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ii)  Abstract

We study on how to find a generalized solution of boundary value problems of different
orders with ju mp discontinuity. H ere first, second or der lineari nhomogeneous
differential equations are considered and then we extend it to the n™ order. Green’s
function plays a great role for solving such differential equations.

Classical theory is based on solving first- or higher-order derivatives with jumps on both
sides of the boundaries and then attempting to satisfy the boundary conditions. Our aim
is to develop the vector analysis of functions with jump discontinuities across surfaces
and boundaries that cannot be solved by classical techniques. With the help of this we can
solve many unsolved problems in the potential, scattering and wave propagation theories.
Furthermore, problems whose solutions are already known can be solved by this method
in a very simple fashion.

We can al so s how t hatt hereisa ne w s olution of | inear hom ogeneous s ystems of
differential equations with singular in coefficients, in the space of generalized functions
other than the classical solutions.



iii) Introduction

In this seminar, there are some concepts that should be pointed out so that the reader will
smoothly go t hrough. The first important point is the theory of distribution. One of the
most useful aspects of the theory of distribution is that jump discontinuous functions can
be handled as easily as continuous functions.

Secondly, we w ill s eet he generalized s olution of linear inhomogeneous ordinary
differential equations o fg eneralized functions a nd linear hom ogeneous s ystems of

differential equations with singular coefficients whose new solutions are in the space of
generalized functions. We really gain no ne w insight into the solutions of the classical
problems in ordinary differential equations by using the theory of distributions. However,
the theory does enhance our knowledge if discontinuities are present in these equations or

if we W ant t of ind t he f undamental s olutions.



iv)  List of symbols

[m/2]
S,
BVP
IVP

the space of test functions;
the space rapidly decreasing functions;

the space of distributions;

the space of tempered distributions;
Support of f';

Dirac delta function;

Heaviside function;

Infinitely differentiable function;

Strictly compact support;

linear ordinary differential operator;

the formal adjoint of differential operator L;
the spaceof continuous functions;

homogeneous solution;

particular solution;

the largest integer > m/2;

the distribution f measured by test function @;

boundary value problem;
initial value problem;
boundary condition ;
initial condition;

Jump in the quantity across the point¢;
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Chapter 1

Basic Concepts in Distribution Theory

Basically, distributions are c ontinuous |l inear functionals w hich were originally introduced by
Schwartz and is the most popular and direct method of studying distributions. i.e., distributions
are generalizations of ordinary functions which are defined a.e in R™ and (Lebesgue) integrable
in each finite interval [a, b]. For instance, Weiesrstrass function is not ordinary function since it

1s continuous nowhere differentiable.
1.1 The space of Test functions D

Definition: Let Q c R" be open. Included in the set of basic functions D(Q) are all functions
which are finite (or have compact support) and infinitely differentiable function in .That is,
D(Q) ={p: ¢ €C*(Q) and ¢ € (D)},
={p: 9 €T (D}

1

1-x?

R
o, k=L

|x| <1,
Example: ¢(x) =

is in D since @(x) € C*(R™) and supp (¢) = [-1,1].
Convergencein®D: A4 givens equence {@,},cy in D(Q) convergesto ¢ inD(Q) ifthe
following two conditions are satisfied:

(1) 3 a compact set K cc Q,such that supp(¢,) € K, Vn,

(ii) Ya € Nj we have ||D%¢,, — D%¢p||,, — 0.

A linear set D(Q) equipped with such convergence is called the space of test/basic functions D.
1.2 The space of Distributions D'

Definition: A distribution (generalized function) f € D' on a non-empty open set Q c R" is
any c ontinuous l inear functional on the s pace of test/basic functions D. By this de finition of
distribution, we mean that

+ A distribution f is a functional on D , that is, with each ¢ € D there is associated

(complex) number (f, ).
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4+ A di stribution f € D’ isa lin ear f unctionalonD, t hatis,if ¢,y € D and
A u€C, then (f,Ap +up) = Xf, @) + u(f, ¥).

+ A di stribution f € D’ isa c ontinuous f unctional o n D, t hatis, if ¢, — ¢
inD(Q) as n — oo, then (f, p,) — (f, @) asn — .

One of the most important examples is the so called Dirac delta function? .

Definition: Distributions generated by locally summable function f e L*(Q ) via the formula:
(f.0) = [ f(p(x)dx, ¢ D)

are called regular distributions and all others are called singular distributions.

Example: Dirac delta function & is a singular distribution.

ConvergenceinD'": A sequence f, € D'(Q) convergesto f inD'(QQ), denotedby f, — f

as n — oo if (f,, ) — (f,p) Vo € D(Q).This convergence is termed as weak convergence.

1.2.1 The Dirac Delta Function and Delta Sequences

A) The Dirac Delta Function

In physical problems one often encounters idealized concepts such as a force concentrated at a

point £ or an impulsive force that acts instantaneously. Such forces are described by distribution
called the Dirac deltad(x—¢&):

+00, x =&,

506_5)2{0 x#E

B) The Delta Sequences
Here we consider a sequence whose limit is the delta function.
Example: s, (x) =(sinmx)/mx, m=1,2,...

It is clear that for a fixed m as |x| becomes large, s, (x) becomes small. Since

_[ SIY o = 2 J. S o g(Z) =1 for changing x to mx , we obtain I ST e = 1, Vm.
c X T\y X T2 s X
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Definition: A sequence s,, is called a delta-convergent sequence if

lim [ 5, (2)p()dx = p(0)

for a 1l f unctions ¢(x) sufficiently s mooth —o0<x <oo. Thus w e can say thatforad elta
convergent sequence lim,, ., s, (x)=0(x). In this case we have taken the unit charge located at

x = 0.If it is located at x = &, then the preceding formulas becomes
lim [ " 5, (x = E)e(x)dx = p(x— &) and lims,, (x - &) = 5(x - &).

Thus for any basic function ¢ € D, we have Dirac delta distribution in R" is

(8(x=&),0(x)) = o(&) for a fixed point & in R".

1.2.2 The Heaviside Function

The Heaviside function denoted H(x) which has a jump discontinuity at x = 0 is defined by

0, x<o,
I, x>0.

H(x)={

If t he j ump di scontinuous i n t he Heaviside function isata point x=¢, thenit isw ritten
H(x-&):

0, x<&,
H(x-§)= {

I, x>¢&.
The function H(x) will prove very useful in the study of the generalized functions, especially in
the discussion of functions with jump discontinuities. For instance, let F'(x)be a function that is

continuous everywhere except for the point x = £, at which point has a jump discontinuity:

b | FO0 ¥<
Y E@, x> &
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Then it can be written F'(x) = Fj(x)H (& —x)+ F,(x)H(x = &). It is shown in Fig. 1.2.
Y|

F(x)
0] X
(a) (b)
Fig. 1.2 (a) F(x); (b) H(x—&)F(x &)

The Heaviside distribution in R" is

l, xeR,

(H,, @) = £ o(x)dx, where H ,(x)= {0, R

The support of s(x) ist hesm allest closeds etou tside of w hich if vanishes. i.c.,

s(x)={x e R:s(x)#0}.For instance, for Dirac delta and H eaviside function, supp (6(x))=0,
supp (H(x)) =halve axis x > 0.
Singular support of s(x) is closed set of points where s(x)is not a smooth function. In view this

, singular support of 6(x), H(x) and |x| are x = 0.

A continuous function f has compact support if its support is compact set. A subset M < X (X

is topological space) is called a compact support if every open covering X has a finite cover M.
1.3 Product of Distributions

In general, it is difficult to define the product of two generalized functions. However, we can

always a ssign a m eaning t ot he product of a ge neralized f unction #(x) and a n i nfinitely
differentiable function a(x) by setting
(at,p) =(t,ap), apeD.
In particular, t =5 and for every ¢ € D,a € C”,
(ad,9) =(0,a9) = a(x)p(x) |,.,= 2(0)p(0) = a(0)(6,¢) = (a(0)5,p).
. a(x)8(x) = a(0)5(x).
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Theorem 1.1: Let a function f(x) € C"(U ), then

f()8" (x)=(=1)" Z( b} Kln— )f(" (05" (x).

Proof : For every ¢ e D,
(F)8"(),000) = [ [f(2)p(x)]6"dx,
= [, =[ [f()p(0)]' 6" (x)dx,

= [ /()] 6" (x)dkx.

After a succession of similar integrations by parts, we obtain

(FS” ()= [ f(x)(o(x)]5(”)dx = (-1 [" [f(0)p(x)]'8(x)dx. Substitution of the

Jormula [ f(x)p(x)]" =" Ein k)'f( (x)p")(x) in the preceding relation yields

S8 @00 = [ (000l de = (1) Y] U (0)9(0),

STy
—(—1)" . _ (n—k) (k)
=(=1) <kZ:(:,( )k'( —k)'f (0)0(x),p(x)).
Corollary 1.1: x"6™ (x) = " ! e
orollary 1.1: x (x)= -1y’ T m! )'5(’”’”)(x), <.
n!(m—n)!

Proof : For every @ e D,

(x"8" (x),0(x) = [ [¥"p(x)" (x)dx,
=x"p(x)0" " (x) [, - Ji[x"w(x)]‘é(m’l)(x)dx, (int egration by part)

= (1| ("8 (x)dx = (—D'"Z(fj(x")%(’"‘")(x) o> (by theorem 1.1)

{0, n>m,

= m

(=D" ( jco('"")(()), n<m.
n
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m
— (_l)m ( j(é‘(mn),(o>-
n

0,
n>m,

n m' (m—n)
(—l) m5 ()C), n<m.

L XS (x) =

1.4 Generalized Derivatives of Distributions

Definition: A (generalized) derivative D f of a distribution f € D’ is defined by
n
(D°f, ) = (-DI*(f,D%) Vo € D, a €N} |a| = Z a.
i=1

Claim: D“f € D’
Clearly D*f is a functional since f € D',
Linearity: Let ¢, € D and A, u € C, then
(D, Ap + up) = (=1)“l(f, D* (Ao + ),
= (=D!if,AD% ¢ + uD*y),
=A(=D"Kf, D% @) + u(=D)Nf, DY),
=MDf, @) + u(D*f, ).

