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Preface 

Preface 

This paper is a report of two seminars: namely Seminar I (Math 500) and Seminar II (Math 600), which 
are conducted in the first and second semesters respectively. It comprises five chapters that organized 
in order of dependence of one on the other. The chapters in this seminar report are divided into 
sections. Each section concludes with a set of definitions, propositions, lemmas, theorems and remarks 
that pertains to the topics of that section. After the first, the next two chapters are examined in the 
former while the last two chapters discussed in the latter one. 

This seminar report is mainly focus on the generalization of the concept of derivative in general and 
subdifferentials in particular. Thus the subdifferentiation introduced to generalize the ordinary 
differentiation, one should therefore not be surprised to find counterparts of most of the results 
encountered in differential calculus such that first-order approximation, Mean-Value Theorem, Calculus 
rules, etc. 

The first chapter provides basic definitions, theorems, and properties on convex sets and convex 
fu nctions in IR' as well as some examples, which are essentially needed later for a better 
understanding of the following chapters. 

In general speaking Chapter 2, Chapter 3 and Chapter 4 introduce the behavior of subdifferential of 
convex functions at a given fixed point, on the other hand the last chapter emphasis on its behavior 
with varying at a given point as well as the function itself. These behaviorsl properties of 
subdifferentials developed using the powerful apparatus of support functions, which is of the key 
ingredients to this paper. 

Some of the important calculus rules are introduced in detail in the fourth chapter. Some operations on 
convex functions destroy differentiability and thereby find no place in differential calculus but preserves 
convexity. An important example is the maximum-operation. 

First of all , I thank the almighty God, with the help of WHOM this seminar report took its present form. 

I would like to express my heartfelt gratitude to my advisor and teacher, Prof. Dr. rer. nat. habil. R. 
Deumlich not only for his genuine advice, constructive comments, invaluable suggestions and provision 
of materials (reference books and diskettes) in preparing this seminar report but also in other social 
aspects showing me the bright future. 

I also extend my deep appreciation to the Department of Mathematics for its material support and for 
giving me the chance to type the manuscript of this seminar myself. 

Once again I will take the opportunity to address my thanks to all my previous teachers and friends who 
made fruitful my study and wish my progress. Among the many friends, Yibeltal Yitayew deserves 
worth mentioning. Of course a few words cannot adequately express the thanks lowe for their 
unreserved moral and material support. 

BiriJew Belayneh 
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Some Basic Definitions and Properties of Convex Functions 

1 Some Basic Definitions and Properties of Convex Functions 

Here we state some results from the theory of convex functions and sets, wh ich are important 
for the study of the next chapters. This chapter provides, on one hand, sufficient background 
for us to know basic properties of convex funct ions, in order to apply them to prove other 
propositions. On the other hand , it serves as an introduction to thi s seminar report. 

1.1 Definitions and Some Results of Convex Functions 

Definition 1.1.1: Let S.:;lRn be a nonempty set. 

a) A set S is said to be convex, if the relation X,Y E S, A;:" 0 implies Ax + (1 - A)Y E S. An 
m m 

element Y = I A; x; where A; ;:" 0 for all i E {1,2,.· ·, m}, I A; = I is called a convex 
;=1 ;=1 

combination of elements XI ' x ,,"' , x"" It is clear that a convex set contains any convex 

combination of its elements. 
b) The intersection of all convex sets containing S is called the convex hull of S and is 

denoted by the symbol convS. In other words, convS is the set of all convex 
combinations of e lements of S. i.e 

convS = n {C : S.:; C.:; IR n
, C is convex} 

= {x EIR n: 3111 E N, 3i1, <: 0, 3x; E S such that x = IiI,x;, i ii, = I, Vi E {1,2,. · ·m}} 
;=1 j ", 1 

Figure 1.1. I (convex hull of a set) 

c) The closed convex hull of S is the intersection of all closed convex sets containing S, and is 

denoted by convS . 

Proposition 1.1.1:The closed convex hull of a nonempty set S.:;lRn is the closure of the 

convex hull of S. i.e 

convS = c/(convS) . 

Proof: Because cl(convS) is a closed convex set containing S, it contains convS as well. On 

the other hand, take a closed convex set C.:;lRn containing S, being convex, C contains 

convS ; being closed, it conta ins also the closure of convS . 



Some Basic Definitions and Properties of Convex Functions 

Since C was arbitrary, we conclude that 

n {C: C EC} 2 cI(convS) 

where C is the collection of all closed convex sets containing S. 

Therefore, 

convS = cI(convS) . II 

Remark 1.1.1: From Definition 1. 1.1 c), the operation "taking a hull" is monotone. i.e if 

S, <;;; S" then convS, <;;; convS, and of course concS , <;;; convS, . For a closed set S, convS 

need not be closed. For instance, consider the set 

S = {(O,O)}U {(x,l) : x ~ 0, x EIR} 

is closed but convS is not closed because it misses the half line (IR+, 0) = {(x,O): x > O}. Thus 

cI(convS) is not necessarily equal to conv(cIS). This phenomenon can occur only when S is 

unbounded. 

IR 

IR 

Figure 1.1.2 (closed and unbounded set) 

In general , for nonempty set S <;;; IR n the operations "taking the closure" and "taking the 

convex hull" do not commute, but these operations commute when S is bounded. i.e S is 

bounded in IR n implies 

convS = cl (convs) = conv( ciS) . 

Theorem 1.1.1:Let J be an arbitrary index set and let S,S, <;;;lRn i E J be convex sets . 

Furthermore, let A: IR n ~IR be a linear transformation. Then 

a) n s, is a convex set; 
iel 

b) S, +S, ={XElRn:X=S, +s" s, ES"S, ES, } is a convex set; 

c) ciS and int S are convex sets; 
d) S, x S, is a convex set; 

e) A(S, ):= {x E IR: x = A(s,), for some s, E S,' i E J} is a convex set. 

For the proof of these properties of convex sets apply Definition 1.1.1 a). 

2 



Some Basic Definitions and Properties o/Convex Functions 

Definition 1.1.2:A function f defined on a nonempty convex set C<;; lRn is called convex on C 

when for all points x, y E C and all A E [0,1] there hold: 

f(Ax + (1 - A)y)":; AI(x) + (1 - A)f(y) · (1.1.1) 

We say thatfis strictly convex on C when (1. 1.1 ) holds as a strict inequality if xot y and 

A E (0.1) . A function g is said to be concave if - g is a convex function. 

From thi s definition , the following inequality (called Jensen's inequality) holds: 
m m m 

f(LA;X;) ":; LAJ(X; ),for all x E C,for all Ai ;:: 0, and LAi = 1. 
;:::: 1 i=l i= l 

To illustrate the geometric meaning of convexity consider the following in 1R2 

IR 

x z y IR 

Figu re 1.1.3 (convex function) 

Let the line segment PxPy joining the point Px = (x, f(x» to the point Py = (y , f(y». To 

say that f is convex is to say that, for a ll x , y E C and all z such that z = Ax + (I - A)y for 

A> 0 , the point P, = (z ,f(z » lies below the segment PxPy . 

Definition 1.1.3:Given a function f defined on C<;;lRn and taking its values III the set 

IR U {-oo,+oo). Then the sets 

domf:= {x E C: f(x) < oo}, 

grf := {(x, r) E C x IR: f(x) = r} , 

epif := {(x,r)EC x lR:f(x)":;r) , 

hypof:= {(x,r) E C x lR : f(x) ;:: r}, 

Sr(f):= {x E C : f(x) <5, r} 
are called the domain , graph, epigraph, hypo graph and the sublevel-sets of this function 
respectively. 

Clearly from the above definition we have 
(epif)n (hypo/) = grf. 

3 



SOllie Basic Definitions and Propel'lies o/Convex Functions 

Theorem 1.1.2: A funct ionf is convex if and on ly ifits epigraph is a convex set. 

Proof: (=:»: Let (x,r), (y,s)Eepifand ,1E [O, I]. Then by the convexi ty of f and by 
f(x) <;; r, fey) <;; s we have 

f().x + ( I - ,1 )y) <;; -1[(x) + (I - ,1)f(y) <;;,1r + (1 - ,1)s, 

i.e 
(AX + (I - ,1)y,,1r + (I - ,1)s) = ,1(x, r) + (I - ,1)(y , s) Eepif . 

Therefore epif is a convex set. 
(<=): Suppose the set epi[ is convex . Then by Jensen's inequality (in parti cular for m = 2) 
we have f(h + (1- ,1)y) <;; ,1j(x) + (1- ,1)f(y) for each x, y Eepif and ,1 ~ O. Therefore f 
is convex . II 

Theorem 1.1.3: Let X <;;; IR" be a convex set and let f : X ~ IR be a fu nct ion. Then 

all is convex if and on Iy if the fu nction rp". : [0. I] ~ IR defi ned by 

rp" (I) := fUx + (I - I)y) 

is convex fo r a ll x, y E X 

b) The function rp :IR + ~IR defined by 

rp(t):=f(x+ld)-l(x) fort E I" ={IEIR+ :X+tdEX}, d EIR" 
I 

is a monolone increasing fun ction wheneverf is convex. 

Proof: a) (=:> ): Letfbe convex. For x, y EX, IE [0,1] and ,1",1, E [0,1] it fo llows 

rp". (t,1, + (I -1),1,) = f ([I ,1, + (I -1),1, ]x + [I - (t ,1, + (I - 1),1, )]y) 

= f( [I ,1, + (I - 1),1, ]x + [(I - I) + 1 - lA, - (I -1),1, )]y) 

= f( I,1,x + ( I - 1),1, X + (I -I)y + ty - 1,1,y - (1- 1),1,y) 

=f(I[ ,1,x+ (I -,1,)y]+(I - I)[,1 ,x+(I -,1, )y]) 

<;; 1/(,1,X + (I -,1, )y) + (I - l) f (,1 ,x + (1-,1, )y) 

= Irp". (,1,) + (I - I)rp,y (,1, ) 

So we have the convex ity of rp,y' 

( <=): Let rp .,,. be convex for all x, y E X and 1 E [0, I]. Then we have 

l(tx + (I - I)Y) = rpx), (t) = rp". (t. 1 + (I - 1).0) <;; Irpx), (I) + (I -I)rpxy (0) 

= Il(x) + (I - I)f(y) 
wh ich establ ishes the convex ity of.! 

( 1.1.2) 

b) Consider the function h(t) := f(x + Id) - f(x). Then h is convex and h(O) = O. Now let 

o < I, <;; I" t , , I, E IR +. Then 
I I -, , , -, , 

hCt ,) = h(-'-" + -'--' .0) <;; -'-h(l , ) + -'--' h(O) = -'-he, , ) 

" " " I , " 
That means 

4 
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h(i ,) = f( ,H Id,) - f(x) < f(, + I , d) - f(x) h(i, ) 

I, I , 

i.e rp(t,) 5, rp(t 2) ' II 

Definition 1.1.4: Let S,;:;lRn and S "" 0 

(a) The set 

I , I, 

Hd,:= {YElRn:(d ,y) =r} , r EIR , dE lR n, d""O, 

is said to be a hyperplane in IRn. 

(b) The hyperpl ane HdJ is ca lled a supporling hype/plane of S ifand only if 

(i) S is ent irely contained in one of the two closed hal f-spaces: 

H'~J :={y ElRn: (d , y) ~ r} 

and 

f-f,~,< :={y ElRn: (d,y) <;; r }. 

(ii) Sn H d ., "" 0. 

H d .,. is said to support S at XES when XE H d ,<' i.e (d,x) = r. 

c) The functionO"s : IRn->1R u {+cx:> } defined by 

O"s (d):= sup{(s,d ) : s E S}. 

is ca lled the support/unction of S. 

Given S,;:;lR n and a support funct ion O"s of S. For d4) and dE dOI11O"s we have 

S';:;{YE lR n
: (y , d) 5, r } fo r r:= 0".\. (d) 

i.e S is conta ined in a closed half- space oppos ite to d. 
Conseq uently when ( 1. 1.3) holds, we can find r large enough so that 

S,;:; H,~, :={Y ElR n
: (d,y ) 5, r }. 

( I. 1.3) 

Thus decreas ing r as much as possible while keeping S in H'~J implies leaning the 

hyperplane HdJ onto S. So the smallest of those r is the va lue O"s (d). 

rI 

H d.r 

Figure 1.1.4 (support ing hyperplanes and support function s) 

5 
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Remark 1.1.2: For a compact set Sin IRn, there is a closed half-space in wh ich S is conta ined 

and the supremum of the linear form (d,.) is attained on S, no matter how d is chosen. This 

means that, there is some (of course boundary point of S) such that Sd belongs to H d .<I.dd) ' 

However, if S is not bounded in the or iented direct ion d, then we haveO's (d) = +00 and 

therefore no closed half-space of thi s type. For instance, consider 
S:= {(x,O): x ~ O} <;;;1R 2, 

and let d = ( I, I), then no closed hal f- space of the form 

H d .a.dd ) ={YEIR 2: (d, y) S O's (d) } 

can contain S, even if O's (d) is increased to +00 . 

Definition 1.1.5: A funct ion! IRn-.IRU{+oo} is sa id to be sliblinear ifit is subadd iti ve: 

f (x + y) S f(x) +f(y) for all x, y E IR " 

and pos iti ve ly homogenous i.e 
f(AX) = Af(x) for all A ~ 0 . 

It is clear that a sublinear function is convex, and conversely a convex and positive ly 
homogenous fu nct ion is sublinear. A functi on g is ca ll ed superlinear if f = - g is sublinear. 

1.2 Continuity Property of Convex Functions 

Definition 1.2.1: For a fun ctionf : IR n ---+ IR we say thatf is lower semi-continuous if 

liminf f(y)~f(x) forallx ElR n. 
y~ .t 

The fu nction f is said to be upper semi-continuous if and only if - f is semi-continuous. 
Fu rthermoref is continuous ifit is both lower and upper semi -continuous. 

Proposition 1.2.1 :For a function! IR " ---+IR the fo ll owi ng th ree properti es are eq ui va lent: 

a)f is lower semi-continuous on IR n; 

b) epif is a closed set in IR nxlR; 

c) The sub leve l-sets S, U) for each r E IR are closed (poss ibly empty) . 

Proof:(a) ~(b): Let {(y" r, )} be a sequence in epif converg ing to (x , r) fork-t +w . 

Since f(y , ) S " for all k, by definition of epigraph 

I' = lim r, 2 1im inff(y , ) ~ lim inf fey) ~ f(x) 
k~«> k~a;, )'~X 

This implies (x , r) E epif. Thus ep!f is closed. 

(b) ~(c): Since for each r EIR epi/ n lR "x {r}={x ElRn:f(x)Sr,forr EIR} =S,U) and the 

closed sets epif and IRn x {r} have a closed intersection , (c) holds. 

6 
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(c) =:> (a): Suppose not' i.e f is not lower semi-continuous at some x. Then there is a 
subsequence {y, } converges to x such that f(y , ) converging to s < f(x). Now choose 

I' E (s , f(x)). Then 

f(y , ) S I' < f(x), for k large enough 

This implies S, U) contains {y, } but not it s limit x. Consequently, this S,U) is not closed. 

This is a contrad ict ion. II 

Defi nition 1.2.2:The function! IR "-+ IR is ca ll ed closed if and only if one of the fo ll owing 

condit ions ho ld: 
a)f is lower sem i-cont inuous onlR "; 

b) epil is a c losed set oflR "; 

c) The sublevel-sets S,.U) for each I' EIR are closed. 

Definition 1.2.3:Given S E IR" and S * 0 , the funct ion I ,. :lR n-+1R U {+<>:>} defined by 

._ {O, if XES 
J, (x).-
. + 00, else 

is ca ll ed the indicaror/ilJ1crion of S. Clearly I , is closed (and convex) if and on ly if S is 

closed (and convex). Indeed, epiI, = S x IR + by definition. 

Example I.2.J:Letfbe a convex function and domf=1R and let C be a nonempty closed 

interva l. Then the convex restriction off to C denoted by /~. and defined as 

{
lex), if x E C 

f c ex):= . 
+ 00, ,f x Ii" C 

is closed and convex. Its ep igraph is the intersection of epil with the vertical strip generated 
by C. 
Example 1.2.2:Let C be a nonempty subset oflR". The indicator function orc is closed (and 

convex) ifand on ly if C is closed (and convex). Its sub level-sets are empty or C. 

C 

f 

IR 
S, U) = {x E C: f(x) S r} 

={C, if 1'2:0 
0, if r < 0 

IR" 

Figure 1.1.5 (closed functions) 

7 
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Definition 1.2.4:A function f is said to be Lipschitzian on a nonempty set S s;;; IR", if there is a 

constant (called Lipschitz constant) L such that 

If (x) - f(y)I :o; Lllx - yll for all x, YES. 

