Addis Ababa University
College of Natural and Computational Science
Computational Science

Graduate Program

Application of Newton and Quasi-Newton
Techniques to Non-Linear problems in
Computational Mechanics

By
Fikru Habtamu Shibeshi

Supervisor

Prof. Okey Oseloka Onyejekwe

A Thesis submitted to the School of graduate studies of
Addis Ababa University in partial fulfillment for the degree
of masters in Computational science

November 2020
Addis Ababa, Ethiopia



ABSTRACT

In the field of engineering, researches often come across strong nonlinear boundary value
problems (BVPs) that cannot solve easily. Numerical convergence for many problems,
typically solved by the Newton-Raphson algorithm, is sensitive to the initial guess and
need computations of Jacobi and its inverse at each iteration. Emphasis in the present
work is placed on the alternative approach, such as quasi-Newton, HM and optimization

method.

Many problems in applied mechanics are reduced to the solutions of systems of nonlinear
algebraic, transcendental equations containing an explicit parameter. These are problems
in the areas of thermo-fluids, gas dynamics, deformable solids, heat transfer,
biomechanics, optimal control and others. A parameter found in these models is not
unique, and may be easily identified artificially. An important aspect of these problems is

a question of the variation of the solution when parameter is incrementally changed.

The numerical solution of BVPs of ordinary differential equations (ODE’s) relies heavily
on methods for solving systems of algebraic equations. The choice of the optimal
numerical method, which ensures the best convergence rate with minimum error for the
corresponding system of nonlinear equations, is discussed. Some modifications of quasi-
Newton’s method for systems of ordinary nonlinear differential equations are apply and
suggested. Effectiveness of the method is demonstrated by comparing the results with the
analytic solution for model boundary value problem implemented using a MATLAB
Program. The objective of the research is to investigate applicability of the method to the

wide range of nonlinear boundary value problems in different areas of mechanics.

Different problems of applied mechanics and physics with dominant nonlinearities due to
constituent models, and others are analyzed and solve in the present work. In this paper,
the Newton’s Homotopy analysis method (NHAM) is also applied on nonlinear
boundary value problems(BVPs) of mechanics problems. The result from the method
prove NHAM with Runge-Kutta steps, were significantly reliable and more accurate

however, computation cost is high.
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CHAPTER ONE

1. INTRODUCTION
A Boundary Value Problems (BVPs) is a differential equation together with a set of

additional constraints, called the Boundary Conditions (BCs). There are several real
physical phenomena in which BVPs problems represent the model for them, we
found different areas of engineering and science examples can be found in Determine
the deflection of a uniformly loaded beam with variable stiffness and supported at both

endpoint [1] and heat flow problem in [2] which are mechanics problem.

When studying mechanics problem model by nonlinear BVPs, one might be interested in
finding solutions, which also satisfy its constraint or boundary conditions (BCs). These
BVPs, in most cases, do not have exact solutions and so, we need to use numerical

algorithms to generate approximate solutions.

In this paper, we will describe many numerical methods to solve mechanics problem of

boundary value problems (BVPs) and compare the methods depending on many criteria.

Consider a general second order nonlinear boundary value problems (BVPs) have a form

u”:f(x,u,u'), a< x <b . (1.1)

subject to the boundary conditions

u(a):a and u(b):ﬂ (1.2)

The numerical solution of BVPs of ordinary differential equations (ODE’s) relies heavily
on methods for solving systems of algebraic equations. If the ODE system is nonlinear,

then so are the algebraic systems that one must solve.

Newton—Raphson method is the most popular technique for solving nonlinear equations. It
has quadratic rate of convergence, but one of its major disadvantages of this methods is
that a computation of Jacobian matrix at each iteration. In order to diminish this problem,

quasi-Newton method of rank-1can be used, which is presented by Broyden [3] .

Quasi-Newton methods, those that are generalizations of the one-dimensional secant
method, have been found to be very successful methods for solving nonlinear algebraic
systems. Over the last decade, great deals of progress have made in determining very

effective quasi-Newton methods that declines its weakness. One weakness of Broyden

1



method is that, it is not self-correcting, this problem also gets improvement by Abu-Hour

[4] that declines this problem.

The Newton and quasi-Newton methods, which are widely used, have advantage on their
high speed of convergence once the initial guess of the root, which is sufficiently close to
exact solution to ensure convergence. In order to overcome, the choice of a better guesses
of exact solutions of both methods several effort and progress have made, HM by Liao [5]
and further modified by different authors in [6,7], HM can solve nonlinear algebraic
systems and converge to a desired solution without close choice of initial guess. Another
method that avoid initial guess problem of the methods is Optimization methods, like
Steepest Decent, BFGS, DFP, Newton and Levenberg-Marquardt propose by authors see
[8,9,10,11].

Both Newton and Quasi-Newton methods are locally convergent algorithms, Damped
Newton methods by [12] and Damped Broyden’s that improves local convergence method

to global convergent.

In the following, we consider the application of Newton’s, its variation like quasi-Newton
methods and their modification to the solution of model of mechanics problems of BVP’s.
These methods have intended primarily for use on large nonlinear algebraic systems with
sparse Jacobians. The focus here is on ODE’s for which the associated algebraic systems
have sparse Jacobians and are so large that not only function and Jacobian evaluations but
also storage and the cost of arithmetic are major concerns. The remainder of this
introduction provides a very brief background on BVP’s of ODE, certain procedures for

solving them numerically, and basic concept associated with algebraic systems.

1.1. Background
BOUNDARY VALUE PROBLEMS

Definition -1, a boundary value problem is a differential equation together with a set of

additional restraints, called the boundary conditions.

Definition -2, a solution to a boundary value problem is a solution to the differential

equation, which also satisfies the boundary conditions.

Boundary Conditions come in many shapes

% “Dirichlet” boundary conditions




y(O) =« Straightforward to implement

%  “Neumann” boundary conditions

y'(0) =y Requires special attention

< “Robin” conditions

y(O) +c- y'(O) =K Requires same attention

Taylor’s theorem: the Taylor series expansion of y(x) around x, [13]

1
Y ()= ()Y (%) - (=324 Zy" (%) (x—%,)" +

. (1.3)
cet—Yi(x) L (x-%)"+R .
n!
The remainder R, is given by
R :;y(nﬂ.)(i) (X_X )n+l (1 4)
" (n+1)! ’ '
Where £€

1.1.1. Tridiagonal matrices
Tridiagonal matrices are those that have nonzero elements only on the diagonal and in the
positions adjacent to the diagonal, they will be of special importance in certain differential
equations.
For a tridiagonal matrix, only the nonzero values need to be recorded, and that means that

the nX matrix can be compressed into a matrix of three columns and » rows [2].

It 1s often possible to reduce the computational work necessary for solving Ax=b by
taking into account special features of the coefficient matrix 4, such as symmetry or

sparseness. As an example, we now discuss briefly the solution of tridiagonal systems.

We say that the matrix A=(%-) of order n is tridiagonal if

a,=0  whenever |i—j| >1 (1.5)

J

In words, A is tridiagonal if the only nonzero entries of 4 lie on the diagonal of 4 .

a,, i,j=1,2,3,.n orthe sub diagonal of A4.a,,,, i=2,3,..n orthe super diagonal

ijo

of 4. a

i%-1°

i=2,3,..n




1.1.2. A system of nonlinear equations

Definition_3. A function f:R" — R is define as being nonlinear when it does not

satisfy the superposition principle that is

fx+x+.)% f(x)+/(x)+. (1.6)

Now that we know what the term nonlinear refers to, we can define a system of

nonlinear equations.

Definition_4. [14] A system of nonlinear equations is a set of equations as the following:

fl(xl,xz,...xn)zo ,

fz(xl,:xz,...xn):O , (17

£ (%,%5,..x,)=0,

Where (X, X,,...,X,) € R" and each f; is a nonlinear real function, i = 1,2,...,n.

Because systems of nonlinear equations cannot be solving as nicely as linear systems, we

use procedures called iterative methods.

Definition_5. An iterative method is a procedure that is repeated over and over again, to

find the root of an equation or find the solution of a system of equations.

In this paper, we must add some “regularizing” assumptions about f, to solve the problem

f well posed. Typical assumptions include the following:

e Continuity: A function f is continuous if it can be draw without lifting up a pen;
more formally, f is continuous if the difference f (x) -f ( y)vanishes as
X > y.

e Lipschitz: A function f is Lipschitz continuous if there exists a constant ¢ such
that |f (x)-f (y)| <clx—y

are limited in their rates of change.

; Lipschitz functions need not be differentiable but

e Differentiability: A function f is differentiable if its derivative f~ exists for allx .




1.1.3. Convergence
One of the things we will discuss in this study for comparison purpose is the convergence

of each of the numerical methods.

Definition_6. We say that a sequence converges if it has a limit.

Definition_7. Let p, be a sequence that converges to p, where p, # p . If constants

A,a >0 exist such that

e Y (1.8)

(24
n—»o0
P, —p|

Then, it is said that p, converges to p of order a with a constant A

% Orders of convergences.
To measure the speed of convergence, we use a concept called the “order of

convergence.” The three different orders of convergence are define here [15].

Definition_8. Linear Convergence.

It requires that the error be reduce by at least a constant factor less than 1 at each iteration:

|el.+l|Sc|ei| (1.9)

Definition 9. Quadratic Convergence.

It requires that the error occurred at each iteration is proportional to the square of the error

on the previous iterations:

|el.+1|Sc|ei|2 (1.10)

Definition_10. Superlinear Convergence.

It requires that the ratio of successive errors go to zero, specifically,

lim - =0. (1.11)

Note: In the case of numerical methods, the sequence of approximate solutions is

converging to the root. If the convergence of an iterative method is more rapid, then a




solution may be reach in less iteration in comparison to another method with a slower

convergence.

1.1.4 Jacobian and Hessian Matrix
The Jacobian matrix is a key concept of numerical methods in this work.
Definition_11. The Jacobian matrix is a matrix of first order partial derivatives of

system of equations.

(O, Ofi, Of
o 2T . S
My Mgy . Mgy

J(x) =| axq oo T Oxp (1.12)

| 9x1 ox2 0Xn

)

Definition_12. The Hessian matrix is a matrix of second order partial derivatives of

system of equations.

s
8)(12 0x1X2 0X10Xp
2f  3%f o2f
H(x)=| oxpxq 5,(% T dxgxp (1.13)
’f  3Pf o%f
| Xpxy  xpxp 5Xn2 |

1.1.5. Norms of Vectors

Let xeR"e€ R where

x= [xl,xz,...xn]T .
We will discuss two types of vector norms in this paper, the /, and [ norms.

Definition_13. The [, norm for the vector x is called, the Euclidean norm because it

represents the length of the vector denoted by

Jal =l = et 45 4t (1.14)

Definition_15. The [, norm represents the absolute value of the largest component in

the vector x . It is denote by




Hx”w = max |xl.| (1.15)

1<i<n

In the next units of this study, we will examine different numerical methods that will apply
the terms we discussed in this section. These methods include: Newton’s, Broyden’s ,
modified of Broyden, safeguarded Newton and Broyden , Damped Newton and Broyden,

Homotopy and unconstrained optimization methods with the Finite Difference method.

1.2.  Problem Definitions
The main purpose of this paper is solving different mechanics problems of highly
nonlinear boundary value problems (BVPs) by using different numerical methods. These
problems have variety of applications in real life, in this section we are try to define each

of these problems:

Problem-1- Bratu problem

The Bratu problem appears in a large variety of applications such as: Fuel ignition model
of thermal combustion, radioactive heat transfer, thermal reaction, the Chandrasekhar
model of the expansion of the universe, chemical reactor theory and nanotechnology [16]..

The one-dimensional Bratu boundary value problem written as

u"(x)+/”te"(x) =0 (1.2.1)

Subject to the boundary conditions:

u(O)zu(l)zO (1.2.2)

The Analytic solution for this problem is

(1.2.3)

u(x) 21n{cosh(x—1/2)9/2}
)=-

cosh(@/4)

Where 0 satisfies

0 =~/24 cosh (g) (1.2.4)

This problem derives its importance first from the combustion theory where it has

been used for several applications and secondly, from the fact that its exact solution is




well known so that it has been widely applied to test the accuracy and efficiency of
many numerical methods. This importance motivates the reason to apply different

numerical methods to Bratu problem (1.2.1).

Problem-2- Troesch’s problem
This problem arises in the investigation of the confinement of a plasma column by
radiation pressure that was described and solved by [17]. Troesch’s problem, which is

given by

u" = Asinh () (1.2.5)

Subject to the boundary conditions:

u(0)=0 and u(1)=1. (1.2.6)

Different researchers pointed out that this two-point boundary value problem is unstable
and difficult to solve. The equation can be effectively solved by combination of different

methods, [18]

Whose general solution given by [19]

. tanh(A/4)
sinh(A)
vl = —((W*)Aexp(=Ax)/ (2*exp(2A) = 2)) (x 1) * (exp(RA(x +1)) =) + (x + 1) *...
(exp(24) —exp(24x)));
v2 =m+(((qg*exp(-3Ax))/ (2*lam))*(((3/4) +(=x" +6*x)*n”> +(—(3/2)*x -3)A)*
exp(4*x+2)A)—(1/8)*exp((6*x +2)A) + (=(3/4) +(6* x +x*) *n* +(—(3/2) *x +3) 1) *
expQRAX+D)+ (3/4)+(—x" +6*x)*nsq + (3+(3/2)A)A) * exp(2Ax) +(—(3/ 4) +
(6*x+xsq)*nsqg+((3/2)*x—-3)A) *exp(4Ax)—(1/8) +(1/8) *exp(6Ax) +(1/8) *exp(21)));

v0 = w*sinh(Ax) where

u2(x)=v0+vl+v2,

L (1.2.7)
u(x)=4tanh~ (u2(x))/n, 0<x<1, A2>0.

Problem -3- Heat Transfer problem
Consider a thin wire of length L, and radiusr. Let the ends of the wire have a fixed
temperature of 900 and let the surrounding region be #,, =300. Suppose the surface of

the wire be cooled via radiation. The lateral surface area of a small cylindrical portion of




the wire has area A =27rh . Therefore, the heat leaving the lateral surface in As time is

given by [20].

Al‘(2ﬂrh)(86(u4 —u4) )

sur

Assume steady state heat diffusion in one direction and apply the Fourier heat law to get:

0z(280'/r(ufur —u4) )+ku” (1.2.8)

The continuous model for the heat transfer is

2
sz‘ =c(ut, —u*), (1.2.9)

Where ¢ =2&0 /r and subject to boundary conditions:

u(0)=900 and u(L)=900 (1.2.10)

The thermal conductivity will also be temperature dependent, but for simplicity assume &
is constant and will be incorporate into c.

Problem-4- Thermal Explosion Problem

Thermal explosion denotes the rapid build of energy in systems subject to exothermic
reactions, the rate of which rises with temperature. It is of practical importance in
problems of fire and explosion safety. There are few models which this problem

accompanied by chemical reaction [21].

Consider the following Thermal explosion model of one-dimensional nonlinear BVP

u"+le" =0, xe(0,1), (1.2.11)

with the associated boundary conditions
u'(0)=0,u(1)=0.

The analytic solution of equation (1.2.11) can be found by subsequently multiplying
equation (1.2.11) with derivative of u, integrate, isolate derivative of u and integrate again.

This solution is given by

2
u(x) ﬂn(%j—ﬂn(cosh(ux)), (1.2.12)

Where the parameter p satisfies the relation cosh u =42/ Au




A number of numerical methods are apply to obtain a numerical solution to the above real
life problems, such as the Newton’s method, modifications and its different variant like
quasi-Newton of rank 1 and 2 and different HM and Optimization methods are some of

the method used to approximate numerical solutions.

1.3. Objectives of the Study
General objective

Applying different nonlinear algebraic system solvers numerical methods on mechanics

problems model by nonlinear BVPs and compare the methods based on their output.
Specific Objectives
This paper was conduct to achieve the following specific objectives:

v’ To transform our nonlinear BVP to NLAE’s by Finite difference method.

v" To code Finite difference approximation, Newton-Raphson’s, Quasi-Newton
(Broyden’s), Safeguarded and Damped for Newton’s and Broyden’s, Modified
Broyden’s, Trapezoidal, Simpson and Midpoint (TSMM), NHAM with Euler,
RK2,RK4,RKS5 and RK6 NHDE steps, steepest Decent, BFGS, DFP, Newton’s
optimization and Levenberg-Marquardt of optimization methods using MATLAB.

v To apply the above numerical methods in solving mechanics problems model by
BVP like Bratu, Troesch’s, Heat Transfer and Thermal Explosion Problems.

v To compare the performance of algorithms by a certain criteria.

v" Analyze the results of simulation and determine the efficiency of each method.

1.4. Scope of the Study
This study focuses on solving mechanics problems of BVP’s by using, Newton’s method

and its variant methods and its modifications, NHAM and its variant and different
optimization methods are wused to handle this problems by approximation of the
Jacobian according to the formula considered and then injected into the algorithm.

The algorithm for all the methods is coded using MATLAB program.

1.5.  Thesis Outline

The remainders of the thesis chapters are organize as follows.

Chapter 2 contains an overview of literature that supports our study. Its focus on review

different numerical methods by different authors in different years, which are used as a
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base for our study, like Newton-Raphson and Quasi-Newton and their modifications, the
global convergent method HAM, different optimization methods and other related

previous works.

Chapter 3 establishes the main framework for all the numerical methods shown in the
paper, i.e. Finite difference approximations. It comprises first how to change nonlinear
BVPs to system of nonlinear algebraic equations. Moreover, explain the basic numerical
method, Newton, and their safeguard and Damped Newton methods. Finally, apply these

methods to nonlinear BVPs that are defined in section (1.2).

Chapter 4 gives an overview of the numerical methods, Broyden’s and their Safeguarded
and Damped Broyden methods, starting from pure Broyden method, and its improvements
are applied on selected problems defined in section (1.2). The tested problems result with

these methods are compared by using their output from a MATLAB program.

Chapter 5 gives an overview of HAM and NHAM. The different variant of NHAM;
which are solving with different RK methods in order to solve NHDE. Finally presents the
application of the numerical methods, NHAM and its variant on the selected nonlinear
BVPs and their numerical results present in both numeric and graphical forms, finally

comparison of methods also done here.

Chapter 6 gives overview of Optimization methods, Newton, Quasi-Newtons (Davidon-
Fletcher-Powell’s (DFP), Broyden, Fletcher, Goldfarb, and Shannon (BFGS), Levenberg-
Marquardt (LM) methods are discussed in order to solve NLSAEs. These methods apply
on nonlinear BVPs, their numerical results are display for these methods by using a

MATLAB program, and their results are compared.

Chapter 7 gives an overview of a Continuation by Parameter (CBP) method which can be
used to solve BVPs like the other chapters, it also test the numerical output by using

problems defined in section (1.2).

Chapter 8 summarizes the overall methods, comparison of the overall methods by using

numerical results and outlines possible directions for further research.
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Application of Newton's and Quasi-Newtons Techniques to
Nonlinear Problems in Computational Mechanies

\ 4

Chapter-1 Introduction
Introduction to BVP, problem definitions, Objective and Scope
background concept of study etc.

Chapter -2 Literature Review
review of previous study related to

mechanics probiem review previous study related to ours

Chapter - 3 Numerical method for NLSAEs

-Overview of FD method, Newton's ,Safegurded and Damped Newton
methods & their application on BVP. Numerical results and analysis.

Chapter -4 Broyden method to solve BVP

-Overview of Broydens, Safegurded and Damped Broyden methods. &
Application of the methods on BVPs. Numerical Output and analysis

Chapter -5 Homtotopy method to Solve BVPs

-Overview of HAM, NHAM FE and NHAM with RKs NHDE. Application
of the methods on mechanics problems.Numerical output and analysis

Chapter -6 Solution of BVPs by Optimization methods

-Overview of Newton's , LM , DFP and BFGS methods. Application of the
methods on mechanics problems.Numerical output and analysis

Chapter 7 Continuation By paramter method

- Overview of CBP for BVPs and application of CBP on BVPs.
Numerical output and analysis

Chapter 8 Conclusion

- Comparison of the above numerical methods by different criteria ,
conclusion

Figure 1.5.1: A Diagram of the main component of the Thesis
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CHAPTER TWO

2. LITERATURE REVIEW

Introduction

Boyd [22]apply Chebychev pseudo spectral method to solve nonlinear BVPs of Bratu
Problem, which models thermal Explosion, Caglar et.al. [23] Apply B-Spline method for
solving the same problem. Troesch [24], apply Shooting method and Mirmoradi et.al [25]
apply Homotopy perturbation method to solve nonlinear BVPs of Troesch’s problem
which models radiation pressure of confinement of a plasma column. Gerald and
Wheatley [2] use different numerical methods, to solve heat flow problem in uniformly
loaded beam model by second order nonlinear BVPs.

Finite Difference Approximation

Luenberger [26] shows Numerical Methods of solving ordinary differential equations,
with basic techniques of finite difference methods for linear boundary value problem.
Studies by Mathews and Strang [27]also shows basic techniques of FD method for linear
BVP and Lakshmi and Muthuselvi [28], shows the basic techniques of FD method to
solve linear BVP and they found numerical solution using MATLAB program and

compare it with analytic solution.

Books by Chapra [29] and King et al. [30], shows how to transform the Boundary value
problem to system of algebraic equations by using FD approximation and shows also how
to solve the transformed BVP by using Thomas Algorithm, which solves tridiagonal

matrix.

Recently, Pandey [31] presented an exponential finite difference scheme for solving
nonlinear two point boundary value problems with Dirichlet’s boundary conditions and
discussed the local truncation error and the convergence of the proposed method. In the
same year, Becker et al. [32]used finite difference to convert 1D implicit heat equation of
Neumann and Dirichlet boundary condition to system of nonlinear algebraic equation and

solve it with MATLAB with backward slash operator.

In this paper, we are taking the main concept of the researchers for FD method of
approximation, to transform our nonlinear BVP’s model with appropriate difference-

quotient approximation to system of NLAE’s.

Newton’s Method
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Dennis [33] shows the prominent method for solving nonlinear equation is the classical
Newton’s method, which converges quadratically, but the numerical implementation of
algorithm of Newton’s Methods turns to be expensive due to the computation for
storing the Jacobian matrix, as well as solving the Newton’s system at each

iteration.

Recently, Kisabo et al. [34] Present an approach to explaining and implementing
Newton’s method as a numerical approach for solving Nonlinear System of Algebraic
Equations (NLSAEs) by using MATLAB program. Due to their convergence rate and
their applicability in different areas we are interested and applying these method to apply

and solve our nonlinear BVP’s models.

Quasi-Newton (Broyden) Method

The basic shortcomings of Newton’s, like computation of Jacobian matrix have attracted
the attention of many scholars, in 1965 a well-known Quasi Newton method proposed
by Broyden [10] , called Broyden’s which approximate the Jacobian matrix or its inverse
by other matrix he also proved the superlinear convergence of the method.

Kelly [35] show a number of revised Newton’s -type methods that is being introduced
which includes fixed Newton’s, inexact Newton’s and quasi-Newton’s to diminish
the weakness of Newton’s method .

One of variations of Newton’s method known as the secant method, which is replacing
derivative in newton step by the secant updating formula to solve equations in one
dimension Griewank [36]. This idea led Broyden to develop three methods that use
secant information instead of derivative information to solve nonlinear systems (two of
them are implement in this paper). We are using this Broyden method to solve our BVP’s
models.

DAMPED NEWTON’s Method

Robinson [37] shows damped Newton method for solving non- smooth equations. This
damping, via the so-called path search instead of the traditional line search, enlarges
the domain of convergence of Newton's method and therefore is said to be globally

convergent.

Burdakov [38] shows Newton's method which is damped by a line search; that is by
choosing x,., on the line segment from X, to x;ﬁl such that the decrease in norm of

function.
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Recently, Zhang and Yu [39]compare damped Newton method and Newton Homotopy
method, these known methods for circumventing the drawback of local convergence of

the standard Newton method.

In this paper, we are using both the Damped Newton and Newton Homotopy analysis

method to avoid the local convergence of classical Newton method.
Two improved classes of Broyden’s methods

Al-Towaiq ef al. [40] , propose an algorithm that improve and modify Broyden’s methods

to increase the accuracy and the order of convergence.

In this paper, we are interested to apply this algorithm to solve our nonlinear BVPs and

compare the result with pure Broyden’s.

Trapezoidal, Simpson and Midpoint method (TSMM)

Quasi-Newton method reduce the amount of calculation at each iteration of Newton’s
method but subsequently lead to an increase in the number of iterations to be

performed to converge to a solution of NLAE’s .

Mohammed and Waziri [41] proposed quadrature based Broyden-like methods to
solve systems of non-linear equations, Mamat et al. [42]also show a Broyden-like
method using the Trapezoidal rule in order to reduce the number of iterations of the
classical Broyden method. Mohammad and Waziri [43]used the weighted combination

of the Midpoint and Simpson quadrature formulas to achieve the same goal as above.

Recently, Osinuga et al. [44], show the weighted combination of the Trapezoidal,
Simpson and Midpoint quadrature rules for NL system of equations. Which is variation of

Broyden-Like method and compare its result with previous Broyden-like methods.

