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Abstract

In this dissertation the interplay of localized and itinerant electrons in iron based

superconducting systems using the Hubbard model is theoretically studied. By devel-

oping a model Hamiltonian for the system and by using quantum field theory Green’s

function formalism, we have obtained mathematical expressions for superconducting

transition temperature(TC), spin density wave transition temperature(Tsdw), super-

conductivity order parameter(∆Sc) and spin density wave order parameter(∆sdw). By

employing the experimental and theoretical values of the parameters in the obtained

expressions, phase diagrams of superconducting transition temperature(TC) versus

superconducting order parameter(∆Sc) and spin density wave transition temperature

(Tsdw) versus spin density wave order parameter(∆sdw) have been plotted. By combin-

ing the two phase diagrams, the possible coexistence of superconductivity and spin

density wave (SDW) in Ferropnictide Ba1−xKxFe2As2 is demonstrated. Thus, in

both the SDW and SC phases, the coexistence of the itinerant electrons and the local

moments are crucial to the underlying mechanisms. Starting with a model Hamilto-

nian consisting of a pairing interaction, magnetic interactions of Heisenberg type by

local electrons and an interaction of itinerant electrons with localized electrons and

using Greens function technique, the expressions for superconducting order parameter

(∆(T )) and the superconducting transition temperature, TC are determined. The ex-

pressions indicate that magnetization suppresses superconductivity, and there might

be a coexistence below critical temperature. The result also suggest the importance

of the concept of localized and itinerant electron system in theoretical work. More-

over, the exchange field dependence of the Hubbard model with a attractive, effective,

xi



xii

pairwise, nearest neighbour interaction via the Hartree-Fock-Gorkov approximation

is explore. Based on the spin-generalised Bogoliubov-de-Gennes (BdG) equations,

we obtained expressions of gap equations (superconducting order parameters), spe-

cific heat capacity, Magnetization and magnetic susceptibility for singlet and triplet

superconductors in the presence and absence of exchange field is obtained. By devel-

oping the model Hamiltonian for the system and using the double time temperature-

dependent Greens function formalism, the expressions for superconducting transition

temperature (Tc) as a function of electron coupling constant (λelc), equation of motion

for parallel and anti parallel spin pairing and temperature dependent of magnetization

for both itinerant and localized electrons hoping with intra and inter Coulomb inter-

actions is obtained. Based on the general features of multi-bands and intermediate

coupling strengths, a phenomenological theory of coexistence of itinerant and local-

ized electrons have been proposed to describe the low-energy physics in iron-based

superconductors. By using the experimental and theoretical values of the parame-

ters in the obtained expressions, the plots of superconducting transition temperature

versus electron coupling constant (λelc), superconducting transition temperature (Tc

) versus superconducting order parameter (∆) and magnetization vesus supercon-

ducting transition temperature are plotted and demonstrated the possibility of the

interplay of itinerant and localized electrons in iron based superconductors.
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Chapter 1

Introduction

One of the most fascinating phenomena in condensed matter physics is superconduc-

tivity, discovered by H. Kamerlingh Onnes in 1911 [1]. He discovered that, when

cooling mercury below Tc =4.2K, the resistivity of mercury abruptly dropped to a

value close to zero and it became superconducting. Superconductivity is the ability

of a material to lose its electrical resistivity below a critical temperature Tc, and ex-

pel any external magnetic field from the bulk, thus leading to ideal diamagnetism.

The latter effect is the so called Meissner-Ochsenfeld effect, discovered by Meissner

and Ochsenfeld in 1933 [2]. It opened the way towards a deeper understanding of

superconductivity.

More than 25 years after its first discovery by Bednorz and Muller [3], the phe-

nomenon of high-temperature superconductivity has not lost any of its original fas-

cination. However, despite the tremendous efforts made by scientists over the years,

the phenomenon of high Tc superconductivity has not lost any of its mysteries. As

conventional superconductivity and its corresponding effects are very well understood
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and described by the BCS theory [4], high Tc superconductivity still lacks a conclu-

sive theoretical description which can be confirmed by experimental results. In the

BCS theory, the formation of pairs of electrons with opposite momenta and spins

[k,↑], [k,↓] resulting in pairs with zero total net momentum k = 0 and zero total net

spin S = 0, known as Cooper pairs and the resulting creation of a condensate state

of the Cooper pairs is capable of explaining the characteristic effects such as the zero

electric resistivity and the Meissner effect.

As the operating coupling mechanism is responsible for the formation of Cooper

pairs, the BCS theory considers electron phonon coupling effects as the main driving

mechanism, with an exchange of virtual phonons providing the pairing of the elec-

trons. In high Tc materials, however, the electron phonon coupling alone does not

supply coupling strengths which is sufficient to explain the high critical temperatures

observed in these materials. So, in order to maintain the concept of Cooper pairs for

unconventional or low Tc superconductivity, the main task is to find a pairing mech-

anism which is capable of handling the high critical temperatures. The proximity of

magnetically ordered states and superconductivity in the phase diagram of high Tc

materials is the main motivation for the consideration of possible relations between

the pairing mechanism of Cooper pairs and magnetic degrees of freedom, where an

exchange of spin fluctuations is discussed as possible contribution to the coupling

of electrons to Cooper pairs. Magnetic degrees of freedom, in this case magnons or

paramagnons, however, are much more difficult to investigate than phonons, as in the

case of the BCS superconductors.
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Since the discovery of unconventional superconductivity in Iron-based superconduc-

tors in 2008 [5], great efforts have been made to investigate the properties of these

materials theoretically as well as experimentally by applying a variety of techniques.

With its direct access to magnetic properties in general and especially dynamical

magnetic excitations, neutron scattering plays a major role in the investigations of

magnetism in the iron based superconductors.

This dissertation is organized in seven chapters.

• Chapter one deals with the general introduction

• Chapter two gives a brief introduction to the main characteristics of Iron-based

superconducting materials. The intention of this chapter is not to provide a detailed

overview of this particular field but to introduce some of the main characteristics of

Iron-based superconductors.

• Chapter three deals with the basic properties and experimental details of the sample

of iron based superconductor Ba1−xKxFe2As2 superconductor and a general theoret-

ical description of the interplay between SC and SDW.

• Chapter four provides the theoretical study of the interplay of localized and itin-

erant electron in iron based superconductors by considering model Hamiltonian of

Heisenberg type.

• Chapter five discusses the mathematical Techniques for the Hubbard model and
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includes the basic formulae of the Hubbard model.

• Chapter six focuses on the formulation of the problem for the exchange field de-

pendence of the Hubbard model using Hartree-Fock-Gorkov approximation and spin-

generalised Bogoliubov-de-Gennes (BdG) equations, we obtained expressions of gap

equations (superconducting order parameters) for singlet and triplet superconduc-

tors. By developing the Model Hamiltonian, we will calculate the Superconducting

order parameter, Magnetization, specific heat capacity and Transition Temperature

(Tsc)for both singlet and triplet superconductors and using equation of Motion, we

obtain superconducting Order parameter and magnetic order parameter in both pure

localized and itinerant regions.

• Finally, Chapter Seven provides a brief summary of the obtained results discussed

in detail in the previous chapters and makes the conclusion of the research work.



Chapter 2

Iron-based Superconductors

2.1 General Overview

Superconducting materials are characterized by the presence of mainly two character-

istic effects, the effect of zero electric resistivity and the Meissner-Ochsenfeld effect,

a complete exclusion of any interior magnetic field from the sample, for tempera-

tures below a critical temperature Tc [1,2]. The discovery of the phenomenon of zero

electric resistivity in mercury was soon followed by the observation of the effect in

other materials, such as tin, lead and metallic alloys. A microscopic understanding

of the phenomenon was, however, not given until 1957 when Bardeen, Cooper and

Schrieffer provided a theoretical approach suitable to describe the observed effects [4]

by developing the so-called the BCS theory.

The main point of the BCS theory is the formation of Cooper pairs. Below the

critical temperature, two electrons with opposite momenta and spins[k,↑], [-k,↓] form

a paired state with zero total net momentum k=0, zero total net spin S=0 and a

consequential S-wave symmetry of the Cooper pair wave function. The bosonic char-

acter of these Cooper pairs leads to the formation of a large Bose Einstein condensate,

5
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which is capable of explaining many of the observed phenomena. In the BCS the-

ory, the formation of the Cooper pairs is caused by an attractive potential between

the two electrons due to the interaction via exchange bosons, in this case virtual

phonons. In a descriptive picture; an electron that travels via the positively charged

lattice of atomic nuclei interacts with the positive charges and leaves behind a small

deformation of the lattice. A second electron with opposite spin and momentum feels

the attractive potential of the enhancement of positive charges caused by the lattice

deformation and thus indirectly interacts with the first electron and both electrons

form the Cooper pairs.

For low temperatures, when many of these electron pairs are formed, the quantum

mechanical wave functions of the Cooper pairs align and form a collective state,

the Bose-Einstein condensate of the superconducting state. Once the condensate is

formed, the Cooper pairs don’t feel potentials not sufficient to break up the Cooper

pair state which prevents them from scattering processes with either the lattice or

other particles. This results in the onset of superconductivity with zero electric resis-

tivity and in lowering of the superconducting ground state energy and consequently

in a gap in the single particle excitation spectrum as excitations are only possible

for energies that break up the Cooper pairs. This energy gap has its greatest value

for low temperature and gradually decreases to zero when approaching the critical

temperature Tc,

∆(T ) = 3.52kBTc

√
1− T

Tc

(2.1.1)
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Tc itself is proportional to the coupling strength of the Cooper pairs which is related

to the interaction potential V,

kBTc = 1.14EDe−1/N(EF )V (2.1.2)

where

kB is Boltzmann’s constant

ED is the Debye cut off energy

N(EF ) is the density of states at the Fermi level and

V is the interaction potential responsible for pair formation of the Cooper pairs, which

in the BCS theory is provided by the electron phonon interactions.

The weakness of electron-phonon coupling in combination with the low Debye en-

ergy for the BCS superconducting materials leads to typical critical temperatures not

higher than 30K.

2.2 Discovery of High-Tc superconductivity in Iron-

based superconductors

For years the effect of high Tc superconductivity has been studied mainly in cuprate

materials which almost lead to the conclusion that, substantial copper content might

be an obligatory condition for materials to exhibit high-temperature superconductiv-

ity.

In 2008 this misconception was clearly disproved as Kamihara et al. discovered

high-temperature superconductivity in a copper free material, LaFeAsO1−xFx with
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Tc =26K [5]. This finding, which immediately was followed by the discovery of su-

perconductivity for a great number of other Iron-based superconducting materials,

caused a lot of excitement in the community and propelled the field of high Tc super-

conductivity, which at that time had slowed down a bit compared to the beginnings

of 1986, back to be one of the most exciting fields in condensed matter physics. With

the discovery by Kamihara et al. a real rush for new compositions with even higher

critical temperatures was started and within a short span of time numerous discov-

eries were made. It was found that, by replacing lanthanum in LaFeAsO1−xFx by

magnetic rare earths such as Ce, Sm, Nd or Pr the critical temperature could eas-

ily by increased up to 56K [6, 7], which achieved much higher Tc values. Materials

with this type of composition crystallize in the tetragonal ZrCuSiAs-type structure

and are labeled as the 1111-family of the Iron-based superconductors.

Simultaneously another class of Fe-based superconductors was discovered by Rotter

et al. and observed superconductivity with Tc = 38K in (Ba;K)Fe2As2 [8]. Sub-

squently, other superconductors with this type of composition were found, which all

crystalize in the body centered tetragonal ThCr2Si2-type structure and are labeled

as the 122-class of Fe-based superconducting materials. In addition to the 1111- and

122-family of superconductors, two additional classes were found, the 111-family rep-

resented by LiFeAs with Tc = 18K [9,10] and the binary 11-family of αFeSe materials

first observed by Hsu et al. with Tc = 8K [11].
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2.3 Basic properties of Iron based Superconduc-

tors

2.3.1 Family of Iron based Superconductors

There are several different structural families of iron based superconductors [12, 13].

The four most frequently studied structural families are the so called ’1111’, ’122’,

’111’ and ’11’ families. They are frequently named according to the stoichiometries

of their parent compounds.

1111 Family

Following the discovery of high-Tc superconductivity in LaFeAsO1−xFx, Tc is rapidly

increased by exchanging lanthanum with rare earth ions of smaller atomic radii in Ln-

FeAsO and appropriate carrier doping or creating oxygen deficiencies, until it reached

a maximum value of ∼ 56K until now in Gd1−xThxFeAsO. This family LnFeAsO came

to be known as 1111 family. LaFePO was discovered by Kamihara et al. in 2006 and

was the first 1111 compound to show superconductivity, but with very low Tc (∼5-

7K). In addition to LaFeAsO1−xFx , the most remarkable 1111 compounds that show

high-Tc superconductivity discovered until now are: SmFeAsO1−xFx (Tc ≈ 43K),

CeFeAsO1−xFx (Tc ≈ 41K) and NdFeAsO1−xFx (Tc ≈51K) [14,15] .

111 family

X. C. Wang et al. reported the discovery of another new superconducting iron arsenide

system LiFeAs (111 family). Superconductivity with Tc up to 18K was found in these

compounds [16,17].
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11 family

F.C. Hsu et al. reported the observation of superconductivity with zero resistance

transition temperature at 8K in the PbO-type α- FeSe compound known as 11 fam-

ily. Although FeSe has been studied quite extensively, a key observation is that the

clean superconducting phase exists only in those samples prepared with intentional

Se deficiency [16,18].

122 Family

M. Rotter et al. proposed BaFe2As2 as a potential new parent compound based on the

similarities between BaFe2As2 and LaFeAsO. In fact, both compounds contain iden-

tical (FeAs) layers, and have the same charge in accordance with: Ba2+[(FeAs)−]2

versus(LaO)+(FeAs)−. Partial replacement of Barium with Potassium (hole doping)

induced superconductivity at 38K in Ba0.6K0.4Fe2As2 , the first member of a new

family of superconducting iron arsenides known as the 122 family. This discovery

was followed by reports of similar compounds with: strontium (Tc ≈37K ), calcium

(Tc ≈20K ), and europium (Tc ≈32K) [19,20].

2.3.2 Structural Properties for Iron-based superconductors

Similar to cuprate materials, Iron-based superconductors crystallize in layered crys-

tal structures. As illustrated in figure 2.1 for the four main classes of Iron-based

materials, these layered crystal structures are organized in an alternate stacking of

Fe2As2-layers and layers containing the other elements of the composition. The only

exception are the 11 family materials. Here, the Fe2As2 -layers are substituted by

Fe2(Se/Te)2-layers, in the absence of additional buffer layers.
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Figure 2.1: Crystal structure of the four main classes of Fe-based materials [21].

From band structure calculations it is known that, the density of states at the Fermi

energy N(EF ) is dominated by the Fe 3d states and thus it is believed that, the

Fe2As2-layers (Fe2(Se/Te)2-layers) are the conduction layers and are responsible for

the superconductivity in the system. These Fe2As2-layers are organized in a way

where each Fe-atom is surrounded by a tetrahedron of four As-atoms. The shape of

these tetrahedra surrounding the Fe-atoms in fact might impact the formation of the

superconducting phase as it has been suggested that less distorted tetrahedra lead to

higher critical temperatures. As a result, it was even proposed that, the structural

effects caused by doping might even be more important for the creation of supercon-

ductivity than the additional charge carriers provided by the introduction of foreign

atoms to the system.
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At room temperature, all structures exhibit a tetragonal symmetry which with de-

creasing temperature will make a transition into a phase with lower orthorhombic

symmetry. With the introduction of foreign atoms to the structure, this tetragonal-

orthorhombic phase transition is gradually suppressed in temperature which is accom-

panied by a reduction of the orthorhombic distortion. This suppression of orthorhom-

bic distortion might in fact be beneficial to the formation of superconductivity in the

system [21].

In 1995 Zimmer et al. [22] studied the series of LnFePO (Ln= La - Nd, Sm, Gd) which

crystallizes in the ZrCuSiAs type structure. These ’1111’ compounds exhibit the

highest transition temperature (Tc) amongst all iron based superconductors (FeSCs)

with Tc = 56K for Sr1−xSmxFFeAs [23]. The ’122’ compounds crystallize in the

ThCr2Si2 structure and are the best investigated FeSCs due to the availability of

relatively large high quality single crystals. The highest Tc is observed in the ’122’

families in Ba1−xKxFe2As2 with Tmax
c = 38K [8]. The ’111’ families crystallize in

the tetragonal Cu2Sb structure. A representative is Li1−δFeAs which turns super-

conducting at Tmax
c = 18K [24]. A member of the ’11’ families is FeSe0.5Te0.5 ,

which crystallizes in the α− PbO structure. Here, thin films with Tmax
c = 17K were

grown [25].
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2.3.3 Phase Diagrams for Iron based Superconductors

The phase diagrams of the main classes of Iron-based superconducting materials show

a great amount of similarities not just between the different classes of Iron-based ma-

terials but also to the phase diagrams of cuprate materials. Similar to the cuprates,

all undoped Iron-based materials exhibit long range antiferromagnetic order, as in

this case the Fe2+ moments form a magnetic sublattice. The magnetic order sets

in after the crystal structure has made a transition from tetragonal to orthorhombic

symmetry. In the 11-materials both phase transitions, magnetic and structural, occur

simultaneously at the same temperature whereas for the 122-class the two transitions

start to separate for higher doping concentrations. For 1111-class even the undoped

materials exhibit a temperature difference of up to 20K between the structural and

magnetic transition.

Orbital ordering and nematic ordering have been proposed [26] to explain this large

temperature difference, but a conclusive explanation of this effect is not found to this

date. Doping the system with foreign atoms is one method to suppress the mag-

netic order and eventually induce superconductivity to the system. The doping can

be conducted in several different ways, as basically all elements of the material can

be replaced by foreign atoms. Depending on the introduction of these foreign atoms,

they absorb or emit electrons from or to the system. Thus, the doping is referred to as

either hole- or electron-doping. Increased doping concentration leads to a continuous

suppression of the magnetic and nuclear transition temperatures which is accompa-

nied by a continuous reduction of the ordered magnetic moment and orthorhombic

distortion of the crystal structure. As soon as the long range order is suppressed, the
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system becomes superconducting and aside for a small phase present in 122-families

the superconducting phase is related to a tetragonal crystal structure. For some

122-families [27] and 1111-materials [28,29] superconductivity even sets in before the

magnetic order is completely suppressed, which leads to a coexistence of static mag-

netic order and superconductivity and which clearly illustrates the compatibility of

magnetism and superconductivity in these materials.

The superconducting phase forms a dome-like shape in the phase diagram where

the highest Tc is reached for a certain doping level (optimally doped), whereas both

lower doping (under doped) and higher doping concentrations (over doped) lead to

lower Tc and an eventual complete suppression of superconductivity. In contrast

to the 1111- and 122-families, in the 11-families the suppression of the long range

magnetic order does not imply an immediate onset of superconductivity and instead

both phases are separated by a phase with short range spin glass like magnetic order

and filamentary superconductivity. Bulk superconductivity does not occur in these

materials unless the short range spin glass order is completely suppressed [30].
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Figure 2.2: Phase diagrams determined based on experimental data for (a)
LaFeAsO1−xFx [31], (b) CeFeAsO1−xFx [32], (c) SmFeAsO1−xFx [33] and (d)
Ba(Fe1−xCox)2 As2 [34].

