
ADDIS ABABA UNIVERSITY 

COLLEGE of NATURAL SCIENCES 

Department of Mathematics 

 

A Graduate SEMINAR Report 

ON 
GENERALIZED SOLUTIONS OF BOUNDARY VALUE PROBLEMS WITH JUMP DISCONTINUITY 

(SUBMITTED IN PARTIAL FULFILLMENT OF THE M. Sc. DEGREE IN MATHEMATICS) 

 

 

 

COMPILED BY: ABDISSA SHIFERRAW 

ADVISOR: TADESSE ABDI (PH. D) 

 

 

FEBRUARY, 2012 

ADDIS ABABA, ETHIOPIA 

 



Declaration 

I de clare t hat t his p roject ha s be en c omposed by m e a nd t hat no  pa rt of  t he p roject ha s 

formed the basis for the award of any Degree, Diploma, Associate ship, Fellowship or any 

other similar title to me. 

 

 

 

Abdissa Shiferraw 

Signature    Date     

 

 

  



Permission Letter 

This is to certify that this project is compiled by Mr. Abdissa Shiferraw in the Department 

of Mathematics, Addis Ababa University, under my supervision.  

I he reby a lso c onfirm t hat the project can b e s ubmitted f or e valuation by e xaminers and 

eventual defense. 

 

 

 

 

                           Dr. Tadesse Abdi 

Signature     Date    

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ADDIS ABABA UNIVERSITY 

COLLEGE OF NATURAL SCIENCES 

DEPARTMENT OF MATHEMATICS 

 
GENERALIZED SOLUTIONS OF BOUNDARY VALUE PROBLEMS 

WITH JUMP DISCONTINUITY 
 

By:  Abdissa Shiferraw 

 

Approved by                                                                                                                                                     

Advisor                                                                                            Signature                                                                                                                                                                                                 

----------------------------------------------                                                     ------------------------------------------- 

Examiner 

----------------------------------------------                                                   -------------------------------------------- 
Examiner 

----------------------------------------------                                                  ---------------------------------------------- 
 

  



Table of contents 

Contents                   Page 

i. Acknowledgments-------------------------------------------------------------------------------i 

ii. Abstracts ----------------------------------------------------------------------------------------ii 

iii. Introduction ------------------------------------------------------------------------------------iii 

iv. List of symbols --------------------------------------------------------------------------------iV 

Chapter-1: Basic Concepts in Distribution Theory-------------------------------------------1 

1.1 The Space of Test functions D -----------------------------------------------------------1 

1.2 The Space of Distributions 𝐷𝐷′------------------------------------------------------------1  

         1.2.1 The Dirac Delta Function and Delta Sequences ------------------------------2 

                    A) The Dirac Delta Function---------------------------------------------------2 

                    B) The Delta Sequences --------------------------------------------------------2 

         1.2.2 The Heaviside Function----------------------------------------------------------3 

1.3 The Product of a Distribution-------------------------------------------------------------4 

1.4 The Generalized Derivatives of Distributions------------------------------------------6 

Chapter-2: Distributional Derivatives of Functions with Jump Discontinuity---------7 

2.1 The Space of Rapidly Decreasing Functions 𝒮𝒮 -------------------------------------10 

2.2 The Space of Tempered Distributions 𝒮𝒮 ′---------------------------------------------10 

2.3 The Fourier Transform of Rapidly Decreasing Functions S -----------------------11 

2.4 The Fourier Transform of Tempered Distributions 𝒮𝒮′------------------------------12 

2.5 The Convolution of Generalized Functions ------------------------------------------13 

Chapter-3: Generalized Solutions of Linear Ordinary Differential Equations ------15 

3.1 Ordinary Differential Operators--------------------------------------------------------15 

3.2 Homogeneous Differential Equations--------------------------------------------------16 

3.3 Inhomogeneous Differential Equations------------------------------------------------18 

3.4 Fundamental Solutions and Green’s Functions --------------------------------------21 

3.5 Second-Order Differential Equations with Constant Coefficients-----------------22 



Chapter-4: Boundary Value Problems with Jump Discontinuity------------------------25 

4.1 Second-Order Differential Equations with Variable Coefficients-----------------31 

4.2 Eigenvalue Problems---------------------------------------------------------------------35 

4.3 Higher-Order Differential Equations---------------------------------------------------39 

4.4 Ordinary Differential Equations with Singular Coefficients -----------------------42 

v. Conclusion -------------------------------------------------------------------------------------52 

vi. References--------------------------------------------------------------------------------------53



 



i 
 

i) Acknowledgements 

First of all, I would l ike to thank the one Alpha and Omega—God, the whole secret of  

my life. 

Next, I would like to express my heartfelt acknowledgements to my advisor Dr. Tadesse 

Abdi f or hi s c ooperation a nd c ontinuous f ollow up i n commenting a nd c orrecting me 

from the very beginning careful reading of the paper throughout the course of my seminar 

work. 

Last but not least, I would also like to express my deepest gratitude to my estimate friend 

Shiferaw Geremew for his encouragement moral support and suggestions. 

 

 

 

     

 

                                                                                          

                                                                                              

                                                                                              Abdissa Shiferraw 

                                                                                       Addis Ababa University                                                                                                                                                                 

February, 2012 

 
 

 

 

 

 

 

 

 



ii 
 

ii) Abstract 

We study on how to find a generalized solution of boundary value problems of different 

orders with ju mp discontinuity. H ere first, second or der linear i nhomogeneous 

differential equations are considered and then we extend it to the nth order. Green’s 

function plays a great role for solving such differential equations.  
Classical theory is based on solving first- or higher-order derivatives with jumps on both 
sides of the boundaries and then attempting to satisfy the boundary conditions.  Our aim 
is t o develop the vector analysis o f functions with j ump d iscontinuities across surfaces 
and boundaries that cannot be solved by classical techniques. With the help of this we can 
solve many unsolved problems in the potential, scattering and wave propagation theories. 
Furthermore, problems whose solutions are already known can be solved by this method 
in a very simple fashion.   

We can  al so s how t hat t here i s a  ne w s olution of  l inear hom ogeneous s ystems of  
differential equations with singular in coefficients, in the space of generalized functions 
other than the classical solutions. 
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iii) Introduction   

In this seminar, there are some concepts that should be pointed out so that the reader will 

smoothly go t hrough. The f irst important point is the theory of  distribution. One of  the 

most useful aspects of the theory of distribution is that jump discontinuous functions can 

be handled as easily as continuous functions.  

Secondly, we w ill s ee t he generalized s olution of linear inhomogeneous ordinary 

differential equations o f g eneralized functions a nd linear hom ogeneous s ystems of  

differential equations with singular coefficients whose new solutions are in the space of 

generalized functions. We r eally gain no ne w insight into the solutions of  the cl assical 

problems in ordinary differential equations by using the theory of distributions. However, 

the theory does enhance our knowledge if discontinuities are present in these equations or 

if we w ant t o f ind t he f undamental s olutions.



iv 
 

)iV  List of symbols 

D   the space of test functions; 
S                      the space rapidly decreasing functions; 

∞= 0' CD  the space of distributions;  
S '                     the space of tempered distributions; 
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  Support of f ; 
𝛿𝛿   Dirac delta function; 
H  Heaviside function; 

∞C    Infinitely differentiable function; 
⊂⊂    Strictly compact support; 
L    linear ordinary differential operator; 
L*                    the formal adjoint of differential operator L; 
C0  the space of continuous ;functions  

hy   ogeneoushom ;solution  

py   particular  ;solution  

]2[m   the estl arg ;2int meger ≥   
,f ϕ〈 〉   the ondistributi f measured by test function ;ϕ   

BVP  boundary value ;problem  

IVP  initial value ;problem  

BC  boundary condition ;  

IC  initial ;condition
 

[ ] jξ                   Jump in the quantity across the point jξ  
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Chapter 1 

Basic Concepts in Distribution Theory 

Basically, d istributions are c ontinuous l inear f unctionals w hich were originally i ntroduced by 

Schwartz and is the most popular and direct method of studying distributions. i.e., distributions 

are generalizations of ordinary functions which are defined ea.  in 𝑅𝑅𝑛𝑛  and (Lebesgue) integrable 

in each finite interval [a, b]. For instance, Weiesrstrass function is not ordinary function since it 

is continuous nowhere differentiable. 

1.1 The space of Test functions 𝓓𝓓  

Definition: Let Ω ⊂ ℝ𝑛𝑛  be open. Included in the set of basic functions 𝒟𝒟(Ω) are all functions 

which are finite (or have compact support) and infinitely differentiable function in Ω.That is, 

𝒟𝒟(Ω) = {𝜑𝜑 ∶  𝜑𝜑 ∈ 𝐶𝐶∞(Ω) 𝑎𝑎𝑎𝑎𝑎𝑎 𝜑𝜑 ∈ 𝐶𝐶0(Ω)}, 

                                                     = {𝜑𝜑 ∶  𝜑𝜑 ∈ 𝐶𝐶0
∞(Ω)}.  

Example: 
2

1
1 ,( )

0,

xexϕ
−

−
= 


  
1,

1,

x

x

<

≥
 is in 𝒟𝒟 since 𝜑𝜑(𝑥𝑥) ∈ 𝐶𝐶∞(ℝ𝑛𝑛)  𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (𝜑𝜑) = [−1,1].                                                

Convergence i n 𝓓𝓓: A given s equence {𝜑𝜑𝑛𝑛}𝑛𝑛∈ℕ  in 𝒟𝒟(Ω) converges t o 𝜑𝜑 in 𝒟𝒟(Ω) if th e 

following two conditions are satisfied:   

(i)   ∃ a compact set ,Ω⊂⊂K such that 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑𝑛𝑛) ⊂ 𝐾𝐾,   ∀𝑛𝑛, 

                 (ii)  ∀𝛼𝛼 ∈ ℕ0
𝑛𝑛  we have ‖𝐷𝐷𝛼𝛼𝜑𝜑𝑛𝑛 − 𝐷𝐷𝛼𝛼𝜑𝜑‖∞ ⟶ 0. 

A linear set 𝒟𝒟(Ω) equipped with such convergence is called the space of test/basic functions 𝒟𝒟. 

1.2 The space of Distributions 𝓓𝓓′ 

Definition: A di stribution ( generalized function) 𝑓𝑓 ∈  𝒟𝒟′ on a  non -empty ope n s et   Ω ⊂ ℝ𝑛𝑛  is 

any c ontinuous l inear f unctional on t he s pace of  test/basic functions 𝒟𝒟. By this de finition of  

distribution, we mean that 

 A distribution 𝑓𝑓 is a functional on 𝒟𝒟 , that is, with each 𝜑𝜑 ∈ 𝒟𝒟 there is associated 

(complex) number 〈𝑓𝑓,𝜑𝜑〉. 
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 A di stribution 𝑓𝑓 ∈  𝒟𝒟′ is a  lin ear f unctional o n 𝒟𝒟, t hat i s, i f 𝜑𝜑,𝜓𝜓 ∈ 𝒟𝒟 and    

  𝜆𝜆, 𝜇𝜇 ∈ ℂ,  then   〈𝑓𝑓, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇〉 = 𝜆𝜆〈𝑓𝑓,𝜑𝜑〉 + 𝜇𝜇〈𝑓𝑓,𝜓𝜓〉.   

 A di stribution 𝑓𝑓 ∈  𝒟𝒟′ is a  c ontinuous f unctional o n 𝒟𝒟, t hat i s, if 𝜑𝜑𝑛𝑛 ⟶ 𝜑𝜑 

in 𝒟𝒟(Ω) as 𝑛𝑛 ⟶ ∞, then 〈𝑓𝑓,𝜑𝜑𝑛𝑛〉 ⟶ 〈𝑓𝑓,𝜑𝜑〉 as 𝑛𝑛 ⟶ ∞. 

One of the most important examples is the so called Dirac delta functionδ . 

Definition: Distributions generated by locally summable function )(1 Ω∈ locLf via the formula: 

,)()(, ∫=〉〈 dxxxff ϕϕ   )(Ω∈ Dϕ  

are called regular distributions and all others are called singular distributions. 

Example: Dirac delta function δ is a singular distribution.  

Convergence i n 𝓓𝓓′: A seq uence 𝑓𝑓𝑛𝑛 ∈  𝒟𝒟′(Ω) converges t o 𝑓𝑓 in '( )D Ω , denoted b y 𝑓𝑓𝑛𝑛 ⟶ 𝑓𝑓 

as  𝑛𝑛 ⟶ ∞ if  〈𝑓𝑓𝑛𝑛 ,𝜑𝜑〉 ⟶ 〈𝑓𝑓,𝜑𝜑〉 ∀𝜑𝜑 ∈ 𝒟𝒟(Ω).This convergence is termed as weak convergence. 

1.2.1 The Dirac Delta Function and Delta Sequences 

A) The Dirac Delta Function 

In physical problems one often encounters idealized concepts such as a force concentrated at a 

point ξ  or an impulsive force that acts instantaneously. Such forces are described by distribution 

called the Dirac delta ( ) :xδ ξ−   

,
( )

0,
xδ ζ

+∞
− = 



,
.

x
x

ξ
ξ

=
≠

 

B) The Delta Sequences 

Here we consider a sequence whose limit is the delta function.  

Example: )(xsm  = xmx π/)(sin , 1,2,m =  

It is clear that for a fixed m as |x| becomes large, )(xsm becomes small. Since

0

sin 2 sinx xdx dx
x xπ π

∞ ∞

−∞

 
=  

 
∫ ∫  2 ( ) 1

2
π

π
= for changing x to mx , we obtain  sin 1,mxdx

xπ

∞

−∞

=∫ .m∀
 

 



                     Generalized solutions of boundary value problems with jump discontinuity 2012 

 

3 
 

Definition:  A sequence ms  is called a delta-convergent sequence if 

lim ( ) ( ) (0)mm
s x x dxϕ ϕ

∞

→∞
−∞

=∫  

for a ll f unctions )(xϕ  sufficiently s mooth .∞<<∞− x Thus w e can  say  t hat f or a d elta 

convergent sequence  lim𝑚𝑚→∞ ).()( xxsm δ=
.
In this case we have taken the unit charge located at 

0.x = If it is located at ,x ξ=  then the preceding formulas becomes  

lim ( ) ( ) ( )mm
s x x dx xξ ϕ ϕ ξ

∞

−∞→∞
− = −∫  

and lim ( ) ( ).mm
s x xξ δ ξ

→∞
− = −

 

Thus for any basic function 𝜑𝜑 D∈ , we have Dirac delta distribution in nR  is 

                                                     〈𝛿𝛿( )x ξ− ,𝜑𝜑(𝑥𝑥)〉 = 𝜑𝜑�ξ � for a fixed point ξ  in .nR  

1.2.2 The Heaviside Function  
The Heaviside function denoted )(xH  which has a jump discontinuity at x = 0 is defined by  

0,
( )

1,
H x 

= 
  

0,
0.

x
x

<
>  

If t he j ump di scontinuous i n t he Heaviside f unction is a t a  poi nt ,ξ=x  then it is w ritten 

:)( ξ−xH  

0,
( )

1,
H x ξ


− = 

   

,
.

x
x

ξ
ξ

<
>  

The function )(xH  will prove very useful in the study of the generalized functions, especially in 

the discussion of functions with jump discontinuities. For instance, let )(xF be a function that is 

continuous everywhere except for the point ,ξ=x at which point has a jump discontinuity: 

F(x) 1

2

( ),
( ),

F x
F x


= 



,
.

x
x

ξ
ξ

<
>
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Then it can be written 1 2( ) ( ) ( ) ( ) ( ).F x F x H x F x H xξ ξ= − + − It is shown in .Fig 1.2.

