ny x f rmul i 

. I 

n 

IwO! I .1 lid d· 

luw r 

ing Ull 

P illl I . olu 0 

'urn 
milling ppr II, 

II. f 
or 

im-

n of 

h globl\l . III i n 

nv x IIlI wi h 

I' ommill 

h ' glob II OJ> illl \1 

(jIll iUIl i Ii'll I 

h ' pI hi rIl . h' 

IllpU 



III hi \ il id UIIV 

, plogl \11\11\111 pi hI III 

11\' 'x \llld I 

IIV'X 'I If 

III 

I 0 11 

h r ilill \I \llli ,ri, 
willg impl I III 

W2 whi h r pI 

r I tion hip: 

hail! 

.f I :/"2 in h ' plObl 'Ill 

wh ' II It 

\\' \' If i ,hI 

( 1.1 ) 

Thi low r b und an 

two lin ar in qu Ii y 

d l! in Iud d in h llIinimiz i n pI bl 111 Iw Idill 

n tr,int , 

{ 

W2 ~ xf '2 

W2 ~ XI X2 

( I. ) 

Trili ll a r t I'm ' 

new vari bl 

form XIX2X3 l! b hrollgh I pIa illg i by h 

f in in 11IIa i n 

bilin ar t rm [3], 1. 

in qual ity con t r in t : 

n w v riabl W3 i in r du lllld db ' h f 11 wing 

W3 ~ x l xf !r + ·f 2 '!r 
W3 ~ . ' IX~ , f + . ,V X 2X!r 
W3 ~ XI 'f '!r XfX2 f 
W3 ~ I'~ x!r xV X2 X3 

W3 ~ l xf x 3 + xf 2X !r 
W3 ~ l Xt f .r{' '2 X3 

> U I., 
W3 _ X I 2 X3 3 

W3 ~ X I ~ f 

xf 'f 3 - xf ·tx!r 
xV f X3 - xV xt x!r 
.rfx~ .r;3 xfx¥,cJ - xfxL.rf 

X L U" "L.f xl., - J' x ',l,U 1 "'3 - .~ 1 2:1 1 2 :I 

r xl • .f l ' xl., XL - J,I. J ,I' 'II, 
'123 - 1:1 12 .1 

X1X~X3 - xf' :l, LXJ - 'Il',l'2 ·r.\' 

L L. X xl., :,rLt,LXL 
-"3 - 1 :I - l ' 2 J 

xVxUx~ 

F'r tional t I'm h f I'm 
:r wit I' 
X2 

X > illl d I V In r III 

n w v ri bl in whi h d p nd n h ign It, b lin I. 

{ ti: ~ - 4 if 1'/, > 
n ' 1 -

1 f ~ 
r r i ) r ' rl 

, If :.rf' < 0 - ::t=ir 
r 1 rlr~ 

nd X2 [3] , 

{ • If l'1 2: 
f~ . If II < 

( I ) 

ing 

n XI 

( I. I 



rilin r 

U III 

I bv , I 

gh II b ' 

niv n lin db' h ir lill ariz, ion 

a t he low r bound of t h v ri bl II\' X nv'l 

fun ion f(x) ov r hint rval [xL, xU] i h lin r fun i n I . 

( l. ) 

ot that th g n rati n nv x un I ~ I a IIn ivar ia 

fun tion do bl 

II t h r g n r I mul ip ram t ri nOli nv x 

mat~r do not xi t ar LInd r im d 

f (x, y) E C 2 (JRm x IRn) i und r tim d 

F (x, y) defined ( : 

i­

III It Ii m \II I I \ flln I II 

n ir d III in lyi'. yU I by I un ' I II 

n 

F(x , y) = f(x , y) 
1= 1 

Wh r th 

h orem 4.1 (Prop rii of P(x , y») 

(i) F( " y) i a valid und r timator' of f (. v), for a gL l'Tl :c 

(ii) F (x ,y) match f ( ,y) at all corn r poml '. 

(iii) F(x, y) i convex in YI E [yl. Y ] i = l 2 ,,,. ,TL. 

( l. 7) 

(iv) Th maximum pamtion b tw n lit non OTI :t I rm of 9 'TlI riC . rll III f( .r. y) 

and it conv x r laxation (x, y) i bound d and proportloTwl 0 " po I 11 '1 prH1WII I r 

n
1 

and to til quar of th diagonal of tit ILITCTl l bor COTI nlln 

r f : (i) r i = 1, 2., .. , ft , w h \,' (yf' - YI )( Y~' - YI ):$ wei II () In' cll' IIlI I n 

\V h v 1 2: . h r f r , y E Iyl., y ]. IllI ph ' (.r y) :$ /(r. . I/), 

3 



(i i) Let yC b a corn r point of [yL yU ] th n Or v I . l J 
! = , , . . " (y, . - JJ~) - or 

(yy - yf) = O. Therefor , F (x, yC) = f (x yC) ill " fOI ftx .t! :r. 

(iii )direct re u lt from t he d fin ition f t 

(iv) ([4]) 0 

inc F( x, y) is convex if and onl if i ll · i n III nx IfdJ,y) i p.1 iv 'mi-

definite, a us ful convexity condi ti n i d riv d b n ing ha 1I ,..(.x,y) i r In .t! 
He sian matrix Hf(x , y) of f (x , y) by [ ] 

HF(x ,y)= Hf(xy) 2 ( I. ) 

i r Where 6. is a diagonal matrix whose diagonal lem nt 

the diagonal shift matrix , since the add ition of th quad!" 

as shown in equation (4. 7), correspond to th i nt rod u 

clements of its Hessian mat rix Hf (x ,y). Th f II wing 

ensure that F( x, y) is indeed a convex under timator: 

fun i n f (.x, y) 

in h di 

n hnb u o 

Theorem 4.2 (3} F (x , y) , as defin ed in equ. (4· 7), i convex if and only if /[,(:1', y) 

26. = Hf(x , y) + 2diag (CKi) is positive semi-definite faT all y E [yl. , yU I. how v T, X t 

given in its parameter space. 

A number of deterministic methods have been devi d in ord r 0 id n i n ppr pri 

diagonal shift matrix. They are discus ed in detail in th lit ratur (g. [ J) 

4.2 Parametric Overestimator 

An upper bound can be calculated eit her by olvin th rigin I probl In I 

each sub domain of the solu t ion space [3], (thi t P of a l ul a ing n lIpp r bound i 

powerful in classical nonconvex optimization probl m , but in 

programming problem may violate the second ord r uAl i n 

fail to give appropriate solution) or by performing a pr bl m 

of the lower bounding problem [38]. Substituting th 

subproblem into the original nonconvex probl m r ul 

general may be nonlinear and nonconvex (for th d tail 

For classes of bilinear terms, Lhere are dif!' renL ov r 'Lim 

optimization problem [38] . Convex param t ri 

tained by creating overestimators of t he obj tiv 

the resulting multiparametric programming probl 

im in 

r whi h in 

Parametric overestimator of type 1 d n t d b 

obtain because it requires only th ubstitution 

subproblem into the original (nonconv x) n . 

lui n f h u nd r ' i III III 
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nother overe t imato r d 11 t d b Z' ( 0, n b d b ·u Up II h 011 viII 
I mm as, fro m [3 ]. 

Lem m a 4. 3 (38) Th e maximum eparation b tw n btlm ar '1'711 d riot d by VI' alld 

the underestimating subproblem may b d noted by W lnld tit ,. 'C a1l91 IY:- YI I 
[y L yUJ i equal to 0 = [yY - yt ][y¥ - ytl 

2' 2 12 4 . 