2.3.4 Band structure, Fermi surfaces, and DOS of Iron based

superconductors

Electronic band structure calculation has been popular after the discovery of DFT in

1960. It is one of the important parameter to study various properties of materials,

such as electrical and structural. Experimentally electronic band structure and Fermi

surfaces can be determined by different techniques including Angle Resolved Photo

Emission Spectroscopy(ARPES) and de Haas-Van Alphen(dHvA) effect.
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First principal calculation also leads to obtain electronic band structure and Fermi

surfaces. Figure 2.3 shows the band structure of undoped 1111(LaFeAsO) and un-

doped 122 (BaFe2As2), reproduced by the concept of non spin polarized calcula-

tion [35]. The lattice parameters were based on the experimental result. The result

of the calculation shows that Fe 3d orbital bands are present near the Fermi energy.

The figure also shows 5 bands are crossing the Fermi level, that depicts the multi

band nature of the iron based compounds.

Figure 2.3: Band structure of LaFeAsO(left) and BaFe2As2(right) [35].

The Fermi surface (FS) in most pnictides includes electron-like cylinders in the corners

of the Brillouin zone and the hole-like cylinders along the Γ − Z line (Fig 2.4). But

there is still a difference among the different families of iron based superconductors.

For instance, the 1111-family undoped shows 2-dimensionality and the 122-family

undoped one is 3-dimensional in character. Fig 2.4 shows the Fermi surfaces of non
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magnetic LaFeAsO and BaFe2As2 [36]. Density of State (DOS) in superconductiv-

Figure 2.4: Fermi surfaces of LaFeAsO(left) and BaFe2As2(right) [36].

ity is an important parameter to understand several properties. If the number of

DOS near the Fermi level is changing, for instance by doping, then the properties of

the material may change dramatically. Applying Density Functional theory (DFT)

as implemented in Quantum Espresso(QE) code one can calculate the DOS of com-

pounds up on substitution. Fig 2.5 is a typical example for DOS of LaOFeAs and

Ba1−xKxFe2As2.
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Figure 2.5: (a) Calculated density of states in LaOFeAs (solid line) and partial con-
tributions to it from the orbitals of Fe, As and O (dashed lines) (b) Total and partial
densities of states for BaFe2As2 (1) and Ba0.5K0.5Fe2As2 (2) [37].

2.4 The Interplay of Superconductivity and Mag-

netism in iron Based Superconductors

The interplay of magnetism and superconductivity is a fundamental problem in con-

densed matter physics. These two phenomena were thought mutually antagonistic. In

conventional superconductors, the BCS theory of superconductivity, local magnetic
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moments break up the spin-singlet Cooper pairs and hence strongly suppress super-

conductivity, an effect known as pair-breaking. Typically, magnetic fields destroy

superconductivity because the energy they generate perturbs the close interaction

between pairs of electrons that is a prerequisite for superconductivity. The most

common way that a magnetic field destroys superconductivity is by disturbing the

orbital effect, by acquiring more and more energy from the magnetic field. Once this

energy becomes greater than that which unites the two electrons, the electron pairs

break apart and superconductivity is suppressed. The other way magnetic fields can

destroy superconductivity is when two electrons have what is called opposite spins,

this is when in addition to the two electrons orbiting to one another, they also are

spinning like tops but in opposite directions, called s-wave spin. When the magnetic

field is turned on, one electron gains energy while the other loses. ”If the difference is

bigger than the amount of energy holding the electrons together, then they fly apart

and superconductivity has gone,” explained Naughton [38].

However, in a limited class of inter-metallic systems, superconductivity occurs even

though magnetic ions with a local moment occupy all of one specific crystallographic

site, which is well isolated and de-coupled from the conduction path. The possible

coexistence of superconductivity with various types of magnetism carried by local-

ized magnetic moments and itinerant electrons is critically discussed in connection

with several existing materials such as rare earth ternary compounds [(RE)Mo6S8,

(RE=Gd,Tb,Dy and Er) (RE)Mo6S8 and (RE)Rh4B4], (RE=Nd, Sm and Tm mag-

netic system [39], and has been recently revitalized by the discovery of the RNi2B2C

(R=Y,Tm,Ho) system. In all the three systems, both SC and anti-ferromagnetic
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(AFM) ordered states coexist.

The coexistence of superconductivity and ferromagnetism in the same compound

has been put forward theoretically by V. Ginzburg in 1957 [40]. In his theoretical

explanation, the coexistence of magnetism and superconductivity occurs when fer-

romagnetic field is smaller than the thermodynamic critical field of superconductor.

The coexistence of superconductivity and antiferromagnetism is quite peaceful and

very weakly influences each other, because the antiferromagnetic molecular field is

effectively averaged out within the scale of the superconducting coherence length.

Superconductivity coexisting with ferromagnetic order was observed in UGe2 and

URhGe. This superconducting phase is found within the ferromagnetic phase and

disappears in the paramagnetic region. The coexisting superconductivity with ferro-

magnetic is strongly suggesting that the pairing mechanism is magnetic in origin [41].

The interplay of superconductivity and magnetism has been studied in iron based

superconductors theoretically and experimentally [42, 43]. Superconductivity could

be obtained by applying either external pressure or doping. In most iron based su-

perconductors, both electron and hole doping on parent compounds cause supercon-

ductivity. Upon doping, for example, potassium do magnetism gradually disappears

with a lowering of the spin density wave transition temperature [44]. Generally, sub-

stitution of element in the 122 parent compounds may lead to suppression of spin

density wave and eventual appearance of superconductivity [45].
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2.5 Spin, charge and orbital orderings in iron-based

superconductors

Many compounds of iron-based superconductors have been found and new materials

are still being discovered. Basically, they can be divided into two categories, pnictides

and chalcogenides. On the other hand, they can also be divided as 1111 compounds

(e.g., LaFeAsO), 122 compounds (e.g., SrFe2As2), 111 compounds (e.g., LiFeAs), 11

compounds (e.g., FeTe/Se), 245 compounds (e.g., K2Fe4Se 5), and so on. All these

materials share a common layered structure based on a planar layer of iron atoms

joined by pnictogen or chalcogen anions. It is widely believed that, their supercon-

ductivity is based on the common iron layers, similar to the cuprate superconductors.

The modern experimental probes, such as angle-resolved photoemission spectroscopy

(ARPES), scanning tunneling microscopy (STM), neutron scattering, inelastic X-ray

scattering (IXS) and X-ray diffraction (XRD) can provide important information for

these materials.

Most parent compounds of iron-based superconductors are bad metals (245 com-

pounds are semiconductors), which is an important difference between iron-based and

cuprate superconductors. Band structure calculations have shown a finite density of

states near the Fermi level [46]. Fermi pockets and finite resistances are observed in

ARPES experiments and transport experiments, respectively [47, 48]. These results

support the importance of itinerant electrons. On the other hand, local density ap-

proximation (LDA) band structure calculations indicate that the Fe 3d orbitals are

strongly hybridized, and play a key role in the density of states near the Fermi level,
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especially at dxz and dyz [49, 50]. This character suggests that iron-based supercon-

ductors have a multi-orbital nature, which is different from cuprates.

Although the pairing symmetry is still under debate, it is apparently not the con-

ventional s wave. Actually, an s± wave pairing symmetry is more favored [49], and

short range spin fluctuations are believed to be a medium for Cooper pairing. Be-

fore doping, the parent compounds of most iron-based superconductors show long

range antiferromagnetic orders. The corresponding spin wave calculations can give

consistent magnetic excitations with neutron scattering experiments [51]. The mag-

netism can also be understood by the itinerant electron picture because the parent

compounds are bad metals. Within this picture, the long range magnetic order arises

from the Fermi surface nesting. It is worth mentioning that, iron-based supercon-

ductors may share a common mechanism with cuprates, though they have different

pairing symmetries.

The metallic nature of iron-based superconductors tells us that, the correlations are

relatively weaker compared to cuprates whose parent compounds are Mott insula-

tors. More in-depth studies suggest that, most iron-based superconductors are in the

intermediately-correlated regime [52, 53]. Since in most iron-based superconductors,

the on-site Coulomb repulsion, U, is found in an intermediate range between the

strong correlation side (cuprate superconductors) and the non-interacting side (BCS

superconductors) based on the fact that most parent compounds of the iron-based su-

perconductors are antiferromagnetic (AFM) bad metals with poor conductivity [54].
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Numerical calculations indicate that, U, for Fe in iron-based superconductors is ap-

proximately half of that for Cu in cuprates [55]. Actually, it is not completely right

to fit iron-based superconductors in one correlated regime. Theoretical investigations

using multi-orbital models have shown that, the values of U distribute in a wide

regime [56]. As a result, both the weak-coupling and the strong-coupling models are

used in studying iron-based superconductors. So far, the theoretical models can be

divided into three kinds: weak-coupling theories, strong-coupling theories and hybrid

theories which are also called local-itinerant theories. The weak-coupling theories,

called itinerant theories deals with the itinerant electrons and regard iron-based su-

perconductors as BCS-like superconductors, with the electron pairing arising from

the spin fluctuation exchange. The strong-coupling theories are centered on the local

magnetic moments and consider that, the superconductivity originates from doping

the proximate Mott insulator, which are based on the resonating valence bond (RVB)

theories. The hybrid theories combine the above two. They assume that, both the

itinerant electrons and the local magnetic moments survive and contribute to super-

conductivity. The itinerant electrons contribute to the Fermi surface and the local

magnetic moments provide the pairing glue.

2.6 Multiband effect on Iron pnictides supercon-

ductors

2.6.1 Brief Introduction to Multiband Effect

Main peculiarity of new iron based superconductors is their multiple-band nature. As

there are multiple bands at the Fermi surface, there is the possibility for multi-band
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Superconductivity. Electronic structure in a narrow enough energy interval around

the Fermi level is formed practically only from d-states of Fe. Fermi surface consists

of several hole -like and electron-like cylinders and on each its ”own” energy gap can

be formed. Phonon interaction alone seems too weak to explain the high Tc. In sev-

eral theoretical papers [49] the multiband superconductivity is discussed as a possible

explanation for the high Tc. Indeed, it has been long known that multiband effects

can strongly enhance superconductivity. This is particularly relevant in the case of

iron pnictides, which appear to be moderately correlated electron systems, with large

number of Fe d bands at and near the Fermi level. Another advantage of this mecha-

nism is that the interband pair interaction (pairing between the bands) can enhance

superconductivity irrespective of whether it is attractive or repulsive provided that

the gaps in different bands have the same or opposite signs, respectively. The former

is the familiar s-wave while the latter is the extended s-wave superconductivity or S±.

This S± state, with the superconducting gap having the opposite sign on hole and

electron sections of the Fermi surface (FS), emerges as a natural explanation for the

superconductivity in Fe based compounds given the proximity of these materials to

various nesting-driven spin-density-wave (SDW) and related instabilities and absence

of obvious strong attractive interaction.

Note that the main role of different band parameters arises through their differ-

ent densities of states, DOSs, (The states in the bands and their dependence on

energy are described by DOSs), the parameter which is independent of doping for

two-dimensional (2D) parabolic bands. Naturally, the real hole and electron bands

in Fe pnictides are neither ideal parabolas nor identical to each other (nor entirely
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2D for that matter). Naturally, the band with the larger coupling exhibits the larger

gap, if the corresponding couplings support the actual pairing state which, however,

has not been specified in our approach.

The new class of Iron-based compounds as the cuprates and the heavy fermions

have all some similar characteristics. For example the high values of rate 2∆/Tc or

the presence of the pseudogap [57]. For all three class of material it is proposed that,

the superconductivity is mediated by antiferromagnetic spin fluctuations. The most

obvious difference is that almost all the iron compounds present a multiband behav-

ior while in HTSC and in heavy fermions this behavior was detected only in some

particular cases.

The multiband nature of Iron-based superconductors may give rise to a multi-gap

scenario that is indeed emerging from many different experimental data with evidence

for rather high gap ratios. In this regard neither a three-band BCS model [49, 58] is

adequate (it can only account for the gap ratio and Tc but not for the exact exper-

imental gap values) nor a four-band Eliashberg model [59] with small values of the

coupling constants and large boson energies because the calculated critical tempera-

ture has turned out to be larger than the experimental one.

The high experimental value of the larger gap suggests that high values of the coupling

constants might be necessary to explain the experimental data within a three-band

model [60,61]. One has therefore to employ the Eliashberg theory for strong coupling

superconductors [60, 61]. A three-band Eliashberg model allows reproducing various
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experimental data, indicating that these compounds can represent a case of domi-

nant negative interband-channel superconductivity (s± wave symmetry) with small

typical boson energies (∼10meV) but too high values of the electron-boson coupling

constants (1.2 ≤ λtot ≤ 5.8). The way to solve this problem is suggested by experi-

mental measurement of Inosov and coworkers [62]. They found that the temperature

evolution of the spin resonance energy follows the superconducting energy gap and

this fact should indicate a feedback effect of the condensate on the spin fluctuations.

2.6.2 The Multiband Effect on Superconducting transition

Temprature (Tc)

Recently, Lee et.al. had suggested that the magnitude of structural and magnetic

distortion of FeAs4 tetrahedron is a good measure of Tc and he proposed that par-

ent compounds with highly symmetric FeAs tetrahedron have the potential of high

Tc when suitable amount carriers are doped. On the other hand he found that ex-

perimentally short-range correlated disorder created large scale spin and charge of

textures particularly in homogeneous at low doping and correlation in the disorder

tend to increase Tc because of presence of the large clusters of strong coupling and

decrease the spin stiffness. In iron pnictides, the degree of nesting between the various

Fermi sheets and the magnitude and anisotropy of the Fermi velocities is believed to

be important for the paring mechanism [63].

Conventional band structure calculations only include many-body effects at the mean

field level in strongly interacting systems, there can be substantial renormalization

of the effective masses or Fermi velocities due to electron-phonon or electron-electron
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interactions and this enhancement can be determined from quantum oscillations. Fur-

thermore, quantum oscillations can provide unique access to the details of a Fermi

surface which suffers reconstruction by breaking up a large Fermi surface into many

small pockets due to structural or magnetic instabilities (such as charge density

waves(CDWs) and spin density waves(SDWs)). Thus, One of the key ingredients

to understanding high-temperature superconductivity in pnictides and in cuprates

could be linked to understanding the evolution of the Fermi surface topology from a

reconstructed Fermi surface in the AFM (under doped) phase to a large Fermi sur-

face (over doped phase). By varying an external parameter (pressure, doping or a

magnetic field), a second-order quantum phase transition, or a quantum critical point

under the SC dome, may separate a PM Fermi liquid regime from the magnetically

ordered state.

Quantum oscillation measurements are ideally suited to access a quantum critical

point as a function of a tuning parameter as they provide the effective mass of the el-

ementary fermionic excitations that can be traced across the quantum critical point.

In pnictides, a possible way to access such a critical point under the SC dome is

through an isovalent substitution of phosphorus at the arsenic site in BaFe2As2 and

quantum oscillations indeed suggest an increase in the effective masses and nesting

between the electron and hole pockets upon approaching the maximum Tc.

To attain higher Tc on the basis of this phase diagram, it is desirable to have higher

position of the pnictogen while keeping lattice constants not reduced. On the other

hand, we have to keep in mind that such a variation in the lattice parameters also
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enhances the tendency toward magnetism. In this sense, the superconductivity will

have to compete with the magnetism/ structural phase transition in a more severe

manner as the height and/or the lattice constants are increased. Namely, too much

increase in the height and/or the lattice constants can be unfavorable for supercon-

ductivity in that the magnetism/structural phase transition, which may take place

at high temperatures, can dominate over superconductivity. In such a case, applying

pressure to reduce the lattice constants and/or doping carriers can be effective to

suppress the magnetism or the structural phase transition, which may take place at

high temperatures, can dominate over superconductivity.



Chapter 3

Samples and Experimental details

In this chapter, basic properties and experimental details of the sample of iron based

superconductors (FeSCs) in the superconducting state will be reviewed. Special em-

phasize is placed on the superconductors Ba1−xKxFe2As2 compound and their prop-

erties relevant for the presented study.

3.1 Introduction

(Ba1−xKx)Fe2As2 belongs to the more general family of compounds called Iron Ar-

senic superconductors. Hence this family of compounds represents a second class

of High Tc superconductors due to their high superconducting transition temper-

atures [5, 64]. Further more, (Ba1−xKx)Fe2As2 superconductors have the highest

known Tc of the AFe2As2 compounds [5, 65] and also when compared with com-

pounds with the same crystal structure where the highest Tc reached was 26K for

the borocarbide Y Pd2B2C [66, 67].

29
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After the discovery of La(O/F )FeAs compounds, researchers shifted their focus to

finding similar compounds. Rotter et al . [68] proposed that BaFe2As2 could be doped

to become a superconductor due to the presence of iron arsenic layers as well as hav-

ing the same charge and similar magnetic and electric properties as La(O/F )FeAs.

When lanthanum was chosen as the first doping element, only the antiferromagnetic

transition was suppressed but no superconductivity was observed [68, 69]. Instead

potassium was used to create a hole-doped superconductor with a Tc of 38.1K. A

week later, Wang et al. and Ni et al. created single crystals of (Ba1−xKx)Fe2As2

using the flux methods [69,70].

3.2 Crystal Structure and Phase Diagram of

(Ba1−xKx)Fe2As2

The ternary parent compound, BaFe2As2, has a body centered tetragonal structure

at 300K belonging to the ThCr2Si2 structure as shown in Figure 3.1.
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Figure 3.1: The tetragonal crystal structure of BaFe2As2 with barium sites in red,
iron sites in blue and arsenic sites in green [69].

Barium sites are located on the four corners of the top and bottom and one at the

body center while the iron and arsenic forms sheets located above and below the body

center barium site [67]. The two iron arsenic sheets consist of edge-sharing FeAs4

tetrahedra with a mirror plane located at the center barium site [71, 72]. The struc-

tural phase transition transforms the crystal structure from tetragonal to orthorhom-

bic. For example in polycrystalline BaFe2As2, the a and b axes are expanded from

equality with a value of 3.9625Å at 300K to 5.6146Å and 5.5742Å respectively in the

orthorhombic structure at 20K. The c axis decreases from 13.01Å in the tetragonal

phase at 300K to 12.94Å in the orthorhombic phase at 20K [67].

KFe2As2 also has tetragonal crystal structure albeit the lattice parameters change
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to 3.8414Å and 13.839Å for a and c respectively. KFe2As2 has a large c/a ratio and

exhibits no orthorhombic distortion transition [73]. With the addition of potassium

to BaFe2As2, the lattice parameter a decreases to a minimum of 3.84Å for x = 1.0

while the parameter c increases to maximum of 13.84Å for x = 1.0. Furthermore,

the Fe-Fe bond length and the bond angle ε of the As-Fe-As bond decreases mono-

tonically as x increases. When x = 0.2− 0.3, it was observed that the orthorhombic

phase disappears and the crystal structure remains tetragonal, as seen in figure 3.2.

The exact placement and overall order of the barium and the potassium sites in the

crystal structure is however still unclear [72].

Figure 3.2: Phase diagram of Ba1−xKxFe2As2 (hole doped). Tc and Ttr indicate the
superconducting and tetragonal to orthorhombic transition temperature, respectively
with x = 0− 1. [74]

Figs.3.2 show the phase diagram of hole doped Ba1−xKxFe2As2 and superconduc-

tivity and antiferromagnetic ordering coexists at least in the under-doped region of
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Ba1−xKxFe2As2 (x = 0.2). The control parameter in the phase diagram of the IBSCs

can be either doping or pressure. The neutral Ba atom has an electronic configuration

of [Xe]6s2 while the neutral K atom has an electronic configuration of [Ar]4s1. Hence,

one hole is added to the unit cell by this replacement (hole doping, Ba1−xKxFe2As2).