Lemma 1.2.1:Letf IRn~IRU{+<o} , not identically +00, be convex and suppose there are 

x o' 5 , m, and M such that 

m:O; f(x):o; M for all x E B(xo ,25) 

Then f is Lipschitzian on B(xo, 5), i.e for all x , y E B(xo' 5) it follows 

If(x) - f(y)1 :0; M - m Ilx - yll . 
5 

Proof: Let x , y E B(xo, 5) such that x * y and take z such that 

y-x 
z := y + r IIY _ xii E B(xo ,25); 

By construction, y li es on the line segment [x, z] , namely 

Ily- xii 5 
y' z+ x 

. 5 + IIY - xii 5 + IIY - xii 
By convexity offand using bounded ness off, we have 

f(y) - f(x):o; IIYII- xllll[f(Z)_ f((x) ]:o;l(M -m)lly-xll 
h'+ y-x 5 

Then it suffices to exchange the role of x and y to prove (1.2.1). II 

(1.2.1) 

Corollary 1.2.2:Let f IRn~ 1R be convex. Then f is continuous. Furthermore for each 

x, y E int domf , there is L <! 0 such that 

If (x) - f (y)1 :0; Lllx - yll . (1.2.2) 

For the proof apply Lemma 1.2. 1 

The property (1 .2.2) is called the Lipschitz continuity off on IRn. What Coro llary 1.2.2 says is 

that f is locally Lipschitzian on the interior of its domain. Then it follows that the difference 

quotients f(x) - fey) for all x,y ElRn are themselves locally bounded. i.e bounded on 
x-y 

every bounded compact subset of int domf. 

1.3 Differential Properties of Convex Functions 

In this section we will consider the well-known notions of differentiability and we will 
investigate convex function with regard to these notions of differentiability . Monotonicity of 
the differences quotient of a convex fu nction at a point x provides convex functions with 
rather astoni shing properties of "one-sided differentiability" , which allows the introduction of 
a substitute for the concept of derivative: the "set of subderivalives" of a convex function at a 
point of its domain. 

8 
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Definition 1.3.1:Letf IR -t1R U{+col be a convex function not identical ly + 00 . Then we say 

thatfis d ifferentiab le at Xo when the limi t 

Df(x
o

):= lim f(x)- f(xo) 
X-Uo X - Xo 

ex ists and is finite. Df(xo) is called the derivative oFfat xo ' 

Correspondingly, we define the left derivative and the right derivative offat Xo as 

DJ(x
o

) := lim f(x) - f(xo) sup f(x) - f(xo) 
xtxo x - X o X<Xo X - Xo 

and 

D f( )
'= 1' f(x)- f(xo) 

+ Xo' 1m 
xJ.Xo x - Xo 

. f f(x ) - f(xo) 
IJl 
X>Xo X - X o 

respectively. 
Furthermore it fo ll ows D_f(xo) s D+f(xo). 

(1.3.1) 

( 1.3.2) 

( 1.3.3) 

Theorem 1.3.1: Suppose f IR -t IR U {+col be a function not identica lly + 00 and be convex. 

Then at all Xo E int domf , the function f admits a finite left derivative and a finite right 

derivative. 

Proof: By Theorem 1.1.3 b), the d ifferences quotient (the slope function) involved in (1.3.2) 
and (1.3.3), call it rp is monotone increasing. For arbitrary two points say 

x,, x, E int domf satisfying x, < Xo < x,, rp(x,) and rp(x , ) are fin ite numbers satisfying 

rp(x,) s rp(x, ). Furthermore, when x, t Xo [resp. x, ,!. xo], rp(x,) increases [resp. rp(x,) 

decreases], hence they both converge. Th is completes the proof. II 

Definition 1.3.2: Let X>;; IR n be nonempty, let f: X -t IR and let Xo EX, dE IR n. Then 

a) The functionfis said to be Gateaux- (or directional) differentiable at Xo in the di rection 

of d if and on ly if there ex ists & > 0 such that [xo - cd, Xo + &d ] >;; X and the limit 

f '( d) '- 1' f(x. + td) - f(x . ) xo' ,- lin 
1-+0 I 

exists and is finite for all dE IR n. In thi s case !'(x., d) is known as Gateaux-differential 

offat x . in the direction of d. The mapping !'(xo" ) :lRn-t1R is said to be Gateaux­

derivative off at x • . 

Correspondingly, we define 

(i) the ri ght-sided Gateaux- (directional) derivative offby 

f:(xo,d) :=lim f(x. +td)- f(x.), [x., x o +&d] >;; Xforsome&>O ,.I. t 

9 
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(ii) the left-sided Gateaux- (directional) derivative ofJby 

, . J (xo + td) - l(xo) 
J _C'o, d):= lnTI . , [xo -cd,xo l ~ Xforsomec > O 

lio I 

b) The funct ionl is sa id to be Frechel-diflerenliable at XE X (X ~ lR n be an open set) if 

and only if there exists a linear and cont inuous mapping A :lRn ~IR such that 

IJ (x + Ih) - J (x) - A(h)1 
lim O. 

1/~~o.I"I·o Ilhll 
A(h) is cal led the Frechel-derivalive of J at x . The mapping f': U ~ () (IR ",IR lethe set of 
linear and continuous functiona l) is sa id to be the Frechel-derivalive off 

Remark 1.3.1: For a convex funct i on J:lRn~1R if we define the derivative D:lRn ~ 1R 

attached toJat x and consider 
J(x + h) - J(x) - D(h) 1 " 1~0) 0 

IIhll 
(1.3.4) 

Obviously (1 .3.4) holds from the point of view of Frechel . Furthermore, from the point of 
view of Galeaux-diflerenliabilily it holds for h:= Id , d ElR n fi xed, I ~ 0 in IR. 

Now some propert ies of the Gateaux-derivati ve of convex function s are given 111 the 
fo llowing. 

Let us consider a convex function J: X ~ IR , a fixed point XE X ~ IR n, a direction dEIR " and 
- - + rp : X ~ IR , where X:= {t E IR : x + td E X} defined by 

rp(t) := J(x + Id) 

Then it is clear that 

f: (x , d) = liml [f(x+ Id) - f(x)] = lim q;(I) - q;(O) = D+q;(O) 
1.0 I 1.0 I 

and f~ (x, d) = DJP(O). 

Furthermore F (x, - d) = - D_q;(O) . 

Theorem 1.3.2: Let X.;;;IR " be convex, let J:X ~IR U {+CIJ} be a convex funct ion and let 

Xo E X be any algebraic interior point (i.e 3& > 0 : [xo - lXI, Xo + IXI ].;;; X for all d E IR n) 

such that l(xo ) EIR. Then 

a) J is lefl sided and righl sided Galeaux-differenliable atxo in the direct ion d for all 

d E IR ". 

b) The ineq uality (known as subgradienl inequality): 

l;(xo,x-xo) <;,J(x)- J(xo), forallx EX. 

holds. 

10 

( 1.3.5) 



Some Basic Definitions and Properties o/Convex Functions 

Proof: a) Let 

( ) 
I (xo + Id) - I(xo) Ii 

rp I := or I E IR. 
t 

Since I: (xo' d) = lim tp(l) and tp is increasing (by Theorem 1.1.3 b)) the limit exists. Also 
d.o 

I~ (xo, d) = lim tp(t) exists. So we have a) . 
,to 

b) Now set d:= x - xo, then for x E X we have I E I ,_x, := {I E IR+: Xo + I(x - xo) E X} . As rp 

is increasing by a) we get 

I: (xo, x - xo) = lim tp(t) ;0; tp(l) = I(x) - I (xo ). 11 
,.10 

Remark 1.3.2: (i) A special case, for the Theorem 1.3.2 b) is that when/is differentiable at 

Xo we have 

and hence (1.3.5) becomes 
('V/(xo), x - xo) <;,/(x)- I (xo) forallx EX 

(ii) In case I(X) c;; IR, we have I: (xo, d) and I~ (xo, d) for all dE IR" are real values . 

Moreover, 

I~ (xo, d) <;, I: (xo, d) for all d E IRn. 

II 



Definitions and Interpretations a/the SlIbdifferentials 

2. Definitions and Interpreta tions of the Subdifferentials 

2.1 The Definitions of the Subdifferentials 

Let I :IR "~IR be a convex fu nct ion and let x,d EIR" be fixed. Then by Theorem 1.1.3, b) the 

differences quotient oflat x in the direct ion d is given by 

s(t) := I(x + Id) - I(x) I > O. 
I 

(2. 1.1 ) 

is increasing and bounded near zero. So by Theorem 1. 3.2 the function I is I~fi sided and 
righl sided directi onal-differentiable at x in the direction of d for all d EIR" i.e the limits 

lim sell = inf{ set) : I > O} 
,10 

and 

lim s(l) = sup{s(/) : I < O} 
,to 

ex ist and are finite. In thi s case, we say that I is righl sided and I~fi sided direclionally 
differenl iable at x in the direction d. 

Proposition 2.1.1: Let I : IR "~IR be a convex fu nct ion. For every fixed XEIR" 

a) The mapping I: (X,.) is sub linear and the mapping I~ (X,.) is superlinear. 

b) If l is Lipsch itz (with a constant L), then I: (X,.) is Lipschitz on lR n wi th the same 
constant L 

Proof: a) .Let d" d , EIR" and AI,A, > 0 with AI+A2= I, then by definition 

I : (x , Aldl + A,d,) = lim ~[.f(X+ t(Ald l + A, d , )) - I(x) ] ,"0 t - -
But due to the convexi ty offone has 
I(x + I( A, d , + A, d ,)) - I(x) = I((A, + A, )x + I(A,d, + A, d , )) - (A, + A, )I(x) 

= I (A, (x + Id,) + A, (x + Id,)) - A,/(x) - A,/(x) 

~ A, (f(x + Id,) - I(x)] + A2 (f(x + Id, ) - I( x)]. 

So we have 

I: (x , Al d l + A,d, ) = lipl ~ [A, (f(x + Id,) - I(x)] + ).dI(x + Id, ) - I(x)] ] 
,.0 / -

=A, I:(x,d,)+A21: (x ,d,) 

Thus I: (X,.) is convex. 

To complete the proof let A>O. Then the equality 

I: (x, Ad) = lim ~[.f(x + lAd) - I (x)] = A lim - I [.f(x + lAd) - I(x)] =AI: (x, d) 
.1.0 / ,10 AI 

imp lies I: (X ,. ) is pos itively homogenous. From thi s it fo llows, I: (X,.) is sublinear. 

12 
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Analogously we can prove the second part of a) . 

b) For suffi cientl y small I > 0 we have 

If(x+ld,)-f(x+ ld, )1 :O; IL lld, -d,11 
Therefore, 

I(X + Id;) - (x) (x+ ld , ) - (x) $ *, -d,11 
I -

Pass ing in the above expression to the limit as I .j. 0 we get 

Since the fun ction f:(x,. ) is sublinear and f~(x,.) is superlinear, we have the following 
relations 

f: (x,d) = Illax (s, d ), for all d E lR n 
, eU 

f~(x, d) = rrIin (:S,d), forall d E lR n. 
se/' 

where U and V are convex compact set. 

Thus, in view of the correspondence between finite subli near fun cti on and compact convex 
sets, f: (X,. ) can be expressed as 

f: (x, d) := max{(s, d ) : s E S} (2 .1 .2) 

for all dE IR n and for some nonempty compact convex set S. So it results directly from 

proposition 2. 1.1 that f:(x,.) is a support function of some nonempty compact convex set. 

So we have the following definition. 

Definition 2.1.1 : Let a fun ction f be defined on IR n and be directionally differentiable at a 

poi nt XE IR n. Thenf is said to be 

a) subdifferenliable at x if f: (X,.) is a sublinear fu nct ion, i.e there ex ists a con vex 
compact set U such that 

f:(x,d) = max(s,d ), for all d ElR n 
,1'El f 

13 



Definitions and hllelpretations o/the Subdifferentials 

b) superdifferentiable at x if it is a function whose directional derivative J: (x,.) takes 

the form: 

f:(x,d)= min(h,d) , foralldElR n 
heV 

where V is a convex compact set. 

It is clear that a fu nction f is superd iffe rentiab le if and only if - f is subd ifferentiable. So all 

results concerning sublinear fu ncti ons and their subdifferentials can also be reform ulated 
(with appropriate alteration) in the case of superlinear functions and their superdifferentials. 

These convex compact sets U and V are called the subdifferential (superdifferential) of a 

function f at the point x and are denoted by Qf(x) (resp. aJ(x)). Now for the sake of 

simplicity we use the notation aj instead of Qf throughout this seminar report. 

Now we have the fol lowing definition for the subd iffe renti al of a function at a fixed-point call 
itx. 

Definition 2.1.2 : Let! IR n ->IR be a convex function and xElR n be fixed. Then the set 

aj(x) := {s ElR n: (s, d ) ::; f: (x, d) for all dElRn}, (2.1.3) 

is ca ll ed the subdifferential ofJat x. Obviouslyaj(x) is nonempty and compact. 

An element of the subdifferential s E IR n is said to be a subgradient of the function J at the 

point x. Now from this defin ition it is easy to show that 

J:(x,d) = - J: (x, - d)::; (s,d)::; f:Cx,d), for all S E Of(x), for all d ElRn. 

i.e f: (x ,) majorizes the function f'(x,.), and f: (x,.) minorizes the function f'(x,.). 

Consider a function f, which is Gateaux-d ifferentiable at a point x, then Sll1 ce f: (x,.) 
majorizes the function f'(x,.), we have 

(VfCx) , d)::; J:Cx,d ), for all d ElR n 

This means that the vector Vf(x) is contained in the subdi ffere nti al of J at x. i.e 

Vf(x) E aj(x) 

Figure 2. 1.1 illustrates the notion of subdifferenti al of some convex functio ns at some fixed 
point. 

14 



Definitions and intelpretafiol1s o/ the Subdifferenlials 

epif 

"/(x) 

of (x) ;t 
x 

0/(0) = B(O,I) 

Figure 2. 1.1 (Subdifferential of a convex function) 

Example 2.1.1: Let! IR --71R defined by f(x) := Ix - al for XE IR and aE IR. 

Obviously / is convex. To compute Of(x) , we need to calculate the directional derivative 

f: (x,.) and to determine the set that it supports. 

For any dE IR, d* 0 

f:(x,d) = lim![lx+ld-al - lx-all= - d , if x<a 
do t j 

d , if x > a 

14if x= a 

So we have 

Of(x) :={Y EIR: sd ~ f: (x, d) for all d E IR}. 

Then from sd ~ f: (x, d) depend ing on the value of d we have 

s ~ ~ f:(x,d) for d >O .and s ~ ~ f: (x,d) for d <0. 
d d 

Using (2.1.5) in connection with (2.1.4) we get 

j 
{I}, if x > a 

S E {- I}, if x < a 

[-I,ll, if x=a 

Therefore, the subdi fferent ial offat any XE IR is given by 

15 
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Definitions and Interpretations of the Subdifferentials 

-

1 
{I}, if x > a 

aj(x):= {- I}, if x < a 

[-1 ,1], if x=a 

and 8f(x) = {0) for all x ElRn. 

Remark 2.1.1 : From Definition 2. 1.2, the right-sided directional derivative I: (x,) IS 

characteri zed (whenever aj(x) * 0) as 

I : (x, d) = sup{ (s,d ) : s E al(x)} . 

Then it follows that I: (X,.) is a support function of aj(x). 

Proposition 2.1.2: The sublinear function 0'0:= f: (x,) satisfies the fo llowing 

(i) O': (O,z) =O'(z) =f: (x ,z) for a ll zElRn, 

(ii) 80'(0) =aj(x). 

Proof: Because 0' is positively homogenous and 0'(0) = I: (x,D) = 0 

0': (0, z) = lim![ 0'(0 +tz ) - 0'(0) )=O'(z )= f: (x, z) for all zE lRn and for t > O. 
1.1.0 t 

which establishes (i). 

To prove the second part, apply the uniqueness of the suppOited set on the g iven functions: 

80'(0) ={s ElRn: (s, z) S 0': (0, z) for all ZE lR n) 

= {s ElR n: (s, z) s f: (x, z) for all ZE lR n)=8f(x) . II 

The directional derivative d H I: (x, d) (i.e f: (X ,.» of a convex fu nctionfat a point x is 

sublinear (Propos ition 2.l.l), its subd ifferential 8[f: (x,») at zero co incides with the 

subdifferential aj offat the point x (Propos ition 2.1.2). 

Remark 2.1.2: A fi nite sub linear function 0' has a subd ifferenti al, j ust as any other convex 
function. The subdifferential of a sublinear function 0' at zero is ca lled the subdifferential of 
0' . Its subdifferential at 0 is defined by 

80'(0) := {s ElRn :(s,d) S O'(d) for all dElRn). 

Consequently, a finite sublinear function is the support of its subdifferenti al at zero. 

16 
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Li ke wise for a superlinear funct ion If/, the set 

alf/{O):= {s ElR":(s,d ):2: If/{d) fo r all d ElR"} 

is cal led the superdif[erenlial of If/ . 

Example 2.1.2: Let S be a nonempty convex compact set, with support function O"s' Then 

fro m the defin ition of subdifferentials and proposition 2. 1.2 we have 

aO"(o) =S and (al' )~ (0,.) = 0" s . 

Thus, any compact convex set S can be considered as the subdifferentia l of some finite 
convex function[ at some point. As an example take f := 0".\. , x = O. 

