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Abstract

Using an appropriate parametrix (Levi function), Dirichlet boundary value problem is re-
duced to some direct segregated systems of Boundary- Domain Integral Equations (BDIEs).
Although the theory of BDIEs in 3D is well developed, the BDIEs in 2D need a spe-
cial consideration due to their different equivalence properties. Consequently, we need
to set conditions on the domain or the spaces to insure the invertibility of correspond-
ing parametrix-based integral layer potentials and hence the unique solubility of BDIEs.
The properties of corresponding potential operators are investigated. The equivalence of
the original BVP and the obtained BDIEs are analysed and the invertibility of the BDIE

operators is proved.
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Notations

R? Two-dimensional Euclidean space.

) Bounded open set in R2.

0 The boundary of €.

Q) The closure of €.

B(x,r) Ball of radius 7 about x in R

OB(x,r) Boundary of ball of radius r about z in R2.
C>*(€2) The set of all infinitely differentiable function on £.
D(Q) The set of all infinitely differentiable function on Q with compact support.
D'(2) The space of continuous linear functionals on D(£2).
H?*(Q2) Sobolev spaces .

A The Laplace’s operator.

V  The gradient operator.
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Introduction

Many applications in science and engineering can be modeled by boundary-value prob-
lems (BVPs) for partial differential equations with variable coefficients. Reduction of the
BVPs with arbitrarily variable coefficients to explicit boundary integral equations is usu-
ally not possible, since the fundamental solution necessary for such reduction is generally
not available in an analytical form (except for some special dependence of the coefficients
on coordinates). Laplace’s equation is one of the most important partial differential equa-
tions in applied mathematics, because it occurs in gravity, electrostatic, steady state heat
conduction, compressible fluid flow and so on.

An Ttalian mathematician, Levi introduced method of the parametrix which is a way
to construct fundamental solutions for elliptic PDE with variable coefficients.The Dirichlet
boundary value problem for the Laplace equation with variable coefficient is reduced to
boundary-domain integral equations (BDIEs) based on a specially constructed parametrix.
The BDIEs contain potential-type integral operators defined on the domain under consid-
eration and acting on the unknown solution as well as integral operators defined on the
boundary and acting on the trace and/or co-normal derivative of the unknown solutions
[5].

There are two approaches to derive BDIEs of BVPs for PDE with constant coefficients.
The first integral formulation is often named as a direct method and the integral equations
are derived through the application of the second Greens identity. The second integral
formulation known as an indirect method is founded on single or double layer potentials.
The method of boundary integral equations has always had two important applications in
the theory of boundary value problems for partial differential equations: as a theoretical
tool for proving the existence of solutions and as a practical tool for the construction
of solutions [§]. The BDIEs are called segregated BDIEs when the unknown boundary
functions are considered as formally unrelated to the unknown functions inside the domain
whereas for the united BDIEs, the unknown boundary functions are related to the unknown
functions inside the domain.

Let © be a domain in R™ bounded by simple closed infinitely differentiable curve
0€), the set of all infinitely differentiable function on  with compact support is de-
noted by D(Q2). The function space D'(2) consists of all continuous linear functionals
over D(Q2). For any non-empty open set Q € R" we define H*(Q2) = {u € D'(Q) :
u = U|Q for some U € H*(R™)}. H>(Q;L,) is the subspace of H*(Q2) defined by
Hs'(Q; L) :=={g:9 € H(Q),L.g € H'(Q)}, for all s,¢ € R and H*(Q2) = H*(Q) :={u €
L,: D € L, Ja] <s, s€ Ny, pe[l,oo)}



The main part of this paper is divided into two chapters. In Chapter 1, we go through
some preliminary results concerning Laplace’s Equation, Mean Value Property and Poten-
tial Theory for constant coefficient in R™. These results are supposed to help to get into
the subject and later on, also convince from the validity of some rather complicated proofs.
In Chapter 2, we discuss the main result of this thesis, which is the Analysis of Boundary-
Domain Integral Equations for variable coefficient (the case of Dirichlet boundary value
problem in 2D). First, we formulate the boundary value problem, construct prametrix and
potential operators, then investigate the invertibility of these operators as well as analyse

the corresponding BDIEs.
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Chapter 1

Preliminaries

1.1 Laplace’s Equation

The n-dimensional Laplace’s Equation:
Au =10
and its inhomogeneous version, Poisson’s equation
Au = f.

A function u satisfying Laplace’s equation is a harmonic functions.

1.1.1 The Fundamental Solution

Consider Laplaces equation in R™,
Au=0, z€eR"

Given the symmetric nature of Laplace’s equation, we look for a radial solution. That is,
we look for a harmonic function v on R™ such that u(z) = v(|z|). In addition, to being
a natural choice due to the symmetry of Laplaces equation, radial solutions are natural
to look for because they reduce a PDE to an ODE, which is generally easier to solve.
Therefore, we look for a radial solution.

If u(x) = v(|z|), then

e, = S/ (fal), ] £ 0
2l
N L al) = Zo () + Soo(fa]), ol £0, i=1,2,3
Uge; = — 0 (|2]) — —=0' (2 “0"(|z]), |z , 1=1,2.3,...n
7] P 2P

= AU = Uy zy, + Upgzy + oo + Uz,

= "2 (fal) 4 o).




Letting 7(z) = || = \/a? + 23 + ... + 22,

0 1 i .
! :—(m%—i—x%qk..—i—a:i)_%.?xi:—, r#0, 1=1,2,3,...,n

xXTs
r

we see that u(z) = v(|z|) is a radial solution of Laplace’s equation implies v satisfies

-1
n V'(r)+0"(r) = 0.
,
Assuming v(r) # 0
v 1—-n
o
=Inv' = (1 —n)lnr+C
/I
==
cgInr 4+ e n =2
v(r) =
W‘i‘Cg n>3

From these calculations, we see that for any constants c¢;, c¢o the function

cpln x| + ¢ n=2

u(z) (1.1)

@z T2 23

for x € R™, |x| # 0 is a solution of Laplace’s equation in R™ — {0}. We notice that the
function u defined in (1.1) satisfies Au(z) = 0 for z # 0, but at x = 0, Au(0) is undefined.
Define the function ¢ as follows. For |z| # 0,

= In |z] n=2

-1 n>3

n(n—2)a(n)z[" 2

o =

where «(n) is the volume of the unit ball in R” and & satisfies Laplaces equation on
R"™ — {0}.

Claim 1. ¢ is a fundamental solution of Laplace’s equation and satisfies
Ad =,
in the sense of distributions. That is, for all g € D,
| o@agla)dz = g(0)

Proof. Let ® be the fundamental solution defined:

@.9)= [ o@)g()is



for all g € D. Therefore, the distributional Laplacian of ® is defined as
for all ¢ € D. We will show that

(®,Ag) = (do, 9) = 9(0),

which means A® = J; in the sense of distributions. Now, we would like to apply the
divergence theorem, but ® has a singularity at x = 0. We get around this, by breaking up
the integral into two pieces: one piece consisting of the ball of radius ¢ about the origin,
B(0,6) and the other piece consisting of the complement of this ball in R™. Therefore, we

have

(@, Ag) = / () Ag(a)dr

— / ®(x)Ag(x)dz + / ®(z)Ag(r)dx
B(0,5)

R"—B(0,0)
=1+J

For n = 2, term [ is bounded as follows,

1 3
/ — In|z|Ag(x)dz| < C|Ag(x)|Le-
B(0,6) 2T

/ In|z|dx
B(0,5)

2 0
/ /ln|r|rdrd«9‘

o Jo

5
/ln]r|rdr
0

< 6% Ind.

<

< (Y

For n > 3, term [ is bounded as follows,

1
< O\ Ag(a)| /

B(0,5) 2|2

0 1
< C/ </ ——dS(y ) dr
0 oBO Y[" 2 )
o1
= — dS(y > dr
/0 7|2 </83(0,r) v)

51 X
= ——na(n)r" " dr
/0 |2

= na(n) /O ’ dr

1
/B(o,(s) _n(n — 2)a(n)|x|n—2 Ag(x)dx

Therefore, as § — 0%, |I| — 0.



