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                                                      INTRODUCTION 

This paper begins with the classical representation theorems for certain class of harmonic 

functions in the unit disc, together with some basic results on boundary behavior and some 

discussion of subhamonic functions.  

The Hardy spaces are certain space of holomorphic functions on the unit disk. They were 

introduced by Frigyes Riesz (Riesz 1923), who named then after G.H.Hardy, because of the 

paper (Hardy 1915) 

The Hardy space ܪ௉ for 0 ൏ ܲ ൏ ∞ is the class of holomorphic functions ݂ on the open 

unit disk ܷ satisfying  

sup
௥→ଵ

ቊ
1
ߨ2

න |݂ሺ݁ݎ௜ఏሻ|௉݀ߠ
గ

ିగ
ቋ

ଵ
௉ൗ

ൌ ‖݂‖௉ ൏ ∞ 

and ܪ∞ is the class of  bounded holomorphic functions on the unit disk . 

The paper shows that  ܪ௉ is a vector space and when	ܲ ൒  ௉ is a Banach space withܪ	,1

norm ‖. ‖௉. 

Fatou’s theorem showed that each harmonic function	ݑ on ܷ such that  

sup
଴ழ௥ழଵ

௥‖௉ݑ‖ ൏ ∞ 

for 1 ൏ ܲ ൑ ∞	has a non-tangential limits ݂ሺ݁௜ఏሻ almost everywhere on ܶ, where ܶ  

denotes the unit circle which we equip with normalized Lebesgue measure .Also ݑ can be 

expressed as the Poisson integral of	݂. 

After introducing Blaschke product and F.Riesz theorem this paper shown that every 

function ݂ in  ܪ௉,for 0 ൏ ܲ ൑ ∞ has nontangential limits ݂∗ ∈  ௉ሺܶሻ almost everywhereܮ

on ܶ ,and t ݂ሺݖሻ ൌ 0	if its boundary function vanish on a set of positive measure: Moreover 

‖݂‖௉ ൌ ‖݂∗‖௉. 

Finally, for	0 ൏ ܲ ൑ ∞, every non-zero function ݂ in ܪ௉ can be written as the 

product			݂ ൌ  .is an inner function and ܳ is an outer function ܯ where ,ܳܯ
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																								Chapter	1		
																							Preliminaries	

As a preparation, we discuss some facts about harmonic function, Poisson integral formula, 

nontangential Maximal function and nontangential limits, subharmonic functions on a unit 

disc. 

1.1.	Harmonic	function.	

1.1.1. Definition. If ܩ is an open subset of ₵ then a function ݑ: ܩ → ܴ is harmonic if ݑ	has 

continuous second order partial derivatives and  

߲ଶݑ
ଶݔ߲

൅
߲ଶݑ
ଶݕ߲

ൌ 0. 

 

A complex function ݂ in the open set ܩ is called harmonic if both its real part and its 

imaginary part are harmonic in	ܩ. 

To prove Theorem 1.1.2 we use Theorem 2.29 in John B.Conway [2], page 42. 

1.1.2 Theorem. Every holomorphic functions are harmonic. 

Proof Suppose ݂  is holomorphic in the open set ܩ and 

,ݔሺݑ  ሻݕ ൌ ܴ݂݁ሺݔ ൅ ,ሻݕ݅ ,ݔሺݒ ሻݕ ൌ ݔሺ݂݉ܫ ൅ ݔ	ݎ݋݂		ሻݕ݅ ൅  .ܩ	݊݅	ݕ݅

Then ݑ	݀݊ܽ	ݒ satisfy the Cauchy-Riemann equation 

డ௨

డ௫
ൌ െ డ௩

డ௬
  and   

డ௨

డ௬
ൌ డ௩

డ௫
		, 

and ݑ	݀݊ܽ	ݒ have continuous second partial derivative. Differentiating the Cauchy-

Riemann equations again we get  

߲ଶݑ
߲ଶݔ

ൌ െ
߲ଶݒ
ݕ߲ݔ߲

					ܽ݊݀												
߲ଶݑ
߲ଶݕ

ൌ
߲ଶݒ
ݔ߲ݕ߲
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߲ଶݑ
߲ଶݔ

൅
߲ଶݑ
߲ଶݕ

ൌ 0 

Hence	ݑ is harmonic, similarly ݒ is also harmonic, so is	݂.█ 

1.2.	Poisson	integrals.	

1.2.1. Definition. The function  

௥ܲሺߠሻ ൌ෍ݎ|௡|݁௜௡ఏ
∞

ିஶ

 

for	0 ൑ ݎ ൏ 1 and െ∞ ൏ ߠ ൏ ∞,is called the Poisson Kernel. 

Let	ݖ ൌ ,௜ఏ݁ݎ 0 ൑ ݎ ൏ 1; then 

1 ൅ ௜ఏ݁ݎ

1 െ ௜ఏ݁ݎ
ൌ ሺ1 ൅ ሻሺ1ݖ ൅ ݖ ൅ ଶݖ ൅ ⋯ሻ ൌ 1 ൅ 2෍ݖ௡

∞

௡ୀଵ

		 

																																																									ൌ 1 ൅ 2෍ݎ௡݁௜௡ఏ
∞

௡ୀଵ

 

Hence, 

ܴ݁ ቆ
1 ൅ ௜ఏ݁ݎ

1 െ ௜ఏ݁ݎ
ቇ ൌ 1 ൅ 2෍ݎ௡ܿߠ݊ݏ݋

∞

௡ୀଵ

ൌ 1 ൅෍ݎ௡
∞

௡ୀଵ

൫݁௜௡ఏ ൅ ݁ି௜௡ఏ൯ ൌ෍ݎ|௡|݁௜௡ఏ
∞

ିஶ

ൌ ௥ܲሺߠሻ 

Also  
ଵା௥௘೔ഇ

ଵି௥௘೔ഇ
ൌ ଵା௥௘೔ഇି௥௘ష೔ഇି௥మ

|ଵି௥௘೔ഇ|మ
 , so that  

௥ܲሺߠሻ ൌ
1 െ ଶݎ

1 െ ߠݏ݋ܿݎ2 ൅ ଶݎ
 

 

1.2.2 Theorem The Poisson Kernel satisfies the following  

(a).
ଵ

ଶగ
׬ ௥ܲ
గ
ିగ

ሺߠሻ݀ߠ ൌ 1; 
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(b).	 ௥ܲሺߠሻ ൐ 0 for all ߠ, ௥ܲሺെߠሻ ൌ ௥ܲሺߠሻ			ܽ݊݀	 ௥ܲ	݅ݏ periodic in ߠ with period 2ߨ; 

(c). ௥ܲሺߠሻ ൏ ௥ܲሺߜሻ	݂݅	0 ൏ ߜ ൏ |ߠ| ൑  ߨ

(d).for each ߜ ൐ 0,lim௥→ଵష ௥ܲሺߠሻ ൌ 0 uniformly in ߠ for ߨ ൒ |ߠ| ൒  .ߜ

1.2.3. Definition. Let ܶ is the boundary of ܷ and if	݂ ∈  ,ଵሺܶሻܮ

௜ఏ൯݁ݎ൫ܨ ൌ
1
ߨ2

න ௥ܲ

గ

ିగ
ሺߠ െ  ሺ1ሻ																																																																																									ݐሻ݂൫݁௜௧൯݀ݐ

then the function ܨ so defined in ܷ is called Poisson integral of	ࢌ. We shall sometimes 

abbreviate the relation (1) to  

ܨ ൌ ܲሾ݂ሿ 

Note:-Theorem 1.2.5  will provides the solution of a boundary value problem( namely the 

Dirichlet problem).A continuous function	݂ is given on ܶ and it is reguired to find a 

harmonic function ܨ	݅݊	ܷ whose boundary values are ݂.The theorem exhibits a solution, by 

the means of the Poisson integral of ݂. To do this first we need the following theorems. 

1.2.4 Theorem If ݂ ∈   .ܷ ଵሺܶሻ then the Poisson integral ܲሾ݂ሿ is a harmonic function inܮ

Proof   Without loss of generality assume	݂ is real valued function. 

 If 0 ൑ ݎ ൏  	݄݊݁ݐ	1

ܲሾ݂ሿ൫݁ݎ௜ఏ൯ ൌ
1
ߨ2

න ௥ܲሺߠ െ ݐሻ݂൫݁௜௧൯݀ݐ
గ

ିగ
 

																																									ൌ
1
ߨ2

න ܴ݁ ቆ
1 ൅ ௜ሺఏି௧ሻ݁ݎ

1 െ ௜ሺఏି௧ሻ݁ݎ
ቇ

గ

ିగ
݂൫݁௜௧൯݀ݐ 

																																					ൌ ܴ݁ ቆ
1
ߨ2

න
݁௜௧ ൅ ௜ఏ݁ݎ

݁௜௧ െ ௜ఏ݁ݎ

గ

ିగ
݂൫݁௜௧൯݀ݐቇ 

So defined ݃:ܷ →  ݕܾ	ܴ
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݃ሺݖሻ ൌ
1
ߨ2

න
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

గ

ିగ
݂൫݁௜௧൯݀ݐ 

Since ܲሾ݂ሿ ൌ ܴ݁ሺ݃ሻ we need only show that g is holomorphic on	ܷ. But this is a 

consequence of Leibniz’s rule which is stated and proved in John B.Conway [2], page 73.█ 

1.2.5 Theorem Suppose  ݂: ܶ → ܴ is a continuous function then there is a continuous 

function ݑ: ഥܷ → ܴ  such that  

(a).ݑሺݖሻ ൌ ݂ሺݖሻ for all ݖ	 ∈ ܶ 

(b).ݑ is harmonic in ܦ. 

Moreover ݑ is unique and is defined by  

௜ఏ൯݁ݎ൫ݑ ൌ ଵ

ଶగ
׬ ௥ܲሺߠ െ ݐሻ݂൫݁௜௧൯݀ݐ
గ
ିగ 																																																                                       (1) 

for 0 ൑ ݎ ൏ 1,0 ൑ ߠ ൑  .ߨ2

Proof   Define ݑ: ഥܷ → ܴ	by letting ݑሺ݁ݎ௜ఏሻ be in (1) if 0 ൑ ݎ ൏ 1 and 	ݑ൫݁௜ఏ൯ ൌ ݂ሺ݁௜ఏሻ 

Clearly ݑ satisfies part (a) and from Theorem 1.2.4 ݑ is harmonic on	ܷ; it remain to show 

that ݑ is continuous on ഥܷ.This is also proved in John B.Conway [2], page 253.█ 

1.2.6 Corollary   If ݑ: ഥܷ → ܴ is a continous function that is harmonic in ܷ then  

௜ఏ൯݁ݎ൫ݑ ൌ
1
ߨ2

න ௥ܲሺߠ െ ݐ൫݁௜௧൯݀ݑሻݐ
గ

ିగ
 

for  0 ൑ ݎ ൏ 1 and all	ߠ.Moreover, ݑ is the real part of the holomorphic function 

݂ሺݖሻ ൌ
1
ߨ2

න
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ݐ൫݁௜௧൯݀ݑ
గ

ିగ
 

Proof   From Theorem 1.2.5 the first part of the corollary is a direct consequence and the 

proof of Theorem 1.2.4 proved that	ݑሺݖሻ ൌ ܴ݁ሺ݂ሺݖሻሻ and ݂ is holomorphic.█ 
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1.2.8 Boundary Behavior of Poisson integrals 

Our next objective is to find analogues of Theorem 1.2.5 for Poisson integrals of 

௉ܮ െfunctions and measures on ܶ.Let us associate to any function ݑ in ܷ a family of 

functions ݑ௥ on	ܶ, defined by  

௥൫݁௜ఏ൯ݑ																																		 ൌ ,										௜ఏ൯݁ݎ൫ݑ ሺ0 ൑ ݎ ൏ 1ሻ																																																							ሺ1ሻ 

Thus ݑ௥ is essentially the restriction of ݑ to the circle with radius r and center 0, but we 

shift the domain of ݑ௥ to ܶ 

Using this terminology, Theorem 1.2.5 can be state in the following form: 

If ݂ is continoues on ܶ and  ܨ ൌ ܲሾ݂ሿ, then ܨ௥ → ݂ uniformly on ܶ,as ݎ → 1.In other 

words, 

lim
௥→ଵ

௥ܨ|| െ ݂||ஶ ൌ 0																																																																																																																								ሺ2ሻ 

This implies of course that 

lim
௥→ଵ

௥ܨ ൫݁௜ఏ൯ ൌ ݂ሺ݁௜ఏሻ 

at every point of ܶ .we call ݂ is the radial limits of ܨ.As regards (2), we shall now see 

(theorem 1.2.9) that corresponds norm-convergence result is just as easy in ܮ௉. 