Corolla,'Y 2.1.\: Let! lR" --> lR be a convex functi on. For fixed XElR" let 

C := {SElR" f(y):2:f(x)+(s,y-x) rora ll YE lR"} (2 .1.6) 

Then C = 8/(x). 

Proof: Let SE af(x) , i.e 

(s, d):S; f:(x , d) for al l dElR". 

Then by definiti on 

f:(x , d) = lim ! [f(x+ld) - f(x) ] = inf{! [f(x+ld) -f(x)]:1 > O} 
,.0 I I 

:s; !r [ (x +ld)-f(x)] for all dEIR" and 1>0. 
I . 

Thi s implies 

l(s,d ):S; f(x+ld)- f (x) for all d EIR" and I > O. 

So we get f{x + Id) :2: f(x) + (s,ld) for all dEIR " and I > O. 

For any dEIR" and any IEIR +, set y:= x+ld be also arbitrary element inlR" and it follows 
that 

fey) :2:f(x) +(s,y- x ), foralld ElR" 

Thi s implies SEC. 

17 



Dejillifions and InllJlp relal iol1s of the Subd(fjeremia/s 

For the proof of the converse inclusion , put Id:= y - x for any d E IR " and f > 0 and then use 

de fin ition of directiona l derivative I: (X,.) and Defini tion 1.1.4 c) to showC ~ ol(x). II 

Consequently, we have 

Ol(x):={sE IR":/(y) - / (x) ? (s,y -x) for all YEIR"). (2.1.7) 

The linear form 

O"s. Jy):= I(x) + (s, y - x) 

is an affine function , which minimizes / and co incides with / for y = x . So (2. 1.7) gives a 
necessary and suffi cient condition for x to minimize f That is x min imizes / if and onl y if 
DE Ol(x). 

From (2. 1.7), we mean that the elements of Ol(x) are the slopes of the hyperp lanes 

supporting the epigraph of/at (x,/(x» E lR"xlR . Thi s result illustrates as fo ll ows. 

t / 

x 

Slope 
'l(x) 

Figure 2.1.3 (Slopes of supporting hyperplanes to epigraph) 

For the one dimensional convex functionf, the subdi ffe rential Ol(x) is the set of all SE IR 

such that DJ (x) ::; s::; D. / (x ) when DJ (x) and DJ(x) are fin ite . i.e 

Ol(x) := [DJ (x), D J (x)) 

If / is d iffe rent iable at x, then D_/ (x) = D. / (x) and therefore o/(x) is a singleton. i.e 

Ol(x) ={Df(x)} . 
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Definitions and /utelpretalions of the Subd(Oel'eJ1liCi/s 

Letf be a function defined on IR". Then 

a) If/is convex and finite, thenfi s directionally differentiable at a point xE IR " and 

f : (x ,d) = max(s, d) fo r all d E IR" 
sea/(.\·) 

-
where £!lex) :={SE IR": fey) - f(x) ~ (s,y - x) for all yE IR"} but alex) = {O} for a ll 

XE !R. n
, 

This imp lies the subd ifferentiable ofa convex function. 

b) Whereas, iff isconcave, then af(x) :=(S EIR": f(y)- f( x):,: (s,y-x) for aIIYE IR") , 

and £!lex) = {O}, for all XE IR ". 

Thus, a ll properties of a convex function and its subdifferential hold (with appropriate 
alteration) in the case ofa concave function and its superd ifferent ial 

Exa mple 2.1.3: let / and g be fun ctions defined on IR such that lex) = lxi, x E IR and 

g(x) = -lxi, x E IR. Then their subdifferentials and superdifferent ials are given by 

Whereas 

!
{I} ,ifX> O 

ag(x)=af(x)= {- I} , i!x<O 

[- 1,1], ifx=O 

ag(x) = alex) = {O} , fo r all x EIR 

Defini tion 2. 1.3: A poi nt x at wh ich £!lex) has more than one element is ca ll ed a kink (o r 

corner point) off In suc h case/is not different iab le at a point x. If x is not a kink, then clearl y 
l is differentiable at x and its subdifferentia l is a singleton. 

Example 2.1.4: Let a, bE IR such that a < b and a, fJ be pos iti ve real numbers. Iff 1R-t1R 
defined by 

f(x) := alx - al + fJlx - bl ' 
then clea rl y f is convex as it is the sum of convex funct ions and di fferentiable at all x except 
at a and b. With out loss of genera lity assume that a:': fJ. Then we have the fo ll owing graph 

fo r! 
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~ /' 
/, when fJ > a 

/,when a=fJ ••• ~ 
c-----=-( 

a b 

Figure 2. 1.3 (Kink points of a function) 

For xii! {a,b} ,lis differentiable at x and then 

l
{-(a + fJ)} ,ij x < a 

aj(x)= {a - fJ},ij x E (a,b) 

{a+fJ},ij x > b 

But for XE {a,b} / is not differentiab le and hence its kinks are at x = a and x = b, with 

subdifferentials 

8/(x) = {{-fJ} + [-a,al,ij x=a 
{a} + [-fJ,fJ],ij x =b 

Now we can generalize this example as fo llows. 

In general , suppose bj , } = 1,2, .. · ,m be real numbers and I
j

, } = 1,2, .. ·,m be positive real 

numbers. Then cons ider a function /defined by 

'" 
/(x ) := '~)j IX - bjl· 

j=! 

Obviously,j is convex. This / is differentiable at all x except at bl ,b,, ' " ,b",. Then 

Theorem 2.1.2: For all x the set a/(x) described in (2 .1.7) is nonempty, closed, convex and 

bounded. 
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Proof: The nonemptyness and convexity of the set aj(x) follows immed iately from the 

defin ition of subdifferential: the closed sublinear function f:Cx,.) supports a nonempty set 

and by the fact that any convex function defined on IR" is minimized by some affine funct ion. 

The closedness of the mapping x H aj(x) implies the closedness of the set aj(x). To prove 
the bounded ness we use the loca l Lipschi tz property off For thi s end let SE aj(x) such that 

s;t 0 and take y:= x + 1~11 for 5 >0 be arb itrary. Si ncef is convex, by Theorem 1.2.2 there is 

a Lipschilz ian constant L such that 

Os 
If(y) - f(x)1 S Lily - xii = L H = L5 

i.e f (x) - L8 S f ey) S f(x) + L8 . (2. 1. 8) 

On the other hand, substitut ing y :=x + I~II for 5 >0 in (2. 1.7) gives 

fey) 2 f(x) + (s' l~l) = f(x) + 511sll· (2. 1.9) 

Thus (2. 1.9) together with (2 .1. 8) yields 

f(x) + 511sl1 S fey) S f(x) + L8 . II 

As a resu lt, for Xo E int domf , aj(xo) is a nonempty compact convex set. At the boundary 

point 81 is certainly empty iff is not closed: while iffis closed, 81 may be empty (case of 
verti ca l slope of the hyperplane supporting epi/) , otherwise it is nonempty. Moreover, for 

Xo 'l dam! , 8f(xo) is automatica ll y empty. 

2.2 Geometdcal Interpretation of Subdifferentials 

In order to investi gate the geometri c construction and interpretation of subd ifferentials it is 
good to have the notion of a cone with some basic propert ies that we need very often in thi s 
sect ion. 

Definition 2.2.1: Let KC IR" be nonempty. Then 

a) the set K is called a cone ifand on ly if a KC K for all a 20. 

b) Let K be a convex cone. The polar cone of K is denoted by K O and defined as 

KO := {s E IR ": (s,x) sO for all X E K}. 

2 1 
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DeJinilions and Imerprefations a/the Subd(fierenlia/s 

To illustrate the notion ofa cone and a polar cone one consider the following two sets: 

3 

a). K, :={x:x = La;"" , x) E1R 3
, x, 20 for}=I, 2,3} 

)==1 

b). K, :={(x,y) EIR2:3x-y 20, x-3y :o; O, x,Y EIR , x20,y20}. 

Then their polar cones are: 

b) K~ = {(x ,y) E1R2: 3x+y:o;O, x+3y:o;O, x,y E IR, x20, y20} . 

K, 

KO , =---+--=""'" 

Figure 2.2.1 (Examples of polar cones) 

Remark 2.2.1: In Defin ition 2. 1.2 b) (Ko)o = K , whenever K is closed. If K is a subspace, 

then KO is its orthogonal. From thi s it follows that polarity generalizes orthogonali ty. As a 
parti cular case, the po lar cone of the nonnegative orthant 

n '- {,. ElR n
. "-(X" x)" > 0 J' = 1,2, · 11} +.-A .A - I,A2,""II,A ) _, ' , . 

is the non-positive orthant, 

0 _ := (0+)° ={SE lRn:S =(s"s,, "' ,s,, ), s , :0; 0, }= 1,2, .. · , n}. 
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Definition 2.2.2: Let S be nonempty closed convex set 

a) We say that dEIR" is a direction tangent to S at XES when there ex ists a sequence 

{s,} cS and a sequence {I,} such that 

X, 
X -x 

k - 'H/) )x, Ik .J..O , k k~oo )d. 
t, 

The set of all such directions is called the langenl cone Ts (x) to S at XE S. 

b) The direction SE IRn is said normal to S at XES when 

(s,y - x) :<:: 0 for all y E S. 

The set of all such directions is called normal cone to S at x, denoted by N s (x) . i.e 

Ns (x ) :={s ElR n
: (s,y - x):<:: 0 for all yE S}. 

Thi s is illustrated as follows 

T\. (x)+X 
X, 

X 2 

d X 

Figure 2.2.2 (Tangents and normals to S) 

2.2 .1 ) 

From (2 .2. 1), one can easily deduce SE Ns (x) is a vector in IR n such that the angle between S 

and y - X is obtuse for each y in S. 

Definition 2.2.3: A conical combination of elements x"x"", x,, is an element of the form , 
LAjXj , where the coefficients A

J 
are nonnegative. The set of all such conical combinations 

j= 1 

from a given non empty set S <;; IR n is sa id to be the conical hull of S, denoted by coneS. 
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_ k 

Now if we set A := LAj is positive, then we can put to reali ze that a conical 
j =1 

combination of the type 
k _ k _ k 

L AjXj =A LfJjXj , with A>O, LfJj = 1, fJ j ~ 0 for j = 1,2, .. ·.k. 
j =J j "' ] j=J 

is nothing but a convex combination, multiplied by an arbitrary positive coefficient. 

Definition 2.2.4: The closed conical hull (or rather closed convex conical hull) of a nonempty 
set S~lRn is given by 

___ k 

coneS:= cl(coneS)=cl{ LAjXj : Aj ~ 0 ,Xj E S for j = 1,2,. ··,k}. 
}= I 

Proposition 2.2.1: Let S~ IR n be a nonempty closed convex set. Then 

a) the tangent cone to S is closed. 
b) the tangent cone to S at x is the closure of the cone generated by S - {x}: 

T, (x) :=cone(S - x) 

= cllR+(S - x) 

= cl{d ElR n
: d = A(Y - X),y E S, A ~ O}. 

Proof: a) Let a sequence {d, } c Ts (x) be converging to d. For each r consider sequences 

{x ,., } and {I", } associated with d, in the sense of Defin ition 2.2.2 a). Fix r > 0 , we can 

find k, such that 

X r ,k, - X 

I r .k, 

1 
d , $­

r 

Letting r~ <X!, we then obtain the sequences {x" " } and {I,.,, } which defined as an element 

of Ts (x). Therefore, Ts (x) is closed. 

b) Clearl y S - {x} ~ Ts (x). By a), 1'., (x) is a closed cone, then it immediately fo llows that 

cllR+(S - x) ~ Ts (x) 

Conversely, let dE Ts (x) and take {x, } and {f , } as in the defin ition 2.2 .2 (a). Then the point 

x, - x is in R+(S - x), hence its limit d is in the closure ofR\ S - x). II 
I , 

Proposition 2.2.2: The normal cone is the polar of the tangent cone and conversely. 

More symbolica lly, 

Ns (x)=[Ts (x)] o={d ElR n:(s ,d) $; 0 , forall s E Ts (x)} , 

T, (x) =[ N s (x)]o = {d ElR n: (s, d ) $ 0, for all s E Ns(x )} . 
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Proof: (=»: Let SE N s (x) , then by definiti on, (s,y- x)~O fo r all YES. Set d :=y- x 

d E S - x be arbitrary and (s, d ) ~ O. But th is is true for each dE R + (S - x), as we ll as for all 

d E cl R+ (S - x) . That means SE [T\. (x»)". 

On the other hand, let SE [T, (x) ]o be arbitrary, then (s,d) ~ 0 fo r all d E T, (x). In 

parti cul ar, thi s holds for all dE S - {x} !:;; T,(x ). Thus fo r any YES, (s,d) =(s , y-x) ~ 0 

which is exact ly 2.2. 1. i.e SE N, (x ). 

( <=) : From proposition 2.2. I a), we know that T, (x) is closed. Then by using (2.2.2) and 

Remark 2.2 . 1 it follows the resul t (2.2.3). II 

In terms of tangent and normal cones, an element SE f(x) is expressed by the fo ll owing 
proposition . 

Proposit ion 2.2.3: 

a) A vector SE R" is a subgrad ient off at x if and only if (s,- I) E R" x R is normal to 

epi[ at (x,f(x». i.e 

N"pij (x,f(x»:= {(A.\,-.1.): s E 8/(x), .1. ~ O}. 

b) The tangent cone to ep![ at (x,f(x» is the epigraph of the right- sided directional 

deri vative fu nction gO := f: (X ,. ) : 

T,p1 (x,f(x» := {(d, r) : I: (x, d) ~ r } . 

Proof: a) Suppose (s,-I) ER" x R is normal to epij at (x,f(x» . Then by Defin ition 2.2.2 b), 

s is normal to R" at x and - I is normal to R at f(x).i.e (s,y - x ) ~ 0 fo r all y E R" and 

( - I )[ r - I (x)] ~ 0 ,for all rE R. 

Then we have 

(s, y -x)+ (-I ) [ r-f(x)]~ 0 , fo r a ll YER" and foral lr ER. 

or 
r ~ f(x) + (S,y - x) , for a ll y E R" and for all r ER. 

In part icul ar, for I' = .r(x), we have 

f(y)~.r(x)+(s,y - x) for a ll YER" 

Which is just (2. 1. 7) i.e S E 8/(x) . 

Converse ly, from (2 .1 .7) we get 

(s,y - x) + (- I)[f(y) - f( x)] ~ 0 for all y E R" 

i.e 

(S, y-x)+ (- I)[r- f(x)] ~ OforaIl YE R" fora ll r ~f(y) 

For x ,y,s E R " and r ER, (s,- I) ER"x Rand (y-x,r-f(x»E R " x R. 

Therefo re, we write (2.2.4) as 

«(s ,- I),(y-x,r- f(x») ~ O fo r a ll YE R" and fora ll r ~f(y) 

Thi s imp li es 
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«(s, - I) , (y , r) - (r - f(x))) S 0 fo r all y E IR" and for a ll r ::> fey) 

Thus, (s,- I) E N"nr (x, f(x)) and therefore, a) fo ll ows as the set of normals fo rm a cone 

conta ining the origin . 

b) By propos it ion 2.2.2, the tangent cone to epif is the polar of the normal cone to epi/. 

i.e T"", (x,/(x)) = {(d ,r) EIR"xlR: (z,(d , r) S 0 for all z E N"I'if (x'/(x)) }.Then we have 

z = (..1s,-A) fo r SEOr(X), A::> O 

And hence 
(CAS, - A), (d, r) S 0 fo r a ll S E of (x), A::> O. 

or 
«(As,d)+r(-A)SO for ali sE Of(X) ,A::>O . 

Clearly, (2.2.5) holds fo r A = O. If A >0, di vide both sides by A in (2.2.5) to get 
(s ,d) - r S O fo r ali sEOf(x) 

So we have 
r::> (s, d), for all S E Of(x) . 

This impl ies 

r::> max{(s ,d): s E ol(x)} = I:(x,d). 

i.e. r ::> I: (x , d) 

Therefore T,,>« (x,/(x»:= {(d, r): f: (x , d) S r}. II 

epir 

T ,p;( (x) + (x,/(x)) 

x 

N~(X) , 
1!-/4 

Figure 2.2.3 (Tangents and normals to the epigraph) 

Defini tion 2.2.5: Let XE IR" and! IR" --->IR be convex. Then the set 

S/Cx) := S!( x)(f) = {y EIR":f(y) Sf(x)} 

is said to be the level-set passing through x. 
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f(x) . epi! 

I 
• ~ S!(x):=sj(,M) 

Figure 2.2.4 (Sublevel-set in IR l) 

Lemma 2.2.1: Letf IR"~IR be convex and Sf(x) be the sublevel-set defined above. Then 
we have 

T 'Y(X ) (x) ~ {d EIR": f:(x,d):S; O}. (2.2.7) 

Proof: Let Y E Sf(x) be arb itrary, I > 0 and put d := I(y - x). Then since y E Sf(x) , 

fey) :s; f(x) fo r y E IR" or fey) - f(x) :s O. For I > 0 , we have the following 

d o ~ l[f(y) - f( x)] = 1[f(X + -) - f(x) ] 
I 

d 
f(x+ - ) - f(x) 

I f(x + ad) - f(x) 

a 

I 
a =­

I 

~ in f{ f(x+ad)-f(x) :a >O}= f:(x,d ). 
a 

Then we have 

1R+[Sf(x) - x ] ~ {d EIR ": f:(x, d) :S O}. 