Hence D“f is a linear functional on D.

Continuity: Let ¢, — ¢ asn — o in D, then

(DU, ) = (=D)INf, D%py) — (=DI*Kf, D*p) = (D*f, p).
This implies that (D*f, ¢,,) — (D*f, @) asn — oo. Hence D f is continuous.
. D*feD.
In particular, if f = &, then (D*f, @) = (—=1)!*I(5,D%p), ¢ € D,
= (=D“D%(0).
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Chapter 2

Distributional Derivatives of Functions with Jump Discontinuities

Let F(x) be a function of single variable x that has a jump discontinuity at x =&, of magnitude

a,i.e, [F], =a, butthat everywhere else has a continuous derivative. Let the derivative in the
interval x <¢&, and x > ¢, be denoted F'(x). This derivative is undefined at x = &,. However, with

the help of generalized functions, the distributional derivative F'(x) in R'is obtained by setting

f(0)=F(x)—aH(x~&) @.1)
where H is the Heaviside function. T he function f(x) is continuous at x =¢,. Its derivative
coincides with that of F(x) on both sides of &,. Accordingly, we differentiate both sides of (2.1)
and obtain

F'(x)=F'(x)—a,6(x - &) (2.2)

or

F'(x)=F'(x)+a,6(x-&) (2.3)
Equation (2.2) is easily generalized to a function F(x) that has jumps of magnitude a,,a,,...,q,

at &,¢,,...,&, respectively. The result is

F'(x)=F'(x)+ iaja(x ~&). (2.4)

Let us now consider a function F( x ) that admits derivatives up to the second order on both sides
of the point &, that has a jump discontinuity of strength @, and whose derivative has a jump
discontinuity of strength b, at this point. To obtain F"(x), we substitute F'(x) for F(x) in (2.2) and
we get

F'=F"-a,5'(x—&)—-b(x—&)
or

F'"=F"+a,8'(x—&)+bo(x—¢&) (2.5)
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Theorem 1.2: Let a function f(x) € C"([] ), then
(fFHx=8)" = fP(x)H(x=E)+ fUUES(x=E)+ fU D (E)S (x = &) +

it f(E)S" VN (x=&).
Proof : For every [P € D,

1 (OHG=8),e(x) = CD(f()H (x = &), 0" (x)),

= (=D(H(x =), f(x)p" (x)),

= (—1)"'[1O f(x)@"(x)d&, (integration by part)

= ([T Hx=E)+ U= &)+ U (x =) + -+ [ (x = &), ).

XQrr 580 O0r» O00 Xo>a®0r® 00 HO0O0m2

a) D“H(x) b) D|x| c) D% sgnx d) x6"

Solution: a) For every ¢ € D, (D“H(x) ,p)=(D*"'D'H(x),p(x) ),
=(-D)""(D'H(x),D" p(x)),
= (-8, D" p(x)),
=(5"", ).

Thus D*H(x)=06"“"(x),a>1.

b) (D“[x},¢) = (=1)“(|x|, D),

X

=(-1) [T xD%p(x)dx + j — xD“p(x)dx],
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=2(—1)‘“‘TxD“go(x)dx,

=2(=1)“xD* " p(x) [ =2(~1) j D' p(x)dx, (Integration by part)
0

=2(-1)"'D*?p(0),
=2(-1)"(5,0" ),
=2(=1)"(-1)" (5" ),
=(26°7%,0), a=2.

Hence D* |x| =26 g>2.
¢) (D”sgnx,p) = (~1)“(sgnx, D*p),

= (-1 (TD“go(x)dx + j— Dago(x)dx}
= 2(—1)‘”" TD“w(x)dx, (integration by part)

=—2(~1)“ D*"(0),
=—2(-1)45,D* ),
=25, 0), a>1.

S D%sgnx=25"" a>1.
Hence, inparticular ‘x"= sgnx.

d) (x8'",p) =(5", xp),
= (-1)"45.(xo)"),
= (=)"(8,mp"" + xp"),
=(=1)" (8, mp"™ ") +(S.xp™)), since (5,x¢") =0,
~(=m&"" ).

L xo™ = -mS" " m>1.
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Corollary 1.2: The derivative of the product of a distribution t and a function f € C s

f

—(ﬁ)— f—

Proof: For every ¢ € D,

d d
<E(ﬁ)’(o> - _<ﬁ’d_¢>

il
- <tafdx¢>a

af

=-(, (f¢)— (p>

_ ﬁ ar
<dx,f¢>+<dxt,¢>

dt df

—<f—+ 1,9).

The higher order derivatives of the product can be defined in similar manner and we have

Leibnitz' formula

n

D'(fi)= (n AN

2.1 The Space of rapidly decreasing functions §

Definition: The space § = S(R™) of all functions of the class C*(IR™) that d ecrease together

with a Il th eir d erivatives, as |x| — oo, faster than any p ower of |x|™! is called the space o f

rapidly decreasing functions also called Schwartz space. For instance, ¢(x) = e es.

Convergence in §: The sequence of functions ¢, ¢, ... , belonging to § converges to a
function ¢ in §, denoted by ¢, — @ asn — woin S, ifforall @ and f :

xFD%p, (x) = xFD*p(x),as n — .

2.2 The Space of Tempered Distributions S’

10
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Definition: A generalized function of slow growth is any continuous linear functional on the
space S of test functions. We denote by §' = S'(R") the set of all generalized functions of slow

growth.

Convergence in §': a sequence of generalized functions fi, f,, ... taken from §' convergences to
the g eneralized f unction f € S, denotedby f, — f,as k — o in §, iffor anyg € S,

(fi, ) — {f, @), k — oo. This convergence is called a w eak co nvergence of as equence of

functional.

The linear set S (Q) equipped with convergence is termed the spaces S "of generalized functions
of slow growth or tempered distributions.

Note! DcSc s'c D",
2.3 The Fourier Transform of rapidly decreasing functions S

Since the test functions from § are locally summable, the operation of Fourier Transform F(¢)

and inverse Fourier Transform F ~1(¢) are defined on them.
Definition: If ¢ € S(R™), we define the Fourier Transform and its inverse as follows:
(F)(&) = @) 7 [ p()e D dx and (F~19)(§) = 2n)7 [, p(x) %5 da.

Proposition 1.1: Two important formulae can be proved here,

) [Fol(©) = (~D1“IF[x7](©)
i) FID*@](§) = ()" [Fl(§)
Proof: i) D*[Fp](§) = DF |(2m) % [, p(x) e dx,
= (2m) 2 [ @(x)Df e~ E)dx,
= (2n)? Jon @GO (=i )1 (i) 72 .. (=i ) ne 04D dx,
= (-D11@n) 7 [ () xTe ) da,
= (=D F[x“p](&).
it) FID*9](§) = (2m) 2 [, e 9D (x)dx,

= (2m) 2 Jon (= 1)Ial @(x)D%e x4 dx,

11
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= @0 f (-1 o) (i) e D,

= (- 1) @D [, e idx,
= (1D [Fp] ).

2.4 Fourier Transform of Tempered Distributions §'(R")
Definition: If f € S'(R™) , then (F(f), @) = (f,F(p)), Vo € S.
In particular if f = §, then

(F(8),9) = (5,F(9)) = Fp(0) = 2m) ] o ()0,

in
= (2m)7 fp 9()dx,
= (2m)72(1, ).
= ((2n) 7, ).
“F@)=Qr)z,pES.
Similarly, if f = 1, then
(F).0) = LF@) = | Fowdx,
i
= (2m)2F "' Fo(0),
= (2m)2 p(0),
= (2m)2 (5, ),
= ((2n)78 , ).
Hence F(1) = (2m)Z6.

We note that the space of test functions D is not mapped into itself by the F ourier transform
(since thee F ourier transform ofa function w ith c ompact support is an analytic function, and

consequently is either not of compact support or zero).Thus it is not possible for ¢ € D' so that

Proposition 1.2: Two important formulae can be also proved

12
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) DA[FFIE) = FI(=i0)*F1(6)
it) FID1(§) = GOIFFI(E)
Proof: 1) (D*[Ff,0) = (-1)“Ff.D%p) , f €S, €S
= (1) F0ee) = (-1)f, (e Fo)),
= (-1) "M@ £, Fo) = (i) f, Fo) = (FI(-ix)f], 9),
~DEFFI(E) = FI(=)*f1().
i) (FIDf], @) =(D*f,Fop), fES, 9 €S
= (-1)Uf, D (Fp)) = (- 1) Nf, (D IF ()
= ilel(f, F(5%g)) = 1elF(f), §),

= i(E*F (), @) = (GO*F (), @),
~FIDFIE) = GO *[FfICE).

2.5 The Convolution of Generalized Functions
Definion : Let f € [(R"), g € [*(R") and j f(O)g(x—y)dy e L*(R"). Then the
convolution of the functions fand g is
(f*2)(x) = [ F()g(x = y)dy,

or

(g*)(x) = [ @) f (x = y)dy.

(2.5.1)

Function ( 2.5.1) i s | ocally i ntegrablei n R" andt herefore d efines a (regular) g eneralized

function, acting on the test functions ¢ € D(R"), according to the rule:

(f *)(x),0(0)) = [ (f * )(x)p(x)dx,
= [@()] £(»)g(x - y)dyx,
= Jf (y)f g(x—y)p(x)dxdy,
= [ 1] e©)p(y+E)dédy, set £=x~y,
= [ FOI] gp(x + y)dxldy.

13
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(by virtue of Fubini's theorem), that is,
(f*2)(x),0(x) = [ F(1)2(x)p(x+ y)dxdy, p € D(R").

