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Abstract

The notion of an Abstract Boolean Vector space (an Abstract B-
Vector space) is introduced by Subrahmanyam N.V. and he studied
intensively on this spaces. Later N.Raja Gopala Rao introduced
the concept of an Abstract R-Vector spaces as a generalization of
Abstract Boolean Vector space of Subrahmanyam N.V. He intro-
duced the notion of linear endomorphisms and affine transforma-
tions in Abstract R-Vector spaces and studied its properties. Fur-
ther, he made a study on the geometric aspect of these spaces. Later
K.Venkateswarlu introduced the notion of direct sums in Abstract
R~Vector spaces and established that every direct sum of Abstract

R-Vector spaces has a basis provided each component has a basis.

This thesis is a further continuation on the theory of Abstract R-
Vector spaces. It is investigated by introducing special homomor-
phisms, strong special homomorphisms, bilinear maps and fractions
in Abstract R-Vector Spaces. It is observed that special homo-
morphism is a normed Abstract R-Vector Space with a suitable
norm. Certain properties regarding dual spaces has been obtained

like some necessary and sufficient condition for two Abstract R-



Vector Spaces to be dual and some interesting results have been

proved on fractions in Abstract R-Vector Spaces.



Chapter 1

Introduction

The study of autometrized Boolean algebras initiated by David Ellis
[6,7] has been followed by the study of some special types of 'Boolean
metric spaces’ by several authors Blumenthal [4,5], Zemmer [31],
Melter [20], Penning [24]. Blumental has studied the geometry of
autometrized Boolean algebras by establishing theorems about be-
twenness and linearity and obtaining properties of segments. Zem-
mer has studied the geometry of p-spaces( = the Boolean metric

space obtained from a p-ring (with unity)).

Zemmer has proved that a p-space has the property of free mobility
if and only if the corresponding Boolean algebra of the p-ring is com-
plete. He has also proved that every two congruent, finite subsets
of a p-space are superposable. Penning has considered the Boolean
metric spaces obtained from associate rings. He has extended results
obtained by Blumenthal in [4,5] to these spaces. Melter has stud-
ied the results which continue the programme started in the paper

[31] of Zemmer. He has obtained necessary and sufficient conditions
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for a subset of a p-space forms a metric basis and further he has
exhibited an infinite minimal metric basis for a p-space. Further
he has determined the congruence order of a p-space with respect
to the class of all Boolean metric spaces. He has also determined
the group of motions of a p-space and further he has shown that
every rotation can be expressed as a product of a finite number of

involutions.

Thus while the study of abstract Boolean metric space might be in-
teresting in itself, the cases studied so far have been Boolean metric
spaces with internal algebraic structures. It has been observed by
Subrahmanyam that the several cases studied by Ellis, Blumenthal,
Zemmer, Penning and Melter can be unified under the broad the-
ory of what he called ’Abstract (normed) Boolean Vector spaces’

[26,27,28]

Subrahmanyam has defined a Boolean Vector space in a way similar
to that of the ordinary vector space over a field of real numbers and
made an intensive study of these spaces in his papers [26,27]. He
also noticed that any bounded Boolean extension V' of an abelian
group G( = B-extension of GG, where B is a Boolean algebra) can
be made in to a normed Boolean Vector space by introducing a
suitable multiplication of the elements of V' by the elements of the
corresponding Boolean algebra. In his paper [26,27], he has intro-

duced a notion of a basis for a normed Boolean Vector space and
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proved that if G* is a basis for a normed Boolean Vector space V/,
then G = G* together with the zero (of V') is a subgroup of V' and
further V' is isomorphic with the bounded Boolean extension of G.
Conversely, he also proved that any bounded Boolean extension of a

group G is a normed Boolean Vector space with a basis isomorphic

with G.

This result of Subrahmanyam, in particular, implies that a given
abelian group G is isomorphic to the B-extension of a given abelian
group G if and only if it is possible to introduce a multiplication
of elements of G by elements of B such that G together with this

multiplication forms a normed Boolean Vector space with basis G .

Since a Boolean Vector space has been defined in a way similar to
that of an ordinary Vector space over a field of real numbers, it
is natural to ask whether it is possible to introduce the concept
of a Vector space over a generalized Boolean ring and extend the
results obtained in the case of a Boolean Vector space by Subrah-
manyam to these generalised systems. Raja Gopala Rao [21] has
investigated an answer to this problem by introducing the concept
of an 'R-Vector space’, where R is a commutative regular ring (of
Von Neumann [30]) with 1. To this end he has imitated the idea of
B-extension of an abelian group of Subrahmanyam and introduced
the concept of ”R-extension of a group G (definition 2.4.3) and this
concept served as the generalization to the notion of B-extension of
G. Also he observed that the R-extension V of a group G is again a

group and just as subrahmanyam did in the case of B-extension of a
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group, it is possible to introduce a scalar multiplication of elements
of V' by elements of R and this scalar multiplication is found to have
certain peculiar properties with respect to the addition in V', which
will finally serve us as axioms to define a more general system called

an 'Abstract R-Vector space’.

This notion of an "Abstract R-Vector space’ has become a general-
isation to that of an ’Abstract Boolean Vector space’ and stand in
relation to a Boolean Vector space the same way as does the unitary

space in relation to the real Vector space.

Thus, in this thesis we further investigate the study of R-Vector
spaces by considering special homomorphisms, strong special ho-
momorphisms, bilinear functionals ( special class of special homo-

morphisms) and fractions of R-Vector spaces.

The rest of the thesis is divided into four chapters. In the second
chapter, we collect certain definitions, examples and results concern-
ing regular rings and Abstract R-Vector spaces from N.Raja gopala
Rao [21].

In chapter three, we introduce the notion of special homomorphisms
and furnish example that this notion is different from the notion of
linear homomorphism of R-Vector spaces defined by Raja Gopala
Rao [21]. Also we have proved that the set of all special homo-
morphisms, denoted by SHom(V, W) where V and W are R-Vector
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spaces, forms an R-Vector space with suitable scalar multiplication.
Further we proved that this SHom(V,W) is a normed R-Vector
space under suitable norm. We have also introduced the strong
special homomorphism, which is denoted by SSHom(V, W), and
proved that the set of all strong speical homomorphisms forms a
subspace of an R-Vector space SHom(V,W). Finally we have ob-
tained results concerning basis of R-Vector spaces and special ho-
momorphisms.

In chapter four, we have introduced the notions of functionals, bi-
linear maps between two R-Vector space. We obtained some inter-
esting properties regarding these notions. Also we have introduced
the notion of dual spaces, inner product spaces of R-Vector spaces.
In chapter five, we have introduced the notion of fractions of R-
Vector spaces and obtained that the fractions of R-Vector spaces is
again an R-Vector space and also it is normed under suitable norm.
Special class of subspaces were introduced and studied their prop-
erties. Finally we could obtain isomorphism theorems for the class

of R-Vector spaces under strong special homomorphisms.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we collect certain important definitions, examples
and results from the existing literature on regular rings (of Von
Neumann, [30]) and R-Vector spaces of Rajo Gopala Rao[21]. Here
throughout this chapter B stands for Boolean Algebra of idempo-

tents of a regular ring R.

2.2 Regular rings

Definition 2.2.1. A ring R is called a reqular ring if and only if to
each a € R there is an element x € R such that axa = a.
Definition 2.2.2. An element a in a ring R is said to be nilpotent
iof and only if there is a positive integer n such that a" = 0.
Remark 2.2.3. If R is a ring without non-zero nilpotent elements,

then all the idempotents of R are in its centre.
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Definition 2.2.4. A non empty subset S of a commutative reqular
ring R with 1 is said to be multiplicative if 1 € S and a,b € S
implies ab € S.

Example 2.2.5. Every field F is a reqular ring ( for every a € F,
take v = a™1).

Example 2.2.6. The ring Msyo of all 2 X 2 matrices whose entries
are elements of Zs is a reqular ring.

Example 2.2.7. Every Boolean ring is a reqular ring.

Note. The converse is not true. For instance, the regular ring given
in example 2.2.5 is not a Boolean ring when the field F' # 2.

For a regular ring R we have the following

Lemma 2.2.8. 1. Ifa,x € R and axa = a, then ax and xa are

tdempotents.

2. 1f all the idempotents of R are in its centre, then R has no
non-zero nilpotent elements.

Theorem 2.2.9. On any regqular ring R without non-zero nilpotent

elements, there is a unique involution a — a* with the property

aa*a = a

If a € R and axa = a, put a* = xax, then

Lemma 2.2.10. 1. aa® =a*a = ax = xa;

2. Ifa € B, then a* = a and a® = a;
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6. a(a*)* = a* = (a*)%a.
Corollary 2.2.11. If a;(i = 1,2,...,n) € R such that a;a; = 0 for
all i # j and Y75 a; =0, then a; = 0 for all i.
Lemma 2.2.12. 1. a" =a
2. (ab)* = b*a*
Corollary 2.2.13. If ab =0, then
1. ab* =a*b=a*b* =0

2. b*a =ba* =b*a* =0
Lemma 2.2.14. If ab =0, then (a + b)* = a* + b*
Theorem 2.2.15. Let R be any ring with 1 and x be an involution
on R satisfying for all a,b € R, the properties (i) aa*a = a. (i)
(ab)* = b*a* and (iii) (a +b)* = a* +b* if ab= 0. Then R has no
non zero nilpotent elements and (hence by theorem 2.2.9) such '«
1S unique.

Lemma 2.2.16. 1. 0*=0and 1" =1
2. If b=10% then (1 —b)*=1-1b"
3. (aa*)* = aa® and (a*a)* = a*a
4. (1 —aa*)*=1—aa* and (1 —a*a)* =1—a*a
5 (a+1—aa*) =a*+1—aa*
6. If a*> =0, then a* + 1= (a+1)*

7. Ifa®> =0, thena =0

10
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2.3 ’Norm’ of an element of a regular ring (with
out non zero nilpotent elements) and its prop-

erties

Let R be a regular ring without non-zero nilpotent elements. For
any a € R, define norm of a, which will be denoted by |a|, by putting
la] = aa*. It is clear that |a| = a*a and is well-defined. Following
are the consequences of the definition of norm.

Lemma 2.3.1. 1. |a| € B
2. |a| = a if and only if a € B
3. lal = |a”]
4. If ab =0, then a|b|(= |bla) = bla|(= |a|b) = |a||b] =0
5. Jab| = Jallbl(= [bal)
6. |a+0b| = |a] +|b| if ab =0 (or equivalently if ba = 0)

For any a,b € B, define a < b if and only if ab = a(or equivalently
ba = a). Then one can easily obtain <’ is a partial ordering on B.
Corollary 2.3.2. 1. |a| is the 'minimal idempotent duplicator’ of
a in the sense that |ala = a and if € B and xa = a, then
la| < x
2. lala* = a*
Lemma 2.3.3. 1. |a|] =0 if and only ifa =0
2. lal = [ —d

3. |la| + |b] — |a||b] € B and |a 4+ b| < |a| + |b] — |a||b|

11
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Lemma 2.3.4. 1. |a|+]|1—a|—la||]l —a] =1
2. lal(a+1-la|) =a

Let U denote the set of all invertible elements of R. Then the

following

Lemma 2.3.5. 1. |a| = 1 if and only if a € U and further if
a €U, thena* =a!

2. a €U if and only if a* € U

3. la+1—lal] =1

4 (a+1—la])" =a"+1—|a

5. a+1—|a| € U with a* + 1 — |a| as its inverse

6. (a+1—|a|])(b+1—1b]) € U and is the form c+1 — |c|, where
c=ab+a(l—|b])+ (1—la|)d
Lemma 2.3.6. 1. [l +a*|=]|1+a]
2. 11 —a*|=11—a

2| = |a||l — a|. Then
1 —a, € B and (1 — a,)a also belongs to B

3. To each a € R, we write a, = |a — a

2.4 Abstract R-Vector space

In this section we recall the following definitions from Subrahmanyam
26].

Definition 2.4.1. Let G be a group and B = (B,V,A,!) (in what
follows, for any a,b € B, we write ab instead of a N'b, a + b + ab

instead of a\V'b, 1+a instead of a') is a Boolean algebra with greatest

12
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element 1. The _Bounded Boolean extension (or B-extension) of

the group G means the set G of all mappings f : G — B with the

properties
o P1: f(x) =0 except for finite number of elements x € G

o P2: f(z)f(y) =0 forallxz,y € G withx #y

Remark 2.4.2. If for any f,q € G, define f + g by

(f +9)(x) = Vaypof(@)g(B) for any x € G, then (G, +) is a
group.

Definition 2.4.3. Let R be a commutative reqular ring without non
zero nilpotent elements and with 1. By an R-extension of a group
G, means the set V' of all mappings

f G — R with the properties

o P1: f(x) =0 except for finite number of elements x € G

o P2: f(x)f(y) =0 forallxz,y € G withx # vy

e P3: Y |f(a)| =

reG

Definition 2.4.4. Let R be an R-extension of a group G. Then

addition and multiplication in R are defined by

(f+9)@) =) fla

a+f=z

= fa)g(B)

af=x

forall f,g € R and z € G

Let V' = (V,+) be an abelian group and B = (B, +, ., ) be a Boolean

13
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algebra. Let 0 be the 'null-element’ of B and 1 be the 'universal
element’ of B.

Definition 2.4.5. V is said to be a 'Boolean Vector space over B’
(or simply a B-Vector space) if and only if there exists a mapping

-1 BxV — V (the image of (a,x) will be denoted by ax ) such that,
forallx,y € V and a,b € B,

1. a(zr +y) = ax + ay;
2. (ab)(z) = a(bx);
3. lx = x;

4. if ab =0, then (a + b)x = ax + bx.

Remark 2.4.6. Fven if V is an arbitrary group(i.e., not necessarily
abelian), we can extend the definition of a Boolean Vector space by
retaining the same postulates in definition 2.4.5 above.

Example 2.4.7. Let V be a group (not necessarily abelian) and B
be the (trivial) Boolean algebra of two elements 0 and 1. Define for
any v € V, 0x = 0 and 1x = x. Then obviously all the azxioms
i definition 2.4.5 are satisfied and hence, V' is a 'Boolean Vector

space’ over B.

Definition 2.4.8. If V' is normed, then
1. [V]=A{lz| :x € V}
2.V, =A{z:|x| <a} for each x €V and a € B.

Let V = (V,4) be any arbitrary group and R = (R,+,.) be a
commutative regular ring with unity element 1.

Definition 2.4.9. V is said to be a Vector space over R

14
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(or ‘an Abstract R-Vector space’) if and only if there exist a mapping
‘RxV =V (the image of any (a,x) € RxV will be denoted by ax
) such that for all x,y € V and a,b € R, all the following axioms
hold.

1. a*(z +y) = az + ay;

2. a(bz) = (ab)z if a® = a;

3. 1l = x;

4. (a+b)x =ax+bx if ab=0;

5. r(sx) = (rs)x if r and s are invertible elements of R and

6. a0 = 0 imply a® = a
All the elements of V' will be referred to as "Vectors’ and those
elements of R are 'scalars’ and the multiplication ’ax’ of the elements
of V' by the elements of R will be referred to as scalar multiplication.
Throughout the remaining part of this chapter, when we say V is
a vector space over R, we mean V' is an abstract R-Vector space in
the sense of the definition 2.4.9.
Example 2.4.10. Let G be any group and R be a commutative
reqular ring with 1. Suppose V 1is the R-extension of G. Then V
satisfies all the axioms of the definition 2.4.9. Thus V' is a vector
space over R.
Example 2.4.11. Let R be the ring {0,1,2} of residues modulo 3,
which 1s a commutative reqular ring with 1 and let V' be the group

{0,1,2,3} of addition modulo 4. Define the scalar multiplication by
putting 0x =0, lox =x, 20 =x+ 2 for all z € V. Then it can be

15
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verified that V' is a Vector space over R.

