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PREFACE

The problem of finding a basis solution of linear homogeneous ordinary differential
equations with variable coefficients is, in general difficult. Indeed a considerable effort
was directed at constructing solutions of specific equations with non constant

coefficients.

The solutions of differential equations with analytic coefficients were obtained from a
theory called the method of power series. Most importantly is the case in which the
equation has a singular point. In the special case of a so called regular (weak) singular
point we can apply the method of Frobenius to construct convergent series solutions in a
neighborhood of this point. In general this cannot be done for an irregular (strong)

singular point. Treatment of this case is the main aim of this seminar.

The first chapter gives the background information about the problem under investigated.
The second chapter constructs a method of approximating the solutions of differential
equations in a neighborhood of an irregular singular point. The final chapter extends

these approximations to asymptotic expansions.
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CHAPTER ONE
INTRODUCTION

Ordinary differential equations play an important role in the solutions of many problems.
This makes them an essential topic in Mathematics and /or Science. Even though most
physical problems involve nonlinear differential equations, it is possible to approximate

the solutions of many problems by replacing non linear by linear ones.

Consider the general linear differential equation of order n,

n—1

d"y "y
an(x)w + an—1(X)W + -+ a(x)y = f(x)

Since a detail discussion of techniques for solving differential equations of higher order
involve much time and effort, we consider the second order equations which occur more

frequently than others in applications.
The general second order linear differential equation is of the form

a,(X)y" + a; ()Y + ag(x)y = FX) e v et een (%)

Assuming that the functions a, a;, and a, are continuous on some interval, say
a < x < b, and also that the function a, (x) nowhere zero in this interval, equation (*)

can be rewritten to in the form
y +p()y +q)y =r(x).
Let as introduce a classification of points of the x-axis of the equation

Y + )Y + gy =0 s e e e (1),



Ordinary point:
The point x, is an ordinary point of (1) if both p(x) and q(x) are analytic at x.
Singular point:

The point x, is a singular point of (1) if at least one of the functions p(x) and q(x)

is not analytic at x.
Furthermore, a singular point of (1) is weak (regular) if the functions

(x — xg)p(x) and (x — xo)*q(x) are analytic at x,. Otherwise, the singular point is

strong (irregular).

When the coefficients are constants the solutions are obtained easily by elementary
methods , in terms of elementary functions. For equations whose solutions cannnot be
obtained easily a possible tool which comes to mind is expansion of the solution in series.
If the coefficients of (1) are analytic, we can construct convergent series solutions by the
method of power series. However, many differential equations that arise in practical
problems have singular points, and it is a matter of practical importance studying
solutions near a singular point. In the special case of a regular singular point, we use the
method of Frobenius to construct convergent series solutions. Of course, such approaches

confine us to equations and solutions that have convergent power series representations.

In general, constructing convergent series solutions can not be done if the singular point
Is irregular. Since a number of ordinary differential equations that arise in many
applications are of interest primarily in the neighborhood of irregular singular points, and
the choice of physically appropriate solutions is often determined by their behavior near
these points, this assumption of convergence excludes many of the most significant

situations in the theory of ordinary differential equations.



In this case some knowledge of asymptotic analysis of differential equations is needed.
In an asymptotic analysis one tries to find analytical solutions which are approximately

valid.

Computationally, a convergent series is not always useful because convergence is a
concept relating to the behavior of the terms at the tail end. That is a series converges
says nothing about how rapidly the terms will decrease in magnitude. On the other hand,
in an asymptotic series, the terms will usually decrease rapidly with n at first for some
point x. Sometimes, they may begin to increase with increasing n at some point after
decreasing initially. When the terms are decreasing rapidly, if we sum just the fist few
terms and we know the error incurred is of the order of the next term, we can get a good
estimate of the sum. This is why asymptotic series, even when divergent, are practically
useful. In addition, asymptotic series may be the only means of obtaining an analytical

solution of a difficult problem, and are commonly used for this purpose.

The familiar techniques (the power series and Frobenius method) will not be a subject for
further discussion in this seminar. Here, we shall be interested in more general methods
and procedures which can be applied to a wider class of differential equations. More
specifically, we shall show how a useful approximation to solutions of second order
linear ordinary differential equations can be obtained by expanding in an asymptotic

series in a neighborhood of an irregular singular point.



CHAPTER TWO

ASYMPTOTIC APPROXIMATIONS TO SOLUTIONS OF
DIFFERENTIAL EQUATIONS

Since most equations cannot be solved, it is natural to seek approximate solutions. It is
straight forward to know the leading order behavior (asymptotic representation) of
solutions of differential equations in a neighborhood of an ordinary point or regular
singular point; we simply use a Taylor expansion or Frobenius method. However, if we
are considering an irregular singular point, we use a more creative and heuristic
approach. In this chapter we study how to construct the approximate solutions of
differential equations near an irregular singular point. First we introduce a classification

of singularity of equation (1) at infinity.
2.1 Large Values of the Independent Variable

It is often desirable to study the solutions of equation (1) for large values of the

independent variable. To discuss the solutions in a neighborhood of infinity, we change

the independent variable from xto t = % then large x’s correspond to small t's.

