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Preface

This paper is produced as a requirement in partial fulfillment of the master of
science degree in Mathematics at Addis Ababa University. It compiles all the

presentations I made in the examinors board.

Today the aggregate of subjects called Optimization is a captivating merge of
heuristics and rigour of theory and experiment. Truly it can be studied as a branch of
pure mathemtics, yet has a wide ranging applications in almost every branch of science
and technology. The paper attempts to forward some issues on convex sets which have
vital role for optimization in particular and modern mathematics in general. The paper

comprises of four main chapters organized in order of dependence of one on the other.

The first chapter introduces basic definitions, theorems and examples on convex
sets that seem simple although they are of crucial importance as serving as the basis of
many optimization concepts. The second chapter where the theme of the paper
commences makes a survey of projections onto a closed convex sets. Optimization is
often characterized as the science of determining the 'best' solutions to certain
mathematically defined problems which are mostly models of physical reality. It also
invloves the study of optimality conditions for problems . In this section too a
constrained distance minimization problem is set forth and a corresponding method is
offered to solve. Emphesis is then paid to develop necessary and sufficient conditions
for optimality. Depending on the closed convex sets in consideration , special optimality
criteria are also provided. Furthermore, attempt is made to point out properties of the

projection operator.

The third chapter deals about one of the basic properties of convex sets namely
separation of convex sets. The important separation theorems are formulated and
discussed in detail. Although the Separation Theorem has far-reaching applications,
existences of a supporting hyperplane, outer description of a closed convex set, bipolar

of a cone and the Farkas' Lemma are some of them where the paper gives due



emphesis. The last chapter provides a useful method to approximate convex sets by
cones.

I want to express my deepest gratitude to my indefatigable advisor and instructor
Pro.Dr.rer.nat.habil. R. Deumlich who cultivated me not only accademically but also in
all other social aspects. I strongly apperciate his gallant interest to teach mathematics
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and ever unforgottable. Getting him as my adivisor and instructor really pleased me
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1. Introduction

The prime working space of this paper is the pre-hilbert space R" . The space R" can be
possibly equipped with the scalar product defined by

<xsy>=zxjyn X= (X,‘), yz(yi)a i= 1, 2a e I
i=1

However, effort is made at times to relax the situation in more mathematical settings.
The space R" is also complete with the norm [xf| = /(x, x) and hence a Hilbert space.

The materials presented are ingeneral basic and noteworthy not only for optimization
but also have diverse ranging applications reaching into other branches of modern
mathematics.

Pertinent definitions, basic theorems, side remarks helping to understand
delicate points and to indicate rooms for further investigation in other spaces, solved
problems that serve to illustrate definitions and applications of theorems, and other

descriptive concepts mainly constitute the body of the paper.

1.1 Convex Sets
In modern Mathematics way or convexity plays in one another fundamental role .
The interdisciplinary field, optimization, is to be worth mentioning where it takes a
central place. Many optimization problems are either convex or can be transferred into
a convex problem. Convex sets have also a widespread applications in mathematical
programming which is of course an integral part of optimization theory. Due to its basic

importance here too we deal with convex sets at some lengh.

Definition1.1.1: A set Cc R" is said to be convex if and only if
ox + (1-a)y €C for each x, y eC and a €[0,1].
It means geometrically the line segment
[x, y]:= {ze R" | z= ax + (1-a)y, ae [0, 1] }

is entirely contained in C whenever its end points x and y are in C.



Said otherwise, C is convex if and only if

[x,ylcC forall x, y eC.

Convex set
non convex set

Fig.1.1.1, Convex and nonconvex sets

An immediate consequence of the definition is that any two points of C can be

linked by a continuous path. That is C is also path connected.

Examplel.1.1 Affine Hyperplanes
Definition1.1.2: Let (s, r) € R" x R, s #0. Then the set
Hs,: = {x eR"|(s,x)=7r }
is said to be a hyperplane. If r = 0, then thesubspace Hs is called a linear or a vector
hyperplane.
Forx,y € H;; and a €[0,1]
(s,ax+(l-ay)=ar+(l-a)r=r.
H;,is therefore a convex set. Fix s and let r describes R. Then the hyperplanes Hs are
translations of the same linear or vector hyperplane Hso. The hyperplane Hsr in R" is
always n -1 dimensional and thus of codimension (the dimension of its coplementary
space) 1. Hsr can be also considered as the solution set of the linear equation
{5, x)=r, xR,
Hyperplanes play paramount role in separation of convex sets: point of emphesis in the
sequal.
Examplel.1.2 Affine Manifolds
Definition1.1.3: Let V < R". Then V is said to be an affine manifold if and only if
ax+ (l-a)y €V foreach x,y €V and aeR.
Clearly affine manifolds are convex sets. Indeed convex sets are special case of affine

manifolds.



For v € V, consider the set
M = V-{v}.
Let x eM and o €R. Then
ax=a(v-v)= (avi+(l-a)v) -v € V where vi e V.
Furthermore, for x, y e M
X+y=(v;-v)H(vy-v)=(vi+Vvy)-ve M wherevi,vz e V.
M is thus a subspace of R® which is independent of the particular choice of v. We can

therefore equivalently define affine manifolds as translation of a subspace.

N

A%

N

Fig.1.1.2, Translating a subspace

Example 1.1.3  Halfspaces of R®
Definition1.1.4: Let (s, r) eR" x R, s# 0. Then the sets
(i) {x eR" (s, x)< r} and
{yeR'[(s,y)2 1}
are called the closed halfspaces.
(i)  {xeR"| {s,x)<r}and
{y eR"|(s,y)>r}
are called the open halfspaces.
Obviously, the halfspaces of R" are convex sets. An open halfspace is naturally an open
set being the interior of the corresponding closed halfspace and a closed halfspace is a
closed set being the closure of the corresponding open halfspaces. Clearly the

boundaries of the halfspaecs are hyperplanes.



1.1 Convexity Preserving Operations
Convexity is stable under some mathematical operations. In what follows we give

some of the pertinent once.
Theorem1.2.1: Let ] be an arbitrary index set and C, C; cR", i€l be convex sets.
Furthermoere, let the convex sets A;cR"™ fori=1, 2, ..., m. Then

@ Ne; .

jed

(i) oA +PAr:={x|x=0x; +Bx2, X; € A}, X2 €Ay, 0, B R },

(iii) A1xAzx..xAn,

(iv) T(C)={z e R™|z=T(x),x €C} for a linear mapping T: R" - R" are

convex sets.

Proof: (i) Letx,y € nCA,. . Thenx,y € C;foreachjel.

Jjed
By the convexity of Cj, for each je ] we get

Ax+ (1-A)y € Cj forallj € J and for all A €[0, 1].
Thus

ax+(1-My e [C, .

JeJ
And hence

ﬂC , is always a convex set.
Jjed

In contrast to this operation, the union of convex sets may not be convex.

(i)  Letx,y € aA; +BA;. Then
X =0X; + Bxz, y =ay; + Pys, for some y1, x1 € A1 and y», X2 €Aa.
From this
AX+ (1-My = Mox; + Bxa) + (1-A)(awy1 + Bya),
= Moax; + Bxz) + (1-A)(ayr + By2),
= a(Ax; + (1-M)y1) + B(Axat (1-4) y2),

=oazi+ Pz



where z;: =Ax; + (1-A)y; € A, and z, : = Axo+ (1-1) y2 €A, for all A €[0,1].
This implies that
AX + (1-A)y =0z;+ Bz, € oA +BA,.

(iii) Letx,y € AixAzx..xAn. Then

X = (X1, X2, -+, Xm) and y = (¥1, Y2, --» Ym) Where x;, yi € A; fori=1,2, ..., m.

For A €[0, 1] we have that
Ax+ (1- D)y = (Ax1 + (1-A)y1, Axa + (1-A)y2, oo, AXm + (1-A)Ym)
= (Zis: 205 1155 Zim)
where z;: =Ax; + (1-A)y; € Ajforeachi=1,2, .., m.
Hence
AX + (1-N)y € AjxAxx...x Ap.
(iV) Let z;, z, €T(C). Then
z1 = T(x), z = T(y), for some x, y €C.
For A €0, 1], we thus have
Azy + (1-Mzz = AT(x )+ (1-A)T(y) = TAx + (1-A)y ) =T(z) €T (C)
where Z : = Ax + (1-A)y € C. As a result the image of convex sets

under a linear mapping is convex. O

Remarkl:Theorem 1.2.1 is also valid in any vector space X with the same proof.

Example 1.1.4: Let (s, r1), (s2, 12), ..., (Sm, I'm) be m given elements of R x R. Then
Consider the set

A:={x eR"|(s,,x)<r1 i=1,2,.., m}.
A is then a convex set which can be confirmed by considering it as the intersection of m

convex halfspaces.



Fig.1.2.1, Intersection of halfspaces

Afruitful observation is that the above construction can be also applied to the
examples in section(1.1). For instance a hyperplane is the intersection of two (closed)
halfspaces and an affine manifold is inturn the intersection of finitely many affine
hyperplanes. Piecing these and other examples of convex sets we notice that they all can
be considered as the interesection of sufficiently many closed halfspaces. Accordingly,
the operation making intersections and the closed halfspaces are basic objects used
frequently in the space of convex analysis. We conclude this section with two toplogical

operations preserving convexity.

Theorem1.2.2: Let C = R" be a convex set. Then its interior (intC) and closure

(cIC or C ) are convex sets .
Proof: Let x, y € intC and B(0,6 ) be a neighbourhood of the origin 0 such that x +B(0, 8 )
isin C. For A €(0, 1) we have that
AB(0, &) is also a neighbourhood of 0.
By the convexity of C it follows that
Ax + (1-My +AB(0,8)=A (x +B(0,8 )+ (1 -A)y cC.
As a result
Ax + (I-A)y € intC for each A €(0, 1).
Regarding to the convexity of the closure, consider x, y € clC and the sequences (xx), (Yk)
in C such that

limx=x, limyy=y.
k—on k—en



Since Cis convex we have that
Axg+ (1-A)yx € Cforall A €(0,1)and k € N.
Thus
Ax +(1-A)y = k;(l_lg I (]-7\.);{2‘2 Yk = 1(1_2} (Axk + (1-A)yx) € clC .

