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ABSTRACT

We study the method to find a generalized solution to the linear inhomogeneous
differential equations of different orders. Here first, second and fourth order linear

inhomogenous differential equations are considered.

We use generalized function for finding the generalized solutions of linear
inhomogenous differential equations. Green’s function plays a great role for solving

such differential equations.



INTRODUCTION

In this paper, we study the method to find a generalized solution to the linear

inhomogeneous differential equations of the form

LLY] = F(X) crrrrrerrereereerenenns (*)

Of different orders by finding the general solution of the associated homogenous
equation of (*) which is denoted by y;, and we find its Green’s function which makes a
particular solution to the non-homogeneous equation which is denoted by y,. Thus

the generalized solution of (*) becomes
Y=YntYp

The general solution of the n™ order linear inhomogeneous differential equation

L[y] = f(x) is given by

y= yp + Clyl + CZVZ .. cnyn

Yp+ D ckyk
k=1



Where y, is a particular solution, {y,y,,.....,ya} is a set of linearly independent

homogenous solutions, (y), and the C/’s are arbitrary constants.

Also we study the method to find a general solution to the linear inhomogenous

differential equations with boundary conditions of the form.

LLy] = f(x), B1(y) = B,(y) = 0

The first chapter, focuses on the method to find a general solution of first order linear
inhomegeneous differential equation. The second chapter focuses on the method to
find the general solution of 2" order linear inhomogenous differential equations and
the last (3"’) chapter of this paper focuses on finding the general solution of 4™ order

linear inhomogenous differential equations.



Chapter 1

1. First order Linear inhomogeneous Differential Equations.

Definition :- The first order linear DE is:
a(x)y+ b(x)y + C(x) = 0 ~--mrmmrmmememe (1)
Where a(x), b(x), ¢(x) are continuous functions and a(x)#0
(1) is called homogeneous if c(x)= 0, and inhomogeneous other wise.

In any interval where a(x) does not vanish, the linear DE (1) can be reduced to the normal form as:

dy/dx +p(x)y+q(x)=0 (2)

With continuous coefficient functions p = ®/ and q= ..

Theorem 1: If f(x) is one solution of the inhomogeneous linear DE (2), and g'(x) = p(x), then the general

&%) 'where c is an arbitrary constant.

solution of (2) is y = f(x) + ce
Proof: First, we need to find the solution of the homogeneous case of (2), which is
dy/dx + p(x)y =0
= dy/dx = -p(x)y
= dy/y = -p(x)dx (variable separation)

={n |y| =- { p(x)dx + ¢c;, ¢, is arbitrary constant

=y =C,& "YW  where Co= e

Hence, the general solution of the homogeneous, y;, is
|Y | =C e—.\'p(x)dx
h o
= yi = €@ 'PM% \where Cis an arbitrary constant.

= yp= Ce®, since g'(x) = p(x).



Also the particular solution, y, is
yp = f(x)
Thus, the general solution of (2) is
Y = Yot ¥h
= y = f(x) + C€*", where C s arbitrary constant.

1.1 |[Initial Value Problem
The "initial value problem" for a first order DE y = F(x,y) consists in finding a solution y = h(x) that
satisfies an initial condition y(a) = y,, where a and y, are given constants. Thus, if we know a particular

solution f(x) of an

inhomogeneous linear DE(2), then by setting C = eg(x) [yo-f(a)] in theorem 1, we get a solution of the

stated initial value problem.
Theorem: The first order inhomogeneous differential equation with homogeneous initial condition.

Lly] = y'+ p(x)y = f(x), for x>a, y(a) =0

has the solution y = I G(x,e)f(e)de

a

where G(x,€) satisfies the equation

L[G(x, €)] = 8(x-¢), for x>a, G(a, €) =0

X

I p(t)de

The Green function is G(x, €) = e H(x-¢)

Proof: Applying the linear operator L to the integral, we have

L[ T G(x,e)f(e)de = TL[G(x, &)]f (€)de, since G is continuous

= Td(x— e)f(e)de

= (%)



The integral also satisfies the initial condition:

B [I G(x, € )f(e)de] = I BIG(x, €)] f(€)de, since G is continuous

a a

= j (0)f(g)de

=0
For x#€, the Green function is simply a homogeneous solution of the differential equation.

However, at x = € we expect some singular behavior. G (x, €) will have a dirac delta function type

singularity.
That is, G(x, €) will have a jump discontinuity at x = €.
We integrate the DE on the vanishing interval (¢---€*) to determine this jump.

G+ p(x) G = 3(x-€)

G(e', €) -Gl €) + j p(X)G(x,€)dx =1

e—

= G(e'e)-G(g,e)=1
The homogeneous solution of the differential equation is

v e—J.p(x)dx
h =

Since the Green function satisfies the homogeneous equation for x¢, it will be a constant times this

homogeneous solution for x<e and x>¢

C eilqp(x)dx
1

, a<X<E

—| p(x)dx
G(x, €) = Ce I , X>€
In order to satisfy the homogeneous initial condition G(a, €) = 0, the Green function must vanish on the

interval (a-----€)



G(x, €) = 0, a<x<e

com[Pdx o

=G(e",e)=1
This determines the constant in the homogeneous solution for x>€.
0 , O<x<e

Glx, €)= J[pdr o

Gk, &) =e | PO g

Example:- Find the general solution of the DE
y+2y = 2X°+4Ax+7
With homogeneous initial condition y,(0) = 1
Solution:- here p(x) = 2
Now from the above theorem, the homogeneous solution, y;, is