Set: t = 1

X

Then using chain rule,



and

. dy ,d
v =)

dx dt
_ i(_ 2 Q)E
dt dt/ dx

dy ,dy .,
[2tdt t dtzl( t%)

dy d?y
=23 —+t*—=
dt + dt?

Substituting y'and y" in equation (1), we obtain

, 4%y dy 1\ dy 1
26— en () g ralp)v =
tt dt2+ t dt —t'p dt +a y=0

_ay (2 r@\ay @) _

- - 0
dt? t t?2 |dt t4
Thus equation (1) is transformed to
1 1
[z @), @) _
y+ T2 y+t—4y =0. ... (2)

The singularity of (1) at infinity is classified according to the nature of the singularity of
(2) at t = 0.The rank of the irregular singularity is m + 1, where m is the least

nonnegative integer such that x ™ p(x) and x 2™ q(x) are analytic at infinity.



2.2 Asymptotic Approximations to Solutions of Differential Equations near an

Irregular Singular Point

The standard form of a linear homogeneous second order differential equation is taken to
be

Y +p)Y +q()y =0 s e e (1)

Our aim here is to approximate the solutions of (1) near an irregular singular point. First

we have the following preliminary lemmas.

Lemma 1. Using the transformation
S pCodx
y=e 2P u
the differential equation

Y + )Y +q()y =0 e s s (1)

is reduced to the equation(called normal form)

u' — <%p2 (x) + %p'(x) — q(x))u =0 (2)
Proof:

—5 [ p(@)dx
we set y = uv wherev = e 2

Now,



- 1,+12
v =-5pvtopty

Thus
. B |
y =(u —Epu)v
y' =uv+2uv +uv’
o , 1 1 .1 5
=uv+2u (—Epv)+u(—5p +Zp)v

" 1, 1
=@ —pu —=pu+-p*u)v

2 4
Substituting y, y ‘and y"'in (1),
s, 11, 1,
(u —pu —Epu+zp u>v+(pu —Ep u)v+quv=0

=u' - sz(x) + %p'(x) — q(x)>u =0

Hence by appropriate change of the independent or dependent variable, every linear

homogeneous differential equation of second order can be put in the form

Y = f)Y =0 e e (3)

Lemma 2: Consider the differential equation

U = fFOIU=0 e ee e e e e e o (3)

Using the substitution t = t(x) and its inverse x = x(t), equation (3) is transformed to
the equation
d’u  idu

Tz X2FOOU=0 oo (4)



,where dots signify derivatives with respect to t.
Proof
Let x = x(t)

Then using chain rule,

_1du
X dt

- d(du)
"~ dx \dx
_d[ldu dt
~dtlx dtldx

u

Substituting u” in (3) we get

d’u  Xdu 2 (U = 0
dt?2  xdt ¥ u =

,\where f(x) is expressed in terms of t.
Now, to find the asymptotic approximation of the solutions of the differential equation

Y +p)y +qx)y =0t e e (1)



near an irregular singular point ,we proceed as follows.

Without loss of generality assume that (1) has an irregular singularity at infinity (this is
to follow historical precedent, and to acknowledged that infinity is the natural

distinguished point in many physical applications).
Using the change of variable

-1
y = ez P@dxry

equation (1) is reduced to normal form
u' — (%p2 + %p' —QDU=0eeceveer e e e e een o (2) (DY lemma 1)

Hence equation (1) is reduced to equation of the form

U = FOIU=0 et et ee e e e e o (3)

We will exclude functions f(x) which change sign as x increases (i.e. transition points)

and for convenience, assume that f(x) > 0.

First we made a preliminary transformation of (3) in to a differential equation of the

same type but f(x) replaced by a function that varies more slowly.
Using the substitution
x = x(t)
equation (3) is transformed to the equation (by lemma 2)
d’u  %du

T g X U= 0 (4)

where f is expressed in terms of the new independent variable t.

Again, the change of variable

1 %
u=62fxdtw



1 .
_ eflngW
1
= X2w
, called Liouville transformation, yields
d*w 2 FCOwW = 3¥2 X .
72 fx)w = 22 97 W woe e e (5)

It is not less difficult to arrange that the coefficient of w in (5) be constant, than to solve
the original differential equation(3). Hence for the left hand side of (5) to be identical

with the comparison differential equation

d*w — 0o
a2z VT
we choose
x2f(x) =1
dt _ 4 %
dx tf

t(x) = ijf%dx

Thus substituting

X = f_Tl in (5), we obtain

d?w Aff" —5f"”
W—(li'ng)W ..(6)

, provided that f is twice differentiable.

w2
Aff —5f

So far, the analysis is exact .Now, if |@| < 1 as x — o, where @(t) = e

then the approximate solutions of (6) are

10



w = et for large x.
Consequently, the approximate solutions of (3) are

1

-1 1
U = xZw~f 7 et/ f2dx

(x = o)
Hence the asymptotic solutions of (1) are
-1 d -1 1
Y1 (x)~eZ IPE fa el f2dx

and

( L pdx o7 —ff%dx
vy, (x)~e2 fre (X > 0)iiiiii (7

Therefore, where f(x) positive and real in a neighborhood of an irregular singularity, the

solutions of (1) has exponential behavior.