All convex sets have therefore convex interior and convex closure. [
1.3 Convex Combinations and Convex hull

The operations get implemented in section (1.2) took convex sets and made new convex
sets out of them. The present is however focused on operation which takes nonconvex

set and makes a new convex set with it.

Definition1.3.1: Let X, X2, ....xk€ R", A1, A2, ..., Ax € R. Then

i

k
Tt A
=]

k
x,, where Z/I, =
i i=l
is said to be an affine combination of the points x;, Xz, ..., Xk.
From its definition an affine combination is a particular linear combination. An affine
manifold contains all its affine combinations. The intersection of affine manifolds is
obviously an affine manifold. For a given set S we can therefore associate the

intersection of all affine manifolds containing it.

Definition 1.3.2: Let S ¢ R". Then the set
affS: =M{K |[Sc Kc R", K affine manifold}
is said to be the affine hull of S.

Clearly, affS is the affine manifold generated by S or the smallest (in the sense of
inclusion) affine manifold containing S. It can be constructed directly from the set S by
collecting all the affine combinations of elements of S. This can be seen easily in the way
to follow. Start from a point xg €S and take the linear hull of the set S - {xq } (lin(S-xo))

and come back by adding x, to the result xq + lin(S-xo) which is just affS. For a convex set



S with intS # ¢, affS expands to the whole space R". By definition it follows that the
operation "taking a hull" is monotone increasing in the sense that if S; S, then

affS; c affS,.

Definition1.3.2: Let x;, X2, ..., Xk € R", &1, A2, .... \ke R. Then

k k
Z = Zi,x,,, where Z&t =1,0,20,i=1,23,..,k
i=1

i=l
is called a convex combination of the points xj, X, ..., X
A convex combination is again a particular affine combination. Since convexity is stable

under intersection, for a given set S we can also intersect all convex sets containing it.

Definition1.3.4: Let S < R". Then the set
convS: ==[{K | Sc KcR", K convex }

is said to be the convex hull of S.

Fig.1.3.1, Convex hull of

The convex hull of S is the smallest (in the sense of inclusion) convex set containing S

and is also equal to the set of all convex combination of finite number of points in S.



2. Projection onto a closed Convex set

Apart from the intrinsic interest of the subject, the study of optimization
techniques is imperative due to its very wide field of applications. Optimization
problems apear almost daily in operational research, economics, statestics, geometry,
physics, control theory, chemical engineering, in many other subjects and social affairs.
Indeed it has been claimed that every one is optimizing (choosing the best out of the
possible) some thing all the time. In the section set forth an elegant techinque is

displayed in order to solve a constrained minimization problem.

Let Cc R" be a non-empty closed set. Fix a point xe R" and consider the

constrained optimization problem
min {4 of 1y e cf- @

Here we are interested to search out those points of C that are nearest to x for the
Euclidean distance. In doing so, let B: = inf { Y-yl iye c} . Then by definition of the
2
infimum there is a sequence (y,) in C such that
sl =y === -

Consequently, for a positive number g, there is an index ng such that
! 2
5||x—-y|| < B+ eforall n>ng

or

il
||x—y|| < (2B+2¢)? =:a forall n2ng

Thus

Wl =, = x+ | <]y, =2 +|x| < @ +|x| forall n=n,

Therefore the sequence (y») is bounded in the finite dimensional space C< R Hence by

the Bolzano-Weierstrass Theorem there is a subsequence (y, ) such that
(y n, ).__.'“—"_;)yt € Rn'

But since C ¢ R is closed we get



yx € C.

Furthermore, by the continuity of the norm we have that

y":_x"z:%—

B= lim L

jo® 9 y-r_x"z'

Consequently by the definition of f3,
1

2

X = x"z -3 %"y - x|| foreachy e C.

Therefore there always exists a point yxe C nearest to x and

1

b=l = min =< [ O 22

yeC 2

Remark1: For a normed space X, the existence result above is valid for a complete
space C or when C cV where V is a finite dimensional subspace of X.

The materials presented so far only addresses the solvabilty of (2.1). The usual
unescapable question inseparable with existence is that of uniqueness. But under only
the aforementioned hypotheses, the solution need not be unique. Uniqueness crucially
needs additional supposition. The next lemma gives the answer what has to be added to
formulate unique solvability.

Lemma 2.1.1: Let C< R" be a non-empty, closed and convex set. Then for each xe R",

min ~y - x| 23)

yeC 2

is unique solvable.

2, ye C. Lety; and y; be two different solutions of (2.3). That is

Proof: Letf(y):= %" y - xI

f(y1) = f(y2) < f(y) forally € C.

As C is convex we get that

y1+y2 c C.
2

Applying the parallelogram equation we have

(2t Y: )= l_uw_yz_ t” _ l_uu
2 2 9 : 2 2

2

" L”M ;
2 2

2




2

2
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=10~ =l <t

But this is a contradiction. O
Remark2: The uniqueness in Lemma 2.1.1 is also valid for a non-empty, closed and

convex subset C of a pre- Hilbert space X with the same proof.

Definition 2.1.1: Let Cc R" be a non-empty, closed and convex set. Then the mapping

Pc: R"—— C where

Pc(x) =y, and 3 . —x||2 = minl”y—x"z, yeC
2 2

is called a Projection.

Fig.2.1.1, Projection onto a closed convex set

Definition.1.2. Let C < R"and x € R". Then y, € C is said to be the best approximation

of x with regard to C if and only if

o = =min |y -]
yeC

Letf(y): = %“y - x”2 and g(y): = " y —xl, y € C. Then since f is non-negative and

monotone increasing, f and g have the same minimum point in C. Accordingly, Pc(x) is
the best approximation of x with regard to C. The projection operator has remarkable

application in separation of convex sets; a point of discussion in Chapter 3.1.

14



The main difficulties in optimization is to arrive at the best possible solution in
any given set of problems. Of course, many situations arise where the" best" is
unattainable for one reason or another. Actually what is " best" to some body may be
"worest "to some one else. In the restricted situation here however the best acheivable
and indeed what follows is a necessary and sufficient condition when a point to be the

projection of another point.

Theorem 2.1.2: ( The Characterization Theorem )
Let Cc R"be a non-empty, closed and convex set. A point y, € Cis the
projection Pc(x) if and only if

(x=y,,y—y,)<0forall yeC. (2.4)

Proof: Let yx =Pc(x) and f(y) : = %” V- x"z. Then by the convexity of C
Y. +A(y-y.,)e Cforall e (0, 1) and ye C.

2
5

Yy tAY—y,)

1 1
Now, f(y) = . - A <yt Ay - y) =2

2y -yny-x |

= af

2

v, — x| + 2%y -y,
or

4
0 2 y—y,

- Ay = yoy. - x) (2.5)

Dividing (2.5) by A > 0 results

0 A=yl +¥-roy. - .
Letting A— 0 and using properties of the scalar product we have that

x-y,y-y.y<0 forallyeC.
Conversely, let yxe Cand(x-y,,y—y,) <0 forallye C.

Casel: If y, = x, then trivially Pc(x) = yy.
Case2 : If y, #x, then

15



02 (X~ Yo, ¥ =V ) == P, P~ X+ X~V ),

2
+{x= ¥, y—X).

- "x L
Applying the Cauchy-Schewarz inequality gives
: (2.6)

02—y [ [~ sllle - .|

dividing (2.6) by |x—y,

|> 0 yields,

||x——y” > ||x - y,| forallye C.

Which means that Pe(x) =yx. 0O

The geometrical meaning of the Charactrization Theorem is easy to apperciate.

From (2.4) we have

=Yy =W, ) = ﬂx—y_‘."[y—yxﬂcosBsO forall ye C.

This implies that
7:
0 € [—,x].
- [2 7]

In other words the angle between x - yx and y - yx is obtus for all y € C.

Fig.2.1.2, The angle characterization of a projection

Remark 3: Obvously, the Characterziation Theorem can be also extended to any pre-
Hilbert space with the same proof.
By means of the scalar we can define the notion of orthogonality as below.
Definition 2.1.3: Let Cc R Then
(a) x,y eR" are said to be orthogonal (x ly) if and only if
%,y) =0
(b) C':= {xeR" |x Ly, foreachye C}

16



is called an orthogonal space of C.

Corollary 2.1.3: Let C be a subspace of R and yx € C. Then Pc(x) = yx if and only if
(x-y.,») =0 ie, x-y, e C" forally e C.

Proof: Since C is a subspace of R®, y - y, € C foreachy e C.
Employing the Characterization Theorem we have that
E=Yer V=Y =Yy =(¥-y,,~¥)S 0 forally eC. 2.7)
or
(x=y,,»»2 0 foreachy e C.
And again (2.7) implies that
x-y,y)<0 forally €C.
Hence
(x-y,,») =0 forally eC.
Conversely, let x - y« Ly for each yeC. Since C is a subspace we get
y=yxtz,zeC.
To this effect,
ol ==y -z [ =ty -zx-y -2
Thus
Pe(x) = yx. O

Passing from Corollary 2.1.3 to (2.4) shows that convex analysis is the realm of

inequalities in contrast with linear analysis.

Example: Let X = 12=1{ (y,) ’ i(},n)z <w,¥n € R,n e N }. Then X is a pre-Hilbert

n=1

space equipped with the scalar product defined by

(z,y) = Y yz,Y=0) z=(@),ieN.
i=1

Letx:{”’ ¥ s 4,neNand C:={y eX|y=axo,a € R} where

0, otherwise

17



—(n+1), ifn =234 N

0, otherwise

x0=(zn):{ e N.