Remark 2.4.12. (1). The above example is that of an R-Vector
space which can not reduce to any R-extension of a group.

(2). Any Boolean Vector space is an R-Vector space.

Example 2.4.13. Let F be a field (which is obviously a commuta-
tive reqular ring with 1) and F* be its multiplicative group. Define
forany 0 # a € F and x € F*, the scalar product ax = the product
of a and x i F and 0x = 1. Then obviously F* is an F-Vector
space.

Example 2.4.14. Let R be a commutative reqular ring with 1 and
U be its multiplicative group of invertible elements. Define for any
a € R and x € U, the scalar multiplication of a and x, which will be
denoted by a®x, by putting a®x = ar+1—|a|. Then the mapping is
well-defined (since |ax+1—|al|| = |azx|+|1—]a|| = |a||z|+1—]a] =1,
ar +1—|a| € U). Then U is a vector space over R with respect to
this scalar multiplication.

Remark 2.4.15. Raja Gopala Rao [21] remarked that any R-Vector
space can be treated as a B-Vector space, where B 1s the Boolean
algebra of idempotents of R with respect to the same scalar multi-

plication as in the R-Vector space.

Let V' be a vector space over a regular ring R. Then in the following
Lemma we collect some known results as in ([21]) on abstract R-

Vector spaces.

Lemma 2.4.16. ([21]) Let V be an abstract R-Vector space. Then

1. 0x =0

16
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2. ifa € B, then a0 =0

3. if a € B, then a(—z) = —az, a(x + y) = ax + ay
and ( hence ) a(x —y) = ax — ay

4. ifa€ B, then (1 —a)r =x —ar = —axr + =

5. ifa,b € B, then (a V b)x = ax + bx — abx = ax — abx + bx.
Lemma 2.4.17. ([21])

1. a*0 = a0 + ax = ax + a0 and

( hence, in particular ) a*0 = a0 + a0
2. —ax = —a’0+ a(—x) = a(—x) — a0

8. —a(—z) = —a®0 + ax = ax — a*0

Lemma 2.4.18. ([21])
1. ar —ay =a(r —y) — a0 = —a0 + a(z — y)

2. —ay+axr = —a0+a(—y +z) = a(—y +x) — al
Lemma 2.4.19. ([21]) Ifa,b € U, then

1. ax — a0 =2z = —al + ax
2.ar —ay =x —y

3. —ay+axr=—-y+=x
4.a(z+y)=x+ay=axr+vy

5. ax + by = (ab)(x +y)
Lemma 2.4.20. ([21]) If |a| = |b|, then ax + by = (ab)(z + y)
Corollary 2.4.21. ([21]) If |a| = |b|, then

1. ax — by = (ab*)(x — y)

17
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2. —by + ax = (ab*)(—y + x)
Lemma 2.4.22. ([21]) ax — |a|x = a0 = —|a|x + ax
Lemma 2.4.23. ([21]) If ab =0, then ay + bx = bx + ay

Corollary 2.4.24. Any 'n’ vectors of the form *aix1, asxs, ..., £a,x,,

where a;a; = 0 for ¢ # j, will commute with each other(and hence
write the sum of a1x1, asxs, ..., Apxy, in any order).

Theorem 2.4.25. V' is an R-module if and only if R is a Boolean
ring and x +x =0 for all x € V.

Definition 2.4.26. Let V., W be R-Vector spaces. A mapping
T:V — W is a linear homomorphism of V' to W provided
T(ax+by) = aTx+bTy ifab=0,Vr,y € V anda,b € R. The set of
linear homomorphisms from V to W will be denoted by Hom(V,W).
Definition 2.4.27. Let V be R-Vector space. A mapping

T :V — V is called a linear endomorphism of V if and only if
r,y €V, abe R and ab= 0 imply T(ax +by) = aTx+bTy . The
set of such linear endomorphisms will be denoted by Hom(V, V).
Definition 2.4.28. Let W and U be R-Vector spaces. Then the
mapping T : W — U 1is a strongly linear homomorphism if

T(ax + by) = aTx 4+ bTy for all a,b € R and x,y € W.

Definition 2.4.29. Let V1, V5, ..., V,, be vector spaces over reqular
ring R. The direct sum, Y . Vi, of the spaces Vi, Vs, ..., V,, is defined
to be the Cartesian product set {(x1,x2,....,x,) : ©; € V;} on which

addition and scalar multiplication are defined as follows:

1. (21,29, ooy ) + (Y1, Y2, ooy Yn) = (21 + Y1, T2 + Y2, ooy Ty + Yn)

2. a(xy,xa, ..., Ty) = (a1, 0T, ..., a1,)

18
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Theorem 2.4.30. If V1, V5, ..., V,, are vector spaces over reqular ring
R, then Y ! | Vi is a vector space over R.

Theorem 2.4.31. If V1, V5, ..., V,, are vector spaces over the same
reqular ring R having basis G5, G5, ..., G7 respectively, then (31, G;)*
is a basis for Y i, Vi, where Y| G; is considered as the direct sum

of additive groups.

2.5 Normed R-Vector spaces

In this section we recall the definition of 'normed R-Vector space’,
examples of normed R-Vector space and its properties.

Definition 2.5.1. An R-Vector space V is said to be B-normed (or
simply normed) if and only if there exist a mapping |.| : V — B
(called norm) satisfying the following properties:

1. |z| =0 if and only if = 0 and

2. lax| = a|z| for allz € V and a € B

Lemma 2.5.2. [fV is a normed R-Vector space, then | — x| = |z|,
forallx €V.

Example 2.5.3. Let V' be the R-extension of any group G. Then
as we have seen in example 2.4.10, V' 1is an R-Vector space. Now
forany f €V, put|f| =|1— f(0)|, then V is normed.

Example 2.5.4. Let V' be the R-Vector space as in the example
2.4.11. Foranyx €V, |z =1, x #0 and |z| =0, x = 0. Then
V' is normed.

Example 2.5.5. The R-Vector space U as in example 2.4.14 is
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normed by putting ||x|| = |1 — x| for any x € U.

Remark 2.5.6. Here any x € U 1is a vector as well as a scalar and
hence to avoid confusion, the symbol ||z|| to denote the norm of the
vector x and |x| for the norm of the scalar x.

Theorem 2.5.7. In any R-Vector space V', the following statements

are equivalent
1. Vis B-normed

2. To each x € V, there exist a ‘'minimal idempotent duplicator’
ag, i.e., there is an element a, € B such that (i) a,x = x, and
(i7) if b € B and bx = z, then a, < b. (Such a, , given x, is

clearly unique)

The following is an observation: if (1) holds, then |z| is the a,
required in (¢) of (2) and conversely if (¢) and (i7) holds, then a,
is actually |z| for all z € V. Therefore the above theorem can be
restated as follows

Theorem 2.5.8. If V' is B-normed, then for any x € V, |x| is the
‘'minimal idempotent duplicator’ of x, i.e., |x|x = x and if b € B
and bx = x, then |x| < b, and conversely, if for each x € V, there
is an element a, € B satisfying the properties (i) and (ii) of (2) of
theorem 2.5.7, then V is B-normed and a, = |x| for all x € V.
Corollary 2.5.9. If V is a normed R-Vector space, then

[z +y| < x|+ [y — []lyl.

Corollary 2.5.10. If V s a normed R-Vector space, then

d(x,y) = |x — y| defines a Boolean metric on 'V, i.e., d(z,y) = 0 if
and only if x =y, d(z,y) = d(y,x) and d(x, z) < d(z,y) +d(y,z) —
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d(z, y)d(y, z).

Theorem 2.5.11. If in a normed R-Vector space V', ax = bx and
la] = |b|, then a = b.

Lemma 2.5.12. If V is normed, and ai,as,...,a, € R such that
aia; =0 ifi £ j and x = | a;x;, then |z| = >0 |ax|.
Corollary 2.5.13. If a € U, then |a0| = |1 — al.

Corollary 2.5.14. If a € U and a0 = 0, then a = 1.

Definition 2.5.15. If G* is a basis of V and g € G*, then

(i). lg| =1 and (ii). —g € G*.

Definition 2.5.16. A finite subset of non zero elements x1, ..., x,
of an R-Vector space V' is called (linearly) independent over R if
and only if ayx1 + ... + apx, = 0 and ay...a, # 0 imply v + ... +
x, = 0 and a subset S (of non zero elements)of V is said to be an
independent subset of V' if and only if every finite subset of S is
linearly independent over R.

Definition 2.5.17. If S is a subset of V, we say S spans V if

and only if each x € V can be written as x = Z azg, where
geSU{0}
agap, = 0 if g,h € SU{0} and g # h, a; = 0 for almost all

g€ SU{0} and Z lag| =1
geSU{0}
Definition 2.5.18. Let V be an R-Vector space. An independent

subset of V' which spans V is called basis for V.
Remark 2.5.19. If G is a basic group for V', then a, 4 represent the
uniquely determaned coefficient of any g € G in the representation

of any vector x in terms of G and x = g Uy.q9, Where ag 40, =

geqG
0 for g # h.
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Theorem 2.5.20. Any R-extension of a group is an R-Vector space
with a basis and conversely any R-Vector space with a basis s
1somorphic to the R-extension of a suitable group.

Lemma 2.5.21. Ifc € R, then ac. 4 = ca, 4, Vg € G* and

Aero = 1 — |z] + ca,p.

Lemma 2.5.22. Let S be any subset of V and x € V. Suppose
xr = Zagg, where agap, = 0 for g,h € S with g # h, a; = 0 for

ges
almost all g € S and Z|ag| = 1. Then cx = Z(cag)g for all
ges ges
ceER.

Corollary 2.5.23. Ifc € U, then acyy = cay 4, Vg € G.
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Special Homomorphisms in

R-Vector space

3.1 Introduction

N.Raja Gopala Rao [21,22] introduced the concept of Vector spaces
over regular rings (simply R-Vector spaces) as a generalization of
Boolean Vector space of Subrahmanyam N.V [26]. He introduced
the notion of linear endomorphisms and affine transformations in R-
Vector spaces and studied its properties. Further he made a study
on the geometric aspect of these spaces. Later K.Venkateswarlu
[16] introduced the notion of direct sums in R-Vector spaces and
established that every direct sum of R-Vector spaces has a basis
provided each component has a basis. The set of all linear endo-
morphisms denoted by Hom(V, V'), where V is an R-Vector space
in [17], is not closed under usual addition of linear endomorphisms.
Keeping this in view, we introduce the notion of special homomor-

phisms in R-Vector spaces and studied its properties. The rest of
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this chapter is divided in two sections. In the second section, we
introduce the notion of special homomorphisms in R-Vector spaces
and study its certain properties. We give some examples of spe-
cial homomorphisms which do not subsume the notion of linear
endomorphism of Raja Gopala Rao [21,22] and B-Vector space of
Subrahmanyam [26] (see example 3.2.8). We prove that the set of
all special homomorphisms in R-Vector space forms an R-Vector
space (see theorem 3.2.13). We also introduce the notion of strong
special homomorphism and in theorem 3.2.18, we prove that the
set of all strong special homomorphisms form a subspace. In sec-
tion three, we characterize bases in R-Vector spaces and further we
prove that SHom(V, W) is isomorphic to the finite direct sum of
W’s (see theorem 3.3.6). Even though the condition 6 of definition
2.4.9 is independent of the other conditions 1 through 5, which was
substantiated by an example in [21,22] given by Raja Gopala Rao,
it can be relaxed without affecting the validity of the results ob-
tained in [21,22]. We restate the definition of R-Vector space below
by relaxing the condition 6 and adopt the same nomenclature given

by Raja Gopala Rao [21,22].

3.2 Definition and Examples of Special Homo-

morphism

In this section we restate the definition of R-Vector spaces by relax-

ing the condition (6) of definition 2.4.9, keeping the nomenclature
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given by Raja Gopala Rao [21].

Definition 3.2.1. Let V = (V,+) be any group and R = (R, +,.)
be a commutative reqular ring with unity element 1. Then V 1is
said to be a Vector space over R (or simply R-Vector space) if and
only if there exists a mapping - : R x V. — V (the image of any
(a,x) € RxV will be denoted by ax) such that for all z,y € V and
a,b € R, all the following properties hold:

1. a*(z+vy) = azx + ay

2. a(bz) = (ab)z if a®> = a

3 1lr=x

4. (a+b)x=ax+bx ifab=0

5. r(sx) = (rs)x if r and s are invertible elements of R

Raja Gopala Rao remarked as follows

Remark 3.2.2. It may appear that the axiom 6 follows from the
remaining axioms of 1 to & of definition 2.4.9. But in reality it is
not true. The axiom 6 1s independent of the axioms of 1 to 5.
Example 3.2.3. Let R be any commutative reqular ring with 1,
which is not a Boolean ring and V = (V,+) be the additive group of
R. For any a € R, x € V, define the scalar multiplication of a and
x, which will be denoted by a ® x, by putting a ® r = |a|x, the ring
product of |a| and x. Then it is easy to verify that all the axioms 1 -

5 of definition 2.4.9 are satisfied. But 6 is not true for this system.

Throughout the remaining chapters of this thesis, when we say V'

is a vector space over R, we mean V is an abstract R-vector space
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in the sense of the definition 3.2.1.
Remark 3.2.4. The set of all linear endomorphisms defined by Raja
Gopala Rao [21] in definition 2.4.27 is not closed under the binary

operation '+

Consider the following example

Example 3.2.5. Let V = (Zg, +) be the group of addition modulo
6 and R = (Z3,+,.) be the ring of residues modulo 3, which is a
commutative reqular ring with 1. Define scalar multiplication as -:
RxV =V, byOx =0, lx =2, 20 = x+ 3, forallxz € V.
Define T,S : V. — V by T(0) =0, T(1) =5,T(2) =1, T(3) = 3,
T4)=2,T(5)=4and S(0) =0, S(1) =4, S(2) =2, S3) = 3,
S(4) =1, S(5) =5. Lettinga =0, b =2 and y = 1 in definition
2427, (T+S)0x+2y) =3#40=0T+ S)x+2(T+ S)y. Thus
(T'+S5) ¢ Hom(V,V).

Remark 3.2.6. In view of the above example 3.2.5, we introduce
the notion of special homomorphism in R-Vector spaces which in
turn gives the set of all special homomorphisms closed under the
binary operation '+’ (see theorem 3.2.12).

Definition 3.2.7. Let V and W be R-Vector spaces. A mapping
T:V — W is a special homomorphism of V to W provided T (ax +
by)=|a|Tx+ |b|Ty ifab=0,Vr,y €V and a,b € R.
Notation. The set of all special homomorphisms from V to W will
be denoted by SHom(V,W).

Example 3.2.8. Let V' be an R-Vector space as in example 3.2.5
above and T : 'V — V be a map defined by T(0) = 0 = T(3),
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T(1) =2=T(4), T(2) =3 =T(5). Then by easy verification of
definition 3.2.7, T is a spectal homomorphism.

Remark 3.2.9. It seems to be that special homomorphism defined
above coincides with the linear homomorphism in B-Vector space of
Subrhamanyam, N.V.[26]. But this is not the case. For instance in
any B-Vector space the property (a + b)x = ax + bx — abx holds.
However this is not true in the case of special homomorphism of
R-Vector spaces. It is justified in the following example.