As f;(x,) is a closed function, {dEIR": f:(x,d):S; O} is closed and by Proposi tion 2.2. 1, 

the tangent cone to Sf(x) atx is the closure of the cone generated by Sf(x) - {x}: 

Therefore, 

T"t' l (x) = cone (Sf (x) - x) = cllR+[ Sf(x) - x ] ~ cl{d E IR": f: (x, d) :s; O} . 

= {d EIR" : f:(x,d):S; O}. 

T'f(x) (x) C {d E IR": f: (x, d) :s; O} . II 
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Remark 2.2.2: The converse inc lusion in (2 .2.7) need not be true. Of course, we need 
additional assumption to prove the converse inclusion . We will see thi s in the fo ll owing 

theorem. As an example, consider f(x) = l llxll ' . 
2 

Sf(O) = {y ElR n: fey) ~ frO)} = {y ElRn: fey) ~ O} 

= {y E IR n
: lllYII' ~ O} = {O}. 
2 

And then 

T,)(O) (0) = cI{d ElR n
: d = I(y - 0), y E Sf(O) , I > O} 

= cI{d ElR n :d=ty, y = o, I > O} 

= cI{d ElR n:d= O}={O}. 

On the other hand, since I; (O,d) = ° fo r all dE IR n
, we have 

{d E lRn:f: (O,d) :S; O} = lR n. 

Therefore, in thi s example {OJ C IR n bu t not the converse inclusion. 

Proposition 2.2.4: Let g: IRn-+lR be convex and suppose that g(xo) < 0 for some Xo E lRn . 

Then 
a) cl{z: g(z) < O} = {z: g(z) ~ O} , 
b) {z : g(z) < O} = int{z : g(z) ~ O}, 

c) bd{z: g(z) ~ O} = {z : g (z) = O}. 

Proof: a) s ince each convex function on IR n is cont inuous the functi on g is continuous and 

hence it is both upper and lower semi- continuous. 
Clea rl y {z: g(z) < O} C {z : g(z) ~ O}. From convex ity and continuity of g, we have 

{z : g(z) ~ O} is closed. Then tak ing the closure of both sides gives 

cl{z : g(z) < O} C cl{z : g(z):S; O} = {z: g(z) ~ O} . 

Converse ly, let z E {z: g(z) $ O} be arbitrary. Then g(z) ~ O. Now for k > 0 and set 

z, :=lxo + (I _ l) z 
k k 

By convex ity of g, g(xo) < 0 and g(z) $ 0 we have 

Then by continuity o f g we get 

li m g(z,) = g( lim z, )= g(z) < O. 
k--,«J k--.«J 

Thus. 

z E c/{z : g (z) < O} and hence {z: g(z) ~ O} C c/{z: g(z) < O}. 
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b) Cons ider a) and then take its " int " in both sides i.e 

int cl{z : g(z) < O} = int{z : g(z) ::; O}. (2.2.8) 

Now the left hand side in (2.2 .8) is eq ual to int{z : g(z) < O} . Si nce g IS upper seml­
continuous, int{z: g(z) < O} = (z : g(z) < O}. 

So we have 

(z: g (z) < O} = int{z : g(z)::; O}. 

c) bd{ z : g(z) ::; O} = el{ z : g(z) 5 O} \ int {z : g(z) ::; O} = {z : g(z) 5 O} I {z : g(z) < O} 

=[ {z:g(z) < O} U {z:g(z) = O}]I {z :g(z)< O} = {z: g(z ) = O}. II 

In the proposition 2.2.4, xo is ca ll ed a Sialer assumpt ion. When thi s Xo ex ists, taking 

closures, il1leriors, and boundaries of subleve l-sets accounts to imposing"::; ","<" and "=" in 
their respective definitions . 

Theorem 2.2.2: Let! IR" --+IR be convex and if 0 11' a.f(x) . Then 

a) For the sublevel set Sf(x) , we have 

(i) TsJ(x )Cx) = {d EIR ": f:Cx,d)::; a}, 

(ii) int[TsJ(x) (x)] = {d EIR": f:Cx,d) < O} "# 0. 

c) A directi on d in IR" is no rmal to S[(x) at x if and only if there is some 1"2. 0 and 

come S E alex) such that d = Is : 

N ,«x) (x) = R+ a.f (x ). 

Proof: a) The forward inclusion of (i) is immediate from the Lemma 2.2. 1. Now suppose 

dE IR" sati sfies the ri ght hand side set of (i) . Then by 0 11' a.f(x ) 

f: Cx, d) < 0 for some d 

This impl ies 
f(x + Id) < f (x) fo r I > 0 small enough. 

x+ld -x 
But fo r y := x + Id E Sf(x) , our d is of the form . Then we have 

I 

(d EIRn:f: Cx, d ) < O} s;;; R+[Sf(x)-x ]s;;; T'ftx )(x» 

Now by Proposition 2.2.4 a) with gO:= f: (X,.) 

eI{d EIR ":f: Cx,d) < O} = {d EIR":f: (x,d) ::; O}. 
And then taking the closure of the sets in (2.2.9) gives 

{d EIR":f: (x,d)::; O} s;;; Tvc" (x) . 

Therefore, 

TVt x,(x) ={d E IR n
: f : (x,d ) ::; O}. 
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To prove the second part of a), take the in teri or of both sides in (2 .2.10) and use proposition 

2.2.4 b)with gO := f : (x,.) . 
b) Consider, 

T '/IX) (x) = {d E 1R":f: (x,d) :<; OJ . 

For all SE W(x) we have (s,d) :<; f : (x ,d) :<; 0 and hence 

T'flx )(x) = {d E IR": (s ,d) :<; 0 for all SE W (x)} 

= {dE 1R": (As,d):<;O,fora ll .-1. <: O and fo rall sEW(x)} 

= [ R+ W (x) ]0. (2 .2. 11 ) 

Since the normal cone is the polar of the tangent cone, tak ing the polar of both sides in 
(2.2. 1 I) and using the fact that R+ W(x) is closed to obta in 

N y!x) (x) = el[ R+ of (x) ] = R+ of (x) . 

This fin ishes the proof. II 

Remark 2.2.3:The assumption 0", W(x) in Theorem 2.2.2 can be formulated in diffe rent 

ways. In view of Definition 2.1 .2, it means J ; (x, do) < 0 for some doE IR". On the other 

hand , in view of (2. 1. 7), there is some Xo EIR " such that f(xo) < f(x). Thus the ex istence of 

one point x with 0 ", of (x) allows the computation of the tangent and normal cone to the 
correspond ing subl eve l-set Sf(x) at all its points. 
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3. Some Properties of Subdifferentials 

3.1 First- Order Approximation of convex functions 

Letf IR n-+ lR be convex and let rp : IRnx lRn-+ IR. Us uall y an approximation of a fun ction l is 

performed with the aid of a function of two va ri ab les rp(x, d) (here x being ca ll ed a point 

while d is ca ll ed a direction in IRn). Speaking about approximation is usually has in mind that 

the difference of f at x: f (x + td ) - f(x) '" t rp(x, eI) . The nature of thi s approx imate equality 
and its accuracy depend on the type of approx imation used and , of course on the complex ity 
of the function under consideration. 

One of the cond itions frequently requ ired from an approx imation is the pos iti ve homogeneity 
with regard to the directions. In other words, an approx imation rp(x,d) must be such that 

rp(x, td) = trp(x , d) fo r all t > 0 
Example of such approximat ion is the directional derivati ve off By Remark 2. 1.1, fo r a 
convex function ! IR n ---+ IR , we have 

f: (x, d ) = sup {(s, d ) : s E af(x)}. 

From compactness of Of(x) , it foll ows that for an y dE lRn there is s" E Of(x) such that 

f(x + /d ) = f(x) + t(s",d) + 8 d (t ) for t 2: O. (3. 1.1) 

Where 8 d (-): X ---+ Y, 8 d ""'0) 0 (X, Y normed spaces) is ca lled the generi c function. 

Now in (3 .1.1 ) set h := tel , then the diffe rence f (x + h) - f(x) can be app roximated to fi rst­

order by a fun ct ion hu(h) = (s,,, h ), which is sublinear. In general there ex ists a sublinear 

fu nction u ., defined on IRn such that 

f(x + h) - f(x) = u , (h) + O(llhll) . 

with OelHI) be defin e a funct ion h:= rp(h ) so that for each 8> 0 there is a <5 > 0 such that 

IHI < <5 impl ies Ilrp (h)11 ~ 811hll· 

Thus, a finite convex function enjoys a directional first-order approximat ion. 

Lemma 3.1.1: Let ! IR n-+lR be con vex and x ElR n. For each 8> 0 , there ex ists <5 > Osuch 

that Il hll ~ <5 imp li es 

If (x + h) - I(x) - f: (x, h)l :$ &Iihli. (3.1.2) 

Proof: We now assume (indirect proof) that there ex ists 8> 0 and a sequence { h,} with 

I 
1Jh.11 =: / I ~ - such that 

k 

If (x+ h, ) - f(x ) - f: (x , h, )1 > &I, for k EIN 
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h . 
Now suppose that ' '~~ ) d for some d EIR " with Iklll = I . Then 

I , 

lil, <If(x + h, ) - f( x) - f : (x, h, )1 
=If (x+h, ) - f (x + I, d) + f (x + t , d) -f(x ) - f : (x + 1 , d) + f : (x + 1 , d)-f: (x , h, )1 

:5 lf(x + 17k) - f(x + l, d)1 + lI(x + t , d) - f (x) - f : (x+ I, d)1 + If: (x + I, d) - f: (x, hk)1 

Because/ is convex,f is loca ll y Lipschitzian-continuous. So take a loca l Lipschitz constant L 
of/ and then we have 

lit ,<Lllh, - I, dll+ If(x+t,d)- f (x) - f: (x+ t, d)l+ 1117, - I, dll 

=2Lllh, - I, dll+if(x+t, d) - f(x) - f;(x + l, d)1 

Dividing by I , > 0 gives 

£,<2LII ;': -+If(x +I;;- f(x) f:cx,d)1 

Then taking the li mit fo r k ~ CJ) i.e I , ,j. 0 , we get 

" < 2LII> diHf(x+ 1:;- f(x) f: (X,d)1 k~~ ) 0 

That means li:5 O. But this is obviously a contradiction. II 

Remark 3.1.1: We can also rewrite (3 .1.2) as the first-order expansion. i.e 

f(x + h) = f(x) + f: (x , h) + 0(11"11) (3 . 1.3) 

This shows that f(x + h) - f(x) is approx imated to first-order by a sublinear function 

f: (x, ). 

Definition 3.1.1: Let e be a nonempty closed convex set. The set F r;;, e is ca lled an exposed 

face of e if there is a supporting hyperplane of e such that F = en H "., . 

Let F be an exposed face of C and H", its assoc iated support ing hyperplane. For any s E F 

by the definition we have 
(d , y ):5(d , s) fo r all YEe 

i.e F:= {s E e: (d, s) = sup(d , y ) for all y E e . 

Obviously a c (d) := sup(d,y) for all y E e is the support functi on ofe. Consequently for 

a non empty closed convex set C, with support function 0'(, and x etc 0 , the set 

F, (x):= {s E e : (s ,x) = O'(, (x)}, 

is ca ll ed the exposedface o/ e al x or simpl y the/ace exposed by x. 

Moreover, the face exposed by 0 is given by Fc (0) = e . 
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0114-- , exposed point 

exposed face of C at x 

Figure 3. 1.1 (supporting hyperplanes and exposed faces at various points) 

Defin ition 3.1.2: Let C be a nonempty closed convex set in R" . The mapping Pc: R"--tC, 

which associates the unique so lution Pc (x), to each xE R" of the minimization problem: 

(P) in f{.i. lly-xll' :yE C} --t min . 
2 

is ca ll ed a projection operator. 

TheOl'em 3.1.2: A poin t y, E C is the projection Pc (x) if and onl y if 

(x- y"y- y ,) ~ 0 for all yE C 

(3. 1.4) 

(3. 1.5) 

Proof: Suppose Y., is the solution of (3. 1.4) and let y E C be arbi trary so that 

y, +a(y - y ,. ) E C for each a E (0,1). 

Then consider the fun ction f,: R"--t R de fined by 

/ ; (y ):= ~ IIY - xII ' 

which assoc iates toy E R". 

But from the supposition, since Y., is a so lution of (3 .1.4), we have 

f,(y') ~ f , (y , +a(y- yx ))=~IIYx - x +a(y- yjl' 

I 
= "2(Y' -x+a(y - y , ),y , -x+a(y- y,) 

=~ [lIy, -xII' +2a (y, - x,y- y,)+a'lb, - y,II' ] 

=a (y -x,y - y )+ .i.a ' lly-y II' 2: 0 x .~ 2 ., 

Then dividing by a > 0 and tak ing the limit for a J. 0 gives the result (3 . 1.5). 
Conversely, assume that y , E C satisfi es (3 .1. 5). If y , = x , then Y., is certai nl y solves 

(3. I .4). I r not, for any y E C from Cauchy-schwarz i nequal ity, we get 
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02: (x - Yx'y - y ,.) = (x - Y."Y - X +x - y,) 

=llx - y,/l' + (x - y,·, y - x) 2: IIx - y.ll' -lix - yllllx - y,lI· 

Dividing by IIx - yxl/ > 0 g ives 

IIx - yxl/ sllx- )'11 for a ll y E C 

whi ch means y, is a so lution of (3 . 1.4) Therefore, th e statement of the theo rem holds. II 

Geometrica ll y, (3 .1.5) expresses the fact that y, is a vector in C such that the angle between 

x - Yx and y - Yx is obtuse. This comes from the definiti on of sca lar product, for two 

nonzero vectors A and B: 

(A,B) = IIAlIlIBlicase $ 0 

where e is the angle between A and B. 
Then case E [- I, I] and hence e is obtuse . 

y , x 

Figure 3.1.2. (The angle characterizat ion of a prpjeclian) 

Remark 3.1.2: C learl y for any y E C, (3. 1.5) implies 

(x - Pc (x) , y - Pc (x) $ 0 

i.e 

(x - Pc (x), y) $ (x - Pc (x) , Pc (x» 

whi ch means that Pc (X) E Fe (X-Pc (x)) . i.e Pc (x) li es in thefaceof Cexposed by 

x-Pe er). 

Proposition 3. 1.1: Let C<;; IR" be a nonempty closed convex set. For x E C and s E IR" , the 

following propert ies a re equ iva lent: 
(a) S E N c (x) , 

(b) xEFe(S), i.e (s,x) = max{(s,Y) :YEC}, 

(c) X= Pc (x+s). 

Proof: To prove the proposit ion it suffices to show that (a) => (b)=>(c)=>(a) . Fo r this we 
otien use the definition of normal cones, support hyperplanes, ex posed faces, and projection. 
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(a)~(b): Let sEN(, (x),then (s,y-x)~ O forall YEC. i.e 

(s, y) ~ (s, x ) fo r all Y E C 
That means 

(s,x) = max {(s,y) :y E C }. 

(b) ~ (c): Suppose x E Fe (s). i.e (s, x) = max {IS, y) : y E C}. Then we have 

(s,x) ~ (s,y) for all y E C 

But « x + s) - x ,y - x) = (s,y - x) = (s,y) - (s,x) ~ 0 for all y E C 

Therefore, « x + s) - x, y - x) ~ 0 for all y E C wh ich imp li es that x = p,. (x + s) . 

(c)~(a):Assume that (c) holds. Then «x+s)- x,y -x)=(s,y-x)~ O fora llYEC. But 

thi s imp lies that sENe (x). II 

Now let us take C := 8f(x) <;; 1R" and compare (3. 1.1) and (3. 1.3) which can be rewritten with 

a subgradient s" such that (d ,s,,) ~ (d ,s) for all SE of (x) . Then by Propos ition 3.1.1 , s" is 

an arb itrary e lement in Fo[IX) (d) . Eq ui va lentlyd E N a/l .,) (s,,) and hence s" is the projection 

of s" +d on to 8f(x) . i.e s" = Pann Cs" +d) . Thus the follow ing corollary is just the same 

as Lemma 3. 1. I . 

Corolla ry 3.1.2: Let! 1R" ---+ 1R be convex. If 

S E F a!lx) (h) ~ h E N a/lx ) (s) ~ s = Pa/lx ) (s + h) 

then at any x, we have 

f(x + h) = f(x) + (s, h) + ocllhll). 

As 8f(x) is compact, for any hEIR"\{O} the co rresponding exposed face Fa/l,) (h) is 

nonempty and covers the boundary of 8f(x). In particular for 8f(x) with only one exposed 

face, i.e only one element, there is some fi xed SEIR" such that 

I· f(x+td)-f(x) 1'( d) < d)~ l i d " lin ' + x, . = s, wr a E IR . ,.0 I 

This impl ies 

i f(x+ td) - ~(X) -(S' tel) i '.0 ) O. (3.1.6) 

which expresses precise ly the Gateaux-d iffe rent iability off at x for h:= lei , d fi xed in 1R", 

tJ, O. On the other hand, fo r h ---+ 0 (by Remark 1.3. 1), (3.1.6) is equiva lent to: 

l(x + h) - f(x) = (s, h) + ocllhll)· 

i.e f is Frechel-di fferent iab le at x . 