                     Y                                                             Y  

 

                         F(x)                                                                          

                   0                                X                             0         ξ                                X    

(a)                                                          (b)                                

Fig. 1.2 (a) F(x);              (b) ( ) ( )H x F xξ ξ− −  

The Heaviside distribution in nR  is 

,)(, ∫=〉〈
R

R dxxH ϕϕ  where 
1,

( )
0,RH x 

= 


,
.

x R
x R

∈
∉  

The support of )(xs  is t he sm allest closed s et ou tside of  w hich it vanishes. i.e.,

( ) { : ( ) 0}.s x x R s x= ∈ ≠ For instance, for D irac delta a nd H eaviside f unction, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ( ( )) 0,xδ =  

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ( ( ))H x = halve axis x > 0. 

Singular support of ( )s x  is closed set of points where ( )s x is not a smooth function. In view this 

, singular support of ( ),xδ )(xH and |x| are x = 0. 

A continuous function f has compact support if its support is compact set. A subset M X⊆  (X 

is topological space) is called a compact support if every open covering X has a finite cover M.  

1.3 Product of Distributions 

In ge neral, i t i s di fficult t o de fine t he pr oduct of t wo ge neralized functions. However, we can 

always a ssign a  m eaning t o t he product of  a ge neralized f unction )(xt  and a n i nfinitely 

differentiable function ( )xα  by setting 

                                                       , , ,t tα ϕ αϕ〈 〉 = 〈 〉         .Dαϕ ∈   

In ,particular t δ= and for every , ,D Cϕ α ∞∈ ∈  

                     0, , ( ) ( ) | (0) (0) (0) , (0) , .xx xαδ ϕ δ αϕ α ϕ α ϕ α δ ϕ α δ ϕ=〈 〉 = 〈 〉 = = = 〈 〉 = 〈 〉  

                       ∴ ).()0()()( xxx δαδα =  
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Theorem 1.1: Let a function ( ) ( )nf x C∈  , then  

                         

( ) ( ) ( )

0

!( ) ( ) ( 1) ( 1) (0) ( ).
!( )!

n
n n k n k k

k

nf x x f x
k n k

δ δ−

=

= − −
−∑

                            
 

:Pr oof For every  ,Dϕ ∈  

                                        
( ) ( )( ) ( ), ( ) [ ( ) ( )] ,n nf x x x f x x dxδ ϕ ϕ δ

∞

−∞
〈 〉 = ∫  

                                                                       
( 1) ( 1)( ) ( ) ( ) | [ ( ) ( )]' ( ) ,n nf x x x f x x x dxϕ δ ϕ δ

∞− ∞ −
−∞ −∞

= −∫  

                                                                       
( 1)[ ( ) ( )]' ( ) .nf x x x dxϕ δ

∞ −

−∞
= −∫  

After a succession of similar integrations by parts, we obtain 

( ) ( )( ) ( ), ( ) [ ( ) ( )] ( 1) [ ( ) ( )] ( ) .n n n nf x x x f x x dx f x x x dxδ ϕ ϕ δ ϕ δ
∞ ∞

−∞ −∞
〈 〉 = = −∫ ∫ onSubstituti of the

formula  
( ) ( ) ( )

0

![ ( ) ( )] ( ) ( )
!( )!

nn n k k
k

nf x x f x x
k n k

ϕ ϕ−
=

=
−∑ in the preceding relation  yields  

( ) ( ) ( ) ( )
0

!( ) ( ), ( ) [ ( ) ( )] ( 1) (0) (0),
!( )!

nn n n n k k
k

nf x x x f x x dx f
k n k

δ ϕ ϕ δ ϕ
∞ −

=−∞
〈 〉 = = −

−∑∫
 

                                                                     

( ) ( )

0

!( 1) ( 1) (0) ( ), ( ) .
!( )!

n
n k n k k

k

n f x x
k n k

δ ϕ−

=

= − 〈 − 〉
−∑                                                                        

Corollary  1.1:






−
−

= − ),(
)!(!

!)1(

,0
)( )(

)(

x
nmn

mxx nmn
mn

δ
δ

 

,
.

n m
n m

>
≤  

:Pr oof For  every  ,Dϕ ∈  

 
( ) ( )( ), ( ) [ ( )] ( ) ,n m n mx x x x x x dxδ ϕ ϕ δ

∞

−∞
〈 〉 = ∫  

                               
( 1) ( 1)( ) ( ) | [ ( )]' ( ) ,n m n mx x x x x x dxϕ δ ϕ δ

∞− ∞ −
−∞ −∞

= −∫   (int egration by )part  

                               ( 1) [ ( )] ( )m n mx x x dxϕ δ
∞

−∞
= − ∫ ( )

0( 1) ( ) ( ) | ,m n m m n
x

m
x x

n
ϕ −

=

 
= −  

 
∑ (by theorem 1.1)    

                              ( )

0,

( 1) (0),m m nm
n

ϕ −


=   −    

,
.

n m
n m

>
≤  
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( )( 1) , .m m nm

n
δ ϕ− 

= − 〈 〉 
   

                         ∴






−
−

= − ),(
)!(!

!)1(

,0
)( )(

)(

x
nmn

mxx nmn
mn

δ
δ

,
.

n m
n m

>
≤  

1.4 Generalized Derivatives of Distributions 
 

Definition: A (generalized) derivative 𝐷𝐷𝛼𝛼𝑓𝑓 of a distribution 𝑓𝑓 ∈  𝒟𝒟′  is defined by  

〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑〉 = (−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑〉  ∀𝜑𝜑 ∈  𝒟𝒟, 𝛼𝛼 ∈ ℕ0,
𝑛𝑛      |𝛼𝛼| = � 𝛼𝛼𝑖𝑖

𝑛𝑛

𝑖𝑖=1
. 

Claim: 𝐷𝐷𝛼𝛼𝑓𝑓 ∈  𝒟𝒟′ 

Clearly 𝐷𝐷𝛼𝛼𝑓𝑓 is a functional since 𝑓𝑓 ∈  𝒟𝒟′. 

Linearity: Let 𝜑𝜑,𝜓𝜓 ∈ 𝒟𝒟 and 𝜆𝜆, 𝜇𝜇 ∈ ℂ,  then  

             〈𝐷𝐷𝛼𝛼𝑓𝑓, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇〉 = (−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇)〉, 

                   = (−1)|𝛼𝛼 |〈𝑓𝑓, 𝜆𝜆𝜆𝜆𝛼𝛼𝜑𝜑 + 𝜇𝜇𝐷𝐷𝛼𝛼𝜓𝜓〉, 

        = 𝜆𝜆(−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑〉 + 𝜇𝜇(−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼𝜓𝜓〉, 

        = 𝜆𝜆〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑〉 + 𝜇𝜇〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜓𝜓〉. 

Hence 𝐷𝐷𝛼𝛼𝑓𝑓 is a linear functional on 𝒟𝒟. 

Continuity: Let 𝜑𝜑𝑛𝑛 ⟶ 𝜑𝜑 as 𝑛𝑛 ⟶ ∞ in 𝒟𝒟, then 

〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑𝑛𝑛〉 = (−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑𝑛𝑛〉 ⟶ (−1)|𝛼𝛼 |〈𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑〉 = 〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑〉. 

This implies that   〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑𝑛𝑛〉 ⟶ 〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑〉 as 𝑛𝑛 ⟶ ∞. Hence 𝐷𝐷𝛼𝛼𝑓𝑓 is continuous. 

                      ∴ 𝐷𝐷𝛼𝛼𝑓𝑓 ∈  𝒟𝒟′. 

In particular, if 𝑓𝑓 = 𝛿𝛿, then  〈𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑〉 = (−1)|𝛼𝛼 |〈δ ,𝐷𝐷𝛼𝛼𝜑𝜑〉,  𝜑𝜑 ∈  𝒟𝒟, 

                                                              =  (−1)|𝛼𝛼 |𝐷𝐷𝛼𝛼𝜑𝜑(0). 
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Chapter 2 

Distributional Derivatives of Functions with Jump Discontinuities   

Let )(xF  be a function of single variable x that has a jump discontinuity at x = 1ξ  of magnitude 

1a . ,i e
1 1[ ]F aξ =  but that everywhere e lse has a  continuous derivative. Let the de rivative in the 

interval x < 1ξ  and x > 1ξ , be denoted F'(x). This derivative is undefined at x = 1.ξ  However, with 

the help of generalized functions, the distributional derivative F'(x) in 1R is obtained by setting 
                                       )()()( 11 ξ−−= xHaxFxf                      (2.1) 

where H is t he H eaviside f unction. T he f unction ( )f x  is c ontinuous a t x = 1ξ . Its d erivative 

coincides with that of F(x) on both sides of 1ξ . Accordingly, we differentiate both sides of (2.1) 

and obtain 

                                    )()(')(' 11 ξδ −−= xaxFxF                      (2.2) 

or 

                                      )()(')(' 11 ξδ −+= xaxFxF                                                                  (2.3) 

 Equation (2.2) is easily generalized to a function F(x) that has jumps of magnitude 1 2, ,..., ka a a  

at 1 2, ,..., kξ ξ ξ .respectively The result is 

                                      
1

'( ) '( ) ( ).
k

j j
j

F x F x a xδ ξ
=

= + −∑                                                       (2.4) 

Let us now consider a function F( x ) that admits derivatives up to the second order on both sides 

of t he poi nt 1,ξ that ha s a  j ump di scontinuity of  s trength 1a  and whose derivative has a jump 

discontinuity of strength 1b  at this point. To obtain F"(x), we substitute F'(x) for F(x) in (2.2) and 

we get                                 

)()(''''' 1111 ξδξδ −−−−= xbxaFF  

or 

                                                   )()(''''' 1111 ξδξδ −+−+= xbxaFF                                         (2.5) 
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Theorem 1.2: Let a function ( ) ( ),nf x C∈  then 

( ) +−+−+−=− −− )(')()()()()()()( )2()1()()( ξδξξδξξξ xfxfxHxfxHxf nnnn
 

                                                ).()(... )1( ξδξ −+ − xf n
                            

:Pr oof For every  ,Dϕ ∈  

          ( ( ) ( )) , ( ) ( 1) ( ) ( ), ( ) ,n n nf x H x x f x H x xξ ϕ ξ ϕ〈 − 〉 = − 〈 − 〉  

                                      

                              

         ( 1) ( ), ( ) ( ) ,n nH x f x xξ ϕ= − 〈 − 〉  

                                       

                                       

( 1) ( ) ( ) ,
xn nf x x dϕ ξ

−∞
= − ∫ (int egration by )part  

               
( ) ( 1) ( 2)( ) ( ) ( ) ( ) ( ) '( )n n nf x H x f x f xξ ξ δ ξ ξ δ ξ− −= 〈 − + − + − + ( 1)( ) ( ), .nf xξ δ ξ ϕ−+ − 〉

  

       

a) )(xHDα                 b) xDα                  c) xD sgnα                     d) mxδ    

Solution: a) For every ,D∈ϕ  ,)(),(,)( 11 〉〈=〉〈 − xxHDDxHD ϕϕ αα  

                                                                          = ,)(),()1(
111 〉〈−

−− xDxHD ϕ
αα  

                                                                          = (-1) ,)(, 11 〉〈 −− xD ϕδ αα  

                                                                           = .,1 〉〈 − ϕδ α
 

Thus .1),()( )1( ≥= − αδ αα xxHD  

                 b)  ,,)1(, 〉〈−=〉〈 ϕϕ ααα DxxD  

                                       = ],)()([)1(
0

0
∫∫
∞−

∞

−+− dxxxDdxxxD ϕϕ ααα  
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                                       = ,)()1(2
0
∫
∞

− dxxxD ϕαα

 

                                       ,)()1(2|)()1(2
0

1
0

1|| ∫
∞

−∞− −−−= dxxDxxD ϕϕ αααα (Integration by part) 

                                          = ),0()1(2 2ϕαα −− D                                          

                                          = ,,)1(2 2 〉〈− − ϕδ αα D  

                                          = ,,)1()1(2 22 〉〈−− −− ϕδ ααα  

                                          = ,,2 2 〉〈 − ϕδ α    .2≥α  

Hence  
( 2)2 ,D xα αδ −=   2.α ≥  

                 c) ,,sgn)1(,sgn 〉〈−=〉〈 ϕϕ ααα DxxD  

                                           = (-1) ,)()(
0

0









−+∫ ∫

∞

∞−

dxxDdxxD ϕϕ ααα  

                                            = ,)()1(2
0
∫
∞

− dxxD ϕαα          (integration by part) 

                                             = ),0()1(2 1ϕαα −−− D  

                                             = ,,)1(2 1 〉〈−− − ϕδ αα D  

                                             = ,,2 1 〉〈 − ϕδ α  .1≥α  

                      ∴ =xD sgnα .1,2 1 ≥− αδ α
 

,Hence arinparticul .sgn' xx =  

                    d) ( ) ( ) ,,, 〉〈=〉〈 ϕδϕδ xx mm  

                                        = (-1) ( ) ,, 〉〈 mm xϕδ  

                                       = ,,)1( 1 〉+〈− − mmm xm ϕϕδ  

                                       = ( ),,,)1( 1 〉〈+〉〈− − mmm xm ϕδϕδ   since ,0, =〉〈 mxϕδ  

                                       = .,1 〉〈− − ϕδ mm      

                          ∴ ( )mxδ .1,1 ≥−= − mm mδ         
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Corollary 1.2: The derivative of the product of a distribution t and a function 1Cf ∈   is     

                                                        ( ) .d df dtft t f
dx dx dx

= +                                              

Proof: For every ,Dϕ ∈   

                                        ( ), , ,d dft ft
dx dx

ϕ ϕ〈 〉 = −〈 〉  

                                                           = - , ,dt f
dx

ϕ〈 〉  

                                                          = - , ( ) ,d dft f
dx dx

ϕ ϕ〈 − 〉  

                                                          = , ,dt dff t
dx dx

ϕ ϕ〈 〉 + 〈 〉
 

                                                          
, .dt dff t

dx dx
ϕ= 〈 + 〉

 

The higher order derivatives of the product can be defined in similar manner and we have 

Leibnitz' formula 

( )

0

!( )
!( )!

n
n n k k

k

nD ft f t
k n k

−

=

=
−∑

 

2.1 The Space of rapidly decreasing functions 𝓢𝓢 

Definition: The sp ace 𝒮𝒮 = 𝒮𝒮(ℝ𝒏𝒏) of a ll f unctions of  t he c lass 𝐶𝐶∞(ℝ𝒏𝒏) that d ecrease t ogether 

with a ll th eir d erivatives, a s |𝑥𝑥| ⟶ ∞, f aster t han a ny p ower of  |𝑥𝑥|−1 is cal led t he space o f 

rapidly decreasing functions also called Schwartz space. For instance, .)(
2

Sex x ∈= −ϕ  

Convergence in 𝓢𝓢:  The sequence of functions 𝜑𝜑1,𝜑𝜑2, …  , belonging to 𝒮𝒮 converges to a 

function 𝜑𝜑 in 𝒮𝒮, denoted by  𝜑𝜑𝑛𝑛 ⟶ 𝜑𝜑 as 𝑛𝑛 ⟶ ∞ in 𝒮𝒮, if for all 𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 : 

𝑥𝑥𝛽𝛽𝐷𝐷𝛼𝛼𝜑𝜑𝑛𝑛(𝑥𝑥) ⟹ 𝑥𝑥𝛽𝛽𝐷𝐷𝛼𝛼𝜑𝜑(𝑥𝑥), as  𝑛𝑛 ⟶ ∞. 