In this paper, we are applying this weighted combination of Trapezoidal, Simpson and
Midpoint Method (TSMM) to solve our nonlinear BVPs models and compare the result
with pure Broyden Method.
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Homototopy Analysis Methods

Newton’s method still attracts attention of researchers. Even it is well-known, one of its
drawback of the methods is that the initial approximation X, must be chosen sufficiently
close to exact solution in order to guarantee their convergence. Finding a criterion for
choosing x, is quite difficult and therefore effective and globally convergent algorithms

has shown by Yamamato [6].

Liao [7] employed the basic ideas of Homotopy as a general method for nonlinear
problems, namely the Homotopy analysis method (HAM), and then modified it

systematically.

Recently, Abbasbandy et al. [45] , shows Homotopy Analysis method (HAM) to solve
some nonlinear algebraic equations and show the solution by comparing with HPM and
ADM solutions. Furthermore, combining the Newton scheme with HAM construct
numerical algorithm named Newton Homotopy Analysis method (NHAM). Finally test
by using example, he suggest NHAM has powerful improvement for solving nonlinear

equations.

To solve the nonlinear algebraic or differential equations by the NHAM, the existing
(linear and nonlinear) terms need to be differentiated using the homotopy derivative
concept named as Newton Homotopy Differential equation (NHDE), this first order
differential equation can be solved by using Forward Euler method by a book Keskin [20].
The book also proposes that, the Euler step can be replace by Runge Kutta fourth order.

In this paper, we apply NHAM with Forward Euler step to solve nonlinear BVPs models.
In addition to NHAM, which solve NHDE by forward Euler step like Keskin, we solve
this NHDE with RK 2, RK 4, RK 5, RK 6 step and compare their result.

Optimization

Review of Optimization methods are summarized by Brune ef al. [46]. He explains the
idea of solving systems of nonlinear equations f (x) = 0 by using Optimization methods
derived from nonlinear preconditioning ideas.

Grosan and Abraham [47], shows how to transformed the system of nonlinear equations

into a multi-objective optimization problem and solved it by computation technique.

Recently Song ef al. [48] proposed a transformation technique from the system of
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nonlinear equations into a bi-objective optimization problem, and solve it by employing

computation technique.

A book [20], present a transformation technique, that transform the system of nonlinear
equations into an objective function of optimization problem, and solve it by using
steepest Decent method. In this paper, we are interested in using these techniques to solve
our system of nonlinear equations by using different methods of optimization methods like

Steepest Decent, BFGS, DFP, Newton and Levenberg -Marquardt.
Quasi-Newton Methods.

There are various quasi-Newton methods proposed by different researchers. They differ in
how they define and construct the quasi-Newton matrices { B, } , how the search directions

are computed and how the parameters of the model are updated Nocedal and Wright [49].
DFP Method

The first quasi-Newton method was, Davidon [S0] and , Fletcher and Powell [51]. The
DFP method updates the approximation Hessian matrix H, fo H,,, to satisfy the secant

equation:

H_ o, =y, where a, =g, ,—g, and y, =x_,-X

Powell [52], show that the DFP method with exact line searches is globally convergent for

uniformly convex functions.
BFGS Method

The most efficient quasi-Newton method is the BFGS method, which was proposed by
Broyden [10], by Fletcher [51], by Goldfarb [53], and by Shanno [54], independently,

which produce a positive-definite matrix /, for each iteration.

Levenberg-Marquardt (LM) Method

The classical Levenberg-Marquardt method by Marquardt [55] for solving nonlinear
equation, F (x) =0. Which computes a systematic modification of Gauss Newton’s step
and also shows LM method has quadratic rate of convergence, if Jacobian at the solution

* . .
X 1s nonsingular.
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Yamashita and Fukishima [56], shows that under the weaker condition of

[ECOI

provides a local error bound near solution, but Levenberg Marquardt method has

quadratic convergence if the parameter is chosen properly.
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CHAPTER THREE

3. Numerical Methods for Solution of NLAE:s.

There are two main types of methods available to find the roots of algebraic and
transcendental equations of the form f (x) =0 i.e. Direct and Indirect methods Rao [57].

The common characteristics of direct methods are that they transform the original
equation into equivalent equations (equations that have the same solution) that can be
solving more easily. The transformation is carrying out by applying certain operations.
Iterative or indirect methods, start with a guess of the solutionx, and then repeatedly
refine the solution until a certain convergence criterion is reached.

According to Rao Iterative procedures are self-correcting, meaning that round off errors
(or even arithmetic mistakes) in one iteration are corrected in next consecutive cycles. The
solution contains truncation error. However, iterative methods may not always converge
to the solution. Choice of initial guess affects the number of iterations to convergence
solution.

In this paper, we examined different indirect (iterative) methods and applied it to our
mechanics problem modeled by nonlinear BVPs.

Before we solve BVP, let us see first how to transform the BVP into system of algebraic
equations, by replacing all derivatives with finite difference approximations, called Finite
difference method.

+* Finite Difference Method for BVP

A finite difference method transforms BVPs to system of equations by replacing the
derivatives in the differential equations with finite difference approximations. This gives a
large but finite algebraic system of equations to be solving in place of the differential

equation, something that can be done on a computer. [58]

Consider a simple two-point BVP:

Vv'=f(xp), a <x<b, (3.1)
With boundary condition
y(a) =q, y(b) =p. (3.2)

The function f (x) is specified and we wish to determine y(x) in the interval a<x<b

,we will attempt to compute a grid function consisting of values Yy, Vy+-es Vs Vi1 » Where
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v,, 1s our approximation to the solution y(x, ). Here x, =m*hand h=(b—a)/(m+1) is
the mesh width, the distance between grid points. From the boundary conditions we know

that y,=a andy,,, =f , and so we have m unknown values J,,...,y, to compute. If

we replace »"(x) in (3.1) by the centered difference approximation

n 1
Y =E(yj_l—2yj+yj+l), (3.3)

then we obtain a set of algebraic equations

1 .
ﬁ(yjfl_zyj-i_yﬁl):f(xay) for j=1,2,...m (3.4)

Note that the first equation when ( Jj= l) involves the value y, =& and the last equation

( J =m) , involves the value y,., = /. We have a system of m equations for the m

unknowns, which can be written in the form

Ay=F, (3.5)

Where y the vector of unknown y =[y,,7,...., »,, ]T ‘Jand

2 1 ] [ () —al k]
1 2 1 £(x,)
A=hi2 ! ,_.2 1 . F= f(:’%) (3.6)
1 =2 1 fGx )
i 1 2] | f(x,)—B/h ]

As shown above, FD method convert nonlinear boundary value problems (BVP’s) into a
system of nonlinear algebraic equations that would be solve by matrix algebra techniques.
The reduction of the differential equation to a system of algebraic equations makes the

problem of finding the solution to a given ODE/PDE ideally suited to modern computers.

Due to this, Finite difference methods are the dominant approach to numerical solutions
of BVPs by the same reason we are applying FD method to transform our nonlinear BVPs
to system of NLAE’s that can be solved by Newton’s method, Quasi-Newton’s method,
modification of them, HAM and Optimization methods which are presented in the next

sections.
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Newton’s Method

Newton’s method is one of the most popular numerical methods, and referred by Burden
and Faires [59] is the most powerful method that used to solve for the equation f(x)= 0.
This method originates from the Taylor’s series expansion of the function f(x)about the

point x;:

f(x)zf(xl)+(x—xl)f'(xl)+%(x—xl)2 f(x)+... (3.7)

Where /', and its first and second order derivatives, /' and f" are calculated at X, . If we take

the first order terms of the Taylor’s series expansion of (3.7) and the remainder terms constitute

the truncation error.

f(x)=1(x)+(x=x)f"(x) (3.8)

f(x)+(x=x)f"(x)=0 (3.9)

Rearranging equation (3.9), we obtain the next approximation to the root, giving us:

oy mx - f,(xl) (3.10)
f'(x)
Thus generalizing (3.10), we obtain Newton’s iterative method:
xi=xl_1—f,(x"*l), ieN (3.11)
S (xi—l)
y b
y = f(x)
Slope: f'(x1)
Solution
— /)(4 X3 \ /-)(2 X1 x

Slope: f'(x3) Slope: f'(x2)

Figure 3.1: Graphical interpretation of the Newton—Raphson formula.

21




A graphical depiction of the Newton—Raphson formula by book Kiusalaas, [60] in Fig.3.1

shows, the formula approximates f(x) by the straight line that is tangent to the curve at

X, . Thus Xx,,, is at the intersection of the x-axis and the tangent line.

Wherex, — X (as i— OO) ,and X is the approximation to a root of the function f(x).

Remark-1-: As the iterations begin to have the same repeated values i.e. as
X, =x,, =x this is an indication that f(x)converges to X .Thus, X;is the root of the
function f(x).

The algorithm for the Newton—Raphson method repeatedly applies to equation (3.11),

starting with an initial value X, until the convergence criterion equation (3.12)

x., —x|<e (3.12)

is reached, ¢ being the error tolerance. Only the latest value of x has to be stored.

f(x) f(x)

Figure 3.2. Examples where the Newton—Raphson method diverges.

Although the Newton—Raphson method converges fast near the root, its global
convergence characteristics are poor. The reason is that the tangent line is not always an

acceptable approximation of the function, as illustrated in the two examples in Fig.3.2.

3.1. Newton-Raphson Method for BVPs

Methods for Solution of
NLBVPs

T

Newton Method

S I—

'
Safegu;ﬂi(lllglzwwn S Damped Newton's Methods

S—— ~—  —

Figure 3.3. : A Schematic Diagram Newton’s and modifications Methods
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3.1.1. Newton—Raphson Method for Systems of Equations
However, equation (3.11) used to solve nonlinear equations involving only a single

variable. This means we have to take equation (3.11) and alter it, in order to use it to solve
a set of nonlinear algebraic equations involving multiple variables

Let us now consider the n dimensional version of the same problem, namely

F(x)=0 (3.1.1.0)

We know from Linear Algebra that we can take systems of equations and express those
systems in the form of matrices and vectors. With this in mind and using Definition 2, we
can express the nonlinear system as a matrix with a corresponding vector. Thus, the

following equation is deriving:

X = X —J(x(H) )71 F(x(/“l)) (3.1.1.1)

Where k= 1,2,...,n represents the iteration;x € R",F' is a vector function and J (x)_l is
the inverse of the Jacobian matrix. This equation represents the procedure of Newton’s
method for solving nonlinear algebraic systems. However, instead of solving the equation
f(x)=0, we are now solving the system F(x) = 0.

Now we describe the steps of Newton’s method:

Step 1: Let x” =( fo),xgo),...,xio)) be a given initial vector.

Step 2:  Calculate J (x(o)) and F (x(o)).

(0)

Step 3:  We now have to calculate the vector y ', where

J/:[ypyz,---,yn]T

© , we solve the linear system J (x(o) ) y(o) =—F (x(o)), )

In order to find y
Remark -2-: Rearranging the system in Step 3, we get that y(o) =-J (x(o))le (x(o))., we

can replace —J (x(o))le (x(o)) in our iterative formula with y ° this result will yield that

-1
NORRNCEIN J(x<k—1)) F(x“‘*‘)) = xF) D (3.1.1.2)

Step 4:

(0) (1)

Once y' ’is found, we can now proceed to finish the first iteration by solving for x" .

Thus, using the result from Step 3, we have that

M _ 0, 0 _[ 0 0 i 0 0 0"
xV=x"+y —[xl(),xg),...,xg):l +[yl(),y§),...,yf1):| (3.1.1.3)




(1) (k)

Step 5: Once we have calculated X' 7, we repeat the process again, until X'’ converges to

solutionx . The above process is continued until ||xk — <, where ¢ is the error

tolerance.

Remark -3-: When a set of vectors converges, the norm Hx(k) - x(k_l)‘

~ 0. this means that

Hx(k) —x(k*“‘ = \/(x,(k) —x](kfl) )2 +..+ (x,(f) —x,(ffl) )2 =0. (3.1.1.4)

3.1.2. Convergence of Newton’s Method
Newton’s method converges quadratically, if the initial guess solution is near to the exact

solution of the system.

» Advantages and Disadvantages of Newton’s Method

One of the advantages of Newton’s method is that it is not too complicated in form and it
can be used to solve a variety of problems.

The major disadvantage associated with Newton’s method, are [61]:

1. It needs a near initial guess solution x(O) close to the solution x*.

2. Requires n° + n function evaluation at each iteration (n” for Jacobian matrix and
n for F(x)).

3. ] (X(k) ) must be nonsingular for all £ and J (x* ) is invertible .

4. Need to compute n* partial derivative for J (x(k)) and J~' (x(k) ) at each step.

5. To solve the linear systems at each iteration require O(n3 ) arithmetic operations.
To approximate the solution of a general nonlinear BVP, equation (3.1) with boundary

condition eq. (3.2). First, transform it in to NLSAEs by centered difference approximation

equation (3.3).

1

E(ujfl—Zuj%—ujH):f(x,u) for j=1,2,...,.N (3.1.1.5)

equations (3.1.1.5) can be written us:

F(uj):jh2+uj71—2uj+uj+l,for j=12,...N (3.1.1.6)

Where f = f (x,u;) .Generally, NLSAEs (3.1.1.6) cannot not be solve exactly and then

T
u,,...,u, are solve iteratively, starting at u, = [ufo),...,uz(\?)] and the Jacobi Matrix of F
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FP(u,)=J, (u,)= FFT(”)} (3.1.1.7)

3.1.3. Application of the Newton’s Method
To approximate the solution of mechanics problems defined in section (1.2), we wrote a
general algorithm (3.1) for Newton method.

» Algorithm(3.1): Solves Nonlinear BVPs by using Newton’s Method

INPUT: - L — length of problem domain (b-a)
u - Initial guess of problem solution
A - Parameter values of lambda
n - Number of spaces

STEP- 1. Calculate magnitude of uniform space between nodes (/)
L
h=——
n+1

STEP- 2. for m=1 to max_iteration do step 3 up to step -6-
STEP- 3.  Call functions to compute F (u,),and 1 derivative Fp(u,)
F(uo) = FC(u,,h,n,A) and Fp (uo) = Fll(u,,h,n,A);
STEP- 4. Compute the Newton step du and update solution
(Fp)" (du)" =F™ for (du)"
Update solution at each m (iteration):
u™ =" —(du)m
STEP- 5. if ||F| < tolerance is true stop else m=m+1
OUTPUT: u —solution Vector

Based on Algorithm (3.1) we wrote a MATLAB program, that solve problems 1 up to 4.

3.1.3.1. Numerical and Graphical output by using Newton’s method

Newton’s method are applied and tested on following BVPs that is defined in section (1.2)

and the numerical result and norm error are displayed by using MATLAB program

Problem-1- consider a Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2 =0 (3.1.3.0)

Subject to the Dirichlet boundary conditions:
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u(0)=u(1)=0 (3.1.3.1)

The Analytic solution for this problem given by, equation (1.2.3)

Using equations (3.1.3.0) and (3.3), we can translate equation (3.1.3.0) into NLSAEs:

F(uj_l—Zuj+uj+1):—/16”(j) for j=1,2,..,N (3.1.3.2)
This can be written in the form
F(u;)=fh* +u,  =2u, +u,,, (3.1.3.3)

Where f =-2e"
To solve eq. (3.1.3.3) by using Newton’s method and inputs: initial guess solution

(u=ones(n,1)*0.5), error tolerance for F (tol= 10" ), number of iterations=50 and value

of parameter A={1,1.5,2} by a MATLAB Program for Bratu problem gives the

following results:

Solutions OF Newton Method For Bratu Problem
T

035 T

03

= N\ umerical Solution —#%—Exact Solution

025

0.1

0.05

4] 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 1
T

Figure 3.4 : Comparison between the approximated solution and exact solution of
Bratu problem using Newton method.
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Table 3.1: Newton’s method Euclidian norm of error, number of iteration and CPU time
for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
4 1 1.87585¢ -7 4.201e-9 0.78125
3 1.5 1.50368e- 7 3.106e-9 0.53125
3 2 1.242883¢e-6 2.3052e-8 0.671875

Nomn of stepsize {s) and F ¥s. k{Bratu Prob.)
T T

10
L o
—*—norm(du)
o norm(F)
1025 *
[N -
— 107 N *
= -
=
=
2 .
108 - e |
=
© -
10% - =
—
10—10 1 I
1 1.5 2 25 3 3.5 4

E’(no of iteration)
Figure 3.5 Newton’s Method Euclidian Norm of Errors versus number of iterations
for Bratu problem.

Figure 3.4 cites a comparison between the approximate solution obtained by Newton
method and analytic solution for three different values of parameters 1, 1.5 and 2. From
this comparison, one can see a good agreement between the analytic solution and the
Newton method (approximate) solutions. We can also see the influence of parameters

lambda on the solutionu (x).

As shown in Table 3.1 Newton method converges for Bratu problem for 3 different
values of parameters 1,1,5 and 2 within 4,3 and 3 iterations , which also displays their
corresponding CPU time and norm error of Newton step and norm error of function are
displaying. Moreover as shown in Fig. 3.5 which proves the convergence of Newton
method for Bratu problem and shows the norm errors of a function (F) and Newton step
(du) are continuously decreasing and reach an error that is below predefined error

tolerance.
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Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (4y) (3.13.3)

subject to the Dirichlet boundary conditions:

u(0)=0 and u(l):l. (3.1.34)

Whose general solution given by, equation (1.2.7)

Using equations (3.1.3.3) and (3.3), we can translate Troesch’s problem in to NLSAEs:

Fu;)=—f0*+u,_ —2u;+u,, for j=12,.,N (3.1.3.5)

Where f = Asinh(Au(j))

Based on Algorithm (3.1), equation (3.1.3.5) is solve by using Newton’s method and

inputs: initial guess solution (u=ones(n, 1)), error tolerance for function(tol= 10~ ),

number of iterations=50 and value of parameter A ={0.5,1,1.5} using a MATLAB

Program for Troesch’s problem gives the following results:

Solutions OF Newton Method For Troesch Problem
T T T T T T T

09 -

0.3 == Numerical Solution —%—Exact Solution

0.2

0.1

4] 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 1
z

Figure 3.6 Comparison between the approximated solution and exact solution of
Troesch problem using Newton’s method .
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Table 3.2 : Newton's method Euclidian norm of error, number of iteration and CPU time
for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) fuction (F) time
3 0.5 3.45¢ -9 8.9¢e-11 0.0625
3 1 1.23e-10 4e -12 2.078125
3 1.5 4.4489¢-8 1.64¢e -9 2.25
o Nom of stepsize {s}) and F Vs_ ki Troesch Prob.}
10 T T T T
= 107 ST - \* *
10 =L N
o norm(F) T~ N
107101 1.2 114 1.6 118 2 212 2.4 216 2.8 3

k’(no of iteration)
Figure 3.7 Newton’s Method Euclidian Norm of Errors versus number of iteration
for Troesch problem.

As shown in Figure 3.6 a comparison between the approximate solution obtained by
Newton method and analytic solution. From this comparison, one can see a good
agreement between the analytic solution and the Newton method (approximate) solution

for Troesch’s problem and the influence of parameter lambda on the solutionu (x).

As shown in Table 3 .2 Newton methods converge for Troesch problem for 3 different
values of parameters, which also takes different CPU time for different value of
parameters. Moreover as shown in Figure 3.7, which proves the convergence of newton
method for Troesch’s problem and displays the norm errors of a function and Newton step
(du) are continuously decreasing and reach an error, which is below predefined error
tolerance for all the three different parameters.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+ie" =0, xe(0,1), (3.1.3.6)

With the associated Neumann boundary conditions
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u'(0)=0,u(1)=0.

The analytic solution given by, equation (1.2.12)

Using equations (3.1.3.6) and (3.3), we can translate eq. (3.1.3.6) in to NLSAEs

F(u].)th2 tu, —2u;+u,,, for j=12,..,N (3.1.3.7)

Where f=-le"

Based on algorithm (3.1), equation (3.1.3.7) is solved, by using Newton’s methods and
inputs: initial guess solution (u=0.5*ones(n, 1)), error tolerance for function(tol= 10" ),
number of iterations=50 and value of parameter, A= {O. 1, 0.2} using a MATLAB

Program for this problem gives the following results:

Table 3.3:Newton's method Euclidian norm of error, number of iteration and CPU time for
each value of parameter of Thermal Explosion problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU time
iteration(k) Lambda error(du) function (F)
14 0.1 2.2877¢ -4 9.137¢ -5 0. 09375
10 0.2 2.52¢e -4 9.98¢ -5 1.296875

l?)lorm of stepsize(s)and F for TheExplosion proble
10 S [ o [ s [ il S iy =
E 2] %f[norm(du) =

| —B—norm(F) |]

1071k

Euclidean norms

10°%

Number of Iteration(k)
Figure 3.8 Newton’s Method Euclidian Norm of Errors versus number of iteration
for Thermal Explosion problem.
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As shown in Table 3.3 Newton’s method converges for Thermal Explosion problem and
terminate within 14 iteration for A =0.land within 10 iteration for A=0.2. Moreover as
shown in Figure 3.8, which proves the convergence of Newton’s method for Thermal
Explosion problem and displays the norm errors of a function and Newton step (du) are
continuously decreasing. However, up to second iteration, its convergence speed is fast

but finally; its convergence speed is decreases.

3.2. Safeguarded Newton’s Method for BVP

Several difficulties commonly arise in the application of Newton and quasi-Newton

methods in solving multivariate non-linear equations.

One of the main causes of failure of Newton-type methods is failure in the specification of
a starting point that is not sufficiently close to a root. These problems can be diminishing

by appropriate action called Safeguarded method.

The norm of a function is zero at a root, one may view an iterate as yielding an
improvement if it reduces this norm. However, if an iterate increases the norm of the
function value, then one can cut the step length prescribed by the newton method in half,

and continue cutting it in half, until the revised iterate yields an improvement.

Generally || f (x)||2 is zero at a root and positive elsewhere an improvement over the

previous iterate if it reduces the function norm,

lr G| > 7 (v a) (3.2.0)

Where d is the Newton step. Back stepping of Safeguarded Newton prevents, Newton and
quasi-Newton methods from taking a large step in the wrong direction, substantially

improving their robustness.

lr )| > |f(x+a)] or|f (x+dr2)| > ||If (x+d)| (3.2.1)

3.2.1. Application of the Safeguarded Newton’s (SNewton’s)
To approximate the solution of mechanics problems defined in section (1.2) and general

NLSAE:s (3.1.1.6), we wrote a general algorithm (3.2) for SNewton method.
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» Algorithm (3.2): Solves nonlinear BVPs by using SNewton’s Method.
INPUT:- L  —length of problem domain (b-a)

u - Initial guess of problem solution
A - Parameter values of lambda

n,Maxlt - Number of spaces, Maximum iteration

STEP- 1. Compute F,F’ for (u).
F=FCu,h,n,A), Fp=FC(uh,nA)
do step-2 up to 6 until K<MaxlIt else Stop

Compute  norol =|F|,

STEP- 2. Compute Du,
Du=Fp\F
when k > MaxIt and norol> tol satisfy stop else do step 3
STEP- 3. Update solution (u), u,,, =u, —Du and
F(u,,,)= FC(u,,,,h,n,2) and F'(u,.,)= Fl(u,.,,h,n,2);
Compute norf :||FM||

STEP- 4. |If norf <norol is satisfied stop else go to step 5

STEP- 5. Compute
Du=Du/?2

OUTPUT: u — solution Vector

Based on Algorithm (3.2), we wrote a MATLAB program, that solve problems land 2.
Numerical and Graphical output of problems using SNewton method

Safeguarded Newton’s method are applied and tested on following BVPs that is define in
section (1.2) and the numerical result and norm error are displayed by using MATLAB
program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 26" =0 (3.2.2)

Subject to the Dirichlet boundary conditions:

u(O):u(l):O (3.2.3)

The analytic solution for this problem given by, equation (1.2.3).
Using equations (3.2.2) and (3.3), we can create NLSAEs for Bratu problem
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F(uj):fh2+uj71—2uj+uj+l,for j=L2,..,N (3.2.4)

Where f=-1e"

To solve equation (3.2.4), by using Safeguarded Newton’s method and take similar inputs

of Newton method for Bratu problem gives the following results:

Solution Of SNewton Method For Bratu Problem
T

0.35 T

03

m Numerical Solution —#%—Exact Solution

0.25

02

0.05

1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
x

Figure 3.9 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 3.4: Safeguarded Newton method Euclidian norm of error, number of iteration and
CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
18 1 7.997e-7 6.69¢-8 0.18750
10 1.5 6.79¢-7 7.39¢-7 1.1875
10 2 7.97e-7 7.915e-7 2.05625
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Nomn of stepsize {s})and F Vs._ k {Bratu prob)
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r ke —#—norm{F) | ]
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Figure 3.10 Safeguarded Newton Method Euclidian Norm of Errors Vs. number of
iterations for Bratu’s problem

Figure 3.9 cites a comparison between the approximate solution and exact solution for
three different values of parameter (A), we can see a good agreement between the exact
solution and the SNewton method (approximate) solution.