1.2.9 Theorem If 1 ൑ ܲ ൑ ∞, ݂ ∈ ܷ   ௉ሺܶሻ andܮ ൌ ܲሾ݂ሿ, then  

௥||௉ݑ||																															 ൑ ห|݂|ห
௉
																		0 ൑ ݎ ൏ 1																																																											ሺ1ሻ  

If 1 ൑ ܲ ൏ ∞, then  

lim
௥→ଵ

௥ݑ|| െ ݂||௉ ൌ 0																																																																																																																				ሺ2ሻ 

Proof   now 

௥൫݁௜ఏ൯ݑ ൌ
1
ߨ2

න ௥ܲሺߠ െ ሻݐ
గ

ିగ
݂൫݁௜௧൯݀ݐ																																																																																			ሺ3ሻ 

If we apply Jensen inequality (or Holder’s) to (3) we obtain  
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หݑ௥൫݁௜ఏ൯ห
௉
൑

1
ߨ2

න ௥ܲሺߠ െ ሻݐ
గ

ିగ
ห݂൫݁௜௧൯ห

௉
 	ݐ݀

		⟹
1
ߨ2

න หݑ௥൫݁௜ఏ൯ห
௉
ߠ݀

గ

ିగ
൑

1
ߨ2

න ቈ
1
ߨ2

න ห݂൫݁௜௧൯ห
௉

௥ܲሺߠ െ ݐሻ݀ݐ
గ

ିగ
቉ ߠ݀

గ

ିగ
 

																																																				൑
1
ߨ2

න ቈ
1
ߨ2

න ௥ܲ

గ

ିగ
ሺߠ െ ቉ߠሻ݀ݐ |݂ሺ݁௜௧ሻ|௉݀ݐ

గ

ିగ
 

                                                                 

																																																				ൌ
1
ߨ2

න ห݂൫݁௜௧൯ห
௣
	ݐ݀

గ

ିగ
ൌ න|݂|௉݀ߪ

்
ൌ ห|݂|ห

௉

௉
 

					⟹ ௥||௉ݑ|| ൑ ||݂||௉ 

To prove (2), since ܥሺܶሻ(a family of continues function) is dense in  ܮ௉ሺߤሻ, 1 ൑ ܲ ൏ ∞ 

Suppose ݂ ∈ ሻ,1ߤ௉ሺܮ ൑ ܲ ൏ ∞,then for each ߝ ൐ 0, there is ݃ ∈   ሺܶሻ suchthatܥ

 																													||݃ െ ݂||௉ ൏  ߝ

Let ݒ ൌ ܲሾ݃ሿ. ݄ܶ݁݊ 

௥ݑ െ ݂ ൌ ሺݑ௥ െ ௥ሻݒ ൅ ሺݒ௥ െ ݃ሻ ൅ ሺ݃ െ ݂ሻ 

By (1),||ݑ௥ െ ௥||௉ݒ ൌ ||ሺݑ െ ሻ௥||௉ݒ ൑ ||݂ െ ݃||௉ ൏  ߝ

Thus, ||ݑ௥ െ ݂||௉ ൑ ௥ݑ‖ െ ௥‖௉ݒ ൅ ௥ݒ‖ െ ݃‖௉ ൅ ‖݃ െ ݂‖௉ 

																																൑ ߝ2 ൅ ௥ݒ‖ െ ݃‖ஶ,݂ݎ݋	݈݈ܽ	ݎ ൏ 1. 

Take limit ݎ →  ݐ݁݃	݁ݓ,1

lim
௥→ଵ

௥ݑ|| െ ݂||௉ ൑  ߝ2

Since lim௥→ଵ‖ݒ௥ െ ݃‖ஶ	 ൌ 0,by formula 1.2.8(2) 

Hence, lim௥→ଵ ௥ݑ|| െ ݂||௉ ൌ 0. █ 
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1.2.10. Poisson integrals of Measure 

If ߤ is a complex Measure on	ܶ, and if we want to replace integrals over ܶ by integrals over 

intervals of length	2ߨ	݅݊	ܴଵ, these intervals have to be taken half open, because of the 

possible presence of point masses in ߤ.To avoid this problem, we shall keep integration on 

the circle in that follows, and will write the Poisson integral ݑ ൌ ܲሾ݀ߤሿ of ߤ in the form  

ሻݖሺݑ																 ൌ නܲ൫ݖ, ݁௜௧൯
்

,																				൫݁௜௧൯ߤ݀ ݖ ∈ ܷ 

Where ܲ൫ݖ, ݁௜௧൯ ൌ ଵି|௭|మ

|௘೔೟ି௭|మ
	, 

The proof of Lemma 1.2.4 applies without change to Poisson integrals of measures. Thus 

 .ܷ is harmonic in	ݑ

Setting ||ߤ|| ൌ   ሺܶሻ,the analogue of the first half of Theorem 1.2.9 is|ߤ|

௥||ଵݑ|| ൌ
1
ߨ2

නหݑ൫݁ݎ௜ఏ൯ห
்

ߠ݀ ൌ
1
ߨ2

න ቈቤනܲ൫ݖ, ݁௜௧൯
்

൫݁௜௧൯ቤ቉ߤ݀ ߠ݀
గ

ିగ
 

															൑
1
ߨ2

න ቈනหܲ൫݁ݎ௜ఏ, ݁௜௧൯หห݀ߤ൫݁௜௧൯ห
்

቉
గ

ିగ
 ߠ݀

														ൌ න
1
்ߨ2

ቈන ܲ൫݁ݎ௜ఏ, ݁௜௧൯
గ

ିగ
቉ߠ݀ ห݀ߤ൫݁௜௧൯ห,																			ܾݕ	ܾ݅݊݅ݑܨᇱݏ	݉݁ݎ݋݄݁ݐ. 

																ൌ න|݀ߤ|
்

൫݁௜௧൯ ൌ ሺܶሻ|ߤ| ൌ  .||ߤ||

	1.3.	Nontangential	Maximal	Functions	and	Nontangential	limits	

For	0 ൏ ߙ ൏ 1, we define ߗఈ݁௜௧ to be the union of the disc ܦሺ0:  ሻ and the line segmentsߙ

from ݖ ൌ ݁௜௧ to points of	ܦሺ0:      .ሻߙ

1.3.1 Definition If 0 ൏ ߙ ൏ 1 and ݑ is harmonic function on 	ܷ,its nontangential Maximal 

function ఈܷܰ is defined on ܶ by  

ሺ ఈܰݑሻ൫݁௜௧൯ ൌ sup	ሼ|ݑሺݖሻ|: ݖ ∈ ݁௜௧ߗఈሽ 
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Similarly, the radial maximal function of ݑ is  

ሺܯ௥௔ௗݑሻ൫݁௜௧൯ ൌ sup൛หݑ൫݁ݎ௜௧൯ห: 0 ൑ ݎ ൏ 1ൟ. 

The set ൛݁௜௧: ሺ ఈܰݑሻ൫݁௜௧൯ ൏ ൟߣ ൌ ൛݁௜௧: |ሻݖሺݑ| ൑ ,ߣ  ఈ݁௜௧ൟ is closed subset of ܶ for eachߗ߳ݖ

positive λ. so is ൛݁௜௧: ሺܯ௥௔ௗݑሻ൫݁௜௧൯ ൑  .ൟߣ

Consequently, ሺ ఈܰݑ and ܯ௥௔ௗݑ are lower semicontinous on	ܶ) In particular, they are 

measurable. 

Clearly, ܯ௥௔ௗݑ ൑ ఈܰݑ,	and the latter increases with ߙ.  

Let us replace ordinary Lebesgue Measure ݉	on ܶ by ߪ ൌ ݉
ൗߨ2  .Then ߪ is a rotation-

invariant Positive Borel Measure on ܶ,so normalized that ߪሺܶሻ ൌ 1. 

Accordingly, ܯே is now defined by  

ே൫݁௜ఏ൯ܯ ൌ lim
ܰሺܫሻ
ሻܫሺߪ

 

as the open arcs ܫ ⊂ ܶ Shrink to their center ݁௜ఏ. 

1.3.2 Theorem Assume 0 ൏ ߙ ൏ 1.Then there is a constant ܿఈ ൐ 0 with the following 

Property: if ߤ is a positive finite Borel measure on T and ݑ ൌ ܲሾ݀ߤሿ is its Poisson integral, 

then the inequalities 

ܿఈሺ ఈܰݑሻ൫݁௜ఏ൯ ൑ ቀܯ௥௔ௗݑ൫݁௜ఏ൯ቁ ൑  ேሺ݁௜ఏሻܯ

hold at every point ݁௜ఏ ∈ ܶ. 

1.3.3 Definition A function F, defined in U is said to have non-tangential limit ߣ at ݁௜ఏ߳ܶ 

if for each ߙ ൏ 1,  

lim
௝→ஶ

ሺz௝ሻܨ ൌ  ߣ

for every sequences {ݖ௝} that converge to ݁௜ఏ and that lies in ݁௜ఏߗఈ. 
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The next theorem state and prove in rudin real and complex analysis [1] page 243. 

1.3.4 Theorem if ߤ is a positive Borel measure on ܶ and ሺߤܦሻ൫݁௜ఏ൯ ൌ 0 for some ߠ, then 

its Poisson integral ݑ ൌ ܲሾ݀ߤሿ has nontangential limits 0 at ݁௜ఏ. 

1.3.5 Theorem   If	݂ ∈  ଵሺܶሻ, then ܲሾ݂ሿ has nontangential limit ݂ሺ݁௜ఏሻ at every Lebesgueܮ

point ݁௜ఏ of	݂.  

Proof    Suppose ݁௜ఏ is a lebesgue point of ݂.By substituting constant from ݂.We may 

assume without loss of generality, that ݂൫݁௜ఏ൯ ൌ 0.Then  

lim
1

ሻܫሺߪ
න|݂|݀ߪ
ூ

ൌ 0																																																																																																			ሺ1ሻ 

as the open arcs ܫ ⊂ ܶ shrinks to their center݁௜ఏ. 