3.3 Magnetic Properties of Ba1−xKxFe2As2

The parent compound, BaFe2As2, is a paramagnetic metal with a coupled structural

and magnetic transition. The coupled structural and magnetic transitions causes

the crystal structure to become orthorhombic and a spin density wave (SDW) is

observed [66,68].

3.3.1 Paramagnetism

For BaFe2As2, the temperature dependent magnetic susceptibility varies depending

on the method used to produce the sample. Rotter et al. observed that polycrystalline

BaFe2As2 (see figure 3.3) is paramagnetic up to 140K followed by an abrupt drop

in susceptibility [66].
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Figure 3.3: Dc electrical resistance of BaFe2As2 (I = 100µA). Inset: Magnetic
susceptibility for poly-crystalline BaFe2As2 where H = 5000G or 0.5T. The increase
in the susceptibility below 100 K was attributed to ferromagnetic impurities [66].

3.3.2 Spin Density Wave and Antiferromagnetic Order

An interesting aspect in non-superconducting AFe2As2 compounds is the presence of

a magnetic transition between 140K and 200K [66,73]. In a similar compound, Dong

et al. [75] proposed that the magnetic transition in La(O/F )FeAs is caused by a Spin

Density Wave (SDW)1 transition due to the strong nesting of the Fermi surface2 with

commensurate SDW vector 3 Q = (π, π, 0). Using neutron diffraction measurements,

Huang et al. observed that, Nesting of the Fermi surface with Q = (π, π, 0) and a

SDW was also present in BaFe2As2 [18].

1A Spin Density Wave (SDW) occurs when the spin of the electrons have a spatial oscillation
with wavelength of λ = 2π

‖Q‖ . The SDW state has a lower ground state energy than the Fermi sea
resulting in the formation of an energy gap at the Fermi surface.

2Nesting of the Fermi surface occurs when the surfaces of two different energy bands are connected
by a vector Q (SDW vector).

3Commensurate SDW vector occur when the SDW vector has the same periodicity as the crystal
lattice.
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The orthorhombic distortion of the crystal lattice causes the crystal structure to

transform from tetragonal to orthorhombic while the SDW transition results in the

formation of antiferromagnetic order causing the moment of the iron atoms to be-

come parallel with the longer a axis in the orthorhombic phase [18,71]. The magnetic

structure of the BaFe2As2 can be seen in figure 3.4.

Figure 3.4: Magnetic structure of BaFe2As2 in the orthorhombic crystal structure
showing the alignment of the iron atom moments [76].

3.4 Superconductivity in Ba1−xKxFe2As2

Superconductivity in BaFe2As2 compound can be induced by two methods: chemical

doping [72,77] and/or the application of pressure [78]. The highest Tc superconduc-

tors containing barium, iron and arsenic can be seen in Table 3.1. The addition of

a chemical dopant and/or the application of pressure on BaFe2As2 results in the
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suppression of the SDW and hence the reduction of magnetic order. Superconductiv-

ity is observed when the magnetic order is sufficiently weak thus superconductivity

and weak magnetic order can still coexist [72, 78, 79]. The exact mechanism for the

emergence of superconductivity is however still unknown.

Table 3.1: The highest Tc’s of superconductors containing the fundamental elements
of barium, iron and arsenic belonging to the AFe2As2 compounds. The crystal struc-
ture of all compounds is tetragonal.
Compounds Condition for Superconductivity Reference
BaFe2As2 Pressure: 40 kbar with a Tc ≈29K Alireza et al. [78]
Ba1−xKxFe2As2 Hole-doped with a Tc ≈ 38K for x ≈ 0.4 Rotter et al. [72]
Ba(Fe1−xCox)2As2 Electron-doped with a Tc ≈ 23K for x ≈ 0.074 Tanatar et al. [81]
BaFe2−xNixAs2 Electron-doped with a Tc ≈ 21K for x ≈ 0.10 Liu et al. [80]
BaFe2−xRuxAs2 Isovalent doping with a Tc ≈ 21K for x ≈ 0.75 Paulraj et al. [82]
BaFe2(As1−xPx)2 Isovalent doping with a Tc ≈ 30K for x ≈ 0.35 Jiang et al. [77]
Ba(Fe1−xRhx)2As2 Isovalent doping with a Tc ≈ 23K for x ≈ 0.057 Ni et al. [70]
Ba(Fe1−xPdx)2As2 Hole-doped with a Tc ≈ 17K for x ≈ 0.043 Tanatar et al. [81]

3.4.1 Chemical Doping

Chemical doping in BaFe2As2 can be achieved by doping the barium, iron or arsenic

sites in the crystal structure [72, 77, 80]. The crystal structure of all the compounds

in Table 3.1 is tetragonal but the effect of doping on the lattice parameters a and c

changes depending on the sites that are replaced through doping. When the FeAs

layer is doped by Ni, Co, or P, the a and c lattice parameters are both observed

to decrease [77] as the dopant concentration increases. When potassium is used to

dope the barium sites, the a lattice parameter is observed to decrease while the c

lattice parameter increases as the potassium concentration increases. However, the

changes in the lattice parameters of (Ba1−xKx)Fe2As2 are quite small since the unit
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cell volume does not change 4.

The most critical factor for the observation of superconductivity in BaFe2As2 is

the suppression of the SDW and its resulting magnetic order. When BaFe2As2 is

doped by nickel, cobalt, potassium or phosphorous, the temperature of the SDW

transition is observed to decrease and the SDW eventually disappears completely as

the amount of dopant is increased.

3.4.2 Application of Pressure

The possibility of enhancing the superconductivity in Iron Arsenic compounds by

pressure was first realized by Takahashi et al. while studying La(O/F)FeAs. At am-

bient pressure, La(O/F)FeAs has a Tc of 26K and under applied pressure the Tc

increases to 46K at ∼ 4GPa or 40kbar [83]. In the non-doped 5 AFe2As2 com-

pounds, superconductivity under applied pressure (see Figure 3.5(c)) is observed

for CaFe2As2 (Tc ≈ 12K at 0.2GPa)[38], EuFe2As2 (Tc ≈ 29.5K at 2GPa)[39],

BaFe2As2 (Tc ≈ 29K at 4GPa) and SrFe2As2 (Tc ≈ 27K at 3GPa)[29]. The

application of pressure on doped superconducting AFe2As2 compounds can either

decrease or increase the maximum Tc depending on the amount of dopant present,

see Figure 3.5(b). In other words, if the doped superconducting AFe2As2 compound

has the optimal (i.e. the highest possible Tc) or under doped then the application of

pressure will increase the Tc. But if the compound is overdoped, the Tc will decrease

with pressure [84,85].

4BaFe2As2 has a unit cell volume of 203.86Å3 while KFe2As2 has a unit cell volume of 203.49Å3

5These compounds are non-superconductors at ambient pressure.



38

The most important property when considering the superconductivity under pres-

sure is observed in BaFe2As2 and similar compounds show the suppression of the

SDW transition with applied pressure. Torikachvili et al. proposed that the complete

suppression of the SDW transition should occur around 80kbar or 8GPa based on

extrapolation of their data [85]. Fukazawa et al. measured the evolution of Tc and

TSDW for BaFe2As2 using resistivity measurements to find the transition tempera-

tures, see Figure 3.5(a). In Figure 3.5(a), the SDW transition temperature reaches a

minimum of ∼ 70K at 9.0 GPa while the maximum Tc of 30K occurs at ∼ 4Gpa with

coexistence of the SDW. Furthermore, it was observed that the complete suppression

of the SDW occurs around 9 to 13GPa yielding a superconducting Tc between 15K

and 20K [79]. Alireza et al. measured the Tc as a function of temperature using mag-

netic susceptibility up to 6GPa or 60kbar and constructed a T − P phase diagram

for BaFe2As2 and other AFe2As2 compounds, see Figure 3.5(c). In Figure 3.5(c),

it can be seen clearly that, the maximum Tc is be observed to 30K at ∼ 4GPa or

40kbar for BaFe2As2 [78].
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Figure 3.5: (a) The temperature dependence of the resistivity for BaFe2As2 under an
applied pressure from 1.0GPa to 13GPa. The SDW transition temperature is denoted
by TSDW while the superconducting transition temperature is denoted by T∗ [79].
(b)The effect of pressure on the Tc of underdoped (Black or open squares), nearly
optimal doped (Red or open circles) and overdoped (Blue or open triangles) samples
of K1−xSrxFe2As2, where Tc(p) represents the Tc under pressure and Tc(0) represents
the Tc at ambient pressure [85]. (c) The pressure dependence of the Tc and volume
fraction for AFe2As2 compounds which are superconducting under pressure [78]

3.5 Coexistence of Superconductivity and Spin den-

sity wave (SDW) in Ferropnictinde Ba1−xKxFe2As2
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Chapter 4

Theoretical Study of the Interplay
of itinerant and localized electrons
in iron based superconductors

4.1 Introduction

One key issue under early debate is about whether the iron 3d electrons should be

treated as itinerant electrons or local moments. Underlying this dispute, there are

two different schools of thought about the mechanism for superconductivity. these

are

• the Bardeen-Cooper-Schieffer (BCS) theory in a weakly interacting metal [4,86]

and

• the resonating valence bound (RVB) type of theory for a strongly correlated

system like the cuprate [87,88].

The BCS theory is based on a weakly correlated Fermi liquid state of itinerant elec-

trons. At low temperatures, a Fermi liquid state will become unstable against any

weak attractive interaction, which drives the electrons near Fermi surface to form

Cooper pairs and condense, giving rise to superconductivity. The effective attraction

46
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can be either mediated by phonons, plasomons, magnons etc, or originated from the

bare electron interaction via the fluctuation-exchange (FLEX) or the renormaliza-

tion group (RG) approaches. To make the attraction dominant at low-energy, the

Coulomb repulsion must be effectively screened, which in turn requires the electrons

be itinerant, such that the BCS theory usually works for a system of metallic normal

state [89–91].

On the other hand, in a strongly correlated system like the cuprate, the electrons

can be localized, due to the strong Coulomb interaction, to form a Mott insulator at

half-filling. Here, its charge degree of freedom is gapped, while the remaining spin

degree of freedom forms a lattice of fluctuating local moments. Superconductivity

arises upon charge doping into the Mott insulator. The failure of a conventional BCS

theory lies in that, the Coulomb repulsion becomes a dominant effect in shaping the

electronic state instead of simply getting screened in the BCS theory. In such a single-

band strongly correlated system, electron fractionalization is a natural consequence

in which doped charges and localized spins behave distinctly as separated degrees

of freedom. The underlying mechanism for superconductivity is generally known as

an RVB theory because the singlet pairing of the local moments becomes partially

charged upon doping, resembling the Cooper pairing, to give rise high-Tc supercon-

ductivity [87,88].

While the BCS theory and the RVB theory lie in the opposite extremes of the elec-

tron correlations, most studies seem to agree on that, the iron-based compounds are

intermediate correlated electron systems [52, 92]. In particular, the multi-band iron
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3d electrons are involved in the low-energy sector in contrast to the single-band 3d

electrons in the cuprates. A new possibility may arise in the low energy regime of the

iron-based superconductors, in which the multi-band 3d electrons effectively behave

as if some of them still remain itinerant near the Fermi energy and some of them be-

come more localized like in a Mott insulator. Such a fractionalization into two more

conventional subsystems of itinerant and localized electrons in a multi-band case is

in sharp and interesting contrast with a novel fractionalization of electrons in a sin-

gle band doped Mott insulator. Here, without doping into the Mott insulator, the

itinerant electrons remain effectively separated from the local moments as indepen-

dent degrees of freedom and two subsystems mutually interact with an intermediate

coupling strength which can be tractable perturbatively.

4.2 Theories of itinerant and localized electrons

for Iron-Based Superconductors

In general, there are three schools of theories: itinerant theory [49,93] , localized the-

ory [94, 95] and the hybrid theory of coexistent itinerant and localized electrons [96]

as shown in table 4.1.

Table 4.1: Comparison of main-stream theories for iron-based superconductor.
Description Itinerant elec-

tron
Local moment Hybrid

Degrees of freedom Itinerant elec-
trons

Local moments Coexistence of
both

Electron correlation Weak Strong Intermediate
Starting point Fermi liquid Mott insulator Orbital-selective

Mott
SC mechanism BCS pairing Spin RVB pairing BCS pairing
Pairing glue Electron collec-

tive fluctuation
Superexchange Local moment

fluctuation
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The itinerant theory is built on the picture of pure itinerant electrons, which views

the iron-based superconductor as a simple BCS superconductor with the electron

pairing mediated by spin-fluctuations generated by the interaction amongst itinerant

electrons. The local theory takes a strong correlation point of view and considers the

iron-based superconductor as a multi-band version of doped Mott insulators similar

to the cuprates. The co-existence theory emphasizes that, itinerant electrons and

local moments should both exist in the iron-based materia, as independent degrees

of freedom at least in the low-energy sector [97].

4.3 Minimal model

Our model Hamiltonian is composed of three terms

Ĥ = Ĥit + Ĥlo + Ĥint (4.3.1)

where the first term is given by,

Ĥit = −
∑
kσ

tijĈ
+
kσĈkσ + h.c

= −
∑
kσ

tijĈ
+
kσĈkσ −

∑
kk′

Vkk′Ĉ
+
k↑Ĉ

+
−k↓Ĉ−k′↓Ĉk′↑

(4.3.2)

the term
∑

kσ tijĈ
+
kσĈkσ describes the Hamiltonian of total energy of the itinerant

electrons in one electron band approximation [98]. Here the operator Ĉ+
kσ(Ĉkσ) cre-

ates (annihilates) an electron with the wave vector k and the spin projection on z-axis

σ =↑ or ↓; Vkk′ is the pairing potential.

The second term is given by,

Ĥloc =
∑
i,j

JSi.Sj (4.3.3)
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and describes the predominant interaction between the local moment by Heisenberg

like model, and we considered only the nearest neighbor interaction. Here J is the

nearest neighbor exchange that bridge by the As ions and it could be anti ferromag-

netic in nature.

The third term which is given by,

Ĥint = −g
∑

i

σi.Si (4.3.4)

describes the interaction between the spin σi of the itinerant electrons and the five 3d

spin Si local moment located at site i, where g is the corresponding exchange constant.

To get an effective interaction we change the momentum term in to boson opera-

tor. Diagonalizing the Hamiltonian(Ĥloc) using Bogoliubov transformation,

Ĉk = ukb̂k + vkb̂
†
−k

for boson,

|uk|2 − |vk|2 = 1

This can be parameterized by hyperbolic angle uk = cosh θk , vk = sinh θk , which is

real and even under k −→ −k. The canonical form of the Hamiltonian in terms of

spin waves,

∴ Ĥloc = E0 +
∑

k

ωkb̂
†
kb̂k (4.3.5)

We obtained the itinerant electrons and localized electrons moment using relations in

spin operators like,

Sσ
i = Ĉ†

iσĈi−σ,
1

~
σ†i = Ĉ†

i↓Ĉi↑,
1

~
σz

i =
1

2

∑
σ

zσniσ; (z↑=+1; z↓ = −1)
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The electrons in the valence band which are interacting with an anti ferromagnetically

ordered, localized spin system can be described by,

Ĥint = −1

2
g~〈Sz〉

∑
kσ

Ĉ†
kσĈkσ (4.3.6)

Substituting equations (4.3.2), (4.3.5) and (4.3.6) into equation (4.3.1), we get an

effective Hamiltonian,

Ĥ =
∑
kσ

ε(k)Ĉ†
kσĈkσ−

∑
kk′

Vkk′Ĉ
†
k↑Ĉ

†
−k↓Ĉ−k′↓Ĉk′↑+E0+

∑
k

ωkb̂
†
kb̂k−

1

2
g~〈Sz〉

∑
kσ

Ĉ†
kσĈkσ

(4.3.7)

4.3.1 Equation of Motion

To get the equation of motion we use the double-time temperature dependent Greens

function which is defined by:

ω << A; B >>ω=< [A, B] >ω + << [A, Ĥ]; B >>ω (4.3.8)

ω << Ĉk↑; Ĉ
†
k↑ >>ω= 1+ << [Ĉk↑, Ĥ]; Ĉ†

k↑ >>ω (4.3.9)

Now to solve equation (4.3.9) let us evaluate the following commutating relation

[Ĉk↑, Ĥ] = [Ĉk↑, Ĥiti + Ĥloc + Ĥint]

= [Ĉk↑, Ĥiti] + [Ĉk↑, Ĥloc] + [Ĉk↑, Ĥint]

From which we obtain,

[Ĉk↑, Ĥiti] = [Ĉk↑,
∑
kσ

ε(k)Ĉ†
kσĈkσ −

∑
kk′

Vkk′Ĉ
†
k↑Ĉ

†
−k↓Ĉ−k′↓Ĉk′↑]

=
∑
kσ

ε(k)Ĉkσ{Ĉk↑, Ĉ
†
kσ} −

∑
kk′

Vkk′ [Ĉk↑, Ĉ
†
k↑Ĉ

†
−k↓]Ĉ−k′↓Ĉk′↑

=
∑
kσ

ε(k)Ĉkσδkkδ↑σ −
∑
kk′

Vkk′Ĉ−k′↓Ĉk′↑({Ĉk↑, Ĉ
†
k↑}Ĉ

†
−k↓ − Ĉ†

k↑{Ĉk↑, Ĉ
†
−k↓})

∴ [Ĉk↑, Ĥiti] = εkĈk↑ −
∑
kk′

Vkk′Ĉ
†
−k↓Ĉ−k′↓Ĉk′↑

(4.3.10)
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we used similar procedure for [Ĉk↑, Ĥloc], that is,

[Ĉk↑, Ĥloc] = [Ĉk↑, (E0 +
∑

k

ωkb̂
†
kb̂k)] = 0 (4.3.11)

In a similar manner we applied for [Ĉk↑, Ĥint], and obtain,

[Ĉk↑, Ĥint] = [Ĉk↑,−
1

2
g~〈Sz〉

∑
kσ

Ĉ†
kσĈkσ]

∴ [Ĉk↑, Ĥint] = −1

2
g~〈Sz〉Ĉk↑

(4.3.12)

Thus,

[Ĉk↑, Ĥ] = (εk −
1

2
g~〈Sz〉)Ĉk↑ −

∑
kk′

Vkk′Ĉ−k′↓Ĉk′↑Ĉ
†
−k↓ (4.3.13)

Hence, equation (4.3.9) becomes,

ω << Ĉk↑; Ĉ
†
k↑ >>= 1+(εk−

1

2
g~〈Sz〉) << [Ĉk↑; Ĉ

†
k↑ >> −

∑
kk′

Vkk′ << Ĉ−k′↓Ĉk′↑Ĉ
†
−k↓; Ĉ

†
k↑ >>

(4.3.14)