Next, we look at term J. Applying the divergence theorem, we have

L00)
O(x)Ag(z)dx = A®(z)g(x)dx — —g(2)dS(x
/ g M@0 / g A0 /a - (2)dS(x)

Bm»%
+ / @(x)@dS(x)
O(R"—B(0,5)) on

— _/ a—q)g(:c)dS(:C) +/ @(m)%dS@)
AR —

B(0,6)) on O(R"—B(0,5)) on
=L+ J

using the fact that A®(x) =0 for x € R" — B(0,0).
We first look at term J;. Now, by assumption, ¢ € D, and, therefore, g vanishes at
oo. Consequently, we only need to calculate the integral over dB(0,€) where the normal

derivative n is the outer normal to R™ — B(0, ) . By a straightforward calculation, we see

Vo(r) = —

na(n)|z[*

The outer unit normal to R” — B(0, ) on B(0, ) is given by

Therefore, the normal derivative of ® on B(0,d) is given by

2 (i) (2

na(n)|z[*t

Therefore, J; can be written as

1 1
———qg(x)dS(x :—/
/QBwﬁ)na(nﬂ$Vll (z)dS(z) na(n)[0]" Jopo.s)

:][ 9(x)dS(x).
8B(0,5)

g(x)dS(x)

Now if g is a continuous function, then
][ g(x)dS(x) = g(0) as § — 0
9B(0,6)

Lastly, we look at term Jy. Now using the fact that g vanishes as |x| — +oo, we only

need to integrate over dB(0,0) . Using the fact that ¢ € D, and, therefore, infinitely



differentiable, we have

/ q><x)@d3(x)‘ < /
8B(0,0) on L>(dB(0,8)) ¥ 9B(0,9)

<c /6 oy 2@

dg

o @ ()/dS(2)

Now first, for n = 2,

/8 o [0@NAS(E) = C / |In [2]|dS x)

8B(0,0)

< C|Ind| dS(z)
8B(0.,6)
= C|nd|(279)

< C'6|1nd|.

Next, for n > 3,

/ B(2)|dS(z) = C / L s
9B(0,5) oB(0,5) |T|"
C

< dS(z
on? /83(0,6) (=)

_ 55’1271@(71)5“ < .

Therefore, we conclude that term .J; is bounded in absolute value by

C'6|In 0| n=2

Therefore, |Jo| — 0 as § — 07. Combining these estimates, we see that

/ O(z)Ag(x)de = ah%l+ I+ Jy+ Jy = g(0).

Therefore, A® = §y. Thus, @ is a fundamental solution of Laplace’s equation. O

Theorem 1.1.1. (Solving Poisson’s Equation) Assume f € C*(R™) and has compact
support. Let

u(w) = [ =) f)dy
where ® is the fundamental solution of Laplace’s equation. Then
1. u e C*R")

2. Au = f in R".



Proof. 1. By a change of variables, we write
uw)= [ vy = [ sty

Let e; = (0,...,0,1,0,...,0) be the unit vector in R" with a 1 in the i"* slot. Then

Now f € C? implies
fleathei—y)—fle—y)  Of

_>

. axi(x—y) as h—0

uniformly on R™ . Therefore,

j;m - [ 2w gg (&~ y)dy

Similarly,

@)= [ ety

&%ixj al’il'j
This function is continuous because the right-hand side is continuous.

2. By using the above calculations and Using Claim1, we see that

Bou(e) = [ B)Aus(~ iy
= / (y)Ay f(x —y)dy
= f(x).

1.1.2 Green’s Identities and Green’s Function

First state the Divergence theorem as the following:

Theorem 1.1.2. (Divergence Theorem) Let 2 be a bounded solid region with a C* boundary

curve 02. Let n be the unit outward normal vector on 052 . Let u be any C' wvector field

on Q=QUON. Then
/ V.audV = / u.ndS
Q 80

where AV is the volume element in Q and dS is the surface element on OS).



Green’s Identities

Green’s Identities form an important tool in the analysis of Laplace equation. Let u,w €

C%(Q). Then we have

1. First Green’s Identity:

/qudx = —/ Vu.Vwdx + ua—wdS
Q Q 871

2. Second Green’s Identity:

ow ou
/Q(qu —wAu)dr = / (u% — w%> as

Proof. Prove first Green’s identity,

V(uVw) = V((uwxl, oy Uy, ))

B Z Ox; ( 0%)
ou Ow "L d*w
Z ox; Ox; Zuﬁ_xf

= VuVw + uAw

Integrating with respect to dx on €2,

/Vu.dea:—l—/qudx:/V(qu)dx
Q Q Q

= / uVw.ndS
a0

ow

Therefore,

/qudx = —/ Vu.Vwdx + ua—wdS (1.2)
Q Q on

Prove second Green’s identity:

First consider the following equation,

/wAud:v: —/Vu.de:B—l—/ wa—dS (1.3)
Q Q oo On

Subtract equation (1.3) from equation (1.2), we get second Green’s identity

ow ou
/Q(qu — wAu)dr = / (u% - w%) ds.



Representation formula
Let K(x,z9) = —1/(4w|x — x0|). Any harmonic function w in an open solid region {2 can

be expressed as an integral over the boundary 9 as

0 0
u(zg) = /m {u(x)a—nK(:v,xo) - K(x,xo)a—nu(x) ds
where o € Q and z is on 0 .

Green’s Function

Definition 1.1.1. Let z be an interior point of Q. The Green’s function G(x,xo) for the
operator A and the domain ) is a function defined for x €  such that:

(i) Let K(z,x0) = —1/(4m|x — x0|). The function H(zx) = G(x,x¢) — K(x,x¢) has contin-

uous second derivatives and is harmonic in Q (including the point x).

(i1) G(x,x0) =0 for x € 0N.

Theorem 1.1.3. If G(x,z) is the Green’s function, then the solution of the Dirichlet

problem s given by the formula

u(zo) = /BQ u(x)%d&

Proof. Recall that the representation formula is

u(wo) = /a ) [u(w)ﬁK(x,xo) - K(x,xo)ginu(x)} as

n

The result of applying Greens second identity to the pair of harmonic functions v and H is

/| [u(:r)a—nH(x) - H(;U)%u(x)] S0

Adding the two equations, the result becomes

/m [u(ﬂf)%G(x,ato) — G(x,xo)%u(m)] dS — Aﬂu(m)%G(x,xo)dS.

Therefore,

u(zg) = Lgu(x)%G(x,xo)dS.



1.2 Mean Value Property

For a function u defined on B(x,r), the average of u on B(x,r) is given by

1
u(y)dy = —/ u(y)dy.
fB(a:,r) a(n)r™ Jpe.r

For a function u defined on 0B(z, ), the average of u on dB(z,r) is given by

1
u(y)dy = — " / w(y)dS(y).
]{) S (y)dy a1 Josen (y)dS(y)

Theorem 1.2.1. (Mean-Value Theorem) Let Q C R™. If u € C?*(Q) is harmonic, then

u(x) = ][33@,,«) u(y)dS(y) = ]fg oy

for every ball B(x,r) C S.

Proof. Assume u € C?(Q) is harmonic. For r > 0, define
o) = uly)ast)
0B(z,r)

For r = 0, define ¢(r) = u(z). Notice that if u is a smooth function, then lim, o+ ¢(r) =
u(z), and, therefore, ¢ is a continuous function. Therefore, if we can show that ¢'(r) = 0,

then we can conclude that ¢ is a constant function, and, therefore,
uo) = ul)ds(y)
OB(z,r)

We prove ¢'(r) = 0 as follows. First, making a change of variables, we have

o(z) = ]iB( st

= ][ u(xr + rz)dS(y).
8B(0,1)



Therefore,

- nl)r” 1/8B )3n d5(y)

( by the Divergence Theorem)

=0,

using the fact that v is harmonic. Therefore, we have proven the first part of the theorem.

It remains to prove that

We do so as follows, using the first result,

/B - u(y)dy = /0 < /63(95,5) u(y)ds<y)> ds
- /0 (na(n)sn_l 7{93@,5) u(y)dS(y)) ds

/07" na(n)s™ tu(z)ds
= na(n)u(z) /OT s"tds

Therefore,

which implies

as claimed O

10



1.3 Potential Theory

1.3.1 Representation Formula

Consider 2 an open, bounded subset of R" with C? boundary and Q¢ = R" — Q ( the open
complement of €2). Two problems are:
(a) Interior Dirichlet Problem.

Au=0 z€Q

u=g x €I
(b) Exterior Dirichlet Problem.

Au=0 z€Q°

u=g x€JN°

Previously, we have used Green’s representation, to show that if u is a C? solution of the

Interior Dirichlet Problem, then w is given by

u(r) = — /m g(y)a—nde(y),

where G(x,y) is the Green’s function for Q2. However, in general, it is difficult to calculate
an explicit formula for the Green’s function. Here, we use a different approach to look for

solutions to the Interior/ Exterior Dirichlet Problem.

1.3.2 Double and Single Layer Potentials

It is known that

=In|r — y| n=2
Oz —y)={""

—1 1
A 2at) e P23

is the fundamental solution of Laplace equation Au = 0 in R", where |z —y| is the distance
between two points = = (x1, xs, ..., z,) and y = (y1, Yo, ..., Yn) in R", «(n) is the volume of
unit sphere in R".

Let h be a continuous function on 0f2. The single layer potential with moment A is
defined as

Vale) == [ h)®(e = 1)s(), (1.4
The double layer potential with moment A is defined as
0d
Wale) == [ b)g @~ 9)dS(y). (15
o0 Ty

We plan to use these layer potentials to construct solutions of the Dirichlet problem. Notice
that Green’s function gives us a solution to the Interior Dirichlet Problem which is similar
to a double layer potential. We will see that for an appropriate choice of h, we can write

solutions of the Dirichlet problems (a), (b) as double layer potentials.