Define a Borel measure ߤ on ܶ by 

ሻܧሺߤ ൌ න|݂|݀ߪ
ா

 

Then (1) says that ሺߤܦሻ൫݁௜ఏ൯ ൌ 0;hence ܲሾ݀ߤሿ has nontangential limit 0 at	݁௜ఏ, by 

Theorem 1.3.4.The same is true of	ܲሾ݂ሿ, because  

																																			|ܲሾ݂ሿ| ൑ ܲሾ|݂|ሿ ൌ ܲሾ݀ߤሿ	.																											█ 

The last two Theorems can be combined as follows. 

1.3.6 Theorem. If ݀ߤ ൌ ߪ݂݀ ൅ ݀ ௦ܰ is the Lebesgue decomposition of a complex Borel 

measure ߤ on  ܶ, where ݂ ∈ 	,ଵሺܶሻܮ ௦ܰ⏊ߪ,then ܲሾ݀ߤሿ has nontangential limit ݂ሺ݁௜ఏሻ at 

almost all points of ܶ. 

Proof:-Apply theorem 1.3.4 to the positive and negative Variations of the real and 

imaginary parts of ௦ܰ ,and apply Theorem 1.3.5 to	݂.█ 

Here is another consequence of Theorem 1.3.2. 
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1.3.7 Theorem   For 0 ൏ ߙ ൏ 1  and 1 ൑ ܲ ൑ ∞, there are constants ܣሺߙ, ܲሻ with the 

following properties: 

(a).If ߤ is a complex Borel measure on T, and ݑ ൌ ܲሾ݀ߤሿ,then 

ሺߪ ఈܰݑ ൐ ሻߣ ൑
,ߙሺܣ 1ሻ
ߣ

ሺ0					,‖ߤ‖ ൏ ߣ ൏ ∞ሻ				 

(b).If 1 ൏ ܲ ൑ ∞,݂ ∈ ݑ ௉ሺܶሻ,andܮ ൌ ܲሾ݂ሿ,then  

|| ఈܰݑ||௉ ൑ ,ߙሺܣ ܲሻ||݂||௉ 

Define ݄௉ ൌ ሼݑ: 	݀݊ܽ	ܷ	݊݅	ܿ݅݊݋݉ݎ݄ܽ	ݏ݅	ݑ sup଴ழ௥ழଵ ௥||௉ݑ|| ൌ ܯ ൏ ∞ሽ 

 1.3.8 Theorem (fatou’s) Suppose ݑ ∈ ݄௉ , 1 ൑ ܲ ൑ ∞, and  

 (a).If	ܲ ൌ 1,it follows that there is a unique complex Borel Measure ߤ on ܶ so that                

ݑ ൌ ܲሾ݀ߤሿ. 

(b).If	ܲ ൐ 1, it follows that there is a unique ݂ ∈ ݑ ௉ሺܶሻ so thatܮ ൌ ܲሾ݂ሿ. 

(c).Every positive harmonic function in ܷ is the poisson integral of a unique positive Borel 

Measure on   ܶ. 

The general proof is contained in [1], page 247. 

1.3.9 Corollary   If ݑ ∈ ݄௉ , then ݑ has nontangential limit a.e on	ܶ.  

Proof    From the above theorem there is an	݂ ∈ ݑ ௉ሺܶሻ so thatܮ ൌ ܲሾ݂ሿ. Then by Theorem 

 ܶ has nontangential limit ݂ a.e on ݑ 1.3.5

	1.4	Subharmonic	functions	

1.4.1. Definition   A function ݑ defined in an open set ߗ in the plane is said to be 

subharmonic if it has the following four properties. 

(a).െ∞ ൑ ሻݖሺݑ ൏ ∞ for all		ݖ ∈  ߗ

(b).ݑ	is upper semi continous in Ω. 
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(c).whenever,  ܦഥሺܽ, ሻݎ ⊂  then ,ߗ

ሺܽሻݑ ൑
1
ߨ2

න ሺܽݑ ൅ ߠ௜ఏሻ݀݁ݎ
గ

ିగ
 

(d).None of the integrals in (c) is െ∞. 

Note that the integral in (c) always exist and are not ൅∞ since (a) and (b) imply that ݑ is 

bounded above on every compact ܭ ⊂ ݖ ௡ is the set of allܭ proof: If]ߗ ∈  at which ܭ

ሻݖሺݑ ൒ ݊,then ܭ ⊃ ଵܭ ⊃ ଶܭ ⊃ ⋯ so either ܭ௡ ൌ ∅ for some ݊, or ⋂ܭ௡ ് 0, in which case 

ሻݖሺݑ ൌ ∞ for some ݖ ∈  .ଵሺܶሻܮ hence (d) says that the integrand in (c) belong to.[.ܭ

Every real harmonic function is obviously subharmonic. 

1.4.2 Example   If Ω is a region and ݂ is holomorphic on ߗ, and	݂ is not identically zero, 

then log	 |݂| is subharmonic.  

Solution   Let ݑሺݖሻ ൌ log|݂ሺݖሻ| ሻݖሺݑ	݀݊ܽ ൌ െ∞ if ݂ሺݖሻ ൌ 0. 

First to show ݑ is upper semi continous. 

Let ܣ ൌ ሼݖ ∈ :ߗ ሻݖሺݑ ൏ ሽߙ ൌ ሼݖ ∈ :ߗ log|݂ሺݖሻ| ൏ ሽߙ ൌ ሼߗ߳ݖ: |݂ሺݖሻ| ൏ ݁ఈሽ 

Since f is holomorphic, hence A is open. 

Therefore, ݑ is upper semicontinuous 

The next lemma and two theorems show that ݑ is subharmonic. 

1.4.3 Lemma   
ଵ

ଶగ
׬ log	 |1 െ ݁௜ఏ|
ଶగ
଴ ߠ݀ ൌ 0. 

1.4.4 Lemma   suppose  ߗ ൌ .ሺ0ܦ ܴሻ, ݂ ∈ ሻ,݂ሺ0ሻߗሺܪ ≢ 0,0 ൏ ݎ ൏ ܴ, ,ଵߙ	݀݊ܽ  ே areߙ…,ଶߙ

the zeros of ݂ in ܦഥሺ0, ,ሻݎ  Then.ݏ݁݅ݐ݈݅ܿ݅݌݅ݐ݈ݑ݉	ݎ݄݁݅ݐ	݋ݐ	ݕ݈݃݊݅݀ݎ݋ܿܿܽ	݀݁ݐݏ݈݅

|݂ሺ0ሻ|ෑ
ݎ
|௡ߙ|

ே

௡ୀଵ

ൌ ݌ݔ݁ ቊ
1
ߨ2

න logห݂൫݁ݎ௜ఏ൯ห
గ

ିగ
 .ቋߠ݀

 This is known as Jensen’s formula. 



 
 

13 
 

1.4.5 Theorem   If	݂ is a holomorphic bounded function on ݑ, ݂ is not identically 0, define  

௥ܰሺ݂ሻ ൌ 	
1
ߨ2

න logห݂൫݁ݎ௜ఏ൯ห
గ

ିగ
ሺ0												ߠ݀ ൏ ݎ ൏ 1ሻ																																																										ሺ1ሻ	 

 and 

ܰ∗ሺ݂ሻ ൌ
1
ߨ2

න logห݂∗൫݁௜ఏ൯ห
గ

ିగ
 ሺ2ሻ																																																																																																ߠ݀

Where ݂∗ is the radial limit function of ݂.Then 

௥ܰሺ݂ሻ ൑ ௦ܰሺ݂ሻ if 0 ൏ ݎ ൏ ݏ ൏ 1 

		 ௥ܰሺ݂ሻ → log |݂ሺ0ሻ| ݎ	ݏܽ																		 → 0 

Note the following consequence: One can choose r so that ݂ሺݖሻ ് 0 if |ݖ| ൌ ;ݎ  ݄݊݁ݐ

	 ௥ܰሺ݂ሻ is finite, and so is ܰ∗ሺ݂ሻ, by (5).thus log|݂∗| ∈ ,ଵሺܶሻܮ ܽ݊݀	݂∗ሺ݁௜ఏሻ ് 0 at almost 

every point of ܶ. 

Proof   There is an integer ݉ ൒ 0 such that ݂ሺݖሻ ൌ ܼ௠݃ሺݖሻ, ݃ ∈ and ݃ሺ0ሻ	ஶ,ܪ ് 0.Apply 

Jensen’s formula theorem 1.4.4 for ݃ in place of ݂	.Its left side obviously cannot decrease 

if r increases. 

Thus ௥ܰሺ݃ሻ ൑ ௦ܰሺ݃ሻ	 if ݎ ൏  .ݏ

Since 

௥ܰሺ݂ሻ ൌ
1
ߨ2

න log	 ௠|ݎ|
గ

ିగ
|݃ሺ݁ݎ௜ఏሻ|݀ߠ 

ൌ
1
ߨ2

න ݎ݃݋݈݉
గ

ିగ
൅

1
ߨ2

න log	 |݃ሺ݁ݎ௜ఏሻ|݀ߠ
గ

ିగ
 

ൌ ݎ݃݋݈݉ ൅ ௥ܰሺ݃ሻ ൑ ݎ݃݋݈݉ ൅ ௦ܰሺ݃ሻ ൌ ௦ܰሺ݂ሻ 

Hence	 ௥ܰሺ݂ሻ ൑ ௦ܰሺ݂ሻ, we have provided (3). 

Let us now assume without loss of generality that	|݂| ൑ 1, write ௥݂ሺ݁௜ఏሻ in place of 

݂ሺ݁ݎ௜ఏሻ.Then ௥݂ → ݂ሺ0ሻ	ܽݏ	ݎ → 0 a.e as ݎ → 1. 
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Since log ቀ1 | ௥݂|
ൗ ቁ ൒ 0,then by fatous lemma 

1
ߨ2

න log ൬
1

|݂ሺ0ሻ|
൰ ߠ݀

గ

ିగ
൑ lim

௥→଴തതതതതത

1
ߨ2

න log ൬1 | ௥݂ሺ݁௜ఏሻ|
ൗ ൰ ߠ݀

గ

ିగ
 

Then, lim௥→଴
ଵ

ଶగ
׬ logห݂൫݁ݎ௜ఏ൯ห
గ
ିగ ߠ݀ ൑ log	 |݂ሺ0ሻ| 

Hence,		 ௥ܰሺ݂ሻ → log	 |݂ሺ0ሻ| as  ݎ → 0 

and,  

1
ߨ2

න log	ሺ1 |݂∗ሺ݁ݎ௜ఏሻ|ൗ ሻ݀ߠ
గ

ିగ
൑ lim

௥→ଵതതതതതത

1
ߨ2

න log	ሺ1 | ௥݂ሺ݁௜ఏሻ|
ൗ ሻ݀ߠ

గ

ିగ

⟹ lim
௥→ଵതതതതതത

1
ߨ2

න log	 | ௥݂ሺ݁௜ఏ|݀ߠ
గ

ିగ
൑

1
ߨ2

න log	 |݂∗ሺ݁௜ఏ|݀ߠ
గ

ିగ
 

⟹ lim
௥→ଵതതതതതത ௥ܰሺ݂ሻ ൑

1
ߨ2

න log	 |݂∗ሺ݁௜ఏ|݀ߠ
గ

ିగ
 

Hence, ௥ܰሺ݂ሻ ൑
ଵ

ଶగ
׬ log	 |݂∗ሺ݁௜ఏ|݀ߠ
గ
ିగ  , for 0 ൏ ݎ ൏ 1. 