In general, we have to write the higher order Greens function into lower order Greens

function by using Wicks theorem or decoupling procedure. Thus,

<< Ĉ−k′↓Ĉk′↑Ĉ
†
−k↓; Ĉ

†
k↑ >>=< Ĉ−k′↓, Ĉk′↑ ><< Ĉ†

−k↓; Ĉ
†
k↑ >>

Now, substituting this expression into equation (4.3.14) we get,

(ω − εk +
1

2
g~〈Sz〉) << Ĉk↑; Ĉ

†
k↑ >> = 1−

∑
kk′

Vkk′ < Ĉ−k′↓, Ĉk′↑ ><< Ĉ†
−k↓; Ĉ

†
k↑ >>

= 1−∆ << Ĉ†
−k↓; Ĉ

†
k↑ >>

(4.3.15)

from this we get,

∴<< Ĉk↑; Ĉ
†
k↑ >>=

1

(ω − εk + 1
2
g~〈Sz〉)

− ∆

(ω − εk + 1
2
g~〈Sz〉)

<< Ĉ†
−k↓; Ĉ

†
k↑ >>

(4.3.16)
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where

∆ =
∑
kk′

Vkk′ < Ĉ−k′↓, Ĉk′↑ >

One can also obtain the equation of motion for the expression << Ĉ†
−k↓; Ĉ

†
k↑ >>

using,

ω << Ĉ†
−k↓; Ĉ

†
k↑ >>ω = [Ĉ†

−k↓, Ĉ
†
k↑]+ << [Ĉ†

−k↓, Ĥ]; Ĉ†
k↑ >>ω

= 0+ << [Ĉ†
−k↓, Ĥiti + Ĥloc + Ĥint]; Ĉ

†
k′↑ >>ω

(4.3.17)

Applying the same technique as above, we obtain,

[Ĉ†
−k↓, Ĥiti + Ĥloc + Ĥint] = (

1

2
g~〈Sz〉 − ε−k)Ĉ

†
−k↓ −

∑
kk′

Vkk′Ĉ
†
k↑Ĉ

†
−k↓Ĉk′↑

= (
1

2
g~〈Sz〉 − ε−k)Ĉ

†
−k↓ −

∑
kk′

Vkk′ < Ĉ†
k↑Ĉ

†
−k↓ ><< Ĉk′↑, Ĉ

†
k′↑ >>

(4.3.18)

Substituting equation (4.3.18) into equation (4.3.17) yields,

(ω + ε−k −
1

2
g~〈Sz〉) << Ĉ†

−k↓; Ĉ
†
k↑ >> = −

∑
kk′

Vkk′ < Ĉ†
k↑Ĉ

†
−k↓ ><< Ĉk↑, Ĉ

†
k↑ >>

∴ (ω + ε−k −
1

2
g~〈Sz〉) << Ĉ†

−k↓; Ĉ
†
k↑ >> = −∆∗ << Ĉk↑, Ĉ

†
k↑ >>

(4.3.19)

from this we get,

<< Ĉ†
−k↓; Ĉ

†
k↑ >>= − ∆†

(ω + ε−k − 1
2
g~〈Sz〉)

<< Ĉk↑, Ĉ
†
k↑ >> (4.3.20)

where

∆† =
∑
kk′

Vkk′ < Ĉ†
k↑Ĉ

†
−k↓ >

For εk = ε−k (the kinetic energy of the conduction electrons) and ∆ = ∆† (taking

the order parameter is real), and also by comparing equations (4.3.16) and (4.3.20),

we obtain the following expression

<< Ĉ†
−k↓, Ĉ

†
k′↑ >>=

−∆

ω2 − ε2 −∆2
(4.3.21)
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where ε = εk − 1
2
g~〈Sz〉

The superconducting order parameter (∆) is defined as,

∆ =
∑
kk′

Vkk′

β
<< Ĉ†

−k↓, Ĉ
†
k′↑ >>=

∑
kk′

Vkk′

β

−∆

ω2 − ε2 −∆2
(4.3.22)

The summation may be changed to integration by introducing the density of state

N(ε), and equation (4.3.22) becomes,

∆ =
1

β

∑∫
dε0N(ε)Vkk′

−∆

ω2 − ε2 −∆2

1 =
1

β

∑∫
dε0N(ε)Vkk′

−1

ω2 − ε2 −∆2

(4.3.23)

where β = 1
kβT

and kβ is the Bolthmann constant.

Attractive interaction is effective for the region −~ωb < ε < ~ωb, and assuming the

density of states does not vary over this integral, the expression becomes,

1

λ
=

∫ ~ωb

0

2

β

∞∑
0

−1

ω2 − ε2 −∆2
(4.3.24)

Applying Laplaces transform with replacement of ω by Matsubara frequency ωn =

(2n + 1)π
β
, and using the approximation,

1

ω2 − ε2 −∆2
' 1

ω2 + ε2
− ∆2

(ω2 + ε2)2

Thus, equation (4.3.24) becomes,

1

λ
=

∫ ~ωb

0

dε
tanh(β/2)ε

ε
− 4∆2

∞∑
0

(
β

π(2n + 1)2
)3

∫ ∞

0

1

(1 + x2)2
dx = I1 + I2 (4.3.25)

where x = ε/a; a = (2n + 1)π/β

The first integral in equation (4.3.25) becomes,

I1 =

∫ β
2

~ωb

0

tanh y

y
dy; y =

β

2
ε

= ln tanh y|
β
2

~ωb

0 −
∫ β

2
~ωb

0

ln y

cosh2 y
dy

(4.3.26)
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For low temperature, equation (4.3.26) becomes,

I1 = ln
1.14

kβT
(~ωb −

1

2
g~〈Sz〉) (4.3.27)

and the second integral becomes,

I2 = 1.05(
∆

πkβT
)2 (4.3.28)

Hence

1

λ
= ln

1.14

kβT
(~ωb −

1

2
g~〈Sz〉)− 1.05(

∆

πkβT
)2 (4.3.29)

From equation (4.3.29) we can get the superconducting order parameter as a function

of temperature to be,

∆(T ) =
πkβT√

1.05

√
ln

1.14

kβT
(~ωb −

1

2
g~〈Sz〉)− 1

λ
(4.3.30)

4.4 Result and Discussion

Using the model Hamiltonian and green function formalism we obtained the result

expressed by Equation (4.3.30). We examined the effect of magnetism and tempera-

ture on superconducting order parameter.

Now, let us study equation (4.3.29) by considering different cases,

(i). At T = Tc, ∆ = 0, we get,

TC =
1.14

kβ

(~ωb −
1

2
g~〈Sz〉)e−

1
λ (4.4.1)

II. In the absence of magnetic term (〈Sz〉 = 0), Equation (4.4.1) reduces to,

TC =
1.14

kβ

~ωbe
− 1

λ (4.4.2)
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and this is the well known BCS expression.

Using the relation ln(1− x) = −x− x2/2 + ..., we get,

ln(T/Tc) = ln(1− (1− T/Tc)) = −(1− T/Tc)− (1− T/Tc)
2/2 + ...

≈ −(1− T/Tc)

For ωb = ωD, Equation (4.3.25) can be simplified and obtain,

ln(T/Tc) = −∆2(
1

πkBT
)21.05 + ...

Therefore,

ln(T/Tc) ≈ −(1− T/Tc) = −∆2(
1

πkBT
)21.05 + ...

Hence,

⇒ ∆(T ) = 3.06kBTc(1−
T

Tc

)1/2 (4.4.3)

This is the expression that shows how the superconducting order parameter, ∆(T ),

varies with temperature and it is similar to the BCS theory.

Now, using the Matsubara frequency, we change ω → iωn and using the relation,

1

2x
tanh(

x

2
) =

+∞∑
n=−∞

1

(2n + 1)2π2 + x2

we can write equation (4.3.23) as follows,

1

λ
=

∫ ~ωb

0

dε√
ε2 + ∆2

= arcsin(
ε

∆
)|~ωb

0

= arcsin(
εk − 1

2
g~〈Sz〉
∆

)|~ωb
0

≈ ln(
~ωb − 1

2
g~〈Sz〉

∆
+

√
(
~ωb − 1

2
g~〈Sz〉

∆
)2 + 1)

(4.4.4)

for (
~ωb− 1

2
g~〈Sz〉

∆
)2 >> 1 the above equation becomes:-

1

λ
≈ ln(

2(~ωb − 1
2
g~〈Sz〉)

∆
) (4.4.5)
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This implies that,

∆(T → 0) = 2(~ωb −
1

2
g~〈Sz〉)e−

1
λ (4.4.6)

which is similar to the BCS with an additional term of 〈Sz〉

4.5 Conclusion

In this chapter, we have proposed a minimal model and shown that it can provide

a systematic and quantitative account for a series of anomalous magnetic and Su-

perconducting properties observed in the iron pnictides. This is a Heisenberg model,

composed of two independent and distinct components, i.e. the itinerant electrons

and local moments, respectively. These two independent degrees of freedom are cou-

pled together by the local Hunds rule interaction at each iron site.

Thus, equation (4.4.1) is clearly in agreement with the fact that as the net magnetiza-

tion increases, superconductivity decreases. The result clearly indicate that localized

magnetism can coexist with itinerant magnetism in iron based superconductor below

the critical temperature. Our theoretical predictions are in broad agreement with

experimental findings [21,99,100] and the result may help in explaining experimental

observations.



Chapter 5

Mathematical Techniques

In this chapter, we derive the equation of motion using mathematical techniques that

is used to determine the superconducting order parameter(∆) and the superconduct-

ing transition temperature (Ts). There are different types of mathematical methods

such as the Green function, the Hubbard model, Stoner model etc. In this work,

we used the extended Hubbard model to obtain the expressions of superconducting

order parameter(∆)and superconducting transition temperature (Tc). The extended

Hubbard model is useful because it is used for our further study in order to calculate

the linearized gap equation of both single spin and triplet equal spin pairing state

to investigate the interplay of localized and itinerant electrons of iron based materials.

After a brief survey of the development and uses of the Hubbard model, the hamil-

tonian is examined using Hartree-Fock approximation which would form the basis of

this thesis from an extended Hubbard model.

58
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5.1 The Hubbard Model

In 1963 Hubbard in a series of papers [101–106] developed a ”model for electron cor-

relations in narrow energy bands”. Although Gutzwiller and Kanamori considered

similar models at about the same time, this paradigm of condensed matter physics is

universally known as the Hubbard model.

In his original paper [101], Hubbard postulated a Hamiltonian for the electrons in

a band and then, by introducing the Wannier functions, derived his Hamiltonian.

However, from the perspective of tight binding theory which is the perspective we

predominantly take in this thesis, the correct thing to do is to postulate the Hubbard

Hamiltonian and proceed from there. We will therefore take the later approach.

Within the tight binding approximation it is natural to consider a lattice of ”sites”.

Each site represents a single orbital of a single atom which can accommodate, at

most, two electrons (one of each spin).

The multi-band Hubbard Hamiltonian hopping with intra and inter Coulomb in-

teraction can be written as [107];

Ĥ = Ĥiti + Ĥloc

= ĤKin + Ĥintra + Ĥinter

∴ Ĥ = −
∑

ijσαα′

tijαα′Ĉ
+
iσαĈjσα′ + U

∑
i

n̂i↑n̂i↓ + U ′
∑

ijσσ′αα′

n̂+
iσαn̂jσ′α′

(5.1.1)

In eqn.(5.1.1), the first term ( the kinetic term) therefore hops fermions from one

lattice site i to another site j with a matrix element tij and α and α′ indicates the

electron and hole band respectively. The second term describes the local Coulomb

interaction (the intra-orbital Coulomb interaction) of electrons at the same site i, and
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it is a product of fermionic number operators of opposite spins, and hence this term

is zero when there is zero or one fermion on a site and gives an energy penalty U for

having two fermions on the same site [107]. The third term describes the inter-orbital

Coulomb interaction, where U and U’ are respectively the intra- and inter-orbital

Hubbard interaction. U is the potential between an electron on site i and an electron

with the opposite spin on the same site. U is therefore described as an ”on-site” po-

tential. For the interaction energy term, the on-site energy,U, is chosen to be either

negative or positive depending on whether the interaction between electrons is attrac-

tive or repulsive. The particle number operator, n̂iσαα′ = Ĉ+
iσαĈiσα′ , is the number of

electrons at site i with spin σ, and clearly takes only the values 0 or 1.

From eq. (5.1.1), Ĉ+
i increases the number of particles, n̂i, in the state by one, Ĉ+

i

is therefore known as a creation operator. Similarly Ĉi decreases, n̂i, by one and is

therefore known as an annihilation operator.

There are many ways in which the Hubbard model can be extended and in its

various formulations many solutions have been found. With U > 0 paramagnetic-

metallic [108], ferromagnetic-metallic [101] and Antiferromagnetic-insulating [109] so-

lutions have been found. For U < 0 there are normal Fermi liquid [110], insulating

charge density wave [111], insulating normal Bose liquid [112], Bose-Einstein type

(bipolaron) superfluid [112] and superconducting [108] solutions.

When applying the Hubbard model to iron-based superconductors, we have to con-

sider their multi-orbital nature. There are six electrons in five Fe 3d orbitals. First-

principles calculations show that, the dxz and dyz orbitals play a key role in the



61

density of states near the Fermi level [49, 50], although we need to include orbitals

dxy , dx2−y2 and d3z2−r2 too in many cases. In iron-based superconductors, partial

3d electrons are itinerant (e.g., dxz and dyz electrons), the rest of them are mainly

localized [97,113]. Theoretically, various multi-orbital models have been proposed to

describe the systems, like two, three, four and five-orbital Hubbard models [114].

Because of the complexity, it is hard to study the multi-orbital models. A lot of com-

puting methods have been used to deal with them, such as mean-field approximation

(MFA), random phase approximation (RPA), fluctuation exchange approximation

(FLEX), functional renormalization group (FRG), Gutzwiller variational method, ex-

act diagonalization (ED), dynamical mean-field theory (DMFT), and quantum Monte

Carlo (QMC) method. However, each method has its own limitations. For instance,

the exact diagonalization method can only deal with some small systems and the

problem in QMC for Fermi systems is still difficult to be solved. The mean-field ap-

proximation is a useful method to deal with the multi-orbital Hubbard models.

To derive the Hartree - Fork approximation, we can write the intra Coulomb inter-

action term of Hubbard Hamiltonian (5.1.1) in terms of the mean values of number

operators as [107];

Ĥintra = U
∑

i

n̂i↑n̂i↓

= U
∑

i

(Ĉ+
i↑Ĉi↑Ĉ

+
i↓Ĉi↓)

∴ Ĥintra = U
∑

i

{(Ĉ+
i↑Ĉi↑ − 〈Ĉ+

i↑Ĉi↑〉+ 〈Ĉ+
i↑Ĉi↑〉)(Ĉ+

i↓Ĉi↓ − 〈Ĉ+
i↓Ĉi↓〉+ 〈Ĉ+

i↓Ĉi↓〉)}

(5.1.2)



62

clearly,〈Ĉ+
iσĈiσ〉 is the mean of n̂iσ and the fluctuations about the mean are given by

Ĉ+
iσĈiσ − 〈Ĉ+

iσĈiσ〉. Thus we find that,

Ĥintra = U
∑

i

{(Ĉ+
i↑Ĉi↑ − 〈Ĉ+

i↑Ĉi↑〉)(Ĉ+
i↓Ĉi↓ − 〈Ĉ+

i↓Ĉi↓〉) + (Ĉ+
i↑Ĉi↑ − 〈Ĉ+

i↑Ĉi↑〉)〈Ĉ+
i↓Ĉi↓〉

+ 〈Ĉ+
i↑Ĉi↑〉(Ĉ+

i↓Ĉi↓ − 〈Ĉ+
i↓Ĉi↓〉) + 〈Ĉ+

i↑Ĉi↑〉〈Ĉ+
i↓Ĉi↓〉}

(5.1.3)

The basic idea of the mean field approximation (MFA) is that the physical quantities

show only minor fluctuations about their mean value. For instance, we will consider

Ĉ+
iσĈiσ−〈Ĉ+

iσĈiσ〉 an inherently small quantity. Accordingly, the term in the first line

of equation (5.1.3), being the product of two small quantities, is much smaller than

the other terms, and can be safely neglected. So, the first order in fluctuation, we

have;

Ĥintra ≈ U
∑

i

{(Ĉ+
i↑Ĉi↑ − 〈Ĉ+

i↑Ĉi↑〉)〈Ĉ+
i↓Ĉi↓〉+ 〈Ĉ+

i↑Ĉi↑〉(Ĉ+
i↓Ĉi↓ − 〈Ĉ+

i↓Ĉi↓〉)

+ 〈Ĉ+
i↑Ĉi↑〉〈Ĉ+

i↓Ĉi↓〉}

∴ Ĥintra = U
∑

i

{〈Ĉ+
i↓Ĉi↓〉Ĉ+

i↑Ĉi↑ + 〈Ĉ+
i↑Ĉi↑〉Ĉ+

i↓Ĉi↓ − 〈Ĉ+
i↑Ĉi↑〉〈Ĉ+

i↓Ĉi↓〉}

(5.1.4)

Ignoring the last term of the right side of equation (the constant term) (5.1.4), one

can get the Hartree - Fork approximation;

Ĥintra = U
∑

i

{〈Ĉ+
i↓Ĉi↓〉Ĉ+

i↑Ĉi↑ + 〈Ĉ+
i↑Ĉi↑〉Ĉ+

i↓Ĉi↓} (5.1.5)

Similarly, to derive the Hartree- Fork approximation for the inter coulomb interaction;

Ĥinter = U ′
∑

ijσσ′αα′

n̂+
iσαn̂jσ′α′

= U ′
∑

ijσσ′αα′

(Ĉ+
iσαĈiσαĈ+

jσ′α′Ĉjσ′α′)

∴ Ĥinter = U ′
∑

ijσσ′αα′

{〈Ĉ+
jσ′α′Ĉjσ′α′〉Ĉ+

iσαĈiσα + 〈Ĉ+
iσαĈiσα〉Ĉ+

jσ′α′Ĉjσ′α′}

(5.1.6)
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Therefore, equation (5.1.1) is approximated to be,

Ĥ = −
∑

ijσαα′

tijαα′Ĉ
+
iσĈjσ + U

∑
i

{〈Ĉ+
i↓Ĉi↓〉Ĉ+

i↑Ĉi↑ + 〈Ĉ+
i↑Ĉi↑〉Ĉ+

i↓Ĉi↓}

+ U ′
∑

ijσσ′αα′

{〈Ĉ+
jσ′α′Ĉjσ′α′〉Ĉ+

iσαĈiσα + 〈Ĉ+
iσαĈiσα〉Ĉ+

jσ′α′Ĉjσ′α}
(5.1.7)

We now introduce the lattice Fourier transformations such that,

Ĉiσ =
1√
N

∑
k

eik.RiĈkσ (5.1.8)

and

Ĉ+
iσ =

1√
N

∑
k

e−ik.Rj Ĉ+
kσ (5.1.9)

and the hopping tij, must clearly be Fourier transformation of the state of energy,

εkσ.