11



Theorem 1.3.1. For h a continuous function on 052,
1. Va(x) and Wa(x) are defined for all x € R™.
2. AVx(z) = AWa(x) =0 for all x & 09.

Proof.

We prove that Wa(z) is defined for all z € R™. A similar proof works for Va(x).
First, suppose x ¢ 0. Therefore, (%I:/(x —y) is defined for all y € 0f2. Consequently,
for all x ¢ 0€; we have

0P
Wa@)] < h(0)le. (09) [ |5~ y)|ds, <0
a0 3ny
Next, consider the case when z is in 9€2 . In this case, the term g—z(x — ) in the

integrand is undefined at x = y. We prove Wa () is defined at this point x by showing
that the integral in (1.5) still converges. We need to look for a bound on Wa(z).

_ Yi — s
q)yi<w y) - na(n)|x . y|n7
0P
ng—w=ﬂaﬁy—@ﬂ@)

_ (z—y)nly)
na(n)|z —y*

where n(y) is the unit normal to 0 at y.
Claim: Fix z € 09). For all y € 0f), there exists a constant C' > 0 such that

[(y —x).n(y)] < Cly — .

Proof of Claim. By assumption, 9 is C?. This means at each point z € 9 there
exists an r > 0 and a C? function f : R"! — R such that - upon relabelling and

reorienting if necessary - we have
QN B(z,r)={z¢€ B(x,r)|z, > f(z1,22, e, Zn-1) }

Without loss of generality (by reorienting if necessary), we may assume x = 0 and
n(z) = (0,0,0,...,0,1). Using the fact that our boundary is C?, we know there exists
an r > 0 and a C? function f : B(0,r) C R"! — R such that 9Q is given by the
graph of the function f near z.

First, consider z € 92 such that |y — x| > r. In this case,

1
Ky—@ﬂwﬂShrﬂﬂﬁ;w—ﬂﬁzﬂﬂw—rﬁ

12



Second, consider y € 02 such that | — y| < r. In this case, we use the fact that

(@ = y)n(y)] = |z = y).(n(z) + n(y) = n(z))] < %Ix —yl*

< [(z = y).n(x)| + |y = )(n(y) - n(z))]
= [yl +1(y = 2).(n(y) — n(x))]

Now,
Yn = f(yl;y?, "'7yn—1)
where f € C? f(0) = 0 and Vf(0) = 0 (see. [10] page 7). Therefore, by Taylor

Theorem, we have

’yn‘ = |f(3/1,y2, "'aynfl)‘

S C|(y17y27 "'7yn*1)|2
< Clyf?
= Clz — yf?

where the constant C' depends only on the bound on the second partial derivatives of
fyi, 2, s Yn—1) for [(y1,y2, ..., Yn_1)| < r, but this is bounded because by assumption
feC*B,r)).

Next we look at |(x — y).(n(y) — n(x))|. By assumption, 92 is C? and consequently,

n is a C! function and therefore, there exists a constant C' > 0 such that
In(y) —n(z)] < Clz —yl.
Therefore,

(@ = y).(n(y) — n(2))] < Clz —y|*.

Consequently, our claim is proven. We remark that the constant C' will depend on

13



r, but once x is chosen r is fixed.

Therefore, we conclude that for all x € 99, all y € 992

0P | (@—=y)n,
o e
_ 2
|z —y["
e
|z =yl
Therefore,
0P 0P
— — (x — < s 2
- [ g = st < )l [ [ 520 asto

1
SC'/ ——dS(y) < C
oq [T —y|" 2 ()

using the fact that 0€) is of dimension n — 1. Therefore, we conclude that wu is defined
for all z € 092 and consequently for all x € R™ as claimed.

Next, we will prove W (z) is harmonic for all € Q. Similar proof work for Va(z).

Fix = € Q. %(l‘ — y) is smooth function for all y € 02 and ®(z — y) is harmonic

for all x # y implies that Axaa—f;(x —y) =0 for all y € 99Q2. Therefore, using the fact

that our integral is finite and 22 (2 — y) is smooth, we conclude that
Yy

A,Wale) = —A, / h() 22 (@~ y)as(y)

90 8ny

- _/ h(y)Axg—q)(x —y)dS(y)
a0 n

Y
=0

]

For a moment, consider the interior Dirichlet problem (a). As proven above, for h a

continuous function on 02, Wa defined in (1.5) is harmonic. Now, if we can choose h

appropriately, such that for all zy, € 012,

lim Wa(z) = g(xo),

z€N— o

then we will have found a solution of the interior Dirichlet problem. Consequently, we are

interested in studying the limits of W as we approach the boundary of 2. In order to

study this, we must first prove the following lemma.

Lemma 1.3.1. (Gauss’s Lemma) Consider the double layer potential,

Wal) = — /8 0 (o y)ds(y).

o Ony

14



Then,

0 r € Q°
Walz) =141 x €
1/2 € 00.

. Proof. First, for x € ¢,

Wale) = - /a 9 o yyds(y)

Q 8“1}
. / A,b(x — y)dS(y)

=0

using the Divergence Theorem and the fact that ®(x — y) is smooth for y € Q, z € Q°.

Now, for x € Q, ®(z — y) is not smooth for all y € 2. In order to overcome this problem,
we fix € > 0 sufficiently small such that B(x,€) is contained within 2. Then on the region

Q — B(z,€), ®(x — y) is smooth, and, consequently, we can say

o= [ A -yas
Q—B(z,€)

-/ 9 (o yyds(y)
o(

Q—B(z,e)) any

_ [ 0® (z —y)dS(y) + / ® (x —y)dS(y)

aq Ony 9B(z,e) Oy

where n is outer unit normal to Q — B(z,¢).

As mentioned above,
Yi — Ty

Py (z—y) = na(n)y — "

For y € 0B(x,€), the outer unit normal to 2 — B(z,€) is given by

y—
n(y) = .
) |y — ]
Therefore, for y € 0B(x, €),
0D
a—ny(x —y) =V, ®(y — x).n(y)
y—x y—x

na(n)ly —z|™ |y — x|
ly — x|?

" na(n)ly — o[
1

na(n)ly — x>

15



Therefore,

¢ / 1
o (T —Y)dS(y) = s
/83(x,e) any( y)dS(y) — na(n)ly — x| (y)
; /
= dsS
na(n)er—! 9Bz, (y)
=1

Therefore, we conclude that

ol 0P
0= /a 5 (1= v)dS(y) + /aB(m) —— (@ —y)dS(y)

Q Oy Ty

=/199m—yMﬂw+1

which implies

Last, we consider the case x € 0€). In this case, gT@(ar — y) is not defined at y=x. Fix
Yy

x € 0f). Let B(z,€) be the ball of radius € about x. Let
Q=Q—-QNB(z,e), C.={yecdB(x,e) :n(z)y<0}, C.=00nC..

First, we note that

0= / A,®(z — y)dy (16)
:/ 22z~ y)asty)
o9, Oy
0P 0P
_ /m_ée 8—%(1« —y)dS(y) + /C a—ny(as —y)dS(y)

16



where n,, is the outer unit normal to €2..

Now, first we recall that

r—Yy

V,e(x —y) = ——7-—"—
AT e P

For all y € C., the outer unit normal is given by

_ Y-z
ly — x|

n(y)

Therefore,

L e

. on, c. no(n)|y — z|n1
1

= e J. 50

/01 dS(y) %/C dS(y).

[ asw = [ astw+ o). .7)

dS(y)

Next, we use the fact that

In fact, as we will show below,

We omit the proof of (1.7) for now and will return to it below. Assuming this fact for now,

we have

/ dS(y) = %na(n)e"l +O(e)

Ce
which implies
0P 1 1

) a_yy(x —y)dS(y) = — [Zna(n)e"t + O(")] (1.8)

which implies

[ e is() =~ - — 06

o c. on, 2" na(n)

Taking the limit as ¢ — 07, we have

0o

o0 3ny

(z —y)dS(y) = %

Now we will prove (1.7).

17



Claim: For C. and C. as defined above, we have

/ dS(y) = / 45 (y) + O(e").
Ce Ce

Proof. We just need to show that the surface area of C. — C” is O(e"). The surface area is
approximately the surfaces area of the base times height. Now the surface area of the base
is O(e"?). Therefore, we just need to show that the height is O(€?).

