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INTRODUCTION

This paper begins with the classical representation theorems for certain class of harmonic
functions in the unit disc, together with some basic results on boundary behavior and some

discussion of subhamonic functions.

The Hardy spaces are certain space of holomorphic functions on the unit disk. They were
introduced by Frigyes Riesz (Riesz 1923), who named then after G.H.Hardy, because of the
paper (Hardy 1915)

The Hardy space H? for 0 < P < o is the class of holomorphic functions f on the open
unit disk U satisfying

r-1

1 T ) 1/P
sup{ﬁ | If(re‘e)lpde} = Ifllp <

and H” is the class of bounded holomorphic functions on the unit disk .

The paper shows that H? is a vector space and when P > 1, H? is a Banach space with

norm ||. || p.
Fatou’s theorem showed that each harmonic function u on U such that

sup [lu llp <o
0<r<1

for 1 < P < oo has a non-tangential limits f(e‘®) almost everywhere on T, where T
denotes the unit circle which we equip with normalized Lebesgue measure .Also u can be

expressed as the Poisson integral of f.

After introducing Blaschke product and F.Riesz theorem this paper shown that every
function f in H? for 0 < P < oo has nontangential limits f* € LP(T) almost everywhere

on T ,and t f(z) = 0 if its boundary function vanish on a set of positive measure: Moreover

Iflle =17l

Finally, for 0 < P < o, every non-zero function f in H? can be written as the

product f = MQ, where M is an inner function and Q is an outer function.
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Chapter 1

Preliminaries

As a preparation, we discuss some facts about harmonic function, Poisson integral formula,
nontangential Maximal function and nontangential limits, subharmonic functions on a unit
disc.

1.1. Harmonic function.

1.1.1. Definition. If G is an open subset of C then a function u: G — R is harmonic if u has

continuous second order partial derivatives and

0°u  0%u

a0

A complex function f in the open set G is called harmonic if both its real part and its

imaginary part are harmonic in G.

To prove Theorem 1.1.2 we use Theorem 2.29 in John B.Conway [2], page 42.
1.1.2 Theorem. Every holomorphic functions are harmonic.

Proof Suppose f is holomorphic in the open set G and

u(x,y) = Ref(x + iy),v(x,y) = Imf(x + iy) forx +iyinG.

Then u and v satisfy the Cauchy-Riemann equation

u v ou v
=——and —=—

ax dy dy ox '’

and u and v have continuous second partial derivative. Differentiating the Cauchy-

Riemann equations again we get

0%u B d0%v 4 d0%u 3 d0%v
B an 02y dydx

2x  9xdy



0°u  0%u
"=

+
d0%x 0%y
Hence u is harmonic, similarly v is also harmonic, so is f.l

1.2. Poisson integrals.

1.2.1. Definition. The function

o0

P.(6) = Z rinlgin®

for0 <r < 1and —oo < 0 < wo,is called the Poisson Kernel.

Letz =re'®,0 <r < 1; then

1+ ret? -
m= (1+Z)(1+Z+Z2+"') = 1+22Zn
n=1
=142 Z rheind
n=1
Hence,
1+ rei@ N n N n (,ind —in6 N |n| ,in6
Re PR =1+22r cosn9=1+2r (e +e )=Zr e™ = P.(0)
n=1 n=1 —00
14retf 1+ret0—re=i0 12
Also —z = e S0 that
1—1?
Pr(e) =

1 — 2rcosO + r?

1.2.2 Theorem The Poisson Kernel satisfies the following

(@5, /7 P (6)d6 = 1;



(b). B.(8) > 0 forall 8, P.(—8) = P.(6) and P, is periodic in 8 with period 21;
(©).B(0) <B.(6)if0<d<|f|<m
(d).for each § > 0,lim,._,;- P.(8) = 0 uniformly in 6 forT > || = §.

1.2.3. Definition. Let T is the boundary of U and if f € L*(T),
. 1 (" .
F(re®) = —f P. (6 —t)f(e')dt (1)
2r J_,

then the function F so defined in U is called Poisson integral of f. We shall sometimes

abbreviate the relation (1) to

F = P[f]

Note:-Theorem 1.2.5 will provides the solution of a boundary value problem( namely the
Dirichlet problem).A continuous function f is given on T and it is reguired to find a
harmonic function F in U whose boundary values are f.The theorem exhibits a solution, by

the means of the Poisson integral of f. To do this first we need the following theorems.
1.2.4 Theorem If f € L*(T) then the Poisson integral P[f] is a harmonic function in U.
Proof Without loss of generality assume f is real valued function.

If0<r<1then

1

PIFI(re®) = o | RO - Of ()t

2T

-1

1 (™ 1+ ret®-0 .
o [P e

1 (Telt+ref
e(an_ﬂelt—rewf(e ) )

So defined g: U — R by



1 (Felt+z .
- it
9(2) 27J_neit_zf(e )dt

Since P[f] = Re(g) we need only show that g is holomorphic on U. But this is a

consequence of Leibniz’s rule which is stated and proved in John B.Conway [2], page 73..

1.2.5 Theorem Suppose f:T — R is a continuous function then there is a continuous

function u: U - R such that
@uz)=f(z)forallz €T
(b).u is harmonic in D.

Moreover u is unique and is defined by

u(ret?) = %f_”n P.(6 — t)f(e't)dt 1)
for0<r<10<6 <2m.