Thus,

εkσ =
∑
ij

tije
ik.(Ri−Rj) (5.1.10)

where the Kronecker delta function is given by,

δ(Ri −Rj) =
1

N

∑
k

e−ik.(Ri−Rj) =

{
1 if i = j

0 otherwise

Thus, equation (5.1.7), can be written as:

Ĥ = −
∑

kk′σαα′

εkσαα′Ĉ
+
kσĈk′σ + U

∑
k

{〈Ĉ+
k↓Ĉk↓〉Ĉ+

k↑Ĉk↑ + 〈Ĉ+
k↑Ĉk↑〉Ĉ+

k↓Ĉk↓}

+ U ′
∑

kk′σσ′αα′

{〈Ĉ+
k′σ′α′Ĉk′σ′α′〉Ĉ+

kσαĈkσα + 〈Ĉ+
kσαĈkσα〉Ĉ+

k′σ′α′Ĉk′σ′α′}
(5.1.11)

But at the absence of Hund’s coupling constant (JH = 0), the intra and inter re-

pulsive Coulomb interaction may be similar, i.e. U ≈ U ′. Thus, it is worthwhile

to discuss the two limiting cases: U = 0, when we have just non-interacting band
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electrons, and t = 0 when the system decomposes into a set of isolated atoms. The lat-

ter can be also understood as the limit of extremely strong interaction with U/t = ∞.

The atomic limit of the Hubbard model corresponds to the opposite case: t = 0

but U 6= 0. Thus, the Hamiltonian has the form,

Ĥt=0 = U
∑

i

{n̂i↑n̂i↓ + n̂iσn̂jσ′} (5.1.12)

while the band limit corresponds to the case U= 0 and the Hamiltonian has the form,

ĤU=0 = −
∑
kσ

εkĈ
+
kσĈkσ (5.1.13)

where,

εk = −
∑
ijσ

tijexp(i~k. ~Ri) (5.1.14)

and ~k belongs to the Brillouin zone. In the case of a 2D square lattice with lattice

step a, it can be shown that,

εk = −2t(cos kxa + cos kya) (5.1.15)

The ground state is obtained by filling up the band to the Fermi level. As each single-

particle state, labeled by the quasi-momentum vector k, is spin-doubly degenerate,

the total number of states for a system of N sites is 2N . If there are also N electrons,

one for each site, the band is half-filled and the Fermi level is given by,

cos kxa + cos kya = 0, i.e.|kx|+ |ky| =
π

a
(5.1.16)

According to single-band theory, such system is a good metal. However, the undoped

cuprate superconductor materials are instead good insulators. This clearly shows the

failure of standard band theory to describe such materials. It is therefore necessary to
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add an interaction U > t into the system. However, adding a small perturbation to a

non-interacting electron Hamiltonian only renormalizes the free electron gas, affecting

only the energy levels εk close to the Fermi energy. In order to radically change the

physics of the system, we must consider an interaction U strong enough to break the

free-electron energy band and produce a new kind of fermionic gas.



Chapter 6

Formulation Of The Problem

In this chapter we first use the extended Hubbard model to the iron based su-

perconductor. From this Hamiltonian we derive a spin-generalised Bogoliubov -de

Gennes(BdG) equations. The spin dependent order parameter is then separated in to

triplet and singlet parts and the BdG equations are thus separated into equations for

singlet (even-parity) and for triplet(odd-parity) superconductivity. These two cases

are then studied independently. Analytical results for the spectrum of the elementary

excitations and various thermodynamic quantities are derived for both cases. We re-

produce several well know results for singlet superconductors in zero field and describe

the effect of an exchange field on an s-wave superconductor. Finally, we further esti-

mate the superconducting transition temperature of iron based superconductor and

the equation of motion for both itinerant and localized electrons.

66
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6.1 Gap equation for iron based superconductors

We will now use the Hubbard model to study superconductivity. Cooper showed

that [116], in the presence of an arbitrarily weak, attractive interaction of two elec-

trons near the Fermi level is always unstable with respect to the formation of a bound

state (a Cooper pair). The BCS theory extends this simple model to deal with the

full many body problem within mean field theory. Thus, as we want to study su-

perconductivity, it is natural to consider effective attractive pairwise potentials i.e.

negative U models.

It is easy to see that, on site potentials in eqn.(5.1.1), cannot give triplet super-

conductivity. As only one electron of each spin can occupy each site the equal spin

pairing (ESP) states will clearly not arise from on site potentials. However, one can

see that, no triplet states can arise from an on site potential as all triplet states must

have odd parity and on site potentials cannot give a k dependent order parameter,

which means that, the order parameter is, trivially, even.1 Thus, we can take account

of this by introducing inter-site interaction constants, U ′
ijσσ′ , acting between electrons

at crystal sites, i, j with spins σ = ±1, which will in general depend on the spin of

the two electrons.

So, the complete Hamiltonian for Hubbard model is given by,

Ĥ = Ĥ0 + ĤI + ĤZ (6.1.1)

1This is not strictly true, Spalek and co-workers [117] have considered on site potentials in
multiple orbital models and have found triplet solutions. However, for single orbital models the
above discussion is correct.
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where Ĥ0 is the Hamiltonian of free or non-interacting electrons and is given by;

Ĥ0 = −
∑

ijσαα′

tijαα′Ĉ
+
iσαĈjσα′ =

∑
kσαα′

εkσαα′Ĉ
+
kσαĈkσα′ (6.1.2)

where Ĉ+
iσ and Ĉjσ are the usual creation and annihilation operators for electrons on

sites i and j, respectively. tij is the hopping integral and ε(k) is the band energy.

ĤI =
1

2

∑
ijσσ′αα′

U ′
ijσσ′αα′n̂iσαn̂jσ′α′ (6.1.3)

is the interaction term of Hubbard Hamiltonian, the number operators n̂iσα = Ĉ+
iσαĈiσα′ ,

n̂jσ′α′ = Ĉ+
jσ′αĈjσ′α′ and the factor 1/2 to take ease of a double counting.

and

ĤZ = µB

∑
iσσ′αα′

Ĉ+
iσα′(σσσ′ .H)Ĉiσα (6.1.4)

is the Hamiltonian of Zeeman splitting with σ and denotes the component of the

vector of Pauli matrices.

Substituting equations (6.1.2), (6.1.3) and (6.1.4) into (6.1.1), we get:

Ĥ = −
∑

ijσαα′

tijαα′Ĉ
+
iσαĈjσα′ +

1

2

∑
ijσσ′αα′

U ′
ijσσ′αα′n̂iσαn̂jσ′α′ + µB

∑
iσσ′

Ĉ+
iσ(σσσ′ .H)Ĉiσ

(6.1.5)

we can modify this Hamiltonian using Hartree- Fork approximation similar to that

of the previous chapter.

That is,

Ĥ = −
∑

ijσαα′

tijαα′Ĉ
+
iσαĈjσα′ −

1

2

∑
ijσσ′αα′

U ′
ijσσ′αα′{〈ĈiσαĈjσ′α′〉Ĉ+

iσαĈ+
jσ′α′

+ 〈Ĉ+
iσαĈ+

jσ′α′〉ĈiσαĈjσ′α′}+ µB

∑
iσσ′αα′

Ĉ+
iσα′(σσσ′ .H)Ĉiσα

(6.1.6)
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Using Hartree-Fock-Gorkov approximation, the order parameter, ∆ijσσ′ and its Her-

mitian conjugate, which are defined by,

∆ijσσ′αα′ = −U ′
ijσσ′αα′〈ĈiσαĈjσ′α〉 (6.1.7)

and

∆†
ijσσ′αα′ = −U ′

ijσσ′αα′〈Ĉ
†
jσ′α′Ĉ

†
iσα〉 (6.1.8)

We express equation (6.1.6) in the form of,

Ĥ = −
∑

ijσαα

tijαα′Ĉ
+
iσαĈjσα′ −

1

2

∑
ijσσ′αα′

{−∆ijσσ′αα′Ĉ
+
iσαĈ+

jσ′α′ + ∆+
ijσσ′αα′ĈiσαĈjσ′α′}

+ µB

∑
iσσ′αα′

Ĉ+
iσα′(σσσ′ .H)Ĉiσα

∴ Ĥ = −
∑

ijσσ′αα′

{tijαα′δσσ′αα′Ĉ
+
iσαĈjσα′ +

1

2
∆ijσσ′αα′Ĉ

+
iσαĈ+

jσ′α′ +
1

2
∆+

ijσσ′αα′ĈiσαĈjσ′α′

− µBĈ+
iσ(σσσ′ .H)Ĉiσ}

(6.1.9)

For further simplification, we use Bogoliubov-Valatin transformations [115], such that,

Ĉiσα =
∑

kσσ′α

{ukσσ′α(Ri)γ̂kσ′ + v∗kσσ′α(Ri)γ̂
+
kσ′} (6.1.10)

and

Ĉjσ′α′ =
∑

kσ′σ′′α′

{uk′σ′σ′′α′(Rj)γ̂k′σ′′ + v∗k′σ′σ′′α′(Rj)γ̂
+
k′σ′′} (6.1.11)

similarly for Ĉi↑ and Ĉi↓, we have,

Ĉi↑ =
∑

k

{uk(Ri)γ̂k↑ + v∗k(Ri)γ̂
+
k↓} (6.1.12)

and

Ĉj↓ =
∑

k

{uk(Rj)γ̂k↓ + v∗k(Rj)γ̂
+
k↑} (6.1.13)
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where v and u are Bogoliubov coefficients to be determined, γ̂ is fermions operator

that satisfies,

{Ĉ+
iσ, Ĉjσ′} = δijδσσ′ ,

{γ̂+
kσ, γ̂k′σ′} = δ(k − k′)δσσ′

and

uk(Ri)u
∗
k(Rj) + vk(Ri)v

∗
k(Rj) = δij

Substituting equations (6.1.10) and (6.1.11) into equation (6.1.7) gives,

∆ijσσ′αα′ = −U ′
ijσσ′αα′〈ĈiσαĈjσ′α′〉

= −U ′
ijσσ′αα′〈

∑
kσ′

{ukσσ′(Ri)γ̂kσ′ + v∗kσσ′(Ri)γ̂
+
kσ′},

∑
kσ′σ′′

{uk′σ′σ′′(Rj)γ̂k′σ′′ + v∗k′σ′σ′′(Rj)γ̂
+
k′σ′′〉}

= −U ′
ijσσ′αα′

∑
k′σ′′

{uk′σσ′′(Ri)v
∗
k′σ′σ′′(Rj)〈γ̂k′σ′′ , γ̂

+
k′σ′′〉+ v∗k′σσ′′(Ri)uk′σ′σ′′(Rj)〈γ̂+

k′σ′′ , γ̂k′σ′′〉

∴ ∆ijσσ′ = −U ′
ijσσ′

∑
k′σ′′

{uk′σσ′′(Ri)v
∗
k′σ′σ′′(Rj)(1− f(Ek′σ′′)) + v∗k′σσ′′(Ri)uk′σ′σ′′(Rj)f(Ek′σ)}

(6.1.14)

Here, 〈γ̂k′σ′′ , γ̂
+
k′σ′′〉 = 1− f(Ek′σ) and 〈γ̂+

k′σ′′ , γ̂k′σ′′〉 = f(Ek′σ)is a fermi function which

is expressed by,

f(Ek′σ) =
1

exp(βEk′σ) + 1

and, the order parameter ∆ijσσ′ is antisymmetric under the exchange of spin and

coordinate label. That is,

∆ijσσ′αα′ = −∆ijσ′σαα′

= −U ′
ijσσ′αα′

∑
k′σ′′

{uk′σ′σ′′(Rj)v
∗
k′σσ′′(Ri)(1− f(Ek′σ′′)) + (v∗k′σ′σ′′(Rj)uk′σσ′′f(Ek′σ′′))}

(6.1.15)
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Subtracting equation (6.1.15) from equation (6.1.14), we obtain,

∆ijσσ′αα′ = −1

2
U ′

ijσσ′αα′

∑
k′σ′′

{uk′σσ′′(Ri)v
∗
k′σσ′′(Rj)−v∗k′σσ′′(Ri)uk′σ′σ′′(Rj)}(1−2f(Ek′σ′′))

(6.1.16)

We find that the order parameter ∆σσ′αα′(k) shall be determined using Fourier trans-

formation as,

∆σσ′αα′(k) = −1

2

∑
k′σ′′αα′

Uσσ′αα′(k−k′){(uσσ′′(−k′)v∗σ′σ′′(−k′)−v∗σσ′′(k
′)uσ′σ′′(k

′))(1−2f(Ek′σ′′))}

(6.1.17)

and, we can write the self consistency equation of (6.1.17) as,

∆σσ′αα′(k) =
∑

k′σαα′

U ′
σσαα′(k − k′)uσσ(k′)v∗σσ(k′)(1− 2f(Ek′σ)) (6.1.18)

where U ′
σσαα′(k − k′) is the lattice Fourier transformation of U ′

ijσσ′αα′ .

To determine the variables uσσ′(k
′) and vσσ(k′), we use the following methods. We

now choose our Bogoliubov-Valatin transformation to diagonalize the Hamiltonian or

equivalently,

Ĥ ′ =
∑
kσ

Ekσγ̂
+
kσγ̂kσ (6.1.19)
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where Ekσ is a single particle unperturbed energy or it is a quasi particle spectrum.

Now from equations (6.1.9) and (6.1.10), we have,

[Ĥ, Ĉiσ] = [−
∑

ijσσ′αα′

{tijαα′δσσ′Ĉ
+
iσĈjσ +

1

2
∆ijσσ′Ĉ

+
iσĈ

+
jσ′ −

1

2
∆+

ijσσ′ĈiσĈjσ′

− δijµBĈ+
iσĈiσ(σσσ′ .H)}, Ĉiσ]

= −
∑
ijσσ′

tijδσσ′{Ĉ+
iσĈjσ, Ĉiσ}+

1

2
∆ijσσ′{Ĉ+

iσĈ
+
jσ′ , Ĉiσ} −

1

2
∆+

ijσσ′{ĈiσĈjσ′ , Ĉiσ}

− δijµB(σσσ′ .H){Ĉ+
iσĈiσ, Ĉiσ}

=
∑
ijσσ′

(tijδσσ′Ĉjσ +
1

2
∆ijσσ′Ĉ

+
jσ′ − ĈiσδijµB(σσσ′ .H))

=
∑
ijσσ′

tijδσσ′(
∑
kσ′σ′′

uk′σ′σ′′(Rj)γ̂k′σ′′ + v∗k′σ′σ′′(Rj)γ̂
+
k′σ′′) +

1

2
∆ijσσ′(

∑
kσ′σ′′

u∗k′σ′σ′′(Rj)γ̂
+
k′σ′′

+ vk′σ′σ′′(Rj)γ̂k′σ′′)− δijµB(σσσ′ .H)(
∑
kσσ′

ukσσ′(Ri)γ̂kσ′ + v∗kσσ′(Ri)γ̂
+
kσ′)

∴ [Ĥ, Ĉiσ] =
∑

ijσ′σ′′αα′

{(tijαα′δσσ′ − µB(σσσ′ .H))(uk′σ′σ′′(Rj)γ̂k′σ′′ + v∗k′σ′σ′′(Rj)γ̂
+
k′σ′′)

−∆ijσσ′αα′(
∑
kσ′σ′′

u∗k′σ′σ′′(Rj)γ̂
+
k′σ′′ + vk′σ′σ′′(Rj)γ̂k′σ′′)}

(6.1.20)

Similarly, from equations (6.1.19) and (6.1.10), we have,

[Ĥ ′, Ĉiσ] = [Ĥ ′,
∑
kσ′′

ukσσ′′(Ri)γ̂kσ′′ + v∗kσσ′′(Ri)γ̂
+
kσ′′ ]

=
∑
kσ′′

Ekσ′′ukσσ′′(Ri){γ̂+
kσ′′ γ̂kσ′′ , γ̂kσ′′}

+
∑
kσ′′

Ekσ′′v
∗
kσσ′′(Ri){γ̂+

kσ′′ γ̂kσ′′ , γ̂
+
kσ′′}

∴ [Ĥ ′, Ĉiσ] =
∑
kσ′′

(−Ekσ′′ukσσ′′(Ri)γ̂kσ′′ + Ekσ′′v
∗
kσσ′′(Ri)γ̂

+
kσ′′)

(6.1.21)

Equating coefficients of γ̂k′σ′′ to equations (6.1.20) and (6.1.21), we get,∑
jσ′′

{(tijδσ′σ′′ + µB(σσ′σ′′ .H))ukσ′′σ(Rj) + ∆ijσ′σ′′vkσ′′σ(Rj)} = Ekσukσ′σ(Ri) (6.1.22)
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Similarly equating coefficients of γ̂+
k′σ′′ gives,

∑
jσ′′αα′

(−tijαα′δσ′σ′′ − µB(σ∗σσ′′ .H))vkσ′′σ(Rj)−∆∗
ijσ′σ′′ukσ′′σ(Rj) = Ekσvkσ′σ(Ri)

(6.1.23)

Here, equations (6.1.22) and (6.1.23) are the spin generalized Bogoliubov- de Gennes

(BdG) equations in real space. In principle we could solve these but the sum over (in-

finitely many) lattice sites (in thermodynamic limit) makes this impossible in practice.

Fortunately we can avoid this problem by Fourier transforming the BdG equations,

which give,

∑
σ′′

(εkδσ′σ′′ + µB(σσ′σ′′ .H))ukσ′′σ + ∆σ′σ′′(k)vkσ′′σ = Ekσukσ′σ (6.1.24)

and

∑
σ′′

(−εkδσ′σ′′ − µB(σ∗σ′σ′′ .H))vkσ′′σ −∆∗
σ′σ′′(k)ukσ′′σ = Ekσvkσ′σ (6.1.25)

We shall now consider Pseudo-Spinor notations using H = H1 + H2 + H3 as,(
ξ(k) ∆k

−∆∗
−k −ξ(k)

)(
uσ(k)

vσ(k)

)
= Eσ(k)

(
uσ(k)

vσ(k)

)

where,

ξ(k) =

(
εk + µBH3 µB(H1 − iH2)

µB(H1 + iH2) εk − µBH3

)

∆k =

(
∆↑↑(k) ∆↑↓(k)

∆↓↑(k) ∆↓↓(k)

)

uσ(k) =

(
u↑σ(k)

u↓σ(k)

)

vσ(k) =

(
v↑σ(k)

v↓σ(k)

)
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−ξ(k) =

(
−ε−k − µBH3 µB(−H1 − iH2)

µB(−H1 + iH2) −ε−k + µBH3

)
and

−∆∗
−k =

(
−∆∗

↑↑(−k) −∆∗
↑↓(k)

−∆∗
↓↑(−k) −∆∗

↓↓(−k)

)
Using this notation, we can write equations (6.1.24) and (6.1.25) in their more familiar

matrix form (which is called Bogoliubov-de Genness (BdG) equation ) as:
εk + µBH3 µB(H1 − iH2) ∆↑↑(k) ∆↑↓(k)

µB(H1 + iH2) εk − µBH3 ∆↓↑(k) ∆↓↓(k)

−∆∗
↑↑(−k) −∆∗

↑↓(k) −ε−k − µBH3 µB(−H1 − iH2)

−∆∗
↓↑(−k) −∆∗

↓↓(−k) µB(−H1 + iH2) −ε−k + µBH3




u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)



= Eσ(k)


u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)


(6.1.26)

6.1.1 Separation of Singlet and triplet Superconductors

It is natural to separate the spin-generalised BdG equation into triplet and singlet

parts. In the Balian and Werthamer (BW) notation [119];

∆k =

(
∆↑↑(k) ∆↑↓(k)

∆↓↑(k) ∆↓↓(k)

)
= (do(k) + σ.d(k))iσ2

2

2In the Balian and Werthamer (BW) notation, we rewrite the matrix order parameter as

∆k =
3∑

µ=0

dµ(k)σµiσ2

where the σµ are the Pauli matrices(including the 2 × 2 identity matrix,σ0.) We will now prove
that d0(k) transforms as a scalar under rotation, and therefore is the order parameter for singlet
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where do(k) is the (scalar) singlet order parameter and d(k) is the (vector) triplet

order parameter.3 The singlet order parameter is symmetric under spatial inversion

while the triplet order parameter in anti-symmetric under spatial inversion. Hence,

the BdG equation can be rewritten as:
εk + µBH3 µB(H1 − iH2) −d1(k) + id2(k) do(k) + d3(k)

µB(H1 + iH2) εk − µBH3 −do(k) + d3(k) d1(k) + id2(k)

−d∗1(k)− id∗2(k) −d∗o(k) + d∗3(k) −εk − µBH3 µB(−H1 − iH2)

d∗o(k) + d∗3(k) d∗1(k)− id∗2(k) µB(−H1 + iH2) −εk + µBH3




u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)



= Eσ(k)


u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)


(6.1.27)

superconductivity. Furthermore we will show that,

d(k) = (d1(k), d2(k), d3(k))

transforms as a vector under rotation, and is therefore the order parameter for triplet
superconductivity.