Example 3.2.10. Let V' be an R-Vector space as in example 3.2.5
and T :V —V be a map defined by T(0) =0="T(3), T(1) =2 =
TA4), T(2)=3=T(). Leta=1,b=21in Zs and x = 1 in Zs.
Clearly by the definition of scalar multiplication in example 3.2.5

and properties of Zs, Zg, we will have
(1+2)T1=3T1=071=0

but
1T14+2T1 - (1.2)T1 =1T1+2T1 — (1)(2)T1 =2

We have the following

Theorem 3.2.11. Let V and W be R-Vector spaces and T be a
mapping from V to W. T € SHom(V,W) if and only if T'(ax) =|
a|Tx, for allz € V and a € R.

Proof. (=) Suppose T' € SHom(V,W). Put b = 0 in definition
3.2.7, we have T'(ax) =| a | Tz for all x € V and a € R.

(<) Suppose T(azx) =| a | Tx for all x € V and a € R such that
ab = 0.
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Then
T(ax +by) = (la| + 1 — |a|])T(ax + by) (since |a|+ 1 — |a] = 1)
= |a|T(ax + by) + (1 — |a|)T(ax + by) (by 4 of definition 2.4.5)
= ||a||T(az + by) + |1 — |a||T (ax + by) (by 2 of lemma 2.3.1)
= T(|a|(ax + by)) + T((1 — |a|])(ax + by)) (by hypothesis)
= T((lala)z + (lalb)y)] + T[(1 = |al)ax + (1 — |af)by]
= T(az) + T(by) (since ab =0 and |ala = a)
= |a|Tx + |b|Ty ( by hypothesis)
Hence T' is a special homomorphism from V to W. ]
Theorem 3.2.12. Let V and W be R-Vector spaces. Define '+’

on SHom(V,W) by (T + S)(z) = Tx + Sx for all x € V and
T,S € SHom(V,W). Then (SHom(V,W),+) is an abelian group.

Proof. 1. Let T, S € SHom(V,W). Then for a,b € R such that
ab = 0,
(T'+ S)(azx + by) = T(ax + by) + S(ax + by) (by hypothesis)
= (|a|Tz + [b|Ty) + (|a|Sz + |b|Sy) (by hypothesis)
= |a|(Tx 4+ Sx) + |b|(T'y + Sy) (since |a|, |b] € B)
= |a|(T'+ S)x + |b|(T + S)y (by hypothesis)
Hence T+ S € SHom/(V,W).

2. For T, S, K € SHom(V,W), it is routine verification of
(T+S)+K=T+(S+K)andT+S=58+T.

3. Let 0: V — W be a map defined by 0z = 0 for all z € V. Since
O(az) =0 = |a|0z for all z € V and a € R, 0 € SHom(V, W)
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(by theorem 3.2.11). For each T' € SHom(V, W), we have

(T +0)(ax + by) = T(ax + by) + 0(az + by)
= |a|Tz + |b|Ty + |a|0z + 0|0y
= |a|Tx + |b|Ty
= T(ax + by)

Hence, 0 is the additive identity in SHom(V, W).

4. For each T'€ SHom(V,W), let =T : V — W be a map defined
by (=T)x = —(Tz) foreach x € V. If T'€ SHom(V,W), x €
V and a € R, then (—T)(azx) = —(T(ax)).

By theorem 3.2.11,
—(T(ax)) = —(la|Tx)
= |a|(—(Tz)) (by 3 of lemma 2.4.16).
Hence, (=T)(ax) = |a|(—(Tz)) = |a|((=T)x). Then —T €
SHom(V,W) (by theorem 3.2.11).
Since (T + (=T))(ax + by) = T(ax + by) + (=T)(ax + by)
= |a|Tx + |b|Ty — |a|T'z — |b|Ty = 0,

T has an additive inverse in SHom/(V, W).

Hence the theorem holds. ]

Theorem 3.2.13. Let V and W be R-Vector spaces. Then SHom/(V, W)
1s an R-Vector space if the scalar multiplication is defined by

(aT)(z) = |a|Tz, for allz € V, T € SHom(V,W) and a € R.
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Proof. 1. Let S, T € SHom(V,W), a € R and x € V. Then

(@(T + 9))(x) = |a?|(T + S)a
= |a[*(Tx + Sx)
= |a|Tz + |a|Sz
= (aT)(z) + (aS)(z)

2. For T € SHom(V,W), a,b€ Rand x € V,
(a(bT))(2) = |a|(bT)x
= |a[([b]Tx)
= (lal|p) Tz
= |ab|Tx
= ((ab)T)(x)

3. (1T (z) = |1|/Tx =Tx
4. Let a,b € Rwithab=0,z €V and T € SHom(V,W). Then
((a+b)T)(x) =|a+b|Tx
= |a|Tz + |b|Tx
= (aT)(z) + (bT')(x)
= (a1 4 0T)(x)

5. let r, s € R be invertible elements. Then
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(r(sT))(x) = [r[(sT)x
= [r|(|s[T)
= (Irlls))T
= |rs|Tx
= ((rs)T)x.

Hence SHom(V, W) is an R-Vector space.

Definition 3.2.14. Let V. W be R-Vector spaces. A mapping

T :V — W is a strong special homomorphism of V' to W provided
T(azx + by) = |a|Tx + |b|Ty, for all z,y € V and a,b € R.
Notation. The set of all strong special homomorphisms from V' to

W will be denoted by SSHom(V, W).

We characterize strong special homomorphism in the following
Theorem 3.2.15. Let V', W be R-Vector spaces and T € SHom(V,W).
Then T € SSHom(V,W) if and only if T(x +vy) = Tx + Ty, for
all v,y € V.
Proof. Letting a = b = 1 in definition 3.2.14, we have

Tx+y) =Tx+Ty

Conversely, let T'(x + y) = Tz + Ty, for all x,y € V. Then for all
a,b € R,

T(azx + by) = T(ax) + T(by) (by hypothesis)

= |a|Tz + |b|Ty (by theorem 3.2.11)
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Hence, T' is strong special homomorphism. ]

Definition 3.2.16. Let V' be an R-Vector space. A non empty
subset W of V' is called a sub R-Vector space of V if

1. Forz,ye W,z —yecW.

2. Fora€ Randx € W, |alz € W.
Remark 3.2.17. If V is an R-Vector space and W is sub R-Vector
space of V', then W s itself an R-Vector space.
Theorem 3.2.18. Let V and W be R-Vector spaces. Then SSHom(V, W)
is a subspace of SHom(V,W).

Proof.
Since 0(azx + by) = 0

=|al0+]0]0
= |a|0z+|b|0y (forallz,y €V and a,b € R).

Thus, 0 € SSHom(V,W). Hence, SSHom(V,W) # (.

Now, let T, S € SSHom(V,W) and x,y € V.

(T'=S)(x+y) = (T+(=9)(x+y)
=T(z+y)+ (=S)(x+y) ( by theorem 3.2.12)
=Tx+Ty+ (=S)z+ (=S)y ( by theorem 3.2.15)
= (T - S)x+ (T — S)y ( by theorem 3.2.12).

Thus T'— S € SSHom(V,W).
Finally, let a € R, z,y € V and T € SSHom(V,W). Then we

32



Chapter 3 : Special Homomorphisms in R-Vector space

have

(aT)(z +y) = |a|T(z +y) (by theorem 3.2.13)
= |a|(T'z + Ty) (by theorem 3.2.15)
= |a|Tx + |a|Ty (since |a| € B)
= (aT)x + (aT)y (by theorem 3.2.13).

Thus (aT') € SSHom(V,W). Hence, SSHom(V,W) is a sub-
space of SHom(V,W).

]

Remark 3.2.19. Observe that T'(ax) = |a|Tx and (aT)(z) = |a|Tx.
Hence T'(ax) = (aT)(x).

3.3 Basis and Special Homomorphisms

In this section we extend W-extension of a group to an element of
SHom(V,W), where W is an R-Vector space.

Theorem 3.3.1. Let V and W be R-Vector spaces with V' having
basis G*. Let L : G — W be a map such that LO = 0, where
G = G*UA{0} is a group. Then L can be uniquely extended to an
element of SHom(V,W).

Proof. Let L : G — W be a mapping such that LO =0. If x € V,

then z = Z Ay.g9, Qzg € R.
geG*

Define T : V. — W by T(x) = Z | azy | Lg, © € V. Now, let
geG*
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c € Rand z € V, then
T(cx) = Z | Gezg | Lg (by definition)
geG*

= cay, | Lg (by lemma 2.5.21
9
geG*

=D lellang| Ly

geG*

=| c¢| Z | az.4 | Lg (since |c| € B)
geG*

=| c| T(x).

Thus, T € SHom(V,W). We claim that T'g = Lg for all g € G.

For z = 0,

T0O = Z | aoy | Ly

geG*
= [ a0 | LO+ > | ang, | Lg;
970
= LO.

For x = g,
Tg= Z’aa:,g‘lfg

= lagy| Ly
= 1.Lg
Thus, T'g = Lg, for all g € G. Therefore, T is an extension of L to

an element of SHom(V, W).
Suppose S is an extension of L such that S € SHom(V,W).
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Since S is an extension of L, Sg = Lg, for all g € G.

Let x € V, then x = Z Ay g-
geG*

- S(Z am,gg)

geG*

= Z ‘ax,g|Sg

geG*

= Z |az4|Lg

geG*

=Tx.
Thus, Sz =Tz, for all x € V. Hence, S =T. H

Theorem 3.3.2. Let V., W be normed R-Vector spaces and V' has
basis a G*. If B is complete up to cardinality of G*, then

ITI=> ITyg]

geG*
defines a norm on SHom(V, W) and hence SHom(V, W) is a normed

R-Vector space.

Proof. 1t is clear that B is complete upto the cardinality of G*

guarantees the existence of Z | Tg |.
geG*

Let 0 € SHom(V,W). Then 0(z) = 0, for all € V and

10]1="2_ 10g]

geG*

=Y o]

geG*

= 0.
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Let T € SHom(V,W) and || T' || = 0. Then Z | Tg | = 0. Hence
geG*
| Tg | =0, for all g € G* and it follows that T'g = 0 for all g € G*.

Also T0 = 0. Thus, T'g = 0 = Og, for all ¢ € G. By theorem 3.3.1,
Tz =0 = Ox, for all z € V. Therefore, ||T|| =0« T = 0.
Let a € Band T' € SHom(V,W). Now,

|aT|l= ) | (aT)g]|

= Z l|a|Tg| (by theorem 3.2.13)
geG*

=lal ) [Tyg]

geG*

= a|T].
[

Theorem 3.3.3. Let V.W be R-Vector spaces and G* be basis of
V. If H is a subgroup of G and S € SHom(< H >, W), then S
can be extended to an element of SHom(V, W).

Proof. Define L : G — W by Lg = 0 for g ¢ H and Lg = Sg for
g€ H. Since S € SHom(< H >, W), S0 =0. Hence LO = S0 = 0.
Thus, L : G — W such that LO = 0. By theorem 3.3.1, L can be
extended to T' € SHom(V,W). Let H* is a basis of < H > and

r €< H >. Then x = a1g1 + ... + apgn, a; € R, where a;a; = 0 for

i #7.
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Now
Tx =T( Z a;g;)
gi€H*

= Z la;|T'g; (by definition 3.2.7)

gi€H*

= Z la;|Lg; (by theorem 3.3.1)
g, €H*

= Z la;|Sg; (by hypothesis)

gicH*

=5( Z a;g;) (by definition 3.2.7 and remark 3.2.19)
gicH*

= Sz, where 1 < i <n.

Hence, T is an extension of S to an element of SHom(V,W). [

Remark 3.3.4. In the above theorem, the extension of S to an
element of SHom(V, W) is not necessarily unique. It can be shown
in the following

Example 3.3.5. Let V' be an R-Vector space such thatV has a basis
G*. Let H be any proper subgroup of G and I denote the identity
mapping on V. Clearly, I € SHom(V, V). Let S denote the identity
mapping on < H >. Then S € SHom(< H >,V). The extension
T of S given in the proof of the above theorem is such that T'g = 0
for g € G and g ¢ H. Since H is a proper subgroup of G, there
exists an element g of G such that g ¢ H. Thus, Tg = 0. Since
lg=g9, T#1. Foreachge H, Tg=Sg=g9=1g.

Consequently, Tx = Sx = Ix for each x €< H >. Therefore, T
and I are distinct extensions of S to elements of SHom(V,V).
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We conclude this chapter by the following
Theorem 3.3.6. Let V and W be R-Vector spaces. If V has a finite

basis G* = {x1, ..., xp}, then SHom(V, W) is isomorphic to Z Wi,
i=1

W, =W, fori=1,2,...,n.

Proof. Let y € ZVVZ Then y = (y1,..,Yn), yi € W for i =

1=1

1,2, ...,n. Define a mapping 6 : SHom(V, W) — ZWZ by 0(T) =
i=1
(T'zy, ..., Tx,) for each T € SHom/(V,W).

Let T,S € SHom(V,W) and a € R.

Now
O S+T)=((S+T)x1,....,(S+T)x,)
= (Sz1+Tx, ..., 52, + Tx,) (by theorem 3.2.12)
= (Sx1, ..., 5%,) + (Tx1, ..., Txy,)
=0(S)+0(T).
Simiarily,

0(aT) = ((aT)ar, ..., (aT)z,)
= (|a|T1, ..., |a|Tz,) (by remark 3.2.19)
= |a|(Txy, ..., Tay)
— |al6(T).

Hence, 0 is a homomorphism.
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Let TS € SHom(V,W) such that

(1) =0(5) < (Txy,....,Txy,)
= (Szy,...,52,) & Tx;
= Sz; fori=1,2,....n.

Also we have SO = 0 = T0. So Tx = Sz, for each x € V. Thus

T =S (theorem 3.3.1). Hence, 6 is one to one.
Let y € ZVVZ Then y = (y1, ..., yn) for some y; € W.

1=1
Let a : G — W be the mapping defined by a0 = 0 and ax; = y;,

t=1,2,3,...,n. Then by theorem 3.3.1, there is a unique extension
n

T:SHom(V,W) =Y W, of a.
i=1
Consequently, 0(T) = (Txy,...,Tx,) = (azq,...,ax,) = (Y1, .oy Yn)-

Thus, 6 is on to. Hence, 6 is an isomorphism of SHom(V, W) on to

o !
=1

39



Chapter 4

Functionals in R-Vector spaces

4.1 Introduction

In this chapter we introduce the notion of functionals in R-Vector
space which generalizes the notion of functionals of Boolean Vector
space. Similarly we introduce the notion of bilinear maps in R-
Vector spaces. Further we study certain properties regarding these
notions in section two. Section three is meant for the study of dual
spaces and obtain the necessary and sufficient condition for two R-
Vector spaces to be dual in theorem 4.3.11. Finally, in section four,
we introduce the notion of inner product and prove that V' is a dual
space to itself if V' is normed in theorem 4.4.5. Here in this chapter
B stands for the set of all idempotents of a commutative regular

ring R.
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4.2 Functionals

Now we begin with the following

Theorem 4.2.1. Let (R, +,.) be a commutative reqular ring with 1
which is not a Boolean ring and W = (R, +). Define @ : Rx W —
Wihya®x=|alzx foralaée R, x € W, which is the ring
product of | a | and x. Then W is an R-Vector space.

Proof. We verify the axioms 1 to 5 of definition 3.2.1.

1. Let a € R and z,y € W. Then

a*® (z+1vy) = |a®|(x +y) (by definition )
~ o+
= lal(z +y)
= |a|x + |aly ( since |a| € B)

=a®®xr+a®yforalla e Rand z,y € W.