Proof Define u: U — R by letting u(re®®) bein (1) if 0 < r < 1 and u(e'®) = f(e')

Clearly u satisfies part (a) and from Theorem 1.2.4 u is harmonic on U; it remain to show

that u is continuous on U.This is also proved in John B.Conway [2], page 253..

1.2.6 Corollary If u: U - R is a continous function that is harmonic in U then

u(ret?) = %fipr(e — Du(e)dt

for 0 <r < 1and all 8.Moreover, u is the real part of the holomorphic function

Telt 4 7

_gelt—z

f@) =5 u(e)de

Proof From Theorem 1.2.5 the first part of the corollary is a direct consequence and the
proof of Theorem 1.2.4 proved that u(z) = Re(f(z)) and f is holomorphic.l



1.2.8 Boundary Behavior of Poisson integrals

Our next objective is to find analogues of Theorem 1.2.5 for Poisson integrals of
LP —functions and measures on T.Let us associate to any function v in U a family of

functions u,. on T, defined by
u,(e??) = u(re'?) ,(0<r<1) (1)

Thus u, is essentially the restriction of u to the circle with radius r and center 0, but we

shift the domain of u, to T
Using this terminology, Theorem 1.2.5 can be state in the following form:

If f is continoueson T and F = P[f], then F. — f uniformly on T,as r — 1.In other

words,
Im || — flle =0 (2)
This implies of course that

Li_{rllFr (ei®) = F(ei®)

at every point of T .we call f is the radial limits of F.As regards (2), we shall now see

(theorem 1.2.9) that corresponds norm-convergence result is just as easy in LF.
1.2.9 Theorem If 1 < P < oo, f € LP(T) and U = P[f], then
llwrllp < |IF1],, 0<r<1 (1)

If1 <P < oo, then

lim [[, = £l = 0 )
Proof now
1 (T .
uy(e0) = — f PO — ) f(e™t)dt 3)
2r J_,

If we apply Jensen inequality (or Holder’s) to (3) we obtain



. 1 (" .
[u ()" < o= | BO-0|f(e)] at
-1

1 T i P 1 s 1 T . P
N i0 - L it 3
= 27Tj_ﬂlur(e )| do < an_n lZﬂj_nlf(e )| PL(6 t)dtl do

1 (*[1 (" .
< %LT lﬁf_ﬂpr 0 - t)del If (ei)|Pdt

1 (™ .
-1 f ()Pt = f F1Pdo = [If1]]
= lwllp < [If1ls

To prove (2), since C(T)(a family of continues function) is dense in LP(u),1 <P <
Suppose f € LP(u),1 < P < oothen for each € > 0, there is g € C(T) suchthat
llg = fllp <e
Letv = P[g].Then
w—f=-v)+@—-g)+@-f
By (D llur = vellp = [l = v)illp < [If —gllp < ¢
Thus, [|uy = fllp < llur = vellp + llvr — glle + llg = fllp
<2+ |y — gllw . forallr < 1.
Take limitr - 1, we get

lim [|u, — fl[p < 2¢
r-1

Since lim,_4||v, — glle = 0,by formula 1.2.8(2)

Hence, lim,_, ||, — f||p = 0. ]



1.2.10. Poisson integrals of Measure

If u is a complex Measure on T, and if we want to replace integrals over T by integrals over
intervals of length 27 in R, these intervals have to be taken half open, because of the
possible presence of point masses in u.To avoid this problem, we shall keep integration on

the circle in that follows, and will write the Poisson integral u = P[du] of u in the form

u(z) = fP(z,eit) du(e®) ,ZEU
T
. _ 2
Where P(z,e't) = l:itl_zzllz,

The proof of Lemma 1.2.4 applies without change to Poisson integrals of measures. Thus

u is harmonic in U.

Setting ||u|| = |u|(T),the analogue of the first half of Theorem 1.2.9 is

1 . 1 (™ _ '
lull = [ laCre )l a0 =5 || [ plare) au(er)| | ao
1 (" o ,
<% U 'P(re”'e“)||du(eﬂ)lld9
2m -1 LYT
1[(" o ,
- f _U P(re®,e') dgl |du(e™)], by Fubini's theorem.
r2m|J)_,

- fmm (eit) = ul(T) = |Iull-
T

1.3. Nontangential Maximal Functions and Nontangential limits

For 0 < a < 1, we define 2,e to be the union of the disc D (0: @) and the line segments

from z = et to points of D(0: a).

1.3.1 Definition If 0 < a < 1 and u is harmonic function on U,its nontangential Maximal

function N, U is defined on T by

(Now)(e't) = sup {|u(2)|: z € ''0,}



Similarly, the radial maximal function of u is
(Myqqw)(e) = sup{|u(ret)]:0 < r < 1}.

The set {e': (Nu)(e™) < A} = {e't: [u(2)| < 4, zeN,e"} is closed subset of T for each

positive A. so is {e: (M,qqu)(e) < A}.

Consequently, (N,u and M,.,,u are lower semicontinous on T) In particular, they are

measurable.
Clearly, M,.,4u < N,u, and the latter increases with «.

Let us replace ordinary Lebesgue Measure mon T by o = m/27r .Then o is a rotation-

invariant Positive Borel Measure on T,so normalized that o(T) = 1.

Accordingly, My, is now defined by

as the open arcs I < T Shrink to their center e,

1.3.2 Theorem Assume 0 < a < 1.Then there is a constant ¢, > 0 with the following
Property: if u is a positive finite Borel measure on T and u = P[dy] is its Poisson integral,

then the inequalities
ca(N,w)(e'f) < (Mmdu(eie)) < My(e'®)
hold at every point e‘® € T.