3We note that we have separated the singlet and triplet parts using the quaternion group [120]

{σoiσ2, σ1iσ2, σ2iσ2, σ3iσ2}

Quaternions were first introduced by Hamilton [121] as a generalisation to complex numbers, and
interestingly enough, are where the letters i, j and k as commonly used for the unit vectors in
Cartesian space originate.
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6.1.2 Energy spectrum and Gap equation for singlet super-

conductors

If there is no superconductivity in the triplet channel4 the BdG equations are:
εk + µBH3 µB(H1 − iH2) 0 do(k)

µB(H1 + iH2) εk − µBH3 −do(k) 0

0 −d∗o(k) −εk − µBH3 µB(−H1 − iH2)

d∗o(k) 0 µB(−H1 + iH2) −εk + µBH3




u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)



= Eσ(k)


u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)


(6.1.28)

4if we considering rotation about the ẑ-axis, so we have the relation between the two particle
singlet state and triplet state with singlet and triplet superconductivity respectively as;

d0(k) =
1
2
(∆↑↓(k)−∆↓↑(k))

d1(k) =
1
2
(∆↓↓(k)−∆↑↑(k))

d2(k) =
−i

2
(∆↓↓(k) + ∆↑↑(k))

d3(k) =
1
2
(∆↑↓(k) + ∆↓↑(k))
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Since d0(k) transforms as a scalar under rotation. This means that we can always

rotate the system so that H is parallel to ẑ. The BdG equations then become,
εk + µBH 0 0 do(k)

0 εk − µBH −do(k) 0

0 −d∗o(k) −εk − µBH 0

d∗o(k) 0 0 −εk + µBH




u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)



= Eσ(k)


u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)


(6.1.29)

we can now easily separate (6.1.29) into sets of BdG equations, so we have,(
εk + µBH do(k)

d∗o(k) −εk + µBH

)(
u↑↑(k)

v↓↑(k)

)
= E↑(k)

(
u↑↑(k)

v↓↑(k)

)
(6.1.30)

and (
εk − µBH −do(k)

−d∗o(k) −εk − µBH

)(
u↓↓(k)

v↑↓(k)

)
= E↓(k)

(
u↓↓(k)

v↑↓(k)

)
(6.1.31)

It is now a simple matter to regain the standard result for the spectrum of a singlet

superconductor in a spin only magnetic field,

Eσ(k) =
√

ε2
k + |d0(k)|2 + σµB|H| (6.1.32)

with σ =↑≡ 1 and σ =↓≡ −1. Equation (6.1.32) clearly reduces to the standard BCS

expression for the spectrum of a singlet superconductor in zero field as H → 0.

Substituting our expressions for the eigenvectors of the BdG into the self-consistency

condition (6.1.18) we find that the gap equation is given by,

d0(k) = −1

4

∑
k′

Uσσ′(k)d0(k)

E0(k)
tanh(

E0(k) + σµBH

2kBTsc

) (6.1.33)
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At T=0 and H=0, it is clear from equation (6.1.29) that,

uσ−σ(k) = vσσ(k) = 0

While it is trivial to show that,

uσσ(k) =
d0(k)

(
√

E0(k)− εk)2 + |d3(k)|2

and

vσσ′(k) =
E0(k)− εk

(
√

E0(k)− εk)2 + |d3(k)|2

where

E0(k) =
√

εk + |d0(k)|2

E0(k) is, of course, of the same mathematical form as the spectrum of a singlet

superconductor in zero field.

And the gap equation becomes,

d0(k) = −1

4

∑
k′

Uσσ′(k)d0(k)

E0(k)
(6.1.34)

which is independent of H.

6.1.3 Thermodynamic properties of a singlet superconductor

One of the great successes of BCS theory was that it correctly predicted the behaviour

of wide variety of measurable quantities. Some of the simplest quantities (either to

calculate or to measure) are the thermodynamic properties of a superconductor. We

will now describe such calculations for our model.



79

Specific heat

Recall from thermodynamics that the specific heat is given by,

CV =
∂F

∂T
= T

∂S

∂T
(6.1.35)

and for a Fermionic system

S = −kB

∑
kσ

[fkσ ln fkσ + (1− fkσ) ln(1− fkσ)] (6.1.36)

Hence we have

CV = −kBT
∑
kσ

∂

∂fkσ

[fkσ ln fkσ + (1− fkσ) ln(1− fkσ)]
∂fkσ

∂T
(6.1.37)

It is straight forward to show that,

∂

∂fkσ

[fkσ ln fkσ + (1− fkσ) ln(1− fkσ)] = − Ekσ

kBT
(6.1.38)

And

∂fkσ

∂T
= fkσ(1− fkσ)(

Ekσ

kBT 2
− 1

kBT

∂Ekσ

∂T
) (6.1.39)

From(6.1.32) we have,

∂Ekσ

∂T
=

1√
ε2

k + |∆(k)|2
∂|∆(k)|2

∂T
(6.1.40)

So we have

CV =
∑
kσ

1

kBT 2
fkσ(1− fkσ)(E2

kσ −
1

Ekσ − σµBH

∂|∆(k)|2

∂T
) (6.1.41)

Magnetization

The magnetization, M, of a singlet superconductor must come solely from the elemen-

tary excitations, as the Cooper pairs are spin zero and therefore do not contribute to
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the magnetization. Thus, the magnetization is given by,

M = µB

∑
k

(fk↑ − fk↓) (6.1.42)

For small H(= |H|)
∂fk0

∂E
' fk↑ − fk↓

2µB

(6.1.43)

where fk0 is the Fermi function of the zero field spectrum,

Ek0 =
√

ε2
k + |∆(k)|2

Hence we have,

M ' −2µ2
BH

∑
k

∂fk0

∂E

' −2µ2
BH(

V

2π3
)

∫
dΩ

4π

∫
dk

∂fk0

∂E

' −2µ2
BH(

V

2π3
)

∫
dΩ

4π

∫
dεD(εF )

∂fk0

∂E

∴ M = 2µBHD(εF )

∫
dΩ

4π

∫
dε

β

4
sech2(βEk0/2)

(6.1.44)

where β = 1
kBT

Magnetic susceptibility

The magnetic susceptibility, χ, is given by:

χ =
∂M

∂H
(6.1.45)

So for small H,

χsinglet = 2µBD(εF )

∫
dΩ

4π

∫
dε

β

4
sech2(βEk0/2) (6.1.46)

But using Yosida function, the normal state energy in a magnetic field is given by,

εkσ = εk − µβσH (6.1.47)
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Hence,

M =
∂Ω

∂H
= − 1

β

∑
kσ

∂

∂H
ln(1 + e−β(εkσ−µ))

= − µβV

(2π)3

∑
σ

σ

∫
d3k

1

1 + eβ(εkσ−µ)

(6.1.48)

At low temperatures, we therefore have,

M = −µβV

2π3

∑
σ

σ

∫ kkσ

0

dkk2

= −µβV

2π3

∑
σ

σ
k3

kσ

3

(6.1.49)

But

Nσ =
∑

k

nkσ =
v

(2π)3

∫
d3kθ(|k| − kF )

∴ Nσ =
v

π2

k2
F

6

So,

M = −µβ

∑
σ

σNσ

= −1

2
µβ(

∫ εF↑

0

D(ε)dε−
∫ εF↓

0

D(ε)dε)

' −1

2
µβD(εF )

∫ εF↑

εF↓

dε

∴ M ≈ µ2
βHD(εF )

(6.1.50)

From which get,

χ =
∂M

∂H
' µ2

βD(εF ) (6.1.51)
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6.1.4 Energy spectrum and Gap Equation of a triplet super-

conductor in a magnetic field

By setting the singlet order parameter, d0(k), to zero we can write down the BdG

equations for a triplet superconductor in magnetic field,
εk + µBH3 µB(H1 − iH2) −d1(k) + id2(k) d3(k)

µB(H1 + iH2) εk − µBH3 d3(k) d1(k) + id2(k)

−d∗1(k)− id∗2(k) d∗3(k) −εk − µBH3 µB(−H1 − iH2)

d∗3(k) d∗1(k)− id∗2(k) µB(−H1 + iH2) −εk + µBH3




u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)



= Eσ(k)


u↑σ(k)

u↓σ(k)

v↑σ(k)

v↓σ(k)


(6.1.52)

Then by considering the eigenvalues of the BdG equations and on noting that

|d(k)|4 − |d(k).d∗(k)|2 = |d(k)× d∗(k)|2 we find that,

Eσ(k) =

√
ε2

k + µ2
B|H|2 + |d(k)|2 + σ

√
Λ(k) (6.1.53)

where

Λ(k) = |d(k)× d∗(k)|2 + 4ε2
kµ

2
B|H|2 + 4µ2

B|H.d(k)|2 + 4iεkµBH.d(k)× d∗(k)

It should be noted that this doesnot assume a unitary order parameter 5. Also in

zero field we clearly have the usual result for a triplet superconductor that,

Eσ(k) =
√

ε2
k + |d(k)|2 + σ|d(k)× d∗(k)|2 (6.1.54)

5A unitary state is any state for which d(k)× d∗(k) = 0.
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cases

Case I. d(k) parallel to H

For a triplet superconductor with H parallel to d(k) and z, from the BdG equations

we find that, the eigenvalues are

Eσ(k) = E0(k) + σµβH

where

E0(k) =
√

εk + |d3(k)|2

Which has the same form as the spectrum in zero field. The eigenvectors are,

uσσ(k) =
d3(k)

(
√

E0(k)− εk)2 + |d3(k)|2

and

vσσ′(k) =
E0(k)− εk

(
√

E0(k)− εk)2 + |d3(k)|2

Substituting these into the self-consistency condition of equation (6.1.18) we find that

the gap equation to be,

d3(k) = −1

4

∑
kσ

Uσσ′(k)
d3(k)

E0(k)
tanh(

E0(k) + σµBH

2kBT
) (6.1.55)

when T=0 the gap equation becomes,

d3(k) = −1

4

∑
kσ

Uσσ′(k)
d3(k)

E0(k)
(6.1.56)

which is independent of H.

Hence we find that, for this symmetry the zero temperature gap is independent of

the magnetic field strength.We also note that the gap equation has the same form as
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the singlet gap equation (equation 6.1.33).6

Case II. d(k) parallel to x̂; H parallel to ẑ

At this condition, we find that both the eigenvectors and eigenvalues have an explicit

field dependence, this means that the gap has a field dependence at all temperatures.

case III. d(k) parallel to ẑ; H parallel to x̂

Once again we find that the eigenvectors and hence the order parameter are field

dependent at all temperatures. We therefore expect this type solution to strongly

coupled to the magnetic field and that this type of solution(Sz = ±1) will behave

markedly differently from the Sz = 0 solution in a magnetic field.

6.1.5 Thermodynamic properties of a triplet superconductor

in a magnetic field

As for the singlet case one can calculate thermodynamic properties for a triplet su-

perconductor. Below we examine the same case which we considered for the singlet

case.

6In particular we may expect to see a Clogston-Chandrasekhar limit. This makes qualitative
sense as we are considering the Ŝz = 0 projection, 1√

2
(| ↑↓〉+ | ↓↑). We now see that in a spin only

magnetic field the important difference between pairing states, so far as many probes are concerned
is not the difference between singlet and triplet pairing, but the difference between opposite spin
pairing (OSP) states and equal spin pairing (ESP) states. An OSP state (e.g. a singlet state or
the triplet state considered in this section) is destroyed by the magnetic field as it separates the
(|k ↑〉, | − k ↓) states which are available for pairing in zero field. On the other hand ESP states are
not destroyed as the relevant states here (|kσ〉, | − kσ) are not torn apart by the magnetic field.
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Specific heat

The specific heat is given by,

CV = T
∂S

∂T

= −kBT
∂

∂T

∑
kσ

[fkσ ln fkσ + (1− fkσ) ln(1− fkσ)]

∴ CV =
∑
kσ

fkσ(1− fkσ)(
E2

σ(k)

kBT 2
+

Eσ(k)

kBT

∂

∂T
Eσ(k))

(6.1.57)

From(6.1.53)we have,

Eσ(k)
∂

∂T
Eσ(k) = Eσ(k)[

∂d(k)

∂T

∂

∂d(k)
+

∂d∗(k)

∂T

∂

∂d∗(k)
+

∂Λ(k)

∂T

∂

∂Λ(k)
]Eσ(k)

=
∑

σ

[
d∗(k)

2

∂d∗(k)

∂T
+

d(k)

2

∂d∗(k)

∂T
+ σ

∂Λ(k)

∂T
]

∴ Eσ(k)
∂

∂T
Eσ(k) =

1

2

∂

∂T
|d(k)|2

(6.1.58)

Hence we get,

CV =
∑
kσ

fkσ
1− fkσ

KBT 2
[E2

σ(k) +
T

2

d

dT
|d(k)|2] (6.1.59)

Magnetization

The fact that the magnetic field only appears in the third term of the Hamiltonian

greatly simplifies the calculation of the magnetization. That is,

M =
∂F

∂H
(6.1.60)

where F is the free energy which is given by,

F = Ĥ + TS = Ĥ0 + Ĥint + ĤZ + TS

with

Ĥ0 =
∑
ijσ

tijĈ
+
iσĈjσ
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Ĥint =
1

2

∑
ijσσ′

Uijσσ′n̂iσn̂jσ′

and

ĤZ = µB

∑
iσσ′

Ĉ+
iσ(σσσ′ .H)Ĉiσ

Thus we obtain,

M =
∂〈Ĥ0〉
∂H

+
∂〈Ĥint〉

∂H
+

∂〈ĤZ〉
∂H

+ T
∂S

∂H

=
∂〈ĤZ〉
∂H

+ T
∂S

∂H

(6.1.61)

Assuming ∂S
∂H

is small we have

M ' µB

∑
kαβ

〈Ĉ+
kασαβĈkβ〉

=
∑

k

{u∗↑σ(k)u↓σ(k)fkσ + v↑σ(k)v∗↓σ(k)(1− fkσ)

+ u∗↓σ(k)u↑σ(k)fkσ + v↓σ(k)v∗↑σ(k)(1− fkσ)

− iu∗↑σ(k)u↓σ(k)fkσ − iv↑σ(k)v∗↓σ(k)(1− fkσ)

+ iu∗↓σ(k)u↑σ(k)fkσ + iv↓σ(k)v∗↑σ(k)(1− fkσ)

+ u∗↑σ(k)u↑σ(k)fkσ + v↓σ(k)v∗↓σ(k)(1− fkσ)

− u∗↓σ(k)u↑σ(k)fkσv↓σ(k)v∗↑σ(k)(1− fkσ)}

(6.1.62)

Note that here we have calculated the magnetization vector because in many triplet

systems the direction of the applied field will often affect the magnetisation, where

as in the more isotropic singlet system we calculated M = |M|.
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Magnetic susceptibility (χm)

It is not clear how to calculate the susceptibility in the general case, so to take

the derivatives of the magnetisation equation (6.1.62), one must know how the self-

consistent solution of the BdG equations evolves with H. This means that, in nu-

merical calculations the best strategy is to evaluate the susceptibility tensor (defined

by Mα = χαβHβ) by taking numerical derivatives of the magnetization. Therefore,

equation (6.1.50) also holds for a triplet superconductor.

Generally, for both singlet and triplet superconductors, we can conclude that, the

gap equations are given by,

∆σσ(k) = −
∑
k′

Uσσ(k − k′)∆σσ(k′)

2Eσ(k′)
(1− 2f(Eσ(k′))) (6.1.63)

To proceed further, we replace f(Eσ(k′)) by 1
exp(βEσ(k′))+1

. Thus, equation (6.1.63)

becomes,

∆σσ(k) = −
∑
k′

Uσσ(k − k′)∆σσ(k′)

4E0(k)
(1− 2

exp(βEσ(k′)) + 1
)

= −
∑
k′

Uσσ(k − k′)∆σσ(k′)

4E0(k)
(

exp(βEσ(k′))

exp(βEσ(k′)) + 1
− 1

exp(βEσ(k′)) + 1
)

∴ ∆σσ(k) = −1

4

∑
k′

Uσσ(k − k′)∆σσ(k′)

E0(k)
tanh(

βEσ(k′)

2
)

(6.1.64)

As T → Tc from below, |∆σσ(k)| → 0 and hence Eσ(k) → ε(k) − σµBH, and we

obtain the linearized gap equation to be,

∆σσ(k) = −1

4

∑
k′

Uσσ(k − k′)∆σσ(k′)

E0(k)
tanh(

ε(k′)− σµBH

2kβTsc

) (6.1.65)

where

E(k) =
√

ε2
k + |∆(k)|2 (6.1.66)
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6.2 The Superconducting Transition Temperature

(Tsc)

Based on the linearized gap equation (6.1.65), some simplifying assumptions are made

to solve the equation. In this sub section, we shall be interested to derive and to cal-

culate the equations of Tsc in two cases: H = 0 and H 6= 0.

First, for zero field (i.e. H = 0), the mathematical form of equation (6.1.65) be-

comes,

∆σσ(k) =
∑
k′

Uσσ(k − k′)∆σσ(k′)

2ε(k′)
tanh(

ε(k)

2kBTc

) (6.2.1)

For further simplification, it is often assume that, the potential U(k−k′) is constant,

i.e. U(k − k′) = U , which results in a constant gap ∆(k) = ∆(k′) = ∆. This

considerably simplifies the problem since a factor ∆ can be removed from both sides

in equation(6.2.1). With this assumption equation (6.2.1) becomes,

1 = U
∑
k′

1

2εk′
tanh(

εk′

2kBTc

) (6.2.2)

Further, we assume the spherical Fermi surface, we replace the summation over k in

equation (6.2.2) with an integration in the form,

1 = U

∫ ~ωc

0

d3k

(2π)3εk′
tanh(

εk′

2kBTsc

)

= U

∫ ~ωc

0

m

2π2~2

dεk′

εk′
tanh(

εk′

2kBTsc

)

∴ 1 = UD(Ef )

∫ ~ωc

0

dεk′

εk′
tanh(

εk′

2kBTsc

)

(6.2.3)
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From which we get,

1

λ′
=

∫ ~ωc
2kBTsc

0

tanh(x)

x
dx

∴
1

λ′
= (ln(x) tanh x)|

~ωc
2kBTsc

0 −
∫ ~ωc

2kBTsc

0

ln(x)

cosh2(x)
dx

(6.2.4)

where λ′ = UD(Ef ) and x =
εk′

2kBTc

Now, let us study eq.(6.2.4) by considering different cases:

Case I. For low temperature, as T → 0, β = 1
kBTsc

= ∞

⇒ tanh( ~ωc

2kBTc
) → 1

and extend the upper limit of the integral to infinity to obtain,

1

λ′
= ln(

~ωc

2kBTsc

)−
∫ ∞

0

ln(x)

cosh2(x)
dx

= ln(
~ωc

2kBTsc

)− ln(
π

4γ
)

∴
1

λ′
= ln(

2γ

π

~ωc

kBTsc

)

(6.2.5)

From which we get,

Tsc =
2γ

π

~ωc

kB

e
− 1

UD(Ef ) (6.2.6)

where γ denotes the Euler’s constant, γ = 1.78, ωc is the cut of frequency and λ (the

dimensionless parameter) is interaction coupling constant.