As shown in Table 3.4, SNewton method converges for Bratu problem and terminates
within 18, 10, and 10 iterations for three different values of parameters (lambda). The
CPU-time taken for each parameter also indicates SNewton method takes more time for
computation than Newton method, however its norm error step(du) are less than pure
Newton. Moreover as shown in Figure 3.10, which proves the convergence of SNewton
method for Bratu problem and Euclidean norm error for Newton step (du) and function are
continuously decreasing. This Shows Back stepping used to reduce a large step (du) in the
wrong direction by comparing two consecutive norms of a function.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (3.2.5)

Subject to the Dirichlet boundary conditions:

u(O):O and u(l):l. (3.2.6)

Whose general solution for the problem given by, equation (1.2.7).

Using equation (3.2.5) and (3.3), we can create NLSAEs for Troesch’s problem
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Flu,)=fn*+u,_ —2u,+u,,, for j=12,.,N (3.2.7)

Where f = Asinh(Au(j))

To solve equation (3.2.7) by using Safeguarded Newton’s method and takes similar inputs

of Newton method for Troesch’s problem gives the following results

Solution OF SNewton Method For Troesch Problem
T T T T

09 - -

04 - -

= Numerical Solution —&— Exact Solution

Figure 3.11 Comparison between the approximated solution and exact solution of
SNewton method for Troesch’s problem.

Table 3.5: Safeguarded Newton method Euclidian norm of error, number of iteration and
CPU time for each value parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
20 0.5 9.41e-9 7.4558e-9 0.03125
14 1 1.011e-8 7.478e-9 1.109375
14 1.5 1,209¢e-8 7.547¢-9 1.84375

35




Norm of stepsize (s) and F Vs. k(Troesch Prob)

100 T
—#— normdu)
_ ¥ nom(F) |
102 % ]
= S s
=< S *o
. . - .
~— 10 S iy
— RN >
& e
— 10 -6 @.@ * 7
= S e ﬁ{.__&:ﬁ
= S e, k.
10°8 © ¥ ]
1010 '
o 5 10 15 20 25 ac

Figure 3.12 Safeguarded Newton Method Euclidian Norm of Errors versus number
of iterations for Troesch’s problem.

As shown in Figure 3.11 a comparison between the approximate solution obtained by
Safeguarded Newton method and exact solution for Troesch’s problem. From this
comparison, we can see a good agreement between the exact solution and the Safeguarded
Newton method (approximate) solution for Troesch’s problem for three different values of
parameter.

As shown in Table 3.5 Safeguarded Newton method converges for Troesch problem and
terminate within 20, 14, and 14 iterations for three different values of parameters
(lambda). The CPU-time taken for each parameter also indicates Safeguarded Newton
method takes more time for computation; however, its errors of Newton’s steps are less
than pure Newton method. Moreover as shown in Figure 3.12 for Troesch problem the
error getting smaller in between successive iterates implies that getting closer to the
answers. Euclidian norm of error of both Newton step (du) and function are continuously
decreasing by back stepping that is used to reduce a large step (du) in the wrong direction

by comparing two consecutive norms of a function.

3.3. Damped Newton’s Method for BVPs
Locally convergent algorithms like Newton Raphson require initial iterate “sufficiently”
close to “unknown” zero of the function under consideration. When this requirement is not
meet, the algorithm can fail to converge to a “zero” (solution).
Damped Newton Method enables pure (not damped) Newton Method Globally
convergent by algorithms that allow arbitrary starting point. We embark in a study of such

methods even for non-differentiable equations but whose Jacobi is estimated numerically.
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An improvement of local convergence of Newton Method, following iteration can be used

m+1

X" =x"+ A" (3.3.0)

Here, damping factoris 0< A <1 and z solves the linear system

J(x"z=—f(x") (3.3.1)

The computation of jacobian matrix J numerically by using Armijo step size rule as

Jmy=L (xmﬂ)h_ S (3.3.2)

Where, J is an n x n matrix and equations (3.3.1) and (3.3.2) can be written as

z2==(J(M) " 16"

Or Zz_[ﬂx'"“ )h— AEH)

] £ (3.3.3)

The values of A changes at each iteration. In order to find its value, the following

condition checked:

max|z| <max|iz| and A< A(min) (3.3.49)

Initially, a test value of A is accepted if max|zi| >max|/12 , wherei=0,1,... Then A is

i+l

accepted, otherwise 4, =4 /2 is taken and check the second condition:

/. < A(min) (3.3.5)

Where A(min) , minimum value of A which is given, if (3.3.5) satisfied, we are using too
many damping then stop, otherwise we are computing the new iterate using equation

(3.3.0) and compute 4., :

Ay =min(1.,21) (3.3.6)

iteration are repeated until A is accepted or no convergence is detected. Using Stopping

criteriais ||F|, > folerance satisfied or until iteration limit is reached.
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3.3.1. Application of the Damped Newton’s Method

General Algorithm of Damped Newton method, to approximate the solution of our

mechanics problems defined in section (1.2).

» Algorithm (3.3): Solves nonlinear BVPs by using DNewton’s Method.

INPUT: - L - length of problem domain (b-a)
u - Initial guess of problem solution
A - Parameter values of lambda

n,Maxlt,a - Number of spaces,MaxIt, relaxation factor

STEP- 1. Compute F, for (u).
F=FC(u,h,n ),

STEP-2. Compute numerical Jacobi step,’hh’ and solution u for
iteration 1 up to N.

hh=\leps *u, ,u=u+hh
Compute F and Numerical Jacobi J

F=FC(u,h,n,lam), J=(F, —F,)/ hh

STEP-3. Compute Newton step size s, S
Sy =—J\F

Update solution(u) & compute error

u=u+as, error =|F|,
STEP-4 . When error > Convcrit & K < maxiter

k=k+1 & do STEP-3
Compute s, by
S, =—J\F

temp

STEP-5. If max <max |s| satisfied compute a=a/2

Stemp

Compute and update Newton step by

unew = uo/d + astemp

increase relaxation factor o =min(l.,a*2)

OUTPUT: display Numerical and Graphical Output
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» Numerical and Graphical output of problems using Damped Newton method
The numerical method, Newton Damp is applied and tested on the following nonlinear

BVPs that are define in section (1.2) and the numerical result and norm error are displayed
by using MATLAB program.

Problem-1- Consider Bratu 1-D nonlinear problem defined in section (1.2.)

u"(x)+ 2" =0 (3.3.1.0)

Subject to the Dirichlet boundary conditions:

u(0)=u(1)=0 (3.3.1.1)

The analytic solution for this problem given by, equation (1.2.3).

Using equations (3.3.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u,)=fh*+u,_ —2u,+u,,, for j=1,2,.,N (3.3.1.2)

Where f =-Ae"
Equation (3.3.1.2) is solving by using Damped Newton method and using similar inputs

of previous Newton’s method for the same problem provides the following outputs:

Soluton Of DNewton Method For Bratu Problem
T T

0.35 T

=g N umerical Solution —— Exact Solution

Figure 3.13 Comparison between the approximated solution and exact solution of
Bratu problem.
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Table 3. 6: Damped Newton method Euclidian norm of error, number of iteration and

CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU
iteration(k) A Newton step (du) of fuction (F) time
3 1 3.119¢ -3 3.955e¢-9 0.53125
4 1.5 5.5877e -5 1.3897¢e -9 1.890625
4 2 8.465e- 5 1.9914e -9 2.59375
102 . .
Norm of stepsize (s) and F Vs. k(DBratu Prob)
100*7_7__7_7_‘_*—*————*\__\ |
T \\'“""\.
1072 - - \-\. -

— ’ \.\

E: 104 \ \._\w
108 \@_\H\”\ .
10'8 — #*—norm(du) .\."\--.\-..\___\ _

—=norm(F) T
101° L .
1 15 2 25 3 35 4
k

Figure 3.14 Damped Newton Method Euclidian Norm of Errors versus number of
iterations for Bratu problem.

Figure 3.13 cites a comparison between the approximate solutions obtained by Damped
Newton method and exact solution. From this comparison, one can see a good agreement

between the exact solution and the Damped Newton method (approximate) solution.

As shown in Table 3.6, Damped Newton method converges for Bratu problem and
terminates within 3, 4, and 4 iterations for three different values of parameters (lambda).
The CPU-time taken for each parameter also indicates Damped Newton method takes
almost nearest computation time with pure Newton except the first parameter result and
the number of iteration takes for each parameter is almost the same as Newton method.
Moreover as shown in Figure 3.14, for Bratu problem the error getting smaller in between
successive iterates implies that getting closer to the answers. We observe norm error of

Step(du) are more than both Newton and SNewton methods because it decreases
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relaxation factor only, however, it converges for big initial guess solution and it takes a

maximum of 4 iteration to converge .

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (1y) (3.3.1.3)

Subject to the Dirichlet boundary conditions:

u(O):O and u(l):l. (3.3.1.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (3.3.1.3) and (3.3), we can create NLSAEs for Troesch’s problem

F(uj)zﬂz2+uj_1—2uj+uj+l,for j=12,..,N (3.3.1.5)

Where f = Asinh(Au(j))
Equation (3.3.1.5) is solve by using Damped Newton method and by taking Newton
method inputs of similar problem gives the following results:

1 Soluton Of DNewton Method For Troesch
T T T

0.9 - n

0.8 - n

0.7 - b

0.6 - b

Hos- A=1 .

0.4 - n

0.3 -

= Numerical Solution —&— Exact Solution

Figure 3.15 Comparison between the approximated solution and exact solution of
Troesch problem.
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Table 3. 7: Damped Newton method Euclidian norm of error, number of iteration and
CPU time for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of fuction (F)
32 0.5 4.388¢ -5 3.1534e -8 0. 140625
2 1 1.302¢ -3 3.11895¢ -9 1.59375
3 1.5 2.121e -6 3.0624e -8 2.250
108 Norm of stepsize (s) and F Vs_ k(DNewton for Troesch)
T& I [ ] !
| =
P"*o —#*—norm(du)
| T
ll*_,()-é e e K _ h"":;'ght:*w_‘”#\
a2 0% - . [ T — \ |
= \ [f
= \
2 10?  ) | ¥ \ 1
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10t h' \ / . \( .
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Figure 3. 16 Damped Newton Method Euclidian Norm of Errors versus number of

iterations for Troesch’s problem.

As shown in Fig. 3.15 a comparison between the approximate solution obtained by
DNewthon method and exact solution. From this comparison, one can see a good
agreement between the exact solution and the DNewton method (approximate) solution.
As shown in Table 3.7 Damped Newton method converges for Troesch’s problem and
terminate within 32, 2, and 3 iterations for 3 values of parameters 0.5,1 and 1.5
respectively. From this, we can see that the first parameter needs 32 iterations, which is
big as compared to other parameter values due to numerical approximation of Jacobean
matrix that leads solution to wrong direction, in order to correct the solution path it takes
more iterations. Moreover, as shown in Figure 3.16 the error is not stable, around fifth
iteration Euclidian norm of errors increase rather decrease.

However, the method converges even the initial guess solution, is far from true solution.

That is a better advantage as compared to local pure Newton method.
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CHAPTER FOUR

Methods for
solving NJBVP

Broydens
Metho
~
Safegurded Broydenr's—| Damped Broyden's Method
Method
SN~—

e —

BC1, BC2 Methods

—_—

—

MBC1, MBC2 Methods

—_—

I
TSMM

~———

Figure 17 : A Schematic Diagram Broydens and its modifications Methods

4. Broyden's Methods

In the previous section (3.1), we examined the numerical method known as Newton's
method. We established that one of the major disadvantages of this method was that

Jacobian matrix, J(x) and its inverse must be compute at each iteration. We therefore

want to avoid this problem by the methods known as Quasi-Newton methods that use an
approximation matrix that is updating at each iteration in place of the Jacobian matrix.
This implies that the form of the iterative procedure for Broyden's method is almost

identical to that used in Newton's method. The only exception being that an approximation
matrix 4; is implementing instead of J (x)

The Secant Method

When finding the derivative f '(x) in Newton’s method is problematic, or when function
evaluations take too long; we may adjust the method slightly. Instead of using tangent
lines to the graph, we may use secants .The approach be referred as the secant method.
The idea of the secant method is to think as in Newton’s method, but instead of using

f ’(x) , we approximate this derivative by a finite difference or the secant, i.e., the slope

43



of the straight line that goes through the points (x”, f (x” )) and (ann f (xH))on the

graph, given by the two most recent approximations X, and X,_, . This slope reads

n—-1-

.f(xk)_if(XWJ)

X —X

n n—1

(4.0)

Inserting equation (4.0), in place of expression f '(xn)in Newton’s method equation

(3.11) simply gives us the secant method:

(4.1)

X —Xx
xn+1 = x}’l _f(xn) X < i

f(n)_f(%4)

From (4.1), we see how two chose starting points (X,, X, ,, and corresponding function

values) are used to compute X,,,. Once we have X,,,, we similarly usex,and X, to

n+l n+l1

1s below

compute X, ,,. As with Newton’s method, the procedure is repeated until || f(x)

n+2*
some chosen limit value or some limit on the number of iterations has been reached. We
use an iteration counter here too, based on the same thinking as in the implementation of

Newton’s method.

The Secant Method used, when the derivative is not available or is too expensive to

evaluate.

Now, that we have a version of Newton’s Method, for systems of nonlinear equations.
Although there is no simple extension of Newton’s Method to a Secant Method for

systems, [62]suggested a method that is generally considered the next best thing.

Suppose 4. is the best approximation available at step i to the Jacobian matrix, and that

it has been used to create

F(x)=0, X =x,—A7F(x,). (4.2)

To update 4, to A, for the next step, we would like to show the derivative aspect of the

Jacobian F'', and satisfy

AA S :yi-H’ (43)

i+ Zi+l
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Where s, =x.,,—Xandy,, =F (xM)—F (xi) .On the other hand, for the orthogonal

complement of s,,,, we have no new information. Therefore, we ask that

4, w=A4w (4.4)

for every w satisfying s’ ,w=0, a matrix that satisfies both (4.3) and (4.4) is

Yix _Aisi SiT+
Ai+1=Ai+( . - ) L. 4.5)

Si+1 Si+1

Moreover, the relation between the inverses of 4, and 4,,, is, in this case,

A =4"+

i+1 i

(4.6)

This formula shows that iteration (4.3) can be compute without solving a linear system at

each iteration.

Broyden’s Method uses the Newton’s Method step (3.11) to advance the current guess,

while updating the approximate Jacobian by (4.6). Summarizing, the algorithm starts with
an initial guess X, and an initial approximate Jacobian 4,, which can be choose to be the

identity matrix if there is no better choice.

4.1. Broyden’s Method I

X, =initial vector

A, =initial approximate Jacobian matrix ( 4, = B,))

For i =0,L2,...
Xipg =X — Ai_lF (Xi)
Sy _B._lyH Sii B_l
(*)B—l — B—l +( 1 Tt 11) 7
" 1 Si1 B Vi
end

where Si+l :'XH-I _-x,' and yi+1 =F(xi+1)_F(xi) :




Note that the Newton-type step is carried out by solving4,s,,, =F (xi)‘ Also like

Newton’s Method, Broyden’s Method is not guarantee to converge.

4.1.1. Application of the Broyden’s method I
To approximate the solution of mechanics problems define in section (1.2), we wrote a

general algorithm (4.1) for Broyden method I.
» Algorithm(4.1): Solves nonlinear BVPs by using Broyden I method

INPUT: L — length of problem domain (b-a)
ul,uFF - initial & final boundary value
u - Initial guess of problem solution
A - Parameter values of lambda
n - Number of spaces
maxiter - Maximum number of iterations
B - Initial approximation of Jacobian matrix (B =

STEP 1: Do steps-2 up to 6 until iteration(k) <maxiter and err < tolerance

STEP 2: call function F for .
F = FC(u,,h,n, L),

Compute du(Newton step) and update u
du=B*F, u,, =u,, —du

STEP 3: call function F for u

F=FCu, hn A,

new?

Compute dL and DL.

dL = unew _uold b DL = F _E)Id

STEP 4: Update Jacobian matrix B by (*)
STEP 5: Compute norm error of du and F
STEP 6: Display Numerical and graphical output

» Numerical and Graphical output of problems using Broyden method I

The numerical method, Broyden method I applying and testing on the following nonlinear
BVPs that are define in section (1.2) and the numerical result and norm error are display

by using MATLAB program.
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Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.1.1.0)

Subject to the Dirichlet boundary conditions:

u(0)=u(1)=0 (4.1.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equations (4.1.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u‘/):fh2+uj71—2uj+uj+l,for j=L2,..,.N (4.1.1.2)

Where f =-Ae"

Equation (4.1.1.2) is solved by using Broyden method I and inputs: initial guess solution
(u=ones(n,1)), error tolerance for function(tol= 10~ ), number of iterations=50 and value
of parameter \ = . using a MATLAB Program for Bratu problem gives the

following results:

035 Numerical/Exact Solution For Bratu Problem
- T T T T T T T T T

03

== Numerical Solution —*—Exact Solution

0.25

01

0.05

0 01 02 03 0.4 05 06 07 08 09 1
x

Figure 4.18 Comparison between the approximated solution and exact solution of
Bratu problem using Broyden method I for 3 different parameters (lambda).
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Table 4. 8: Broyden method I Euclidian norm of error, number of iteration and CPU time
for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
22 1 2.9726¢ -5 4.7964¢ -8 0.265
14 1.5 3.6774e -7 1.5788e -7 2.1875
12 2 3.7764e -6 9.3153e -7 2.34375
5 Norm of stepsize (s) and F Vs. k for Bratu
10 ﬁll% norm(du)
—&— norm(F)
100 & ¥

0

NENEEN
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\/ \
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k

Figure 4.19 Broyden Method I Euclidian Norm of Errors versus number of iteration
for Bratu problem.

Analysis

Figure 4.18 cites a comparison between the Broyden Method I solution obtained by and its
analytic solution. From this comparison, one can see a good agreement between the
analytic solution and the Broyden method I (approximate) solution.

As shown in Table 4.8, Broyden Method I converges for Bratu problem and terminates at
the 22, 14 and 12 iterations for 3 different values of parameters 1, 1.5 and 2 respectively.
The CPU-time taken for each parameter also indicates Broyden method I takes more time
and iteration for computation than Newton Method. Moreover as shown in Figure 4.19,
which proves the convergence of Broyden method I for Bratu problem but the norm errors
are not continuously decreasing, it is not stable. This is because of Numerical
approximation of Jacobian matrix, which also increases the number of iteration and CPU

time needed for computation of solution than pure Newton method.
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Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Jy) (4.1.1.3)

Subject to the dirichlet boundary conditions:

u(0)=0 and u(1)=1. (4.1.1.4)

The analytical solution for this problem given by, equation (1.2.7).

Using equation (4.1.1.3) and (3.3), we can create NLSAEs for Troesch’s problem

F(uj):fh2+uj71—2uj+uj+l,for j=L2,..,N (4.1.1.5)

Where f = Asinh(Au(j))

To solve eq. (4.1.1.5) by using Broyden method I and inputs of Newton method for the

same problem gives the following results:

Solution OF Broyden | Method For Troesch Problem
T T T T

09 - -

0.8 -

B ost+ : -
=2
04t -

03

= Numerical Solution —P Exact Solution

Figure 4.20 Comparison between the approximated solution and exact solution of
Troesch problem using Broyden method I for 3 different parameters (lambda).
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Table 4.9: Broyden method I Euclidian norm of error, number of iteration and CPU time
for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
33 0.5 3.10367¢ -6 1.7527e -7 0.203125
15 1 1.01149¢ -3 4.4439¢ -7 2.390625
15 1.5 9.2402¢ -4 5.304¢ -7 2.65625
5 Norm of stepsize (s) and F Vs. k(Troesch Prob)
10 —¥— ]norm(du)
—S— norm(F)
10° i
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Figure 4.21 Broyden Method I Euclidian Norm of Errors versus number of
iteration for Troesch’s problem.

Figure 4.20 shows, a comparison between the approximate solution obtained by Broyden
method I and its exact solution. From this comparison, one can see a good agreement

between the exact solution and the Broyden method I (approximate) solution.

As shown in Table 4.9 Broyden method I converge for Troesch problem and terminate
within 33, 15, and 15 iterations. The CPU-time taken for each parameter also indicates
Broyden method I takes more time and iteration for computation than Newton Method for
Troesch’s problem. Moreover as shown in Figure 4.21, which proves the convergence of
Broyden method I for Troesch problem and like previous problem, error is not stable. This
is because of approximation of Jacobian matrix, which also increases both the number of

iteration and CPU time needed for computation of solution than Newton method.
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4.2. Broyden’s Method II
A second approach to Broyden’s Method avoids the relatively expensive matrix solver

step 4,5, = F(x, ) Since we are at best only approximating the derivative F'' during the

Broyden I, we may as well be approximating the inverse of F'' instead, which is what is

needed in the Newton step.

The derivation of Broyden from the point of view of B, = 4"'. We would like to have

Sit = BV (4.2.0)

Where s, =X, —x, and y,,, = F (x,.,,) - F (x,), still satisfy

A w=Aw, 4.2.1)

A matrix that satisfies both (4.2.0) and (4.2.1) is

(K)_g, 15k
w(y(k)ﬁ ) (4.2.2)

B =Bra™ ( k)Hz

ly

The new version of the iteration, which needs no matrix solve, is

X, =x,—BF(x,). (4.2.3)

The resulting algorithm is called Broyden’s Method II.

X, =initial vector
A, =initial Jacobian matrix ( B, = Ai_l- )
Fori=0,1,2,...

Xipt =% _Bz‘F(xi)

(€9-840) s

B. =B.
ST her

where s, =X, —x,_;and Y, =F(xl.)—F(xl. 1).

To begin, an initial vector X, and an initial guess for B are needed. If it is impossible to

compute derivatives, the choice B, =1 can be used.

A perceived disadvantage of Broyden II [62] is that estimates for the Jacobian, needed for
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some applications, are not easily available. The matrix B, is an estimate for the matrix

inverse of the Jacobian. Broyden I, on the other hand, keeps track of 4,, which estimates

the Jacobian. For this reason, in some circles Broyden I and II are referred to as “Good
Broyden’’ and “Bad Broyden,’’ respectively.
Both versions of Broyden’s Method converge superlinearly , slightly slower than the

quadratic convergence of Newton’s Method. If a formula for the Jacobian is available, it

usually speeds convergence to use the inverse of F’ (xo ) for the initial matrix B, .

4.2.1. Application of the Broyden’s method II
» Algorithm(4.2): Solves nonlinear BVPs by using Broyden Method 11

INPUT: - L - length of problem domain (b-a)
U - Initial guess of problem solution
A - parameter values of lambda
n - number of spaces
maxiter - maximum number of iterations
B - Initial approximation of Jacobian matrix

STEP 1: Do steps-2 up to 6 until iteration(k) <maxiter and err < tolerance

STEP 2: call function F for #, .
F, = FC(u,,h,n,A);
Update solution (u) & compute ﬂ "
u, =u,—B\F, and F_, = FC(u,,h,n,A);
STEP 3: compute change in u(s) & change in F(y)
S=Upy —ty  y=E,—F
STEP 4: Update Jacobian matrix B by equation (4.2.2)

STEP 5: Compute norm error of du = BF and F

STEP 6: Display Numerical and graphical output

Based on Algorithm (4.2), we wrote a MATLAB program for solving problems 1 and 4.
> Numerical and Graphical output of problems using Broyden method II

Broyden method II applied and tested on the following nonlinear BVPs that are define in
section (1.2).

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)
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u"(x)+ 2 =0 (4.2.1.0)

Subject to the dirichlet boundary conditions:

u(0)=u(1)=0 (42.1.1)

The Analytic solution for this problem given by, equation (1.2.3)
Using equations (4.2.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u].)th2 tu, =2u;+u,,, for j=12,..,N (4.2.1.2)

Where f=-1e"

Equation (4.2.1.2) solved by using Broyden method II and similar inputs to Broyden I
method for the same problem using a MATLAB Program gives the following results:

035 Solution OF Broyden Methodll For Bratu Problem
- T T T T

03| A=2 .

= Numerical Solution —#*—Exact Solution

0.25

0.1 .

0.05

0 0.1 0.2 03 04 05 0.6 0.7 0.8 08 1
x

Figure 4.22 Comparison between the approximated solution and exact solution of
Bratu problem using Broyden method II for 3 different parameters.

Table 4.10 : Broyden method II Euclidian norm of error, number of iteration and CPU
time for each value of parameter of Bratu problem.

Number of Parameters Euclidian norm of Euclidian norm CPU
iteration(k) A Newton step (du) of fuction (F) time
24 1 6.551e -9 1.662¢ -9 0.421875
17 1.5 2.3258e -7 1.3832¢ -7 1.703125
16 2 2.95515¢e -7 1.6689¢ -7 2.421875

53




Norm of stepsize (s) and F Vs. k(Bratu Prob)
T

102

N @T;”QE .
*focx
o N N

107® *_|
N%&;Jf\lr

10710

—¥— norm(s)
—&— norm(F)

ns(k),nf(k)

k

Figure 4.23 Broyden method II Euclidian Norm of Errors versus number of
iterations for Bratu problem.

Fig.4.22 cites a comparison between the Broyden method II and analytic solution for three
different parameters 1, 1.5 and 2 for Bratu problem. It shows good agreement between the
analytic solution and the Broyden method II solution for all three different cases. We can

also see the influence of parameters lambda on the solution u(x).