_J'p(x)dx _ e—jzdx o 20

Yh= €
= yh = Ce™, Cis arbitrary constant.
Since y,(0) =1
=C=1
Thus, y,= €™
Thus, the Greens function G(x, €) is
G(x, €) = 0 , O<x<g

e e«

= Gx, &)= €™ | Hx-€),G0,€e) =€*H(-€) =0 = e =1, fore>0



Thus, the general solutiontoy +2y = x>+ 4x + 7 is
V) = [G(x.) f(e)de = [ f(e)de
0 0

= €% +x’+x+3

Chapter Two
2. Second Order Linear Inhomogeneous differential equations.
Def:- The second order linear DE is
Po(X)d*y/ax’ + P1(X)™/ gy + Pa(X)y = P3(X) =omememememeoe (1)
Where p;j(x) [j = 0,1,2,3] are continuous functions and Py(x)20
(1) is called homogeneous if Ps(x) =0, otherwise it is inhomogeneous.

Dividing through (1) by the leading coefficient py(x), one obtains the normal form:

d’y + p(x)dy + q(x)y = r(x)
dx’ dx
where P = P,/Py, q = P2/Po, r=ps/po

2.1 Variation of parameters

Consider the second order case of L[y] = f(x) and suppose {y,,y,} is a fundamental set. Then
Ciy1(x) + Coya(x) is the general solution of L [y] = 0. A method due to Lagrange for solving L[y] = f(x) is

based on the idea of seeking a solution as:
Yp(X) = Ca(x)ys(x) + Co(x)y2(x)
Then
y'p = C1y 1+Coy +C 1y1+C Y,
To simplify the algebra, we impose the auxiliary condition

Ciy+Cyy,=0

11



Then
V”p = C1\/”1 + Czynz"'cvlyvl"' Cvzylz
If we substitute into L[y] = f, we want
Ca(X) (y 1*+a1 Y 1+aoy1) + Co(X) (y 2+a1 y 2+acya) + Ciy 1+Cay = f(x)

Note that the two-parenthesized expressions are zero because y, and y, are solutions of the

homogeneous equation. Thus we need to solve
C'1\’1 + CVzYz =0
Ciy1+Coy,=f

By Cramer's Rule

Cvl (x) = ;Yg(l)ﬂl). ’ Cvz (x) = M;(l)ﬂl).
W(yy,y2)(x) W(yy,y2)(x)

Thus a particular solution is given as

Yol(X) = -ya(x) I Y2 w0

OfOd R OfOdr
T +y2(x)x{ (

_ jiyl(X)yz(t)_yl(t)yz(X)f(t)dt

w(yps ¥,)(0)

= [a(s.0)f (e

g (x,t) is called the Fundamental solution.

Example:- Consider the problem

y+y=1 (1)
Find the general solution, using variation parameter.

Solution: - First we consider the homogenous part



(2)

y"+y =0

So we can take y; = cosx, y, = sinx be the solutions of (2)

Thus the Wronskian is

W(x)=| cosx sinx | =1

-sinx CoSsXx

Thus by the variation of parameters formula:
() f(x)dt

Yo(X) = -Ya(x) I—y : (tv)v{t ()t)dt + yz(x)I 2 W)

¢ Sintdt+sin
= -Cosx I X
1
X0

Xo

j~ cost.ldt

X

jcostdt

Xo

Cosx I Sint dt + sin

X0
= cos’x + sin’x

-1

2.2 Method of undetermined coefficients

We consider here only linear DE'S with constant coefficients

Thatisy + ay + by =f(x)
Where a,b are constants and f(x) is a polynomial function, exponential function, sine and cosine and sum

and product of these functions.
The following table contains a guide for generating a particular solution when one applies the

method of undetermined coefficients.

In particular consider.



Terms in f(x) Choice for yp(x)

Should not be the root of the
characteristic equation

Polynomial agX" = - +an, 0
P(x) =aXx™+ -+ an,
Ae™ Ae™ o
A cosPx
or A cos Bx + B sinfx B
A sinPx

Example 1. Find the particular solution y, of

Solution: y, = Ax*+Bx+C (As defined from the previous table)
Now y'p = 2Ax+B, y"p =2A
Substituting these into (*) we get
Y+ 4y, =8%
= 2A + 4(ax’+Bx+C) = 8x’
—=A=2,B=0,C=-1
Y= 2x-1
Example 2. If y - y-2y = 10cosX, ... (**)

Then solve the particular solution y,.

Solution: The roots are

m; =2, m,=-1and B =1is not the root of the characteristic equation

Thus, y, = A cosx + B sinx




=y, =-Asinx+B cosx, y , = -a cosx - B sinx
Substituting thus into (**) we get
- A cosx - B sinx -(-A sinx + B cosx) -2 (A cosx + B sinx) = 10 cosx
= (-3A-B) cosx + 9A-3B) sinx = 10 cosx
—A=-3,B=-1
". Yp = -3 COSX - sinx
2.3 Boundary Value- Problem

Initial value problems for second order liner differential equations are those in which we specify
for a solution y = y(x) the values y(a) and y'(a) at a single point x = a. We have that under a reasonable

hypothesis such problems always have a unique solution.

If instead we try to specify the solution values y(a) and y(b) at two different points x=a and x =
b, which is a boundary value problem (BVP), then variety of outcomes appear if we ask for existence of a

solution.