Thus, equation (6.2.6) becomes,

Tsc = 1.14
~ωc

kB

e−
1
λ′ (6.2.7)

This is in the form of the well known BCS theory of superconductivity .

Case II. Now let us consider the case of H 6= 0. We can write equation (6.2.3) as

follows,

1 = U

∫ ~ωc

0

Dσ(εk′ + σVc)
dεk′

εk′ − σVc

tanh(
εk′ − σVc

2kBT σ
sc

) (6.2.8)
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Here, the density of state, D, is dependent on exchange splitting (Vc) i.e. Vc = 1
2
µβσH.

Expanding Dσ(εk′ + σVc) in Taylor Series [126] for small values of magnetic field H,

about the Fermi energy and neglecting higher derivative terms, we obtain,

D(εk′ + σVc) = D(εk′)|Ef
+ σVc

dD(εk′)

dεk′
|Ef

(6.2.9)

By substituting equation (6.2.9) into equation (6.2.8), we obtain,

1 = U [D(εk′)|Ef
+ σVc

dD(εk′)

dεk′
|Ef

]

∫ ~ωc

0

dεk′

εk′ − σVc

tanh(
εk′ − σVc

2kBT σ
c

) (6.2.10)

This can be reduced to,

1

λ↑,↓
=

∫ ~ωc−σVc
2kBTc

−σVc
2kBTc

tanh x

x
dx (6.2.11)

where x =
εk′−σVc

2kBT σ
c

and λ↑,↓ = U [D(εk′)|Ef
± Vc

dD(εk′ )
dεk′

|Ef
]. But, for small magnetic

field, we take the lower limit of integration as zero. So, equation (6.2.11) becomes,

1

λ↑,↓
=

∫ ~ωc−σVc
2kBTc

0

tanh x

x
dx (6.2.12)

Next, following the same procedure as we have done for the case Vc = 0, we get the

following expression,

1

λ↑,↓
= ln{2γ

π
(
~ωc − σVc

kBT σ
c

)} (6.2.13)

This can be rewritten as,

− 1

λ↑,↓
= ln{ π

2γ
(

kBT σ
c

~ωc − σVc

)}

from which we get,

T σ
c =

2γ

π
(
~ωc − σVc

kB

)e−
1

λ↑,↓ (6.2.14)

We assume that, for small magnetic field H, σVc ≈ 0, so equation (6.2.14) becomes,

T ↑,↓
sc =

2γ

π
(
~ωc

kB

)e

− 1

U [D(εk′ )|Ef
±Vc

dD(εk′ )
dεk′

|Ef
]

(6.2.15)



91

Now, using the final results of equations (6.2.7) and (6.2.15), by considering the

constant values from experiment, we can estimate Tsc numerically for both | ↑↑〉 and

| ↓↓〉 states.

6.3 Equation of Motion of parallel and anti parallel

Spin pairing

To obtain equation of motion for the spin pairing lets start from the Green’s functions

of the form of,

ω << A; B >>ω=< [A, B] >ω + << [A, Ĥ]; B >>ω

Thus,

ω << Ĉk↑; Ĉ
+
k↑ >>ω= 1+ << [Ĉk↑, Ĥ]; Ĉ+

k↑ >>ω (6.3.1)

Now, we shall make use of eqn.(5.1.1) in the next subsection to compute the equation

of motions.

6.3.1 For itinerant Electrons

Now, by applying the double time temperature dependent Greens function we can

find the equation of motion using creation and destruction operators as eqn. (6.3.1).

Now let us compute the commutation [Ĉk↑, Ĥ].where Ĥ is given by

Ĥ = Ĥ1 + Ĥ2 + Ĥ3 (6.3.2)

and are the Hamiltonian of itinerant electrons (kinetic term), localized electrons and

the interaction term between itinerant electrons and localized electrons due to inter



92

coulomb interaction mechanism respectively.

where

Ĥ1 = −
∑

ijσαα′

tijαα′Ĉ
+
iσαĈjσα′ (6.3.3)

Ĥ2 = −U
∑

i

(< Ĉ+
i↑Ĉ

+
i↓ > Ĉi↑Ĉi↓+ < Ĉi↑Ĉi↓ > Ĉ+

i↑Ĉ
+
i↓) (6.3.4)

Ĥ3 = −U ′
∑

ijσσ′αα′

(< Ĉ+
iσαĈ+

jσ′α′ > ĈiσαĈjσ′α′+ < ĈiσαĈjσ′α′ > Ĉ+
iσαĈ+

jσ′α′) (6.3.5)

Let

∆i↑↓ = U
∑

i

(< Ĉi↑Ĉi↓ >)

∆∗
i↑↓ = U

∑
i

(< Ĉ+
i↑Ĉ

+
i↓ >)

ηijσσ′αα′ = U ′
∑

ijσσ′αα′

(< ĈiσαĈjσ′α′ >)

and

η∗ijσσ′αα′ = U ′
∑

ijσσ′αα′

(< Ĉ+
iσαĈ+

jσ′α′ >)

For the superconducting and magnetic order parameters become real, ∆i↑↓ = ∆∗
i↑↓ =

∆ and η = η∗ = η

Hence, the full effective Hamiltonian can be expressed as,

Ĥ = −
∑
ijσ

tijĈ
+
iσĈjσ −∆

∑
i

(Ĉi↑Ĉi↓ + Ĉ+
i↑Ĉ

+
i↓)− η

∑
ijσσ′

(ĈiσĈjσ′ + Ĉ+
iσĈ

+
jσ′) (6.3.6)

In this section we will use the relation for three operators A, B, and C.

[A, BC] = {A, B}C −B{A, C}

And also for fermions, the anti commutation relations are;

{Ĉi, Ĉ
+
j } = ĈiĈ

+
j + Ĉ+

j Ĉi = δij (6.3.7)
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{Ĉ+
i , Ĉ+

j } = Ĉ+
i Ĉ+

j + Ĉ+
j Ĉ+

i = 0 (6.3.8)

{Ĉi, Ĉj} = ĈiĈj + ĈjĈi = 0 (6.3.9)

{Ĉkσ, Ĉ
+
k′σ′} = δkk′δσσ′ (6.3.10)

where δkk′ = 1, if k = k′ and δσσ′ = 1 if σ = σ′ otherwise zero.

The commutation with the first term of Ĥ (Kinetic Hamiltonian term) using anti-

commutation relation for fermions becomes,

[Ĉk↑, Ĥ1] = [Ĉk↑,−
∑
ij

tijĈ
+
iσĈjσ] = −

∑
ij

tij[Ĉk↑, Ĉ
+
iσĈjσ]

∴ [Ĉk↑, Ĥ1] = −
∑
ij

tij[Ĉk↑, Ĉ
+
iσ]Ĉjσ

(6.3.11)

where

Ĉiσ =
1√
N

∑
k

eik.RiĈkσ

Ĉ+
iσ =

1√
N

∑
k

e−ik.Rj Ĉ+
kσ

Thus,

[Ĉk↑, Ĥ1] = − 1√
N

∑
ij

tij
∑

k

e−ik.(Ri−Rj)[Ĉk↑, Ĉ
+
kσ]Ĉkσ

= − 1

N

∑
ij

tij
∑

k

e−ik.(Ri−Rj)δkkδ↑σĈkσ

= −
∑
ij

tijδ(Ri −Rj)Ĉk↑

∴ [Ĉk↑, Ĥ1] = −
∑
ij

tijĈk↑

(6.3.12)

where the Kronecker delta function is given by,

δ(Ri −Rj) =
1

N

∑
k

e−ik.(Ri−Rj) =

{
1 if i = j

0 otherwise
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and for ‖εk‖ = −
∑

ij tije
ik.(Ri−Rj) equation (6.3.12) becomes,

[Ĉk↑, Ĥ1] = εkĈk↑ (6.3.13)

we used similar procedure for [Ĉk↑, Ĥ2], that is,

[Ĉk↑, Ĥ2] = [Ĉk↑,−∆
∑

i

(Ĉi↑Ĉi↓ + Ĉ+
i↑Ĉ

+
i↓)]

= −∆
∑

i

([Ĉk↑, Ĉi↑Ĉi↓] + [Ĉk↑, Ĉ
+
i↑Ĉ

+
i↓])

= −∆
∑

i

([Ĉk↑, Ĉ
+
i↑Ĉ

+
i↓])

= −∆
∑

i

1

N

∑
k

e−ik.(Ri−Rj)([Ĉk↑, Ĉ
+
k↑Ĉ

+
k↓])

= −∆
∑

i

({Ĉk↑, Ĉ
+
k↑}Ĉ

+
k↓ − Ĉ+

k↑{Ĉk↑, Ĉ
+
k↓})

= −∆
∑

i

(δkkδ↑↑Ĉ
+
k↓ − δkkδ↑↓Ĉ

+
k↑)

∴ [Ĉk↑, Ĥ2] = −∆Ĉ+
k↓

(6.3.14)

In a similar manner we applied for [Ĉk↑, Ĥ3], and obtain,

[Ĉk↑, Ĥ3] = [Ĉk↑,−η
∑
ijσσ′

(ĈiσĈjσ′ + Ĉ+
iσĈ

+
jσ′)]

= −η
∑
ijσσ′

([Ĉk↑, ĈiσĈjσ′ ] + [Ĉk↑, Ĉ
+
iσĈ

+
jσ′ ])

= −η
∑
ijσσ′

([Ĉk↑, Ĉ
+
iσĈ

+
jσ′ ])

= −η
∑
ijσσ′

1

N

∑
k′

e−ik′.(Ri−Rj)([Ĉk↑, Ĉ
+
k′σĈ

+
k′σ′ ])

= −η
∑
ijσσ′

({Ĉk↑, Ĉ
+
k′σ}Ĉ

+
k′σ′ − Ĉ+

k′σ{Ĉk↑, Ĉ
+
k′σ′})

= −η
∑
ijσσ′

(δkk′δ↑σĈ
+
k′σ′ − δkk′δ↑σ′Ĉ

+
k′σ)

∴ [Ĉk↑, Ĥ3] = −ηĈ+
k↓

(6.3.15)
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Thus,

⇒ [Ĉk↑, Ĥ] = εkĈk↑ −∆Ĉ+
k↓ − ηĈ+

k↓ = εkĈk↑ − Ĉ+
k↓(∆ + η) (6.3.16)

Substituting equation (6.3.16) into equation (6.3.1) gives,

ω << Ĉk↑, Ĉ
+
k↑ >>ω = 1+ << εkĈk↑ − Ĉ+

k↓(∆ + η), Ĉ+
k↑ >>ω

∴ ω << Ĉk↑, Ĉ
+
k↑ >>ω = 1 + εk << Ĉk↑, Ĉ

+
k↑ >> −(∆ + η) << Ĉ+

k↓, Ĉ
+
k↑ >>

(6.3.17)

From equation (6.3.17), we obtain,

⇒<< Ĉk↑, Ĉ
+
k↑ >>=

1

ω − εk

− (∆ + η)

ω − εk

<< Ĉ+
k↓, Ĉ

+
k↑ >> (6.3.18)

Now let us solve the last term of equation (6.3.18) i.e. << Ĉ+
k↓, Ĉ

+
k↑ >> using similar

techniques of Green’s function techniques,

ω << Ĉ+
k↓, Ĉ

+
k↑ >> = δ↑↓+ << [Ĉ+

k↓, Ĥ], Ĉ+
k↑ >>

∴ ω << Ĉ+
k↓, Ĉ

+
k↑ >> =<< [Ĉ+

k↓, Ĥ], Ĉ+
k↑ >>

(6.3.19)

let us compute the commutation of [Ĉ+
k↓, Ĥ]

[Ĉ+
k↓, Ĥ1] = [Ĉ+

k↓,−
∑
ij

tijĈ
+
iσĈjσ]

= −
∑
ij

tij[Ĉ
+
k↓, Ĉ

+
iσĈjσ]

= −
∑
ij

tij[{Ĉ+
k↓, Ĉ

+
iσ}Ĉjσ − Ĉ+

iσ{Ĉ+
k↓, Ĉjσ}]

= − 1

N

∑
ij

tij
∑

k

e−ik.(Ri−Rj)[{Ĉ+
k↓, Ĉ

+
kσ}Ĉkσ − Ĉ+

kσ{Ĉ
+
k↓, Ĉkσ}]

= − 1

N

∑
ij

tij
∑

k

e−ik.(Ri−Rj)[−δkkδ↓σĈ
+
kσ]

= −
∑
ij

εkδ(Ri −Rj)Ĉ
+
k↓

∴ [Ĉ+
k↓, Ĥ1] = −εkĈ

+
k↓

(6.3.20)
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and

[Ĉ+
k↓, Ĥ2] = [Ĉ+

k↓,−∆
∑

i

(Ĉi↑Ĉi↓ + Ĉ+
i↑Ĉ

+
i↓)]

= −∆
∑

i

([Ĉ+
k↓, Ĉi↑Ĉi↓] + [Ĉ+

k↓, Ĉ
+
i↑Ĉ

+
i↓])

= −∆
∑

i

([{Ĉ+
k↓, Ĉi↑}Ĉi↓ − Ĉi↑{Ĉ+

k↓, Ĉi↓}]

= −∆
1

N

∑
i

∑
k

e−ik.(Ri−Rj)[{Ĉ+
k↓, Ĉk↑}Ĉk↓ − Ĉk↑{Ĉ+

k↓, Ĉk↓}]

∴ [Ĉ+
k↓, Ĥ2] = ∆Ĉk↑

(6.3.21)

and also

[Ĉ+
k↓, Ĥ3] = [Ĉ+

k↓,−η
∑
ijσσ′

(ĈiσĈjσ′ + Ĉ+
iσĈ

+
jσ′)]

= −η
∑
ijσσ′

([Ĉ+
k↓, ĈiσĈjσ′ ] + [Ĉ+

k↓, Ĉ
+
iσĈ

+
jσ′ ])

= −η
∑
ijσσ′

([{Ĉ+
k↓, Ĉiσ}Ĉjσ′ − Ĉiσ{Ĉ+

k↓, Ĉjσ′}]

= −η
1

N

∑
i

∑
k

e−ik.(Ri−Rj)[{Ĉ+
k↓, Ĉkσ}Ĉkσ′ − Ĉkσ{Ĉ+

k↓, Ĉkσ′}]

∴ [Ĉ+
k↓, Ĥ3] = ηĈk↑

(6.3.22)

Therefore,

[Ĉ+
k↓, Ĥ] = εkĈ

+
k↓ − Ĉk↑(∆ + η) (6.3.23)

Now, by substituting equation (6.3.23) into equation (6.3.19), we obtained,

ω << Ĉ+
k↓, Ĉ

+
k↑ >>= − << εkĈ

+
k↓ + (∆ + η)Ĉk↑, Ĉ

+
k↑ >> (6.3.24)
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Now, using equations (6.3.18) and (6.3.24), we obtain the following expression,

<< Ĉ+
k↓, Ĉ

+
k↑ >> =

(∆ + η)

(ω + εk)
<< Ĉk↑, Ĉ

+
k↑ >>

=
(∆ + η)

(ω + εk)
(

1

ω − εk

− (∆ + η)

ω − εk

<< Ĉ+
k↓, Ĉ

+
k↑ >>)

=
(∆ + η)

(ω2 − ε2
k)
− (∆ + η)2

ω2 − ε2
k

<< Ĉ+
k↓, Ĉ

+
k↑ >>

∴<< Ĉ+
k↓, Ĉ

+
k↑ >> =

(∆ + η)

(ω2 − ε2
k) + (∆ + η)2

(6.3.25)

and

<< Ĉk↑, Ĉ
+
k↑ >>=

ω + εk

ω2 − ε2
k + (∆ + η)2

(6.3.26)

The superconducting order parameters (∆)for itinerant electrons can be related with

Green’s function as,

∆ =
U

β

∑
k

<< Ĉ+
k↓, Ĉ

+
k↑ >>

∴ ∆ =
U

β

∑
k

∆ + η

(ω2 − ε2
k) + (∆ + η)2

(6.3.27)

The sum may be changed into an integral by introducing the density of states at the

fermi level (N(0)) i.e.

1

U

∑
k

→ 1

(2π)3

∫
d3k =

∫ ∞

−εf

N(0)dε

The summation with respect to k and n extends over all allowed pair states. Therefore,

we get,

∆ =
1

β

∑
k

∫ ∞

−εf

N(0)U(
∆ + η

(ω2 − ε2
k) + (∆ + η)2

)dε (6.3.28)

But, ω → iωn, using the Matsubara frequency [127],

ωn =
2n + 1

β
π (6.3.29)
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Now, using equation (6.3.29) in equation (6.3.28), we get,

∆ = −2N(0)Uβ
∑

k

∫ ~ωb

0

(
∆ + η

(2n + 1)2π2 + β2ε2
)dε (6.3.30)

where E2 = ε2
k + (∆ + η)2.

Using the relation,

1

2x
tanh(

x

2
) =

+∞∑
n=−∞

1

(2n + 1)2π2 + x2

we can write equation (6.3.30) as,

∆ = −2N(0)Uβ

∫ ~ωb

0

∆ + η

2βε
tanh(βE/2)dε (6.3.31)

let λ′′ = N(0)U , then

∆

λ′′
= −

∫ ~ωb

0

∆ + η√
ε2
k + (∆ + η)2

tanh(
β
√

ε2
k + (∆ + η)2

2
)dε (6.3.32)

Now, let us study equation (6.3.32) by considering different cases,

Case (I)

As T → 0, β = ∞, so one can take tanh(βE/2) → 1

∆

λ′′
= −

∫ ~ωb

0

∆ + η√
ε2
k + (∆ + η)2

dε (6.3.33)

Using the integral
∫

a
a2+x2 dx = a sinh−1(x/2) where a = ∆ + η, equation (6.3.33)

becomes,

1

λ′′
= (1 +

η

∆
) sinh−1(

~ωb

∆ + η
) (6.3.34)

1

λ′′
= (1 +

η

∆
) ln{ ~ωb

∆ + η
+

√
{ ~ωb

∆ + η
}2 + 1} (6.3.35)

for { ~ωb

∆+η
}2 � 1, the above equation becomes,

1

λ′′
≈ (1 +

η

∆
) ln{ 2~ωb

∆ + η
} (6.3.36)
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This implies that,

∆ + η = 2~ωbexp{− 1

λ′′(1 + η/∆)
} (6.3.37)

which is similar to the BCS with an additional term of η and (1 + η/∆) and reduces

to the BCS model for η = 0

Case II At T = Tc, ∆ = 0, the expression for η (using eq.(6.3.37)) becomes,

η = −1.75kβTc + 2~ωbexp{− 1

λ′′(1 + η/1.75kβTc)
} (6.3.38)

when the magnetic order parameter is zero (η = 0), eqn.(6.3.39) reduces to:

Tc =
1.14

kβ

exp{−1

λ′′
} (6.3.39)

Case III when T → 0 and η → 0, so tanh(βE/2) → 1

To obtain temperature dependent of energy gap of equation (6.3.32), we used the

same techniques to solve the integral

1

λ′′
=

∫ ~ωb

0

1√
ε2
k + ∆2

tanh(β

√
ε2
k + ∆2

2
dε

= ln 1.14
~ωb

kBT
−∆2(

1

πkBT
)21.05 + ...