As shown in Table 4.10 Broyden method II converges for Bratu problem and terminate
within 24, 17, and 16 iterations for three different values of parameters (A ). The CPU-
time taken for each parameters also indicates Broyden method II takes more time and
iteration than Newton Method but less computation time and iteration than Broyden
method I for Bratu problem. Moreover, as shown in Figure 4.23, that proves the
convergence of Broyden method II for Bratu problem and as if previous problems solved

by Broyden’s, method I, Euclidean norm error is not continuously decreasing.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+le" =0, xe(0,1), (4.2.1.3)

With the associated Neumann boundary conditions

u'(0)=0,u(1)=0.

The Analytic solution for this problem by, equation (1.2.12)
Using equations (4.2.1.3) and (3.3), we can create NLSAEs for Thermal Explosion

problem
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F(uj)zﬂzz+uj_1—2uj+uj+1,for j=12,..,N

Where f=-le"

The above NLSAEs can be solve by using Broyden method II and take similar inputs of
Broyden I method of similar problem using a MATLAB program gives the following
result:

Table 4.11 : Broyden method II Euclidian norm of error, number of iteration and CPU
time for each value of parameter for Thermal Explosion problem.

Number of Parameter Euclidian norm Euclidian norm CPU time
iteration(k) Lambda of Newton step of function (F)
(dw)
48 0.1 4.8495 X 10"-7 7.598 X 107-9 0.078125
22 0.2 4.667 X 10"-7 5.301X 10710 0.640625

Norm of stepsize (s) and F Vs. k(Bro 1l for TherExp)
T

102

—¥— norm(s)
—©— norm(F)

10°

" o] @i%x&
L AL
% \

10—10

ns(k), nf (k)

1 0—12
10 20 30 40 50 60

k

Figure 4.24 Broyden’s method II Euclidian Norm of Errors versus number of
iteration for Thermal Explosion problem.

As shown in Table 4.11 Broyden’s method II converges for Thermal Explosion problem
and terminate within 48, and 22 iterations for 4 =0.1 and 4 =0.2 respectively. The CPU-
time also shows Broyden method II takes more time and iteration for computation than
Newton’s method. Moreover as shown in Figure 4.24 which proves the convergence of
Broyden method II for Thermal Explosion problem but the Norm error is not continuously

decrease, like Broden I, it is not stable.
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4.3. Safeguarded Broyden Method for BVP
Broyden's method is the most popular multivariate generalization of the univariate secant

method. Broyden's method generates sequence of vectors x"“’and matrices A* that
approximate the root of f and the Jacobian f” at the root, respectively. Broyden's method
begins with the analyst supplying a guess x' for the root of the function and a guess
A for the Jacobian of the function at the root. Often, 4” can be approximate by the
numerical Jacobian of f at x'"

The Newton’s method reads by (3.1.1.1) replace by :

X ® X, — B,(F(xk), (4.3.0)

-1

Where B, is an approximation of [J (xk )}

Like Newton method, the same problem also occurs in Broyden’s, here we are also
concentrated on the problem, a poor starting value.

If taking Broyden iteration as,

X, = x, — d*step, where d= BkF(xk), 4.3.1)

step of (x — d *step) does not offer an improvement over the current iterate x, then one
back-steps  toward the current iteratex by repeatedly cutting step in half until
x — d*step does offer an improvement like Newton Safeguarded method an

improvement is measured by the Euclidean norm.

If @), = %f(x)Tf(x) (432)

|/(x)], is zero at a root and positive elsewhere an improvement over the previous iterate,
if it reduces the function norm. Back stepping also prevents quasi-Newton methods from

taking a large step in the wrong direction, substantially improving their robustness.

Like safeguarded Newton’s method, we use a very simple condition in which the back

steps continue until conditions (4.3.3) are satisfied

Hf X ” < Hf X+ ” and step > Threshold (4.3.3)
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Here Threshold are approximated by user, in our case we use 2™ and step initially start

with 1 and improve in each iteration ( step /2 ) until the condition in (4.3.3) satisfied.

4.3.1. Application of the Safeguarded Broyden’s Method
To approximate the solution of mechanics problems defined in section (1.2), we wrote an

algorithm (4.3) for Safeguarded Broyden method.

» Algorithm (4.3): Solves nonlinear BVPs by using SBroyden Method

INPUT: L — length of problem domain (b-a)
u, A, - initial guess and parameter values of lambda,
n,h -- number of spaces and space between nodes

Maxiter, fol,a — max iteration, error tolerance and Relax factor
STEP-1 Compute F for initial guess solution (u)
F=FC(u,h,n,lam)
STEP-2 DO STEP- 3 until iter(k) < maxiter else go to STEP- 8
STEP-3 Compute numerical Jacobi step, hh and solution u .
hh = \/eps *u, ,u =u+hh
Compute F and Numerical Jacobi J

F=FC(u,h,n,lam), J=(F,

new

—F,,)/ hh
STEP-4 Compute Newton step size S,
Sy =—J\F

Update solution(u) & compute error

u=u+as, error =|F|,
STEP-5 When error > Convcrit & K < maxiter

k=k+1& do STEP-3
Compute s,,,, by $,,,=—J\F

temp

STEP-6 If max

Stemp‘<maxls| satisfied compute & =al/2

Compute and update Newton step by

unew = uold + astemp

STEP-7 update Jacobi by equation (4.2.2) and &

a =min(l.,a*2)

57



STEP-8 display Numerical and Graphical Output

» Numerical and Graphical output of problems by using SBroyden method

The numerical method, Safeguarded Broyden is applied and tested on the following
nonlinear BVPs that are define in section (1.2) and the numerical result and norm error are
displayed by using MATLAB program.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (4y) (4.3.1.0)

Subject to the dirichlet boundary conditions:

u(0)=0 and u(1)=1. (4.3.1.1)

Whose general solution given by, equation (1.2.7),

Using equations (4.3.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj):fh2+uj71—2uj+uj+l, for j=1,2,...N (43.1.2)

Where f =-Ae"

To solve eq. (4.3.1.2), by using Safeguarded Broyden method and inputs (Broyden II
method inputs for the same problem) using a MATLAB Program gives the following

results:

Solution OF SBroyden Method For Troesch Problem
T T T T T T T

= Numerical Solution —&— Exact Solution

02 A=1.5
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Figure 4.25 Comparison between the approximated solution and exact solution of
Troesch problem.

Table 4.12: Safeguarded Broyden method Euclidian norm of error, number of iteration
and CPU time for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) fuction (F) time
4 0.5 4.008¢ -6 4.198e -11 0.109375
3 1 1.3202¢ -6 1.11861e-13 2.578125
4 1.5 3.91387¢ -10 1.80122e-11 2.734375
o Norm of stepsize (s) and F Vs. k(Troesch Prob)
10 F - —9k-l— norm(du)
~ - —&— norm(F)
1072 =
- . -
— 10_4( —= ~
\v&_&/ ;\ ~ N -
L‘E 10_6 \E ~
~2 1078 \ — ~ -
(Va) ~
= -10 *
10 EA\
10712
\o
10714
1.5 2 2.5 3 3.5 4
k

Figure 4.26 Safeguarded Broyden Method Euclidian Norm of Errors versus number
of iterations for Troesch problem

As shown in Figure 4.25 a comparison between the approximate solution obtained by
SBroyden method and exact solution. From this comparison, one can see a good
agreement between them.

As shown in Table 4.12 Safeguarded Broyden method converges for Troesch’s problem
and terminate within 4, 3, and 4 iterations for three different values of parameter’s
(lambda). Safeguarded Broyden method takes less iteration for computation than Broyden
method II. Moreover as shown in Figure 4.26 for Troesch’s problem the error getting
smaller in between successive iterates implies that getting closer to the answers. We
observe that Safeguarded Broyden method error is stable as compared to Broyden method

IT for Troesch problem and Euclidian norm of error of both Newton step (du) and function
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are continuously decreasing by back stepping that is used to reduce a large step (du) in the

wrong direction by comparing two consecutive norms of a function.

Problem-3- consider Heat Transfer nonlinear BVPs defined in section (1.2)

2
erxb; =c(ut, —u*), (4.3.1.3)

Subject to the boundary conditions:

u(O):9OO and u(l):900. (4.3.1.4)

Using equation (4.3.1.3) and (3.3), we can create NLSAEs for Heat transfer problem

F(uj):fh2+uj71—2uj+uj+l,for j=L2,.,N (4.3.1.5)

Where f=c(u4 —uj)

sur

To solve eq.(4.3.1.3), by using Safeguarded Broyden method and inputs: initial guess
solution (u=ones(n,1)*900), error tolerance for function(tol= 10~ ), number of
iteration=50 and value of parameter ¢ = {10’10, 107°. 10’8} using a MATLAB Program for
Heat Transfer problem gives the following results:

200 Soluton of Safegurded Broyden Method for Heat Transfer
I T T I

c=1e-10

850 - —

c=1e-9

—— Numerical Solution
800 -

£ rs0 —

700 - -

600 1 1 1 1

Figure 4.27 Safeguarded Broyden method approximated solution of HT problem.
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Table 4.13: Safeguarded Broyden method Euclidian norm of error, number of iteration
and CPU time of HT problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) C Newton step (du) function (F) time
4 le-10 494139 X 10" -12 1.60778 X 10"-13 0.140625
5 1le-9 1.9765 X10"-8 8.197 X10"-12 1.703125
9 le-8 1.32064 X10" -9 1.08611 X 10" -11 2.484375

Norm of stepsize (s) and F Vs. k(SBroyden for HT)
I

—¥— norm(du)

%\q —6— norm(F)
\ \
\f ’\’*&

Ny

10710 P~

ns(k),nf (k)

1 0—1 5

1 5
k
Figure 4.28 Safeguarded Broyden Method Euclidian Norm of Errors versus number
of iterations for HT problem

As shown in Figure 4.27, the approximate solution obtained by Safeguarded Broyden

method for Heat transfer problem, result agree with the result on book [20]..

As shown in Table 4.13 Safeguarded Broyden method converges for HT problem and
terminate within 4, 5, and 9 iterations for three different values of parameter’s (c).
Moreover as shown in Figure 4.28 for HT problem the error getting smaller in between
successive iterates implies that getting closer to the answers. The main reason is that
Euclidian norm of error of both Newton step (du) and function are continuously

decreasing by back stepping.
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4.4. Damped (Softening) Broyden Method for BVP
One main problem of Broyden Method is when its increment is too large, which is also a

problem of Newton Method. One way to diminish this problem is to “soften” or “dampen”

the iterate by putting a fractional factor on the iterate. First let us start with Newton iterate:

- _ 7w (4.4.0)

Where « is a number smaller than one. It should be clear that convergence for Newton’s
method that introducing the softening factor « destroys the quadratic convergence of the
method. This case also affects the superlinear convergence of Broyden Method. This
raises the question of stopping. In our case, we stop iteration when Euclidian norm of F
gets less than the desired criteria and the number of iteration is up to a certain limit , but if
increment has been multiplied by alpha o , then convergence could happen immediately

)

if alpha is very small. It is important to make sure J u®  f(u®) (or increment) is not

multiplied by alpha before the test is done.

In this section, we present, the Broyden softening by considering Newton Damping as a
base because both of them use increment factor, we present our examined method as
follows:

Compute the first step by Armijo rule:

h= (eps) *u(i) (4.4.1)

Where ‘eps’ is small constant number and u (i) is the initial guess value of the nonlinear

system of equations F'(#) =0.

Then update the solution by using (4.4.0) we get

C— (4.4.2)

Compute Numerical Jacobian of f by using (4.4.0) and (4.4.1):

FEACRRNAC)

4.4.3
P (4.4.3)
Compute Newton step size, and then update solution by newton step
s==J\f(u) (4.4.4)
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u=u+As (4.4.5)

Where A is softening factor whose value starts from 1 up to a certain minimum limit.

Iteratively softening or damping of the step (s) until the norm of the function F' satisfies

IF]l, < (4.4.6)

In addition to that; if equation (4.4.6) is not satisfied the following condition is checked

and makes the following actions.

max ”S” < max ||/1step|| 4.4.7)

If condition (4.4.7) is satisfied damping Lambda (step size) is needed then we decrease it
by A/2 else the value of softening factor (Lambda) is suitable for our system. In this

way, we can decrease the step size by multiplying it by optimal softening factor.

4.4.1. Application of the Damped Broyden Method
To approximate the solution of mechanics problems define in section (1.2), we wrote an

algorithm (4.4) for Damped Broyden method.
Algorithm (4.4): Solves nonlinear BVPs by using DBroyden Method.

INPUT: L — length of problem domain (b-a)
u,ul,uf - guess solution ,initial & final boundary value
A,n,h - parameter, number of spaces and space between nodes
Maxiter,tol-  maximum number of iteration, tolerance
a --- Relaxation factor

STEP-1 Compute F' for initial guess solution (u)
F=FC(u,h,n,lam)
STEP-2 DO STEP-3 until iter(k) < maxiter else go to step 8
STEP-3 Compute numerical Jacobi step,hh and update solution u .
hh=\leps *u, ,u=u+hh
Compute F and Numerical Jacobi J
F=FC(u,h,n,lam), J=(F,  —F,,)/ hh

new

STEP-4 Compute Newton step size s ,, s
Sy =—J\F
Update solution(u) & compute error
u=u+as, error =||Fl,
STEP-5 When error > Convcrit & K < maxiter
k=k+1 & do STEP-3
Compute s by

temp

s ==J\F

temp

STEP-6 If max

a=al?2
Compute and update Newton step by

<max |s| satisfied compute ¢

Slemp
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unew = uold + astemp

STEP-7 update Jacobi by equation (4.2.1) and &
a =min(l.,a *2)
STEP-8 display Numerical and Graphical Output

Based on Algorithm (4.4), we wrote a MATLAB program that solves problems 1 and 2.
Numerical and Graphical output of problems using Damped Broyden method

The numerical method, Damped Broyden is applied and tested on the following nonlinear
BVPs that are define in section (1.2) and the numerical result and norm error are displayed

by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.4.1.0)

Subject to the dirichlet boundary conditions:

u(O):u(l):O (44.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equations (4.4.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u].)th2 tu, =2u;+u,,, for j=12,..,N (4.4.1.2)

Where f=-1e"
To solve eq. (4.4.1.2), by using Damped Broyden method using similar inputs of Broyden

II method of similar problem gives the following results:
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0.35 Solution Of DBroyden method For Bratu Problem
- T T T T T T T

= N umerical Solution —#—Exact Solution

025

0.05

Figure 4.29 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 4.14: Damped Broyden method Euclidian norm of error, number of iteration and
CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of function (F)
3 1 3.181e -3 4.055¢ -9 0.70312
4 1.5 5.57e -5 1.3897¢ -9 2.375
4 2 8.466¢ -5 1.991e -9 2.5625
102 . Normn of stel?size and and II= s k(DBroyI:llen for Bratu) .
10° 7_77777_777777_7777""’"*—-n,,,,_%w_r .
102 ,\\\\‘\-\\ T — - |
= 10 |- \ ~
= T
10° .\\\\ N
10% - ——norm(s) \\\\\ B
—
10401 1:5 é 2:5 :‘I! 3j5 4

K
Figure 4.30 Damped Broyden Method Euclidian Norm of Errors versus number of
iterations for Bratu problem.
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Fig.4.29 cites a comparison between Damped Broyden method and exact solution. From
this comparison, one can see a good agreement between the exact solution and the

Damped Broyden method solution, even much better than pure Broyden methods.

As shown in Table 4.14 Damped Broyden method converges for Bratu problem and
terminate within 28, 20, and 20 iterations for three different values of parameters
(lambda). The CPU-time taken for each parameter also indicates Damped Broyden
method takes less time and errors for computation than Broyden method II. Moreover, as
shown in Figure 4.30, that proves the convergence of Damped Broyden method for Bratu
problem and Euclidean norm error for Newton step (du) and function are continuously

decreasing.

However, the method converges even the initial guess solution is far from exact solution.

That is a better advantage as compared to pure Broyden method.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh(1y) (4.4.1.3)

Subject to the dirichlet boundary conditions:

u(O):O and u(l)=1. (44.14)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (4.4.1.3) and (3.3), we can create NLSAEs for Troeschs problem

F(uj) = fh2 +u, —2uj U, for j=1,2,...N (4.4.1.5)

Where f = Asinh(Au(j))

Equation (4.4.1.5) solved by using Damped Broyden method and using inputs of Broyden
method II for the same problem gives the following results:
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Solution of Troesch Problem by Damped Broyden Method
T T T T

0.9 -
08 -
07 N

0.6 - =1 B

0.4 - —

0.3

— Approximate Solution —&— Exact Solution

0.2 - i —

Figure 4.31Comparison between the approximated solution and exact solution of
Troesch problem.

Table 4.15: Damped Broyden method Euclidian norm of error, number of iteration and
CPU time for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) fuction (F) time
32 0.5 438831 X 10~-5 3.11534 X10"-8 0.406250
2 1 1.30169 X 10"-3 3.1189 X107-8 1.37500
3 1.5 2.12052 X10"-6 3.0624 X10 ~-8 1.90625
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Figure 4.32 Damped Broyden Method Euclidian Norm of Errors versus number of
iterations for Troesch problem.
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As shown in Fig. 4.31, a comparison between the approximate solution obtained by
DBroyden method and exact solution. This shows a good agreement between the exact

solution and the DBroyden method solution for Troesch’s problem.

As shown in Table 4.15, Damped Broyden method converges for Troesch problem and
terminates within 32, 2, and 3 iterations for three different values of parameters (lambda).
This shows the first parameter computation takes repeated damping process to correct the
path to solution. Generally, the CPU-time taken for each parameter also indicates Damped
Broyden method takes less time for computation than Broyden method II. Moreover as
shown in Figure 4.32 for Troesch problem the error is not stable, around fifth iteration
Euclidian norm of errors increase rather decrease. This is because of the inverse of the

Numerical approximation of Jacobian matrix.

4.5. Modified Broyden’s Classes of Method for BVPs

Introduction

One of the problems of Broyden’s method is that it is not self-correcting in order to avoid
this we propose two efficient algorithms based on Broyden’s methods by using the central
finite difference and modification of Newton’s method for solving systems of nonlinear

equations by Abu-Hour [63].

68



In this section, we will see how to improve and modify Broyden’s methods to increase the
accuracy and the order of convergence. The algorithms of modified Broyden’s with

central finite difference of types I and II are presented.
Broyden’s classes with central finite difference (BC)

Broyden can use central finite difference to approximate the Jacobian matrix

fj(x([) +eh)—f; (x(i))
h

1k

%(xm) (4.5.0)

ox,

% First type of BC (BC1)

In the first type of Broyden’s we will use central finite difference to approximate Jacobian
matrix (i.e.B, = F), to improve the order of convergence and to avoid computing the

Jacobian matrix.

By using Taylor’s expansion and by similar explanation in [4]

F(x+h)=F(x) +Fv(x)h+2l!F"(;)h2, “.5.1)
Fx—h)=F(x) _F'(x)h+2l!F"(gz)h2. 4.52)

Subtract (4.5.2) from (4.5.1), and by the mean value theorem of vector-valued function,

we get

F(x+h)—F(x—h)=F"(x)2h+ O(|h])". (4.5.3)

Equation (4.5.3) indicates that the secant equation of Broyden’s method replaced by

F(x+h)—F(x—h)=B2h, (4.5.4)

from this, two assumptions Broyden’s set on B, :

. Central secant equation F (x+h)—F(x—h)=B,2h,

II.  No change condition B,q =B, ,q,where h'q=0.

Now we need to determine x, x — & and x + /.
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k _
Let x = x( )and 2h = x® — X% = ¢®then

X+h= E X - l X and x-h= l (x(k) - x(H))
2 2 2

By (I) and (II) we get

© 5 Iy
B =p +O ZBas NS o (4.5.5)

k k-1 2 2 20
k
=]

In (4.5.5) B, and B, are not defined, we can define both as Newton’s method, like
B,=F/and B =F'. We can use Sherman-Morrison formula [64] to make the above

updating depend on the inverse of B, ,

-1 T -l
| (Sk+1 - B, J’k+1)sk+1B,

B =B, a (4.5.6)
‘ ' SkT+1 B, 1yk+1

+1

Second type of BC (BC2)

For this type, we use the central finite difference to approximate Fy (i.e, H, = F.').One
can easily show that the conditions (i) and (ii) in BC1 method become [63]:
Now, we use the same procedures in BC1 to determine x, x — & and x + h for BC2.

By (I) and (I) we obtain

(= H v () (4.5.7)

We canuse H,, and H, as Newton’s method, H,=F, ' and H,=F"

The above approximation of Jacobian matrix (BC1 and BC2) increases the accuracy and
the new algorithms of Broyden’s have the same arithmetic operations and mathematical
computations of pure Newton’s methods up to the first iteration, but its accuracy

Increases.
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4.5.1. Application of the Broyden Classes Methods
To approximate the solution of mechanics problems define in section (1.2), we wrote an

algorithm (4.5) for Broyden Class I method.

> Algorithm (4.5): Solves nonlinear BVPs by using BC1 Method

INPUT: - L — length of problem domain (b-a)
u, A - Initial guess solution and parameter values

n - number of spaces
maxiter - maximum number of iterations
B - [Initial approximation of Jacobian matrix

STEP 1: Do for 1% iteration, compute F and F’ by

F, = FC(u,,h,n,A), Fp, = FJJ(u,,h,n,AR)
Update solutionby  u,,, =u, —(Fpk)\Fk

Compute Fand F for u,,, andupdate solution
Fo = FCu,,hon,2),  Fpy,, = FJT (. hn, 2);

unew = uk+l - (Fpk+1 ) \ F}c+1

STEP 2: for iteration > 2 do .step -3 up to step-8
STEP 3: compute s,u2. and u3

S=Uy—u , y=F,-F
STEP 4: Call and compute F and y
F2=FC(y2,h,n,A),F3= FC(y3,h,n, 1), y=F2-F3
STEP 5: update Jacobian matrix by eq.(4.5.6)

STEP 6: update solutionby u,,, =u, —B, 'F (u,)
STEP 7:1f |u,,, —u, |, <Tol,Stop else k=k+1

STEP 6: Display Numerical and graphical output
STOP

» Numerical and Graphical output of problems using BC1 method

The numerical method, BC1 is applied and tested on the following nonlinear BVPs that
are define in section (1.2) and the numerical result and norm error are displayed by using
MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)
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u"(x)+ 2 =0 4.5.1.1)

Subject to the boundary conditions:

u(0)=u(1)=0 (4.5.1.2)

The Analytic solution for this problem given by, equation (1.2.3).
Using equations (4.5.1.1) and (3.3), we can create NLSAEs for Bratu problem

F(u))=fh*+u,_ =2u,+u,,, for j=12,.,N (4.5.1.3)

Where f=-4e"
To solve eq. (4.5.1.3) by using BC1 method and inputs of Broyden method I for the same

problem give the following result:

Broyden Class | Method for Bratu
0.35 T T T T T T T T T

Figure 4.33 Comparison between the approximated solution and exact solution of
Bratu problem.
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Table 4.16:Broyden Class I[(BC1) method Euclidian Norm of Error, number of iteration
and CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of function (F)
2 1 3.45¢-4 2.144¢ -6 0.28125
2 1.5 9.0341e-8 7.319e-9 2.3125
2 2 2.895e-7 2.74e-8 2.453125
> Nom of stepsize {s)and F Vs_ k{Bc1 for Bratu)
10~ £ T T T T T - T
T _
104 | \\\\\ =
E 105} \\\\\ R
109 \\\\\ E
10431 1.1 112 1.3 114 1.5 116 1.7 118 19 2

k
Figure 4.34 Broyden Class I Method Euclidian Norm of Errors versus number of

iterations for Bratu problem.

Fig.4.33 cites a comparison between the BC1 method solution and exact solution. From
this comparison, one can see a good agreement between the exact solution and the BC1

method (approximate) solution.

As shown in Table 4.16, Broyden Class 1 method converges for Bratu problem and
terminates within 2 iterations for each of three different values of parameters (lambda).
This shows that all computation takes around 1/10 times the number of iteration of Pure
Broyden. Generally, the CPU-time taken for each parameter also indicates BC1 method
takes more time for computation than Broyden method due to additional computation in
BC1. Moreover, as shown in Figure 4.34, for Bratu problem the norm errors of function

and Newton step are continuously decreasing, it is stable.
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Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (4.5.1.4)

Subject to the boundary conditions:

u(O)zO and u(l)zl. (4.5.1.5)

The theoretical solution for this problem given by, equation (1.2.7).
Using equation (4.5.1.4) and (3.3), we can create NLSAEs for Troesch’s problem

F(u,)=fh*+u,  —2u,+u,,, for j=1,2,.,N (4.5.1.6)

Where f = Asinh(Au(j))

Equation (4.5.1.6), solve by using BC1 method and take similar input of Broyden I

method for the same problem gives the following result:

1 Solution of Broyden Class | Method for Troesch
T T T

0.4 - I

03 -
— Approximate Solution —— Exact Solution

02 ) -

Figure 4.35 Comparison between the approximated solution and exact solution of
Troesch problem.
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Table 4.17:Broyden Class 1(BC1) method Euclidian Norm of error, number of iteration
and CPU time for each value of parameter of Troesch problem.

Number of Parameter Euclidian norm Euclidian CPU time
iteration(k) 4 of Newton step norm of
(du) function (F)
2 0.5 1.5e- 11 4.42e- 13 0. 03125
2 1 3e- 12 4.168e- 12 0.421875
2 1.5 3.007e- 9 1.824e-9 0.5625
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Figure 4.36 Broyden Class 1 Method Euclidian Norm of errors versus number of
iterations for Troesch problem.