Lemma 4 .4 (38) If f (x , y) = f C(x, y) ~ I L:~= I ,.;y,y] wit r i ~ j, / "( :l: ,y) 1 COTIU/'L 

functio n of y faT a given x , Cl i, j i a po itive can tant for all i and j Clnd 9 I. COTIU I. U 'etOl' 

valued constraint set. Then, .202(x) = Z (x)+ L:7:1 ~= I (t"A] , wI! t , 0.) _ !I~ - 1I~\ 1I1 -II;' 

Unlike t he case of .201 (x) and many case of .202 (x) , an v r illl r 

.203(X) requir s solving a parametric optimization pr bl m , hi 

type of fo rmulation is completely general. Ov r tim ting 

replacing t he occurrence of each bilinear term Yi Yj, for i ~ j wi h W 

r giv n b · 

{ 
< L U L U 

W _ YI ,Y2 + Y2 ·Y2 - YI 'Y2 

< U L U L 
W _ Y I Y2 + Y2 Y2 - Y I Y2 

Note that Equ. (4.9) are used [38] except that t h ign of th 

been changed to t he greater t han inequali t i s as fo llow : 

{ 
w ~ yfy2 + Y¥ Y2 - yfy¥ 

w ~ y f Y2 + yfy2 - yfyf 

T he fourth type of overestimator .204 (x) also require olving 

problem . T he overestimating subproblem is formu lated 

to addi tion al linear constraints (4.9). Howev r it i lim it d t t h 

terms are p resent in the object ive funct ion be a u 

auxiliary variables w , which replace the bi linear t I'm [3 j, 

3 

( . ) 

h, 

( .10) 

p r m t ri op imiz i n 

i n pr bl m ubj 

n 111 ximiz i n f h 



5 Algorithm for Multil vel Optimiz ti n \ h 

Formulation at Inner Lev 1 
n n 

In th is ec tion, we try to h w th w in whi h w < I P . ' jbl '. lv' !tIll l il \. I up illllZ I 

tion problem wher the non onvexit 

the algorithm using two particular c1as 

and trilevel programming problem with nonconv x f rmul 

and solve them to global optimality through th appli a i n 

mingo For t his assume throughout thi tudy th t h obj 

,lid, lI,d~i'.1' 

set functions are partially differenLiabl wiLh I' P 'L 0 h op imiz iOIl val iabl a ll tl 

the parameter variables in each level. 

5.1 Bilevel Programming Problem with Nonconv x it F rmuiat i n a Inn r 

Problem 

Consider the following bilevel programming probl m with non nv x f rmul 

inner problem: 

minh (x , y) 
x 

s. t. 

gl(X , y) S O 

minh (x , y) 
y 

S.t 

g2(X y) S 0 

yL S Y S yU 

X L S X S xU 

where x E X, Y E Y and X and Yare ompact c n x 

P roblem (5. 1) comprises two subprobl m , on i Jl I \' I 

problem can be recast as a multiparametric nonconv x PI' gr mm in 

opt imizat ion variables corresponding to th upp r op imiz i n PI' bl m , r 

parameters . 

Assume that the inner problem contain all n n onv x 

in ection 4. For the sake of clari ty and with ou I 

di cus ions in the algorithm onl with th 

terms, throughout this study. 

II in h 

( .1) 

h inn I 

lid biltn Ir 



R call , that probl m (5. 1) can b r wri II qui\' I 11 1, ( , 

~n {Jl (x,y(x)): 91 (x y( )) ~ , y(.r) E \IJ (.r}} 

where , \IJ (x) = {y E Y : y E a rg min{h (x y) : 92(X ) ~ }}.' Ita IIg mill UII.J 

for the et of point of the giv n a rgum n ~ r whi h h v III f It 
attains its mi nimum . 

Theorem 5 .1 Consider the inner level oj problem (5. 1) b 9 TI Tal TIOTllw('(ll' pllrum tIll 

progmmming problem. Assume Assumption (C) 2 alt fi d and tli .t of tlltlOTiaty 

points be nonempty. Let Os = {y E Y : yt = Yo - [01 • 'o(.r - .co), J C n'} (u.h.,. , 

i = 1, 2, ... , h with 12 being the number oj critical r g'ion ) b an optimal olullOTi t. 
Then Os == w(x) 

Proof: ( ~) Let y* E Os, we need to show that y' E W(x). 

Since y* E Os we know t hat y* is an optimal lution , for . E R' ~ 1 . III i hi 
implies that f2(x ,y*(x)) = min y {f2(x,y) : g2(X,y) ~ o,x E R'} . lOW b, d ni i n of 
arg min we have y* E w(x). Hence Os ~ w(x) . 

(;2) : Direct from t he defini t ion. 

Therefore Os == w(x) as desired.D 

As a resul t , t he approach begin with rewriting t h inn r pr bl OJ f ( .1) 

- I 

min{cJ (x ,y) + L h (x ,y) + L L b,jy,y} } 
Y k=1 i= 1 }= l 1 

n n - J n 

C fP (x ) Y) + L N Jf (x ) Y) + L L bfjYiY} ~ 0) p = 1, 2, ... m 
k= ] i= 1 j=,+ 1 

X L ~.r ~ xV 

yL ~ Y ~ yV ( . ) 

Where , Cf (x ,y) is the convex part of the obj tiv fun 'i n, h (x y) f 

generic nonconvex t erms appearing in the objectiv fun tion nd b,}y.y} 

terms app earing in t he objective function. imil 1'1 h n r in p, \\' h \' 

If( ,y) 

be constructed by replacing each of th g n ri n n on x 

with its tighter convex lower bounding fun ti n . Thu , 

bilinear term can be obtained by repla ing it b ddi i 

the following linear con t raint : 

{ 
L L _ L L 

Wij 2 Yi Yj Y, Y. Y, Y, 
V V V Wij 2 Yt YJ + Y, y, - YI Y} 

40 
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(\nd f r lh g II I i ' 11 11 ' Il V ' , ' un iun Oil 

Lilli li ng fun i n if· collv 
wlli ·1l . II IJ· tlt'fi n 

xpr 

i. . 

n I. 

II V 'X 

i v. onv( ) _ k .r, !J -

n 

' r (:r , y) 

2:: 2:: o{ (y,L - YI)(V, - VI) p I . . ... TTl 

1.= 1 ,= 1 

wher , O{(yL , yU) ~ m x {O , -;1 milll/L<I/<I/U A(V)} lid, 

Q~](X L XU) ~ max{O, -;1 minXL $x$xU A(X) }, wi h A(.c) all uf i 11\ ,III( 

of he He ian mat rix of g' onv V r L ~ X ~ xU n !J L ~ !J ~ !Ju, I • P • 

on t he e relaxation of diff r nt n n onv x ring in h obj" iv' llll i II 111(1 

constraint funct ions fo rmulation (5.2) 
n n k 

Zll (X) = min{ cJ (x ,y) 
y 

2:: h (x y) 
1.= 1 I< I , - I 

rI 1 n 

II .) } 

n n k 

2:: g (x ,y) + r,(V.L 
- V.)(vY - V. ) 

1<= 1 k= 1 .= 1 
n - I n 

IL ' .) ~ 0 

L L L L 
W'j ~ y, y] y] y. - Y. y) 

U w'] ~ y. y] y] y. - y. y] 

X L ~ ~ IF 
yL ~ y ~ yU ( . I) 

Problem (5 .4) can be olv d with ui abl mul ip r In ri PI' glt\llllll illg tlg ri hili giv n 

in [36] [3 ] which i 

y' = m~ n~·.r /J ~ . :r ::; 112 
t I L2' .• c '. J' ::; ell 

W '] = 2 

wh r , i = 1, 2, .. . 12 , with 12 b 

number [ linear approxim ti n 

3.16). 

11 



ub i u ing h 

prohl m (5 .4) n 

prohl rn ( .2) 

'i n into th 

i,ll (x) wi th th OlTe pond ing 

in ( . ) ill 

(5.2) are non onv x , th lu t i n h 

check f asibility. 