2. 1@z=|llr=1lx=xforallze Wand 1 € R

3. Let a,b € R and x € W. Then

a® (b®x) = la|(b® )
= |al(|0])
= (laljbl)a
~ (a® o)
= |a ® blz
=(a®b)®@x foralla,be Rand x € W.
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4. Let a,b€ Rwithab=0and z € W

(a+b) @z =la+Ddlz
= (a| 4+ [b])x (by 5 of lemma 2.3.1)
= |a|z + |b|z

=aR®Rr+b®x

5. For all z € W and r,s € R be units,

reo(sex)=|r|(s® )
= [r|(]s]x)
= (Irlls|)z
= (r®ls))z
= |r®slx

=(r®s)®xz (by 1 of lemma 2.3.5)

[]

Corollary 4.2.2. If R = (R, +,.) is a reqular ring and W = (R, +)

1s an R-Vector space, then
1. {1} is a basis of W

2. | x| =x for each v € B.

Proof. 1. Since x = z.1 for each x € W, {1} spans W. If a € R

and a.1 = 0, then a = 0. Thus {1} is a linearly independent

set. Hence {1} is a basis for W over R.
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2. Clearly for each x € B, and by definition 2.5.15, we have

2] = a1
= |1
=z.1

=X

[]

Definition 4.2.3. Let V' be an R-Vector space and W = (R, +). A
mapping T from V' to W is called a linear functional on V' provided
Tax+by) =a@Txr+b Ty, ifab=0, x,y € V and a,b € R.

Notation. The set of all linear functionals on V', denoted by V, is
nothing but SHom/(V, W), where W = (R, +).

Definition 4.2.4. Let V' be an R-Vector space and W = (R,+). A
mapping T from V to W is called a strong linear functional on V'
provided T'(ax+by) = aQ@Tx+bRTy, for allx,y € V and a,b € R.
Theorem 4.2.5. Let V = {T|T : V — W is a Special Homomorphism}
where V is an R-Vector space and W = (R,+). Then (V,+) is an
abelian group if we define (T + S)(x) = Tx + Sz for allx € V and
T.SeV.

Proof. Similar to the lines of the proof of theorem 3.2.12 [

Theorem 4.2.6. V is an R-Vector space if we define the scalar
multiplication @ : RxV — V by (a,T)(x) = (a®T)(z) = | a |
(Tz)=a®Tx.

Proof. Similar to the lines of the proof of theorem 3.2.13 []
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Theorem 4.2.7. If V is an R-Vector space of finite dimension 'n’
n

and W; = (R, +) fori=1,2,....,n, then V is isomorphic to z Wi,
i=1
where (R, +) is considered as an R-Vector space.

Proof. Since SHom(V, W) is isomorphic to Z W; (by theorem 3.3.6)
i=1
where V' and W are any R-Vector spaces, this theorem is a special

case. []

Lemma 4.2.8. If V is a normed R-Vector space and
Nx = |x| for somex € V. Then N € V.

Proof. For a € R and x € V, we have

N(az) = |az|  (by hypothesis)
= |al|=|
= |a|Nzx (by hypothesis)
=a® Nz (by theorem 4.2.1).
Since N may be considered as a mapping of V. — W, W = (R, +),

it follows from theorem 3.2.11 that N € SHom(V, W), W = (R, +).
Hence, N € V. [

+
_|_

Remark 4.2.9. Let V' be a normed R-Vector space. For each a € R,
a be a mapping of V to B defined by a(x) =| a || x| foreachx € V.
Lemma 4.2.10. If V is a normed R-Vector space and a € R, then
aeV.
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Proof. For each x € V and a,b € R, we have

a(br) = |al[bx| (by remark 4.2.9)
= lal([b]21)
= (|a||b])]z| (by 2 of definition 2.4.5)
= ([blla])]]
= [bl(lalf21)
= |bla(z)
=bea(z).

Thus the result holds by theorem 3.2.11 and lemma 4.2.8. ]

Lemma 4.2.11. If V is a normed R-Vector space and a,b € B,

then
l.atb=a+b
a®b=ab
3. ab=a®b

Proof. From the above lemma 4.2.10, @, b, a+b, ab € V. The
expressions @ + b, a ® b and @ ® b are well defined according to
(T+ S)r=Tx+ Sz, (a®T)x = |a|Tx and (T ® S)z = |Tz|(Sz)

respectively.

L. (a+0)
) +

) = la+bl|z| = (a+0)[z] = alz|+blx| = |al|z|+|b]|x| =
(z) = (@+b)(2).

2. (a®b)(z) = lal(b(x)) = lal(jbllz]) = (lallb)|z| = |abl|z| =
ab(z).

(
b
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3. ab(x) = |abll| = (allb])lz] = (lallz))(blle]) = alx) © B(z) =
[a(2) () = (@ ® b))

Lemma 4.2.12. IfV is a normed R-Vector space and
V] =B, thena@=0b< a=b.

Proof. Suppose @ = b for some a, b € B. Since [V] = B, there exist
x,y € V such that |z| = |a| = a and |y| = |[b| = b. Then by the remark 4.2.9,

we have

a(x) = |alle|
= aa
=a
and
b(x) = [b||z]
= [b]]al
= ba.
since @ = b, we have a = ba and similarly, b = ab. Hence, a = b.

Suppose a = b € B = [V]. Then there exists x € V such that
a = |x| = b. Thus, @(x) = |a||z| = a|z| = blz| = |b]|z| = b(z). O

Theorem 4.2.13. If V' is a normed R-Vector spaces and [V] = B,
then

1. The R-Vector spaces W = (R, +) is isomorphically contained
in the R-Vector space V,+,.).
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2. The regular ring (R,4+,.) is isomorphically contained in the
reqular ring (V,+,.).

Proof. Consider the mapping v : B — V defined by v(a) = @ for
each a € B. By lemma 4.2.12, v is one to one.

1. let x,y € W = (R,+) and a € B. Then by lemma 4.2.11, we

have y(z +y) =2 +y=7T+7 =v(z) + v(y) and y(a ® z) =
V(lalz) = la[y(z) = a @ y(x
2. let a,b € B, then y(ab) = ab=a® b = v(a) ® v(b). Similarly

). Hence,  is an isomorphism.

v(a+b) =a+b=~(a) +v(b). Hence, 7 is an isomorphism of
the regular ring (R, +,.) in to the regular ring V.

4.3 Dual spaces

In this section we introduce the notion of dual space and study its
properties.

We begin with the following

Definition 4.3.1. Let V and W be R-Vector spaces and
VxW=A{(z,z):xeV,ze W}. AmappingU : V xW — R is

called a bilinear function on V- xX W provided:
1. Ulax +by,z) =a@U(x,2z) +b® Uy, 2)

2. U(z,aw+bz) =a@U(z,w)+bU(x,z), for all z,y € V and
w,z € W whenever a,b € R, ab = 0.
Definition 4.3.2. If V and W are R-Vector spaces, then a bilinear
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function U on V' x W is called non-degenerate provided:
1. U(x,z) =0 for each ze W =2 =0

2. U(x,z) =0 foreachx €V = 2=0
Definition 4.3.3. If V and W are R-Vector spaces and U s a non-
degenerate bilinear function on V- x W, then V and W are said to
be dual spaces with respect to U.
Remark 4.3.4. Two R-Vector spaces will be called dual spaces if
they are dual with respect to at least one bilinear function.
Remark 4.3.5. Let V and W be R-Vector spaces.
IfU:V xW — R s a bilinear function on 'V x W, then
U W xV = R is also a bilinear function on W x V when
Uz, 2) =U(z,x).

Corollary 4.3.6. IfU is non-degenerate, then U is also non-degenerate.

Proof. Let the bilinear function U on V x W be non degenerate.

Then by definition 4.3.2, U(z,z) = 0 for each z € W. Then z = 0

and U(z,z) = 0foreachxz € V. Hence z = 0. Thus, by remark 4.3.5,
U'(z,7) = 0 for each z € W. This implies 2 = 0 and U (z,z) = 0

for each z € V. Thus z = 0. Hence, U’ is non degenerate. ]

Lemma 4.3.7. Let V and W be R-Vector spaces. If U is a bilinear

function on V- x W, then

1. Ulax,z) =a®@U(x, 2)

2. U(x,b2) =b@U(x,z2), forallz €V, z€ W and a,b € R.

Proof. Letting b = 01in (1) of definition 4.3.1 and a = 0in (2) of definition 4.3.1

respectively yields the desired conclusions. ]
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Theorem 4.3.8. If V is a normed R-Vector space and V is a space

of linear functionals on 'V, then' V and V are dual spaces.

Proof. Let U : V. x V — R be a map defined by U(x,T) = Tx for
alz € Vand T € V. Suppose z,y € V, T,S € V and a,b € R
with ab = 0. Then

U(ax 4+ by, T) = T(ax + by) (by hypothesis)
=a®Tx+b®Ty (by definition 4.2.3)
=a®@U(x,T)+ b U(y,T) (by hypothesis)

Similarly,

U, a@T+bS5)=(a®T+b® S)x (by hypothesis)
=(a@®@T)z+ (b® S)x (by theorem 4.2.5)
=a®Tr+b® Sx (by theorem 4.2.6)
=a@U(z, T)+b®@U(x,S) (by hypothesis)

Thus, by definition 4.3.1, U is a bilinear functional on V' x V.

Suppose x € V* and T € V*. To show U is non degenerate, it
will suffice to establish the existence of elements N € V and y € V
such that U(x, N) # 0 and U(y,T) # 0. Since T € V*, T is not
the zero mapping. Hence, there exists at least one element y € V'
for which Ty # 0. Let N denote the norm mapping on V. Then
by lemma 4.2.8, it is clear that N € V. Since x # 0, Nx = |x| #
0. Then we have U(z,N) = Nx # 0 and U(y,T) = Ty # 0.
Hence by definition 4.3.2, U is a non degenerate bilinear functional

on V x V. Thus, V and V are dual spaces. ]

49



Chapter 4 : Functionals in R-Vector spaces

Definition 4.3.9. Let V be an R-Vector space. A subset K of V is
called a total subset of V provided that for each x € V* there exists
an element T of K such that Tx # 0.

Lemma 4.3.10. If V is a normed R-Vector space, then V is a total

set.

Proof. Let Nx = |z| for each x € V. Then N € V by lemma 4.2.8.
If x # 0, then Na = |x| # 0. Thus, V is a total set. O

Now we close this section by the following
Theorem 4.3.11. Let V and M be R-Vector spaces. A necessary
and sufficient condition for V. and M to be dual spaces is the exis-
tence of a special homomorphism T of V in to M such that T'(V)
is a total subset of M and T-*{0} = {0}.

Proof. Necessity:

Suppose V and M are dual spaces with respect to the non degen-
erate bilinear function U on V' x M. For each x € V, let T denote
the mapping of M in to R defined as follows:

Z(z) = U(x, z) for each z € M. Now, for w,z € M and a,b € R
with ab = 0,

ZT(aw + bz) = U(x,aw + bz) (by definition)
=a®U(z,w)+b®U(x,z) (by 2 of definition 4.3.1)
=a®7T(w)+b®7(2).

Then T € M for each x € V. Now consider the map T : V — M
defined by Tx = 7 for each z € V.
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Let a € R,x € V and z € M. By definition of az, we have that

(@)(2) = Ulaz, 2)
=a®U(z,z) (by 1 of lemma 4.3.7)
— 0@ T(2)(= af7(2))
— (e 7)(2)

Thus T'(ax) =aT = a®T = a® Tx = |a|Tz. Then T is a special
homomorphism of V in to M.

Let z € M*. Since U is non degenerate, there exists x € V such that
U(x,z) # 0. From the definitions of 7" and T, we have (T'z)(z) =
7(2) = U(x,z) # 0. Thus, T(V) is a total subset of M, since for each
z € M* there exists Tz in T'(V') such that (Tx)(z) # 0. Suppose
Tz = 0 (zero mapping in M) for some x € V. Then (T'z)(z) = 0 for
each z € M. Thus, 0 = (Tx)(z) = Z(z) = U(x, 2) for each z € M.
Then z = 0 (by 1 of definition 4.3.2). Hence T-1{0} = {0}.
Sufficiency:

Suppose T is a special homomorphism of V in to M such that T'(V)
is a total subset of M and T-'{0} = {0}.

Let U : V x M — R be a map defined by U(z,z2) = (Tx)(z) for
all z € V and 2z € M. Let z,y € V,z,w € M and a,b € R
with ab = 0. Since T € SHom(V,M) and Tx € M, it follows
from definition 4.2.3, that T'(az + by) = a ® Tx + b ® Ty and
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(Tz)(aw +bz) = a @ [(Tx)(w)] + b [(Tz)(z)]. Thus,

Ulaz + by, 2) = [T(az + by)](z) (by hypothesis)
— (a® Tz +b® Ty)(z) (by definition 4.2.3)
= (a®Tz)(2) + (b® Ty)(2)
=a® [(Tz)(2)] + b [(Ty)(2)]
—a®U(z,2) +b® Uly, 2).

Also by similar procedure, we have

U(z,aw + bz) = (T'z)(aw + bz)
= a@[(Tz)(w)] +b& [(Tz)(2)]
=a@U(z,w)+bU(x,2)

Hence, U is a bilinear function on V' x M.

Suppose # € V* and z € M*. Since T-'{0} = {0} and = # 0, it
follows that Tz is not the zero mapping in M. Hence there exists
w € M such that (T'x)(w) # 0. Consequently, U(z,w) = (Tz)(w) #
0. Since T'(V) is a total subset of M and z € M*, there exists y € V
such that (T'y)(z) # 0. Thus, U(y,2) = (Ty)(2) # 0. Hence U is
non degenerate. Since U is non degenerate bilinear function on

V' x M, we have that V and M are dual spaces(relative to U). [

4.4 Inner Product

Subrahmanyam established that any normed Boolean Vector space

V' admits a unique ”inner product” mapping, < >, of V. x V in
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to B. In this section we introduce the notion of inner product on
R-Vector spaces and study its properties.
Definition 4.4.1. Let V be a normed R-Vector space. The map-
ping, < >V xV — B, is an inner product mapping with the
following properties

1. <z,y>lzr—yl=0

2. <y >+l —y|l=lz[+ |y — |z]]y]

3. <x,y >=<vy,r >

4. If ab =0, then < ax + bz,y >= a® < z,y > +b® < z,y >,

for all x,y € V and a,b € R.

Remark 4.4.2. Let V' be a normed R-Vector space. For eachx € V,
let T denote the mapping of V in to B defined by T(y) =< z,y >
for each y € V.

Lemma 4.4.3. If V is a normed R-Vector space, then
{Z:2 €V} is a total subset of V.

Proof. Let x,y,z € V and a,b € R with ab = 0. Then

Z(ay + bz) =< x,ay + bz > (by remark 4.4.2)
=<ay+bz,z > (by 3 of definition 4.4.1)
=a® <y, x> +b® < z,x > (by 4 of definition 4.4.1)
=a® < x,y > +b® <z, 2z > (by 3 of definition 4.4.1)
=a®7T(y) +b®T(2) (by remark 4.4.2)

Thus Z € V. Suppose z € V*. By 2 of definition 4.4.1, < z,z >=
|z| + |x| — |z||z| = |z|. Since z # 0, it is clear that |z| # 0. Thus,
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Z(x) =< x,z ># 0. Hence, the lemma holds. O

Remark 4.4.4. Let V' be a normed R-Vector space. If < x,y >=<
2,y > for each y € V then v = z.
Theorem 4.4.5. If V is a normed R-Vector space, then V is a dual

space to itself.