As shown in Figure 4.35, a comparison between the approximate solution obtained by
BC1 method and exact solution. This shows a good agreement between the exact solution
and the BC1 method (approximate) solution for Troesch’s problem.

As shown in Table 4.17, BC1 methods converge for Troesch problem and terminate
within 2 iterations for each of three different values of parameters (lambda). This shows
that all computation takes around 1/8 times the number of iteration of Pure Broyden.
Generally, the CPU-time taken for each parameter also indicates BC1 method takes more
time for computation than Broyden method due to additional computation in BCI.
Moreover, as shown in Figure 4.36 for Troesch problem, the norm errors of function and

Newton step are continuously decreasing, and it is stable.
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» Algorithm (4.6): Solves nonlinear BVPs by using BC2 Method.

INPUT: L - length of problem domain (b-a)/h
u,A - Initial guess of problem solution

n , h - number of spaces and space between nodes

Maxiter- maximum number of iteration
Tol — magnitude of max error tolerance

STEP 1: for 1* iteration do
Call both function and jacobian function to compute (u) and Fp (u)
F = ¥Cu,h,n,A), Fp= FJJ(u,h,n ),
Compute the new value of u by:

u,,, =u,;, -(Fp)\F

new

Call both function and jacobian function for u__ ,and update u

new new

F = FC(u

o h,n,A), Fp,, = FlJ(u,,,hn,A1),

new? new?

u = unew - Fan)W' \ F;’IL’W’

STEP 2: for iteration 2 to maxiter do step-3 up to 8
STEP 3: Compute s ,u2 and u3
S, =u,—u, u2=1.5u,-0.5u, , ,u3=0.5u, —u, ,

STEP 4 call F and compute y

F2=FCu2,h,n L), F3=FCu3,h,n L), y=F2-F3
STEP 5:  update the Jacobi matrix by eq.(4.5.7)
STEP 6: Compute the new value of u by:
u,, =u -(Fp)i \NF

l

STEP 7: check stopping criteria of iteration
STEP 8: Display graphical and Numerical output

» Numerical and Graphical output of problems using BC2 method

BC2 method is applied and tested on nonlinear BVPs that are define in section (1.2) and
the numerical result and norm error are displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.5.1.7)
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Subject to the dirchlet boundary conditions:

u(0)=u(1)=0 (4.5.1.8)

The Analytic solution for this problem given by, equation (1.2.3)

Using equations (4.5.1.7) and (3.3), we can create NLSAEs for Bratu problem

F(u].)zﬂzz+uj_1—2uj+uj+1, for j=12,...N (4.5.1.9)

Where f=-1e"
To solve eq. (4.5.1.9), by using Broyden Class 2 (BC2) method and using previous (BC1)

method inputs for the same problem gives the following results:

Solution OF BC2 For Bratu Problem
T T

0.35

=— Numerical Scolution —*— Exact Scolution

025

0.05

Figure 4.37 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 4.18: Broyden Class 2 (BC2) method Euclidian norm of error, number of iteration
and CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
2 1 7.01e -6 4.2015¢ -9 0.140625
2 1.5 2.4956¢ -6 3.2505¢ -9 1.390625
2 2 1.802676¢ -5 2.366¢ -8 2.25
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Figure 4.38 Broyden Class 2 Method Euclidian Norm of errors versus number of
iterations for Bratu problem.

10

Analysis

Fig.4.37 cites a comparison between the approximate solution obtained by BC2 method
and exact solution. From this comparison, one can see a good agreement between the
exact solution and the BC2 method (approximate) solution, even much better than pure

Broyden method.

As shown in Table 4.18, BC2 methods converge for Bratu problem and terminate within 2
iterations for each of three different values of parameters (lambda). This shows that all
computation takes around 1/10 times the number of iteration of Pure Broyden. Generally,
the CPU-time taken for each parameter also indicates BC2 method takes more time for
computation than pure Broyden method due to additional computation in BC2. Moreover,
as shown, in Figure 4.38, for Bratu problem, the norm errors of function and Newton step
are continuously decreasing, and it is stable.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh(Ay) (4.5.1.10)

Subject to the dirichlet boundary conditions:

u(O)zO and u(l)zl. (4.5.1.11)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (4.5.1.10) and (3.3), we can create NLSAEs for Troeschs problem
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F(u].)thz+uj_1—2uj+uj+l,for j=12,..,N

Where f =Asinh(Au(j))

The above NLSAEs are solving by using BC2 method and similar inputs BC1 for the

same problem gives the following output:

Solution of Broyden Class 1l Method for Troesch Problem
T T

T T
09 - -
08 n
07 -
06 - -

Sost- =1 |
04 - -

03

—&— Numerical Solution —&— Approximate Solution

02~ .

01 n

Figure 4.39 Comparison between the approximated solution and exact solution of
Troesch problem.

Table 4.19: Broyden Class 2 (BC2) method Euclidian norm of error, number of iteration
and CPU time for each value of Troesch's problem.

Number of Parameter  Euclidian norm of Euclidian CPU
iteration(k) A Newton step (du) norm of time
function (F)

2 0.5 3.38e-11 9.6¢e -13 0. 0375
2 1 1.238e-10 3.83e-12 1.6718750
2 1.5 4.4343e - 8 1.6456¢ -9 2.359375
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Figure 4.40 Broyden Class 2 Method Euclidian Norm of errors versus number of
iterations for Troesch problem.

As shown in Figure 4.39, a comparison between BC2 method solution and exact solution.
From this comparison, one can see a good agreement between the exact solution and the
BC2 method (approximate) solution for Troesch’s problem.

As shown in Table 4.19, Broyden Class 2 method converges for Troesch problem and
terminates within 2 iterations for each of the three different values of parameters (lambda).
This shows that all computation takes around 1/8 times number of iteration of Pure
Broyden. Generally, the CPU-time taken for each parameter also indicates BC2 method
takes a little more time for computation than Broyden method due to additional
computation in BC2. Moreover, as shown, in Figure, 4.40 for Troesch problem, the norm
errors of function and Newton step are continuously decreasing, and it is stable.

Modified Broyden Class I (MBC1)

In MBC1, we follow two steps of iteration formula to approximate solution x%*V which

requires (2 X n) functions evaluation and free of partial derivative by using:

x(k+l) — x(k) —B]:lF(x(k)), (45112)
) — s _Bk—lF(x(k+1))_ (4.5.1.13)
Where, B, =
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Modified Broyden Class I1 (MBC2)

We follow the same procedures of MBC1 of two steps as above and replacing B, =

we obtain the following modification of type two of MBC2 to approximate solution x'**"
as follow:

LD — 50 — M F(xw), (4.5.1.14)

kD = kD) _MkF(x(kH)). (4.5.1.15)

4.5.2. Application of the Modified Broydens Classes (MBC) Methods
To approximate the solution of mechanics problems defined in section (1.2), we wrote an

algorithm (4.7) for Modified Broyden Class I method.

» Algorithm (4.7): Solves nonlinear BVPs by using MBC1 Method.

Algorithm (4.7) contains all the steps of Algorithm (4.5) by only changing step-6 by the

following Predicator corrector steps:
u,,, =u, —B'F(u,) (Predicator) then u,, =u,,, —B,'F(u,,) (corrector)
» Numerical and Graphical output by using MBC1 method.
MBC1 is apply and tested on the following nonlinear BVPs that are define in section (1.2)

and the numerical result and norm error are displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.5.2.0)

subject to the dirichlet boundary conditions:

u(0)=u(1)=0 (4.5.2.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (4.5.2.0) and (3.3), we can create NLSAEs for Bratu problem

F(u,)= i +u, =2u,+u,,, for j=1,2,.,N (4.52.2)

Where f=-1e"
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Equation (4.5.2.2), solve by using MBC1 method and similar inputs of BC1 for Bratu

problem gives the following result:

Modified Broyden Class | Method for Bratu
T T T

035 T T T T T T
03 A=2 B
== N umerical Solution —— Approximate Solution
025 a
o2 A=1.5 i
———
)
El
015 -
A=1
0.1 -
0.05 - n
0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 09 1

xr

Figure 4.41 Comparison between the approximated solution and exact solution of

Bratu problem.

Table 4.20: Modified Broyden Class 1 (MBC1) method Euclidian norm of error, number
of iteration and CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
2 1 1.34e-4 1.063e-6 0.203125
2 1.5 8.0501e-8 6.09¢-9 1.578125
2 2 2.8647e-7 2.3633e-8 2.125
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Figure 4.42 Modified Broyden Class 1 Method Euclidian Norm of errors versus

number of iterations for Bratu problem.

Fig.4.41 cites a comparison between the approximate solution obtained by MBC1 method
and exact solution. This shows a good agreement between the exact solution and the

MBCI1 method (approximate) solution.

As shown in Table 4.20 MBC1, methods converge for Troesch problem and terminate
within 2 iterations for each of the three different values of parameter’s (lambda). This
shows that all computation takes above 1/8 times the number of iteration of Pure Broyden
and MBC1 have the same number of iteration with BC1. However, the Euclidean norm
error of Newton step (du) and F of MBCI1 are lesser than both pure Broyden and BC1,
which is the effect of predicator and corrector steps. Moreover as shown in Figure 4.42 the
norm errors of function and Newton step are continuously decreasing.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (4.5.2.3)

Subject to the dirichlet boundary conditions:

u(O):O and u(l)=1. (4.52.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (4.5.2.3) and (3.3), we can create NLSAEs for Troesch’s problem.
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F(u;)= §5 tu, =2u;+u,,, for j=12,..N (4.5.2.5)

Where f = Asinh(Au(j))
The NLSAEs solve by using MBC1 method and similar input of BC2 for Troesch’s
problem gives the following output:

1 Solution of Modified Broyden Class | Method for Troesch
T T T T

o9t .
08 .
07 A=0.5 .
06 .
§ 05 A=1 .
04 .

03 -

—_— Approximate Solution —&— Exact Solution

02 A=1.5 |

0.1 .

o 1 1 1 1
0 01 02 03 04 0.5 06 07 08 09 1

x
Figure 4.43 Comparison between the approximated solution and exact solution of

Troesch problem.

Table 4.21: Modified Broyden Class 1 (MBC1) method Euclidian Norm of error, number
of iteration and CPU time for each value of parameter of Troesch problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du)  of function (F)
2 0.5 1.5e-11 4.4222e- 13 0. 03125
2 1 3e-12 4.168e- 12 0.328125
2 1.5 1.984e- 9 1.824e-9 0.50

84




Nom of stepsize {s)and F ¥Vs. k{MBC1 for TRoesch)
T T T T T

o P
; R ~— )
o ] = \ = _E
\\ ~~ —
2 | \\ ~— — 7
h \ e —
7 \\\\\ 7
7 \\ T |
- ~—
E \ pm\;.w |
r 1 \\;
10 I I I I
1

F
Figure 4.44 Modified Broyden Class 1 Method Euclidian Norm of errors versus
number of iterations for Troesch problem.

As shown in Fig.4.43, a comparison between the approximate solution obtained by MBC1
method and exact solution. This shows a good agreement between the exact solution and

the MBC1 method (approximate) solution for Troesch’s problem.

As shown in Table 4.21, a modified Broyden Class 1(MBC1) method converges for
Troesch problem and terminates within 2 iterations for each of the three different values of
parameter’s (lambda). MBC1 have the same number of iteration with BC1, however the
Euclidean norm error of Newton step (du) of MBCI1 is lesser than both pure Broyden and
BCl1 like previous Bratu problem. Moreover as shown in Figure 4.44 for Troesch problem,
the norm errors of function and Newton step are continuously decreasing.

Algorithm (4.8): Solves nonlinear second order BVPs by using (MBC2) Method.
Algorithm (4.8) contains all the steps of Algorithm (4.6) by only changing step-6 by the

following Predicator corrector step:
u,,, =u, —HF (u,) (Predicator) then u ', , =u,,, —HF(u,,) (corrector)
Based on Algorithm (4.8) we wrote a MATLAB program, which we will use in solving
problems 1 and 2.
» Numerical and Graphical output by using Modified BC2(MBC2) method

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.5.2.6)

Subject to the dirichlet boundary conditions:

u(O)zu(l)zO (4.5.2.7)
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The Analytic solution for this problem given by, equation (1.2.3).

Using equation (4.5.2.6) and (3.3), we can create NLSAEs for Bratu problem

Fu;)= §i/5 tu, =2u,+u,,, for j=12,...N (4.5.2.8)

Where f=-le"

Equation (4.5.2.8) solves by using MBC2 method and similar input of BC2 for Bratu

problem gives the following output:

Solution Of MBC2 For Bratu Problem

0.25

{— Numerical Solution =—3¥¢— Exact Solution )»

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x€x

Figure 4.45 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 4.22: Modified Broyden Class 2 (MBC2) method Euclidian norm of error, number
of iteration and CPU time for each value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
2 1 2.167e -8 3.79¢ -9 0.0375
2 1.5 2.374¢ -6 9.2¢ -8 0.46875
2 2 1.801e -5 6.24¢e -7 0.71875
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Figure 4.46 Modified Broyden Class 2 Method Euclidian Norm of errors versus
number of iterations for Bratu problem.

Analysis

Fig.4.45 cites a comparison between the solution obtained by MBC2 method and exact
solution. This shows a good agreement between the exact solution and the MBC2 method

(approximate) solution, even much better than pure Broyden method and BC2.

As shown in Table 4.22 MBC2, method converges for Bratu problem and terminates
within 2 iterations for each of the three different values of parameter (A ). The
computation takes the same number of iteration with BC2, however, the Euclidean norm
error of Newton step (du=F\DF) of MBC2 is less than both pure Broyden and BC2
methods like previous problems. Moreover as shown in Figure 4.46 for Bratu problem, the

norm errors of function and Newton step are continuously decreasing.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Jy) (4.5.2.9)

Subject to the dirichlet boundary conditions:

u(O):O and u(l)=1. (4.5.2.10)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (4.5.2.9) and (3.3), we can create NLSAEs for Troesch problem
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F(u,)= i +u,  =2u,+u,,, for j=1,2,..,N (4.5.2.11)

Where f = Asinh(Au(j))

The above NLSAEs solve by using MBC2 method and with input similar to BC2 of
Troesch’s problem by a MATLAB program gives the following output:

Modified Broyden Class Il Method for Troesch
T

1 T T T
09 =

08 - .

—b— Numerical Solution —&— Exact Solution

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 09 1

Figure 4.47 Comparison between the approximated solution and exact solution of
Troesch problem.

Table 4.23: Modified Broyden Class 2 (MBC2) method Euclidian norm of error, number
of iteration and CPU time for each value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of function (F)
2 0.5 5.6e-13 6e-14 0.421875
2 1 1.2e-13 4.0279e- 15 1.8125
2 1.5 2.659e- 10 1.2116e- 11 1.984375

88




o Nomn of stepsize {s) and F ¥Vs_ k {(MBC2 for Troesch})
10 T T T T

*

# norm(s)
. “—norm(F)
1025 = I

10_4 L ~ R -

ns(k), nf(k)

100 ~ -

1 1 1 1
11 1.2 13 1.4 15 1.6 1.7 18 19 2
k

Figure 4.48 Modified Broyden Class 2 Method Euclidian Norm of errors versus
number of iterations for Troesch problem.

10—12
1

Analysis
As shown in Fig.4.47, a comparison between the approximate solution obtained by MBC2

method and exact solution. From this comparison, one can see a good agreement between
the exact solution and the MBC2 method (approximate) solution for Troesch’s problem.
As shown in Table 4.23, MBC2 method converges for Troesch problem and terminates
within 2 iterations for each of the three different values of parameters. MBC2 have the
same number of iteration with BC2, however, the Euclidean norm error of Newton step
(du) of MBC2 is much less than both pure Broyden and BC2 methods like previous
problems. Moreover as shown in Figure 4.48, for Troesch problem, the norm errors of

function and Newton step are continuously decreasing

4.6. Trapezoidal, Simpson and Mid-point Method (TSMM)
The classical Newton method is one of the commonly used iterative schemes for

the solution of equation (1.1.7) but confronted with many demerits, like the need to

calculate and invert the Jacobian matrix J(x)at each iteration.

The main reason, we use of the Broyden-like methods by Mamat et al. [41], by
Waziri & Mohammad [65] and the need to avert the shortcomings of the classical

Newton methods especially on large scale problems are presented in this paper.
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4.6.1. Derivation process of TSMM

For Single, variable Newton’s method originates from the Taylor's series expansion of the

function f(x)about the point :

£(x)=7(5)+(x-x) f’(x1)+2l!(x—x1)2 £7(5) (46.1.0)

Where /', and its first and second derivatives, f* and f" are calculated at x, . For

multiple variable function F from the above equation, it is obvious that

F(x)=F (x,)+ | F(1)de (.6.1.1)

Xk

Approximating the integral in Equation (4.6.1.1) by the weighted combination of

Trapezoidal, Simpson and Midpoint quadrature rules yields:

X =X, —24[5F'(xk)+14F'(%j+5F'(xk+l WF(x,) (4.6.1.2)

Replacing  F'(x,),F'(x,.,) by B(x,),B(x,,) respectively like in [66] .

Xew =X, —24[5B(x, )+ 14B(%j +5B(x,, ) F(x,) (4.6.1.3)

In order to avoid the implicit nature of this equation, we can do

X =X, —24[5B(x,)+14B (’C"’LT’”"}SB(;% NF(x,) (4.6.1.4)

Where m, is given as

m, =x, —B.'F(x,) (4.6.1.5)

Therefore, we have

X =X, —24[SB(xk)+14B(zk)+SB(mk )]71F(xk) (4.6.1.6)

X, +m
for z, =

Suppose we set B, =[5B(x,)+14B(z,)+5B(m,)] ,then we have
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X =X, —24B.'F (x,) (4.6.1.7)

Hence, with the formulation above and selecting Predictor-Corrector of Broyden

method we have the following two-step iterative scheme of the Trapezoidal-Simpson-

Midpoint method for solving system of equations (1.1.7). For a given x, using

initial matrix B, = 7 and compute the approximates solution x, , by the iterative schemes

m, =X, —Bk_lF(xk)

(4.6.1.8)
X =X, —24[SB(xk)+l4B(zk)+SB(mk )]_IF(xk)

_ X tm,

Where, z, ,k=0,1,...

We are interested to apply the weighted combination of the Trapezoidal, Simpson and

Midpoint quadrature rules to our model BVPs.

4.6.1.1.  Application of the Trapezoidal, Simpson and Mid-point (TSMM)
General Algorithm of TSMM method, to approximate the solution of our mechanics

problems defined in section (1.2).

Algorithm (4.9): Solves nonlinear BVPs by using TSMM Method.

INPUT: L - length of problem domain (b-a)
u,A - Initial guess solution, parameter
n , h - number of spaces and space between nodes
Maxiter - maximum number of iteration
Tol - magnitude of max error tolerance

1. Compute F (uk ) if ||F(uk )” < tol and k > macxiter are satisfied stop, Else go

to step 3,
2. Compute m, from Equation (4.6.1.5).

3. Compute B(mk)using.
(yk _B(xk)sk)slz

T
Sk Sk

B(mk):B(uk)+

Where y, =F(mk)—F(uk) and s, =m, —u,

4. Compute B(Zk) using

(gk _B(xk)bk)ka
b; b,

B(Zk):B(uk)-i-
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_m
2

5. Compute u,,, from Equation

Uy = Uy _24((53+14BZ+SBm)\F}C)

Where  Z; ,ngF(Zk)—F(uk)&kaZk—uk

6. Setk=k+ 1 and go to step 2.
(yk _B(uk)sk)skT

T
Sk Sk

Where ¥, =F(uk+1)—F(uk)

Bk+1 =B, +

S =Upy — Uy

Stop

Based on Algorithm (4.9), we wrote a MATLAB program, that solve problems defined in
section (1.2).

» Numerical and Graphical output by using TSMM

The numerical method, TSMM applied and tested on the following nonlinear BVPs that
are define in section (1.2).
Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (4.6.1.1.0)

Subject to the dirichlet boundary conditions:

u(0)=u(1)=0 (4.6.1.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (4.6.1.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u))=fh*+u, =2u,+u,,, for j=12,.,N (4.6.1.1.2)

Where f=-1e"

The above NLSAEs solve by using TSMM method and similar inputs of Broyden method

for Bratu problem gives:
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Solution By TSMM For Bratu Problem
T T

0.35 T

= MNumerical Sclution —#— Exact Solution

025

0.05

4] 0.1 02 03 0.4 05 06 [+ I 8 08 09 1
E

Figure 4.49 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 4.24: TSMM Euclidian norm of error, number of iteration and CPU time for each
value of parameter of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
25 1 2.4116¢e -11 3.6164¢ -9 0.078125
12 1.5 2.8964¢ -11 4.6286¢ -9 1.40625
21 2 5.112e -10 1.9451e -9 1.953125
10° Nom of stepsize {s) and F ¥s. k{TSMM Bratu)
#- norm(s)
— <—norm(F)
102 - 71 -
101 * x - P’**?\p - -

ns(k),nf(k)
X -
\\
¥
/x
x/
#*
¥
2l

* ¥ o——a .
o \ ]
% “
8| ¥ N/ =]
10 T o= N o=
# ~. W
*_ 7 >
¥
1071° - v
T
10—12 1 1 1 1
1] 5 10 15 20 21
ik

Figure 4.50 TSMM Euclidian Norm of errors versus number of iterations for Bratu
problem.
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Fig.4.49 cites a comparison between the approximate solution obtained by TSM method
and exact solution. From this comparison, we can see a good agreement between the exact

solution and the TSMM (approximate) solution.

As shown in Table 4.24, TSM method converges for Bratu problem and terminate within
25,12 and 21 iterations for three different values of parameters (lambda ). This shows that
the number of iteration is less than Broyden method II. The Euclidean norm error of
Newton step (du=F\DF) of TSM method is lesser than Broyden method II. Moreover as
shown in Figure 4.50, TSM method converges, but it is not stable at different iteration
point, i.e. Euclidian norm of error increase rather decrease on different point due to the
inverse of the approximation Jacobian matrix.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (4.6.1.1.3)

Subject to the boundary conditions:

u(0)=0 and u(1)=1. (4.6.1.1.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (4.6.1.1.3) and (3.3), we can create NLSAEs for Troeschs problem

F(u,)=fh*+u,_ —2u,+u,,, for j=1,2,.,N (4.6.1.1.5)

Where = Asinh(Au(j))

Equation (4.6.1.1.5) solve by using TSMM and similar inputs of BC1 for Troesch problem

gives
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Solution Of TSMM For Troesch Problem
T T T T T

09 - .

08 .
A=0.5

06— N

u(z)
&

04 - N

= Numerical Solution —&— Exact Solution

0.2~ A=1.5

4] 0.1 0.2 03 0.4 05 0.6 0.7 0.8 09 1

Figure 4.51Comparison between the approximated solution and exact solution of
Troesch problem.

Table 4.25: TSMM Euclidian norm of error, number of iteration and CPU time for each
value of parameter of Troesch's problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of fuction (F)

46 0.5 1.38¢ -10 8.998¢ -9 0.03125

20 1 1.0168¢e -10 8.54¢ -9 0.515625

16 1.5 2.4669¢ - 10 4.773e -9 0.734375
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Figure 4.52 TSMM Euclidian Norm of errors versus number of iterations for

Troesch problem.
As shown in Fig.4.51, a comparison between the approximate solution obtained by

TSMM and exact solution. This shows a good agreement between the exact solution and

the TSMM (approximate) solution for Troesch’s problem.

As shown in Table 4.25, TSMM method converges for Troesch problem and terminates
within 46, 20 and 16 iterations for three different values of parameters (lambda). This
shows that the number of iteration is almost near to Broyden method II except the first
parameter computation, however the Euclidean norm error of Newton step (du) of TSMM
is lesser than Broyden method II which enables to decrease wrong path to solution of
Trapezoidal Broyden method. Moreover as shown in Figure 4.51, TSMM converges, but
its error is not stable, at many iteration point error increases rather than decreasing, i.e.

Euclidian norm of error increase rather decrease on that point due to the inverse of the

approximation Jacobian matrix.
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CHAPTER FIVE

5. Homotopy Method (HM) to Solve BVPs

Homotopy methods are the family of continuation methods. They represent a way to find
a solution to a problem by constructing a new problem simpler than the original one, and
then gradually deforming this simpler problem into the original one by keeping track of
the series of zeros that connect the solution of the simpler problem to that of the original,

harder one.

In addition, to solve nonlinear system of equations by HM, its result can be used as a good
initial approximation to both Newton’s and Broyden Methods see [20].

Description of problem and the methods

Consider the following nonlinear algebraic or transcendental system of equations

F(x)=0, F=(f,frn 1) (5.0

Recalling from section (3.1) that the Newton Method for solving (5.0) is formulated as

follows

= DR ()] F (V). k=012, (5.1)

Where DF is the Jacobian matrix of £ and x”’ is an initial guess of x . For more
details, see [67] . As a second choice for solving (5.0), the Homotopy method for the
system of nonlinear equations is recalled [68].