Note also that if we include intervals containing zeros of f (called turning points or
transition points of the differential equation (3)), then ¢ becomes infinite and the
approximation fails at this points. Throughout this seminar it is supposed that all domains

under consideration are free from turning points.
The main results of this section can be summarized by the following theorem.

Theorem 1.Let f(x) be positive, real, twice continuously differentiable function on the

interval (a, ), a > 0. Then the differential equation

y' = fx)y=0

has twice continuously differentiable solutions whose asymptotic representation is
-1 .1
Y1) ~fFel 12

-1 1
and  y,(x)~fr eSS (x = )

11



" /2
Provided that |@ K1las x = .
16f

Remark:
For the equation

Y A FOO)Y =0t e e (5),

where f(x) is positive; we choose

x2f(x) = -1
dt\>

(&) =
dt_+_ L
ax =

Hence the asymptotic solutions are
-1 1
y~freti /2 a5 x — oo,

Since the linear combination of the solutions of a homogeneous linear differential

equations is also a solution, the real asymptotic approximation of solutions of () are
-1 1
Y1) ~f# cos(f fzdx)
and

-1 1
Yo (xX)~f* sin(fzdx) as x — oo.

12



Although much of the subsequent analysis carries straightforwardly to the case f(x) is
real and negative, in the interest of clarity we confine attention for the case f(x) is real

and positive.
2.3/ Example: The Modified Bessel Equation
2y " +xy — (2 +v)y =0 .. (11)
We would like to know how the solutions of this equation behave as x — oo.
Now, (1.1) can be written in the form

.1 v

First we need to classify the point at infinity. The change of variable
X = % yields

UZ

o1 (1
y+i{y- (t_4 + t—2>y =0 (1.3)

Since (1.3) has an irregular singular point at t = 0, (1.2) has an irregular singular point

at infinity.

Now put

13



Then (1.2) becomes

, 1 v?

Clearly, f(x) = 1 — -+ > 0in the neighborhood of infinity.

Since v? « x? and 4%2 « 1as x — oothe solutions of (1.4) can be approximated by the

solutions the equation
u"—u =0 for large x.
However, this equation has solutions
uy(x) = e*

and

u,(x) =e™

Thus (1.2) have approximate solutions

-1 -1

y1(x)~x7ze* and y,(x)~xze™*

(x — o)
Therefore, two linearly independent solutions of the modified Bessel equation are the
modified Bessel functions, j,(x) and k,(x) which have asymptotic property
-1
J,(x)~(const)x2 e*
and

k, (x)~(const)x_Tle_x (x — )

14



2.4/ Asymptotic Approximations (Continued)

To find the asymptotic solutions of

' =(f) + g(x))y e e v e (8)

we apply the transformation

L 1
y = xZwand t(x) = ]f?(x)dx

then (8) becomes

dw (g 4ff -sf"
7 = (1 +7+Tf3>w(9)

-1
Now, if |p| < 1and [ f7 g < oo, then (7) approximate the solutions. That is g does

-1
not affect the gross asymptotic behavior at all. However, if [ f2 g diverge then we

regard the coefficient f(x) + g(x) as a single function of x and use(7) . That is
-1 1
yi~(f + gy 7 elUrora
-1 1
ni~(f + g) T e JUroa
1 9 =t 1 =3
Note:(f + g)z = f2+_fzg—5fzg* +
Example: Find the asymptotic approximation of the solutions of the equation

y —(x+1logx)y =0..uu...(2.1) as x > oo

Sett = i then equation (2.1) is transformed to the equation

. 2 . 1 1
y+aEy - (75 + 5 log (1/t>>y =0 (2.2).

15



Since (2.2) has an irregular singular point at t = 0, equation (2.1) has an irregular

singular point at infinity.
Now, if we take
f =xand g = logx,

Then

-1
[ f2 g would diverge.
Hence we set f = x + log x,
From the binomial expansion ,we have

1 1 1 1 3
(x +logx)2 =x2 +—x2logx + 0(x 2((log x)?)

N

1 -1 5
and (x +logx) 4+ =x4 + 0(x +logx) asx — .

Thus

1 1 1
[(x +logx)zdx = [ x2dx + %fxf log x dx + const + o(1)

3 1 1
= %xi + x2logx — 2x2 + const + o(1) ,x > ©

Therefore, the asymptotic solutions are

23 1
-1, 1 (—x2—2x2>

—+x2 _\3
yi~x4% e

and

1 1 3 1

——x2 (—=x2 2
y2~x4 X e( 3X +2x2) (x_)oo)

16



CHAPTER THREE

ASYMPTOTIC EXPANSIONS OF DIFFERENTIAL EQUATIONS WITH
IRREGULAR SINGULAR POINT

In the preceding chapter we saw that how the solutions of a linear second order
differential equation are represented asymptotically in a neighborhood of an irregular
singularity. In this chapter we show how to extend these approximations in to asymptotic
expansions. We first study a general method for a singularity of unit rank, the commonest

case in applications.
3.1/ Differential Equations with Irregular Singularity of Unit Rank
Consider the equation

Y + )Y +q)y =0 e s e e (D).