(Condition fo r the E xistence of a C onvolution) Let f be an arbitrary and g a generalized
function with compact support. Then the convolution f * g exists in D' and appears in the form:

(f*80) =(f()®g).n(y)e(x+y), peD
where 7 is any test function equal to 1 1 n the neighborhood of the support of g. For this the
convolution is continuous with respect to f and g separately:
(DIf f, > fask—>o inD', then f, *g—> f*gas k >oin D"
(2)If g, > gas k — o and for a certain R, suppg, cU,,then f*g, - f*gas k—> o inD"

What happens with Young’s Inequality if l+l—1 = 1 is not satisfied? If p,q,r €[1,0) where
p q r

l+l—1=l,thenfeLp, gelL,:
P 9 r

frgel, and |f*g|, <|f], [e

Remark: The convolution of any generalized function s with the Dirac delta function always

L,

exists and equal to s .i.e.,
(s%0,0) =(s(x)® (), n(¥)p(x +y)), for any ¢ € D
= (s(x),{6(»),n(V)P(x + ¥))),
= (s(x),0(y)),

SSsFO=0%s=ys.

14
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Chapter 3

Generalized Solutions of Linear Ordinary Differential Equations

3.1 Ordinary Differential Operators

m

A linear differential equations of operator L = Zam (x)j—m, is defined by,
x

n n-1

Lt:[an(x)j +an1(x)d +.. +a1(x)—+a0}—2am(x)

d"t

(3.1.1)

and its formal adjoin denoted L *,

d"(a,(x)p)
dx™

2

L= (1"

where the coefficientsa, (x) € C”, ¢ is a distribution in D'and ¢ is a test function in D. These

operators are related as distributional sense by the equation

d" (a m( X)p)

(Lt,p) = <Za (X) Jﬂ) <t2( 1)” )={t,L* ).

This m eans that the action of Lf on ¢is equivalentto the action of t ont he test function

y=L%g.
Consider the differential equation,

Lt= f(x), (3.1.2)

where f'is an arbitrary known distribution. A distribution ¢ is a solution of differential equation

(3.1.2) if for every test function ¢ we have
(Lt,p) ={f.p) or (t,p)=(f,L*p) (3.1.3)

In searching for a solution ¢ of differential equation (3.1.2) we may have the following situations:

15
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(1) A solution t is said to be classical solution ift € C”,so that the operations in (3.1.2) can be

performed in the classical sense and the resulting equation is an identity.

(2) A solution t is said to be weak solution if it is not sufficiently smooth, so that the operation in
(3.1.2) cannot be performed, but it satisfies (3.1.3) as a distribution.

(3) A solution ¢ is said to be distributional solution if it is a singular distribution and satisfies
(3.1.3).

3.2 Homogeneous Ordinary Differential Equations

Consider the simplest homogeneous differential equation,
dt/dx =0. (3.2.1)

We know that the only classical solution to this equation is ¢ = ¢, constant.

Lemma 1.1: Any test function y/(x)can be represented as the derivative of another test function

@(x) if and only if j w(x)dx = 0.

Proof:
(=) Suppose that y(x) = ¢'(x) forg(x) € D. Then we have

[ wdx= [ p')dx = p(x) [2,= 0.

(<:) Suppose that ¢(x) = j w(u)du e C*, and y(x)and @'(x) vanish outside the same interval.

Thus y(x)=¢'(x).
Theorem 1.3: The only generalized solution to (3.2.1) is # = C.

Proof: From equation (3.2.1) we have( t' ,p) =—(t,¢") =0.Thus (t,i) =0 because of Lemma

1.1, w(x)=¢'(x).Letus now takea fixedtestfunction ¢, that is normalized su ch t hat

j @,(x)dx =1, and write as decomposition

—00

(%) = 9y(x) [ @(w)du +p(x) = 0,(x) [ p(u)du, ¢ € D.

16
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If we set y(x) = @(x) — @, (x)T @(u)du,and T w(x)dx =T o(x)dx — T goo(x)de @(u)du =0.

Then (t, @) = (t,0,) [ @(u)du+(t,y) = (t,0,) [ @(u)du = ¢ [ p(u)du, constant ¢ =(1,p,),
=(c,p).

Hence ¢ = ¢ is the only generalized solution.

Corollary 1.3: If two generalized functions s and t have the same derivative, then s =t + c.

Proof: Suppose that s'=¢'. Then (s',@) =(t",@)or (s—t,¢") =0.Thus (s —t,i) =0 because of

Lemma 1.1, w(x) = ¢'(x). By using the decomposition

() = () [ @y (W) + p(x) — p(x) | @, (w)du, and if we sety (x) = p(x) = gy (x) [ p(u)du, we

obtain T w(x)dx :]2 o(x)dx — T (po(x)de o(u)du =0.
Then (s —t,p) :(s—t,(oo)T p(u)du+(s—t,y),

= (s—1.0,) | pu)du,

= cj @(u)du, for constant ¢ =(s—1t,¢,),

={(c,p).
So we obtain s =7 +c.

Corollary 1.4: Let T = (¢,,t,,...,¢,) be an n-dimensional vector distribution. Then the solution of

the differential equation Z—T =0is T=C,(C=c,c,,...,C,).
X

Proof: F rom equation C:;—T =0, weha ve(T',p)=—T,p"y=0.Thus (T,y)=0 becauseo f
X

Lemma 1.1, w(x) = ¢'(x). By using the decomposition

17
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(%) = 9o(x) [ @(w)du + p(x) = 9,(x) | @(u)du,

and set v (x) = p(x) = y(x) | p(u)d.
we obtain T w(x)dx :]O o(x)dx — T goo(x)dx]o @(u)du = 0.
Then (T,0) =(T\,) | p(u)du+(T,p),

=(T.0,) [ pu)du,

= CI @(u)du, for constant C =(T,¢,),

=(C, ).
So the solution is T=C.

The idea of corollary 2.2 can be extended to the n"-order ordinary differential equation
Lt=at™ +a, """ +.+at'+at=0,

where a; e C*Vj=0,1,..,n;a, #0. The solution in this case has also the same as the classical

solution.Indeed, t his e quation ¢ an be transformed to a system of linear first-order o rdinary
differential equations, as will be explained in Section 4.3. The solution in this case has also the
same form as the classical solution.

3.3 Inhomogeneous Differential Equations
The simplest inhomogeneous ordinary differential equation is dt/dx = f, where f € C°.

A distribution ¢ is a solution of this e quationif (t',p) =(f,p)or (t,p") ={f,—@), for e very

@ € D. To solve this equation we call to the decomposition:

() = 9y(x) [ @ (W)t + p(x) = (x) [ @ (w)du.

Then we have t,p) ={t,0,) f p(u)du+{t,y), {t,0) ={t,¢,) f p(u)du +{t,y),

18



Generalized solutions of boundary value problems with jump discontinuity | 2012

where v (x) = p(x) = () | gy (wdu. Let ,(x) = [ p(u)du— [ p,(v)dv [ p(u)du.

since 7 = '), we can use y/(x) = ¢'(x), ¢,(x) = p(x). Thus (1,9") = f,~p),

Sy ={f,—p,) ={t,,p). Since {t,w) is known , we have

(0) ={t,0,) [ Pu)du+(t,0) = (¢, )+ 1y, ).

So we obtain

t=c+i,,

where ¢ is homogenous solution and t,is the particular solution.
. . dT
Corollary 1.5: Thes olution of ave ctor e quation d_=F ,where T =(¢,t,,...,t,) and
X

F=(f, /s f,)1s T=C+T,,where Cisa c onstantve ctor di stributiona nd T is the

particular solution.

Proof: By taking composition ¢(x) = %(x)T e(u)du + p(x) — @,(x) T @(u)du. Then we have
(T,0) = (T, [ pu)du+(T,p), where y(x) = p(x) — p(x) [ g, (w)du.

Let ¢, (x) = I o(u)du — J goo(v)dvj @(u)du. since ¥ = @', we can use y(x) = @'(x),
(X)) =@(x). Thus (T,p") ={f,—) (T,w)={f.—¢,) =(T;,¢) since (T,y) is known.
Accordingly, we have (T ,p) = (T,go())I e(uw)du+(T,y) =(C,p)+(T,,p), so we obtain

T=C+T1,.
The generalized solution of the inhomogeneous ordinary differential equation

at” +a, "+ . +at+at=f, (33.1)

where a ;€ C*Vj=0,1,..,n, t is ascalar distribution, a, #0,and feC ® (orthe generalized

solution of its equivalent system of the first order equations), is identical to the classical solution.

19
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We shall discuss in Section 4.3 the equation obtained from (3.3.1) by substituting J(x) for the
right side.

For the sake of demonstration, we consider the following problems.

1. Find the general solution of the equation x'”dt/ dx=0, m>1.

Solution: Indeed, we assume that #(x) = ¢, + ¢, H(x) + ¢;0(x) +¢,8" (x) +...+ ¢, ;8" (x), 50

m+l

that #'(x) = ¢,0(x) + ;8" (x) +... +¢,,,, 0" (x).

el

Thus (x"t'(x),0) = {c,x"5(x), @) +{c;x"5'(x),p) +...+{c, . x"5" 7 (x),p(x)),
= 6,(8(x),x"9) = (3. (x"9) ) + .. + (1) e, (5(x), x () "),
= 62" 0() | =6, (" P(0)) |y +ot (<D e, 20 (0) " |,
=0=(0,9).

and we have x"#'(x) =0 as required. Hence,

5" (x)

H(x)=c, +c,H(x)+c;0(x)+¢,0'(x)+...+c

m+1
is the general solution of the given equation.

For m =1 the solution reduces to #(x) = c, + ¢,H(x), which is a weak solution since the ordinary
function H(x) is not differentiable at x=0.