Without loss of generality, we let x = 0. Now, by assumption, 0 is C?. Therefore, 92 can
be written as the graph of a C? function f: R"~! — R such that f(0) = 0 and V f(0) = 0.
Therefore, if y € C. — C., then

’yn’ S ’f(ylay% "'7yn*1) S C'(y17y27 "-7yn*1)’2 S C‘QP g 062’

using Taylor’s theorem. Therefore, the height is O(e?) and the claim follows. O

Theorem 1.3.2. Let h be a continuous function on 92 and xq € 0. Then

lim Va(z) = Va(zo), (1.9)
z€Q—x0
. BVA(x) - 1 aVA(l‘Q) . aVA(ZL‘) . 1 OVA(ZE())
xelslzrgxo on, éh(xo) * ong ze}zlcnixo on, —5hw0) + on, (1.10)
) 1 _ 1
xelfllglzo Wa(z) = §h(x0) + Wa(zo), xe})lcrgxo Wa(z) = —éh(xo) + Wa(xo). (1.11)

Proof. 1. Proof of equation (1.9).
Let x € Q, x¢ € 0€2. We have

Va(z)=— [ @(z,y)h(y)dS(y) and

Q

Q

/
Valan) = = [ @(an, it
We need to show that

lim Va(z) = Va(zo).

zeN—x0

That is for all € > 0 there exists a & > 0 such that |Va(z) — Va(xo)| < € for |[z—x0| < 0.

Now,

Va () = Va (o) = — /d () [B(a.5) — a0, 1)] 4 ()

By assumption, h is continuous, and as we know ®(z,y) is smooth for y # x .
Therefore, to get a bound on |Va(x) — Va(zo)|, we divide 0f2 into two pieces:
(1) B(zo,v) N Y

18



(2) 02 — B(xg,v) N 0. We look at these two pieces below. First for (1),

Va(2) = Va(zo)| < [h(y)] e (B(wo,7) N @Q)/ |[®(,y) — (0, y)|dS(y)

B(a?o,’y)ﬂaQ

By assumption, h is continuous. Therefore, for all € > 0 there exists a 7 > 0 such
that |h(y)| < € for y < 7. In addition that

t/ Bz, ) — Dz, 1)|dS(y) < C
B(zg,v)NoN

using the fact that Va is defined for all x € R. Therefore, we conclude that for any
€ >0, |(1)] < C)é for v chosen appropriately small.
Next, for (2), we use the fact that ®(z,y) is continuous in z for z away from y.

Consequently, we have

Va(z) = Valzo)| <

|A(y)| L= (09 — B(wo,v) N Q)| P(z,y) — (w0, y)|L> (02 — B(xo,7v) N ON) dS(y

/BQ—(B(QUO ,Y)NO)

Now, first h is bounded on 0€2. Therefore, [h(y)| < C. Next, | [ dS(y)| < C. Lastly,
using the fact that ®(x —y) is continuous in = uniformly for y, we conclude that there

exists a d such that
’(I)('CE’ y) o (I)(l’o, y)’LOO<aQ o B(l‘o, 7) N aQ) <€,

for |z — x| < §. Therefore, |(2)| < Cyé if |z — x9| < 7y where § is chosen appropriately
small. Consequently, for € > 0 choose € > 0 such that C€é + Cy€ < e. Then choosing
v > 0 sufficiently small such that |(1)| < C1€ and § > 0 sufficiently small such that
|(2)] < C9€ when |z — x| < d, we conclude that

|[Va(z) — Va(zo)| < C1é+ Cré <€ for |z — x| <.

. Proof of equation (1.10) is similar to the following Proof of equation (1.11).
We will prove only the first case, when x € €). The second case works similarly. Let
x €€, xy € 0F). We have

Wa) == [ mo) 5o —nisty
—— [ W)= )aSw) +hiao) [ S - )dS) - heo) [ 5w - p)ds(y
l9) Ty a0 0Ny a0 0Ny

~ [ 1hw) = hlaw) G-~ 9)dS(0) + hlao)
o0

Y

() + h(xo)
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using the fact that

- /a 0 y)ds(y) =1

Q any

for x € ), proven in Gauss’ lemma. Similarly,

Watan) = = [ b goc(an =)ty
0P 0P
= [ 1n) — o) 20 = 9)aSt) ~ heo) | S (w0~ )as(y)
—— [ [bl) — )l -0 — S (o) + i)
o0 y
= I(xo) + %h(xo)
again using Gauss’ lemma. Therefore,
Wia(x) — Walro) = 1(a) + h{xo) — I(zo) — 5h(z),
which implies .
WA(JJ) = ](x) — I(l’o) + §h(1’0) + WA(ZL‘O).
Therefore, to prove our theorem, we need only show that
xel(ilrilxo[l(x) — I(z9)] =0,
- I(z) = —/ h(y) — h(xo)}a—é(x —y)dS(y)
onN 0 Y
Now,
1) = 1o)== [ h) = ol | 5 =) = 5 o0 = )] a50)

We need to show that for all € > 0 there exists a 0 > 0 such that |I(z) — [(z0)| < €
for |z — xo| < .

By assumption, h is continuous, and as we know ®(x — y) is smooth for y # =x.
Therefore, to get a bound on |I(z) — I(z)|, we divide 02 into two pieces:

(1) B(zo,7) 1 99

(2) 092 — B(xo,v) N0 We look at these two pieces below. First for (1),

\— [ )~ bz [g}’%}( _y)— 57(1’( —yﬂ ds<y>\
< 1) — BE0) pgiiesmron / _ §—2<x—y>—§—i<xo—y>\ds<y>

By assumption, A is continuous. Therefore, for all € > 0 there exists a v > 0 such

20



that if |h(y) — h(zo)| < € if |y — 20| < . In addition,

/;(xo,’y)ﬂaﬁ

using the fact that Wa(x) is defined for all € R. Therefore, we conclude that for

0P 0P
i —y) — 2 (xy— <

any € > 0,
(D] < C1e

for v chosen appropriately small. Next, for (2), we use the fact that g—i(x —y) is

continuous in z for z away from y. Consequently, we have

]— [ ) = [ o =) = g0 y)st<y>\

0P 0P

< [h(y) — h(zo)| e a—ny(fc —y) — 8—%(9:0 —y)

/ dS(y)\.

Now, first & is bounded on 9. Therefore, |h(y) — h(xo)| < C. Next, | [ dS(y)| < C.
Lastly, using the fact that g%(x — y) is continuous in z uniformly for y, we conclude
that there exists a 6 > 0 such that

L (09— B(z0,7)NOY)

0P 0P

I () — 2 (e <
any (.’L' y) any (ZL'() y) > €

Lo° (09— B(z0,7)NN)

for |z — x| < §. Therefore,

(2)] < Cpe

if |x — x| < § where § is chosen appropriately small. Consequently, for € > 0 choose
€ > 0 such that
Clg + ng <€

Then choosing v > 0 sufficiently small such that
(D] < Ché
and ¢ > 0 sufficiently small such that
(2)] < Che
when |z — x| < 0, we conclude that
|I(x) — I(xz0)| < C1é+ Cye < e,

for |x — x| < §, implies that
[(z) = I(zo)| < e
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Therefore, we have shown that

lim [I(x)— I(xg)] = 0.

rEN—x0
Consequently,
1
lim Wa(z) = lim ([I(x) — I(xo)] + =h(zo) + WA(I())) (1.12)
z€Q—x0 TEQ—x( 2
1
= §h(l’0) + WA(Q?())
as claimed.

1.3.3 Solution of Laplace’s Equation

We begin by considering the interior Dirichlet problem,

Au=0 x€
u=g x €

For a given function h, define the double-layer potential Wa (x) associated with h as

In the previous section, we proved that Wa(x) is a harmonic function in . In addition,

we proved that for xy € 011,

lim Wa(z) = %h(wo) + Wa(xo).

rEQ—x0
Therefore, if we can find a continuous function A such that for all zy € 052,

glan) = 3hta0) — [ hy) (w0~ 9)aS(w)

o0 ony

and we define

for that choice of h, then Wa(z) will give us a solution of our interior Dirichlet problem.

Next, consider the exterior Dirichlet problem,

Au=0 x€Q°
u=gqg x €N

As proven in the previous section, for any continuous function h,

wguw=—égmw§%m—yMﬂw,
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is harmonic in Q¢ and satisfies

lim  Wa(z) = —%h(xo) W () (o).

rE€N°—x0
Therefore, if we can find a continuous function h such that for all zy € 99°,

ole) = =ghten) = [ WG 0= 1)),

then defining
0P

on,

Wa(z) = - / )@ = 0)dS(o).

for that choice of h, Wa(z) will give us a solution of our exterior Dirichlet problem.
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Chapter 2

Analysis of Boundary-Domain

Integral Equations for
Variable-Coefficient (The case of
Dirichlet BVP in 2D)

2.1 Formulation of Boundary Value Problem

Let  be a bounded open domain of R2. For simplicity, we assume that the boundary
0} is a simply connected, closed, infinitely smooth curve. Let us denote Ox; = %( ] =
1,2),0x = (0x1, Oxs). J

For a linear operator L, (either L, or A), we introduce the subspace of H'(2)

(Hl(Q) = {u € Ly(Q) : fulx) € LQ(Q)}>

HY(Q; L) == {g: g € H'(Q), L.g € Ly(Q)},
endowed with the norm
gl Eo@ury = N9lin @) + 119117, 0)-

Definition 2.1.1. For any u € C*=(Q)), define the trace operator yv*|aq by vF|aqu(x) =
u(z), © € .