2.2 The Space of Tempered Distributions 𝓢𝓢′ 
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Definition: A ge neralized function of s low gr owth i s a ny continuous l inear functional on the 

space 𝒮𝒮 of test functions. We denote by  𝒮𝒮′ = 𝒮𝒮′(ℝ𝑛𝑛) the set of all generalized functions of slow 

growth. 

Convergence in 𝓢𝓢′: a sequence of generalized functions 𝑓𝑓1, 𝑓𝑓2, … taken from 𝒮𝒮′ convergences to 

the g eneralized f unction  𝑓𝑓 ∈ 𝒮𝒮 ′, denoted by  𝑓𝑓𝑘𝑘 ⟶ 𝑓𝑓, as 𝑘𝑘 ⟶ ∞ in 𝒮𝒮 ′, if fo r any 𝜑𝜑 ∈ 𝒮𝒮, 

〈𝑓𝑓𝑘𝑘 ,𝜑𝜑〉 ⟶ 〈𝑓𝑓,𝜑𝜑〉, 𝑘𝑘 ⟶ ∞. This co nvergence i s c alled a w eak co nvergence of a s equence of  

functional. 

The linear set 𝒮𝒮 ′ ( )Ω  equipped with convergence is termed the spaces 's of generalized functions 

of slow growth or tempered distributions. 

Note! D ⊂ S ⊂ 's ⊂ ' .D  

2.3 The Fourier Transform of rapidly decreasing functions S 

Since the test functions from 𝒮𝒮 are locally summable, the operation of Fourier Transform ℱ(𝜑𝜑) 

and inverse Fourier Transform ℱ−1(𝜑𝜑) are defined on them. 

Definition: If 𝜑𝜑 ∈ 𝒮𝒮(ℝ𝒏𝒏), we define the Fourier Transform and its inverse as follows: 

(ℱ𝜑𝜑)(𝜉𝜉) = (2𝜋𝜋)−
𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉 𝑑𝑑𝑑𝑑ℝ𝒏𝒏   𝑎𝑎𝑎𝑎𝑎𝑎  (ℱ−1𝜑𝜑)(𝜉𝜉) = (2𝜋𝜋)−

𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)ℝ𝒏𝒏 𝑒𝑒𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉 𝑑𝑑𝑑𝑑. 

Proposition 1.1: Two important formulae can be proved here, 

                               𝑖𝑖) [ℱ𝜑𝜑](𝜉𝜉) = (−𝑖𝑖)|𝛼𝛼 |ℱ[𝑥𝑥𝛼𝛼𝜑𝜑](𝜉𝜉) 

            𝑖𝑖𝑖𝑖) ℱ[𝐷𝐷𝛼𝛼𝜑𝜑](𝜉𝜉) = (𝑖𝑖𝑖𝑖)𝛼𝛼 [ℱ𝜑𝜑](𝜉𝜉) 

Proof:  𝑖𝑖) 𝐷𝐷𝛼𝛼 [ℱ𝜑𝜑](𝜉𝜉) = 𝐷𝐷𝜉𝜉𝛼𝛼 �(2𝜋𝜋)−
𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)ℝ𝒏𝒏 𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉 𝑑𝑑𝑑𝑑�,  

          = (2𝜋𝜋)−
𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)𝐷𝐷𝜉𝜉𝛼𝛼𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉𝑑𝑑𝑑𝑑ℝ𝒏𝒏 ,   

                                = (2𝜋𝜋)−
𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)(−𝑖𝑖𝑥𝑥1)𝛼𝛼1 (−𝑖𝑖𝑥𝑥2)𝛼𝛼2 … (−𝑖𝑖𝑥𝑥𝑛𝑛)𝛼𝛼𝑛𝑛 𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉 𝑑𝑑𝑑𝑑ℝ𝒏𝒏 , 

                                = (−𝑖𝑖)|𝛼𝛼 |(2𝜋𝜋)−
𝑛𝑛
2 ∫ 𝜑𝜑(𝑥𝑥)ℝ𝒏𝒏 𝑥𝑥𝛼𝛼𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉 𝑑𝑑𝑑𝑑,  

                     = (−𝑖𝑖)|𝛼𝛼 |ℱ[𝑥𝑥𝛼𝛼𝜑𝜑](𝜉𝜉).   

                𝑖𝑖𝑖𝑖) ℱ[𝐷𝐷𝛼𝛼𝜑𝜑](𝜉𝜉) = (2𝜋𝜋)−
𝑛𝑛
2 ∫  ℝ𝒏𝒏 𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉𝐷𝐷𝛼𝛼𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑,  

                                        = (2𝜋𝜋)−
𝑛𝑛
2 ∫  �– 1�

|𝛼𝛼 |
ℝ𝒏𝒏 𝜑𝜑(𝑥𝑥)𝐷𝐷𝛼𝛼𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉𝑑𝑑𝑑𝑑,  



                     Generalized solutions of boundary value problems with jump discontinuity 2012 

 

12 
 

                             = (2𝜋𝜋)−
𝑛𝑛
2 ∫  �– 1�

|𝛼𝛼 |
ℝ𝒏𝒏 𝜑𝜑(𝑥𝑥)(−𝑖𝑖𝑖𝑖)𝛼𝛼𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉𝑑𝑑𝑑𝑑, 

                             = �– 1�
|𝛼𝛼 |

(−𝑖𝑖𝑖𝑖)𝛼𝛼(2𝜋𝜋)−
𝑛𝑛
2 ∫  ℝ𝒏𝒏 𝜑𝜑(𝑥𝑥)𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,𝜉𝜉〉𝑑𝑑𝑑𝑑, 

                  = (𝑖𝑖𝑖𝑖)𝛼𝛼 [ℱ𝜑𝜑](𝜉𝜉). 

 

2.4 Fourier Transform of Tempered Distributions 𝓢𝓢′(ℝ𝐧𝐧) 

Definition: If  𝑓𝑓 ∈ 𝒮𝒮 ′(ℝ𝑛𝑛) , then 〈ℱ(𝑓𝑓),𝜑𝜑〉 = 〈𝑓𝑓,ℱ(𝜑𝜑)〉, ∀𝜑𝜑 ∈ 𝒮𝒮. 

In particular if 𝑓𝑓 = 𝛿𝛿, then 

〈ℱ(𝛿𝛿),𝜑𝜑〉 = 〈𝛿𝛿,ℱ(𝜑𝜑)〉 =  ℱ𝜑𝜑(0) = (2𝜋𝜋)−
𝑛𝑛
2 �  
ℝ𝒏𝒏

𝜑𝜑(𝑥𝑥)𝑒𝑒−𝑖𝑖〈𝑥𝑥 ,0〉𝑑𝑑𝑑𝑑, 

                                                           = (2𝜋𝜋)−
𝑛𝑛
2 ∫  ℝ𝒏𝒏 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑, 

                                                                                  = (2𝜋𝜋)−
𝑛𝑛
2〈1,𝜑𝜑〉. 

                                                                                   = 〈(2𝜋𝜋)−
𝑛𝑛
2 ,𝜑𝜑〉. 

                           ∴ ℱ(𝛿𝛿) = (2𝜋𝜋)−
𝑛𝑛
2  ,𝜑𝜑 ∈ 𝒮𝒮. 

Similarly, if  𝑓𝑓 = 1, then 

〈ℱ(1),𝜑𝜑〉 = 〈1,ℱ(𝜑𝜑)〉 = �  
ℝ𝒏𝒏

ℱ𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑, 

                                                  = (2𝜋𝜋)
𝑛𝑛
2ℱ−1ℱ𝜑𝜑(0), 

                                                             = (2𝜋𝜋)
𝑛𝑛
2  𝜑𝜑(0), 

                                                             = (2𝜋𝜋)
𝑛𝑛
2  〈𝛿𝛿,𝜑𝜑〉, 

                                                             = 〈(2𝜋𝜋)
𝑛𝑛
2𝛿𝛿 ,𝜑𝜑〉. 

Hence ℱ(1) = (2𝜋𝜋)
𝑛𝑛
2𝛿𝛿. 

We n ote t hat t he sp ace o f t est f unctions D is not  m apped i nto i tself by  the F ourier tra nsform 
(since th e F ourier t ransform o f a  function w ith c ompact support i s a n a nalytic f unction, a nd 
consequently is either not of compact support or zero).Thus it is not possible for 'Dϕ ∈ so that   

                                              ( ), , ( ) .F f f Fϕ ϕ〈 〉 = 〈 〉  

Proposition 1.2: Two important formulae can be also proved  
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                         𝑖𝑖) 𝐷𝐷𝛼𝛼 [ℱ𝑓𝑓](𝜉𝜉) = ℱ[(−𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓](𝜉𝜉) 

                         𝑖𝑖𝑖𝑖) ℱ[𝐷𝐷𝛼𝛼𝑓𝑓](𝜉𝜉) = (𝑖𝑖𝑖𝑖)𝛼𝛼 [ℱ𝑓𝑓](𝜉𝜉) 

Proof: 𝑖𝑖) 〈𝐷𝐷𝛼𝛼 [ℱ𝑓𝑓],𝜑𝜑〉 = �– 1�
|𝛼𝛼 |
〈ℱ𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑〉  , 𝑓𝑓 ∈ 𝒮𝒮 ′, 𝜑𝜑 ∈ 𝒮𝒮  

            = �– 1�
|𝛼𝛼 |
〈𝑓𝑓,ℱ(𝐷𝐷𝛼𝛼𝜑𝜑)〉 =  �– 1�

|𝛼𝛼 |
〈𝑓𝑓, (𝑖𝑖𝑖𝑖)𝛼𝛼(ℱ𝜑𝜑)〉,  

            =  �– 1�
|𝛼𝛼 |
〈(𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓,ℱ𝜑𝜑〉 =  〈(−𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓,ℱ𝜑𝜑〉 = 〈ℱ[(−𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓],𝜑𝜑〉, 

       ∴𝐷𝐷𝛼𝛼 [ℱ𝑓𝑓](𝜉𝜉) = ℱ[(−𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓](𝜉𝜉). 

               𝑖𝑖𝑖𝑖) 〈ℱ[𝐷𝐷𝛼𝛼𝑓𝑓],𝜑𝜑〉 = 〈𝐷𝐷𝛼𝛼𝑓𝑓,ℱ𝜑𝜑〉 , 𝑓𝑓 ∈ 𝒮𝒮 ′, 𝜑𝜑 ∈ 𝒮𝒮  

                   = �– 1�
|𝛼𝛼 |
〈𝑓𝑓,𝐷𝐷𝛼𝛼(ℱ𝜑𝜑)〉 = �– 1�

|𝛼𝛼|
〈𝑓𝑓, (−𝑖𝑖)|𝛼𝛼 |ℱ(𝜉𝜉𝛼𝛼𝜑𝜑)〉, 

                               = 𝑖𝑖|𝛼𝛼 |〈𝑓𝑓,ℱ(𝜉𝜉𝛼𝛼𝜑𝜑)〉 = 𝑖𝑖|𝛼𝛼 |〈ℱ(𝑓𝑓), 𝜉𝜉𝛼𝛼𝜑𝜑〉, 

                   = 𝑖𝑖|𝛼𝛼 |〈𝜉𝜉𝛼𝛼ℱ(𝑓𝑓),𝜑𝜑〉 = 〈(𝑖𝑖𝑖𝑖)𝛼𝛼ℱ(𝑓𝑓),𝜑𝜑〉, 

        ∴ℱ[𝐷𝐷𝛼𝛼𝑓𝑓](𝜉𝜉) = (𝑖𝑖𝑖𝑖)𝛼𝛼 [ℱ𝑓𝑓](𝜉𝜉). 

2.5 The Convolution of Generalized Functions 
 

:Definion Let ),(1
nloc RLf ∈ )(1

nloc RLg ∈ and ∫ ∈− ).()()( 1
nloc RLdyyxgyf Then the  

convolution of the functions f and g is  

∫ −= ,)()())(*( dyyxgyfxgf
 

or 

                                                      ∫ −=∗ .)()())(( dyyxfygxfg
                                        (2.5.1) 

Function ( 2.5.1) i s l ocally i ntegrable i n nR  and t herefore d efines a (regular) g eneralized 
function, acting on the test functions ( ),nD Rϕ ∈ according to the rule: 

                                       
( * )( ), ( ) ( * )( ) ( ) ,f g x x f g x x dxϕ ϕ〈 〉 = ∫  

                                                                    
( ) ( ) ( ) ,x f y g x y dydxϕ= −∫ ∫  

                                                                    
( ) ( ) ( ) ,f y g x y x dxdyϕ= −∫ ∫  

                                                                    ( ) ( ) ( ) ,f y g y d dyξ ϕ ξ ξ= +∫ ∫ set ,yx −=ξ  

                                                                    ( )[ ( ) ( ) ] .f y g x x y dx dyϕ= +∫ ∫  
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(by virtue of Fubini's theorem), that is, 

                             
( * )( ), ( )f g x xϕ〈 〉 ( ) ( ) ( ) ,f y g x x y dxdyϕ= +∫ ( ).nD Rϕ ∈   

(Condition fo r the E xistence of  a C onvolution) Let f  b e an  ar bitrary an d g  a generalized 
function with compact support. Then the convolution f * g exists in D' and appears in the form: 
                   * , ( ) ( ), ( ) ( ) ,f g f x g y y x yϕ η ϕ〈 〉 = 〈 ⊗ + 〉  Dϕ ∈  
where η  is a ny t est f unction equal t o 1 i n t he neighborhood of  t he s upport of g . F or this th e 
convolution is continuous with respect to f and g separately: 
(1) If kf f→ as k → ∞  in D', then * *kf g f g→ as k → ∞ in D'. 
(2) If kg g→ as k → ∞  and for a certain R, supp k Rg U⊂ , then * *kf g f g→ as k → ∞  in D'. 