That is, there may be a unique solution, there may be infinitely many solutions or there may be no

solution at all.
Theorem: Let the linear homogeneous differential equation

y +p(x)y +q(x)y =f(x) p, qe C°[a,b] and Let ovand B be
arbitrary numbers. Then the differential equation has a unique solution

satisfying both y(a) = o and y(b) = B if and only either one or the other of the following equivalent

statements hold
(a) The only solution satisfying y(a) =0isy=0
(b) For two independent solutions y; and y, we have

yi(a)  y2(a)
yi(b)  ya(b)| #0

i.e. yi(a) ya(b) - ya(b) y2(a)#0

15



Proof: Let the general solution of the differential equation is given by
y(x) = Caya(x) + Cay(x)
The boundary conditions y(a) = o, y(b) =
Thus, substituting we get
Ciya(a)+Cay,(b) = o
Caya(b)+Caya(b) = B ---mmmmemmmmmeeeee (2.3)

Using Cramer's rule it is easy to show that there equations (2.3) have a unique solution for C1 and C2 if

and only if
yi(a)ya(b) - y2(a)ys(b) #0
But the condition that the equations
Ciya(a)+Cayy(a) =0
C1y41(b)+Cyy,(b) = 0 have only the trivial solution.i.e.C;=C,=0

Now we consider BVP for the non-homogenous equation with continuous coefficients p(x), g(x) and f(x).

y +P(x) y=q(x)y = f(x) (i
The key is first to find a solution satisfying the special homogeneous boundary conditions.
y(a)=0,y(b) =0

It turns out that this can always be done provided that a and b are not conjugate points for the
differential equation. The term conjugate point is used to denote pair of boundary points for which

there fails to exist a unique solution.
Using variation of parameters, let us find first the particular solution of (i)

Let y; and y, be two linearly independent solution to the associated homogeneous equation. Form y(x) =
ya(X)ug(x)+y2(x)uy(x) where u; and u, are to be determined so that y(x) is a solution of the non-
homogenous equation. Note that if u; and u, are constants, y(x) would be a solution of the associated

homogenous equation.

Computey andy and substitute into (i)

16



Then rearrange terms as follows:
(Y1 +Py 1+Qy1)us+(ys +P Y 2+QY2)Us+(yaU 1+y,U5) +P(yau's+you ')+
(YI1UI1+ V‘zu‘z) =f

The first two collections of terms are zero, because y; and y, are homogenous solutions. What remains

of the equation will be satisfied if we choose u, and u, so that the two equations.

V1U‘1+yzulz =0

VI1UI1+ VVZUVZ =f (ii)

hold for all x on the interval in question. These little system of equations can be solved for u; and u, by

elimination, with the result

IO A C YA C)
MY, ()=, (0, ()
BIP ( 63110

()’ () =y, (x)y') (x)
The expression in the denominators is the same in both formulas and can be written as
W(x) =|y(x)  yalx)| =yalx) Vlzx)' Vuz(x) le(x)
Vll(X) YVZ(X)
Called the wronskian of y; and y,

To complete the solution, integrate the formulas for u; and u, to find u; and u, and then combine with

y1, Y2 to get particular solution.

Yp(X) = ya(x)ug(x)+ya(x)uz(x)

=i 2L

By choosing the constants of integration properly in the two integrals we can get the most general

solution of the non-homogeneous differential equation.

In particular we can specify these constants by using integrals with limits of integration as follows:

17



o) = ) [ 22T Z(tv)vj(; ()’W 7 (tv)vj(ftmdt

+ yz(-x)j£ )

= yox) = I Y, (0O f0dr f W@y, f 0t

’ w(t) ] w(?) (i

Now suppose that the linearly independent solutions y; and y, have been chosen so that y,(a) =0 and

y2(b) = 0. It then follows by setting x = a and

x = b respectively, that y,(a) = 0 and y,(b) = 0 thus we have found a particular solution satisfying the

preceding boundary condition.

We denote by G the function of two variables defined for a<x<b, a<t<b by

Ya(x)ys(t) , a<t<x
w(t)

G(xt) = Ya(x)ya(t) , x<t<b
w(t)

Where yi(a) = y,(b) =0 and w(t) = yl(t)ylz(t) - yz(t)y'l(t) is the Wronskian of y4(t) and y,(t).

Then G is called a Green's function for the BVP and by equation (iii) we can write

b
Yo(x) = IG(x,t)f(t)dl for the solution of

y +P(x)y +a(x)y = f(x) , y(a) =y(b) = 0
Example: Lety - 2/,y+°/,2y = xcosx, x>0
Find a particular solution to the non-homogeneous
Solution: Homogeneous solutions are
y1(x) = x and y,(x) = x*
Thus, their wronskian is
= 2x*-x* = x’#0, since x>0

w(x)= x X

1 2x

18



Hence y,(x)=x [-x*.xcosx dx + x2[x.xcosx dx

x> X
= Yp(X) = -x cosx
To solve the non-homogeneous equation

y +p(x)y +q(x)y = f(x)

with general non-homogeneous boundary conditions y(a) = a, y(b) = B, where o and 3 are both not zero,
we continue to assume that a and b are not conjugate points of the associated homogeneous equation.
Then first solve the equation with homogeneous boundary conditions y(a) = 0, y(b) = 0 by the method

discussed above say it y,.
Now the general solution of the non-homogeneous equation is

y(x) = Cyya(x) +Cyya(x) + y(x), where y; and y, are linearly independent homogeneous solutions and C; and

C, are constants
Since
yp(a) =0, yp(b) = 0, all we have to do to satisfy
y(a) =a, y(b) = B is choose C; and C; so that
Ciya(a)=Cay,(a) =
Caya(b)+Cyya(b) = B
This can be done only if a and b are not conjugate points
Example: The differential equation y"+y = 1 ---------- (*)
has linearly independent homogeneous solutions cosx and sinx.