Theorem 2.1.1. (Trace Theorem) If s > %, then v has a unique extension to a bounded

linear operator
~T O HY(Q) = H 2 (09)

and we have

17 ull s gy < Clllle e,

H2(09) = {ytu:u e H (Q)).
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Note that the trace operator v has a bounded right inverse
v HT2(09) — H (),

ie. yryhw=w, we H2(dQ) and

1wl < Cllwll g e,
From the trace theorem for u € H'(Q), it follows that u* := v} ,u € H2(99Q), where i, is
the trace operator on 02 from (2.

We consider the following PDE with a scalar variable coefficient a € C*(R?), a(zx) > 0,

Lou(z) := Ly(z, 0p)u(x) (2.1)
B N Ou(x)
— 3 o (a(x) o )
= f(z), z€Q

where v is an unknown function and f is a given function in €.

Definition 2.1.2. For u € H%*(Q), the co-normal derivative is defined as

T (o &), 0.u(z) = 3. aleni (@) [ag—f)r

=1

= a(x) [aiufg)} +

where n*(z) is the exterior (to ) unit normal vectors at the point z € 9.
In general the boundary differential operator 7 is continuous mapping from H*(Q2) to H*2(99).
That is

T H*(Q) — H2(0Q) , s> ;

For u € H'(Q) the co-normal derivative operators on 99 do not generally exist in the
trace sense. However if u € H'9(Q2; A) one can correctly define the generalized (canonical)
co-normal derivative THu € H~'/2(99Q) with the help of the first Green’s identity as

(THu,w),,, = /Q (v w) Low(x) + Bu(u,vHw)) do for all w € HY?(09),
where vF, : H-Y/2(9Q) — H'() is a right inverse to the trace operator v+ and (.,.),
denotes the duality brackets between the spaces H~'/2(9Q) and H'/?(9€). Then for u €

HY(Q; A), v e HY(Q) the first Green identity holds:

<T+u’7+'y>6ﬂ = /Q(v(x)Lau(x) + E,(u,v))dx (2.2)
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where

E.(u,v) := Z a(x) aggj) agf)

=1

= a(z)Vu(z)Vu(z) (2.3)

We will investigate the following Dirichlet boundary value problem.

Find a function v € H'(Q) satisfying the conditions
Lou=f in Q, (2.4)

ut =y on 09, (2.5)

where ¢y € H/?(99) and f € Ly(Q2). Equation (2.4) is understood in the distributional
sense and condition (2.5) in the trace sense.

Recall that the operator A : H — H’ induces a bilinear form &(u,v) := (Au,v) for all
u, v € H with the mapping property £(.,.) : H x H — R.

Theorem 2.1.2. (Laxz-Milgram Theorem) Let H be a Hilbert space and € : HxH — R

a bilinear form satisfying the following conditions.

1. [E(u,v)| < Cil|ullg||v||g for allu, ve H, C; >0

2. E(u,u) > Col|ul|? for allu € H, Cy > 0.

Theorem 2.1.3. (Uniqueness Theorem)
BVP (2.4) — (2.5) with py € HY2(08)) and f € Ly(Q) has at most one solution in H'(S2).

Proof. Applying the first Green identity (2.2) and (2.3) with v = u as a solution of the
homogeneous Dirichlet problem, i.e., with f =0, ¢q = 0.

(THu, v u),, = /Q(u(:r)Lau(x) + Ey(u,u))dx

= 0= /QEa(u, w)dr = E(u,u).

By Lax-Milgram theorem, the bilinear form & (u,u) : H*(Q2) x H'(Q) — R is bounded and
is H'(Q)-elliptic. Hence

0= E(u,u) > cf|ul [}y
is true if and only if u = 0 in H'(Q2). Therefore, BVP (2.4) — (2.5) with ¢, € H/%(99)

and f € Ly(Q) has at most one solution in H*(Q). O

2.2 Parametrix and Potential-type Operators

The function )

" 27a(y)

Pu(,y) nlz—yl, zyeR’ (2.6)

is the parametrix (Levi -function) for the operator L(z,d,) if
Lo(2,0;)Pa(w,y) = 6(z — y) + Ra(z,y), 2,y € R (2.7)
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where 0 is Dirac distribution, while R,(z,y) is a remainder possessing at most a weak

singularity at x = y. We can show that the corresponding remainder is given by

2
Ti — Yi da(x) 2
= R-. 2.
Ra(,y) ; Sra)e — o 0n 0 Y€ (2.8)
Indeed,
8Pa($>y> Ti —Yi .
= =1,2

O 2ra(y)lz—y

and
0 CL(:C)E)Pa(x,y) _a(z) 9* [In|z—y| N r;—y;  Oa(x)
ox; oz, ~a(y) 0z, 27 2ma(y)|z — y|? Oz

So,

X;

2

a<x>2 0* [In|z —y| ~y  da(w)
a(y)z:: { } z:: 2ma(y \x—y\z O
a(x)

a<y>5( —y) + Ra(2,y)

= 5(17 - y) + Ra(m7y)

2 2
1 — 1 —
Here, we use ; 812 [ n ’ZW yq = A, {W} = §(x — y) that followed from the

definition of the fundamental solution of the Laplace operator. Also, the multiplica-
tion of a smooth function a(z) by d, gives a(z)é(x — y) = a(y)é(x — y). Observe that,

Lo(z,0,)Py(z,y) = 0(xz—y)+Va(x).VP,(x,y) and we can write the remainder as R, (z,y) =
Va(z).VP,(z,y). And for constant coefficient a(z) = 1, then becomes the Laplace opera-
tor, A, and the parametrix P,(x,y) becomes its fundamental solution, and R,(z,y) = 0.
Evidently, the parametrix P,(z,y) given by (2.6) is a fundamental solution to the operator
Lo(y,0,) := a(y)A(0,) with Frozen coefficient a(z) = a(y), that is,

La(ya 8$)Pa(l',y) = 5(1’ - y)
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Proof. Show that P,(z,y) is fundamental solution to the operator L,(y, 0,) := a(y)A(0,)

La(y, 0u) a2, y) = a(y)A(0:) Pa(z, y)

~In |z — y| is a fundamental solution of Laplace’s operator ).

( since 5-

For some scalar function g, let

Vagly) == — / Pa)gla)ds,, v ¢ o0,

Wagly) = — /a [T, n(2).00)Pula plo(e)dSs, ¢ 00

be the single and the double layer surface potential operators.

(2.9)

(2.10)

The corresponding boundary integral operators of direct surface values of the simple layer

potential V, and of the double layer potential W,, and the co-normal derivatives of the

simple layer potential W. and of the double layer potential L} are

Vag(y) = — /m Py(x,y)g(x)dS,, y € 09,
Wag(y) = — /a [T{a (o), 00) Pl plo(e)dS, € 00

Wigly) = — / [7(0.0(0),0,)Palo )lg(0)dS., 3 € 00

Lyg(y) = [T(y,n(y),0,)Wag(y)]", vy €I

(2.11)
(2.12)

(2.13)

(2.14)

The parametrix-based logarithmic and the remainder potential operators, corresponding

to parametrix (2.6) and to remainder (2.8) are

Pag(y) rz/QPa(rv,y)g(@dw, y € R?

Rag(y) = / Ra(z, y)g(x)dz, y € B2,

(2.15)

(2.16)

Let Pa, Va, Wa, Va, Wa, LX denote the potential corresponding to the operator L, = A.
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Then the equations (2.9) — (2.16) have the following relations.

1 1<
Pag=-Pag. Rug =~ ;@-PA [9(8;a)] (2.17)
1 1
Vag = EVAQ , Wag = EWA(GQ) (2‘18)
1 1
Vg = évAg , Wag = awa(ag) (2.19)
0 (1
W.g=Wig+ {aa— (a)} Vag (2.20)
+ + 0 (1 +
Lrg=LA(ag) + am- )| Wal(ag) (2.21)

Proof. Prove equation (2.17),

Pag =

a

Rag = Ra<l’,y)g(l’)d1’

2

_ /S;Z zﬁaxi —Yi aa(x)g(x)dx

— 2rma(y)|z —y* Ox;

- [ o

S~

Q

_ —@ / > 0P lg(a)dia(o)] do
= %1 Z 0;iPa [951'(1]

i=1

where Pp = 5= In |z — y| is a fundamental solution of Laplace operator A.
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Prove Equation (2.18),

Va (y) - -

Prove Equation (2.19),
V) = - [ Ruleg(a)ds,
Ge)

1
= — ———In |z — y|g(x)dS,
/m?m(y) = — ylg(a)
1

1
= —— —In|z — x)dS,
5 | gemle = sls(@)

1

- / Pa(r.)o(x)ds.