(6.3.40)

But equation (6.3.39) can be reduced in to the BCS expression given by,

1

λ′′
= ln1.14

~ωb

kBTc

(6.3.41)

Equating equations (6.3.40) and (6.3.67) we get,

ln1.14
~ωb

kBTc

= ln 1.14
~ωb

kBT
−∆2(

1

πkBT
)21.05 + ... (6.3.42)

⇒ ln(T/Tc) = −∆2(
1

πkBT
)21.05 + ...
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Using the relation ln(1− x) = −x− x2/2 + ..., we get,

ln(T/Tc) = ln(1− (1− T/Tc)) = −(1− T/Tc)− (1− T/Tc)
2/2 + ...

≈ −(1− T/Tc)

Therefore,

ln(T/Tc) ≈ −(1− T/Tc) = −∆2(
1

πkBT
)21.05 + ...

Hence,

⇒ ∆(T ) = 3.06kBTc(1−
T

Tc

)1/2 (6.3.43)

This is the expression that shows how the superconducting order parameter, ∆(T ),

varies with temperature and it is similar to the BCS theory.

From the BCS theory ∆(0) ≈ 1.76kBTc, then,

∆(T ) = 1.74∆(0)(1− T

Tc

)1/2 (6.3.44)

⇒ ∆(T )

∆(0)
= 1.53(1− T

Tc

)1/2 (6.3.45)

Magnetization of the itinerant electrons

For the itinerant electrons, the magnetism as a function of temperature (T) is given

by,

m(T ) = gµβ

∑
(< n̂k↑ > − < n̂k↓ >) (6.3.46)

where

< n̂k↑ >=<< Ĉ+
k↑, Ĉk↑ >>

and

< n̂k↓ >=<< Ĉ+
k↓, Ĉk↓ >>
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If the spins are symmetry, it implies that,

<< Ĉ+
k↑, Ĉk↑ >>=<< Ĉ+

k↓, Ĉk↓ >>

But if we allow them to be different we have the possibility of obtaining a ferromag-

netic solution by allowing for the expectation values to depend on the direction of

the spin. the mean field parameters are,

<< Ĉ+
k↑, Ĉk′↑ >>= δkk′n̄k↑ (6.3.47)

and

<< Ĉ+
k↓, Ĉk′↓ >>= δkk′n̄k↓ (6.3.48)

The average number of fermions in a single-particle state k can relate with Fermi

function (F (EF )) like,

n̄k↑ =
∑

k

F (EF ) =
∑

k

1

e
~ωc
kβT + 1

(6.3.49)

and

n̄k↓ =
∑

k

(1− F (EF )) =
∑

k

e
~ωc
kβT

e
~ωc
kβT + 1

(6.3.50)

Thus, equation (6.3.46) becomes,

m(T ) = gµβ

∑
k

(
1− e

~ωc
kβT

e
~ωc
kβT + 1

) = −gµβ

∑
k

(
e

~ωc
kβT − 1

e
~ωc
kβT + 1

) (6.3.51)

Using the relation tanh(x) = e2x−1
e2x+1

and let x = ~ωc

2kβT
we can write the above equation

as follows:

m(T ) = −gµβ

∑
k

tanh(
~ωc

2kβT
) (6.3.52)

By expanding the above equation, we obtain the finite temperature dependence of

Magnetization:

m(T ) ≈ m(0)(1− (
T

Tc

)2)
1
2 (6.3.53)
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6.3.2 For Localized Electrons

Using Greens function formalism, the equation of motion for the localized electrons,

has been obtained to be,

ω << Ĉk↑; Ĉ
+
i↑ >>ω= 1+ << [Ĉi↑, Ĥ]; Ĉ+

i↑ >>ω (6.3.54)

Now using similar techniques as above and by assuming that,for U � t electrons

localize: Mott insulator, we finally get,

<< Ĉ+
k↓, Ĉ

+
k′↑ >>=

∆loc

(ω2 − ε2
k) + ∆2

loc

(6.3.55)

and

<< Ĉk↑, Ĉ
+
k↑ >>=

ω + εk

ω2 − ε2
k + ∆2

loc

(6.3.56)

where

∆loc = U
∑
iσσ′

(< ĈiσĈiσ′ >)

The equation of motion that shows the correlation between the itinerant and localized

electrons can be expressed as follows. Using similar definition as for ∆ we can write

the parameter η as,

η =
U ′

β

∑
kk′

<< Ĉ+
k↓, Ĉ

+
k′↑ >>

∴ η =
U ′

β

∑
k

∆loc

(ω2 − ε2
k) + ∆2

loc

(6.3.57)

The sum may be changed into an integral by introducing the density of states at the

fermi level (N(0)). Thus,

η =
1

β

∑
n

∫ ∞

−εf

dεN(0)U ′ ∆loc

ω2 − ε2
k + ∆2

loc

(6.3.58)
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For effective attractive interaction region and assuming the density of states to be

constant, equation (6.3.58) becomes,

η =
2N(0)U ′

β

∑
n

∫ ~ωb

0

dε[
∆loc

ω2 − ε2
k + ∆2

loc

] (6.3.59)

Now, using the Matsubara frequency, we change ω → iωn and using the relation,

1

2x
tanh(

x

2
) =

+∞∑
n=−∞

1

(2n + 1)2π2 + x2

we can write equation (6.3.59) as follows,

η = λl∆l

∫ ~ωb

0

dε
1

ε2
k + ∆2

loc

tanh(β
√

ε2
k + ∆2

loc/2) (6.3.60)

Let us first solve for,

I1 =
tanh(β

√
ε2
k + ∆2

loc/2)

ε2
k + ∆2

loc

dε (6.3.61)

and can be transformed by using the technique of Laplace transform and expressed

as,

I1 =

∫ ~ωb

0

2

β

n=∞∑
n=−∞

1

ω2
n − ε2

−
∫ ~ωb

0

∆2
loc

2

β

n=∞∑
n=−∞

1

(ω2
n − ε2)2

+ ...

(6.3.62)

Thus,

∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε =

∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε

−
∫ ~ωb

0

∆2
loc

2

β
dε

n=∞∑
n=−∞

1

(ω2
n + ε2)2

+ ...

(6.3.63)

substituting the value for the Matsubara frequency

ωn =
π(2n + 1)

β
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equation (6.3.63) can be rewritten as,

∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε =

∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε

−
∫ ~ωb

0

∆2
locdε

2

β

n=∞∑
n=−∞

1

((π(2n+1)
β

)2 + ε2)2
+ ...

(6.3.64)

Rearranging this equation, we get,∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε =

∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε

− 2β3∆2
inter

∫ ~ωb

0

dε

n=∞∑
n=−∞

1

(π(2n + 1))4{1 + ( βε
π(2n+1)

)2}2
+ ...

∴
∫ ~ωb

0

tanh(
β
√

ε2k+∆2
loc

2
)√

ε2
k + ∆2

loc

dε = I ′1 + I ′′1

(6.3.65)

The first integral of equation (6.3.65) can be integrated by using integration by parts.

Now, let,

x =
βε

2
, dx =

βdε

2

I ′1 =

∫ ~ωb

0

tanh(βε
2
)

ε
dε =

∫ β~ωb
2

0

tanh(x)

x
dx (6.3.66)

tanhx =
ex − e−x

ex + e−x

As x →∞ then tanhx → 1, using this assumption equation (6.3.66) becomes

I ′1 = [ln
β~ωb

2
− ln

π

4
(e−b) = ln(1.14β~ωb) (6.3.67)

where b is the Euler’s constant and its value is b = 0.577.

similarly, let,

I ′′1 = −2β3∆2
loc

∫ ~ωb

0

dε
n=∞∑

n=−∞

1

(π(2n + 1))4{1 + ( βε
π(2n+1)

)2}2
+ ... (6.3.68)
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Using substitution method we can integrate it as,

Let

y =
βε

π(2n + 1)
, dy =

βdε

π(2n + 1)

Then, equation (6.3.68) can be rearranged as,

I ′′1 =
−4β2∆2

loc

π3

n=∞∑
n=0

1

(2n + 1)3

∫ ∞

0

1

(1 + y2)2
dy (6.3.69)

Define,
n=∞∑
n=0

1

(2n + 1)r
= (1− 2−r)ζ(r)

Thus, we have,
n=∞∑
n=0

1

(2n + 1)3
= (1− 2−3)ζ(3) =

7

8
ζ(3)∮

0

f(z)dz = 2πi
∑

Residue (6.3.70)

These are from the definitions of Riemann zeta functions and from the integration

of functions having the singular points. We know the method of integration using

Residue theorem. If f(z) has a pole of order m at z = a,then,

Res{f(x), a} =
1

(m− 1)!
lim
z→0

dm−1

dzm−1
[(z − a)mf(z)]

using this definition, ∫ ∞

0

1

(1 + y2)2
dy =

π

4

Then equation (6.3.69) becomes,

I ′′1 =
−4β2∆2

loc

π3

n=∞∑
n=0

1

(2n + 1)3

∫ ∞

0

1

(1 + y2)2
dy =

−7β2∆2
loc

8π2
ζ(3) (6.3.71)

where, r= 3, ζ(r) = 1.202, ζ being the Zeta function.

Now adding equations (6.3.67) and (6.3.71), we get,

I1 = −(I ′1 + I ′′1 ) ≈ − ln(1.14β~ωb) + ∆2
loc(

1

πkBTm

)2 8.414

8
(6.3.72)
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Then, when we substitute equation (6.3.72) into equation (6.3.60), we get,

η = λl∆loc(− ln(1.14β~ωb) + ∆2
loc(

1

πkBTm

)2 8.414

8
)

∴ η = −λl∆loc ln(1.14β~ωb) + λl∆
3
loc(

1

πkBTm

)2 8.414

8
)

(6.3.73)

Since ∆loc is very small, ∆3
loc can be neglected and eq.(6.3.73 becomes,

η = −λl∆loc ln(1.14~ωb/(kβTm)) (6.3.74)

from which we get,

Tm =
1.14

kβ

~ωb)e
η

λl∆loc (6.3.75)

Magnetization of localized electrons

Based on Holstein-Primakoff theory, The magnetic moment of the localized electrons

can be calculated from the equation,

MS = gµB〈(NS −
∑

q

b+
q bq)〉 (6.3.76)

The deviation of the magnetization from its saturation value can be expressed as

∆M = M(0)−M(T ) = gµB

∑
q

〈n̂q〉 (6.3.77)

where 〈n̂q〉 is given by the well-known Bose-Einstein relation,

〈n̂q〉 = [exp(
~ωq

kBT
)− 1]−1 (6.3.78)

Thus, equation (6.3.77) becomes,

∆M = M(0)−M(T ) =
gµB

(2π)3

∫ qm

0

[exp(
Dq2

kBT
)− 1]−1d3q (6.3.79)
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where the lattice stiffnes denotes as D = 2SJa2 and x = Dq2/kBT . At low tempera-

tures (Dq2 � kBT/J) we obtain,

∆M =
gµB

2π2
(
kBT

JD
)3/2

∫ ∞

0

x1/2

exp(x)− 1
dx

=
gµB

2π2
(
kBT

JD
)3/2Γ(

5

2
)ζ(

3

2
, 1)

(6.3.80)

Here Γ and ζ denote the Gamma- and Riemann zeta-functions, respectively and their

numerical values of relevant arguments are known to be Γ(5
2
) = 3

√
π

4
and ζ(3

2
, 1) =

1.341. Thus, we finally obtain,

∆M = 0.117gµB(
kBT

D
)3/2 (6.3.81)

The finite-temperature magnetization can be then expressed as,

M(T ) = M(0)[1− (
T

Tc

)
3
2 ] (6.3.82)

where the critical temperature Tc is given by

Tc = (
M(0)

0.117gµB

)
2
3 (

D

kB

) (6.3.83)

6.4 Results and Discussion

Figure (6.1) shows the calculated heat capacity, as a function of temperature. This

shows the expected ∼ e
− |∆(0)|

kBT temperature dependence at low temperatures. Where

|∆(0)|
kBTc

= 1.76 and
CSC

V −CN
V

CN
V

= 1.43 are standard BCS results.

Using equation (6.2.7) the transition temperature (Tsc) versus electron coupling con-

stant (λel) for selected sample of Iron-based superconductor Ba1−xKxFe2As2 can be

demonstrated in figure (6.2).

As can be seen from figure (6.2), when the electron coupling constant (λel) increases



108

Figure 6.1: Low temperature heat capacity of a s-wave superconductor in zero field
as a function of temperature for superconductor Ba1−xKxFe2As2. The line shown in
the plot is CV = 1.06e−∆(0)/T .

the superconducting transition temperature Tc also increases and enhance its maxi-

mum value.

Using equation (6.3.43) the superconducting energy gap (∆) is expressed as a function

of the transition temperature (Tc) and be carried out graphically for selected sample

of iron-based superconductor Ba1−xKxFe2As2 as depicted in figure (6.3).

As can be seen from figure (6.3), when the temperature increases the superconducting

order parameter decreases and vanish at the transition temperature of each sample.

From equations (6.3.53) and (6.3.82) the temperature dependence of spontaneous

magnetization at low temperatures for Iron-based superconductor Ba1−xKxFe2As2

can be demonstrated in figure (6.4).

As can be seen from figure (6.4), the spontaneous magnetization shows that, with

T 3/2 decrease for localized moment ferromagnets at low temperatures, resulting from

thermal spin-wave excitations. On the contrary, for weak itinerant ferromagnets, with

T 2 decreases are rather well observed, seeming to be in agreement with the spin wave
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Figure 6.2: Electron coupling constant λel(mev) Vs Superconducting temperature
Tc(K) for Ba1−xKxFe2As2 superconductor.

(SW) theory. By combining (a) and (b) in figure (6.4) we obtained a region where

both localized and itinerant magnetism coexists in ferropnictide Ba1−xKxFe2As2.
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Figure 6.3: Temperature T(K) Vs superconducting order parameter ∆(T)(mev) for
Ba1−xKxFe2As2 superconductor.

Figure 6.4: Magnetization, M (emu/g), Vs Temperature T(K) (a)for itiner-
ant electrons in Ba1−xKxFe2As2 superconductor (b) for localized electrons in
Ba1−xKxFe2As2 superconductor (c) Coexistence of itinerant magnetism and localized
magnetism in Ba1−xKxFe2As2 superconductor



Chapter 7

Summary and Conclusion

Despite the fact that the Iron-based superconductors (IBScs) were discovered nearly

ten years ago, the community is still devoting a tremendous effort towards elucidating

their microscopic pairing mechanism(s) and interactions. The surprising discovery of

high-Tc superconductivity in iron-based compounds has prompted an intensive inves-

tigation on the role of interaction and magnetism in these materials. It is from this

point of view that, we have studied the interplay of local and itinerant electrons in

Iron Based superconducting materials using Hubbard Model Hopping with intra and

inter Coulomb interaction theoretically. In the first and second chapters of this work,

we discussed the general introduction about Iron Based Superconductors. In chapter

three, we presented the basic properties and experimental details of the sample of iron

based superconductor Ba1−xKxFe2As2 compound, a general theoretical description

of the interplay between itinerant SDW and SC orders in two-band superconductors

and discussed the possible phase diagrams with focus on the coexistence between

SC and SDW. It was shown that both orders are suppressed due to the competition

between SDW and SC. The coexistence of superconductivity and spin density wave

111
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has been discussed using the Model Hamiltonian which can be expressed using opera-

tors(annihilation and creation). We have used the Green’s function formalism to find

the equation of motion that help us to determine the superconducting and spin den-

sity wave order parameters. The magnetic ordering, concentration dependent phase

diagram for Ba1−xKxFe2As2 which shows the coexistence of superconductivity and

spin density wave is possible in Ba1−xKxFe2As2 which is in a good agreement with

experimental observation.

In chapter four we dealt with the theoretical study of the interplay of itinerant and

localized electrons in iron based superconductors. In chapter four,we have also pro-

posed a minimal model composed of two independent and distinct components, i.e.

the itinerant electrons and local moments, respectively. These two independent de-

grees of freedom are coupled together by the local Hunds rule interaction at each iron

site.

In chapter five, we have used mathematical methods using Hubbard model and the

equation simplified using Hartree-Fork approximation, which are tools to solve our

main problem. In chapter six, we developed the Model Hamiltonian for the system

and from this Hamiltonian we derived a spin-generalised Bogoliubov-de Gennes (BdG)

equations. The spin dependent order parameter is then separated in to triplet and sin-

glet parts and the BdG equations are thus separated in to equations for singlet(even-

parity) and for triplet(odd-parity) superconductivity. These two cases were studied

independently. Various thermodynamic quantities were derived for both singlet and

triplet cases. We reproduced the well known superconducting order parameter results
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for both singlet and triplet superconductors in zero field and described the effect of an

exchange field on the superconductor. In developing the Model Hamiltonian, we con-

sidered the equation of motion of parallel and antiparallel spin pairing mechanisms

and obtained expressions for superconducting order parameter (∆) and supercon-

ducting transition temperature (Tc) by employing the Greens function formalism for

Hubbard model and carry out various correlation functions by using suitable decou-

pling procedures. These gap equations have several remarkable qualities. Firstly, the

exchange splitting plays only the role of a chemical potential. An alternative interpre-

tation of this fact is that the exchange splitting only directly effects the normal state

properties. Secondly, the exchange splitting completely separates the spin degrees

of freedom in the absence of spin flip processes (which are not accounted for in this

theory). This means that linearized gap equations can be used, not only to predict

the global superconducting critical temperature, but uniquely, to calculate the tem-

perature at which a transition from one superconducting phase to another occurs.

Also in the same chapter we devoted on the calculation of temperature dependent of

magnetization for both itinerant and localized electrons. We plotted figures using the

equations developed and by using appropriate experimental values and considering

suitable approximations, figures are plotted by using MATLAB scripts. In the last

chapter of this paper, we discussed the summary obtained in the previous chapters.

Finally, the overall phase diagram of the iron-based compound may be qualitatively

understood in the hybrid/two-fluid picture. Here in both the SDW and SC phases,

the coexistence of the itinerant electrons and the local moments are crucial to the

underlying mechanisms. In the SDW phase, the itinerant electrons and the local
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moments mutually interact to facilitate a joint ordering, while in the SC phase, the

itinerant charge carriers are paired via the gluon provided by the local moment fluc-

tuations. In localized magnetism, the magnetic moments are there below and above

the critical temperature while in itinerant magnetism there might be no magnetic

moments above the critical temperature. The result clearly indicate that localized

magnetism can coexist with itinerant magnetism in iron based superconductor below

the critical temperature. Thus, we can conclude that, iron-based superconductors

show both itinerant and localized properties depending on temperatures. Our theo-

retical predictions are in broad agreement with experimental findings [128, 129] and

the result may help in explaining experimental observations.
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