To satisfy boundary conditions of the form y(0) = o, y("/,) = B, we can check that the points x =0 and x =

"/, are not conjugate by observing
cos 0 cos ™/,

sin 0 sin™/, | =1

19



Rather than constructing a Green(s function we can observe by inspection that y(x) = 1 is a particular

solution to(*).
So
y(x) = C; cosx + C, sinx + 1 is the most general solution of the differential equation.
To satisfy y(0) = o, y("/,) = B, we solve the equation
Cicos0+GC,sin0+1=q
C; cos™/, + Cysin™/, +1=f
forC;andCtogetCi=a-1,C,=pB-1
Thus y(x) = (a-1) cosx + (B-1) sinx +1 is the unique solution satisfying the boundary conditions.

On the other hand, the points x = 0, x = Tt are conjugate for y'+y = 0, because sinx is a non-trivial solution

so that is 0 at both points. Thus can attempt to solve,
Cicos0+GCysin0+1=0
Cycosm+C,sint+1=J3

Leads to C, = o -1 and -C; = B-1. Thus there is no solution to the BVP with boundary conditions y(0) = a,

y(m) =B unless a-1=-B+1 =+ P =2

In this case, there are infinitely many solutions all of the form
y(x) = (a0 - 1) cosx + C, sinx+1 Where C, is arbitrary.

Theorem: The second order inhomogeneous differential equation with homogeneous boundary

conditions.

Lly] = y"+P(x)y'+q(x)y= f(x), for a<x<b, B4[y] = B,[y] = 0, has the solution.
b
v=[G(x.6)f(e)de
Where G(x, €) satisfies the equation

20



L[G(x, €)] = &(x-€) , for a<x<b, B1[G(x, €)] = B.[G(x, €)] =0
G(x, €) is continstions and G (x, €) has a jump discontinuity of height 1 at
X=&
Proof: [essentially same procedure as 1st order case]
Example: Solve the boundary value problem
y =f(x) with boundary conditions y(0) = y(1) = 0
Solution: y, = 1 and y, = x are a pair of linearly independent solutions for

y =0

Only y =0 (trivial) solution satisfies the homogeneous boundary conditions.

Hence, there is a unique solution to this problem.
The Green function satisfies
G (x, €) = §(x-g, G(0, €) = G(1, €)= 0
= G(x, €) {Cﬁczx , for x<e
d+dyx, for x>¢
Applying the two boundary conditions, we get
C;=0andd;=-d,
= G(x, €) = (—cx , for x<e
(x-1), for x>¢
Since Green's function is continuous, we have

Ce=d(e-1) = d =ce/fe-1

From the jump condition

21



ice(x—l)_icle
dx &£-1 dx
X=€ X=€

=cgfe-l-c=1
=c=¢-1

=d=¢

Thus G(x, e):%:(e—l)x, for x<g
€ (x-1), for x>¢
Thus, the general solution to y = f(x) is

VW= [G(x.e) f(e)de

= (x-1) Ief(e)de +x j (e-1)f(e)de

2.4 Variable Coefficients

Let us consider the differential equation

2 N
a(x) ili y+b(x)%+c(x)y=;ﬂn5(")(x—€)

2
X

Where 3" «x) is the n'" derivative of §(x)

To fix the ideas, we shall take N = 1 So that we have only to solve

Lyl =a(x)y +b(x) y+ c(x)y = Bod(x-€) + P18 (x-€) ------------- (1)

Since this is non-homogeneous equation, its solution is expressed as

¥(X) = yn(x) +yp(x) (2)

Where yy(x) is the solution of the homogeneous equation L[y] = 0 and y,(x) is the particular solution.

22



The part y,(x) is the same as we study in the classical analysis: we therefore attend only to the particular

solution, which we assume to be

Yo(X) = G(x)H(x-€) (3)

Where H(x) is the Heaviside function and G(x) is the unknown function.

Now:
¥e(X) = G (X)H(x-¢) + G()3(x-€) (4a)
Y o(X) = G (X)H(x-€) + G (€)3(x-€) + G(€) (x-€) ---------- (4b)
Thus
b(X)Y p(x) = b(X)G (x)H(x-€) + b(€)G(€)(X-E) ------------- (5a)

a(x)y p(x) = a(x)G (x)H(x-€) + a(x)G (€)3(x-€) + a(x)G(€)d (x-€)
= a(x)G (x)H(x-€) + a(€)G (€)3(x-€) + G(e)[-a (€)3(x-€) +
a(e)d (x-¢)]
= a(x)G (x)H(x-g) + [a()G (e) - a(e)G(e)]d(x-€) + a(e)G(e) (x-€) - (5b)
Substituting (5) in (1), we get

a(x)G (x)H(x-€) + [a(€)G (€) - a (€)G(€)]18(x-€) + a(€)G(€)d (x-€) + b(X)G (x)H(x-€)+ b(e)G(€)d(x-€) +
c(x)G(x)H(x-€)

= Bod(x-€) + B8 (x-€)
Or
(LG(x))H(x-€) + [a(€)G (€) - a(€)G(e)+b(e)G(e)] §(x-€) + a(e)G(e) (x-€)

= Bod(x-€) + 13 (x-€) (6)

Equating derivatives of 8(x) of equal order on both sides of this equation, we have

LG = a(x)G (x) + b(x)G (x) + c(X)G(x) = 0, (7a)

a(€)G (e+ (b(e) - a(€))G(e) = Bo (7b)

23



a(e)G(e) = P (7¢)

System (7) is the initial value problem for G(x) and can be solved by the classical method, there by solving the

original problem completely.