For m 22, t(x) = ¢, + ¢, H(x) + ¢;6(x) + ¢,8"(x) +... + ¢,,,,0" " (x) is the distributional solution.

m+l

2. We show that the general solution of x? =11is
X
H(x)=c, +c,H(x)+ ln|x|.

Solution: For every ¢ € D,

(x%(c1 +c,H(x)+ 1n|x

)9} = (s34 3pf (D)9, pf () is principal part (+)

_ c2<x5(x),<o>+<xpf<§>,co>,

_ hm{ - P o p(x)dx }

&0 —© X & X
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=£§13[T¢(X)dX+T¢(X)dX},
= [ oxds = (L)

Hence x% =1.Thus t(x)=c, +c,H(x)+ ln|x| is the general solution.
x

3. Show that the general solution of x° % =pf (i) is

1 1
1x) = ¢+ H(x) + e0(x) = pf (3).
Solution: For everyp € D,

o di (cl Y e H(x)+e,5(x) —lpf(%)j’@ —(Pe,8(x) + XS (x) + pf (L))
x 2 X X
= (RS, P) + ¢ (x5 (x).0) + <pf<§>,<o>,

1
=0+0+ <pf(;),qo>,
1
= pf (D) p).
X
So t(x)=c, +c,H(x)+c;0(x)— %pf(%) is the general solution. .
X

3.4 Fundamental Solutions and Green’s Functions

Definition: The fundamental solution E for differential operator L is defined as LE(x) = 9 (x),
where L is defined in (3.1.1).

Letu ss tartw ithth es imple ordinary d ifferential e quationfi—E +aE =06(x). If a=0,
X

E(x)=H(x)+Candif a=#0, itsg enerals olutionis FE(x)=H(x)U(x)+Ce “,where U

satisfies IVP: C;—U+ aU=0,U|_,=1. These arguments e xtend toa s ystem of f irst-order

X

differential equations
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9E | 4B = sl
dx

where the fundamental solution E is now an n X n matrix, 4 is a given n X n matrix whose entries
are in C”, and / is the identity matrix. Its particular solution is E(x) = H(x)U(x)+ Ce ™, where

U satisfies IVP: C;—E +AE =0, E|_,=1.
x

We ha ve r ight f undamental solution E(x)= H(x)U(x)+ e *'Cwhich sat isfies t he eq uation

Z—E + AE = 15(x) and the left fundamental solution E(x) = H(x)U(x)+ Ce *is the distribution
X

that satisfies the equation

d—E+ EA=06(x)1.
dx

This solution helps us in solving the inhomogeneous equation for a distribution vector ¢,

£+At=T,
dx

where T is a distribution vector with a compact support. Indeed, the particular solution is the

convolution

t,(x)= EQ)*T = [  UGT(x=y)dy+ [~ e T(x=y)dy,

while the homogenous solution is the same as the classical one.

Green’s function provides an powerful alternative to the method of separation of variables to
solve inhomogeneous BVP.

Example: The general solution of the BV'P (in classical sense)
y'=f(x), y(0)=0=y(D),

1
can be written in the form y = IG(x,s) f(s)ds,where G(x,s)is the Green’s function defined by
0
1- s
G(x,s) = s(I-x), 0<s<x,
x(1-5), x<s<1.

Note that: Fundamental solution helps us in solving the inhomogeneous equation df/dx+ At =T,
but Green’s functions used to solve inhomogeneous BVP.
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The next natural step would be to consider the general nth-order ordinary differential operator.
We shall, of course, attend to it, but first we want to discuss second-order ordinary differential
equations, because they are the cornerstone of mathematical physics and theoretical mechanics.

3.5 Second-Order Differential Equations with Constant Coefficients

Let us consider the simplest second differential equation with constant coefficient:

d’E(x,&)

T =8(=9). (3.5.1)

Since H'(x) = 0(x), integrate this equation both side with respect to x by fix £ as constant, we

obtain

dE(x,¢)

e =H(x=2)+a(s),

where «(&)1s an arbitrary function. Next, integrate this equation and we obtain
E(x,&)= [H(x=&)dx +xa(£)+ B(&),

=xH(x-&)[", —fw x0(x)dx +xa(&)+ B(&), (Integration by part)

=(x=9H(x=&)+xa(5)+ B(S), (3.5.2)

where (&) is another arbitrary function.
The s olution E(x,&)=(x—-&E)H(x-&)+xa(é)+ L(E) isa  continuousa nd pi ece-wise
differentiable f unction. T husiti st hes olution of ( 3.5.1)andit helps us ins olvingt he
inhomogeneous equation

%Z:f(x), (3.5.3)
where f(x) is a distribution with compact support. Indeed, the solution of (3.5.3) is

H(x)=Ex*f, (3.5.4)

Let us see if we can solve with the help of the above analysis an /VP or BVP in the classical

theory of ordinary differential equations.
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2
Let us consider BVP: Z’ 1;[ = f(x), 0<x<1, u(0)=u(1)=0, where f(x) isanintegrable
X

function with compact support in [0,1]. Appealing to relations (3.5.2) and (3.5.4), we find that
Ux)=E* f=[(x-EH(x=E) +xa(5)+ BE]* f,

= [T = OH -8 f()dé+x [ f(E)E+ [ BE) F(£)dE,

= [(x=O) 1 (s +x [a(&) f(&)dé + [ BE)f(&)dé.

From BCs: u(0) =~ [ F(&)dé+ [ B(&) f(£)dE =0, (3.5.5)
ul)= [(1-&)f(&)dé+ [a(&)f(E)dE+ [ BE)f(£)dé =0 (3.5.6)

From (3.5.5) we find that chf((g)d(g = T B(E)F(E)AE < B(E) = EH(=E). Then (3.5.6) yields

SL4EH (), —w<E<],

&)= {0, £>1.

Thus particular solution is

u(x) = [(1=&) f(&)dé - x[(1- &) f(&)dé

1

(x =) H(x =) f(&)ds - jx(l —5)f(&)ds,

0

O C—y — S e —

[(x = H(x = &) = x(1-)]f(5)ds = I G(x,6)f(5)ds,

-x(1-¢8), x<¢,
-£(1-x), x>¢.

The function G(x,&)is called a Green’s function. [ tisthe s olution of differential e quation

where G(x.8) = (r=HH(x =) = x(1-) :{

(3.5.1) and the same BCs as does u(x), namely,
G(0,8)=G(1,8) =0.
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Chapter 4

Boundary Value Problems with Jump Discontinuity

Definition: The problem of finding a solution to a given differential equation in a given closed
intervals I with the solution required to meet certain specified requirements on the boundary I of
that intervals is called BVP.

We can go a step further and e xamine t he case of i nhomogeneous bounda ry v alues, thatis

u(0) = a,u(l) = b. For this purpose we split the function « into two parts », and u, such that
u =u, +u,. The function u, satisfies the same differential equation and has the same boundary

values as the function u, that is, u,(0) = u,(1) = 0. Accordingly, its value is
X 1
u = [(x= &) [(O)dE—x[(1-&) f(§)dé.
0 0

2
a’u2=
2

x

The function u, satisfies BVP: 0, u,(0)=a, u,(1)=b.We can look at the quantity a as

the strength of the jump discontinuity at 0 and b as the strength of the jump discontinuity at 1 (so
that the function rises at 0 and falls back at 1). Then we can appeal to (1.4.5) and obtain
2,

dx?

=ao'(x)-bo'(x-1), u,(0)=0, u,(1)=0.

Its solution u, is determined by integrating

2
du,

dx? -

0, and u, = xa(&)+ P(&).

Thus u, =bx —a(x—1) and u=]C'(x—§)f(§)d§—xj(1—§)f(§)d§ +bx —a(x—1).
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Let us now consider /VP:

2

2. _ ' _
% tau=0(x), ul| _,,=0, u'|_.=1.

4.1)

Here u is defined for x > 0. Accordingly, the solution is such that u is zero for x <0 and satisfies

2

+ a*u = 0 for x > 0. The solution that satisfies the conditions

the homogeneous part o

u(0) =0, u'(0) =1, is 1 = S0
a

Thus the solution of (4.1)is u = lH (x)sin(ax). It is the fundamental solution of the operator
a

d*/dx* +a* . Let us use this u to construct the solution of /VP:

2
u 2
2 +a’u= f(x), ul =g, ul _=uy,

where f € C° forx > 0. For this purpose we continue the functions u and fin the following way:

0, x<0,
V) = {u(x), x>0;
0, x <0,
g(x) = {f(x)’ >0

We then find from (1.4.4) and (1.4.5) that
(v)' = V'+u,5(x),
(V)= V' "+, 8" (x) + 1,5 (x).

Accordingly, the function v satisfies the differential equation

% +a’v= g(x) +uy o' (x) +u,0(x),

whose solution is v(x) = E *(g + u,0'+u,0),

=E*g+u,E'+uE,
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= Tg(y)E(x —y)dy +u, [é H (x)sin(ax)]'+u, éH(x) sin(ax),

= éj‘f(J/) sina(x — y)dy + u, cos(ax) + u, smflax) , x=>0.
0

An Alternative Approach
We can obtain E(x,&)=(x—&E)H(x— &)+ xa(E)+ F(E) and various other interesting r esults

by an alternative approach. For this purpose let us first recall,

—2

d 1

W E|X—§|) =6(x—=&).

Accordingly, the solution (Green's function) to BVP:

32
WG(XJE) =06(x=¢), G(0,6)=G(1,£) =0,

. 1
is (x%§)=5h—§hwﬂg)+3@)
Applying the BCs, we find that

-x(1-¢),x<
G(x,§)=%|x—§|+x(§_%)_§:{ x(1-8),x<¢

2 |=E1-x),x>E

At this stage it is useful to introduce the symbols x_ and x_ . They stand for the values

¢, xelad],
x, xel&,b],

x, x€la,g],

¢, xelg,b],

as shown in Fig. 1.1. The corresponding quantities G. and G_ stand for the values of G in the

x. =min(x,§) = { and x, =max(x,&) = {

x_ and x_ regions, respectively.