1.3.3 Definition A function F, defined in U is said to have non-tangential limit A at e €T

if foreach a < 1,

lim F(z) = 2
]—)00

for every sequences {z;} that converge to e'® and that lies in e’?.2,,.



The next theorem state and prove in rudin real and complex analysis [1] page 243.

1.3.4 Theorem if u is a positive Borel measure on T and (D) (e"") = 0 for some 8, then

its Poisson integral u = P[du] has nontangential limits 0 at e®.

1.3.5 Theorem If £ € L*(T), then P[f] has nontangential limit f(e%®) at every Lebesgue
point e'? of f.

Proof Suppose e is a lebesgue point of £.By substituting constant from f.We may

assume without loss of generality, that £ (e*®) = 0.Then

1

limmflmda =0 (1)

as the open arcs I c T shrinks to their centere®®.

Define a Borel measure u on T by
wE) = [ Ifldo
E

Then (1) says that (Du)(e™®) = 0;hence P[du] has nontangential limit 0 at e, by

Theorem 1.3.4.The same is true of P[f], because
IPf1I < P[If]] = Pldu]. 0
The last two Theorems can be combined as follows.

1.3.6 Theorem. If du = fdo + dN; is the Lebesgue decomposition of a complex Borel
measure u on T, where f € L*(T), N; L o,then P[du] has nontangential limit f(e'?) at

almost all points of T.

Proof:-Apply theorem 1.3.4 to the positive and negative Variations of the real and

imaginary parts of N ,and apply Theorem 1.3.5 to f.l

Here is another consequence of Theorem 1.3.2.

10



1.3.7 Theorem For0 <a <1 and1 < P < oo, there are constants A(«, P) with the

following properties:
(@).1f u is a complex Borel measure on T, and u = P[du],then

A(a,1)
7 Ikl (0 <A <o)

o(Nyu> A1) <

(b).If 1 < P < oo,f € LP(T),and u = P[f],then

[INoullp < A, P)IIf|lp
Define hf = {u:u is harmonic in U and supgc,<; ||uy||p = M < o0}
1.3.8 Theorem (fatou’s) Suppose u € h* ,1 < P < o0, and

(a).1f P = 1,it follows that there is a unique complex Borel Measure p on T so that
u = Pldu].

(b).If P > 1, it follows that there is a unique f € LP(T) so that u = P[f].

(c).Every positive harmonic function in U is the poisson integral of a unique positive Borel

Measure on T.
The general proof is contained in [1], page 247.
1.3.9 Corollary If u € h? , then u has nontangential limit a.e on T.

Proof From the above theorem there is an f € L?(T) so that u = P[f]. Then by Theorem

1.3.5 u has nontangential limit f a.eon T

1.4 Subharmonic functions

1.4.1. Definition A function u defined in an open set 2 in the plane is said to be

subharmonic if it has the following four properties.
(@).—0 < u(z) < ooforall ze N

(b).u is upper semi continous in Q.

11



(c).whenever, D(a,r) c 2, then
1 (" .
u(a) < %f_nu(a +re®)do

(d).None of the integrals in (c) is —oo.

Note that the integral in (c) always exist and are not +oo since (a) and (b) imply that u is
bounded above on every compact K < Q[proof: If K,, is the set of all z € K at which
u(z) = nthen K o K; o K, o -+ s0 either K,, = @ for some n, or N K,, # 0, in which case

u(z) = oo for some z € K.].hence (d) says that the integrand in (c) belong to L*(T).
Every real harmonic function is obviously subharmonic.

1.4.2 Example If Qisaregionand f is holomorphic on 2, and f is not identically zero,

then log |f| is subharmonic.

Solution Letu(z) =log|f(z)| and u(z) = —o if f(z) = 0.

First to show u is upper semi continous.

LetA={zeN:ulz) <a}={ze€N:loglf(2)| < a} = {ze: |f(2)| < e*}
Since f is holomorphic, hence A is open.

Therefore, u is upper semicontinuous

The next lemma and two theorems show that u is subharmonic.

1.4.3 Lemma %foznlog |1 —e|do = 0.

1.4.4 Lemma suppose 2 =D(0.R), f € H(2),f(0) £ 0,0 <r <R,and ay,a, ay are

the zeros of £ in D(0,7), listed accordingly to thier multiplicities.Then

N
1 (" .
I£(0)] H|ar_| = exp {E f ol (re’) de}.

This is known as Jensen’s formula.

12



1.4.5 Theorem If f is a holomorphic bounded function on w, f is not identically 0, define

1 (" .
N,.(f) = E,f_ 10g|f(re‘9)| do 0<r<1 @Y

and

1 (™ )
N*(f) = E,f_ log f*(e‘9)| do (2)

Where f* is the radial limit function of f.Then
N.(f)SN(f)ifo<r<s<1
N (f) = log|f(0)] asr—0
Note the following consequence: One can choose r so that f(z) # 0 if |z| = r; then

N,.(f) is finite, and so is N*(f), by (5).thus log|f*| € L*(T), and f*(e®) # 0 at almost

every point of T.

Proof There isan integer m > 0 such that f(z) = Z™g(z),g € H*,and g(0) # 0.Apply
Jensen’s formula theorem 1.4.4 for g in place of f .Its left side obviously cannot decrease

if r increases.
Thus N,.(g) < N,(g) ifr <s.