Since ௥ܰ is increasing of ݎ.█ 

1.4.6. Theorem. If ݑ is subharmonic in	ߗ, and if ߮ is a monotonically increasing convex 

function on ܴଵ,then ߮ݑ݋ is subharmonic. 

Note. To prove this we use Jenson inequality which is stated and proved in Walter rudin [1], 

page[62] we will state as again. 

Let ߤ be a positive Measure on a ߪ-algebra in a set Ω, so that ߤሺߗሻ ൌ 1.If ݂ is a real 

function in ܮଵሺߤሻ,if ܽ ൏ ݂ሺݔሻ ൏ ܾ for all ߗ߳ݔ, and if ߮ is convex on ሺܽ, ܾሻ, then 

߮ ቆනሺ݂߮݋ሻ݀ߤ
ఆ

ቇ ൑ නሺ݂߮݋ሻ݀ߤ
ఆ

 

Proof   To show ߮ݑ݋ is upper semicontinuous. 

Let A=ሼݔ: ሻݔሺݑ݋߮ ൏ ሽߙ ൌ ൛ݔ: ߮൫ݑሺݔሻ൯ ൏ ൟߙ ൌ ሼݔ: ሻݔሺݑ ൏ ,ߚ ߙ	ݐ݄ܽݐ	݄ܿݑݏ	ߚ	ݎ݋݂ ൌ ߮ሺߚሻሽ 
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Since ܷ	݅ݏ	 harmonic.Then A is open, for each ߙ. 

Hence  ߮ݑ݋ is upper semicontinuous.  

Next, if 	ܤሺܽ, ሻതതതതതതതതതതݎ ⊂  we have ,ߗ

ሺܽሻݑ ൑ ଵ

ଶగ
׬ ൫ܽݑ ൅ 									ߠ௜ఏ൯݀݁ݎ
గ
ିగ 																																																						ሺ1ሻ 

߮൫ݑሺܽሻ൯ ൑ ߮ ቆ
1
ߨ2

න ൫ܽݑ ൅ 			ߠ௜ఏ൯݀݁ݎ
గ

ିగ
ቇ

൑
1
ߨ2

න ሺܽݑ݋߮ ൅ ௜ఏሻ݁ݎ
గ

ିగ
 ሺ2ሻ																																										ߠ݀

The first inequality (2) holds since ߮ is increasing and ݑ is subharmonic and the second 

follow from the Jenison’s inequalities.█ 

1.4.7 Example If Ω is a region, ݂ ∈  ሻ ,and ݂ is not identically 0,thenߗሺܪ

|݂|ା݃݋݈  ൌ max	ሼ݈݃݋|݂|, 0ሽ and |݂|௉ሺ0 ൏ ܲ ൏ ∞ሻ are subharmonic. 

Solution    Let us define  

߮ሺݐሻ ൌ max	ሼݐ, 0ሽ and ߰ሺݐሻ ൌ ݁௉௧ 

Clearly, ߮	ܽ݊݀	߰ are increasing convex function on ܴଵ and let ݑሺݖሻ ൌ log|݂ሺݖሻ|,then ݑ is 

harmonic in ߗ.Then by above theorem  

ݑ݋߮ ൌ ߮ሺlog|݂|ሻ ൌ maxሼlog|݂| , 0ሽ ൌ   ା|݂|  and݃݋݈

ݑ݋߮ ൌ ߮ሺlog|݂|ሻ ൌ ݁୪୭୥	 |௙|
ು
ൌ |݂|௉ are subharmonic in Ω. █ 

1.4.8 Theorem   Suppose ݑ is a continous subharmonic function in Ω, ܭ is a compact 

subset of Ω, h is a continuous real function on ܭ which is harmonic in the interior ܸ	of ܭ, 

and ݑሺݖሻ ൑ ݄ሺݖሻ for all ܭ߳ݖ. 

Proof   Put ݑଵ ൌ ݑ െ ݄, and assume to get a contradiction, that ݑଵሺݖሻ ൐ 0	for some ݖ ∈ ܸ. 

Since ݑଵ is continuous on	ݑ,ܭଵ attains its maximum ܯ on	ܭ; and since ݑଵ ൑ 0 on the 

boundary of	ܭ, the set ܧ ൌ ሼݖ ∈ :ܭ ሻݖଵሺݑ ൌ  .ܸ ሽ is a compact subset ofܯ
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Let ݖ଴ be a boundary point of ܧ.Then for some	ݎ ൐ 0, we have ܤതሺݖ଴; ሻݎ ⊂ ܸ,but some 

subarc of the boundary of ܤതሺݖ଴;   Hence .ܧ ሻ lies in the compliment ofݎ

ሻݖଵሺݑ           ൌ ܯ ൐ ଵ

ଶగ
׬ ଴ݖଵ൫ݑ ൅ ,ߠ௜ఏ൯݀݁ݎ
గ
ିగ  

and this means that ݑଵ is not subharmonic in ܸ. But if ݑ is subharmonic, so is ݑ െ ݄ and we 

have our contradiction.█ 

1.4.9 Theorem   Suppose ݑ is a continuous subharmonic functions in	ܷ, and  

ሻݎሺܯ ൌ
1
ߨ2

න ௜ఏሻ݁ݎሺݑ
గ

ିగ
ሺ0																															ߠ݀ ൑ ݎ ൏ 1ሻ 

If 	ݎଵ ൏ ଵሻݎଶ then ݉ሺݎ ൏ ݉ሺݎଶሻ. 

Proof   Let h be the continuous function on		ܤതሺ0;  on the ݑ ଶሻ which coincides withݎ

boundary of ܤതሺ0; ;ሺ0ܤ ଶሻ and which is harmonic inݎ  ,ଶሻ.By above theoremݎ

ݑ ൑ ;തሺ0ܤ	݊݅	݄  ଶሻ.Henceݎ

݉ሺݎଵሻ ൑
ଵ

ଶగ
׬ ݄ሺݎଵ݁௜ఏሻ
↑గ
ିగ ൌ ݄ሺ0ሻ ൌ ଵ

ଶగ
׬ ݄ሺݎଶ݁௜ఏሻ
గ
ିగ ൌ ଵ

ଶగ
׬ ଶ݁௜ఏሻݎሺݑ
గ
ିగ ൌ ݉ሺݎଶሻ. █ 
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                                                      CHAPTER 2 

						BASIC	STRUCTURE	OF	ܪ௉ െSPACES	ON	THE	UNIT	DISC	

	2.1.	Introduction	of	۶۾	space		

Hardy spaces (or Hardy classes) ܪ௉  are certain spaces of holomorphic functions on the unit 

disc or on the upper half plane, but this paper concentrated on the unit disc.  

Throughout this section we shall use the notation        ܷ ൌ ሼݖ: |ݖ| ൏ 1ሽ,    ܶ ൌ ሼݖ: |ݖ| ൌ 1ሽ        

ሺܷሻܪ ൌ the collection of all holomorphic function defined on	ܷ. 

If ݂ is any continous function with domain  ܷ and we let ߪ	lebesgue measure on ܶ, so 

normalized that ߪሺܶሻ ൌ 1  we define  ௥݂ሺ0 ൑ ݎ ൏ 1ሻ: ܶ → ₵ such that 

																																																 ௥݂ሺ݁௜ఏሻ ൌ ݂ሺ݁ݎ௜ఏሻ	

 Clearly for each ݎ, 0 ൑ ݎ ൏ 1 , 	 ௥݂ 	 is measurable on	ܶ. 

Accordingly, ܮ௉	norms will refer to ܮ௉ሺߪሻ.In particular,	

																																														|| ௥݂||௉ ൌ ቊන| ௥݂|௉݀ߪ
்

ቋ

ଵ
௉ൗ

																			ሺ0 ൏ ܲ ൏ ∞ሻ 

    																																										|| ௥݂||ஶ ൌ ఏ݌ݑݏ | ௥݂ሺ݁௜ఏሻ| 

and we also introduce 

																																														|| ௥݂||଴ ൌ ݌ݔ݁ ቊන݈݃݋ା| ௥݂|
்

 ቋߪ݀

 , where   ݈݃݋ା| ௥݂| ൌ ,ሼ0ݔܽ݉ |݃݋݈ ௥݂|ሽ	 

2.1.1 Definitions   If 0 ൏ ܲ ൑ ∞,define 

௉ܪ																																					 ൌ ൜݂: ܷ → ₵: ݂ ∈ 		ሺܷሻܽ݊݀ܪ ݌ݑݏ
଴ஸ௥ழଵ

‖ ௥݂‖௉ ൏ ∞ൠ 

and 

																																				ܰ ൌ ൜݂: ܷ → ₵: ݂ ∈ 	ሺܷሻܽ݊݀ܪ ݌ݑݏ
଴ஸ௥ழଵ

ห| ௥݂|ห଴ ൏ ∞ൠ 
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If ݂ ∈ 0	ሺܷሻ andܪ ൑ ܲ ൑ ∞, we put 

																								‖݂‖௉ ൌ ||ሼ	݌ݑݏ ௥݂||௉: 0 ൑ ݎ ൏ 1ሽ 

Remarks: 

(a).If 0 ൏ ܵ ൏ ܭ ൏ ∞, then ܪஶ ⊂ ௄ܪ ⊂ ௌܪ ⊂ ܰ.To see this let ܲ ൌ ௄

ௌ
൐ 1  and  

ଵ

௤
ൌ 1 െ ଵ

௣
 

If ݂ ∈   ௄ then by Holider’s inequalityܪ

|| ௥݂||ௌ
ௌ ൌ න| ௥݂|ௌ

்
ߪ݀ ൑ ቊනሺ| ௥݂|ௌሻ௉

்
ቋ

ଵ
௉ൗ

. ቊන|1|௤
்

ቋ

ଵ ௤ൗ

ൌ || ௥݂||௄
ௌ  

																																					⟹ ‖݂‖ௌ ൑ ‖݂‖௄ 

hence		݂ ∈  .ௌܪ

(b).When ܲ ൏ 1, Example 1.4.7 and Theorem1.4.9 show that  || ௥݂||௉ is an increasing 

function of		ݎ, for every ݂ ∈ ܲ	ሺܷሻ;Whenܪ ൌ ∞, the same follows from the maximum 

modulus theorem. Hence  

‖݂‖௉ ൌ ݈݅݉
௥→ଵ

‖ ௥݂‖௉ 

2.1.2 Theorem   If	݂, ݃ ∈ ௉ሺ0ܪ ൏ ܲ ൑ ∞ሻ, then ݂ ൅ ݃ ∈  ௉ܪ

Proof: If ݂	 and ݃ are in ܪ௉ then  

‖ሺ݂ ൅ ݃ሻ௥‖௉ ൌ න|ሺ݂ ൅ ݃ሻ௥|௉݀ߪ
்

 