Then we have the fol lowing corolla ry 
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Corollary 3.1.3: If the convex function J is Gateaux-differentiable at x, then aj(x) is exactly 
a s ingleton (aj(x) ~ { 'VJ(x) }). Conversely, if a[(x) contains only one element say s 

( aj(x) ~ { s }), thenJ is Frechet-d iffere ntiab le at x, with 'V[(x) ~ s. 

In genera l, for all x E R" the equa li ty a[(x) ~ { 'V[(x)} is not necessarily true. Otherwi se[i s 

Gateaux-differentiab le at al l x. 

Since fo r a convex function J f:( x,.) is convex (Proposition 2. 1. 1), it has subd ifferenti als 

(P ropos iti on 2.1.2). These subdifferentia ls are precisely the exposed faces of aj(x). 

Therefore, for the general case where aj(x) is not singleton, we have another way of 

defining faces. Th is is formulated in the follow ing propos ition. 

Propos ition 3.1.2: Letf R"~R be convex. For a ll x, d ER", we have 

FB/ tx) (d) ~ aU: (x,.»)(d) . 

Proof: Let S E aj(x) . Then because J: (x,) is the supp0l1 function of aj(x), we have 

J : (x , z) 2(s,z) fora li zER". 

Moreover, if S E Far(x J d) i.e (s, z) ~ J: (x, z ) , then we get 

J: (x, z ) 2 (s, z) + f: (x,d) - (s, d)~ f: (x,d) + (s, z - d ) for all z E R". 

But th is implies that SE a [f: (x , ) 1 (d). 

Therefore, 

FB/ tX ) (d) £;; a [I: (X,.) ](d). 

Converse ly, let rE a [I: (x,) 1 (d). Then by (2.1.7) we have 

J: (x,z ) 2 I:(x,d)+(r,z-d) for all z E R". 

Now put y:~ z - d and by subadd itivity of J: (X ,.) . 

J: (x ,d) +[:(x,y) 2 J: C'C,z) 2 f: (x ,d) + ( I' , z - d ) 

~ f: (x,d) +(I',y) fo r a ll Y E R" 

So we have 
f: (x ,y)? (r,y ) for all y E R" 

Hence r E aj(x) . 

On the other hand, if we choose z ~ 0 in (3 .1.8), we get 

f:(x ,d) 5. (r , d ) for a ll d ER" 

Consequent ly, from (3. I .9) and (3. 1. 10) we obta in f: (x , d) ~ (I', d ) . 
This implies, I' E F,y(x ,(d) . i.e 

a [f: (X,.) 1 (d) £;; Fan,) (d) 

By combi ning (3. 1.7) and (3 .1. 11) we get 
FlfC' ) (d) ~ a [f: (x,) ](d). II 
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Particularl y, the subd ifferential of f: (X,.) at the po int td fo r I > 0 does not depend on I, but 

when t-J, 0 , Id-t 0 Proposition 2. 1.2 confirms that 

a [f: (x,) 1 (0) = Of(x). 

The result ill ustrates as fo ll ows. 

epif: (x,.) 
(d,j: (x, d)) 

af(x) 

Figure 3. 1.3 (Faces of su b differentials) 

Example 3 ,1.1: (cf. Example 2.1.2). Let C be a nonempty convex compact set, with support 
fu nction C5e . Then for x", 0 by Proposit ion 3 .1 .2 we have 

oO'eex) = Fe ex) and eO'e ) ~ ex, .) = O'FcC<j ' 

3.2 Conditions for a Minimum of Subdifferentiable Convex Functions 

In (2. 1.7) , the I in ear fo rm attached to a subdi ffe rentia l defines an affine funct ion that 
minimizes! So (2.1.7) ensures x minimizesJ ifand only if the zero element belongs to the 
subdifferenti a l of/at x . 

Definition 3.2.1: A po in t Xo EIR" is ca ll ed a local minimum poinl of the fun ction/on the set 

IR", if there exists a 0> 0 such that 

(3.2. 1 ) 

where B(xo' 0) = (x E IR" : Ilx - Xo II <; oJ. I f, in addi tio n, 0 = r:IJ , then the point Xo is ca ll ed a 

globalminimulI1 poinl. In this case (3.2.1) takes the form 

J(x) ? J(xo) for a ll x E IR" 

Suppose a convex (hence loca ll y Li pschi tz) fun cti on / de fin ed on IR" attains its local 

mi nimu m at a poi nt Xo EIR", then J(x)? J(xo) for a ll x suffic iently c lose to xo ' Now for 

any d and suffic iently sma ll I> 0 the fo ll owing ineq ua li ty ho lds. 

J (xo + Id) - J(xo) ?' 0 

Hence 
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f: (xo' d) = lim l(f(xo + Id) - fCro)]:~ 0 fo r all d E IR ". 
I!O I 

Th is impli es the sub li near fun ction d 1-7 f:(xo,d) is nonnegative i.e 0 $ f~ (xo, d) for all 

dE IR ". Therefore 0 E af(xo). On the other hand, one can easil y show that if 0 E af(xo) ' then 

Xo minimi zes the function! Hence to say f attains its small est value on IR" at a poin t Xo it is 

necessary and su ffi cient that 

o E af(xo) or max (s,d) ~ 0 for a ll dEIR". 
seaj(xo) 

(3 .2.2) 

As a result the prob lem of minimizing a convex fun ct ionfat some poi nt is equ iva lent to the 
problem of check ing whether the subdi fferentia l of this fun ction at thi s po int contains the 
origin or not. 
Then we can summari ze (3.2.2) in the foll owing theorem. 

Theorem 3.2.1 : Let t IR" ~IR be convex. Then the fo ll owing properties are equ iva lent: 

(a) f is minimized at x E IR", i.e f(y)? f(x) for all yE IR" , 

(b) OE f(x) , 

(c) f:(x,d)? O fo r a ll d EIR". 

Proof: Consider the case where f is minimized at x i.e f(y)? f(x) + (0, y - x) for all 

y EIR". Then by (2. 1. 7) we get 0 E f(x) . 

To prove the second pal1 of the theorem, let 0 E f(x). Then by the property of scalar product 
and defin ition of subdifferential 

0 = (O,d) $ f:(x,d) for all dEIR" 
Therefore, 

f:(x,d) ? O, for all dElR n 

Fina lly assume f:(x,d)?O fo r all dElRn. Then from lhe de fin ition of direct ional derivative 

f: (x,) : 

lim l(f(x + Id ) - f(x) ] = inf{l (f(x + Id ) - f (x) ] : I > O} . 
,to I I 

But thi s means that 
I 
-(f(x + Id) - f(x) ] ? 0 fo r I > 0 . 
I 

Now for any dE IR" and IE IR +, set y := x + Id E IR n and then we have 

f(y)-f(x)?O fo r all YE IR" 
i.e 

f(y)? f(x) fo r all y EIR" 
Therefore 

(a)~(b)~(c)~(a). II 
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When x is a loca l minimum off, convexity implies that a local minimum is automatically 
global. A minimum point x is characterized by 

OE Of(x) orby f: Cx,d) ~ O for all dEIR" 
While a non-minimal point x is characterized by the existence of an element dE IR" with 

f:Cx,d) < O. 

Proposition 3.2.1: A necessary and sufficient condition for the ex istence of ti > 0 such that 

f(x + h) ~ f(x) + tillhll for all hEIR" 
is 0 E int Of(x) . 

Proof: The condition OE int of(x) implies that 

B(O,ti) ~ of (x) for some ti > O. 
Then (3.2.3) can be expressed in terms of support function as 

f: Cx,.) ~ till-ll-
From definition of di rectional derivative f:(x ,.) , for any dEIR", (3.2.4) becomes 

lim~(f(x + Id) - f (x)] = inf{~(f(x + Id) - f(x)] : I > O} ~ tilldll. ,.0 t t 
But thi s im plies, 

~ (f(x + Id) - f(x) ] ~ tilldll for all I > O. 
I 

Now chose h:= td , Then 

f(x + Id) - f(x) ~ I tilldll for all I> 0 

or 

f(x + h) - f(x) ~ tillhll· 

(3.2.3) 

(3.2.4) 

Therefore for any dEIR", h := Id being arbitrary in IR" and the statement of the proposition 

ho lds. i.e 

f(x+ h)~f(x) +&llhll for all hEIR". II 

3.3 Mean-Value Theorem 

In this section, our aim is to answer some fundamental questions. For x .. y, x,y E IR" and for 

the subdifferenti al of a convex function! IR"~IR on the line segment (x , y) the questions 

are: 
I. Can we evaluate fey) - f(x)? 
2. Is it poss ible to expressfas the integral of its subdifferential? 

Indeed, the problem reduces to that of one-dimensional convex function. To see thi s we 
consider the function 

!p(t):= f(ty + (1- t)x) for all I E [0, 1]. (3.3.1) 

39 



Some Propenies ql SlIbd[fferemials 

Then f (y) -f(x) = tp( I) - tp(O) is the trace orf on the line segment [x,y].lt is poss ib le to 
exp ress the subdi fferenti al of II' at I in terms of the subdifferent ial offat ly+( I - t)x in the 

[R n space . 

Lemma 3.3.1: The subdifferenti al ofa convex Functi on defin ed in (3.3. 1) is given by 
8tp(t) = {(s,y - x) : S E iJf(x, )}. 

or in a more symboli ca l form 

orp(t) = (o!(x( ),y-x), 

where x , := 1)1 + (1 - t)x for fi xed x,y E [Rn. 

(3.3 .2) 

Proof: Since f is both convex and finite, it adm its a finite left- sided deri vat ive and a finite 
right-sided derivative (by Theorem 1.3.1 ) at any Xo E int domf . Then 

and 

D+rp(t) = lim J.-[ /(x( + a(y - x» - I(x(») = f: (x" y - x) 
d,o a 

= max {(s, y - x) : S E iJf(x, )} , 

D _rp(t) = lin1 ~ [!(x, +a(y-x»- !(x(»)=- f:(x,,-(y - x)) 

= min{(s,y - x): S E Of(x, )} 
So we have 

orp(l) = [D _rp(t), D +rp(l» ) = {(s, y - x) : s E al(x, )} = (Of (x, ), y - x). II 

Theorem 3.3.2 : Let! [R n-+[R be convex. For x ;ty, x , y E [R n, there exist IE (O,I) and 

s E iJlCx,) such that 

fey) - f(x) = (s , y - x ) 

More generall y, 

f(y)-f (x) E U {(Of(x, ),y-x)} .. 
IE(O. IJ 

where x, := Iy + (I - /) X for fixed x, yE [Rn. 

Proof: Let rp(t) := f(ty + (I-/)X), t E [0, I] and consider the aux iliary function 

g (t) = rp(t) - 11'(0) - 11'(1) - 11'(0) (t - 0) = 11'(/) - rp(O) - (11'(1) - rp(O)) I . 
1- 0 

Then g (O) = g (l) = 0 and g is cont inuous on [0, I). So g is minimal at some toE (0, 1) and we 
have 

= D + tp(to) - (rp(1) - 11'(0)) for '0 E (0,1). 

Similarl y 
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Then 

ag(t 0) = [D_g(t 0)' D+g(lo)] =[ D_ <p(to) - (<p(I) - <p(0», D + <p(t 0) - (<p( I) - <p(0»] 

= a<p(to) - {<p( I) - <p(O)} 

Since g is minimal at 10 E (0,1) and <p( I) - <p(0) = ley) - l(x), by Theorem 3.2. 1 we have 

DE ag(t 0) and hence 

ley) - lex) = <p( I) - <p(0) E a<p(lo) for ' 0 E (0,1) . 

Then by Lemma 3.3 .1 we have 
I(y) - I(x) E {(s, Y - x) : S E O/(x,, )}. 

I n other wo rds, 

I(y)- I(x ) E U {(s,Y-X) :SEaj(X,)}. II 
I€( O. I ) 

Now let r(t ) E a<p(t) be an arb itrary select ion. Then by Lemma 3.3.1 it takes o rthe fo rm 

r(t) := (s" y - x ) for s, E O/(x,) . 

Th is means, if {S, : t E [0,1] } is any se lect ion o r subgradients orran the line segment [x, y] 

i .e s, Ea/(X,) fo r all IE [O, I], then (s"y-x) is also an arbitrary se lection of 

subgradients of <p. Thus the integra l ! (s" y - x )dt is independent of the selection and its 

va lue is <p( I) -<p(0), i.e 

<p(I) - <p(0) = ! (s" y - x )dt = 1 arp(t)dl = 1 (af(x,) , y - x )dl . 

Therefore, 

I(y) - I(x) = 1 (a/(x, ), y - x)dt 

Thus, the mean-Val ue Theorem can also be given in an integral form . i.e fo r a convex 

functio n .f IR "-+ IR and for X,YElR n, we have 

I(y) - I(x) = 1 (a/ (x , ), y - x)dt 

where x , := Iy + ( I - I)X , IE (0,1) . 
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4 Calculus Rules With Subdifferentials 

When convex functions are combined so as to form a new convex function , their 
subdifferentials obey calcu lus rules resembling those of ordinary differential calcu lus. A 
difference, however, is that there are operations preserving convexity which do not preserve 
differentiability. Iff is constructed from some other convex functions f j , j E J the problem 

is to compute of in terms of the afj ' 

4.1 Positive Combinations of Convex Functions 

We start from some basic properties of support funct ions that are directl y derived from their 
definition . 

Proposition 4.1.1: Let Sc:;IR" be nonempty. Then 

(J" s = a ciS = a COI/VS 

FUlthermore, 

0' = 0'-
S convS 

Proof: By definition, for any dE IR" we get 

U s (d) = sup {(s, d ) : S E S} ~ sup{(s, d ) : s E cl S} 

:s; sup{(s,d) : s E convS} :S; sup{ (s, d ) : s E conv S} = O"convS (d) 

This implies that 

(J S (d) :s; U convS (d) for all d E IR". 

(4.1.1) 

Conversely, the continuity (respectively linear, hence convexity) of the function , (S,.), which 

is maxim ized over S, implies that Us = u dS (respectively (Js = O"convS )' Thus we have 

0' S = O'c/s = O'eanvS. 

But we know that convS = cl(convS) (Proposition 1.1.1). Then we get 

U com'S = U d (,"m'S) = U com'S = U s 

Therefore, (4.1.1) holds. II 

Theorem 4.1.1: 
a) Let U s and U s be the support function of the nonempty closed convex sets Sf and S2. , , 

I f I I' " > 0 , then 

I IU s, + I, u s, is the support function of cl(/ISI + I ,S, ). 

b) Let {USj } JEJ be the support function of the fam il y of nonempty closed convex sets 

{S j } JEJ , then 

supus is the SUppOlt function of conv{U Sj : j E J}. 
jeJ J 
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Proof: a) Let S:=cl(/,S, + t, S , ) the closed convex set. By definition, the support function of 

Sis 
a s (d) = SUp{(I,s, +I,s"d) :s, ESpS, ES,). 

But s, and s, run independently in their index set S, and S2 with I, and I , are positive. So 

we have 

o"s (d) = 1\ SUp {(s,d) : S E S\} + (, sup{(s,d) : s E SJ = flO" s, + f 20" S2 • 

Therefore, 0" S = (\ 0" S, + f 20" S, is the support function of S= cl(/,S, + I,S, ) . 

b) Put S:= U Sj , then the support function of S is 
jeJ 

as(d)= sup (s,d) = SUP[sup(sj,d)l = supO"jed ). 
seU S j jeJ S jES ) j eJ 

But since a s = a - s (Proposition 4.1.1), we conclude that cony 

a s = supaj is the support function of conv{U S j : j E J). II 
jEJ 

P"oposition 4.1.2: Suppose fk : IR" --1- IR for k = 1,2,· ·· , m be a family of convex functions 

and 1"1,, " ,1,,, >0, then the function 

'" 
f(x) = I/Jj (X) 

j= l 

is convex. 

Proof: Let x, yE IR" and A E [0,1]. Then by the convexity of f j for j = 1 j,2 j' '', m we have 

f(,1,x + (1 - A)Y) = i> J/Ax + (1 - A)Y) ,;; It)AJ;(X) + (1 - A)f/Y)] 
1",1 j=l 

m m 

:<; A~:>JJ(X) + (1- A)~)J/Y) 
j=l jool 

= Af(X) + (1 - A)f(y) 

So we have the convexity off II 

Theorem 4.1.2: Letfand g be two convex functions fromlR" to IR and 1\ , 12 >0. Then 

o (/,J +I,g)(x) = t,of(x) +t,og(x) for all XEIR". 