For the special case when ;= 0, we have the fundamental solution E(x-€).

E(x-€) = G(x)H(x-€) (8)
Example: Solve the following harmonic oscillator

y +Kly = §(x-¢) (9)

Solution: comparing (9) with (1), we find that

a(x) =1, b(x) =0, c(x) =K’

Thus the system (7) reduces to

G (x)+K°G(x) =0 (10a)
Ge)=1 (10b)
G(e)=0 (10c)

The general solution of (10a) is

G(x) = A sin (kx+B) (11)

Then application of the initial conditions (10b) and (10c) yields
G(g) = Asin (ke+B) = 0, so that B=-ke and
AK cos (ke+B) = Ak cos0=1
Thus A =1/,
Substituting these values in (11), we obtain

G(x) = */,sin k(x-€)

24



And the general solution of (9) and the fundamental solution are
y(x) = o sin(kx+B) + [/ sin k(x-€)]H(x-€)
and E(x-€) = [*/i sin k(x-€)] H(x-€) respectively.

Example: Consider

(1-x%)y -2xy = (x-€) (12)
Solve its general solution

Solution: Here a(x) = 1-x%, b(x) = -2x, ¢(x) =0

System (7) becomes

(1-x%)G (x) - 2xG (x) = 0 (13a)
(1-€)G(e) =1 (13b)
(a-€*) G(e) =0 (13¢)

The general solution of (13a) is

G(x)=Afnl+x+B (14)
1-x

Initial condition (13c) yields

A€nl+e+B=0 (15)
1-¢

Since G'(x) = A (Y1 + Y1) = 2A/1-%*, from condition (13b) we find that
(1-6) 1 =1 =>A=%
Then (15) gives the value of B as

B=-%Anl+e/l-e=% An1¢e/l+e

Substituting these values of A and B in (14) we obtain
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G(x) = ¥2[An 1'e/1+€ . 1+x/1-X] (16)
So the general solution of (12) is

y = AN 1+x/1-x +B+1/2 (An 1-g/1+€ . 1+x/1-X)H(X-€) -------------- (17)
The fundamental solution E(x, €) is

E(x-€) = E(x, €) = Y2 (An 1-€ /1+€ . 1+x/1-x)H(x-€)

Example: Let us extend the method of the previous examples to solve the "

y +3y+2y =3 x) (18)

Solution: It is clear that the terms 8(x) and & (x) will appear in the expression for y(x). However, we need only
assume that the coefficients of §(x) and & (x) are constants. Accordingly, we assume

y(x) = G(x)H(x) + ad(x) + b8 (x) (19)
Differentiating twice we obtain

Y (x) = G (x)H(x) + G(0)§(x) + ad (x) + bd (x)

y () = G (x)H(x) + G(0)3(x) + G(0)8 (x) - ad (x) + b (x)

Substitution of these in (18) yields the following system:

G (x) +3G(x) + 2G(x) = 0,
G(0) +3G(0) +2a =0,
G(0) + 3a+2b =0,
a+3b=0,
b=1

Solving this system we obtain
G(x)=-e*+8e* a=-3,b=1,
So, from (19) the particular solution is

y(x) = (-e™ + 8 )H(x)-38(x) + & (x)

26



2.5 CONSTANT COEFFICIENTS THIS SIMPLEST EQUATION OF THIS TYPE IS
d’E/dx*=d(x-£) (1)
Since H’X) =d(x), integration of (1) gives
dE(x, £)/dx= H(x- £)+a(£), (2)
Where a(=) is an arbitrary function. Next, we integrate (2) and obtain
E(x, &)=)_. H(x— s)dx+ x x (g) + B(s)
= (x- &)H(x- =)+xa (&)+ Bl&) (3)

Where [3{£) is another arbitrary function. It is easily verified that (3) satisfies (1). Equation (3) shows that

E(x,£) is a continuous and piecewise differentiable function.
This solution helps us in solving the inhomogeneous equation
d’t/dx* = T (x), (4)
Where T (x), is a distribution with compact support. Indeed,
T(x)=E * T (5)
As is easily verified by operating on both sides of (5) with d°/dx.

Let us see if we can solve with the help of the above analysis an initial or boundary value problem in the
classical theory of ordinary differential equations.

Theorem:- the general solution of the boundary value problem
d’u/dx*=f(x), o<x < 1, u(0)=u(1) = 0, (6)
Is u(x):flgc Glx, gl fle)de
Where f(x) is an integrable function with compact support.

Proof:- appealing to relations (3) and (5), we find that

U) = [ (x —e)H(x —e)f (e)ds +x [ ()f ()ds + [ pe)f(c)de

—_—m F

" glaF(de.