Obviously, x € I, and C is a subspace of X. Let y, €C be the projection Pc(x).
Then
¥x = Bxo for some € R
By corollary 2.1.3 we have
(x—=pPxy,, ¥y =0 forally € C.
But x— B, = (1,2+3B,3 +4B, 4+5p, 0, 0,0, ...).
Thus
(x=px,,y)=-3a(2 + 38)-4a@B + 4p)-5a(4 + 5p) =0 forall ae R. (2.8)
Here (2.8) holds true if and only if

Bie= =19 and hence Yx= PBxo= =19 Xo = Pc(x).
25 25

Definition2.1.4. 1) Let R» =U @ U™ . Then the projection
Py :R">U along U" is said to be the orthogonal projection of R* onto U.
2) Let A: R"— Rnbe a linear mapping.Then A is said to be
a) symmetrical if and only if (4x, y)=(x, Ay) forallx,y € R".
b) bounded if and only if there is A =0 such that
J4(x)| < 2|x| for all xe R
¢) nonexpansive if and only if "A(x)” S“x“ for all xe R".
3) A mappingA: R"— Rn is said to be monotone increasing if and only if
(x—y, A(x) - A(y))20 forall x, y € R"
There is a fundamental connection between the prperty of A to be bounded and its
continuity as given below.
Theorem 2.1.4: Let A: R"— R"be a linear mapping.Then

A is continuous if and only if A is bounded.
Proof: Let A be bounded. Then there is A = 0 such that

[4(x)| < 2|x| for all xe R".

18



Let (xn)—==—x. Then we have that

J4cx,) - )] = |4Cx, -2 <

It follows that
A(xn) ——=— A(x). Thatis A is continuous.
Conversely, we prove the contrapositive. Suppose that A is not bounded. Then for each

neN there is an xn such that

4G, o Jace,)|

x

Let yn: = ﬁ Then we have ||y, =1 and ” Ay, )" _ ”x 3| = "f‘h(x,")"
xn .
That is
[4 )|,
Lotz = T2 Thenlp|= 1w,

4yl

Now we assume that A is continuous. Then from zn—"=%( we get

4 (y l

A(zn) —2= 4(0)=0.
That means
| 4Gz, | —==o0.

But on the other hand we get

| |4y, )Il

A
o S H

But this is a contradiction. So we proved that if A is not bounded, then A is not

continuous. Hence if A is continuous, then A is bounded. 0O

Theorem 2.1.5: Let Cc R" be a non-empty, closed and convex set. Then
(1) The fixed points of Pc is C itself. That is
{xeR"| Pc(x) = x}=C
Consequently we get that

Pi=P, .



(i) [Pe(x)) -~ P s (Pe(x) = Pe(x,), x,- x,) forallx;, x; € R"and
thus Pc is monotone increasing.
(iii) If Cis a subspace of R, then
a) Pcis a linear mapping and conversely.
b) Pc is an orthogonal projection.
c) Pcis continuous and symmetrical.

d) Pcis nonexpansive.

Proof: (i) follows simply by definition of Pc.
(i)  Applying the Characterzation Theorem we get
(x, =Po(x)s Po(x,) =Po(x,) ) < 0 and (2.9
(% ~Pa(xy) s Po(x) —Pe(xy) ) S 0. (2.10)
Adding (2.9) and (2.10) yields
X, =X+ B (x) = Fe(xy) s P (x)— Fe(xy) ) < 0
or
1Pex) = PeCen)|' + oy =%, Pe(x) = Pe(xa)y < 0.
This implies
o) =P < =2 Pelr) = Peo(m)) (2.11)
From (2.11) we get
0<|Pe(x) =P < (¥ -x5 Po(x) = Pe(x,)) forallx;, xae R
That is
(x, —x,, P.(x;) —P-(x,)) 20 forall x;, x2e R"
Pc is thus monotone increasing.
(iii) (a) follows trivially from Corollary 2.1.3 and Pc(x) € C for each x € Rn.
(b) kerPc = {xe R"|Pc(x)=0}={xe R"|(x-0, y) =0for yeC}=C"
Obviously, imPc = C and C® Che= R
Consider x € R", then P¢(x) € Cand x - Pe(x) e C.

So we have that

20



X =yo + Pc(x) for some yp € C.
Hence we get R" c C® s
Let xoeCn C*. Then

(Xg:%, )=0 i.e. x0=0.

Therefore R = C® C. Indeed this decomposition is unique and each x € R" has the
unique representation x = Pc(x) + Pc* (x). To this effect the subspace of Rn can be
characterized by the existence and the uniqueness of orthogonal projection.
(c)  From (a) and (b) we have that Pcis an orthogonal linear operator.
Let x € R". Then
x=u+v, ue kerPc = C*and veC.
Now, Pe(x) = Pc(u +v) = Pc(u )+ Pe(v) = 0 + Pe(v) = v.
[P Ol = e @ =" <l + b = w0, ) = e, et w) = ol
or
|2- ()| <||x| for each x € R™. (2.12)
This implies that
Pc is bounded .
Then by Theorem 2.1.4 Pc is continuous.
(Fe(x)ixy = (Folx), = =P (%) +F(x,))s
= (Pe(x), Pe(x,)) asxi - Pc(x)) €C,
=(P.(x)-x+x, P.(x))= (x, P.(x)) as-x +Pc(x) e C*for
all x;, x2e R".
This again implies that
Pc is a symmetrical operator.

d) Trivially follows from (2.12). O

2.2 Projection onto a closed convex cone

Definition 2.2.1: Let K ¢ R Then K is called a cone if and only if
oKc K for all ae Ri\{0}. (2.13)



To illustrate the notion of a cone we consider the set

K:={xeR2|-2x1+x250,x1-xz20}.

=
Fig.2.2.1, an example of a cone
Although a cone has a vertex in the usual representation of geometrical objects, a
subspace is an example that fails to possess. The vertex in the above example is at the
origin.
Obviously, (2.13) can be written to the form
x €K implies ox €K for all a € R \{0}.
We have that
{ox|o>0} < K forall x K.
That is the ray generated by the vector xe K is always in K. By definition a cone need
not contain the element 0.
Examples: Let A be an (m,n)- matrix on R. We define x € R", x > 0 if and only if
xi 20forallie {1,2,...,n}. Then
(1) subspaces of Rm;
2) Q+:={xeR" |x20},
(3) { x e R"| Ax = 0},
4 {yeR"|y=Ax,x20,x e R"}
are cones.

Convexity of a given set is simple to check if the set is already known to be a
cone. The next theorem provides a necessary and a sufficient condition for a cone to be
convex.

Theorem 2.2.1: A cone K< R is convex if and only if

X,y €K implies x +y eK.
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Poof: Let K be convex and x, y €K. Then

x-l—_yeK_

That is

x+y € 2K cK.
Conversely, let x, y € K. Then ax, By € K for all a, B eR:\{0}.
Consequently,

ox+(1-a)y € Kforall a € (0, 1).

Convex cones being among the simplest convex sets play paramount role. They are
basic in convex analysis as subspaces do in linear analysis. A convex cone can be

characterized as an intersetion of a subspace with a linear hyperplane.

Definition2.2.2: Let x, X2, ..., Xk € R", A1, Aa, ..., A € Ry. Then
k
Z= Z llixi
i=1

is said to be the conical combination of the points xj, Xz, ..., Xxk.
The set coneS of all conical combinations from a given non-empty set S ¢ Rn is called
the conical hull of S.
If S = {xy, X2, .., Xk} < R", then

k
coneS = {Zaf.x, e R =123k

i=l

Every conical hull trivially contains the zero element. In order to form coneS one can

interesct all convex cones containing S and append 0 to the result.

Definition 2.2.3: LetK be a convex cone. Then the polar cone K’ of K (called negative
polar cone by some authors ) is defined by
K% ={yeR"| (y, x) < 0 forall x e K}.

For ye K% we have that
(s ¥ =|pllklcos 0< 0o forall x e K. This implies that the angle

between x and y is obtusefor each x € K.
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Fig.2.2.2, A cone and its ploar cone

To illustrate the notion of a polar cone, consider

k -
Ke={> ax, .a,eR, ,i=123,.,k}, the conical hull of k points xi, Xz, ..., Xk in R",
i=1

then
K'={yeR"| (y, x) < 0 foralli=1,2,..,k}.

K

KG
Fig.2.2.3, Example of a polar cone

By definition the polar cone depends on the scalar product (., .). Change of ¢, .)

changes K° even K remaining the same. As it will be seen later on the polar of K?is the

closure of K. Evidently, if K is closed, then the polar of K becomes K itself.

Theorem 2.2.2: Let K, K|, K;, K; =R", je] be convex cones where J is an index set. Then
a) K'is a closed convex cone.
b) K;cK;impliesK) cK.
¢) KnKq= {0}
d) K0 =K* if K is a subspace of Rn.
e) (aK)’=-K°for « eR\R..
f (Uk)=N«k°:

Jjed jed
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Proof: a) Let (yn) be a sequnce in KO such that y,—"22 5 e R". Then
(y,,x) <0 for all x eK.
Due to the continuity of the scalar prodauct we get
0> !,i_'};(y"’x) = (Li_l}“g,x) =(y,x) for all x eK.
This implies
y ek,
b) Let yeK ). Then (y,x) <0 for all x €K,. Butas K;c Ky, (¥ ,x) <0 for all x €K;.
Thus we have that
y eK!.
Polarity thus establishes a correspondence in the set of closedconvex cones which is
order-reverting.

c) Let yeKn Ko Then (y ,x) <0 for all xeK. In particular for x =y, we get

{(y ,y)=0.i.ey=0.
Hence 0 is the Only possible element in K K.
d) Clearly, K* cK° Lety €K', y #0. Then

(y, x) <0 for all x eK. (2.14)
But since K is a subspace, xe K implies A x €K for all 4 eR.
Thus (2.14) becomes

A {y,x)<0 forall 1eR. [%.15)
If {(y ,x)# 0, then by approperiate choice of 4 €R, the left hand side of (2.15) can be

made arbitrary large. Hence (2.15) holds true only if (y, x) =0.
That is

y ek.
As aresult, if K is a subspace, then K° becomes its orthogonal and thus polarity
generalizes orthogonality.
¢) Leta eR\R.. Then

(aK)’'={yeR"| (3,ax)=a(y,x) <0 forall xeK},

={yeR"| {y,x) 20 forall xeK},
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={yeR"|-(y,x) <0 forall xeK},
= &7,
f) (UKj)oz{yeRnl(y,)OSO for all xe UKJ, b

jed jed

{yeR"| (3,x) <0 forall xeK; and for each jeJ},

= N« :

jeJ
Like in subspaces the Characterzation Theorem takes the next special form in conical
situations.