Without loss of generality assume that the singularity is located at infinity. That is there

exist a > 0 in which p(x) and g(x) can be expanded in convergent series of the form

p(x) =Xr—oPu X" ,q(X) = Xi—0qux " x] > a

Not all of the coefficients py, q, and g; vanish, otherwise the singularity would be

regular.

-1
Using y = eZ I Py equation (1) is transformed in to

U = fOU=0.eee e e (2)

where

1, 1,
£G0 = 79700 +5P'() — 4@

17



Now,

p*(x) = i [i pkpn—k‘ x"
n k=0

=0

P = pa(—m)x !
n=1
Thus

— pOZ 1 -1 1 -2
f(x) = L + S PoP1— 1 )X + 5P2Po —P1— Q2 )X + -
for [x] > a .ot . (3)
In chapter two we showed that with appropriate restrictions equation (2) has solutions
with properties
-1 1
u~fr (x)e) 20n (x = )

By the use of (3) to simplify these representations, we have

-1

-1 —_—
fa = (% — qo) " +0@™) and

f7= (% - qo) + % [(% - qo)_2 Gpopl - ql)x‘ll +0(x7?) (x = o).

N| =

18



1 -1

1 _ (Do’ 2 Po’ 2 (P11 @ _q
sz(x)dx— <T—q0> x+<T—q0 (T—?)logx + const + 0(x™)

( \
N j (22" qo)%x G DL '5
L e
~ u~(const)e 410 (x = )
That is
u~(const)etx+olog ) = .. ..(4)
where

N =

p = (# - qO) ,and

4
p

(popl_q_l)
2

Q

Now (4) is true unless p = 0.that is p,? = 4q, Hence we have the following two cases.

Correspond to case 1 (i.e. po? # 4q,),we have the following theorem.

Theorem 2. Let p(x) and q(x) be analytic functions of the real variable x having

convergent series expansion

n

P(X) = Xn—oPu X" ,q(x) =X 0qnx " x| >a

with py? # 4q,.Then the differential equation

Y +p)y +qx)y =0 i v (1)

has solutions with asymptotic expansions

Aj 4ol GO -n
yi~etixki Yy r o Ani X

19



Proof:

Assume p,? # 4q, . Using the above procedures and returning to the original differential

equation we have

-1
y~(const)87fp(x)dxei-(px +0 log x) (X N Oo)

But
-1 —1 -1
TP(X) =—Pot 7P1x_1 +0(x7%)
and
_—1fp(x)dx _—1p x—lp log x
e? =e2"07 720! + 0(1) + const as (x = )
~ y~(const)eP+ulog ) - . (5),
where
A=+ 1
H=x0o 2291

are the asymptotic representations of the solutions.

Since p(x) and gq(x) have expansions in descending powers of x, it is natural to

extend (5) in to formal series solutions of the form

y = e xt Z T R ()
n=0

Now, write y = e x* ¥%_, a,x™™ in the form

20



Then
y = e p(x) + ¢ ()
y = eM[A2P(x) + 209 (x) + " (x)]

Substituting v, ¥, and y"" in (1), we obtain

P )+ (22 +p()Y () + (A2 + p(x) + ()P () =0 e vee v (%)

Differentiating

N z(# —n+ Da, 7"
n=1
Y (x) = Z(u —n)(u—n—1)a,x* "2
n=0

= ) =+ D= ma,
n=1

Thus

21



PCI () = O s ™) (1 = m)axt ")
n=0 n=0

0 0 n
=py ) (=max 4 ) (Z P (= + 1)ak_1> Xt
n=0 n=1 \k=1

and

(P +q(0))yp(x) = (Z(pn + qn)x‘”> (Z anx“_n>
n=0

n=0

(o] o n
= Z(’Po + qoa,)x* " + 2 (Z(pn+1—k + Gn+1-k) ak) x#nl
n=0 n=0 \k=0

Substituting these and the expansions of p(x) and q(x) in equation(x*), we obtain

= > (= n+ D= a2 422 (1= m)a !
n=1 n=0

(o] (o) n
+ po Z(u —n)a,x* " + Z <Z Pni1-k(u—k+ 1)ak_1)x"‘”‘1

00}

+122a xH "+Z(Ap0+q0)a xH™

+Z<Z(pn+1 kKt Qni1- k)%)x” -l =,

n=0 \k=0

22



[Azia +Z(/1p0+q0)a }x” n

n=0

ZPO(M n)a, +Z(u n+ 1) - n)an1+212<u n)a,

(Z Pus1i (i — k+ D 1>

(Z(pn+1 ket Qni1—i) ak)}x“ =0,

M——\

*,
)
Equating the coefficient of x* to zero we obtain
(A* + pod + qo)ap = 0

=22 4+pA+q=0..........(6.01)

Equating the coefficient of x#~! to zero,
(po + 2N uag + (p1A + q1)ag =0
= (po +20)u = —(p1A +q1) e oo ... . (6.02)

,and equating the coefficient of x* =1 n > 1 to zero, we have

{(A% + pod + qo) + (po + 2D (u — n) + (P11 + q)}a,
+{u—n+D@U-—n)+Up,+q +p1(u—n+1)}a,_; + -
+ {APn11 + Qi1 + PR Yag =0

= ((po +20) @ —n) — (o + 270#)) @
+{u—-n+D@U-—n)+ @A+ g +p1(u—n+1))}a,_4 + -
+ {Apn+1 + qn+1 + :upn}aO =0
= (po +2D)(—n)a, +{lu—n+Du-—n)+ Ap; + g2 + 1w —n+ D)}a,_ + -
+ {Apn+1 + qn+1 + :upn}aO = 0.