In the present case, the functions G. =x(&—1)and G, =¢&(x—1) satisfy differential e quation
(3.5.1) inthe x_and x_regions, respectively. T he function G_ satisfies the BC: G(0,&) =0,
while G satisfies the BC: G(1,£)=0. At x =& these two solutions are equal. However, there
is a jump in their derivatives; that is,

dG, dG.| _|d(=¢(-x) d(=x(1-¢)| _,
dx dx i dx dx e '
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Fig. 1.1

The preceding remarks are valid for a general Sturm-Liouville problem,
dG
[ () 2915 @} ()G E) = S(x—E).as<x, £<b, (42)

G(a,5)=G(b,5) =0,
where p and g are real-valued functions on [a,b]; p, p',q € C°[a,b] and p>0. In this case the

condition of continuity is G(x,$) | _ o= G(x,8)| _ - and by first integration (4.2) as:

j { (x )dG(x ﬂdﬁ [a()G(x, &)dx = [5(x = e,

p(é){dG(x 9 —%u} JA60)| . -G8 W= [ 1= oy,
@ poiteddy ey
- dG(x,¢) _dG(x, &) 1

Y G)

The following problem demonstrates application of this theory in real word problems.

In quantum mechanics there is a very interesting phenomenon in which a particle passes through
a potential barrier that classical mechanics predicts is dense. Because this phenomenon implicitly

involves motion, let us begin with the time-dependent Schrodinger wave equation:

10 , 07

—— () =|-=—+V 1),

l.at!//(x ) [ & o (X)}//(x )
where w 1s the wave function,

V is the potential,
¢ 1s a suitable parameter.

Aim: To illustrate the phenomenon of tunneling
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We make t wo v ery si mple ch oices. F irst, w e assume t hat the time dependence o f y(x,7)is

iEt

purely os cillatory, s o t hat y(x,¢) = y(x)e™".Second, w e ¢c hoose V' (x) = 5(x). Then t he gi ven

2
wave equation reduces as l_aél//(x, t) = {— g’ ;—2 + V(x)}//(x, 1)
1 Ot X

S liEy(x)eiE’ = [— g dzy(zx) + 5(x)y(x)}e"E’
i dx

2

o T () = ¥ (03 = HO)5(x).

_iE ixE _ixVE iE
Its solutions are: y(x) =ae ¢ +be ¢ ,x<0, and y(x)=ce ¢ +de ¢ ,x>0.

The two constants ¢ and d can be determined by physical c onsiderations. Suppose we aim a
monoenergetic uni t-amplitude in cident b eam o f p articles m oving toward x =0 from the left,

ix\/E/g :

a =1.Then the term be is a reflected wave, moving left, for x <0. In the region x > 0 there

will be only a transmitted wave, moving right. Accordingly, d =0 and we have the following

solutions:
ixNE ixE ,x <0,
e ¢ +be ¢
yx)=4 o
ce & 5 X > 0.

The remaining two constants b and ¢ are determined as:

1. y(x) is continuous at x = 0;
2. [dy/dx],, ~[dy/dx], = y(0)/&".

Then we thereby obtain

b_25x/?i—1 C_ng/f(ng/E+i)

S ASE+1 46°E +1
. 1 4¢’E L
The qua ntities R=|b|2 =m and T =|c|2 =% are cal led the rejection and
L+ &+

transmission coefficients, respectively.

In the language of quantum mechanics, R is the probability that an incident particle of energy E

will be reflected, and T is the probability that the incident particle will be transmitted. Note that
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the total probability that a particle will be reflected or transmitted is unity between 7'+ R =1.
When £ —>o0,R—>0 and T -1, and when £ — 0,7 — 0 and R — 1.For these two limits the

classical and the quantum-mechanical predictions agree.

With the help of the following e xample, w e s hall shade light on the use of theory in solving

second order problems.

Example: Find the Green’s function that s atisfies the S turm-Liouville pr oblem with ¢ onstant

coefficient
d'G
GO | G )= 6(x-8). 0<x<r,
dx
G(0)-G'(0)=0, G(7)-G'(7)=0.
Solution:

To find the complete solution of this system, we first find the solutions in the regions x_and x._.
In the x_ region, the solution of the homogeneous part is G (x, §) = Asinx + Bcosx so that

G'(x,&) = Acosx — Bsinx.
From the BC: G(0) - G'(0) =0, G(7)—G'(x) =0, we obtain A = B. Thus the solution in the x_
region is

G(x, &) = A(sinx + cosx),
= A[l/\/zsinx + 1/\/3005 x],
= Asin(x +7/4), A= 24
In the x_ region, we take the solution of the homogeneous part is
G(x,&) = Csinx — Dcosx

s that G'(x,&) = Ccosx + Dsinx.
Again from the BCs, we obtain C = —D. Thus the solution in the x_ region is

G(x,&) = C(sinx — cosx),

= C[l/\/zsinx—l/\/zcosx],

= Csin(x—7z/4), C=2C.
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The condition of continuity is Asin(x +7/4)| _ o =Csin(x - /4y -

A ~ C
sin(E—7/4)  sin(& + 7/4)

= B = constant,

or
< A=Bsin(é—x/4), C=Bsin(&+7x/4).

By applying jump condition: a6 | dG

+ = 15
dx ¢ dx |’C:‘f

< Acos(&+ /4) —Cceos(éE—n/4)=1,

< B[sin(& — /4) cos(& + z/4) —sin(E + z/4) cos(E — /4)] =1,

& B(cos” £+sin” &) =1.
So B=1and A=sin(§~7x/4),C =sin(&+n/4).
Thus the Green’s function is

sin(& — z/4)sin(x + 7/4), x <&,

Glxe)= {sin(f t 7/4)sin(x - z/4), x> &

4.1 Second-Order Differential Equations with Variable Coefficients

Let us consider the differential equation with variable coefficients

N

a(x)y"+b(x)y'+e(x)y = 3 B,6" (x =),

n=0

where 6" (x)is the n” derivative of §(x). To fix the ideas, we shall take N = 1 so that we have

only to solve

a(x)y"'+b(x)y+c(x)y = fy6(x = &) + B0 (x = ©).

Since this is an inhomogeneous equation, its solution is expressed as

y(x) =y, (x)+y,(x),

(4.1.1)

where y, (x) is the solution of the homogeneous part and y,(x)is a particular solution. The part

v, (x) is the same as we study in the classical analysis; we therefore attend only to the particular

solution, which we assume to be
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y,(x)=G(x)H(x-2),

where G(x)is an unknow n function and H(x) is the H eaviside function. T hen we a ppeal to
Theorem 1.2, obtaining

V', (x)=G"(x)H(x - &)+ G(5)o(x - &),

Y, (x)=G"(x)H(x—-85)+G'(5)d(x - &)+ G(5)d' (x = 5).
Thus
c(x)y,(x) =c(x)G(x)H (x - &),
b(x)y', (x) = b(x)G' (x)H (x — &) + b($)G(S)d(x - S),
a(x)y,"(x)=a(x)G"(x)H(x—&)+a(5)G"(£)d(x = &) +a(x)G(5)o(x - &),

a(x)y", (x) = a(x)G" (x)H (x = &) + a(£)G'($)6(x = &) + G(&)[-a'(§)d(x = &) + a(£)d" (x = O],
=a(x)G" (D H(x = &) +[a(5)G'($) —a'(§)G()]6(x = &) +a(5)G(S)d' (x = S).

By substituting into the given equation, we obtain
(LO)H(x = &) +[a(£)G'(S) = a'(5)G(S) + b(S)G(S)]o(x = &) +a(5)G(S)d' (x = )
= P06 (x=&) + 0" (x = &).
Equating derivatives of &(x) of equal orders on both sides of this equation, it reduced to

LG =a(x)G"(x)+b(x)G'(x)+ c(x)G(x) =0,
a(8)G'(&) +[-a' (&) +b(2)IG(S) = b, 4.12)
a(8)G(S) = p.
This system is the /VP for G(x) and can be solved by the classical method, thereby solving the

original problem completely, i.e. y(x) = y, (x) + G(x)H (x - &). For the special case when 3, =0,

we have the fundamental solution
E(x=¢8)=E(x,5)=G(x)H(x = 2).
Example 1: Find the Green’s function for the harmonic oscillator,
Yk y =8(x = &)
Solution: a(x)y"'+b(x)y'+c(x)y = B,0(x=&)+ B0 (x = &),
where a(x)=1,b(x)=0,c(x)=k>,5, =1 =0.
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Thus by the system (2.7.2) it reduces to VP for G(x):
G"(x)+k’G(x) =0,
G'(9) =1,
G(&)=0.
Its general s olutionis G(x) = 4sin(kx + B).But G'(x) = Ak cos(kx + B), where A and B are
constants. Thenf rom  I/Cs  weobt ain G(¢&) = Asin(ké+ B)=0< B =—k&and
G'(&) = Ak cos(ké — k&) =1<> A=1/k.substituting these values into G(x) and we get

G(x) = %sin k(x—=&).
Thus general solution of the given harmonic equation is
y(x) =asin(kx+ f)+ [%sink(x -5H(x=¢),

where a and [ are constants, and the fundamental solution is

E(x.8) = [, sink(x— §)H(x =)
Example 2: Find the general solution and fundamental solution of the differential equation
(1-x*)y"2xy'=6(x - &).
Solution: (1-x°)y"'-2xy'=8(x - &)

Here a(x)=1-x>,b(x) = -2x,c(x) =0, B, =1, B, = 0. Then by the system (4.1.2) it becomes to
(1-x*)G" (x) - 2xG'(x) = 0,
(1-8)G'($) =1,
(1-&H)G(&) =0.
1+x 24

+ B.But G'(x) =

1-x 1-x*

Then from ICs

The general solution of this system is G(x) = AIn

we obtain (1—52)[A1n%+31 =0 B :—Alni+§ and

24

(1—52)(?'(5):(1—52)1_5

> =l 4=
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Substituting these values into G(x), we obtain