൑ නሺ| ௥݂| ൅ |݃௥|ሻ௉
்

 ߪ݀

൑ නሺ2݉ܽݔ	ሺ| ௥݂| ൅ |݃௥|ሻሻ௉
்

 ߪ݀

൑ 2௉ න| ௥݂|௉
்

ߪ݀ ൅ 2௉ න|݃௥|௉
்

 ߪ݀

൑ 2௉|| ௥݂||௉
௉ ൅ 2௉||݃௥||௉

௉ 
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If we take limit  ݎ → 1 , the right side converges to 2௉||݂||௉
௉ ൅ 2௉||݃||௉

௉ it is finite, so  

݂ ൅ ݃ ∈  █ .௉ܪ

2.1.3 Theorem   If 1 ൑ ܲ ൑ ∞ ‖. ‖௉ is a norm in	ܪ௉. 

Proof   formula 1 show one condition of a norm. 

 i.							‖݂‖௉ ൌ ׬௥→ଵ൛݌ݑݏ | ௥݂|௉்݀ߪ ൟ
ଵ
௉ൗ ൌ 0	݂݂݅	 ׬ | ௥݂|௉்݀ߪ ൌ 0, 0	ݎ݋݂ ൑ ݎ ൏ 1 

݂݂݅		| ௥݂|௉ ൌ 0, 0	ݎ݋݂ ൑ ݎ ൏ 1	

݂݂݅	݂ ൌ 0 

ii. If ₵߳ߙ	݀݊ܽ	ܪ݂߳௉,	then 

න|ሺ݂ߙሻ௥|௉
்

ߪ݀ ൌ ௉|ߙ| න| ௥݂|௉
்

 ߪ݀

                             			⟹ ௉‖݂ߙ‖ ൌ ௉‖݂‖|ߙ| ൏ ∞		

iii.   if		0 ൏ ݎ ൏ 1, 

‖ሺ݂ ൅ ݃ሻ௥‖௉ ൌ ‖ ௥݂ ൅ ݃௥‖௉ ൑ ‖ ௥݂‖௉ ൅ ‖݃௥‖௉	 

 as	ݎ → 1,we obtain 

																																								‖݂ ൅ ݃‖௉ ൌ ‖݂‖௉ ൅ ‖݃‖௉█ 

Actually  ܪ௉ is a vector space for 0 ൏ ܲ ൑ ∞. 

2.1.4 Theorem   For 1 ൑ ܲ ൑  .௉ is a Banach spaceܪ	,∞

Proof: We have seen from the above theorem that ܪ௉ is a normed space, we suffice to show 

that it is complete. 

Suppose ሼ ௡݂ሽ is a cauch sequence in	ܪ௉, let	|ݖ| ൑ ܴ ൏ 1, and apply the Cauchy formula to 

 ௡݂ െ ௠݂, integrating around the circle of radius R with center 0. 

Let ߛሺݐሻ ൌ ܴ݁௜ఏ, െߨ ൑ ߠ ൏  ߨ
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௡݂ሺݖሻ െ ௠݂ሺݖሻ ൌ
1
݅ߨ2

න ௡݂ሺݓሻ െ ௠݂ሺݓሻ

ݓ െ ݖ
ݓ݀

ఊ
	ൌ

1
݅ߨ2

න ௡݂൫ܴ݁௜ఏ൯ െ ௠݂൫ܴ݁௜ఏ൯
ܴ݁௜ఏ െ ݖ

݀ሺܴ݁௜ఏሻ
గ

ିగ
 

																											ൌ
Ri݁௜ఏ

ߨ2
න

ሺ ௡݂ െ ௠݂ሻሺܴ݁௜ఏሻ
ܴ݁௜ఏ െ ݖ

ߠ݀
గ

ିగ
 

for all |ݖ| ൏ ܴ 

Then, 

					| ௡݂ሺݖሻ െ ௠݂ሺݖሻ| ൑
1
ߨ2

න
หሺ ௡݂ െ ௠݂ሻ൫ܴ݁௜ఏ൯ห

ܴ െ ݎ
ߠ݀

గ

ିగ
 

  

																																	ൌ
1

ሺܴߨ2 െ ሻݎ
න หሺ ௡݂ െ ௠݂ሻ൫ܴ݁௜ఏ൯ห݀ߠ
గ

ିగ
 

																															ൌ
1

ܴ െ ݎ
න|ሺ ௡݂ െ ௠݂ሻோ|
்

 ߪ݀

																															ൌ
1

ܴ െ ݎ
‖ሺ ௡݂ െ ௠݂ሻோ‖ଵ 

																																൑
1

ܴ െ ݎ
‖ሺ ௡݂ െ ௠݂ሻோ‖௉ 

																																൑
1

ܴ െ ݎ
|| ௡݂ െ ௠݂‖௉ 

from which we conclude that ሼ ௡݂ሽ converges 	݂ ∈  .ሺܷሻܪ

Given	ߝ ൐ 0, there is an ܰ such that || ௡݂ െ ௠݂||௉ ൏   ߝ

Now fix ݊ ൐ ܰ	ܽ݊݀, letting ݉ → ∞	and, then for every		ݎ ൏ 1, 

 ||ሺ ௡݂ െ ݂ሻ୰‖௉ ൌ ‖lim୫→ஶሺ ௡݂ െ ௠݂ሻ௥‖୔ ൌ ݈݅݉௠→ஶ‖ሺ ௡݂ െ ௠݂ሻ௥‖௉ ൑  ߝ

		⟹ 				 || ௡݂ െ ݂‖௉ ൑  ߝ

Hence	 ௡݂ െ ݂ ∈ ݂|| ௉, so is ݂ andܪ െ ௡݂||௉ → 0 as ݊ → ∞.█ 
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2.2	Boundary	behavior	of	Poisson	integrals	and	some	properties	of	ࡼࡴ‐	Spaces	

2.2.1 Theorem   If ݂ ∈ ௉ሺ1ܪ ൏ ܲ ൑ ∞ሻ  then the nontangential limit exist a.e on	ܶ. 

Proof   Since holomorphic functions are harmonic, by fatou’s theorem  ݂ has nontangential 

limit ݂∗ ∈  █.ܶ	௉ሺܶሻ  almost every point ofܮ

We have seen a harmonic function in  ݄௉ have a radial limit in almost every direction. The 

above theorem also shows that the same is true for ܪ௉ functions (1 ൏ ܲ ൑ ∞).Surprsingly, 

this section will show that it is true for 0 ൏ ܲ ൑ 1. 

First let us introduce the definition of Blaschke product and some theorems corresponding 

to Blaschke product. Blaschke product plays an expanding role in this chapter 

 A finite Blaschke product is a function of the form 

ሻݖሺܤ ൌ ݁௜ఝෑ
ݖ െ ௝ݖ
1 െ ݖ఩ഥݖ

௡

௝ୀଵ

 

, Where ܴ߮ߝ	and |ݖ௝|<1 for ݆ ൌ 1,2,3, … , ݊.It is easy to verify that ܤ has the following 

properties. 

(a).ܤ	ݏ݅	ܿ݅ݐݕ݈ܽ݊ܽ	݊݅	ܷ	݀݊ܽ	ݏݑ݋݊݅ݐ݊݋ܿ	݅݊	ܷ.ഥ  

(b).|ܤ| ൌ  ܷ	݂݋	ݕݎܽ݀݊ݑ݋ܾ	݄݁ݐ	݊݋	1

(c).ܤ	ݏ݄ܽ	ݏ݋ݎ݁ݖ	ݐܽ	ݖଵ,ݖଶ, … ,  .ݕ݈݊݋	௡ݖ

This section will show that the zeros of any ݂ ∈  ௉ can be divided out without increasingܪ

the norm of ݂.First let as see some lemmas taken from Walter rudin [1]. 

We shall see Szeg݋ሷ  lemma that the zero of any			݂ ∈ ܰ	satisfies the Blaschke condition 

෍ሺ1 െ ௡|ሻߙ|
ஶ

௡ୀଵ

൏ ∞.	

Hence the same is true in	ܪ௉		ܾ݁ܿ݁ݏݑ݋	ܪ௉ ⊂ ܰ. 

2.2.2 Lemmaሺࡳ. ሷ࢕ࢍࢋࢠࡿ ሻ	. ݂	݁ݏ݋݌݌ݑܵ ∈ ܰ, ݂	 is not identically 0 in	ܷ, and ߙଵ,  ଶ,…,are theߙ

zeros of	݂, listed according to their multiplicities, then 
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෍	

ஶ

௡ୀଵ

ሺ1 െ ௡|ሻߙ| ൏ ∞ 

2.2.3 Lemma. Let  	ሼߙ௡	ሽ	݅ݏ	ܽ	݁ܿ݊݁ݑ݃݁ݏ	݊݅	ܷ	݄ܿݑݏ	ݐ݄ܽݐ	ߙ௡ ് 0	ܽ݊݀  

෍ሺ1 െ ௡|ሻߙ|
ஶ

௡ୀଵ

൏ ∞																																																																																																																												ሺ1ሻ 

,ݎ݁݃݁ݐ݊݅	݁ݒ݅ݐܽ݃݁݊݊݋݊	ܽ	ݏ݅	݇	ݐ݁ܮ ܽ݊݀	݂݅  

ሻݖሺܤ ൌ ௞ෑݖ
ݖ െ ௡ߙ
1 െ ݖ௡തതതതߙ

|௡ߙ|

௡ߙ

ஶ

௡ୀଵ

	,					ሺݖ	 ∈ 	ܷሻ	 

, then |ܤሺݖሻ| ൑ 1, ݖ∀ ∈ ܷ	, |ܤ| ൌ 1	on	T,  ݏݐ݊݅݋݌	݄݁ݐ	ݐܽ	ݐ݌݁ݔ݁	ݏ݋ݎ݁ݖ	݋݊	ݏ݄ܽ	ܤ	݀݊ܽ

௡ߙ	 	∈ ܷ (and at the origin, if	݇ ൐ 0).We call this function ܤ an infinite Blaschke product. 

Note that some of the ߙ௡	may be repeated, in which case ܤ has multiple zeros at those 

points. 

  Blaschke product" will also be used if  there are only finitly many	݉ݎ݁ݐ	݄݁ܶ

 factors, and even if there are none, in which B(z)=1.   

2.2.4 Lemma. If 	ܤ	ݏ݅	ܽ	݁݇ܿݏ݈ܽܤ	ݐܿݑ݀݋ݎ݌, ൫݁௜ఏ൯ห∗ܤห	݄݊݁ݐ ൌ 1	ܽ. ݁ and  

݈݅݉
௥→ଵ

1
ߨ2

න ௜ఏ൯ห݁ݎ൫ܤห݃݋݈
గ

ିగ
ߠ݀	 ൌ 0 

2.2.5 Theorem (F.Riesz)   ܵ݁ݏ݋݌݌ݑ	݂ ∈ ܰ	, ݂	is not identically zero, and  ܤ is the Blaschke 

product formed with the zeros of  ݂ . ݃	ݐݑܲ ൌ ݂
ൗܤ . ݄ܶ݁݊	݃ ∈ ܰ	ܽ݊݀	  

‖݃‖଴ ൌ ‖݂‖଴	ݎ݁ݒ݋݁ݎ݋ܯ, ݂݅	݂ ∈ ,௉ܪ ݃	݄݊݁ݐ ∈ H୔	ܽ݊݀  

									‖݃‖௉ ൌ ‖݂‖௉ሺ0 ൏ ܲ ൑ ∞ሻ 

Proof .Note first that  
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																							|݃ሺݖሻ| ൒ |݂ሺݖሻ|											ሺݖ ∈ ܷሻ																																																																						ሺ1ሻ 

In fact, strict inequality holds for every	ݖ ∈ ܷ	, unless ݂ has no zero in 	ܷ	ܽ݊݀	݃ ൌ ݂. 