—

=0 (x—e)fle)de +x J:‘; o (e)f(e)de+ |
The boundary conditions (6) then give

=~ 00

0=-J" efle)ds+ [ ple) fle)de. (7)

J—e ——
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-1 . o iy P oo e
O0=)__(1—e)fledde+ |__wx()flelde + |___Rle)flelde. (8)

From (7) we find that (s} = sH{—z), then (8) yields

cn | —1+eH(g),—o=e=1
&)= {0, £ 1.

Thus the required solution is

S =

i & P, "1 ST
u(x) = Jc- lx —e)filslde —x Jc- (1—slflclde

. o i wood -1 . W of R
=lplx —e)H(x —g)flelde — |, x(1—2)fledde

Jo
= [ollx —9H(x —£) —x(1 - Df ()de (9)
=[5 Glx, &) f(e)ds, (10)

Where

Gxel={x—s)H(x —g) —x(1 — &)

- {_X:l - E:I_. X = & (11)

i i
—&il—x), x =&

The function G(x,£) is called a Green’s function. It satisfies differential equation (1) and the same

boundary conditions as does u(x), namely.
G(0,£1=G(1=)=0 (12)

We can go a step further and examine the case of inhomogeneous boundary values, that is
u(0) = a, u(1) = b. For this purpose we split the function u into two parts u; and u, such that u = u; + u,.
The function u, satisfies the same differential equation and has the same boundary values as the
function u in (6). Accordingly, its value, from (9), is

X o\ s = o
U,= Jc- x —gliflgldes —x Jc- (1—s)flelde
The function u, satisfies the boundary value problem.

d’u,/dx*=0,  u,(0)=a, u,(1)=b,

We can look at the quantity a as the strength of the jump discontinuity at 0 and b as the strength of the
jump discontinuity at x=1 (so that the functions rises at 0 and falls back at x=1). Then we can appeal and
obtain.

-l

d’uy/dx*=ad'(x) — bé'(x — 1), u2(0) = 0,u2(1) =0,

its solution follows from (9):u, = bx — a(x-1), Thus
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il ol "l ool 5 r g P
ulx)= J,(x —elflelde —x |, (1 —e)flelde + bx —alx —1). (13)
let us now consider the initial value problem
d’u/dx? + a*u=61x), wx=0+)=0,uwix=0+) =1 (14)

Here u is defined for x>0. Accordingly, the solution is such that u is zero for x<0 and satisfies the
differential equation d?u/dx’+a’u=0 for x>0. The solution that satisfies the conditions u(0)=0, u’(0)=1, is
sin(ax)/a. Thus the solution of the initial value problem (14)is

U(x)=(1/a)H(x)sin(ax). (15)
It is the fundamental solution E (also called the Causal solution) of the operator d*/dx*+a’.
Let us use this fundamental solution to construct the solution of the initial value problem.
d’u/dx*+a’u=f(x), u(x=0+)=u,, u’(x=0+)=uj, (16)

where f is a continuous function for x>0. For this purpose we continue the functions u and f in the
following way:

_[CI, x =10
vix)={,, (x), x=10
) - [UJ x <0,
Y= Ft0 ¥ =0
We then find that
V'(x) = V+udix) v {x) = " +udd (x)+ ulsx)

Accordingly, the function v satisfies the differential equation

d?v/dx? +a2v=g(x)+uod’ (x) + 1 1s(x), (17)
whose solution is

v(x)=E+ (g +uod' +uld)=E + g + ulE' + ulE

T, . . - ulsinlax)
=1/al, fly)sinalx — y)dy + ulcoslax) + ————

An Alternative Approach

We can obtain (3) various other interesting results by an alternative approach. For this
purpose let us first recall

d2 [ﬂx—a/ =0 (x - ¢g) (79)
dx2 2
Accordingly, the solution (Green’s function) to the boundary value problem

29



d2 G(x, £) =0(x - £) (20)

G (0, ¢ =0, G (1, ¢ =0 (21)
Is
G(x, £) =1 [x- ¢ [+ XA (£) + B (2). (22)
2
Appling the boundary conditions (21), we find that
AE=¢-1, B(@E=-1¢ (23)
2 2

Substituting theses values in (22), we recover (11).
At this stage it is useful to introduce the symbols x< and x>. They stand for values.

X, a<xX<G§é,
X<=min(x,£)=| £ £<x < b,
And
g, a<x<eg
X>=min(x, £) =| X, £<x <b,

As shown in Fig. 9.1 the corresponding quantities G< and G> stands for values of G in
the values of G in the x< and x> regions, respectably.

In the present case, a =0, b =1, so that G< =x (¢ - 1) and G> = ¢ (x — 1). The functions
G< and G> satisfy differential equation (1) in the x< and x> regions respectably. The
function G< satisfies the boundary condition G (0, &) = O while G> satisfies the
conduction G (1, £§ = 0. At x = £ these two solutions are equal. However, there is a

jump in their derivates; that is,

[dG>/dx -G</dx]|x-£ = 1. (24)
G< G>

0 x< € x> b
Fig. 9.1

The preceding remarks re valid for a general strum- liouvile problem.

d/dx (p(x) dG(x, £)/dx) + qx)G(x,£) = Slx —e),a=x, £ = b,

T
[¥y |
[
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G (a, g =0, G (b, g =0, (26)
Where p and q re real-valued functions on a < x< b,p,p’,q are continuous in the
interval and p is positive. In this cases,

GEXx, &)/ xc+=G(x, &) ,-¢— (27)
An
dG(x, £) - dG(x, ) = 1 (28)
dx |x=:s+ dx X=£ - p(%)