Since

1 (" .
M) =5 | log IrI™ lg(re®)Ido
-1

1 (" 1 (" .
= %f_nmlogr + %f_nlog lg(ret®)|d6

= mlogr + N;(g) < mlogr + Ns(g) = Ns(f)
Hence N,.(f) < N;(f), we have provided (3).

Let us now assume without loss of generality that |f| < 1, write £.(e'®) in place of

f(re®).Thenf. —» f(0)asr > 0aeasr — 1.

13



Since log (1/|f |) > 0,then by fatous lemma

IA

L ( 1 )de I 1jn1 (1 )de

1 1 1 |

2n ) 8\l 40 = 1%2x )08 Y g ey
Then, lim, o — " log|f(re™)| d6 < log |f(0)|

Hence, N,.(f) — log |f(0)]as r — 0

and,
1 (" 1 ("
— | lo wr ipn)dl < lim—j lo 9x)d0
znf_n 8C/1prreiy) 0 =137 | 18 /i ey
1 (™ . 1 (™ .
3 l < * l
:>1rl£q—2nf_nlog If.(e]d6 < —an_nlog If*(ei®]do
1 (™ .
. - o
= lim N, (f) < —an_nlog If*(e|d6

Hence, N,.(f) < %ffnlog If*(e®]d6 , for 0 < r < 1.

Since N, is increasing of 7]

1.4.6. Theorem. If u is subharmonic in £2, and if ¢ is a monotonically increasing convex

function on R,then @ou is subharmonic.

Note. To prove this we use Jenson inequality which is stated and proved in Walter rudin [1],

page[62] we will state as again.

Let u be a positive Measure on a g-algebra in a set Q, so that u(2) = 1.If f is a real

function in L*(w),if a < f(x) < b for all xef2, and if ¢ is convex on (a, b), then

<p<fﬂ(<p0f)du> < L(prf)du

Proof To show @ou is upper semicontinuous.

Let A={x: pou(x) < a} = {x: p(u(x)) < a} = {x:u(x) < B, for B such that a = p(B)}

14



Since U is harmonic.Then A is open, for each a.
Hence @ou is upper semicontinuous.

Next, if B(a,r) c 2, we have

u(a) < if_"nu(a +1re'?)do (1)

o (@) < ¢ % [ u(a+ re®)ao )

-TT

1 (" .
< ﬁf pou(a +re'®)do (2)
-t

The first inequality (2) holds since ¢ is increasing and u is subharmonic and the second

follow from the Jenison’s inequalities.J|j

1.4.7 Example If Q is aregion, f € H(2) ,and f is not identically 0,then
log*|f| = max {log|f],0} and || (0 < P < o) are subharmonic.
Solution Let us define

@(t) = max {t,0} and y(¢t) = e®*

Clearly, ¢ and v are increasing convex function on R* and let u(z) = log|f (z)|,then u is

harmonic in 2.Then by above theorem
pou = ¢(log|f|) = max{log|f|,0} = log™|f| and
pou = p(log|f]) = '8 /I = |£|P are subharmonic in Q. |}

1.4.8 Theorem Suppose u is a continous subharmonic function in Q, K is a compact
subset of Q, h is a continuous real function on K which is harmonic in the interior V of K,
and u(z) < h(z) for all zeK.

Proof Putu, = u — h, and assume to get a contradiction, that u,(z) > 0 forsome z € V.

Since u,4 is continuous on K,u; attains its maximum M on K; and since u; < 0 on the

boundary of K, the set E = {z € K:u,(z) = M} is a compact subset of V.

15



Let z, be a boundary point of E.Then for some r > 0, we have B(zy; ) c V,but some

subarc of the boundary of B(z,; r) lies in the compliment of E. Hence
u(z2) =M > %ffn uy(zo + ret?)do,

and this means that u, is not subharmonic in V. But if u is subharmonic, so is u — h and we

have our contradiction JJj

1.4.9 Theorem Suppose u is a continuous subharmonic functions in U, and

M(r) = %fnu(reie) ae 0<r<1)

-7

If r, <r,thenm(ry) < m(ry).

Proof Let h be the continuous function on B(0; ;) which coincides with u on the

boundary of B(0; ;) and which is harmonic in B(0; r,).By above theorem,

u < hin B(0;7,).Hence

m(r) < — [ 7 h(rye'®) = h(0) = = [" h(r,e'®) = = [" u(re®) = m(r,). i

16



CHAPTER 2
BASIC STRUCTURE OF HP —SPACES ON THE UNIT DISC

2.1. Introduction of H? space
Hardy spaces (or Hardy classes) H” are certain spaces of holomorphic functions on the unit

disc or on the upper half plane, but this paper concentrated on the unit disc.

Throughout this section we shall use the notation U={z:|z| <1}, T={z:|z| =1}

H(U) = the collection of all holomorphic function defined on U.

If £ is any continous function with domain U and we let o lebesgue measure on T, so
normalized that o(T) = 1 we define f,.(0 <r < 1):T — ( such that

fr(e%) = f(re')
Clearly foreachr,0 <r <1, f, is measurable onT.