1
= @VAQ(Z/)
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Prove Equation (2.21),

— aly)yt L 0 Walag)(y) + Walag)(y) 0 <L)]

a(y) on(y) O \a(y)
. O (1] rwae
=" |5 Walan))| + e s (55 | Walen
= £ a) ) + o)z ()] 7 Watan))

Theorem 2.2.1. For s € R, the following operators are continuous.
V, : H5(09) — H*3/2(Q),

W, : H*(0Q) — H**Y?(Q),
Vo, Wa, W - H*(0Q) — H*TH(092),
LI H(00) — H*1(09).
Proof. We have the corresponding mapping for the corresponding constant coefficient oper-

ators [see, [1] C.Constanda, [4] W.McLean, [9] O.Steinbach]. Then (2.18) — (2.21) imply

the theorem claim. O

Theorem 2.2.2. For g; € H~Y2(0) and g, € HY?(0NY), there hold the jump relations
on 082

[Va.gl (y)]+ = Va1 (y)

Wago()]" =~ 502(9) + Wagnlv),

[Ty, (0, 0)Vagr ()] = 501(5) + Waan ),

Proof. For the constant coefficient case, this theorem is proved in Chapter 1 Theorem 1.4.2.

Then taking into account the relations (2.17) — (2.21), we can prove the theorem for the
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variable positive coefficient a € C*°(R?) as well.
Vagr ()" = lim (Vagi(y0))
Yo—y

. 1
= ?}Olgly (mVAgl (yo))
= ﬁvﬂh(y)

=Vag1(y) for yo€Q, ye o
[Wag2 (y)]Jr = yloigny(WaQQ (yo))

Yo—yY

= lim (@WA(a(yo)gz(yo))>

[T(y, n(y), 0y)Vagn ()] = {

= lim (8%(340)))
Yyo—y 8ny0

= im (T + ot s (g ) Vo))
0

1 y Cﬂgiiy) n {a(y)ﬁn(y) (@)] Vagi(y)

=501(y) +
= S01(y) + Wagi(y) + Wag1(y) — Wagi(y))

2
=-qi(y) + Wi (y) for yoeQ, ye Q.

Q
S
<

]

Recall that a linear operator K : X — Y is said to be compact if only if every bounded
sequence {z,} in X has a subsequence {z,,} such that {Kx,,} converges in Y. By the
Rellich compact embedding theorem, the inclusion H*(2) C H*(2) is compact for s < ¢
([4], theorem 3.27).

Corollary 2.1. The following operators are compact,

Vo, W, W - H*(0Q) — H*(09), s €R (2.22)
Ra: H(Q) — H*(Q), s> % (2.23)
YRt HY(Q) = H2(0Q), s> % (2.24)
Tt Ra: H(Q) = H2(89Q), s> % (2.25)

Proof. The embedding, H*™'(Q) C H*(Q2) is compact. Let {g,} be a bounded sequence in
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H*(12), then the continuity R, : H*(Q) — H*™(Q), s> —1 implies

[ Ragnllms+10) < Cllgnllms )

Thus the sequence {R,g,} is bounded in H*"!(Q). Hence it has a convergent subsequence
{Ragn,} in H?(Q2),i.e., there exists subsequence {g,, } such that {R,gn, } converges in H*(2),
which implies the compactness of the operator R,.

To prove equation (2.22),

since the embedding H*"1(9Q2) C H*(dQ) is compact, and similar to the first proof. O

2.3 Invertibility of the Single Layer Potential Opera-

tor

The boundary integral operator Va : H~/2(98) — H'Y2(08) is Fredholm operator of index
zero ([4], theorem 7.6). Thus the relation (2.19), leads to the same result for single layer
potential V,. For the three dimensional case, the following holds. For o* € H~'/2(9Q), if
Vot (y) = 0, y € Q, then ¢* = 0, which implies the invertibilty of single layer potential
operator mapping from H~'/2(9) to H'/2(982). But it is not true the two dimensional case.
It is well know (see, [I] Remark 1.42(ii) , [9], proof of thm 6.22) for some 2D domains
the kernel of the operator V, is non-zero, which by (2.19) also implies that kerV, # {0}

for the same domains. The following example illustrates this fact.

Example 2.3.1. Take the density function ¢ =1 and Q = B(0, R) to be a disc of radius
R centered at the origin and 02 = 0B(0, R) be the circular boundary of the disc. We can
Rlnly|, for |yl >R,

show that a(y)V,o(y) = Vad(y) =
RInR, for |yl <R

Proof. Let ¢ =1 . Then

1
Vao(y) = %/|_Rln|y — x|dS,.

If |y| > R, then the function g(x) = In |y — x| is harmonic in the disk B(0, R). Then g(z)

has the mean value property,

1

In|y| = g(0) = 2nf ) l_Rg(w)dSJ;.

Therefore,

1

— Inly —z|dS, = Rln|y|, for |y| > R. (2.26)
27 J|z)=R
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For |y| < R, in particular take y = 0,

1
(Vag)(0) = —/ In |z|dS, = RIn R.
The relation (2.26) implies that, the limit of the value of the potential when |y| approach

the boundary from exterior is given by

lim (Va¢)(y) = RInR for |y| = R.

lyl—=R*

Furthermore, since the single layer potential is continuous on R? we have
(Vad)(y) = RIn R for [y| = R.

To determine the value of the potential inside the disc for y # 0, we use the maxi-
mum/minimum principle. Since the single layer potential is harmonic on 2 it has neither

maximum nor minimum in the disc. Let

Co = (Vad)(yo) for 0< |yl < R.

If we assume Cyy # RIn R, i.e., Cy is different from the value of potential on the boundary,
we will arrive contradiction of the maximum principle. Thus (Va¢)(y) is constant on €.
Therefore, (Va¢)(y) = RInR, for |y| < R. O

Remark 2.1. In the above example, if we take the value of R = 1, and since a(y) # 0,
then (Va¢)(y) = 0 in Q.

Example 2.3.1 show that, the kernel of the operator V, : H-Y2(0Q) — HY%(99)
contains non zero element for a unit ball, i.e., kerV, # {0} for Q = B(0,1), which means,
the operators V, is not one to one for this particular domain. In order to have invertibility

for the single layer potential operator in 2D, we define the following subspace of the space
H~2(99),

H.2(09) = {¢ € H 2(09) : (¢, 1)y = 0},

[N

where the norm in H;% (892) is the induced by the norm in H~2(0).
Theorem 2.3.1. If ¢ € H,.>(09) satisfies Vyib =0 on 0N, then ¢ = 0.

Proof. The theorem holds for the operator Va (see, [4] corollary 8.11(i1)),

Vo) =0
1
7w
=1 =0, (since a(y) #0,= Va #0).
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In the two dimensional case n = 2, the logarithmic capacity is defined by capon =
e~2™Vavea 4 € H7V/2(9Q) is natural density, so that ;- In v = Vathe-
Note that Va1, = 0 if and only if 1 = capaq.

Theorem 2.3.2. The single layer potential operator Va : H=2(8Q) — Hz (), is H2(99)-

elliptic, 1.e.,

(Vath,Whaq > CIIG, o, for all ¥ € H72(09)

if and only if capsn < 1.

Proof. Put A = Vatheg = o ln(capa ). For an arbitrary ¢ € H~2(09), let (1,¢)sq = o € R

and define 1) = ¢p+atbe, for Yo € H, ?(09) and Vath) = Vatho+Aa. Since (Vato, Veq) 5o =
<¢0, VA¢eq>aQ - O, we have

<VAw7 1/}>8§2 = <VA1/}07 w0>8Q + )\062. (227)

If capaa > 1, then (VaUeq; Veq)sg = A < 0. Suppose that cappg < 1, then X > 0. It is
known that (Vato, o)y > 0 ([9] thm 8.12). Hence both terms the right hand side of
(2.27) are non-negative, and by theorem 2.3.1, the first is zero if and only if )9 = 0. Thus,
(Va, )50 > 0, with equality if and only if ¥y and o = 0, i.e., if and only if ¢ = 0.
Hence, VA is strictly positive-definite, on the whole of H~'/2(9Q). Since, the boundary
integral operator Va : H='/2(0Q) — H'Y?(98) is Fredholm operator of index zero, and Va
is strictly positive-definite, kerVa = {0}, we conclude that Va is H~/2(99) -elliptic. [

There is a connection between the logarithmic capacity and the euclidean diameter of
Q. In the particular, capsg < diam(€2). Therefore, to ensure capsg < 1 a sufficient criteria

is to assume diam(Q) < 1.

Theorem 2.3.3. Let Q C R? have the diameter diam(Q) < 1. Then the single layer
potential V, : H~2(0Q) — Hz(9Q) is invertible.