1\' 1111 it II 0 

o 

Each of t h lower bound 2l l(X) i h n mp r d ZI" (.r), lid II r 'gioll of 
wh re , 

i ,lI (x) - 2,11 (x) ~ e 

are fat homed in a small po iti v e. If h Zi (x) 1 wi hill e of ii' (.1) ill h 

pace of x, then the expre 'ion in (5 .5) h 

(5. 1). ote that ince the expre ion in ( . ) 

omplexity of the original problem do 

Otherwise, t he initial region of Y i partiti n d in 

way: Tighter lower bounds to the solu tion of probl m ( 

the initial feasible region into two subr gion by u ing n 

developed within the determini tic global optimiz t i n 

and bound [26]. Forexample, the initial f ibl r gi n, 

bounds, can be subdivided into two ubregion b halvi ng I ng 

wing 

ill db' dividing 

h variabl 

branching the corre ponding subproblem in ach u r gion n b r f r!lllt l 

n k 

Z21(X) = min{ cf(x, y) + L L Cl'ki(y[J - YI)(Y~ w - VI) 
y k= 1 i= 1 

n I n 

.t. 
n n k 

L N ff( x, y) + L L ~~,(y:J - V')(V~tw VI) 
k= 1 k= 1 ,=1 

,1 - 1 n 

, = 1 ) =1 1 

p = 1 ... ,m 

L. L. L. L 
w'J 2: YI YJ VJ VI - VI V) 

U U U VL 
WiJ 2: YmewYJ YJnewVI - Vln w )rI' 

XL < .r < r 

V
L ~ U ~ UriC' 

2 



nd 

fl r\ A. 
Z22(X) = min f (x y) 

y L h (f ,y) L Okl(V:;. - y,)('I. - I,) 
k= 1 k I I I 

" I 

II J 
• I 

n fl A 

L f J:(x y) 
k= 1 k= 1 ,= 1 

n 1 " 

L z= W,) S 
, I J ,+1 

p :::;; l , ••..• TIl 

W > L L I.. I.. 
lJ - YmewVJ V)n rcw V, - Y",~ IJJIIt 

Solve each of the problems (5.6) and (5. 7) u ing ui abl 

approach in the region of x and sub tit ute ea h par m ri 

(5 .7) within the corresponding CR, into t h obj tiv fun 

respectively, one can obtain a parametric lower b und f r 

Similarly, one can get a paramet ric upp r bound for 

substituting each parametric solu tion of th probl m 

problem (5 .2) . 

Compare each parametric upper bound 

I 
V) V, - V, y) 

xl. S:J. S :I.I 

V;~1JJ S Y S y 

nd ( 

( .7) 

mllllllg 

I igi llHI 

problem and choose the least upper bound withi n h cor p nding ri il l lid 

we should denote them by Zlub(X), Similar! 

maximum of them and update t he lower bound II-

sequently, perform convergence t st by comp< ring 

with t he updated lower bound . If t he 

top there. 

Otherwise , continue in the sam mann r < di u 

the upp r bound come together in ide uffici n I 

this procedure, t he bilevel optimization probl m in ( .1) will b 

-13 

UPP ' f b 1111 I 

I ,\Oe hill~ 1111 

f· II willg 

IIlgl '.1 \',1 



oplimiz II pI' bl m : 

min ! i (·f,y(.L)) 
:r 

gl (X, y(X)) $ 

x E , 

= { 'E X :yE ,g2(.c,y)$O} 

The sol uLion o f Lh fir t- l vel op t il iz ion probl In of ( .1) d 'P ' JI I 

ritical r gions obtained in t h inn r PI' bl ' ll l. B U Up01l II , Ilbc)\'(' d \' '101'1111'1\ "' 

algorithm fo r t he olu t ion of (5 .1) i in bl \1Id L illll 'I ·1 \'i h 0111-

example. 

R em a r k 5.2 If the optimization variable ar unbound d tit algonthm do' TI' u'or ', 

5.1.1 Converge nce Justification for the Algorithm 

The con cept of convergence has b n a n im p I' n 

of optimiza tion p roblems and other r lat d di cipl in 

convergence of t he a lgori t hm develop d in t h 

r r p n ui 1l 0 h ' algori hili 

As it has b een discussed in section 4, th max imum 

bilinear non convex terms and t heir resp cti v onv x und r 

[4]. Furth er , as t he size of t he re ta ngular domain 

epara tion tends to zero as wel l. T h i impli t h t 

collapse in to a point ; 

• The m aximum sepa ra t ion betw en t h origin 

convex un derest imator funct ion b com z r nd 

• By t he sam e argument the maximu m 

constrain t se t a nd t he convex und I' tima 

n. 

In order to prove t he converg nce of th 

Theorems . 

d in bl 

UIIII1I riz h' 

bl III wi h II , iJlclu iOIl 

rk . 

iv fun 11 \11 1 i 

Z 1 f\ w II, 

Theorem 5 .3 Con ideT pro blem (5.1) and a um that It op ITTlIZll lOTI I I(IIlIIbl, (II 

bounded. If the TefoTmulated inneT probl m ha a 'oluttOn y(r) E Ir' (1/ I4rh It mtlO/I , 

then the equence Xk = Zk(X) - Zk(X ) l ad CT a mg , qu 'ne '. \ hl,r Z (J) l. h, k'h 

lea t uppeT bound and Zk(X) is the k th gTeat t low r bound. 



Tabl Pa ram tric progr mming appr h for bil 'v -I pro r 111111111 prohlt'lII w h 1\ II n 

th inn r probl m 

2 r 'gion of :c. 

continuou variable y d termin d by h low r nd upp'r OO\lnd ,/ IIId 

r sp ctively, and toleranc , E: 

It It 

3 For a giv n region of x, e R, and th corr ponding :p 'of formull C lOci 

solve the I' la.xed conv x opUmiz U n PI' bl m \I ing uillbl' lIlul ipar 111 fI( 

programming algorithm as d crib d in ion and ob Illn h· IMr 1111 UIC 

lower bound , Z(x) and the param tri upp r bound, i(.I:), b uing 011\' of h· 

methods described in ection 4 

4 C heck t he differellce betweell i(x) and i(x) by olving h foil wing rn IX­

imization problem , maxx{Z(x) - Z(x) : x E n n}. If, Z(x) Z(x} ~ 
maxx{Z(x) - Z(x) : x E eRn} ~ E: and h r lax d conv x op IIOll I I II 

problems are infeasible for som re tc ngl , h n in uhf hom h 

regions accordingly in the pace of param t r . 

5 If no more space of y to explore, te rminat ,and go 

go to Step 9. 

6 

7 

8 

9 

Substitute each of the 

optimization problem 

m an I r rrnultl 'on' 1 'v 'I 

Solve each single-level problems 

Compare the leader's optimal soluUon and 1 t th b 

Branch and bound on y and formul ate conv x und r 

d. 

h.u 

rectangles of y 
10 Solve the convex underestimator probl m in ngl using mul I-

parametric programming approach and obt in th low r nd upp r b und for 

the solution in each sub rectangle. 

11 Compare the former lower bound with th low r b und ItlRlt· 

within the corresponding critical regi n nd k, Zglb(X) b' h' III . unum 

within the corresponding critical r gion. 

12 Compare the former upper bound with th upp r blind IlIgI-

within the corresponding critical r gion nd t k Z'ub(X) 
p (il) 

45 



r f: d 

1. 