Accordingly, Lp norms will refer to L? (¢).In particular,

Yp
||ﬂ||p={f|ﬁ|"da} 0 <P <o)
1o = supe If; (10)]

and we also introduce

[1frllo = exp {flog+|ﬂ| da}

,where log*|f,.| = max{0,log|f,|}

2.1.1 Definitions If 0 < P < oo,define

HP = {f:U > CfeHWand sup |fllp < oo}

0=sr<i1

and

N = {f:U - ¢:f € HU)and sup |If]]| < 00}
0sr<1 0

17



If feHW)and0 < P < oo, we put
Ifllp = sup {lIfrllp:0 <7 < 1}

Remarks:

1

(a).lf0<S<K<oo,thenH°°CHKCHscN.ToseethisletP=§>1 and $=1—p

If f € HX then by Holider’s inequality

Yp Yq
115 = flfrlsdff < {f(lfrlS)P} -{flllq} = Ifll%

= Iflls < lIfllk
hence f € HS.

(b).When P < 1, Example 1.4.7 and Theorem1.4.9 show that [|f;||p iS an increasing
function of r, for every f € H(U);When P = oo, the same follows from the maximum

modulus theorem. Hence
Ifllp = Lim|lf-]lp
r-1

2.1.2 Theorem If f,g € HP(0 < P < ), then f + g € HF

Proof: If f and g are in H? then

1GF + @lls = j I(f + 9)IPdo
T
< - . Pa
<fT(|f|+|g )P do
< f(Zmax (A + 1g-D)F do
T

Szpflfrlpda+2pf|grlpda
T T

< 2" 115 + 2%l g-I1p

18



If we take limit r — 1, the right side converges to 2P||f||5 + 2P||g||5 it is finite, so
f+gen’ |}
2.1.3Theorem If1 <P < oo ||.||p isanormin H?,

Proof formula 1 show one condition of a norm.

1
i fllp = supr_,l{fTIfrIPda} I _ 0iff fTIfrIPda =0,for0<r<1

iff IIF=0for0<r<1
ifff=0

ii. If aeC and feH?, then
f'(“ﬂr"’da = |a|”f|fr|Pda
T T

= lafllp = lalllfllp < oo
ii. if0<r<1,

NCF + Drlle = I+ + grlle < Ifllp + llgrllp
asr — 1,we obtain

I +glle = lIfll- + gl -l
Actually HP is a vector space for 0 < P < oo,
2.1.4 Theorem For 1 < P < oo, H? is a Banach space.

Proof: We have seen from the above theorem that H? is a normed space, we suffice to show

that it is complete.
Suppose {f,} is a cauch sequence in H?, let |z| < R < 1, and apply the Cauchy formula to
fn — fm, integrating around the circle of radius R with center 0.

Lety(t) =Re®,—-m <0 <m
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FUO) ~fu®) = [

w—2Zz

Rlele f (fn — fm)(Rele)

Ret® — z
forall |z]| <R

Then,

fm) (Re™))|
g d6

D) = @] < o j |

1 T .
= mj_J(ﬁ — fm)(Re')|d6
1
= 2= (G~ Fodildo
1
= ﬁ”(fn — fmrlly
1
< ﬁ”(fn — fudrllp

1
< =—llfu = funllo

from which we conclude that {f,,} converges f € H(U).

Given e > 0, thereisan N such that ||f,, — finllp < €

Now fix n > N and, letting m — oo and, then for every r < 1,

(= Pelle = Nimpo0 (e = frdrllp = limpoooll(fo = fidrllp < €

= lfa—fllp<e

Hence f, — f € HP,sois f and ||f — ful|lp » 0 asn —> oo ]
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2.2 Boundary behavior of Poisson integrals and some properties of H? - Spaces

2.2.1 Theorem If f € HP(1 < P < ) then the nontangential limit exist a.e on T.

Proof Since holomorphic functions are harmonic, by fatou’s theorem f has nontangential
limit f* € LP(T) almost every point of T.l

We have seen a harmonic function in h? have a radial limit in almost every direction. The
above theorem also shows that the same is true for H” functions (1 < P < o0).Surprsingly,

this section will show that itis true for0 < P < 1.

First let us introduce the definition of Blaschke product and some theorems corresponding

to Blaschke product. Blaschke product plays an expanding role in this chapter

A finite Blaschke product is a function of the form

n

B@) =e?| [
L 11 -2z
Jj=1

, Where @eR and |z;|<1 for j = 1,2,3, ..., n.Itis easy to verify that B has the following

properties.

(a).B is analytic in U and continous in U.
(b).|B| = 1 on the boundary of U

(C).B has zeros at z; z, ...,z only.

This section will show that the zeros of any f € HF can be divided out without increasing

the norm of f.First let as see some lemmas taken from Walter rudin [1].

We shall see Szego lemma that the zero of any f € N satisfies the Blaschke condition

i(l — lay|) < co.

Hence the same is true in H? becouse HF < N.

2.2.2 Lemma(G. Szego) . Suppose f € N, f is not identically 0 in U, and a4, a; _are the

zeros of f, listed according to their multiplicities, then
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i (1= lay]) <o
n=1

2.2.3 Lemma. Let {a, }is a seguence in U such that a,, # 0 and

[oe)

D -lanh <o (1)

n=1

Let k is a nonnegative integer,and if

B(z) = z* 1—[1 o |05n|' (z € U)

aAnZ ay

,then|B(2z)| < 1,vz € U,|B| = 1onT,and B has no zeros exept at the points

a, € U (and at the origin, if k > 0).We call this function B an infinite Blaschke product.
Note that some of the a,, may be repeated, in which case B has multiple zeros at those

points.
The term Blaschke product” will also be used if there are only finitly many

factors, and even if there are none, in which B(z)=1.