What happens with Young’s Inequality if 1 1 11
p q r

+ − = is not satisfied? If , , [1, )p q r ∈ ∞  where 

1 1 11 ,
p q r

+ − = then ,pf L∈ :qg L∈   

                                               * rf g L∈  and  * .
r p qL L L

f g f g≤   

Remark: T he c onvolution of  a ny g eneralized f unction s  w ith t he Dirac d elta f unction always 

exists and equal to s .i.e.,                          

                                        * , ( ) ( ), ( ) ( ) ,s s x y y x yδ ϕ δ η ϕ〈 〉 = 〈 ⊗ + 〉  for any Dϕ ∈                          

                                                       
( ), ( ), ( ) ( ) ,s x y y x yδ η ϕ= 〈 〈 + 〉〉

 

                                                        
( ), ( ) ,s x yϕ= 〈 〉

 
                                .** sss ==∴ δδ  
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Chapter 3  

Generalized Solutions of Linear Ordinary Differential Equations 

3.1 Ordinary Differential Operators 

A linear differential equations of operator ,)(
0

∑
=

=
n

m
m

m

m dx
dxaL  is defined by,             

1

1 1 01
0

( ) ( ) ... ( ) ( )
n n mn

n n mn n m
m

d d d d tLt a x a x a x a t a x
dx dx dx dx

−

− −
=

 
= + + + + = 

 
∑

                         

(3.1.1)

and its formal adjoin denoted L *, 

0

( ( ) )* ( 1) ,
mn

m m
m

m

d a xL
dx

ϕϕ
=

= −∑
          

 

where the coefficients ,)( ∞∈Cxam t  is a  distribution in 𝒟𝒟′and ϕ  is a  test function in D. These 

operators are related as distributional sense by the equation 

( )
0 0

( )
, ( ) , , ( 1) , * .

mmn n
m m

m m m
m m

d a xd tLt a x t t L
dx dx

ϕ
ϕ ϕ ϕ

= =

〈 〉 = 〈 〉 = 〈 − 〉 = 〈 〉∑ ∑  

This m eans t hat t he a ction of  Lt  on ϕ is e quivalent t o t he a ction of  t  on t he t est f unction

* .Lψ ϕ=  

Consider the differential equation, 

                                                              ( ),Lt f x=                                                                  (3.1.2) 

where f is an arbitrary known distribution. A distribution t  is a solution of differential equation 

(3.1.2) if for every test function ϕ  we have 

                                            , ,Lt fϕ ϕ〈 〉 = 〈 〉          or   , , *t f Lϕ ϕ〈 〉 = 〈 〉                                 (3.1.3) 

In searching for a solution t of differential equation (3.1.2) we may have the following situations: 
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(1) A solution t is said to be classical solution if ,∞∈Ct so that the operations in (3.1.2) can be 
performed in the classical sense and the resulting equation is an identity. 

(2) A solution t is said to be weak solution if it is not sufficiently smooth, so that the operation in 
(3.1.2) cannot be performed, but it satisfies (3.1.3) as a distribution.  

(3) A solution t is said to be distributional solution if it  is a singular d istribution and sat isfies 
(3.1.3).  

3.2 Homogeneous Ordinary Differential Equations 

Consider the simplest homogeneous differential equation, 

                                                   .0=dxdt                                                                              (3.2.1)                                            

We know that the only classical solution to this equation is t = c, constant. 

Lemma 1.1:  Any test function )(xψ can be represented as the derivative of another test function 

( )xϕ  if and only if ∫
∞

∞−

= .0)( dxxψ  

Proof:  

( )⇒ Suppose that ( ) '( )x xψ ϕ=  for ( )x Dϕ ∈ . Then we have  

( ) '( ) ( ) | 0.x dx x dx xψ ϕ ϕ
∞ ∞

∞
−∞

−∞ −∞

= = =∫ ∫  

( )⇐  Suppose that ( ) ( ) ,x u du Cϕ ψ
∞

∞

−∞

= ∈∫  and )(xψ and '( )xϕ  vanish outside the same interval. 

Thus )(xψ = '( )xϕ . 

Theorem 1.3: The only generalized solution to (3.2.1) is .t c=  

Proof:  From equation (3.2.1) we have 〈 't , , ' 0tϕ ϕ〉 = −〈 〉 = .Thus 0, =〉〈 ψt  because of Lemma 

1.1, ( ) '( ).x xψ ϕ= Let us  now  t ake a  f ixed t est f unction 0ϕ  that is normalized su ch t hat

0( ) 1,x dxϕ
∞

−∞

=∫  and write as decomposition        

0 0( ) ( ) ( ) ( ) ( ) ( ) ,x x u du x x u duϕ ϕ ϕ ϕ ϕ ϕ
∞ ∞

−∞ −∞

= + −∫ ∫  .Dϕ ∈  
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If we set 0( ) ( ) ( ) ( ) ,x x x u duψ ϕ ϕ ϕ
∞

−∞

= − ∫ and 0( ) ( ) ( ) ( ) 0.x dx x dx x dx u duψ ϕ ϕ ϕ
∞ ∞ ∞ ∞

−∞ −∞ −∞ −∞

= − =∫ ∫ ∫ ∫  

Then 0 0, , ( ) , , ( ) ( ) ,t t u du t t u du c u duϕ ϕ ϕ ψ ϕ ϕ ϕ
∞ ∞ ∞

−∞ −∞ −∞

〈 〉 = 〈 〉 + 〈 〉 = 〈 〉 =∫ ∫ ∫  tancons t 0, ,c t ϕ= 〈 〉  

                                                                                        , .c ϕ= 〈 〉  

Hence t c=  is the only generalized solution. 

Corollary 1.3: If two generalized functions s and t have the same derivative, then s = t + c. 

Proof: Suppose that '.' ts =  Then ', ',s tϕ ϕ〈 〉 = 〈 〉 or , ' 0.s t ϕ〈 − 〉 = Thus 0, =〉−〈 ψts  because of 

Lemma 1.1, ( ) '( ).x xψ ϕ= By using the decomposition 

0 0 0( ) ( ) ( ) ( ) ( ) ( ) ,x x u du x x u duϕ ϕ ϕ ϕ ϕ ϕ
∞ ∞

−∞ −∞

= + −∫ ∫ and if we set 0( ) ( ) ( ) ( ) ,x x x u duψ ϕ ϕ ϕ
∞

−∞

= − ∫ we 

obtain                             0( ) ( ) ( ) ( ) 0.x dx x dx x dx u duψ ϕ ϕ ϕ
∞ ∞ ∞ ∞

−∞ −∞ −∞ −∞

= − =∫ ∫ ∫ ∫  

Then
                             

0, , ( ) , ,s t s t u du s tϕ ϕ ϕ ψ
∞

−∞

〈 − 〉 = 〈 − 〉 + 〈 − 〉∫  
 

                                                    
0, ( ) ,s t u duϕ ϕ

∞

−∞

= 〈 − 〉 ∫
 

                                                   
( ) ,c u duϕ

∞

−∞

= ∫
 
for constant 0, ,c s t ϕ= 〈 − 〉  

 

                                                   
, .c ϕ= 〈 〉  

So we obtain .s t c= +  

Corollary 1.4: Let ),...,,( 21 ntttT =  be an n-dimensional vector distribution. Then the solution of 

the differential equation 0=
dx
dT is ,T C= ( 1 2, ,..., ).nC c c c=  

Proof: F rom equation 0,dT
dx

=  we ha ve ', , ' 0.T Tϕ ϕ〈 〉 = −〈 〉 = Thus 0, =〉〈 ψT  because o f 

Lemma 1.1, ( ) '( ).x xψ ϕ=  By using the decomposition 
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0 0( ) ( ) ( ) ( ) ( ) ( ) ,x x u du x x u duϕ ϕ ϕ ϕ ϕ ϕ

∞ ∞

−∞ −∞

= + −∫ ∫
  

and set                                  0( ) ( ) ( ) ( ) ,x x x u duψ ϕ ϕ ϕ
∞

−∞

= − ∫
 

we obtain                            0( ) ( ) ( ) ( ) 0.x dx x dx x dx u duψ ϕ ϕ ϕ
∞ ∞ ∞ ∞

−∞ −∞ −∞ −∞

= − =∫ ∫ ∫ ∫  

Then                                
      

0, , ( ) , ,T T u du Tϕ ϕ ϕ ψ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉∫  
 

                                                         
0, ( ) ,T u duϕ ϕ

∞

−∞

= 〈 〉 ∫
 

                                                        
( ) ,C u duϕ

∞

−∞

= ∫ for constant 0, ,C T ϕ= 〈 〉
 

                                                        , .C ϕ= 〈 〉  

So the solution is T = C. 

The idea of corollary 2.2 can be extended to the nth-order ordinary differential equation 

,0'... 01
)1(

1
)( =++++= −

− tatatataLt n
n

n
n  

where 0,1,..., ;ja C j n∞∈ ∀ = 0.na ≠ The solution in this case has also the same as the classical
.solution Indeed, t his e quation c an be  t ransformed t o a  s ystem of  linear first-order o rdinary 

differential equations, as will be explained in Section 4.3. The solution in this case has also the 
same form as the classical solution. 

3.3 Inhomogeneous Differential Equations  

The simplest inhomogeneous ordinary differential equation is ,fdxdt = where .0Cf ∈  

A distribution t is a  s olution of  t his e quation i f ', ,t fϕ ϕ〈 〉 = 〈 〉 or , ' , ,t fϕ ϕ〈 〉 = 〈 − 〉 for e very

.Dϕ ∈ To solve this equation we call to the decomposition:    

                                        0 0( ) ( ) ( ) ( ) ( ) ( ) .x x u du x x u duϕ ϕ ϕ ϕ ϕ ϕ
∞ ∞

−∞ −∞

= + −∫ ∫  

Then we have              0, , ( ) , ,t t u du tϕ ϕ ϕ ψ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉∫ 0, , ( ) , ,t t u du tϕ ϕ ϕ ψ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉∫
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where                    0( ) ( ) ( ) ( ) .x x x u duψ ϕ ϕ ϕ
∞

−∞

= − ∫
 
Let 1 0( ) ( ) ( ) ( ) .x u du v dv u duϕ ϕ ϕ ϕ

∞ ∞ ∞

−∞ −∞ −∞

= −∫ ∫ ∫  

since 1' ,ψ ϕ=  we can use ( ) '( ),x xψ ϕ= 1( ) ( ).x xϕ ϕ= Thus , ' , ,t fϕ ϕ〈 〉 = 〈 − 〉         

                            1 0, , , .t f tψ ϕ ϕ⇔ 〈 〉 = 〈 − 〉 = 〈 〉 Since  〉〈 ψ,t is known , we  have  

                                        
           

0 0, , ( ) , , , .t t u du t c tϕ ϕ ϕ ψ ϕ ϕ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉 = 〈 〉 + 〈 〉∫
 

So we obtain    

                                                         0,t c t= +         
where c is homogenous solution and  0t is  the particular .solution

 
Corollary 1.5: The s olution of  a ve ctor e quation ,F

dx
dT

= where ),...,,( 21 ntttT =  and 

),,...,,( 21 nfffF = is ,0TCT += where C i s a  c onstant ve ctor di stribution a nd 0T is the

particular .solution  

Proof: By taking composition 0 0( ) ( ) ( ) ( ) ( ) ( ) .x x u du x x u duϕ ϕ ϕ ϕ ϕ ϕ
∞ ∞

−∞ −∞

= + −∫ ∫ Then we have  

                           0, , ( ) , ,T T u du Tϕ ϕ ϕ ψ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉∫ where 0( ) ( ) ( ) ( ) .x x x u duψ ϕ ϕ ϕ
∞

−∞

= − ∫
 

Let 1 0( ) ( ) ( ) ( ) .x u du v dv u duϕ ϕ ϕ ϕ
∞ ∞ ∞

−∞ −∞ −∞

= −∫ ∫ ∫  since 1' ,ψ ϕ=  we can use ( ) '( ),x xψ ϕ=   

1( ) ( ).x xϕ ϕ= Thus  1 0, ' , , , ,T f T f Tϕ ϕ ψ ϕ ϕ〈 〉 = 〈 − 〉 ⇔ 〈 〉 = 〈 − 〉 = 〈 〉  cesin  〉〈 ψ,T is .known

,yAccordingl we  have 0 0, , ( ) , , , ,T T u du T C Tϕ ϕ ϕ ψ ϕ ϕ
∞

−∞

〈 〉 = 〈 〉 + 〈 〉 = 〈 〉 + 〈 〉∫  so we  obtain   

                                                 .0TCT +=   
The generalized solution of the inhomogeneous ordinary differential equation 

                           ,'... 01
)1(

1
)( ftatatata n

n
n

n =++++ −
−                   (3.3.1) 

where ,,...,1,0 njCa j =∀∈ ∞  t is a s calar d istribution, ,0≠na and 0Cf ∈  (or th e generalized 

solution of its equivalent system of the first order equations), is identical to the classical solution. 
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We shall discuss in Section 4.3 the equation obtained from (3.3.1) by substituting )(xδ for the 
right side. 

For the sake of demonstration, we consider the following problems. 

1. Find the general solution of the equation ,0=dxdtxm  m .1≥  

Solution: Indeed, we assume that ),(...)(')()()( 2
14321 xcxcxcxHccxt m

m
−

++++++= δδδ so 

that ).(...)(')()(' 1
132 xcxcxcxt m

m
−

++++= δδδ  
Thus  ( 1)

2 3 1'( ), ( ), '( ), ... ( ), ( ) ,m m m m m
mx t x c x x c x x c x x xϕ δ ϕ δ ϕ δ ϕ−

+〈 〉 = 〈 〉 + 〈 〉 + + 〈 〉  

                             
1 ( 1)

2 3 1( ), , ( ) ' ... ( 1) ( ), ( )) ,mm m m m
mc x x c x c x x xδ ϕ δ ϕ δ ϕ− −

+= 〈 〉 − 〈 〉 + + − 〈 〉  

                             
1 ( 1)

2 0 3 0 1 0( ) | ( ( )) ' | ... ( 1) ( )) | ,mm m m m
x x m xc x x c x x c x xϕ ϕ ϕ− −

= = + == − + + −  

                              0 0, .ϕ= = 〈 〉  
and we have 0)(' =xtxm  as required. Hence,   

)(...)(')()()( 2
14321 xcxcxcxHccxt m

m
−

++++++= δδδ  

is the general solution of the given equation. 

For m = 1 the solution reduces to ),()( 21 xHccxt += which is a weak solution since the ordinary 

function H(x) is not differentiable at x=0. 

For ,2≥m )(...)(')()()( 2
14321 xcxcxcxHccxt m

m
−

++++++= δδδ is the distributional solution. 

2. We show that the general solution of 1=
dx
dtx  is          

.ln)()( 21 xxHccxt ++=  

Solution: For every ,Dϕ ∈  

               ( )1 2 2
1( ) ln , ( ) ( ), ,dx c c H x x xc x xpf

dx x
ϕ δ ϕ〈 + + 〉 = 〈 + 〉

 
1( )pf
x

 is principal part
1( )
x

 

                                                                2
1( ), ( ), ,c x x xpf
x

δ ϕ ϕ= 〈 〉 + 〈 〉                                                      

      
,

0

( ) ( )
lim

x dx x dxx x
x x

ε

εε

ϕ ϕ− ∞
= ∫ ∫

−∞→

 +  
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0

lim ( ) ( ) ,x dx x dx
ε

ε
ε

ϕ ϕ
− ∞

→
−∞

 
= + 

 
∫ ∫

 

                                                                ( ) 1, .x dxϕ ϕ
∞

−∞

= = 〈 〉∫  

Hence .1=
dx
dtx Thus  xxHccxt ln)()( 21 ++=  is the general solution. 