Consider the Homotopy function

H:01xR —R ... (5.2)
is defined by
H(@,x) = Fix) +(g - 1)(F() - Fx(O)) (5.3)
Here, x is an initial guess of the solution X g is called Homotopy parameter,

obviously, at ¢ =0 and g =1, the HM can be define as:

H(0.x)=F(x)- F (x*),  H(Lx)=F (x). (5.4)
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If ¢ increases from 0 to 1 then the function H(q, x) varies continuously from
F(x)- F(X(O)) to F'(x) . The function H , with respect parameter ¢ , provides us a family

of function that can lead from the known value x"”’ to unknown (solution) x The solution

x of F(x) = 0canbe obtain by solving the following system of equations

#(a)=-[7(#(a))] F(#(0). 0<gs<I, (5.5)

With the initial condition ¢(0)=x""" and J (#(q))is jacobian matrix of H with respect
to x. This method will be referred as Homotopy Method (HM) [67].
If g increases from 0 to 1 then the function H(q,x) varies continuously from F (x(o)) to

F(x) . The function H with respect to parameter ¢, lead from the known value x® to

solution x™* [20].

|
| | l
NHAM with NHAM with NHAM with NHAM with NHAM with
FEuler RK-2 RK-4 Rk-5 RK-6

Figure 53 : A Schematic Diagram Homotopy Analysis Methods

5.1. Newton Homotopy Analysis Method (NHAM _FE)
Lio introduces the Homotopy Method (HM) in 2005 [7] . In this method, one introduces a

Homotopy function for solving equation (5.0). To derive the Homotopy differential

equation, like Hasan et al. [69], we can follow the following mathematical steps:

Consider the Homotopy function equation (5.2), defined by equation (5.4). Where A s

*

an initial guess and ¢ is called Homotopy parameter, x is a unique solution of the

equation

H(x,t)=0 (5.1.0)

By chain rule, we obtained

OH dx OH
— 4+ =

el ZZ -0 5.1.1.
ox dq  Oq ( )
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Or —=—7"—>=—2=F(q,x) (5.1.2)

Equation (5.1.2) is a first order differential equation named as Newton Homotopy

Differential Equation (NHDE). This equation can be solve numerically using Euler’s

method to find x for parameter g ¢ [0, 1] the numerical solution can be formulated as :

=2 nf (q,x); h=rq (5.1.3)

Substitute equation (5.1.2) in equation (5.1.3), we get

, H
K =x<“>+h(_#j; k=0,1,2,... (5.1.4)

X

Homotopy methods give different roots depending on selection of initial guess [20], these
properties makes HM used to obtain initial guess values for methods that need good initial
guess.

5.1.1. Application of the Newton Homotopy Analysis Method (NHAM_FE)
General Algorithm of NHAM method, to approximate the solution of our mechanics
problems defined in section (1.2).

Algorithm (5.1): Solves nonlinear second order BVPs by using NHAM_FE.

INPUT: L — length of problem domain (b-a)
u,A - Initial guess of problem solution
n , h - no of spaces and space between nodes
Maxiter - maximum number of iteration
dL — step length of homotopy parameter
N,hi - no of Euler step & step length
K - no of computation of function (k=1/dL)
STEP- 1. Compute f for iteration from 1 to k
|
Ji=u = 2u +?F

STEP- 2. Compute Jacobian of F by built in function
J = jacobian(F)
STEP- 3. Compute NHDE, dxdL by
dx
dxdL=—=-J\F
dL

STEP- 4. Compute Euler step by
u =u+ hidxdL
STEP- 5. Display Numerical and Graphical output

Based on Algorithm (5.1) and a MATLAB program, we solved problems 1and 4.
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» Numerical and Graphical output by using NHAM(with Forward Euler)

The numerical method, NHAM FE is applied and tested on the following nonlinear BVPs
that are define in section (1.2) and the numerical result and norm error are displayed by
using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+/16”(x) =0 (5.1.1.0)

Subject to the dirichlet boundary conditions:

u(0)=u(1)=0 (5.1.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equations (5.1.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj)th2+uj71—2uj+uj+],for j=12,...N (5.1.1.2)

Where f=-1e"

Equation (5.1.1.2), solve by using NHAM and similar inputs of Newton method for Bratu

problem gives the following results:

Solution Of NHAM with FE For Bratu Problem

0.15
0.1 Numerical Solution =—3&— Exact Solution I
—
S8
SN———
]
0.05
(0]
(6] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5.54 Comparison between the approximated solution and exact solution of
NHAM for Bratu problem.
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Table 5.26: NHAM Euclidian norm of error, number of iteration and CPU time of Bratu
problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
9 1 1.26e-40 3.5884-40 8.453125
1010 Norm of stepsize (s) and F Vs. k(Bratu by NHAM)

—3¥— norm(dx)
—&— norm(F)

10° x|
\

10710

N

10720

10-30 \%\
10740 \% )

10—50
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ns(k),nf(k)

Figure 5.55 NHAM Euclidian Norm of errors Vs number of iterations for Bratu problem.

Fig. 5.54 cites a comparison between the approximate (NHAM) solution and exact
solution. This shows a good agreement between the exact solution and the NHAM

(approximate) solution for Bratu problem.

As shown in Table 5.26, the output of NHAM converges for Bratu problem and terminates
at the ninth iteration. The CPU-time indicates NHAM takes more time than all the
previous methods. The Euclidean norm error of both Newton step (du) and the function
are very small. Moreover as shown in Figure 5.55, which proves the convergence of
NHAM for Bratu problem and the norm error getting smaller in between successive

iterates and reach small norm error which is very small than Newton method.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+de" =0, xe(0,1), (5.1.1.3)

With the associated Neumann boundary conditions

u'(0)=0,u(1)=0.
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The Analytic solution for this problem given by, equation (1.2.12).
Using equations (5.1.1.3) and (3.3), we can create NLSAEs for Thermal Explosion

problem
F(u,)=fm*+u, , =2u,+u,,, for j=1,2,..,N (5.1.1.4)
Where f =-Ae"

Equation (5.1.1.4) solve by using NHAM_FE method by taking similar inputs of Newton

method, the following result are obtain for Thermal Explosion method:

Table 4.27: NHAM Euclidian norm of error, number of iteration and CPU time for
Thermal Explosion problem.

Number of Parameter Euclidian norm of Euclidian norm CPU
iteration(k) Lambda Newton step (du) of function (F) time
9 le-1 1.7¢ -40 4.38e -40 13.69075

Norm of stepsize (s) and F Vs. K(NHAM for TherExplo)
T T T T T

10% & T
ﬁ"'ﬁ #— normis)
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Figure 5.56 NHAM Euclidian Norm of Errors versus number of iteration for
Thermal Explosion problem.

As shown in Table 5.56, NHAM with Forward Euler step converges for Thermal
Explosion problem and terminate within 9 iteration forA=0.1. Moreover as shown in
Figure 5.54, which proves the convergence of NHAM for Thermal Explosion problem

and displays the norm errors of a function (F) and Newton step (du) are almost
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continuously decreasing and reach an error ( 10™*"), which is below any previous methods

error, however its CPU time taken for computation is big (it is expensive) .

5.2. Newton Homotopy Analysis Method by RK2 NHDE (RK2_NHAM)

First order differential equation in equation (5.1.2) named as Newton Homotopy

Differential Equation (NHDE) can be written as:

W _ 4(g.x) (5.2.0)

This system of differential equations that we need to solve for our continuation problem

has the general form (take A =q)

{%} =[¢(Ax.%,00x,)] (5.2.1)

Where

To solve (5.2.2) using the Runge-Kutta method of order two (improved Euler), we first

choose an integer N >Oandh=(1-0)/N . Partition the interval [0, l]into N

subintervals with the mesh points

A. =jh, foreachj =0, 1,...,N.

J

We use the notation w, , for each =0, 1,...,.N and 1=1,...,n, to denote an approximation

to x, (/11.). for the initial conditions, set

wo=%(0), w=x(0), .., w,,=x,(0). (5.2.3)

n

Suppose w,,, w,;, ..., w,, have been computed. We obtain w, .., w, ., ..., w,

n,j+1

using the equations
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kiy =hg (AW, ;s W, j5ees W,

n,j

), foreach i =1, 2,...,n;

1 1
k,;, =hg (4, +g,w1 +Ekl’1’ s W, +Ekl’") for each i =1, 2,...,n;

o

Finally,

w.

L =W +k,h, foreach i =1, 2,...,n.

The vector notation

kl :[kl,lﬁ""kl,n]Takz =[k2,1>"'7k2,n]T , and Wj :[W

T
Lo Way |

Then simplifies equation (5.2.2), gives usx(0) =x(4,) =w, ,and foreach j =0,1,..n

=h[ T (w0ew,,) | Fx(O)

[~ (w,)] F(O):

k= h[—J(W_, +ok ﬂ F(x(0))

xX(A)=x(4,)+kh=w, + kyh. (5.2.4)

Finally, x(4,) = x(1)) is our approximation to x *.

Therefore, in the Runge-Kutta method of order two, the calculation of each 1w, requires

two linear systems to be solve, one each when computing %,, and %, .

An alternative is to use a Runge-Kutta method of order four (RK4), RK5 or RK6 that

shows the number of linear systems that needed to be solved.

5.2.1. Application of NHAM with RK 2
To approximate the solution of mechanics problems defined in section (1.2), we wrote an

algorithm (5.2) for NHAM with RK2 method.
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Algorithm (5.2): Solves nonlinear BVPs by using NHAM with RK_ 2 step.

INPUT: L — length of problem domain (b-a)
U\, - Initial guess of problem solution, parameter
n. h - number of spaces and space between nodes
Maxiter - maximum number of iteration
dL — step length of homotopy parameter
N,hi - no of Euler step & step length
K - no of computation of function (k=1/dL)

STEP-1 Compute f for iteration from 1 to k

fi=u_, —2u +u

i+l

1
+ 7 F
Where F is second order ODE of F
STEP-2 Compute Jacobian of F by built in function
J = jacobian(F)
STEP-3 Compute NHDE, dxdL. by .

dxdL zﬁz—J\F
dL

STEP-4 Compute 1st slope and update solution
kl=hi*dL, u, =u+kl
Compute new Jacobian and NHDE
J,=F'(u), dxdL, =-J \F
STEP-5 Compute slope-2 k2 = hi*dxdL,

STEP-6 Compute Improved Euler step by
u=u+(kl+k2)/2

stop

» Numerical and Graphical output by using NHDE with RK2

The numerical method, NHAM RK2 method is apply and tested on the following
nonlinear BVPs that are define in section (1.2) and the numerical result and norm error are
displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)
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u"(x)+ 2 =0 (5.2.1.0)

Subject to the boundary conditions:

u(0)=u(1)=0 (5.2.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (5.2.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u].)thz+uj_1—2uj+uj+1,for j=12,..,N

Where f =-Ae"
The above NLSAEs solve by using NHAM with RK2 step and take inputs of Newton
method for Bratu problem we get the following output:

Solution Of NHAM WITH RK2 For Bratu Problem
T T

0.5 ‘ ‘

T T T
mmm Numerical Solution —#—Exact Solution

01

u(z)

005~ 7

\ \ \ | \ \ \ \ |
0 01 02 0.3 04 05 06 0.7 08 08 1
T

Figure 5.57Comparison between the approximated solution and exact solution of
Bratu problem

Table 5.28: NHAM with RK2 Euclidian norm of error, number of iteration and CPU time
of Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU
iteration(k) A Newton step (du) of fuction (F) time
9 1 3.173e-41 3.5883¢e-40 13.03125
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Figure 5.58 NHAM with RK 2 Euclidian Norm of errors versus number of
iterations for Bratu problem.

Fig.5.57 cites a comparison between NHAM solution with RK2 step and exact solution.
From this comparison, one can see a good agreement between the exact solution and the

NHAM with RK2 (approximate) solution.

As shown in Table 5.28, the output of the above MATLAB programing code of NHAM
with RK2 step converges for Bratu problem and terminates at the ninth iteration. The
CPU-time indicates NHAM with RK2 takes more time than NHAM with Forward Euler.
The Euclidean norm error of both Newton step and the function are lesser than NHAM
with Forward Euler. Moreover, as shown in Figure 5.58, which proves the convergence of
NHAM_ RK2 for Bratu problem and the norm error getting smaller in between successive

iterates until 7" iteration and finally becomes a smaller change after 7" iteration.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+de" =0, xe(0,1), (5.2.1.2)

With the associated Neumann boundary conditions

u'(0)=0,u(1)=0.

The Analytic solution for this problem given by, equation (1.2.12).
Using equations (5.2.1.2) and (3.3), we can create NLSAEs for Thermal Explosion

problem
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F(uj):jh2+ujfl—2uj+uj+l,for j=L2,..,.N

Where f =-Ae"

The above NLSAEs solve by using NHAM RK2 and take inputs of Newton method for

Thermal Explosion problem gives the following result:

Table 5.29: NHAM with RK2 Euclidian norm of error, number of iteration and CPU time
for Thermal Explosion problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) Lambda Newton step (du) function (F) time
9 0.1 6.033 X 10" -41 5.322 X 10"-41 11.00
10 Norm of stepsize (s) and F Vs. kK(NHAMRK2 for TherExplo)
10 —¥— n;rm(s)
—&— norm(F)
100 % =
&=l
W -
~2 10710 =
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—= 10 X
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k

Figure 5.59 NHAM with RK2 Method Euclidian Norm of Errors versus number of
iteration for Thermal Explosion problem.

Analysis

As shown in Table 5.29, NHAM with RK2 converges for Thermal Explosion problem and
terminate within 9 iteration for A = 0.1. Moreover, as shown in Figure 5.59, this proves the
convergence of NHAM RK2 for Thermal Explosion problem and displays the norm
errors of a function (F) and Newton step (du). Norm Errors are continuously decreasing
and reach an error (10™"), which is better accuracy than NHAM with forward Euler step;
however, its CPU time taken for computation is bigger than NHAM with Forward Euler

step.
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5.3. Newton Homotopy Analysis Method with RK4 NHDE
(RK4 NHAM)

NHAM with RK4 NHDE method works, with the same procedure like section 5.2, by
only change RK 2 by Runge-Kutta method of order four to solve equation (5.1.2).

Suppose w; ;, w, ;, ..., w,, have been computed, we obtain w, ..\, w, ., .., W,

using the equations

ki, =h¢i(/”tj,wl,j,wz’j,...,wn,j), for each i =1, 2,...,n;
1 1
k,; =h¢ (4, +ﬁ,w1j +=k oW, +=k,) foreach i =1, 2,...n
. ’ o2 20 20
(*) )

kw =h¢[(/1j +g’W"f +5k2’1, s W, +%k2’n) for each i =1, 2,...n;

ky, =hg(A, +hw; +hks,,w,;+ kyyy W, +k;,) foreach i =1, 2,..,n;

and, finally

1
Wi =W, +g(k1,l. +2k,, +2k;, +k4,i), foreach i =1, 2,...,n.

Then simplifies Eq. (*) gives usx(0) =x(4,) =w,, and for each j =0,1,..n

1

k = h A [—J(wj)]ilF(x(O)); k2=h{—J(wj+%klﬂ_ F(x(0));

k, = h{—J(WJ +%k2 ﬂ F(x(0)); k, = h[—J(W, +k3)T F(x(0));

x(/1j+l):x(/1j)+%(kl + 2k, + 2k, + ;) =w, +%(k1 + 2k, + 2k, + k). (53.1)

Finally, x(4,)=x(1)) is our approximation to x*.

Therefore, in the Runge-Kutta method of order four, the calculation of each requires four

linear systems to be solve, one each when computing %, ,, k,, and k,.
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5.3.1. Application of the RK 4 in NHAM Method
Algorithm (5.3) for NHAM_RK4 used to approximate the solution of mechanics problems
defined in section (1.2).

» Algorithm (5.3): Solves nonlinear second order BVPs by using NHAM with RK4.

INPUT: L — length of problem domain (b-a)
u,A - Initial guess solution, paramter
n h  _pnumber of spaces and space between nodes
Maxiter - maximum number of iteration
dL — step length of homotopy parameter
N,hi - no of Euler step & step length
K - no of computation of function (k=1/dL)

STEP-1 Compute f for iteration from 1 to k

fi=u,_ —2u,+u —I—%F

i+1
Where F is second order ODE of F
STEP-2 Compute Jacobian of F by built in function
J = jacobian(F)
STEP-3 Compute NHDE, dxdL. by .

ddezﬁz—J\F
dL

STEP-4 Compute 1st slope and update solution
kl=hi*dxdL, u, =u+3kl/4
Compute new Jacobian and NHDE
J, =F'(w), dxdL, =—-J \F,k2=hidxdL,
STEP-5 update u,

u, =u+kl/3+k2/6

Compute new Jacobian and NHDE
J,=F'(u,), dxdL,=—J,\F,k3=hidxdL,
STEP-6 Compute u by

u,=u—kl1/3-2k2/6+2k3

Compute new Jacobian and NHDE
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J,=F'(u,), dxdL,=-J,\F,k4=hidxdL,
STEP-7 Compute RK4 solution

u=u+(kl+4k3+k4)/6

STEP-8 Display Numerical and Graphical output
stop

» Numerical and Graphical output by using NHAM with RK4

The numerical method, NHAM RK4 NHDE is applied and tested on the following
nonlinear BVPs that are define in section (1.2) and the numerical result and norm error are
displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (5.3.1.0)

Subject to the dirchlet boundary conditions:

u(0)=u(1)=0 (5.3.1.1)

Using equation (5.3.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj):fh2+uj71—2uj+uj+l,for j=L2,..,N

Where f =-Ae"
The above NLSAESs solve by using NHAM with RK4 step and similar inputs of NHAM

for the same problem we obtain the following result:
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Figure 5.60 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 4.30: NHAM with RK4 Euclidian norm of error, number of iteration and CPU time
for Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of fuction (F)
9 1 9.75e -42 8.05e-41 16.421875
1010 Norm of stepsize (s) and F Vs. k(HMRKJ4Bratu)
* norm(dx)
100i%——:.,¥_‘___7=:7::7%;_7 —
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Figure 5.61 NHAM with RK 4 Euclidian Norm of errors versus number of
iterations for Bratu problem.
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Figure 5.60 cites a comparison between the approximate solution obtained by NHAM
with RK4 and exact solution. From this comparison, one can see a good agreement

between the exact solution and the NHAM with RK4 (approximate) solution.

As shown in Table 5.30, the output of the MATLAB code of NHAM with RK4 step
converges for Bratu problem and shows convergence at nine iterations. The CPU-time
indicates NHAM with RK4 takes more than NHAM with RK2 for the same problem. The
Euclidean norm error of Newton step (du) and function is also less than NHAM with RK2.
Moreover as shown in Figure 5.61 which proves the convergence of NHAM with RK4
for Bratu problem and the norm error getting smaller in between successive iterates until

7™ iteration and finally its change of error is not fast.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+le" =0, xe(0,1), (5.3.1.2)

With the associated Neumann boundary conditions

u'(0)=0,u(1)=0.

The Analytic solution for this problem given by, equation (1.2.12).

Using equations (5.3.1.2) and (3.3), we can create NLSAEs for Thermal Explosion
problem

F(u,)=fh*+u,  —2u,+u,,, for j=1,2,.,N

Where [ =-1e"

These NLSAEs can be solve by using NHAM with RK4 step and inputs of NHAM for the

same problem gives the following result:

Table 5.31: NHAM with RK4 step Euclidian norm of error, number of iteration and CPU
time for Thermal Explosion problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) C Newton step (du) of fuction (F)
9 0.1 7.0482 X 10" -42 8.69 X 10"41 16.765625
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Figure 5.62 NHAMRK4 method Euclidian Norm of Errors versus number of
iteration for Thermal Explosion problem.

As shown in Table 5.31, NHAM with RK4 converges for Thermal Explosion problem and

terminate within 9 iteration for A =0.1. Moreover as shown in Figure 5.62, this proves the
convergence of NHAM with RK4 step for, Thermal Explosion problem. It displays the

norm errors of a function (F) and Newton steps (du) is continuously decreasing and reach

an error (107*"), which is better accuracy than NHAM with RK2 step, however its CPU
time taken for computation is bigger than NHAM with RK2 step.

5.4. Newton Homotopy Analysis Method with RKS NHDE
(RKS_NHAM)
NHAM with RK5 NHDE method works, with the same procedure like section 5.2 by

only change RK2 by Runge-Kutta method of order five to solve equation (5.1.2).

Suppose w,;, w,;, .., w,; have been computed, we obtain w, .., w, ., ... W, .,

using the equations
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ki, =hg (AW ;sW, 5w, ), for each i =1, 2,....n;

k,, =h¢(1, +l,w,< +lk,,, W +lk,n) for each i =1, 2,...,n;
> J 4 sJ 4 B sJ 4 5
1 1 1 .
ks, :h¢i(/”tj +Z’Wl’j +§k1,1’ s W, +§k2’n) for each i =1, 2,....n;

1

ki, =hg (4, +E’Wl,j_%k2,l’w2,j+ Kiys s, +ky,) foreach i =1, 2,...n;

3 9 .
ks, :h¢i(/1j +Z’Wl,j+Ek1,l’w2,j""wn,j+ Ekm) for each i =1, 2,....n;

ke, :h¢i(/1j +1,w1’j—%k1,1+%k271+%k3’1,%k4’1+§k5,1) for each i =1, 2,...,n;

finally

+9—10(7ku +32k,, +12k,, +32k, +7k;), foreach i =1, 2,...n.

Wi,j+l :M}i,j

Simplifies Eq. (5.2.2) gives usx(0) =x(4,) =w, ,and foreach j =0,1,..n

) = h[—J(wlgj,...,wnJ )]_l F(x(0))

= [~ (w, )T F(x(0));

NG k, = h[—J(w, +k, )T F(x(0));
k= h{-J(wj +—klﬂ F(x(0)) s
: ko =h[=J (w,+k) ] Fx0);

ky, = h{—](wj + %kz H F(x(0));

ko=h[ -7 (w,+k,)] Fx(O));

x(ijﬂ

):x(/1j)+9—10(7k1 +32k, +12k, +32k, + Tk, )

=w, +$(7k1 +32k, +12k, +32k; +Tky). (5.4.0)

115




Finally, x(4,) = x(1)) is our approximation to x *.

Therefore, in the Runge-Kutta method of order five, the calculation of each w, requires
five linear systems to be solve, one each when computing &, k,, &, k,,k; and k.

5.4.1. Application of the RK 5 in NHAM Method

To approximate the solution of mechanics problems defined in section (1.2), we wrote an
algorithm (5.4) for NHAM_RKS5 method.

» Algorithm (5.4): Solves nonlinear BVPs by using NHAM with RKS.
INPUT: L

— length of problem domain (b-a)

u,A - Initial guess solution,paramter

n. h - number of spaces and space between nodes
Maxiter - maximum number of iteration

dL - step length of homotopy parameter

N,hi - no of Euler step & step length

K

- no of computation of function (k=1/dL)
STEP-1 Compute f for iteration from 1 to k

1
fi=u_, —2u +u,, +—2F

Where F is second order ODE of F
STEP-2 Compute Jacobian of F by built in function
STEP-3 Compute NHDE, dxdL. by .

dde:@:—J\F
dL

STEP-4 Compute 1st slope and update solution
kl=hi*dxdL, u, =u+kl1/4

Compute new Jacobian and NHDE
J, =F'(w), dxdL =-J \F,k2=hidxdL,
STEP-5 update u,

u, =u+(kl+4k2)/8
Compute new Jacobian and NHDE

J,=F'(u,), dxdL,=—J,\F,k3=hidxdL,

STEP-6 Compute u by
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u, =u—k2/2+k3
Compute new Jacobian and NHDE

Jy=F'"(uy), dxdL,=—-J,\F,k4=hidxdL,
STEP-7 Compute u by

u, =u—3k1/16+9k4/16

Compute new Jacobian and NHDE

J,=F'(u,), dxdL,=—J,\F,k5= hidxdL,
STEP-8 Compute u by

us, =u—3k1/7+2k2/7+12k3/7-12k4/7+8k5/7

Compute new Jacobian and NHDE

Js=F'(uy), dxdL;=—-J,\F,k6=hi*dxdL,

STEP-9 Compute RKS solution

u=u+(Tk1+32k3+12k4+32k5+7k6)/90

STEP-10 Display Numerical and Graphical output

» Numerical and Graphical output by using NHAM with RK5S

NHAM_RKS5 of NHDE is apply and tested on the nonlinear BVPs that are define in
section (1.2) and the numerical result and norm error are display by using MATLAB
program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (5.4.1.0)

Subject to the boundary conditions:

u(O)zu(l)zO (5.4.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (5.4.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj):fh2+uj71—2uj+ujﬂ,for j=12,...N

Where f =-Ae"
These NLSAEs can be solve by using NHAM with RKS step and by taking similar inputs
of NHAM for the same problem gives the following result:
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Figure 5.63 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 5.32: NHAM with RK5 Euclidian norm of error, number of iteration and CPU time
for Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU
iteration(k) A Newton step (du) of function (F)  time
9 1 2.2698e - 41 1.4481e - 40 20.375
T | Nomn of Istepsize {s) Ialnd F Vs_ k{NHAM of R||(5 Bratu)
1005*"?-;.____ - -
—
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Figure 5.64 NHAM with RKS Euclidian Norm of errors versus number of iterations
for Bratu problem.
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Fig.5.63 cites a comparison between NHAM with RKS5 solution and exact solution. This
shows a good agreement between the exact solution and the NHAM with RKS

(approximate) solution.