Proof. By theorem 2.3.2 for diam(€2) < 1 the operator Va : H 2(0Q) — Hz(8Q) is
H*%(aﬂ)—elliptic ie
for v € H%(09Q)

Va1 0y = ClIYI

H3(00) = H™3(09)

and since it is also bounded by theorem 2.2.1 for s = —1/2, Lax-Milgram theorem ([9], thm 3.4)
implies its invertibility. Then by the first relation in (2.19) invertibility of the single layer
potential V, : H=2(09) — H2(0%) also follows. That is

Vil H2(0Q) — H 2 (69)

a

is bounded and satisfying ||V '] -, Yooy = C||1/1||H§ 20 for ¢ € Hz(09).
Hence, V, is invertible. [[9], thm 6.23] O
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2.4 Formation of Boundary Domain Integral Equa-

tions

Let u € HYO(Q; A), v € HY(Q2; A) be some functions. Then, subtracting (2.2) from its
counterpart with exchanged roles of v and v i.e.,

(Tuv%hyz/@@ﬂw@ﬂ%ﬂu@ﬂ&

Q

we obtain the second Green identity for the operator L,(z,d,),

/(v(:z:)Lau(x) — u(x) Lov(z))de = (T u, v v),, — (TTo, v u) (2.28)
Q
Applying the second Green identity (2.28) and v(z) = P,(x,y). We get the third Green

identity.
That is

/ (0(2) Lau(®) — u(z) Lao(z))dz = (T*u, 7 v)aq — (T, v w)og

:>/ dx—/u(x)L v(z )dx—/ T+u7+vd5,£—/ THoytudsS,
Q o0 o0

;»/QPa(x,y)Lau(as)dx /Qu(x LaPa(w’y)dIZ/8(2 T*lwﬂ%(fﬂ,y)angc—/6Q T*Py(z,y)y udS,
:/gzPa(x,y)Lau(x)dx /u(:v

= [ Truty Pueas. — [ TPy uas,

:>/ dx—i—/Q u(x )Ra(m,y)alav—i—/89 Pa(x,y)T+u(;U)de—/aQTJrPa(x,y)fﬁude
_AP@yMuUd

:>u(y)+/ﬂu(x)Ra(:p,y)dx+/aQ Pa(x,y)TJru(x)de—/ TYP,(z,y)ytudS,

By
= /Q P,(z,y)Lou(x)dx

)
)[5(1’ - y) + Ra('xv y)}dl’

)

Using equations (2.9), (2.10), (2.15) and (2.16) one operator third Green identity can be
written as:

u(y) + Ralz,y)u(y) — VaTTu(y) + WoyTuly) = PaLauly) , y € Q (2.29)
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Taking trace and co-normal derivative of the third Green identity (2.29),

Take the trace of equation (2.29) on 09 and using jump relations, we obtain
Y u(y) + 7 Ral@, y)uly) — v VaT Tuly) + v Wy uly) = v PaLau(y)
1
=7 uly) + 7" Ralw, y)uly) = VaT T uly) — 57 uly) + Way uly) = 7" PaLauly)

1
= §7+U(y) + 7" Ra(z, y)uly) = VuT uly) + Way u(y) = v PaLouly) , y € 9.

Again by taking the co-normal derivative of (2.29) on 92 and using jump relations, we

have
T u(y) + T Ra(@, y)uly) — TV T uly) + T WoyTuly) = T PaLau(y)
1
= Tru(y) + T Ra(x, y)uly) — §T+u(y) — Wi T u(y) + LIy u(y) = TP, Lau(y)

= ST uly) + T Rae, y)uly) — WiT uly) + LE7 uly) = T*PuLou(y)
Therefore,
u(y) + Ral@, y)uly) — VT uly) + WayTu(y) = PaLauly) , y € Q (2.30)
%v*uw) + 7 Ra(@, y)uly) = VT uly) + WarTuly) = v PaLauly) , y €0 (2.31)

1
ETW(?/) + T Ro(z, y)uly) = WiT u(y) + LIy uly) = TTPoLauly) , y € 02 (2.32)

For arbitrary functions f, W, ®, let us consider a more general indirect integral relation,

associated with (2.30), namely,
u(y) + Ra(z, y)uly) — Va¥(y) + Wod(y) = Puf , y € Q (2.33)

Lemma 2.4.1. Let ¥ € H Y/2(0Q),® € HY2(0R), and f € Ly(Q). Suppose a function
u € HY(Q) satisfies (2.33). Then u € H"(; A), it is a solution of Lyu = f in Q, and
V(¥ =T u)(y) — Wa(® — 7T u)(y) =0, y € 2.

Proof. Since u € H'(Q), we have to show that L,u € Ly(Q2). First observe that,
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Therefore we have,

Lou = Afau) Z = [u 5

Also note that u € H'(2) implies g—gZ € H°(Q) = Ly(), hence for a(z) € C°(R?) we have
u(x)(ig—g(fi) € H'(Q), implies the last term is belongs to Ly(2). Now we need to show that
Aau) € Ly(2).

Rewriting (2.33) as a function of u
u(y) = Pof — Ra(z, y)uly) + Va¥(y) — Wa®(y).
Then multiply by a(y)

a(y)u(y) = a(y)Puf — a(y)Ra(x, y)u(y) + a(y)Va¥(y) — aly) WaP(y)
= Paf — a(y)Ra(z,y)uly) + Va¥(y) — Wa(a(y)®(y))-

Then take Laplace’s operator of the last equation

Ala(y)uly)) = A(Paf) = Ala(y)Ra(z, y)uly)) + AVa¥(y)) — AWala(y)@(y)))

The last two terms A(Va¥(y)) and A(Wa(a(y)®(y)) are harmonic for y € /09 i.e.,
A(Va¥(y)) = AWala(y)®(y)) =

A(Paf) = A(Pax f)
= APA * f~
=§x f = f € Ly(R?),

where f € L,(R?) is the extension of f by zero outside Q. If u € H'(Q), then by the
mapping property of R, (R, : H(Q) — H**Y(Q), s > —3), we have R,(z,y)u(y) €
H?(Q) and hence a(y)R.(z,y)u(y) € H*(Q). By the definition of the space H%(Q), we
have A(a(y)Ra(z,y)u(y)) € La(). Therefore, u € HYO(Q; L,) (i.e., HYY(Q; L,) = {u €
HY Q) : Lyu € Ly(2)}). Subtracting (2.29) from (2.33)

Vo (TTu =)+ W,(vtu — ®) = P,(Lyu — f) in Q

-V, U+ W, 0" = P,(Lyu — f) in (2.34)

where U* := THy — U, o* := vty — P,
Multiplying equation (2.34) by a(y), we get

—a(y)VaV; (y) + Wa®* (y) = a(y) Pa(Lou — f)
= —VAU" + Wpad* = PA(Lau — f) n Q.
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Applying Laplace’s operator to the last equation, we get L,u — f = 0. This show that u
solves PDE, L,u = f in Q. Now substituting L,u = f into =V, (T u—U)+W,(yTu—®) =
P,(Lou — f), we obtain V,(THu — U) — W,(vtu—®) =0, ye . O

Lemma 2.4.2. (i) Let either U* € H-Y2(9Q) and diam(Q) < 1 or U* € H,'*(09). If
VoU*(y) =0, y € Q, then ¥* =0 on 0S.
(ii) If ®* € HY?(08)), and W,d*(y) =0 in €, then ®* =0 on 0.

Proof. (i) Taking the trace of VU*(y) = 0 on 0%, by the jump relation we have
YV U (y) =V, U (y) =0 in 09

If U* € H=Y2(09Q) and diam(92) < 1, the result follows from invertibility of the single layer
potential given by theorem 2.3.3. On the other hand if ¥* € H:/Z((?Q), then the result is
implied by theorem 2.3.1.

(i) Taking the trace of W,®*(y) = 0, and use the jump relation to obtain

1
YWD (y) = —5@*(@/) + W@ (y) =0 in 09

Multiply by a(y), denoting ®* = a®* and using the relation W, = W (ag), we obtain

equation

~ 1 ~
d*(y) — (51 +Wa)®* =0 in 00
It is well known that this equation has only trivial solution. It is particularly due to the

contraction property of the operator %I + WAa. Therefore, ®*(y) = 0 since a(y) # 0. O

To reduce the variable coefficient Dirichlet BVP (2.4) — (2.5) to a segregated boundary-
domain integral equation system, let us denote the unknown function of co-normal deriva-
tive as ¢ := TTu € HY/2(0Q) and the known function of trace as ¢y := 7" u. Then
substituted this function and L,u = f into the third Green identity (2.30) and either
into its trace (2.31) or into its co-normal derivative (2.32) on 0f2. we can reduce the BVP
(2.4) —(2.5) to the following two different systems of Boundary Domain-Integral Equations.