3. Show that the general solution of )1(2

x
pf

dx
dtx =

 
is   

).1(
2
1)()()( 2321 x

pfxcxHccxt −++= δ  

Solution: For every ,Dϕ ∈           

2 2 2
1 2 3 2 32

1 1 1( ) ( ) ( ) , ( ) '( ) ( ),
2

dx c c H x c x pf x c x x c x pf
dx x x

δ ϕ δ δ ϕ 〈 + + − 〉 = 〈 + + 〉 
 

, 

                                                                        2 2
2 3

1( ), '( ), ( ), ,c x x c x x pf
x

δ ϕ δ ϕ ϕ= 〈 〉 + 〈 〉 + 〈 〉  

                                                                        
10 0 ( ), ,pf
x

ϕ= + + 〈 〉  

                                                                         1( ), .pf
x

ϕ= 〈 〉  

So
 

)1(
2
1)()()( 2321 x

pfxcxHccxt −++= δ is the general .solution .  

3.4 Fundamental Solutions and Green’s Functions 

Definition: The fundamental solution E for differential operator L is defined as LE(x) = δ (x), 

where L is defined in (3.1.1). 

Let u s s tart w ith th e s imple ordinary d ifferential e quation )(xaE
dx
dE δ=+ . If 0,a =

( ) ( )E x H x C= + and i f 0,a ≠  its g eneral s olution is  ( ) ( ) ( ) ,axE x H x U x Ce−= + where U

satisfies IVP: ,0=+ aU
dx
dU

0| 1.xU = =  These arguments e xtend to a  s ystem of  f irst-order 

differential equations 
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,)( IxAE
dx
dE δ=+  

where the fundamental solution E is now an n x n matrix, A is a given n x n matrix whose entries 

are in ,C∞  and I is the identity matrix. Its particular solution is ( ) ( ) ( ) ,axE x H x U x Ce−= +  where 

U  satisfies IVP:                                     ,0=+ AE
dx
dE  .| 0 IE x ==              

 

 

We ha ve r ight f undamental solution ( ) ( ) ( ) xAE x H x U x e C−= + which sat isfies t he eq uation 

( )dE AE I x
dx

δ+ =
 
and the left fundamental solution ( ) ( ) ( ) xAE x H x U x Ce−= + is the distribution 

that satisfies the equation    

.)( IxEA
dx
dE δ=+

 
This solution helps us in solving the inhomogeneous equation for a distribution vector ,t                                            

,TAt
dx
dt

=+  

where T is a  di stribution ve ctor w ith a  c ompact s upport. I ndeed, t he pa rticular s olution i s the 

convolution 

( ) ( ) ( ) ( ) ( ) ,
x yA

pt x E x T U y T x y dy e T x y dy
∞ −

−∞ −∞
= ∗ = − + −∫ ∫  

while the homogenous solution is the same as the classical one.  

Green’s function provides an powerful a lternative to the method of  separation of  variables to 
solve inhomogeneous BVP. 

Example: The general solution of the BVP (in classical sense) 
                                                      ),('' xfy = (0) 0 (1),y y= =  

can be written in the form ∫=
1

0

,)(),( dssfsxGy where ),( sxG is the Green’s function defined by 





−
−

=
),1(
),1(

),(
sx
xs

sxG  
.1
,0

≤≤
≤≤

sx
xs

 

Note that: Fundamental solution helps us in solving the inhomogeneous equation ,dt dx At T+ =
but Green’s functions used to solve inhomogeneous BVP. 
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The next natural step would be to consider the general nth-order ordinary differential operator. 
We shall, of course, attend to it, but first we want to discuss second-order ordinary differential 
equations, because they are the cornerstone of mathematical physics and theoretical mechanics. 
 
3.5 Second-Order Differential Equations with Constant Coefficients 
 
Let us consider the simplest second differential equation with constant coefficient: 

                                               ).(),(
2

2

ξδξ
−= x

dx
xEd

                 
(3.5.1)  

 

Since ),()(' xxH δ= integrate this equation both side with respect to x by fixξ as constant, we 

obtain 

),()(),( ξαξξ
+−= xH

dx
xdE

 
where )(ξα is an arbitrary function.  Next, integrate this equation and we obtain 

                        
),()()(),( ξβξαξξ ++−= ∫

∞−

xdxxHxE
x

     

                                    ),()()(|)( ξβξαδξ ++−−= ∫ ∞−∞− xdxxxxxH
xx

  
(Integration by part)       

                                    
),()()()( ξβξαξξ ++−−= xxHx                (3.5.2)

 where )(ξβ  is another arbitrary function.  

The s olution )()()()(),( ξβξαξξξ ++−−= xxHxxE  is a  continuous a nd pi ece-wise 

differentiable f unction. T hus i t i s t he s olution of  ( 3.5.1) a nd i t helps us in s olving t he 

inhomogeneous equation 

                                                  

2

2 ( ),d t f x
dx

=                                                                           (3.5.3) 

where ( )f x  is a distribution with compact support.  Indeed, the solution of (3.5.3) is 

                                                  ( ) ,t x E f= ∗                                                                          (3.5.4)  

Let us see i f we can solve with the he lp of  the above analysis an IVP or BVP in the classical 

theory of ordinary differential equations.  
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Let us consider BVP: ),(2

2

xf
dx

ud
=  ,10 ≤≤ x  ,0)1()0( == uu  where )(xf  is a n i ntegrable 

function with compact support in ].1,0[  Appealing to relations (3.5.2) and (3.5.4), we find that  

                                      ExU =)( * [( ) ( ) ( ) ( )]* ,f x H x x fξ ξ α ξ β ξ= − − + +  

                                               ,)()()()()()()( ∫∫ ∫
∞

∞−

∞

∞−

∞

∞−

++−−= ξξξβξξξαξξξξ dfdfxdfxHx  

                                                ∫ ∫ ∫
∞−

∞

∞−

∞

∞−

++−=
x

dfdfxdfx .)()()()()()( ξξξβξξξαξξξ  

From BCs: ,0)()()()0(
0

∫∫
∞

∞−∞−

=+−= ξξξβξξξ dfdfu                                                              (3.5.5) 

                   ∫ ∫ ∫
∞−

∞

∞−

∞

∞−

=++−=
1

0)()()()()()1()1( ξξξβξξξαξξξ dfdfdfu
                          

(3.5.6)
 

From (3.5.5)
 
we find that ∫∫

∞

∞−∞−

= ξξξβξξξ dfdf )()()(
0

).()( ξξξβ −=⇔ H Then (3.5.6) yields
 

                                               


 +−

=
,0

),(1
)(

ξξ
ξα

H
     

.1
,1

>
≤≤∞−

ξ
ξ

 
Thus particular solution is  

∫ ∫ −−−=
x

dfxdfxu
0

1

0

)()1()()1()( ξξξξξξ  

                                                   ,)()1()()()(
1

0

1

0
∫∫ −−−−= ξξξξξξξ dfxdfxHx    

                                                   ∫ ∫=−−−−=
1

0 0

,)(),()()]1()()[(
x

dfxGdfxxHx ξξξξξξξξ
 

where                               




−−
−−

=−−−−=
),1(
),1(

)1()()(),(
x

x
xxHxxG

ξ
ξ

ξξξξ    
.
,

ξ
ξ

>
<

x
x

  

The f unction ),( ξxG is c alled a G reen’s f unction. I t i s t he s olution of  differential e quation 

(3.5.1) and the same BCs as does ( ),u x  namely,   

.0),1(),0( == ξξ GG  
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Chapter 4 
Boundary Value Problems with Jump Discontinuity 

Definition: The problem of finding a solution to a given differential equation in a given closed 
intervals I with the solution required to meet certain specified requirements on the boundary I of 
that intervals is called BVP.  

We c an go a  s tep f urther a nd e xamine t he case of  i nhomogeneous bounda ry v alues, t hat i s

(0) , (1) .u a u b= =  For t his purpose we split t he function u into two parts 1u  and 2u  such that 

.21 uuu += The function 1u  satisfies the same differential equation and has the same boundary 

values as the function u, that is, .0)1()0( 11 == uu  Accordingly, its value is    

∫ ∫ −−−=
x

dfxdfxu
0

1

0
1 .)()1()()( ξξξξξξ  

The function 2u  satisfies BVP: ,02
2

2

=
dx

ud  ,)0(2 au = 2 (1) .u b= We can look at the quantity a as 

the strength of the jump discontinuity at 0 and b as the strength of the jump discontinuity at 1 (so 

that the function rises at 0 and falls back at 1). Then we can appeal to (1.4.5) and obtain
   

                               ),1(')('2
2

2

−−= xbxa
dx

ud δδ  ,0)0(2 =u .0)1(2 =u  

Its solution 2u  is determined by integrating   

                                               ,02
2

2

=
dx

ud and ).()(2 ξβξα += xu  

Thus 2 ( 1)u bx a x= − −  and ∫ ∫ −−−=
x

dfxdfxu
0

1

0

)()1()()( ξξξξξξ ).1( −−+ xabx  
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Let us now consider IVP: 

                                    ),(2
2

2

xua
dx

ud δ=+  ,0|
0

=+=xu  .1|'
0

=+=xu                    (4.1) 

Here u is defined for 0≥x . Accordingly, the solution is such that u is zero for x < 0 and satisfies 

the homogeneous part 02
2

2

=+ ua
dx

ud for x > 0. The solution that satisfies the conditions  

                                                      ,0)0( =u ,1)0(' =u  is sin( ) .axu
a

=       
 

Thus the solution of  (4.1) is
 

).sin()(1 axxH
a

u =
 
It is  the fundamental solution of the operator

.222 adxd +  Let us use this u to construct the solution of IVP:  

                                        
),(2

2

2

xfua
dx

ud
=+  ,| 00

uu x =+=
 ,| 10

uu x =+=
 

where 0Cf ∈  for 0≥x . For this purpose we continue the functions u and f in the following way: 

   



=
),(

,0
)(

xu
xv   

;0
,0

≥
<

x
x

             

   




=
),(

,0
)(

xf
xg  

.0
,0

≥
<

x
x

 

We then find from (1.4.4) and (1.4.5) that 

)(')'( 0 xuvv δ+= , 

                                                                 ).()('''')'( 10 xuxuvv δδ ++=  

Accordingly, the function v satisfies the differential equation 

                        
),()(')( 10

2
2

2

xuxuxgva
dx

vd δδ ++=+
 

whose solution is  Exv =)( * ),'( 10 δδ uug ++  

                                      E= * ,' 10 EuEug ++  
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           ),sin()(1)]'sin()(1[)()( 10 axxH
a

uaxxH
a

udyyxEyg ++−= ∫
∞

∞−                 

,)sin()cos()(sin)(1
10

0 a
axuaxudyyxayf

a

x

++−= ∫    0.x ≥  

An Alternative Approach 
We c an obt ain )()()()(),( ξβξαξξξ ++−−= xxHxxE  and va rious ot her interesting r esults 

by an alternative approach. For this purpose let us first recall,  

).()
2
1(2

2

ξδξ −=− xx
dx
d

 
 

Accordingly, the solution (Green's function) to BVP: 

),(),(2

2

ξδξ −= xxG
dx
d

 ,0),1(),0( == ξξ GG  

is                                        ).()(
2
1),( ξξξξ BxAxxG ++−=  

Applying the BCs, we find that  





−−
−−

=−−+−=
)1(
)1(

2
)

2
1(

2
1),(

x
x

xxxG
ξ

ξξξξξ
.,

,
ξ
ξ

>
<

x
x

 

At this stage it is useful to introduce the symbols <x  and >x . They stand for the values 





==< ,
,

),min(
ξ

ξ
x

xx  
],,[
],,[

bx
ax
ξ

ξ
∈
∈

      and        




==> ,
,

),max(
x

xx
ξ

ξ   
],,[
],,[

bx
ax
ξ

ξ
∈
∈

 

as shown in Fig. 1.1. The corresponding quantities <G  and >G  stand for the values of G in the 

<x  and >x  regions, respectively. 

In t he pr esent c ase, t he f unctions ( 1)G x ξ< = − and ( 1)G xξ> = −  satisfy d ifferential e quation 

(3.5.1) in t he <x and >x regions, r espectively. T he f unction <G  satisfies t he BC: ,0),0( =ξG

while >G  satisfies the BC: 0),1( =ξG . At ξ=x  these two solutions are equal. However, there 

is a jump in their derivatives; that is, 

.1))1(())1((
=







 −−
−

−−
=








−

==

<>

ξξ

ξξ

xx
dx

xd
dx

xd
dx
Gd

dx
Gd  
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                                <G                                                   >G  

                 a                  <x                                       ξ          >x      b 

                                                     Fig. 1.1 

The preceding remarks are valid for a general Sturm-Liouville problem, 

                            ),(),()(),()( ξδξξ
−=+



 xxGxq

dx
xdGxp

dx
d ,xa ≤  ,b≤ξ                   (4.2)  

                                       ,0),(),( == ξξ bGaG  

where p  and q are real-valued functions on ];,[ ba ],[,', 0 baCqpp ∈  and .0>p  In this case the 

condition of continuity is +− ==
=

ξξ
ξξ xx xGxG |),(|),( and  by first integration (4.2) as: 

,)(),()(),()( ∫∫∫
∞

∞−

∞

∞−

∞

∞−

−=+



 dxxdxxGxqdx

dx
xdGxp

dx
d ξδξξ          

∫∫
∞∞

∞−
====

−=−+



 −⇔ ++−+

0

,)(']|),(|),([|),(|),()( dxxHdxxGxGq
dx
xdG

dx
xdGP xxxx ξξξξξξ

ξξξξ
   

,1]|),(|),()[( =−⇔ −=+= ξξ
ξξξ xx dx

xdG
dx
xdGp  

          )(
1|),(|),(
ξ

ξξ
ξξ pdx

xdG
dx
xdG

xx =−⇔ −=+= .  

The following problem demonstrates application of this theory in real word problems.
 

In quantum mechanics there is a very interesting phenomenon in which a particle passes through 

a potential barrier that classical mechanics predicts is dense. Because this phenomenon implicitly 

involves motion, let us begin with the time-dependent Schrodinger wave equation: 

),,()(),(1
2

2
2 txxV

x
tx

ti
ψεψ 








+

∂
∂

−=
∂
∂  

where                      ψ is the wave function,  

                                V is the potential,  

                                ε is a suitable parameter. 