23



= (po + 2)na,
=m-wh-1-pa, 1 +{lp.+q - —-1-wpi}a,,
+{Aps+ gz —(n—2 —wplay_, + -+
+ {ADns1 + 1 + UPRIAG e e e e e e (6.03)

1
From equation (6.01) we get two possible values 4,,4, = —%po + (i po® — qo)2 for A

and from (6.02) the corresponding values uy, u, of u. These values are consistent with
the values we get in equation (5).The values of a, ,say ay, and a,, in the two cases
may be assigned arbitrarily. Higher coefficients a,, ; and a,, , are then determined
recursively by (6.03).The process fails if and only if p, + 24 = 0; this is the excepted
case py? = 4q,. Equation (6.01) is called the characteristic equation, and its roots the
characteristic values of the singularity. The expansions of the form (6) is sometimes
called normal series or normal solution to distinguish it from expansions of Laurent type

for y.
Remark:

If the expansion (6) converges for all sufficiently large |x|, then term wise
differentiation would be valid and the series would define a solution of the differential
equation. However, this is not the usual state of affairs. For instance, when the terms

beyond the first are neglected on the right of (6.03), we have
a, n
a,_1 Ppo+ 24

(n - )

Which implies that (6) diverges. Only in cases in which the first term on the right of
(6.03) is largely cancelled by the contribution of other terms is there any possibility of
convergence. Hence the most that can be hopped of (6), in general, is that it provides the
asymptotic expansion of a solution in a certain real interval. Meaning, although (6)

diverges it yields information about the solution y in the sense that for any integer n > 0,

24



n

y(x) = e x*t Z axt+0(xT ) (x = o)
i=0

CASE 2. py® = 44,

The above theorem (theorem 2) fails to answer the case when p,? = 4q,.Hence
correspond to this we use an alternative procedure to yield similar asymptotic forms for
solutions. The procedure which leads to the same result is the transformation of Fabry.
Using the transformation of Fabry:

X 1
y=e pozw,t=x2

equation (1) is transformed in to

d2W+F(t) W GOw =0 7
72 It w=0........(7)
where
F(t) = 2tp(t?) — 2pot — t !
G(t) = t*{4q(t*) — po® — 2pep(t*)}
To show:
dy dydt
dx  dtdx
_lady
T2t dt
1 —po —PoX —Pox dW
= —_{—- 2 e
21;{ ¢z @we dt}

Po 1 dw] -pox
= |-=w+——]e 2
[ T T

25



(B £
de?  ldt T TN 2t
1 d*w  [—2pot? —1\dw po? —Pox
= + — — T wte 2
4t2 dt2 4¢3 dt 4

Substituting these values in equation(1), we obtain

d*w dw
TR (2tp(t?) — 2pot — t‘l)E + t2{4q(t?) — po* — 2pep(t*)}w = 0

. Which is the desired result.

1
Equation (7) has the same form as (1). For |t| > a2 its coefficients may be expanded in

series
2p;—1  2p, 2ps
F t el v
(t) t + t3 + ts +
4q; — 2pop1
G(6) = (44 = 2popy) + ————+
Here

FO = 0, F1 = 2p1 -1 ,and
Go = 491 — 2pop1,G1 = 0

If 49, = 2pyp;.then (7) has regular singularity at t = oo, and therefore admits of

solutions in convergent power series.
Alternatively, if 4q; # 2pop1 ,

then

N —
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1
= (2pop1 —491)2 # 0

1 1
2FoF1 —506;
0=—4 2 =0,

p

1
A= x(2pop; — 44q1)2

1 1
H=0—§F1=E—p1

Therefore, if 4q; # 2pyp; ,then (7) has an irregular singularity at infinity with an equal
1
characteristic values +(2p;p, — 4q4)2 and hence we can construct formal series

expansions for w of the form (6) with x replaced by t.

Restoring the original variables in the case 4q; # 2p,p; We obtain series solutions of the

form

1 3. (1-2p1) -
1 2Pox£(Zp1po—4q1)2x P1 -
y=e x 4 a,x 2
n=0

Again, the coefficients a@,, may be found by direct substitution in the original differential
equation. Expansions of this kind, involving fractional powers of x, are called subnormal

solutions.
3.2 Examples
Example 1.The modified Bessel equation:

Examine the asymptotic series solutions of

4

’ 1 2
y t-y —(1+Z—2)y=0 as x — oo,

In chapter two we have showed that this equation has an irregular singularity at infinity.
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Now, in the notation above, we have
1 0
p(x) = 0+;+x—2+"',

and

0 v?
=—1+———+-
q(x) .1

Then
po=0p =1p,=0vVn=2
q =-1,q,=0,q, = —v%q, =0Vn = 3.
Since py? = 0 # 4q, = —4, We can use the argument of theorem 2.
1
_ (1 2 )7 _q
p - 4p0 qO - 4L

B-9)

o=4 2)_,

p

and hence

1
ﬂ=ip—§po = *1,

1 1
p=2xto—op1=—73

Thus the equation has asymptotic solutions of the form

-1
yi~etxz Y ga, x " asx > 0. i =1,2

Using the recursion relation(6.03),
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(2n — 1)? — 4v?
2Anay, ; = 4 Ani—1
(2n — 1) — 4v?
= ay; = 8A.n Api-1

(1-4v?)(3% — 4v?) ...(2n — 3)? — 4v¥)((2n — 1)? — 4v?))