ZP(x) b h upp r bound pth i rill II n I III til II n tlln r 

i r i n w h v , Zp(x) = min{mill{Z,(J:)}~' II, ZP(J)} lilt! illlillrl ' I P I 

Zp+ I(X) = min{min{Z,(x)};=I' ZP I(.e) } - 1I11n {lIl\n{Z,(l ) }~- 11 Z,.(.z: ), Z,.-t I( )} b I 

Zp(x) = min{min{Z,(x)};=II , ZP(x)}. hi illlph ' h \ ZI .(:t $ i,.( 

2. econdly w n d t h \II th t Zk (X) i L 
lower bo und fo r pth it r t ion. 

max{max{Zi(x) };':II, ZP } and imil rI l P 1 w II v , 

Zp+l(x)= max{max{Zi(x)};=i, ZP I} = max{ m x{Z, (x)}; II ,Zp,ZpH} , bu Zp()-

max{ max{ Zi (X) };':ll , ZP } and h f th 

maximum separation betw n the origin Inn nv x un 

convex undere t imator function d r . Thi 

Therefore ince Zk(X) i a de rea ing q I ne nd Zdx) i ' n in 1 ,i llg 

iterat ion, we can conclude that the differ n k I 'i ng ti ll 

equcnce.D 

Theorem 5.4 Let X s;:; R1n be a poiyhedr'on and RQ = { E : 92 (X) -b $ } e x , b 

a critical region. Assume CRQ =f 0. Ai 0 let CRi = { . E : 92<X) - b' > ,~([) IY $ 

0, Vj < i, i = 1, 2, ... , K} where K = dim(b) , and I t RRe t = U~I R' Til Tl 

1. CRRest U CRQ = X , 

2. CRQ n CRi = 0, 

3. CRi n CRj = 0, Vi =fj, i.e. {CRQ,CRi
, ,, . R'} '/ a partl LOTI of K 

P roof 

1. • (s;:;) Let x E CRRest U CRq If x E CRQ w r d n . 

an index i such that x E CRi
, thi im pli 

Hence CRRest U CRQ s;:; X a d ir d . 

• (2) Let x E X. Assume th at x ~ RQ . h n, h r n itlti '. j u h 

that g~(x) - bi > O. Let i* = min'$ / {i: g2(x) > b'} . h tI ,.r E CR", I 
- h RQ U RR t . II n h g2" (x) > bi · . This implie t at x E 

2. If x E CRQ then by defini t ion th re do n' xi n in x / 

O. which implies that x ~ CRi . 

3. Let x E CRi and take i > j . Sin x E 

0, which implies that x tt CRJ. 0 

4 

R', b nl I 

'Y2Cr) - b'> 



. a dir l . II nll \" \\'0' It( JI III \\ II, \ 

5.5 L t RR n C!l = ) uTIli • U' n HJ 
a partztion oj . iJ { 'dk=, tad cr u. 'my 

id 

5.1.2 Illu t r ativ Exampl 

\ hil h id h 1111 

pli ity in pre ntation th illu tr ti 

convexiti in th inner probl m r du PI' 

onsider th fo llowing bil v 1 pI' gr mming pr bl llI , wi h h' inn I pr hI 111 ,. II 

from the work of Pistikopoulo et al. [1 ]. 

minJl = - 2x + y 
x 

. t 
1 
-x y ~ 0 
2 

wh I' [y z]T Iv 

minh = yz 
Y IZ 

.t 

-2y - z + x ~ 
1 

- y - 3z -x < 2 -
O~y ~ l 

1 7 
-- < z < -6 - - I 

O ~.c~ l 

Reformulate the second-level optimizati n pI' bl m 

min h = yz 
VIZ 

. t 

-2y - z + . ~ 0 
1 

- y - 3z + - < 2 -
O ~y~ l 

1 7 
-- < z <-- - 12 

O ~x~1 

Following the tep di cu s d in Tabl 5.1. L 

convex relaxation for th nonconv x pr 1 m ( .1 ) b' r pi 111 

7 

(.c) 

') 1 ) 

I I 1111 , 

IIll ~Ih 



w nd in t I" du r in q u Ii i :-, : 

w 2:: - h, 
w 2:: z + -172 Y - 1, r Jorm ul( t(' prohl m ( .10) I)" , xing:J - I ~ 

min w 
W'Z,lI 

1 
- w ~-Y 

-w < -z _ ~Y 7 
- 12 12 

-z - 2y 1 ~ 0 
1 

-3z - y - < 0 
2 -

O ~ x ~ l 
1 7 

-- < z < -
6 - - 12 

0 ~y ~ 1 ( . 11 ) 

Solving problem (5 .11) by using Lagrange m thod w c n g (wo Yo, zo) = (-:/;;.1, -!); 

(Alo' A20' A30' A40) = (~,~ , 0, -1
2
5)' Compu t ing -MO-

I. 0 w g - fIf I (0 1 0 0)1 ° . 0 - •• , • , • ! , 

and then compute 

(w(x), z(x ), y(x) , Al (X), A2(X) , A3(X) , A4 (X))1' , from .1 

w(X) I 0 - 3'6 

z(x) 1 .17 -6 
y(x) 1 0 

Al (X) 3 0 . ( 
:5 

A2 (X) 2 0 :5 
A3(X) 0 0 

A4(X) 2 0 15 

:o~: : s{ct :~~equ'lit::dc:::e,::n:;:: t:c:::', mp 
0:::; x:::; 1 

Substituting w(x) and y(x) , z(x) into t he obj t i 

(5.10) respectively, we can get a lower bound i ll (. ) = 
Zl1 (x) = - 0.03 for the global solu tion of probl m (5.10). 

t he region of x For x E [0, 1], ZI I(X) - i l l (x) ~ .2 , hu 

performed. 

Branch the feasible region along y 

4 

- 1) 

nd \n UPI '( bUild 

ill(X) \lid Zll(r) in 

millg in III I 'gl II i 

{

-2

1 $1/ $ 1 
III I 1111 I'r­

_! < ~ < i 
- - - 12 



{ 
0 < 1 

1 i I , - !I -
1<%< 

- - I 

mill W 
W.%.I/ 

1 
- w - - y $ 

1 7 7 
-w+ - z - y <-

2 12 - 2 
- 2y - z $ - 1 

1 
-y - 3z < --- 2 

O <y<~ - - 2 
1 7 - - < z < -
6 - - 12 

Solving problem (5. 12) globally using KKT ndi t ion 

( O , O , ~); (A10' A20' A30' A40) = (0 , 1, 0.25 ,12) con 

No = (0.292 , 0, 0.5 , 0, 0, 0, of. 

( .12) 

ppr , h w g' (wo. =0 Yo = 
mpu - A/o 1. '0 1\ - , 10 I • 

Compute (w(x), z(x) , y(x) , Al (x), A2(X), A3(X) , All ( )f fr m .1 < ' II II I: 

w( X) ° 0.2 2 

z(x) ° ° y(x) 1 0.5 2 
Al (x) ° + ° A2 (X) 1 ° A3(X) 0.25 ° A4 (X) 1 

° 12 

Form a set of in qualities corresponding to CRR
, 

R { X> -l CR = - . By removing redundant 
OS:;x$ l 

n t r in 

CRR ~ { 
x> o 

- . This implies that no re t of 
x s:; 1 

we can obtain a param tric upper bound 22 1 = ° n 

0.292x - 0.292. Compare the lower bound with h 

Z;Mx) = 0.29 . x - 0.29. In the arne mann r omp r 
, 21 

with the fo rmer upper bound and update Zlub = 0.0 

. ( 

' 21 " 21 ( 
Consequently, t est [ -convergence as follow , Zlub - Z glb x) $ 

fa thoming is performed. 

- 1) 

n r wri 

1Il1l1 111\' 

UPP I I IIlId 

I. J' E I . ll· 
.2 ~r .r EI . l l hll II ) 



II r gain un im 

a follow: 

min w 
'W,l,lI 

1 1 1 w> -z --y 
- 2 1 

7 7 
w ~ z 12Y - 12 

- 2y - z $ -.c 

-y - 3z $ Jrac12x 
1 
-<y<l 2 - -

1 7 
-- < z < - (t: I 'I) 

6 - - 12 '" 

And reformulate problem (5. 13) as follow b fixing x = 1 w II , 

min w 
W,Z,V 

. t 
1 1 1 

w ~ 2z - 6Y + 12 

-2y - z $ - 1 
1 

-y - 3z < --- 2 
1 
- <y<l 2 - -

1 7 
-- < z <-

6 - - 12 

After solving t he above problem we get t he am optim I lu i n PI' bl 111 (t: II ) h \\ 

is w(x) = 0.25x - 0.54, z(x) = 0.05x - 0.05 and y( ) = -0. O. L 7. hi illlpli h \ 

no change at lower and upper bounding of the ol uti n. 