2.2.4 Lemma. If B is a Blascke product, then ®)=1a.eand

1 (" .
lim—f l0g|B(re19)| dé =0
2 -

2.2.5 Theorem (F.Riesz) Suppose f € N, f is not identically zero, and B is the Blaschke

product formed with the zeros of f.Put g = f/B .Then g € N and

lgllo = Ifllo Moreover,if f € H?,then g € H? and

llgllr = lIfllp(0 < P < o)

Proof .Note first that
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lg(@)| = |f ()] (zeU) (1)
In fact, strict inequality holds for every z € U, unless f hasno zeroin U and g = f.
If s and t are nonnegative real numbers, the inequality
log*(st) < log*s + log™t (2)

holds since the left side is 0 if st < 1 and is logs + logt if st > 1.

Since |g| = lfl/IBI' (2) gives

1
log*lgl < log*If| + log* ||

= log*|gl < log*|f| — log|B(re®)|
= log*|g(re®?)| < log*|f(re?)| — log|B(rei)|,0 <r < 1.

Now integrate both side on T and take limit onr,we get

lirrlljlog+|gr(ei9)|d0 < lirrllflogJ“IfrIda— lirrlljlog|B(rei9)|da
Tr— r— Tr—
T T T
= lilmf log*|f,|do ,by Theorem 2.2.4.
-
T

Hence, |1gllo < lIfllo,and from (1),[1gllo = IIfllo

Therefore, ||f|lo = |lgl| and g € N.

Now suppose f in H? for some P.let B, be the finite Blaschke product formed with the
first n zeros of f, (we arrange these zeros in some sequence, taking multiplicities into

account).

Put g, = /Bn’ for each n, | B, (ret®)| - 1 uniformly, asr - 1.

23



Hence ||gn||P = ||f||P asn — o, |g,| increases to |g|,so that

llgrlle = lm [1(gn)rllp (0 <7< 1) 3)
by the monotonic convergence theorem.

Then right side of (3)is at most ||f| |P,for all v < 1.1f we letr — 1, we obtain

Hgll, < 1fllp
However, |g(2)| = |f (2)|, for all z € U, so we have equality Jjj

2.2.6 Theorem. Suppose 0 < P < oo, f € HP, f is not identically zero, and B is a Blaschke

product formed with the zeros of f.Then there is a zero free function h € H? such that
f=B.h/p (1).
In particular, every f € H' is a product
f=gh (2)
in which both factors are in H2.
Proof Suppose f € H?(0 < P < 0).Then by theorem 2.2.5
f/B € H” and |If/Bllp = |If]lp

Since f/B has no zero in U, and U is simply connected, there exists geH (U) so that

exp(p) = f/B (This is taken from Walter rudin [1], theorem 13.11).Put h = exp(P(p/z).

Then, h € H?, and
f =B.h?? For P = 1,then f = Bh?* = (Bh).h
Put g = Bh.Then, g € H(U) and

lgll2 = [[BR]|z < [[R]]z < o
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Hence g € H? , and we obtain (2) JJ]

We can now easily prove some of the most important properties of the H” _spaces.
2.2.7 Theorem If 0 < P < coand f € HF, then

(a). the nontangential Maximal function N, f are in L?(T), forall « < 1

(b). the nontangential limits f* exists a.e on T, and f* € LF(T);

(€). limy_qllfr = f*llp = 0, and

@ 11/~ = Nflle.

Moreover if f € H! then f is the Cauchy integral as well as the Poisson integral of f*.

Proof We begin by proving (a) and (b) for the case 1 < P < oo. Since every holomorphic
function are harmonic, then by fatou’s theorem there is a function f* € LP(T) such that
f = P[f”] and by theorem 1.3.7 there is a constant A(«, P) such that

[INefllp < A, P) |If*|lp < o

Hence N, f are in LP(T)(forall a < 1), and f*(e'®) is the nontangential limit of £ at

almost every e® e T, by Theorem 1.3.5.
If 0 < P < 1and f € HP then there is a zero free function h € H? such that
f = B.h/? M
where B is a Blaschke product formed with the zeros of f, by Theorem 2.2.6.
since |f] < |k|*/? in U, it follow that
(Nof)P < (Ngh)?

So that N, f € LP(T), because N h € L?(T).
Similarly, the existence of B* and h* a.e on T implies that the nontangential limits of f

(call them f™*) exista.eon T and
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(e = [lim,_, f(re®) |=lim,_, |f(re®)| < N, f(e?), foreach@,0 < a < 1.