= (+1)"
D 8" n!

Wlth a0’1 = ao’z = 1

=~ The asymptotic expansions of the solutions are

“1xe (1 —4v) (32 — 4v2) .. (2n - 3)? — 4vD)((2n — 1)? — 4v?)))
yi~e*x2 { Sl }x n
n=0

.and

e 242N (22 _ A2 Y C1N2 A2
yz(x)~e_xx712(—1)" {(1 4v1) (3% — 4v?) ..(2n—3)? —4v?)(2n —1)* — 4v ))}x—n
n=0

8"n!

Example 2. Consider the differential equation

n 1
Y =0 (21
y -y (2.1)

We want to construct asymptotic series expansions of the solutions of (2.1) ina

neighborhood of infinity.

First we need to classify the point at infinity.
Set: t = i ,then equation (2.1) is transformed to

L2001
JHIy—my =0 (22)
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Clearly equation (2.2) has an irregular singular point at t = 0. Hence equation (2.1) has

irregular singular point at infinity.
Now,
p(x) =0,
1 o
=0——+—+-
q(x) <t
Since py? = 4q,, we use the transformation of Fabry,

x 1
y=e pOZw:w)t:xZ

then equation (2.1) becomes

d’y 1dy
-7 _ 7 _ =0 .. (2.
dt? tdt 0 (2:3)
Thus
1 0
F(t)zo__+t_2+“1

G(t) = 4+0+0+
N t t2 "

Since 4q; = —4 # 2pyp; = 0, equation (2.3) has an irregular singular point at infinity.

Now,
1 1
p:(ZFO_GO)Z =4 =2,
1 1
7F— 56,
a=4 2 =0
p
Hence
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1
,u=icr—§F1=—

Thus equation (2.3) has asymptotic solutions of the form

1
y(t) = et?t2 Z a, t™"
n=0

Using the recurrence relation

(Fo +20)na, =(n—pwn—1—-wa, 1 +{AF + G — (n—1—-whkla, ; +
{AFg + 63 - (n -2 - M)Fz}an_z + .- {AFn+1 + Gn+1 + ,an}aO , We have

2Ana, = ((n — %) (n — ;) +(n— %)) a,_1

= G = AE 2An n-l
3N(n_2 1
(n 2) (nzzni? nr 2) forn>1
, a9 =1

That is

(n—%)(n—%)...(n+%)

= Sonp] forn>1,ay;, = 1.




and

_(n=3)(n+9)

M2 =""on (et
3 5 1
— (1) (n-3) ("2;?1)! - (n+ 7)’71 o1
ap, = 1.

}’1(t)~€2tt%§: (Tl B %) (n B %) (Tl + %)

22nplgn
n=0

(n—%)(n—%)...(n+%)

22npltn

1 [ee)
ya(O)~e 262 ) (—1)"
n=0
are the asymptotic series solutions of (2.3) as t - .

1
Substituting t = x2 ,we obtain

n
=0 22nnl x2

et § DD )

and

J’Z(x)“’e_z‘/zx%i(_l)n (n - %) (n - %) (n + %)
n=0

n
22l x2

,which are the asymptotic series expansions of solutions of (2.1)
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3.3/ Differential Equations with Irregular Singularity of Arbitrary Finite
Rank

In the previous section we have derived the asymptotic expansions to the solutions of the

differential equation

Y 4@y +q)y =0 e e (1)

with an irregular singularity at infinity of unit rank. In this section we show that how to
find the asymptotic expansions to solutions of (1) with an irregular singularity at infinity

of arbitrary finite rank.

First we find the asymptotic approximation of (1) in a neighborhood of infinity by the

method we develop in chapter two, say y,(x).

That is y(x)~vy,(x) as x — co. Meaning, we first factored off the singular behavior for y
since the asymptotic approximation is the leading term in an asymptotic expansion. Then
we might expect what is left over is well behaved enough to expand in Taylor series

about infinity.

Hence assuming that we can expand the solution for y in the form

y(x)~yo (x) Z a,x™"  asx — oo.
n=0

Substituting this series in (1) and equating coefficients we determine ay, a1, a,, ... This is
demonstrated through the following example.

3.4. Example: The Parabolic Cylinder Equation

Examine the behavior of the solutions of the parabolic cylinder equation

" 1 1 2
y +<U+E_Zx )y=0asx—>00.
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One can show that this equation has an irregular singular point at infinity of rank two.