As shown in Table 5.32, the output of the MATLAB code of NHAM with RKS5 step
converges for Bratu problem and terminates at the ninth iteration. The CPU-time
indicates NHAM with RKS takes more time than NHAM with RK4. The Euclidean norm
errors of Newton step is also less than NHAM with RK4 of the same problem. Moreover
as shown in Figure 5.64, which proves the convergence of NHAM with RKS5 for Bratu
problem and the norm error getting smaller in between successive iterates until 7"

iteration and finally it becomes almost no change after 7" iteration.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+le" =0, xe(0,1), (5.4.1.2)

With the associated Neumann boundary conditions

u'(0)=0,u(1)=0.

The Analytic solution for this problem given by, equation (1.2.12).

Using equations (5.4.1.2) and (3.3), we can create NLSAEs for Thermal Explosion

problem

F(uj):fh2+uj_1—2uj+u for j=1,2,..,.N (5.4.1.3)

j+lo

Where f =-Jle"

Eq. (5.4.1.3) can be solving by using NHAM with RKS step and using inputs of NHAM

for the same problem give the following output:

Table 5.33: RKS5 step of NHAM Euclidian norm of error, number of iteration and CPU
time for Thermal Explosion problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) Lambda Newton step (du) of function (F)

9 0.1 9.21e -42 9.215e 41 18.01562
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Figure 5.65 8 HM of RKS5 Euclidian Norm of Errors versus number of iteration for
Thermal Explosion problem.

As shown in Table 5.33, NHAM of RKS5 converges for Thermal Explosion problem and
terminates within 9 iteration for A =0.1. Moreover, as shown in Figure 5.65, this proves
the convergence of NHAM with RKS5 steps for Thermal Explosion problem. It displays

the norm errors of a function (F) and Newton step (du) are continuously decreasing and

reach an error (10™*"), which is better accuracy than NHAM with RK4 step; however, its
CPU time taken for computation is bigger than NHAM with RK4 step.

5.5. Newton Homotopy Analysis Method with RK6 NHDE (RK6 NHAM)
This method works with the same procedure like section 5.2 but by only change RK2 by

Runge-Kutta method of order six to solve equation (5.1.2).

Supposew, ;, w,, ..., w,; have been computed, we obtain w, ., w, ., ..., W,

n,j+1

using

the equations

ki, =hg (AW ;,Wy W, ), for each i =1, 2,....n;

1

k,, =hp(A, +—,w . +lk y e W +lk ) foreach i =1, 2,...n;
2,0 1 j 3 1,/ 3 1,1 3

> n,j L,n

k3,l. =h¢[(/1j +2,WL_/ +§k271, W +§k2’n) for each i =1, 2,...,n;

> n,j

3
1 1 1 1 . ,
k,, =he(4, +§oW1,j+Ek1,1aWz,j+§ 2’1_Ek3’1) for each i =1, 2,...,n;
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1 1 9
ks; =h(4; +E’W1,/_Ek1,1+§kz,1—
1 9 3
ké,i :h¢z(/’tj +53W]jj +§k2’1 _§k3’1
9 9 63
k,, =hg (A, +1,w +ak1’1 T ky, +a

and, finally

3

4

k3 +ﬁk4

3
16

18

—k3—§k4) for each i =1, 2,...,n;

lg—%ks) for each i =1, 2,...,n,

—%l%) for each i =1, 2,...,m;

w.

i,j+1

:w,+(£k]+2k3—ik —ik
7120 40

s 6+£k7 .
15 15 120

Simplifies Eq. (5.2.2) gives usx(0) =x(4,) =w, ,and foreach j =0,1,..n

[~ (w,)] Fx(O):

1

k,= h{—](wj +%klﬂ F(x(0));

k, = h{—J(wj +1k2 ﬂ F(x(0));

k,=h [—J(wj +k, )T F(x(0));

ky=h[~J (w,+k,)] Fx(0)):

ke =h[~J(w,+k)] Fx(0)):

" =h [—J(wl’j,

)| FGe(0))

27 4

407 150

11
x(ljﬂ): w; _{ﬁkl +

4
15

A+ L k7].

+_
120

(5.5.1)

Finally, x(4,)=x(1) is our approximation to x *
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Therefore, in the Runge-Kutta method of order six, the calculation of each w, requires six

linear systems to be solve, one each when computing k,, k,, k;, k,,ks,k, and k, [67].

5.5.1. Application of the RK 6 in NHAM Method
To approximate the solution of mechanics problems defined in section (1.2), we wrote an

algorithm (5.5) for NHAM_RK6 method.

»  Algorithm (5.5): Solves nonlinear BVPs by using NHAM with RK6.

length of problem domain (b-a)/h

INPUT: L -
u,A - Initial guess solution and paramter values
n,h - number of spaces and space between nodes
Maxiter - maximum number of iteration
dL —  step length of homotopy parameter
N,hi - no of Euler step & step length
K - no of computation of function (k=1/dL)

STEP-1 Compute f for iteration from 1 to Maxiter
1
fi =u,_, —2u, +u,, +EF

Where F is second order ODE of F
STEP-2 Compute Jacobian of F by built in function
J = jacobian(F)
STEP-3 Compute NHDE, dxdL by .

dde:ﬁ:—J\F
dL

STEP-4 Compute 1* slope and update solution
kl=hi*dxdL, u,=u+k1/3
Compute new Jacobian and NHDE
J,=F'(u,), dxdL =—-J \F,k2=hidxdL,
STEP-5 update u,
u, =u+2k2/3
Compute new Jacobian and NHDE

J,=F'(u,), dxdL,=—J,\F,k3=hidxdL,

STEP-6 Compute u by
u, =u—k1/12+k2/3+k3/12

Compute new Jacobian and NHDE
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Jy=F'"(uy), dxdL,=—J,\F,k4=hidxdL,
STEP-7 Compute u by
u,=u—kl/16—-9k2/8-3k3/16+3k4/8
Compute new Jacobian and NHDE
J,=F'(u,), dxdL,=—J,\F,k5=hidxdL,
STEP-8 Compute u by
u, =u+9k2/8-3k3/8-3k4/4+k5/2
Compute new Jacobian and NHDE
Js=F'(uy), dxdL,=—-J,\F,k6=hi*dxdL,

Compute u by
u;, =u+9k1/44—-9k2/11-63k3/44+18k4/11-16k6/11

Compute new Jacobian and NHDE
Jo=F'"(uy), dxdL,=—-J \F,k7=hi*dxdL,
STEP-9 Compute RK6 solution

u, =u+11k1/120+27k3/40+27k4 /40
—4k5/15-4k6/15+11k7/120

STEP-10 Display Numerical and Graphical output
stop

» Numerical and Graphical output by using NHDE with RK6

NHAM RK6 of NHDE is applied and tested on nonlinear BVPs that are define in

section (1.2) and the numerical result and norm errors are displayed by using MATLAB

program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (5.5.1.0)

Subject to the boundary conditions:

u(O)zu(l)zO (5.5.1.1)

The Analytic solution for this problem given by, equation (1.2.12).

Using equation (5.5.1.0) and (3.3), we can create NLSAEs for Bratu problem
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F(u].)thz+uj_1—2uj+uj+1, for j=12,...N

Where f=-le"
The above NLSAEs solve by using NHAM with RK6 steps and by taking similar inputs of
NHAM for Thermal Explosion problem give the following result:

Solution OF NHAM With RK6 For Bratu Problem
T T
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Figure 5.66 Comparison between the approximated solution and exact solution of
Bratu problem.

Table 5.34: NHAM with RK6 Euclidian norm error, number of iteration and CPU time for
Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of fuction (F)
9 1 3.3233¢e - 41 3.091e - 40 22.203125
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Figure 5.67 NHAM with RK6 Euclidian Norm of errors versus number of iterations

for Bratu problem.

Fig.5.66 cites a comparison between the approximate solution obtained by NHAM with
RK6 and exact solution. From this comparison, one can see a good agreement between the
exact solution and the NHAM with RK6 solution.

As shown in Table 5.34, the output of the MATLAB of NHAM with RK6 step converges
for Bratu problem and terminates at the ninth iteration. The CPU-time indicates NHAM
with RK6 takes more time than NHAM with RK5. However, the Euclidean norm errors of
Newton step of NHAM with RK6 are less than NHAM with RKS of the same problem.
Moreover as shown in Figure 5.67 which proves the convergence of NHAM with RK6
for Bratu problem and the norm error getting smaller in between successive iterates until

7™ iteration and finally its change of error becomes very small.

Problem -4 - consider Thermal Explosion nonlinear BVPs defined in section (1.2)

u"+e" =0, xe(0,1), (5.5.1.2)

With the associated boundary conditions

u'(0)=0,u(1)=0.

The Analytic solution for this problem given by, equation (1.2.12).

Using equations (5.5.1.2) and (3.3), we can create NLSAEs for Thermal Explosion

problem

F(uj):fh2+uj71—2uj+uj+l, for j=1,2,...N (5.5.1.3)
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Where f=-1e"

Equations (5.5.1.3) solve by using NHAM with RK6 steps and take similar inputs of
NHAM for the same problem gives the following output:

Table 5.35: NHAM of RK6 Euclidian norm of error, number of iteration and CPU time
for Thermal Explosion problem.

Number of Parameter Euclidian norm Euclidian norm of CPU time

iteration(k) C of Newton step function (F)
(dw)
9 0.1 2.53 X 10" -41 4.36 X 10"-40 41.546875

Norm of stepsize (s) and F Vs. k(NHAM with RK6 for TherExplo)
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Figure 5.68 NHAM of RK6 Euclidian Norm of Errors versus number of iteration
for Thermal Explosion problem.

As shown in Table 5.65 NHAM with RK6 steps converges for Thermal Explosion
problem and terminate within 9 iteration for 4 =0.1. Moreover as shown in Figure 5.68,
this proves the convergence of NHAM of RK6 method for Thermal Explosion problem. It
displays the norm errors of a function (F) and Newton step (du) are continuously
decreasing and reach an error (10™*"), which is better accuracy than NHAM with RK5
step however its CPU time taken for computation is bigger than any type of NHAM with
RK steps.
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CHAPTER SIX

6. Solutions of BVPs Using Optimization Methods

Introduction
Optimization problems are classifying as constrained and unconstrained optimization

problems.

Optimization methods diminish the weakness of Newton’s and quasi Newton’s methods.
The weakness of these methods is that accurate initial candidate must be given beforehand

to ensure convergence.

In order to find the roots of system of nonlinear equations by Optimization algorithms
first, convert the problem into an optimization problem called objective function, and then

they look for the desired root as a point that solve the optimization problem.

In book [20], a transformation technique from the system of nonlinear equations into an
objective functions of optimization problem, and solve it by using steepest decent method

are presented.

In this section, we are interested in using this technique to solve our model BVPs by
using different methods of optimizations like BFGS, DFP, Newton’s and Levenberg—
Marquardt.

In addition, to solve nonlinear equations by optimization this result can also be used as a
good initial approximation to both Newton’s and Broyden Methods.
% Systems of Equations and Optimization Problems

Optimization methods are based upon idea that the system F =0, or f,=0 for

i=12,...,n, is solved whenever the function

S=f+ 1+ +f (6.0)

is minimized, since the minimum clearly occurs when all the f, are zero. For example, the

two-dimensional problem (with a familiar change of notation)
f(xy)=0 g(x,y)=0

is equivalent to minimizing this sum
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S(x,y)=7"+g’

Generally, consider system of nonlinear equations G(x) =0; which contains n equations,

g (x,x,,...,x,)
G(‘xlﬁxZa“"‘xn): g2 (xljx'zj'“’x”) (61)
g, (x,x,,...x, )J
And n unknowns of vector x
x =[x, xz,...xn]T (6.2)
We can formulate the objective function F (x) by using
1
F(x)zEGT (x)G(x)=g12+g22+...+g3 (6.3)

Equivalently we can write by substituting equation (6.1) in (6.3), F (x) is called an

Objective function [70] of system of equations G (x).

F(x) = [(gl(xl.))2 +(g2(xl.))2 +...+(gn (xl.))zj (6.4)

The solution methods for unconstrained optimization problems can be broadly
classified into gradient-based and non—gradient-based search methods. Once the
search direction is identified, we needs to evaluate how much to move in that direction
so as to minimize the objective function. The efficiency of solution methods can be

gauged by three criteria:

e Number of function evaluations.

e Computational time.

e Rate of convergence.
If the function is continuously differentiable and the derivative should be evaluate then the
optimization problem can be express as a root-finding problem [70]. We are using the

golden section method, for solving the one-dimensional problem. The search direction is
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guide by the function evaluations as well as the search directions computed from earlier

iterations.
+» Golden section search

The golden section search is the counter part of bisection used in finding roots of

equations [71] . Suppose that the minimum of f (x)has been bracketed in the interval

(a,b)of length /. To telescope the interval, we evaluate the function at x, =b—Rh and

X, =a+ Rh, as shown in Fig. 6.69 (a).The constant R will be determined shortly.

If f > f, asindicated in the figure, the minimum lies in(x,,6) else in(a,x,).

2

() 2Rh-h <
f1 f2
. il Y =~ =S o
/=h-
x
= X Xo b
- h |
(aa)
f(x) T T
Rh
|_7Fm'
a| X9 Ko b x
. e

(b)

Figure 6.69. Golden section telescoping.

As illustrated in Fig.6.69 (b), to carry out the next telescoping operation we evaluate the

function at x, = @+ Rh and repeat the process.

Referring to Fig.6.69 (a), we note that x, —x, =2Rh— h.the same distance in Fig. 6.69 (b)

isx, —a = h'— Rh'. Equating the two, we get

2Rh—h=h"—Rh' (6.5)

Substituting #' = Rh and cancelling # yields

2R-1=R(1-R) (6.6)

The solution of which is the golden ratio:

—1++5

2

R=

=0.618033989... (6.7)
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Note that each telescoping decreases the interval containing the minimum by the factor R,
which is not as good as the factor of 0.5 in bisection.
The convergence rate of this method is linear. The interval reduction step is repeated until

the width of the bracket falls below the tolerance limit [71].

VR
Optimization

Methods

~
BN N =N =N

BFGS Methods DFP Methods Newton's Methods LMM

Figure 70: A Schematic Diagram of Optimization Methods

6.1. Newton’s Method for solving BVPs
The oldest second order method for minimizing a nonlinear multivariable function in R"
is Newton’s method. The motivation behind Newton’s method is identical to the steepest
descent method. The Euclidean norm, however, does not consider the curvature of the
surface. Hence, it motivates the definition of a different norm or a metric of the surface.

Thus, we pose the problem as finding the direction s that minimizes

Vi's = i@sﬂ (6.1.0)

i=1 ax,

1

Subject to the condition that

s"Os =1 (6.1.1)

The solution of this problem is provide by Newton direction

s =—0°'Vf , (6.1.2)

Where Q is the Hessian of the objective function, the general form of the update equation

of Newton’s method for minimizing a function in R" is

X1 = X _ak+1Q1;1Vf(xk ) (6.1.3)
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Where a 4 is determined by minimizing f along the Newton direction. For quadratic

functions it can be shown that the update equation reaches the optimum solution in one
step with a =1

X =x, —[Q(x0 )T [Vf(x0 )}, (6.1.4)

Newton’s method can also show to have a quadratic rate of convergence (see for example
[72,73] , but the serious disadvantages of the method are the need to evaluate the Hessian

0 and then solve the system of equations

Os =-Vf , (6.1.5)

to obtain the direction vector s. For every iteration (if Q is non-sparse), Newton’s method

involves the calculation of n(n+1)/2elements of the symmetric Q matrix, and 7’

operations for obtaining s from the solution of equation (6.1.5).

6.1.1. Application of Newton’s Method
Newton’s method is the optimization methods, for which we wrote Algorithm (6.1)

to approximate the solution of our mechanics problems defined in section (1.2).

» Algorithm (6.1): Solves nonlinear second order BVPs by using Newton’s Method.

INPUT: n,nx - no of variable & no of nodes
x ,Ax-  guess solution vector & required for gradient computation

€l, €2 - constant used for terminating the algorithm
falph_prev - function value at first/previous iteration
deriv - gradient vector

search - search direction(s ;)

STEP-1 start from 1* to last iteration do Step 2 to 6

STEP-2 compute function, gradient and Hessian ( f,Vf, H ) by using initial guess
f prev = func_multivar()
deriv = grad_vec()
sec_deriv =HESSIAN()

STEP-3 compute search direction

update solution vector

X,

T
STEP-4 check | falpha — falpha _ prev|< e, or ||derivll< &, is satisfied go to step-5 else go

to STEP-1
STEP-5 Display Numerical and graphical output
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Based on Algorithm (6.1) we wrote a MATLAB program that solve problems defined in
section (1.2).

» Numerical and Graphical output by using Newton’s Method

The numerical method, second order Newton method is apply and tested on the following
nonlinear BVPs that are define in section (1.2), the numerical result and norm error are
displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (6.1.1.0)

Subject to the dirichlet boundary conditions:

u(0)=u(1)=0 (6.1.1.1)

The Analytic solution for this problem given by, equation (1.2.3).
Using equation (6.1.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj)th2+uH—2uj+uj+1,for j=L2,..,N (6.1.1.2)

Eq. (6.1.1.2) solves by Newton method by using a MATLAB program and similar input of

pure Newton method for the same problem gives the following result:

Solution OF Newton Method for Bratu Problem
T T

015 T T
A=1
0.1 == umerical Solution —— Exact Solution
=
a
0.05 - -
c 1 1 | 1
0 0.1 02 0.3 0.4 05 06 0.7 08 09 1

x

Figure 6.71 Comparison between the approximated solution and exact solution of

Bratu problem using Newton’s Method.
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Table 6.36: Newton's method Euclidian norm of error, number of iteration and CPU time
for Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
4 1 7.77%x107"° 1.73x107"° 0.09375
102 Nomn of stepsize {s) and F ¥s_k {Newton for Bratu)
—#—normidx)
:i“\\\\\ —=—norm(F)
100 T R
107 T~ T~ 7
— ~_

ns(k),nf(k)
-
=]
A
T
!
/
/
I
/
/
/ /
|

1 15 2 25 3 35 4
k

Figure 6.72 Newton’s Method Euclidian Norm of Errors versus number of iteration
for Bratu problem.

Fig.6.71 cites a comparison between the Newton method solutions and exact solution.
From this comparison, one can see a good agreement between the exact solution and the

Newton’s (approximate) solution.

As shown in Table 6.36, Newton’s Method converges for Bratu problem and terminate
within 4 iteration for parameter value lambda=1. The CPU time also indicates Newton’s
method takes 0.0975 for computation. It is fastest method .Moreover as shown in Fig.5.72,
which proves the convergence of Newton’s Method for Bratu problem and the norm errors

of a Newton step (du) and function are continuously decreasing with in four iterations.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh(Ay) (6.1.1.3)

Subject to the dirichlet boundary conditions:
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u(O)zO and u(l)zl. (6.1.1.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (6.1.1.3) and (3.3), we can create NLSAEs for Troeschs problem

F(u,)=fh*+u,_ —2u,+u,,, for j=1,2,.,N

Where f = Asinh(Au(j))

The above NLSAEs solve by using optimization technique Newton’s Method and by

taking similar inputs of pure Newton method for the same problem gives:

Solution OF Newton Method for Troesch Problem
T T T

08 -

Q7 - -

0.6 - -

B os| |

04 - -

= Numerical Solution —— Exact Solution
03 N

0.2 -

01 s

0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 09 1
x

Figure 6.73 Comparison between the approximated solution and exact solution of

Troesch problem using Newton’s Method.

Table 6.37: Newton method norm error, iteration and CPU time for Troesch's problem.

Number of Parameter  Euclidian norm of Euclidian CPU time
iteration(k) A Newton step (du) norm of
function (F)

3 1 1.76x10°° 6.61x107"° 0.0625
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Figure 6.74 Newton’s Method Euclidian Norm of Errors versus number of iteration

for Troesch problem.

As shown in Fig.6.73, a comparison between the approximate solution obtained by
Newton’s Method and exact solution. From this comparison, one can see a good
agreement between the exact solution and the Newton’s Method (approximate) solution

for Troesch’s problem.

As shown in Table 6.37, Newton’s Method converges for Troesch problem and terminate
within 3 iteration for parameter value lambda=1. The CPU time shows, it is the fastest
method .Moreover as shown in Fig.6.74, which proves the convergence of Newton’s
Method for Troesch problem and the norm errors of a Newton step (du) and function are

continuously decreasing and within three iteration it converges to a solution.

6.2. Levenberg-Marquardt Method
The advantage of the steepest descent method is that it reaches closer to the minimum of

the function in a few iterations even when the starting guess is far away from the

optimum. However, the method shows sluggishness near the optimum point.

The Levenberg—Marquardt method is a kind of hybrid method that combines the strength
of both the steepest descent and Newton’s methods. The search direction in this method

given by

1

S, = —[H+ A1]" V£ (x) (6.2.0)
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Where, [ is an identity matrix and A is a scalar that is set to a high value at the start of
the algorithm. The value of A is altered during every iteration depending on whether the
function value is decreasing or not. If the function value decreases in the iteration, A

decreases by a factor (less weightage on steepest descent direction). On the other hand, if
the function value increases in the iteration, A increases by a factor (more weightage on

steepest descent direction) [74].

6.2.1. Application of Levenberg-Marquardt Method (LMM)
To approximate the solution of mechanics problems define in section (1.2), we wrote an

algorithm (6.2) for Levenberg-Marquardt method.

» Algorithm (6.2): Solves nonlinear second order BVPs by using LM Method.

INPUT: n,nx- no of variable & no of nodes
X ,Ax - guess solution vector & required for gradient computation

€l, €2 - constant used for terminating the algorithm

falph_prev - function value at first/previous iteration
deriv = - gradient vector

search - search direction(-deriv

STEP-1 start from 1* to last iteration do Step 2 to 7

STEP-2 compute function, gradient and Hessian ( f,V/f, H ) by using initial guess
f prev = func_multivar()
deriv = grad_vec()
sec_deriv = HESSIAN()

STEP-3 compute search direction

s, =—[H+A1T"Vf
update solution vector

xi+l

STEP-4 when f(x,

i+1

=x +s
)< f(x,) satisfied change A =A1/2 else A =24

STEP-5 check | falpha — falpha _ prev| <&, or ||deriv| < ¢, is satisfied go to step-5 else go

to STEP-1
STEP-6 Display Numerical and graphical output

» Numerical and Graphical output by using Levenberg-Marquardt (LM) Method
The numerical method, LM method is applied and tested on BVPs that are define in
section (1.2) and the numerical result are displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)
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u"(x)+ 2 =0 (6.2.1.0)

Subject to the boundary conditions:

u(0)=u(1)=0 (6.2.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (6.2.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(uj):fh2+uj71—2uj+uﬁl,for j=L2,..,N

Where f=-1e"

The above NLSAEs solve by using Levenberg—Marquardt (LM) method and similar

inputs of Newton method for the same problem we obtain the following result:
Solution OFf LMM for Bratu Problem

a15 T T T
01 =
. == umerical Solution —®—Exact Solution
&
=
0.05 |- =
4]
4] 01 02 0.3 0a 05 06 07 o8 09 1

Figure 6.75 Comparison between the approximated solution and exact solution of
Bratu problem using LM method.

Table 6.38: LM method Euclidian norm of error, number of iteration and CPU time for
Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
25 1 5.33e-6 1.508¢ - 8 0.78125
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Figure 6.76 LMM Euclidian Norm of Errors versus number of iteration for Bratu
problem.

Fig.6.75 cites a comparison between the approximate solution obtained by LM method
and exact solution. From this comparison, one can see a good agreement between the

exact solution and the LM (approximate) method solution.

As shown in Table 6.38, LM method converges for Bratu problem and terminate
within 25 iteration . The CPU time also indicates LM method takes more time than
Newton method with this problem. The Euclidean norm error of the function shows LM
method has more error than that of Newton’s Euclidean norm error .Moreover as shown in
Fig. 6.76 that proves the convergence of LM method for Bratu problem and the norm
errors of a Newton step (du) and function are continuously decreasing below expected

error tolerance.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (6.2.1.2)

Subject to the boundary conditions:

u(O):O and u(l):l. (6.2.1.3)
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The theoretical solution for this problem given by, equation (1.2.7).

Using equation (6.2.1.2) and (3.3), we can create NLSAEs for Troeschs problem

F(u,)=fh*+u,_ —2u,+u,,, for j=1,2,.,N

Where f = Asinh(Au(j))
The above NLSAEs solve by using LM method and take similar inputs of Newton
method for the same problem gives the following result:

1 Solution OF LMM for Troesch Problem
T T T T

0.9 - N

0.8 N

0.7 - -

Host |

0.4 - -

—&— Numerical Solution —&— Exact Solution
03 N

a1 -

Figure 6.77 Comparison between the approximated solution and exact solution of
Troesch problem using LM method.

Table 6.39: LM method Euclidian norm of error, number of iteration and CPU time for
Troesch's problem.

Number of Parameter Euclidian norm of Euclidian CPU time
iteration(k) A Newton step (du) norm of
fuction (F)
24 1 1.173¢e -5 4.564¢-8 1.375
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Figure 6.78 LM method Euclidian Norm of Errors versus number of iteration for
Troesch problem.