Aim: To illustrate the phenomenon of tunneling 
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We make t wo v ery si mple ch oices. F irst, w e assu me t hat t he t ime dependence o f ),( txψ is 

purely os cillatory, s o t hat .)(),( iEtexytx =ψ Second, w e c hoose ( ) ( ).V x xδ= Then t he gi ven 

wave equation reduces as ),()(),(1
2

2
2 txxV

x
tx

ti
ψεψ 








+

∂
∂

−=
∂
∂  

                                               iEtiEt exyx
dx

xydexiEy
i 








+−=⇔ )()()()(1

2

2
2 δε  

                                              ).()0()()()()(
2

2
2 xyxxyxEy

dx
xyd δδε ==+⇔                                                                   

Its solutions are: ,)( εε
EixEix

beaexy +=
−

0,x <   and  ,)( εε
EixEix

decexy +=
−

0.x >  

The t wo c onstants a  and d can be  d etermined b y phys ical c onsiderations. S uppose we a im a  

monoenergetic uni t-amplitude in cident b eam o f p articles m oving to ward x = 0  from th e le ft, 

1.a = Then the term εEixbe is a reflected wave, moving left, for .0≤x  In the region x > 0 there 

will be only a  transmitted wave, moving r ight. Accordingly, d = 0 a nd we have the following 

solutions: 








+

=
−

ε

εε

Eix

EixEix

ce

bee
xy )(     

.0,

,0,

>

<

x

x
 

The remaining two constants b and c are determined as: 

1.  y(x) is continuous at x = 0; 

2. 2
0 0[ ] [ ] (0) .dy dx dy dx y ε+ −− =  

Then we thereby obtain  

2
2 1,
4 1

Eib
E

ε
ε

−
=

+
        2

2 (2 ) .
4 1
E E ic

E
ε ε

ε
+

=
+

 

The qua ntities 
14

1
2

2

+
==

E
bR

ε
 and 

14
4

2

2
2

+
==

ε
ε EcT  are cal led the rejection and 

transmission coefficients, respectively.  

In the language of quantum mechanics, R is the probability that an incident particle of energy E 

will be reflected, and T is the probability that the incident particle will be transmitted. Note that 
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the total probability that a  particle will be reflected or transmitted is  unity between .1=+ RT  

When 0, →∞→ RE  and 1→T , and when 0,0 →→ TE  and .1→R For these two limits the 

classical and the quantum-mechanical predictions agree. 

With the he lp of  t he f ollowing e xample, w e s hall sh ade l ight on the us e of  t heory i n s olving 

second order problems.  

Example: Find t he G reen’s f unction th at s atisfies th e S turm-Liouville pr oblem with c onstant 

coefficient  

                          
),(),(),(

2

2

ξδξξ
−=+ xxG

dx
xGd

  
,0 π≤≤ x
 

                                ,0)0(')0( =− GG
   

.0)(')( =− ππ GG
 

Solution: 

To find the complete solution of this system, we first find the solutions in the regions <x and .>x  

In the <x  region, the solution of the homogeneous part is 𝐺𝐺(𝑥𝑥, 𝜉𝜉) = 𝐴̃𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝐵𝐵�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  so that  

                                                 𝐺𝐺′(𝑥𝑥, 𝜉𝜉) = 𝐴̃𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝐵𝐵�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠.        

From the BC: ,0)0(')0( =− GG ,0)(')( =− ππ GG we obtain 𝐴̃𝐴 = 𝐵𝐵� . Thus the solution in the <x  

region is 

𝐺𝐺(𝑥𝑥, 𝜉𝜉) = 𝐴̃𝐴(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 

                            ],cos21sin21[ xxA +=  

                         sin( 4),A x π= +   𝐴𝐴 = 2 𝐴̃𝐴. 

In the >x  region, we take the solution of the homogeneous part is 

                                                     𝐺𝐺(𝑥𝑥, 𝜉𝜉) = 𝐶̃𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝐷𝐷�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  

 so that                                          ),(' ξxG = 𝐶𝐶�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐+ 𝐷𝐷�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 

Again from the BCs, we obtain 𝐶̃𝐶 = −𝐷𝐷�. Thus the solution in the >x  region is 

                                                𝐺𝐺(𝑥𝑥, 𝜉𝜉) = 𝐶̃𝐶(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐),   

                                                             ],cos21sin21[ xxC −=  

                                                             )4sin( π−= xC ,   𝐶𝐶 = 2 𝐶̃𝐶.   
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The condition of continuity is  +=
+

ξ
π xxA |)4sin( −=

−=
ξ

π xxC |)4sin(
 

 

tan ,
sin( 4) sin( 4)

A C B cons t
ξ π ξ π

= = =
− +  

or 

 ),4sin( πξ −=⇔ BA    ).4sin( πξ += BC  

By applying jump condition:         ,1|| =− −+ == ξξ xx dx
dG

dx
dG  

                                                     )4cos( πξ +⇔ A  )4cos( πξ −− C =1, 

                                                     ,1)]4cos()4sin()4cos()4[sin( =−+−+−⇔ πξπξπξπξB  

                                                      .1)sin(cos 22 =+⇔ ξξB   

 So 1=B and . )4sin( πξ −=A ).4sin(, πξ +=C  

Thus the Green’s function is  





−+
+−

=
),4sin()4sin(
),4sin()4sin(

),(
ππξ
ππξ

ξ
x
x

xG  .
,

ξ
ξ

>
<

x
x

 

4.1 Second-Order Differential Equations with Variable Coefficients 

Let us consider the differential equation with variable coefficients 

∑
=

−=++
N

n

n
n xyxcyxbyxa

0

)( ),()(')('')( ξδβ  

where )()( xnδ is the thn  derivative of )(xδ . To fix the ideas, we shall take N = 1 so that we have 

only to solve 

                                      ).(')()(')('')( 10 ξδβξδβ −+−=++ xxyxcyxbyxa                (4.1.1) 

Since this is an inhomogeneous equation, its solution is expressed as  

),()()( xyxyxy ph +=  

where )(xyh  is the solution of the homogeneous part and )(xy p is a particular solution. The part 

)(xyh  is the same as we study in the classical analysis; we therefore attend only to the particular 

solution, which we assume to be        
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),()()( ξ−= xHxGxy p  

where )(xG is a n unknow n f unction and )(xH  is the H eaviside f unction. T hen we a ppeal to 

Theorem 1.2, obtaining 

                           ),()()()(')(' ξδξξ −+−= xGxHxGxy p  

                           ).(')()()(')()('')('' ξδξξδξξ −+−+−= xGxGxHxGxy p  

Thus  

( ) ( ) ( ) ( ) ( ),pc x y x c x G x H x ξ= −  

),()()()()(')()(')( ξδξξξ −+−= xGbxHxGxbxyxb p  

),()()()()(')()()('')()('')( ξδξξδξξξ −+−+−= xGxaxGaxHxGxaxyxa p  

)],(')()()(')[()()(')()()('')()('')( ξδξξδξξξδξξξ −+−−+−+−= xaxaGxGaxHxGxaxyxa p

            ).(')()()()]()(')(')([)()('')( ξδξξξδξξξξξ −+−−+−= xGaxGaGaxHxGxa  

By substituting into the given equation, we obtain 

  )(')()()()]()()()(')(')([)()( ξδξξξδξξξξξξξ −+−+−+− xGaxGbGaGaxHLG   

                                                                                                           ).(')( 10 ξδβξδβ −+−= xx                         
Equating derivatives of )(xδ  of equal orders on both sides of this equation, it reduced to 

                          ,0)()()(')()('')( =++= xGxcxGxbxGxaLG  

                                      ,)()]()('[)(')( 0βξξξξξ =+−+ GbaGa                                   (4.1.2) 

                                                                             .)()( 1βξξ =Ga  

This system is the IVP for )(xG  and can be solved by the classical method, thereby solving the 

original problem completely, i.e. ).()()()( ξ−+= xHxGxyxy h  For the special case when ,01 =β  

we have the fundamental solution 

).()(),()( ξξξ −==− xHxGxExE  

 Example 1: Find the Green’s function for the harmonic oscillator,                     

).('' 2 ξδ −=+ xyky                            

Solution: ),(')()(')('')( 10 ξδβξδβ −+−=++ xxyxcyxbyxa  

where .0,1,)(,0)(,1)( 10
2 ===== ββkxcxbxa  
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Thus by the system (2.7.2) it reduces to IVP for G(x): 

,0)()('' 2 =+ xGkxG  

                ,1)(' =ξG  

                  .0)( =ξG  

Its general s olution is  ).sin()( BkxAxG += But ),cos()(' BkxAkxG += where A and B are

tan .cons ts Then f rom ICs we obt ain ξξξ kBBkAG −=⇔=+= 0)sin()( and 

.11)cos()(' kAkkAkG =⇔=−= ξξξ substituting these values into )(xG  and we get 

).(sin1)( ξ−= xk
k

xG
 

Thus general solution of the given harmonic equation is           

),()](sin1[)sin()( ξξβα −−++= xHxk
k

kxxy
 

where α and β are tan ,cons ts  and the fundamental solution is                      

).()](sin1[),( ξξξ −−= xHxk
k

xE
 

Example 2: Find the general solution and fundamental solution of the differential equation  

                                                                ).('2'')1( 2 ξδ −=−− xxyyx                          

Solution: )('2'')1( 2 ξδ −=−− xxyyx   

Here .0,1,0)(,2)(,1)( 10
2 ===−=−= ββxcxxbxxa Then by the system (4.1.2) it becomes to 

                                                    ,0)('2)('')1( 2 =−− xxGxGx  

              ,1)(')1( 2 =− ξξ G  

              .0)()1( 2 =− ξξ G  

The general solution of this system is .
1
1ln)( B

x
xAxG +

−
+

= But .
1

2)(' 2x
AxG

−
=

 
Then from ICs 

we obtain 
ξ
ξ

ξ
ξξ

−
+

−=⇔=+
−
+

−
1
1ln0]

1
1ln)[1( 2 ABBA  and             

 

⇔=
−

−=− 1
1

2)1()(')1( 2
22

ξ
ξξξ AG .

1
1ln

2
1,

2
1

ξ
ξ

−
+

−== BA  
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Substituting these values into G(x), we obtain  

                                      .
1
1

1
1ln

2
1

1
1ln

2
1

1
1ln

2
1)( 








+
−









−
+

=
−
+

−
−
+

=
ξ
ξ

ξ
ξ

x
x

x
xxG   

So the general solution of the equation is   

        
)(]

1
1

1
1[ln

2
1

1
1ln)( ξ

ξ
ξβα −








+
−









−
+

++
−
+

= xH
x
x

x
xxG  

and its fundamental solution is ).(]
1
1

1
1[ln

2
1),( ξ

ξ
ξξ −








+
−









−
+

= xH
x
xxE

 

 

Example 3: Let us extend the method of the previous examples to solve the 

                                           ).('''2'3'' xyyy δ=++    

Solution: It is clear that the terms )(xδ  and )(' xδ  will appear in the expression y(x). However, 

in v iew C orollary (1 .1) w e n eed o nly assu me t hat the co efficients o f )(xδ  and )(' xδ  are 

constants say a and .b  Accordingly, we assume that the particular solution is  
                                                 ).(')()()()( xbxaxHxGxy p δδ ++=  

Differentiating two times we obtain 

             ),('')(')()0()()(')(' xbxaxGxHxGxy p δδδ +++=                                                

).(''')('')(')0()()0(')()('')('' xbxaxGxGxHxGxy p δδδδ ++++=  

Substitution of these into the equation )('''2'3'' xyyy δ=++ : 

+++++ )(''')('')(')0()()0(')()('' xbxaxGxGxHxG δδδδ
)]('')(')()0()()('[3 xbxaxGxHxG δδδ +++ ),(''')](')()()([2 xxbxaxHxG δδδ =+++  it y ields 

the following system: 

,0)(2)('3)('' =++ xGxGxG  

       ,02)0(3)0(' =++ aGG  

             ,023)0( =++ baG  

                          ,03 =+ ba  

                                 .1=b  
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Its general solution is .)( 2 xx BeAexG −− += But .2)(' 2 xx BeAexG −− −−=  From ICs:  

7023)0( =+⇔=++ BAbaG cesin  .1,3 =−= ba  

And ,6)(3202)0(3)0(' =++−−⇔=++ BABAaGG   





=+
=+

⇔
.62

,7
BA

BA
 

Hence 8,1 =−= BA  and .8)( 2 xx eexG −− +−= So the particular solution is       

),(')(3)(]8[)( 2 xxxHeexy xx
p δδ +−+−= −−

 

and the general solution is ).(')(3)(]8[)( 22 xxxHeeeexy xxxx δδβα +−+−++= −−−−
 

Example 4: Find the fundamental solution )(xE  of the differential operator 222 adxd −  

with the help of the Fourier transforms.  

Solution: Let )(xE be fundamental solution so that ).(2
2

2

xEadx
Ed δ=− If we take the 

Fourier transform F on both sides of this equation, we obtain              

                                                             )],([)][( 2
2

2

xFEadx
EdF δ=−  

                                                              ,1][][ 22 =−−⇔ EFaEFu  

                                                              ,1][ 22 ua
EF

+
−

=⇔  

                                                               ],1[)( 22
1

ua
FxE

+
−

=⇔ −  

                                                                               .
2
1 xae
a

−−=
 

4.2 Eigenvalue Problems 
Let u s now see the s pectral theory of  t he f ollowing regular Sturm- Liouville pr oblem w ith 

general BCs. For this purpose we find the Green’s function ),,( λξxG  that satisfies the system: 

                     ),()()''()( ξδλλ −=++=+ xGrqpGGrL   ,bxa ≤≤                (4.2.1) 

                               
,0)(')(sin)()(cos
,0)(')(sin)()(cos

=+=
=−=

bGbGGB
aGaGGB

b

a

ββ
αα
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where 0', , [ , ]p q r C a b∈ , 0>p  and 0>r in [a, b], λ  is the eigenvalue,α  and β  are given real 

numbers s uch t hat .0,0 πβπα <≤<≤  The s igns i n the BCs  have been c hosen so t hat t he 

eigenvalues decrease as α  or β  increases. 

In the notation of Fig. 1.1, the system )(2

2

ξδ −= x
dx

Ed  can be split into two simpler systems: 

i) In the <x  region, ),,( λξxG  is a solution of the homogeneous equation 

,0)( =+ GrL λ      .0=GBa  

We can connect the solution of this system to the solution ( )xλφ  of the IVP: 

,0=+ λλ φλφ rL  

     ,sin)( αφλ =a  

  ,cos)(' αφ λ =a  

So that .0)( ≡aBa λφ Thus ),,( λξxG is a constant multiple of )(xλφ . 

ii) In t he >x  region, ),,( λξxG  is a s olution of t he hom ogeneous e quation ,0=+ rGLG λ    

,0=GBb with the solution )(xλχ  of the IVP: 

,0=+ λλ χλχ rL  

   ,sin)( βχλ =a  

  .cos)(' βχ λ =a  

So that .0)( ≡bBb λχ Thus ),,( λξxG is a constant multiple of )(xλχ .It follows that   

                                                    ).()(),,( ><= xxCxG λλ χφλξ                                          

G is continuous at ξ=x .To find the constant C, we appeal to the jump condition  

.
)(

1
''

)]()(')(')([
ξχφ

χφ
ξχξφξχξφ

λλ

λλ
λλλλ p

CC ==−  

The quantity inside the brackets is the Wronskian ),( λλξ χφW  evaluated at , . .,x i eξ=   

.
)(

1),(
ξ

χφ λλξ p
CW =  

Now we appeal to Abel's formula for the Wronskian, namely, 
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,
)(
)()()(')(')(),(

xp
xxxxW λωχφχφχφ λλλλλλ =−=  

where )(λω is independent of x but may depend on λ . 