G(x)——l pitx 1o —g—lln(H—xJ(ﬂj
I—x 2 1-¢ 2 U=x\1+¢

So the general solution of the equation is

and its fundamental solution is E(x,f)zl[ln(“_xj I=¢ 1H(x-&).
2 T—x \1+e

Example 3: Let us extend the method of the previous examples to solve the
Y'43y'+2y =0""(x).
Solution: It is clear that the terms 0(x) and o0'(x) will appear in the expression y(x). However,
in view C orollary (1 .1) w e n eed o nly assu me t hat the co efficients o f (x) and J'(x) are
constants say a and b. Accordingly, we assume that the particular solution is
y,(x)=G(x)H(x)+ad(x)+bd'(x).
Differentiating two times we obtain
Y, (x)=G"(x)H(x)+G(0)6(x)+ad'(x)+bd" (x),
Y, (x)=G"(0)H(x)+G'(0)0(x) + G(0)3'(x) +ad" (x)+ 55" (x).
Substitution of these into the equation y''+3y'+2y =0""(x):

G"'(x)H(x) + G'(0)5(x) + G(0)5' (x) +ad" (x) + b5"" (x) +
3G (X)H (x) + G(0)S(x) +ad' (x) +bS" (x)] + 2[G(x)H (x) +ad(x) + bS' (x)] = 8" (x), ity ields

the following system:
G"(x)+3G'(x)+2G(x) =0,
G'(0)+3G(0)+2a =0,
G(0)+3a+2b=0,
a+3b=0,
b=1.
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Its general solution is G(x) = de™* + Be™>*.But G'(x) = —Ae ™ —2Be™**. From ICs:
G(0)+3a+2b=0< A+B="Tsince a=-3,b=1.
And G'(0)+3G(0)+2a=0<-4-2B+3(A+ B) =6,

A+B=1,
o
2A+ B =6.

Hence A=-1,B=8 and G(x)=—e " +8e>". So the particular solution is
y,(x)=[-e"+ 8e ™ |H (x)—38(x)+8'(x),

and the general solution is y(x) = ae ™ + fle " +[—e ™ +8e " |H(x)—35(x)+ &' (x).

Example 4: Find the fundamental solution E(x) of the differential operator d*/dx* —a*

with the help of the Fourier transforms.

—2
Solution: Let E(x)be fundamental solution so that ¢ %CZ —a’E = 5(x).If we take the

Fourier transform F on both sides of this equation, we obtain

FI /0 E)) = FI5(]

& —u’F[E]l-a’F[E]=1,

-1
< FIE]= .
LE] a’ +u’
. -1
SEX)=F [F—7I]
a +u
1
———e M,
2a

4.2 Eigenvalue Problems
Letus now see the s pectral theory of t he following regular Sturm- Liouville pr oblem w ith

general BCs. For this purpose we find the Green’s function G(x, &, A4) that satisfies the system:
(L+Ar)G =(pG")Y+(g+ Ar)G=06(x=¢), a<x<h, (4.2.1)

B,G =(cosa)G(a)—(sina)G'(a) =0,
B,G = (cos B)G(b) + (sin B)G'(b) =0,
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where p',q,r € C’[a,b], p>0 and r>0in[a, b], A is the eigenvalue, and S are given real
numbers suchthat 0 <o <7,0< <z Thesignsin the BCs have been chosen so that the

eigenvalues decrease as « or [ increases.

2

In the notation of Fig. 1.1, the system 62 f = 0(x — &) can be split into two simpler systems:
X

1) In the x_ region, G(x,&, 4) is a solution of the homogeneous equation
(L+Ar)G=0, B,G=0.
We can connect the solution of this system to the solution ¢, (x) of the IVP:
Lo, +Arg, =0,
¢,(a) =sina,
@', (a)=cosa,
So that B ¢,(a) =0.Thus G(x,&, 1) is a constant multiple of @, (x) .
ii) Inthe x, region, G(x,&, 1) is asolution ofthe hom ogeneous e quation LG + ArG =0,

B,G =0, with the solution y,(x) of the IVP:

Ly, +Ary, =0,
X,(a)=sinpj,
7', (a)=cos .

So that B, y,(b) =0.Thus G(x,&,A)1s a constant multiple of y, (x) .It follows that
G(X, 57 ﬂ“) = C¢,1 ('x< )Zﬂ, (x> )
G is continuous atx = & .To find the constant C, we appeal to the jump condition

¢ X L
. 2. p&)

The quantity inside the brackets is the Wronskian W,(¢,, y,) evaluated atx = &,i.e.,

Clg (O x' () =9, (. (9]=C

b
p(&)

Now we appeal to Abel's formula for the Wronskian, namely,

CWS:(@J(&) =
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W (g r) = (07, (1) — ¢, ()7, () = 22
p(x)

where w(4) is independent of x but may depend on 4.
Then
1 o C o(d) 1

CW.(d,,7,)= -
R T R

So we find that C =

and, we obtain the Green’s function
(4)

G(x,&,4) = ﬁ@(mm (x.).

It follows that the zeros of w(4) coincide with the eigenvalues of the given system. Indeed, let
A=u beazeroof w(1) , sothat w(u)=0. From above Abel's formula it f ollows that the
Wronskian of ¢,(x) and y,(x) is zero, and therefore these functions are linearly dependent.
However, neither o f these f unctions can v anish i dentically b ecause of't heir 1 nitial v alues.
Accordingly, ¢, (x) = ky ,(x), where k =0 constant and both these functions satisfy the two BCs
of (4.2.1). T hus, x is anei genvalueo f't he system, w hile ¢, (x) isth ec orresponding

eigenfunction.

Furthermore, w e s hall soon find G(x,&,4)= Z Uy (x)u (x)’ that a t a n e igenvalue G reen's

n=1 n
function has a singularity and therefore w(A) must vanish. Thus, the zeros of @w(A1) coincide with
the eigenvalue of system. Let us label these zeros

A <Ay <l <.y A —>oo,and set ¢, (x)=k,z, (x).

To normalize these eigenfunctions we appeal to the residue of G at 4 = 4 ,which is

¢/1” (x<)Zln (x>) _ k Zﬂn (x<)Zin (x>)
@'(4,) ! @'(4,)

_ ¢ln (x<)¢ln (x>)
C ko'(d)

5
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Note that ¢, (x.)d, (x.) =, ()¢, (&) and g, (x.)7, (x.) =z, (x)7, () in both the regions

x_and x_. The required value of the residue of GatA =4 , i

8, ()1, (&) 8, ()¢, (&)
o) ko'(4,)

=u, (X)u, (&),

where u,(x) are the orthonormalized eigenfunctions of the (4.1.1) and Z(f) are their complex

conjugates. From this relation it follows that

¢5/1,, (X)Z/ln (x) _ ¢/1n (x)@” (x)
o(4)  ko'(,)

_ $, (x) _ k,
R T B R PTVRY

n

= u, (X)u, (x) = u(x),

Next we expand Green's function in terms of the orthonormalized eigenfunctionsu, (x), as

Gx.£.2) =Y g, (£, A, (x), where g, = (Gu,) = jb H(X)G(x, &, A, (x)dx.

n=l1

To find g,,
LG+ ArG=056(x—-¢&),

< LGu, + ArGu, = 5(x— &),

b — b — b _
o j LGu, (x)dx + A j r(x)Gu, (x)dx = j 5(x = Eyu, (x)dx,
S (LG,u,)~2g, =u, (&),  but ,g,=(LG,u,).

& ;l’i1gn _ﬁ’gn = Z’

©g,(64,) =

n

From G(x,&,4) = Z g,(&, A)u, (x), it then follows that an eigenvalue Green's function

n=l1

G2 = Z (x)u (x>‘

n=l
There are two interesting results follow from this discussion:

1. We find that the solution w(x, 1) of the inhomogeneous system
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(pw")'+(g + Aryw= f(x), a<x<b,

i wx, 2) = [ Gx.& ) f(£)dé,

-] [ $ L, (f)f(é)} :

[ 1@, £)as

‘Z”( Go=2)
= S fotty e, (3).

ii. When we expand 5(x)/r(x), w e obtain

Sx-&) S(x—&) —
r(x) Z< o) )>” ()

(cxy &)
S\ ()

r(yu, (y)ju (x),

= u, () (£).

Example 5: Let us consider the system
(' )Y+Axu=0, 0<x<I,
ling xu'=0, u(l)=1.

The uni que s olution that s atisfies this s ystem isu(x) =J, (\/zx). From the BCs we have the

J,(JA
eigenvalues J, (\/Z ) = 0.The c orresponding e igenfunctions are u,(x)= V2 O(—m and its

Jo(JA,)
Jo(4, &)

conjugate Z(x) =2 28N 22 Then from relation it follows that
Jo(J A

8 =8 _ S, ooy - w20 A 026
- —;unmun@)—; Vi)
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4.3 Higher Order Differential Equations

Finally, we consider the fundamental solution of the nth-order differential operator (3.1.1) with

coefficients a,(x) =1. This means that we have to solve the differential equation

—n —n-1

d E +an_1(x)d—_ll?+...+a0(x)E=5(x). (4.3.1)
dx" dx"

To distinguish between the classical and distributional derivatives we shall put a bar over the

above differential equation whenever there is an ambiguity.

Let us set u =E,
u'\=E'=u,,
u'y=FE"=u,,

L m __
u'y=E"=u,,

I Al R
u',  =E" =u,.

Using these standard transformation u, =FE, wu,=u",,..., u,=u', ;,wecan write (4.3.1)asa

2

first-order system,

du
& L AU=F, (4.3.2)
dx
0O -1 0 0
0
u, 0 0 -1 - 0 .
where U= , A=|: Sl F=| .
u, 0 -1 '
o(x)
| do 41 4y a,_ |

There are two well-known results from the theory of ordinary differential equations:

1. Thege nerals olutionof t hee quation LU =dU/dx+ A(x)U =0, canb ew ritten

U(x)=K(x)C, where A(x) isa given n x n matrix of differentiable functions, C is a constant
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vector and K(x) is a fundamental matrix which is nonsingular , det K(x) #0. From the matrix

K we form the Green's function (matrix) for the /VPs associated with the operator L by setting

G(x,y)=K(X)[K()] "
2. G(x,y) is independent of the particular fundamental matrix K that we use. Moreover, if 4 is
a constant, then G(x,y)depends only x—y;i.e.,G(x,y)=g(x—y), where g(x) satisfies the
1VP:
dg/dx+ Ag =0, g(0)=1.
The Green's function G(x,y) enables us to solve the inhomogeneous equation (4.3.2) where F'is

a vector whose components are continuous functions.