{
o <y<.!. { 0 <y$4 

Branch and bound along z as; ~ - 2 ~ ' ~ - 1.. 
- 6 $ z $ 24 24 $ Z $ I 

and { ~ $ y :S 1 { ~ :S y $ 1 
I 5 ' 5 7 

-6:S Z :S2;j 2;j$ z$12 
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nd eres tim ate t he original probl m in th ubr ngl, { 0 ~ y :: \ 

- S .: S 
min w 
'W,Y,l 

1 
- w - -y < ° 6 -

1 5 5 
- w + 2" z + 24 Y - 4 ~ ° 

- z - 2y ~ -x 
1 

- 3z - y< - - x 
- 2 

1 5 
- - < z < -

6 - - 24 

O <y<~ - - 2 

O ~ x ~l 

Solving t he above problem for a given x = 1 using KKT ondit ion appr h \ 

(wo , Yo, zo) = (0 , ~ , O ) ; (Alo' A20' A30' A40) = (O, l , ;fo , 11io) ' Computing _ MOl. 
problem gives us , 

M - I . N _ (_ 17 1 T o 0- 160 ' -2" , 0.002, 0, 00, 0) 

Consequent ly, compute (w(x) , z(x) , y(x) , Al (x), A2(X) , A3(X) , A4 (x)) 

w(x) 0 - / 6
7
0 

y(x) ~ - 0.5 

z(x ) 0 0.002 

Al(X) 

A2(X) 

A3(X) 

A4(X) 

o 
1 
1 

46 
19 
120 

Form a set of inequalities corresponding to CRR
, 

o 
o 
o 
o 

. (x - 1) 

( .1 I) 

n g , 

r 0 f ( III 

CRR = { x 2: 0 and the rest of the region, CRRest i empty. Thu , w( .) = i~' x - fL, 
x ~ l 

z(x) = - 0.002 . x + 0.002 , y = ~ . x, 'Vx E [0, 1] a re olution 0 h und r im 

problem. Subst it ut ing wand y, z into the obj ect ive of probl m ( .1 ) !ld pr bl m 

( 
. • 31 17 Ii 

5. 10) resp ectIvely, we can get a lower bound and an upp r bound Z (x) - I' r - \60' 

and Z31(X) = - 0.00l . x2+ O.001 .x , fo r t he global olut ion of probl m (- .1 ) ( P iv lv, 

pdate t he lower bound as , Z;lb = 0. 1 . x - 0.1. Similarl , pd 

bound Zr':b = 0. 06. x - 0.02 . x 2 - 0.04. Test t he converg n b in a "Ill 

tolerance . But Zr':b - Z;li> ~ 0.06 , Thus no fathom. 
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imilarly, underes timate t h original pr bl m in h r gi n { 

mulate as follows : 

min w 
1JJ ,l ,1I 

5 
- w - y < 0 

24 -
717 

-w + -y + - z - - < 0 
12 2 24 -

-2y - z + x ~ 0 
1 

-y - 3z + - x < 0 2 -
1 

O<y<-- - 2 
5 7 

- < z< -
24 - - 12 
O~ x~ l 

~y::;1 

~ < • < 7 
I -~-I 

Solving t he above problem by fixing x = 1 using lagrange method , w an 

result; (wo, Yo, zo) = (f2 , ~,~) and P'lo' A20' A30' A40) = (~,~ , i, 0). ompu 

Mo -1 . No = (0.2 , 0.8,0.6 , 0,0,0, of. Calculate 

(w(x) , y(x) , z(x ), AI , A2 , A3, A4)T, from Corollary 3. 16 a 

w(x) 5 I 
72 - 6 

y(x) 1 -0.8 :3 
z(x) 1 0.6 :3 
Al (x) 2 0 . (x - 1) 

:3 
A2(x) 1 0 :3 
A3(X) 1 0 6 
A4(X) 0 0 

( I ) 

Form a set of inequali ties by removing redundant in qualiti RR = { .r ~ , 
1 < 0 

this implies t ha t the solution is optimal Vx E [0, 1]. ow again up h 1111 n 

parametric lower bound as Z3
1
2
b 

= 0.2 · x - 0.1 and the CUlT nt param tri upp r b und ~ 
, 9 A 

ZL~ = 0.6· x - 0.5· x2 - 0. 15 for x E [0, 0.2] U[0.8 , 1] and Z?':b = 0.06· x - . 2· :r - . I 

for x E [0 .2, 0.8]. Test E-convergence as Zl~b - Z;fb ~ 0.01 , \:Ix E (0.1 , .21 n f 

Vx E [O, O.1] U [0.8, l ] Thus, E-convergence is sati fied for . ' E [0.0.2]U[ · ,11 u 

Z~b - Z;[b ~ 0.03 \:Ix E [0 .2, 0.8], thus no fathoming in t hi r gi n f I . 
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nder t im t th rigin< I pI' bl m in h ubI _ ngl- { I _ 'I S 1 

z S I 

min w 
w.:.v 

1 1 1 
- w -z - - y - < 

2 12 -
5 7 

-w+ -2 y z - - < 
24 

- 2y - z x ~ 
1 

- y - 3z -x < 2 -
1 
-<y< l 2 - -

1 5 -- < z < -
6 - - 2 . 
o ~ . ~ 1 

But , there doesn 't exist Lagrange mul tip li r that a i f h I I . ndi I II 

(..,. 1 ) 

n eres t lma e t e ongma pro em In t e regIOn --U d . t h . . I bl . h . { ~< y < 1 
f4~ z~f2 

bu h ' pr bl ' 11\ i. 

infeasible in t his region. 

Branch and bound the previous subrectangle along y 

{
O<y < l {l<y<l {o <y<! { !<y<! - -4 4- - 2 d - -4 4- -

1 5 ) 1 5 an 5 7 ' 5 7 
-6 :S;Z :S;24 - 6 :S;Z:S;U U :S;Z:S;i2 u ~z~i2 

Relax t he original problem in t he rectangle { 0 ~ y ~ t nd I' 
- ! < z < £. 

6 - - 24 

lows: 

min w 

. t 
1 

-w - - y < 0 6 -
1 5 5 

-w + - z + - y - - < 0 
4 24 96 -

-2y - z .X: ~ 0 
1 

-y - 3z + - < 0 2 -
1 

O ~ y ~-

1 - - < z < -6 - - 2 
O ~ x ~ 1 

But , t his problem is infea ible for x E (~ , 1], I' ul Ivin 

(" .Ii ) 

pI bl'lll 



fo r x E [0, ~ l by fixing x = ~ , w g t (wo Yo, zo) = (- .52, ' , ) IIld (>'1" • 

(O , l.fo ' .~o)·Compute Mo l ofromB i niivi ' h rill ./
0
"0-( 

and calculate (w(x), y(x) , z(x), AI (x), A2(X) , A3(X) , A I (x))'/' , I 

w(x) _2.... - 0.0 192 

y(x) ! - 0.1 
z(x) 0 0 
Al (x) = 0 0 

l 
. (x - -) 

A2(X) 1 0 
A3(X) 3 

0 40 
A4(X) 7 

0 120 

Form a set of inequalities by removing redundant in qu lit i Rfl = { .L $ 1 , hi 
.L ~ O 

implies that the solution is optimal throughou t th varying p r m r p b \111 

the parametric upper and lower bounds for the abov probl m nd upd 

bound as Zl;;b = 0.06 . x - 0.02 . x2 
- 0.04 for x E [0.2 O. 1 nd I w r 

Z~lb = 0.03· x - 0.04. As a result we have that Zil';b - Z;l~ ::; 0.01 f r x E [ hu , 

t:-convergence is satisfi ed for t: = O.Ol. 