Then  

.
)(

1
)(
)(

)(
1),(

ξξ
λω

ξ
χφ λλξ pp

C
p

CW =⇔=  

So we find that 
)(

1
λω

=C and, we obtain the Green’s function 

).()(
)(

1),,( ><= xxxG λλ χφ
λω

λξ  

It follows that the zeros of )(λω  coincide with the eigenvalues of the given system. Indeed, let 

µλ =  be a zer o o f )(λω  , so t hat .0)( =µω  From a bove A bel's formula it f ollows th at th e 

Wronskian of  )(xµφ  and )(xµχ  is zero, a nd t herefore t hese f unctions are l inearly dependent. 

However, neither o f these f unctions can  v anish i dentically b ecause of t heir i nitial v alues. 

Accordingly, )()( xkx µµ χφ = , where 0≠k  constant and both these functions satisfy the two BCs 

of (4.2.1). T hus, µ  is an ei genvalue o f t he system, w hile )(xµφ  is th e c orresponding 

eigenfunction. 

Furthermore, w e s hall soon f ind ,)()(),,(
1

∑
∞

= −
=

n n

nn xuxuxG
λλ

λξ  that a t a n e igenvalue G reen's 

function has a singularity and therefore )(λω  must vanish. Thus, the zeros of )(λω  coincide with 

the eigenvalue of system. Let us label these zeros 

...,...21 <<< nλλλ   ,∞→nλ and set ).()( xkx
nn n λλ χφ =  

To normalize these eigenfunctions we appeal to the residue of G at ,nλλ = which is  

( ) ( ) ( ) ( )
,

'( ) '( )
n n n n

n
n n

x x x x
kλ λ λ λφ χ χ χ

ω λ ω λ
< > < >=  

                      

( ) ( )
.

'( )
n n

n n

x x
k

λ λφ φ
ω λ
< >=
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Note that )()()()( ξφφφφ λλλλ nnnn
xxx =><  and )()()()( ξχχχχ λλλλ nnnn

xxx =><  in both the regions

<x and >x . The required value of the residue of G at ,nλλ =  is 

)('
)()(

n

nn
x

λω
ξχφ λλ

)('
)()(

nnk
x

nn

λω
ξφφ λλ=  ),()( ξnn uxu=  

where )(xun  are the orthonormalized eigenfunctions of the (4.1.1) and )(ξnu are their complex 

conjugates. From this relation it follows that  

)('
)()(

n

xx
nn

λω
χφ λλ

)('
)()(

nnk
xx

nn

λω
φφ λλ=  ),()()( 2 xuxuxu nnn ==  

                                        )('
)(

)(
nn

n k
x

xu n

λω
φλ±=⇔ .

)(' n

nk
n λω

χ
λ

±=  

Next we expand Green's function in terms of the orthonormalized eigenfunctions ( ),nu x as    

                ∑
∞

=

=
1

),(),(),,(
n

nn xugxG λξλξ  where .)(),,()(, dxxuxGxruGg
b

a nnn ∫=〉〈= λξ
 

 
To find ,ng

  

                                
),( ξδλ −=+ xrGLG

 

                                
,)( nnn uxurGuLG ξδλ −=+⇔
 

                                
,)()()()()( dxxuxdxxuGxrdxxuLG

b

a n

b

a n

b

a n ∫∫∫ −=+⇔ ξδλ
 

                                
),(, ξλ nnn uguLG =−〉〈⇔

      
but

 
., 〉〈= nnn uLGgλ
 

                                 
,nnnn ugg =−⇔ λλ
 

                                 
.),(

λλ
λξ

−
=⇔

n

n
nn

ug  

From ∑
∞

=

=
1

),(),(),,(
n

nn xugxG λξλξ  it then follows that an eigenvalue Green's function 

.)()(),,(
1

∑
∞

= −
=

n n

nn xuxuxG
λλ

λξ
 

There are two interesting results follow from this discussion:  

i. We find that the solution ),( λxw  of the inhomogeneous system 
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),()()''( xfwrqpw =++ λ           ,bxa ≤≤  

is                                 ,)(),,(),( ∫=
b

a
dfxGxw ξξλξλ

 

                                                 
,)()()(

1
∫ ∑ 








−

=
∞

=

b

a
n n

nn dfuxu ξ
λλ

ξξ  

                                                 ,
)(

)()(
)(

1 λλ

ξξξ

−
= ∫∑

∞

= n

b

a n

n
n

duf
xu

 

                                                 .)(,
1

∑
∞

=

〉〈=
n

nn xuuf  

 

 

ii. When we expand ( ) ( ) ,x r xδ w e obtain 

                                   ,)()(,
)(

)(
)(

)(
1

∑
∞

=

−
=

−

n
nn xuyu

yr
x

xr
x ξδξδ

 

                                                  
),()()(

)(
)(

1

xuyuyr
yr

y
n

n
n∑

∞

=







 −
=

ξδ

 

                                                  .)()(
1

∑
∞

=

=
n

nn uxu ξ  

Example 5:  Let us consider the system 

,0)''( =+ xuxu λ     ,10 ≤≤ x  

,0'lim
0

=
→

xu
x

        .1)1( =u  

The uni que s olution that s atisfies t his s ystem i s 0( ) ( ).u x J xλ=  From the BCs we h ave t he 

eigenvalues .0)(0 =λJ The c orresponding e igenfunctions a re 0

0

( )
( ) 2

( )
n

n
n

J x
u x

J
λ
λ

=  and i ts 

conjugate .
)(
)(

2)(
0

0

n

n
n J

J
xu

λ
ξλ

=  Then from relation it follows that   

                                        =
−
)(

)(
xr

x ξδ
1

( ) ( )n n
n

u x u ξ
∞

=
∑ ( ) .

)(

)()(2

1
2

0

00∑
∞

=

=
n n

nn

J

JxJ

λ

ξλλ
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4.3 Higher Order Differential Equations  

Finally, we consider the fundamental solution of the nth-order differential operator (3.1.1) with 

coefficients 1)( =xan . This means that we have to solve the differential equation 

                               ).()(...)( 01

1

1 xExa
dx

Edxa
dx

Ed
n

n

nn

n

δ=+++ −

−

−                                               (4.3.1) 

To di stinguish be tween t he c lassical a nd di stributional de rivatives w e shall put  a  bar ove r t he 

above differential equation whenever there is an ambiguity. 

 
 
 
Let us set                                                     ,1 Eu =  

,'' 21 uEu ==  
                                                                    ,''' 32 uEu ==  

                                                                    3 4' ''' ,u E u= =   

                                                                     ⋮        ⋮          ⋮  

                                                                   .' )(
1 n

n
n uEu ==−  

Using these standard transformation  ,1 Eu =   ,'12 uu = ...,   ,' 1−= nn uu we can write (4.3.1) as a  

first-order system, 

                                  
,FAU

dx
Ud

=+                                                                                  (4.3.2) 

where      ,
1
















=

nu

u
U              ,

10

0100
0010

1310 





















−

−
−

=

−naaaa

A









           .

)(

0
0



















=

x

F

δ


 

There are two well-known results from the theory of ordinary differential equations: 

1. The ge neral s olution of  t he e quation ,0)( =+= UxAdxdULU  can b e w ritten 

,)()( CxKxU =  where  )(xA  is a given n x n matrix of differentiable functions, C is a constant 
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vector and )(xK  is a fundamental matrix which is nonsingular , .0)(det ≠xK  From the matrix 

K we form the Green's function (matrix) for the IVPs  associated with the operator L  by setting 

.)]()[(),( 1−= yKxKyxG  

2. ),( yxG  is independent of the particular fundamental matrix K  that we use. Moreover, if A is  

a c onstant, t hen ),( yxG depends onl y ),(),(.,.; yxgyxGeiyx −=−  where )(xg  satisfies t he 

IVP:                 

,0=+ Agdxdg  .)0( Ig =  

The Green's function ),( yxG  enables us to solve the inhomogeneous equation (4.3.2) where F is 

a vector whose components are continuous functions.  

 

Indeed,   

                                    ),0,()(),()(
0

xGdyyFyxGxU
x

+= ∫                                                     (4.3.3) 

                                       ,)0( CU =  

where C is a constant vector, is the solution of (4.3.2). 

We a re i nterested onl y i n e valuating the f undamental s olution E. Accordingly, i n vi ew o f 

transformation we take the first component of (4.3.3) and obtain 

                                    ,)0,()(),()(
1

10 1 ∑∫
=

+=
n

i
ii

x

n xGcdyyyxGxE δ  

                                             ),0,()()0,( 1
1

1 xGcxHxG i

n

i
in ∑

=

+=                                                  (4.3.4) 

where iG1 and ic  are the components of G and C respectively. 

Suppose t hat )(),...,(),( 21 xuxuxu n  are n linearly i ndependent s olutions of  t he hom ogeneous 

equation associated with (4.3.1). Then 



















=

−− )()(

)(')('
)()(

)(

)1()1(
1

1

1

xuxu

xuxu
xuxu

xK

n
n

n

n

n









 

is a fundamental matrix of (4.3.2). Thus  
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                                          ),()(),(
1

1 yAxuyxG ni

n

i
in ∑

=

=                                                             (4.3.5) 

where the quantity niA  is the ),( in  element of the inverse of K, i.e., 

              .)1(

1

)1()1(
1

1

)2()2(
1

)2()2(
1

111
−

−−−−
+

−−

+−
+ ×−=

n
n

n

n

n
n

n
i

n
i

n

nii
in

ni

uu

uu

uuu

uuuu
A













                 

(4.3.6) 

From the relation (4.3.5) and (4.3.6) we obtain 

.
)()(

)()(

)()(
)()(

)()(

),(

1

)1()1(
1

1

1

)2()2(
1

1

1

−

−−
−− ×=

yuyu

yuyu

yuyu
yuyu

yuyu

yxG
n

n
n

n

n

n
n

nn













 

Then equation (4.3.4) can be written as 

 ),()()()(
1

xucxHxgxE i

n

i
i∑

=

+=  

where g satisfies the IVP:            

,0... 01

1

1 =+++ −

−

− ga
dx

gda
dx

gd
n

n

nn

n

 

                      ,0)0()0(')0( )2( ==== −nggg      .1)0()1( =−ng  

If the polynomial ,...)( 01
1

1 axaxaxxp n
n

n ++++= −
− has roots nλλλ ,...,, 21  that are simple, then it 

is easy to show that ,)(')(
1

∑
=

=
n

i
i

x pexg i λλ and so the fundamental solution is    

.)(')()(
11

x
n

i
i

n

i
i

x ii ecpexHxE λλ λ ∑∑
==

+=
 

We can readily extend the analysis of this section to the case i n which the right side of (4.3.1) 
contains terms such as ( )', '', , kδ δ δ  the same lines as presented in the previous sections. 

4.4 Ordinary Differential Equations with Singular Coefficients 

Recall that the sturm-Liouville problem  

( ( ) '( )) ' [ ( ) ( )] ( ) 0,p x y x q x r x y xλ+ + = x I∈  
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is said to be singular if atleast one of the following holds:  

          i) The interval I is infinite /unbounded 

          ii) P(x) or r(x) vanishes at one / both endpoints of I 

          iii) P(x) or r(x) is not smooth on I. 

Example: i. Bessel DE: ,0)(''' 222 =−++ ypxxyyx   .10 ≤≤ x  

                 ii. Hermite DE: ,0)''(
22

=+ −− yeye xx λ       .∞<<∞− x  

                iii. Legendre DE: ,0)'')1(( 2 =+− yyx λ      .11 ≤≤− x  

                iV. Chebychev DE: ,0)1()'')1(( 212212 =−+− − yxyx λ   .11 <<− x  

Linear homogeneous systems of d ifferential equations with infinitely smooth coefficients have 

no solutions in the space of generalized functions other than the classical solutions. However, for 

equations w ith s ingularities i n the coefficients, there may a ppear ne w solutions in generalized 

functions.  

Example1: Show that  

)],(
4
1)(''[)( xxCxy δδ +=

 

where C is a constant, is a solution of the Bessel equation .0)()9()(')('' 22 =−++ xyxxxyxyx  

Solution: We can show it by using Corollary 1.1. 

Then  )()9()(')('' 22 xyxxxyxyx −++                    

       )],(
4
1)(''(][9[)]'(

4
1)(''([')]'(

4
1)(''([ 22 xxCxxxCxxxCx δδδδδδ +−++++=    

           )],(
4
9)(''9)(

4
1)('')('

4
1)(''')(''

4
1)([ 2222 xxxxxxxxxxxxxxC IV δδδδδδδδ −−+++++=  

            )],(
4
9)(''

!2
!290)(

!0
!2)(

4
1)(''

!2
!3)(

!0
!2

4
1)(''

!2
!4[ xxxxxxxC δδδδδδδ −−++−−+=  

            )],(
4
9)(''9)(2)(

4
1)(''3)(

2
1)(''12[ xxxxxxxC δδδδδδδ −−+−−+=

 

            .0=  
Hence y(x) satisfies the given differential equation. 
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Example 2: Verify that, in general 

,)(
)!2(!4

)!()(
]2[

0

)2(∑
=

−

−
−

=
m

k

km
k x

kmk
kmCxy δ  

where the symbol ]2[m  stands for the greatest integer ,2m≤ is a solution of the Bessel equation 

.0)(])1([)(')('' 222 =+−++ xymxxxyxyx  

:Solution If ,2=m )](
4
1)(''[)(

)!22(!4
)!2()(

]22[

0

)22( xxCx
kk

kCxy
k

k
k δδδ +=

−
−

= ∑
=

−

 

then it is
 
the solution of ,0)()9()(')('' 22 =−++ xyxxxyxyx what is already shown on the

above  .example But if ,2>m  

)(])1([)(')('' 222 xymxxxyxyx +−++  

                   '
)!2(!4

)!(''
)!2(!4

)!( ]2[
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∑ −

−
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.0=
                

Let us now consider the confluent hypergeometric equation  

.0')('' =−−+ ayyxbxy  
It has the distributional solution    
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),(1)(
1

1

1

x
dx
d

dx
dcxy

ab

a

a

δ
−−

−

−







 −=

 
where a and b are positive egersint such that .01 ≥−− ab  

Claim! A solution of the differential equation  

,0''' =++ bxyayxy  

where  0≠b and is a positive even ,int egers is ).()()( 2)2(22 xbdxdcxy a δ−+=  

Similarly, the distributional solution of the equation 
,0')('' =++++ ayybaxxy  

where a and b are positive integers, is 

).(1)(
1

1

1

x
dx
d

dx
dcxy

b

a

a

δ
−

−

−







 +=  

 
 

:Justification  

,1
1

)(1)( 1
11

0
1

11

1

1

δδ kb
bb

k
a

ab

a

a

dx
d

k
b

dx
dcx

dx
d

dx
dcxy −−

−−

=
−

−−

−

−
















 −
=






 += ∑ (binomial exp )asion  

                                                 .
1

2

21

0

δ














 −
= −+

−+−

=
∑ ab

abb

k dx
d

k
b

c  

ayybaxxy ++++ ')(''   
)1(

1

1

)1(
1

1

1

2

1
)(

11 −+
−

=

−+
−

=
+

+−

=
∑∑∑ 







 −
++







 −
+















 −
= ab

b

k

ab
b

k
ab

abb

k k
b

ba
k

b
cx

dx
d

k
b

cx δδδ  

                                          ,
1 )2(

1

0

−+
−

=
∑ 







 −
+ ab

b

k k
b

ac δ  

)1(
1

1

)2(
1

1

)1(
1

2

1
)(

1
)1(

1
)( −+

−

=

−+
−

=

−+
−

=
∑∑∑ 







 −
++







 −
−+−







 −
+−= ab

b

k

ab
b

k

ab
b

k k
b

ba
k

b
abc

k
b

abc δδδ  

              .0
1 )2(

1

0

=






 −
+ −+

−

=
∑ ab
b

k k
b

ac δ
 

These c oncepts c an be  extended t o higher-order di fferential e quations. For i nstance, t he t hird-
order differential equation 

,0)1(')1('')(''' =−+−−−+− yxypxypxxy  
has a distributional solution when p is a negative odd integer, .3−≤p  This solution is                            

).()1()( 2)3(22 xdxdcxy p δ+−−=  

Distributional s olutions to  o rdinary d ifferential e quations may a lso be  f ound by de viations of  
arguments, as in the system 
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∑
=

=
N

l
jl xyxAxy

0

),()()(' λ  

where the )(xAl  are matrices and jλ  are numbers lying between - 1 and 1, w hile y  is a co lumn 

vector. Indeed, under certain assumptions it can be shown that equation ∑
=

=
N

l
jl xyxAxy

0

)()()(' λ

has a distributional solution concentrated at .0=x  
In what follows we visit Engineering problems the solution of which makes 
enormous use of this theory. 