Indeed,
U(x)= jo G(x,y)F(y)dy + G(x,0), (4.3.3)
U0)=C,
where C is a constant vector, is the solution of (4.3.2).

We are i nterested onl y 1 n e valuating the f undamental s olution E. Accordingly,inviewo f

transformation we take the first component of (4.3.3) and obtain

E)= [ G, (v, 0)50)dy + 3G, (x0),

=G, (x,00H (x)+ Zn: ¢,G,;(x,0), (4.3.4)

i=1
where G, and c; are the components of G and C respectively.
Suppose t hat u,(x),u,(x),...,u,(x) are n linearly i ndependent s olutions of t he hom ogeneous

equation associated with (4.3.1). Then

w(x) cou,(x)
K(x) _ uvl ()C) e uvn :(X)
u" ) w2

is a fundamental matrix of (4.3.2). Thus
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Gy (,2) = D (04,00, (43.5)

where the quantity 4, is the (n,7) element of the inverse of X, i.e.,

uy Uy Uiy 0 U, u, oy,
A, =" : : Dolx| o : L (4.3.6)
ul(n—Z) ui(n—z) ui(:zl—z) in—Z) ul(n—l) u’(ln—l)
From the relation (4.3.5) and (4.3.6) we obtain
w(y) - u(y) =
P : w(y) ()
G,(x,1)=| ., e X :
1 w3 w7 | -
w" () eou ()
w(y) o u,(y)

Then equation (4.3.4) can be written as
E(x)=g(x)H (x) + Y ct,(x),
i=1

where g satisfies the IVP:

g(0)=g'(0)=--=g"?0)=0, g""(0)=1.

If the polynomial p(x)=x"+a, x""' +...+ax+a,, has roots A,,4,,..., A, that are simple, then it

is easy to show that g(x) = Zei"" / p'(4,), and so the fundamental solution is

i=1
E(x)= H(x)ie‘f*/ p'(A)+ icl.e“.
i=1 i=1

We can readily extend the analysis of this section to the case in which the right side of (4.3.1)
contains terms such as §',6",---,5" the same lines as presented in the previous sections.

4.4 Ordinary Differential Equations with Singular Coefficients

Recall that the sturm-Liouville problem

(p(X)y'(x))'+[g(x) + Ar(x)]y(x) =0, x e I
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is said to be singular if atleast one of the following holds:
1) The interval I is infinite /unbounded
i1) P(x) or r(x) vanishes at one / both endpoints of I
ii1) P(x) or r(x) is not smooth on I.
Example: i. Bessel DE: x°y''+xy'+(x* — p*)y =0, 0<x<1.
ii. Hermite DE: (e‘xzy')'+/1e""2y =0, —oco<x<oo
iii. Legendre DE: ((1-x%)y")+Ay =0, —1<x<I1.
iV. Chebychev DE: ((1—-x*)"*y")+A(1-x*)"y=0, —1<x<1.
Linear homogeneous systems o f differential e quations with in finitely smooth coefficients have
no solutions in the space of generalized functions other than the classical solutions. However, for
equations with singularities in the coefficients, there may appear new solutions in generalized

functions.

Examplel: Show that
1
y(x)=C[5"(x) +Z5(x)],
where C is a constant, is a solution of the Bessel equation x*y"'(x) + xp'(x) + (x> = 9) y(x) =0.

Solution: We can show it by using Corollary 1.1.

Then xzy"(x) +xp'(x)+ ()c2 -9)y(x)

=x’[C(5" (x)+ %5(@]’ "+ x[C(S8" (x) + ié‘(x)]#[xz —9][C(S8"" (x) + %5(@],

=C[x*6" (x) +%x25”(x) +x0""'(x) +%x§' (x)+x°8" (x) +%x25(x) -90"(x) —%5(x)],

4, 12 CN U o2 9
=l 8" (1) 4o 60 = 28" (1) = 8(0) + 5800 +0-9 76" (1) = (1),

= C[128"" (x) +%5(x) ~35"(x) —%5@) +28(x) - 95" (x) —%5@)1,

=0.

Hence y(x) satisfies the given differential equation.
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Example 2: Verify that, in general

[m/2] (m—k)!
— C . §(m—2k) ,
() kZ; 41l (m = 2k))! )

where the symbol [m/2] stands for the greatest integer < m/2,is a solution of the Bessel equation

X" () + 20" () + [x7 = (m +1)"1y(x) = 0.

[2/2] — )
Solution: If m=2, y(x)= CZ @k

_ = ) 522k _ " l
k:o4"k!(2—2k)z5 (x) = C[6" (%) + 45(x)]

then it is the solution of x*y'"'(x)+xy'(x)+ (x> =9)y(x) =0, what is already shown on the

above example. But if m > 2,

X° " (x) + 20" () + [x7 = (m + 1) ]p(x)

— x2 C[§] (m _k)' (m 2k) n C mz/z (m k) 5(m—k) ]
A ke (m— 2k)' < 4% [l (m — 2k)!

[m/2]
+[x% = (m+1)2]C Z%&WH,

_ C[izl] _ (m—k)! 2y m-2ke) | | C[gzl _ (m—k)! S m2k+D
=4 k\(m—2k)! 147 k! (m —2k)!

[m/2] AN [m/2] _ '\
C Z - (m—k)! K252k _ C(m + 1)2 Z _ (m—k)! §(m=2k)
=4 kl(m-2k)! =4 kl(m-2k)!

B C['”/”(m k) (m =2k +2)! S5n-20 C[m/”(m—k)!(m—zkﬂ)! Sm-20
- Z k Z k _ 2
= 4k (m - 2k) “ AR (m - 2k)?)

b

[m/2] Y [m/2] o
L C z _ (m—k)! Sim=2k=2) _ C(m + 1)2 Z . (m—k)! 5(m—2k)’
o4 kl(m—-2k-2)! 4 kl(m-2k)!

=0.

Let us now consider the confluent hypergeometric equation
xy'"+(b—x)y'-ay =0.

It has the distributional solution
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da_l d b—a-1
y(X) =cC dxa_l (a - lj 5()(:),

where a and b are positive integers such that b—a—1>0.

Claim! A solution of the differential equation

xy"+ay'+bxy =0,
where b#0 and is a positive even integers, is y(x) = c(a’z/dx2 +b5)“P25(x).

Similarly, the distributional solution of the equation
xy"'+H(x+a+b)y'+ay =0,
where a and b are positive integers, is

dafl d b-1
= —+1] O(x).
y(x)=c dx“‘l( n j (x)

Justification :
a-1 b-1 a-1 b-1(ph _1 b-1

y(x)= c%(dijt 1] o(x)= C%Z( X j(dij 1""'°* 8, (binomial exp asion)
X X X X

b—1 b _ 1 db+u—2
= L.

b-1 ba L (bh—1 b1 p—1
j( d _ ]5 +oex ( jj(hm_n +(a+ b)z( jg(hm—n
dx k=1 k k=1 k

These concepts can be extended to higher-order di fferential e quations. For instance, the third-
order differential equation

M =(x+ p)y'=(x = p=Dy+(x -1y =0,
has a distributional solution when p is a negative odd integer, p < —3. This solution is

y(x) = c(d?[dx* =172 5(x).

Distributional s olutions to ordinary differential e quations may also be found by de viations of
arguments, as in the system
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N
Y'(x) =D A4 (x)¥(2,x),
=0
where the 4,(x) are matrices and 4; are numbers lying between - 1 and 1, while y is a column

N

vector. Indeed, under certain assumptions it can be shown that equation »'(x) = ZA,(x) Y(4,x)
=0

has a distributional solution concentrated at x = 0.

In what follows we visit Engineering problems the solution of which makes
enormous use of this theory.

1. The governing di fferential e quation that describes the response of a viscoelastic incomplete
ring to a suddenly applied force at its free end is of the form

ay'"'+by'= aH (x) + f,6(x) + 6" (x) + f,6" (%),
wherea,b,a, ,, B,, B, are appropriate constants relating to the problem.
Solve this differential equation with a =b=a=4,=,=4,=1.

Solution: First we have to derive the third—order DE:
a(x)y"+b(x)y"+c(x)y'+d(x)y = Byo(x)+ B,6'(x)+ 5,6 "(x).

Suppose that y, = G(x)H (x). Differentiate this particular solution three times we obtain

V', =G'(x)H(x) + G(0)5(x),
y',=G"()H(x)+G'(0)5(x) + G(0)5' (x),
", =G"(x)H(x)+G"(0)6(x) + G'(0)d'(x) + G(0)0" (x),
Thus
d(x)y, =d(x)G(x)H(x),
c(x)y', = c(x)G'(x)H (x) + c(0)G(0)5(x),
b(x)y",=b(x)G" (x)H(x) +[6(0)G'(0) - b'(0)G(0)]6(x) + b(0)G(0)5" (x),
a(x)y",=a(x)G" (x)H(x) +[a(0)G" (0) - a'(0)G'(0) + a" (0)G(0)]6(x)
+[a(0)G'(0) —2a'(0)G(0)]0"(x) + a(0)G(0)d"" (x).
Substitute these into the given equation it yields /VP for G(x):
a(x)G""+b(x)G"+c(x)G'+d(x)y =0,
a(0)G"(0)-a'(0)G'(0) +a" (0)G(0) +b(0)G'(0) = b'(0)G(0) + c(0)G(0) = B,,
a(0)G'(0) - 2a'(0)G(0) + b(0)G(0) = B,
a(0)G(0) = 5.
Now we solve y'"'+y'= H(x) + 0(x)+ 0'(x) + 0" (x),
where a(x) =1,b(x)=0,c(x)=1d(x)=0,a=6,=p,=5,=1.
Then by above system we can find that
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G"(x)+G'(x)=1,
G"(0)+G(0) =1,
G'(0) =1,
G(0)=1.