Theorem 2.2.3: Let K < R" be a closed convex cone. Then yx = Pk(x) if and only if
€K, x-yxeKland {(x-y_, ».) =0. (2.16)
Proof: Let yx = Pk(x). Then by the Characterization Theorem we have

(x-=y., y=-y,) =<0 forall yeK.
Puty = a yx for arbitrary a e R, a>0.
Correspondigly we get
(x=yoop,—y) = (@-1)(x-y, y)< 0 foralla>0.
But o —1 can assume either of the signs which results
X=Ye» ¥ =0.
Moreover, {x-y., y=¥.) =(x=y., ) +{x-y,, —¥,) S0,
or (x=y., y=y.) = (x=y,, ) <0 forally e K.

Thus
g B 2.17)

Conversely, assume yx satisfies (2.16) and for y € K, consider
fy) : = ;_“x_ i = %“x_ yet .-y 2 fy)+ (x=y,, ¥, -») foreachyeK.
But (2.16) and (2.17) implies
(X=Ye, Yo—¥)=-(x-y,, ¥) 20foreachy e K.

Hence

fly) 2 f(yx) + (x—y,, ¥, —») 2 f(yx) foreachy € K.
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This implies

Yx = PK(X) .

W

Example: Letx=(1,0) and K : = { o, x, + &, x, I a, € R, ,i=1,2}where

x1=(1,2) and x,=(-2, 1).

Lety«= ax, +a,x, =(a, —2a, ,2¢, +a, ),0; = 0, i=1,2 be the projection Pg(x).

From x - yx= (1 - o+ 200, 20y t 0y ) € K= {y € R2| (y, x,) < 0 ,i=l,2}, we have

Sz landdoy+50 22,052 0,i=1,2

Furthermore, from (x—y,, »,) =0 we get

(1- oyt 202 ) @ —2a, )-(20; +0ay)*=0.

Solving the system of equation (2.18) and inequalities (2.17) togther results

ocl—%andotz:{).

Therefore

yx=oux1 = (L 2y =Pg(x).
S 5
K
. ¥ X
ey
Xo
Fig.2.2.4

The following properties are some immediate consequences of Theorem 2.2.3.

Forallx € R",

(i)  Px(x)=0 ifand only if x € K°.

(i)  Pg(ox) =a Px(x) for all o eR, o> 0.

(i) Px(-x) = - Px(x).
(iv)  Px(x)+Pxo (X) = x.
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The first three properties some how generalize the linearity of the projection onto

a subspace C while the last one plays the role of the representation x = Pc(x) + Pc™ (x).

Theorem 2.2.4: (].] Moreau )
Let K be a closed convex cone. For x, x;, x; € R", the properties below are equivalent.

(@) x=x;+x;withx;e K, x; € K’and Wiy 3 =)

(b) x;= Py(x) and x2 = Pgg (x).

Proof: (a) = (b):

Let x=x1+x2,x1€K,x2 € Koand(x,,x2 Yy =0.

X=X+ ximpliesx-x;=x3 € K’ and x1€ K. Then consider
(B3 Z 3= +x —% . 5)=00, %)=,
Hence we have that
X1 = Px(x).
Seemingly,
X=X+ X impliesx-x;=x; € K®=K and x, € K°.
Then consider
=Xy Xp) =X T2 =% y={x;: %;)=0.
Hence
X2 = Pxo (X).
(b) = (a):
Let x; = Pk(x) and x2 = Pxo (x). Then by property (iv) above Pk(x) + Pko (X) = x = x; + x2.
On the other hand Pk and Pxo are projections onto K and KO respectively which assures
that
x;€ K and x,e K°.
Finally, applying Theorem 2.2.3 we get

(x—x, x;)= 0and
(=, 2;0=0,
Adding these two equations gives
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== x)F @F=%, 2, =2m, %) .

Therefore

(x,, x,) =0.

Unlike the decomposition in subspaces, the representation x = x; + x2, x1€ K, x;€ K° here

is not unique.



3. Separation and Its Applications
3.1 Separation of Convex Sets
Among the far-reaching properties of convex sets,the possibility to
separate two convex sets by a hyperplane plays vital role not only in
optimization but also in different fields of mathematics. The duality theory in
optimization is to be worth mentioning whre the application of separation takes
a central place. In the following a brief introduction to separation with some of
its applications are considered.
Definition 3.1.1: Let S, and S, be two non empty convex sets in R". Then S, and
S, are said to be :
(a) separable if and only if there is ac R", a# 0 and o €R such that
(a,x) < a <{a,y) for all xe§; and yeS,. (3.1)
(b) strictly separable if and only if there is aeR", a# 0 such that
sup{{a,x)|xe S, } < inf{{a,y)|yes,}. 3.2)

Separation of convex sets has the following simple geometrical interpretation.

From {(a,x) < a <({a,y), it follows that
(a,x)—a £ 0={a,y)—«a forall xe§; and yeS,.
Thus
SicH ={xeR"|(a,x)—a <0} and
S2c H" ={xeR"|{a,x)-a >0}. That means S, and S; are subsets of the

two opposite halfspaces H™and H" determined by the hyperplane
H:={xeR"|{a,x)=a}.

&)

H.
— H+

H

Fig.3.1.1, Separation of convex sets
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Therefore if S; and S, are two disjoint convex sets, then a convex set namely an
affine hyperplane can be squeezed in between. This extremly important property
follows directly from that of the projection operator onto a closed convex set.
Neverthless, when either S1 or S; fails to be convex a separating hyperplane in
between may not exist. Separation theorems are formulated in most cases with

regard to convex sets.

Theorem 3.1.1: (The Separation Theorem)
Let Cc R be a non-empty, closed and convex set with xe R"\C. Then there

exists a point se R" such that

(s,x) >sup{(s,y)|yeC}. (3.3)

Proof: Applying the projection operator (see chapter 2.1) simplifies the proof.
Put s: = x - Pe(x). Since x ¢ C, x # Pc(x) implies s #0. Then by the

Characterization Theorem we get that
02(x—P.(x),y—P.(x))=(s,y—x+8)=(s,y)—(5,x) + ]|S||2 for eachy eC.
or
(s5,x) > "s"2 +(s,y) forally eC.
Taking the suprema gives
{s,x) 2 ”s”2 +sup{(s,»)|yeC }.
As “s ”2 >0, we have that
(s,x) >sup{(s,») |y e C }. 0
The Separation Theorem has an obvious geometrical meaning. Because s #0, it

defines hyperplanes Hs,r which are translations of the same linear or vector

hyperplane Hso when r describes R. In particular setting
L= %((s, x)+sup(y,s),yeC ) yields,

(s,x)+sup(y,s)—-2r=0, yeC. (3.4)
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From (3.3), (s,x) =k +sup{y,s),y eC for somek eR, k> 0.
Consequently (3.4) becomes
k+ 2sup(y,s) =2r, y €C.
This again implies
k+2({y,s)<2r foreachy eC.
As k>0 we thus have
(y,89y-r<0forally eC. (3.5)
On the other hand sup{y,s)={(s,x)—k, y €C.
With this representation (3.4) again becomes
2¢s,x)—k=2r.
It follows that
{(s,x)—r>0. (3.6)
Combing (3.5) and (3.6) reflects that there is a hyperplane
Hsri={z eR" | (z,5)=r}

+

separating the two convex sets C and {x}where Cc H_, and {x}c H,.
Example: Let C = {y eR" |y = axy, o € R} where
x0=(1,2,3,0,0,0,..,0)and x=(0,1,2,0,0,0, ...,0).
Obviously, x ¢ C and C is a non-empty, closed and convex subset of R*. Hence
by the Separation Theorem there exists a point s € R" such that
(s,x) >sup{(s,»)|yeC}l
If we set Pc(x) = yx= (5,24, 34, 0,0, ..., 0) for some B € R, then
(x—y.,y)=0 forally e C.
This implies
—aff+2a(1-28)+3a(2-38)=0 foralla € R.
or

4 4
B=— andy=-—2Xp.
7 -
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- 1 4 3
NOW,X'yx_('is'_l_,,_z_,o’oy__’ 0) a.nd (_x—yx,x>=__+__=_(
7 7T 77 7

Setting s: = x - yx yields

(s,x)z%and (S,y):_—:a+ia+%a:0 forallyeC.

SO
(s,x) = % > sup{ {s,)| y € C} =0.

Futhermore, the hyperplane Hs:= {z € R"| (s,z) = r}wherer= 3 separates
14

{x} and set C.

The Separation Theorem can be extended to the forthcoming corollary.

Corollary 3.1.2: (Strict Separation of Convex Sets )
Let Ci ¢ R",i=1, 2 be two disjoint non-empty, closed and convex sets. If Czis
bounded, then there exists se R" such that

sup (s,y; )< min (s,y,). 3.7)
Yo & L,

net
Proof: Clearly Since C; and C; are convex sets , C; - C; is also a convex set (see
chapter 1.2 (ii) ). Besides because C; is a closed and bounded set in the finite
dimensional space R" and hence compact, C,- C, again becomes a closed set. To
say that C; and C; are disjoint is exactly to mean that 0 ¢C, - C,. Thus the
Separation Theorem guarantees an seR" such that

0= (5,00 >sup { (5, |y € Ci-Ca}.
This means

0>sup {(s,»1) |y, €Ci}+sup{(s,=y,) |y, €Cy},

=sup {{s,y) |y, €Ci}—inf{(s,y,) |y, €C,}, (3.8)
Now, C; being bounded, the infimum in (3.8) is a minimum and of course finite
which can be moved to the left hand side.i.e.

min{<5sy2> | Y2 € C2}>5up{<5eyl> ‘ »yeGy}. 0O
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For strict separation compactness of either of the sets deserve a prominent
role. When both C; and C; are unbounded corollary 3.1.2 may fail as the

figure below illustrates.