 If  ݏ and ݐ	are nonnegative real numbers, the inequality 

ሻݐݏାሺ݃݋݈																																			 ൑ ݏା݃݋݈ ൅  ሺ2ሻ																																																																						ݐା݃݋݈

ݐݏ	݂݅	0	ݏ݅	݁݀݅ݏ	ݐ݂݈݁	݄݁ݐ	݁ܿ݊݅ݏ	ݏ݈݀݋݄ ൏ ݏ݃݋݈	ݏ݅	݀݊ܽ	1 ൅ ݐݏ	 if	ݐ݃݋݈ ൒ 1. 

ܵ݅݊ܿ݁		|݃| ൌ |݂|
൘|ܤ| ,				ሺ2ሻ	݃݅ݏ݁ݒ	 

|݃|ା݃݋݈																															 ൑ |݂|ା݃݋݈ ൅ ା݃݋݈ ฬ
1
ܤ
ฬ 

																								⟹ |݃|ା݃݋݈ ൑ |݂|ା݃݋݈ െ  		௜ఏ൯ห݁ݎ൫ܤห݃݋݈

																							⟹ ௜ఏ൯ห݁ݎାห݃൫݃݋݈ ൑ ௜ఏ൯ห݁ݎାห݂൫݃݋݈ െ ௜ఏ൯ห݁ݎ൫ܤห݃݋݈ , 0 ൏ ݎ ൏ 1. 

,ݎ	݊݋	ݐ݈݅݉݅	݁݇ܽݐ	݀݊ܽ	ܶ	݊݋	݁݀݅ݏ	݄ݐ݋ܾ	݁ݐܽݎ݃݁ݐ݊݅	ݓ݋ܰ   	ݐ݁݃	݁ݓ

݈݅݉
௥→ଵ

න ߪାห݃௥൫݁௜ఏ൯ห݀݃݋݈ ൑ ݈݅݉
௥→ଵ

න |ା݃݋݈ ௥݂|݀ߪ
்

െ ݈݅݉
௥→ଵ

න ௜ఏ൯ห݁ݎ൫ܤห݃݋݈ 							ߪ݀
்்

 

										ൌ ݈݅݉
௥→ଵ

න |ା݃݋݈ ௥݂|݀ߪ	, .2.2.4	݉݁ݎ݋݄݁ܶ	ݕܾ
்

 

,݁ܿ݊݁ܪ ||݃||଴ ൑ ||݂||଴, ,ሺ1ሻ	݉݋ݎ݂		݀݊ܽ ||݃||଴ ൒ ||݂||଴		 

Therefore, 		||݂||଴ ൌ ห|݃|ห
଴	
ܽ݊݀	݃ ∈ ܰ. 

Now suppose	݂	݅݊	ܪ௉	݂ݎ݋	݁݉݋ݏ	ܲ.  be the finite Blaschke product formed with the	௡ܤ	ݐ݈݁

first n zeros of 	݂, (we arrange these zeros in some sequence, taking multiplicities into 

account). 

௡݃	ݐݑܲ ൌ
݂
௡ܤ
ൗ , for each	݊,	หܤ௡൫݁ݎ௜ఏ൯ห → 1 uniformly, as	ݎ → 1. 
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Hence	ห|݃௡|ห௉ ൌ ห|݂|ห
௉
݊	ݏܽ	 → ∞, |݃௡|	 increases to |݃|,so that 

||݃௥||௉ ൌ ݈݅݉
௡→ஶ

||ሺ݃௡ሻ௥||௉
					

	ሺ0 ൏ ݎ ൏ 1ሻ																																																																		ሺ3ሻ 

by the monotonic convergence theorem. 

Then right side of 	ሺ3ሻ݅ݏ	ݐܽ	ݐݏ݋݉	ห|݂|ห
௉
, ݎ	݈݈ܽ	ݎ݋݂ ൏ 1.If we let	ݎ → 1,	we obtain 

																																						||݃||௣ ൑ ||݂||௉ 

However,	|݃ሺݖሻ| ൒ |݂ሺݖሻ|, ݖ	݈݈ܽ	ݎ݋݂ ∈ ܷ	, so we have equality.█ 

2.2.6 Theorem. Suppose 	0 ൏ ܲ ൏ ∞, ݂ ∈ H୔, ݂	is not identically zero, and ܤ is a Blaschke 

product formed with the zeros of ݂.Then there is a zero free function ݄ ∈ Hଶ		such	that	 

݂ ൌ .ܤ ݄
ଶ
௉ൗ 																																																																																																																															ሺ1ሻ. 

In	particular, every	݂ ∈   	product	a	is	ଵܪ

																																					݂ ൌ ݄݃																																																																																																										ሺ2ሻ  

in which both factors are in ܪଶ. 

Proof   ܵ݁ݏ݋݌݌ݑ	݂ ∈ ௉ሺ0ܪ ൏ ܲ ൏ ∞ሻ.Then by theorem 2.2.5 

																																														݂ ⁄ܤ ∈ ݂||	݀݊ܽ		௉ܪ ⁄ܤ ||௉ ൌ ||݂||௉ 

Since ݂ ⁄ܤ 	has no zero in	ܷ, and	ܷ is simply connected, there exists ߮߳ܪሺܷሻ	so that 

expሺ߮ሻ ൌ ݂ ⁄ܤ 		(This is taken from Walter rudin [1], theorem 13.11).Put	݄ ൌ ሺܲ߮݌ݔ݁ 2ൗ ሻ.  

Then, ݄ ∈  and	ଶ,ܪ

	݂ ൌ .ܤ ݄ଶ ௉⁄ ܲ	ݎ݋ܨ . ൌ 1, ݂	݄݊݁ݐ ൌ ଶ݄ܤ ൌ ሺ݄ܤሻ. ݄	 

݃	ݐݑܲ ൌ ݃ ,Then.݄ܤ ∈  ሺܷሻ andܪ

	||݃||ଶ ൌ ଶ||݄ܤ|| ൑ ||݄||ଶ ൏ ∞. 
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Hence  ݃ ∈  █.ଶ , and we obtain (2)ܪ

We can now easily prove some of the most important properties of the	ܪ௉_ݏ݁ܿܽ݌ݏ. 

2.2.7 Theorem If 0 ൏ ܲ ൑ ∞ܽ݊݀	݂ ∈  ௉, thenܪ

(a). the nontangential Maximal function ఈ݂ܰ	are in	ܮ௉ሺܶሻ, for all ߙ ൏ 1 

(b). the nontangential limits ݂∗ exists a.e on		ܶ, and		݂∗ ∈  ;௉ሺܶሻܮ

(c). 	lim௥→ଵ‖ ௥݂ െ ݂∗‖௉ ൌ 0, and 

(d). ‖݂∗‖௉ ൌ ‖݂‖௉. 

Moreover if ݂ ∈  .∗݂	is the Cauchy integral as well as the Poisson integral of	ଵ then ݂ܪ

Proof   We begin by proving (a) and (b) for the case	1 ൏ ܲ ൑ ∞. Since every holomorphic    

function are harmonic, then by fatou’s theorem there is a function ݂∗ ∈  ௉ሺܶሻ such thatܮ

݂ ൌ ܲሾ݂∗ሿ and by theorem 1.3.7 there is a constant ܣሺߙ, ܲሻ such that 

   || ఈ݂ܰ||௉ ൑ ,ߙሺܣ ܲሻ	‖݂∗‖௉ ൏ ∞ 

Hence ఈ݂ܰ	are in 	ܮ௉ሺܶሻ(for all	ߙ ൏ 1), and  ݂∗ሺ݁௜ఏሻ  is the nontangential limit of ݂ at 

almost every  ݁௜ఏ	߳	ܶ , by Theorem 1.3.5. 

If 0 ൏ ܲ ൑ 1 and ݂ ∈ ݄ ௉ then there is a zero free functionܪ ∈  ଶ such thatܪ

       ݂ ൌ .ܤ ݄ଶ ௣⁄ 																																																																																																																																		ሺ1ሻ 

where ܤ is a Blaschke product formed with the zeros of ݂, by Theorem 2.2.6. 

Since |݂| ൑ |݄|
ଶ
௉ൗ  in ܷ,it follow that 

ሺ ఈ݂ܰሻ௉ ൑ ሺ ఈ݄ܰሻଶ 

So that ఈ݂ܰ ∈ 	௉ሺܶሻ, becauseܮ ఈ݄ܰ ∈  .ଶሺܶሻܮ

Similarly, the existence of ܤ∗	ܽ݊݀	݄∗ a.e on ܶ implies that the nontangential limits of ݂ 

(call them		݂∗) exist a.e on ܶ and  
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ห݂∗ሺ݁௜ఏሻห ൌ | lim௥→ଵ ݂ሺ݁ݎ௜ఏሻ |=lim௥→ଵ |݂ሺ݁ݎ௜ఏሻ| ൑ ఈ݂ܰሺ݁௜ఏሻ, for each	0,ߙ ൏ ߙ ൏ 1. 

																						⟹ න|݂∗|௉݀ߪ ൑ නሺ ఈ݂ܰሻ௉݀ߪ ൏ ∞
்்

 

Hence, ݂∗ ∈ ௉ሺܶሻ . This proves (a) and (b) for 0ܮ ൏ ܲ ൑ ∞. 

To prove (c), since ௥݂ → ݂∗	ܽ. ݁, ݎ	ݏܽ → |	݄݊݁ݐ	1 ௥݂ െ ݂∗|௉ → ݎ	ݏܽ	0 → 1	ܽ݊݀	 

| ௥݂ െ ݂∗|௉ ൑ 2௉ሺ ఈ݂ܰሻ௉. 