Incorporate t he solutions z(x) = 0 and y(x) = O.lx- 0.1 for x E [0.2, 1 in 

level and reformulate as follows: 

min it = - 2x + y 
x 

s.t 
1 
- x + Y < 0 2 -

0.2 ::; x ::; 0. 8 

Solving the above problem one can get /\ 0 = 5, x = *, y = 0.14 nd z = . illlil r1y, 

incorporate y = ~x - ~ and z(x) = 0.6x - 0.3 into t h fi r L opLimiz li n pr hi III f r 

x E (0.1 , 0. 2]' and can be reformulated as follows: 

3 1 
min it = --x - -

x 4 2 
s.t 

7 1 
- x - - < 0 
4 2 -

0.1 ::; x ::; 0.2 

olving the above problem we can get x = ~ , but it i no 

T herefore we have an optimal solution; x = *, y = 0.1 
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5.2 Trilev I Programming with Nonconv x it 

Problem 
• rrnul ti n ill 

on ider the followi ng trilevel programming pr bl tn , wi h n 1\ ' fl V .j \' orlllul .. . 
h mo t inner problem: 

min!I (X ,y,Z) 
x 

s. t. (1 t I v I) 

91(X, y, z) ~ 0 

min h(x , y , z) 
y 

s .t . (2nd I v I) 

92( X, y , z) ~ 0 

min h (x , y , z) 
z 

s.t. (3Td I v I) 

93(X , y , z) ~ 0 

XL ~ X ~ xU 

yL ~ Y ~ yU 

zL ~ Z ~ zU 

" 

Assume that the third level of problem (5 .lS)is a nonconvex progr mming pr bl 111 R ­

formula te t his problem as a multiparametric nonconvex programming pr bl III b ' klllg 

x and y as parameters : 

Z(x ,y) = minh(x,y,z) 
z 

S.t. 

93(X, y , z) ~ 0 

xL ~ X ~ xU 

yL ~ Y ~ yU 

z L ~ Z ~ zU 

In order to solve problem (5. 19) one can categori ze ca h non n x 

structure (e. g. bilinear , trilinear , fractional univariate conc v 

of generic structure. But for a time being we analyz th probl 

( . I ) 

. f d' ff I'm pp rin III h' and bilinear formulation. Based on this partitionmg 0 I r n 
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objective funct ion and constraints , fo rmu lati n ( .1 ) i WI ill' lui"" l 1\ I" 

z (x, y) = min { c f (x , y, z) + J (x, y z) 

cfP( x , y , z) + N fP (x , y, z) 

/I I n 

L bl)zlz)} 
.= 1 J I 1 

/I - I /I 

L 
.=1 J=' 

if.)ZIZ] ~ 
1 

xl, ~ ..c ~ xV 

yL ~ Y ~ Y 

zL ~ Z ~ zU 

where, cf(x, y, z) is the convex part of the objectiv function; 

N f (x, y , z) is t he generic nonconvex terms appearing in th obj 

arc bilinear t erms appearing in the objective function . imi! rl f r h 

t here is a convex part cfP(x , y , z), generic non convex term 

terms bfjZiZj ' 

(. ) 

Underestimate each nonconvex terms in problem (5. 20) with I -

mat~r and can be constructed by replacing each of the gen ri c non nv x t rm h 

bilinear terms with its tighter convex lower bounding function 

Thus, problem (5 .20) can be relaxed as follows: 

ZI(X,y) = min{cJ( x, y, z) + f(x ,y,z) 
z 

K /I - I /I 

~ O:k(zL,zU)(zf - Zi)(ZY - Zi) + L L b'Jwl] } 
k= 1 ,= 1 ]=. I 

S.t . 
f< 

cfP(x , y , z) + N fP(x , y , z) + L ~(zL, ZU)(ZiL - zi)(zf - ZI) 
k= l 

n-l n 

+ 2:= 2:= !l;jWij ~ 0, p = 1 2, ... m 
i=1 j=i+ l 

L L L & 
Wij ~ Zi Zj + Zj Zi - zi z] 

U U V 
Wij 2: zi Zj + Zj Zi - Z, z] 

xl, ~ x ~ V 

y& ~ Y ~ yU 

z & ~ Z ~ zU ( .21 

( 2 ) above Ll ing ui bl mul ip r HI ri pr 
Solving the underestimated problem 5. 1 
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gramming a lg ri t hm [36] [3 ] r ul ting in : 

where, k = 1, 2, . . . , K2, with K2 bing th numb r 

the numb r of linear approximat ion don on h 

(see Corollary 3.16). And substit ut ing a h xpr 

" J .y .::; h, 

D~2' y .::; d ' 

tion of t he underestimated problem (5.21) on an b in 

Zkl(X ,y) fo r the solution ofproblcm (5.20) within h c 

On the other hand the upper bound Z~ I (X,y) for h 

obtained by substitu ting each expression in (5. 22) in 

(5.20) . 

2) 

<tll II I " 

Consequently, c:-convergence test is perform d in th r gi 11 f (x , y) , l\ 211 (.1', y) -

Zkl(X,y) :S maXX,y { Zk1(X,y) - Zkl(X ,y)} :S c: wh r ,c: i i iv 

fathomed . If each Zkl(X ,y) are within c: of Z~I(X,y) th 

expressions in (5. 22) can then be incorporated into th con 

ote that since the expressions in (5 .22) are piec wi lin 

complexity of the original problem doe not in ['eas. II n 

reformula ted as the following K2 opt im ization probl m : 

Z(x) = min h(x , y, z(x, y) ) 
y 

S.t. 

92(X , y, z(x , y)) :S 0 

Y E Df 

D f = {y E Y : :3z E Z : 93 (x , y, z) :S O} 

xL :S x :S xU 

yL :S y :S yU 

z L :S z :S zU 

One can thus proceed with optimization I vel 1 11 

7 

II b 
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optimizati n problems in (5. 1 P illllZ I i II pr hi III 

min!t (x ,y( ) z(x ,y)) 
x 

gl(X,y(X) ,Z(X ,y)) ~ 

x E f 

Cf = {x E X , 3(y ,z) E Y x Z : 92(X , y ,Z) ~ ,Y3(.c , y,Z) ~ O} 

XL ~ X ~ XV 

yL :::; Y :::; yV 

z L ~ Z ~ zV 

Solve t he K j final optimization problems (5.24) to t h glob 

I) 

III i n. 

that the number of K j single level optimization probl m di r n II III 1011. 

obtained in each optimization levels within t he corr sponding ri i < I r gi n !201 
II n-Ot herwise, d ivide t he space of z along the longe t ide an und r 

vex terms in problem (5 .20) in each subregions of z , and r fo rmlll t 

as described below: 

rigi l I probl ' llI 

Z2!(X , y ) = min{cj(x,y,z) J(x ,y,z) 
K n - l n 

L CXk( z*ew' zU)(z{;.ew - Zi)(ZY - Zi) + L L b,]w.] } 
k=! 1= 1 ]=1 1 

S.t. 
I< 

cfP(x , y , z) + N fP( x, y , z) + L ~(z;ew ' zV)(z,~ew - z,)(zy - z,) 
k=1 

n- I n 

+ L L !l;jWij :::; 0 p = 1,2, .. . m 
i=1 j=i+ 1 

> L . + L . _ zL z L Wij _ zinewzJ ZjnewZ, mew ]n w 
V V V V Wij 2 Zi Zj + Zj Zj - Z, z] 

XL ~ X ~ . . V 

yL ~ Y ~ yV 

Z L < z < z 
n w - -

( :...) 
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and , 

Z22(X , y) = min{cf (x y, z) + f ( ) ,y,z 
K 

k= 1 
n I n 

K 

cfP(X, y , z ) + N fP( x , y, z) + L ~(zL , Z~ew)(z,L - z.)(z~ w - Z.) 
k= 1 

n - I n 

+ L L ff!jWij ~ 0 P = 1, 2, ... m 
i = 1 j =i+ 1 

> L L L L 
Wij _ Zi Zj + Zj Zi - Z, Zj 

W · > zU z . + zU z . _ U U 
'J - mew J Jnew ' ZinewZJnew 

XL ~ X ~ xU 

yL ~ Y ~ yU 

/ J < Z < zU - - new 

Solve each of problems (5.25) and (5.26) using the app lication of mul 'ip r m ri pro­

gramming approach resulting in linear functions of x and y in th 

(5.22) as well , and substitute each parametric solu tion of probl m (5.2 ) 11 (. ) in 

problem (5.25) and (5 .26) to get a parametric lower bound Z~ I ( ,y) and ZZ2 (x,y) r -

each solutions of problems (5.25) and (5. 26) into the origin I pr bl m ( .2 ) r 

Compare each parametric upper bound with the fo rmer upp I' b un 

the least upper bound as well. In the same manner comp r h p r 

bounds with the former lower bound and take th gr at t I w r b nd . 11 I " 

c-convergence test is performed as usual. 