1. The governing di fferential equation that describes the response of  a  viscoelastic incomplete 
ring to a suddenly applied force at its free end is of the form  

),('')(')()('''' 210 xxxxHbyay δβδβδβα +++=+  
where 210 ,,,,, βββαba  are appropriate constants relating to the problem. 
Solve this differential equation with .1210 ====== βββαba  
Solution: First we have to derive the third–order DE: 

0 1 2( ) ''' ( ) '' ( ) ' ( ) ( ) '( ) ''( ).a x y b x y c x y d x y x x xβ δ β δ β δ+ + + = + +  

Suppose that ( ) ( ).py G x H x=  Differentiate this particular solution three times we obtain 

                   ),()0()()('' xGxHxGy p δ+=  
                  ),(')0()()0(')()('''' xGxGxHxGy p δδ ++=  
                 ),('')0()(')0(')()0('')()('''''' xGxGxGxHxGy p δδδ +++=  

Thus      
              ),()()()( xHxGxdyxd p =  

             ),()0()0()()(')(')( xGcxHxGxcyxc p δ+=  
             ),(')0()0()()]0()0(')0(')0([)()('')('')( xGbxGbGbxHxGxbyxb p δδ +−+=  

            )()]0()0('')0(')0(')0('')0([)()(''')(''')( xGaGaGaxHxGxayxa p δ+−+=                                                                     
                              ).('')0()0()(')]0()0('2)0(')0([ xGaxGaGa δδ +−+  

Substitute these into the given equation it yields IVP for G(x): 

            ,0)(')('')(''')( =+++ yxdGxcGxbGxa                  
             )0()0('')0(')0(')0('')0( GaGaGa +− ,)0()0()0()0(')0(')0( 0β=+−+ GcGbGb  
             ,)0()0()0()0('2)0(')0( 1β=+− GbGaGa  
             .)0()0( 2β=Ga  

Now we solve ),('')(')()('''' xxxxHyy δδδ +++=+   
where ,0)(,1)(,0)(,1)( ==== xdxcxbxa .1210 ==== βββα  
Then by above system we can find that        
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,1)(')(''' =+ xGxG  

  ,1)0()0('' =+ GG  

             ,1)0(' =G  

              .1)0( =G  

Its general solution is .sincos)( 321 xxcxccxG +++= From ICs: 
,1)0( 21 =+= ccG  

              ,011)0(' 33 =⇔=+= ccG  
.0,11)0()0('' 21212 ==⇔=++−=+ cccccGG  

Thus xxG += 1)(  and )()1(sincos)( 321 xHxxxcxccxy +++++= . 

2. Solve the differential equation 

                                        ( ) ),
2
1(']1[ 12

2
3

02

2

lx
dx

ydmxEI
dx
d

−=+ δβ
 

which embodies the static problem of finding the deflection y of a linearly tapered beam that is 

free at ,0=x  clamped at ,lx = and subjected to a couple 1β  at its midlength  (see Fig. 1.3), 

where                E is Young’s modulus,  

                         ( )3
0 1 mxEII +=  is the moment of inertia of the cross section,  

                          0I and m are constants.  

Solution: First we have to derive the fourth-order ordinary differential equations. Let us consider 

the differential equation yxe
dx
dyxd

dx
ydxc

dx
ydxb

dx
ydxa )()()()()( 2

2

3

3

4

4

++++  

                                                        
),()()(')( )3(

3
)2(

210 ξδβξδβξδβξδβ −+−+−+−= xxxx
                                                                                                                                                                 

where we have stopped at the term )(''' xδ  for the sake of simplicity.  

 Assume that ).()()( ξ−= xHxGxy p  Differentiating this relation four times we obtain
 

 ),()()()(')(' ξδξξ −+−= xGxHxGxy p  

 ),(')()()(')()('')('' ξδξξδξξ −+−+−= xGxGxHxGxy p  
),('')()(')(')()('')()(''')(''' ξδξξδξξδξξ −+−+−+−= xGxGxGxHxGxy p  

).(''')()('')(')(')('')()(''')()()( ξδξξδξξδξξδξξ −+−+−+−+−= xGxGxGxGxHxGxy IV
p

IV

 

Thus 
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 ),()()()()( ξ−= xHxGxexyxe p  

 ),()()()()(')()(')( ξδξξξ −+−= xGdxHxGxdxyxd p  
),(')()()()]()(')(')([)()('')()('')( ξδξξξδξξξξξ −+−−+−= xGcxGcGcxHxGxcxyxc p

)()]()('')(')(')('')([)()(''')()(''')( ξδξξξξξξξ −+−+−= xGbGbGbxHxGxbxyxb p      

                         ),('')()()(')]()('2)(')([ ξδξξξδξξξξ −+−−+ xGbxGbGb                                                       

)()]()(''')(')('')(')(')(''')([)()()()()( ξδξξξξξξξξξ −−+−+−= xGaGaGaGaxHxGxaxyxa iViV
p

                      )(')]()(''3)(')('2)('')([ ξδξξξξξξ −+−+ xGaGaGa  

                                             ).(''')()()('')]()('3)(')([ ξδξξξδξξξξ −+−−+ xGaxGaGa  

The next step is to substitute these values into given equation, so that 

)(')]()(')(''[)('')]()('[)(''')({)()( ξξξξξξξξξξ GcbaGbaGaxHLG +−+−−+−  

                       )('')({)()}()]()(')('')('''[ ξξξδξξξξξ GaxGdcba +−−+−−  

                       )(')}()]()('2)(''3[)(')]()('2[ ξδξξξξξξξ −+−+−− xGcbaGba  

                       )(''')()()('')}()]()('3[)(')({ ξδξξξδξξξξξ −+−−−+ xGaxGbaGa  

                                                              ).()()(')( )3(
3

)2(
210 ξδβξδβξδβξδβ −+−+−+−= xxxx         

We equate the coefficients of generalized functions on both sides of this system to obtain the IVP 

for )(xG :         

  ,0)()()(')()('')()(''')()()()( =++++= xGxexGxdxGxcxGxbxGxaxLG IV  

        )(')]()(')(''[)('')]()('[)(''')( ξξξξξξξξξ GcbaGbaGa +−+−−    

                                                         ,)()]()(')('')('''[ 0βξξξξξ =−+−− Gdcba  

             ,)()]()('2)(''3[)(')]()('2[)('')( 1βξξξξξξξξξ =+−+−− GcbaGbaGa   

                                                                 ,)()]()('3[)(')( 2βξξξξξ =−− GbaGa  

                                                                                                     .)()( 3βξξ =Ga  

Now it is written explicitly, ( ) ),
2
1(']1[ 12

2
3

02

2

lx
dx

ydmxEI
dx
d

−=+ δβ  becomes 

   ( ) ],)1()1(3[]1[ 3

3
3

2

2
2

02

2
3

02

2

dx
ydmx

dx
ydmxm

dx
dEI

dx
ydmxEI

dx
d

+++=+       

                            ],)1()1(3)1(3)1(6[ 4

4
3

3

3
2

3

3
2

2

2
2

0 dx
ydmx

dx
ydmxm

dx
ydmxm

dx
ydmxmEI +++++++=                    
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                             ).
2
1('1 lx −= δβ  

                 
).

2
1(''')1(6''')1(6)1( 1

2
0

2
0

3
0 lxymxmEIymxmEIymxEI IV −=+++++⇔ δβ  

Here ),1(6)(,)1(6)(,)1()( 2
0

2
0

3
0 mxmEIxcmxmEIxbmxEIxa +=+=+=                                             

.,0)()( 320 βββ ==== xexd  

Assume that the particular solution is )()()( ξ−= xHxGxy p with .
2
1 l=ξ  

   

 

,)1(3)(' 2
0 mxmEIxa +=  

   ),1(6)('' 2
0 mxmEIxa +=                                                                l             Y 

    .6)(''' 3
0mEIxa =                                                                              X 

    ),1(12)(' 2
0 mxmEIxb +=  

     ,12)('' 3
0mEIxb =                                         Fig .1.3.The deflection of a tempered beam                 

     .6)(' 3
0mEIxc =                                                  

Then by this system it becomes to 

                                    ( )
,0)(''

1
6)('''

1
6)( 2

2

=
+

+
+

+ xG
mx
mxG

mx
mxG IV  

      
( ) ,)]2()21)(21(6)2(''21[ 1

3

0 β=−++−+ lGmlmlmmlGlmEI  

                                     ,0)2(]6)21(9[)21( 22 =−+−+ lGmlmmlm  

                                                                                            .0)2( =lG  

Its solution is ).1ln()1()( 4321 mxcmxcxccxG +++++= From ICs:  

                ,0)21ln()21(2)2( 4321 =+++++= lmclmclcclG        

                ,
21

)2(' 432 lm
mcmcclG

+
++=  ( ) ,

21
)2('' 2

2

4 lm

mclG
+

= ( ) .
21

2)2(''' 2

3

4 lm

mclG
+

=  
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By substitution: ( ) ( ) .00
21

3
21

2 42

2

42

3

4 =⇔=
+

−
+

c
lm

mc
lm

mc  

                   ( ) ,)]21(2][21(6[21 13210 β=+++−++− lmclccmlmmlmEI  

          ( ) ( ) ,0)]21(2][69[21][21 32132

2
=+++−+−++ lmclccmlmmcclm  

                        ( ) ( ),212
214 0

2
1

2

0

1
1 lmEImlmmEI

lc
+

−
+

−=⇔
ββ  

                      ( ) ,
212

2

0

1
2 lmmEI

c
+

−=
β              .

2 0
2
1

3 EIm
lc β

−=  

Hence ).2(]
)1(2

1
)21(2)21(4)21(2

1[)( 2222
0

1 lxH
mxmlmm

x
lmm

l
lmmEI

xy p −
+

+
+

+
+

−
+

−
=

β
 

Thus the general solution ),()1ln()1()( 4321 xymxbmxbxbbxy p++++++=  

where 4321 ,,, bbbb  are constants. These constants are obtained with the help of the BCs that the 

beam is free at x = 0 and clamped at lx = , that is, 

                               ,0)( =ly   ,0)(' =ly  ,0)0('' =y  .0)0(''' =y   

         ),('
1

)(' 432 xy
mx

mbmbbxy p+
+

++= ),(''
)1(

)('' 2

2

4 xy
mx

mbxy p+
+

−=  

         ),('''
)1(

2)(''' 3

3

4 xy
mx

mbxy p+
+

= ).(
)1(

6)( 4

4

4 xy
mx

mbxy p
IVIV +

+
−=

 
From BCs it yields  

                ,0)()1ln()1()( 4321 =++++++= lymlbmlblbbly p  

                ,0)('
1

)(' 432 =+
+

++= ly
ml

mbmlbbly p  

                ,0)0('')0('' 2
4 =+= pymby  

                 ,0)0('''2)0(''' 3
4 =+= pymby  

                .0)0(6)0( 4
4 =+−= p

IVIV ymby  
Thus the solution is  
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x
mxmllmmmlmlm

l
ml
l

mEI
xy )

)1(
1

)1(
1(

)21(
1

)1(
1

)21(2)1(
[

2
)( 2222

0

1

+
−

+
+

+
−

+
−

+
−

+
−=

β
 

           ).2(]
)1(

1
)21()21(2)21(

1(
2

lxH
mxmlm

x
lm

l
lmm

−
+

+
+

+
+

−
+
−

+

 

3. S how t hat t he infinite s eries ∑
∞

=

+

+
=

0

)(1

)!1(!
)(2)(

n

nn

nn
xxy δ formally sat isfies t he f irst-order o rdinary 

differential equation 
                                                         .022 =− ydxdyx  

It is interesting to observe that x = 0 is an essential singularity for this differential equation. 

 

Solution:                    ,
)!1(!

)(22'
)!1(!

)(22'
0

)(1

0

)(1
22 ∑∑

∞

=

+∞

=

+

+
−








+

=−
n

nn

n

nn

nn
x

nn
xxyyx δδ  

                                                  ,
)!1(!

)(22
)!1(!

)(2
1 0

)(2)1(1
2∑ ∑

∞

=

∞

=

+++

+
−

+
=

n n

nnnn

nn
x

nn
xx δδ  

                                                  ,
)!1(!

)(2
)!1(!

)(2
0

)(2

1

)1(21

∑∑
∞

=

+∞

=

++

+
−

+
=

n

nn

n

nn

nn
x

nn
xx δδ  

                                                  ,
)!1(!

)(2
)!1()!1(!

)()!1()1(2
0

)(2

1

)1(21

∑∑
∞

=

+∞

=

−+

+
−

−+
+−

=
n

nn

n

nn

nn
x

nnn
xn δδ  

                                                  ,
)!1(!

)(2
)!1(!

)(2
0

)(2

1

)1(1

∑∑
∞

=

+∞

=

−+

+
−

−
=

n

nn

n

nn

nn
x

nn
x δδ  

                                                 ,
)!1(!

)(2
)!1(!

)(2
0

)(2

0

)(2

∑∑
∞

=

+∞

=

+

+
−

+
=

n

nn

n

nn

nn
x

nn
xx δδ   

                                                  .0=  
Hence y satisfies the given differential equation. 
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V) Conclusions  

The space of test/basic function is a l inear set  of test function together with convergence. Any 

continuous functional on the space test function is called a generalized function. The Dirac delta 

and Heaviside function are functions with jump continuities.   

Vector a nalysis f unctions w ith j ump di scontinuities acr oss su rface a nd bounda ries he lp us  t o 

solve many unsolved problems in potential, scattering and wave propagation theories that can not 

solved by classical methods. Fundamental solution and Green’s function are the great tools for 

solving boundary value problems with jump discontinuity.  

There i s a  new solution of l inear homogeneous systems of  differential equations with s ingular 

coefficients in the space of generalized functions other than classical solution.   
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