First we have to find the asymptotic approximation of the solutions.
— _ 1 12
Here, f(x) = (v+2 X )

Aff" -

1f3 K1 asx — oo.

f(x) > 0inaneighborhood of o , and |
Hence the asymptotic solutions becomes

-1 1
y(x)~f 7 et 2@ a5 5 5 oo,

To simplify the result

2
and hence
1 1 1
fdex = sz — <v +§)logx + O(x_z) as x — 0o,
-1 _5
f4~%+0( ) as x — oo,
1 1, 1 l ﬁ
oy (o)~ —e4x (”+2) 0gx _ 4 —1-v,7

Vx

and

1,

1 1 1
=X +(v+ )logx = xVe o X = 0.

Y2(X)~ﬁ€ 4

Le us examine the behavior of the bounded solution. The asymptotic approximation (the

leading order behavior) of this solution is

_1o
y,(x)~xVe ¥ as x — o,
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Since we factored off the singular behavior for y, assume that we can expand the solution

for y in the form
y(x)~xe4 ¢(x)—xe4 Z M as x - oo,

1
Differentiating y = x”e‘Z"zlp(x),
! v—1 1 v+1 _le v —1362 !
y =[xt —ox e ¥ YPx)+xve ¥ P (x)
" v—2 1 v 1 v 1 v42 _lXZ
y =[v(v—1)x —va —E(v+1)x +Zx e ¥ P(x)
+2 [vxv—l _ lxv+1] e—%lep'(x) + xve—%lep" ()
2
Substituting this in to the equation for y,
-2 1 -1
v(v—1)x~ <v+2)+ x]t/)(x)+2[vx ——x]+lp (x)
+ [v+———x ]z,b(x) =0

= x2p" (1) + Qux — 2P () + v — Dx 2P (x) = 0 e v e (%)

Differentiating ¥(x) = Y5 a, x™",

Y (x) = i —na,x "

Y (x) = z n(n+ Da,x "2

n=1
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Substituting this in to the equation(*), we obtain

(o9] (o9] oo

Z n(n+ Da,x "2+ ZUZ —na,x " — Z —(n+2)a,,x "3

n=1 n=1 n=-—1

+v(v+1) Z a,x " =0.
n=0

Equating the coefficient of x! to zero yields
ax=0=a; =0.

Equating the coefficient of x° to zero yields
1
20, +v(v+1)ay, =0=a, = —Ev(v +1)

And from the coefficient of x™ forn > 0,
n(n+ 1)a, —2vna, + (n+ 2)a,, +v(v—1)a, =0
= (n+2)a,,, = —-[nn+1) -2vn+v(w - 1)]a,
=—[n>+n-2vn+v(w-1la,
=—nm-v)(n—-v+1a,
Thus the recursion formula for the a,, is

n—v)(n—v+1)
Apip = — —— a,,ay=1,a; = 0.

FP) =1-— 227

v(v—1) 74 viv—1)(w—-2)(v—3) o
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Therefore, our asymptotic expansion for y is

Y(X)fo”e_% 1-— vw-1 , vw-Dw-2)v-3) -

4 __
21~ 222]

If we check the radius of convergence of this series,

an+2x_n_2

lim

n—-oo

<1

a,x—"

n—v)n—v+1
= lim —( ) )x_2 <1
n—oo n+2
=-=0
X

=The radius of convergence is zero.

Thus, if v # 0,1,2 ...this asymptotic expansion diverges for all x. However, this solution
is still very useful. If we only use a finite number of terms, we will get a very good

numerical approximation for large x.
3.5 Inhomogeneous Equations

We have already derived the asymptotic expansions of the solutions y; (x) and y, (x) of

the homogeneous equation

vy +px)y +q(x)y=0.

In this section we consider the construction of the asymptotic expansion of the particular

solution of the inhomogeneous equation

¥ + )y +q()y = x%eF*r(x) e et et (L)),

in which a and B are real constants, and p(x), g(x) and r(x) are analytic functions

having convergent series expansions
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n

p(x) = X5 opnx™"

q(x) = Xp—oqnx ",

r(x) = Yo ohyx ™"
for x| >a,a>0 .. (1L2)
The general solution of (1.1) has the form

y(x) = 1y1(x) + ey, (x) + y, (%)

where ¢; and c, are arbitrary constants, y; (x) and y,(x) are independent solutions of

the corresponding homogeneous equation, and y,, (x) is a particular solution of (1.1).
First if we let y = ef*v
then using the chain rule, we have
y = (Bv+v)e
and
y' = (B%v+2Bv +v'")ef*
Substituting these values in (1.1), we have
B%v +2Bv +v" + Bpv +pv +qu = x%r
>v +QB+p)v + (B%+ Br(x) + q(X)V = X7 (X) s err e e e e (1.3),

which has the form as (1.1) but without an exponential factor in the inhomogeneous

term.