Proof: Let S:= I,of(x)+t,og(x). Then S is a compact convex set. By Theorem 4.1.1 a) its 

support function is 

0" s (-) = fJ: eX,.) + f2g: eX,.) (4.1.2) 

On the other hand, I,J + t, g is convex (Proposition 4.1.2) and by definition, the support 

function of 0 (/,J +I,g)(x) is the directional derivative (t,J +I,g)~(x,.). Then for any 

d elR" 
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(tJ +t, g)~ (x, d) = l im ~[ (tJ + t , g)(x+ad) - (tJ +t, g)(x) ] 
a.l.o a 

= t,lim~[f(x+ad)- f(x)]+ I, lim~[ g(x+ad)-g(x)] 
010 a 010 a 

=IJ:(x,d) + I, g:(x,d) for all d E lR n 

wh ich coincides with (4.1.2).Therefore, the two compact convex sets a (tJ +t, g)(x) and 

l,at(X) + I, ag(x) have the same support function. Hence they are equal. II 

In general , if f, :lRn ~ IR for k = 1,2, .. ·,m be convex functions and 1"I""',t,,,>O, then 

using induction on m, for the function f(x):= It J /x) , 
j==1 

we have 
'" 

of (x) = Ltjof / x ) . 
j ==1 

Example 4.1.1: In Example 2.1.4 take a = I, fJ = 2, a = 1, 

g(x) = Ix - bl · Then for any XE IR one can show easily that 

of (x) + 2ag(x) = au + 2g»(x) = 

{-3}, if x <l 

{-2} + [-1,1], if x=1 

{-I}, ifx E (1,3) 

{I} + [- 2,2], if x = 3 

{3} , if x > 3 

b = 3 and let f(x)=lx-al , 

{-3}'ifx<1 

[- 3,- 1], if x = 1 

{-I}, if x E (1,3) 

[- 1,3], if x = 3 

{3} , if x > 3 

Consequently, it fo llows that the family of subdifferentiable functions is not a linear pace. 

Remark 4.1.1: (i) In particular in Theorem 4.1.2 if we choose I , = I , = 1, then we have 

• oU + g) = of + ag 

• a("lf) =,wf for alLb O. 

(ii) The sign of I , and I , in thi s theorem is important to obtain a convex resulting function. 

For thi s consider the following example. 

Example 4.1.2: Let f be convex and even function (i.e a function such that f(x) = f( -x» 

defined on IR n. Let us show the right-sided directional derivative of thi s function at zero is 

also an even function. Indeed, 

f:(O,d) = liml[f(O+ld)- f(O)] = liml[f(O -ld)- f(O) ] = f:(O,-d) 
/..Lo t /J-o t 

But on the other hand, 

f: (O ,-d) = lim l[f(O + I( -d)) - f( O)]= lim l[f(O + ld) - f( O)] 
d..o t "j.Q f 

= lim-(l[-f(O+td)+ f(O)]) =-(-f), (O ,d) 
,J-o t + 
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So we have 

f:(O, d) = -(-f)~(O,d) 

This means that 
of(O) + (- I)Oj(O) = of(O) + 0(-1)(0) = 20f(0) . (4.1.3) 

At the same time we get AU + (- f»(O) = {O} . 

In particular, if we choose I, = 1, I , = - 1 and consider the functions 

a) f , g: IR~IR defined by f(x) = g(x)= lxj, then on the right hand side of(4.1.3) we 

have the set [- 2,2], yet aU + (-g))(O) = {O}. 

b) f,g : IR"~IR defined by f(x) = g(x) =llxll, then we get f - g '" 0 and hence 

au + (-g »(0) = {O} . However, on the right hand side of (4.1.3) we obta in the set 

B(O,I) where B(O,I) is the unit ball centered at the origin with rad ius I. 

Clearly in thi s case, 
OJ(O) + (- I)og(O) = 2 B(O,I) .. {O} = au + (-g»(O). 

4.2 Pre-Composition of Convex Functions With an Affine Mapping 

Proposition 4.2.1: Let! IR" ~IR be convex and let A: IRm~lR" be an affine mapping such 

that imAn damf .. 0 . Then the function 

(f 0 A)(x) = f(A(x)) for x E IRm 

IS convex. 

Proof: Clearly U 0 A)(x) > -<Xl for all x and there ex ists by assumption y:=A(x) EIR" such 

that f(y) < +<Xl . Because all affine functions are convex, for a E [0,1] and x , y E IRm we have 

A(ro: + (1- a)y) = aA(x) + (1- a)A(y) . 
Then from thi s it fo ll ows that 

U 0 A)(ax + (1- a)y) = f(A(ax + (1- a)y)) = f(aA(x) + (1- a)A(y)) 

$ af(A(x» + (1- a)f(A(y» =aU 0 A)(x) + (1 - a)U 0 A)(y) 

This shows that f 0 A is convex. II 

Proposition 4.2.2: Let A: IRm~lR" be a linear operator, IRm being equ ipped with a scalar 

product (-,-) for which A' is the adjo int operator of A. If 1R";2 S .. 0 , then we have 

O"cIA(S) (Y) = O"s(A 'y) fo r all YEIR". 

Proof: By definitions, 

CTA(S) (Y) = sup (As,y) =sup (s,A'y) =CTs(A'y). 
se5 SE5 

Then apply Proposition 4.1.1 to obtain 

erclA(S) (y) = 0" S (A ' y) fo r all YEIR". II 
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Theorem 4.2.1: LetA: IRm~lRn be an affine mapping defined by 

Ax:= Aox+b, 

where Ao be linear and bEIR" and letg: IRn~1R be convex. Then 

a(g 0 A)(x) = A;ag(Ax) for all XE IR '" . 

Proof: Let dE IRm be arbitrary. Then by definition of right-sided directional derivative 

(g 0 A)~ (x, d) = lim ~[(g 0 A)(x + td) - (g 0 A)(x)] 
,to t 

= lim ![g(A(x + td) - g(A(x»)] 
d,o t 

But since Ao is linear, 
A(x+td) = Ao(x+td)+b = Aox+tAod +b = Ax+tAod. 

Then 

(g 0 A) ~ (x, d) = lim~[g(Ax + tAod) - g(Ax)]= g : (Ax , Aod) for all d E IRm. 
d.o t 

From Proposition 4.2.2, g: (Ax, Aod) is the support function of the convex compact set 

A;ag(Ax). Therefore, a(goA)(x) and A;ag(Ax) have the same support function and 

hence they are equa l. II 

Example 4.2.3: (cf. Lemma 3.3.1). Let tp(t) = f(ty + (1 - t)x) for all t E [0, I] and consider the 

affine mappingA: IR ~lRn defined by 

At:=x+t(y-x) for fixed X, YElRn 

Then Aot = t(y - x) and its adjoint is defined by 

A;s = (s,y - x) for all s EIR" . 

So we have 
tp(t)= f(ty + (1- t)x) = f(x + t(y - x)) = feAt) = U 0 A)(t). 

Now apply Theorem 4.2.1 with m=l, x = t and g = f , to obtain the subdifferential atp of 

Lemma 3.3.1. 

8tp(t) = au 0 A)(t) = A;8f(At) for x, = At ElRn 

={ A;s : s E af(x,)} 

= {(s,y - x): s E af(x,)} . 

4.3 Post-composition With an Increasing Convex Function of Several Variables 

Definition 4.3.1: Let x = (x' , x 2
,. .. ,x"), y = (y',Y ' '''' ,Y'')E IRn. A function! IRn~1R is 

said to be increasing component wise if fey) ~ f(x) whenever yj ~ X l for j = 1,2, · ·· , n . 
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Theorem 4.3.1 : Let f IR " --7 1R be convex and g : IR --7 1R be convex and increasing. Assume 

that there is Xo e lR " such that /(xo) e domg . Then 

(g 0 f) (x) = g(.f(x)) for al l xe IR" 
IS convex. 

Proof: Let x, y e IR" and it e [0, I] . Then by the convex ity of / and g, for which g IS 

increas ing, it ho lds 
(g 0 f) (:lx + (1 - it)y ) = g(f(:lx + (1- il)y)) :o; g(ilf (x ) + (I - il)f(y )) 

:0; it g(f(x)) + (1 - it )g(f(Y) ) = it (g 0 f) (x) + (I - il)(g 0 f )(y) . 

From this it foll ows that g o f is convex. II 

Th us, post-composition of convex functions with an increasing one-dimensional convex 
function preserves convex ity. In thi s section our part icular interest is the subdifferent ial of 
the result. So we genera lize the problem, by considering a vector-va lued version of th is 
operation . 

Theorem 4.3.2: Let /, :IR " --7 IR fo r k = I,2, ·· · , 1I1 be a co ll ect ion of convex fun ct ions and 

let a mappi ng F: 1R" --7IR '" given by 

F(x) := (J; (x) ,/, (x) ,. ·· ,/,,, (x)) for x e IR" 

wi th the scalar product on IR '" and let g: 1R"'--71R be convex and increasing component wise. 

Then for al l x e lR " 
", 

o(g 0 F )(x) = {.l>' s, : (pi , p ' ,. .. , p "') e og(F(x)), s, e of, (x ) for; = 1,2,.··, 111 . 

Proof: From Theorem 4.3.1, we know that (g 0 F)(x) := g(J; (x),/, (x),.·· ,/", (x)) for xe IR" 

is convex and if ( p ' , p ' ,. ·· , p "' )eog(y), then each p ' is nonnegative. For thi s, let 

{ e" e, ,. · · ,e,,, } be the canonica l basis oflR '" and 

g (y) 2: g(y - e) 2: g (y) + I > ' (- e)' = g (y ) _ p l 

This implies 

p i 2: ° fo r j = 1,2,. ·· , 111 
", 

LetS := {LP's, :( p', p ', ··· , p "' ) e og( F(x)), 5, eo/, (x) for ; = 1,2, · · · , m . 

First, we need to show that the convexity and compactness of S. Compactness ( ;.e . 

boundedness and closed ness) are coming from the fact that a subd ifferential og orqf; is 

bounded and closed. Then it remains to prove convexity of S. 
Let x, ye S such that 

J/I J/I 

X := L p ' s, and y := L p" 5, 
1=1 

Then their convex combinat ion is say s given by 
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11/ III III 

s=aIp's, + (l-a)Ip"s; = Ira/s, +( I-a) p"s; )] (4.3. 1) 
1= 1 i=1 

Now we c lai m that SE S. Since each p ' and p " is nonnegative and the sum in (4 .3. 1) can be 

restricted to those terms such that p'" := a p ' + ( I - a) p" >0, each such term expressed as 

"' rap ' ( I - a)p" ' ] 
p -"' 5 i + III 5, 

P P 

But /7'" E ag( F(x)) and ap ' s + (I - a)p" s' Ea'·(X). 
" ' 1 " , I ~, 

P P 
Thus s E S. i.e S is convex. 

Next to thi s let us compute the support function Us of S. i.e fo r dE R '" denote 

F;(x,d):= (j;~(x,d),.f;.c-\",d), .. ,;;;'+(x, d)) ER'" 

and we need to show that 
Us (d) = g: (F(x) , F; (x,d)) . 

'" Let s= I / s, E S be arbitrary, then by the property of sca lar product on R "' . 

(s,d) = <I.p's"d) = I.p '<s" d) 
,,,,1 j;z: 1 

S ince p ' ? 0 and by defi nition of J;~ (X,.) = 0' 8j,( x ) we have 
III 11/ 

LP'(s" d ) S; LP'j,~ (x , d) 
;=1 i=1 

Again by the defi ni tion g: (F(x) ,.) = O'ag(r(x)), we get 

'" 
Lp'j,~ Cx , d) s; g:CFCx) ,FJx,d)) . 
;= 1 

Therefore, 

(s,d)" g: CF(x),F; Cx,d)) . 

(4.3.2) 

(4 .3.3) 

On the other hand , the compactness of ag(F(x)) im plies that there ex ist an element 

ep' , p', ... , p"' ) E ag(F(x)) such that 

'" 
g:(F(;I:),F; (x,d)) = IP'/,~(x,d) . 

Like wise from compactness of each a,r, (x) we have an S, E ar, (x) such that 

J;:(x,d ) = (s"d) for i = 1,2, .. · , 111. 

'" 
Then if we denote S = Ip's, E S , we have 

11/ 11/ III g: (F(x), F; (x,d)) = I p ' /,: (x,d) = I p' (s" d ) = <I p ' s, ,d ) = <s, d) 
,,,, I 1= 1 ,,,,I 
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Th is impl ies equal ity in (4.3.3) holds and hence our clime (4 .3.2) estab lishes. i.e 
g : (F(x) , F;(x,d)) is the support function of S. 

Finall y, we have to show that th is support function is real ly the directional deri vat ive 

(g 0 F)~ (x, d). Now by definiti on, for I > 0 

(g 0 F)~(x, d) = lim~[g(F(x + td» - g(F(x» ] 
Ito I 

Convexi ty of g imp li es that g is local ly Lipschitz ian , and hence we have 

F(x+ld)= F(x) + tF; (x ,d) + O(t) 
and then 

g(F(x+ ld )) = g(F(x» + tF; (x,d) + O(t» = g(F(x)) + tF; (x,d) + O(t) 

= g(F(x)) + t g: (F(x) , F; (x, d» + O(t ) 
So we have 

(g 0 F) ~ (x, d) = lim ~[lg: (F(x) , F; (x, d» + OCt)] = g: (F(x), F: (x ,d» . 
Ito t 

i3ecause g: (F(x), F; (x,d» is the support funct ion of S and it is also the directi onal 
deri vat ive of g 0 F at x, we get 

a(g 0 F)(x) = S. II 

Corollary 4.3.3: Let Ik :R" --+ R for k = 1,2, .. · , 111 be convex functions and define the 

function 
I (x) :=max Uk (x) : k E {1,2, .. · , m} } 

I f I (x) := (i : J, (x) = I(x)} denotes the act ive index set, Then 

31(x) = conv{U aJ, (x): i E I (x)} 

Proof: Now take g(y) := max {g, (y) , g 2 (y),'" ,g", (y)) with g, (y ) = y ', i = 1,2, ,,, , 111 . and let 

{e , } be the canonica l basis of R m. Then g i (y) = y' = (e, ,y). To compute the subdi ffe rential 

a . • nm 'd g at a given y, lor XE ", conSI er 

g(x) =g(y ) + mox{ -s, +(e"x- y) :i E{ I,2, .. ·,m)} (4.3.4) 

where 05 , =g(y)- y' 2 0, i= I,2, "' , m 

Now put x:= y + Id for any dE Rm. For I > 0 small enough, those i such that s, >0 do not 

count and then set 
I (x):={i:s, =O}={i:y' =g(y)}. 

Then (4.3.4) becomes 
g(y+ ld)= g(y)+lmox{(e" d ) :i E I (x) } for small 1>0. 

This imp li es 

l il11~[g(Y + ld)-g(y)] = g : (y,d) = l11ax(e , ,d) = max(e" d ) :y ' =g(y)}. 
IJ.O I IE/( .d 
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Apply Theorem 4. 1.1 b) and then use (2. 1. 7) to get og(y)~col1v{e, :i E I(x)}. Then by 

Theorem 4.3.2, og (F(x)) can be wri tten as: 

'" {(p' , p 2, .. ·,p "') :p;~ 0, ijifll(x), p ' ~ O, i[iEi(x), 2>' ~ I } 
i= 1 

And hence 

iJ[(x) ~ { 'if oj, (x): p i ~ 0,[01' i e lex) , L:>' ~ I }. (4.3.5) 
le/(x) le/(x) 

By definition of a convex hull , (4.3.5) becomes 
Of(x) ~ COl1v{U OJ; (x) : i e l (x)}. II 

4.4 Supremum of Convex Functions 

In thi s section , we study the calculus rule, generali zing the result in Coroll ary 4.3.3.When the 

directional derivat ive f: (x, d) is upper semi-continuous in x for every d, then f is a 
subdifferentiab le. Therefore it is clear to show that the sum and the maximum (o r point wise 
supremum) of fin ite number of subdifferentiable functi ons are subdifferentiable. At the same 
time the fami ly of sub differentiable funct ions is not a linea r space. 

Proposition 4.4.1: Let {f, LEi' f, : IR" ~ IR , i e 1 be an arb itrary fa mi ly of convex funct ions 

for some index set I. Moreover, let sup f, (x) < +00 , for all XEIR ". Then 
'EI 

f(x):~ sup / ; (x) 
'EI 

is convex. 

Proof: Here it suffices to prove that epij is convex. For this end, we have to show that 

epij~nepif, . (4.4.1) 
ie/ 

I. [ c;; ]: By de fini tion , 

epi[ ~ {(x , r) E IR" x IR: f(x) s r} ~ {(x, r) e IR " x IR: sup /; (x) S r} 
'EI 

c;; {(x, r) E lR"x IR: 1, (x) S r , V i E I} ~ n{ (x , r) E IR" x IR: J,(x) S r} 
iel 

~n epif, . (4.4.2) 

2. [ 2 ]: Let (y , s ) E n epif" then (y,s) E epit; for al l i e I. i.e J, (y) Ss fo r alli e I. From 
«I 

thi s it fo ll ows that 
sup J, (y) S s or fey) S s 
«I 

Th is implies that (y, s) E epi[ . So we have 

n epif, c;; epij . 
'EI 

From (4.4.2) and (4.4.3) we establish (4.4 .1 ) and thi s comp letes the proof. II 
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Theorem 4.4.1: Let 5, and 5 , be nonempty closed convex sets whose suppo rt functions are 

<7", and <7", ' respect ively. Then 

5, ~ 5 , <=> <7", (d) ~ <7", (d) for a ll d E IR ". 