Its general solution is G(x) = ¢, + ¢, cosx + ¢, sinx + x.From /Cs:
G0)=c¢ +¢c, =1,
G'0)=c;+1=1<c, =0,
G"(0)+GO0)=——c,+c,+c,=1<¢, =1,¢c,=0.

Thus G(x) =14+ x and y(x) =¢, +c,cosx +cy;sinx +x +(1+ x)H(x).

2. Solve the differential equation
d 2
dx®

d’y \ 1
[EI,(1+mx) W] = 4,8 (x —51),

which embodies the static problem of finding the deflection y of a linearly tapered beam that is

free at x =0, clamped at x =/,and subjected to a couple g, at its midlength (see Fig. 1.3),
where E is Young’s modulus,

I =EI,(1+mx) is the moment of inertia of the cross section,

I,and m are constants.

Solution: First we have to derive the fourth-order ordinary differential equations. Let us consider

4 3 2
the differential equation a(x)% L 4 b(x) d S d J
dx dx dx

=B8(x =&+ 8" (x = &) + pr07 (x = &) + B3 (x = &),

where we have stopped at the term &""(x) for the sake of simplicity.

+ c(x) + d(x)j—y +e(x)y
X

Assume that y, (x) = G(x)H(x - ). Differentiating this relation four times we obtain

V', (x)=G'(x)H(x—- &)+ G(5)(x - &),

V', (x)=G"(x)H(x-&)+G'(§)d(x -5+ G(£)d' (x = <),

Y, () =G"()H((x =8+ G (£)o(x = &)+ G'(£)0' (x = &) + G(£)d" (x = &),

V()= GT()H(x = &) +G"(§)(x = &) + G(E)S' (x = &) + G'(§)S" (x = &) + G(E)5" (x = &).

Thus
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e(x)y,(x) = e(x)G(x)H(x = &),
d(x)y', (x) =d(x)G"(x)H (x = &) +d(5)G(5)d(x = &),

c(x)y"", (x) = c()G" () H(x = &) +[c(S)G' (&) = ' (£)G()]0(x = ) + ¢(S)G(S)D" (x = &),
b(x)y'"", (x) = b(x)G"" (x)H (x = &) +[6(£)G" () = b'(5)G' (&) + 5" (5)G(S)]6(x — ©)

+[b(5)G'(S) = 2b'(£)G(£)]0" (x = &) + b(S)G(E)S" (x = ©),
a(x)y, (x)=a(x)G" (0)H(x = &) +[a(5)G"'(§) ~a'(§)G'(§) +a" (§)G' (&) —a" (§)G(H)IS(x ~ &)
+[a($)G" (&) = 2a' ()G (6) +3a" ()G ()6 (x = &)
+[a($)G'(8) =3a'(5)G(9)]0" (x =) +a(S)G(5)d" ' (x = &).
The next step is to substitute these values into given equation, so that
(LG)H (x = &) +{a(8)G"" (&) ~[a'(§) =b(S)]G" (&) +[a" (5) =b'(&) + ()]G ()
—[a"'(&)=b" () +c'(5) =d(S)]G()}6(x = &) +{a(5)G"'(5)
—[2d'(5) = b()]G'(&) +[3a"(5) = 26'(S) +¢(£)]G(S) 10" (x =)
+1a($)G'(8) = [3d'(S) = b()]G(S)}0" (x = &) +a(5)G(£)d" (x = &)
= B8(x=E)+ B8 (x=E)+ f,67 (x - &)+ 5 (x-&).

We equate the coefficients of generalized functions on both sides of this system to obtain the /V’P
for G(x):
LG(x) = a(x)G" (x) +b(x)G"" (x) + c(x)G" (x) + d(x)G' (x) + e(x)G(x) = 0,
a($)G"(8)~[a'(§) =G (S) +[a"(5) = b'($) + ()]G (S)

—[a""(&)=b"(5) +¢'(§) = d(D]IG(S) = By,
a($)G"(§) = [2a'(§) = (]G (§) +[3a" () = 26" () + «(£)]G(S) = f,,
a(§)G'(5) ~[3¢'($) = b(HIG(S) = s,
a($)G(S) = ;.

2 2
Now it is written explicitly, % [EI,(1+mx) ‘; 2y 1= 8,8 (x - %z), becomes
X X

d’ sd’y d ,d*y ,d’y
—[EI (1+mx =EI, —[3m(1+mx +(1+mx s
o LEL (e mx) == Bl = [3m(1+mx)” = (14 mx)” =]

x2
d2y d3y 3 d4y

= El, [6m2(1 + mx) o +3m(1+ mx)2 ?+ 3m(1+ mx)2 i’T);+ (1+ mx)3 W]’
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Lo
=o' (x _El)-
& EI(1+mx)*y" +6ELm(1+mx)’ y" " +6EIm>(1+ mx)y"'= 5" (x _% .

Here a(x) = EI,(1+mx)’,b(x) = 6El m(1+mx)*,c(x) = 6El,m’ (1+mx),
d(x)=e(x)=0,5,=p, = B

Assume that the particular solution is y ,(x) = G(x)H (x — &) with & = %l.

a'(x)=3EI,m(1+mx)*,

E

a"(x) = 6EI,m*(1+mx),

T><

a"'(x)=6EIOm3.

g ]y

b'(x) =12El,m* (1+mx),

b'"'(x)=12El,m’, Fig .1.3.The deflection of a tempered beam
c'(x)=6El,m’.

Then by this system it becomes to
2

G" (x)+ 1+’:1x G"'(x)+(lf%)2G"(x) -0,

Ezo[(1+m%)’G"(%)—6m(1+m%)(1+m%—m)c;(%)]=ﬁ1,
(1+m%)2 —[9m(1+m%)—6m2]G(%) =0,

G(%)=O.

Its solution is G(x) = ¢, +c,x +c;(1+mx) + ¢, In(1 + mx). From ICs:

G(%)=cl+c2%+c3(1+m%)+c4ln(l+m%):0,

e m e mh e mt
G%)_c2+03m+c4l+m%, G"(Up)=c, (Hm%)z,G (1) =2, e
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By substitution: 2c, ( =0<c, =

m -3¢,
1+m%)Z (ler/)2
—E]O(l+m%}6;71(1+m%—m][c1 +e, Ve, (tem U0)= B,
(1+m%)z[cz +c3]—m(1+m%)9—6m][c1 v, Yve,(lem 1)) =

e B B
4mE]0(1+m%)Z 2m2EIO(1+m%)
R oo Bl
© omEL i+ m %)2 2m’El,
Hence y, (x) =-£[— =1 l : (- 1)

El, 2m*(1+m 1) 4m(1+m/) 2m(1+m%) e (1+mX)
Thus the general solution y(x) = b, +b,x+b,(1+mx)+b, In(1+mx)+y,(x),

where b,,b,,b,,b, are constants. These constants are obtained with the help of the BCs that the

beam is free at x = 0 and clamped at x =/, that is,

y(=0, y'()=0, y"(0)=0, »"(0)=0.

2

V(x) = by tmby b, —— 4y, (x), ¥ (X) = b, sty (),
1+ mx (l+mx)

" _ m3 " w - _ m4 V4

y'"(x)=2b, —(1+mx)3 +y,""(x), ¥y (x) =—6b, —(1+mx)4 + 37 p(x).

From BCs it yields
y()=b, +byl+b;(1+ml)+b, In(1+ml)+y (1) =0,

V(1) =b, +byml +b,——+y' (I)=0,
l+ml =7

y"'(0)=b,m*+y", (0)=0,

¥"(0) = 2bm’ + 3" (0) =0,

" (0)=-6b,m"* + y" ,(0) = 0.

Thus the solution is
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f ! / R 1 PR R B
2mEL, (1+mly’  2(1+m Ly mQml) m(am L) (+ml)? (1 mx)?

y(x)=-

-1 _ l X 1 _l
+(m(l+m%) 2(1+m 1) " (1+m L2y " m(1+mx)]H(x A)'

i n+15(n)( )

1)1 formally satisfies the first-order ordinary
O .

3. Show that the infinite series y(x)

differential equation
x*dy/dx -2y =0.

It is interesting to observe that x = 0 is an essential singularity for this differential equation.

o An+l o(n) o An+l o(n)
Solution: x’y'-2y=x’ zu '—2 m,
= nl(n+1)! = nl(n+1)!
B x2 0 2n+15(n+1)(x) _2 ) 2n+25(n)(x)
=~ nl(n+1)! “~ pl(n+1)
B i +1x25(n+l)(x) B 0 2n+2 5(n)(x)
~ pl(n+1)! GRS

_i2n+l(_1)2(n+1)!5(n—])(x) ~ 0 2n+25(n)(x)
nl(n+ D) —1)! & i+ 1)

b

n=1
iznﬂg(n 1)(x) © 2n+2§(n)(x)
~ pln-1) = am+1)’

_izn+2x§(n)(x)_ © 2n+25(n)(x)
= opln+)! = oaln+1)!

Hence y satisfies the given differential equation.
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V)  Conclusions

The space of test/basic function is a linear set of test function together with convergence. Any
continuous functional on the space test function is called a generalized function. The Dirac delta

and Heaviside function are functions with jump continuities.

Vector analysis functions w ith jump di scontinuities acr oss surface and boundaries help us to
solve many unsolved problems in potential, scattering and wave propagation theories that can not
solved by classical methods. Fundamental solution and Green’s function are the great tools for

solving boundary value problems with jump discontinuity.

There is a new solution of linear homogeneous systems of differential equations with singular

coefficients in the space of generalized functions other than classical solution.
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