Proof. Consider the mapping T : V' — V defined by Tz = 7 for each
x € V, where T(y) =< z,y > for each y € V. By lemma 4.4.3,
T(V) is a total subset of V. Now let #,y,2 € V and a,b € R with
ab = 0. Then

ax + by(z) =< ax + by, z > (by remark 4.4.2)
=a® < x,z > +b® < y,z > (by 4 of definition 4.4.1)
=a®7T(2) +b®7y(2)
= (a@T+b7)(2).

Hence,

T(azx + by) = ax + by
=a®RT+b®Y
=a®@Tr+b0Ty.

Thus, T € SHom(V,V). Finally, suppose Tz = 7 is the zero map-
ping in V. Then Z(y) =< z,y >= 0 for each # € V. Taking
a = b = 0 in 4 of definition 4.4.1 yields < 0,y >= 0 for each
y € V. Hence by remark 4.4.4, v = 0. Thus T-1{0} = {0}. Hence,
V is a dual space to itself (definition 4.4.1 and theorem 4.3.11). [J
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Chapter 5

Fractions in R-Vector spaces

5.1 Introduction

The concept of R-Vector spaces has been studied by many authors
in different ways. But N.Raja Gopala Rao[21,22] has intensively
studied on it. Imitating the line of thought of N.Raja Gopala Rao,
we introduce the notion of Fraction of R-Vector spaces, its norm,
its sub S~!R-Vector spaces and their properties. Here throughout
this chapter, B denotes the set of all idempotents of a commuta-
tive regular ring R and Bg-1p denotes the set of all idempotents of
fractions of a commutative regular ring R. The rest of this chapter
consists of five sections. In section two, we collect certain definitions
and examples in fraction of commutative regular rings. In section
three, we introduce the notion of fractions of R-Vector spaces and
we also see that fractions of R-Vector space is a vector space over
fraction of regular rings. In section four, we establish the norm of

fraction of R-Vector spaces and study its properties. In section five,
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we introduce the sub vector space of a vector space over fraction of

SV

commutative regular rings, and establish that 2—;

is isomorphic to
S_l(%) where U is a sub R-Vector space of an R-Vector space V.
Finally, in section six, we investigate the isomorphism theorems in

R-Vector spaces.

5.2 Fractions of commutative regular ring

In this section we recall certain definitions and results of fractions
of commutative rings.

Theorem 5.2.1. Let R be a commutative reqular ring with 1. Let S
be a multiplicatively closed subset in R and V' be an R-Vector space.
Define a relation ~ on R x S by (r1,81) ~ (r9,$2) < u(sery) =
u(s1ra) for somew € S, for all ri,ry € R and s1,s2 € S. Then ~ is
an equivalence relation.

Remark 5.2.2. The equivalence class containing (r,s) € R x S is
denoted by . The set of all equivalence classes in R X S is denoted
by ST'TR={t:reR,seS}.

Lemma 5.2.3. Let R be a commutative reqular ring with 1 and S

be a multiplicatively closed subset of R. Then

1. Forr,p € R and s,t € S, & =L & u(tr) = u(sp) for some
ues.

2. L= _ U _ U forallr € R andt,s €S

s st st s’

5. L =12 forallr € R and s1,82 € S

S1

4. 3= i—;, for all s1,s9 € S

51
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o
1©

S=6€S_1Rf07“O€R

6.

®w |»

=1=1€S'RforleR

7. Forri,rs€ Randse€ S, = +2 =132 gpgd b . 2 = 1l

Theorem 5.2.4. Let S be a multiplicatively closed subset of a com-
mutative reqular ring R. Define the binary operations + and - on
SR asg—1+;—z:% nd -2 =22 forallri,ry € R and
51,80 € S. Then S™'R is a commutative reqular ring.

Remark 5.2.5. The usual partial ordering, <, on Bg-1g ts defined
as |2] < 9] & 2[14] = 2],

Remark 5.2.6. For any ¢ %’ € Bg-1p,

aa __ a
Lss=5
ab a ab b
251 <s st <i
Remark 5.2.7. |a| is an idempotent element of R.

5.3 Construction of Fractions in R-Vector spaces

In this section we construct fractions in R-Vector spaces and study
certain properties.

Remark 5.3.1. Let B be the set of idempotents of R, then B is a
multiplicatively closed set.

Theorem 5.3.2. Let V' be an R-Vector space over a commutative
reqular ring R, S = B be the set of idempotents of R. Now define
a relation ~ on'V xS as (x,s) ~ (y,t) < u(tr) = u(sy) for some

uw € S. Then ~ is an equivalence relation.
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Proof. 1. For any u € S,
u(sz) = u(sx).
= (z,8) ~ (,5).
2. For 1,29 € V and s1, 89 € S,

Let (x1,81) ~ (22, $2).

= u(sowy) = u(s1x2) for some u € S.

|
8

= u($172) (s911)

& (29, 52) ~ (21, 51).

3. Let (x1,51) ~ (29, 52) and (x2, s9) ~ (x3,53).
= u(sow1) = u(s172) and v(s3x2) = v(sex3) for some u,v € S.

Now, for uvsy € S, by definition 2.4.5, we have

(uvsy)(s3x1) = (uvsass)xy

= (vsguss) 1

= (uvss)(s173)

= (21, 81) ~ (x3, $3).

Hence '~’ is an equivalence relation. ]
Remark 5.3.3. The equivalence class containing (x,s) € V x S is
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denoted by <. The set of all equivalence classes in V' xS is denoted
by STV ={2:x€V,se S}
Lemma 5.3.4. Let V be an R-Vector space over a commutative

reqular ring R, S = B be the set of idempotents of R. Then

Tl __ Say __ Saly
1. 2 = 2 = 2 for s1,s9 € S and x1 € V.

S1T1 __ S2X1 __ X1
2. s1 S —Tf07“$1,3265andx1€V.

3.

V- [

—_0_10n
=7 =0 foranyt,s€s.

4. fz%@ua::OfOrsomeuES, s,teS andx eV

Proof. 1. For u,s;1 € S and x; € V, u(syr1) = u(s1x1). Then
frequently using 2 of definition 2.4.5, we have
= so(u(s121)) = sa(u(s121))
= u(s95171)) = u($28171)

= u((s281)71) = u(s1(s271))

& L= 28
81 881"

The rest will be proved in similar fashion.

2. For u,s9 € S and 1 € V, u(sox1) = u(ser1) < u(l.(sexq)) =
u(s9ry) < % = %L The rest are in the same line of proof.

3. For every u € S, u(t0) = u(s0) for some s,¢ € S. Hence, 2 = .

4. £ =Y & there exist some u € S such that u(tz) = u(s0) = 0.

S (ut)r =0« (tu)r =0 < t(ur) =0 < ux = 0.
]

Definition 5.3.5. For £, % ¢ S~V and - € S7IR, we define the

binary operations addition and scalar multiplication on S~V as
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Theorem 5.3.6. With the above definition of addition and scalar

multiplication, S~V is an ST'R-Vector space.

. 0 = — —

Proof. Since 3 =0¢€ S7'V, S7'V £ 0.

Let &1 22 23 Ii ¢ G-Iy gych that & = L2 28 = & & Fy v € S
S17 897 837 84 S1 S2 7 83 S4

such that u(sox1) = u(sixe) and v(syws) = v(s3w4).

Now, by applying 2 of definition 2.4.5 frequently, we have

(uv)[(s284) (8321 + s123)] = (vs483)u(S2x1) + u(S251)(VSsw3)
= (vsy83)u(s172) + u(s251)(vs3xy)

= (uv)[(s153) (8472 + So14)]

— S3L1+81%3 __ Sa%a+S9%y (by theorem 5.3. 2)

5183 59854
Thus 7 + 7 is well defined.
Similarly, let -+, 22 € S~ 'Rand £, £ € S~V such that =2 and
17 S2 t Tf 52

i+ = i, then there exist u,v € S such that u(ssr1) = u(slrg) and

v(tex) = v(t1y) respectively. Now, by applying 2 of definition 2.4.5

repeatedly, we have

(uv)[(s2t2)([r]x)] = (u(salr]))(v(t2z))
= (u(s1]ra])) (v(t1y))
= (uv)[(s1t1)(|r2[y)]-

L = T; OF s (deﬁmtlon 5.3.5). Thus, ” ®” is also well defined.
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Now, let £t %2 I3 ¢ G~

S17 897 83

rThUS”-+”

X1

v,
83$2'+'82$3 .
————=") (by definition 5.3.5)
81 5983
S
L1 Sal2 | Sal
S1 5283 5253
71 s1(s32o) 31(82:133)) (by 1 of lemma 5.3.4)
S1 81(8283) 81(8253)
71 silssr) + s1(s27s) (by definition 5.3.5)
51 s1(s283)
(8253)x1-+-81(83$2)‘+'81(52$3)
s1(s253)
(8283)$1 81(83%2) 81(82$3)
81(8283) 81(8283) 81(8283)
(8283)$1 81(83$2) 51<82$3)
s1(s283)  si1(s2s3)  s1(s2s3)
24 Stz 18 (by 1 of lemma 5.3.4)
$159 5159 S3
5271 T 5172 + 5 (by definition 5.3.5)
5152 33
I )
(81 82) 4_ 83
_ M T2 0 Gefinition 5.3.5)
5159
o $1x2-+-32$1
B 5159
. N (by 1 of lemma 5.3.4).
S92 S1

1s commutative.
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3. For % € S~V consider g =0 € S™'V. Then
r 0 sxr+s0

S S SS

0 =z
= _ 1z
s S

4. For any £ € S~'V, consider =2 € S~'V. Then

r  —x ST+ —sT
s s S8
_ 0
"~ ss
= 0.

Thus, =" is the inverse of % in SV so that (S71V, +) is an abelian

group. Now, we can easily verify S~V is an S~!R-Vector space.

1. Let € ST'Rand 2,2 € S7'V

(%)2 ® (% + %) = (;)2 ©) (ux;; sy) (by definition 5.3.5)
_ 7| (ux + sy)
t(su)
_ [rf(uz) + |r|(sy)
t(su)

Irl(es) | IriGsy)
t(su) t(su)
e bl

e + o (by 1 of lemma 5.3.4)
~ 202+ 20 (by definition 5.3.5)
t s t wu
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A
s 1s
L
1l
_r
==
4. Suppose 4L = 0. Then
r x sq +tr x "
(% 4+ g) ® o= ( qts ) ® " (by definition 5.3.5)
t
_ W (by definition 5.3.5)
s)u
sqlx + |trix .
_ | ‘(ts)l‘b | (since qr=0)

_ lsqlz | Jtr|x

(ts)u  (ts)u

= lgfx + Irlx (by 1 of lemma 5.3.4)
tu Su
q

_ 152,112 (by definition 5.3.5).
t u s wu
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5. Let 4, ¢ STIR, where q,r € R are units and 2.4 Sy

4Ty 0% (o "
(ts)Qu_(tu)Gu

(lgriz

= ———= (by 2 of definition 2.4.5)

) (by definition 5.3.5).

0
®
A

[]

Remark 5.3.7. S7'V is an R-Vector space with scalar multiplica-

tiOﬂT@%Z%fOTallTER,:CEV,SES.

5.4 Normed S !R-Vector Spaces

Here we introduce norm on fraction of R-Vector spaces (normed

S~1R-Vector spaces) and observe certain properties on it.

Definition 5.4.1. Let V' be a normed R-Vector space and

S = B. A wvector space S~V over ST'R is said to be normed

provided there exists a mapping ||.|| : S™'V — Bg-1r defined by
||

12|l = 5. satisfying:

Bl
L% =2=0&2=2=0
2. 175\ = 1%l for all T € Bs-1g and % € S,
Remark 5.4.2. If ¢ € Bg-1p and 7 € S~V then TOF=55=7
Lemma 5.4.3. If S~V is a normed S™'R-Vector space, then

|22 =2 for each £ € STV
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Proof. For = € SV,

Hng = _‘37‘ il (by definition 5.4.1)
s |s| s
= _\x\x (by 1 of lemma 2.3.1)
58

(by theorem 2.5.8 and lemma 2.2.10).

[]

Lemma 5.4.4. If S7'V is a normed vector space over S™'R, then

2+ 20 < 2+ 121~ D202 for all 2% € SV

Proof. Let £,% € S~'V. Then

t
£+ 2 = 1= (by definition 5.3.5)
S

st
t
— % (by definition 5.4.1)
s
t — |t
< o] + ]$y|t ]|yl (by corollary 2.5.9)
s

tlz]  slyl  tx]slyl .
= — by definit 2.5.1
st + st stst ( y Geltion )
_tl] | slyl  tl]sly]
st st st st
= @ + |tﬂ — %Htﬂ (by lemma 5.3.4)
= <1+ 11 = [Nl (by definition 5.4.1)

[]

Definition 5.4.5. If S7'V is a normed vector space over ST'R,
then

1S = {2 2 € 57V

2. S7'We = {2 |7 < @} for each £ € STV and £ € ST'R.
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Lemma 5.4.6. If S~V is a normed vector space over S™'R, then

|22 = ||Z]| for each £ € SV

Proof. For any £ € S7'V, we have

| — 2]

5]

_ Izl

H_—$|| = ( by definition 5.4.1)
s

s
= Hgﬂ ( by definition 5.4.1).
S

O
Lemma 5.4.7. If SV is a normed vector space over SR and
1Z[[][4]| = & =0, then for all £,% € SV
LlE§=5=0

215+ 21 =15+ 1

3. [STWV] ={||%] : £ € STV} is an ideal of Bs-1 .
Proof. Suppose £,% € S~V and ||%|/[|4]| = %

1.

Since \|\|§\|%|\ - HfHH%II (by definition 5.4.1)
0
= — (by hypothesis)
S

0
& Hzﬂg = — (by definition 5.4.1)
st s
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2. For £, 4 ¢ Sy,
x It e =1Ent el AT
0+ 101 + 20 = 0200 + 2+ 02 + )
—mEnE L EY AT
= IENE + 000+ S + 1Y)

(by definition 5.4.1)

X
= ||~ + ||%H (by case 1 above).
= IS I < I + 21 (b remark 5.2.5)

On the other hand,

r Y x Y LY
-+ = <= =l === by 1 5.4.4
12+ 20 < I+ 12 = LN by temma 5.4.4)
x Y .
=151+ 120 by hypothesis)

Hence the result holds.

3. Let a,b € [S™'V] such that a = ||%]| and b = ||£||. Then,

X

1@ =)= = )T = A=D1 = )] ( by definition 5.4.1)

S

Ja(l —a)b
)(1 —a)ab

(1—b
(1—b

0 (since ab=0)

= (L= 5=+ (1= a)3l| = (1 =) =] + (L = &)F | (by 2 above)

= (1= b)>] + (1 a)H%H ( by definition 5.4.1)
S

= (1-ba+(1-a)b

=a—ab+b—ab

=a—bec[S'V] (by hypothesis).
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Let a € [S7'V] and L € Bg-1, then a = ||2||, for some £ €
S~1V. Now

r T
o= D))
o ous
rox »
= ||— ® —|| (by definition 5.4.1)
u s

= H%H c [S™'V] (by definition 5.3.5).

Thus the result holds.

5.5 Sub Vector Spaces in Fraction of R-Vector

Spaces

In this section we introduce the concept of sub vector spaces in
fractions of R-Vector spaces and study certain properties. Now
before introducing sub vector spaces in fractions of R-Vector spaces
we look on certain properties of sub vector spaces of R-Vector spaces
given in definition 3.2.16.