L ] =it o

n €6y

G

Fig.3.1.2

3.2 Applications of Separations
The separation properties introduced heretofore have various applications

of which the present section is claimed to study some of them.
(0 Existence of Supporting Hyperplanes

Definition 3.2.1:The set Hsr: = {x eR" [(x, s) = r}is said to be a supporting
hyperplane of set C
(a) if (s,y ) < r forallyeC,ie.Cc H,,. (3.9)

(b) at the pointx € C if C ¢ H_,and x € H,. (3.10)

For illustration we consider the following

Fig.3.2.1, Supporting hyperplanes of C at different points
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Notice that a supporting hyperplane of C may or may not touch set C. If
Hs,r supports set C, then H.s+ also supports it. Naturally the inequality sign in

(3.9) can be reversed. Consequently Hs supports set C if C is entirely contained

in one of the two closed halfspaces H;, or H;,. Accordingly, when C has a

supporting hyperplane at x €C, then x is a boundary point of C. The whole space
is an instance of a set that possesses no supporting hyperplane.

We recall from toplogy that a subspace A of R can be equipped with a
toplogy relative to A by defining the " open balls" B(x, 8§) n A for x €A. Then A
becomes a toplogical space by its own. In convex analysis the toplogy of R" is of
modert interest. However, the toplogies relative to affine manifolds turn out to

be much resourceful.

Definition 3.2.2: The relative interior riC of a convex set Cc Rn is the interior of
C for the toplogy relative to the affine hull of C.
By definition x e riC if and only if x eaffC and there exists & > 0 such that

affC N B(x, 8) cC.
Obviously, riC < C and the cluster points of set C are in the closed set affC. As a
result the relative closure of C is exactly cIC. To the contrary the the boundary is
affected and indeed the relative boundary of C symbolically becomes

bdC: = ¢l C\riC.

Theorem 3.2.1: Let Cc Rn, C# Rn be a convex set. Then C has a supporting
hyperplane.
Proof: Since C#Rn, cIC # Rn. Indeed otherwise we have that

Co 1iC =riclC = ri Rr = R, But this is a contradiction.
Now, let x eR"\cl C. Then by the Separation Theorem there is a hyperplane Hs,
which separates clC and {x}where

cdC cH;, and {x}jc |, H.

Evidently this hyperplane is our asserted support of set C. O
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From the above theorem we have that every proper convex subset C of Rn
deos have a supporting hyperplane. A slightly more and useful formulation is

still the following lemma.

Lemma 3.2.2: Let Cc R», C # R be a non-empty convex set. Then there exists a
supporting hyperplane at each boundary point x of C.

Proof: Let x be a boundary point of C. Since C, cIC and their complements have
the same boundary, a sequence (xx) can be found where

(xx)e R"cl C and x,—*== x, keN.

As cl Cis a closed convex set, for each ke N, by the Separation Theorem we have
some sie R" such that

(8,,x,)y>sup{(s,,y)| yeclC}.
This implies

(SpsX, ) =48, 1) = (8, %, — ¥y >0 forall y € clC.
Perhaps we have a sequence (H, , ) of hyperplanes where H strictly separates
C and {xx}jwith

C = and {xx}cH]

WL0G, we can assume [|s, | =1. Then the distance of H, , tothe origin 0 is given
by

<Sk’0> =t r.{-

"S k ”

- ||x”} =1m <o,

dy =

I)

Thus m has to be a real number since the sequence is convergent and therefore

=|‘ "k|= I"k‘-

|x2|

Obviusly, rk| Smax{]lx]

bounded. Then we consider the sequence (sy, 1) which lies in the set
M: = {(a, a} | ||a|| =1, |a'| <m}.

Clearly, M is compact and hence each sequence in M has a convergent

subsequence.

This implies that
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(sk}_,rkl)&(s, ro)e M 3.1

Again (3.11) inturn implies

Finally by the continuity of the scalar product we have

lim{s, ,x, Y=(s,x—»)=0 for each y €C.
Jorw F) J

Put r:= {s,x). Then

re s, ¥ forally eC.
Hence the set

H, ={zeR"Kz,y) =r={(s, y}

is the desired hyperplane that supports C at x. O

(I)  Outer Description of Closed Convex Set

In convex analysis intersecting convex sets is an operation of utmost
importance. Closing a convex set ended up in intersecting the closed convex sets
containing it. We recall (chapterl.2) that convexity allowed the intersection to be
restricted to a simple class of closed convex sets namely the closed half spaces.
Fortunate enough, Theorem 3.2.1 ensures that a non-empty proper subset C of R»
has at least one supporting hyperplane. So if we let an index set:

> C:=(s,1)eR*R|Cc H,}
where

H,={yeR"|(s,y)<r}, then ) C is non -empty.

As illustrated below we can therefore intersect all half spaces indexed in ZC :
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X TR
Fig.3.2.2, Outer description of a closed convex set.

PutC’:= N H., = {ze R" | (s, y)<r whenever (s, y)<r,Vye(C}.
(s,r)sZC

Actually >’ € is redundant since it contains too many 1's. The definition of
C’ could rather be slightly simplified. For s Rn, consider the number

i =inf{re R|(s,r)e ZC ¥
Letting s vary (s, rs) describes »° ¢ . With this new description C" becomes

C' ={zeR"|{s,2)< sup(s, »)}.

yeC
Obviously, C ¢ C'and C’ is a closed convex set.

Theorem 3.2.3: Let C = R», C # R" be a non-empty convex set. Then the set C’
defined above is the closure of C.
Proof: We know that the closure of C, clC, is the intersection of all closed sets
containing C. Thus by construction

C’ oclC.
To verify the other inclusion one can equivalently prove the contra positive. That
is if x does not belong to the closure of C, then it is not an element of C". To do so
assume that

x ¢clC.

Then by Separation Theorem there exists spe R", sy # 0, such that
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{85, ) > sup(s,,y)=r,.

yeC

It follows that

($0, V) <r, forally e C.
So we get

CcH, " and hence (s, ro)€ B
Butxg H_ , which implies

xe C .
To this effect

C" el 0

£

A fruitful message of Theorem 3.2.3. is the forthcoming corollary whose proof
trivially follows.

Corollary 3.2.4: Let C c Rn, C # R" be a non-empty, closed and convex set.
Then C is the intersection of all closed half spaces containing it.

A closed convex set can therefore be defined as the intersection of all
closed half spaces containing it. A useful special case is indeed the next
definition.

Definition 3.2.4: A closed convex polyhedron is the intersection of finitely many
half spaces.
Let (s1, 11), (52, 12), +es(Sm; tm )€ R xR with sj 20,j=1, 2, .., m. Then
P={xeR"| (s;x)<rforj=1,2,..,m}
is a closed convex polyhedron. P can be also represented using matrix notation
as
P={xe R"|Ax < b}
whereA is the matrix with rows sjand be R" with coordinates r;.

In the case where b = 0 we get a closed convex polyhedral cone.
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(IIT)  Bipolar of a convex cone

Definition 3.2.5: Let C — R" be a non-empty set. Then the function

o, :R* > R U{w } defined by

oc(x) =sup {(x, )| yeC} (3.12)
is called the support function of C.
The motivation to formulate the aforementioned definition basically arises from
the right hand side of (3.3).
Obviously, (x,y) < o.(x) for all xe Rrand ye C. This characterizes the
elements of set C. For a given set C, the support function is strongly attached to
the scalar product (., .). Change of the scalar product changes o even C
remaining the same. The supremum in (3.12) could be finite or infinite that might
be achieved on C or not. In this context, C can be possibly interpreted as an index
set where o.(.) is the supremum of the collection (s, .) over C. When C is
bounded, then its support function is finite everywhere. Furthermore, it is simple
to notice that o, is also the support function of the closure of C and its closed
convex hull. It is therefore logical to consider only support function of a non-

empty closed convex set. The support functions are sublinear and o . (0) = 0.

However, o.(x) = 0 need not imply that x = 0.

The definition of a polar cone was given in section (2.2) where attempt has
made to point out some interesting properties. Here we want to consider one

more similarity with the notion of orthogonality in linear analysis.

Definition 3.2.6: Let K c R" be a convex cone. Then the bipolar K% of K is the
polar of KO.

The theorem set forth gives rise to the relation between K and its bipolar cone
K0,

Theorem 3.2.5: Let K < R" be a convex cone. Then K% = ¢l C.
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Proof: Employing definition 3.2.5 makes the proof easier. Due to its conical
character, cIK has a very special support function.
O (S) = Ssup {<.V, S> I .VEC]K}:

=sup {a(y,s)|yeclK,ae R,a>0},

0, if (s, y)<0 forall yeclk,
00, otherwise.

___{0, forall se K°,

0, otherwise.