:flf*lpdasf(Naf)Pda<m

Hence, f* € LP(T) . This proves (a) and (b) for 0 < P < oo.
To prove (c), since f, > f* a.e,asr - 1 then |f, — f*|°P > 0asr - 1 and
Ify = 117 < 2P (Naf)F.
Then by dominated convergence theorem

0= fm —f*IPdo = [If* = £ 1IF

T

Hence lim,; ||f*=f¢[lp = 0
To prove (d), If P > 1, then from (c)

lim|[|f* = fillp =0
r-1

= |lim ||f*|lp = |Ifsllp = Ol = lim |If; ]I, = [IfI],
r—1 r-1
= [Iflle = llf"lp

If P < 1,then

jT £IP - jT f*|Pdo

[agr =150 < [0 = 171990 < [ 15 = 7170
T T T
= If = £IE

Then by letting r — 1,we obtain
limflfrl’f’d(I = flf*lp do = |Ifllr =1If"llp
r-1 T T

Finally, if f € H',r < 1,and f,(2) = f(rz), then f; € H (B(0,1/;")), and therefore £, can

be represented in U by the Cauchy formula
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fr(2) =

if@dw- 1 nf'r(eit).
TW—2Z

. = -— . ietdt
2mi 2mi )_j et —z

_i T ﬂ(eit)

= —dt 2
2m)_,1—e 7tz @)

and by the Poisson formula
. 1 (" . 1 (" , .
f(2) = P[f(e")] = 2_j P (6 — 0)f,(e)dt = _j P (ze")f.(e')dt (3)
T)_, 2r )_,
foreach z € U, |1 — e~z|and P(z, e') are bounded function on T
The case P = 1 0f (¢) (i.e limq|If* = fill; =0 = lim,, [, frdo = [ f*do)

1T [

— it
2 )_,1—e Yz

f@) = dt

and
f@ =57 P (ze")f (e")de .
2.2.8 Theorem. For 0 < P < oo, H? and LF(T) are isometricaly isomorphic.
Proof .Define F: H? — LP(T) by
F(f)=1"
Clearly F is a bounded linear operator and if f € H

IEOIe = 1INl = lI£]-m

2.2.9 Theorem If 0 <P <oo,f € H?,and f*(e®®) = 0a.eonT, then f(z) = 0 for every

zeU.
Proof [Ifll, = lIf*ll> = 0, hence [Ifll» = 0, hence f = 0Ji
The space H? has a particular simple characterization in terms of power series coefficients:

2.2.9 Theorem Suppose f € H(U)and

27



Then f € H2 iff X0, |a,|? < «

Proof forr <1,

_ 1 [T o , >
1A 12 = flﬂlzda: fm da:z—f S agrnene.y
T T TJ)_o n=0

n=0
1 T
= a a_r"rM—f etm-m)o g9
Z e 2m)_,

n,m=0

[oe]
= Zlanlzrzn
n=0

= |If15 = Znsolanl* W
2.2.10 Theorem H? is a Hilbert space with inner product

(.9 = | £ (e)g@dm@) = ) a,b,

n=0

where f(z) = Xnso anz" and g(2) = Xn=o bnz"

Proof i. (f,f) = X%la,|* = 0and

(f.f) =0iff z:lanl2 =0iffa,=0,forn=0,1.2,.

ifff=0
(ii). Let ae€,
(af,9) = Z aapb, = az anby, = a(f, 9)
n=0 n=0
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(iii).(9, £) = Eiizo bnln = Eiizo b = 5o @by = (£, 9)

(iv).Let h(z) € H? with h(2) = ¥ ¢,

(f+g.h) = i(an + b5 = ianmibna = () + (9.1
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Chapter 3

Factorization Theorems

In this section we are concerned with the multiplicative structure of the Hardy spaces, in
that we want to factorize a general Hardy class functions into an inner factor and outer

factor. Here are their definitions, and theorems.

Definition3.1 An inner function is a function M € H* for which [M*| = 1 a.e on T(As

usual M* denotes the radial limits of M)

If @ is a positive Measurable functions on T such that logpeL!(T) and if

T it
Q(z)=cexp{ij ¢tz

it
o logp(e )dt}

_Lett—z
for z € U, then Q is called an outer function. Here c is a constant, |c| = 1.
Exercise 3.2 Every Blaschke product is an inner function.

This follows from Theorem 2.2.3.

But there are also some inner functions without zeros.
Example 3.3 Suppose f € H°°and1/f € H1, then f is an outer function.
Solution:-There exist peH (U) such that
f=e?
= |f| = eRe(®)

= log|f| = Re(¢)

Since f € H™, then there exist f* € L*(T) such that

f(reie) N f*(eie)
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asr — 1.This implies log |f(re'?)| — log |f*(e'®)]

Then, log |f*| € L*(T) and

1 T it )
logl ()] = Pliogl*1] = o | Re (e ”) log]f*(e)| de

eit —z

= |f(2)| = exp{%fﬂ Re (elt +Z>log

eit —z

) ar)
Hence £ is an outer function JJj

Theorem 3.4 Suppose c is a constant,|c| = 1,B is a blaschke product,u is a finite positive

Borel measure on T which is singular with respect to lebesgue measure, and

m etz

M(z) = cB(z)exp {— f—ﬂeit—z d,u(t)} (z € U) (1)

Then M is an inner function, and every inner function is of this form.

Proof Suppose (1) holds and g = M /B, then

s elt +Z
= loglgl =f Re (eu _Z> (—du(®)
-1
= P[-du] <0
Then, |g| < 1.Hence g € H*, and the same is true of M.

Also Du = 0 a. e, since u is singular (see [1], Theorem 7.13), and the radial limit of
log |g| are 0 a.e (Theorem1.3.4).since |B*| = 1a.eand |g*| = 1, we see that M is an

inner function.

Conversely, let B be the Blaschke product formed with the zeros of a given inner function

M and put g = M /B.Then log |g| is harmonic in U.since M is inner function, then
M e H® and [M*| =1a.eonT and

9@ < 119lleo = |IM||eo = |IM"]|cc = 1, forallz€e U
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M*
o = la.eonT

and lg*| =

Thus log|g| < 0.Then -log|g| = 0

Then, by fatou theorem

log|g| = P[—du], for some positive measure u on T.