Lemma 5.5.1. Let V' be an R-Vector space and W, U be sub R-

vector spaces of V.. Then W NU 1is a sub vector space of V over

R.

Proof. Let x,y e WNU.

=x,yec WU
=x—yeW,U (by (1) of definition 3.2.16)

scz—yeWnu.

68



Chapter 5 : Fractions in R-Vector spaces

Forae Rand x € W, U,
= |alx € W, U (by (2) of definition 3.2.16).
= |alr € WNU.
Hence the lemma holds. []

Definition 5.5.2. Let S~V be a vector space over ST'R. A non
empty subset STW of S7V s called a sub S™'R-Vector space of
S~V provided:

1.2—YeSW fort 4eSW.

2. 00 =l c oW for L € SR and £ € ST'W.

S

Lemma 5.5.3. Let W be a sub vector space of a vector space V

over R. Then
1. S7YW is a sub vector space of S~'V over ST'R

2. s le e STIW e« tx €¢ W for some t€ S

Proof. 1. Let £,% € S~W and =€ S~'R. Then we can easily see

that
yora= Irle € ST'W (by definition 3.2.16).
(7 S us
t —
. % - tsy € STUW (by definition 3.2.16).
S S

2. Suppose £ € STV,

t
= t_x _ L ¢ ST'W for somet € S (by (1) of lemma 5.3.4).
s S

=treW, tse€ S for somet e S (byremark 5.3.3).

Conversely, suppose tz € W for some t € S. = £ = ¢ SV for
some t,s,st € S (by lemma 5.3.4 and remark 5.3.3). O
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Theorem 5.5.4. If S~V is a normed vector space over S™'R and

e S—'R, then S‘l‘/g is a sub vector space of STV over STIR.

Proof. Since ¥ € (S7'V)z, (S7'V): is non empty.
Let 2,4 € (S™'V):, then ||2]| < Z and ||%|| < ZL.

Now
oot
1= =21 =1+ =2

<I=I+1 =S = 1= =21 (by lemma 5.4.4)

= [+ 121 = 10131 (by lemma 5.4.6)

< Il + I Irl Il (by definition 5.4.5)
S S S S

= Il + Il _ Il (by lemma 2.2.10)
S S S

_ I
S

Then £ — ¥ € S~'V:,
Again, let £ € (S7'V): and £ € S7'R.
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[EXC —H_HM|H(mummmmn53m
u

— |:q\7\ (by definition 5.4.1)
us

_ lall=|
us

_ lall=l
u s

Ly by definition 5.4.1)
u s

< Mm (by hypothesis)
(O
)
s
Thus £©2Z € (S7'V):. Hence the result holds. O

Lemma 5.5.5. Let V' be an R-Vector space and W, U be sub R-
Vector spaces of V. Then

1. ST (WnU)=8"wns1U.
2. SN W +U)=S"'W+S1U.

Proof. 1. Since W and U are sub R-Vector spaces of V., W NU is
a sub R-Vector space of V' (by lemma 5.5.1).

LetfeS_l(WﬂU)ﬁthWﬂU,for some t € S
s

(by 2 of lemma 5.5.3) <tz € U, W for somet € S
& g e s~'w, s7tu

(by 2 of lemma 5.5.3)
&-esWnsU
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2. Let e S7'W, te STIU. =2 e ST (W+U) and
e STHW+U). Since S™H(W+U) is asub S~ R-Vector space
of STV, Lt — kst ¢ STY W 4+ U). Let o € ST/ (W +U).
sa="2=01tc Sl 57U

S

Thus the result holds. ]

Theorem 5.5.6. Let S™'W and S~'U be an S™'R-Vector spaces. A
mapping ST from S W in to STIU is an element of Hom(S™1W, S~1U)
S STITEe) =20 (5TT)(%) forte ST'R and 2 € ST'W.

Proof. Let S7'T : ST'W — S7'U, £ +—— L where T € Hom(V,W).
Suppose ST € Hom(S~'W, S~1U). If £ € S~'W and s SR,

then

(S‘lT)(% ® %) — (57112 by definition 5.3.5)

st
T
— (|c:ﬁ|a:) (by hypothesis)
s

_a|Tw
st

T
_ %6 Tx (by definition 5.3.5)
S

(by definition 2.4.26)

~26 (S_lT)(%) (by hypothesis).
s

Suppose (ST!T)(¢© %) =2® (S7'T)(%) and let a,b € R such that

~+
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ab = 0. Now

(S*lT)( @ ot Sb2 ® t2) (SlT)(Z’Z - %) (by definition 5.3.5)
oty (82t2)(Jalz) + (s1t1)(]b]y)
- (E; jﬂ)( (81t1>(82t2) }

(by definition 5.3.5)

_ T[(sata)(lafz) + (sit1)(|6]y)]
(s111)(s2t2)

_ T[((sata)lal)x + ((s1£1)|6])y]
(s1t1)(s2t2)

_ ((satg)[a])Tx + ((s1t1)[b]) Ty
(s1t1)(sat2)

- |‘;|§1“” n “;';y (by 1 of lemma 5.3.4)

T T
_ 4 ) - + ﬂ ® =d (by definition 5.3.5)
S1 tl S9 t2
a b 1 Y ,
= LS + O (STT)() (by hypothesis)
1 1 2

(by hypothesis)

(by definiton 2.4.26)

]

Theorem 5.5.7. Let S™'W and S7'U be an S~'R-Vector spaces.
ST € Hom(S’lVV STIU) is strongly linear < (S7'T)(£ +4) =
(S7T)(2) 4+ (S7'T)(Y) for 2,4 € S0,

st

Proof. Suppose S~1T is a strongly linear homomorphism. Let Si,s— €
SlRandt,ty e STW. It =+ =1= 2then(S 1T>(E L) =
(STIT)(E) + (STIT)(E).

Suppose S~'T € Hom(S™'W,S7'U) and (S7'T)(2+Y) = (S7'T)(%)+

(S™T)(3)-
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Now for any f,ty € ST'W and & o € S7IR, we have

b b
(SilT)( @ +— @ ) (S 1T)( @ :z:) (ST (= 2) (by hypothesis)
ty 2 t S2 b2
b
=—@w7w)+ ® (S7'T) (L) (by hypothesis)
S1 tl S9 tg
Hence, S7!T is a strongly linear homomorphism. [l

Theorem 5.5.8. Let W and U be R-Vector spaces and T : W — U

be a strongly linear homomorphism. Then S~'T : STIW — S~1U,
T (w)

S ——,w e W,s €S is also a strongly linear homomorphism.
Proof. Let £ o Y c S~V and & 5—,5— € S7'R. Now
b b

(S_lT)( @ —i— @ ) (S_lT)(Mx | \y) (by definition 5.3.5)

t to 1851 t2So

1y (8282)(laz) + (s1t1)(|b]y)
= (S7'T)( )
(s1t1)(s282)

(by definition 5.3.5)

_ Tl(sat2)(Jalz) + (s1t1)([0]y)]
(s1t1)(s2l2)

_ (8282)T'(Jafz) + (s1t1)T([bly)
(s111)(s2t2)

- l‘;'?j + ‘Z'fy (by 1 of lemma 5.3.4)

Te b T
=202+ 202 (by definition 5.3.5)
S1 tl 59 t2

:%@wqw”+b@wﬁn%y

(by definition 5.3.5)

(by definition 2.4.28)

]

Corollary 5.5.9. Let S™'W and S7U be an S~ R-Vector spaces.
If S7'T . S7'w — S71U, Lo @ and T is a strongly linear
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homomorphism, then kernel of S™'T is a sub S~'R-Vector space of
S—w.

Proof. Let kernel of S™'T = {£ € ST'W : (S7!T)(%) = 2}
Now for £, % € ker(S™'T), we have

te — sy

(s'1)(E - %) = (S7'T)( ) (by definition 5.3.5)
S
T —
= M (by hypothesis)
S
_ tTx —sTy

st

T T
_ It Ty (by 1 of lemma 5.3.4)
s

= (577

(by definition 2.4.28)

)= (57'T)()

» |8

= 0.

Let ¢ € ST'R and £ € ker(S™'T). Then we the following

lalz

(SflT)(g © ;) = (SflT)(g

T
= (lafz) (by hypothesis)

) (by definition 5.3.5)

— (by definition 2.4.28)

= — © — (by definition 5.3.5)

-© (S_lT)(%) (by hypothesis)

Hence kernel of S7!7T is a sub S~!'R-Vector space of S~1W. ]

Theorem 5.5.10. Let V' be an R-Vector space and U be a sub R-
Vector space of V.. Then S™H(V/U) = S7'V/S™1U.

5



Chapter 5 : Fractions in R-Vector spaces

Proof. Let T :
T(Z+ S 1U):M forallz € V and s € S.
Let T(2+S7'U)=T#+S'U) for z,y e Vand s € S

ﬁﬂz%@ﬂvek@smhtha‘c

S

~1() is a map defined by

v(s(z+U)) =v(s(y +U))
= pPBr+U=pBy+U,B=vseS

= flx—y)eU
_ Bs(z—y)

SS

= B(=— %) e S'U (by definition 5.3.5)
S S

€ S'U (by 1 of lemma 5.3.4 and remark 5.3.3)

=Ygy =Yi5y
S S

= T is one to one. Clearly T is on to.

Let £+ 571U, ¥+ S'U € 551

T§+54U+%+9%0:T§+%+S*m
ter + sy

st

=T +57'U)

(by definition 5.3.5)

 (tz+sy)+U
B st
tlx+U) s(y+U)
+
ts st
( + S~ 1U)+T( + S7U)

(by hypothesis)

(by 1 of lemma 5.3.4 and hypothesis)
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Let ¢ € S~1R and 4+ S—1U e gjg Then
T(g © (% +570)) = T(% + S7'U) (by definition 5.3.5)
_a|lz+U
N st
_al(z+0)
N st
a r+U
=3 ® ( r )
a T
= — 0T +S571).
S © <t + )
Hence the result holds. ]

5.6 Isomorphism theorems in R-Vector spaces

In this section we investigate the isomorphism theorems in R-Vector
spaces.

Theorem 5.6.1. Let U and W be R-Vector spaces. If T : U — W

18 a strong linear homomorphism, then
1. ker(T) is a sub vector space of U.

2. U/ ker(T) is isomorphic to Im(T)
Proof. 1. By definition ker(T) = {x € U : T'(z) = 0}.

Let x,y € ker(T) = T(x) =0=T(y)
=T(x)—T(y) =0
= T(z —y) =0 (by definition 2.4.28)

=z —y € ker(T)
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Let a € R and x € ker(T'). Now we have the following
T(az) = |a|T(z) = |a|0 = 0. Thus, ax € ker(T).
Hence, ker(T) is a sub vector space of U.
2. Define © : U /ker(T) — Im(T) by ©(x + ker(T)) = T(x) for
zeU.

let © + ker(T) =y + ker(T)

Thus, O is well defined.
let ©(z + ker(T)) = O(y + ker(T)), for all x,y € U.

= T(x) =T(y)

= T(z)—T(y) =0

= T(z —y) =0 (by definition 2.4.28)
=z —y € ker(T)

=z + ker(T) =y + ker(T)

Hence, © is one to one.
let y € Im(T). Then there exists x € U such that T'(z) = y.
= O(x + ker(T)) = T(x) = y. Thus O is on to.
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Let r € R and = + ker(T) € U /ker(T).

O(r(x + ker(T))) = O(|r|z + ker(T))
— 7(|r|z)
= [r|T(x)
= |r|©(z + ker(T))
= r.0(z + ker(T))

Thus O is a strong linear homomorphism.

Theorem 5.6.2. Let V', U and W be R-Vector spaces.
IfwW CUCV then (V, W)/ (U/W)=(V,/U).

Proof. Define T : V /W — V /U by T(x + W) = x + U, for all
xelV.
Let c + W =y+ W, forall xz,y € V.

r4+W=y+W
z—yeW
=x—yelU (since W C U)
=+ U=y+U
=T(x+W)=THy+W).

Hence T' is well defined. Here for xt+U € V /U there exist t+W €
V /W such that T(z +W) =2z + U.
Thus T is on to.
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Let " €e Rand v + W,y +W eV /W.

Tr(x+W)+r'(y+W))=T(rlz+W + " |ly+ W)
=T(|r|z+ |r'ly + W)
= |rlz + |r'ly + U
= (Irlz + U) + (Ir'ly + U)
=r(x+U)+7r'(y+0)
=rT(x+W)+r"T(y+ W)

Thus, T' is a strongly linear homomorphism.

Now we have to identify ker(T") as follows:
ker(T)={a+WeV,/ W :T(x+W)=U}
={x+WeV,/ W:z+U=U}
={e+WeV,/W:xeclU}
=U,/W
Hence, by the above theorem 5.6.1, (V /W) (U, W)=V /U. O
Theorem 5.6.3. Let V' be an R-Vector space and U, W be sub

vector spaces of V', then (U+ W),/ U=W /UNW.

Proof. Define T: (U4+W) - W /UNW
by T(x+y)=y+UNW, for all x € U and for all y € W.
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Suppose x1 + y1 = T9 + Yo, for x1, 29 € U and yy,y, € W.

=T —Te=Yy2—h €U W
=11 —To=yY—y1 € UNW
=y +UNW=y+UNW

= T(SCl + y1> = T(SCQ + y2).

Thus T is well defined.
Now, let r,7" € R, 1,29 € U and y1,yo € W.

T(r(zy+y1) +r'(w2 +y2)) = T((|r]oy + [rlyr) + (' [w2 + |7'[y2))

T((Irlwy =+ Ir'lw2) + (rly + |r'y2)

(Jrlyr + [7'|y2) + U NW
(Jrlys + UNW) + (' |y + U N W)

riy +UNW) +17" (s + UNW)

= TT(ZCl + yl) + T/T(ZUQ + y2).

Hence, T' is a strong linear homomorphism.

Now we can identify the ker(T') as follows:

ker(T)={z+y:T(x+y)=UNW}
={r4+y:y+UNW=UNW}
={z+y:yecUnNW}
=U.

Hence by theorem 5.6.1, (U + W), /U=W _ /UNW. O
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Abstract

In this paper we introduce the notion of special homomorphism in
R-vector spaces and study its properties.We show that the set of all spe-
cial homomorpisms form an R-vector space with suitable addition and
scalar multiplication.Also we prove that SHom(V,W),where V and W
are R-Vector spaces over the same regular ring R,is a normed R-vector
space.Further we prove certain results concerning R-Vector spaces.

Mathematics Subject Classification: 15A03, 15A04, 16G30

Keywords: R-vector space,Normed R-vector space,Special and Strong
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Introduction

N.Raja Gopala Rao[4]introduced the concept of vector spaces over regular
rings( simply R-vector spaces) as a generalization of Boolean vector space of
Subrahmanyam N.V[6].He introduced the notion of linear endomorphisms and
affine transformations in R-vector spaces and studied its properties.Further he
made a study on the geometric aspect of these spaces.Later K.Venkateswarlu
[2]introduced the notion of direct sums in R-vector spaces and established that
every direct sum of R-vector spaces has a basis provided each component has
a basis. The set of all linear endomormpisms denoted by Hom(V,V),where V
is an R-vector space in[5],is not closed under usual addition of linear endo-
morphisms.Keeping this in view,we introduce the notion of special homomor-
phisms in R-vector spaces and studied its properties. This paper is divided
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in 2 sections. The first section is devoted for certain definitions and results
concerning regular rings, R-Vector spaces[4]and Boolean Vector spaces of Sub-
rhmanyam [6].In section 2,we introduce the notion of special homomorphisms
in R-vector spaces.We give some examples of Special homomorphims which
do not subsume the notion of linear endomorphsim of Raja Gopala Rao[4]and
B-vector space of Subrahmanyam[6](see example 2.8).We prove that the set of
all special homomorpisms in R-vector space forms an R-vector space(see the-
orem 2.11).We introduce the notion of strong special homomorphism and in
theorem 2.14,we prove that the set of all strong special homomorphism form a
subspace.Further we prove that SHom(V,W)is isomorphic to the finite direct
sum of W’s.(see theorem 2.19).