Hence without loss of generality, we consider the equation

Y +p0)Y + gy = x9T(X) v e e e e s (14)

38



in which p(x), g(x) and r(x) have the expansions (1.2)

As a possible formal series solutions of (1.4) we try the series

y =x“ Z A X st e e e e e e e e (1LD)
n=0

Differentiating y = Yoo a,x* ™"

y = ) (@ m)ax !

n=0

[ee)

= Z(a —-n+ Da,_x*™"

n=1

yu — y — z(a — n)(a —-_n — 1)anxa—n—2
n=0

= z(a —n+1D(a@a—n+2)a, _,x*"
n=2

Substituting v, ¥, ¥ and the expansions (1.2) in (1.4),

Z(a —n+1D(@a—n+2)a,_,x*"
n=2

n

Z Ay_ipi—1(@ —n +1i)

n

2 an-iq; + qoan,

i=0

[ee]
n=0

Equating the coefficient of x*~" to zero, we derive

] xa—n
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qoa, + 2i—iqi +pii(@a—n+D}a,_; + (@a—n+2)(@a—n+1a,, =
Ty v eeeeen e . (1.6) fOorn = 0,1,2 ...

Equation (1.6) determines the a,, recursively provided that g, # 0. For simplicity we

assume this to be the case.
In particular,
ap = qo 'y
a; = qo 11 — g0 *ro(qq + apo)

The structure of the recurrence relation (1.6) indicates that in general the series (1.5)

diverges for all finite values of x.

Example: Consider the inhomogeneous form of modified Bessel equation

,,+1 , 1+v2 _(1 )
Y xy x2 Y= Zx

We want to find the particular solution of this equation.

v—1

Now
p(x) = 7
q(x) = —1— :—z ,
r(x) = ov—1
Thus
po=0,p1 =1

Il
I
<

9 =-1,q, =0, q>
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Ty = 2v—1'rn =0,vn=>1
Then
1
Apqo =1y = Ap = T ov
a; = qo"'r — qo*r(qy + apy) = a; = 0.
2
oy = — [Z[Qi +pi(v=3+D]a_ +(v-DWw- 2)“0}
i=1
=a; = (1 - zv)ao
and

4
QoQs = — [z[qi +pio1(v=5+D]ag; +(w-3)(v - 4)%]

i=1
= a, = —(6v—9)a, = (32 —2(3v))a,

sy, ={(2n—1)2-202n - 1vlay,_, forn=>1

ag = — and Arpny1 = 0.

2v—1"

Therefore the particular solution of this equation has asymptotic expansion

1
¥y () ~xv 1 [— 7 1 X1 aan_Z”] as x — oo,

The general solution of the given differential equation has asymptotic expansion

y(@)~c1y1(x) + ¢y, (%) + y, (x) as x — oo,

where y, (x) and y,(x) are the solutions we found in example 1 of section 3.2.



APPENDIX
ASYMPTOTIC RELATIONS AND EXPANSIONS
A/ Asymptotic Relations
Let us recall a few definitions used in asymptotic relations.

Let f,g:D € R - R, x, € D, the asymptotic behavior of f for x - x, is given by the
value of f(x) for x — x,. We shall use the following notations to describe the behavior

of a function f(x) in the limit as x — x,.

) f~g asx — xg ,isread as f is asymptotic to g or g is an asymptotic

approximation to f as x — x,. This means lim,_,, % —

i) f =o0(g)asx — xg,isread as f is of order less than g as x — x;,. This means
f ()

XX g ()

lim = 0. Also we write f < g as x = x,.

iii) f=0(g)as x - x,, isread as f is of order not exceeding g as x —

Xo- This means 5 is bounded in a neighborhood of x,.

Note:

a) f =o0(1)as x - x,, meaning f vanishes as x — x,

b) f = 0(1) as x » x;,meaning that |f| is bounded as x — x,.
Examples:

a) (x+1)%2~x%as x > oo,
b) sinx ~xasx — 0.
C) §<<1asx—>00.

d) x%zo(i)an—WO.

42



The ordinary arithmetic operations (addition, multiplication, and division) are valid on

asymptotic relations.

As a rule, asymptotic relations may be integrated subject to obvious restrictions on the
convergence of the integrals involved. However, differentiation of asymptotic relation is

not always valid.

Example: Let f(x) = x + cosx. Then f(x)~x as x — oo. But it is not true that

f'(x) > 1lasx - oo.
B) Asymptotic Expansions

The set {f;}* _, of functions f;: D = R, fi;1 < f; Vias x - x, € D is called an

asymptotic sequence.
An asymptotic series is a sum
© o0 fi(x),where f;;; < f; Vias x - x, € D.

An asymptotic expansion of f with respect to the asymptotic sequence {f;} is asymptotic

series

0]

> afi

i=0
such that for each non negative integer n

n

F0) = afi)+0(f(®) (- x€D)
i=0
In this case we write

f)~XiZo aifi(x) (x = xo € D)

Hence
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) =D afi) = o))

i=0

and

i £ — 20 a:fi (%)
im

=aq, <o,k=01,23..
x=xg fie () «

The first term a, f; is called the leading term or the asymptotic representation of f.

Note that an asymptotic series may be convergent or divergent. If the series is

convergent, then we have that
fx) =Y a;fi(x) = 0asn — oo for fixed x.

As far as the operations on asymptotic expansions concerned, the arithmetic operation
addition is valid. Multiplication and division of asymptotic expansions is not always valid
because of the fact that it is not always possible to arrange the double infinite array

[, () f,n (%) as a single asymptotic series. Integration of an asymptotic expansion is valid

where as differentiation may be invalid.
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