Example 1. Let us find the green’s function that satisfies the Sturm Liovile problem

d?G(x,£) + G(x,£) =8 (x=2¢), O<x=<m,
(38)
dx2
G0)-G'(0)=0, G (m)+ G’ (m)=0. (39)

To find the complete solution of this system, we fist find the solutions in the regions
x<(0<x < £) and x> (¢ < X< ) regions-
In the x< region, the solution of the homogenous part of (38) is
G (%, £ =Asinx + B Cos X, (40)
and

G(x, £) = A Cos x - B Sin x. (41)
In view of the boundary condition at x=0, obtain A =B thus the solution in the x<

region is

G(x, €) = A (sin x + Cos x) = V2A [(1/V2) sin x + (1V2) Cos x].
= A sin (x + 4). A=V2A. (42)

In the x> region, we take the solution of homogenous part of equation (38) to be .

G(x, ) = ¢ sinx + D Cos x, (43)
So that
G’(x, €) = C; Cos x — D sin x, (44)

The boundary condition (39) yields C,=-D. Thus

G(x, £)= C; sin (x- n/4). C=V2(, (45)
Then condition of continuity is

Asin (x +n/4)/x=f =Csin (x - w/4)[x =¢

Or
A = C =B= Const. (46)
Sin (= - n/4) sin (£ + n/4)
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This leaves undermined only B, Which we find by applying the jump condition

dG/dx/x-€+ - dG/dx[x= £ — =1
or
B [sin (£ + n/4) Cos (£ - n/4) —sin (¢ - ©/4) cos(¢ +n/4)] =1,
Which yields B= 1. Thus
G(x, g) { Sin (¢ - n/4) sin (x + n/4) X < E.
Sin (£ + n/4) sin (x —/4), X > £- (47)
Example 2 let us use the information of the previous example to solve the

boundary value problem.

U”(x) + u(x) = f(x) , O<x<m (48)
flx) = fi(x) =0, O<x<m/2

fH(x) =2x/=n n/2< X< T
u(0) -u’(0)=0 u(m +u’(m)= 0 (49)

Thus, the jump discontinuity is at the point ¢ = /2. In view of he jump in the function
f and the Green’ function at x =n/2, we exact the solution fu and its derivative u to

have jump discontinuities at n/2 , let square brackets label the jump of a function at

x=11/2 we thus set.

[u-u@+)-u(o-) =% [u] =u @+ - v @) =B
2 2 2 2
Now recall the values of the distributional derivatives, namely,

U'=u’ + xd0 (x - n/2), G = 0" + a0 (x-n/2) + BO(Xx - =/2)
Thus (48) can be written as ( +0 = f(xX) + BO(x-n/2) + ad(x - n/2)

So that

X

Ux) = G, o)f()] + 0B(t-m) + od(t-m)dr

2 2
Y
=2/_n| n/2G(x, 9)[f(t)] dt+ BG(x-x) - dG(X,x)
2 at 2
=1sin (x-z) (1- 4) + BG (x, ) -« aG (x, z).
V2 4 oL 2

Where we have used the solution for G from (47)
As in the previous example, we find the values of U in the x< and x> regions.

In the x< region
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u<(x) = [ [G<(x, ¢)f(t)] dt + BG< (x, z) - « aG<(x, x)
° 2 at 2

Next, we substitute the required values from the previous example, namely,
G<(x, t) t=n/2 = [sin (t — n/4) sin (x + n/4)|n/2 = (V2/2) sin (x + n/4)

aG</at/t=n2 = [cos (t — n/4)] sin (x + n/4)|n/2 = (V2/2)sin (x+r/4),

And obtain
U. = (1/72) [sin(x — t/4) (1 — 4/m) + sin (x +11/4)(B - a)] (50)
In the x> region,
u>=1sin (x + ) (1 -4) + BG>(x o) -* aG> (x, o) (51)
\2 4 It 2 at 2

Because G> (x,t) = sin (t + 1/4) sin (x — 11/4) we have
G> (x,) = ¥2 sin (x - ), aG>/at(x,m= -\2 sin (x- n)
2 2 4 2 2 4
Thus (51) yields
u>=(1/V2) sin (x - t/4)[p + a + 1 — 4/m]. (52)

Combining (50) and (52), we have

1
=

[sin (x — :J (l — :J + sin [X + :Il f—a) 0=x
u(x)= 1/v2 l = ™

W
RS

sin (x —;‘I (;9 +x+1 —E:I,

ra | H

Chapter 3
3. Fourth-order Linear In homogeneous differential Equation

Fourth-orders ordinary differential equations arise in various steady-state and
vibration problems in applied Mechanics. We present the Green's function theory of
such an equation in this section. Let us consider the differential equation.

d3y
dx’

d’y dy
+C(X)W+d(x)a+e(x)y

4
Lly] = a(x) %wm
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= BoO(x-€) + P18 (x-€) + B8 (x-€) + B3d (x-€) (1)

Where we have stopped at the term § (x) for the sake of simplicity; the following

analysis can be easily extended to include 5" (x-g) for n>4

Again, the general solution y(x) is

y(x) = yn(x) + yp(x) (2)
Our aim is to find the particular solution, which we again assume to be

Yo(X) = G(x)H(x-€) -- (3)

Differentiating this relation four times we obtain

Yo (X) = G (X)H(x-€) + G(e)S(x-€) (4a)