1 Preliminaries

In this section we collect certain definitions and results concerning R-Vector
spaces of Raja Gopala Rao[4]and freely make use of the results in [2,4,6].

Definition 1.1. A ring R is called a regular ring if and only if to each a € R
there is an element v € R such that axra = a. If a € R and axa = a then we
put a* = razx.

In this B stands for Boolean algebra of idempotents of R-vector spaces , U
is the set of units of R-vector spaces and |a| = aa*

Lemma 1.2. Let R be a reqular ring and a,b € R.Then
1. |a| = a if and only if a € B
2. ala| = a = |a|a
3. If ab =0 then |a|b = |bla = |a||b| = 0
4 lalla+1—laf) = a

Definition 1.3. Let V = (V,+) be any group and R = (R,+,.) be a commu-
tative regular ring with unity element 1. Then V is said to be a Vector space over
R(or simply R-vector space)if and only if there exists a mapping : RxV —V
(the image of any (a,z) € R x V will be denoted by ax) such that for all
x,y €V and a,b € R the following properties hold:

1 a*(z+vy)=ax+ay
2. a(br) = (ab)x if a®* = a

3. lr==x
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4. (a+b)x =axr+bx if ab=0
5. r(sx) = (rs)x if r and s are invertible elements of R
6. a0 =0 imply a®> = a

The zero element of V' and as well as that of R will be denoted by the same
symbol '0.

Example 1.4. Let R be any commutative reqular ring with 1,which is not a
Boolean ring and V' = (V,+) be the additive group of R.For anya € R, v € V,
define the scalar multiplication of a and x,which will be denoted by a ® x,by
putting a @ x = |a|x, the ring product of |a| and x.Then it is easy to verify that
all the properties 1 - 5 of definition 1.3 are satisfied. But 6 is not true for this
system since R is not a Boolean ring.

Remark 1.5. Raja Gopala Raol4] remarked that every R-vector space can be
treated as B-vector space over the Boolean algebra of idempotents of reqular
ring R with the same scalar multiplication as in the R-vector space.

Definition 1.6. An R-vector space V' is said to be normed if and only if there
exists a mapping norm ||||:V — B satisfying the following properties.
(1). |z ||=0<2=0and (2). |ax||=a| x| forallz €V,a € B

Definition 1.7. A finite subset of non zero elements x1, ..., x, of an R-vector
space V is called (linearly) independent over R if and only if a1x1+...+a,z, =0
and ay...a, # 0 imply 1+ ...+x, = 0 and a subset S (of non zero elements)of
V' is said to be an independent subset of V' if and only if every finite subset of
S is linearly independent over R.

Definition 1.8. Let V be a vector space over a reqular ring R.An independent
subset of V' which spans V is called basis for V.

Remark 1.9. If G is a basis group for V ,then a,g represents the uniquely
determined coefficient of any g € G in the representation of x in terms of G

and v = Zar,gg.

geG

Definition 1.10. Let V,W be R-vector spaces over a reqular ring R. A map-
ping T : V. — W is a homomorphism of V' to W provided
(1.10) T(ax 4+ by) = aTx + bTy if ab=0, Vz,y € V and a,b € R.

The set of homomorphisms from V to W will be denoted by Hom(V,W).



852 Litegebe Wondie, Zelalem Teshome and K. Venkateswarlu

2 Special Homomorphisms

Even though the condition 6 of definition 1.3 is independent of the other con-
ditions 1 through 5,which was substantiated by an example in [4]given by Raja
Gopala Rao,it can be relaxed without affecting the validity of the results ob-
tained in [4,5].We restate the definition of R-vector space below by relaxing the
condition 6 and adopt the same nomenclature given by Raja Gopala Rao[4].

Definition 2.1. Let V = (V,4) be any group and R = (R,+,.) be a commu-
tative regular ring with unity element 1. Then V is said to be a Vector space over
R (or simply R-vector space)if and only if there exists a mapping :RxV — V
(the image of any (a,z) € R x V will be denoted by ax) such that for all
x,y €V and a,b € R, all the following properties hold:

1. a*(r +vy) = ar + ay

2. a(br) = (ab)x if a®> = a

3. lx =2

4. (a+b)x =azx+bx if ab=0

5. r(sx) = (rs)x if r and s are invertible elements of R

Remark 2.2. The set of all linear endomorpisms defined by Raja Gopala
Rao[4]in definition 1.10 is not closed under the binary operation.Consider the
following

Example 2.3. Let V = (Zg,+) be the group of addition modulo 6 and R =
(Z3,+,.) be the ring of residues modulo 3, which is a commutative reqular ring
with 1. Define scalar multiplication as -: R XV — V by Ox = 0,1z = x,2z =
r+3Yr € V.Define T, :V — V by T(0) =0,T(1) =5T1(2) =1,T(3) =
3,T(4) = 2,T(5) = 4 and S(0) = 0,5(1) = 4,5(2) = 1,5(3) = 3,54) =
2,5(5) =5.Lettinga =0,b=2 and y = 1 in (1.10),(T + S)(0x + 2y) = 4 #
0=0(T+S)y.Thus (T'+ S) ¢ Hom(V, V).

Remark 2.4. In view of the above example,we introduce the notion of special
homomorphism in R-vector spaces which in turn gives the set of all special
homomorphisms closed under the binary operation '+ .

Definition 2.5. Let VW be R-vector spaces over a reqular ring R.A mapping
T:V — W is a special homomorphism of V to W provided
(2.5) T(ax +by) =| a | Tx+|b| Ty if ab=0, Vz,y € V and a,b € R.

The set of special homomorphisms from V' to W will be denoted by SHom(V, W).
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Example 2.6. Let V' be an R-vector space as in example 2.3 above and T :
V — V be a map defined by T(0) =0=T(3), T(1) =2=T(4), T(2) =3 =
T'(5). Then by easy verification of (2.5) T is a special homomorphism.

Remark 2.7. It seems to be that special homomorphism defined above coin-
cides with the linear homomorphism in B-Vector space of N.V.Subrhamanyam
[6]. But this is not the case.For instance in any B-vector space the property
(a+b)x = ax + bx — abx holds. However this is not true in the case of special
homomorphism of R-vector spaces.It is justified in the following example given
under

Example 2.8. Let V be an R-vector space as in example 2.3 and T :V —V
be a map defined by T(0) =0=T(3), T(1)=2=T(4), T(2) =3 =T(5).Let
a=1,b=21inZy and x =1 in Zs. Clearly (1+2)Tx =371 =0T1=0 #
2=1T1+2T1— (1.2)T1 = 1Tz + 2Tz — (1)(2)Tx.

We have the following

Lemma 2.9. Let V and W be R-vector spaces over R and T be a mapping
fromV toW. T € SHom(V,W) < T(ax) =|a | Tz, Ve € V and a € R.

Proof. (=) Suppose T' € SHom(V,W).Letting b = 0 in (2.5),T(ax) =| a | Tx
Conversely, let T'(ax) =| a | Tz for all @ € R and ab = 0. Then T'(ax + by) =
(la] +1 —a])T(az + by) = |a|T(ax + by) + (1 — |a])T(az + by) = T(|a|(ax +
by)) +T((1=la|)(az+by)) = T((|ala)z+(|alb)y)|+T(1 - |al)az + (1 |a])by] =
T(az) 4+ T'(by)(by lemma 1.2(2),theorem 1.2(3))= |a|Tx + |b|Ty. O]

Theorem 2.10. Let V and W be R-Vector spaces. Define + on SHom(V, W)
by (T'+ S)(x) = Tx + Sz for all x € V and T,S € SHom(V,W).Then
(SHom(V,W),+) is an abelian group.

Proof. Let T, S € SHom(V,W).Then(T + S)(ax + by) = T(ax + by) + S(ax +
by) = (la|Tz + [b]Ty) + (|la|Sz + |b|Sy) = |a[(Tz + Sz) + [b|(Ty + Sy) =
la|(T + S)z 4+ |b|(T"+ S)y. Hence T'+ S € SHom(V, W).It is routine to verify
the remaining axioms of the abelian group. O

Theorem 2.11. LetV and W be R-Vector spaces. Then SHom(V, W) is an R-
vector space if the scalar multiplication is defined by (aT')(x) = |a|Tz,Nx € V,
T e€ SHom(V,W) and a € R.

Proof. Routine verification of axioms of definition 2.1. O

Definition 2.12. Let V,W be R-vector spaces over a reqular ring R. A map-
ping T :'V — W s a strong special homomorphism of V to W provided
(2.12) T(ax + by) = |a|Tx + |b|Ty, Vx,y € V and a,b € R.

The set of strong special homomorphism from V to W will be denoted by
SSHom(V,W).
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We characterize SSHom(V, W) in the following

Theorem 2.13. Let V,WW be R-vector spaces and T € SHom(V,W).
TeSSHom(V.W) < T(x+y) =Tz + Ty, Ve,y € V.

Proof. Letting a = b = 1in(2.12),then we have T'(x+y) = Tx+Ty.Conversely,let
T(z+y) = Te+Ty,Vo,y € V.Then T (ax+by) = T'(ax)+T (by) = |a|Tz+|b|Ty
(by lemma 2.9). O

Theorem 2.14. Let V and W be R-vector spaces. Then SSHom(V,W) is a
subspace of SHom(V, W).

Proof. Since O(az + by) = 0 =|
clear that 0 € SSHom(VW
+ (=

)-
(' =S5)(x +y) = (T+ (=9)(«

| Oz+ | b | Oy =| a | O+ | b | 0, it is
7,5 € SSHom(V,W) and z,y € V.
y) = T(x+9) + (-8)z+y) = To+

Ty+ (=S)z+ (=S)y= (T - S)z+ (T —S)y. Thus T — S € SSHom(V,W).
Finally,(aT)(z + y) = |a]T(a:+ y) = |a|(Tx + Ty) = |a|Tx + |a|Ty = (aT)x +
(aT)y. Thus (aT) € SSHom(V,W). Hence, SSHom(V,W) is a subspace of
SHom(V,W). ]

a

Let
+
+

Remark 2.15. Observe that T(ax) = |a|Tx and (aT)(x) = |a|Tx.Hence
T(az) = (aT)(z).

Theorem 2.16. let V and W be R-vector spaces with V' having basis G*. Let
L:G — W be a map such that LO = 0, where G is a group. Then L can be
uniquely extended to an element of SHom(V,W).

Proof. If x € V, then © = Z Uy 9,0y € R. Define T" : V. — W by

geG*
T(x Z|axg|Lg,a:€V Now let ¢ € R,then T'(cz) Z|chg|L9—
geG* geG*
Z | Ctng | Lg=> |c|laog | Lg=|c| > |asy|Lg=|c|T(x)Thus,
geG* geG* geG*

T € SHom(V,W).We claim that T'g = Lg for all g € G*.
For x =0, T0 = Z | aoy | Lg =] aop | LO+Z | aggi | Lgi = LO.

geG* gi#0
Forz =g,Tg = Z | ayg | Lg =] agy | Lg =1.Lg = Lg.Thus, Tg = Lg, Vg €
geG*

G.Therefore, T' is an extension of L to an element of SHom(V,W).Suppose S

is an extension of L such that S € SHom(V,W).Since S is an extension of L

Sg = Lg¥g € G.Let x € V, then x = Z azg9. S(x) =Sz = Z Uy g9) =
geG* geG*

Z laz,4159 = Z lagy g|Lg = Tx.Thus Sz = Tx, Vo € V.Hence the theorem.

geG* geG*

O
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Theorem 2.17. Let V,W be normed R-vector spaces and V has basis G*.If
B is complete up to cardinality of G*, then || T ||= Z | Tg | defines a norm

geG*

on SHom(V, W) and hence SHom(V, W) is a normed R-vector space.

Proof. Let 0 € SHom(V,W).Then 0(z) =0, Vx € V and || 0 ||= Z | 0g |=
geG*

Z |0 |=0.Let T'e SHom(V,W) and || T ||= 0.Then Z | Tg |= 0.Hence

geG* ~ geG*

| Tg [= 0, Vg € G* and T0O = 0.Thus T'g = 0 = Og, Vg € G.Hence Tz = 0 =

0z,Vo € V.Thus T'=0.Let a € B and T € SHom(V,W).

Now, [[aT ||= > |(@D)g|= ) lla|Tg|=lal ) |Tg|l=alT|. O

geG* geG* geG*

Theorem 2.18. Let V.W be R-vector spaces and G* be basis of V.. If H is
a subgroup of G and S € SHom(< H >, W), then S can be extended to an
element of SHom(V, W).

Proof. Define R : G — W by Rg = 0 for ¢ ¢ H and Rg = Sg for g €
H.Since S € SHom(< H >,W), SO = 0. Hence R0 = S0 = 0. Thus
R : G — W such that R0 = 0. By theorem 2.16, R can be extended to
T € SHom(V,W). Let H* is a basis of < H > and z €< H >. Then

T =aygy + ... + apg,.Now Tx = T'( Z a;g;) = Z la;|Tg; = Z la;|Rg; =
gicH* gicH* gicH*
Z la;|Sg; = S( Z a;g;) = Sz.Where 1 < i < n.Hence, T is an extension

gi€H* gi€H*

of S to an element of SHom(V,W). O
We conclude this paper by the following

Theorem 2.19. Let V and W be R-vector spaces over R.If V has a finite
basis G* = {x1, ...,xn}, then SHom(V, W) is isomorphic to ZVVi, Wy, =W,

i=1
V1l <1i<n.

Proof. Let y € ZW"' Then y = (y1,..,Yn), yi € W, V1 < i < n.Define
i=1
a mapping 0 : SHom(V,W) — ZVVZ by 0(T) = (Tx,...,Tx,) for each

i=1
T € SHom(V,W).Let T,S € SHom(V,W) and a € R. Now (S +T) =
(S+T)xy,..(S+T)x,) = (Sxy + T, ..., Sxpy + Txy)) = (Sx4, ..., Sxp) +

(T, ...,Tx,) = 0(S)+0(T).Simiarily,d(aT) = ((aT)z1, ..., (aT)z,) = (|a|Txy, ..., |a|Tz,)

la|(T'zy, ..., Tx,) = |a|6(T).Hence, 0 is a homomorphism.
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Let T, S € SHom(V, W) such that (T) = 0(S) < (Txy, ..., Tx,) = (Szy, ..., Szy) <
Tr; = Sx; V1 < i < n.Also we have SO = 0 =T0. So Tz = Sz, Vx. Thus
T=2S.