Continue in this manner until a lower and an upp I' b und 

together inside a small positive tolerance c Following thi pro du r . 
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problems in (5. 1 ) result in [{ I- ingl I 

min I I (x , y(x) , z(x, y)) 
y 

. t. 

g1 (x , y (x), z (x, y)) ~ 0 

x E Cf 

I pr bl ' Ill \. 01 Yo 

Cf = {x E X , :J(y , z ) E Y x Z : 92(X ,y ,Z) ~ ,93(.c , y ,Z) $ } 

x l, ~ x ~ xU 

yL ~ Y ~ yU 

Z L ~ Z ~ z U 

T he numb er of K1-optimization problem (5 .27) dep nd on th num r 0 

obtained in the inners problem. Based upon the abov 

the solution of (5.18) is presented in Table 5. 

5 .2 .1 M a thematical explanation for the a lgorithm 

Consider the following trilevel programming probl m: 

min I (x , y , z ) 
x 

S.t 

gl( X, y , z) ~ 0 

where [y , z] solve 

min h (x, y , z) 
y 

S.t 

g2(X , y , z) ~ 0 

where z Iv 

min h (x , y, z) 
z 

S.t 

g3(X, y , z) $ 0 

(v 27 ) 

I i i all gi n 

n Ig ri It III ~ I 

( . ) 

From Section 2 , we can define the following d finit ion 

optimizat ion problem (5.28) : 

r h hir I-I v ' l 

• feasible set for the third level, 

[h ( x , y ) = {z E Z : g2 ( x, y , z) ~ 0 I.; = 1, , '''' f{ } c·- ) 

• ra t ional reaction set for the third level , 
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t P 2 

gramm ing probl III wi h parum' 'r 

abl . x and 

z 

III' IIpp'r I \ ,I optllllll 

, I r 'glllll of (r , y ), Ii \1101 , 

pa of ntinu· variabl· ;: dl' 'rmln lb ' II!' low r LIlli IIpp'r bOllnd .1 

and zU. r 

I. p 3 ' 01' giv n r gi n f (x, V). R nlld h' 0 1 I' ',pondillg .1"1(" of • forrnlll.lt 

and ima 01 op imil. I ion proul 'm lI_ing ui . 

a bl mu l iparnm ric pr gralnming Igoritllln nd ob lIin h' PM 1m . Ii low r 

bound i(.c.y) and upp r b und i(x.y) for II, lu ion of I ... non orW'x prob­

I m by u ing h m thods drib d in ' iOIl I 

tep 4 heck he dirrerell " hctwc 'II i(.!') nd Z(.r) b ' ·oh' lIlg II, follo\\ in ma. illll/.1 

t P 5 

t P 6 

t i n probl m, max" .I/{i(x,y) Z(x , y) Ix,ylr ( flll} If Z(.r . y ) Z (.r 'I ) S 
m x r •lI { i(x. y) - i(x, y) < ~ and th ' 1 ,lax d 'OIlV 'x op IIni/'11 Ion problt'lII in 

fe ibl for om r angl ' f hom th • I' 'gioll, IIlId th ' corr' pOlldlllg r'gloll 

of param t r . 

I f no mol' of Z 0 xplor, rmina lid go h ·rll'i. " 

go to t P J J 

nd I 'v ,l op imilll Ion probl'lII 

and formul orr I i programming pr bl'rn, wi It 

th I a I ' I' optimizl\ ion variabl , b'ing lh' P Iwm' 'r, If 

t.h cond opti mizalion probl In i non OIl\"X r'~ 'I' h' algori lun for bil '\(,1 

opt.imizati n probl fII . ·1 , 

tep 7 olv 

tep 

St p 9 

I v I op imiza ion probl m 

olve a h f I probl m 

n ' into h I a l 'r's probl'm lIlId formul '011" 

t P 10 mpar th I d 1" op im I olu ion and n\'i. go 

1.0 th n xt t p . 

t P 11 I ran h an I bound on y and ~ rmul t II 

I' tang I of y 

I in II h Ilb .. 

t.ep 12 olv onv x und r ' ti m or probl -m ' in (' h ;ubr - t IIgl'~ lI~ing multi ' 

paral t ri pI' gr mming approll h !lnd ob alii h' low 'I lind IIPI' 'r hound fur 

t. h olution in a h ubr ngl . 

tep 13 om pare th fo rm I' low r b und wi h h low'r b Ingl' 

withi n th corr ponding ri i , I r gi n and k imum WI hin h' 

corr ponding ri t. i I I' gi n. 

St p 14 ompar t.h fo rm r upp I' bound wi h h upp r bOllnds of ',I h ubI 

withi n th orr ponding riti I r gl n and ak' h IIllnllTlUll1 WI hin It, 

p (4) 



r 
on id r h hird I v I pr r !Tun ing pi bl III wi h:.J III 1 'I II Ik 1\ ~ P I 111\ 

min h(x , V,::) 
z 

L t u r ail , h r ul fr III Fi [ 0]. \llld 'l h a '. lIlIlp I II f 1 C I "1\ i i\'i Y ' ( It .... 

or m a fir rd r ppr xim i n of [z(.r, V) , A,dx , V)], 0 1 k 1,2, ... ,'I III H l1 'ighb rlt 01 

of (xo Yo ) i , 

on ide r IU t i n (5.32) . It op ill l I . III i n f ir III ' Ill ( . I ) 

Th 

wh r a , th 

optim I 

From th mul tip r ITI t ri 

ar r mov d nd omp 

C RQ = 6{CR} 

wh re 6 i an op 

dure ee app ndix A f[2 0]) . 

hi 

f1Q(z(X y) x, y) ~ 

~Q(x V) ~ 

il1 cii l1 ( 

Ri 

) , 

h 

(. ) 

Ulld 11 in IU \Ii i 

il f hi pro 

11 [::(l,V), Ad r V)] 

t,hr nr.xt str.p i. t o c\ ,fin r. t h r .. t 0 t'h r gi n. f t h parr m r : 1>< ,C RRt I (i f \IIy) 

a : 

wher CRIC i th 

of pram tri 

region are calcul at d in [201 (for m r il 

the explicit olu t ion ar giv n pi lin 

2 

( . I) 

h f 

ri i ,I 



r gion [1 ]: 

Z = 

wh re c' ar nd 

vector . Th alg ri hm 

1. 1 • 
.1' 

,CL' , y)C 
y 

1.2 . 
.f 

,(x ,y)C 
Y 

J,; L. [ : 1 (x, y) E 

k'.l - 1, 2, ... , L, l\l 

II 111 

'U l 

, / 2 

'RI-

d III \ ric 0 1 ro \. 

xplol 'd III 0 h I 

I qu \ i n of C I 

Oth rwi e d fi n ion 

and determin t h r gion wh r 

On e, all opt im I olu ti n with th 

expr ion in (5.35), an th bl('1II 

(5.2). ot th t. 

t 

Iv 

third I v I probl m 

param t ri olu ti n 

rit i al r gion in 

ming probl m in (5.35) r 

each J(I- ingle I v I optimiz ti 

and choo th m t appr pri, lu 

m mp r bJ iv f ill I 1\ 

3 



·2 .2 IIlu t ra t i a ll1 p l 

n id r h f II wi ng I il v I pI gl ulIIlll ing probl III WI II It In III \1)1\ 

rill in h hird I v I: 

min jl (x, y,z) = -.1 Ly 
J' 

x y ~ 1 

min h (.c y, z) - 2y I z 
II 

- 2x y ~ -z 

Jll.in h(.(,y,z) = - :.~ y 

z ~ :1' 