In other words o is 0 on K’ and infinite elsewhere.
Evidently,

xe clKifand only if (s, x) < o, (X). (3.13)
Thus the statement in (3.13) becomes

x € clK ifand only if

(s,x) <0forall se K?and arbitrary (s, x) for s ¢ K0,

This is clear enough to recall the definition of K% and to notice the required

conclusion K% = ¢IC, 0

In the case where K is already closed we have trivially K% = K. Let Hsr be a
hyperplane supporting cone K at its boundary point x. Then

(k,s) < r=(s,x) forallke K.
or

a(k,s) <(s,x) forallke Kand aae€ R, a>0. (3.14)
Now (3.14) holds true only if

(k,s) <0 forallke Kand (s,x) =r=0.
This assures that Hsr also supports cone K at 0. Therefore when dealing with
support for a cone, it is quiet sufficient to deem only hyperplanes which are

subspaces of Rn.
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(IV) The Lemma of Minkowski- Farkas

This section is intended to demonstrate another application of the

separation property known as the Farkas' Lemma that deals with systems of

linear inequalities. We recall that the real linear system z": .0, = Bord =Ll
Y J

i=1
has a solution
(Y1, Y2, ---» ¥Ym) if and only if each solution (x|, X, ..., Xs) of the linear homogeneous

system Z

=l

«x =0,i=1,2,3,.,misasolution of the linear equation Z” . =R
i {4 | I
J=1

Definitely, if Zm: a,y,=b,,1=L2 .0 then
i=]

H

n m m
Fom, =3 b mm B z(zj
J=1 i=l i=1 1

= ‘ ' / J=

Which follows that

D'bx;, =0when Y ax, =0,i=1,2,3,..,m.
J=1 J=1

To sum up in a more handy expression, let A be an (n, m)- matrix and be R".
Then the system Ax = b is consistent (has at least one solution in R™) exactly
when be (kerAT)L. Representing the columns of A by sy, s, ..., sm and applying
the usual Euclidean notation the above equivalent properties can be formulated
as:

(b, x) =0 whenever (sj, x) =0,j=1,2,.., mif and only if

be 1inS where 1inS is the subspace generated by S: = {sj, 52, ..., Sm }.

The Farkas Lemma is actually nothing but an extension of the
aforementioned classical result from linear algebra. Getting into the space of

convex analysis where we replace linear hulls by conical hulls, we see that

n m

>
Elbjxj > 0 whenever E a.x. =20,
= i=1

[/
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for the scalars yj 20 foreachj=1,2,3, ..., m.
We shall first state the Farkas Lemma with out proof, as it will be an immediate
consequence of Theorem 3.2.9
Lemma3.2.6: (Farkas' I)
Letb, sy, S, ...,Sm be given in R". Put

A={xeR"|(s,x)<0,j=1,2, .., m}. (3.15)

B:={xeR"|(bx)<0}. (3.16)
Then

A c Bif and only if beCone{ sy, 52, ..., Sm }.

Another equivalent way of saying beCone{sy,ss, ..., Sm} is that the system

b= N sy e 0j=1,2,3,.., mhas a solution

o=(0, 02, .., Gg)eR™ (3.17)
Farkas Lemma is often formulated as a set of two statements such that each one

is false when the other is true. In view of this we get the following.

Lemma 3.2.7: (Farkas'II )
Letb, sy, sy, ..., sm be given in R™. Then exactly one of the following statements

is true

a) b= Zajsj &, 20)= 1,2,3, ..., m has a solution o. = (o1, 02, ..., Om)ER™

b) The system (b, x)>0, (sj, x)<0forj=1,2, .., mhas a solution x eR".
Still another approach is quiet geometric. If K stands to the convex cone
generated by {s1,s, ..., sm}, then K0 is exactly set A (see chapter 2.2 ). What Farkas
Lemma says is thus beK if and only if (b, x) <0 whenever x eK’. That means
beK®. Shortly Farkas Lemma is therefore K = K%, However, from (I1I) we know
that this holds only if K is closed. Accordingly the proof of Farkas Lemma

reduces in proving the following result.



Lemma 3.2.8: (Farkas'III )

Let sy, s, ..., sm be given in R". Then the convex cone

K: =cone {sy, 83, ..., Sm } ={ Zajs a2 0,forj=1,2,.. m}
J=1

j,

is closed.
Proof: First consider the case when the s;'s are linearly independent and hence m

=n. Let (xk) be a sequence in K that converges in R". That is

m m

(Xk) = Za.fsf — 22>y = Z = R, af‘ 20,/=12,...m. (3'18)
Jj=1 J=l

But convergence in norm in a finite dimensional space is identical to the

component wise convergence. Thus the convergence of (xx) is equivalent to the
convergence of (&) ) to some f3,. Furthermore, since each (&) in (3.18) is non-
negative so does each £, .

It follows that
x eK.

On the other hand suppose the sj's are not linearly independent. Then there is a

system Z"': p,s,=0 having a non-zero solution 8 = ( B1, B2, ..., Pm ) € R".
j=1

Assume £, <0 for some j (change  to —f if need be). For x €K, x = Zajsj,
J=1
Set a, :=a +1 (x) 8, where
a,(x a;
/() ,ix) ef 7| E‘lin——’ forj=1,2,..,m}.

B, (x) B

Then each a, is non-negative and

£ (x)=-

m

X=Zajsj=i[a1+’-(I)ﬂj}sl= ZQ;S‘,.
7=1

J=1 j®i(x)

Letting x vary in K we have thus constructed a decomposition K = L"'J Kk, Where

i=1

K is the conical hull of at most the m -1 generators s;. To this end if there is some



i such that the generators of K are linearly dependent we repeat the argument
for a further decomposition of this Ki. After finitely many such operations we
end up with a decomposition of K as a finite union of polyhedron convex cones
each having linearly independent generators. By the first part of the proof all

these cones are closed and hence K is closed. O

We are now in the foreground to state the general version of Farkas
Lemma with non-homogeneous terms and infinitely many inequalities. The

proof directly uses that of the Separation Theorem.

Theorem 3.2.9: (The Generalized Farkas')
Let ] be an index set and (sj, pj)€ R" x R, j €]. Assume that the system of
inequalities
(85, X)S pj,j € (3.19)
has a solution x €R". Then the following two propositions are equivalent.
(@) (b, x) < rfor all x satisfying (3.19).
(b) (b, r)eclK where K is the convex conical hull of S := { (0,1)} U { (s, pj)}ieJ -

Proof: (b) = (a):
Let (b, r) € cl K. Then there exist a finite set {1, 2, ..., m} € ] non-negative scalars

oy, O3, .., om such that

m

= llmZa s, andr= gim(a[’,‘ +Y aip;)
—Sw =

k-

Making use of continuity of the scalar product and for each x satisfying (3.19) we

have

m

(b, x) = (lim_ Za s, %)= lim Zaf (8% )

<l|m2a o, —llm(r—a )<,

k==

This establishes the conclusion (a).
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(@) = (b):
We shall prove the contrapositive.
First of all R* xR is a pre-Hilbert space equipped with the scalar product
(1), (2, 1)) =y, 2) + 17,
Suppose (b, 1) clK. Then by the Separation Theorem cIK and (b, r) can be

separated and hence there exists

(d, -t) € R" xR such that (b, r), (d, ~ 1)) =(b,d)—rt > sup (s,dy—pt.  (3.20)

(s, p)ek
It follows that the right hand supremum is a finite number q. Then by the conical
character of K we have that
aq < q forall >0 and henceq < 0.

Actually q = 0 since (0, 0) eK.
To sum up we have signed out an element (d, t) € R" xR such that

(i) t=0as(0,1) ek.

(ii) (s,,d)—pt<0 foralljelJas (s, p,) k.

(iii) (b, d)—rt >0 due to (3.20) and definition of a cone.
To this end we consider two different cases.

Casel: If t > 0, then dividing (ii) and (iii) by t results

(sj.,%)s,oj forallj € J and (b,%)>r.

Then setting the point x = % automatically violates (a).

Case2: If t = 0, then take any xo satisfying (3.19) (such xo exists since the system is
consistent) and consider

X(a)=x0+ ad forall a>0.
Then using (ii) we have

(s, x(@)=(s,,xy tad)=(s,,x, ) +a(s;,d) < p, forall jel.

This implies that x( ) also satisfies (3.19) for all & > 0.
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But letting o — o in (b, x(«x)) = (b, x, ) + (b, d) and (iii) realizes that x( ) again
violates (a). We thus have proved in both cases that not (b) implies not (a) which is
trivially equivalent to (a) = (b). O

We end up this chapter with two points relating Theorem 3.2.9 with the
previous forms of Farkas' Lemma. At the first glance take the homogeneous case

where both rand p, 's are all zero. Then the system is automatically consistent by

the trivial solution x = 0 and then the Theorem says

(a") (s,,x)<0 implies (b,x)<0 is

equivalent to

(b') be cl K where K is the cone generated by {sj | j € ] }. Thisis
indeed Lemma 3.2.6.
Secondly, suppose that] = {1, 2, ..., m } be a finite set. Consequently the set
{xeR| (s 15 X)S Pjs Vj&d } becomes a closed convex polyhedron provided
that it is non-empty. Possibly by a more handy matrix notation we have that

ATx < p where A is the matrix with columns s,'s and p € R" with coordinates
Pir Pas s P+ Then Theorem 3.2.9 again says:
(@) {xeRn| ATx <p}lc{xeR"| bTx <r}is
equivalent to
(b")  There exists @ € R®such that @ > 0, Aa =b, pTa < r. Here

again it only suffices to recall Lemma 3.2.8. The conical hull involved in (b) of

Theorem 3.2.9 is already closed and the relation in (b") is really an inequality.

47



4. Conical Approximation of Convex sets

Leta setS ¢ Rrand a point xe S be given. A profitable idea is the chance
to approximate S by a "simpler" set near to x. In differential geometry we know
that a " smooth " surface S can be approximated by an affine manifold "tangent"
to S. This notion is mostly investigated in the differentiation of a "smooth"
function

f: R" — R where its graph is tangent to a hyperplane in R" x R:

Graphof f = grf={(y,r) e R" x R|r— f(x) =(Vf(x), y—x)}.
Nevertheless, as there is no reason for convex sets to be "smooth", a
corresponding substitute to an affine manifold must be suggested. Truly, affine
manifolds are translations of subspaces. We thus approximate S near to x by

S =Hs (x) = {x} + Vs (x) where V5 (x) is the subspace tangent to S at x.
Coming into the space of convex analysis, we recall that (see chapter 2.2) the
closed convex cones are the usual substitutes for subspaces. Like just that of the
Moreau's Theorem (see chapter 2.2) here too polarity plays the role of

orthogonality.
4.1 Convenient Definitions of Tangent Cones

To bring the convenient objects in the foreground, it is imperative first to make a
fresh glance about the general concept of tangency. Let S < R" be an arbitrary
closed set. Then classically a direction deR" is said to be tangent to S at xeS
when it is the derivative at x of some curve drawn on S. Here being rather
interested by cones, we require only half derivative of the curve in consideration.
What follows is thus the new definition of tangency that replaces curves by

sequences so as to have a tangent direction for a given non-void set.