Integral Equation System (D1)

Boundary-domain Integral Equation System (D1) obtained from equations (2.30) and
(2.31) is:

u(y) + Rau(y) — Vo (y) = Foly) , y € Q (2.35)
Y Rau(y) — Vo (y) = v Foly) — @oly) , y € 9Q (2.36)

where
Fo(y) = Paf(y) — Wao(y)- (2.37)

Remark 2.2. Fy = 0 if and only if (f,po) = 0.

Proof. Let (f,p0) = 0. Then Fy = 0. Inversely, let Fy = 0. Keeping in mind equation
(2.37), Lemma 2.4.1 with Fy = 0 for v implies f = 0 and W9y = 0 in 2. Lemma 2.4.2
then gives ¢y = 0 on 0f2. O
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The system can be written in matrix form as AU = F*! |
where U := (u,¥)T € HY(Q; L,) x H~/2(09) and

I+R, -V,
’7+Ra _Va

Fy
Yy — o

1

Al =

Y

From the mapping properties of W, in theorem (2.2.1) and P, (P, : H*(Q) — H**3(Q), s >

—%), we get the inclusion Fy € H0(Q;L,) , and the trace theorem implies v F, €
H'Y2(0%). Therefore, F' € H'(Q) x HY?(092). Due to the mapping properties of the
operators involved in A", the operator A : H0(Q; L,) x HY2(0Q2) — H'(Q) x H'/?(9Q)

is bounded.

Remark 2.3. F!' =0 if and only if (f,po) = 0.

Proof. Tf (f, o) = 0, then F' = 0. Inversely, if 7! = 0, then Fyy = 0 and v"Fy — ¢ = 0.
And Fy = 0 implies g9 = 0 and then P,f = 0 in Q. Multiplying this by @ and applying
Laplace operator, we get f = 0. O

Integral Equation System (D2)
Boundary-domain Integral Equation System (D2) obtained from equations (2.30) and
(2.32) is:
u(y) + Rauly) = Vato(y) = Foly) , y €Q (2.38)

S0) + T Rauly) — Wiy) = T Foly) |, y € 00 (2.30)

where Fj is given by (2.37). The system can be written in matrix form as AU = F? |
where U = (u, )T € HY(Q, L,) x HY/2(99) and

I + Ra _‘/a
TR, 3I—-W,

Fo
T*F,

2

2

)

Note that the operator A% : H"0(Q; L) x H~Y2(0Q) — H'(Q) x H~/2(0Q) is bounded.
Remark 2.4. F2 =0 if and only if (f,po) = 0.

2.5 Analysis of Boundary-Domain Integral Equations

Theorem 2.5.1. (Equivalence Theorem)
Let f € Ly(Q) and o € HY?(00)

1. If some u € H'(Q) solve BVP (2.4) — (2.5), then the pair (u,1)), where
=T e HY?(09Q); (2.40)

solves BDIE system (D1) and (D2).

2. If pair (u,p) € HY(Q) x H=Y/2(09Q) solves BDIE system (D1), and diam(Q)) < 1, then
u solves BDIE (D2), and BVP (2.4) — (2.5), this solution is unique,and 1 satisfies
(2.40).
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3. If pair (u,) € H'(Q) x H/2(09Q) solves BDIE system (D2) then u solves BDIE
(D1), and BVP (2.4) — (2.5), this solution is unique, and v satisfies (2.40).

Proof. 1. let u € H(Q2) be solution of the BVP (2.4) — (2.5). Since f € Ly(f2), we have
that w € HY(Q; L,). Setting ¢ by (2.40) and recalling how BDIE systems (D1) and
(D2) were constructed, we obtain that (u, ) solve them.
Let now a pair (u,1) € H(Q) x H~2(99) solve systems (D1) or (D2). Due to the
first equations in the BDIE systems, the hypotheses of Lemma (2.4.1) are satisfying
implying that u belongs to H°(Q; L,) and solves PDE (2.4) in ©, while the following

equation also holds,
Vol =TT u)(y) = W(po =7 u)(y) =0, y€Q. (2.41)

2. Let (u,v)) € HY(Q) x H 2(09) solve system (D1). Taking the trace of the first
equation in (D1) and subtracting the second equation from it, we get ytu = ¢g on
0. Thus the Dirichlet boundary condition is satisfied, and using it in (2.41), we
have V(¢ — TTu)(y) =0, y € Q. Lemma 2.4.2(7) then implies ¢» = T u.

3. Let now (u, 1)) € H'(Q) x H~2(dQ) solve system (D2). Taking the co-normal deriva-
tive of the first equation in (D2) and subtracting the second equation from it, we get
Y = TTu on 0. Then inserting this in (2.41) gives W(po — v u)(y) =0, y € Q
and Lemma 2.4.2(i¢) implies ¢ = vt on 0€2.
The uniqueness of the BDIE system solutions follows form the fact that the cor-
responding homogeneous BDIE systems can be associated with the homogeneous
Dirichlet problem, which has only the trivial solution. Then paragraphs (2) and (3)

above imply that the homogeneous BDIE systems also have the trivial solutions.

0

Theorem 2.5.2. If diam() < 1, then the following operators are invertible.
Al HY Q) x HY2(0Q) — HY(Q) x HY?(0Q) (2.42)
Al HY(Q; A) x HY2(0Q) — HYO(Q; A) x HY2(09) (2.43)

Proof. Theorem 2.5.1(2) implies that operators (2.42) and (2.43) are injective. To prove

the invertibility, let us denote

I =Vq
0 -V,

1 _
0=

Then A} : HY(Q) x H™2(9Q) — HY(Q) x Hz(99) is bounded. It is invertible due to its
triangular structure and invertibility of its diagonal operators I : H'(Q2) — H'(Q) and
—V, : H2(09) — H2(99). By compactness of R, and R, the operator

Rae O

1 1 _

] CHY(Q) x HV2(0Q) — HY(Q) x H'*(09)
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is compact, implying that operator (2.42) is Fredholm operator with zero index. Then
the injectivity of operator (2.42) implies its invertibility. To prove invertibility of operator
(2.43), for any F' € H(Q;L,) x H'/?(09Q), a solution of the equation AU = F' can
be written as U = (A" F!, where (A')~! : HY(Q) x HY2(0Q) — HY(Q) x HY2(09Q) is
continuous inverse to operator (2.42). But due to Lemma 2.4.1 the first equation of system
(D1) implies that U = (AY)7LF € HYO(Q; L,) x HY?(9Q) and moreover, the operator
(AH™E: HYO(Q; L,) x HY2(0) — HYO(; L,) x H~Y2(99) is continuous, which implies
invertibility of the operator (2.43). O

Theorem 2.5.3. The following operators are invertible.

A% HYQ) x HY2(0Q) — HYQ) x HY2(0Q) (2.44)
A% HY(Q; L) x HY2(0Q) — HY(Q; L,) x HY?(0Q) (2.45)

Proof. Theorem 2.5.1 implies that operators (2.44) and (2.45) are injective. To prove the

invertibility, let us consider the operator

I -V,
0 i1

Then A2 : HY(Q) x H™2(9Q) — HY(Q) x H2(d9) is bounded.It is invertible due to its
triangular structure and invertibility of its diagonal operators I : H*(2) — H'(Q) and
[: H 2(09) — H2(d9). By compactness of R, and W, the operator

Ra 0

A2_A2:
TR, -W,

] CHY(Q) x HY2(0Q) — HY(Q) x HV2(0Q)

is compact. This implies that operator (2.44) is Fredholm operator with zero index. Then
the injectivity of operator (2.44) implies its invertibility. To prove invertibility of operator
(2.45), for any F2 € H"(Q; L,) x H~'/%(99), a solution of the equation A?U = F? can
be written as U = (A%)~'F?, where (A%)~1 : HY(Q) x H-Y2(0Q) — HY(Q) x H~Y2(0Q) is
continuous inverse to operator (2.44). But due to Lemma 2.3.1 the first equation of system
(D2) implies that U = (A%)"'F? € HY(Q; L,) x H~'/?(9€) and moreover,the operator
(A2~ HYO(Q; L) x H7V2(09) — HYO(Q; L,) x H™/2(99) is continuous, which implies
invertibility of the operator (3.45). O
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Conclusion and Future Work

In this paper, we have considered the interior Dirichlet problem for variable coefficient
PDE in a two-dimensional domain, where the right hand side function is from Lo(2) and
the Dirichlet data from the space H'/2(9€2). The BVP was reduced to two systems of
Boundary Domain Integral Equations and their equivalence to the original BVP was shown.
The invertibility of the associated operators in the corresponding Sobolev spaces was also
proved.

An interesting feature is that the Dirichlet BVP for variable coefficient PDE can be
equivalently reduce to four different systems of boundary domain integral equations in 2D
and 3D. Two of them segregated BDIEs, which is discussed in this paper and other two
systems united boundary domain integro-differential equations, these systems to be done

in the future study.
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