~ y , z ~ 1 
I 

<x<­- - 2 

Ini ial iz £ = 0.0 2 nd r C rmul hir P illl izt\ i n 1'1 bl III 

I' b ill .r II I !J m tric pr gr mming pr bl Ill , wi h p I' In 

min h (.c, y , z) = _ :.2 !J 

r bl m ( .37) 

• 

:. ~ :r 

~ y,z ~ I 
I 

<x <­- - 2 

Z(.t , y) - min -z y 

< V,z ~ I 
I 

~ x~-

III II 11\', 

( . ) 

l Illul ip.u 'l ' 

( , 7) 

( :3 ) 

Iv th rc ult ing pr bl m II ing mll l ip imil. i n IS n hill [ I: 
z=x 

O ~ y~l 

< x< ! - - 2 

Z(x , y ) = -x+ y f r 

nd p rf I'm 11 upp r b und Z (I , y) = _ .2 Y II I \ I . ' I hOllnd 

III i 11 f p I I 111 (v. 7) . 

.\ 



omp r h upp r 111 \, lilt II III 

n < It millS ill It '0 :: i p' Orllil 2 (x, y) - .2 (", y) ~ .2 , impli 

Br n h nd B und n z a : ~ z ~ ~ and ~ ~ :: ~ 1 n I IIlId " 1111.1 Ilf rtgu ,I 
probl m n < z < 1. - -2 

Z (.r.y) 

'. t 

III i II y 

z ~ .r 

~y~ L 
1 

<.cz< ­- - 2 
olv th rc ul t ing pr bl m u ing mul ip I' III ric p illliza i II Ig ti IlIn: 

z=x 

(, ) 

O ~ y ~ l . 

o ~,' ~ 4 
und 2(.c , y) - - .1.' y !\lId all \lpp t b \lilt! 

2 (, .y ) = x2 + y wi h in p iLi v I rail .. Z(.r, y) Z(l', y) < . hi IIttpll ' It \ 

no fath ming in h r gi n z E [ 4]. 
ndcr timat th rigin I pI' bl m (5. 7) n 4 ~ z ~ I 

Z(.· y ) = min - '2z y 

But probl m (5.40) i inf 'ibl f r 

and fathom h r gion f z nd h 

Branch and Bound agai n n z 

or iginal probl m (5.37) n z E [ , ~] 

1 
-<:< L 2 - -

l' gi n 

rr p nding 

< z < 1. nd 1. < z < 1. . 
- -It 1\ --2 

. 1 
Z(x y) - mtll --z y 

z:::;.r 

O ~ y ~ l 
1 

< <­- 2 
1 

O< z < ­- - I 

( . I ) 

[l, 1I 

( , 11 ) 



r ul ing pr bl III u illg mul ipc mill \ Ii 
Z=X 

o ~ y ~ 1 , nd pr bl m ( . 1) i illf Ibl illl 'gioll of (:.1' 1) e n,~1 10 1/ 

and h . wI!. 

und in h p n 1Il ' I pa 0 (x II) 10 :1 
h ming ill III r gi II . 

nd r tima rigi n, I PI' bl III (v. 7) 11 : ~ z ~ ~ 

Z (x y) = mill --z y 
I 

. t 

z~x 

< y < l 
1 < . <­- - 2 

1 1 
-<z<-- - 2 

olv th I' ul iug PI' bl In u ' ing lllul ip< rarrt 

z=.c 

o ~ y ~ 1 , nd pr bl 111 ( .. _ ) i 

0 _< < .!. 
- 4 

[0, 1]' 0 fath ming i p rf rm d in hi I' gi n. nd 

low r bound for th gl b I Iu i n of pr bl m ( . 7) 

Branch and B und n z : 0 ~ z < .!. .!. < z < 1 

probl m (5.37) on ~ z ~ .!. 

3 
Z (x, y) = min -z I Y 

4 

z~x 

~ y ~ J 
1 

<x<­- - 2 
I 

~z<-

olv the r ultin g pr bl nt u ing ll1ulLip r In 

{ 

z = x 

C R = 0 ~ y ~ 1 , nd pr bl 111 ( 

O ~ ~! 
o fathoming i p rform in thi r gi n. 

illliza i II a lg fl hlll . 

in h r gi n f (.1', y) e I . :) 

h upp r b und wi h h ' 

i (x y) - Z(x y) ~ . 1 

n n JlV,' 

( . I ) 

p itniz till nlg Ii hm. 

inr gi n f(:J,y) e(','1 1,11, 

h upp r b un I wi h h 1 \\ 'I 



In 

tion probl m: 

lu i n f pr I rn ( . 7) Z(I,y) ,Z (J' y} ~ 

r wi h ill it P (i I • I 01 'I,Ul ' e - 0002 111 h 

(.c, y) I 'xpl I <l h 11 h ' dgori hili II I 

n . R - { ;; ~ : ~ I , ill h · 2,111 1 \,·1 op jllll7. I 

<;1.' <! 
- -2 

min h (x y,z) = 2y x 
y 

- 2x y ~ -x 

<y~ l 
I 

O<.c< ­- - 2 ( . I I) 

Solvc th [c ul ting P[ bl m u ing In ul iparam ri lin r pr gl' mill ing alg Ii lllll [2 I 
y(x ) = x 

A=4 > 0 . 
0 ~x ~ 4 

Incorporat h b v rati n I r in 

2x ~ 1 

Solv thc rc ul t ing ptimiza i n PI' bl m u ing I I 

as x = ~ , y = 1 and z = 1. 

7 

lu i n i ' gl v II 



6 Conclusion and r comm nd t i n 

In a hiera rchical rg niz i n in r iv 

hierar hi a l tru 

bottom I v !. ' h d 

affec t d by he a t i n 

Multil v I programming probl 

d pr bl ITI will 

WI hln \ pr I minim I . 

10 1ll h ' op I \' I 0 h 

the involved fun tion 

its hierarchical nature h inn r pr bl 

nonconvexity of the r ulting probl m 0 high nd h r i 

solving it yet. 

Recently, a m hod through mul ip r m Lri PI' gr mming 

olve multi level convex probl m 

trategy for their lution t gl 

of a convex pI' gramming probl rn in < h I' 

The difficulty ne! compl xi 

is eas ily confirm d by looking 

linea r multil vel 

ibl 

major diffi ul ty wi h UOIl OIlVCX formula. iOIl ill 

optimal solution cann t b ffic ir nt l compllt d < nd th 

to analyz for th inn r mo t probl m. Pur h r, it 111 

in Basic Sen it ivity Th or m and h ri ti I r gi n 

optimization vari ab l 

paramet I' . 

A Branch- and-B 

minimum olution f th inn r m 

and upper bound for proll m with b x-lik 

bound of the obje tiv fun 

the minimum ov r aIl h minima pr bl m in 

6 

\' I p imiza i n 

h 

in 

h gl I I 

imply 



upp r bound 

i ob ain d 

bj IV un i n valu' f It inll ' l 11011 '01\\' • I'M 1111 II 1/ III 

non onv x p r m 

of hierar hie I 

on th combinat i 

alg rit hm. Til 

th optimizat ion var i bl 

t rilinear to nam f w ) 

Furth rudy i r quir 

to olve gen ral t ri l v I I t imiz 

rithm can be ext nd d 0 

decentraliz d op 'imiza i n PI' bl m . 

pr gr mtning I'l' l fa 'gy ~ r hI' 

C rm II! i n III h 11111 I probl III 

\lId I IIIICh- uII\·B lIlId 

.g bi lin '. I . I ilin 'at. fmc ion.d. fr I 101l.d 

l lli IJl' II I'd 

1m It \lgo-

V \ hi r Illld lIIl1l ill' . I 
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