Definition 4.1.1: Let S c R" be a non -empty set. Then de R is said to be a

direction tangent to S at xeS if there exist sequences {xx}< S and {t;} = R such that
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X —%

Whenk— o, x,—>x, 1,40, —d. (4.1)

[k

Furthermore, the set

Ts(x) ={d € R» |d is a direction tangent to S at xe S }
is called the tangent cone to S at x.
Consider 0eR" and the sequences x, : = xe S for all keN.
Obviously, Xk—=2 3y, %—Eiﬂ for any sequence t, 40, 1,#0, keN.

k

It follows that

0eTs(x).
This realizes that each non-void subset S of R® adimits a tangent direction.

Let deTs(x). Then there exist sequences {x}cS and {t}satisfying (4.1).
For all a>0, take the sequnces 1y := t—". Hence we have that
a

X, —X
k
xk—22y x, k22 s ad, 1, 40.

()

Accordingly, ad is a direction tangent. This actually legalizes the terminology "
tangent cone ."
Consider again a point xeintS. Then there exists a 6 > 0 such that B(x, 8 ) 5. By

the axiom of Archimedes there is ko N where
) >% for all k = ko.

LetdeRn, x, := {x + %, for all k =k,

s otherwise

» k€ N. Then the sequnce (x) is in S.

1
and sequnce tx: = m

Obviously, whenk _, , , _ « o L0, ad *2=%_, 4 (replace

L

3

. by _% if need be). We thus get
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deTs(x).
Consequently, for xeintS, Ts(x) becomes the whole space R". The only
interesting points are therefore those on the boundary of S. The following

theorem gives an equivalent formulation of definition 4.1.1.

Theorem 4.1.1: A direction d is tangent to S at xeS if and only if there exist
sequences {d}and {ti} such that

x + tidi €S forallkeNand dx —>d, ¢, 40
when k— o,

Proof: Let deTs(x). Then there exist sequences {x}cS and {t}satisfying (4.1).

Setdk:= *+—* Then
tk

xk =X + txdk €S forallkeN and dx - d, 1, 40
when k— oo
Conversely, put xk:= x + tdk €S. Then definition 4.1.1 is easily satisfied for d to

be in Ts(x). 0

Theorem 4.1.2: The tangent cone is closed.
Proof: Let (dn) be a sequence in Ts(x) converging to d € R». Thenfor each n take

the sequnces {x,, Jxand { 7, , }, attached to dn in the sense of definition 4.1.1.

Now, for a fixed ngeN, we can find k " such that

xn,k”n - X —d

Iﬂ,k,,u

& (4.2)

ny

ny

Letting ng— o in (4.2) gives

Therefore we obtain sequences {x,, }, and {t,, }, which assure d to be an
g 0 R} 0

element of Ts(x).
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As it only depends on the behavior of S near to x, tangency is basically a local
concept. From its very definition Ts(x) appears as the set of all possible cluster
points of the set

{x-x, whereyeSand 1 0.
!

As a result, using set valued notations we have that

TS(X) = l’irlr}) ext (S ; x) (43)

where lim ext stands to the set of all cluster points. Still another formulation is
possible using the distance function ds(x) := mig ly -+
y el

dy(x+1d)

Ts(x) = {d € R | lim inf
o !

0}. (4.4)

If xeS5, then ds(x) = 0. Thus the infimand in (4.4) can be also interpreted as

- de(x+1td)—dy(x) _

reR f

4.2 The Tangent and the normal Cones to a convex set.

From now on instead of an arbitrary set S, we restrict our considerations
to a closed convex set Cc R". In this very limited situations tangent cones can be
given in a more handy expressions. The central point is to observe that the role of
the property ¢, ¥ 0in (4.4). If both x and x + txdk are in C, then convexity of C
allows x + a dk to be in C for all & €(0, tk) and in particular

C- {x} cTe(x). (4.5)
Theorem 4.2.1: The tangent cone to C at x is the closure of the cone generated by

C-{x}, ie.

Tc(x) = cone (C-Xx),
=cl{deRr |d=a(y—x),yeC,a20,aeR}.
Proof: From (4.5) we have that C - {x} < Tc(x). As Tc(x) is a closed cone (Theorem

4.1.2), it immediately follows that
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cl (C-x) c Te(x).
Conversely, for d eTs(x), take the sequences {x} and {tc} in the sense of
definition 4.1.1. Then the sequence

% —X

€ Cone (C - x).

k

And hence its limit

de cone (C - x). 0

This new equivalent formulation of the tangent cone is perhaps easier to work
with. Furthermore, we can easily observe that

Cone(C -x) = U E=5, (4.6)

1>0 1
Due to the monotonocity (in the sense of inclusion) property of the mapping

C_
TN . 1
!

(4,6) can have also the next limit formulation:

Cone(C - x) = jim £=%., (4.7)

o g
As immediate consequences of Theorem 4.2.1 we get the following,.
Corollary 4.2.2: (a) aff cone(C- {x})= aff Tc(x) = affC-{x}.
(b) Tc(x) = affC-{x} when x € riC.
(c) the sets cone(C-{x}) and its closure Tc(x) have the same
relative interior.
In particular when xeintC, then Tc(x) = R™. As a result, approximating C by

x + Tc(x) presents interest only when xe rbdC.

Recalling Corollary 3.2.4, Tc(x) being a closed and convex set can also be
described as the intersection of all closed half spaces containing it. In the present

conical situation as what is coming up still some more can be said.
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Definition 4.2.1: Let Cc R" be a non -empty, closed and convex set. Then a
direction seR" is said to be normal to C at x € C when:

(s,y-x)<0 forallye C. (4.8)
From (4.8) we have that

(s, y—x)= ||s||||y - x"cosB <0 forallye C.
This implies that

T
Oel—, 7).
[2 )

S

Fig. 4.2.1, a normal to a set

A normal is thus a vector s such that the angle between s and y - x is obtuse for all ye C.
The set
Nc(x):={s e Rn | (s, y—x)<0 forallye C}

is called the normal cone to C at xe C.

Obviously, 0eNc(x) and thus every non -empty, closed and convex subset C of
R" has a normal vector.
Let x be a boundary point of C. Then by Lemma 3.2.2 there is a hyperplane Hs,,
s# 0 supporting C at x where

Ce H., andr={s,x).
Consequently we get that

(s, )< (s,x) forallye C.

or
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(s,y-x)<0 forallye C.
This again ensures the existence of a non-zero normal s at each boundary point x
of C. In general, for xeR" by the Characterization Theorem we have that
(x—P.(x), y— P:(x)) =0 for all ye C.
To this effect
x - Pc(x) € Nc(Pc(x)) for each xe R,

In contrast to that of Tc(x) , Nc(x) = {o}for each xe intC.

Example: Let C= H_, :={y € R" [{s.y) < r}, aclosed half spaces defined by a

given (s, r)eR" xR, s #0. Then
Te(x)={deRr | d= as, a20, aeR}.
Theorem 4.2.3: Let C < R" be a non -empty, closed and convex set. Then Nc(x) is
also a closed convex set.
Proof: Lets, ze N¢(x). Then it follows that
(s, y-x)<0 and (s,y—-x)<0 forally e C.
For a € (0, 1), consider
(as+(l-a)z, a(s,y—x) <0 forally e C.
Thus
as+(1-a)z eNc(x) for each a € (0, 1).
For the completion of the proof, consider a sequence (si) in Nc(x) converging to
se Rn. Then by continuity of the scalar product we get:

(s,y—x)=(klim,y—x>=klim(sk,y—x)SO forally € C.

Therefore
se Nc(x). 0
The next important theorem gives the relation between the normal and the
tangent cones.
Theorem 4.2.4: The normal cone is the polar of the tangent cone, i.e.

Ne(x) = [ Tex)]°.
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Proof: Let s € N¢(x). Then
(s,y-x)<0 forallyeC.
or
(5,2)<0 forallze C-x.
Take deCone(C - x) whered = a z for some ¢ >0and z € C- x.
Then
(s,d)=a(s,z) <0 foralld e Cone(C - x).

Furthermore, if r € cone (C - x), then

= k[im d,, d, eCone(C-x) forallk e N.
Applying continuity of the scalar product results:

(r,s)=klim (d,,s)<0 forallr e cone (C-X).

But from Theorem 4.2.1, Tc(x) = cone (C - x) and thus (r, s) <0 for all r eTc(x),
That is
se[ Te(x)]°.
Conversely, let se[ Tc(x)]?. Then
(s,d) <0 foralld e Tc(x).
And it follows that
(s,d) <0 foralld € C-x < Tc(x).
Setting d :=z - x, z € C gives:
(s,d) =(s,z—x)<0 forallz e C.
That is to mean se N¢(x). 0
Combing this result with Thorem 4.1.3 and Thorem 3.2.5 gives the following
another formulation of the tangent cone.

Corollary 4.2.5: The tangent cone is the polar of the normal cone.i.e,

Te(x) = [ Ne(x)]°.
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This corollary characterizes the tangent cone as intersection of homogeneous half

spaces and comparing with chapter 3 of section (III) we have rs = 0 for each s.

Besides the index set ZT(, (x) is nothing more than N¢(x). More interesting is

like that of tangency normality is also a local concept. Truly, the normal cone to

Cn B(x, &) atx coincides with N¢(x). Indeed if C - {x} < C'- {x} < Tc(x), then
Nec(x) = Ne(x) and Te(x) = Te(x) .

For a fixed xeC, Tc(x) increases (in the sense of inclusion) if and only if Ne(x)

decreases. This in particular happen when set C increases.

Remark: The tangent and the normal cones to a non-closed convex set C (if need

be) can be defined through replacing C by cl C in their respective definitions.