Proof: Let 5, and 5 , as stated in the theorem, then 

5, ~ 5 , <=> S E 5 2 fo r a ll S E 5 , 

<=> <7", (d) ?(s ,d ) forall sE5, andforall d E IR " 

<=> <>." (d) ? sup(s, d ) for a ll d E IR " 
• " e'''''1 

<=> <7", (d) ? <7", (d) for al l d E IR ". II 

Lemma 4.4,2: Let I be an arbitrary index set, (f, },./ , f , : IR" ~ IR , i E I be a co llection of 

convex functions and assume that 

I(x) := sup{J,(x) : i E I} < +00 for al l XEIR" 

Moreover, let I(x) := {i E I: J, (x) = f(x)} at a given x is the act ive index set (possibly 

empty) . Then 

8f(x);;:> conv{U i!t;(x) : i E I (x)}. 

Proof: Let i E I(x) and let S E oJ, (x) . Then by (2 .1. 7) we get 

I(y) ? J,(y) ? J, (x) + (s,y - x) for a ll )lE IR ". 

So we have 
8f, (x) ~ f(x) for a ll i Ef(x) 

Therefore 

U OJ, (x) ~ 8f(x). 
IE/( .f) 

(4.4.4) 

From closed ness and compactness of subdiffe rent ia ls, it fo ll ows that of (x) also contains the 

c losed convex hull of (U OJ; (x): i E I( x)} . i.e (4.4.4) ho lds. II 

Remark 4.4.1: The converse inclusion of (4.4.4) need not be true. Otherwise it requi res some 
add itio nal ass umptio ns. For th is consider the following instances. 

Example4.4.l: Let'/; :IR~IR defin ed by 

Then 

f o(x) = 0, .t;(x) =x- i for iE/ = (O, I] 

I(x) = SlIp {J,(X) : i E [O,l]} = x + = max {x,O} ={ O' if x < ° 
x,if x?O. 

So the act ive index set, 

l(x)={i E /: J,(x ) =f(x)}= . {
to}, if x ~ ° 
0, if x > 0. 
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Here the function i H J; (x) is upper semi -continuous at x = ° only. Thus 1(0) = {OJ yields 

{U 8/, (0): i E leO)} = 8/0 (0) = {OJ. Yet 0/(0) = [0,1]. 

Therefore, 
8/0 (0) = {OJ £;; [0,1] = 0/(0) , However, the converse inclusion is not true. 

Example 4.4.2: g j :IR -+IR defined by 

I 
go (x) = 0, g j (x) =x--: for JEIN 

} 

Now J :=IN which is closed and the function j H g j (x) is upper semi-continuous for all 

XE IR but not bounded. Then 

And 

{
O, if x < ° g(x) = sup{gj(x): j EIN}=x+ = max {x,O} = 
x, if x;o>: O. 

{
{o}, if x:5 0 

J(x) = {j E J: g j (x) = g(x )} = . 
0, if x > o. 

So J(x) yie lds the same result as in Example 4.4.1 at x = 0. 

g (x)=x-.L 
" n 

g , (x) =x-f 

g, (x) = x- I 

Figure 4.4.1 (supremum of functions) 

From Example 4.4.1 and Example 4.4.2, we have seen that the three fundamenta l properties: 

the active index set J is closed, bounded and the functions /0 are upper semi-continuous are 

needed to prove the converse inclusion of (4.4.4). So together with these additional 
assumptions we have the following theorem. 

Theorem 4.4.3: Let /,, /, and 1 be given as in Lemma 4.4.2 and assume that 1 is a compact 

set (in some metric space), on which the functions i H /, (x) are upper semi -continuous for 

each XE IR". Then 

8/(x) = conv{U 0J; (x): i E lex)}. (4.4.5) 

Proof: Let S:= {U oJ; (x) : i E lex)} . First, we need to establi sh the compactness of the set S. 

From our asslimption,I(x) is nonempty and compact. Because of (4.4.4), S is bounded. Then 

it remains to prove the closedness. 
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Let {Sk) be a sequence in S with Sk '->00 ) S for each s, and let i, E I(x) such that 

s, E oJ;, (x) .i.e 

J;,(y) 2! J;,(x)+(s"y-x) for aIlYERn. 

By considering a subsequence so that i, '->00 ) i E I(x) we have J;, (x) '" I(x) = I,(x) and 

from the upper semi-continuity of the function 10(Y) , we get 

J;(y) 2! lim sup Ilk (y) 2! J; (x) + (s, y - x) for all yE Rn. 

This implies, s E oJ; (x) ~ S and therefore S is closed. Thus S is compact and hence its 

convex hull convS is also compact. 
So by Lemma 4.4.2 we have 

conv{U0J; (x) : i E I(x)) ~ Of(x). (4.4.6) 

To prove the converse inclusion, it suffices to establish the corresponding inequality between 
support functions using calculus rules in Theorem 4.1.1 b). i.e 

I:(x,d)"; as (d) = sup{J;~(x,d): i E I(x)) for all d E R n (4.4.7) 

Let B>O be arbitrary. From definition of f ; (x ,d) 

l[f(x + Id) - I(x)] > I: (x , d) - B I;j B> 0 
I 

Then set 

I, := {i E1 :l[J;(x+ld)- l(x)] 2! I:(x,d)-B) 
t 

(4.4.8) 

From definition of I(x + Id) and (4.4.8), we see that 1, ;t 0 and since 1 is compact and 

10 (x + Id) is upper semi-continuous, I, is compact. 

Now consider the function tp such that 

I I 
tp(l) := - [J;, (x + td) - J; (x)] + - [ ' .(x) - I(x)] for all I> O. tit j I 

Clearly l[J;(x + Id) - I, (x)] is the slope of a convex function and l[J; (x) - I(x)] ,,; 0, then 
I I 

it follows that tp is non-decreasing function whose supper level-set is 1,. Thus for 0 < I, ,,; I , 

we have I" ~ I" . 

Because I, is compact and I" ~ I't with 0 < I, ,,; I , for each a E (O,a], there is some 

ia E l a such that the cluster point for ia E 1,. i.e ia E Ia ~ 1,. So there exist some 

i' E nIl with 
1>0 

1,. (x+td)- f(x)~t[f:(x,d)-cl for all 1> 0. 

From continuity of the convex function It" for I .j, 0 we have i' E l(x). Then 1,. (x) = I(x) 

and then we get l[f. (x + Id) - f. (x)]2! f: (x , d) - c for all I> 0 t I I 

From this it follows that 
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lim ~[f. (x + Id) - /. (x) ] = F (x,d) ~ I: (x , d) - £ 
tJ-o , I I I + 

But a s (d) as defined in (4.4.7) is the support function ofS. So we have 

a s (d) ~ 1,:+ (x , d) ~ I:(x, d) - £. 

Since dEIR" and £ > 0 were arbitrary, (4.4.9) becomes 

a s (d) = sup{f~ (x,d) : i E I(x)} ~ I: (x,d) 

Then by Theorem 4.4.1, we get 
of (x) s S s convS . 

Combining (4.4.6) and (4.4.10) gives (4.4.5) and hence the theorem is proved. II 

(4.4.9) 

(4.4.10) 

When each f is differentiable , its only subgradient is its grad ient V'f. Thus the following 

corol lary is a special case of Theorem 4.4.3. 

Corollary 4.4.4: Assume that the notations and assumpt ions of Theorem 4.4.3 are sati sfi ed 
and assume also that each .I: is differentiable, then 

ol(x) = conv{V'f(x): i E l(x)}. 

For the proof apply first Corollary 3.1.2 and then Theorem 4.4.3. 

Exa mple 4.4.3: Let f , :IR" -> IR, for k = 1,2,.··,111 be m differentiable convex function s 
deti ned by 

/,(x)=rj +(Sj,x) for i= 1,2,.·· , 111 . 
and let 

I(x):= max1.f,(x): i = 1,2,··· , m}. 

A 
I(x) 

r 2 
.I; 

r" • j, , 

.I; 0 x 

Figure 4.4.2 (max imum of different iab le functions) 

Then from differentiab ility of each f for i = 1,2,.··,171, we have 

~f,(x) = {V'f,(x)} = {s, }, i = I, 2,.··,m . 
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Since for i E {1 ,2,. ·· , m) those i satisfies f(x) > j;Cx) do not count in the acti ve index set at x, 

then the resulting active index set I(x) = {i: J, (x) = f (x)) is compact and the functions 

f o (x) are obviously upper semi-continuous atxEIR". Therefore, the supposition of Theorem 

4.4.3 are satisfied and hence 
af(x)=conv{V'J,(x): i E I(x)) =conv{s; :iEJ(x))'/1 

The above example illustrates the situation where we have finitel y many differentiable 
convex functions; there are only finitel y many active indices at x . In such a case af(x) IS a 

compact convex polyhedron, generated by the active gradients at x. 

4.5 Images of a Convex Function Under a Linear Mapping 

Definition 4.5.1: Let A: IRm~lR" be linear and let g : IRm~IRU{±"' . The image of g under A 

is the funct ion Ag: IR" ~ IR U{±"'j defined by 

(Ag)(x) := in f{g(y) : Ay = x) . (4 .5.1 ) 

(Note: convention, inf 0 = +co ) 

Proposition 4.5.1 : Suppose A: IRm~lR" be a linear mapping and C a convex set oflRm. The 

image A(C) of C under A is convex in IR". 

Proof: Let x, x' E IR m. Then the image under A of the segment [x , x'] is clearly the segment 

[A(x), A(x')] ,;; IR ". So from convexity of C and linearity of A, the result fo llows. II 

Now when g = I c (the indicator function on C), with C nonempty in IR m, (4 .5.1 ) rewritten 

as 

{
D, if x = Ay, y E C 

(Ag)(x) := 
+ co, othrenvise 

In other words, Ag:= J A(C) is the indicator functio n of the image of C under A, and by 

Proposition 4.5. 1 thi s image is convex when C is convex. 

Definition 4.5.2: Given a nonempty convex set C,;;IR"xlR. A function fc : IR"~ IR defined 

by 

fc (x): = inf{r EIR:(x,r) E C ) . (4.5.2) 

is called lower-bound function of C. 

Theorem 4.5.1: Let C be a nonempty subset of IR n x IR such that {r E IR: (x, r) E C) is 

minorized for a ll XE IR" and let its lower-bound function fc be defined by (4 .5.2) . Then fc 

is convex whenever C is convex. 
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Proof: Let E: > 0 be arb itrary, a E (0,1) and (X"l j ) ,(X" I', ) E C such that 

1', s ec (x,)+E: and 1', S ec (x , )+E: 

From convex ity of C, we have (ax , + (I - a )x" aI', + (I - a )1', ) E C. Then it foll ows that 

€c (ax , + (I - a)x, ) S al', +( I - a)I', S a €c (x, ) + ( I -a) ec (x , )+ E: . 

Since E: > ° was arbitrary, the convex ity of € c foll ows. II 

Theorem 4.5.2: Let A: 1R '"--+lRn be a sUljecti ve linear operator and g : IRn--+1R a convex 

function which is bounded from below on the in verse image 
A- ' (x) := {YEIR '" : Ay = x} for all x ElR n. 

Then Ag is convex on IR n. 

Proof: By supposition, Ag is nowhere - 00; al so (Ag)(x)<+oo whenever x = Ay , with 

y E domg. Now consider the extended operato r A' :1R'" x lR --+1R'" x lR , de fined by 

A' (y, r) :=(Ay, r), y EIR'" and I' EIR . 

Then the set A' (epig) =:C is convex in lR'"xlR and for given XE lR n, its lower-bound funct ion 

IS 

tc (x) = inf, {I' E IR:(X, I') EC} 

= infy ., {I' E IR: Ay = x, g(y ) S r} 

= infy {g(y ) : Ay = x} , 

and then Theorem 4.5.1 proves the convexity of Ag := t c . II 

Theorem 4.5.3: With all assum pt ions in Theorem 4.5.2. Assume also that x such that Y(x) 

is nonempty where )'(x) denotes the set of minimizers in (4.5. 1) given by 

Y(x) := {YEIR '": Ay = x , g(y)=(Ag)(x)} . 

Then, for arbitrary y E Y(x) we have 

o(Ag)(x) = {s ElR n
: A' s E og (y) } = (A ' " )[og(y)]. 

Proof: Let SE o(Ag)(x). Then by (2 .1 .7 SE o(Ag)(x) ifand onl y if 

(Ag)(z) 2: (Ag)(x)+(s, z - x) for a li zE lR n
. 

(4.5.3) 

(4.5.4) 

(4.5.5) 

Si nce A is slllject ive and by the definition of Ag, for each zElRn, (Ag)(z)<+oo . Thus we can 

find \v EIR '" such that 

(Ag)(z) = g(w) and Aw = z 

Then (4.5.5) is equi va lent to 
g(\V) 2: g(y) + (s, All' - Ay) 2: g(y) + (s, A(\V - y ) 

2: g(y) + (A's, \V - y ) fo r all 11' E IR '" . 

So by (2. I. 7) we get A ' s E og(y ) . This completes the proof. II 
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Corollary 4.5.4: Define Ag and Yas in (4.5.1) and (4.5.3), Furthermore, if g is differentiabl e 
at some yE Y(x), then Ag is differentiable at x . 

Proof: Because g is different iab le at some yE Y(x) , by Coroll ary 3. 1.2 we have 

ag(y) = (Vg (y )}. In (4.5.4), A ' s E ag(y) for some SE a(Ag)(x) implies that A' s = Vg(y). 

But from sUljecti vity of A, it follows that A' is injective and converse ly. Thus an equat ion 
A's = Vg(y) in s has a unique so lution, which means that a(A g)(x) ={s}. Again by 
Corollary 3. 1.2, Ag is differentiable at x with V(Ag lex) = s . II 

A minimizer yE Y(x) '" 0 is necessary to apply Theorem 4.5.3. Th is IS illustrated In the 
following counter example. 

Example 4.5.1 : Let g: JR 2 ~JR defined by g(x,y):= .Jx2 + e'Y . Then g is convex. For thi s, 

we use the Hesse-matrix. Now for (x,y) EJR 2 we get 

ag(x, y) x ag(x,y) e
2y ag(x,y) e 'Y (2x' + 1) 

= 
~X 2 + e 2y ~(x ' + e ,y )3 ~(x ' + e' ), )3 ax ax' 0" 

ag(x,y) e 'Y ag(x,y) - xe 2y ag(x , y) _ xe l)' 
= 

.Jx 2 +e 2)' 
= 
~(x ' + e'Y )3 

= 
~(x ' +e')' )3 0' aX0' 0'ax 

So our Hesse-matrix is 

H(x,y) = e'J' ( 1 ~ x J 
~(x'+ e ')' ) ) - x 2x + 1 

e'Y (x 2 + I)e ')' 2 
with all = -r~===:,==c> 0 anddet H(x, y) = > 0 forall (x,y) E JR 

~(x' +e,y )3 ~(x ' +e 'J' )3 

Thus H(x , y) is positi ve semi-definite and thereforeg is convex. 
Now consider the marginal function/, obtained by partial minimization of g : 

f(x):= inf(g(y) :y EJR}. 

f(x)= .Jx'+e 

f(x) = .Jx' + 1 

f (x) = Ixl 

Figure 4.5.1 (Partial minim ization of a function) 
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Then if we chose A: IR ' --71R defined by A(x, y) = x , then I can be put under the form Ag. So 

the resulting marginal function is I(x) = lxi, which is not a smooth function, with 

subdifferential at x = 0 : 
W(O) = a(Ag)(O) = [- 1,1). 

On the other hand, g is perfectly smooth and therefore ag(x, y) = Vg(x , y) for all (x , y) EIR', 

but minimal at infinity for al l XE IR. i.e 

Y(x) = {(y"y, ) EIR ' : A(y"y, ) = x,g(y"y, ) = I(x)} 

={(y"y,)E IR ': y, =x, ~y,'+e'Y' =Ixl} 
={(y"y, ) E1R2: ..Jx' +e'Y! = N} 
={(y"y, ) E IR': y , --7 -co} = 0 for all x E IR . 

In thi s case, the formula (4.5.4) is no of help. 
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5 The Subd ifferential as a Multifunction 

In the prev ious chapters we are mainly concerned with the behavio r of af(x) for fi xed x. 

Here, we study the behavior of thi s set vary ing with x and also with! 

Definition 5.0.1: Let X,;;lR n be nonempty. A mapping F: X-+lRn which assoc iatesxEXto a 

subset F (x) of IR n is ca ll ed be a mull i-valued, or sel-valued mapping, or more simply a 

mull ijill1cl ion . 
The domain domF of F is the set of XEX such that F(x)", (i). Its image (or range) 

F(X) and graph of F grF are the unions of the sets F(x),;;lRn and {x}x F(x),;;XxlRn 

respect ive ly. Selecti on of F is a parti cular function ! dOIl1F -+ lR n with f(x) E F(x) for all 

XE ...-r. 