Then by dominated convergence theorem 

0 ൌ න| ௥݂ െ ݂∗|௉݀ߪ ൌ ||݂∗ െ ௥݂||௉
௉

்
 

Hence lim௥→ଵ ||݂∗െ ௥݂||௉ ൌ 0 

To prove (d), If  ܲ ൒ 1, then from (c) 

									lim
											௥→ଵ

||݂∗ െ ௥݂||௉ ൌ 0 

⟹ | lim
௥→ଵ

||݂∗||௉ െ || ௥݂||௉ ൌ 0| ⟹ lim
௥→ଵ

|| ௥݂||௉ ൌ ห|݂∗|ห
௉
	 

																⟹ ||݂||௉ ൌ ||݂∗||௉ 

If 	ܲ ൏ 1,then 

ቤන | ௥݂|௉ െ න|݂∗|௉݀ߪ
்்

ቤ ൌ ቤනሺ| ௥݂|௉ െ |݂∗|௉ሻ݀ߪ
்

ቤ ൑ න|| ௥݂|௉ െ |݂∗|௉ሻ| ൑ න| ௥݂ െ ݂∗|௉݀ߪ
்்

 

																																																																									ൌ ‖ ௥݂ െ ݂∗‖௉
௉   

Then by letting ݎ → 1,we obtain  

lim
௥→ଵ

න| ௥݂|௣݀ߪ
்

ൌ න|݂∗|௉
்

ߪ݀ ⟹ ‖݂‖௉ ൌ ‖݂∗‖௉ 

Finally, if ݂ ∈ ,ଵܪ ݎ ൏ 1,	and ௥݂ሺݖሻ ൌ ݂ሺݖݎሻ, 	݄݊݁ݐ ௥݂ ∈ ܪ ቀܤ൫0, 1 ൗݎ ൯ቁ,	and therefore ௥݂ can 

be represented in ܷ by the Cauchy formula 
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௥݂ሺݖሻ ൌ
1
݅ߨ2

න ௥݂ሺݓሻ

ݓ െ ்ݖ
ݓ݀ ൌ

1
݅ߨ2

න ௥݂൫݁௜௧൯
݁௜௧ െ ݖ

݅
గ

ିగ
݁௜௧݀ݐ																														 

																																ൌ
1
ߨ2

න ௥݂ሺ݁௜௧ሻ
1 െ ݁ି௜௧ݖ

గ

ିగ
 	ሺ2ሻ																																																																																					ݐ݀

and by the Poisson formula 

௥݂ሺݖሻ ൌ ܲൣ ௥݂൫݁௜௧൯൧ ൌ
1
ߨ2

න ௥ܲ

గ

ିగ
ሺߠ െ ሻݐ ௥݂൫݁௜௧൯݀ݐ ൌ

1
ߨ2

න ܲ
గ

ିగ
൫ݖ, ݁௜௧൯ ௥݂൫݁௜௧൯݀ݐ															ሺ3ሻ 

for each ݖ ∈ ܷ, |1 െ ݁ି௜௧ݖ|and ܲሺݖ, ݁௜௧ሻ are bounded function on ܶ 

The case ܲ ൌ 1 of (c)  ሺ݅. ݁ lim௥→ଵ‖݂∗ െ ௥݂‖ଵ ൌ 0		 ⟹ lim௥→ଵ ׬ ௥்݂݀ߪ ൌ ׬ ்ߪ݀∗݂ ሻ 

݂ሺݖሻ ൌ
1
ߨ2

න
݂∗ሺ݁௜௧ሻ
1 െ ݁ି௜௧ݖ

గ

ିగ
 			ݐ݀

and  

																																																																	݂ሺݖሻ ൌ ଵ

ଶగ
׬ ܲ
గ
ିగ ൫ݖ, ݁௜௧൯݂∗൫݁௜௧൯݀ݐ		. █ 

2.2.8   Theorem. For	0 ൏ ܲ ൑  .௉ሺܶሻ are isometricaly isomorphicܮ ௉ andܪ ,∞

Proof .Define ܪ:ܨ௉ →   ௉ሺܶሻ byܮ

ሺ݂ሻܨ																										 ൌ ݂∗ 

Clearly F is a bounded linear operator and if ݂ ∈  ௉ܪ

ሺ݂ሻ‖௉ܨ‖  ൌ ‖݂∗‖௉ ൌ ‖݂‖௉█	

2.2.9 Theorem If   0 ൏ ܲ ൑ ∞,݂ ∈ ௉, and ݂∗൫݁௜ఏ൯ܪ ൌ 0 a.e on ܶ, then ݂ሺݖሻ ൌ 0 for every 

ݖ ∈ ܷ. 

Proof   ‖݂‖௉ ൌ ‖݂∗‖௉ ൌ 0 , hence	‖݂‖௉ ൌ 0, hence	݂ ൌ 0.█ 

The space ܪଶ has a particular simple characterization in terms of power series coefficients: 

2.2.9 Theorem Suppose ݂ ∈  	ሺܷሻܽ݊݀ܪ
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݂ሺݖሻ ൌ ෍ܽ௡

ஶ

௡ୀ଴

 ௡ݖ

Then ݂ ∈ ∑ ଶ iffܪ |ܽ௡|ଶஶ
௡ୀ଴ ൏ ∞ 

Proof     for	ݎ ൏ 1, 

‖ ௥݂‖ଶ
ଶ ൌ න| ௥݂|ଶ

்
ߪ݀ ൌ න ௥݂ ௥݂

ഥ
்

ߪ݀ ൌ
1
ߨ2

න ෍ ܽ௡ݎ௡݁௜௡ఏ
ஶ

௡ୀ଴

గ

ିగ
.෍ܽ௡ݎ௡݁పఏതതതതതതതതതത
ஶ

௡ୀ଴

 ߠ݀

ൌ ෍ ܽ௡ܽ௠തതതതݎ௡ݎெ
ஶ

௡,௠ୀ଴

1
ߨ2

න 	݁௜ሺ௡ି௠ሻఏ݀ߠ
గ

ିగ
 

																																																ൌ ෍|ܽ௡|ଶݎଶ௡
ஶ

௡ୀ଴

 

																															⟹ ‖݂‖ଶ
ଶ ൌ ∑ |ܽ௡|ଶஶ

௡ୀ଴    █ 

2.2.10 Theorem  ܪଶ is a Hilbert space with inner product  

ሺ݂, ݃ሻ ൌ න݂∗൫݁௜ఏ൯݃∗ሺ݁పఏሻതതതതതതതതതത݀݉ሺߠሻ
்

ൌ ෍ܽ௡ܾ௡തതത
ஶ

௡ୀ଴

 

where	݂ሺݖሻ ൌ ∑ ܽ௡ݖ௡ஶ
௡ୀ଴  and ݃ሺݖሻ ൌ ∑ ܾ௡ݖ௡ஶ

௡ୀ଴  

Proof   i. ሺ݂, ݂ሻ ൌ ∑ |ܽ௡|ଶஶ
௡ୀ଴ ൒ 0	and  

																															ሺ݂, ݂ሻ ൌ 0	݂݂݅	෍|ܽ௡|ଶ
ஶ

௡ୀ଴

ൌ 0	݂݂݅	ܽ௡ ൌ 0, ݊	ݎ݋݂ ൌ 0,1,2,…, 

																																																	݂݂݅	݂ ൌ 0 

(ii). Let ߳ߙ₵, 

ሺ݂ߙ, ݃ሻ ൌ ෍ܽߙ௡ܾ௡തതത
ஶ

௡ୀ଴

ൌ ෍ܽ௡ܾ௡തതതߙ
ஶ

௡ୀ଴

ൌ ,ሺ݂ߙ ݃ሻ 
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(iii).ሺ݃, ݂ሻ ൌ ∑ ܾ௡ܽ௡തതതஶ
௡ୀ଴ ൌ ∑ ܾ௡ܽ௡തതതതതതതതതஶ

௡ୀ଴
തതതതതതതതതതതതത ൌ ∑ ܽ௡ܾ௡തതതஶ

௡ୀ଴
തതതതതതതതതതതതത ൌ ሺ݂, ݃ሻതതതതതതത 

(iv).Let ݄ሺݖሻ ∈ ሻݖଶ with ݄ሺܪ ൌ ∑ ܿ௡ஶ
௡ୀ଴  

ሺ݂ ൅ ݃, ݄ሻ ൌ ෍ሺܽ௡ ൅ ܾ௡ሻܿ௡തതത

ஶ

௡ୀ଴

ൌ ෍ܽ௡ܿ௡തതത

ஶ

௡ୀ଴

൅෍ܾ௡ܿ௡തതത

ஶ

௡ୀ଴

ൌ ሺ݂, ݄ሻ ൅ ሺ݃, ݄ሻ 

                                                                                                                                                                     

█ 
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																								Chapter	3	
																	Factorization	Theorems	

In this section we are concerned with the multiplicative structure of the Hardy spaces, in 

that we want to factorize a general Hardy class functions into an inner factor and outer 

factor. Here are their definitions, and theorems. 

Definition3.1 An inner function is a function ܯ ∈ |∗ܯ| ஶ for whichܪ ൌ 1 a.e on ܶ(As 

usual ܯ∗ denotes the radial limits of	ܯ) 

If	߮ is a positive Measurable functions on ܶ such that ݈ܮ߳߮݃݋ଵሺܶሻ and if 

ܳሺݖሻ ൌ ݌ݔ݁ܿ ቊ
1
ߨ2

න
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

log߮ሺ݁௜௧ሻ݀ݐ
గ

ିగ
ቋ 

for   ݖ ∈ ܷ, then ܳ is called an outer function. Here c is a constant, |ܿ| ൌ 1. 

Exercise 3.2 Every Blaschke product is an inner function.  

This follows from Theorem 2.2.3. 

But there are also some inner functions without zeros. 

Example 3.3 Suppose ݂ ∈ ஶand1ܪ ݂ൗ ∈  .ଵ, then ݂ is an outer functionܪ

Solution:-There exist	߮߳ܪሺܷሻ  such that 

݂ ൌ ݁ఝ 

⟹ |݂| ൌ ݁ோ௘ሺఝሻ 

⟹ log|݂| ൌ ܴ݁ሺ߮ሻ 

Since	݂ ∈ ∗݂ ஶ, then there existܪ ∈   ஶሺܶሻ such thatܮ

݂൫݁ݎ௜ఏ൯ → ݂∗൫݁௜ఏ൯ 
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as ݎ → 1.This implies log	 |݂ሺ݁ݎ௜ఏሻ| → log	 |݂∗ሺ݁௜ఏሻ| 

Then, log	 |݂∗| ∈   ଵሺܶሻ andܮ

log|݂ሺݖሻ| ൌ ܲሾlog|݂∗|ሿ ൌ
1
ߨ2

න ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ
గ

ିగ
logห݂∗൫݁௜௧൯ห  ݐ݀

⟹ |݂ሺݖሻ| ൌ ݌ݔ݁ ቊ
1
ߨ2

න ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ
గ

ିగ
logห݂∗൫݁௜௧൯ห  ቋݐ݀

Hence	݂ is an outer function.█ 

Theorem 3.4 Suppose	ܿ is a constant,|ܿ| ൌ  is a finite positive ߤ,is a blaschke product ܤ,1

Borel measure on ܶ which is singular with respect to lebesgue measure, and  

ሻݖሺܯ ൌ ݌ݔሻ݁ݖሺܤܿ ቄെ׬
௘೔೟ା௭

௘೔೟ି௭

గ
ିగ ݖ)                  	ሻቅݐሺߤ݀ ∈ ܷ)                                                (1)                                

Then ܯ is an inner function, and every inner function is of this form. 

Proof   Suppose (1) holds and	݃ ൌ ܯ ⁄ܤ , then  

										⟹ 					log|݃| ൌ න ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ ൫െ݀ߤሺݐሻ൯
గ

ିగ
 

										ൌ ܲሾെ݀ߤሿ ൑ 0 

Then, |݃| ൑ 1.Hence	݃ ∈  .ܯ	 ஶ, and the same is true ofܪ

Also ߤܦ ൌ 0	ܽ. ݁, since ߤ is singular (see	ሾ1ሿ,  and the radial limit of ,(7.13	݉݁ݎ݋݄݁ܶ

log	 |݃| are 0 a.e (Theorem1.3.4).since  |ܤ∗| ൌ 1	ܽ. ݁	ܽ݊݀	|݃∗| ൌ 1, we see that ܯ is an 

inner function. 