Example 1: Let C be a closed convex cone. Then using Theorem 3.2.5 and
Corollary 4.2.5 we have that:
Te(0) = [Nc(0)]0 =C0=C,
Hence by Theorem 4.2.4
Nc(0) = [Tc(0)]0 = CO.
The polar of a closed convex cone is therefore its normal cone at 0.
On the other hand, if x € C, x #0, then observe that
Te(x) o {x}.
It means that
Nc(x) < {x}*.
Thus for seTc(x) we have that
S, y=x)=(s,¥)=(s,x)=(s,y) <0 forally € C.
As a result,

Nc(x)={seC0| (s,x) =0}.

Example 2:Let sic R, j €{1,2,.., m }and rje R.
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IfC:={xeR"| (s,x)<r, forj=12,---,m}, ThenCis aclosed convex
polyhedron. LetJ(x) := {j e {1,2,.., m} | {(s,,x)=r} Then

Nec(x) = Cone{s; | jeJ(x)}={ Zajsf ,a, 20}

JeJ(x)

Te(x) = [Ne(®)]°= {deRn | (s;,,d)<0 forj eJ(x)}.

4.3. Some more properties of the tangent and the normal cones

The tangent and the normal cones have more worth mentioning properties. Here
on we exploit some of those that amalgamate various notions seen heretofore.
Theorem 4.3.1: Let Ci ¢ R, i=1, 2 be a non -empty, closed and convex sets. Then
@  Tone, (ST, (0)NT, (x) and
Ne(x)+ N () S Ne e, (x) foreachx e G n G
(b) Te,vc,(x +x) =cl[T, (x) + T (x,) ],and
Ne e, (3 +x)=Ne (x) NN (x;) forxie Cy, x2e Ca.
Proof: (a) Let d €7, ¢, (x). Then there exist sequences {xi}c C1 N Czand {t}
satisfying definition 4.1.1.
Obviously, {xs}< Ciand together with {t;} satisfy definition 4.1.1and hence

assured to be an element of 7. (x) fori=1,2.

We thus have
de T, (x) N T, (x).

For the other, consider de N, (x) + N (x).Then
d =di + d2wheredie N, (x) and dz2e N ().

Consequently for all y; e Ciand y,e C2 we have that:
(d, y, —x)<0 and (d,, y, —x)<0.
or

d,y—-x)+{d,,y—-x)={d, +d,,y—x)<0 forallye C; n Ca.
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In order to formulate equality in (a) additional supposition is necessary. One is of

course when

Oeri( Ci-G)ord (G N C)=cd G N cdCa
(b) TC,+(72(xI +Xx)= Cone (C,+C, —(x, +x,)),

=cl{deRr | d=a(y, +y,)—a(x, +x,), y,€C, a20, i=12},

cl{d € R* | de Cone (C1 - x1) + Cone (Cz2 - x2)},
= ol (T, (%) + Tt (x,) )

To show the other, we proceed as:
Ne oo, +x)={s€eR"| (5, y—(x, +x,))<0 VyeC( +C,}
—seRn| (s =% ) 448, =%,)350 Ypel + C,}.
This implies that

{seRo| (s,9,—x) <0 Vy eCland{seR"| (s,y, -x,) <0 Vy,eC,}.
Thus s € N, (x;) N N (x,) . The other inclusion trivially follows.
Definition 4.3.1: Let C < R" be a non -empty convex set. A point xeC is said to
be an extreme point of C if and only if

x is not an interior point of a segment [x;, X2] for all x;, x2eC.

The set of extreme points of C is denoted by extC.

Z

Fig.4.3.1 Fig.4.3.2

Extreme points necessarily lie on the boundary of the set. But every boundary
point may not be an extreme point. For example In Fig.4.3.2 all boundary points

are extreme points while in Fig.4.3.1 z is a boundary point but not an extreme
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point. In Fig.4.3.1 y is an extreme point while x is not an extreme point. The set
extC is a closed set when n> 2. But in general extC has no topological or linear
properties. Obviously, if x is an extreme point of C, then the set C\ {x} is still a

convex set. A convex set C is always the convex hull of its extreme points.
Example 1: Consider C= {x € R" | "x” =1}

Then for x;, x2€C, we have the parallelogram equation
1 2 1
L Y Y L
Multiplying the equation by —:12- we get

nl )

This exhibits that every x of norm 1 is an extreme point of C.

2 2

X, X,

2

1 2
=5l +1.

Example2: Let C be a convex cone and xe C. Then we have that

S
3

3
This realizes that a non-zero x €C has no possibility to be an extreme point of C.
Seemingly
affine manifolds and half spaces have no extreme points.
A higher dimensional generalization of extreme points is the following
definition.
Definition 4.3.2: Let F and C be non-empty convex sets where
F < C cRn Then
F is said to be a face of C whenever (x;, x;) € Cx C and there exista € (0, 1) such
that
ax; + oaxz € F implies (x;, x2) cF.
Like other convex sets, a face has also its own affine hull, closure and relative
interior. If x eextC, then {x} is a face of C. That means extreme points appear as

faces that are singletons.
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Definition 4.3.3: Let C ¢ R" be a closed convex set. Then

FeC
is said to be an exposed face of C if there is a supporting hyperplane Hs,r of C
such that

F=C nHsr.
A point xeC at which there is a supporting hyperplane Hs, of C such that

C NnHs:={x}
is called an exposed point.
By definition the empty set and the set C itself are exposed faces of C. If a
supporting hyperplane touches C, then the set of contact points is also an
exposed face. Being the intersection of convex sets, an exposed face is also a face.
Let F be an exposed face and H, be its associated supporting hyperplane. Then
from the definition it immediately follows that

(s, y) < (s, x) forall yeC and all xeF.
The following is therefore an equivalent formulation of Definition 4.3.3.
The set Fc C is said to be an exposed face of C when there is a non- zero se R»
such that

F= {xeC| (s, x) = sup(s, ») }.

yeC

The exposed face of C associated with seR" is denoted by Fc(s).

Theorem 4.3.2: Let C < R" be a closed convex set and xe C. Then the following
properties are equivalent.

(i) s € Nc(x);

(ii)  xisin the exposed face Fc(s) : (s, x) = max (s, ¥);

(iii) x=Pc(x+s).
Proof: (i) = (ii):
Let s € Nc(x). Then

(s, y=x) <0 forallyeC.
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or
(s,x)=(s,y) forallyeC
Which implies that

(s, x) 2 max(s, y).
yE

Since x e C, it follows that
(s, x>=r}pgg< (s, ¥).
(ii) = (iii):
Suppose (s, x) = r;xea(x (s, y).Then
(s,x)=(s,y) forallyeC.
or
(s,y-x)<0 forallyeC.
Consequently,
((s+x)-x,y—x)<0 forallyeC
Then by Characterization Theorem we have that
x = Pc(x +s).
(iii) = (i):
Assume x = Pc(x +s). Then by Characterization Theorem it follows that
(s+x —=x,y—-x)=(s,y)<0 forally eC
That implies
s € N¢(x). a
From x = Pc (x +s), in particular we get
P (x)={x} + Nc(x) forall x € C.
Furthermore, since the projection is a single valued function for x # x/,

[{x}+ N In[{x'} + N (x) ]= 4.
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{x} + N¢' (x)= Pc(x)

{xi+ Te(x)

Fig.4.3.3 , Normal cones ,Projections and exposed face

Fix x € C and consider only those supporting hyperplanes that pass through x.
Then the corresponding intersection of the half spaces construct Tc(x) and ends
up with

{x} + Tc(x) o C.
If need be we apply the closure operation especially when the relative boundary of C
presents some curvature near to x. Doing this operation for all x € C yields

L c ﬂ [+ T-(x)]. (4-9)

xeC

The inclusion in (4.9) is actually equality. To observe this we proceed as below.
Consider a pointy ¢C. Then write y as y = Pc (y) + s where s =y - Pc (y).
Using Theorem 4.3.2 it follows that s € Nc[ Pc(y)]. Hence a non-zero s cannot be
in Tc[Pc(y)]. That means

y ¢ Pc(y) + Te[Pc(y)].
It means that y is not in the right hand side of (4.9). Furthermore, if xeriC, then
Tc(x) expands to the whole affC-{x} and contains all other tangent cones. Thus x

can be restricted to the relative boundary of C. To this effect

C= Nx+Tc(x)]

X € rbdC
The above result is formulated in the following.

Theorem 4.3.3: Let C < R" be a closed convex set and x € C. Then

C= NIx+Te(x)]

x € rbdC
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In chapter 2 we pointed out that the projection onto a closed convex set is
a continuous operator. In conical situations still some more can be said. The
normal and the tangent cones help to estimate the variation of this operator. In

line with this we enclose this chapter with the following approximation result.

Theorem 4.3.4: Let C < R" be a non -empty, closed and convex set. Then for x €

Cand deRm:

P(x+td)—x
lim Lt—)— P (d). (4.10)
Proof: By definition Pc (x + td) is the projection of x + td onto C. Applying the
Characterization Theorem we have that

(x+td-P.(x+td),z=P.(x+td)) <0 forallzeC.

z—-x C-x
=
!

Lety = . Then consider the following;

 Px+ud)-x yim Po(x+1td)—x )

( . ¢ t

1
#

(dt+x—P(.(x+td), z—PC(x-ktd)-x} <0 forallze C.

This means that

_Pebatd)-x | Pe(rtid)-x )

( B ] !

C—-x
t

<0 forally e

Then by the Characterization Theorem we get

Pi(x+1td)—x

Peo(d) = 55

Letting 7 ¥ 0 and applying both (4.3) and (4.7) gives the desired result (4.10).

Considering (4.10) and using property of the projection operator we have that
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]imP(.(x+td)—x ~ lim P.(x+td) - P.(x)
140 I3 140 f

= P
Thus P, ,,(d) is the directional derivative of Pc at x. a

Evidently, the notation 7', ,(.) = P'¢ (x,.) can be equally used. Moreover due to

the approximation role of the tangent cones a possible notation is also
Te(x) = C'(x).
In view of what has been said (4.10) can be rephrased as the projection and

derivation operations commute each other.i.e.  P'.(x,.) = Pu., ().

x+td

Fig.4.3.4, Differentiating a projection
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