I 
Example 5.0. 1: The fu nction F: (0, 00) -+ IR given by F (t) :=[0, - ) ,;; IR for I E (0, 00) is a 

I 
multi fun ction. 

5.1 Monotollicity Property of the Subdifferential 

First we assume that f is differentiab le on C,;;lR n. Given Xo E C, the sentence "f is 

differenliable al xo" is meaningful onl y iffis at least defined in a neighborhood of xo ' Then 

it is clea r to assume that C is contained in an open set Q in which the function f is 
differentiab le. 

Theorem 5.1.1: Let / be a di ffe rentiable function on an open set Q ,;; lRn , and let C be a 

convex subset of Q. Then 
a)f is convex on C ifand only if 

f(x) ;:: f(xo) + (Vf(xo), x - xo> fo r all x, Xo E C 

b)fis strict ly convex ifand onl y if 
/(x»f(xo)+(Vf(xo),x-xo> for all x", Xo in C 

Proof: a) Let/be convex on C. Fo r any x, Xo E C and a E (0, 1) , we have 

f(aH ( I -a)xo) - /(xo) ~ a(.f(x) - fCxo)] 

i.e 
f(xo + a(x - xo)) - f(xo) ~ a(.f(x) - f(xo)] 

Then di vide (5. 1. 3) on both sides by a and taking the limi t for a -l. 0 to obtain 
(Vj(xo),x - xo> ~ f(x) - f(xo) 

and then (5.1. I ) estab l i shed. 

(5. 1.1 ) 

(5 .1.2) 

(5 .1.3) 

Converse ly, let x, , x , E C,a E (0,1) and define xo := a" + (I - a)x, E C . Then by 

assumptioll , 

(5.1.4) 
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From convex com binatio n, we get 
af(x , ) + (I - a)f(x, ) ~ f(xo) + (Vf(xo), ax , + ( I - a)x, - xo> 

=f(ax, +( I -a)x, ), 

which is j ust the definit ion of convexity. 
b) Supposefbe strict ly convex. Then fo r x 'i' Xo and a E (0,1), we have 

f(xo + a(x - xo)) - f(xo) < a[f(x) - /(xo)] 

But/ is in pa rti cu lar convex. So by a) and (5.1.5), we get 
(V[(xo ),a(x - xo» 5, /(xo + a(x - xo)) - /(xo) < a[f(x) - / (xo)] . 

Therefo re, (5.1 .2) fo ll ows after d ivis ion by a. 
For the converse, proceed as a) startin g from strict ineq uali ty in (5. 1.4). II 

(5. 1.5) 

Thus, a different iabl e funct ion is convex when its graph lies above its tan gent hyperplane. 
From the re lat ion (5. 1. 1), fo r each Xo ,fis mini mized by its affi ne approx imatio n 

O'(x):= /(xo) + (V/(xo),x - xo>, 

which co inc ides w ith / at xo ' It is strict convex when the co incidence set is reduced to the 

s ingl eton (xo,/(xo)). 

Definition 5.1.2: Let C~IR" be convex. The mapping F: C --->IR" is sa id to be 

a) mon%ne on C when for a ll x , yE C 
(F(x) - F(y),x - y> ~ O. 

b) sli'ie/monotone on C when for a ll X,yE C and X'i' y 

( F(x) - F(y) , x - y > > 0 

Theorem 5.1.2: Let /be a differenti able fu nction on an open set n ~ IR ", and let C be a 

convex subset of n . Then 
al l is convex on C ifand only ifit's gradient mapping F: =VF is monotone on C. 
b) / is str ictly convex on C if and onl y if it's grad ient mapp ing F: =VF is stri ctl y 

monotone on C. 

Proof: a) suppose/be convex on C, then by Theo rem 5. 1.1 , fo r any x, Xo E C 

f(x) ~ f(xo) + (v/(xo), x - xo>· 

/e,o) ~ lex) + (v/(x), Xo - x>. 

Add ing (5.1 .6) and (5 . 1.7) g ives 
(V[(xo) - V[(x),x - xo> 5, 0 

This imp l ies 

( V[(x)-V[(xo ) , x-xo> ~O fo r al l x,xo EC. 

(5. 1.6) 

(5. 1.7) 

Conversely, let xo , x, E C and consider the fun ction rp de fi ned by rp(/):= /(x,) where 

x, := Xo + leX, - xo) fo r / in an open interva l conta ining [0, I], x, En and rp is wel l defi ned 

as we ll as d ifferentiable; its der ivative at / is rp'U) = (V[(x, ),x, - xo>. 

Thus for all 0 5, /' < / 5, I we have 
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rp'(I) - rp'(I') = ('Vl(X, ) - 'Vf(x" ), x, - xo) = _1_ , ('Vl(x,) - 'Vl(x,,), x, - x,,) 
1 - I 

From monotonicity of 'Vf 

rp'(I) - rp'(I') = ('Vf (x , ) - 'Vf (x" ),x, - x,,) ~ 0 

which showed that rp' is increasi ng, and rp is therefore convex, Sofi s too. 

(5 .1.8) 

b) ( =:» : Proceed as a) using Theorem 5.1. 1, starting from strict inequa li ty in (5 .1.6)& (5.1.7). 
( <= ) : Set t' = 0 in (5. 1.8) and use the strict monotonicity relat ion to 'Vf in order to found 
rp'(I) - rp'(O) >0. 

Because the different iable convex funct ion rp is the integral of its derivative, we can write 

rp'(1) - rp(O) - rp'(O) = ! [rp'(I) - rp'(O) ]dl > 0 

This implies 
rp( I)-rp(O)=f(x,) - f(x , »rp'(O) = ('Vf (xo)'x,-xo) for all x"xo E C. 

Then by Theorem 5.1 .1 ,lis str ict ly convex. II 

Definition 5.1.3:Let f be a Lipschitz fu nct ion on an open set SS;; IR " and X S;; S be a compact 

set. The mapping x H Of(x) is called the subdifferentialmapping. 

In Theorem 5.1.2, we have already seen that the grad ient mapping of a di fferentiable convex 
function is monotone. In general , even in the absence of differentiability, the monotonicity 
property of the subdifferential mapping has its formu lation. 

Proposition 5.1.1: The subd iffe rential mapping Of : IR" ~ IR" is monotone when for all 

IR" XPX2 E I 

Proof: Let x, ,x, EIR" be arbitrary. Then by the subgradient inequality 

f(x , ) ~ f(x, )+ (s" x, -x,) fora ll s , E Of(x , ). 

and 
f(x , )~f(x,)+(S"X2 -x,) foralls, Eaf (x,) 

Then add ing (5 .1 .9) and (5. 1.10) gives the result immed iately. II 

5.2 Continuity Property of the Subdifferentia l 

(5.1 .9) 

(5, 1.10) 

In thi s sect ion we study the continuity property of the set af(x). When f is differentiable 

convex function , its gradient 'Vf is continuous as a mappi ng from IR " to IR". In the non­

differentiab le case, thi s gradient becomes a set af . If fi s nonsmooth (i.e for at least one x 

the set Of(x) is not a singleton), then the mappi ng Of(x) is not continuous. The concept of 
convergence in multifunction differs from that of single-valued case. The lim it is going to be 
a set anyway. 
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Now consider the followin g two limit concepts. 

Definition 5.2.1: Let X,;; and consider a multifunction F: X ..... IR" 

a) The limes exterior (l im exl.) of F(x) for x E X x ..... Xo is the set of all chisler or 

(accumulation) points of all se lection (here Xo E cldomF). i.e yE lim exl F(x) 
Y-J.·l O 

means there exists a sequence {x , , y , } such that y , E F(x , ), x , '~OO ) X O and 

y , k _oo ) y 

b) The limes interior ( lim int.) of F(x) for x ..... Xo is the set of limits of all convergent 

se lections. i.e y E limintF(x) means that f(x) E F(x) for a ll x and f(x) ..... y when 
1' -JoXO 

x -+ Xo . 

Example 5.2.1: (c f. Example 5.0. 1). Then lim exl = {OJ = lim int F(t). Obviously, from 
Ito Ito 

Definition 5.2. 1 we have lim ext F(x) ~ limintF(x). When these two sets are equal , the 
X-Jo Xo X_ Xo 

common set is the li mit of F (x) when x ..... xo. 

Definition 5.2.2: The multifunction F is sa id to be: 
a) bounded-valued, closed-valued, convex-valued, etc when the sets F(x) are 

bounded, closed, convex, etc. 
b) locally bounded near X o when 

f or some neighborhood N of Xo and 

bounded sel B ,;; /R', N ,;; domF and (5.2.1) 
F(N ) ,;; B. 

When F is locally bounded near every in a set S, we say that F is loca ll y bounded on S. Then 
we have the following definition. 

Definition 5.2.3: The multifunction Fsatisfying(5.2. 1) is said to be: 
a) ouler semi-conlinuous at Xo when 

lim eXI .F(x),;; F(xo). 

b) inner semi-continuous at Xo when 

F(xo)';; limint.F(x) . 

c) conlinuous when it is both outer and inner semi-continuous. 

Proposition 5.2.1: A convex-compact-valued and local ly bounded multifunct ion F ti'om IR" 

to IR" is outer (respectively inner) semi-continuous at Xo E intdoll1F ifand only ifits support 

funct ion x ..... O"r(,) (d) is upper (respectively lower) semi-continuous at Xo for all dEIR" of 

norm I. 
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Proof: By ca lculus with support function s, our defin ition of outer semi-continuity IS 

equi va lent to 

V£> 0,38> 0: YEB(xo,8)=>O" F(YI (d)5,O"n', I(d)+£lldll foralldElR n 

and division by Ildll shows that the upper semi-continuity of the support function of F for 

Ildll = I . Use the same proof for innerllower semi-contin ui ty. II 

Thus a convex-compact-va lued and locally bounded mapping F is both outer and inner semi­
con tinuous at Xo ifand only if its support funct ion O"o (d) is continuous at Xo for al l d. 

Proposition 5.2.2: Suppose;: IR n -. IR is convex. Then the graph of its subdi ffe renti al 

mapping is closed in IR n x IR n. i.e the multi-valued mapping x H af(x) is closed. 

Proof: Let{(x,.s,)} be a seq uence in grar converging to (x,s) E gr8/ , then by defi ni tion, 

for a ll k we have 

f(y)?f(x,)+(s"y-x,) forallYElR n 

Then from continui ty offand of the scalar product, taking the limit fo r k -. rfJ gives 

f(y)? f(x) + (s,y - x) fo r a ll y ElRn. 

Therefore (x,s) E gr8/and hence gr8/ is closed in IR n xlRn. II 

Proposition 5.2.3: The mapping 8/ is loca ll y bounded. i.e the image 8/( 8) of a bounded 

set B ~lRn is a bounded set in IRn. 

.I 
Proof: Let x E 8 and .I E af(x) \ {O}. Then 111 palticular, for y:= x + H the subgradient 

inequality implies 

f(x + 11::11) ? f(x) + (s, 11;11 ) = f(x) + 11.111· 

On the other hand,f is Lipschi tz-continuous on the bounded set B + B(O.I ) . Then 

If(y) - f(x)l5, Lily - xii = L 11;11 = L, for some L>O. 

From (5.2.2) and (5.2.3) it fo ll ows that 

f(x) + 11.1115, fey) 5, f(x) + L 

i.e 

11.111 5, L fo r some L. 

Therefore, the mapping 8/ is locally bounded. II 

(5.2 .2) 

(5.2.3) 

T heorem 5.2.1 : The subdifferellli al mapping XH 8/(x) ofa convex funct ion;: IR n-. 1R IS 

outer sem i-con tinuous at any x E lRn. i.e 

V £ > 0,38 > 0: y E B(x,8) => aley) ~ 8/(x) + B(O,c). 
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Proof: Suppose not! Then at some x there are c > 0 and a sequence {(x" s, )} with 

x, -':.:-->::~'--t) x and 

s, Eaf(x,), s, 'laf(x) + B(O, c), kEN (5 .2.4) 

By Propos ition 5.2.3, the sequence is'} is bounded and by Proposition 5.2.2, it has a 

subsequence converging to s, which is contained in af(x). But this is a contradiction because 

(5.2.4) implies 
I 

s'l af(x) +B(O,-c). II 
2 

Corollary 5.2.2 Let! [Rn--+[R is convex. Then for each fixed dthe function 

a) f: (', d) (i.e x H f: (x, d» is upper semi-continuous at all x E [Rn. i.e 

f: (x, d) = lim sup f: (x , d) for all dE [R n 
y-+x 

Furthermore, the mapping x H af(x) is upper semi-conti nuous. 

b) the function x H f' (x, d) is lower semi-continuous. 

Proof: a) By Theorem 5 2.1, the subdifferential mapping off is outer semi-continuous at all 

x E [Rn. Then applying Proposition 5.2.1 to get its support function is upper semi-continuous 

at all x E [Rn. But its support function is f: L d) . We follow similar argument for the proof 

of b). II 

In this chapter, we have seen that all the previous results concerned the behavior of af(x) at 

varying with x. The next two results concerned this behavior whenfvaries as wel l. 

Theorem 5.2.3: Let {f, } be a sequence of (finite) convex functions converging point wise 

to! [Rn --+ [R and let {x,} converges to x E [R n. Then for each c > 0, 

of, (x,) ~ af(x) + B(O,c) for k large enough. (5.2.5) 

Proof: Let c > 0 be given. The point wise convergence of sequence of convex funct ions 
{f. } to f imply that f is convex and the convergence is uniform on every compact set of 

[Rn. First, we show that bounded ness of af.(x.). For thi s, let s. E af.(x.)\{O} be arbitrary. 

Then from subgradient inequality we have 

f, (x, + II:: I('~ f , (x, ) + Ils,ll· 
The un ifo rm convergence of U,} to f on B(x,2) implies 

(5.2.6) 

From the Lipschitz property of f on B(x,2) together with (5.2.6) we get hll < L for some 

L > 0 and for k large enough. Therefore is,} is bounded. 
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Now suppose (5.2.5) is not true. i.e for some infinite subsequence, there IS some 

s, E 8f, (x,) but not in af(x ) + B(O, c). Then for arbitrary yE IR", we have 

f , (y) ~ f, (x,) + (s"y - x, > 

and then taking the limit on a further subsequence such that s, '~~) s; point wise 

(respectively uni fo rm) convergence of U, } to f at y (respectively around x), and continuity 

ofthe scalar product gives 
fey) ~f(x)+(s,y - x>. 

Since y was arbitrary, we get s E af(x) . But this is a contradiction. II 

Corollary 5.2.4: Let U,} be a sequence of (finite) differentiable convex functions 

converging to the differentiable function! IR"->IR. Then Vf, converges to Vf uniformly on 

every compact set oflR". 

Proof: Assume S s; IR" be compact and suppose for contradiction that there exist c> 0, 

{x, } c S such that 

IIVj; (x,)- Vf(x, )11 > c for kEN 

For x, ,~~ )X E S , Theorem 5.2.3 implies that both {Vf, (x , )} and {Vfex, )} converges 

to Vf(x) . Th is leads to a contradiction 0 ~ c. II 

All resu lts discussed so far are in the case of finite dimension. Most of these results can also 
be extended to the infinite dimensions. Here we need to introduce the notion of K - space. 

We say that an ordered vector space is a K - space if any bounded from above set of this 

space has the least upper bound (supremum). If a K - space, in addition, a Banach space 

with a monotone norm (i.e the inequal ity Ixl s Iyl implies Ilxll s Ilyll), then it is called a Banach 

K - space. Then we consider mappings defined in Banach spaces and whose va lues belong 

to Banach K - space . 

Let X and Y be Banach spaces, Y is a Banach K - space . Then for a mapping K: X --> Y 
then as usual the directional derivative and sublinearity of the mapping K defined the same as 
that of functions in a finite case. 

Now we define some terms in the above stated space. That is let X and Y be Banach spaces, 
Y is a Banach K - space and let A : X --> Y, P: X --> Y be an operator. Then 

• A linear operator A is called a support operator to a sublinear operator P if 
A(x) s P(x) for all x E X 

• The set of all support operators to P is said to be the subdifferential of P and IS 

denoted by ap. Clearly for any sublinear operator P the subdifferential aP IS 

nonempty. Obviously from the definition we have 
P(x) = max {Ax : A E aP}. 
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Furthermore the following relations hold 
8(~ +P,) = 8~ +8P, 
8(AP) =;WP for all A 2 0 

For a Banach space X and a Banach K - space Y, if we consider the following denotations 

L(X,Y) be the family of linear continuous operators A: X ---> Y 

P(X, Y) be the family of sublinear continuous operators P: X ---> Y 

Then 

P E P(X,Y) =::;. 8P r;;;, L(X, Y). 

Therefore in this case the support set can be defined as follows: 

• A set U r;;;,L(X,Y) is called a support set if there exists an operator P E P(X,Y) 

such that U = 8P. The family of this support subsets of L(X,Y) denoted by 

M(X,Y) . 

Clearly in the case Y = IR the mapping rp: P ---> 8P (called Minkowski duality) is a one to one 

correspondence between P(X, Y) and M(X,y) like that of finite sublinear functions and 

compact convex sets. 
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