Let y € ZWl Then y = (y1, ..., yn) for some y; € W.Let o : G — W be the
i=1
mapping defined by a0 = 0 and ax; = y;, i = 1,2,3,...,n.Then by theorem

2.16, there is a unique extension 7' : SHom(V, W) — Z W; of a.
i=1
Consequently, 0(T') = (Tzy, ..., Tz,) = (axy, ...,ax,) = (Y1, ..., yn). Hence,0 is

an isomorphism of SHom(V, W) on to Z W;. O]

i=1
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Abstract

In this paper we introduce the notion of functionals on R-vector
spaces and obtain various properties.We also introduce the concept of
dual spaces and Inner product in R-vector spaces and study their prop-
erties.
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Introduction

The notion of R~vector spaces was introduced by Raja Gopala Rao[4] as a gen-
eralization to the concept of Vector spaces over Boolean algebras ( or simply
Boolean vector spaces)of Subrahmanyam [6]. F.O.Stroup [1] has made a study
on functionals , dual spaces, inner product spaces in Boolean vector spaces. In
this paper we extend these notions to R-vector spaces and obtain certain prop-
erties.In [3] the authors have studied on special homomorphisms of R-vector
spaces.This paper is a further continuation on special homomorphisms and we
introduce the notion of functionals using special homomorphisms. This paper
consists of four sections.In section one,we will collect certain basic definitions
and results concerning R-vector spaces and special homomorphisms.In section
two,we introduce the notion of functionals on R-vector spaces and obtain some
basic results about functionals. Section three is meant for the study of dual
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spaces. we prove the necessary and sufficient condition for two R-vector spaces
to be dual in theorem 3.11.Finally, In section four, we introduce the notion
of inner product and prove that V is a dual space to itself if V is normed in
theorem 4.4.

1 Preliminaries

We collect some definitions and results concerning R-vector spaces from [2,4,5]
and special homomorphisms from [3].

We recall the following

Let (R,+,.) be a commutative regular ring with 1. Let a € R ,then a* =
yay for some y in R which is again a regular element and | a |= aa* .Clearly
| a | is an idempotent element of R and Rp denotes the set of all Boolean
elements of R.

Definition 1.1. Let V = (V,+) be any group and R = (R, +,.) be a commuta-
tive reqular ring with unity element 1.Then V is said to be a Vector space over
R (or simply R-vector space)if and only if there exists a mapping :RxV — V
(the image of any (a,x) € R x V will be denoted by ax) such that for all
x,y €V and a,b € R, all the following properties hold.

~

. d*(x+y) =ar+ay

2. a(bz) = (ab)z if a®> = a

3. le=x

4. (a+b)x =ax+bx if ab=0

5. r(sx) = (rs)x if r and s are invertible elements of R

Definition 1.2. An R-vector space V is said to be normed if and only if there
exists a mapping norm ||:V — B satisfying the following properties.
(1). x| =0< 2 =0 and (2). |ax| = a|z| for allx € V,a € B

Definition 1.3. If G* is a basis of V' and geG*,then |g| = 1.

Definition 1.4. A finite subset of non zero elements x4, ..., x, of an R-vector
space V is called (linearly) independent over R if and only if ayx1+...+a,x, =0
and ay...a, # 0 imply v1+ ...+ x, = 0 and a subset S (of non zero elements)of
V' is said to be an independent subset of V' if and only if every finite subset of
S is linearly independent over R.
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Definition 1.5. Let V,W be R-vector spaces over a reqular ring R.A mapping
T:V — W is a special homomorphism of V' to W provided
T(ax +by) =|a|Tz+|b| Ty if ab=0,Vz,y € V and a,b € R.

The set of special homomorphisms from V' to W will be denoted by SHom(V,W).

Lemma 1.6. Let V and W be R-vector spaces and T be a mapping from V to
W.T e SHom(V,W) e T(ax) =|a|Tz,Vr €V and a € R.

Theorem 1.7. Let V and W be R-Vector spaces. Then SHom(V, W) is an R-
vector space if the scalar multiplication is defined by (aT')(x) = |a|Tz Nz € V,
T e SHom(V,W) and a € R.

Theorem 1.8. Let V and W be R-vector spaces.If V' has a finite basis G* =
{1, ..., 2}, then SHom(V, W) is isomorphic to ZWZ-, W,=W ,V1<i<n.

i=1

2 Functionals

In this section we introduce functionals on R-vector spaces and obtain certain
properties.

Let (R, +,.) be a commutative regular ring with 1 which is not a Boolean
ring and W = (R, +) be any additive abelian group of R. Define ® : Rx W —
Whbya®z=|al|xVae R, v €W, which is the ring product of | a | and z.

We have the following simple
Remark 2.1. W is an R-vector space.

Lemma 2.2. If R = (R, +,.) is a regular ring and W = (R, +) be an R-vector
space. Then

(i) 1 is a basis of W = (R, +)

(i) | x |= x for each x € Rp.

Proof. Trivial O]

Definition 2.3. Let V and W = (R, +) be R-vector spaces.A mapping T from
V to W s called a linear functional on V' provided:
Tla®rx+by)=a®Tr+b®Ty,ab= 0,2,y € Vand a,b € R.

Eemark 2.4. The set of all linear functionals on V' will be denoted by
V := SHom(V,W),where W = (R, +).
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Definition 2.5. Let V and W = (R, +) be R-vector spaces.A mapping T from
V' to W is called a strong linear functional on V' provided:
Ta®zr+bRy)=aTr+bTyNVx,y € Vand a,b € R.

Remark 2.6. Let V={T|T : V. — W is a SHom } where V,W are R-vector
spaces.Clearly (V,+) is an abelian group.If we define ® : R x V. — V by
(a,T)(x) = (a®T)(z) =| a | (Tx),where (T+S)(x) = Tx+Sx and (aRT)(x) =
|a| Tz for all a€ Rx € V,T,S € V,V is an R-vector space.

We furnish the following as a special case of theorem 1.8

Theorem 2.7. If V is an R-vector space of finite dimension n and Wi =

(R,+) fori=1,2,....,n,then V is isomorphic to ZWi,where (R,+) is con-
i=1
sidered as an R-vector space.

Lemma 2.8. If V is a normed R-vector space and Nx = |x| for some x € V.
Then N € V.

Proof. N(a® z) = N(la|z) = |a||z| = |a|[Nx =a® Nx,x € Vanda€e R [

Remark 2.9. Let V be a normed R-vector space.For each a € R, @ be a
mapping of V' to B defined by a(x) =| a || z |= a® | x| for each x € V.

Lemma 2.10. If V is a normed R-vector space and a € R, then @ € V =
SHom(V,W).

Proof. a(b®x) = a® | b@x |= |a|||b|z| = |b|(a®]|z|) = |bla(x) = b®a(x).Thus
the result holds by lemma 1.6.

Lemma 2.11. If V' is a normed R-vector space and a,b € Rp,then
(i). a+b=a+b

(ii). ab = ab

(iii. ab = ab

Proof. From the above lemma,a, b, a + b, abeV. The expressions @+b,ab and
ab are well defined according to (T + S)z = T2 + Sx,(a ® T)x = |a|Tz and
(T'S)x = |Tx|(Sx) respectively.

(1). (a+0)(z) = |a+bl|z| = (a+b)lz| = alz|+bla] b(z) = (@+b)(x).
(i) (ab)(2) = a(b(z)) = a([b||z|) = a(b|z]) = (ab) | = ab(z).

(
(@

= a(z) +

2] = |ab]|z
iii). ab(z) = |abl|z| = (lal[p])|z] = (allz[)(|b]lz]) = @(z)b(x) = [a(
b)(x).

]
Lemma 2.12. If V is a normed R-vector space and [V] = Ry, then @ =b =
a=b.

O
=
-
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Proof. Suppose @ = b for some a,b eRp. Since [V] = Rp,there exist z,yeV
such that |z| = |a| = a and |y| = |b] = b.

By the remark 2.9, @(z) = |a||z| = aa = a and b(z) = [b||z| = |b||a| = ba.
since @ = b,we have a = ba and b = ab. O

Theorem 2.13. IfV is a normed R-vector spaces and [V] = Rp,then

(i) The R-vector spaces W = (R,+) is isomorphically contained in the R-
vector space V.

(ii) The regular ring (R,+,.) is isomorphically contained in the regular ring
(V,+,.).

Proof. Consider the mapping v : Rg — V defined by v(a) = @ for each
aeRp.By lemma 2.12, v is one to one.To prove (i), let z,yeW = (R, +) and
aeRp. Then by lemma 2,11, we have v(x +y) =z +y =T +7 = v(x) + v(x)
and v(a ® ) = a ® y(x).Hence, v is an isomorphism. For proving (ii),let
a,beRp, then y(ab) = ab = ab = vy(a)y(b). Similarly y(a +b) = a+b =
v(a) + v(b).Hence, 7 is an isomorphism of the regular ring (R, +,.) in to the
regular ring (V,+,.).

OJ

3 Dual spaces

In this section we introduce dual spaces and study certain properties.

Definition 3.1. Let V and W be R-vector spaces and V- x W = {(x,z2) : z €
V,z € W}.A mapping U : V x W — R is called a bilinear function on V- x W
provided:

(3.1.1) U(a®@ 2+ bRy, 2) =a U(x,2) + b Ul(y, 2)

(3.1.2) U(z,a@uw+b®z2) = a®@U(z,w)+bU(x,2) ,Vr,y € V andw,z €¢ W
whenever a,b € R,ab = 0.

Definition 3.2. If V and W are R-vector spaces,then a bilinear function U
on V. X W is called non-degenerate provided:

(3.2.1) U(x,z) =0 for each z € W =2 =0

(3.2.2) U(z,z) =0 for eachx € V= 2=10

Definition 3.3. If V and W are R-vector spaces and U is a non-degenerate
bilinear function on V- x W then V and W are said to be dual spaces with
respect to U.

Remark 3.4. In general, two R-vector spaces will be called dual spaces if they
are dual with respect to at least one bilinear function.
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Remark 3.5. Let V and W be R-vector spaces. If U : V x W — R is a bilinear
function on V. x W, then U : W xV — R is also a bilinear function on W xV/
when Uz, 2) = U'(z, ).

Corollary 3.6. If U is non-degenerate,then U is also non-degenerate.
Proof. follows immediately from the definition. O

Lemma 3.7. Let V and W be R-vector spaces. If U 1is a bilinear function on
V x W, then

(i). Ula®x,z) =a®U(zx, 2)

(11).U(x,b®2) =b@ U(z,2)Vr € V,z € W and a,b € R.

Proof. Letting b = 0 in (3.1.1) and a = 0 in (3.1.2) respectively yields the
desired conclusions. O

Theorem 3.8. If V is a normed R-vector space and V is a space of linear
functionals on V', then V and V' are dual spaces.

Proof. Let U : V x V. — (R, +) defined by U(x,T) = Tz for all xeV and
TeV Suppose z,yeV, T, S €V and a, be R with ab = 0.By definition 2.3, we have
U(a®x+bRy,T) = aU(x,T)+bxU(y,T) and by remark 2.6,U(x,a@T+b®
S)=a®@U(z,T)+bxU(x,S). Thus,by definition 3.1, U is a bilinear functional
on V x V.Suppose zeV* and T'eV*.To show U is non degenerate,it will suffice
to establish the existence of elements NeV and yeV such that U(x, N) # 0
and U(y,T) # 0.Since TeV*, T is not the zero mapping.Hence, there exists at
least one element yeV for which Ty # 0.Let N denote the norm mapping on
V.Then by lemma 2.8,it is clear that NeV. Since z # 0, Nz = |z| # 0. we
have = U(xz,N) = Nz # 0 and U(y,T) = Ty # 0. Hence by definition 3.2,
U is a non degenerate bilinear functional on V x V. Thus,V and V are dual
spaces. ]

Definition 3.9. Let V' be an R-vector space.A subset M of V is called a total
subset of V' provided that for each xeV* there exists an element T' of M such
that Tx # 0.

Lemma 3.10. If V is a normed R-vector space, then V is a total set.

Proof. Let Nz = |z| for each zeV. Then NeV by lemma 2.8.If z # 0,then
Nz = |z| # 0. Thus,V is a total set. O

Theorem 3.11. Let V and W be R-vector spaces. A necessary and sufficient
condition for V- and W to be dual spaces is the existence of a special homomor-
phism T of V in to W such that T(V) is a total subset of W and T~*{0} = {0}.
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4 Inner Product

Subrahmanyam established that any normed boolean vector space V' admits a
unique ”inner product” mapping,|z,y|,of V x V in to B.

In this section we introduce the notion of inner product on R-vector spaces
and study its properties.

Definition 4.1. Let V' be a normed R-Vector space, | |:V xV — Rpg, is an
imner product mapping such that

(1) [z, ylle —y[ =0

(ii). [z,y] + |z —y| = |z + |y|

(iii).[z, y) = [y, z]

(). a@r+bRz,y=a® [,y +b® [z,y], ab=0

Let V' be a normed R-vector space.For each eV, let & denote the mapping
of V in to Rp defined by z(y) = [z, y| for each yeV .

Lemma 4.2. IfV is a normed R-vector space, then {Z : xeV'} is a total subset

of V.

Proof. Let z,y,2€V and a,beRp with ab=0. Then T(a ® y + b ® z)

=[2,aQy+b®z] = [aQy+b® 2z, 2] = a®[y, 2] +b® [z, 2] = a® [z, y| + bR [z, 2]
=a®T(y) +bRT(z). Thus TeV. Suppose zeV*.By 4.1 (ii), [z, 2] = |z| + |z] =
|z|.Since x # 0,it is clear that |z| # 0.Hence ZT(z) = [z, 2| # 0. Thus,the result
holds. [

Remark 4.3. Let V be a normed R-vector space.If [x,y] = |z,y] for each yeV’
then © = z.

Theorem 4.4. If V is a normed R-vector space, then V is a dual space to
itself.

Proof. Consider the mapping T : V — V defined by Tz = 7 for each z€V ;where
Z(y) = [z, y] for each yeV .By lemma 4.2,T(V) is a total subset of V.Now let
z,y,zeV and a,beRp with ab=0. Then a®@ z+ b @ y(z) = [a®@r+b®vy, z] =
a8z, 2 +b3ly, 2] = a®[r,y +b8[w, 2] = aGT(2)+bBF(2) = (a@T+bT)(2).
Hence, T(a®x+b®y)=a®Rr+bQy=aT+007=aTr+b®Ty.

Thus, TeSHom(V, V).Finally suppose Tz = 7 is the zero mapping in V. Then
Z(y) = [x,y] = 0 for each xeV.Taking a = b = 0 in (iv) of definition 4.1 yields
[0, y] = 0 for each yeV.Hence by remark 4.3, x = 0. Thus 7-'{0} = {0}. Hence
the theorem follows from definition 4.1 and Theorem 3.11. O



494 K. Venkateswarlu, Litegebe Wondie and Zelalem Teshome

References

[1] F.O. Stroup, On the Theory of Boolean Vector Spaces, Doctoral Thesis,
University of Missiouri, Columbia, 1969.

2] K. Venkateswarlu, Direct sums of R-vector spaces, Southeast Asian Bull.
Math., 19 (1995), no. 1, 27-30.

[3] Litegebe Wondie, Zelalem Teshome, K. Venkateswarlu, Special homomor-
phisms in R-vector spaces, International Mathematical Forum, 9 2014,
no.18, 849-856. http://dx.doi.org/10.12988 /imf.2014.4450

[4] N. Raja Gopala Rao, Vector spaces over regular rings, Math. Annalen,
167 (1966), 280-291. http://dx.doi.org/10.1007/bf01364539

[5] N. Raja Gopala Rao, Regular Rings and Vector Spaces over Regular Rings,
Doctoral Thesis, Andhra University, Waltair, India, 1966.

[6] N.V. Subrahmanyam, Boolean Vector Spaces I, Math. Zeit., 83 (1964),
422-433. http://dx.doi.org/10.1007/bf01111003

Received: September 2, 2015; Published: October 21, 2015