As shown in Fig.6.77, a comparison between the approximate solution obtained by LM
method and exact solution. This shows a good agreement between the exact solution and

the LM (approximate) method solution for Troesch’s problem.

As shown in Table 6.39, LM method converges for Troesch problem and terminates
within 24 iterations. The CPU time also indicates LM method takes more time than
Newton method. The Euclidean norm error of the Newton step shows LM method has
more Euclidean norm error than Newton method .Moreover as shown in Fig.6.79, which
proves the convergence of LM method for Troesch problem and the norm errors of the

function are continuously decreasing below expected error tolerance.

6.3. Quasi-Newton’s or Variable Metric Algorithms
Introduction

Consider the Taylor series expansion of the gradient of f around x,,

vf(xlm ) = Vf(xk ) + Q(xk+1 _xk)’ (6.3.0)

Where Q is the actual Hessian of the functionf. Assuming 4, (4, =4(x,))to

approximate the Hessian at the k™ iteration, we may write equation (6.3.0) in a more

compact form as
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Vi = 4D (6.3.1)

Where

v =Vf (x.) =V (%), and  p,=x.,— x,, (6.3.2)

Similarly, the solution of Eq. (6.3.2) for p, be written as

By = Pio (6.3.3)

With B

- is to behave

being an approximate inverse of the Hessian (Q ), if B, ,

eventually as O 'thenB,_, 4, = I . Equation (6.3.3), known as the quasi-Newton or the

secant relation.

6.3.1. Davidon-Fletcher-Powell’s (DFP) Method

Rank-two updates for the inverse Hessian approximation may generally written as

By y'B r
B, :{Bk —%+9ﬂﬂf}% +p’;i, (6.3.1.0)
Vi BV P Vi
Where
1
T 31 P By,
Vi =\ Vi By { - } (6.3.1.1)
= (B Py YiBo,

6, and p, are scalar parameters that are chosen appropriately. If we set
6, =0 and p, =1 for all k we obtain the Davidon-Fletcher-Powell’s (DFP) update

formula [75] which is given as

By, v B i
B, =| B, -2k k+0,{vkv[}+—p’fpk (6.3.1.2)

ykTBkyk kayk ’

However, the step length must guarantee a reduction in the function value, and must be
such that p,{ ¥, >0 in order to maintain positive definiteness of B, . The performance of

the algorithm, however shows to deteriorate as the accuracy of the line search decreases
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[76] . This has led to the introduction of another update formula developed simultaneously

by BFGS formula as shown in the next section.

6.3.1.1.  Application of Davidon-Fletcher-Powell’s (DFP) Method
To approximate the solution of mechanics problems define in section (1.2), we wrote an

algorithm (6.3) for DFP method.

» Algorithm (6.3): Solves nonlinear second order BVPs by using DFP Method.

INPUT : »n,nx - no of variable & no of nodes
x ,Ax - guess solution & required for gradient computation
el, €2 - constant used for terminating the algorithm
falph_prev - function value at first/previous iteration
deriv-prev - gradient vector
search - search direction(-deriv

[A] - initialize to identity matrix

STEP-1 call function func multivar () for falpha prev at x
falpha_prev = func_multivar (x)
STEP-2 start from 1* to last iteration do Step 3 to 5

STEP-3 for the 1% iteration do step-3 to step-4 else

compute gradient vector deriv by calling gradient computation function

deriv_prev = grad _vec( )

Compute search direction by

search = -deriv-prev
Determine alpha and falpha by using Golden search method
[alpha, falpha] = golden _functl( )

STEP-4 falpha— falpha prev < epselonl ,is satisfied go to last else go to step-5

STEP-5 compute Ax and Vg for update of Hessian matrix approximation

Ax = (alpha*search)

N AxAx" N AVgVg' 4,
" A'Ve Ve (x) 4Ve

i+1

Where s, =—{4,,1"'V/(x,)
STEP-6 Determine « by using Golden search method

[alpha,falpha] = golden_functl()
Minimize  f(x,,,) and update solution x,,,

xi+2 = xi+l

+ aSHl
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STEP-7 check | falpha — falpha _ prev|< e, or ||derivl < &, is satisfied go to step-5 else go

to STEP-1
STEP-8 Display Numerical and graphical output

» Numerical and Graphical output by using DFP Method

DFP method is apply and tested on the following nonlinear BVPs that are define in section

(1.2) and the numerical result and norm error are display by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

(6.3.1.1)

u"(x) + 2" =0

Subject to the dirichlet boundary conditions:
(6.3.1.2)

u(O)zu(l)zO

The Analytic solution for this problem given by, equation (1.2.3).
Using equation (6.3.1.1) and (3.3), we can create NLSAEs for Bratu problem

F(u].)thz+uj_1—2uj+uj+l,for j=12,..,N

Where f=-1e"
The above NLSAEs solve by using DFP method and similar inputs of Newton method for

the same problem gives the following result:

015 Solution OFf DFF Method for Bratu Problem
- T T
A=1

01 -
— == MNumerical Solution —— Exact Solution
&
=
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1 1
03 04 0s 06 07 08 (<] 1
x

Figure 6.79 Comparison between the approximated solution and exact solution of

Bratu problem using DFP method.
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Table 6.40: DFP method Euclidian norm of error, number of iteration and CPU time for
Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm CPU time
iteration(k) A Newton step (du) of fuction (F)
78 1 7.051e-3 9.204e — 8 0.421875
102 Nomn of stepsize {s) and F Vs. kiDFP for Bratu
10° [ o *
e
MW
ﬁ A
- 1072 i % 1
=3 \
104 f h%%mmﬁﬂmmﬂmwm 7
108 T 8
—#—norm(dx) &
e—norm(F)
10—8 1 1 1 1 1 1
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k
Figure 6.80 DFP Method Euclidian Norm of Errors versus number of iteration.

Fig.6.79 cites a comparison between the approximate solution obtained by DFP method
and exact solution. From this comparison, one can see an agreement between the exact

solution and the DFP (approximate) solution.

As shown in Table 6.40 DFP Method converges for Bratu problem and terminate within
78 iteration for parameter value A=1, which is 20 times more than Newton method. The
CPU time also indicates DFP method takes 4.5 times more than Newton method with the
same problem. Moreover as shown in Fig.6.80, which proves the convergence of DFP
Method for Bratu problem and the norm errors of a Newton step (du) are not continuously
decreasing. This shows that at some point of iteration, norm of Newton steps are

increasing rather than decreasing, due to approximation of hessian matrix.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)
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u" = Asinh (4y) (6.3.1.3)

Subject to the dirichlet boundary conditions:

u(0)=0 and u(1)=1. (6.3.1.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (6.3.1.3) and (3.3), we can create NLSAESs for Troeschs problem

F(uj):fh2+uH—2uj.+uj+1,for j=L2,..,N

Where f = Asinh(Au(j))
The above NLSAEs solve by using DFP Method and take similar inputs of Newton
method for the same problem, give the following output:

1 Soluton Of DFP Method for Troesch Problem
T T T

- -
01 —&— MNumerical Solution
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0 0.1 02 0.3 04 0.5 0.6 0.7 0.8 09 1
x

Figure 6.81 Comparison between the approximated solution and exact solution of
Troesch problem using DFP Method.

Table 6.41: DFP method Euclidian norm of error, number of iteration and CPU time for
Troesch's problem.

Number of Parameter Euclidian norm of Euclidian CPU time
iteration(k) A Newton step (du) norm of

function (F)

107 1 1.63¢ -3 1.05e-6 0.34375
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Figure 6.82 DFP Method Euclidian Norm of Errors versus number of iteration.

As shown in Fig.6.81, a comparison between the approximate solution obtained by DFP
Method and exact solution. From this comparison, one can see an agreement between the

exact solution and the DFP Method (approximate) solution for Troesch’s problem.

As shown in Table 6.41, DFP Method converges for Troesch’s problem and terminate
within 107 iteration for parameter value A=1, which is 27 times more than Newton
method. The CPU time also indicates DFP method takes more time than both Newton and
LM method and the Euclidean norm error of function also bigger than both Newton and
LM method with the same problem. Moreover as shown in Fig.6.82, which proves the
convergence of DFP Method for Troesch problem and the norm errors of a Newton step
(du) are not continuously decreasing. This shows that, at some point of iteration, norm of
Newton steps are increasing rather than decreasing, due to approximation of hessian

matrix.

6.3.2. Broyden, Fletcher, Goldfarb, and Shannon (BFGS) Method
This formula can be obtain by putting 6 =1 and p, =1in Eq. (6.3.1.0) which reduces to

B

k+1

_3, +[1 L VB } ppi_PiB. Buri 63.2.0)

v |pive Py pPiw

Equation (6.3.2.0) can also be write in a more compact manner as
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T T T
B, {1—1”;“ }B{]—yk"k }M. (6.3.2.1)

Pi Ve Pivel P

Using 4,,, =B, and A, = B;' we can invert the above formula to arrive at an update for

the Hessian approximations. This update formula reduces to

A ppl A T
A, = A, - LBl | Vidi (6.3.2.2)
D vips

Which is the analog of the DFP formula (6.3.1.2) with B, replaced by 4,, p, and y,
interchanged. Conversely, if the inverse Hessian B, is update by the DFP formula then

the Hessian 4, is update according to an analog of the DFP formula.

Numerical experiments with BFGS algorithm [76] suggest that it is superior to all known

variable-metric algorithms. We will illustrate its use by solving different nonlinear BVPs.

6.3.2.1. Application of Broyden, Fletcher, Goldfarb, and Shannon Method
To approximate the solution of mechanics problems define in section (1.2), we wrote an

algorithm (6.4) for BFGS method.
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» Algorithm (6.4): Solves nonlinear BVPs by using BFGS Method.

INPUT: n,nx- no of variable & no of nodes
x ,Ax - guess solution vector & required for gradient computation

el, €2 - constant used for terminating the algorithm
falph_prev - function value at first/previous iteration
deriv-prev - gradient vector
search - search direction(-deriv
[A] - initialize to identity matrix

STEP-1 call function func multivar () for falpha prev at x
falpha_prev = func_multivar (x)
STEP-2 start from 1* to last iteration do Step 3 to 5

STEP-3 for the 1* iteration do step-3 to step-4 else

compute gradient vector deriv by calling gradient computation function
deriv_prev = grad _vec( )
Compute search direction by
search = -deriv-prev
Determine alpha and falpha by using Golden search method
[alpha, falpha] = golden _functl( )
STEP-4 falpha — falpha prev <tol ,is satisfied go to step-8 else go to step-5
STEP-5 compute Ax and Vg for update of Hessian matrix approximation
Ax = (alpha*search)

N gve' +Vf(xi) f(xi)T
i+l i VgTAX Vf(xi )T

Where s,,, =—[4,,, ]_1Vf(xl.)
STEP-6 Determine o by using Golden search method

[alpha,falpha] = golden_funct1()

Minimize f (xm) and update solution x,,,
Xiva = Xin

STEP-7 check | falpha— falpha _ prev| <& or|derivl < &, is satisfied go step-5 else go to - 1

STEP-8 Display Numerical and graphical output
» Numerical and Graphical output by using BFGS Method

+ aSi+1

BFGS method is apply and tested on the following BVPs that are define in section (1.2)
and the numerical result are displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)
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u"(x)+ 2 =0 (63.2.1)

Subject to the dirchlet boundary conditions:

u(0)=u(1)=0 (6.3.2.2)

The Analytic solution for this problem given by, equation (1.2.3).
Using equation (6.3.2.1) and (3.3), we can create NLSAEs for Bratu problem

F(uj)th2+uH—2uj+uj+1,for j=L2,..,N

Where f=-1e"

The above NLSAEs solve by using BFGS method and inputs similar with DFP method for

the same problem gives the following result:

Soluton OF BFGS Method For Bratu Problem
T T

015 T T
A=1
01 =
=
=
== Numerical Solution —— Exact Solution
005 -
G 1 1 1 1
4] 01 02 03 04 05 06 07 08 09 1

x

Figure 6.83 Comparison between the approximated solution and exact solution of
Bratu problem using BFGS Method .

Table 6.42: BFGS method Euclidian norm of error, number of iteration and CPU time for
Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) function (F) time
21 1 3.68¢e-3 1.23e-6 0.125
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Figure 6.84 BFGS Method Euclidian Norm of Errors versus number of iteration for
Bratu problem.

Fig.6.83 cites a comparison between the BFGS method solution of Bratu problem and
exact solution. From this comparison, one can see a good agreement between the exact

solution and the BFGS (approximate) solution.

As shown in Table 6.42, BFGS Method converges for Bratu problem and terminate
within 21 iteration for parameter value A=1, which is better than DFP method iteration.
Moreover as shown in Fig.6.81, which proves the convergence of BFGS Method for
Bratu problem and the norm errors of a Newton step (du) are not continuously decreasing.
This shows that at some point of iteration norm of Newton steps are increasing rather than
decreasing, it is not stable but the Euclidean norm error of the F are decreases

continuously below predefined error tolerance.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (1y) (6.3.2.3)

Subject to the dirichlet boundary conditions:

u(O)zO and u(l)zl. (6.3.2.4)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (6.3.2.3) and (3.3), we can create NLSAEs for Troeschs problem
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F(u].)thz+uj_1—2uj+uj+1, for j=12,...N

Where f = Asinh(Au(j))

The above NLSAEs solve by using BFGS Method and take inputs of DFP method for

the same problem gives the following output:

1 Solution OF BFGS Method For Troesh Problem
T T T T

0.9 - N

0.8 .

06 .

= Numerical Solution —— Exact Solution
03 -

0.2 .

0 0.1 0.2 03 0.4 0.5 06 0.7 0.8 09 1
x

Figure 6.85 Comparison between the approximated solution and exact solution of
Troesch problem using BFGS Method.

Table 6.43: BFGS method Euclidian norm of error, number of iteration and CPU time for
Troesch's problem.

Number of Parameter Euclidian norm of Euclidian CPU time
iteration(k) A Newton step (du) norm of
fuction (F)
29 1 5.001e-3 4.0295e-8 0.15625
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Figure 6.86 BFGS Method Euclidian Norm of errors versus number of iterations for
Troesch problem.

As shown in Fig.6.85, a comparison between the approximate solution obtained by BFGS
Method and exact solution. From this comparison, one can see a good agreement between

the exact solution and the BFGS Method (approximate) solution for Troesch’s problem.

As shown in Table 6.43, BFGS Method converges for Troesch problem and terminate
within 29 iteration for parameter value A=1, its CPU time shows BFGS method takes
more time for computation than Newton method but less time than DFP method.
Moreover as shown in Fig. 6.86, which proves the convergence of BFGS Method for
Bratu problem and the norm errors of a Newton step (du) are not continuously decreasing.
It is not stable due to numerical approximation of inverse hessian matrix, but the
Euclidean norm error of a function are stable and decreases continuously below a desired

error tolerance.
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CHAPTER SEVEN

7. Continuation by Parameter (CBP) Method
When the solutions of system of NLAEs or ODE are very sensitive to changes in the

initial values; especially, when the solutions are located in very close proximity. In the
majority of cases, it is practically impossible to derive correct diagrams or solutions.
Thus, other methods have to be employed, for example, the parametric continuation
method, the description and application of which is presented below.

Consider a system of m nonlinear equations with m unknowns, containing a parameter p

F,.(xl,xz,...,xm,p):O, i=0,1,2,....m (7.0)

Using vector notations,

m

x:[xl,xz,...,xm]T s F:[E,Fz,...,F ]T (7.1)

We present the system of equations in a vector form

F(y,p)=0 (7.2)

Introducing Jacobian matrix

- F
J = {a—_’}, i=1,2,..,n (7.3)
Y,
Whereas, w is the partial derivative vector calculated in terms of parameter p :
F
W:{Q}, i=1,2,..,n (7.4)
op

By designating the total differential of system (7.2), we obtain

Ja—x+a—F=0, or (7.5)

dp Op

Jdy +wdp =0 (7.6)

From equation (7.6), we drive

dy =—J 'wdp (7.7)

If the above dependence is to be use in numerical calculations, differential increases dy

and dp be substitute by the following difference increases:
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AV =Y —Vis Ap=p..,— D (7.8)

Which leads to the following steps, which proceed until continuation parameter ‘p’
reaches the final value, which is p=1.

Xy = X ~J 'WAp, i=12,.,n (7.9)

If the computational process is started with precisely determined values of y,, and p,
(that is, fulfilling equation (7.0) with big accuracy), the successive values of vector y, ,

determining the next points of the diagrams, are designated without the necessity of
using any other iterations [77].

7.1. Application of Continuation By Parameter (CBP)
To approximate the solution of mechanics problems define in section (1.2), we wrote an
algorithm (7.1) for CBP method.

» Algorithm (7.1): Solves nonlinear BVPs by using CBP Method.

INPUT : N - no of variable &
u- guess solution vector & required for computation
AL -  constant used for change the parameter
A - initial value of parameter
AMimit - final value of parameter

STEP -1 do step 2 until AA> Alimit
STEP-2 change the second order ODE to two first order ODE and do step-2
u"=f(x,u,1)
u'=z(x,u,1), (a) z'= f(x,u,1) (b)

STEP-3 differentiate the first order ODE (b) with respect to dependent variable U
df (x,u,2)
du
STEP-4 differentiate the first order ODE (b) with respect to Parameter A

df (x,u,1)
dA

STEP-S solve this system of linear equation by Thomas Algorithm
v=Av+ f(x,u,A)
By Increase AL by A=A+AA
STEP-6 update solution by
u=u+vA~i
STEP-7 Display Numerical and graphical output

Based on Algorithm (7.1) and a MATLAB programs, we solve problems 1 and 2.
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» Numerical and Graphical output by using CBP
The numerical method, CBP is applied and tested on the following BVPs that are define

in section (1.2) and the numerical result are displayed by using MATLAB program.

Problem-1- consider Bratu 1-D nonlinear problem defined in section (1.2)

u"(x)+ 2" =0 (7.1.0)

Subject to the boundary conditions:

u(O)zu(l)zO (7.1.1)

The Analytic solution for this problem given by, equation (1.2.3).

Using equation (7.1.0) and (3.3), we can create NLSAEs for Bratu problem

F(u_i)zﬂzz+uj_1—2uj+uj+l,for j=12,..,N (7.1.2)

Where f=-1e"

Eq. (7.1.2) solve by using CBP method by using a MATLAB program and using the

inputs: initial guess (u=ones(n,1)*2), error tolerance (tol= 107), number of unknowns

=19, number of iterations=50 and value of parameter A =1, we get the following result:

015 Solution Of LMM for Bratu Problem
- T T T T

== N umerical Solution —8—Exact Solution

0.05

Figure 7.87 Comparison between the approximated solution and exact solution of
Bratu problem using CBP method.
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Table 7.44: CBP method Euclidian norm of error, number of iteration and CPU time for
Bratu problem.

Number of Parameter Euclidian norm of Euclidian norm of CPU
iteration(k) A Newton step (du) fuction (F) time
25 1 5.33e-6 1.508e - 8 0.78125
102 Nomn of stepsize {s) and F Vs_ k{LMM for Bratu
:_—Q— %—ii_*i__*_“‘“%
10° - R . .
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= o o
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Figure 7.88 CBP Euclidian Norm of Errors versus number of iteration for Bratu
problem.

Fig.7.87 cites a comparison between the approximate solution obtained by CBP method
and exact solution. This shows a good agreement between the exact solution and the CBP

(approximate) method solution.

As shown in Table 7.44, CBP method converges for Bratu problem and terminates within
25 iterations. The CPU time also indicates CBP method takes 0.7125. The Euclidean norm
error of the function and steps below predefined limit. Moreover as shown in Fig.7.88,
which proves the convergence of CBP method for Bratu problem and the norm errors of a
Newton step (du) and function are continuously decreasing below predefined error

tolerance.

Problem-2- consider Troesch’s 1-D nonlinear problem defined in section (1.2)

u" = Asinh (Ay) (7.1.2)
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Subject to the boundary conditions:

u(O):O and u(l)=1. (7.1.3)

The theoretical solution for this problem given by, equation (1.2.7).

Using equation (7.1.2) and (3.3), we can create NLSAEs for Troeschs problem

F(uj):fh2+uj71—2uj+u for j=1,2,...N

Jj+lo

Where f = Asinh(Au(j))

The above NLSAEs solve by using CBP method and using the inputs: initial guess
(u=ones(n,1)*2), error tolerance (tol= 107), number of iterations=30 and value of

parameter , 4 =1 we get the following output:

1 Solution Of LMM for Troesch Problem
T T T T

=& MNumerical Solution —e— Exact Solution

Figure 7.89 Comparison between the approximated solution and exact solution of
Troesch problem using CBP.

Table 7.45: CBP method Euclidian norm of error, number of iteration and CPU time for
Troesch's problem.

Number of Parameter Euclidian norm of Euclidian CPU time
iteration(k) A Newton step (du) norm of

fuction (F)

24 1 1.173e -5 4.564¢-8 1.375
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Figure 7.90 CBP method Euclidian Norm of Errors versus number of iteration for
Troesch problem.

Analysis

As shown in Fig.7.89 a comparison between the approximate solution obtained by CBP
method and exact solution. From this comparison, one can see a good agreement between
the exact solution and the CBP (approximate) method solution for Troesch’s problem.

As shown in Table 7.45, CBP method converges for Troesch problem and terminates
within 24 iterations. The CPU time also indicates CBP method takes 1.375” to compute
solution. The Euclidean norm error of the Newton step and function shows, CBP method
has better accuracy. Moreover as shown in Fig.7.90, which proves the convergence of
CBP method for Troesch problem and the norm errors of the function are continuously

decreasing below predefined error tolerance.
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CHAPTER EIGHT

8. CONCLUSION

Different numerical methods has been applied to different nonlinear boundary value
problems from different areas of engineering like fluid mechanics, mechanics of solid, etc.
comparison of these methods by the criteria like number of iteration, norm errors of step,

norm error of function and CPU time are displayed below.

Table 7.46: Comparison of Newton and Quasi Newton’s methods

Numerica problems No Iter Norm(du) Norm(F) CPU parame

1 Methods time ter

Newton Bratu 4 1.88e-7 4.2¢-9 0.25 1
Troesch’s 3 1.44¢-5 4.03e-7 0.03125 1
HT 5 8.52e-11 2.71e-12 2.1563 le-9
Thermal 14 2.52e-4 9.13e-5 0.09135 | 0.1
Explosion

Broyden_I | Bratu 22 2.97e-5 4.8e-8 0.1563 1
Troesch’s 11 1.01e-3 4.4e -7 1.59 1
Broyden_II | Bratu 24 6.55¢-9 1.66¢-9 0.25 1

Thermal 48 4.8e-7 7.59¢-9 0.6406 0.1
Explosion

BC1 Bratu 2 3.45¢ -4 2.14¢-6 0.28125 1
Troesch’s 2 8e-12 4.16e-12 0421875 |1

BC2 Bratu 2 7.01e-6 4.2e-9 0.1406 1
Troesch’s 2 1.24¢-10 3.83e-12 1.4719 1

MBCl1 Bratu 1 1.345¢-4 1.063-6 0.2031 1
Troesch’s 1 3e-12 4.16e-12 1.6375 1

MBC2 Bratu 2 2.167e-8 3.79¢-9 0.0369 1
Troesch’s 2 1.253e-13 | 4.028e-15 1.8125 1

From Table 6.47, we show that the result obtained by MBC methods converge with few

iteration and a better accuracy than Broydens methods and Newton method, however

MBC needs more CPU time than other methods. Moreover, MBC methods have a better

accuracy than BC methods due to predictor and corrector step.

It is finding that Newton Homotopy Analysis method (NHAM) with forward Euler step
solved successfully all the model boundary value problems including notoriously famous

‘stiff” Troesch’s problem and Thermal Explosion problem with Neumann boundary
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condition. This method approximate solution with a very small norm error, that is around

107",

The modification of NHAM with RK2, RK4, RK5 and RK6 steps solved this highly
nonlinear model BVPs with a better accuracy than NHAM with Euler steps.

Our results from NHAM with RKs method successfully solved nonlinear BVPs appears in
a number of applications shows that, the method solved with high accuracy than any
methods in this paper. However, the method takes big CPU time than any of the methods
listed in this thesis.

Table 7.47: Comparison of optimization methods

Numerical  problems No  Norm(du) Norm(F) CPU parameter
Methods Iter time
BFGS Bratu 21 3.68¢-3 1.23e-6 0.125 1
Troesch’s 29 5e-3 403e-8 0.15625 1
DFP Bratu 78 7.05¢-3 9.21e--8 0.42188 |1
Troesch’s 107 | 1.63e-3 1.05e-6 0.34375 1
Newton Bratu 4 7.77e-7 1.73e-10 0.40625 1
Troesch’s | 3 1.764e-6 6.61e-10 0.3125 1
LM Bratu 25 5.33e-6 1.508e-8 0.5625 1
Troesch’s 24 1.173e-5 4.564¢-8 1.375 1

From Table 7.47, we show that the result obtained by Newton method, converge with few

iteration and a better accuracy than other optimization methods.

Finally, it is finding that CBP method solved successfully all the boundary value problems
including notoriously famous Troesch’s problem. This method provided solution within
the range of the parameter, exceeding much the ones appeared to be critical for the solvers

used by other methods.
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