Y o(X) = G (X)H(x-€) + G (€)5(x-€) + G() (x-€) (4b)

Y o(X) =G (X)H(x-€) + G (™M)§(x-€) = G (€)S (x-€) + G(€)d (x-€) -—(4c)

y'o(x) = GY(X)H(x-€) + G (£)3(x-€) + G (€)3 (x-€) + G (€)3 (x-€) +

G(€)d (x-¢€) —--- (4d)

Now

d(x)y's(x) = d(x)G (x)H(x-€) + d(€)g(e)3(x-¢) (5a)

c(x)y"5(x) = c(X)G (X)H(x-€) + [c(€)G (€) - ¢ (€)G(€)]S(x-€) +

c(€)G(€)d (x-€) ----(5b)

To find the fundamental solution of the operator L, we set

Bo=1and B1=P,=P3=0
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Example: Let us solve the differential equation

d’ s d’
LB (1 m = P15 (x— 1)) (8)

Which embodies the static problem of finding the deflection y of a linearly tapered
beam that is free at x = 0, clamped at x = A, and subjected to a couple B, at its mid-

length (fig. 1).
The quantity E is young's modulus,

A = Ao(1+mx’) is the moment of inertia of the cross section, and A, and m are

constants.
—e
l A »
X
()
/X

Fig. 1 The deflection of a tempered beam.

Solution: Written explicitly, (8) becomes
Edo(1+mx)%y™ + 6EA m(1+mx)’y"" + 6EA,mM*(1+mx)y" = B8 (x-Y2A) ---(9)
Comparing (9) with (1), we have

a(x) = EAo(1+mx)?,
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b(x) = 6EA,m(1+mx)? (10)

c(x) = 6EAom*(1+mx),
d(x) = e(x) = 0
b(x)y"'(x) = b(X)G " (x)H(x-€)
+ [b(e)G (e) - b(e)G () + b (e)G(e)18(x-¢)

+ [b(€)G (€) - 2b (€)G(€)S (x-€) + b(€)G(€)d (x-€) (5¢)

a(x)y"(x) = a(x)G"(x)H(x-€) + [a(€)G (e) =a'(e)G (€) +a (e)G (¢) -a (e)G(e)]d
(x-e)+ [a(€)G (€) - 2a (€)G (g) + 3a (€)G(€)1d (x-€) +
[a(e)G (¢) -3a (€)G(€)]5 (x-¢) + a(e)G(€)S (x-g) ~--n----- (5d)

The next step is to substitute these values in (1), so that
(LG)H(x-€) + {a(e)G (€) - [a(€) - b(e)]G (e)

+[a (e) - b(e) + c(e)IG (g)

- [a (e) - b(e)+ c(e) - d(e)1G(e)}S(x-¢)

+{a(e)G (¢) - [2a (€) - b(e)]G (e)

+[2a'(¢) - 2b (¢) + c(e)1G(€)}S (x-¢)

+{a(e)G () - [3a(€) - b(€)]G(€)}d (x-€) + a(e)G(€)d (x-€)

= BoS(X-€) + P18 (x-€) + P25 (x-€) + B3 (x-€) (6)

We equate coefficients of generalized functions on both sides of (6) to obtain the

initial value problem:
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LG = a(x)G"(x) + b(X)G (x) + c(x)G () + d(X)G (x) + €(X)G(X) = 0 ---------- (7a)

a(e)G (g) - [a'(e) - b(€)IG () +[a (€) - b () + c(e)]G (€)

-[a (g) - b (e) + c(e) - d(e)IG(e) = Bo (7b)
a(e)G"(e) - [2a (e) - b(e)IG () + [3a (€) - 2b (€) + c(€)]G(e) = Py - (7¢)
a(e)G (¢) - [3a(€) - b(e)]Gle) = B (7d)
a(e)G(e) = Ps - (7e)

To find the particular solution with start with (3) with € = 1/2A, so that (7a) in this case

becomes

G"+6m/1+mx G +6m?/(1+mx)2G =0 (11)

Its solution is

G(x) = ¢ + &X + c3(1+mx) + ¢4 An(1+mx) (12)

Where ¢i(i = 1,2,3,4) are constants to find these constants, we substitute (12) in the

inital conditions (7b0 -(7c), to get

C1= - le - Bl

AMEA,(1+2mA)? ~ 2m7EA,(1+%mA)

C = B, 3= Py , €4=0-mmmmmmeee- (13)

2mEA,(1+¥2mA)° 2m°EA,
From (3), (12) and (13) we find that the particular solution of (9) is

Yo(X) = G(x)H(x-¥2A)
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=_[§]_E1 - A

EAo m%(1+%mA)  4m(1+%m\)?

+ X + 1

2m(1+%mA)?  2m3(1+mx)  H(x-"/,) (14)

The general solution can now be readily obtained by adding to (14) the solution to the

homogenous equation, namely,

Vh(x) = by + box + bs(1+mx) + by An(1+mx) (15)
Where bi(i = 1,2,3,4) are constants

These constants are obtained with the help of the boundary conditions that the beam

is free at x = 0 and clamped at x = A, that is,

y(A)=0,y(A) =0,y (0)=0,y"(0)=0- (16)

Thus, the general solution is:

2mEN, A A 1 1

Bl YO = T +mh?

2a+;mm2 mﬂ+;mbz

+| - ! L S H(x-Y2A

mﬂ+;mb 20+;mM2 G+;mb2 m(l+mx)
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