Sincelog|g*| = 0a.eon T, we have Du = 0a.eonT, so u is singular.

Finally,

m et +z
loglg| = - f_nRe (eu _ Z) du(t)
m el +z
= |g| = exp {— f_nRe <eit —z> du(t)}
:>||_ j-TL' eit+Zd(t)
gl = lexp et — u(t) ¢l
T el + 7
= g = cexp {—j ( T )du(t)}
_p\ett—z

for some constant c,|c| = 1.Then, M is of the form (1) ]

Example 3.5 Take ¢ = 1 and B = 1, and let u be the unit mass at t=0.Then

M(z)exp {%} which tends to 0 very rapidly along the radius which ends at z=1.

Theorem 3.6 Suppose Q is the outer function related to ¢ as in Definition 3.1. Then
(a) log|Q] is the poisson integral of loge.
(b) lim,_ |Q(re®)| = p(e¥) a.e onT.
(c) Q € HP if and only if @eLF(T).
Proof

(a). since Q is outer function,
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T it
Q(z)=cexp{if ¢ +Zlog<p(eit)dt}

it _
2m)_ett —z

it

1 (" + .
= |Q(Z)| = exp {ﬁf Re (eit _j) l0g<p(e‘t)dt}

1 (™ ) .
= log|Q(2)| = %’[ P. (Z,elt)logw(elt)dt = P[logy]
-1

Hence, log|Q| = P[loge¢].

(b).Since logpeL!(T), then P[loge] has nontangential limit loggp(e®)a.e on T
This implies that lim, ; log|Q(re®®)| = log p(e®) a.e on T

(c).Suppose Q € HP.Then from Fatou’s lemma, we get

Qe = lIQllp

since||Q"[lp = |l¢llp, hence ||p]lp < [|Q|]p < oo.therfore, peL”(T).

Conversely, if @eL?(T),then

|Q(reie)|P = exp {%fﬁ P.(6 — t) log cpp(eit)dt}

1 (" .
<—| P(6-t)pf(e)dt

C2m)_,

, 1 T ]
B (O (L

= %fﬂ (f P.(6 — t)da) o (e't)dt
-7 T

1 (™(1 (" .
=5l (-f P.(6 —t) d9> oF (e't)dt

2m ) _,
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1 fﬂ P
L (e“)dt=]<p”dt= loll?
2T _n T P

= [1Qrllp < ll@llp < oo, for P < o
For P = oo is trivial.therfore,Q € H" ||}

Theorem 3.7 Suppose 0 < P < oo, f € HP ,and f # 0.Thenlog |f*| € L*(T), the outer

function

it _,

1 it
0@ = e 5. [ S rtog If°1at} M

isin H?, and there is an inner function Mg such that

f = MgQs 2)
Furthermore,

1 < ! 7Tl *(et

oglf(©) = 5 | log If*(e!)1de ©

Equality holds in (3) if and only if M is constant.
The functions My and Qy are called the inner and outer factors of f', respectively.

Proof We assume first that f € H™.If B is a Blaschke product formed with the zeros of f
andifg = f/B

Then, by F.Riesz lemma,g € H? and ||g||, and [|g]|:=IIf |1
Since |g*| = |f*| a.e on T, it suffices to prove the theorem with g implice of f.
So Let us assume that f has no zeros in U and that f(0) = 1
Then log|f| is harmonic on U, log |f (0] = 0,and since
log =logT—log~

Then
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1 (™ )
0 = loglf(0)] = - f log |f (re'®)|d6

1 (" , 1 ™ .
= j log™ |f (re®)|d6 = — f log*|fre®)[d8 < |Ifllo < lIflli <0 (&)
T)_, 2m )_,

forall0 <r < 1.

It now follows from Fatou’s Lemma that both log™ |f*| andlog™~|f*| are in L1(T), hence

soislog |f*|.

This shows that the definition (1) makes sense. By Theorem 3.6 (c),Q; € H'.Also,
|Q¢"| = If*| # 0 a.esince log|f*| € L*(T).

If we can prove that

f@l<|e@| (e (zel) (5)

Thenf/Qf will be inner function, and we obtain the factorization (2) by putting M = f/Qf.

Since log|Q;| = P[log |f*|], (5) is equivalent to the inequality

loglf| < Pllogl|f~l, (6)
which we shall now prove.

For|z| <1and 0 < R < 1,put fr(2) = f(Rz)
Fix z € U.Then log|f;-(z)| = P[log*|frl]1(2) — P[log~|f|1(2).
Since |log*u — log~v| < |u — v| for all real numbers u and v, and since

[Ifg — f*ll1 = 0 as R —» 1(Theorem 2.2.7), the first Poisson integral in (7) converges to
Pllog™|f*|], as R — 1.Hence Fatou’s lemma gives

Pllog™If"Il < lim inf Pllog~|fzl] = Plog™|f"I] — log|fl, (8)

which is the same as (6).
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We have now established the factorization (2).1f we put z=0 in (5) we obtain
(3);equality holds in (3) if and only if [ £ (0)| = |Q,(0)] if and only if

|M(0)| = 1, this happens only when M; is a constant.

This completes the proof for the case P = 1.

If 1 < P < oo, then H” < H*, hence all that remains to be proved is that Q € H”,

by Theorem 3.6(c).

Theorem 2.2.6 reduces the case P < 1 to the case P = 2]
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