Conversely, let ܤ be the Blaschke product formed with the zeros of a given inner function 

݃	and put ܯ ൌ ܯ ⁄ܤ .Then log	 |݃| is harmonic in ܷ.since	ܯ is inner function, then  

ܯ ∈ |∗ܯ|	݀݊ܽ	ஶܪ ൌ 1	ܽ.   and ܶ	݊݋	݁

|݃ሺݖሻ| ൑ ||݃||ஶ ൌ ஶ||ܯ|| ൌ ஶ||∗ܯ|| ൌ 1	, ݖ	݈݈ܽ	ݎ݋݂ ∈ ܷ	 
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	ܽ݊݀	                |݃∗| ൌ ቚெ
∗

஻∗
ቚ ൌ 1	ܽ.  ܶ	݊݋	݁

Thus log|݃| ൑ 0.Then – log|݃| ൒ 0 

Then, by fatou theorem 

log|݃| ൌ ܲሾെ݀ߤሿ, for some positive measure ߤ	݊݋	ܶ. 

Since	log|݃∗| ൌ 0	ܽ. ߤܦ	we have ,ܶ	݊݋	݁ ൌ 0	ܽ.  .is singular ߤ so ,ܶ	݊݋	݁

Finally, 

log|݃| ൌ െන ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ
గ

ିగ
 ሻݐሺߤ݀

⟹ |݃| ൌ ݌ݔ݁ ቊെන ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ݀ߤሺݐሻ
గ

ିగ
ቋ 

⟹ |݃| ൌ ݌ݔ݁| ቊെන ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ݀ߤሺݐሻ
గ

ିగ
ቋ | 

⟹ ݃ ൌ ݌ݔ݁ܿ ቊെන ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ݀ߤሺݐሻ
గ

ିగ
ቋ 

for some constant c,|ܿ| ൌ 1.Then, ܯ is of the form (1).█  

Example 3.5 Take ܿ ൌ ܤ	݀݊ܽ	1 ൌ 1,	and let ߤ be the unit mass at t=0.Then 

݌ݔሻ݁ݖሺܯ ቄ௭ାଵ
௭ିଵ

ቅ which tends to 0 very rapidly along the radius which ends at z=1. 

Theorem 3.6   Suppose ܳ is the outer function related to ߮ as in Definition 3.1. Then 

ሺܽሻ	log|ܳ| is the poisson integral of ݈߮݃݋. 

       ሺܾሻ	lim௥→ଵ |ܳሺ݁ݎ௜ఏሻ| ൌ ߮൫݁௜ఏ൯	ܽ.  .ܶ	݊݋	݁

     ሺܿሻ		ܳ ∈   .௉ሺܶሻܮ߳߮	݂݅	ݕ݈݊݋	݀݊ܽ	݂݅	௉ܪ

Proof 

 (a). since ܳ is outer function, 
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ܳሺݖሻ ൌ ݌ݔ݁ܿ ቊ
1
ߨ2

න
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

గ

ିగ
log߮൫݁௜௧൯  ቋݐ݀

⟹ |ܳሺܼሻ| ൌ ݌ݔ݁ ቊ
1
ߨ2

න ܴ݁ ቆ
݁௜௧ ൅ ݖ
݁௜௧ െ ݖ

ቇ ݐሺ݁௜௧ሻ݀߮݃݋݈
గ

ିగ
ቋ 

										⟹ log|ܳሺݖሻ| ൌ
1
ߨ2

න ௥ܲ

గ

ିగ
൫ݖ, ݁௜௧൯݈߮݃݋൫݁௜௧൯݀ݐ ൌ ܲሾ݈߮݃݋ሿ 

Hence, log|ܳ| ൌ ܲሾ݈߮݃݋ሿ. 

(b).Since ݈ܮ߳߮݃݋ଵሺܶሻ, .൫݁௜ఏ൯ܽ߮݃݋݈ ሿ  has nontangential limit߮݃݋ሾ݈ܲ	݄݊݁ݐ  ܶ	݊݋	݁

This implies that lim௥→ଵ logหܳ൫݁ݎ௜ఏ൯ห ൌ .ܽ	൫݁௜ఏ൯߮݃݋݈  ܶ	݊݋	݁

(c).Suppose ܳ ∈   ௣.Then from Fatou’s lemma, we getܪ

            

||Q∗||୔ ൑ ||Q||୔ 

Since||Q∗||୔ ൌ ||φ||୔, hence ||߮||௉ ൑ ||ܳ||௉ ൏ ∞.therfore, ߮߳ܮ௉ሺܶሻ. 

Conversely, if  ߮߳ܮ௉ሺܶሻ,then  

หQ൫re୧஘൯ห
୔
ൌ exp ቊ

1
2π

න P୰ሺθ െ tሻ logφ୔൫e୧୲൯dt
஠

ି஠
ቋ 

൑
1
ߨ2

න ௥ܲ

గ

ିగ
ሺߠ െ  					ݐሻ߮௉൫݁௜௧൯݀ݐ

⟹නหܳ൫݁ݎ௜௧൯ห
௉
ߪ݀ ൑ න ቆ

1
ߨ2

න ܲሺߠ െ ݐሻ௥߮௉൫݁௜ఏ൯݀ݐ
గ

ିగ
ቇ

்்
 ߪ݀

ൌ
1
ߨ2

න ቆන ௥ܲሺߠ െ ߪሻ݀ݐ
்

ቇ
గ

ିగ
߮௉൫݁௜௧൯݀ݐ 

ൌ
1
ߨ2

න ቆ
1
ߨ2

න ௥ܲሺߠ െ ሻݐ
గ

ିగ
ቇߠ݀

గ

ିగ
߮௉൫݁௜௧൯݀ݐ 
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ൌ
1
ߨ2

න ߮௉ሺ݁௜௧ሻ
గ

ିగ
ݐ݀ ൌ න߮௉݀ݐ ൌ ||߮||௉

௉

்
 

⟹ ||ܳ௥||௉ ൑ ||߮||௉ ൏ ∞, ܲ	ݎ݋݂ ൏ ∞ 

ܲ	ݎ݋ܨ ൌ ∞		is trivial.therfore,ܳ ∈  █.௉ܪ

Theorem 3.7 Suppose	0 ൏ ܲ ൑ ∞, ݂ ∈ ݂ ௉ , andܪ ≢ 0.Then	log	 |݂∗| ∈  ଵሺܶሻ, the outerܮ

function 

ܳ௙ሺݖሻ ൌ ݌ݔ݁ ቊ
1
ߨ2

න
݁௜௧ ൅ ݖ
݁௜௧ െ ்ݖ

log	  ሺ1ሻ																																																																																				ቋݐ݀|∗݂|

is in ܪ௉, and there is an inner function ܯ௙ such that 

݂ ൌ  ሺ2ሻ																																																																																																																																													௙ܳ௙ܯ

Furthermore, 

log|݂ሺ0ሻ| ൑
1
ߨ2

න log	 |݂∗ሺ݁௜௧ሻ|
గ

ିగ
 ሺ3ሻ																																																																																														ݐ݀

Equality holds in (3) if and only if ܯ௙ is constant. 

The functions  ܯ௙		ܽ݊݀	ܳ௙ are called the inner and outer factors of	݂, respectively. 

Proof   We assume first that	݂ ∈  ݂ is a Blaschke product formed with the zeros of ܤ ଵ.Ifܪ

and if ݃ ൌ ݂ ⁄ܤ  

Then, by F.Riesz lemma,݃ ∈  .௉  and ||݃||ଵ and ||݃||ଵ=||݂||ଵܪ

Since	|݃∗| ൌ |݂∗|	ܽ.  .݂ it suffices to prove the theorem with ݃ implice of ,ܶ	݊݋	݁

So Let us assume that ݂ has no zeros in ܷ and that ݂ሺ0ሻ ൌ 1 

Then log|݂| is harmonic on ܷ, log	 |݂ሺ0| ൌ 0,and since 

݃݋݈ ൌ  ି݃݋ାെ݈݃݋݈

Then 
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0 ൌ log|݂ሺ0ሻ| ൌ
1
ߨ2

න log	 |݂ሺ݁ݎ௜ఏሻ|݀ߠ
గ

ିగ
 

⟹
1
ߨ2

න ି݃݋݈
గ

ିగ
ห݂൫݁ݎ௜ఏ൯ห݀ߠ ൌ

1
ߨ2

න |௜ఏሻ݁ݎା|݂ሺ݃݋݈
గ

ିగ
ߠ݀ ൑ ||݂||଴ ൑ ||݂||ଵ ൑ ∞													ሺ4ሻ 

for all	0 ൏ ݎ ൏ 1. 

It now follows from Fatou’s Lemma that both logା|݂∗|  ଵሺܶሻ, henceܮ are in 	|∗݂|ି݃݋݈݀݊ܽ

so is log	 |݂∗|. 

This shows that the definition (1) makes sense. By Theorem 3.6 (c),ܳ௙ ∈  ,ଵ.Alsoܪ

|ܳ௙
∗| ൌ |݂∗| ് 0	ܽ. ݁.since log|݂∗| ∈  .ଵሺܶሻܮ

If we can prove that 

|݂ሺݖሻ| ൑ หܳ௙ሺݖሻห							ሺݖ ∈ ܷሻ																																	ሺݖ ∈ ܷሻ																																																								ሺ5ሻ 

Then݂ ܳ௙⁄  will be inner function, and we obtain the factorization (2) by putting ܯ ൌ ݂
ܳ௙൘ . 

Since	logหܳ௙ห ൌ ܲሾlog	 |݂∗|ሿ, (5) is equivalent to the inequality 

log|݂| ൑ ܲሾlog|݂∗|ሿ,																																																																																																																								ሺ6ሻ		 

which we shall now prove. 

For |ݖ| ൑ 1 and 0 ൏ ܴ ൏ 1, 	ݐݑ݌ ோ݂ሺݖሻ ൌ ݂ሺܴݖሻ 

Fix ݖ ∈ ܷ.Then log| ௥݂ሺݖሻ| ൌ ܲሾ݈݃݋ା| ோ݂|ሿሺݖሻ െ ܲሾ݈ି݃݋| ௥݂|ሿሺݖሻ. 

Since |݈݃݋ାݑ െ |ݒି݃݋݈ ൑ ݑ| െ  for all real numbers u and v, and since |ݒ

 || ோ݂ െ ݂∗||ଵ → ܴ	ݏܽ	0 → 1(Theorem 2.2.7), the first Poisson integral in (7) converges to 

ܲሾ݈݃݋ା|݂∗|ሿ, as ܴ → 1.Hence Fatou’s lemma gives  

ܲሾ݈ି݃݋|݂∗|ሿ ൑ lim
ோ→ଵ

݂݅݊	ܲሾ݈ି݃݋| ோ݂|ሿ ൌ ܲሾ݈݃݋ା|݂∗|ሿ െ log|݂|,																																										ሺ8ሻ 

which is the same as (6). 
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       We have now established the factorization (2).If we put z=0 in (5) we obtain 

(3);equality holds in (3) if and only if |݂ሺ0ሻ| ൌ |ܳ௙ሺ0ሻ| if and only if 

 หܯ௙ሺ0ሻห ൌ 1, this happens only when ܯ௙ is a constant. 

 This completes the proof for the case	ܲ ൌ 1. 

If	1 ൏ ܲ ൑ ∞, ௉ܪ	݄݊݁ݐ ⊂ ܳ௙	ଵ, hence all that remains to be proved is thatܪ ∈   ,௉ܪ

by Theorem 3.6(c). 

Theorem 2.2.6 reduces the case ܲ ൏ 1 to the case ܲ ൌ 2.█ 
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